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Consider a Dirac operator on an oriented compact surface endowed with a Riemannian metric and spin
structure. Provided the area and the conformal class are fixed, how small can the k-th positive Dirac
eigenvalue be? This problem mirrors the maximization problem for the eigenvalues of the Laplacian,
which is related to the study of harmonic maps into spheres. We uncover the connection between the
critical metrics for Dirac eigenvalues and harmonic maps into complex projective spaces. Using this
approach we show that for many conformal classes on a torus the first nonzero Dirac eigenvalue is
minimised by the flat metric. We also present a new geometric proof of Bar’s theorem stating that the
first nonzero Dirac eigenvalue on the sphere is minimised by the standard round metric.

1 Introduction and Main Results
1.1 Dirac operator on surfaces

Dirac operator is a first-order differential operator defined on the sections of the spinor bundle of
an oriented Riemannian manifold (M, g). The construction of a spinor bundle relies on an additional
structure on (M, g), called the spin structure. An oriented manifold with a fixed spin structure is referred
to as spin manifold. In general, not all manifolds admit spin structures; however, in the present article
we are concerned with the case dim M = 2. All oriented surfaces have spin structures and, furthermore,
the spinor bundle and the Dirac operator can be described using the complex structure associated with
the orientation and the metric, see [2]. This is the point of view that we assume below.

Let M be a compact orientable surface of genus y with a complex structure, and let K = (T&OM)*
be its canonical line bundle (here and further on, we refer to [26] for basic facts and terminology from
complex geometry). A spin structure on M is a holomorphic line bundle S together with a holomorphic
isomorphism S ® S = K, which makes S a square root of K. The spinor bundle M on M is S @ S. Two spin
structures S and S’ are said to be equivalent if there exists a holomorphic bundle isomorphism that
commutes with the respective isomorphisms S® S = K and S’ ® S’ = K. One can show that there are 2%
non-equivalent spin structures on M.

A Hermitian metric on M is a global section h of K®K satisfying hy (€, £)>0forall¢ e T},l'o)MA It induces
a Riemannian metric g on M by taking the real part g = Re(h), and a Hermitian metric on S, such that
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for any section s of S one has |s|?> = |s ® s|. In local holomorphic coordinates z, if h = e??dz ® dz, then
g = e?*(dx?+dy?) and if so is a local section of S such that so®so = dz, then |sg| = e. Viewing a Hermitian
metricon S as a map S® S — C, where C is a trivial line bundle, one defines

5, :T(S) 2 TS8R - Td),

where the second map corresponds to the bundle isomorphisms S® K = S®S®S5 = |S]?®S5 =; S. In local
coordinates,

9 (fso) = Isol30zf%0,

for a locally defined complex-valued function f. Similarly, one can define 9, : r'S) — I(S) from the
corresponding 3-operator.
The Dirac operator Dj is defined as

Dy:S®S—SaS

()5 0)0)

The Dirac operator is elliptic and essentially self-adjoint provided the manifold is complete; moreover,
since M is compact, it has a discrete spectrum consisting of real eigenvalues (see, for instance, [24,
Theorem 1.3.7]). An easy calculation shows that if ¢ = (¥, ¥_) is a Dirac eigenspinor with eigenvalue
A, then (y4,—y-) is also a Dirac eigenspinor with the eigenvalue —i. Thus, Dirac eigenvalues are
symmetric with respect to 0. Furthermore, (¥_, —%) is an eigenspinor with the eigenvalue A. In fact,
the map (4, v¥_) — (¥_, —,) commutes with Dy and can be seen as a quaternionic structure on the
spinor bundle, see [22, Section 5] and Remark 2.3. We use the following notation for the spectrum of Dy:

—00--- <A 2=<A1<0<A A< 400,

where A, = —A_ and the eigenvalues are counted with their quaternionic multiplicity. For example, if the
r1-eigenspace is spanned (over C) by (v, ¥_) and (¥, —, ), then its quaternionic dimension is equal to
one and Az > A1. If the kernel of D, is non-empty, we do not enumerate the zero eigenvalues. Finally, we
remark that the (quaternionic) dimension d of the kernel of D depends only on the spin structure and the
conformal class. For example, on the sphere d = 0, and on the torus d = 1 for the trivial spin structure,

while d = 0 for the other three spin structures. In general, d < [VT“] on a surface of genus y [30].

1.2 Optimisation of Dirac eigenvalues

Let C be a given conformal class on the surface M. To obtain a quantity invariant under rescaling of the
metric, we normalise the Dirac eigenvalues by the area of M:

M, g,9) = A (M, g,S) Area(M, g) /2.

It is known that for all metrics g € C, the normalised eigenvalue A (M, g, S) is bounded away from zero
[4, 35]. In particular, if M is diffeomorphic to the sphere §?, then there is a unique spin structure S on M,
and Bar's inequality [7] states that for all metrics g on S?,

21(8%,9,9) > 11(§?,9s2,S) = 24/ (11

The equality holds if and only if g is a constant curvature metric on §?, that is, iff g is homothetic
to the standard round metric gs» on the unit sphere in R3. Bar's inequality could be seen as a Dirac
analogue of the celebrated Hersch’s inequality [28] for the first eigenvalue of the Laplacian, although
their original proofs differ substantially. In section 3.1 we present a new proof of (1.1) using geometric
methods inspired by recent results on optimisation of Laplace eigenvalues, cf. [33].

Finding an explicit value for

A1(M,C,S) = igncfkl(M,g, S) Area(M, g)*/?
€

on other surfaces is an open question. The study of i;-conformally minimal metrics g, that is, metrics
achieving A1(M, C,S), and in particular the question of their existence has been initiated in [3].
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Theorem 1.1 ([3]). Let M be a compact orientable surface of genus y, S a spin structure on it, and
C a conformal class of metrics. If

incf)q(M, g,S) Area(M, 9)¥/? < 2/x,
ge

then there exists gmin € C achieving the infimum. Moreover, the metric gmin 1S smooth outside
of possibly at most y — 1 conical singularities.

Our goal is to study critical metrics for the functionals A,(M, g,S) for all k > 0, both in the conformal
class and in the space of all metrics. Recall that for Laplace and Steklov eigenvalues, the criticality
conditions yield connections to the theory of harmonic maps and minimal surfaces in the sphere and
the unit ball, respectively [16, 21]. In fact, we observe that, similarly to those problems, critical metrics
for Dirac eigenvalues correspond to a certain class of harmonic maps and minimal surfaces, but the
ambient spaces are now complex projective spaces CP".

1.3 Critical metrics and harmonic maps

Note that the normalised eigenvalue 2, does not necessarily vary smoothly under smooth variations
of the metric, since different branches of 1, intersect at points of multiplicity. The now standard
techniques, see [16, 21, 31, 37], allow one to circumvent this difficulty, properly define critical metrics,
and obtain the corresponding Euler-Lagrange equations. In the case of ix-conformally critical metrics,
we obtain the following characterisation.

Proposition 1.2. Let M be a compact oriented surface with a fixed conformal class C and the spin
structure S. Suppose that g € C is a critical metric for Ax(M, g,S) in its conformal class. Then

there exist eigenspinors v, ..., ¥m € Ex(g) such that
m
D=1 onM (1.2)
j=1

Conversely, if ¢4, ..., ¥m € Er(g) are eigenspinors satisfying (1.2) and Ax < Agiq O Ap > Ap_1, then

g is conformally critical for Ay.

Remark 1.3. The Euler-Lagrange equations for the eigenvalues of the Dirac operator have been
first obtained by Bourguignon and Gauduchon in [10]. However, the definition of criticality used
in that paper is more restrictive compared to ours. It coincides with ours if the eigenvalue is
simple, and in this case [10, Proposition 27] yields the same criticality condition as Proposition
1.2. The main difference is that with our definition all minimisers for i, (including the local
ones) are necessarily A,-critical, even if the corresponding eigenvalues are multiple. As a result,
we obtain many more examples of critical metrics with multiple eigenvalues, see Section 2.5.

Remark 1.4. Note that the extremality condition (1.2) is analogous to the one arising in the case
of the Laplacian [37]. The reason is that the Dirac operator on surfaces behaves in a similar
manner as the Laplacian under a conformal change of the metric: Da.g = e7“Dy, that is, the
operator is multiplied by a function on the left. Another manifestation of this phenomenon
can be found in [38, Theorem 1.1].

Remark 1.5. If we consider a locally minimal metric for A1, then we can always take m = 11in
the criticality condition (1.2). Indeed, for such a metric, tangent lines to different eigenvalue
branches for A, cannot intersect at one point, as that would imply that some variations of the
metric decrease i1, contradicting the minimality. Hence, all those tangent lines are horizontal
and the derivatives of all the branches of A4 evaluated at such a metric must vanish. The
exact expression for the derivative obtained in (2.1) implies that all A1-eigenspinors must have
constant length.

A statement analogous to Proposition 1.2 holds for conformally critical metrics for Laplace eigenval-
ues. In that case, condition (1.2) can be phrased as existence of a map to a unit sphere by eigenfunctions
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with the same eigenvalue, which turns out to be equivalent to the harmonicity of the map. Since
eigenspinors are sections of non-trivial bundles, they do not form a map to a sphere, but rather to a
projective space (see [26, Chapter 1.4]).

Let ¢1,...,¥m be Dy-eigenspinors such that y; = (¢4, ¥j-) where ¥, € I'(S),¥j_ € r'S). It follows
that (Y, ¥j-) is a section of S@®S. If Z = {p € M|y (p) = --- = ¥m(p) = 0}, then we can define a map
W: M\ Z— CP>™1 given by

V= [y Yoo Yy 'ﬁrn—]- (1.3)

We show that the map ¥ extends continuously to the whole surface M, see Lemma 2.2. One of the main
observations of the present paper is that if the eigenspinors satisfy the criticality condition (1.2), then
the map W is harmonic. This should be compared to the analogous result for the Laplacian [15, 37].

Theorem 1.6. Let (M, g) be a compact oriented surface with spin structure S. Suppose that
¥1,..., ¥im are eigenspinors on M with Dyy; = Ay, 4 # 0 and |11 + ... + |[¥ml} = 1 on M. Then
the map ¥: M — CP?"~! given in homogeneous coordinates by [y : %1 ... Ymy © ¥m_] 1S
harmonic.

Observe that not all harmonic maps to CP?"~! have the form (1.3). In Definition 2.4 we identify a
class of harmonic maps called quaternionic harmonic, which turn out to be exactly the maps formed by
Dirac eigenspinors satisfying (1.2). As a result, there is a two-way correspondence between conformally
critical metrics and quaternionic harmonic maps to CP?"~* for some m > 0. For the precise statement
we refer to Proposition 2.6 below.

Finally, we consider criticality condition in the space of all Riemannian metrics and spin structures.
It turns out that for a metric to be critical in this larger space, the quaternionic harmonic map ¥ needs
to be additionally conformal, see Section 4 for precise statements.

1.4 Conformal minimisers on the torus

It has been observed in [33] that the conformal optimisation of the Laplace eigenvalues is closely
connected to the min-max theory for the energy functional on the space of sphere-valued maps. In
view of Theorem 1.6 and Proposition 2.6, it is natural to expect that conformal minimisation of Dirac
eigenvaluesis related to the min-max theory for the energy functional on the space of maps to projective
spaces. In Section 3 we present first results in this direction yielding two applications: we obtain a
geometric proof of Bar’s inequality (1.1) and, more importantly, we show that the flat metric on a torus
is x1-conformally minimising on many conformal classes for either spin structure. Below we state our
results for the trivial spin structure on the torus; see Section 3.2 for analogous statements for the non-
trivial spin structures.

For any vector (a,b) € R?, b # 0, one has the lattice I' = I'p, = Z(1, 0) + Z(a, b) and the corresponding
flat torus T? = R?/ Iy, with the flat metric g, induced by the projection map. It is well-known that any
conformal class contains a unique flat metric of unit area, and the moduli space of conformal classes
is parametrised by the points (a,b) such that 0 < a < 1/2 and a? + b?> > 1. Let [g,,] be the conformal
class containing the metric gqp.

The trivial spin structure Sy on a torus is a trivial line bundle, and the spinors can be simply viewed
as pairs of complex functions. An elementary computation shows that

27
NG

The following theorem is one of the main results of the paper.

21(T?, Gap, So) =

Theorem 1.7. Forall0 <a <1/2 and b > 27, one has

_ 2w
A1(T?, [gab), So) = A1 (T?, Gap, So) = —=.
1(T%, [gap), So) = 21(T*, ga,p, So) 7

Furthermore, the flat metric is the unique smooth minimiser.

The proof of Theorem 1.7 is given in Section 3.2; in fact, we prove a more general Theorem 3.5, which
also applies to non-trivial spin structures. It follows from the argument that for the trivial spin structure,
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the only natural smooth candidate for the minimiser is the flat metric. Together with the existence
result of Theorem 1.1, this leads us to the following conjecture.

Conjecture 1.8. For the trivial spin structure Sy on the torus T? one has

2z ifb>m;

A1(T% [gap),S0) =1 Y2
2/ ifb<n.

In other words, we conjecture that either the minimiser is flat, or there is no smooth minimiser and
the minimising sequence degenerates to a “bubble”. If true, this contrasts with the case of the Laplacian,
for which bubbling cannot occur for conformally maximal metrics for the first eigenvalue on surfaces
of positive genus [39].

Remark 1.9. Theorem 1.7 and, more generally, Theorem 3.5, can be compared with the similar
statements for the first Laplace eigenvalue. In that case, flat metrics are only known to be
maximisers if a? + b> = 1 [17]. Moreover, as follows from [18, 39], flat metrics cannot be
maximisers for b > 7/2. We also refer to [1] for some earlier results on the comparison of
Dirac and Laplace eigenvalues on the 2-torus.

1.5 Plan of the paper

We start by proving Proposition 1.2 in Section 2.1, which is done similarly to the analogous results for
Laplace and Steklov eigenvalues [16, 21, 32, 37]. Section 2.2 contains the necessary background material
on harmonic maps to CP", which allows us to prove Theorem 1.6 in Section 2.3. We then investigate
additional properties satisfied by the maps given by eigenspinors (1.3), leading us to the notion of
quaternionic harmonic maps, see Definition 2.4. In particular, Section 2.4 contains Proposition 2.5 stating
that any quaternionic harmonic map ¥: M — CP?"! induces a spin structure on M such that the
components of W are Dirac eigenspinors. This yields the converse to Theorem 1.6, see Proposition 2.6.
Some explicit examples of quaternionic harmonic maps are presented in Section 2.5.

In Section 3, we specialise to the first non-zero Dirac eigenvalue. For a conformal class C and
a spin structure S on M, Theorem 3.3 gives a characterisation of A1(M,C,S) in terms of the energy
of quaternionic harmonic maps. Recall that by Remark 1.5, the minimisers for 1, yield a map to
CP*. Furthermore, Definition 2.4 of a quaternionic harmonic map to CP! essentially reduces to non-
holomorphicity (up to a condition on branch points). Thus, informally, Theorem 3.3 states that the
conformal minimum of the first normalised Dirac eigenvalue equals to the square root of the lowest
possible energy of a non-holomorphic harmonic map to CP!. Bér’s inequality then follows from a well-
known fact that for M = §?, the lowest energy of a non-constant harmonic map M — CP! = §? is 4x
and can be achieved on an anti-holomorphic map given by reflection across the equator [11]. Our main
application of Theorem 3.3 is Theorem 3.5, which is an extension of Theorem 1.7. It characterises flat
metrics as unique A;-conformal minimisers for many conformal classes on the torus. The proof uses
similar ideas as in the sphere case, with the main new ingredient being [22, Corollary 6.6], which states
that any harmonic map T? — S? of energy below 4x is a map to the equator $* ¢ §2.

Finally, in Section 4 we investigate globally critical metrics for Dirac eigenvalues. Our main result is
Proposition 4.12, which states that globally critical metrics correspond to quaternionic harmonic maps
to CP?™~! that are branched minimal immersions.

2 Conformally Critical Metrics and Harmonic Maps

2.1 Criticality condition in the conformal class

The following definition is a Dirac analogue of the notion of critical metrics for Laplace eigenvalues,
see [15, 16, 37] (note that the term “extremal” is sometimes used instead of “critical”). For an analytic
variation g(t) of g, the eigenvalues form analytic branches, see for example, [10] for an explanation of
this in the context of Dirac eigenvalues. However, for multiple eigenvalues, the multiplicity is usually
destroyed by the perturbation and the enumerated eigenvalues 1, are not analytic due to the fact that
different analytic branches correspond to the k-th eigenvalue for t > 0 and t < 0. Nevertheless, the right
and left derivatives of 1,(g(t)) exist and can be defined in the following way: if | is the multiplicity of
Ax(g), then there exist analytic families of real numbers A1 (t), ..., A0 (t) € R and spinors ¢ (1), ..., ¢V (t)
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6 | M.Karpukhin et al.

orthonormal in L?(g(t)), such that Dy () = AP (1) forj=1,..., 1. Then the left derivative of Ax(g(t))
atgis

dx t —dk(j)t
Fham| = 200]

for some j such that A, (g(t)) = 29 (t) for t < 0. The right derivative is defined similarly.
The existence of the left and right derivatives makes the following definition possible.

Definition 2.1. Let M be an oriented surface endowed with a conformal class C and a spin
structure S. We say that g € C is Ag-conformally critical if for any analytic family of smooth
metrics g(t) € C, g(0) = g, t € (—¢,¢), one has

d - d -
(EM(M,Q(U,S)L:O?) (Ekk(Myg(DyS)L:w) <0,

Proof of Proposition 1.2. Given an analytic one-parameter family of metrics g(t) = e**Pg,t € (—¢,¢)
with w(0) = 0, let ¢ (t) be an analytic family of eigenspinors associated to the analytic eigenvalue branch
A9 (1), A9 (0) = A (g). Then the derivative of A9 (t) is

dro . 2
O =-2© / &MY g g - (2.1)
JM

Formula (2.1) was obtained in [10], but we provide a proof here for the sake of completeness. Taking
the derivative with respect to t of the eigenvalue equation Dy (1) = A9 (H)¥ (1) and using that Dy =
e~ 0Dy, yields

0 = —d(®)Dgy¥ (1) + Dy i (1) — AP (O (1) — A9 () (D).

We then take the Hermitian product with ¢ (t) and integrate over (M, g(1)), using that Dy, is self-adjoint:

0= /M =AY OO + (W, Dy ) — A O 12 — A9 O, ¥)duge

=201 / a1y 2dvge — 10(t) / ¥ 1?dvg,
JM M
which gives the desired formula.

We now show that if g is A,-conformally critical, then for any @ € C*®(M) with Jyy@dug = 0, there exists
¥ € Ex(g) such that

/ @lyl;dvg =0.
M
Let g(t) = e®g. Since g is conformally critical, without loss of generality we have

dag

dag
T heo

20 and G| =

Since f,, @wdv, = 0, this implies the existence of ¢1, ¢, € Ex(g) such that
[ oloriav, 20 and [ sl <0,
M M

and taking a linear combination of these two spinors yields the desired v.
Finally, we show that one can take a collection vy, ..., ¥im Of Ax(9)-eigenspinors such that 3 > = 1.
Let

W = conv{|y|*, ¥ € Ex(9)} € C*(M)
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be the convex hull of the |y|?, and suppose on the contrary that 1 ¢ W. Since W is a finite dimensional
convex cone, we can apply the Hahn-Banach theorem to separate 1 from W: there exists & € C®(M)

such that
/ &dvy > 0,
/ ElPduy <O VY € Ex(g).

Leté =¢ — m Jy §dvg, so that [, & = 0. By the previous result, there exists ¢ € Ex(g) such that
0 =/ foly|*dug
M

/él«/fl Vs = olon g)/ sdug/ [¥|*dvg <O,

a contradictionso 1 € W.

We now prove Proposition 1.2 in the other direction. Let 4, ..., ¥m € Ex(g) be such that 1 = > |1pj|2,
and assume without loss of generality that Ax(9) < Ar11(9). Suppose, on the contrary, that g is not -
conformally critical. Then there exists an analytic family of smooth metrics g(t) with constant volume
and ‘fT% = &g, such that the left and right derivatives of i, at g(0) = g are either both negative or both
positive. Without loss of generality, assume they are both negative. There exists a basis ¢1, ..., ¢ € Ex(9),
such that the derivative of any eigenvalue branch A9 at g is given by — f;, dl¢j|>du, for some ¢;. Since
M (9) < Mes1(9), the right derivative of Ar(g(t)) at g must be the biggest right derivative of all the branches
atg. So for all ¢ € Ex(9), — [y, cb|¢|2du9 must be negative. Then

m
0 :/ aduy = Z/ @lyjl*dug > 0,
M ; M
Jj=1
and we get a contradiction. |

2.2 Harmonic maps to CP"

In this section we review the necessary facts about the geometry of harmonic maps. We are mainly
concerned with maps from surfaces to CP", so this falls into the setting of harmonic maps between
K&hler manifolds. We refer to [14] for a more comprehensive exposition.

Given amap ¥: (M, g) — (N, §), its energy E(¥) is given by

E(W) = E/ |d¥|*duy,
2 Ju

where | - | is the Hilbert-Schmidt norm computed with respect to metrics g, §. The critical points of the
energy functional are called harmonic maps.

The complexification deW: TcM — TeN induces the maps w: TEOM — TAON and §¥: TOVM —
TAON, obtained by composing the restriction of dcW on a corresponding subspace of TcM with the
projection onto T®ON. If manifolds (M, g) and (N, §) are Hermitian, then one can readily see that |[d¥|* =
2(1a¥|? + [0¥|%), and hence

E(W)=/|aw|2dug+/ 10w [*dug .
JM M

EQO (p) EQOD(w)

In terms of the corresponding Kahler forms wy, oy, one has that

0w ]? — [0W]” = (wu, ¥ on). (2.2)
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8 | M. Karpukhin et al.

Therefore, if M, N are K&hler, then the difference E*9 (¥) — E©D (W) depends only on the homotopy class
of the map W. As a result, ¥ is harmonic if and only if ¥ is a critical point EX?, which is in turn if and
only if W is a critical point of EOD.

We now consider the case N = CP". The holomorphic tangent bundle T&OCP" of the complex
projective space can be identified with the space Home(L, L) of C-linear maps from the tautological
bundle L over CP" to its orthogonal complement L*. Explicitly, let h: T*9CP" — Homc(L,L*) be this
identification. Then for a vector Z € ngl’o)(CIP’”, the corresponding linear map h(Z) : L — L* is given by

0 ifl=0
h@) () = of .
T 57(0) otherwise,
where L, is a point p viewed as a line in C™*1, 1 € L, m;; is the orthogonal projection onto Lt ¢: U— CP"
is a map from a neighbourhood of 0 in C such that ¢(0) = p, 3—2(0) =Z,and f: U — C™! is such that
f(0) =land f(z) € ¢(2). The map h(Z) does not depend on the choice of ¢ and f.

The space Homc (L, Lt) is endowed with a Hermitian metric and a holomorphic connection V induced
from a trivial C"*'-bundle over CP". If we consider CP" with its usual complex structure and Fubini-
Study metric grs of constant holomorphic curvature 4, then h preserves both the metric and a complex
structure. For our purposes it is convenient to identify CP! with the unit sphere §?, thus, instead we
consider the metric gepr = 49rs, so that this identification is an isometry.

Let (M, g) be a surface endowed with a complex structure. Any map ¥: M — CP" is given locally in
homogeneous coordinates as ¥ = [F] for some nonvanishing function F: M — C™*'. Then for Z € T*OM
one has

h(@W(Z))(F) = m1dcF(2), h(@W(2))(F) = n. dcF(Z).

From now on, the identification h is kept implicit.
It is easy to see that W is critical for E@Y if and only if one has

VijozdW =0, (2.3)

that is, if and only if 8¥ is an anti-holomorphic element of Home (¥*L, ¥*L4). If W is not holomorphic,
thatis, if 9W # 0, then outside of finitely many points the image of ¥ forms a line in W*L*. One can use
anti-holomorphicity of 8¥ to extend this line bundle across zeroes of 8. The resulting line bundle is
called L_q, while W*L is referred to as Lo. Let us endow L_; with the holomorphic structure induced from
the Hermitian metric on C**!. Then the map d¥: Ly — L_; becomes anti-holomorphic. To every such
map W one can associate a whole sequence of complex line bundles L; called harmonic sequence, see |9,
43] for further details. In the present paper we only need L_;.
With our convention that gepr = 4grs we have

|7 8.F|?
|812|F|2

|12 8:F|

0w|? =4 I,
19z 12|F|2

U’ =4 (2.4)

where we write 9, and 9; for alz and %

(2.2) gives (see [14, p. 247])

respectively. Finally, we note that with our convention, integrating

ELO (W) — EOD (W) = 47 deg(V). (2.5)

2.3 Geometric criticality condition in the conformal class
Lemma 2.2. The map ¥ defined by (1.3) extends continuously to the whole manifold M.

Proof of Lemma 2.2. The proof proceeds in two steps: first we investigate the behavior of a single spinor
Y near its zeroes, and then consider the projectivisation [y14. 11— :...].

Fix an eigenspinor v, and let p € M be a zero of ¥, ¥ (p) = 0. Let z be a local holomorphic coordinate
centered at p, and sp be a local section of S with so ® S = dz. We write

¥ = (f+50,f-50). (2.6)
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Dirac Eigenvalue Optimisation | 9

Expanding around p, we have
f4(z,2) =P1(2,2) + Ru(2,2),

where P, is a homogeneous polynomial of order ki and R corresponds to higher order terms. Without
loss of generality, we assume k_ < k..
From the fact that ¢ is an eigenspinor, we have 8;f_ = mﬂ, that s,

A - _
zP_+0:R_ = W(P+ +Ry).

The term 9;P_ is of order strictly less than k_ or identically zero, while the terms on the right-hand side
are of order k. > k_. Hence we conclude that 3;P_ = 0, so that P_(z, z) = azt- for some a # 0.
Looking at f; and using again that ¥ is an eigenspinor, we obtain that

P (z,2) = Z b Z¥7%,
Kk =k,
k'>k_

with at least one of the coefficients by - being non-zero. B
We now consider a family of eigenspinors v, ..., ¥m. We again write ¢; = (fj1 S0, fj-So), and similarly
we have the expansion in terms of Pj. and Rj;. Let K; = min{kj,,k_} and K = min;K;. Then by the

previous reasoning, the limits lim,_., Z{;ﬁ are well defined for all j+, and at least one of them is equal

to 1 (to simplify notation, we suppose it is the case for f;_). Hence,

Wi s i o me D) = [fie s fie o fng S ]

=[f1e/2  fro /2" oo i /25 fn 2]

=[fir/Z% 1 e /25 fne /2K
is a well defined projective point if z = 0, and we can set ¥(p) equal to it. |
Proof. of Theorem 1.6 Let z be some local holomorphic coordinate and so be a local section of S such
that so ® so = dz. Write ¥ = (f;1.50, f;-50) and F = (fi4, fi-, foy, fo—, ...). Locally, ¥ is the projectivisation [F]
of F. By (2.3), in order to prove that W is harmonic it is sufficient to show that (VdW)(d,, ;) = 0 for any
choice of local coordinates.

As before, let L ¢ CP?™~1 x C?" be the tautological bundle and L* its orthogonal complement. Then
d\y(di)(F) =Tl 821:,

and

(VAW (3z, 3,))(F) = 7108, (12 8:F) — AW (9z) (1.8, F), 2.7)

where we use n¢ to denote the orthogonal projection on the subspace E.
From the eigenvalue equation Dy; = Ay;, we obtain

2Is0? 851 = —Afj-,

215012 8fj- = M+

As a result,

A - -
i+ f-) = m(—fj—vf)#)- (28)
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10 | M.Karpukhin et al.
In particular, d;F is orthogonal to F, hence
AW (8z)(F) = 711 9zF = 9;F.
Then
(VAW (92, 8,))(F) = 712 0,0:F — dW (9z) (7r1.9,F).

The first term on the right-hand side of (2.7) gives

A 1 - - A .
e (0,0:F) = -9, ( ) (—fl—’f1+,---) + leﬂyaz(—fl—vfl+,---)

2 |sol? 2ls
A 1 - -
= =0, | —= ) (—f1- .
2 Z(|SO|2)( fl ,f1+, ),
where the eigenvalue equation is used to conclude that Bz(ffl,,fpr, L) = fﬁ}” and is annihilated

by L.
The second term on the right-hand side of (2.7) gives

(9F, F) (9;F, F)
JTLLaz( |F|2 F)= |F|2 0;F

_x (%FF), - -
T 2lsol2 |FJ? (—fi=, fi4y - ).

It then suffices to show that 9, ( 1 ) = 15D This follows from the condition |12 + - - + |¥m|? = 1.

Tsol? ) — TsoPIF? "
Indeed,
1= ya11? + -+ [¥ml” = [FIIs0l?
S0 8 |F|? = 8, (@) But 8,|F|2 = (3,F, F) + (F, 3:F) = (3,F, F). m

We can also observe that the metric g and the value of (M, g,S) can be computed in terms of the
map V. Indeed, by (2.8) one has

|82 F|?
|F21[0,12

low|; =4 =1;(M,g,5),

so that g is proportional to gy = \S\P\jg. In particular, A, (M, gy, S) = 1. Furthermore,

(M, g,S)> =/ [0w]; dug = EPP ().
M

2.4 Maps by eigenspinors
Consider the inverse problem: when can a harmonic map to CP?"~! be written in terms of eigenspinors?
We first investigate what conditions are satisfied by such a map. Let ¥ = [¢14 : ¥1— -+ Yy © Y],
where i = (1, ¥;_) are eigenspinors Dyj; = Ay satisfying [¥1]% 4 - -+ |¥m|? = 1. We write Yy = (fHSO,fJ_éo)
and F = (f1+1f17, ce. ,fm+,fm—)-

Consider I: C?™ — C?" given by

I(z1,...,20m) = (22,21, =24, 23, ..., —Zom, Zom-1)-
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Then from (2.8) we have

[0W(@)] (F) = mpd:F = I(F)

2|so]?

S0 W = ﬁl and thus L_; = I(Lo), where we recall that L_; is the image of ¥ and Ly = W*L, see
Section 2.2.

Remark 2.3. The map I can be viewed as the quaternionic structure on C?". Indeed, C?™ is
isomorphic to the quaternionic space H" with the identification (z1,z2) — z1+jz,. Then the map
Iis the multiplication by the element j on the right. We also note that the condition L_; = I(Lo)
appears naturally in the context of harmonic maps to quaternionic projective spaces, see [42,
p. 284] and Remark 2.9.

Furthermore, we have [0W(3;)] (F) = 4|F?I(F), and hence all the zeroes of 8¥ correspond to the zeroes
of F (i.e., the common zeroes of ¥, ..., ¥m), and are of even order.

This leads to the following definition.

Definition 2.4. A harmonic map ¥: (M,C) — CP?"! is called quaternionic harmonic if

(1) L1 = 1o,
(2) all the zeroes of aW are of even order.

The geometric meaning behind this definition and examples are discussed in Section 2.5 below. We
have seen that all harmonic maps by eigenspinors arising from the critical points of Dirac eigenvalues
are quaternionic harmonic. The following proposition establishes the converse.

Proposition 2.5. Suppose that W: M — CP?"~! is a quaternionic harmonic map and let D = (3¥)

be the zero divisor of §¥. Then ¥ induces a natural spin structure Sy = Lj ® [$D] on M.

Furthermore, for a metric gy = |5\If|§g (g € C is arbitrary), one can choose a collection of Dy, -
eigenspinors vy, ..., ¥m such that

W= [Yrg i1 s Yy Y]

and

>l =1 (2.9)
j=1

Proof. Since ¥ is harmonic, 3¥: TO®PM — Hom(lo,L_1) is an anti-holomorphic morphism of line
bundles.
We have the holomorphic isomorphism ¢: L§ — I(Lp), given for any « € L} by

a) = (@), 1D),

and by assumption, L_; = I(Lo). Thus, Hom(Lo,L_1) = L} ® I(Lo) = L} ® L}. Furthermore, 8w: TODM —
Hom(Lo, L_1) is an anti-holomorphic map. Composing the two, one has an anti-holomorphic map

TOYM — Ly ® L}
whose dual is

L0®Lo—>f<4
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12 | M.Karpukhin et al.

Taking the complex conjugate of both sides, one has a holomorphic map
Li®L—K
and, finally, using the metric on Lo, we arrive at a holomorphic map
A Ly®LE—>K
given by
Ars)=dz & (BW)@)E), 1) = 1, (2.10)
wherej? € Ly is defined via s;(f) = ( ,Q),f € Lo. In particular, if f; € Lo is dual to s;, that is, si(f;) = 1, then

b
S,

fi= 3 =Iffi = g f and
i

Is

(@U@ (f1), 1(F2)) = If121f21%. (2.11)

Similarly, if sq is a local meromorphic section satisfying A(so, so) = dz, then 3o, the dual of §E, is a local
anti-meromorphic of L} section satisfying (W) (33) = 30 ® 3. Since the poles of sy correspond to zeroes
of 0, we conclude that the zeroes of A have the same order as the zeroes of 9W.

Let D be the zero divisor of A as a section of Ly ® Lo ® K, that is,

D:=(A) = Y ordy(A)p

peM

and let [D] be the associated holomorphic line bundle. By construction
D] =Lo®Lo®K,

hence, combining it with A yields a holomorphic isomorphism

b (o ])ofso[i) =

where we used that the zeroes of dW (and hence of A) are of even order in order to define [3D]. In
particular, this implies that Sy := S = L} ® [4D] is a spin structure on M.

Let z be a local coordinate on M. Define sy to be a local holomorphic section of S such that
A(so®30) = dz, and consider Fo to be a (non-vanishing) holomorphic section of S* = Ly ® [f%D] such that
so(Fo) = 1.1f n is a (global) holomorphic section of [ D] such that () = 1D, then one can write sp = s®n,
Fo = F® 5!, where s, F are local sections of Ly and Lo, respectively, satisfying s(F) = 1. In particular, F is
a local holomorphic section of Ly satisfying the following three conditions:

(1) (F)—ip=>0.

(2) As a szection of Lo, F is a local C*™-valued function such that F is a local lift of W outside of the
support of D. In particular, since s(F) = 1, we see that F® sp = F® s® n is a globally defined section
of C’™ ® S, whose projectivisation is equal to W outside of the support of D. Thus, the map ¥ is a
map by spinors in the sense of (1.3).

(3) Since F is holomorphic, one has 9;F L F. Hence, [8W¥(3;)] (F) = 3;F, and by (2.11) one has

8;F = |FJ’1(F).

If we define the metric on M (with conical singularities at zeroes of F) by 2|sol = |F|~?, then (2.8)
implies that ¥ is a map by eigenspinors with eigenvalue » = 1 and 2|F ® so|?> = 1. Moreover, (2.8)
implies that

|32F|?
[F2[]0,12

9|2 =4 = 4IF*Is0l] = 1,

that is, g = gy. Changing F to F = +/2F we obtain that |F|?|so|> = 1 and F ® so defines the same
map V. Defining ¢ as in (2.6) using F instead of F yields (2.9). Finally, by Lemma 2.2 any map by
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eigenspinors can be extended to the set of common zeroes, and this extension has to coincide with
W on the support of D by continuity. m

We summarise the results of this section in the following proposition.

Proposition 2.6. Let M be an oriented surface and C be a conformal class of metrics on M. Suppose
that g e C is Xx-conformally critical metric for a spin structure S. Then there exists a collection
¥j = (i3, ¥j-), j = 1,..., m of x-eigenspinors, such that the map w: (M,C) — CP?"~! given in
homogeneous coordinates by

V= [y TP "':¢m+:1&m—]
is a quaternionic harmonic map. Moreover, Ax(M, g, S)* = E(go’l)(\ll) and g = agy = a|5\1!|§g for
some « > 0.
Conversely, let w: (M,C) — CP?™! be a quaternionic harmonic map, and let Sy be the spin
structure induced by W in the sense of Proposition 2.5. Then the metric gy = \5\11\59 is k-

conformally critical metric for a spin structure Sy, where k — 1 is the number of eigenvalues
1 (M, gy, Sy) satisfying 0 < A;(M, gy, Sy) < 1. Furthermore, one has ¢ (M, gy, Sy)? = E(CO'D(\IJ).

2.5 Examples of quaternionic harmonic maps
The condition (2) in Definition 2.4 is fairly geometric, so in this section we mainly focus on the geometric
meaning of the condition (1). The simplest caseis m = 1, for which I(Lo) = L} and the condition L_; = I(Lo)
reduces to §W¥ # 0, that is, ¥ is a non-holomorphic harmonic map. In particular, any non-constant anti-
holomorphic map satisfies condition (1) of Definition 2.4.

If m > 1, it is possible to construct maps satisfying L_; = I(Lo) from holomorphic maps to CP?"-?
using [8, Section 4]. To any linearly full holomorphic map ®: M — CP?""! one can associate its

Frénet frame {® = &g, ®1,..., Pyy_1}, where &;: M — CP?™~! are mutually orthogonal and satisfy
Span{®o, ..., ®;} = Span{®,3,®, ...,d®} as lines in C?"~!. This is a special example of a harmonic
sequence [43], in particular, ®; is harmonic for all j = 0,...,2m — 1 and ®;y_1 is anti-holomorphic.

In [8, Theorem 4.2] it is shown that if ®;p_1 = I(Po), then ®y_;_j = 1(®)) forall j=0,...,2m -1 and, in
particular, ®,_1 = I(®p). Setting ¥ = ®,, yields L_1 = Span{®n,_1}, thus, ¥ is a harmonic map satisfying
condition (1) of Definition 2.4. For m = 2, the relation ®,,_1 = I(®o) is satisfied if and only if @ is horizontal
with respect to the projection x : CP? — HP?!, that is, Span{®, 3,®} L I(®), see [8, Theorem 4.5]. Indeed,
differentiating (3, ®, I(®)) = 0 yields (32, [(®)) = 0, hence, [(®) = [(®g) = ®s.

Example 2.7. Consider the holomorphic map ®: CP* — CP? given by ®([1:z]) = [1:2° : —/3z :

V/32%]. It is easy to check that @ is horizontal, ®; = [-3Z : 32 : v/3(2|z]> — 1) : V/32(2 — |z]9)],
@, = [(P1). Setting ¥ = &, gives a harmonic map satisfying condition (1) of Definition 2.4. One
computes

19,1, [(P))|* , . 16dzdZ

gu =10W[;g =4

z0zZ = = .
B A+pz)? ~

Hence, 3% has no zeroes and ¥ is a quaternionic harmonic map. Furthermore, this computation
shows that the round metric on the sphere is critical for a Dirac eigenvalue Ax such that
Xk(S?,9,5)% = 167, so that A, = 2, that is, k = 2. Therefore, we have established that the round
metric on the sphere is A,-critical.

Example 2.8. The previous example is a special case of the so-called Veronese sequence [9, Section
5]. Namely, for any m one can consider a holomorphic map &: CP! — CP?"~! given by

o([1:z]) = |:1: 2m—1z:...: (Qmj_l)zj:...:zzm‘l]
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14 | M.Karpukhin et al.

In [9, Theorem 5.2] it is computed that

®om_1([1:2]) = |:—22"‘1 Co (=12l (ij— 1)22m’1’j S 1i| .

Therefore, ®ypm_q = [(®p), where

I(z0 ... Zoma]) = [Zom-1 : Zomz t ... (—1)2m’1’j22m,1,j U1
Consider A € PU(2m) given by

A(zo ... Zom-1]) =

[Zo i Zom1: =21 Zom— ... (—1)jzj CZomo1oj et D"z Zm),

then AI = IA, so that Ad,,_1 = [(Adp). Since A is an isometry, one has (A®); = Ad;, hence
¥ = Ady, satisfies L_; = I(Lp). Furthermore, one computes using notation from [9, Theorem
5.2] that

G = 4yn_1dzdz = m?ge.

As a result, 3¥ has no zeroes and ¥ is a quaternionic harmonic map. In fact, one sees that
the map W is a map by Dirac eigenspinors on the round sphere associated with the eigenvalue
M =m, thatis, k= " 4 1,

Remark 2.9. The notion of quaternionic harmonic maps is related to the notion of quaternionic
holomorphic maps studied in [22]. Consider the twistor projection x: CP?"~! — HP™!, then
it follows from [22, Lemma 2.7] that ¥: M — CP?>"~! satisfies L_; = I(Lo) if and only if 7 ¥ is
a quaternionic holomorphic map. The latter is equivalent to saying that 7,d¥ = 0, that is, the
d-derivative of W is vertical.

3 A1(M,C,S) as Minimum of Energy

In the present section we aim to obtain a characterisation for the quantity A1(M,C,S) in terms of the
variational theory for the energy functional. We are motivated by the Hersch'’s inequality [28] and the
min-max characterisation for maximisers of Laplace eigenvalues [33]. Since we are dealing exclusively
with the first eigenvalue, Remark 1.5 implies that it is sufficient to consider maps to CP.

3.1 Energy of maps by eigenspinors
For a given spin structure S on M and a conformal class C, we consider the set

Pes={¥=[yy ¥ ]:M— CP'|3g €C,1 # 0, Dy =iy}
of all maps obtained from eigenspinors (with non-zero eigenvalues) as described in the previous section.

Lemma 3.1. Let = (¥4, ¥_) be an eigenspinor on (M, S, g), with eigenvalue A # 0. Let ¥ = [y :
¥_]: M — CP!, so that W € I'cs. Then

EODw, [g]) = A2 Vol(M, g).
In particular, for any conformal class C and any spin structure S on M one has

A1(M,C,9)? = inf EOV(w, ). (3.1)
Veles
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Proof. Let Z = {p € M: y(p) = 0} (note thatitis a discrete set). Let

Dy 2
U, 9) = dvg,
V.9 /M\z i o

so that Uy, h) = U(y, g) for any h € [g].
Define the metric g, = |¥/|3g on M\ Z, so that W@w = 1. On one hand, we have

U(I/f,gw):/ IDg, ¥15, dvg,
M\Z
= Dy |2 du
/M\ZI 9¥15, Vg

= 2 wl2 du
/M . [¥15, Avg
= 12Vol(M\ Z, g) = 12 Vol(M, g).
On_the other hand, let sy be a local holomorphic section of S such that so ® s = dz and write ¢ =
(f+s0,f-50), F = (f4+,f-). Then

IDgwly  IsolgldzF1” |32
w13 IsolPIFIZ " l8zI31F1?

and since ¢ is an eigenspinor, d;F L F so

IDgv |3 :F12
g 29 :4|77Fi22 |2 _ IB\IJI;‘
W eI

where we used (2.4) in the last equality. Integrating we obtain
Up.9) = [ 18wPdy, =E°V(w, [g).
M\Z

Taking the infimum over all maps in I'c s yields (3.1). |
As a first application, we give a more geometric proof of (1.1).

Theorem 3.2 ([7]). Let M = §? with its unique spin structure S. Then for any Riemannian metric
g one has

A3(M,g,S) Area(M, g) > 4,
with equality if and only if g is a round metric.

Proof. Write S for the unique spin structure on M = S?. Let  be a first eigenspinor, Dyyr = A1y It is
known that A, > 0. Let W = [y_ : ¥, ] : M — CP' be its associated map. Then

Index(3W) = —x (M) — deg(¥) x (CP')

where Index(3¥) is the total number of zeroes of ¥ counted with multiplicity, x is the Euler
characteristic and deg is the mapping degree (see e.g., [13] for the proof). Thus,

XD+ Index(3Ww) __

x(CPY) =L

deg(Vv) =
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Setd = —deg(¥) > 1. By Lemma 3.1,
EOD(w) =22 Area(s?, 9).
Combining with (2.5) one has
A Area(s?,g) = 4nd + EMO (W) > 45

Suppose we have the equality A? Area(S?,¢g) = 4n. Then d = 1 and E®9 (W) = 0, that is, ¥ is an anti-
holomorphic diffeomorphism and, in particular, ¥ is conformal. Hence, %|d\l/|§g = W*gcp: and

1 - _
S1AWg = [0WI5 + W = 095 = 21(@).

So g is the round metric up to a constant scaling. |

Another possible way to use formula (3.1) is to apply calculus of variations techniques in order to
show that the infimum on the right-hand side is achieved on some critical point of the functional E®V,
that is, a harmonic map. This would provide an alternative way to establish the existence of minimising
metrics, that is, to reprove Theorem 1.1. However, the definition of the set I'cs is not particularly
geometric, which makes such an approach difficult. Instead, below we use Theorem 1.1 to provide a
more geometric formulation of (3.1).

We first observe that any non-holomorphic harmonic map to CP! satisfies condition (1) of Defini-
tion 2.4. Using this we can define

Hes = {\Il : (M, C) — CP!| ¥ is harmonic ¥ is non-holomorphic,

all the zeroes of 3§,V are of even order, and ¥*L* ® [%(50\11)] = S] ,

where the isomorphism on the right-hand side is given by Proposition 2.5. In particular, Proposition 2.5
implies that He s C T'c s. The following theorem states that the infimum on the right-hand side of (3.1)
is achieved on an element of He s, up to a formation of a bubble.

Theorem 3.3. Let S be a spin structure on M and C be a conformal class. Then
A1(M,C,S)? =min[ inf Eg)'l)(\ll),éln]‘
WeHe s
In particular, if infyen,  ES”(W) < 47, then there exists W e Hes such that A1(M,C,5)? =
EQD (w).
Proof. It is known from [5] that A1(M,C,S)? < 4=, so it suffices to prove the equality in the case

infyen., EOV (W) < 4r. In this case, let W € He s such that E®P (W) < 4x. Since He s corresponds to the
quaternionic harmonic maps, by Proposition 2.6 there exists a metric gy and eigenspinor ¢, Dy, ¥ = Ay,

such that ¥ = [y : ¢¥_]. Then by Lemma 3.1,

47 > EOD (W) = A2 Vol(M, gy) > A1 (M, C,S)%.
It follows from Theorem 1.1 that there exists a conformally minimal metric g with A;(M,C,S) =
*1(M,g,S). By Theorem 1.6, we obtain a quaternionic harmonic map ®: M — CP! induced by an

eigenspinor with eigenvalue A1(M, g,S). So ® € He s and

A1(M,C,S)% =M, 9,9 =E&P (@) > inf EQP(w).
WEHCS

The reverse inequality is a consequence of Lemma 3.1 combined with the inclusion He s C Tes. |
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3.2 Minimisers on the torus

In the last part of this section, we use the previous characterisation of conformally extremal metrics in
terms of harmonic maps to prove Theorem 3.5. As an example, and because this result will be needed
later, we compute the Dirac eigenvalues on the flat torus. We follow the method used in [24, Section
2.1] (see also [19]).

For any vector (a,b) € R%,b # 0 one has a lattice T' = I'(q ) = Z(1,0)+Z(a, b) and the corresponding flat
torus T? = R?/ T, with the flat metric g, induced by the projection map. The spin structure is given
by a homomorphism yx: I' - Z/2Z, so that the global sections of the spinor bundle S can be identified
with complex functions y on R? = C satisfying

YE+y) =Dy (3.2)

forall y €T,z € C. The canonical bundle on T? is trivialised by a global section dz and the isomorphism
S®S — Kis given by y1 ® ¥ > Y19, dz. Since |dzly,, = 1, S is identified with S via S®K — S. With these
identifications, a global section of S @ S consists of two complex functions ¥, ¥_ on C, satisfying (3.2)
and the Dirac operator with respect to the flat metric g, is given by

o()-=(5 5)0)

The spectrum of D is best described in terms of the dual lattice I'*. Recall that I'* is the lattice in
the dual space (R?)* defined as y* € I'* if and only if y*(y) € Z for all y € I'. For a homomorphism
x: T — Z/27, an affine lattice rx is defined as follows: & € ry ifand only if &(y) + %X(V) € Z.1tiseasy to

see that Ty = I+, where n = % > X(yj)yj* for some basis (y1, y2) of I' and the dual basis (y;, y5) of I'*.
=12

Lemma 3.4. Let S be a spin structure on (T?,g,p) and x: T — Z/27Z be its associated homomor-
phism.
The Dirac spectrum on (T?, g, ) is given by

Spec(D) = {£2x|¢| : § € T} }.
Proof. For a given constant spinor ¢ = (¢4, ¢_) on R? and & e I'; consider the following spinor on R*:

Y(x,y) = D,

By construction, this spinor satisfies the periodicity conditions and corresponds to a spinor on T?.
Complexifying & € (R?)* gives an element in (C?)*, which we denote by the same letter £. A quick
calculation gives

Caxif 0 &1,
Dy(x,y) = - (—é(l,i) 0 )IU(X,Y)-
_
M

Thus, the spinor ¢ is an eigenspinor if it is an eigenvector of M, which happens if and only if ¢ has the
same property. It is easy to see that the eigenvalues of M are +i|§|, hence

{£27|€| : £ € T} C Spec(D).

To have the equality between the two sets, it suffices to remark that {eZ"" : y* e I'*} is a basis of
L2(R?/T), so the spinors ¥, constructed from a basis of eigenvectors ¢; of M, form a basis of L2(=T)
when considering all y* € I'*. |

$20Z 1290190 g0 U0 Jasn (aAnoeur) uopuoT absj0) Ausianiun Aq £12018//91 Z9BUL/UIWI/EE0 L 01 /10P/[0IIB-80UBAPE/UIWI/WOD dNO-oIWapeoeR//:sdiy Wol) papeojumoq



18 | M. Karpukhin et al.

Finally, let us describe the moduli space of flat tori with spin-structures. The spin structure Sy
associated with a trivial homomorphism y is accordingly called trivial. The moduli space of flat tori
endowed with Sy coincides with the usual moduli space of oriented flat tori, that is, one can always
arrange that |a| < 1/2 and a? + b? > 1. The Dirac operator for this structure has a non-trivial kernel
corresponding to constant spinors on R?. For those values of a, b one has

2 - 2
21(T?, gap, So) = > 21(T?,gap, So) = —

7 (3.3)

All the other spin structures are isomorphic after a change of basis of the lattice I', this spin-structure
is referred to as non-trivial and is denoted simply by S;. In this case we can arrange that x(1,0) = 0,
x(@a,b) =1, al < 1/2 and b? + (Ja| — 1/2)> > 1/4. The Dirac operator for S; is invertible. For those values
of a,b one has 11(T2,ggp,51) = F and X1 (T?, gap, S1) = .

The main result of this section coincides with Theorem 1.7 for Sy, and extends it to the case of S;.

Theorem 3.5. Let bs = 27 if S = S; is the trivial spin structure on T?, and bs = 5 otherwise. Then
forall b > bs and all a, |a] < 1/2, one has

A1(T?, [9ap),S) = A1(T2, ga, S) = ds%,

where ds = 2if S =Sy and ds = 1 otherwise. Furthermore, the flat metric is the unique smooth
minimiser.

We recall the following theorem, which appears as [22, Corollary 6.6]. Together with Theorem 3.3, it
is the main ingredient in the proof of Theorem 3.5.

Theorem 3.6 ([22]). If F: T?> — S? is a harmonic map with energy E(F) < 4, then Fis a map to a
circle §* ¢ §%.

Proof of Theorem 3.5. The proof proceeds in three steps: first Theorem 1.1 is used to show the existence
of a conformally minimal metric. Then, from this metric and the corresponding ,-eigenspinors, we
obtain a harmonic map ¥: T? — S? and compute its energy to apply Theorem 3.6. Finally, we use that
V¥ is a harmonic map from the torus to S* constructed from eigenspinors to show that the conformal
factor |dz| = |so|? for the conformally minimal metric must be constant.

Let us first assume that the spin structure is trivial, that is, S = Sp. Then by (3.3) we have that

2w
A1(T?, [gap), So0) < —=.
[gll ] «/B
Hence, for b > 7, the existence condition in Theorem 1.1 is satisfied and there exists a minimiser gmin
achieving A1(T?, [gap], So). Furthermore, since the genus of T? is 1, this metric has no singularities.
For any such minimiser gmin by Proposition 1.6 and Remark 1.5, there exists an eigenspinor ¢ =
(¥4, ¥_) on T? such that

Dy ¥ = 41(T?, gmin, S)¥  and  |yf; . =1onT".
This eigenspinor gives rise to a harmonic map ¥: T? — CP? = §?, and by Lemma 3.1
31.(T?, Gmin, S0)* Area(M, gmin) = E*V (W).

Note that by [13], the degree d of a harmonic map from the torus to the sphere is either 0 or |d| > 2.
In the second case, the map is holomorphic if d > 0 or anti-holomorphic if d < 0. Since ¥ comes from
an eigenspinor with A # 0, it cannot be holomorphic (as that would imply Dy = 0). At the same time,

$20Z 1290190 g0 U0 Jasn (aAnoeur) uopuoT absj0) Ausianiun Aq £12018//91 Z9BUL/UIWI/EE0 L 01 /10P/[0IIB-80UBAPE/UIWI/WOD dNO-oIWapeoeR//:sdiy Wol) papeojumoq



Dirac Eigenvalue Optimisation | 19

if W is anti-holomorphic, then A1(T?, gmin, So)?> = EOV(¥) = E(W) = 4|d|zx > 4x, which contradicts the
upper bound on A1(T?, [ga], So). Hence, d = 0 and (2.5) implies that

E(W) = 2EOV (W) + d = 2EOY (W) = 221 (T?, gunin, So)? < 47 (3.4)

aslongasb > 2x.

Therefore, by Theorem 3.6, ¥ maps to a great circle S' ¢ §* = CP'. Up to a rotation of the sphere
we can assume that ¥ = [¢ : 1], where ¢: T? — S' ¢ C is a harmonic map to a unit circle. By [12,
Section 7] one has ¢(x,y) = e?*7"®)) y* ¢ I'*. By Proposition 1.6 one has that gmin is proportional to
gw = 310W[2  gap. Therefore, by (2.4) with F = (¢, 1) and L = CF we compute

|12 8.F|

=2
I GE

Jap = 27217 * [ Gap.

As a result, gmin is proportional to g4, and hence, flat.
For the non-trivial spin structure S; the proof is the same with the main difference being

T
= —

vb
so that the existence condition is satisfied for b > x/4. The corresponding map ¥ to CP' has degree 0
and energy

A1(T?,[gap), S1)

- 2r?

E(W) = 233(T%, [9ap], S1) = = -

which is smaller than 4x for b > 7/2. Hence, ¥ is a map to S? and the rest of the proof can be repeated

verbatim. ]
Remark 3.7. Note that for b < b, it follows that A;(T?,[gep],S) > ~27. Indeed, assuming
the opposite inequality, the arguments above imply that the harmonic map w: T? — §?,
corresponding to a i;-conformally minimising metric gmin, has energy below 4z. It then
follows as above that gmin = gap. At the same time, by (3.3) (and its analogue for S;) one has

21(T?,gqp,S) > +/27, a contradiction.

Concerning the other conformal classes, (3.4) implies that if a minimising metric exists, then
it corresponds to a degree 0 harmonic map ¥: T? — CP! of energy less than 8z. According to
Proposition 2.5 any such map induces a spin structure on T?, either the trivial So or the non-trivial
S. For the trivial structure S, to the best of our knowledge, the only known maps with these properties
are the maps to equator S! ¢ CP!, which by (3.3) and (3.4) have energy below 8z only for b > z. This
motivates Conjecture 1.8.

Remark 3.8. For the non-trivial spin-structure S; and conformal classes [gop], 0 < b < 1
there exist maps of degree 0 into CP! with energy smaller than 8x. Those maps are Gauss
maps of rotationally symmetric cmc-surfaces in R® called Delaunay unduloids, see [3]. It was
conjectured in [3] that the corresponding (non-flat) metrics are conformally minimal for the
first eigenvalue. While the flat metric could be a minimiser for some b < %, it is difficult to
formulate a more precise conjecture in the case of S;. Note that it was shown in [6] that as
b — 0, A1(T?,[gap],S1) — 24/7, which is consistent with the properties of the unduloids. It
seems plausible that in contrast to the trivial spin structure (cf. Conjecture 1.8), in the case of
S1, smooth minimisers exist for all conformal classes.

4 Minimal Surfaces and Critical Metrics
4.1 Dirac operator via Clifford multiplication
In the previous sections we used complex geometry to describe the Dirac operator. It is an especially
convenient point of view in the situation where the conformal class is fixed, because varying metric only
affects the metric on the spinor bundle. Once the conformal structure varies, the spinor bundle varies
as well. Thus, the complex geometric picture is not always the most convenient, and sometimes the
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traditional definition of Dirac operator using the Clifford multiplication is more appropriate. We review
it in this section and present explicit formulas for the Clifford multiplication in local coordinates that
are used later on.

Throughout this section (M, g) is an oriented surface, S is a spin structure, *M = S @ S is a spinor

bundle and we consider the associated Hermitian metrics on S and S. The spin structure and the metric

define the maps u{"”: K®S — Sand uf": K®S — S. Combining u§"” with (7@0,1)) and zero maps

K®S— 5, K®S — S, yields the map uy: TcM* ® (S® S) — (S @ S), which is sometimes called Clifford
multiplication. We will reserve this term for the adjoint map.

Definition 4.1. The Clifford multiplication is the C-bilinear map (-) : TcM ® M — M given by
Xy = ug(X" ® ¢), where X X is an isomorphism between TcM and T¢M* induced by the
Hermitian metric, see (2.10).

In local coordinates, if sg is such that sp ® s = dz, then

. f+SO _i f—SO . f+So :i 0
% (féo)_ |SO|2( 0 ) % (fgo) ISo/2 (f+§0)- (4.1)

Lemma 4.2. Clifford multiplication satisfies the following properties:

DX-Y-v)+Y - X-¥)=-29c(X, V)¢, where gc is C-bilinear extension of g to TcM
(2) For the Hermitian metric (-,-) on S@ S one has

(X-v,¢)=—(¥,X-9).

In particular, Clifford multiplication by a real tangent vector is a skew-Hermitian operator.

Proof. (1) Writing X = ad, + bd; and Y = cd, + dd;, one has

0 b\fO0 d 0 dyfO0 b
X-(Y->+Y~<X‘>=ISolg“<—a o)(—c O)HW(_C o)(—a 0):

— sl ad + bc 0
= TR0l 0 ad+bc)’

Observing that g = [so|~*(dx? + dy?) one has gc(3,,3,) = gc (3, 3) = 0 and gc(d,3) = ge(dz,9,) = L=
completes the proof.
(2) By linearity and symmetry it is sufficient to check the equality for X = 8;. Writing ¥ = (f1So, f-50)
and ¢ = (k;So, k_So) one has
IS0l (X - v, ¢) = f-Ry = ~Is0/* (¥, X - §). m

Recall that the Chern connection on a holomorphic bundle equipped with a Hermitian metric is the
unique connection that preserves the metric and whose (0, 1)-component coincides with 8-operator [26].

Definition 4.3. The induced connection on ¥M is defined as
Vx(Wy, ¥) = (Vg'yry, V),

where V¢ is the Chern connection on S.

Since the Chern connection preserves the metric, the induced connection does so as well. In local

coordinates,
v, fis0 _ (zf1)s0
“\ f-30 (3f~ + f-9z1og|s01%)50

v, feso) _ [(@:f+ +f18.1oglsol)so
“\f-%o (@f S0 ‘
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Lemma 4.4. The induced connection preserves Clifford multiplication, that is,
V(Y- ) = (VEY) -y + Y- (V) (4.2)
where V€ is the Levi-Civita connection.

Proof. Defining (¥, ¥_) = (¥_, ¥;), we see from the definition that Vxy = Vg . Hence, by linearity it is
sufficient to check (4.2) in two cases: X =Y =9, and X = ¥ = 4,.
If X =Y = 8,, then in local coordinates for ¥ = (f;So,f-50) one has

0 0
WY =vy| 5. )= e (4.3)
o= (2L 2)e)

and

(VEEY) g +Y - (Vxy) =

_ Z, zlo |S |2)SO

— 3,0 4, . f+§o ta,. @f+ +f+0 _g 0 _
(oglsol™) (fSO (Buf Y50

_ 1 0

"~ Is0l? \ 2f18,(log sol?) — (3.f + f18, loglsol?)

and it is easy to see that the expression on the right-hand side is the same as in (4.3).
If X = Y = 8,, then in local coordinates for ¥ = (f,So, f_30) one has

V(Y - 9) =V, (JMSO) _ ((82 (‘gﬁ) + ‘gﬁaz 1og|so|2) So) _ (%57 So)
‘\ O 0 0

and

Z, zlo ‘S |2)SO Lﬂzso
Ly . v. — 5, (3:f+ +f+8; log s _( i '
VyY) -y + Y- (Vxy) ( 0. )50 = 0

Remark 4.5. As follows from Lemma 4.4, the induced connection coincides with the induced Levi—
Civita connection in the terminology of [23].

Usually, the spinor bundle M is defined in terms of a Spin, -principal bundle Spin M over M and a
spinor representation p : Spin, — ¥ of Spin, in the vector space . The bundle Spin M correspond to a
choice of a non-trivial 2-fold cover of SO4M, the SO,-principal bundle of positively oriented orthonormal
bases of TM with respect to the metric g. Then M is defined as the associated vector bundle to
(SpinM, p) : EM = SpinM x, . If M is a K&hler manifold, the spinor bundle takes a special form, which
in dimension 2 gives the isomorphism M = S @ S (see [20, Section 3.4] for details). This justifies our
definition of the spinor bundle as S® S.

The Dirac operator can be defined in any dimension as (see [23])

n
Dy = zej Ve,
j=1

where (e1, ..., en) is a local orthonormal basis of the tangent space. In dimension two, we compute

Dy =e1- Ve, + - Ve, = 2 (IS0*8z - Visop, + IS01*3; - Visops ) »

f+50 2 (3zf—)50
D, =2
‘ (fso) ol (—(azfns())’

so that
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which coincides with the definition of the Dirac operator (also known as the Dolbeault or the Dolbeault-
Dirac operator) we have been using earlier. In particular, we have recovered a well-known result that
in dimension two (and, in fact, more generally for K&hler manifolds) these definitions are equivalent
[23, 30].

4.2 Global criticality condition

In this section, we need to change the way we enumerate the Dirac eigenvalues. Indeed if we enumerate
the eigenvalues with A1 being the first positive eigenvalue, then any change in the dimension of the
kernel of D, which may happen when the conformal class changes [30], would cause a discontinuity
of the eigenvalues. To have continuous eigenvalues i, we instead index them by enumerating their
squares in an increasing order:

O<xrs<x

<A< S oo

=i
NS
win

Here we use a bar over the indices to distinguish this enumeration from the one we used previously.
In particular, note that A7 is no longer the first positive eigenvalue and will be 0 if the kernel of D is
non-empty (this observation leads, in particular, to a positivity assumption in Proposition 4.12). Due to
the symmetry of the Dirac spectrum with respect to 0 in dimension 2, we don’t get any new eigenvalues
when considering A? instead of the non-negative eigenvalues, that is, for any k for which iz > 0, there
exists a k = 1 such that A; = A, and the multiplicity of A; is twice the one of A.

A formula for the variation of the Dirac eigenvalues under metric perturbations was obtained in [10].
It was shown that under analytic variations g(t) of the metric g, the derivative of an analytic branch
A9 (t) of an eigenvalue A is given by

d

. 1
Z 0 S '
00| =-3 [ 90.Qdv0, (4.4)

where the scalar product under the integral is understood as the scalar product of tensors induced by
the metric g, ¢ is a L2(g)-normalised eigenspinor associated to the chosen branch A% of 4, and

1
QX Y) = §Re((X VY, ) + (Y Ve, ).

The bilinear form Q, is called the energy-momentum tensor, see [29, 36] for other applications and its use
in lower bounds for the first positive Dirac eigenvalue.

Before we can state the definition of a critical metric, we need a way to specify the choice of the spin
structure on M, which does not rely on the metric. Previously, when studying the conformally critical
case, the spin structure S could be defined solely in terms of the complex structure. But now that the
complex structure, that is the conformal class, is not fixed, we will use an alternative definition of the
spin structure.

Definition 4.6. Let G~1;r (R) be the universal cover of the linear positive group Gl (R). A classical spin
structure S is a Gl (R)-principal bundle thatis a 2-fold cover of the GL} (R)-principal bundle F+M
of positively oriented frames of TM.

Remark 4.7. The notion of the classical spin structure was used in [10] and is essentially
equivalent to the definition we have been using previously. Given a metric g, a classical spin
structure yields a bundle SpinM — SOy4M, by restricting S — F*+M to the bundle SpinM c S
covering SOy C F™M. In our notation, this means that a classical spin structure S gives a
consistent way to associate to any metric g a spin structure S.

Similarly to the conformally critical metric, we define a globally critical metric by the condition that
the left and the right derivatives of the eigenvalue have opposite signs.

Definition 4.8. Let M be an oriented surface endowed with a classical spin structure S. We say that
the metric g is Ap-critical if for any analytic family of smooth metrics g(t), g(0) = g,t € (—¢,¢),
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one has

Lisatg.50)] ) (Sizong0.50)] ) <0

TR t=0- ) \dt"* 2 t=0+) ~
where S(t) is a spin structure associated to g(t) via the classical spin structure S.

Similarly to Remark 1.3, our definition of critical metrics agrees with that in [10] for simple
eigenvalues, whereas it is more general for multiple eigenvalues. The following result is an extension of
the criticality condition derived in [10, p. 596].

Proposition 4.9. Let M be a compact oriented surface with spin structure S. Suppose that g is a

critical metric for Xg(g, S). Then there exist eigenspinors ¥, ..., ¥m € Ez(g, Sg) such that
= 1
2 Q= 5%9,9)9. (4.5)
j=1

Conversely, if 1, ..., ¥m € Eg(g) are eigenspinors satisfying erL Qy, = %Ag(g, S)g and Af < Agg
or A; > A7 then (g, S) is critical for Ay

Proof. The proof is analogous to the proof of Proposition 1.2. If g is a critical metric, then formula (4.4)
yields that for any symmetric 2-tensor field n with f,,(n, g)dv, = 0, there exists ¥ € Eg(g,S), such that
fM(ﬂy QW)dUg =0.

Let W be the convex hull of {Qy, ¥ € Ez(g, S)} in the space of bilinear forms. Then as before, we argue
to show that 32zg € W. If not, by the Hahn-Banach theorem, there exists a symmetric 2-tensor field n
such that

/ (n,2z9)dvg > O
M

/ (n,Qy)duy <0, forall ¥ € Ez(g,5).
M

Setting no = n— m Jun. g)dvgg, we have [, {(no,g)dvy = 0, and thus there exists ¢ € E¢(g, S) such that
0= [ tn0.Qu1dv,
M

" 1
:/M('Y,Qw)dUg - m/m(m@dug/w{(g’(lw)dug <0,

where we used that the trace of Qy is Agly|? since y is an eigenspinor. This contradiction concludes the
proof in one direction. The proof of the converse statement is also similar to the one in Proposition 1.2
and is left to the reader. |

4.3 (Criticality condition and minimal surfaces

In this section we give a geometric interpretation of the condition (4.5), connecting the optimisation of
Dirac eigenvalues to minimal surfaces in projective spaces.

Theorem 4.10. Let (M, g) be a compact oriented surface with spin structure S. Suppose that
m

¥1,...,¥m are eigenspinors on M with Dyy; = Ay, 4 # 0 and ZQ,,,] = %Ag. Then the map
j=1

¥: M — CP*™! given in homogeneous coordinates by [f14 : ¥1_ : ... : ¥my : ¥m_] is a branched
minimal immersion.

Proof of Theorem 4.10. Let e, e, be a local orthonormal basis of TM. Then

o= > (Quleren) + Qyleze) =

j=1

N =

D Re(Dg¥y, ¥5) + (¥, De¥y) = e DIyl
Jj=1 j=1

Hence, by Theorem 1.6, the map W is harmonic.
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For the conformality of ¥, writing 9, = %(el —1ey), we have

0 =g(e1,e1) — g(ez, e2) — 2ig(e1, e2)

Il
M=

Qy;(e1,€1) — Qy (€2, €2) — 21Qy; (1, €2)
1

-
I

18 1¢
= (et e+ e 5 V) 5 2 (e ) + (e 5 Ve )
j=1 =1
P
3 D (et er ) Vertes )+ (0243, V) + (o1 5, V)

I
N

J

= Z—(VaZWj,el “W5) 4+ (Vo 05,62 - W) — (e1 - ¥y, Va, W) + 1(e2 - ¥, Vi, )
j=1

=—2>" ((Va, 05,0 - ) + (3 - W5, Vo, U5)).

j=1

Writing ¥ = (f4 S0, f;_50), and using (4.1) to obtain that 9; - (?) o (8 (1)) (1// ) and 9, - (1//+) =

o7 (_O1 8) (i*) in this basis, we get

m —_— —_—
0= 0fie(F) +ftefi- = 3 ~ftufis + fuinfi
j=1 j=1
Set F = (fir, fimy -+, fms, fm=) and I(a14,a1-, ...) = (=01, 41+, . ..). It follows that (3,F, I(F))con = 0. By the
eigenvalue equation (2.8), I(F) = Z‘ST‘)‘zaiF, and therefore,

(3,F, 8;F)com = 0. (4.6)

At the same time, a harmonic map ¥ is a branched minimal immersion if and only if it is weakly
conformal [27], that is, (dcW(d,), dcW(d;)) = O, or, equivalently, (W (3,), W (3;)) = 0. Using the definition
of the metric on CP?"1 one has

_ F ;F F ;F
(W (3,), 3W(3;) :4|so|47(”“3}‘|’2’“32 ) g, D020 ’;Eaz 3

where 7. is an orthogonal projection to the orthogonal complement to the one-dimensional space
spanned by F. Finally, the eigenvalue equation (2.8) implies that n;. 8;F = 9;F, so that (4.6) yields that ¥
is weakly conformal. [ |

We conclude the article by stating the analogue of Proposition (2.6) for a globally critical metric.

Definition 4.11. We say thata map ¥: (M,C) — CP?"~!is a quaternionic branched minimal immersion
if ¥ is a quaternionic harmonic map and a branched minimal immersion.

Proposition 4.12. Let M be an oriented surface and S be a classical spin structure. Suppose that
gis Ak critical, and Ak(M g,S) > 0. Then there exists a collection y; = (Y, ¥j-),j = 1,...,mof
Az-eigenspinors such that the map ¥: (M,C) — CP?™~! given in homogeneous coordinates by

:[‘//1+3IZ1—:“‘:‘/fm+31/_/m—]

is a quaternionic branched minimal immersion. Moreover, 4;(M, g, S)? = Ego’l)(llt) and g = agy =
a|dW|2g for some « > 0.

Conversely, let W: (M,C) — CP?™! be a quaternionic branched minimal immersion, and let Sy
be the spin structure induced by ¥ in the sense of Proposition 2.5. Then the metric gy is
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rg-critical for the classical spin structure Sy corresponding to Sy. The index k — 1 is the
number of eigenvalues A;(M, gw,Sy) satisfying 0 < A;(M,g\,,,s\,,) < 1. Furthermore, one has

A5 (M, gu,Se)? = ESP (W) > 0.

Proof. To prove the first part, observe that we showed at the beginning of Section 2.4 that the maps by
eigenspinors satisfying 3 ;> = 1 are quaternionic harmonic, and hence W is quaternionic harmonic.
Furthermore, it follows from Theorem 4.10 that V¥ is a branched minimal immersion. The proofs of the
statements about g and the value of Az(M, g, S) are analogous to the first part of Proposition 2.6.

To prove the converse, observe that if ¥ is a quaternionic branched minimal immersion, then
according to Proposition 2.5 it is the map by gy-eigenspinors satisfying > |Wj|§w = 1. Tracing the
computations in the proof of Theorem 4.10 in the opposite direction, we observe that weak conformality
of ¥ implies

m m m
D Qyer,en) =D Quler,e2), > Quler,e) =0,
j=1 j=1 j=1
where eq, e, is gy-orthonormal basis. At the same time, by the eigenspinor equation

Z(Q\//) (e1,€1) + Qy (2, €2)) =

j=1

1 m m
5 2 Re(Dyvy, ) + (U, Do¥y)) = kg D 1513, = I

j=1 j=1

Thus,
m
Az
ZQn//, = 79\11,
Jj=1
which by Proposition 4.9 means that (gy, Sy) is critical for ig. [ |

Remark 4.13. It is proved in [25] that if M is not a sphere,
inf (M, C,S) =0,

and hence Proposition 4.12 does not yield any global A7-minimisers. It would be interesting
to find out if Proposition 4.12 can be used to construct examples of quaternionic branched
minimal immersions of surfaces of positive genus. It is likely that the proof of [25] can
be generalised to higher eigenvalues. If true, it means that in order to obtain quaternionic
branched minimal immersions from Proposition 4.12, one would need to look for saddle points
rather than global minima.
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