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Abstract

The description of spin in modern physics is multifaceted, and links together a broad
variety of physical concepts, including angular momentum, spinors, quantum me-
chanics, and special relativity. However, there remain foundational aspects of the
existence of spin which are not fully understood: What physical and mathematical
structure is strictly necessary for arbitrary spin to exist within a general physical
model? Are quantum mechanics, relativity, or notions of angular momentum es-
sential to its existence? What are the physically distinct observables in a physical
theory with spin?

In this thesis, we will address these questions by presenting a new account for
the emergence of spin in non-relativistic physical theories through the mathematical
language of non-commutative algebras. The structure of these algebras will fun-
damentally derive from the geometry of real Euclidean three-space, and reveals a
geometric origin for spin which is neither classical nor quantum. We will see that
spin’s phenomenology as a form of angular momentum is an emergent prediction
of quantum mechanics, and that spin may be a natural source of non-commutative
geometry, entailing couplings between the position and spin of a system.

To achieve this, we will use limited mathematical structure to: construct a
generic methodology for the elementary study of algebraic structures from their
minimal polynomials; present an elementary algebraic method to derive real alge-
bras which describe arbitrary spins in terms of the physically distinct observables of
the system; and define a family of algebras of position operators whose structures
encode both the geometric action of rotations, and the structure of its spin operators

in terms of geometrical objects.






Impact Statement

In the mid to late twentieth century, humanity experienced perhaps the most rapid
technological transformation in its history, as a result of the electronics, computing,
and information revolutions. This fundamentally altered the way we live our lives,
and is responsible for innumerable benefits across myriad domains. Arguably, these
dramatic changes are firmly rooted in the advances of physics made in the early part
of the century, in particular in the development of quantum mechanics.

Now, we are at the precipice of another such revolution heralded by the emer-
gence of quantum computing and quantum technologies. Within these domains,
the physics of spin is a critical component, underpinning the leading bleeding-edge
approaches. As such, research into the foundations of quantum mechanics, in par-
ticular into the fundamental nature of spin, has become increasingly important as a
route to enrich and empower advances within these fields.

This thesis advances our understanding of the phenomenon of spin through a
new, more elementary method of study. In particular, this approach results in an
explication of the physical characteristics of systems with arbitrary spin, as well
as a relatively unattested link between the spin and position degrees of freedom of
such systems. While spin is ubiquitous in modern physics, the mathematical mod-
els which result from our analysis are of direct use in a wide variety of disciplines,
including: the modelling and development of quantum computers; the modelling
and development of novel quantum sensors; the study of crystalline solids for ma-
terials science applications; the modelling of processes in physical chemistry; the
development of novel diagnostic techniques similar to nuclear magnetic resonance
spectroscopy; and the development of novel electronic components, especially in
spintronics applications. Moreover, the analytical methods developed in this thesis
to study spin can be utilised to perform elementary studies of other important phys-
ical properties of systems. In tandem with other avenues of foundational research,

this may contribute to further advances in a wide range of technological frontiers.
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Beyond these more direct usages, the insights provided by this thesis into the
relationship between spin and geometry offer a glimpse of advances to our under-
standing of gravity. While this may not seem directly tied to improving our quality
of life, note: without the robust understanding of gravity offered by Einstein’s theory
of General Relativity, satellite navigation would not have been possible. As with
many aspects of fundamental physics research, including advances in our under-
standing of the relationship between quantum mechanics and gravity, it is difficult
to predict exactly how such knowledge will benefit us in the long-term. But, as
the developments of the twentieth century can attest, such transformations can be

dramatic, far-reaching, and, once realised, impossible to imagine the world without.
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Chapter 1

Introduction

1.1 Motivation

1.1.1 Algebraic Structure in Quantum Mechanics

In quantum mechanics, one traditionally considers the physical properties of a sys-
tem to be encoded within its states. Operators on the state space offer both a means
to extract this information, through the use of Hermitian operators (observables),
and a method of altering the physical properties of the system, for example through
time evolution. From this perspective, one may surmise that knowledge of the phys-
ical properties of a system is only available by studying its possible states. However,
this is not the case: essential information about the system is also encoded within
the algebra of its observables. We will illustrate this point with the algebra of spin
generators for a non-relativistic system with arbitrary spin. In fact, this will be the

primary example of interest throughout this thesis.

1.1.1.1 Spin in Quantum Mechanics

Phenomenologically, spin presents as a form of angular momentum which is intrinsic
to particles. It varies in magnitude discretely by half-integer amounts, and is most
commonly observed experimentally through its associated magnetic dipole moment.
The states for a spin-s system are called spinors, and are typically modelled using
2s + 1-dimensional complex vectors. The standard basis one uses to describe an ar-
bitrary spinor is an eigenbasis for the operator associated with this intrinsic angular
momentum. More precisely, one interprets each eigenstate as a configuration of the

system in which this intrinsic angular momentum has a particular alignment with a

31
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given spatial direction (conventionally the z-direction). Measurement of the amount
of intrinsic angular momentum along this direction for one of these eigenstates would
yield a discrete value in the range {s,s — 1,...,—s+ 1, —s}. This interpretation is
consistent with, for example, the Stern-Gerlach experiment [1]. Further discussion
of the history of spin in physics can be found in |2, |3].

Mathematically, many authors define spin to be a difference which, in princi-
ple, could exist between total and orbital angular momentum [4} |I] of a quantum
mechanical system. More explicitly, the spin degrees of freedom of a fundamental
non-relativistic system are traditionally modelled using irreducible representations

of the Lie group SU(2,C),
SU(2,C) == {A € Matoxo(C) | ATA = AAT = L5, det(A4) = 1}. (1.1.1)

The use of SU(2,C) is motivated by rotational symmetry and Wigner’s theorem [5]
within the Hilbert space formulation of quantum mechanics. This theorem states
that all symmetry transformations, here meaning transformations which preserve
transition probabilities, can be associated with either unitary or antiunitary oper-
ators. For a group of such symmetry transformations, we consider unitary “pro-
jective” representations [5] of that group, since a change of phase does not alter
transition probabilities, and antiunitary operators are not closed under composi-
tion. We are physically motivated to construct quantum mechanics to be rotation-
ally invariant, and so would utilise such representations of SO(3,R); however, since
SU(2,C) is the unique “universal covering group” of SO(3,R) [6], it is mathemat-
ically equivalent and more convenient to consider “ordinary” representations of it
instead [5].

Instead of considering the group SU(2,C), we may equivalently model such a

system using irreducible representations of the Lie algebra which generates it, namely

su(2,C) [7],
su(2,C) = {A € Matays(C) | AT = —A, tr(4) = 0}. (1.1.2)

The representations of SU(2,C) and su(2,C) are one-to-one [7], but the latter are
mathematically simpler to derive. An account of the traditional methods used to
identify the irreducible representations on su(2, C) is given in Appendix

More explicitly, representations for su(2, C) are pairs (V, p) consisting of a finite-

dimensional complex vector space V, and a vector space homomorphism p satisfying,
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VA, B € su(2,C),
p:su(2,C) — End(V)
p(A)op(B) — p(B)op(A) = p([A, B]),

with o composition of functions, and End(}V) the space of vector space endomor-

(1.1.3)

phisms on V. Such a representation is irreducible iff, for a subspace U C V), the only

representations (U, o) satisfying, VA € su(2,C),

o:su(2,C) — End(U)
(1.1.4)
ioo(A) = p(A)oi,

are 0 and p, with i : 4 — V the inclusion map. In the case of su(2, C), the irreducible

representations {(V®), p))} may be parametrised by a single half integer,

1
€ Oa_717
s { !

and have dim(V®)) = 2s + 1. This half-integer s corresponds to the magnitude of

DO | W

} (1.1.5)

the intrinsic angular momentum of the system modelled by the representation.
More commonly in physics, we describe su(2,C) in terms of a basis of “spin

generators” {5’,1} for its complexification su(2, C)®@gC, for which, Va € {1, 2, 3},

[S 5*,,] - iieabcgc. (1.1.6)
c=1

Furthermore, we present the irreducible representations as matrices with respect
to a given basis of V). The vectors of V) are the spinors previously mentioned,
and the spinor basis we typically choose is the eigenbasis for the p(s)(gz) operator.
General expressions for the matrices of spin generators for any spin-s representation,
s€40,2,1...}, are known|[1]. We show some examples of these in Table .

’ 9

1.1.1.2 Structure in the Algebras of Spin Operators

Despite the traditional focus on spinor states, we can see that information is en-
coded within the matrices of spin generators themselves, both visually and in their
algebraic relationships. Consider, for example, the matrix corresponding to the
composition p®)(S,)op*)(S,). For spin-3 systems, we readily see that,

01 1
= —I5yo, (1.1.7)

P (8,)pMP(S,) = 2
0

_

e~ =
o
—_
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S p(S,) p(Sy) p(Sz)
1 1 01 1 0 —i 1 1 0
2 2 2 2
10 i 0 0 -1
010 0 —i 0 10 0
1 |1 01 Hli 0 —i 00 0
010 0 i 0 00 -1

0 V3 0 0 0 —iv3 0 0 30 0 0
s, V3 0 2 of i3 0 =2 0 o1 0 0
2120 2 o V3 2| o 2i 0 —iV3 o0 -1 o
0 0 V3 0 0 0 /3 0 00 0 -3

Table 1.1: Examples of Spin Representations

with I5xo the two-by-two identity matrix. However, for spin-1 and spin—g systems,

we see that Va € C,

p(l)(gx)p(l)(gx) # alzys, p(3/2)(‘§x>p(3/2)(‘§x) # alyxy. (1.1.8)

This indicates that the algebra generated by p(s)(S’x), for example, has captured
some information about these spin systems; in this case, it enables us to distinguish
Spin-% systems from others, without the need for spinor state.

Of course, one could argue that some information encoded in the spinor is implicit
in the dimensionality and chosen basis of the matrix representation for the spin
generators. However, this ability to distinguish between systems of differing spins
through algebraic relations, and in so doing access information about the physical
properties of the system, is independent of these choices for the representation; this
means that in situations where a spin-s system has two different representations,
for example a fundamental versus a composite system, these algebraic properties
remain consistent. To make this more explicit, we claim, and will later prove in
Chapter , that for each spin s € {0, %, 1,...} there exists a unital associative

algebra A, containing su(2,C) as a Lie subalgebra, and on which p(® may be

'While this was simply an illustrative example, a result of this thesis is that systems of arbitrary

spin can be classified and distinguished purely algebraically.
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extended to a unital associative algebra representation. As we will see, the algebra
A®) may be defined without the need for complex numbers, spinor bases, or the
notion of angular momentum, but completely determines the algebra of operators
for an arbitrary spin-s system.

As such, there are a number of questions it is natural to ask:

e What kind of information about a physical system does its algebra of operators

contain?

e What can we learn about a physical system by understanding the algebraic

structure of its algebra of operators?

o If we consider only the system’s algebra of operators, what models of the

physical system can we still construct?

These questions will drive the developments of this thesis, which seeks to under-
stand the fundamental nature of spin, and its relationship to the physical content of

quantum mechanics, through the study of the algebras which naturally describe it.

1.1.2 Algebraic Theories in Physics
1.1.2.1 In General

Using algebras to study and construct physical theories has a long history. To
begin, Maxwell famously used quaternions to unify the equations governing electro-
magnetism|§]. The pursuit of algebraic theories in physics was also advocated by
Einstein[9] as a means to more naturally describe quanta than is achieved in a contin-
uum theory. In fact, many aspects of algebraic approaches have been behind several
seminal results in physics. For example, Dirac’s standard bra/ket[10] enabled him
to construct quantum theory almost entirely in terms of operators. Furthermore,
his derivation of the Dirac equation from the Klein-Gordon equation necessitated
the structure of a Clifford algebra to formulate. Following Dirac’s method, but
in the non-relativistic domain, Lévy-Leblond derived the Pauli equation from the
Schrodinger equation|11], [12], again necessitating the use of an algebra. Further-
more, Von Neumann’s study of the position-momentum operator algebra, and use
of an algebraic idempotent, was essential in his proof of the Stone-Von Neumann
theorem[13]. The algebra he described arguably anticipated the Moyal star algebra
by at least a decade|l4, |15].
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The prevalence of algebraic models in physics has been increasing since the sec-
ond half of the twentieth century. Haag and Kastler use algebras in their axiomatic
framework for “Algebraic Quantum Field Theory”[16, 17]. Clifford algebras in par-
ticular are enjoying somewhat of a renaissance. For example, Trayling et al.[18] and
Furey et al.[19} 20] utilise Clifford algebras to construct the particles found in the
standard model of particle physics, as well as their transformations. Hestenes[21],
Doran and Lasenby[22], Hiley and Callaghan[23] [24], and many others also use Clif-
ford algebras to study the Schrodinger, Pauli, and Dirac equations, including the

construction of algebraic spinors.

Beyond Clifford algebras, algebraic methods are being applied to a wide variety
of fields in physics. For example, Gilmore et al. |25] use algebraic methods to study
the quantum defect, and Furey et al.[19, |20] utilise the non-associative octonions
to study the standard model of particle physics and symmetry breaking within it.
An overview of algebraic techniques commonly used in physics can be found in
lachello]26]. The future of algebraic studies of physical theories is also promising.
For example, algebras form the backbone of non-commutative geometry[27, 28, 29|
30] which underlies many modern theories of quantum gravity. They are also an

important component of the “amplituhedron” formalism[31].

1.1.2.2 For Spin in Non-Relativistic Systems

Spin has been ubiquitous in quantum mechanics since its discovery; as such, it
would be impossible to discuss every study into its nature. The study of spin in
physics is traditionally approached analytically, and within the context of relativity:
Weinberg’s study of relativistic spin|32] is performed using the language of quantum
field theory; as is the work of Giraud et al.[33] it inspired. Field theory also underpins
the modern study of higher spins in higher-dimensional Minkowski space [34, [35].
For both non-relativistic and relativistic systems with spin, only a handful of
algebraic descriptions for the structure of their spin operators are known. In the

non-relativistic domain, which is our primary case of interest, there are three, which

are defined by (1.1.6) together with the following identities:

For spin-0 systems, Va € {1, 2, 3},

o
Il
=

(1.1.9)
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For spin—% systems, Va, b € {1, 2,3},

AA AA 1
SoSy + SpS, = E(Sab; (1.1.10)
And for spin-1 systems, Va, b, c € {1,2,3},
3
SaSbSe + SeSbSa = 0apSe + 01eSa, 5% =) SaSa=2. (1.1.11)
d=1

The spin—% and spin-1 algebras are called the “Pauli” and “Duffin-Kemmer-
Petiau” [36], 37 algebras respectively. The Pauli algebra is also an example of a
Clifford algebra[22]. The Duffin-Kemmer-Petiau algebra can also describe relativis-
tic spin-1 (and sometimes spin-0) systems, and can be used to model mesons|37].
These algebras describe the spin operators of their respective systems completely, in
the sense that any representation of these operators for spin-0, spin—%, or spin-1 must
satisfy the corresponding algebraic identities. At time of writing and to the author’s
knowledge, no elementary generalisation of the Clifford and Duffin-Kemmer-Petiau
algebras to describe arbitrary spin systems is known.

In an algebraic setting, higher-spin systems may be described by utilising sub-
spaces of tensor products of the Pauli algebra, or more commonly a Clifford algebra
which contains the Pauli algebra[38]. This technique also underpins the definition
of many classic higher-spin models in the relativistic domain[39, |40, 41], where the
Pauli algebra is replaced by the algebra of relativistic spin—% operators.

Beyond these models, describing systems with spin using algebraic methods is
not uncommon: Racah’s spherical tensor operator formalism[42] is perhaps best
known, which describes total angular momentum in quantum mechanics; Zemach[43]
presents methods which use spin-tensorial objects; and Giraud et al.[33, |44] utilise

similar, but distinct, objects to describe density operators.

1.1.3 The Approach of this Thesis

As we have seen, most of the major studies of spin in a physical context have been
performed within theories comprised of many more physical elements than spin
alone, such as quantum field theory or quantum mechanics. In a mathematical con-
text, spin is explored using the tools of representation theory, which is summarised
in Appendix [A.T] These tools require the use of complex numbers to extend the
scalars of su(2,C), so this too brings in additional structure not initially present in

this Lie algebra.
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That isn’t to say that any of these approaches are improper for doing so; indeed,
much of what we know about spin originates from such theories. Nor does this imply
that the additional structures added aren’t important for the phenomenology of spin.
However, I question the degree to which these methods enable us to understand the
more fundamental nature of spin. This is because, in each of these analyses, the
objects under consideration are necessarily emergent; they can only be studied in
the context of the broader theory, which contains many mathematical and physical
structures which may not be intrinsically associated with spin. Phrased differently,
in such a theory we cannot be sure what is fundamental about spin, and what is a
consequence of the coupling of this fundamental structure to extrinsic mathematical
features present in the model. In this spirit, we will often differentiate between
“spin” and “intrinsic angular momentum” in this thesis, with the former referring
to the fundamental structure of the property, and the latter referring to its emergent

and experimentally observed character. This distinction will be expounded further

in Chapter [4]

Therefore, to attempt to study spin in its most fundamental form, we will work
with a minimal number of mathematical and physical assumptions. The structures
we will exclude from our analysis are motivated by the conventional understanding
of spin within the physics community we have discussed. Through omission, we
also seek to better understand the role of these structures in both the existence and
properties of spin, and perhaps within quantum mechanics more broadly. It is worth
highlighting that, while such an analysis is only possible theoretically, since exper-
iments inherently probe physics in its complete emergent form, I argue that such
work is vital for developing a richer understanding of the foundations of quantum

mechanics.

1.1.4 Motivation for this Approach

The broad question which motivates this thesis is, what can we learn about non-
relativistic spin systems by studying their algebra of operators? Moreover, what
information about such systems is determined by this algebraic structure? To answer
these questions, the following commonly considered features of non-relativistic spin

systems will motivate our approach:
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1.1.4.1 Complex Numbers

There are a number of links between spin and complex numbers in the standard
theory: the Lie algebra su(2, C) is formed of complex matrices; the half-integer spin
representations cannot be realised as representations on a real vector space of the
same dimension; and within the association between spin and quantum mechanics,
with complex numbers seen by many as a hallmark of quantum theory. Despite this,
the relationship between spin and complex numbers is not at all straightforward.
Firstly, though su(2,C) may be defined in terms of complex matrices, it is a
real Lie algebra, meaning it is only closed under real linear combinations of its
elements. This fact may be easily verified from equation , and is the reason
why representation theory needs to complexify it for its methods to apply (see
Appendix . We may equivalently define su(2,C) in an abstract algebraic way

with no complex numbers at all, Va,b € {1,2, 3},

su(2, C) := spang ({51, 52, 53})

3 (1.1.12)
Sa X Sb = Z 5achca
c=1

where X is bilinear and satisfies the Jacobi identity.

Secondly, using this abstract algebraic definition, we find that the Pauli algebra
identity of equation ({1.1.10) becomes,

1
SySy -+ SpS, + 55,11, = 0. (1.1.13)

Therefore, even though the representation (C?, p(/?)) is canonically complex (in fact,
quaternionic, as may easily be verified), the algebraic identities which distinguish it
((1.1.12) and (1.1.13))) are both real.

Finally, while there is no doubt that complex numbers are of significance to
quantum mechanics, these two observations cast doubt on their essential relationship
with the fundamental structures governing the spin operators of physical systems.
Therefore, to better understand the role complex numbers play in the development
of spin, we shall avoid introducing them into our analysis. While this will make our
analysis more challenging, for myriad reasons which will be explored in Chapter [3]
we will be able to see clearly what role they play in spin systems. Through this,
we may also improve our understanding of the nature and physical interpretation of

complex numbers within quantum mechanics more broadly.
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1.1.4.2 Representation Theory

Recall that to model physical systems with spin, we use irreducible representations
(V) p®)) of su(2, C), with p'®) satisfying (L.1.3). Utilising the definition for
su(2, C), notice that in su(2, C) the product x satisfies the Jacobi identity, whereas
in End (V(S)) the product is function composition o, and is associative. The com-
mutator of End(V(S)) satisfies the Jacobi identity, which is how we have been able
to embed the structure of x into it. However, in End(V(s)) arbitrary products
p®)(A)op*)(B) are also defined, which have no equivalent in su(2, C).

In a sense, the representation (V), p(*)) contains additional information com-
pared to su(2,C) which enables arbitrary products to be well-defined. With this
observation in mind, a natural question to ask is, how might we access this ad-
ditional information? Since it seems to concern products of operators, might this
information be available to use through studying the algebra of these operators?
Moreover, can this additional information be understood in physical terms? Ad-

dressing these questions will be a focus of Chapter [

1.1.4.3 Spinor Eigenstates

Spin is typically understood through spinor eigenstates. Such eigenstates are usually
framed by analogy using a classical angular momentum pseudovector, which has a
number of possible alignments with a given spatial direction determined by the spin
of the system (specifically there are 2s + 1 possible alignments for a spin-s system).
There eigenstates are implicitly used whenever a matrix representation for a spin
operator is stated, since one typically chooses p(s)(SZ) to be diagonal. Thus, the
p(s)(gz) constitute a conventional choice of basis for the state space.

That being said, it is natural to wonder if a description of spin in terms of
spinor eigenstates is an essential interpretation for the phenomenon? This question
is emphasised given their seemingly necessary link to spatial directions, which is
not apparent in the Pauli and Duffin-Kemmer-Petiau algebraic models, nor from
the matrix representations for the operators. Then, instead of understanding spin
through spinors, we may ask what other physical conceptions of spin are possible
which are independent of a choice of spatial direction? Furthermore, it is unclear
if the pseudovector-like property that spinor eigenstates are associated with is the

only physically significant property for spin systems? If not, how might we exhaus-
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tively calculate all physically distinct (not necessarily simultaneously measurable)
observables for such systems?

These questions not only apply to a single spin system, but to the way in which
we compare systems with differing spin. Are there other ways to contrast such
systems besides the discrete set of alignments? Might such a scheme also allow us
to discuss the similarities between systems with differing spin, and so isolate the
properties which make them physically distinguishable?

To answer these questions, we will proceed without the use of spin eigenstates,
or spinors of any kind. In particular, this means we shall not use matrices in our
analysis; instead, we will utilise abstract algebraic arguments and constructions.
The development of such methods will be the focus of Chapter |3, and their use will
be central to Chapter [4]

1.1.4.4 Angular Momentum and Relativity

A more fundamental nature for spin is difficult to determine from the traditional
formalism. As previously stated, spin presents phenomenologically as a form of
angular momentum which is intrinsic to particles. Both momentum and angular
momentum are physical qualities associated with the motion of a system, and the
symmetries which govern this motion. In this way, they are dynamical notions,
through which we associate a dynamical character to spin. Despite this association,
spin may also be attributed a geometrical character through the connection between
SU(2,C) and SO(3,R) discussed earlier. This is because, at their most basic, rota-
tions relate certain configurations of objects in space in which lengths and angles
remain unchanged. Indeed, they may be defined in the absence of any notion of
motion using these geometric notions. To complicate matters further, there is also a
belief commonly-held amongst physicists that the work of Dirac and others demon-
strates spin is a consequence of the union between quantum mechanics and special
relativity. Indeed, when presenting the work contained in this thesis at conferences,
there is usually at least one person who asks me how my work relates to this. As
such, for many, spin is also an inherently quantum and relativistic phenomenon.
Given these associations between spin and myriad physical concepts, it is not
clear which of these notions are fundamental for systems with spin to exist. A mo-
tivating observation is that the Lie algebras which generate SU(2,C) and SO(3, R),

namely su(2, C) and so(3, R) respectively, are isomorphic, and so share the same rep-
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resentations. This suggests the possibility of an understanding of spin based more
concretely in rotations and their geometric properties. Therefore, to better under-
stand the extent to which geometry, angular momentum, quantum mechanics, and
relativity play a role in the fundamental development of spin, we shall directly ex-
plore the connections between spin and the geometry of Euclidean three-space. This
means we shall not introduce the notion of angular momentum, quantum mechanical
notions such as states or probabilities, nor the geometry of Minkowski space into our
analysis. Furthermore, to ensure the least amount of structure is used, we shall not
introduce any other dynamical concepts into our analysis including: linear momen-
tum, energy, or time. Mathematically, this means that in developing our models of
spin will avoid: derivatives, parametrised curves, covectors, and symplectic forms.
We will develop such spin models in Chapters [4 and [5]

Exceptions to the above statement will seemingly occur in Chapters 2] and [3]
where covectors and derivations will be utilised to develop the mathematical frame-
work we require. The distinction between these usages and their inclusion in physi-
cal theories, such as in quantum mechanics, is that we are avoiding including such
objects directly in our models for spin; including such objects would necessarily in-
troduce additional algebraic relationships, which is something we seek to minimise.

Seeing how far we can develop our models with such limited mathematical and
physical content will communicate important information about the essentiality of
dynamics and relativity in defining spin. Moreover, we will see in Chapter [5| that,
through our geometric models, spin may be intrinsically linked to non-commutative

geometry.

1.1.4.5 Internal Degrees of Freedom

In quantum mechanics, the full state space of a physical system with spin is tradi-
tionally modelled as a tensor product between the position-momentum state space
and the spinor space. As these models typically describe point-like particles, i.e.
particles which can exist at a single point and possess no internal structure, it is
common practice to describe the spin degrees of freedom of the system as “internal”.

From this, we may observe: the physical reality of such “internal” degrees of
freedom for a particle existing at a single point is not obvious; and that, in this model,
a clear line is drawn between the space the system occupies and the spin degrees of

freedom. Given this somewhat physically unsatisfactory notion of “internal” degrees
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of freedom for a point-like system, it is natural to wonder if this concept is essential
for the description of particles with spin that also exist in space? Furthermore, in
light of the relationship between spin and geometry we have previously motivated, is
there a way to relate physical space, its geometry, and spin together within a model
in which there is no “internal space” associated with the system? The development

of such models is addressed in Chapter

1.2 Thesis Aim and Outline

In this thesis, we will present work towards an elementary algebraic theory of non-
relativistic spin. To do this, we have opted to assume as little mathematical structure
as is practical, as this approach will empower a study of spin in its most fundamental
form. Throughout, we will discuss the relationship between this and existing work,
as well as the uses and implications of this work for wider physics. Through this
approach, we also seek to understand what physical and mathematical structure is
strictly necessary for arbitrary spin to exist within a general physical model. This
thesis is structures as follows:

Since we are working with as little mathematical structure, and as few physical
concepts, as possible, we must be especially rigorous in our definitions and working.
Doing so will ensure that we do not inadvertently introduce ambiguities or implicitly
assume additional mathematical features. This is especially important for the use of
this work in physics, since many of the structures used have distinct meanings which
are inappropriate for this work, such as: scalars, vectors, fields, and tensors. This
careful overview of the required mathematical background will be given in Chapter
[2l The work presented here is mostly well-known, however to the author’s knowledge
the result of Lemma and its role in defining SO*(V, g) is novel.

In Chapter [3] we will explore some consequences of the choices we have made
in excluding commonly utilised mathematical objects, such as complex numbers.
To overcome these difficulties, we will develop a basis-independent methodology for
extracting information about an element of a unital associative algebra (including
operators) from its algebraic properties alone. These methods are also indepen-
dent of the dimension of the algebra to which the element belongs, as well as the
existence of eigenvalues. The work presented in this chapter was developed indepen-

dently. During the writing of this thesis, the author became aware of the “Primary
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Decomposition Theorem”, which generalises the theoretical foundation on which the
methods developed are built. However, to the author’s knowledge, the connection
developed between primary decomposition, identity resolution, and idempotents via
Bézout’s identity is still novel, as is the content of Sections and

In Chapter [d we will utilise these methods to explore the role complex num-
bers, angular momentum, quantum mechanics, and special relativity play in the
defining structure of systems with spin. We will do this by deriving real algebras
of spin operators for non-relativistic systems of arbitrary spin using only so(3,R),
the generators of rotations of Euclidean three-space. This work also explores the
relationship between representation theory and the physical properties of spin sys-
tems. In particular, the “spin algebras” we derive are constructed directly from,
what emerge to be, the physically distinct observables for a system with spin. This
will reveal the role of complex numbers in the phenomenology of spin, and indicate
that spin is fundamentally geometric, not dynamical, in nature. The results of this
chapter, as well as the method employed to derive them, are novel.

Finally, in Chapter [5, we will investigate the role of “internal space” in the
description of systems with spin. We will do this by explicating the relationship
between spin and geometry, by constructing algebras of position operators in which
the structure of an arbitrary spin system is embedded. These algebras contain
a natural action of s0(3,R) on its objects, do not require the notion of “internal
space”, and necessitate non-trivial couplings between the position and spin degrees
of freedom of the system. Through these algebras, we will also discuss the role of
spin in naturally generating non-commutative geometries for such systems. All the

work presented in this chapter is novel.



Chapter 2

Mathematical Background

2.1 Chapter Aim and Outline

In this chapter, we will formally introduce the mathematical content required to
understand the original work of this thesis. While this account is intended to be
as complete as possible, and accessible to anyone with an undergraduate degree in
physics, some basic set theory is assumed including: sets, subsets, unions, intersec-
tions, set differences, Cartesian products, and functions. The notion of a field of
numbers is also assumed. While not assumed, it is advantageous to understand the
notions of: vector spaces; homomorphisms between vector spaces; the usual ways
in which we construct new vector spaces from existing ones; groups; and homomor-
phisms and antihomomorphisms between groups. Brief accounts of these concepts,
as well as some well-known and useful results, are given for reference in Appendices

B.1,[B.2,B.3, and[B.4

The principal objects of interest in this thesis are algebras. Of particular impor-

tance are the ability to perform elementary studies of the structure of an algebra,
and to construct specialised algebras from more general ones. To develop these
ideas fully, a number of mathematical concepts are required. As each concept is
introduced, its relevance to the work presented here will be outlined. To avoid
overburdening the reader with information, I have divided this chapter into three
parts:

In Section [2.2], we will outline the essential elements for a simple model of space-
time which we will use throughout this thesis. This will include a discussion of: the
encoding of geometric information on a vector space through a metric; the structure

that such geometries give to the functions on a vector space; the symmetries of

45
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such a geometry; and a discussion of how such symmetries are related to geometric
objects in space-time. The content of this section will also be used to define general
algebras which have no inherent relationship to space-time.

In Section [2.3] we will define the different species of algebraic structures which
are essential to our programme. This will entail a discussion of: algebras, in their
most general terms; Lie algebras, which generate geometric symmetries; the algebras
of functions between vector spaces; functions between algebras; and the notions of
actions and modules.

Finally, in Section [2.4] we will introduce the algebras from which we will either
draw inspiration, or directly construct the main algebraic results of this thesis: the
arbitrary spin algebras in Chapter |4, and the indefinite spin and spin-s position op-
erator algebras in Chapter 5] We will discuss: the quotienting of algebras by ideals;
tensor algebras; symmetric algebras; universal enveloping algebras; exterior alge-
bras; the Clifford and Duffin-Kemmer-Petiau algebras; and univariate polynomial
algebras, upon which we will base our analytical methods in Chapter

Much of what we will discuss in this chapter comes from [45] 46, |47, |48, 49, 22,
50, 51}, 52, |53} 54, 55, 56, |57} 36, 137], which we cite here once to avoid repetition.

2.2 Space, Geometry, and Symmetries

2.2.1 Vector Spaces with Metrics
2.2.1.1 Role in this Thesis

Metrics are perhaps the single most important mathematical object to the devel-
opments of this thesis. They encode geometric information about the elements of
a vector space such as length, angle, and causal relationships; this information is
otherwise absent from a vector space. We will use metrics to construct algebras
whose algebraic structure naturally subsumes this geometric information, and will

ultimately lead to the algebraic realisations of spin this work is building towards.

2.2.1.2 Metrics

Metrics are nothing more than a particular species of multilinear map, the properties
of which determine the geometry one bestows upon our given vector space. They

are essential for Special Relativity and underpin the structure of the indefinite-spin
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position algebra,

Definition 2.2.1 (Metric). A metric is a bilinear map g : ¥V x ¥V — R on a real

vector space V which is symmetric, Va,b € V,
g(b,a) = g(a,b), (2.2.1)
and non-degenerate, Va,b € V,
Vb eV :g(ab) =0] = [a=0]. (2.2.2)

Remark. We restrict the definitions given in this section to real vector spaces so
that we may discuss classes of metrics important to this work using the strict total
ordering of the reals. In principle, one may define metrics over arbitrary fields.
Note also that we are following the use of the term “metric” as in special and
general relativity; in mathematics, “metric” refers to a different kind of V' x V' — R

function which is in general non-linear.

2.2.1.3 “Geometry” in this Thesis

The word “geometry” without qualifiers can refer to myriad disciples within mathe-
matics. In modern physics, it most commonly refers to the space-time curvature of
General Relativity, and the differential geometry which underlies that theory. Many
quantities encountered in physics which derive from the structure of space-time,
such as lengths, areas, volumes, angles, and their generalisations, are also referred
to as “geometric”.

These quantities ultimately derive from the metric associated with each point on
the pseudo-Riemannian manifold, on which a physical model is defined. Moreover,
the “signature” of the metric used determines the precise nature of these quantities.
As such, in this thesis we refer to “geometry” in the more restrictive sense of that
information “encoded” by the metric of our vector space. This is reasonable in our
case, as vector spaces have no natural geometric measures without defining some
metric. Furthermore, we will use the term “geometric” to mean those mathematical
concepts which are intrinsically linked to our choice of metric, such as objects which
transform irreducibly under its symmetry group, and algebras formed from such
objects. A closer connection between this notion of geometry and the more general

notion encountered in differential geometry is beyond the scope of this thesis.
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2.2.1.4 Orthogonality

The first notion we must define in order to understand the information encoded in

the metric ¢ is the notion of orthogonality,

Definition 2.2.2 (g-Orthogonal). The vectors a,b € V are g-orthogonal iff,
g(a,b) = 0. (2.2.3)

Remark. Definition can be understood as a statement that, for a metric g, the

only vector a € V which is g-orthogonal to all vectors b € V (including a itself) is 0.

As we have not yet given any metric definable on V privilege over any other,
it would be improper to not specify with respect to which metric the vectors a,b
are orthogonal. However, in this thesis, we will always work with such a privileged

metric, and use orthogonal to mean orthogonal with respect to this privileged metric.

2.2.1.5 Minkowski Space-Time

There is no canonical choice of metric for any given vector space. However, in a
physical theory we often wish to utilise a particular metric, since it encodes impor-
tant physical information about our model. To facilitate discussion of vector spaces

equipped with particular choices of metrics, let us define,

Definition 2.2.3 ((V,g)). A Minkowski space-time (V, g) is a pair consisting of a

real finite-dimensional vector space V and a metric g : V x V — R.

Remark. What we call Minkowski space-times, other authors call “Pseudo-
Euclidean” spaces. We will prefer the former as it more readily evokes a connection

with Special Relativity, despite generalising that setting.

2.2.1.6 Positive-Definite Metrics

An important class of metrics, which will underpin the non-relativistic spin portion

of this thesis, are the positive-definite metrics,

Definition 2.2.4 (Positive-Definite Metric). A metric g is positive-definite iff Va €
VY with a # 0,
g(a,a) > 0. (2.2.4)

It must be verified that such objects are indeed metrics,
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Lemma 2.2.5. All positive-definite metrics are non-degenerate.

Proof. Suppose g is a positive-definite metric, and Ja € V such that, Vb € V,
g(a,b) = 0. Then, g(a,a) = 0, and so by the positive-definiteness of g, a = 0. O

Remark. Lemma enables us to work with general metrics, and restrict our
attention to positive-definite metrics only when necessary; we will do this when

discussing non-relativistic spin.

2.2.1.7 Euclidean Three-Space

In this thesis, the most important example of a vector space equipped with a cho-
sen positive-definite metric is Euclidean three-space. This is because its structure

underpins the properties of systems with arbitrary spin,

Definition 2.2.6 ((F,0)). Euclidean three-space (E, J) is a pair consisting of a real

three-dimensional vector space E and a positive-definite metric 6 : Ex E — R.

2.2.1.8 Null and Non-Null Vectors

While Lemma [2.2.5] is true, its converse is not in general. Typically, a metric will
be positive- or negative- definite on some subspaces, and identically zero on others.

This motivates some terminology,

Definition 2.2.7 (Null and Non-Null Vectors). Consider a Minkowski space-time

(V,g). A vector a € V is null iff g(a,a) = 0. Similarly, a vector a € V is non-null iff

g(a,a) # 0.

Remark. Many authors further classify non-null vectors a € V by the definiteness
of g(a,a). We shall not commit to such an extension to avoid confusion, as such

schemes are usually tied to a particular choice of metric and basis.

2.2.2 Metric Adjoint Endomorphisms
2.2.2.1 Role in this Thesis

Metrics not only give structure to the vector spaces on which they act, they also dis-
tinguish many of the vector space’s endomorphisms. An important way in which it
does this is by identifying pairs of endomorphisms which are in a precise sense com-

patible with the metric. This identification is part of the definition of the Lie algebra
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of the symmetry group of the metric, and understanding how it works will enable
us to discover the elements of the Lie algebra without the need for the machinery
of differential geometry, or the theory of Lie groups.

2.2.2.2 Metric Adjoints

For every vector space endomorphism, a metric associates a unique counterpart
endomorphism in a way which is naturally compatible with its structure. Under-

standing these counterparts will inform our study of the symmetries of the metric.

Definition 2.2.8 (g-adjoint). Consider a Minkowski space-time (V, g). A g-adjoint
of an endomorphism A € End(V) is an endomorphism B € End(V) such that
Yo, w eV,

g(A(v),w) = g(v,B(w)). (2.2.5)

Lemma 2.2.9. Consider a Minkowski space-time (V,g). For all A € End(V), a

g-adjoint of A exists.
Proof. See Appendix [B.5 ]
Lemma 2.2.10. For all A € End(V), the g-adjoint of A is unique.
Proof. Suppose B,C € End(V) are g-adjoints of A. Then, Vv, w € V,
9(AW)w) = 9(v,B(w)) = g(v.C(w)),

thus,
(0. (B — O)(w) = 0.

By the non-degeneracy of g, we have, Yw € V,
(B—-C)(w) =0.

Therefore, B = C. O

Lemmas [2.2.9 and [2.2.10] enable us to define a function from End(V) to itself

which yields the g-adjoint of any endomorphism,

Definition 2.2.11 (AY). Let us define (-)? : End(V) — End(V) such that, VA €
End(V), Yo, w € V,
9(A(v),w) = g(v,A%(w)). (2.2.6)
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Remark. The notation employed in Definition [2.2.11]is intended to mirror the no-
tation for matrix transposition and Hermitian conjugation, as the g-adjoint shares

many similar properties to these.

The map ()Y is a useful encapsulation of the notion of a g-adjoint since it re-

spects the vector space structure of End(}), and so is an endomorphism on End(V),
Lemma 2.2.12. (-)? € End(End(V)).

Proof. For all A, B € End(V), Yv,w € V,

g(v, (A4 B)g(w)) = g((A + B)(v), w)
(

= g(v, (A7 + B?)(w)),
which by Lemma [2.2.10] establishes (A + B)? = A? + BY. Furthermore, Vo € R,

9(v, (@A) (w)) = g((@A)(v), w)

= ag(A(v)w)

= ag(v,A%(w))

= g(v, (ad?)(w)),
which again by Lemma establishes that (aA)Y = aAY. O
The map (-)¢ is also an involution,
Lemma 2.2.13. For all A € End(V),

(49)9 = A. (2.2.7)
Proof. For all v,w € V,
9 (v, (A7)9(w)) = g(A%(0),w) = g(w,4%(v)) = g(A(w),0) = g(v, A(w))

which by Lemma [2.2.10] establishes the result. O

Finally, to complete our classification of the properties of (-)?, and for later use in

our analysis of the symmetries of g, let us consider its relationship with composition,

Lemma 2.2.14. For all A, B € End(V)

(AoB)Y = BYoAY. (2.2.8)
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Proof. For all v,w €V,
9(v, (Ao B)?(w)) = g(AoB(v),w) = g(B(v),A(w)) = g(v, B A?(w)),

which by Lemma [2.2.10] establishes the result. O]

2.2.2.3 Self- and Anti-Self-Metric Adjoints

The involutive nature of the map (-)¢ enables us to study the relationship that
general endomorphisms of V have with the metric ¢ by decomposing them in a
natural way. This will be especially useful when discussing the Lie algebra of the

symmetry group of the metric g.
Lemma 2.2.15. The map ()¢ only has eigenvalues £1.
Proof. Consider A € End(V) such that for some A € R,

A% = M\A.

Then, by Lemma [2.2.13]
A= (A% = N4,

thus, A = +1. O]
Let us name the eigenstates of (- )9 for ease of reference,

Definition 2.2.16 (Self- and Anti-Self-g-adjoint). An endomorphism A € End(V)

is self-g-adjoint when A9 = A, and anti-self-g-adjoint when A9 = —A.
We may easily convert any endomorphism into a self- or anti-self-g-adjoint one,
Definition 2.2.17. For all A € End(V),

ar(A) = - (A+ A9). (2.2.9)

DN —

Lemma 2.2.18. For all A € End(V), a4 (A) is self-g-adjoint, and a_(A) is anti-
self-g-adjoint.

Proof. For all v,w €V,
gla(A)(0)0) = 9 (5 (A% 49) () w)
= g(v, %(Ag 4+ A) (w))

— g(v,a2(A)(w)).
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Moreover, these self- and anti-self-g-adjoint parts cannot be further decomposed,

Lemma 2.2.19. For all A € End(V),

aroay(A) = ax(A) (2.2.10a)
aroas(A) =0. (2.2.10Db)
Proof. Direct computation. O

Thus,

Corollary 2.2.20. Fach A € End(V) may be decomposed into self-g-adjoint and
anti-self-g-adjoint parts,
A=a (A)+a_(A). (2.2.11)

Proof. This follows immediately from Definition [2.2.17] and Lemma [2.2.18 O
Finally,

Lemma 2.2.21. The self- and anti-self-g-adjoint parts of an endomorphism are

unique.

Proof. Suppose for an endomorphism A € End(V), 3B,C, D, E € End(V) for which
BY=B,(C9=—-C, D= D, and E9 = —F, such that,

A=B+C=D+E.
Applying a4 to this equation reveals B =D and C' = F. O]

The ability to isolate self- and anti-self-g-adjoint parts of an endomorphism will

facilitate a rapid identification of the so()V, g)-action on vectors in Chapter .

2.2.3 Symmetries of the Metric
2.2.3.1 Role in this Thesis

The symmetries of a metric are automorphisms which naturally respect the geometry
it encodes. Many of these automorphisms are generated by simple transformations
which are intimately connected to geometric objects in our space. Understanding
the structure of these generating maps is what will enable our development of new,
inherently geometrical models of systems with arbitrary spin. To enable this, we

will examine the symmetries of a metric in two stages. First, we will consider a
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general definition for these symmetries and find many insights already available to
us. Following this, we will seek to understand the relationship between general
endomorphisms on our space and these symmetries, and in the process reveal the

role that Lie algebras play behind the scenes.

2.2.3.2 Orthogonal Endomorphisms and O(V, g)

Let us begin our analysis by giving a general definition for the symmetries of a

metric,

Definition 2.2.22 (g-Symmetry Endomorphism). Consider a Minkowski space-
time (V,g). A g-symmetry endomorphism is an endomorphism A € End(V) such
that, Yo, w € V,

g(A(v),A(w)) = g(v,w). (2.2.12)

Definition 2.2.23 (Orthogonal Endomorphism). In this thesis, orthogonal endo-
morphism and g-symmetry endomorphism are synonymous. The former is more

widely used.

Often we are not interested in any particular orthogonal endomorphism, so let

us also define,

Definition 2.2.24 (O(V, g)). O(V, g) is the set of all orthogonal endomorphisms of

g.

Remark. O(V, g) is often denoted O(p, ¢, R) which explicates the “signature” of the
metric g. The definition and discussion of metric signatures beyond this notation is

unnecessary for this thesis, and so has been avoided.

2.2.3.3 The Properties of O(V,g)

The set of orthogonal endomorphisms O(V, g) may naturally be given the structure

of a group.
Lemma 2.2.25. O(V, g) forms a group under composition.

Proof. See Appendix [B.6] O

We must understand this group structure as it closely relates to the structure of

its Lie algebra, which we require to develop the spin algebras.
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Remark. From this point on we will abuse notation by referring to O(V, g) as the
orthogonal group for the metric ¢g; in doing this we imply its group product is

composition of homomorphisms.

2.2.3.4 A Description of O(V, g) by Reflections

With the group properties of O(V, g) established, let us give a prescription for con-
structing arbitrary orthogonal maps. Understanding this prescription will later en-
able us to identify the product of the Lie algebra of O(V,g) in a simple way. We
proceed by defining,

Definition 2.2.26 (Householder Reflection R(a)). For non-null a € V, the House-

holder reflection R(a) in a is,

glav)

R(a) =v—v— 2g(a,a) :

(2.2.13)

We will use the terms “Householder reflection” and “reflection” interchangeably.

The reflections are a useful starting point because,

Lemma 2.2.27. For all non-null a € V, R(a) € O(V, g).

Proof. Direct computation. O
In fact, by the famous Cartan-Dieudonné theorem,

Theorem 2.2.28 (Cartan-Dieudonné). All transformations from O(V, g) are com-

positions of at most dim(V) reflections.
Proof. See [58, 59, 55]. O

Thus, we have a recipe to construct arbitrary elements of O(V, g), and thus a means
to probe its group structure. In particular, in Chapter [§, studying the properties
of reflections will lead us naturally to the Lie algebra action of so(V,g) on V. The
ability to derive this action from spatial symmetry alone will strengthen our claim
that the underlying structure of systems with spin is rooted in the geometry of

Fuclidean three-space.

2.2.3.5 The Relationship Between End(V) and O(V, g)

Let us now begin the second phase of our analysis by investigating the relationship

between a generic endomorphism A € End()V), and the symmetry group O(V, g) of
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(V,g). The argument presented here is, to his knowledge, the author’s own, and
offers a route to the identity-connected component of O(V,¢g), and its Lie algebra,
without needing to employ topology or differentiable manifolds.

Recall from Lemma , the metric g imparts a structure on End()V) through
the g-adjoint (-)?, which associates to each endomorphism A € End(V) a unique
partner A9 € End(V). To understand the significance of this association to the

symmetries of g, let us first define,

Definition 2.2.29 (Endomorphism Exponential (exp)). The exponential exp(A) of
an endomorphism A € End(V) is,

[e.9]

exp(A) =) %A"j, (2.2.14)

=07’

where A°° = id,, and Vk € N, A°F+1) .= Ao Ak,

Corollary 2.2.30.
exp(0) =id,, . (2.2.15)

Proof. Direct computation. O]
Importantly,

Lemma 2.2.31. Consider a finite-dimensional vector space V. For all A € End(V),

exp(A) converges to an element of End(V).
Proof. See [52]. O
Furthermore,
Lemma 2.2.32. Consider A, B € End(V) such that AoB = BoA. Then,

exp(A + B) = exp(A) o exp(B). (2.2.16)
Proof. See [7]. O

Finally,

Lemma 2.2.33. For all A € End(V),
(exp(A))? = exp(AY). (2.2.17)

Proof. Direct computation. O]
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With these Lemmas in hand, we may now show,

Lemma 2.2.34. For all A € End(V), Yv,w € V,

g(exp(A)(v), exp(—A%)(w)) = g(v,w). (2.2.18)
Proof.
g(v,w) = (exp(A — A)(v), w)
= g(exp(—A)oeXp(A) (v), w)
= g(exp(A)(v), (exp(—A))*(w))
= g(exp(A)(v), exp(—A%)(w))

2.2.3.6 The Group SO*(V,g)

Lemma [2.2.34] reveals some structure of O(V, g) which is of central importance to
this thesis,

Corollary 2.2.35. For all A € End(V) for which A= —A9, exp(A) € O(V,g).
Proof. Directly follows from Lemma [2.2.34] O

Thus, we have found some elements of O(V,g). In general, exp(A)oexp(B) #

exp(A + B), so we are motivated to define,

Definition 2.2.36 (SO*(V,g)). SOT(V,g) is the set of all finite compositions of
endomorphisms exp(A4) € End(V), VA € {B € End(V) | B = —B9%}.

As one might expect from this definition,
Lemma 2.2.37. SO*(V, g) forms a group under composition.

Proof. SO™(V, g) is closed under composition by definition. Since 0 = —09, exp(0) =
id, € SO*(V,g). Furthermore, for all A € End(V) such that A = —A9, the in-
verse map of exp(A) is (exp(A))’ = exp(—A). Since (—A) = —(—A)?, exp(—A) €
SO*(V, g). O

Corollary 2.2.38. SO*(V, g) is a subgroup of O(V,g).

Proof. By definition. m



58 CHAPTER 2. MATHEMATICAL BACKGROUND

SO™(V,g) is of great importance to O(V, g), to a degree far beyond the scope
of this thesis. What is of greater importance to us are the endomorphisms which
“generate” SOT(V,g), as these are the central objects in our construction of the

spin algebras. We will examine these in the next section.

2.2.3.7 The Group SO(3,R)

As with O(V, g), SOT(V, g) is more commonly referred to as SO™(p, ¢, R). We will

avoid this notation in general, except in one particular case,

Definition 2.2.39 (SO(3,R)). In this thesis, SO(3,R) and SO (FE, §) are synony-

mous.

We will do this to ensure all discussion of the rotation group when developing the
spin algebras is done using as familiar language as possible to ensure accessibility

to those less familiar with metrics and the orthogonal groups in the abstract.

2.2.4 The Lie Algebra of SO (V,g)
2.2.4.1 Role in this Thesis

The Lie algebra which “generates” the group SO*(V,g) lies at the heart of two
central results of this thesis: the spin algebras and the indefinite/spin-s position
operator algebras. As such, understanding its structure is paramount to the success

of this work.

2.2.4.2 The Lie Algebra so(V,g)

We saw in Definition [2.2.36| that the set of all anti-self-g-adjoint endomorphisms is

essential in defining SOT(V, g). Let us capture these endomorphisms,

Definition 2.2.40 (so(V,g)). Consider a Minkowski space (V,g). so(V,g) is the
set of all A € End(V) which are anti-self-g-adjoint, A = —A9, i.e. Yo,w € V,

g(A(v),w) + g(v,A(w)) = 0. (2.2.19)

Just as the set O(V, g) naturally supported a group structure, so(V, g) supports the
structure of a Lie algebra. We will define Lie algebras formally in Section [2.3.2]

Lemma 2.2.41. The quadruple (so(V,g),R,+,“ ) is a vector space with vector

addition and scalar multiplication inherited from End(V).
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Proof. This follows from (-)¢ € End(End(V)). O
Lemma 2.2.42. so(V, g) is closed under commutators.
Proof. For all A, B € s0(V,g),
[A, B = (AoB — BoA)! = BYoAY — A%BY = —[A, B].
[

Lemma 2.2.43. With respect to (so(V,g),R,+,“ ), the commutator is a bilinear

map.

Proof. This follows from the fact the commutator is a bilinear map with respect to

the vector space structure of End(V). O

Corollary 2.2.44. (so(V,g),R,+,“ ) forms a Lie algebra with Lie product the

commutator.

Proof. This follows from Lemmas [2.2.41], [2.2.42] and [2.2.43]. O]

Remark. From this point on we will adopt a common abuse of notation by referring
to so(V, g) as the Lie algebra formed by (so(V,g),R,+, “ ”) with the commutator

as its Lie product.

2.2.4.3 A Concrete Description of so(V,g)

While our definition of so(V,g) is perfectly good, there is much to its structure
which must be uncovered. One may be tempted at this point to find a matrix
representation of so(V,g) to make progress, but this is unnecessary; a complete
description of the constituent endomorphisms of so(V, g) is possible using only the

metric g. To show this, let us first define,
Definition 2.2.45 (¢(a,b)). For all a,b € V, t(a,b) is the bilinear map,

t:VxV — End(V) (2.2.20)

t(a,b) = v+ g(a,w)b — g(bw)a.
Remark. At this point in our discussion, this definition may seem somewhat arbi-
trary. We shall provide a mode concrete justification for it in Chapter [} we will
demonstrate that ¢(a,b) controls the composition of two Householder reflections.
This provides a natural context, connected to the symmetries of g, in which to

identify this map.
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Let us first note that,

Lemma 2.2.46. For allv,w € V, t(a,b) € so(V,g).

Proof. Direct computation verifies that t(v,w)? = —t(v,w). O

Lemma 2.2.47. Any A € so(V, g) may be written in the form,

A= ajt(aby), (2.2.21)

jed

where Vj € J, a; € R, (aj,b;) € VX V.

Proof. See Appendix [B.7] O
This fact enables us to find the dimension of so(V, g),

Lemma 2.2.48. dim(so0(V, g)) = 1 dim(V)(dim(V) — 1).

Proof. See Appendix [B.7] m

It also entails a basis-independent description for the Lie product of so(V,g), i.e.

the commutator,

Lemma 2.2.49. For all a,b,c,d €V,
t(a,b)ot(c,d) — t(c,d)ot(ab) = t(t(a,b)(c),d) + t(c,t(a,b)(d)). (2.2.22)
Proof. Direct computation. O

The concrete description of so(V, g) we have constructed in terms of the maps t(a,b)
will be important for us in establishing an algebraic realisation of so(V, g) in terms

of bivectors, and in relating these to the generators of spin.

2.2.4.4 An Abstract Algebraic Description of so(V, g)

So far, we have explored the Lie algebra so(), g) in its form as a commutator algebra
of anti-self-g-adjoint endomorphisms on V), and established many of its important
properties. We may use this information to motivate an alternative formulation of
s50()V, g) as an abstract algebra naturally defined in terms of geometrically meaning-
ful objects. This approach is the first step towards incorporating the structure of
s0(V, g) into general algebraic settings, which we will do in Chapter .

To begin this process, let us define,
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Definition 2.2.50 (2-Blade). We define a 2-blade aAb € V*?, as, Va,b € V,
1
aNb = §(a®b —b®a). (2.2.23)
Remark. We may interpret a 2-blade geometrically as an oriented area element.

Definition 2.2.51 (Bivector). A bivector B € V®? is a finite linear combination of

2-blades.

Remark. In two- and three-dimensions, all bivectors may be written as a single 2-
blade, but this ceases to be true in four-dimensions and higher. This distinction

between 2-blades and more general bivectors, is consistent with, for example, [60].

Definition 2.2.52 (A?(V)). We denote the vector space of all bivectors constructed

from vectors in V as A%(V).

The universal property of the tensor product of vector spaces, implies that there
exists a unique extension of the antisymmetric bilinear map ¢ to a homomorphism

on bivectors,

Definition 2.2.53 (u(aAb)). We define the vector space homomorphism p, YaAb €
A*(V),
p: A2(V) = s0(V, g)
(2.2.24)
p(and) =v — g(a,w)b— g(bv)a.
Remark. Strictly speaking the universal property of the tensor product extends ¢ to
a linear map on V®2, but we have used the antisymmetry of ¢ to naturally restrict

p to A%2(V). We have also used the fact that Va,b € V, u(aAb) = t(a,b) € so(V,g)
to naturally project p(aAb) into so(V, g).

The homomorphism g is more than a curious repackaging of t, it enables us to
precisely define the connection between bivectors and the anti-self-g-adjoint endo-

morphisms of so(V, g),

Lemma 2.2.54. p is a vector space isomorphism.

Proof. See Appendix [B.7] O

Lemma [2.2.54] attests a connection between bivectors and the generators of
SO™(V,g). In fact, we may draw this connection between A%(V) and so(V, g) even
closer by considering a natural question: if each element of so(V,¢g) has a corre-

sponding element of A?()V), is there an analogue of the Lie product of so(V, g) on
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A?(V)? Pursuing this will yield an abstract realisation of the Lie algebra so(V, g) in
terms of geometrically significant objects which we will use extensively in this thesis
to construct new algebras which subsume this structure.

To make progress, let us note that,

Lemma 2.2.55. For all aAb,cAd € A*(V),
p(anb)op(cAd) — p(eAd)op(anb) = p(p(anb)(c)Ad + cAp(anb)(d)). (2.2.25)
Proof. This follows directly from Lemma [2.2.49, ]

The right-hand side in Lemma [2.2.55| suggests a natural definition for a Lie product
on A%(V) is,

Definition 2.2.56 (A(aAb,cAd)). For all aAb,cAd € A*(V),

A A2(V) x A2(V) — A%(V)
(2.2.26)
AaAb, eNd) = p(aAb)(c)Ad + cAu(anb)(d),

extended bilinearly.
Remark. Definition [2.2.56] is consistent with the standard “orthonormal” basis-

dependent forms for so(),g) given in the physics literature, for example in [5],

where they instead use the complexified basis J* = i(etNnev).

This allows us to promote p from a vector space isomorphism to a Lie algebra

isomorphism, i.e. it also maps Lie products into each other,

Lemma 2.2.57. For all A, B € A%(V),

(A(A,B)) = [u(A), u(B)]. (2.2.27)
Proof. Directly follows from Lemma [2.2.55] ]

We will fully define and generalise such homomorphisms in Section [2.3.4]

2.2.4.5 Scale Freedom in Descriptions of so(V, g)

With Lemma [2.2.57, we have completely connected the concrete description of
s50(V, g) in terms of the maps t(a,b) and its abstraction as the Lie algebra of bivec-
tors A?(V) equipped with Lie product A\. However, many algebras which implement
some version of the bivector Lie algebra do not do so exactly as in Definition [2.2.56}
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there is often a change in the scale of the Lie product. We will now show that this
does not affect the isomorphism as Lie algebras between so(V, g) and A%(V) that we
have established. To begin,

Lemma 2.2.58. Consider a vector space isomorphism f :V — W between two
vector spaces over the same field F. For all k € F, k # 0, the map f, = v — kf(v)

1S a vector space isomorphism.
Proof. Direct computation by noting f; ! = v~ £ f!(v). O

Lemma 2.2.59. Consider a Lie algebra isomorphism f @V — W between Lie
algebras over the same field F with Lie products p and q respectively. For all k € T,
Kk # 0, the map f. = v — kf(v) is a Lie algebra isomorphism between V with Lie

product p,, = kp, and W with Lie product q.

Proof. For f to be a Lie algebra isomorphism, it must be a vector space isomorphism

which satisfies Va,b € V,

f(p(a,)) = q(f(a), f(b)).
Thus,
fulpe(a,b)) = £ f(p(a, b)) = *q(f(a), f(D)) = a(fu(a), £(b))-
]

Accounting for this scale freedom between Lie products will enable us to construct
general algebras which implement the bivector Lie algebra up to an arbitrary non-
zero scale; this will ensure compatibility between these and other algebras which
implement the bivector Lie algebra, whilst ensuring its connection to so(V,g) is

maintained.

2.2.4.6 An Abstract Algebraic Description of so(3,R)

Of principal importance to the development of the spin algebraic results of this thesis
is the Lie algebra of Euclidean three-space so(FE,d). To remove any ambiguity in

our discussion, we will denote the Lie product on A?(E) by,
Definition 2.2.60 ((aAb) X (cAd)). For all aAb,cAd € A*(E), Yk € R, k # 0,

x: A*(E) x A*(E) — A*(E)
(2.2.28)
(anb) x (cAd) = kX(aAb, cAd),

where A is defined on (F,0) as in Definition [2.2.56]
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Remark. The x notation has been chosen to reflect the fact that so(E,0) is isomor-

phic to the cross-product Lie algebra in three dimensions.

We will also adopt a notation for the basis vectors of A*(E) which is consistent

with the common notation used for spin generators, for example in [61],

Definition 2.2.61 (S,). Consider an orthonormal basis {e,} indexed over the set
{1,2,3}, i.e. Va,b € {1,2,3}, 0(eq,ep) = Oap, With dy the Kronecker delta. Then,
Vp € {1,2,3}, we define,

3
1
Spi= 5o > capcalen, (2.2.29)

a,b=1
which has inverse transformation,

3
CalNeh =K Y EapS)p, (2.2.30)

p=1

where .. is the Levi-Civita symbol.

Lemma 2.2.62. For all p,q € {1,2,3},

3
SpX Sy = EparSr, (2.2.31)
r=1

Proof. Direct use of Definition [2.2.61|applied to Definition [2.2.60| evaluated on e, Ae,
and e.Aey. ]

Remark. Lemma[2.2.62]is consistent with the standard orthonormal basis-dependent
forms for so(FE,§) given in the physics literature, for example in [1], where they

instead use the complexified basis S, = i.S,,.

Finally, to avoid as much confusion as possible, we will adopt the more familiar

terminology,

Definition 2.2.63 (s0(3,R)). In this thesis, so(3,R), so(F,0) and, isomorphism

implicit, the Lie algebra of generators ({S,},x) are synonymous.

2.3 Algebraic Structures

Throughout Section [2.2] our developments naturally entailed algebraic structures of
various species and homomorphisms between them. In this section, we will formally
define these, and other algebraic structures and concepts which are essential to the

work of this thesis.
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2.3.1 General Algebras
2.3.1.1 Role in this Thesis

Algebras are at the heart of all the work presented in this thesis. They are both
a major result from it, enabling the abstract modelling of systems with spin, and
the essential component in the methods we will develop to derive and study these
structures. They are utterly essential and indispensable to this programme, and

most of the developments of this chapter have been building up to them.

2.3.1.2 Algebras over a Field

There are many species of algebra which are important for this thesis. Let us begin

with the most general definition,

Definition 2.3.1 (Algebra over a Field). An algebra over the field F is a pair
A = (V, e) consisting of:

e a vector space V = (V,F, +,,,-,) over V;
e a bilinear map e : V x V — V), called the product.

This definition is usually too general for most applications, and certainly is for
the kinds of algebras we will be using in this thesis. As such, let us define some

specialisations,

Definition 2.3.2 (Unital Algebra). An algebra A = (V, o) is unital iff Je € V such
that Va € V,

eea=aee=aq, (2.3.1)

i.e. e is a two-sided identity. If an algebra contains such a two-sided identity it is
unique. As such, we will denote unital algebras by the triple A = (), e, ¢) both for
clarity, and to enforce some restrictions on algebra homomorphisms between them

later in this section.

Definition 2.3.3 (Associative Algebra). An algebra A = (V,e) is associative iff
Va,b,c €V,
(aob)ec=uae(bec). (2.3.2)

We may also refer to the product e of an associative algebra as associative.
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Definition 2.3.4 (Jacobi Algebra). An algebra A = (V, e) is Jacobi iff Va,b,c € V,

ae(bec)+be(cea)+ce(aeb)=0. (2.3.3)
We may also refer to the product e of a Jacobi algebra as Jacobi.

Naturally, there are many intersections between these types of algebra. Of particular
importance to this thesis will be non-unital Jacobi algebras and unital associative
algebras. We will also almost exclusively deal with real algebras F = R, and may
write a € A to mean the same as a € V.

There is a somewhat trivial but very important example of an algebra which

must be defined,
Lemma 2.3.5. The pair (abusing notation) {0} = ({0}, e) with,

0e0=0 (2.3.4)
1 an algebra.
Proof. The algebra axioms may be trivially verified. O]
Definition 2.3.6 (Trivial Algebra). We call the algebra {0} from Lemma the

trivial algebra.

2.3.1.3 Subalgebras

The algebraic methods developed in Chapter [3| which we will use to derive the spin
algebras, make use of the notion of a subalgebra. Therefore, it is important that we

give subalgebras due consideration,

Lemma 2.3.7. Consider an algebra A = (V, ) and a vector subspace U C V), for
which, Ya,b € U,
aebecl. (2.3.5)

Then C = (U, e.) is an algebra, where,

ioe, = 00] (2.3.6)
where i : U —V and j : U xU — V XV are vector space inclusion homomorphisms.
Proof. Immediate from the definition of an algebra. m

Accordingly,
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Definition 2.3.8 (Subalgebra). We call C = (U, o.) as in Lemma a subalgebra
of A.

There are some obvious, but important, subalgebras which are shared by all

algebras,

Lemma 2.3.9. Both {0} and A are subalgebras of A, where 0 € A is the identity

element of vector addition in A.
Proof. Direct verification of the subalgebra axioms. O]
In light of Lemma [2.3.9] let us distinguish,

Definition 2.3.10 (Proper Subalgebra). A subalgebra C of A is proper iff C # {0}
and C # A.

An important subalgebra for our analysis (which is frequently proper) is the subal-

gebra of a unital associative algebra “generated” by a single element,

Definition 2.3.11 (C,). Consider a unital associative algebra A = (V, e, e) over the
field F, and an arbitrary element a € A. Then,

C, = spang({c; € A|Vj € N}) (2.3.7)

where, Vj € N|

e 7=0
ae Cj—1 j 2 1.

Lemma 2.3.12. The triple (Cy, ®c,, €) is a commutative unital associative subalgebra

of A, with product defined as in Lemma [2.53.7.
Proof. Clear from its definition. n

We will discuss these subalgebras further in Section [2.4.7] and Chapter [3]

2.3.1.4 The Centre of an Associative Algebra

The properties of subalgebras may be very different from their parent algebras. Of
particular importance to the derivation of the spin algebras is the subalgebra known

as the centre,



68 CHAPTER 2. MATHEMATICAL BACKGROUND

Definition 2.3.13 (Centre of an Associative Algebra). Consider an associative al-

gebra A = (V,e). The centre of A is the set Z(A),
ZA) ={z€A|Vac A: zea=aez}. (2.3.9)

Lemma 2.3.14. The centre Z(A) of the associative algebra A is non-empty, and

may be endowed with the structure of a commutative subalgebra.

Proof. Since Va € A, 0 € A satisfies 0ea = ae0 = 0, thus 0 € Z(A), and so Z(A) is
non-empty. Since the product e is bilinear, it is clear that Z(.A) is a vector subspace
of A in the usual way. That Z(A) is a subalgebra follows from the associativity of

A, and that this subalgebra is commutative is clear from its definition. O

Remark. The centre of a Lie algebra is definable as in Definition [2.3.13] and its proof
that it is a subalgebra follows using the antisymmetry and Jacobi properties of the
Lie product. We will not need to consider the centres of Lie algebras in this work,
so we omit a formal proof of this fact, but include this note for completeness. We
will use the centre of the universal enveloping algebra of a Lie algebra, which is a

unital associative algebra, extensively in this work.

2.3.1.5 Left, Right, and Two-Sided Ideals

A core part of this thesis is the ability to impose new algebraic constraints onto
existing, more general algebras; in this way, we will construct the indefinite and
spin-s position algebras, the spin algebras, and many of the algebras from which
these are derived. The formal objects which we need to achieve this are ideals; the
method by which we achieve this will be described in the next section. These come

in a number of species,

Definition 2.3.15 (Left Ideal). Consider an algebra A = (V, ). A vector subspace
Z CVisaleft ideal of Aiff Vi € I, Va € V,

aeicT. (2.3.10)

Definition 2.3.16 (Right Ideal). Consider an algebra A = (V,e). A vector sub-
space Z C V is a right ideal of Aiff Vi € I, Va € V,

ieacl. (2.3.11)

Definition 2.3.17 (Two-Sided Ideal). An ideal Z is two-sided iff Z is both a left
ideal and a right ideal.
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Remark. In this thesis, two-sided ideals are the primary species of interest. As such,
we may refer to them simply as ideals when their two-sided nature is clear from

context, such as when constructing a quotient algebra.

Lemma 2.3.18. Consider a two-sided ideal I of an algebra A = (V,e). The pair
(Z,e) is a subalgebra of A.

Proof. Clear from the definition. m
There are some obvious, but important, ideals which are shared by all algebras,

Lemma 2.3.19. Both {0} andV are (left, right, two-sided) ideals of A, where 0 € A

is the identity element of vector addition in A.
Proof. Direct verification of the (left, right, two-sided) ideal axioms. O
In light of Lemma [2.3.19] let us distinguish,

Definition 2.3.20 (Proper Ideal). An ideal Z of A is proper iff Z # {0} and Z # A.

2.3.1.6 Ideals Generated by a Set

The structure of an ideal determines what mathematical objects can be derived
using them, and what properties they will have. Fortunately, there is a simple way
to construct ideals which code for any property we desire. To show how, we must

establish some facts,

Lemma 2.3.21. Consider an algebra A = (V,e) over the vector space V =
(V.F,+y,-), and a subset U C V. Let {Z;}, indexed over a set J, denote the
set of all non-empty ideals of a given species (left, right, or two-sided) such that
VjeJ, UCZ;. Then,

1) =1,

jeJ
is a non-empty ideal of the same species. Moreover, I (U) is the unique smallest

ideal of this species such that U C I (U).

Proof. To begin, I (U) is non-empty by Lemma [2.3.19] Now, Vp,q € I (U), Vj € J,
p,q € Z;. Thus, (p+q) € Z;,s0 (p+q) € I (U),andVa € F, ap € Z;, so ap € I (U).
Therefore, I (U) is a vector subspace of V. If we were considering left ideals then
Vae A, Vje J, aepeT; and thusaep e I (U),so I(U)is a left ideal. Similarly,

if we were considering right ideals then Va € A, Vj € J, pea € Z;, and thus
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pea € I(U), so I(U) is a right ideal. The two-sided case follows from both of
these. To establish the final claim, consider an ideal Z of the same species such
that, U C Z C I (U). By the first inclusion and the definition of I (U), we must
have ZNI(U)=1(U), and thus I (U) CZ,soZ =1 (U). O

Definition 2.3.22 (Ideal Generated by a Subset). Consider an algebra A = (V,e)
over the vector space V = (V,F,+,,-,), and a subset U C V. The (right, left,
two-sided) ideal I (U) as defined in Lemma[2.3.21]is the (right, left, two-sided) ideal
generated by U.

When dealing with unital algebra, the ideal generated by a set is very simple,

Lemma 2.3.23. Consider a unital algebra A = (V, e ¢e) over the vector space V =
(V,F,+,-), and a subset U C V. Then, I (U) is the (left, right, two-sided) ideal
containing all finite linear combinations of (left, right, two-sided) products of the

elements of U by A.
Proof. See [49]. O
For simplicity, we will often adopt related notation for ideals generated by a subset,

Definition 2.3.24 (Ideal Generated by Indexed Elements). Consider an algebra .4
and a set of elements {a; € A} indexed over a set J. In this thesis, I ({a;}) and

I (a;) will be synonymous.

Definition 2.3.25 (Ideal Generated by Multilinear Map). Consider an algebra A =
(V,e), asubspace Y C V, and a multilinear map f : U x --- xU — A. In this thesis,
I (Im(f))and I (f(a,...,z)) will be synonymous, where {a, ..., 2} are indeterminate

elements of Y.

2.3.1.7 Notation for Products

In this thesis, we will often encounter finite products of elements {a; € A} which
we may index over the set {1,...,n}. To write such expressions in full would be
cumbersome or impossible when the number of elements is variable. Furthermore,
since the algebras we will be using are mainly non-commutative, the order of the
products must be specified unambiguously. With these considerations in mind, let

us introduce an indexed product notation similar to the Big-IT product notation,
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Definition 2.3.26 (Big-e Notation). Consider a unital associative algebra A =
(V,e,¢), and a set of {a; € A} indexed over a set {1,...,n € Z*}. Then, we define,

.

e n=>0
‘ . a1 n=1
Q.- (2.3.12)
j=1 n—1
a, ® ‘ Qj41 n 2 2,
j=1

\
where the case n = 0 corresponds to the empty product, and may be used to make

the statement of lemmas simpler.
We will also encounter repeated products of a single element, for which we introduce,

Definition 2.3.27 (e-Exponent Notation). Consider a unital associative algebra

A= (V,e¢). Forallae A, n €N,
" =@ (2.3.13)
7=1

Furthermore, if an element a € A has a two-sided inverse b € A, we may denote,

Vn € N,
a*" = @o. (2.3.14)

Finally, let us use this notation to generalise the exponential of an endomorphism

in Definition [2.2.29| to the case of a unital associative algebra,

Definition 2.3.28 (Algebra Exponential (exp)). Consider a unital associative al-
gebra A = (V,e,¢). For all a € A, its exponential exp(a) is the formal power
series, N

exp(a) =) %a'j. (2.3.15)
=0
Remark. In general, the convergence of exp for an arbitrary element in a unital

associative algebra is not guaranteed.

The product symbol e will almost never be used in the main text. Instead, it
will be replaced in all notation with the appropriate symbol for the product of the
algebra being used. For example, o will be used for endomorphisms, ® will be used
for the tensor algebra, and A will be used for the exterior algebra. For algebras
which denote a product by concatenation, the usual Big-II notation will be used,

but will follow the ordering convention of Definition [2.3.26]
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2.3.2 Lie Algebras
2.3.2.1 Role in this Thesis

As we saw in Section [2.2.4] Lie algebras lie at the heart of symmetry groups and
control a significant amount of their structure. It is through the algebraic study of
the Lie group s0(3,R) that we will derive algebras for arbitrary spin systems; as

such, Lie algebras are one of the principle objects of study in this thesis.

2.3.2.2 Lie Algebras

In this thesis, we will only consider fields for which Q C F, so consider F to satisfy

this in what follows.

Definition 2.3.29 (Lie Algebra). Consider an algebra g = (V,[) over a field F. g

is a Lie algebra iff it is Jacobi and antisymmetric, i.e. Va,b € V),
l(b,a) = —l(a,b). (2.3.16)

Remark. Traditionally, the product of a Lie algebra is referred to as a “Lie bracket”
and denoted [ -, - |; we will instead use the term “Lie product”, and avoid the bracket
notation. This is to ensure [-,-] unambiguously refers to the commutator in an

associative algebra.

Unlike most other algebras we will work with in this thesis, non-trivial Lie algebras

cannot contain identity elements,
Lemma 2.3.30. Consider a unital Lie algebra g = (V,l,e). Then, V = {0}.
Proof. For all a € g,
a=l(e,a)=Il(ae) =—l(e,a) = —a,
so a = 0. [l

Some examples of a Lie algebra which are commonly encountered are the commu-

tator subalgebras of an associative algebra,

Lemma 2.3.31. Consider an associative algebra A = (V,e), and a vector subspace

U CV such that, Va,b € U,
[a,b] = (aeb—Dbea)EU. (2.3.17)

Then, (U,[-,-]), is a Lie algebra.
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Proof. That the commutator is bilinear is clear. Furthermore, Va,b,c € U,
l[a,b] =aeb—bea= —[b,al,
and we may easily calculate that,
[a, [b, ]} + [b, [¢, al] + [¢, [a, b]] = 0,

so it is antisymmetric and Jacobi. [

2.3.2.3 Abelian and Non-Abelian Lie Algebras

Clearly, the properties of a Lie algebra are controlled by its product. Following the

definitions for groups, we classify,

Definition 2.3.32 ((Non-)Abelian Lie Algebra). A Lie algebra g = (V,1) is Abelian
iff [ = 0. Otherwise, g is non-Abelian.

Remark. Since the Lie product is anticommutative, the Lie product of an Abelian
Lie algebra is identically zero iff it is commutative. This reveals the connection to

the corresponding definition for a group.

The Lie algebra so(V, g) is usually non-Abelian (which we will prove later), so these
will be of primary interest to us. Indeed, many of the developments of this thesis
directly utilise the non-Abelian nature of so(V,¢g) to form new algebras, including
the arbitrary spin algebras.

2.3.2.4 Simple and Semisimple Lie Algebras

Since Abelian and non-Abelian Lie algebras are a less interesting classification than

for groups, let us explore a classification scheme which considers ideals. First,
Lemma 2.3.33. Consider an algebra A, = (V, ®) whose product satisfies, Va,b € A,

bea=(—1)aeb, (2.3.18)
where v € {0,1}. Then, all ideals of A, are two-sided.

Proof. Follows from the fact that all ideals are vector subspaces of their containing

algebras. n

Remark. In light of Lemma [2.3.33] we shall refer to two-sided ideals of a Lie algebra

simply as “ideals”.
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Definition 2.3.34 (Simple Lie Algebra). A non-Abelian Lie algebra is simple iff it

has no proper ideals.

With Lemma [2.3.18]in mind, we may consider simple Lie algebras as the “smallest”

Lie algebras. Indeed, we may use them to construct larger Lie algebras,

Definition 2.3.35 (Semisimple Lie Algebra). A non-Abelian Lie algebra is semisim-
ple iff it has no proper Abelian ideals.

Not all Lie algebras are semisimple, but the Lie algebras we will use in this thesis are.
This property is important when considering the centre of their universal enveloping

algebras. In particular,
Lemma 2.3.36. The Lie algebra so(3,R) is simple.

Proof. 1t is clear from its definition that so(3,R) is non-Abelian. Now, consider
an ideal Z C s0(3,R) which contains some non-zero element v € s0(3,R), which
we may write in the usual basis as v = 22:1 vyS,. By definition, Vb € {1,2,3},

Syxv € I, and we find,

Sl X (SQ XU) = 1/152
SQ X (Sg X’U) = 1/253
Sg X (Sl XU) = VgSl.

Thus, for at least one b € {1,2,3}, S, € Z. Supposing b = 1, then S; xSy = S5 and
S3x 81 =Sy, and so Ve € {1,2,3} S. € Z. This may be further verified for the cases
b e {2,3}. Thus, Z =so(3,R). O

2.3.2.5 The Adjoint Action

Since the structure of a Lie algebra is controlled by its product, we may use it to
directly probe this structure. Indeed, this will be our principle mode of investigation

in Chapter [4] To facilitate this, let us define,

Definition 2.3.37 (ad). Consider a Lie algebra g = (V,1). The adjoint action on g

is a vector space homomorphism,

ad : g — End(g) (23.10)

ad = v = (w = l(v,w)).
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The adjoint action will be extended in Section [2.4.4] and this extension will facilitate
our construction of the spin algebras. Vital to this extension is the relationship the

adjoint action has with the Lie product,

Lemma 2.3.38. Consider a Lie algebra g = (V,1). For all v,w € g,
ad(l(v,w)) = ad(v)oad(w) — ad(w)oad(v). (2.3.20)

Proof. Recall from Definition [2.3.29| that all Lie products are antisymmetric and

Jacobi, meaning Va,b,c € g,
0=1(a,l(be)) +1(b,l(c,a)) +I(c,l(ab))
= ad(a)oad(b)(c) — ad(b)oad(a)(c) — ad(l(a,b))(c).
[
We will formalise homomorphisms with similar relationships in Sections and
2.3.5
2.3.2.6 Rank of a Lie Algebra

The rank of a Lie algebra is an important concept for us, as for semisimple Lie
algebras it describes the structure of the centre of their universal enveloping algebras.
In Chapter [d we will use this centre to decompose the universal enveloping algebra

of s0(3,R), which leads the way to the arbitrary spin algebras.

Definition 2.3.39 (Rank of a Lie Algebra). Consider a finite-dimensional Lie alge-
bra g = (V,1). Tts rank is a positive integer r € Z* such that,

ri= min({dim(Ker(ad(v))) ‘Vv € g}) (2.3.21)
Note that by antisymmetry, Vv € g, ad(v)(v) = 0, and so r # 0.

Remark. Many authors define the rank in terms of “Cartan subalgebras”. As we
would not discuss Cartan subalgebras anywhere else in the main body of this thesis,

we have avoided this.

For our purposes, we must find the rank of so(3,R),

Lemma 2.3.40. The Lie algebra so(3,R) has rank 1.

Proof. See Appendix [B.8| O
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2.3.3 Algebraic Structures on Vector Space Endomorphisms
2.3.3.1 Role in this Thesis

In Chapter [3, we will develop general methods to study unital associative algebras
using the algebraic properties of its elements only. In order to utilise these methods
to study the universal enveloping algebra of s0(3, R), which leads the way to defining
the arbitrary spin algebras, we must understand the various algebraic properties of
vector space endomorphisms. These will also be useful in Section to define

actions and modules of algebraic structures.

2.3.3.2 Vector Space Endomorphisms as a Unital Associative Algebra

The first species of algebraic structure that vector space endomorphisms may form

is a unital associative algebra,

Lemma 2.3.41. Consider a wvector space V = (V,F +,,-,).  The triple

(End(V), o,idy,) is a unital associative algebra over F.
Proof. Direct computation. O

Definition 2.3.42 (End°(V)). End°(V) is the wunital associative algebra
(End(V), 0,id,). We will often refer to End°(V) as simply the “endomorphism alge-

b

bra”.

2.3.3.3 Vector Space Endomorphisms as a Lie Algebra

With End®(V) defined, we see that a wide variety of different algebraic structures on
End(V) are possible by selecting algebraic substructures of End®(V). Of particular

importance to this work is its Lie subalgebra,

Lemma 2.3.43. Consider a vector space V = (V,F, +,,,-,), where Q CF. The pair
(End(V),[-,]) is a Lie algebra over F.

Proof. Follows from Lemma [2.3.31] [

Definition 2.3.44 (Endl"1(V)). Endl"1(V) is the Lie algebra (End(V),[-,-]).

2.3.3.4 Vector Space Automorphisms as a Group

Finally, let us consider Aut(V) C End(V),
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Lemma 2.3.45. Consider a wvector space V = (V,F,+,, ). The triple
(Aut(V),0,idy) is a group.

Proof. Direct computation. O

Definition 2.3.46 (Aut®(V)). Aut®(V) is the group (Aut(V),o,id,).

2.3.4 Homomorphisms on Algebras

2.3.4.1 Role in this Thesis

Algebra homomorphisms are essential for us to understand the relationships be-
tween algebras. In particular, we will employ them extensively to study how certain
elements of an algebra act on others; amongst other things, this will enable us to
decompose the universal enveloping algebra of s0(3,R) in a natural way, which will

lead directly to the definition of the spin algebras.

2.3.4.2 Algebra Homomorphisms and Antihomomorphisms

As with group homomorphisms, the non-commutative nature of a general algebra

leads to there being two species of structure preserving functions,

Definition 2.3.47 (Algebra Homomorphism). Consider two algebras A = (V,e)
and B = (W, ) over the same field F. An algebra homomorphism between A and
B is a vector space homomorphism p € Hom(V, W) such that, Va,b € V,

p(aeb) = p(a)*p(b). (2.3.22)

We will denote the set of all algebra homomorphisms by Hom(.A, B), and may write

p: A — B to mean the same as an algebra homomorphism p: V — W.

Definition 2.3.48 (Algebra Antihomomorphism). Consider two algebras A =
(V,e) and B = (W, x) over the same field F. An algebra antihomomorphism between
A and B is a vector space homomorphism ¢ € Hom(V, W) such that, Va,b € V,

q(a®b) = q(b) *q(a). (2.3.23)
We will denote the set of all algebra antihomomorphisms by Hom(.A, B).

Remark. Care must be taken when considering algebra homomorphisms or antiho-
momorphisms, since, unlike more general vector space homomorphisms, they do not

form a vector space.
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2.3.4.3 Unital Algebra (Anti)Homomorphisms

In general, we reflect the structures of the algebras related by an algebra
(anti)homomorphism in its naming. For example, we call an algebra homomor-
phism between two associative algebras an associative algebra homomorphism. This
changes nothing about the definition of such a function, except when we are mapping

between two unital algebras,

Definition 2.3.49 (Unital Algebra (Anti)Homomorphism). Consider two unital
algebras A = (V,e,¢e) and B = (W, %, f) over the same field F, and a vector space
homomorphism r € Hom(V,W). Then, r is a unital algebra (anti)homomorphism

iff 7 is an algebra (anti)homomorphism and,

r(e) = f. (2.3.24)

2.3.4.4 Algebra Isomorphisms

An important class of algebra homomorphisms are those with two-sided inverses,

Lemma 2.3.50. Consider two algebras A = (V, ) and B = (W, x) over the same
field F, and a vector space isomorphism f € Iso(V,W). Then f € Hom(A, B) iff
f~' € Hom(B, A).

Proof. In the forward direction, since Im(f~!) =V, Va,b € V, 3x,y € W such that
a= f1(x)and b= f(y), thus,

fH@)e f y)=aeb=f"of(aeb)=f""(fla)x f(b)) = (zxy).

The reverse direction follows the same logic with ¥V and W, and f~! and f reversed.

]

Definition 2.3.51 (Algebra Isomorphism). An algebra isomorphism between two
algebras A and B over the same field F, is a vector space isomorphism f € Iso(V, W)
which is also an algebra homomorphism f € Hom(A, B). We denote the set of all

algebra isomorphisms as Iso(.A4, B)

Remark. Using algebra antihomomorphisms in place of algebra homomorphisms, we
may also establish the notion of an algebra anti-isomorphism. We will not formally

do so, as we will make much less use of them than algebra isomorphisms.
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Just as for vector spaces, the ability to discuss algebras which share compatible
algebraic structure will empower us to study abstract algebras in terms of more

concrete objects,

Definition 2.3.52 (Isomorphic as Algebras (=)). Two algebras A and B over the
same field F are isomorphic as algebras iff there exists an algebra isomorphism f
between them. We denote this fact by A = B. When it is clear we are referring to

their algebraic structures, we may refer to this as simply isomorphic.

Remark. The notation we use to denote algebra isomorphic algebras is the same
as for vector space isomorphic vector spaces. In this thesis, which we mean in any

given instance will usually be clear from context and otherwise explicitly stated.

Lemma 2.3.53. Consider the algebras A = (V,e), B = W, %), and C = (X, *)
over the same field F. For all f € Iso(A, B) and g € Iso(B,C), their composition,

gof € Iso(A,C). (2.3.25)
Proof. We may immediately verify that (gof)™' = f~log™'. O
Lemma 2.3.54. = is an equivalence relation between algebras.

Proof. Identical proof to that of Lemma [B.2.28| m

2.3.4.5 Derivations

Derivations are a species of vector space endomorphism defined for algebras which
are neither algebra homomorphisms nor algebra antihomomorphisms; nevertheless,

they will play an important role in constructing algebras in Chapters [4] and [5

Definition 2.3.55 (Derivation on an Algebra). Consider an algebra A = (V,e).

Then, a vector space endomorphism f € End(V) is a derivation on A iff Va,b € V,
flaeb)= f(a)eb+ae f(b). (2.3.26)
We may denote the set of all derivations on an algebra A as Der(.A).

Derivations enjoy many of the same properties as the derivative, some of which will

now present as they will be useful in Section |3.4].

Lemma 2.3.56. For all derivations D € Der(A), Vk € N, Va,b € A,

D%(q e b) = Xk: (k) D% (a) @ D°*=9)(p). (2.3.27)

=0 M
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Proof. This follows from induction. O

Lemma 2.3.57. For all derivations D € Der(A), Vk € Z*, Y{a; € A} indexed over
the set {1,... k+ 1},

k+1 k k
D(@a| =D)e@aji+taeD | @aj|. (2.3.28)
Jj=1 j=1 j=1
Proof. This follows by induction. O

Corollary 2.3.58. Suppose for D € Der(A), Ja € A such that,

ae D(a) = D(a)ea. (2.3.29)

Then, ¥n € Z7,
D(a*) =na*™ e D(a). (2.3.30)
Proof. Follows from Lemmas [2.3.56| and [2.3.57] O

Lemma 2.3.59. If A= (V,e,¢) is unital, then VD € Der(A),
D(e) = 0. (2.3.31)

Proof.

O

Lemma 2.3.60. Consider a unital associative algebra A = (V, e, ¢), and an element

a € A which has a two-sided inverse a=' € A. Then, VD € Der(A),
D@ = —(a'eD(a)ea™) (2.3.32)

Proof.
0=D(e)=D(aea')=D(a)ea " +aeD(a").

Lemma 2.3.61. Suppose for D € Der(A), Ja € A such that,
ae D(a) = D(a) ea, (2.3.33)
with a two-sided inverse a=* € A. Then, ¥n € 7T,

D((a ")) = —n (a™1)*"*D o D(a). (2.3.34)
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Proof. Multiplying by a~! on both sides of ([2.3.33)) reveals that a~*e D(a) = D(a)e
a~!. Thus, the n = 1 case follows by Lemma [2.3.60l The remaining cases may be
proved by induction. O]

Lemma 2.3.62. Consider a unital associative algebra A = (V,e,¢€) over F, a non-

zero polynomial p(x) with coefficients in F, and suppose there exists a derivation

D € Der(A) for which D(p(a)) has a left inverse. Then, the endomorphism,
Dpay = v+ D(p(a))™"  D(v), (2.3.35)
is also a derivation and satisfies,

Dy(a)(p(a)) = e. (2.3.36)

Proof. Direct computation. O]

It will also be useful later to note that,

Lemma 2.3.63. In any associative algebra A = (V, o), the commutator with a fized

element a € A is a derivation.
Proof. For all b,c € A,

ae(bec)—(bec)ea=ae(bec)—(bec)ea+ (bea)ec— (bea)ec

:(aob—boa)oc—i—bO(aOC—COCl).

2.3.5 Actions on Vector Spaces and Modules
2.3.5.1 Role in this Thesis

Actions are a method to describe how an algebraic structure can affect a vector
space. This leads naturally to the notion of a module, which generalises vector
spaces. Actions are central to our study of the structure of universal enveloping
algebras, and ultimately lead to a decomposition of the universal enveloping algebra
of s0(3,R) into modules over its centre. This decomposition is essential in defining

the arbitrary spin algebras, and thus these concepts must be understood.
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2.3.5.2 Associative Algebra Actions on Vector Spaces

In our analysis, we will work primarily with associative algebras, and will use associa-
tive algebra actions to probe their structure. Due to the general non-commutativity

of algebras, we must consider two species of actions,

Definition 2.3.64 (Left Associative Algebra Actions). Consider an associative alge-
bra A = (V, e) over the field F, and a vector space W over F. Then, a left associative

algebra action of A on W is an algebra homomorphism f € Hom(A, End°(W)).
Similarly,

Definition 2.3.65 (Right Associative Algebra Actions). Consider an associative
algebra A = (V,e) over the field F, and a vector space W over F. Then, a
right associative algebra action of A on W is an algebra antihomomorphism f &€

Hom (A, End°(W)).

Remark. If the associative algebra A is commutative, then left associative algebra

actions are also right associative algebra actions, and vice-versa.

We will most frequently be working with unital associative algebras, so we addition-

ally define,

Definition 2.3.66 ((Left/Right) Unital Associative Algebra Action). Consider a
unital associative algebra A4 = (V, e, ¢) over the field F, and a vector space W
over F. Then, a left (resp. right) unital associative algebra action is a left (resp.
right) algebra action of .4 on W which is also a unital algebra homomorphism (resp.

antihomomorphism).

2.3.5.3 Lie Algebra Actions on Vector Spaces

The adjoint action on the universal enveloping algebra of so(3, R) will be principally
important to this thesis in identifying the multipole tensors, and ultimately the
arbitrary spin algebras. The structure of this action is rooted in a Lie algebra

action, and so this must be clearly defined,

Definition 2.3.67 (Lie Algebra Action). Consider a Lie algebra g = (V,1) over the
field F, and a vector space W over F. Then, a Lie algebra action of g on W is an

algebra homomorphism f € Hom(g, Endl"1(W)).

Remark. The anticommutativity of the Lie product causes left and right actions to

coincide in the case of Lie algebras, so only one definition is needed.
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2.3.5.4 Group Actions on Vector Spaces

For completeness, we also define the action of a group. As with algebras, group

actions come in two species,

Definition 2.3.68 (Left Group Action). Consider a group G, and a vector space
W over F. Then, a left group action of G on W is a group homomorphism f €
Hom(G, Aut®(W)).

Similarly,

Definition 2.3.69 (Right Group Action). Consider a group G, and a vector space
W over F. Then, a right group action of G on W is a group antihomomorphism

f € Hom(G, Aut°(W)).

When considering continuous symmetry groups, actions of these groups and ac-
tions of their associated Lie algebras are closely related: the “derivative” of such a
group action at the identity element of the group yields a Lie algebra action. Lie
algebra actions may also be “exponentiated” to yield group actions; however, just as
many inequivalent groups may share a given Lie algebra, not all Lie algebra actions
yield group actions for a particular choice of group. To avoid introducing concepts
in differential geometry which are unnecessary for the development of this thesis, we
will not make these statements more precise. A fuller discussion can be found in,

for example, [52} 62].

2.3.5.5 Modules

Actions allow us to consider generalisations of the notion of a vector space, where the
“scalars” are elements of mathematical structures other than fields. For us, we will
find that the natural decomposition of the universal enveloping algebra of s0(3,R)

is in terms of modules over its centre, so for us this generalisation is natural.

Definition 2.3.70 ((Left/Right) Module over a (Unital) Associative Algebra). A
left (resp. right) module over a (unital) associative algebra is a triple (W, A, f)

consisting of:
e a vector space W over F,;

e a (unital) associative algebra A over a field F;
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e a left (resp. right) (unital) associative algebra action f of A on W.

Definition 2.3.71 (Module over a Lie Algebra). A module over a Lie algebra is a
triple (W, g, f) consisting of:

e a vector space W over F;

e a Lie algebra g over a field F;

e a Lie algebra action f of g on W.

Definition 2.3.72 ((Left/Right) Module over a Group). A left (resp. right) module

over a group is a triple (W, G, f) consisting of:

e a vector space W over I,

e a group G,

e a left (resp. right) group action f of G on W.

Remark. These definitions are not quite as general as they could be; many authors
replace the vector space W with an Abelian group, essentially “forgetting” the
scalar multiplication on W. We will always consider vector spaces, so these stricter

definitions will not disadvantage us.

2.3.5.6 Direct Sum of Modules

The modules over the centre of the universal enveloping algebra of s0(3,R) which
naturally decompose it may be direct summed to reconstitute the whole algebra. As

such, a definition for the direct sum of modules is in order,

Definition 2.3.73 (Direct Sum of Modules). Consider two left (resp. right) modules
of the same species M = (W, D, f), and N = (X, D, g) whose vector spaces are over
the same field F. Then, we may form their direct sum M &N = (W & X, D, h),
where h is the left (resp. right) action of D on W @ X such that, Vd € D, V(w + e
r) e WX,

Wd)(w +wex ) = fd)(w) +wex g(d)(2). (2.3.37)
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2.4 Foundational Algebras and Methods

2.4.1 Quotienting Algebras by Two-Sided Ideals
2.4.1.1 Role in this Thesis

In this thesis, we will be deriving algebras with the structure of arbitrary spin
systems from more general ones by quotienting two-sided ideals. As such, it is

imperative that we understand this process.

2.4.1.2 Quotient Algebras

Quotient algebras are constructed by the same process as quotient vector spaces.
However, if a general subspace, or even a general subalgebra is used, the properties
of the resulting quotient space are not strong enough to define on it the structure

of an algebra. Instead, we must use two-sided ideals,

Definition 2.4.1 (Algebra Quotient). Consider an algebra A = (V, ®) over the field
F, and a two-sided ideal Z C A. Their quotient K is defined,

A
K=z, (2.4.1)

and consists of all equivalence classes of elements of A under the equivalence relation,
Va,b € A,
[a ~b] < [(a+y, (=))) € Z]. (2.4.2)

Lemma 2.4.2. The pair (IC,B) is an algebra over F, where B is inherited from A
up to ~.
Proof. From the definition, it is clear that I is a vector space. Let us first show
that W is closed, V[a],[b] € K, Vi, j € Z,

[a]M[b] = (a+i)e(b+j)=aebtaej+iebt+iej=aeb+k=[aeb],
where k € Z. Using this, we may directly compute that K is well-defined and

bilinear. n

Definition 2.4.3 (Quotient Algebra). We call (I, ) the quotient algebra of A by
the two-sided ideal Z.

Remark. While the objects of any quotient algebra are, strictly speaking, equiva-
lence classes of elements, we will often instead use representatives and manipulate

algebraic expressions according to their equivalences.
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Quotient algebras may have different properties and dimension to their parent al-
gebra. In particular, finite-dimensional quotient algebras can be obtained from

infinite-dimensional algebras.

2.4.1.3 Quotienting an Algebra by an Ideal Generated by a Set

The most important scheme for constructing quotient algebras in this thesis is using
two-sided ideals I (U) constructed from a subset of elements U. While there is
nothing more to add mathematically, it is worth discussing the consequences of this

process practically.

Lemma 2.4.4. Consider an algebra A, a two-sided ideal Z, and the quotient algebra,
K. (2.4.3)
Then, Ya € A, a € T iff a € [0] where [0] € KC is the equivalence class of 0.

Proof. In the forward direction, since Z is a vector space 0 € Z, so a+(—0) = a € Z.

Therefore, a ~ 0. In the reverse direction, a € [0] means a + (—0) = a € Z. O
Corollary 2.4.5. Suppose T = I (U) in the above Lemma. For alli € U, i€ [0].

Proof. Directly follows from Lemma [2.4.4] noting U C I (U). O

Remark. Corollary presents an opportunity. If we construct U to contain
elements of the form A — B, then in the quotient algebra by I (U), we will have that
[A—B]=[0], and so [A] = [ B]. This effectively imposes the identity A = B in
the new algebra we have constructed. This method of imposing algebraic relations
will be used extensively in Chapters [4] and [5, and we will see many well-known

examples of its use in this section.

2.4.2 Tensor Algebras
2.4.2.1 Role in this Thesis

The tensor algebra is the most generic unital associative algebra one can construct
from a given vector space. As such, all other unital associative algebras may be
derived from it by quotient, including many important to the properties of spin.

Therefore, to make progress we must understand its structure.
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2.4.2.2 The Tensor Algebra
Definition 2.4.6 (7'(V)). Consider a vector space V = (V,F, 4+, -,). We define its

tensor algebra T'()) to be the unital associative algebra,

) = @V, 2.4

with product ® : T(V) x T'(V) — T(V) defined bilinearly in terms of Vj, k € N,

®(j,k) . V®j % v®k N V®(j+k)
(2.4.5)
(A, B) > A®B,

with 1 € V®0 2 F as its identity element. We call an element of the tensor algebra

a “tensor”.
In Chapter [d, we will make particular use of,

Definition 2.4.7 (k-adic Tensor). For k = 0, an element A € T'(V) is 0-adic iff
A = al, where « € F. For k € Z", an element A € T(s0(3,R)) is k-adic iff
3{v; € V} indexed over the set {1,...,k} such that,

k
A=), (2.4.6)
j=1
It is also useful to define,

Definition 2.4.8 (Tensor Order). We define the tensor order of a k-adic tensor to
be k, and the tensor order of a linear combination of k-adics to be the largest tensor

order amongst its terms.

Lemma 2.4.9. For all k € N, consider bases {bg-k)} for V& indexed over the sets

J®) . Then,
3, (2.4.7)
k=0

is a basis for T(V).

Proof. Follows from the definition of 7'(V). O

2.4.2.3 The Universal Property of the Tensor Algebra

Like the tensor product spaces which comprise it, the tensor algebra enjoys a uni-

versal property,
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Lemma 2.4.10 (Universal Property of the Tensor Algebra). Consider a vector space
V = (V,F,+,,-) and a unital associative algebra B = (W, *, f) over F. For any
vector space homomorphism d : VYV — B, there exists a unique unital associative

algebra homomorphism d : T(V) — B such that,

d = doi, (2.4.8)
where i : YV — T(V) is the canonical inclusion map.
Proof. See [49]. O

Remark. Lemma means that all unital associative algebras which we can
relate V to by some homomorphism d may be studied through the elements of the
tensor algebra via d. As such, the structure of the tensor algebra forms a general
base from which we may study the structure of other unital associative algebras.

This will be important when discussing the multipole tensors of Chapter [

2.4.3 Symmetric Algebras
2.4.3.1 Role in this Thesis

The symmetric algebra is important to this thesis, since its elements form a basis for
the universal enveloping algebra of a Lie algebra, which we will discuss in greater
detail shortly. It also serves as a simple example of a quotient algebra, which is

something we will do frequently in this work.

2.4.3.2 The Symmetric Tensors

To understand the structure of the symmetric algebra, let us first define the sym-

metric tensors. In what follows, we assume Q C F.

Definition 2.4.11 (Sym*(V)). For all k € N, the kth-symmetric power of V is the

subspace Sym"()) C V®* spanned by elements of the form, Vv; € V,
k ) k
Ol o > X voi. (2.4.9)
7j=1 c€SE j=1

where Sy, is set of permutations of k symbols. We refer to the elements of Sym”(V)

as kth-order symmetric tensors.
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Remark. When we discuss symmetric tensors in the context of an algebra, we are
discussing elements of the form in Definition [2.4.11| with the product of the algebra
replacing ®.

Lemma 2.4.12. For all 0 € S, Yv; € V,
k
O vy =GOy (2.4.10)
j=1 j=1
Proof. Follows from the fact that Sy is a finite group. O

Lemma 2.4.13. WhenV is finite-dimensional, so is Sym*(V) and dim (Sym*(V)) =
(dim(V)+k71)
0 .

Proof. See [49]. O

2.4.3.3 The Symmetric Algebra

Definition 2.4.14 (Sym()V)). Consider a vector space V = (V,F, +,,-,). Its sym-
metric algebra Sym(V) is the quotient algebra, Yv,w € V,

()

Sym(V) = I (v@w —wRv)

(2.4.11)

We denote the product of the symmetric algebra by ®, and call it the “symmetric
product”.

Now, let us investigate the structure of Sym()V) by using the universal property of
T(V) to see what happens to a k-adic tensor after the quotient. For this algebra,
there are simpler methods to achieve this, but the method we will use can be more

broadly applied.

Lemma 2.4.15. For all k € N, the equivalence classes of the k-adic tensors in

Sym(V) are labelled by the kth-order symmetric tensors.

Proof. Consider ®§:1 v; € V¥ then,

%.]-

j=1

k

1 k
®Uj - EZ ®Ua(j)

7j=1 ceS, j=1

+

k
On|
j=1
By Lemma [2.3.23] in Sym(V) we have, VA, B € T(V), Yv,w € V,

[A®vow@B]| = [ AQuweveB],
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and so,
Q11 Q| - | @~ X @] -1
O‘GSk 7=1 O‘Esk j=1
since |Sy| = 4. O
Thus, we find,

Lemma 2.4.16.
Sym(V) = €5 Sym’ (V). (2.4.12)

Proof. Follows directly from Lemma [2.4.15] ]

Corollary 2.4.17. For all vector spaces V, Sym(V) is infinite-dimensional.

Proof. Follows immediately from Lemmas [2.4.13] and [2.4.16] O

2.4.4 Universal Enveloping Algebras

2.4.4.1 Role in this Thesis

The universal enveloping algebra of a Lie algebra is one of the most important
algebras we will consider in this thesis, as we will directly derive the arbitrary spin
algebras from it by analysing its structure. The arbitrary spin algebras will later
inform the construction of the arbitrary spin position operator algebras. As such,
the universal enveloping algebra is essential to many of the major results of this

thesis.

2.4.4.2 The Universal Enveloping Algebra

In this thesis, we will only consider fields for which Q C F, so consider F to sat-
isfy this condition in what follows. The universal enveloping algebra subsumes the

structure of a Lie algebra within the structure of a unital associative algebra,

Definition 2.4.18 (U(g)). Consider a Lie algebra g = (V,[) over the field F. Its
universal enveloping algebra is the quotient algebra, Vv, w € g,

Tv)

Ule) = I (v®w —wv —I(v,w))

(2.4.13)

There is no consensus on which symbol should be used to denote the product of the

universal enveloping algebra. In this thesis, we shall leave the product implicit.
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Lemma 2.4.19. As vector spaces, Sym(V) = U(g).

Proof. Firstly, it is clear that no symmetric tensors are present in the ideal
I (v®@w —w®v — l(v,w)). Thus, by Lemma all symmetric tensors are non-

zero in U(g). Now, consider ®f:1 v; € V@ then after the quotient,

o) [e ixe-] (5]

‘oeSy j=1
By Lemma [2.3.23] in U(g) we have, VA, B € T(V), Yv,w € V,

_|_

[A9v@uw®B]| = [AQuweveB ]| + [ AQl(v,w)RB],

noting that the final term is of a strictly lower tensor order than the others. Thus,

[@%‘ - yz ®"Ucr(j)] = [@%‘ - gz ®Uj+f(vla---avk)]

ogeS, j=1 €S, j=1
= [f(vla s 7Uk)]7
since |Sy| = %, where f(vy,...,vg) is a tensor of order strictly less than k. Therefore,
we may repeat this process for all n-adics with n < k which comprise f(vy, ..., vg);

this process is guaranteed to terminate since tensor order is bounded from below.
Thus, every element of U(g) may be written as an F-linear combination of symmetric
tensors, and we may establish the isomorphism as mapping a given symmetric tensor

to its equivalence class in U(g). O
Corollary 2.4.20. The symmetric tensors form a basis for U(g).
Proof. This is clear from Lemma [2.4.19 O

In this thesis, we favour basis-independent arguments as they often lead to a
better understanding about what we are investigating. The major exception to this
rule will occur in Chapter [d] where we will use the spin generator basis of Definition
to probe the structure of U(so(3,R)). We do this to ensure consistency with
the published work|61]. As such, we will make use of a famous, but more basis-

dependent theorem,

Theorem 2.4.21 (Poincaré-Birkhoff-Witt Theorem). Consider a basis {v;} for g

indexed over a set J, and a total ordering < on J. Then, Vk € Z* the mapping into
U(g),

(Ujl,’UjQ, R 7Ujk) — V5 Vjy + - Vjps (2414)
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18 injective, and the set,

{1,/0]'11}]‘2 < U5y | Vk € Z+,Vj S {1,2,...,7’L},an S J:jl S jQ g S ]k}a
(2.4.15)
forms a basis for U(g).

Proof. See |7, 52]. O

Remark. In Chapter [ we will utilise Theorem [2.4.21]to improve on the bases of both
Corollary and Theorem [2.4.21] itself. The new basis we will construct, which
we call the “multipoles”, will correspond to the physically distinct observables of an
arbitrary spin system, and is essential in deriving algebraic descriptions of arbitrary

spin systems.

2.4.4.3 The Universal Property of the Universal Enveloping Algebra

Like the tensor algebra it derives from, the universal enveloping algebra enjoys a

universal property, though its statement is somewhat subtler than for the former,

Lemma 2.4.22 (Universal Property of the Universal Enveloping Algebra). Consider
a Lie algebra g = (V,1) over the field F, a unital associative algebra B = (W, *, f)
over F, and its commutator subalgebra Bl = (W,[-,-]). For any Lie algebra
homomorphism X : g — Bl'] | there exists a unique unital associative algebra homo-

morphism X : U(g) — B such that,
joX = Aoi, (2.4.16)
where i : g — U(g) and j : Bl = W, [-,-]) = B are inclusion maps.

Proof. See [54]. O

Remark. Lemma means that all unital associative algebras which implement
the Lie product of g as a commutator may be studied through the elements of
U(g) via . In this sense, U(g) is the most general unital associative algebra which
subsumes the Lie product in this way. As such, U(g) will be our starting point for

the construction of the spin algebras in Chapter [4]
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2.4.4.4 Casimir Elements

In Chapter [ we will see that the spin algebras are naturally revealed through a
decomposition of U(so(3,R)) which utilises its centre Z(U(s0(3,R))). Thus, under-
standing the structure of the centre Z(U(g)) of a universal enveloping algebra U(g)

will be essential to make progress.

Lemma 2.4.23. Consider a semisimple Lie algebra g of rank r over the field F.
Then, Z(U(g)) is the F-linear span of all products of the identity element 1 and r

linearly independent non-scalar elements.
Proof. See [63]. O

Following Lemma [2.4.23] we make special identification of the sets of elements of

Z(U(g)) which can generate it,

Definition 2.4.24 (Casimir Elements). Consider a semisimple Lie algebra g of
rank r over the field F. A set {z;} indexed over the set {1,...,7} are called Casimir

elements iff they generate Z(U(g)) as in Lemma [2.4.23
Of particular interest to this thesis is,

Lemma 2.4.25. Consider a semisimple Lie algebra g = (V,1) over the field F, and
a basis {b;} for g indexved by the set J, with respect to which the Lie product takes
the form, ¥p,q € J,

Ubpbg) =D fribr (2.4.17)

reJ

for f7, € F. Then, there exists Q € Z(U(g)) such that,

Q=) BPyb, (2.4.18)

p,g€J

for pP4 € F, with p%® = P, where, Ya,b,c € J,

> B == 5" (2.4.19)

deJ deJ

Furthermore, € is independent of the chosen basis.
Proof. See [52, 64]. O

Definition 2.4.26 (Quadratic Casimir Element). The quadratic Casimir element

is the element €2 in Lemma 2.4.25
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2.4.4.5 Z(U(s0(3,R)))

In this thesis we are most concerned with the Lie algebra so(3,R). As such,

Lemma 2.4.27. For Z(U(so(3,R))), the quadratic Casimir element is the only

non-scalar element which generates it.

Proof. Lemma [2.3.36]asserts s0(3, R) is simple and Lemma [2.3.40| asserts it has rank
1. Thus, by Lemma [2.4.23] Z(U(s0(3,R))) contains a single Casimir element. By
Lemma [2.4.25| the quadratic Casimir element exists for Z(U(so(3,R))), and thus it

must be this single Casimir element up to scaling. O]
Remark. While the methods we will develop in Chapter {4 may be utilised for any
semisimple Lie algebra, Lemma [2.4.27| greatly simplifies the analysis for so(3,R).
As we must fix a scaling, we define,

Definition 2.4.28 (S5?). We define S? € Z(U(s0(3,R))),

3
S =" 84S (2.4.20)

a=1
2.4.4.6 Universal Enveloping Algebra Actions

In Chapter ] we will be working mainly with the universal enveloping algebra
U(so(3,R)), using methods developed in Chapter 3} To properly apply these meth-
ods, it is necessary for us to consider actions of the universal enveloping algebra on

itself. The first two we must consider are the left and right multiplication actions,

Definition 2.4.29 (Left Multiplication). Consider a Lie algebra g over the field F.
We define, the left multiplication action L € Hom(U(g), End®(U(g))),

L=A~ (B~ AB). (2.4.21)

Definition 2.4.30 (Right Multiplication). Consider a Lie algebra g over the field
F. We define, the right multiplication action L € Hom(U(g), End®(U(g))),

R=A— (B~ BA). (2.4.22)

We also wish to expand the definition of the adjoint action ad from and action of g

on itself to an action of U(g) on itself. To do this, note,
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Lemma 2.4.31. Consider the map,

f 9 —End(U(g))

(2.4.23)
f=v (A (VA - Av)).
Then, [ € Hom(g,End["'](U(g))), f 1s a derivation, and Yv,w € g,
fla)(b) = io(ad(a))(b), (2.4.24)

where 1 : g — U(g) is the inclusion map.

Proof. The first and third claims follow by direct computation, and the second

Lemma [2.3.63 O
Lemma [2.4.31| offers a natural extension of ad as a Lie algebra action on End(U(g)),

Definition 2.4.32 (Adjoint Action of a Lie Algebra on its Universal Enveloping
Algebra). We define ad € Hom(g, End""1(U(g))) to be identical to f in Lemma
2.4.311

From this, we may utilise the universal property of U(g) to complete the extension,

Definition 2.4.33 (Adjoint Action of the Universal Enveloping Algebra on Itself).
Consider the map f defined in Lemma [2.4.31, By Lemma [2.4.22| (and abusing

notation), there exists a unique unital associative algebra homomorphism ad €

Hom(U(g), End®(U(g))) for which,

A'U(g)B AE]F

ad(A) = B+ ¢ ad(A)(B) Aeg (2.4.25)

ad(C)oad(D)(B) A=CD,

\

where we have left all necessary inclusion maps implicit.

2.4.5 Exterior Algebras
2.4.5.1 Role in this Thesis

The exterior algebra is important to this thesis through its relationship to both the
Clifford algebra and geometry. The objects of the exterior algebra have a definite
geometrical character, algebraically representing hypervolumes of all possible dimen-
sions for a given vector space. In particular, the planar objects which we met in
Section [2.2.4] will be used heavily in our construction of non-commutative position

algebras in Chapter [5]
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2.4.5.2 The Antisymmetric Tensors

To understand the structure of the exterior algebra, let us first define the antisym-

metric tensors. In what follows, we assume Q C .

Definition 2.4.34 (A*(V)). For all k& € N, the kth-exterior power of V is the
subspace A*(V) C V®* spanned by elements of the form, Yv; € V,

k

k
/\ v = % Z sgn(o) ® Vo (5) (2.4.26)
j=1

€Sk 7j=1
where Sy, is set of permutations of k symbols, and sgn(o) the sign of the permutation

o. We refer to the elements of A*(V) as kth-order antisymmetric tensors, or more

commonly k-vectors. We refer to elements of the form ([2.4.26)) as k-blades.

Remark. When we discuss antisymmetric tensors in the context of an algebra, we are
discussing elements of the form in Definition [2.4.34] with the product of the algebra
replacing ®.

Lemma 2.4.35. For all 0 € Sy, Vv; €V,

k k

/\ Vg (j) = 5gn(0) /\ v;. (2.4.27)

j=1
Proof. Follows from the fact that Sy is a finite group, and that sgn is a group
homomorphism from Sy to the group ({1, -1}, x,1). ]

Lemma 2.4.36. When V is finite-dimensional, so is A*(V) and dim(A*(V)) =

(7).

Proof. See [49]. O

Remark. Lemma [2.4.36| reveals that, unlike the symmetric tensors, for n > dim(V),
A (V) = {0}

2.4.5.3 The Exterior Algebra

Definition 2.4.37 (A(V)). Consider a vector space ¥V = (V,F, +,,-,). Its exterior
algebra A(V) is the quotient algebra, Vv, w € V,

)
I (v@w+ wev)

1

A(V) (2.4.28)

We denote the product of the antisymmetric algebra by A, and call it the “wedge
product”.
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Now, let us investigate the structure of A(V) by using the universal property of T'(V)
to see what happens to a k-adic tensor after the quotient. This follows the process

we used to study the symmetric tensors.

Lemma 2.4.38. For all k € N, the equivalence classes of the k-adic tensors in A(V)
are labelled by the k-blades.

Proof. Consider ®j Lv; € VO then,
k k k
[@m] Qs T @] + | Avs |
Jj=1 €S, j=1 j=1

By Lemma [2.3.23] in A(V) we have, VA, B € T(V), Yo,w € V,

[A®v@w®B] = [ - AQuwveB],

and so,
k 1 :
Qs )@ | = | @iy Tl @] 0]

j=1 o€Sk -1 j=1 o€S j=1
since | S| = 5 and Vo € S, sgn(o)? = 1. O
Thus, we find,
Lemma 2.4.39.

dim(V

@ NV (2.4.29)
Proof. Follows directly from Lemma [2.4.38] O]

Corollary 2.4.40. When V is finite-dimensional, so is A(V) and dim(A(V)) =
2dim(V)'

Proof. Follows immediately from Lemmas [2.4.36| and [2.4.39, ]

2.4.6 Clifford and Duffin-Kemmer-Petiau Algebras
2.4.6.1 Role in this Thesis

Unlike the other algebras discussed in this section, the Clifford and Duffin-Kemmer-
Petiau algebras do not play direct roles in the development of this thesis. However,
they showcase many important properties that will motivate the general definition
of the indefinite-spin and spin-s position algebras which we will construct in Chapter

Bl As such, we shall discuss them briefly and overview their important features.
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2.4.6.2 The Clifford Algebra

In this thesis, we will only consider fields for which Q C F, so consider the field F to
satisfy this in what follows. The Clifford algebra algebraically subsumes the metric

of a Minkowski space-time,

Definition 2.4.41 (Cl(V, g)). Consider a Minkowski space-time (), g) over the field
F. Its Clifford algebra is the quotient algebra, Vv, w € V,

)

1 = '
C (V79) [(U®w+w®v—29(%w))

(2.4.30)

The product of the Clifford algebra is often left implicit in the literature; we shall

adopt this convention.

Remark. Clifford algebras are also definable for spaces equipped with degenerate
symmetric bilinear maps, but we will not consider such maps or algebras in this

thesis.

The Clifford algebra is also commonly defined using a quadratic form instead of a

metric,

Lemma 2.4.42. As Q C F, Definition |[2.4.41] is equivalent to the construction of

Cl(V, g) using a quadratic form.
Proof. See [57]. O
Lemma 2.4.43. As vector spaces, C1(V,g) = A(V).

Proof. Firstly, it is clear that no antisymmetric tensors are present in the ideal
I (v®@w +w®v — 2g(v,w)). Thus, by Lemma all antisymmetric tensors are

non-zero in C1(V, g). Now, consider ®"_, v; € V¥, then after the quotient,

@ A

k k
1
Qi = 77 2 sen(0) Qo) | +
j=1 j=1
By Lemma [2.3.23] in C1(V, g) we have, VA, B € T(V), Yv,w € V,

oc€Sk

[A®v@w@B] = [~ AQuweveB]| + [29(v,w)AQB],

noting that the final term is of a strictly lower tensor order than the others. Thus,

k k k k
[@Uj — %Z Sgn(0)®vg(]‘)] = [@Uj — %Z ®Uj—|—f(?)1,...,1}k)

.UESk .O'Gsk 7=1




2.4. FOUNDATIONAL ALGEBRAS AND METHODS 99

=[flvr,.. . o) ],

since | S| = 4 and sgn(o)? = 1, where f(vy,...,vy) is a tensor of order strictly less
than k. Therefore, we may repeat this process for all n-adics with n < k which
comprise f(vy,...,vx); this process is guaranteed to terminate since tensor order is
bounded from below. Thus, every element of Cl(V, g) may be written as an F-linear
combination of antisymmetric tensors, and we may establish the isomorphism as

mapping a given antisymmetric tensor to its equivalence class in C1(V, g). O]
Corollary 2.4.44. The antisymmetric tensors form a basis for C1(V,g).
Proof. This is clear from Lemma [2.4.43 O

Remark. Corollary [2.4.44 shows that the C1(V, g) is constructed from objects which
represent hypervolumes in V. Furthermore, by its definition, the algebraic structure
of the Clifford algebra is controlled entirely by the properties of the metric g. As

such, it is an algebra with a natural geometric character.

2.4.6.3 The Clifford Algebra and so(V, g)

As one might hope from its definition, the Clifford algebra has a natural relationship
with the symmetries of g. To begin, CI(V, g) admits a natural action of bivectors

on vectors,
Definition 2.4.45 (uy). For all a,b,c € V,

ug : A%(V) — Hom(V, CI(V, g))

(2.4.31)
uy(anb)(c) = (anb)c — c(anb).
Lemma 2.4.46. For all a,b,c € V,
ug(anb)(c) = —2(g(a,c)b — g(b,c)a) = —2u(anb)(c), (2.4.32)
recalling p from Definition [2.2.55
Proof. Direct calculation. O]

Lemma 2.4.47. u,(aAb) may be extended to an action on CI(V, g) as a derivation.
Proof. This follows immediately from Lemma [2.3.63] O]

Using this action, we find the bivectors of the Clifford algebra are closed under

commutators,
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Lemma 2.4.48. For all a,b,c,d €V C C1(V,g),

(anb)(end) — (cAd)(aAb) = uq(anb)(cAd) = —2u(aAb)(cAd). (2.4.33)
Proof. Direct calculation. O

Lemma 2.4.49. The commutator Lie algebra of bivectors in CI(V, g) is Lie algebra

isomorphic to so(V, g),

Proof. This follows immediately from Lemmas [2.2.57 and 2.2.59 [

Thus, we have found that within the Clifford algebra is a natural implementation

of the bivector algebra (up to a constant) from Section [2.2.4]

2.4.6.4 The Duffin-Kemmer-Petiau Algebra

Like the Clifford algebra, the Duffin-Kemmer-Petiau algebra also subsumes the met-

ric of a Minkowski space-time, but in a slightly different way,

Definition 2.4.50 (Dkp(V,g)). Consider a Minkowski space-time (V, g) over the

field F. Its Duffin-Kemmer-Petiau algebra is the quotient algebra, Yu,v,w € V,

Trv)
I (uRvew + wRvRu — g(u,w)w — g(w,w)u)

Dkp(V, g) = (2.4.34)

The product of the Duffin-Kemmer-Petiau algebra is often left implicit in the liter-

ature; we shall adopt this convention.

For our purposes, we need not fully determine the relationship between A(V) and

Dkp(V, 9),
Lemma 2.4.51. The vector space homomorphism,

¢ : A*(V) = Dkp(V, g) (2.4.35)

¢ = aNb— [aNb],
18 injective.
Proof. Since no 2-blades are in the ideal,
I (u®@v@w +weveu — g(u,v)w — g(w,v)u),

Lemma implies that Ker(¢) = {0}. Thus, ¢ is injective. O
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2.4.6.5 The Duffin-Kemmer-Petiau Algebra and so(V, g)

Again, like the Clifford algebra, the Duffin-Kemmer-Petiau algebra has a natural

relationship with the symmetries of g,
Definition 2.4.52 (ug,). For all a,b,c € V,

ug : A*(V) — Hom(V, Dkp(V, g))

(2.4.36)
Ugip(anb)(c) == (aAb)c — c(aND).
Lemma 2.4.53. For all a,b,c € V,
Ugrp(anb)(c) = —%(g(a,c)b — g(b,c)a) = —%u(a/\b)(c), (2.4.37)
recalling jv from Definition |2.2.55.
Proof.
(aAb)c — c(ab) %( abc + cba) — (bac + cab))
%(g (a,b)c + g(e,b)a — g(b,a)c — g(c,a)b)
= 5 (90— glbc)a)
[

From this point, our analysis follows that of the Clifford algebra,

Lemma 2.4.54. ug,(anb) may be extended to an action on Dkp(V, g) as a deriva-

tion.
Proof. This follows immediately from Lemma [2.3.63] O
Lemma 2.4.55. For all a,b,c,d € V C Dkp(V, g),

(anb)(cAd) — (cAd)(anb) = ugey(aAb)(cAd) = —%,u(a/\b)(c/\d). (2.4.38)
Proof. Direct calculation. O

Lemma 2.4.56. The commutator Lie algebra of bivectors in Dkp(V, g) is Lie algebra
isomorphic to so(V,g),

Proof. This follows immediately from Lemmas [2.2.57| and [2.2.59] ]

Once again, we have found that, like the Clifford algebra, there is also a natural
implementation of the bivector algebra (up to a constant) from Section within
Duffin-Kemmer-Petiau algebra. These observations will be instructive for us in

Chapter [5]
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2.4.7 Univariate Polynomial Algebras
2.4.7.1 Role in this Thesis

The methods developed in Chapter [3| directly utilise a natural connection between
the unital associative algebra generated by a single element and quotient rings of
univariate polynomial algebras. As such, we must understand these structures, and

this connection, to define and utilise these methods in the rest of the thesis.

2.4.7.2 Univariate Polynomial Algebras

Definition 2.4.57 (IF[z]). The univariate polynomial algebra over the field F is the

unital associative algebra of all polynomials in a single indeterminate =,

p(z) = Z oyt (2.4.39)

j=0
Vk € N, with coefficients Vj € N, o; € F, and identifying 2° = 1 consistently with
Definition [2.3.13] The product for this algebra is polynomial multiplication, and the

constant polynomial 1 the identity element. We denote the univariate polynomial

algebra over F as F[z].

Remark. Unlike polynomial functions, the indeterminate x is not an as yet unde-
termined scalar in F, but simply a non-zero, non-constant (i.e. of the form al for

some « € F) element in the algebra.

Lemma 2.4.58. The countably infinite set {27 | j € N} is a basis for F[z] as a

vector space over F.
Proof. This follows from the definition of polynomial equality. ]

To ease discussion of polynomials, it is often useful to classify them by their “largest”

non-zero terms,

Lemma 2.4.59. Consider a non-zero polynomial p(x) € Flz| written as,

p(z) = Z ol (2.4.40)

Then, there exists a unique n € N such that o, # 0 but Vm € Z*, apyy, = 0.

Proof. Existence follows from the definition of a polynomial. Uniqueness follows

from the definition of polynomial equality. m
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Definition 2.4.60 (Polynomial Order). Consider a polynomial p(z) € F[z]. Then:
if p(x) # 0, the polynomial order of p(x) is the unique natural n defined in Lemma

2.4.59 if p(x) = 0, the polynomial order is 0. We denote the polynomial order of
p(z) by [p(z)]-

Remark. We use the term “order” here, instead of the more usual “degree”, to align

our terminology for polynomials with what we will later define for tensors.

Lemma 2.4.61. Consider two polynomials p(x),q(z) € Flz|. Then, |p(z)q(x)| =

Ip(z)] + |g(z)|.

Proof. Writing p(z) = ap()2?®@ + r(z) and ¢(z) = Bjyw) x4 + s(x), we find,

[

Since F is a field and ajp(;) # 0 for non-zero p(x) € F[z], it is simpler to consider

polynomials which have been normalised by dividing by /|y,

Definition 2.4.62 (Monic Polynomial). A non-zero polynomial p(z) € F|x] is monic

iff its component ay, ;) in 2@ gatisfies p(ay| = 1.

2.4.7.3 Polynomial Factorisation and Irreducible Polynomials

Just as prime factorisation enables a consistent description of positive integers, we
may factorise polynomials in much the same way to understand their structure. This
will be of central importance to the methods developed in Chapter [3] First, let us

define some terms,

Definition 2.4.63 (Polynomial Factor). Consider two polynomials p(x),q(x) €
Flx]. Then, ¢(z) is a polynomial factor of p(z) iff Ir(z) € F[x] such that p(z) =
q(z)r(x). We denote this relationship as ¢(x) | p(x). We may also refer to ¢(z) as a
divisor of p(z), and p(z) as a multiple of ¢(z).

Lemma 2.4.64. Consider three polynomials f(z), g(z), h(x) € F[z] such that f(x) |
o(x) and g(x) | h(x). Then, f(z) | h(z).

Proof. There exist a(x),b(z) € F[x] such that g(x) = a(z) f(x) and h(z) = b(z)g(z).
Thus, h(x) = b(z)a(x) f(x). O
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Lemma 2.4.65. For all p(z) € F, p(z) | 0, and 0 | p(x) iff p(z) = 0.

Proof. 0p(xz) =0, thusp(z) | 0. If 0 | p(z), Ir(x) € F[z] such that p(x) = 0r(z) = 0.

The reverse is trivial. O

Lemma 2.4.66. Consider non-zero polynomials p(x),q(x) € Flz] such that q(x) |
p(x). Then, |q(z)] < |p(x)].

Proof. Direct consequence of Lemma [2.4.61] [

Lemma 2.4.67. Consider two polynomials p(x),q(x) € F[z] such that q(z) | p(z)
and p(z) | q(z). Then, p(x) = q(z) =0, or Ja € F, o # 0 such that q(x) = ap(x).

Proof. For the first claim, without loss of generality, suppose p(x) = 0. Then, by
Lemma [2.4.65, ¢(z) = 0. Thus, let us assume p(x) # 0 and ¢(z) # 0. By Lemma

[.4.66, we have |g(x)| < [p(x)] and |p(z)| < |g(=)], so |g(x)| = |p(x)|. But since
Jda(z),b(x) € F such that ¢(x) = a(z)p(z) and p(z) = b(x)g(x), we must have
la(x)| = |b(z)| = 0, so a(x),b(z) € F. Since p(x) # 0 and g(z) # 0, then a(z) # 0
and b(z) = a(x)~L. O

Of greatest significance to the present work are polynomials which have no in-

teresting polynomial factors,

Definition 2.4.68 (Irreducible Polynomial over F). A non-zero, non-constant poly-

nomial p(x) € Flz] is irreducible over F iff,

p(z) = q(@)r(2)] = [la(z) = BV [r(z) = 71], ] (2.4.41)
for some 3,7 € F.

Remark. Note that the irreducibility of a polynomial is dependent on the field of

scalars [ one is working with.
For convenient discussion, let us also define,
Definition 2.4.69 (Irreducible Power). A non-zero polynomial p(z) € Flz] is an

irreducible power iff 3g(z) € F[z] such that ¢(z) is irreducible over F and 3k € Z*
such that p(x) = q(z)".

Much like the prime numbers, there is a deep relationship between arbitrary and

irreducible polynomials,
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Definition 2.4.70 (Irreducible Power Form). Consider a non-zero polynomial
p(z) € Flz]. An irreducible power form for p(z) is a set {f;(z)% € F[z]} indexed

over a set J such that,

p(T) = app(a)) H filz)%, (2.4.42)

and:

e For all j € J, f;(z)% is monic and an irreducible power;

o Vj.k€J, j#k ged(f;(z), fu(z)) =1.
Lemma 2.4.71. For all p(x) € Flx], the irreducible factor form of p(x) is unique.
Proof. This follows from the fact that F[z] is a unique factorisation domain [53]. [
We will use irreducible power forms of polynomials extensively in Chapter [3| to
develop our methods.
2.4.7.4 Greatest Common Divisors and Least Common Multiples

In Chapter [3, we will make heavy use of shared factors and multiples of a family of
polynomials. Thus, we must understand the structure of these shared polynomials.

To progress, we first define,

Definition 2.4.72 (Greatest Common Divisor (ged)). Consider two polynomials
f(z),g(z) € Flx] not both zero. Their greatest common divisor ged(f(x),g(x)) €

F[z] is a polynomial such that:
L. ged(f(z),g(x)) | f(z) and ged(f(x), g(x)) | g(x);
2. Vs(z) € Flz] such that s(z) | f(z) and s(z) | g(z), then s(z) | ged(f(z), g(x)).
When ged(f(x), g(z)) € Flz] # 0, we scale it to be monic.

Definition 2.4.73 (Least Common Multiple (lcm)). Consider two polynomials
f(z),g(x) € Flz] not both zero. Their least common multiple lem(f(x), g(z)) € F[z]

is a monic polynomial such that:
L f(x) [lem(f(z), g(x)) and g(z) | lem(f (), g(x));
2. Vs(z) € Flz] such that f(x) | s(z) and g(x) | s(z), then lem(f(z), g(z)) | s(z).

When lem(f(x), g(x)) € F[z] # 0, we scale it to be monic.
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Remark. From Definition [2.4.63] any non-zero constant multiple of a polynomial
factor is also a polynomial factor. This is also the case for multiples of a polyno-
mial. We have chosen ged and lem to yield strictly monic polynomials to avoid
this ambiguity, and to reduce the number of unnecessary qualifications in our later

arguments.

2.4.7.5 Properties of gcd and lem

The ged and lem have a number of important properties which we will rely on in
Chapter [3] First, we must understand when they exist, their uniqueness, and when

they are zero,

Lemma 2.4.74. Consider two polynomials f(x),g(z) € Flz] not both zero. Then,
ged(f(x), g(x)) and lem(f(z), g(x)) exists and is unique.

Proof. For existence, see [49]. For uniqueness, consider two monic polynomials
p(z),q(x) € Flz| which satisfy Definition [2.4.72] Thus, we have p(x) | ¢(z) and

q(z) | p(z). Since p(z) and ¢g(z) are monic, by Lemma [2.4.67| we must have p(z) =
q(z). The argument is identical for lem(f(x), g(z)). O

Lemma 2.4.75. Consider two polynomials f(z), g(x) € Flz] not both zero. Then,
ged(f(2), g(x)) # 0.

Proof. Let us prove the contraposition of the claim. If ged(f(z),g(x)) = 0, then

applying Lemma [2.4.65| to Definition [2.4.72] we must have f(z) = 0 and g(z) =
0. O

Lemma 2.4.76. Consider two polynomials f(x),g(z) € F[x] not both zero. Then
lem(f(z),g(z)) =0 implies f(x) =0 or g(x) = 0.

Proof. Since, f(x) | f(x)g(z) and g(z) | f(x)g(z), then lem(f(x), g(x)) = 0 implies

0| f(x)g(x). Thus, by Lemma [2.4.65] we have f(z)g(z) = 0, and so f(z) = 0 or
g(x) = 0. O

Now, we must consider the functional properties of gecd and lem,

Corollary 2.4.77. Consider two polynomials f(x), g(x) € F[x] not both zero. Then,
ged(f(z), g(x)) has the greatest polynomial order amongst all divisors of f(z) and
g(x). Similarly, lem(f(x), g(x)) has the least polynomial order amongst all multiples

of f(x) and g(x).
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Proof. Consider a divisor a(z) € F[z| of f(x). By definition, a(z) | ged(f(x), g(z)),
which means, by Lemma [2.4.66] |a(z)| < |ged(f(z), g(x))|. The argument is identi-
cal for lem(f(z), g(x)). O

Corollary 2.4.78. Consider two polynomials f(x), g(x) € F[x] not both zero. Then,
f(z) | g(x) iff ged(f(x),9(x)) = af(x), where a € F, a # 0, and af(x) is monic.
Similarly, g(z) | f(z) iff ged(f(x),9(x)) = Bg(x), where B € F,  # 0, and Bg(x) is

monic.

Proof. 1f f(z) | g(x), then from Definition 2.4.72] we find ged(f(z),g(z)) | f(z)
and f(z) | ged(f(z),g(x)). Then, by Lemmas [2.4.75 and [2.4.67| we must have

ged(f(z),9(x)) = af(x) for a € F, a # 0, such that af(z) is monic. The same

argument applies to the case when g(x) | f(x). The reverse directions for both cases

follow from Definition 2.4.72] O

Corollary 2.4.79. Consider two non-zero polynomials f(x),g(x) € Flz]. Then,
f(@) | g(z) iff lem(f(z),9(x)) = ag(z), where « € F, a # 0, and ag(x) is monic.
Similarly, ¢(z) | f(x) if lom(f(2), 9(x)) = B (x), where § € F, § 40, and Bf(x)

1S monic.

Proof. 1f f(x) | g(x), then from Definition we find f(x) | lem(f(z),g(x))
and lem(f(x),g(z)) | f(x). Then, by we must have lem(f(z), g(z)) = ag(x)

for « € F, a # 0, such that ag(x) is monic. The same argument applies to the

case when g(x) | f(x). The reverse directions for both cases follow from Definition

2473 O
Finally,
Lemma 2.4.80. For all f(x),¢(x), h(x) € Flz] not all zero,

1. ged(g(x), f(x)) = ged(f(x), 9(x));

2. lem(g(x), f(z)) = lem(f(z), g(x));

3. ged(f(x), ged(g(@), h(=))) = ged(ged(f (2), g(x)), h(=));

4. lem(f(z),lem(g(x), h(z))) = lem(lem(f(2), g(x)), (=)

Proof. The first two properties follow from the logically symmetric defini-

tion of ged and lem. To prove the third property, let us denote a(z) :=
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ged (f(2), ged(g(x), h(z))) and b(z) = ged(ged(f (), g(x)), h(z)). Since a(z) |
ged(g(z), h(z)), by Lemma [2.4.64) we have a(z) | g(z) and a(z) | h(z). Therefore,
by a(x) | f(x) and the definition of ged(f(x), g(x)), we have a(z) | ged(f(z), g(x)).
Thus, a(x) | b(z). By a similar argument we conclude b(z) | a(z). Since a(z) and

b(x) are monic, by Lemma [2.4.67| we must have a(z) = b(x). The proof of the fourth
property follows the same logic as for the third. m

2.4.7.6 gcd and lem for Finite Sets of Polynomials

We may use Lemma [2.4.80 to extend gcd and lem to finitely many non-zero poly-

nomials,

Definition 2.4.81 (Greatest Common Divisor (ged) (Finite Set)). Consider a set
of polynomials {f;(z) € F[z]} not all zero, indexed over the set {1,...,n}, where
n € Z*, n > 2. Then, their greatest common divisor ged(fi, ..., f,) € F[z] is the
polynomial,

ged(f1, fa, - fo) = ged(f1,ged(fo, ..., fn))- (2.4.43)

We may also write ged as a function taking the set of functions ged ({f;(2)}) € Flz].

Definition 2.4.82 (Least Common Multiple (lcm) (Finite Set)). Consider a set
of polynomials {f;(x) € F[z]} not all zero, indexed over the set {1,...,n}, where
n € Z*, n > 2. Then, their least common multiple lem(fi, ..., f,) € F[x] is the
polynomial,

lem(fi, fo, .., fo) =lem(fi,lem(fa, ..., fn))- (2.4.44)

We may also write lem as a function taking the set of functions lem ({f;(z)}) € F[z].
Using these definitions,

Lemma 2.4.83. Consider a set of non-zero polynomials {f;(z) € F[z]}, indezed

over the set {1,...,n}, wheren € Z*, n > 2. Then,

[ged({f(2)})] < min({|£;@)]}) < max({|f(@)]}) < |lem({f;@)})], (24.45)

with equality in the first and last inequalities iff B ged({f;(x)}) € {f;(z) € F[z]}
and Blem({f;(x)}) € {f;(z) € Flz]} respectively, for some B € F, B # 0.

Proof. By definition, Vk € {1,...,n}, gcd({fj(x)}) | fx, so by Lemma [2.4.66| we
establish the first inequality. Also by definition, Yk € {1,...,n}, f | lcm({ f (x)}),
so by Lemma |2.4.66| we establish the last inequality. The middle inequality is trivial.
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If | ged ({f;(z)})]| = min({| f;(z)|}), then for some m € {1,...,n} we must have
ged({f;(2)}) = afm(z) for « € F, o # 0, such that af,(x) is monic. Similarly,
if max({|f;(z)|}) = [lem({f;(z)})], then for some m € {1,...,n} we must have
lem ({f;(z)}) = afn(z) for a € F, a # 0, such that af,,(z) is monic. O

2.4.7.7 Quotients of Univariate Polynomial Algebras

The quotient algebras formed from F[z| are of considerable importance to this thesis:
in Chapter 3], they will allow us to directly probe the properties of an endomorphism
in a basis-independent and dimensionally agnostic way. We are particularly inter-
ested in the properties of quotient algebras resulting from a two-sided ideal generated

by a given polynomial,

Definition 2.4.84. Consider a polynomial p(z) € F[z]. We define the commutative

unital associative algebra,

Dp(z) [x] =

(2.4.46)

whose equivalence classes [r(z)] are labelled by the remainder polynomials r(x)

under polynomial division by p(z), i.e. Vf(z) € F, we may uniquely write,
f(2) = s(@)p(x) + r(z), (2.4.47)
where [s(z)| = [f(2)| — [p(z)| and |r(z)] < [p(z)].

Definition 2.4.85 (Polynomial Order in Qp,)[z]). We define the polynomial order
of an equivalence class |[r(z)]| to be the polynomial order of the unique (up to

scaling) remainder polynomial |r(z)| which labels it.

Remark. We will often abuse notation and discuss the elements of Q,,[x] in terms
of the remainder polynomials which label their equivalence classes. This renders the

Flz] and Qp,)[z] definitions of polynomial order identical.

Lemma 2.4.86. Consider p(x) € F[z]. The quotient algebra Q. [x] has dimension
dim(Qp(a)[]) = [p(z)].

Proof. Since Vr(x) € Qula] satisfy |r(z)| < |p(z)|, {1,z,22, ..., 2P@I=1} forms a
basis for Q) [x]. O
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2.4.7.8 Univariate Polynomial Algebras and Unital Associative Algebras

Far from being an abstract consideration, univariate polynomial algebras, and its
quotient algebras, frequently arise from other unital associative algebras. To explore

these connections, let us first define the canonical evaluation map,

Definition 2.4.87 (Polynomial Evaluation). Consider the polynomial algebra F[z]
and a unital associative algebra A4 = (), e ¢e) over F. Polynomial evaluation by an
element a € A is the unique unital associative algebra homomorphism ¢(a) : F[z] —

A for which ¢(a)(1) = e and ¢(a)(x) = a.

Remark. In this thesis, Vp(z) € F[z] and a € A, we will often write p(a) to mean

¢(a)(p(z)) for notational clarity.

Now, considering a general unital associative algebra A = (1, e, e) and an arbi-
trary element a € A, there are two possibilities for the subalgebra C, generated by

a. The first is that C, is infinite-dimensional,

Lemma 2.4.88. Suppose C, is infinite-dimensional. Then, C, = F[z] as unital

associative algebras.

Proof. We may easily verify that the unital associative algebra homomorphism f :
C, — F[z] for which f(e) =1 and f(a) = z is a two-sided inverse of the polynomial

evaluation map ¢(a). O

2.4.7.9 Annihilating and Minimal Polynomials

Now, let us consider the case where C, is finite-dimensional,

Lemma 2.4.89. Suppose C, is finite-dimensional. Then, In(x) € Flz]| such that
¢(a)(n(x)) = 0.

dim(Cq)—

Proof. Since C, is finite-dimensional, {e,a,a*?,...,a* DY must be linearly

independent. Since this is a set of dim(C,) vectors, it must form a basis for C,. This
means that the set {e,a,a*?, ..., a*d™C)} is linearly dependent, i.e. Jo; € F not

all zero such that,

dim(C dim(C 1
0 — (l o(dimCq) E Oé] — ( dim(Cq) E Oé]$]>
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The kind of polynomials revealed in Lemma [2.4.89 are of central importance to this

thesis. To further relate C, to F[z]|, we must understand their properties further,

Definition 2.4.90 (Annihilating Polynomial). Consider a unital associative algebra
A= (V,e,¢), and an element a € A. A polynomial n(x) € F[z] is an annihilating

polynomial for a iff ¢(a)(n(z)) = 0.

There is no guarantee that an annihilating polynomial will exist for an arbitrary
element of a general unital associative algebra. However, we are often interested in

finite-dimensional algebras for which,

Lemma 2.4.91. Suppose the unital associative algebra A = (V,e ¢e) is finite-

dimensional. Then, an annihilating polynomial exists for each a € A.

Proof. Since C, is a subalgebra of A, it must be finite-dimensional. The result then

follows from Lemma 2.4.89] m

Clearly, annihilating polynomials are not unique, as we could always multiply
one by an arbitrary polynomial to yield another. However, there is privileged anni-
hilating polynomial which is unique up to scaling, and represents the most compact

description of the properties of the element a available,

Definition 2.4.92 (Minimal Polynomial). Consider the set A of all annihilating
polynomials for an element a € A. If A is non-empty, a monic annihilating polyno-

mial m(x) is the minimal polynomial for a iff,
Im(z)] = min({|n(z)| | Vn(z) € A}). (2.4.48)

Remark. We define the minimal polynomial to be monic to simplify later discussion.

Note, this convention is not always followed by other authors.

Lemma 2.4.93. Consider an element a € A which has an annihilating polynomial.

Then, the minimal polynomaial for a is unique.

Proof. Suppose we have two monic annihilating polynomials for a, f(x), g(x) € F[z]
of minimal polynomial order. Therefore, we must have |f(g)| = |g(z)|, and we
consider their difference h(z) = f(z)—g(x). Suppose h(z) # 0, then |h(z)| < |f(x)]|
since both f(z) and g(z) have identical leading-order terms. This contradicts the

minimal polynomial order of f(z), and so h(z) = 0. O
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In fact, the minimal polynomial is the reason for an annihilating polynomial’s prop-

erties,

Lemma 2.4.94. Consider an element a € A which has an annihilating polynomial,
and let m(x) denote its minimal polynomial. Then, for all annihilating polynomials

Proof. The case where |n(x)| = |m(z)| follows from the uniqueness of the minimal

polynomial. When |n(z)| > |m(z)|, we may use polynomial division to write,
n(z) = q(x)m(x) +r(z),

for q(z),r(x) € F[z], where |r(x)| < |m(x)|. Since n(z) and m(x) are both annihi-
lating this implies that r(x) is also annihilating. If 7(x) # 0, by |r(z)| < |m(z)| this

contradicts the minimality of m(x). Therefore, r(z) = 0. O

Remark. Lemma[2.4.94]is very useful: given any annihilating polynomial n(z) for a,
we may find the minimal polynomial for a by writing n(x) in irreducible power form
and finding the lowest polynomial order product of factors which is annihilating for

a. This method will be employed at times in this thesis.
With these facts in hand, we may finally show,

Lemma 2.4.95. Suppose C, is finite-dimensional. Then, C; = Q) [x] as commu-

tative unital associative algebras, where m(x) is the minimal polynomial for a.

Proof. Since m(x) is minimal, we must have dim(C,) = |m(z), so Cq = Q) [7] as

vector spaces over F. Let us define, Vj € {0,1,..., (|m(z)| — 1) },
fiCa—= Qo]
f(a%) =27,

and extended linearly. We may easily verify that f is a commutative unital associa-

tive algebra isomorphism with the obvious inverse. O]

The relationship proven in Lemma[2.4.95| underpins the methods developed in Chap-
ter [3] which are used extensively in this thesis to probe the properties of algebras

important to the structure of systems with arbitrary spin.



Chapter 3

Minimal Polynomial Methods

3.1 Chapter Aim and Outline

In this chapter, we will develop elementary methods which utilise the minimal poly-
nomials of elements in an algebra to probe that algebra’s structure. The content of
this chapter first appeared in a publication by the author [65], but is given a more
general, formal, and complete treatment here. This work is structured as follows:

First, in Section [3.2] we will motivate the need for such methods in the absence
of algebraic closure or explicit bases. Then, in Section [3.3, we will formulate our
methods in full via Bézout’s identity, and describe the advantages and limitations
of our approach. We will also highlight the use of these methods to naturally de-
compose a vector space through algebraic resolution of the identity. Following this,
in Section [3.4] we will present a generalisation of Taylor and formal power series for
arbitrary irreducible polynomials, and highlight the use of such series to calculate
the required coefficient polynomials in the aforementioned identity resolutions. Fi-
nally, in Section we will give explicit forms for series form from arbitrary real
irreducible polynomials. This will provide us with all we require to develop the
results of Chapter

Before proceeding further, the author would like to highlight that during the
writing of this thesis he became aware of the “Primary Decomposition Theorem”
[49] for torsion modules over principle ideal domains. This theorem provides a more
general theoretical backbone for the minimal polynomial methods developed in this
chapter than he presents in Section however, what is presented represents his
own work, and the connection developed between primary decomposition, identity

resolution, and idempotents via Bézout’s identity is, to his knowledge, still novel.
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Furthermore, the content of Sections [3.4] and remain novel, as well as the ap-
plication of these methods to the (algebraic) representation theory of so(3,R) as a

means to further foundational physics in Chapter [4l

3.2 Motivation

3.2.1 Challenges to the Use of Traditional Methods

The aim of this thesis is to understand what physical and mathematical structure
is strictly necessary for arbitrary spin to exist within a general physical model. To
facilitate this, we will include as little structure as possible in our initial model, so
that clear and direct connections between assumed physical structures and spin can
be drawn. In particular, we shall assume only the structure of a real FEuclidean
three-space (F,0) (which we will generalise to a Minkowski space-time (V, g) where
possible). From this initial model, we shall follow quantum mechanics and explore
spin through the unital associative algebras of physical properties associated with
our system; in our case, this means higher-order spatial tensors. Thus, we must
understand how to analyse general algebras of these tensors so that specialised
algebras with the structure of arbitrary spin systems can be constructed from them.
Performing this analysis with limited assumed mathematical structure presents a

number of challenges.

3.2.1.1 Complex Numbers and Representation Theory

The first and most significant challenge to this programme is our choice to work
exclusively with a real physical model. Unlike the complex numbers, the reals lack

algebraic closure,

Definition 3.2.1 (Algebraic Closure [49]). A field F is algebraically closed iff
Vp(x) € Flz], I\ € F such that p(\) = 0.

Lemma 3.2.2. Consider a finite-dimensional vector space V over an algebraically

closed field F. Then, VA € End(V), 3X € F, Jv € V, such that A(v) = lv.
Proof. See [46]. O

If the field F in Lemma was not algebraically closed, this would no longer be

true in general, for example a planar rotation in two dimensions. Thus, our choice
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to work exclusively with real models means we cannot generally apply methods that
require eigenvalues to exist. In particular, this means the traditional weight space

approach to representation theory is unavailable to us.

Besides the mathematical considerations, our aim is not only to model systems
of arbitrary spin, but to describe them physically, and reveal the similarities and
differences between systems of different spin in elementary terms. In this regard, the
traditional methods do not offer the kinds of physical insights we seek; often, their
physical interpretations are tied to the additional complex structure that is included,
or reliant on their phenomenological status within a theory with considerably more
structure that we will assume, such as quantum mechanics. As such, we need to

take a more elementary approach to the study of spin systems.

3.2.1.2 Analytic and Matrix Representations

The considerations of the previous section lead us to consider systems with spin
in their most general terms, starting with a tensor algebra. In this thesis, we will
consider both the tensor algebras T'(so(3,R)) in Chapter 4] and 7'(F) in Chapter
respectively. As both of these algebras are infinite-dimensional, we cannot use
matrix representations to describe them. We could utilise analytical representations
for them, but doing so would necessitate introducing the structure of a differentiable

manifold

Alternatively, we could employ some representation to study subspaces of these
tensor algebras. This would not be practical for us as we will frequently impose
more algebraic structure on our algebras to eventually specialise them to describe
systems with spin: whatever representation we choose would require alteration at
each of these stages, and contribute an unnecessary source of work. Instead, we will
work directly with the algebraic structure itself. Doing so has the added benefit
of empowering our use of basis-independent arguments, which will yield important
insights into the structure we are working with. One major exception to this rule is
the introduction of a basis for so(3,R) in Chapter 4l This is because that work, as
originally presented in [61] makes use of a basis; however, the results of Chapter

can easily be rendered basis independent.
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3.2.2 DMotivating Example

To achieve the aims we have set out in this thesis, we must use an elementary
algebraic approach. Such an approach is well-known in the case of real symmetric
matrices, which will serve as an example to develop our methods. A real symmetric
matrix A enjoys an eigenspectrum {\;} indexed over a set .J, and a set of orthogonal
eigenvectors [60]. Their minimal polynomials are of the form,

m(z) = [J(z =), (3.2.1)

jeJ

such that Vj,k € J, j # k, A\j # A, and we may construct projectors into each of

its eigenspaces algebraically as,

A=
II; = 2.2
J H N — e (3 )
ke, k#j
which satisfy, Vj € J,
1
0=m(A)]] T = AL = [ATL; = ML) (3.2.3)
ke, k#j k
These projectors resolve the identity matrix,
I=) I
jed
and also satisfy, Vj, k € J, j # k,

This algebraic description of the properties of A is highly compelling. The pro-
jectors II; are naturally basis-independent, and allow us to work with arbitrary
eigenvectors directly without needing to calculate them. The resolution of the iden-
tity also allows us to investigate the actions of another matrix B relative to the
eigenspaces of A in a basis-independent way,
B =1IBI =) ILBII. (3.2.5)

jked
This naturally supports a description of B in terms of intrinsically meaningful ob-
jects to A, offering significant flexibility and interpretive power. Therefore, we will
make progress towards the aims of this thesis, by generalising this method for real
symmetric matrices to apply to any element with a minimal polynomial from a

unital associative algebra over a field F for which Q C F.
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3.3 Identity Resolution using Minimal Polynomi-

als

3.3.1 Bézout’s Identity
3.3.1.1 Bézout’s Identity for Two Polynomials

To resolve the identity of a unital associative algebra using the minimal polynomial

of one of its elements, we must utilise Bézout’s identity.

Theorem 3.3.1 (Bézout’s Identity [66]). Consider two polynomials f(x),g(x) €
Flx] not both zero. Then, Ja(x),b(z) € F[x] such that,

a(z) f(x) +b(z)g(x) = ged(f(2), g(=)). (3.3.1)
Proof. See [49]. O

Remark. The a(z) and b(z) are not unique in general.

Bézout’s Identity for two polynomials will underpin all of the methods developed
in this chapter, and its generalisation will ultimately give us the tools we need to
analyse U(so(3,R)) and derive real algebraic descriptions for the structure of systems

with arbitrary spin.

Definition 3.3.2 (Bézout Polynomials/Coefficients). We may refer to the polyno-
mials a(z) and b(x) which appear in Theorem as either “Bézout Polynomials”

or “Bézout Coeflicients”.

To use this identity to resolve the identity element of a unital associative algebra, we

must understand when the polynomials a(z), b(x) are zero for distinct f(x), g(x),

Lemma 3.3.3. Consider two polynomials f(x),g(x) € Flz] not both zero, and
(a(z),b(x)) € Flz]xF(z] satisfying Theorem[3.3.1, Then, [a(z) # 0] V [b(z) # 0].

Proof. Suppose a(z) = 0 and b(z) = 0. Then, ged(f(x),g(z)) = 0, contradicting
Lemma 2.4.75] ]

Lemma 3.3.4. Consider two polynomials f(x),g(x) € F[z] not both zero. Then:
1. 3(a(z),0) € Flz]xF(z] satisfying Theorem[3.53.1] iff f(z) | g(x);
2. 3(0,b(z)) € Flz]| xFlz| satisfying Theorem[3.3.1 iff g(z) | f(z).
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Proof. By the symmetry of gcd, we need only prove the first claim without loss
of generality. In the forward direction, we have a(z)f(x) = ged(f(x), g(z)), so

f(z) | ged(f(z),g(x)). Therefore, by Lemma [2.4.64] f(z) | g(x). In the reverse
direction, f(x) | g(z) implies 3s(x) € F[z] such that g(z) = s(x)f(z). Considering

(a(x),b(x)) € Flx]xF[z] satisfying Theorem we have (a(z) + b(z)s(z)) f(z) =
ged(f(x), g(x)). Defining o' (x) = a(x)+b(z)s(z), we see that (a’(x),0) also satisfies
Theorem B.3.11 O

Corollary 3.3.5. Consider two polynomials f(x), g(x) € F[z] not both zero:
1. If 3(a(z),0) € Flz] xFlz] satisfying Theorem[3.3.1], then a(x) € F, a(z) # 0;
2. If 3(0,b(x)) € Flz]xF[z] satisfying Theorem then b(z) € F, b(x) # 0.

Proof. By the symmetry of gcd, we need only prove the first claim without
loss of generality. In this case, a(z)f(z) = ged(f(z),g(x)), and so f(x) |

ged(f(z),g(x)). Therefore, by Lemmas [2.4.67, [2.4.75, and Definition [2.4.72) we
have ged(f(x),g(z)) = af(x), a # 0, and so o = a(x). O

3.3.1.2 Bézout’s Identity for a Finite Set of Polynomials

Using the properties of ged, we may extend Theorem to a finite set of polyno-

mials,

Theorem 3.3.6 (Bézout’s Identity (Finite Set)). Consider a finite set of polynomi-

als { f;(x) € F[z]} not all zero, indezed over the set {1,...,n}, wheren € Z*, n > 2.

Then, there exists a set of polynomials {a;(x) € F[z]} indexed over {1,...,n} such
that,
> ai(@) fi(x) = ged ({£5(2)}). (3.3.2)
j=1

Proof. Let us proceed by induction. For n = 2, Theorem holds. Assuming the
case n = k, k € Z*, k > 2, we apply Theorem to frr1 and ged(fi, ..., fr),
thus,

ged(fi, .o fror1) = a,(x)fk—i-l(x) + b/(l") ged(fi, .-, fr)

= a'(2) frp1(x) + V' (2) Z@j(ﬂf)fj(ﬂ?)-
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Theorem [3.3.6]is the version of Bézout’s Identity which is of most use to us. The
behaviour of many important elements in unital associative algebras, such as the
spin generators, can be characterised by their minimal polynomials. We will soon
see that this information is most readily accessed via this theorem.

Since Theorem [3.3.6[is built from recursion using Theorem [3.3.1] we may assert,

Corollary 3.3.7. Consider a finite set of polynomials {f;(x) € Flz]} not all zero,
indexed over the set {1,...,n}, wheren € Z*, n>3. IfVk €{2,...,n— 1},

[ng(fla SR 7fk) 'f fk+1:| A [fk-f—l Jfng(flv SRR fk)L (333)

then P{a;(x) € Flx]} indexed over {1,...,n} satisfying Theorem such that

ag(x) =0 for some k € {1,...,n}.
Proof. Since Theorem [3.3.6| is build recursively using Theorem [3.3.1] we apply
Lemma at each step to ensure each new o'(x), 0 (z) € Flz] are non-zero. [

3.3.1.3 Polynomial Order of Bézout Polynomials

The method of construction in Theorem [3.3.6does not typically yield low polynomial

order Bézout polynomials. Fortunately, we may always reduce this order,

Lemma 3.3.8. Consider a finite set of non-zero polynomials { f;(z) € Flz]}, indexed

over the set {1,...,n}, where n € Z*, n > 2, such that }k € {1,...,n} such that

fr(z) = Bgcd({fj(x)}) or fr(z) = ﬂlcm({f](m)}), for 8 € F, B # 0. Then, we
may always find a set {a;(x)} indexed over {1,...,n} satisfying Theorem such
that Vj € {1,...,n},

|a; (@) + [ £; (@) < [lem({f;(z)})]- (3.3.4)

Proof. Consider a set {ag-o) (x) € Flx]} indexed over {1, ...,n} which satisfy Theorem
but not the condition (3.3.4). Taking this together with Lemma [2.4.83 Im €
{1,...,n} such that,

|l ged({fi(@)})] < Nem({f;(2)})| < laf (2) fn()]. (3.3.5)

Thus, we construct the set,

K = {0, max({]a (@), (@)]}) ~ [lem({£,()})]
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and define Vp € K, k, = max(K) — p. Let us define the polynomials, Vp € K,

Vi e {0,...,n},

"D (@) = al (z) — o 2" g;(x),
where g;(z) € Flz] satisfies lem ({ f;(2)}) = g;(= )fj( ), and ay%) € F is the coeffi-
cient of the (k, + [lem({f;(z)})|)-order term in a ( )fi(z). We claim that the set

{a!™>FDY gatisfies both Theorem [3.3.6/and the inequality (3.3.4).

J

To see this, first note that the inequality (3.3.5)) implies Vp € K,

>l =0, (3.3.6)
j=1

Thus, Vp € K,
Z aE-pH)(x)fj(a?) _ Z agp) (z)f;(z) — (Z agl‘ﬁp)>lﬁp 1cm({fj (x)})
= (@) fi()

so the set {a§-p " (z)} satisfies Theorem [3.3.6] iff {a§p )(x)} does. Therefore, since

{a§0)} satisfies Theorem [3.3.6, so does {agmaX(K)H)} by induction. Furthermore,

since Vp € K, Vj € {1,...,n},

a" (@) f;(z) = al? () f(x) — ol @ lem ({ f;(2)}),

pH)( )f;(x) has zero (k) + [lem({f;(z)})|)-order term. Thus, by induction, Vp €
K,Vje{l,...,n},

0P (@) f;(2)] < Ky + [lem({f;(2)})]-

Hence, {agmaX(KHl)} satisfy the inequality (3.3.4)). O

3.3.2 Identity Resolution from a Monic Polynomial

We will now describe the general procedure to produce a resolution of the identity
from an arbitrary monic polynomial. This, and its application to elements of unital

associative algebras with minimal polynomials, will be used heavily in Chapter [4]

3.3.2.1 Resolution via Irreducible Power Form

Definition 3.3.9 (pi(z), ¢x(x)). Consider a monic polynomial m(z) € Flz| and its

irreducible power form,

v) =[] fi(z)". (3.3.7)

jeJ
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For all k € J, we define,

prl(x) = fr(z)™ (3.3.8a)
) =[] fi(a)®. (3.3.8b)
jeI\{k}

Lemma 3.3.10. For all k € J, pp(z)qr(z) = m(z).

Proof. By definition. O]

To understand how we may use the irreducible power form of m(z) to resolve the
identity, we must first describe some important properties of the gx(x). We begin

with their geds,

Lemma 3.3.11. For all S C J,

ged ({g(@) bres) = [ fi(2)". (3.3.9)

jeJ\S

Proof. For all j, k € J, j # k, we have,

ng(QJ H fl

lGJ\{J k}

The claim follows by induction. m
Corollary 3.3.12. gcd({qk(x)}) =1.

Proof. For S = J,
ng({Qk }kEJ H f]

jeJ\J
[
Lemma 3.3.13. For all k € J, VS C J\{k},
[ged({a;()}jes) £ av(@)] A [a(@) £ ged({g;(2)}jes)]- (3.3.10)

Proof. By Definition [3.3.9, Vk € J, VS € J\{k},

[k () t ai(x [Hq] ) | il ]

jeS

By Lemma [3.3.11} Vk € J, VS C J\{k},

[pe(@) | ged({gs(@)ses)] A [T as(@)  sed{as(@)bses)|.

jeS

Thus, if ged({g;(x)}jes) | ar(z), then by Lemma [2.4.64) pi(z) | gr(x), which

is a contradiction. Similarly, if gx(x) | ged({g;(x)}jes) then by Lemma [2.4.64]
[Tes4i(z) | ged({g;(7)}jes), which is a contradiction. O
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Now, we consider their lem,
Lemma 3.3.14. lem({g;(z)}) = m(z).

Proof. For all j, k € J, j # k, we have,

tem(gy (), () = [ ey = mi).

leJ

Thus, by Lemma [2.4.79, we are done. O
With these properties in hand, we may present our identity resolution,

Theorem 3.3.15. Consider an arbitrary monic polynomial m(x) € Flx|. Then,

I{a;(z) € Flz]}, such that,

> a(@)gi(x) = 1, (3.3.11)

jed

and Vj € J, a;(z) # 0 with,

|a;(@)] + [g; ()] < [m(z)]. (3.3.12)

Proof. By Theorem and Corollary [3.3.12] we establish the existence of {a;(z)}
such that holds. That Vj € J, aj(x) # 0 is a consequence of Corollary
and Lemma [3.3.13] That Vj € J, a;(x) satisfies the inequality follows from
Lemmas 13.3.8 and [3.3.14l [

Theorem demonstrates how to utilise the information contained in a poly-
nomial to resolve the identity. In Chapter |4, we will apply this method to the
minimal polynomials of ad(5?) when acting on arbitrary elements in U(so(3,R)),
and in so doing uncover important information about the physically distinct observ-

ables for a system of arbitrary spin.

Example 3.3.16. Consider the monic polynomial m(z) = (z—1)3(2*+x+3)*(z+5)
and define,

q(z) = (x — 132 + 2 + 3)?
@) = (z —1)*(z +5)

g3(z) = (2° + 2+ 3)*(x + 5).

One may easily verify that,

1
529000

a(x) = —
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(2) 1998 2999 404 1163
as(x) = — x° — e — T —
2 330625 330625 13225 330625
(2) 15989 609 N 57619
az(x) = x — x
’ 2645000 28750 2645000’
satisfy Theorem [3.3.15]

Remark. We have so far only proved the existence of {a;(x)} satisfying Theorem
3.3.15] In Section [3.4] we shall give a general method for determining them for an

arbitrary identity resolution.

3.3.3 Identity Resolution in Quotient Algebras of F|z]

In this thesis, we wish to exploit the algebraic structure of the minimal polynomials
of elements in unital associative algebras to study important algebraic structures.
To do this, noting Lemma [2.4.89] we must understand how the resolution of the

identity of Theorem [3.3.15( behaves in a quotient algebra of F[x]. This will be of

central importance to the developments of Chapter [4

3.3.3.1 Identity Resolution by m/(x)

Lemma 3.3.17. Consider an arbitrary monic polynomial m(x) € Flz|, and the

quotient algebra,

K]
I (m(x))
Then, the resolution of the identity (3.3.11)) of Flx] from Theorem TEMains

unaltered in Qu(z)[x].

I

Q)| 7] (3.3.13)

Proof. Since the inequality (3.3.12]) holds, by Lemmas [2.3.23| and [2.4.4] no term in
(3-3.11)) becomes zero or is altered in Qy,(,)[]. O

While the expression (3.3.11)) is not altered by the quotient, its terms acquire useful

algebraic properties in Q. [z]. First, we note,

Lemma 3.3.18. In Q) (],
m(z) = 0. (3.3.14)

Proof. Direct consequence of Lemma [2.4.4] O

Lemma 3.3.19. In Q) [x], Yk € J,

pr(r)ag(z)qr(z) = 0. (3.3.15)
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Proof. By Lemma [3.3.18

pr(w)ag(z)qr(r) = ax(z)pr(z)qr(z) = a(x)m(z) = 0.

Lemma 3.3.20. In Q,,»)|z], Vi, k € J, j #k,
aj(x)g;(x)ag(x)qr(z) = 0. (3.3.16)

Proof. From their definitions, VI € J\{k}, px(x) | ¢;(z). Thus, 3r/(x) € F[z] such
that ¢ (z) = pe(z)r(z). So, by Lemma [3.3.19|

a;j(x)q;(x)ar(z)gr(z) = a;(x)pr(z)r;(v)ar(x)qr(x) = a;(x)r;(x)pr(z)ar(r)gr(z) = 0.

[
Lemma 3.3.21. In Q2] Vk € J,
(ax()ge(x))* = ax(w)ge(x). (3:3.17)
Proof. By Theorem [3.3.15 and Lemma [3.3.20, we have, Vk € J,
ax(0)au() = ar(w)au(v) (Z aj(@)g;())
= ; ar(x)q(x)a; (x)q;(x)
= (an(@)an(a))?
[

Thus, we have found that the {ax(x)gx(z)} are idempotent and mutually “orthogo-

nal”. Accordingly, let us introduce some useful notation,

Definition 3.3.22 (II,, (;)()). For all k € J,
M) (2) = ar()qu(@). (3.3.18)

Theorem 3.3.23. Consider an arbitrary monic polynomial m(zx), and the quotient

algebra Qe |x]. Then,
D I (x) =1, (3.3.19)

jeJ
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is a resolution of the identity of Qum)[x] in terms of mutually “orthogonal” idempo-
tent elements I, ()(x) € Q) [x], defined by Definition such that, Vj, k € J,
J#k,

Ly, (@) ()] < |m(z)| (3.3.20a)
Pr(2)IL,, @) (z) =0 (3.3.20D)
@) () @) () = T () () (3.3.20c)
I, () ()L () () = 0. (3.3.20d)

Proof. This follows taking Theorem [3.3.15, and Lemmas [3.3.19] [3.3.20], and [3.3.21
together. O]

Theorem shows that the terms in identity resolutions behave exactly as a
set of mutually “orthogonal” idempotents which are each annihilated by a different
irreducible power from the minimal polynomial use to generate the resolution. We
shall later see that these idempotents are exactly the generalisation of projectors
into eigenspaces that we require for a complete analysis of a real operator. This also
confirms that much of the essential information about, for example, an operator, is
accessible algebraically and basis-independently, without the need to add additional
mathematical structure. This supports our efforts to work entirely without complex

numbers, and will empower our analysis of the structure of arbitrary spin systems

in Chapter [4]

Example 3.3.24. Consider the matrix,

0 -1 000
1 0 000
A=10 0 200
0 0 030
0 0 00 3

We may easily verify that the minimal polynomial for A is m(z) = (x—2)(x—3)(2*+
1), and so the algebra generated by A is isomorphic to Q) [x]. Furthermore, we
may see that,

I, 2(A) = —%(A — 3I5x5) (A + Isxs)

1
M, 5(A) = 75(A - 2I555)(A® + I5ys)
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1
241 (A) = 1—0(14 + I5x5)(A = 2I545) (A — 3l545),
satisfy Theorem [3.3.23] where I5.5 is the 5 x 5 identity matrix.

Theorem [3.3.23] will be used extensively in Chapter [4]

3.3.3.2 Identity Resolution by a Multiple of m(x)

When utilising Theorem [3.3.23] as we later will, to decompose a vector space into a
direct sum of components, we may find we make use of an annihilating polynomial
for our chosen endomorphism which is not minimal. Let us consider this possibility,
and find that nothing important will change in doing so.

By Lemma[2.4.94] the minimal polynomial is always a divisor of any annihilating
polynomial. Therefore, let us consider a further quotient to Q,)[x] by one of its

divisors,

Lemma 3.3.25. Consider the quotient algebra Qy (x| and a polynomial m(z) such
that m(x) | n(x). Then, the resolution of the identity of Theorem by m(x) in
Oum(x)lz] is identical to the resolution of the identity by n(x) in,

(3.3.21)

up to equivalence of Bézout polynomials.

Proof. First, note that in K[z] we have II,, ;) = 0 when m(x) | Il,, (»), where the
IT,, 2y are defined using the factors of n(x). If m(z) { II,, (2), we may use Lemma[3.3.§
to reduce their polynomial order until |II,, ;y(x)| < |m(z)|. That these idempotents
are identical, up to equivalence, to those derived in Q) [x] is assured by the “Third

Isomorphism Theorem” for algebras (see [49]). O

Example 3.3.26. Consider again the matrix A from Example [3.3.24 We may
easily verify that n(z) = (x —1)(z — 2)(z — 3)?(#* + 1) is an annihilating polynomial
for A. Resolving the identity by this polynomial, we find,

I,y (2) =~ (&~ 2)(z — 3 + 1)

I, y(x) = (&~ 1w = 3P + 1)

(g (2) = —2—(1)0(21:5 —73)(z — 1)(x —2)(2* + 1)

/ _ 1 2
241(2) = 75582 = D@ = Dl - 2)(z - 3)".
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It can easily be verified that,

H;fl(A) =0
H;—z(A) = Ha:f2(A)
[T, _g2(A) = I, 4(A)

w21(A) = a2 (A).

3.3.4 Identity Resolution in General Unital Associative Al-

gebras

Before discussing the case of endomorphism algebras, which will be our primary
case of interest in this thesis, it is important to state how Theorem |3.3.23| relates to

general unital associative algebras.

3.3.4.1 Single Element Identity Resolutions

Combining Lemma [2.4.95| and Theorem [3.3.23] we immediately gain resolutions of
the identity element e € A by any element a € A of a unital associative algebra
A = (V, e, ¢) which has a minimal polynomial. This can be also be used to probe

the structure of another element b € A in terms of information we have about a,

Corollary 3.3.27. Consider two elements a,b € A of a unital associative algebra

A= (V, e ¢), for which a has minimal polynomial m(z), and the resolution of the

identity for a given by Theorem |[3.3.25. Then,

b= Z I, (a)(a) @ b eIl () (a). (3.3.22)

jked

Proof. Since e = ), ;11 (2y(a),

b=coboe= (Y T w@)ebe (3 Tyw@) = 3 Tyl e be T, wa).

jeJ keJ jked

O

3.3.4.2 Simultaneous Identity Resolutions

When attempting to resolve the identity element e € A of a unital associative algebra
A = (V,e,¢) by a collection of elements, the situation is much richer. However, we

may access one important case immediately,
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Corollary 3.3.28. Consider a unital associative algebra A = (V,e ¢e) and a set of
elements {a, € A} indexed over a set N, for which each element has a minimal

polynomial m,(z) and, Ym,n € N,
Uy ® Qi — Ay, ® Ay, = 0. (3.3.23)

Let us also denote the indexing set for the irreducible powers of the minimal polyno-
mial my,(z) by J,, and define the set,
L= X J, (3.3.24)
neN
to be the Cartesian product of the indexed sets {J,}. Then, there is a unique simul-
taneous resolution of the identity element e € A by {a,},

e =Y _ P({a}), (3.3.25)

leL

where, VYl € L,
B <{a”}) = ‘ le(n)(al(n))(al(n)>7 (3'3'26>

neN

with [(n) the n component of I.

Proof. For all n € N, we have resolutions of the identity,
€= Z I, (an) (an)-
Jj€JIn
Utilising the idempotence of the identity element e ® ¢ = e, we may combine these,

€= ‘ Z M, (an)(an)

neN j€Jn

- Z ‘ le(n)(al(n)) (al(n))'

leL neN
The uniqueness of this identity resolution follows from the mutual commutativity of

the {le(n)(al(n))<al(n))}’ Vi e L. L

Remark. Unlike the single element case, there is no guarantee that a given P, ({an})
is non-zero. Which of the {P;({a,})} are non-zero depends on the precise algebraic

relationships between the {a,}.

Lemma 3.3.29. For alll,l' € L,

P ({a, =0
P ({an}) ® Py ({an}) = (tan)) (3.3.27)

0 141,
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Proof. If | = I’, this can be directly computed. If [ # ', 3m € N such that
[(m) # '(m). Thus,

Pl({an}) o [y ({an}) = f({an}mém) o le<m)(am)(am) d le/<m)(am)<am) =0,

by Theorem [3.3.23| O

If the {a,} was not mutually commuting, then we may still construct simulta-
neous resolutions of the identity as in Corollary [3.3.28 However, such a resolution
is no longer unique, nor will the idempotents which comprise it necessarily satisfy
Lemma [3.3.291

In this thesis, we will not need to utilise simultaneous identity resolutions of either
variety. This content has been included here since understanding how to perform
simultaneous identity resolutions is essential to extend the results of Chapter |4] to

more structurally rich Lie algebras.

3.3.5 Identity Resolution in Endomorphism Algebras

The methods we have developed in this section can be applied to any unital as-
sociative algebra. In this thesis, we will utilise them exclusively as they apply to
endomorphism algebras. In this context, we may utilise a given identity resolution
to decompose the domain of our endomorphisms of interest in a basis-independent

way.

3.3.5.1 A-Orthogonality and A-Orthogonal Decompositions

To understand how an identity resolution from a given endomorphism A € End(V)

imparts structure on its domain V), let us first define some terminology,

Definition 3.3.30 (A-Orthogonal). Consider a vector space V over F, two subspaces
T,U CV,and A € End(V). Then 7 and U are A-orthogonal iff T N = {0} and
both 7 and U are closed under the action of A.

This usage of the word orthogonal may seem in tension with the notion of g-

orthogonality established in Definition [2.2.2} in fact, the two notions are related.

Lemma 3.3.31. Consider a Minkowski space-time (V,g) and let us define,

P:V — End(V)
(3.3.28)
P =aw (b~ glab)a).
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Then, Ya,b € V such that {a,b} is linearly independent, a and b are g-orthogonal,
i.e. g(a,b) =0, iff spang({a}) and spang({b}) are P(a)-orthogonal. Furthermore,
spang({a}) and spang({b}) are P(a)-orthogonal iff they are P(b)-orthogonal.

Proof. First, note that linear independence of {a, b} implies,

spang({a}) N spang({b}) = {0}

To see this, consider ¢ € spang({a}) N spang({b}), then Ja, f € R such that ¢ =
aa = fb. Thus, aa — b = 0, and so by the linear independence of {a, b}, we have
a=p=0.

Now, in the forward direction, we have P(a)(a) € spang({a}) and P(a)(b) = 0.
Thus, spang({a}) and spang({b}) are closed under P(a), so, given they intersect
trivially, we conclude that they are P(a)-orthogonal. In the reverse direction, closure
of our spans under P(a) entails P(a)(b) € spang({b}). Therefore, Ja € R such that
g(a,b)a = ab. Since spang({a}) Nspang({b}) = {0}, we conclude g(a,b) = 0. The

final claim follows from the symmetry of g. m
The notion of A-orthogonality may be extended to a set of endomorphisms,

Definition 3.3.32 ({4, }-Orthogonal). Consider a vector space V over F, two sub-
spaces T,U C V, and a set of endomorphisms {A; € End(V)} indexed over a set J.
Then 7 and U are {A;}-orthogonal iff Vj € J they are A;-orthogonal.

Remark. When the endomorphism or set of endomorphisms is clear from context,

we may refer to the subspaces simply as “orthogonal”.

With the notion on A-orthogonality in hand, we may consider decompositions

of a vector space compatible with this notion,

Definition 3.3.33 (A-Orthogonal Decomposition). Consider a vector space V over
[F, an endomorphism A € End(V), and a set of subspaces {{/; C V} indexed over a
set J which are each closed under the action of A. Then, {{/;} is an A-orthogonal

decomposition for V iff,

V= Pu,. (3.3.29)

jet
As before, this notion extends to a set of endomorphisms,

Definition 3.3.34 ({A;}-Orthogonal Decomposition). Consider a vector space V

over IF, a set of endomorphisms {A; € End(V)} indexed over a set J, and a set of
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subspaces {U), C V} indexed over a set K which, Vj € J, are each closed under the
action of A;. Then, {U;} is a {Aj}-orthogonal decomposition for V iff,
v=Pu,. (3.3.30)
jeJ
Remark. {A;}-orthogonal decompositions are a basis-independent generalisation of
simultaneous diagonalisation of diagonalisable matrices to all endomorphisms with

minimal polynomials.

When the endomorphism or set of endomorphisms is clear from context, we may
refer these decompositions simply as “orthogonal”. A-orthogonal decompositions

are vital to the decomposition of U(s0(3,R)) in Chapter [4

3.3.5.2 A-Orthogonal Decompositions and Identity Resolution

When considering an endomorphism A € End(V) which has a minimal polynomial
m(z), a resolution of the identity by A naturally yields an A-orthogonal decompo-

sition of V. To prove this, first note,

Lemma 3.3.35. Consider two endomorphisms A, B € End(V) satisfying [A, B] = 0.
Then, Im(AoB) C Im(B) and Im(BoA) C Im(A).

Proof. Follows from Im(BoA) C Im(B) and Im(AoB) C Im(A). O
Thus,

Theorem 3.3.36. Consider a vector space V over F, an endomorphism A € End(V)
with minimal polynomial m(x), and its associated identity resolution,
id =) ", 4)(A), (3.3.31)
jeJ
given by Theorem applied to the subalgebra C4 C End°(V).  Then,
{Im(IIp,4)(A))} is an A-orthogonal decomposition for V, i.e.,
V= P Im(I0,,4)(A)), (3.3.32)
jed

with each summand closed under the action of A.

Proof. For compactness, let us denote U; = Im(Il,;(4)(A)) and W = D, U;, and
define,

LW =YV



132 CHAPTER 3. MINIMAL POLYNOMIAL METHODS

L::E vw—>§ V5
w v

= jeJ

and the vector space homomorphism,

n:YV-—-Ww

n=ver T (A)(v).

jeJ
We will now show that these maps are two-sided inverses for each other. First,

Vv; € Uj, we have I1, 4)(A)(v;) = v;, and so,

() =n(2, )

jel jeu
=1 (;V I, )(4) (w))
= ;W Iy () (A) (;V Iy, () (A)(Uj)>
= kZW D i Moey (A) 0Tl () (A) (v5)
e jeJ
= ZW I, (a)(A) (v)
= ;W V.

Furthermore, Yv € V,

von(v) = (32 Ty (A)©)) = 3 T (A)(v) = id(v) = v.
jeJ jeJ
Therefore, nor = id,, and ton = id,,. Thus, V = W, ie. V is an internal direct
sum of the {Im(IL,,4)(A))}. To see this is an A-orthgonal decomposition, note that
by Lemma (3.3.35, Vj € J, Im(Aoll, (4)(A)) C Im(IIy;4)(A)), so each summand is

closed under the action of A. ]

The A-orthogonal decomposition of V which results from resolutions of the identity
by A will be of central importance to our decomposition of U(so(3,R)) in Chapter [4]
In fact, this procedure will enable us to identify the physically distinct observables
of a system of arbitrary spin, from which we shall construct our real algebraic
descriptions for such systems. Describing our systems in this manner will also give

us considerable descriptive power and insight into these systems.



3.3. IDENTITY RESOLUTION USING MINIMAL POLYNOMIALS 133
3.3.5.3 Minimal Polynomials on A-Orthogonal Decompositions

In light of Theorem [3.3.36} it is natural to consider the properties of the endomor-
phism A restricted to Im(II,,4)(A)),

Lemma 3.3.37. Consider an endomorphism A € End(V) with minimal polynomial
m(z) on V, and its A-orthogonal decomposition of V by Theorem |3.5.536, Then,
Vk € J, A has minimal polynomial py(x) when restricted to Im(II,, a)(A)).

Proof. By Theorem [3.3.23| py,(A) is annihilating on Im(IL,, (4)(A4)). Suppose py(z) is
non-minimal. Let us denote the minimal polynomial of A on Im(II,, 4y(A)) by r(z).
We can see that r(x)gg(z) is annihilating on V, so we must have r(z)q(z) | m(x).

This contradicts the minimality of m(z). O

3.3.6 Advantages of Identity Resolution Using Minimal

Polynomials

It would be useful at this stage to discuss some advantages of the methods presented
in this section for the elementary study of algebras. In particular, let us discuss their
benefits when applied to the algebra of endomorphisms.

Firstly, because the method relies only on the algebraic properties of the ele-
ment under study, the resulting idempotents are inherently basis-independent and
independent of the dimension of the algebra which contains them. This enables the
consistent construction of the idempotents independently of the context or size of the
model. It also means that (simultaneous) diagonalisation of our endomorphism(s)
of interest can be avoided whilst still enabling theoretical predictions to be made.

Secondly, it allows us to construct projectors into eigenspaces without first having
to find eigenvectors, and in the absence of a metric on the vector space. Doing so is
independent of the degeneracy of the eigenspace, allowing us considerable modelling
power in the presence of highly degenerate systems. This advantage in particular
will be exploited in Chapter [4]

Finally, it allows us to construct projectors into both generalised eigenspaces,
and other subspaces closed under the action of A in which non-zero eigenvectors do
not exist. This is achieved without the need to find the Jordan Normal Form of
A, which is especially useful when this isn’t possible. Furthermore, we have added

no additional structure to our model of study to achieve this; this avoids questions
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about the physicality of such additional structure, and empowers the study of endo-
morphisms on vector spaces over non-algebraically closed fields. This approach will

be foundational to the methods developed in Chapter [4]

3.3.7 Limitations of Identity Resolution Using Minimal

Polynomials

No single method is panacea for all mathematical woes, and so let us consider
some limitations of these methods as presented here, again with particular focus on
endomorphisms.

Firstly, because the minimal polynomial of an endomorphism A € End(V) is
largely insensitive to the dimension of V, our methods cannot determine the dimen-
sion of each space in the A-orthogonal decomposition for V. For similar reasons,
we cannot find projectors into different subspaces of a degenerate eigenspace, as the
endomorphism A sees all of these as equivalent. These limitations are technical but
not unexpected: if the algebraic structure of A is not sensitive to such details, then
methods which utilise this structure will not be either.

Finally, our methods cannot algebraically construct projectors into different sub-
spaces of a generalised eigenspace. To see this, consider breaking the minimal poly-
nomial (z — 2)(x — 1)? into three as (x — 2), (x — 2)(z — 1), (z — 1)? and applying
Bézout’s Identity. The greatest common divisor of the three polynomials together
is 1, but in Q_2y(z—1)2 the object a(x)(x — 2)(x — 1) is nilpotent, not idempotent.

These issues can be circumvented by performing a simultaneous resolution of
the identity with an endomorphism B that, in the first case, distinguishes subspaces
that A does not, or, in the second case, can resolve subspaces which A cannot. This
solution itself is limited by our knowledge of the algebraic relationship between A
and B, as this determines which idempotents in the simultaneous identity resolution
are non-zero. This information is unavailable in the minimal polynomials of A and
B, and must be understood separately. Therefore, to fully resolve these issues,
the methods of this section must be extended to utilise this additional algebraic
information, which must be understood in some algebraic form.

For the developments of this thesis, neither of these limitations will cause any
problems: the degeneracy of eigenstates is unimportant for the arguments of Chapter

M], and all minimal polynomials used in that chapter have only first-polynomial-order
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irreducible powers.

3.4 Bézout Coefficients and Formal Irreducible
Power Series

In Section 3.3, we saw that in Qp[z] the terms in an identity resolution
{ar(z)qr(x)} become idempotents. While the g (x) are known upfront in any iden-
tity resolution derived from a polynomial m(x), the Bézout coefficients {ay(x)} are
not. Since these idempotent elements are essential to the developments of Chapter
M, we must give an accounting for how to compute the Bézout coefficients in an

arbitrary identity resolution. In what follows, we will assume Q C F.

3.4.1 Properties of Bézout Coefficients
Let us begin by noting some general properties of Bézout coefficients,
Lemma 3.4.1. For all j,k € J, j # k, pr(x) | g;(z).
Proof. By definition. O
Lemma 3.4.2. For all j € J,
a;(@)] < |py(a)]. (3.4.1)

Proof. Since by definition |p;(z)| + |¢;j(z)| = |m(z)|, this follows from Theorem
3.3, 10) [

To access the algebraic properties of the Bézout coefficients, we must introduce

some homomorphisms to and from the quotient algebra Q,, (||,

Definition 3.4.3 (7, ). We denote the canonical surjection,

ﬂ-;?k(w) : F[x] - ka(x) [I]

(3.4.2)
ﬂ-],)k(x) = g(z) = [g()].
Definition 3.4.4 (x,, (,)). Let us define,
/
Xow(2) : Dpi(oy[2] = Flx]
Pe(e) - =Pul2) (3.4.3)

Xpp(o) = [9(2) ] = r(2),

where r(x) is the unique representative of [ g(x)] with minimal polynomial order.



136 CHAPTER 3. MINIMAL POLYNOMIAL METHODS

Lemma 3.4.5. For all k € J, in Qp, (z)[z],

X () O T ) (@ () = an(). (3.4.4)

Proof. By Lemma [3.4.2] all elements f(z) € [ay(z)] have form f(z) = ay(z) +
g(x)pr(x), where g(z) € F[z]. O

Lemma indicates that we may understand the ax(x) by considering

Opi()[z]. This reveals a simple way to compute the {ax(z)},

Lemma 3.4.6. For all k € J,

T () (@ ()T (2 (@1(7)) = 1. (3.4.5)

Proof. By Theorem [3.3.15| we have,

> ai(@)g;(x) = 1.

jeJ
Thus, Lemma entails that Vj € J, j # k, 7, (q;(x)) = 0. O

Lemma reveals a simple relationship between ay(x) and g(x): in Qp, ()[z],
they are multiplicative inverses. Furthermore, once a two-sided inverse element to
gr(x) is found, Lemma ensures it can be recovered whole and utilised in, for
example, Q,,(z)[z].

We will use this relationship to calculate the {ax(x)} for any identity resolution.
Computing multiplicative inverses in Q,, »)[z] may be achieved by, for example,
the Extended Euclidean Algorithm. However, this method does not offer us deeper
insights into the structure of the {ax(x)} and how they relate to {gx(z)}. In the
remainder of this section, we will present a method for computing {ax(z)} for a

general identity resolution which will explicate this connection.

3.4.2 Formal Power Series

In our endeavours, we are ultimately seeking to understand the inverse relationship
between {ay(x)} and {gx(x)} in a given context. Therefore, before we develop our
methods further, it is instructive to study the existence of inverse elements for a
broader algebra of objects than the polynomials. Specifically, let us consider gener-
alisations of polynomials which include expressions containing a countably infinite

number of terms,
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Definition 3.4.7 (Formal Power Series [67]). Consider a countable set {a,, € F}
indexed over a subset J C N. A formal power series f(x) in x is an expression,
fla) = an". (3.4.6)
neJ
Definition 3.4.8 (F|[[x]]). We denote the set of all formal power series in x with
coefficients in F by F[[z]].

Remark. Clearly F[z] C F[[z]], but in F[[z]] there also exist “infinite polynomials”.
It is important to note that there is no requirement for an arbitrary formal power

series to converge to an element of IF when evaluated.

Lemma 3.4.9. The set of formal power series may be given the structure of a
unital, commutative, associative algebra over IF, with addition, scalar multiplication,

and product defined as, Vf(x),g(x) € F[[z]], Vv € F,

flx) =) aa?, glx)=) B,
§=0 j=0

vf(x) ::ZWO‘J)IJ
f(z)g(x) ::Z (Z amﬁj_m> 2.

Proof. The axioms for both vector spaces and unital associative algebras may be

easily verified. m

Remark. We will abuse notation by also denoting the algebra of Lemma by
F{lz]].

Unlike F[z], many non-constant elements of F[[z]] have multiplicative inverses,

Lemma 3.4.10. Consider a formal power series f(x) € F[[z]], with constant coef-

ficient ag. Then, 3g(x) € F[[z]] such that f(x)g(zx) = g(x)f(z) =1 iff ap # 0.
Proof. See [67]. O

Remark. Despite the existence of multiplicative inverses in F[[z]] for some formal
power series, there are important identity resolutions involving gi(x) for which a

multiplicative inverse does not exist in F[[z]], such as when g (x) = z.
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3.4.3 Formal Irreducible Power Series

To overcome the non-existence of inverses elements in F[[z]] for {qx(z)} is some
situations, we must generalise the notion of a formal power series to expressions

involving any arbitrary irreducible polynomial.

3.4.3.1 Formal Irreducible Power Series

Definition 3.4.11 (M (). Consider an irreducible polynomial f(x) € F[z]. Then,

we denote by My, the vector subspace of Flz] for which Va(x) € My, |a(z)| <

|/ ()]-

Definition 3.4.12 (Formal Irreducible Power Series). Consider an irreducible poly-
nomial f(x) € Flz], and a countable set {u;(x) € My} indexed over a subset

J € N. A formal irreducible power series in f(x) is an expression,
S wy(a) f(a) (3.47)
jed

Definition 3.4.13. We denote the set of all formal irreducible power series in f(z)

with coefficients in My, by S(F|z], f(z), Mfw))-

Remark. This definition mirrors that of formal power series, except we allow the
coefficients of the series to be polynomials of strictly lower degree than, but in the
same element z as, the irreducible polynomial f(x). This will substantially alter the

algebraic properties of S(F|x], f(x), M) when we define it.
It is useful to identify,

Definition 3.4.14 ((In)Finite-Order Series). Consider g(x) € S(F[z], f(x), Mfw)),

which we write as,

o) = 3" mi(a)f (@) (3.4.8)

Then, g(x) is a finite-order series iff Ik € N such that pi(x) # 0 and Vn € Z*,
fr+n(z) = 0. In this case we say that |g(z)] = k. Otherwise, g(x) is an infinite-

order series.

As with formal power series, S(F[z], f(z), M) admits a natural vector space

structure,
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Lemma 3.4.15. The set of formal irreducible power series may be given the
structure of a vector space over F, with addition and scalar multiplication defined

Vg(m),h(x) S S(F[l‘], f(l‘), Mf(:c))7 Vﬁ/ € F;

g(x) = Zﬂj(f)f(ﬁ)j» h(z) = Z vi(@)f(z), (3.4.9)

=0
by,
ole) + 1(a) = 3 () + () ) (3.4100)
j=0
0(w) = 3G ) (3.410)
=0
Proof. The axioms for a vector space are easily verified. O]

Remark. As before, we shall abuse notation by denoting by S(F|[x], f(x), M) both

the set of formal irreducible power series, and the vector space on this set defined
in Lemma 3.4.15
3.4.3.2 Algebra of Formal Irreducible Power Series

S(Flz], f(x), My(z)) also admits an algebraic structure; its definition is as intuitive
as for F[[x]], but is mathematically more subtle due to the polynomial nature of the

coefficients. To facilitate this definition, let us first note,

Lemma 3.4.16. Consider a polynomial f(x) € F[z] and the quotient algebra
Qs lx]. Then, all g(z) € Qpwlx], g(x) # 0 have two-sided inverses in Qg |x]
iff f(x) is irreducible over F.

Proof. See [49]. O
Using Lemma [3.4.16], we may define,

Definition 3.4.17 (W}J(L)) Consider an irreducible polynomial f(z) € F[x], and a
polynomial g(x) € F[z]| written in the form,

9(z) = ag(x) + ar(2) f(x) + as(2) f(2)* + B(x) f(2)°, (3.4.11)

with Vj € {0,1,2}, a;(z) € My(,) and B(x) € F[z]. Then, Vj € {0,1,2}, we define,

()
i) Flz] = My

(j) (3.4.12)
i (9(@)) = a;(x).
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Remark. Writing an arbitrary polynomial in the form in Definition is always

possible using, for example, iterated polynomial division. Some more computational
1)

definitions for {71'](( STy T } and an account of their properties and relation-
ships, can be found in Appendlx [C1]

We may use these functions to define an associative product on S(Flx], f(z), My()),
Definition 3.4.18 (Product on S(F[z], f(x), Mfw)). For all g(x), h(z) €
SElzl, f(2), My(m)),

=S @A, b =Y @)

j=0

we define their product,

v) =Y npla) f(x)?, (3.4.13)
p=0
with, Vp € N,

J(v(zc) (,UO( L (:C)) p=20
np(z) = o (3.4.14)
Zﬂ-f(x) (Nq(l')’/p q + Zﬂ-f(a:) pig(@ Vp—q—l(x» pEZLT,

where we have suppressed the natural injections from My, to F[z].

Clearly this product is well-defined on all pairs of elements in S(F[x], f(x), M)

Furthermore,

Lemma 3.4.19. The product in Definition is bilinear, commutative, and

associative, with two-sided identity element 1.

Proof. See Appendix [C.1] O

Remark. We shall further abuse notation by denoting by S(F[z], f(x), Mf)) the
algebra formed with the product defined in Lemma (3.4.18|

Much like the polynomial and formal power series algebras, S(F[z|, f(z), My())

contains no non-trivial zero divisors,

Lemma 3.4.20. For all g(x),h(z) € S(Flz], f(x), Mfw), g(x)h(xz) = 0 implies
g(x) =0 or h(z) =0.
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Proof. We may proceed by contraposition. Suppose g(x) # 0 and h(z) # 0, so
Im,n € N such that,
g(x) =Y @) f@), he) = vi@)f(z),
j=m j=n

with g, (x) # 0 and v,(x) # 0. Then, we have,

g@h(@) = Y np(x)f (@),
p=m-+n
particularly,
4
W%) (1o(@)ro(2)) mn—=0
m+n
0
77m+n(l‘) = Zﬂj(c(gc) (HQ<x)Vm+n7q(l’))
q=0
min—1 m+n€ZT.
1
+ Z ﬂ—;(?r) (MQ(x)Vm—i-n—q_l (27))
\ q:O

When m +n = 0, we must have n(z) # 0 by Lemma [3.4.16] Since p;(xz) = 0,

vp(x) =0 for all 5,k € N with j < m, k < n, when m +n € Z* we have,

D () = T80 (fm ()0 ().

Thus, we must have 7,,,(x) # 0 by Lemma [3.4.16f Therefore, in any case,
g()h(x) # 0. =

Furthermore, it ensures all formal irreducible power series behave in the way we

expect of a series expansion in f(z),

Lemma 3.4.21. For all h(x) € S(Flz], f(x), Myw)),

h(x) =Y vi(x)f(z), (3.4.15)

=0
we have,
fla)h(z) =Y vi(e) fla) ™+ (3.4.16)
=0
Proof. We may write f(x) as,
flx) =) pix)f (),
=0

with py(z) =1, and Vj € N\{1}, p;(z) = 0. Writing,

f@)h(z) = ny(x)f(x)",
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we have, Vp € N,

0 p=20
My =
Vp—1(z) peZ*
Reindexing,
f@)h(z) =) vpa(@)f(@) =) wpla) ).
p=1 p=0

]

In fact, the relationship between S(F[x], f(x), M) and F[z] is more extensive
that it may first appear. To begin with,

Lemma 3.4.22. Consider two finite-order series g(x), h(x) € S(Flz], f(x), My(y)).

Then, g(z)h(x) is equivalent to their multiplication as polynomials in F|x].

Proof. See Appendix [C.]] O

From this, we see that,

Lemma 3.4.23. The set of all finite-order series forms a subalgebra of

S(Flz], f(x), My(z)) which is unital associative algebra isomorphic to Flx].

Proof. Closure can be seen by direct computation, and the isomorphism may be
established through polynomial division. O]
3.4.3.3 Inverses of Formal Irreducible Power Series

Like the algebra of formal power series, many elements in the algebra of formal
irreducible power series admit two-sided inverse elements. In fact, the condition for

such an inverse to exist is similar to the same condition for F[[z]] in Lemma |3.4.10}

Lemma 3.4.24. Consider a formal irreducible power series g¢g(r) €

S(E[z], f(x), M), _
g(x) = Z pi(@) f (@) (3.4.17)

Then, g(x) has a two-sided inverse with respect to the product of S(F|x], f(x), Mf))
iff po(zx) # 0.

Proof. See Appendix [C.1] O

For our purposes, this is an essential result,
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Theorem 3.4.25. Consider a polynomial m(x) € Flz]|, and the sets {pp(x) =

fe(z)% € Flz]} and {qi(x) € Flz]} as defined in Definition indexed over a
set J. For all k € J, Jgu(x)~' € S(Flz], fu(z), My () such that gn(z) 'qu(z) =

a(T)qp(x) = 1.

Proof. Consider some k € J. We may write any g(z) € F[x] as an irreducible power

series in fi(x) by iterated polynomial division. Thus, let us write,
) =Y k(@) fu(z) € S(Fla], fu(x), Myy),
=0

where n = L%J By definition, fi(z) t gx(x), therefore ro(z) # 0. By Lemma

3.4.24] we are done. OJ

We will soon see that the inverse formal irreducible power series g (z) ! is exactly
what we need to calculate the Bézout coefficients needed to construct resolutions of
the identity. This will be essential to probe the structure of U(so(3,R)) in Chapter
Ml

3.4.4 Inverse Formal Irreducible Power Series and Bézout

Coefficients

Theorem [3.4.25|establishes the existence of an inverse formal irreducible power series
for each gi(x) in an identity resolution, regardless of their form. We will now show
that truncations of this inverse series to a given order in f(z) are exactly the Bézout

coefficients we seek.

3.4.4.1 Quotient Algebras of S(F[z], f(x), My())

To do this, we must first discuss some important quotient algebras of the formal

irreducible power series. To begin, let us define,

Definition 3.4.26. For all k € Z™,

_ S(Ela], f(x), Myr)
TGO

Definition 3.4.27 (). For all k € Z", we denote the canonical surjection,

(3.4.18)

.+ S(Flz], f(x), My@)) = SQpar[7] (3.4.19)

™ = g(x) = [g(x)].
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Lemma 3.4.28. For allk € Z*, V[ g(x)] € SQyr[x], s(x) € S(Flz], f(x), My))
of finite-order such that [s(x)] = [g(
order series r(x) € S(Flx], f(x), M) of least order such that [r(x)] = [g(z)]

x)|. Furthermore, there exists a unique finite-

Proof. By Lemma [3.4.21], we may write,

g(x) = kzi pi() f D i
and 5o, B
(0) = Sl (o),
isin [9(a) ).

Now, suppose 3r(z) € S(F[z], f(x), My(y)) of finite-order such that, suppressing
inclusions, [r(z)] = [g(z)] with |r(x)| < |s(z)]. Then, [r(z)] = [s(z)] implies
s(x) —r(z) € I(f(x)?). Since by Lemma |s(z) — r(z)] < |f(x)*| —1 and
I (f(x)?) is proper, we must have s(x) = r(z). Thus, s(z) is of minimal polynomial

order and unique. O

Lemmas [3.4.23| and [3.4.28| motivate us to define,

Definition 3.4.29 (yy). For all k € Z*, let us define,
Xk : SQ k2] = Fla]

xi = [g(@)] = r(2),

where r(x) is the unique finite-order series representative of [g(z)] with minimal

(3.4.20)

polynomial order.
Remark. When working with xj, we will often leave implicit inclusions from F[z] to
S(Flz], f(2), My())-
Lemma 3.4.30. For all k € Z*, x; is a vector space homomorphism.
Proof. Clear from the definition. O]
Lemma 3.4.31. Denoting by i the inclusion,

i:Fle] = S(Flx], f(x), Mfw)), (3.4.21)
Vk e ZT,

mrotoxy = id. (3.4.22)

Furthermore, x s injective.

Proof. The first claim is clear from the definition. Injectivity follows from Lemma

B.4.31 O
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3.4.4.2 The Relationship between Quotients of Formal Irreducible

Power Series and Quotients of Polynomials

In particular, we must understand how SQ )« [z] relates to Q(,x[z]. To do this,

let us define,
Definition 3.4.32 (7). For all k € Z", we denote the canonical surjection,

™, Flz] = Q7]

(3.4.23)
m, = g(x) = [g(w)].
Definition 3.4.33 (x},). For all k € Z*, let us define,
/
v Q@ (3.4.24)

Xi = [g(x)] = r(z),

where r(x) is the unique representative of [g(x)] with minimal polynomial order.
Lemma 3.4.34. For allk € Z™,

T.0X} = id. (3.4.25)
Proof. Clear from the definition. m

Then,

Lemma 3.4.35. Denoting by i the inclusion,

i Fla] = S(Flz], f(z), M), (3.4.26)

Vk € Z", we have,
X3 Oy = XkOTkO1 (3.4.27)
Proof. This follows from Lemma [3.4.23| O

Definition 3.4.36 (¢;). For all k € Z+,

O+ SQg@prla] = Qryrla] (3.4.28)

bk, = T30 Xk-

Lemma 3.4.37. For all k € Z7, ¢y is a unital associative algebra isomorphism.
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Proof. That ¢;, is unital and a vector space homomorphism is clear. Let us first
show that ¢ is a vector space isomorphism. Consider [g(z)], [h(z)] € SQpe[z]
such that, ¢ ([g(x)]) = ¢ ([h(x)]). By Lemmas3.4.28] |3.4.31{and (3.4.35] we have,

xiomi(g(z)) = xwom(h(x))]
k(g(2)) = mi(h(2))],

S0 ¢ is injective. Furthermore, Lemma [3.4.28 implies that dim(SQx[7]) =

S

(
[XZOWZOXkOWk(Q(x)) = XZOWJQOXkOWk(h(f))}
[
[

dim(Qyr[x]) = |f(x)"] — 1, i.e. finite-dimensional. Thus, ¢, is a vector space
isomorphism.

Now let us show that ¢ is an algebra homomorphism. For all g(z), h(z) €
S(Flz], f(x), Myw)),
orom(g(x))dromi(h(z)) = moxwomk(g(z))m 0 xkomy(h(z))
= m, (xromi(g(@))xrom(h(x))),

which, by polynomial division, Lemmas |3.4.23] |3.4.31], and |3.4.35, and suppressing

inclusions, we may write as,

= moxom (xkomk(9(x)) xpome(h(z)))
) )

= 70Xk (Troxkomk(9(z))mpoxkome(h(z)))

= moxk (Ti(g(x))m(h(2)))

= ¢romi(g(z)h(z)).

(
= 7TkOXkO7Tk (Xkoﬂk(g(x) Xromk(h(z
(

3.4.4.3 Bézout Coefficients via SQ(,x[7]

With the relationship between SQ,x[z] and Qy(,[x] established, we may now

conclude,

Theorem 3.4.38. Denoting by i the inclusion,
i:Fla] = S(Flzl], f(x), My)), (3.4.29)
Vk € J, Vdy € ZT, with py(x) = fe(z)™ and i(qy(z)) € S(Flz], fu(z), My, (),

Ga;, 0T g, (qk(x)_l) = W;k(w)(ak(x)). (3.4.30)



3.4. FORMAL IRREDUCIBLE POWER SERIES 147

Proof.

[k ()" qr(z) = 1] = [¢a, 0ma, (qk(x) " g (2)) = ¢a, 07q, (1)]
= [¢a, oma, (q(x) ") da, oma, (q(z)) = 1]

= [¢a, 07a, (qu(x) ")y, (qi(x)) = 1].

Once we recognise that W;k(x) = 7, , the claim follows by uniqueness of two-sided

mverses. O

As promised, Theorem reveals the connection between qi(x)~! and the
Bézout coefficient ay(z): ag(x) is simply the truncation of i (x) ™! to the appropriate
finite order. Thus, if we can calculate qi(x)~! in full for arbitrary g(z), we can find
its Bézout coefficient, and we will have everything we need to analyse U(so(3,R))

by completely algebraic means in Chapter [

3.4.5 Computing Components of Formal Irreducible Power

Series

Since Theorem [3.4.25| only demonstrates the existence of qu(z)™' €
S(Flx], fu(x), My, (2)), we must now develop a method for its computation. To do
this, we require a number of homomorphisms on S(F[z], f(x), M (y)) which manip-

ulate its series in various ways.

3.4.5.1 Leading Coefficients of Formal Irreducible Power Series

An operation essential to our goal is the extraction of the leading coefficient of a

formal irreducible power series,
Definition 3.4.39 (74(,)). Denoting by ¢ the injection,
1 Mf(x) — F[I], (3.4.31)

and defining implicitly,

!
X' Qrwx] = My
/(@) /() (3.452)

AN
1oX = X17
we define,

Tf(z) = X oprom.
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Lemma 3.4.40. 7y, is a vector space homomorphism.

Proof. Clear by the definition. m

Finally,

Lemma 3.4.41. For all g(x) € S(Flz], f(x), My()),

g9(x) = Z pi(x) fx), (3.4.34)
we have,
Tr) (9(2)) = po(). (3.4.35)

Proof. By Lemmas [2.3.23] and [3.4.21],

() Zum(l‘)f (z) = Zuj(ﬂf)f (x) € I(f(2)).

Therefore, (g(x) — po(z)) € I (f(x)), and so in Qy[z], [g(x)] = [po(x)]. It is clear

that po(x) is the unique finite-order representative with minimal polynomial order,

so we are done. O
Consequently,

Lemma 3.4.42. For all g(z) € Flz], and suppressing inclusions,

Trw (9(@)) = 70 (9(2)). (3.4.36)
Proof. This follows from Lemma |3.4.41} O

Thus,

Lemma 3.4.43. For all g(x), h(z) € S(Flz], f(x), My)),

Ti(a) (9(2) () = Ty(0) (750 (9(2)) 75 (h(2))). (3.4.37)
Proof. Writing,
g(x) = Zuj(iﬂ)f(z)ja h(z) = Zvj(x)f(x)j,

by Definition [3.4.18] and Lemmas [3.4.41| and |3.4.42| we have, suppressing inclusions,

T (9(2)h(2)) = T () (ko(x)wo())

= Tf(x) (Tf(x)(g<x))7—f($)(h(x>))’

where we have suppressed the inclusions from My, into F[z]. O
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3.4.5.2 Derivations on Formal Irreducible Power Series

As with polynomials and formal power series, there are non-trivial derivations on
S(Flx], f(z), Mp(z)). We will use these later to reduce higher-order coefficients in

the series to leading-order. First,

Definition 3.4.44 (0,). We define 0, € Der(F[z]) by,
O (x) = 1. (3.4.38)
Now, note that,

Lemma 3.4.45. For all p(x) € My,

Ou(1(x)) € My (). (3.4.39)
Furthermore,

0u(f(x)) € My(s)- (3.4.40)
Proof. See Appendix [C.1] O

Thus, we may define,

Definition 3.4.46 (D,). For all g(z) € S(Flz], f(z), My(z)),
oe) =3 )i (e’ (3441

we define the function,
(3.4.42)

where, Vp € N|

8 = Ou(p1p()) + (p+ D)7 (1p1 ()0 (F(2))) + Py (11p(2)0:(F(2))), (3.4.43)

and we have suppressed the natural inclusions from My, to F|x].
Lemma 3.4.47. D, € Der(S(Flz], f(z), My)))-

Proof. See Appendix [C.1] H

As with the product on Der(S(F(z], f(x), M), D, reduces to familiar operations

on finite-order series,
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Lemma 3.4.48. For all finite-order series g(x) € S(F[z], f(x), M),

Dy(g(x)) = 0:(g()). (3.4.44)
Proof. See Appendix |C.1] n

We may utilise D, to define a convenient derivation for series manipulation. To

do this, let us note,

Lemma 3.4.49. D,(f(z)) € S(Flz], f(x), My(s)) has a two-sided inverse.

Proof. Since f(z) is non-constant, D, f(x) # 0. Thus, by Lemmas [3.4.24] and [3.4.45|

we are done. O

Accordingly, we may define,
Definition 3.4.50 (Dj(,)).

Dy : S(Fla], f(z), Mp@)) = S(Flz], f(z), Mpw)
Dy = g(x) = Dy(f(x)) ' D,

Lemma 3.4.51. Dy, € Der(S(F[z], f(x), My))) and satisfies, Vj € Z7,

(3.4.45)

Dipay(1) =0
Dy (f(2)’) = jf(x)’~"
Proof. Follows from Corollary [2.3.58 and Lemmas [2.3.59] [2.3.61} and [2.3.62 m

Remark. This derivation is the formal equivalent of the usual chain rule on real

functions, but does not require continuity to define.

3.4.5.3 Computation of Series Coefficients

We may use 7y(,) and Dy(,) in tandem to find the coefficients of any formal irreducible

power series,

Lemma 3.4.52. Consider g(x) € S(F[z|, f(x), M),

9(r) = i () f () (3.4.47)
=0
Then, Vk € N,
Tsw) (9(2)) E—0
() = k—1
;L](ZE) ;'Tf(m) OD;@) (g(gj)) _ 3 e 1 -)!Tf(m) OD;EI;;J)(MJ(:C)) e 7t
=



3.5. METHODS IN REAL UNITAL ASSOCIATIVE ALGEBRAS 151

Proof. See Appendix [C.1] O

Remark. It may appear as if we require the complete series for D, f (x)_1 to proceed,
but we may iteratively use Lemma to reduce to calculation to one involving
products of Ty (D, f(2)™") and 740, (DI (f(x))).

Therefore, we may easily compute the coefficient of an inverse formal irreducible

power series from,

Theorem 3.4.53. For all {qx(x) € Flz]} in an identity resolution, there exists a

multiplicative inverse,

B :Z%(a:)fk(x) S(Flz], fu(x), My, (2)), (3.4.49)
n=0
where, Vn € N,
Tfr(x) (Qk(x)fl) n=>0
“l=11 S o(n—j) "
ol (@) © ka(;p) qr(x Tfk o ka(gﬁ) (aj (x)) nezr.
j:O

(3.4.50)
Proof. This follows from Theorem [3.4.25| and [3.4.52] ]

Remark. As before, we may use Lemma [3.4.43|to reduce these expressions to contain
only T4z (qr(2) ") and 7 (DY (gx(2))), in addition to derivations of the previously
calculated coefficients.

Thus, we may calculate the inverse formal irreducible power series, and therefore
the Bézout coefficients, for any gg(z) in any identity resolution from the minimal
polynomial. Thus, we have a complete algebraic formalism for analysing U (so(3, R)),
which will ultimately empower our derivation of real algebraic descriptions for the
structure of systems with arbitrary spin. The formal irreducible power series for
qr(z) which we require to do this may also be computed by this method from the
polynomial form of gx(x), or directly though iterated polynomial division by f(z).

3.5 Minimal Polynomial Methods in Real Unital
Associative Algebras

The methods developed in Sections [3.3] and [3.4] are applicable for a wide range of
fields F. In this thesis, we are exclusively concerned with the case F = R. As such,

let us specialise our discussion and derive some results for this case.



152 CHAPTER 3. MINIMAL POLYNOMIAL METHODS

3.5.1 Irreducible Powers in R|z]

Before we can proceed with resolving the identity, we must understand which poly-

nomials of R[z] are irreducible,

Lemma 3.5.1. Consider a monic polynomial p(x) € R[x] which is irreducible over

R. Then, exactly one of the following is true:
1. p(z) =x — A, where A € R;
2. p(x) = (x —b)® + N2, where by\ € R, A # 0.

Proof. To see only first and second order polynomials can be irreducible, see [68].
That the only quadratic polynomials which are irreducible are the ones above follows

from the quadratic formula. m

Corollary 3.5.2. Consider a monic, irreducible power p(z) € R[z]. Then, exactly

one of the following is true:
1. p(x) = (x = \)", where A\ € R, and n € Z%;
2. p(z) = ((x = )2+ A", A\ #0, where b,\ € R, and n € Z*.

Proof. Follows from Lemma [3.5.1] O

3.5.2 Bézout Coefficients for Powers of a Real Linear Poly-

nomial

Let us calculate an explicit expression for the inverse formal irreducible power series
of gr(x) when pg(x) is an irreducible power of a linear polynomial. This is the most
common case we will encounter in this thesis. We will find, in this case, the formal

irreducible power series is equivalent to the Taylor series, as expected,

Lemma 3.5.3. Consider an identity resolution in which,

pe(x) = fu(z)™

fk(x) =T — )‘7

(3.5.1)

where d, € ZT, X € R. Then, with qu(x) defined in the usual way, qp(z)™! €
S(Flx], fu(x), My, (z)) has form,

(@)™ = an(z)(z — A", (3.5.2)
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with, Yn € N,

1

n=>0

an(z) = ql’“(A) (3.5.3)
ETJJ_A o " (qk(:v)_l) nezr,

with T,_x equivalent to evaluation by .

Proof. First, note d,(x —\) = 1. Thus, (8I(fk(x)))_l =1, and s0 O, (z) = 0,. Next,
note by definition Vp € N, |y, (2)| < |fi(z)], and so 0,(ay,(x)) = 0. Finally, since

Tex(@r(2)) = (N and 7, x(qu(x)'qr(z)) = 1, we have 7,_x(qn(z)™!) = O
Using these observations, the result follows from Theorem [3.4.53 O

Example 3.5.4. Consider the polynomial m(z) = (z — 2)3(2? + 1)%. Defining,

pa) = (x — 2)°

q(z) = (2% +1)%,

working within S(F[z],x—2, M,_,),and utilising Lemmas [2.3.61|and [3.4.43] we have,

11
ag(z) = @ ~ 95
1 1 2 8
o (z) ﬁrx_x(( (g (2))*0:(q(x))) = 195
1a(2) %Tm_/\(2(q_1(x))3(8w(q(x)))2 — (¢ (2))*07*(a())) = %
and so,
70 = e (D) 2+ (a2 RLE)

with R(z) € S(F[x],x — 2, M,_5). As such, the Bézout coefficient for ¢(z) in the

identity resolution by m(z) is,

18 38 )
a(x):%—ﬁ(x—2)+—(x—2).

3.5.3 Bézout Coefficients for Powers of a Real Irreducible
Quadratic Polynomial
Now, for completeness, let us calculate an explicit expression for the inverse formal

irreducible power series of gi(x) when pi(z) is an irreducible power of a quadratic

polynomial,
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Lemma 3.5.5. Consider an identity resolution in which,
pi(x) = fr(z)™
fe(x) = (x —b)* + N2,
where dy, € %, byA € R, X # 0. Then, with qx(x) defined in the usual way, and
denoting qp(z)~' € S(Flz], fu(z), My (2)) by,

(3.5.4)

gr(@) ™ = an(x)((@ = b)*+ A", (3.5.5)

and, Vn € N,
The() (@ (2)) = Ko + K1 (z — b) (3.5.6a)
an(z) =y + dpn(z — ), (3.5.6Db)

we have, Vn € N,

(Ko — ki1(x —b)
=0
K3 + A2K3 "
1 on —
an(2) = § =175 © Dy (a6(2) ™) (3.5.7)
"1 (2m =2\ O, TELT
+(°’“_b)z—<m > 2m—1 )2
\ “=m\m—1)22m=izem
Proof. See Appendix [C.2] O

Example 3.5.6. Consider the polynomial m(z) = (x — 2)3(2* + 1)2. Defining,
p(r) = (2 +1)°
q(z) = (z - 2)%,

and working within S(F[z],2? + 1, My241), we find 7,241(q(z)) = —2 + 11z, and

Ta241((22)7") = —%2. Thus, utilising Lemmas [2.3.61| and [3.4.43] we have,
1

ap(x) = _E(Q + 11x)
() = gy (-0 ()2 (20) " Dula@) + 22 = — 218+ 192),
and so,
¢ (z) = —%(2 +112) — %(18 +19z) (2” + 1) + (z* + 1)’ R(x),

with R(x) € S(Flx],2* + 1, M,2,1). As such, the Bézout coefficient for ¢(x) in the
identity resolution by m(z) is,
1 2 ,
a(x) = —35(2 + 11z) — @(18 +19z) (2® + 1).

This result can be combined with that of Example to construct the full reso-

lution of the identity by m(x).
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3.6 Chapter Summary

In this chapter, we have developed a methodology for extracting information about
an element of a unital associative algebra from its minimal polynomial. In so doing,
we have revealed that minimal polynomials encode much of the important informa-
tion about the way an operator behaves without the need for complex numbers or
explicit bases. Let us now summarise the important findings of this chapter, and
highlight where these results will be used in the remainder of this thesis.

Firstly, in Definition [3.3.9) we divided up a polynomial m(z) into its irreducible

powers,

Definition. Consider a monic polynomial m(z) € F[z] and its irreducible power

form,

m(x) =[] ().

jed
For all k € J, we define,
pr() = fi(x)™

gr(x) =[] fi(x)*%.

JEI\{k}
Using these, we can construct a resolution of the identity from Definition [3.3.22]
Theorem [3.3.23] and Lemma |3.4.2

Theorem. Consider an arbitrary monic polynomial m(x), and the quotient algebra
O |x]. Then,
ZHpj(w)(x) =1,

jet
is a resolution of the identity of Qumx)lz] in terms of mutually “orthogonal” idem-

potent elements 11, (o)(2) € Qua)[z], such that, Vi, k € J, j #k,

My () = ar(z)qu(z)
@) ()] < Im()]
Pr() @) () = 0

Iy @) (@) @) (2) = T () (2)

Hpj () (x)Hpk () (z) =0,

and Vj € J, a;(z) # 0 with,

|a;(@)] < |p;(@)].
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We will utilise such identity resolutions extensively in Chapter [4, where we will
resolve the identity using the minimal polynomials of important endomorphisms on
the universal enveloping algebra U(so(3,R)) and algebras derived from it.

To evaluate the coefficients {a(x)} in such identity resolutions, in Definition
we defined a generalisation of the Taylor series which gives a series in any

irreducible polynomial f(x),

Definition. Consider an irreducible polynomial f(x) € F[z], and a countable set

{u;(x) € My} indexed over a subset J C N. A formal irreducible power series in
f(x) is an expression g(z) € S(Flz], f(x), My()),
) =Y () f(x)
jeJ
Using this, we found an explicit construction for g,(z)™* € S(F[z], fu(z), My, (2))
from Theorems |3.4.25| and [3.4.53],

Theorem. For all {qx(x) € Flz]} in an identity resolution, there exists a multi-

plicative inverse,

=Y () fulz)" € S(Fx], filx), Myw)),

where, Vn € N,

Tho(w) (qe(x) ") n=0

an(q;) = 1 n—1 1
750 © Dy (@) ™) =

Tfk OD;IE?IJ( ](x)) neZt.

From Theorem [3.4.38] we may calculate the aj(z) by truncation to order dy.

Using this framework, we gave explicit expressions for the g;(z) ™! for both classes
of real irreducible polynomials; this is the case we will require for the developments
of Chapter [ Explicitly, the case of a power of a linear polynomial is described in
Lemma [3.5.3],

Lemma. Consider an identity resolution in which,
fru(x) =2 =X,

where A € R. Then, qi(x)~" € S(Flz], fu(z), My, (2)) has form,

= an(z)(z =\,
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with, Yn € N,
1

qr(A)

niTx_)\ o " (qk(x)_l) ne7Zt,

‘ xX

an(r) =

with T,_x equivalent to evaluation by A,

and the case of a power of an irreducible quadratic polynomial is described in Lemma

mu

Lemma. Consider an identity resolution in which,
folz) = (z = b)* + X2,
where b, A € R, A # 0. Then, denoting qx(z)~" € S(F(z], fu(z), Mp () by,
B(@) =Y o) (e - b+ )"
n=0
and, Vn € N,

Tfk(x)(CJk(ﬂf)) = Ko+ K1(z — b)

() = Y + 0n(x = 1),

we have, Yn € N,

4

Ko — K1(z — b)

=0
K2 + \2k3 "
1 on —
an(2) = { 75t © Dy (a6(2) ™)
"1 /2m—2\ 6,, TEL"

\ m=1
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Chapter 4

Arbitrary Spin Algebras

4.1 Chapter Aim and Outline

In this chapter, we will show that the structure of an arbitrary spin system is funda-
mentally geometric, not dynamical, in character, and due entirely to the symmetries
of Euclidean three-space. Furthermore, our approach will yield a complete account-
ing of the physically distinct observables for an arbitrary spin system, as well as
explicate the physical similarities and differences between systems of differing spins.
To do this, we will use the elementary formalism of Chapter |3| to derive a family of
real finite-dimensional algebras which describe the structure of a system with arbi-
trary non-relativistic spin; we will do this directly from the Lie algebra of Euclidean
three-space without the need to introduce: complex numbers; eigenstates; analytic
representations; magnetic moments; energy; momentum; angular momentum; or
time. The methods developed to construct these algebras are completely general,
and may be adapted to derive unital associative algebras which describe systems
conforming to irreducible representations of arbitrary real semisimple Lie algebras.
The content of this chapter first appeared in a publication by the author [61] and,
besides some notational changes, remains unaltered here. This work is structured
as follows:

First, in Section [4.2] we will highlight important differences between the real Lie
algebra uses in this work and the complexified Lie algebra used more commonly in
physics. We will also describe how to convert the results of this chapter for use
in such physical theories. Then, in Section we will motivate the need for this
algebraic analysis on physical grounds, and indicate the relationship between this

work and the traditional representations used to model systems with spin. We will
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also motivate the use of the universal enveloping algebra in this work. Following this,
in Section [4.4] we will present a method for decomposing the universal enveloping
algebra using the techniques developed in Chapter |3| using the algebra’s Casimir
elements. This will result in a decomposition of the universal enveloping algebra
into the irreducible “multipole” tensors, which form a natural basis for it and, later,
will form a complete set of physically distinct observables for spin systems.
Subsequently, in Section 1.5, we will use this decomposition to derive our sought
after “spin algebras” and justify our claim that they indeed describe all spins. In
so doing, we will find that each spin is completely determined by its largest non-
zero multipole tensor. Finally, in Section 4.6 we will contrast these new algebras
with many of the existing formalisms which seek to describe arbitrary spin systems,
and discuss the implications of this work on the interpretation and origin of spin in

quantum mechanics.

4.2 Notation

To avoid confusion, the author wishes to restate our definition for the real three-

dimensional Lie algebra s0(3,R),

EO(S,R) = (spanR({Sl,Sg,Sg}),x), (421)
with Lie product,
3
Sax Sy = EapeSe. (4.2.2)
c=1

This is done to avoid potential confusion by the reader, as this differs from the more

familiar definition for the complezified three-dimensional Lie algebra so(3, R)c,

50(3,R)c = (spang ({51, Sz, S5}), x'), (4.2.3)
with Lie product,
3
Sax'Sy =1 capeSe (4.2.4)
c=1

The results of this and subsequent chapters are given in terms of the generators
of 50(3,R) as we have defined it. In order to use these results, in physical theories
where the generators of s0(3, R)¢ have instead been used, one may rigorously convert

between them using the injective unital associative algebra homomorphism,
¢:U(s0(3,R)) — U(s0(3,R)¢)
®(S,) = —iS,.

(4.2.5)
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This map is well-defined, since it restricts to a Lie algebra homomorphism between

50(3,R) and s0(3,R)c, Va,b € {1,2,3},
d(Sy % Sp) = &(S,) X" d(Sp). (4.2.6)

It is worth highlighting that, since we are using the real so(3,R) we could use
its isomorphism with the cross-product algebra (R3, x) to recast all the objects in
this chapter in terms of tensors of three-dimensional Euclidean vectors. However,
this approach does not generalise well to higher-dimensional orthogonal Lie algebras.
Instead, expressing the generators of s0(3, R) in terms of bivectors as in Sectionm
offers a realisation in terms of geometrical objects which generalises to arbitrary

spatial dimensions. We will expand on this more in Chapter [5.5]

4.3 Motivation

4.3.1 Spin Through Representation Theory

The usual description of a spin-s system is as a finite-dimensional, irreducible rep-

resentation (V), p(*)) of the real Lie algebra su(2,C),
5u(2,(C) = SpanR({Sl,Sg,Sg}), (431)

of the Lie group SU(2,C), with Lie product,

3
Sax Sy = EapeSe, (4.3.2)
c=1
and,
P su(2,C) — End (V) (4.3.3)

is a Lie algebra homomorphism. From here, the process for finding the irreducible
representations progresses as outlined in Appendix which we will briefly sum-
marise here.

The traditional approach[69, |1] considers instead the complexification su(2, C)®gC,

and uses the ladder operator basis,

P9 (S1) = —i(p(S,) + g (5,)) (13.4a)
p(H) = —i(p"*)(S.)), (4.3.4b)
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to explore the representation’s root system. All finite-dimensional, irreducible rep-
resentations are found this way, and are labelled in relation to the value the Casimir

operator,
3
2o =D p(Sa)op!(S,) = —s(s +1) id, (4.3.5)
a=1

takes in that representation.

The operators and have a physical interpretation through their
action on the spinor space V®): considering spin as a form of angular momentum,
the (4.3.4a]) increase/decrease the amount of alignment or anti-alignment the spin
angular momentum has with the z-spatial-direction, which reveals. SE(S) is
then said to represent (the negative of) the total spin angular momentum of the

representation.

4.3.2 The Case for an Elementary Study of Spin

Despite the success of the traditional methods of representation theory, they yield
minimal insight into the fundamental physical properties of the systems the repre-
sentations describe.

Firstly, it tells us very little about the meaningful observables of the representa-
tion. The ladder operators are not observable, so the only observables the formalism
highlights are p(*®(S,) and Sz(s). Since in this picture these two observables are suf-
ficient to characterise each representation, one might consider these to be the only
relevant ones. However, it is known that there are higher-order observables within
the representation, such as the quadrupole and higher-order moments|70|. As these
play no role in this formalism, it is not clear if their existence is significant.

Secondly, there are issues surrounding the standard interpretation of the oper-

ators (4.3.4al), (4.3.4b)), and (4.3.5)). It is certainly a valid one in the complexified

theory, but cannot be considered so for the original real Lie algebra su(2, C), since
nor can be defined there. This raises questions regarding the role
of representations in the interpretation of physics, and the meaning of the complex
numbers brought into the formalism.

Finally, the physical significance of the group SU(2,C) is also unclear. Some
insight can be gained by recognising that SU(2,C) is the double cover (and in this
case also universal cover) of the homogeneous symmetry group of Euclidean three-

space SO(3,R). Unlike SU(2,C), SO(3,R) has a direct physical interpretation as
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the group of rotations. Furthermore, su(2,C) = so0(3,R) as Lie algebras. This
connection between spin and geometric symmetry is not just mathematical, it is
demonstrably non-trivial: fermionic systems require a 47 rotation to return to their

original state.

4.3.3 Spin from Real Euclidean Geometry

These observations lead us to motivate a more physically grounded and mathe-
matically elementary study of spin, working exclusively with the real structures
associated with the rotation group SO(3,R). As such, notions of dynamics shall be
avoided. It is worth highlighting that the rotations of SO(3,R) are not fundamen-
tally dynamical, i.e. gradual transformations of a physical space over time; they are
atemporal maps encoding a relationship between two configurations of the physical
space.

Since rotations preserve the Euclidean metric between any two elements of the
space, they are fundamentally geometric in character, in the sense of Section[2.2.1.3]
Furthermore, both the so(3,R)-action which underpins the SO(3,R)-action on the
space and the structure of s0(3,R) itself can be defined using only the structure
of the Euclidean metric, as in Definition [2.2.45] and Definitions and
respectively. Therefore, the mathematical structure responsible for giving rise to
the irreducible spin representations is a direct result of the Euclidean metric. Thus,
studying spin through the rotation group alone will directly connect it to Euclidean
geometry. It is in this sense that we claim that spin is geometric in nature; we will

expound this relationship in Chapter

4.3.4 Spin Through Algebras

Our decision to avoid introducing complex numbers presents an immediate challenge:
without their algebraic closure, we have no guarantee of eigenvalues for our opera-
tors. This makes the usual root system analysis inaccessible to us. The solution to
this problem can be seen by noting that the map p(*) from the usual representation
theory is mapping elements from an algebra in which only the Jacobi identity is
satisfied, to elements from an associative algebra. Since, associativity is a stronger
condition than satisfying the Jacobi identity, the map p(*) is effectively introducing

new structure to turn the Lie algebra into an associative algebra.
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Combining these observations with the presence of the identity (4.3.5), we are

compelled to seek unital associative algebras A®) which factor the map p(®),

2 — 1) o ®
a®) vV — A (4.3.6)

p® - AG) & End(V®),

for which,

o (axb) = a'¥(a) e (b)) — a'¥(b) e o'V (a), (4.3.7)

holds, where o is the product of A®). This splits the problem of representation theory
in half: first one finds all unital associative algebras which embed the structure of
the Lie algebra, then, if desired, one finds associative algebra representations of
these. The initial step in this splitting can be considered an algebraic approach to
the representation theory of Lie algebras, and shall be the focus of this chapter. We
will show that such an approach yields more meaningful descriptions of all spins
entirely in terms of their physical observables. From this point, the maps a'® we

will be developing will not be written explicitly for the sake of readability.

4.3.5 The Role of U(s0(3,R))

As with representations, there are infinitely many unital associative algebras on
which (4.3.7) holds, and every algebra we seek to construct satisfies this iden-
tity. This immediately compels us to consider the universal enveloping algebra

U(so(3,R)) of s0(3,R), which by Definition [2.4.18]is,

Definition 4.3.1 (U(so(3,R))). For all v,w € so(3,R),

T(s0(3,R))
I(v@w — wRv —vXw)

I

U(so(3,R)) (4.3.8)

The universal property of U(so(3,R)), as stated in Lemma entails that it is
the “most general” unital associative algebra satisfying ; thus, all other unital
associative algebras sharing this property must derive from it. Therefore, it is the
natural initial object to consider for our constructions.

To progress, note by Lemma[2.4.19 that U(so(3,R)) is infinite-dimensional. Since
all representations for particle spin are finite-dimensional, it is clear that U(so(3,R))
is too general to correspond to any of the algebras we seek. Considering the known

spin representations as faithful associative algebra representations, we imply the
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existence of finite-dimensional associative algebras with the same structure. But
since these algebras must derive from U(so(3,R)), the question is how to construct

them?

4.4 Decomposition of U(so(3,R))

4.4.1 Considerations for the Decomposition of U(so(3,R))

To derive finite-dimensional algebras from U(so(3,R)), we must decompose it in a
manner compatible with its algebraic structure. A priori, it is unclear how this may
be achieved. To understand some of the challenges inherent in this undertaking, let
us first consider how we may construct finite-dimensional algebras from the tensor
algebra T'(so(3,R)).

In the case of T'(s0(3,R)), we may find finite-dimensional algebras by quotienting
all tensors above a certain tensor order k[45],

T(so0(3,R))
I (s0(3, Ry2(k+1))’

(4.4.1)

where [ (so(3,R)**™V)) is the ideal generated[45] by the order-(k + 1) tensors.
However, we cannot expect this method to produce meaningful algebras from
U(so(3,R)), since in U(so(3,R)) tensor order is not well-defined. This can be seen
from the defining identity of the algebra, Va,b € so(3,R),

50(3,R)*? 5 ab — ba = axb € s0(3,R). (4.4.2)

To progress, we must find a scheme for constructing ideals which depends on some
well-defined property of the objects of U(so(3,R)).
To facilitate the development of such a scheme, recall Definition [2.4.33| of the

adjoint action ad on the universal enveloping algebra U(so(3,R)),

Definition.

ad(Sa)(Sb) = SaSb — SbSa = Sa XSb
(

AB AcR

ad(A) = B+  AB — BA A € 50(3,R)

ad(C)oad(D)(B) A=CD.

\
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Since the action of ad is entirely determined by the algebraic properties of
U(so(3,R)), it allows us to probe structures within U(so(3,R)) which are inher-
ently compatible with this structure. More precisely: we will use the adjoint action

to find an appropriate ad(U(so0(3,R)))-orthogonal decomposition of U(so(3,R)),
U(so(3,R)) = P M. (4.4.3)
=0

In fact, we may simplify this requirement by noting that to be closed under
ad(U(so(3,R))), it is sufficient for a subspace to be closed under ad(so(3,R)). Fur-
thermore, from its definition, it is clear that Vk € N, s0(3,R)®* C U(s0(3,R)) is
closed under ad(so(3,R)). Thus, we may focus our efforts on decomposing each
50(3, R)?*,

If we were to use a matrix representation for so(3,R)** as an ad(so(3,R))-
module[47], we could do this by changing to a basis where ad(S,) were in
block diagonal form VS,. This would become exponentially difficult however as
dim(so(3,R)®*) = 3*. What this does indicate however is that the action of
ad(so0(3,R)) contains all the information required to isolate these closed subspaces.
If we had extended scalars to C, we could make some progress simply finding each
eigenspace of a given ad(.S,), as these must be orthogonal. The core of these ideas
is using the properties of ad(so(3,R)) to understand the structure of the space on
which we are acting, i.e. s0(3, R)®*; we may access this information using the meth-

ods developed in Chapter [3|

4.4.2 Method of Decomposition

A priori, it is not clear how we must apply the formalism of Chapter [3| to a
set of non-commuting operators such as ad(S,),VS,. Fortunately, we may avoid
this complication entirely by instead working with the commuting set of operators

ad(Z(U(so(3,R)))), where,

Definition 4.4.1 (Z(U(s0(3,R)))). The centre Z(U(s0(3,R))) of U(s0(3,R)) is the

subalgebra,
Z(U(s0(3,R))) ={2 € U(s0(3,R)) | zA = Az, VA € U(s0(3,R))}. (4.4.4)

Lemma 4.4.2. The R-linear span of k-adic tensors so(3,R)** is closed under

ad(U(so(3,R))), Vk € N.
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Proof. 1t is sufficient to show so0(3, R)®* is closed under ad(so(3,R)). On 0-adics,
ad(so(3,R)) acts as 0. From Lemma [2.3.63, Va € so0(3,R), ad(a) is a derivation on
50(3, R)®*. Furthermore, by its definition, ad(a) on a l-adic tensor gives a 1-adic

tensor. Thus, ad(a) preserves tensor order for k > 1. O

Remark. We will use the derivation property of ad together with Lemma to
allow the adjoint action to act on s0(3, R)®* C T'(s0(3,R)). When we are using the

adjoint action in this way will be clear from context.

Lemma 4.4.3. Vz € Z(U(s0(3,R))), Vk € N, an ad(z)-orthogonal decomposition
of 50(3,R)** as defined in Theorem is also an ad(U(so(3,R)))-orthogonal

decomposition.

Proof. s0(3,R)®* is finite-dimensional, and so all operators on it have minimal poly-
nomials by Lemmal[2.4.91] SinceVz € Z(U(s0(3,R))), A € U(s0(3,R)), [z, A] = 0 we
have that [ad(z),ad(A)] = ad([z, A]) = 0. Now, fix an element w € Z(U(s0(3,R)))
and use Theorem to ad(w)-orthogonally decompose s0(3, R)®*, resulting in,

id = Z I1; (ad (w))

Therefore, [II;(ad(w)),ad(A)] = 0, Vj. Since by Lemma 50(3, R)®* is closed
under ad(U(s0(3,R))), this implies that Im(IL;(ad(w))) is closed under the action of
ad(U(s0(3,R))). As our choice of w € Z(U(s0(3,R))) was arbitrary, this completed
the proof. O

Thus, using ad(Z(U(so(3,R)))), we may find ad(so(3,R))-orthogonal subspaces
of 50(3, R)®* while avoiding the complication of non-commutativity amongst the
ad(so(3,R)). It is also unnecessary to consider the whole of Z(U(so(3,R))): it can

be generated by algebraic combinations of R and the Casimir element,

Definition 4.4.4 (S?). The quadratic Casimir element S* € Z(U(s0(3,R))) of
U(so(3,R)) is,

3

S? = S.S.. (4.4.5)

a=1

Therefore, only the action of ad(5?) need be considered (since all ad(R) just act as

scalings).
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Definition 4.4.5 (E and €(k)). To simplify the following mathematics, let us in-

troduce the notation,
E = ad(S?) (4.4.6a)
E(k) == ad(S?) + k(k + 1) idy (so(3,R)) - (4.4.6Db)

We will defer explaining the k(k 4+ 1) term in (4.4.6b|) until slightly later.
Since there are infinitely many so(3, R)®** we cannot simply find the minimal
polynomial of E on each of them. Instead, let us work iteratively and build up our

decomposition order by order.

Definition 4.4.6 (Left multiplication). We define the left multiplication action
L(A) on U(so(3,R)), VA € U(s0(3,R)),
L:U(s0(3,R)) — End(U(so(3,R)))
(4.4.7)
L(A) == B~ AB.
We will also abuse notation slightly and use L(a), Va € so0(3,R), as a map
50(3,R)®* — 50(3, R)®* 1 Vk € N, or as a map T'(s0(3,R)) — T(s0(3,R)). When

we are using the left multiplication in these ways will be clear from context.

Theorem 4.4.7. Given an E-orthogonal decomposition of s0(3, R)**, we may not
only promote this to an E-orthogonal decomposition of s0(3, R)***L but may refine

it to isolate more ad(U(so(3,R)))-closed subspaces.
Proof. See Appendix [D.1] O

Thus, Theorem reveals that we may decompose all s0(3, R)®* by starting
with a scalar, then repeatedly applying L(so(3,R)) and decomposing the result ac-
cording to the action of E at each step. Along the way, we will discover relationships
between families of these orthogonal subspaces which will indicate a natural set of
ideals, and therefore a natural set of finite-dimensional algebras, to construct from
U(so(3,R)). This procedure will ultimately empower our derivation of real algebraic

descriptions for systems with arbitrary spin.

4.4.3 Relationship Between L(v) and E

To successfully execute the scheme outlined in Section 4.4.2] we must understand
how L(so(3,R)) and E interact.
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Lemma 4.4.8. Vv € 50(3,R),
(£, [E,[E, L(v)]]] + 2[E27 L(Uﬂ = Ou(so3R)); (4.4.8)

where [-, -] is the commutator, and every implied product is composition. This iden-

tity holds on the whole of U(so(3,R)).

Proof. See Appendix [D.2] O

Definition 4.4.9. Let us denote by Ils4) € End(U(s0(3,R))) an idempotent for
which f(x) is the minimal polynomial for A on its image. Equivalently, f(z) is the

polynomial of least order such that,
f(A)ollf) = 0.

To understand the consequences of Lemma (4.4.8) it is instructive to consider

its action on a subspace Im(Ilg ;).

Lemma 4.4.10. On Im(L(v)ollg), with t > —%, E has annihilating polynomial,
pia)=@+t)(z+(t+1+Vat+1))(z+ (t+1— Vit +1)). (4.4.9)

Proof. Directly apply Lemma to Ilg,; and factorise. O

Lemma 4.4.11. V4t +1 e N ifft =m(m+ 1), m € N,

Proof. The backwards direction is trivial. For the forwards direction, our assump-
tion entails n? = 4t + 1 for some n € N. Therefore, n? is odd, so n is odd, and we

may write n = 2m + 1, m € N. Thus, t = m(m + 1). O
Lemma 4.4.12. Whent =m(m +1), m € N,

p(z) = (z+m(m+1))(z+ (m+1)(m+2))(z+ (m—1)m). (4.4.10)
Proof. Direct substitution. m

Remark. For m # 0 all three roots are consecutive naturals of the form m(m + 1),

and when m = 0 the roots are 0, 0, and 2.

To see the significance of this observation, let us begin our order-by-order de-

composition.
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Lemma 4.4.13. On R and so(3,R) the action of E has minimal polynomials,

m(x) =x (4.4.11a)
m'(zr) =z +2, (4.4.11b)
respectively.
Proof. Direct application of £ = ad(S?) on a € R and v € s0(3,R). ]

Remark. Since these contain a power of a single irreducible polynomial, no further

decomposition can be made here.

Lemma 4.4.14. On all subspaces S C U(so(3,R)) on which E has a minimal
polynomial, its minimal polynomial must be of the form,

m(z) = [] (z+n(n+ 1)), (4.4.12)

neN

for some finite N C N.

Proof. Noting that 0 = 0(0 4+ 1) and 2 = 1(1 + 1), we see that the minimal poly-
nomials and are of this form. Therefore, our iterative process
of E-orthogonal decomposition outlined in Section is initialised by subspaces
annihilated by linear polynomials with natural number constant terms. Therefore,
by Lemma [4.4.12] on every subspace we reach, F has minimal polynomial of the
form . By Theorem, m, E-orthogonal decompositions of every order of
tensor in U(s0(3,R)) can be achieved by our process when starting from R. Thus,
since all elements of U(so(3,R)) are linear combinations of k-adic tensors, on all
subspaces generated by a single element E has minimal polynomials of the form

(4.4.12)). Therefore, if a subspace has a minimal polynomial it must be of the form

(T.1.12). O

Remark. This accounts for the constant in (4.4.6h)).

Remark. While (4.4.10) is always an annihilating polynomial on Im(L(v)ollgy,),
we can see from and that it is not always minimal, and that
its minimality depends on the particular subspace we are acting on. Regardless,
we may use it to decompose Im(L(v)ollgy;) according to the methods of Section
8.3l If indeed the polynomial is not minimal on a given subspace, we will produce
idempotents that are Oy (so3,r)) along with the complete set of non-zero ones, as in

Lemma [3.3.25} as such, this will not cause any issues.
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4.4.4 Recursive Decomposition of k-adic Tensors

Since we have already found R and so(3,R) to be undecomposable, we may focus
on decomposing k-adic tensors for k > 2. It is convenient to capture each subspace
we derive as the image of a map so0(3, R)** — U(s0(3,R)), which will usually be

expressed as,
V1RV R). ..Qu — f(E)OL(Ul)OHE(m) (’02®. . .®’Uk), (4413)

for some m € N and some function f of E. The order k will correspond to the
total number of L(v;) that we have applied in our recursive scheme. For these
maps to make sense, their domains are so(3,R)** C T'(so(3,R)), not so(3,R)f** C
U(so(3,R)).

We may describe Im(L(v)ollg(,)) conveniently by combining the left multiplica-

tion and decomposition by E steps into three new actions.

Lemma 4.4.15. Let g, € End(U(so(3,R))) be a map on whose image E has

minimal polynomial €(m), m € N, then Vv € s0(3,R), B € s0(3, Ry,
L(v)oIlg(n)(B) = (L*(v) + L™ (v) + LT (v)) ollg () (B) (4.4.14)

where,

0 m=20

LMv) ol (B) = clmoc(m + 1) (4.4.15a)

L 4m(2m + 1)

L(U)Oﬂg(m)(B) m ezt

((E —2id)oe(1)
—4

OL(U)Ong(O)(B) m =0

L™ (v)ollg(m(B) = . (4.4.15b)
(m —1)oe(m+1) 4
\ —4m(m n 1) OL(U)OHg(m)(B> m € Z
(6(0)28(0)0L<U)OH5(0)(B) m =0
LT (v)oIlg(ny(B) = (4.4.15¢)

g(m — 1)og(m) .
(4(m +1)(2m + 1)

L(U)Oﬂg(m)(B) m e Z".

Proof. This follows directly from E-orthogonally decomposing Im(L(v)olle(,,)) using
Lemma [4.4.8] O

Definition 4.4.16. We will call the L¥(v)/L-(v)/L"(v) the “step-down/step-
level /step-up by v € s0(3,R)” operators respectively.
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Corollary 4.4.17. Ym € N,

E(m — 1)oL*(v)ollg(m(B) =0 (4.4.16a)
8(0)20L7 (U)OHg((D(B) m=0
=0 (4.4.16D)
g(m)oL(v)ollgy(B) m e Z*
E(m + 1)o LT (v)ollg(m(B) = 0. (4.4.16¢)
Proof. This follows by construction. n

Remark. We shall soon see that, in fact, L~(v)ollsg) = Op(so(s,r)) due to (4.4.10)

not being minimal on Im(L(v)oIlg(y)).

Using the step operators, our scheme of decomposition for U(so(3,R)) is equiv-
alent to applying all sequences of step operations by v; € s0(3,R) to 1 and keeping
those that yield non-trivial subspaces. We are guaranteed to decompose so(3, R)*
fully in terms of the non-trivial subspaces reached after k steps due to (4.4.14]

holding at every step. This process is summarised graphically in Figure 4.1

4.4.5 Decomposition into Multipoles

Figure shows a part of the E-orthogonal decomposition of U(so(3,R)), and
combines results from the whole of this Chapter. This shown part, which may be
verified through explicit computation, reveals that Vk € {0,...,4} there is exactly
one subspace annihilated by £(k) amongst all subspaces reached in k steps from
1. This subspace was reached by stepping-up from the unique subspace reached in
k — 1 steps that is annihilated by €(k — 1). Furthermore, there are no subspaces
annihilated by €(k) reachable in fewer than k steps. Let us extend these observations

to Vk € N.
Definition 4.4.18 (Multipoles). Let us recursively define a family of maps,
{M® : 50(3,R®* — U(s0(3,R))| k € N},
such that,
MO(a) =«

(4.4.17)
MY (weB) = LT(v)o M®(B).
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g(0) Im(M©@)  — Vo Wo X ey MO
(1) (M) "Dy, — W, == X, L Zs MO
A
X
£(2) Im(M®) — Wy ——3 Xp A E s MO
£(3) Tn(M®) — Xy A E MO
\ -
£(4) Im(M®W) 54 =Zy M@
y

C Rk

R 50(3,R) s0(3,R)®? s0(3,R)®3 s0(3,R)**

Figure 4.1: Diagramatic representation of the decomposition of U(so(3,R)), where
€(7)(V;) = 0. The vertical yellow bands contain subspaces of a given tensor order.
The horizontal yellow bands contain subspaces annihilated by a given polynomial
of E. The green vertical band contains the closures of the unions of all subspaces

in each yellow band, expressed as modules M®* of multipoles Im(M®*)) over the

centre Z(U(s0(3,IR))). These objects will be defined in Section [4.4.5

We refer both to M®*) (and its image) as the “multipole(s) of order &, and the
family {M®} as the “multipoles”. That the multipoles exist is given by Lemma
We will also use a component notation,

Ma,ap.ap = MW (Sy, @84,®..®8S,,). (4.4.18)
Remark. We see by definition, Vk € N,

E(k)yoM® = 0. (4.4.19)
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Lemma 4.4.19. Vp,q € N, p # ¢,
Im(M®) N Im(M?) = {0}

Proof. Suppose d € Im(M®) N Im(M). Then,

and so,

Since p # q, d = 0. n

Lemma 4.4.20 (Properties of Multipoles). Vk € N, each multipole M® | is closed
under the adjoint action of U(so(3,R)),

VA € U(s0(3,R)), ad(A)oM™ = M® oad(A), (4.4.20a)
18 totally symmetric,
Vr € Sy, MPor = M®), (4.4.20D)

and for k > 2, is contractionless,

3 k
Vm#ne{l..k}, Y 6ama"M(’“)<® saj) ~0. (4.4.20¢)

Um0 =1 7j=1
Proof. See Appendix [D.3] O

Lemma 4.4.21. Step-levels and step-downs from multipoles M*®), Yk € N, can be

written in terms of lower order multipoles,

(LS + =Dk +1) &
A(4k% — 1) OZ
p=1
(2 — 1)d,, MED ( 0% Sb]) k> 2
. J#p N
L¥H(Sa) oM™ ( Q) Sy, ) = .
@) 5 i)
q=1,9#p J#D,q
ésgdaln b=l
0 k=20

\
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4 k 3
%Z S, MY (5.0 S,) k2
k p=1 c=1 J#p
L (S,)o M® Sy ) = i 4.4.21b
(S)o (® ) %ZS P (4421D)
0 k=0,
Proof. See Appendix [D.4] ]

Lemma 4.4.22 (Minimal Polynomial for £ on Multipoles). (4.4.10) is minimal on
Im(L(v)oM®) for k € Z*, and (4.4.11b)) is minimal on Im(L(v)o M®).

Proof. See Appendix [D.5] O

Corollary 4.4.23. Lemma implies,

L (v)oM©® =0 (4.4.22a)
L' (v)oM©® = L(v)oM©. (4.4.22D)

Proof. ([{.4.22a]) follows from £(2)o M) = 0, and (#.4.22b)) from applying (4.4.22a)
to (4.4.14)). O

Table shows the image of M®*) on a k-adic tensor for the first five values
of k. These objects look like non-commutative generalisations of the Cartesian
multipole tensors, which supports our naming of the maps M®) “multipoles”. The
multipoles agree with the forms implied by [71], though their algebraic properties
and interrelationships are much clearer from this method.

The significance of the multipoles to our decomposition can be seen by consid-

ering the following.

Theorem 4.4.24 (Multipole Decomposition of U(so(3,R))).

U(so(3,R)) = PH M, (4.4.23)
j=0
where,
M) = spang g (Im( MUY, (4.4.24)

and R[S?] is the real polynomial ring over S?.

Proof. Lemma (#.4.15) and Lemma [4.4.21] applied to a multipole M® Vk € N,
reveals that left multiplication of a multipole by so(3,R) can be written as R[S?]-

linear combinations of multipoles. Since we have defined M(® = R, we may therefore
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Multipole Explicit Form
1
M, Sa
1 1
My, Z iso(a)sa(b) - 65a(a)a(b)52

c€Perm({a,b})

1 1
Mape Z ESJ(Q)Sa(b)Sa(c) — —b5()ov) (35 + 1) S, (0)

30
o€Perm({a,b,c})

1
_Saasa SUCSO'
D 575 Se(t)So(e) St

o€Perm({a,b,c,d})
Mabcd 1

168
1

BT

So(@)e(v)(6S% + 5)So(e)So(a)

So(a)o(0)0o(e)o(d) (S + 2) 5

Table 4.1: Images of the multipoles £ =0, ...,4 on k-adic tensors.

write any k-adic tensors, and thus any finite R-linear combination of k-adic tensors,
using multipoles. Therefore, U(s0(3,R)) is a sum space of the {M}. That this is
a direct sum follows from Lemma [£.4.79 O

Remark. Theorem 4.4.24]enables us to find the minimal polynomial of £ on any sub-
space of U(so(3,R)) via Lemma [4.4.12| It also gives us a description of U(so(3,R))
of exactly the right form to derive real algebraic descriptions for systems with arbi-

trary spin; we will do so in the next section.

4.5 The Spin Algebras

Unlike a tensor order decomposition of U(so(3,R)), each summand in the multipole
decomposition (4.4.24)) is trivially intersecting. Thus, we may derive a family of

algebras from it.

Definition 4.5.1 (Spin-£ Algebra).

IS

) U(so(3,R))

A= I (Im(M*+1))°

(4.5.1)
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Lemma 4.5.2. Vk € N, AB) s finitely generated.
Proof. The quotient by I (M®**1) imposes the identity M*™) = 0 on A, By
(A417), this implies M™ =0, Vn > k + 1. O

What is not obvious is that this process will yield a finite-dimensional real alge-

bra, since each summand in (4.4.24)) is a module over Z(U(so(3,R))).

h
2

), Vk € N,
L(5?) =L (W) . (4.5.2)

Proof. See Appendix [D.6] O

Lemma 4.5.3. In A

Remark. Since, (4.5.2)) applies to the whole of A% this means that in A the
Casimir element S? becomes a real scalar. Reindexing k = 2s, we see that S? =

—5(s+1) in A®, exactly what is expected for the spin-s representation.

In fact, this connection is more extensive than this.

Lemma 4.5.4.
dim (Im(M ™)) = 2k + 1 (4.5.3)

Proof. See Appendix [D.7] O

k
2

Remark. Accordingly, A(2) has dimension Z?:o 2j+1=(k+1)*>=(2s+ 1) This

is exactly the complex dimension of the operators in the usual complexified spin-s

representation.

Conjecture 4.5.5. Im(M**V) = {0} implies that if k is odd,

1(k-1)

I1 (sasa +(j+ %)2) — 0, (4.5.4)

J=0

and if k is even,
k

Sa [ ] (SaSa+5%) =0. (4.5.5)
j=1

[N

FEvidence. Using the Table we may calculate A+ (@kill Sa> in A(3). This is

J

in full agreement with the predicted spectra above. Further results may be easily

found using Corollary [D.3.9] from which we find the recurrence relation,

o) (o 0 (5
k+1 _ k
M ((§) Sa) = L(S,)oM ((§) Sa>

12 k—1

Ty LS (k= DMED(R)S.)),

J=1
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where S? will depend on the algebra we are working in.

Remark. This successfully predicts the complete eigenspectrum expected for our

basis.

Due to this correspondence we are justified in naming the algebra A®) the “spin-s

algebra”. More concretely,

Conjecture 4.5.6. The spin-s representation is simply an associative algebra rep-

resentation of A®, and derives its bulk structure from it.

In deriving the algebras A®, we have established that any spin may be specified
entirely by its largest non-zero multipole, and completely described by: a finite
collection of multipoles {M™|n € {0,...,2s}}; the identity L(S?) = L(—s(s + 1));
and a multiplication table, the start of which is given in Table [4.2] Such a table
may be extended using the explicit forms of multipoles in Table [4.1] and the step
identities of Section (4.4.5]).

This characterisation of the spin of a system in terms of its physical properties
offers a more fundamental picture of the phenomenon than has been possible up
to now. In traditional quantum mechanical formulations, spin is usually considered
instead in terms of the eigenstates of the dipole operator. Assuming the truth
of Conjecture [4.5.5] it is clear that the traditional view mathematically requires
complex structure for these eigenstates to be realisable; furthermore, this description
requires some direction in space to be used as a reference to describe the alignment
of these eigenstates. The multipole formulation requires neither of these additions,

and empowers a powerful yet descriptive approach to modelling systems with spin.

4.6 Discussion

4.6.1 Mathematical Comparison with Other Non-
Relativistic Models

The spin algebras A®) with s = % and s = 1 are completely consistent with the

Clifford and Kemmer algebras on {S,} defined by,

1
SuSy + SpS, + 5(5@ = (461&)

SaSpSe + SeSpSy + 0apSe + 0peSq = 0, (461b)
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RC | M M, Mey
M M Me Mef
! (3 +45%)
60
<_256fMa + 35a€Mf + 3(5an6)
Ma Ma %(5(1652]\44— %gsaeMs + Mae 1
+ §<€saeMsf + é?saf-]\4se)
+ Maef
2L 5234457
180
(—25(11;56]0 + 3(5(1651,]0 + 35af5be)M
1 2
1 +—(3+457)
—(3+45?) 40
60 (5ae€sbf + 5af€sbe + 5be€saf + 5bf€sae)Ms
(_25abMe + 35aeMb + 3§beMa> 1
Mab Mab 1 +—(15 + 452)
+ _(5saeMsb + Z':5126]\450,) 84
2 (_45abMef - 45@fMab + 35aebe

+ Mabe
+300f Mpe + 30pe Mo + 35beae)

2
+Mabef

Table 4.2: A partial table of multiplication for multipoles. Repeated indices in the

same term are summed over.

respectively. The identity for {S,} is directly implied by M® = 0 in A,
and the identity for {S,} is a consequence of M® = 0in AW but requires
some manipulation of the decomposed identity map for 3-adic tensors to prove.
Larger Clifford and Kemmer algebras which contain their {S,} counterparts are
definable on the physical three-space[22, |36, [37] using Definitions and ,
however it is unclear if any instructive comparisons can be made between them and

the spin algebras.

The counterparts to the Clifford and Kemmer algebras for spins greater than 1
are mostly unknown. The traditional method for constructing real, algebraic the-

ories for arbitrary spins is to form Cl3(R)®* from the Clifford algebra Cl3(R)[38],

1
+_(€saeMsbf + 5safj\Jsbe + 5sbeMsaf + €sbesae)



180 CHAPTER 4. ARBITRARY SPIN ALGEBRAS

wherein we may find a subalgebra which describes spin—g; this is similar to forming
a single system of arbitrary spin from multiple Spin—% systems. However, this ap-
proach is wasteful in the sense that the majority of Cl3(R)** does not describe our
desired spin, and consistently isolating the correct subalgebra can be challenging a
priori. This process also introduces an interpretational problem: if this is necessary
to describe a higher spin system algebraically, are all such systems necessarily com-
posite? This challenges the notion that, for example, spin-1 particles like the photon
can be fundamental. If they can be, then does this mean the algebraic approach
is inappropriate for such systems? The A®) provide a solution to these problems,
as they: can be constructed systematically without needing an algebra for a lower

spin; avoid the algebraic substructure the traditional method necessarily imparts.

Racah’s spherical tensor operator formalism[42] is also related to the spin alge-
bras: if we complexify U(so(3,R)) and choose some preferred primary element of
50(3,R), we can associate each of the 2k + 1 independent components of the mul-
tipole M®*) with a unique component of the rank-k spherical tensor operator. The
commutator between two spherical tensor operators is given by the adjoint action of
one upon the other. As a particular choice of basis, the complexified spin algebras
could be written in terms of the spherical tensor operators. However, since defining
the spherical tensor operators requires complex numbers and a preferred element of

50(3,R), the multipole spin algebras are more elementary and general.

The most important comparison yet to be made is with the standard matrix
representations|l] of a spin-s system. As discussed in Section the matrix repre-
sentations are associative algebra representations of the A®®), and thus the underlying
structures of both theories are identical. However, there are certain aspects of the
standard formalism that are implied but not immediately accessible in the real alge-
braic theory. For example, the non-zero eigenvalues of S, predicted by and
are pure imaginary, so projectors into the corresponding eigenspaces cannot
be constructed within the real A®). Since this is the case YM®™t) m € N, it
suggests these multipoles are not observable, unlike the M @™, Vm € N, which have
real eigenvalues. In the usual matrix representations, the customary extension of
scalars to C enables the definition of a complete set of observable multipoles with

constructible eigenstate projectors.

Though it may appear so, this is not a defect within the spin algebra formalism,

nor is it an indication that the transition to matrix representations is essential to do
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physics. Instead, it indicates that observable multipoles and spin eigenstates are not
fundamental in the description of spin; rather, they are an emergent phenomenon,
predicted by a larger algebraic theory, specifically one with some real, central, alge-
braic element which squares to a negative real. Though this might sound contrived,
quantum mechanics expressed as a real algebra contains such a structure; this im-
plies that, in physics, observable spin multipole moments and eigenstates are an

emergent, non-trivial prediction of quantum mechanics.

4.6.2 A Comment on some Relativistic Models

Since we have developed the spin algebras in a very restricted, non-relativistic set-
ting, any comparison of them with objects from relativistic or more physically com-
plete domains will be qualitative at best. However, in the case of Weinberg[32]
and later Giraud et al.[33, 44] the comparison is more precise. They define tenso-
rial objects which are totally symmetric, and contractionless out of spin operators
extended to Minkowski space. These spin operators have the identity as their time-
like element, and the resulting tensors are similar to our multipoles, but lack any
particular relationship with E. This makes the significance of these objects to the
symmetries of Minkowski space much less clear than the relationship the multipoles

have to rotational symmetry.

4.6.3 Applications of Spin Algebras

The spin algebras A® derived in this chapter are both of theoretical and practical
use. Firstly, as has already been discussed, once complexified in some way, each
AG) offers a comprehensive account of all the meaningful, orthogonal observables
associated with the spin of the system we are modelling. As such, we may use
the multipoles to exhaustively construct arbitrary Hamiltonians for the system by
linear combination. These Hamiltonians include all possible interactions between,
for example, the system’s spin and its environment.

For example, in spin-1 systems, spin quadrupole interactions are often included
by squares of a single spin generator[72, [73]; examining A" reveals that terms
like M,, are missing from both single- and two-site interactions, and that using S2
instead of M., in the Hamiltonian inadvertently introduces a constant energy shift

due to the presence of a monopole M term. This empowers the model builder to
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more systematically and precisely explore the resulting physics.

Similarly, considering a model of a composite system formed from a tensor prod-
uct of two or more spin algebras, we can easily account for all possible interactions
between the multipoles of the systems in the Hamiltonian for the combined system.
In both of these cases, the orthogonal nature of the multipoles ensures that the
resulting parametrisation of the Hamiltonian is physically relevant.

Secondly, as the product between two multipoles is knowable in closed-form
in terms of other multipoles, as in Table [4.2] a system of arbitrary spin can be
modelled on a computer without the use of matrices. This description may be
particularly advantageous when describing large collections of systems with spin, as
the dimensionality of matrices grows exponentially with particle number, whereas
the number of multipoles from different particles in a term of the combined algebra

grows only linearly.

4.6.4 Applications of the Decomposition Procedure

It is also worth highlighting that the methods developed in this chapter to derive
the spin algebras may also be applied in other areas of physics to study more exten-
sive or exotic symmetries. In particular, relativistic space-time symmetries such as
SO(3,1,R), gauge symmetries such as the SU(3,C) which governs the strong force,
and dynamical symmetries such as the Sp(6, R) which governs the linear symmetries
of both Hamilton’s equations|74] and the non-relativistic canonical commutation re-
lations|75], are obvious candidates which immediate applications within physics.
Conducting studies of this kind may yield new insights into systems governed by

these symmetries, as have been gained through the present study.

4.6.5 Interpretational Comparison of Spin with Standard

Descriptions

In this work, we have established that A®) captures the essential structure of a spin-s
system. By using real algebraic methods, we have shown that this structure can be
derived without the use of dynamics, matrix representations, or complex numbers,
amongst other things; they require only those structures naturally associated with
the geometric symmetry group SO(3,R) of Euclidean three-space. As such, we must

conclude that spin is fundamentally a geometric quality, not a dynamical one.
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In most formulations of quantum mechanics, it is assumed that spin is an intrinsic
form of angular momentum. Other more conservative descriptions, regard it as
some fundamental property that transforms like and phenomenologically behaves
like angular momentum. In Section we highlighted the differences between our
description and the standard matrix theory these formulations refer to. Accordingly,
the present work supports the latter view, insofar as it has revealed that there are
actually two distinct, but equally relevant, notions of spin in physics.

The first notion of spin is the dynamical “phenomenological spin”, which is the
angular momentum-like property familiar to all physicists. This spin is of primary
interest to those wishing to make phenomenological predictions of a physical system
from a model. The second notion of spin is the geometric “fundamental spin”, which
is derived solely from rotational symmetry and determines the basic properties of
the phenomenological spin. This spin is of primary interest to those interested in
quantum foundations due to the insight it offers into our physical theories. The
study of this spin, and the fundamental structures that underpin other properties of
physical objects, reveal which aspects of a phenomenon are fundamental, and which

are actually emergent, and in so doing enrich our understanding of physics.

4.7 Chapter Summary

In this chapter, we discovered that complex numbers, angular momentum, quantum
mechanics, and special relativity are not required to develop the structure under-
lying a system of arbitrary spin. In fact, only the structure of the generators of
rotations s0(3,R) of Euclidean three-space is required. This suggests that spin is
fundamentally geometric, not dynamical, in character. Let us now summarise the
important findings of this chapter, and highlight where these results will be used in
the remainder of this thesis.

Through Definitions [2.4.28) and [4.4.18] and Theorem [4.4.24] and the methods

derived in Chapter [3] we developed a method of decomposition for the universal
enveloping algebra U(so(3,R)) of s0(3,R) using its centre Z(U(s0(3,R))) under the

adjoint action ad in terms of the physically distinct multipole tensors,

Theorem.

U(so(3,R)) = EH MY,
j=0
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where,

MU = SpanR[SQ](Im(M(j))),
with Vk € N, Va € R, Vv € 50(3,R), VB € s50(3, R)®¥,

M® : 50(3 R** — U(s0(3,R))

MO (a) =«
ad(S? + k(k —1))oad(S* + k(k + 1))

M (0@ By) = 1E+ D2k + 1)

(U@M(k)(Bk)),

and R[S?] is the real polynomial ring over S?.

From this decomposition, in Definition we derived the spin algebras, which
by Lemma are real unital associative algebras that capture the properties of

the algebra of spin operators for an arbitrary spin system,

Definition. For all £ € N,

5 Ulso(3,R))

Al
I (Im(M(k“))) ’

Lemma. In A%, Vk € N,

L(S*) =L (M) :

4

By their construction, these algebras reveal that the spin of a system is deter-
mined by their highest-order non-zero multipole. With the addition of complex
numbers, or complex structure from an enveloping theory, the multipoles constitute
the complete set of physical observables for a system with arbitrary spin. This com-
plex structure is also required to access the non-zero spin eigenstates of the system.
We will utilise the real spin algebras in Chapter |5 to construct position operator

algebras which naturally subsume the structure of a system of arbitrary spin.



Chapter 5

Indefinite-Spin and Arbitrary-Spin
Position Operator Algebras

5.1 Chapter Aim and Outline

In this chapter, we will explore the fundamental relationship between spin and the
geometry of space. To do this, we will use the spin algebras derived in Chapter [4] to
construct a family of real infinite-dimensional algebras of position operators, within
the algebraic structure which is encoded the algebraic structure for the spin degrees
of freedom of the system. This will demonstrate that the geometry of FKuclidean
three-space (FE, d) is all that is required to construct algebras which naturally model
and incorporate the structure of arbitrary spin systems. Furthermore, we will show
that spin is a necessary consequence of geometry and that its presence naturally
generates non-commutative geometries.

For the majority of its development, the approach presented here is applica-
ble to space-times with non-degenerate metric signatures, laying the groundwork
for future relativistic studies. The algebras we construct by these methods gen-
eralise the Clifford and Duffin-Kemmer-Petiau algebras, and offer a path towards
finite-dimensional counterparts of the same with arbitrary spin. The content of this
chapter first appeared in a publication by the author [65]; besides notational changes
and restructuring of the content to fit better within this thesis, this work remains
faithful to that originally published. This chapter is structured as follows:

First, in Section [5.2, we will motivate our approach by relating spin to the
symmetries of Euclidean three-space, and how non-commutative geometry may play

a central role in realising the structure of arbitrary spin systems through geometry

185
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alone. We will also state a list of properties which we will demand of position
operator algebras of the kind we seek. Then, in Section [5.3] we shall consider
the Clifford algebra of Euclidean three-space, and show that it satisfies two of the
three properties we desire. We will also show that its algebraic structure necessarily

prevents it from supporting the structure of an arbitrary system.

Following this, in Section 5.4}, we will adopt a more synthetic approach to the
construction of our desired algebras. We will first derive the Lie algebra action
for the symmetries of a general Minkowski space-time (V,g) through elementary
arguments using Householder reflections. Then, we will prove that this so(V, g)-
action enjoys a unique algebraic form within any unital associative algebra. This
will ensure that the algebraic form of this action is completely general and that our
knowledge of the Clifford algebra form does not bias our construction. In Section[5.5|
we will use this result to construct the “Indefinite-Spin Position Algebra” P.(V, g):
a general position operator algebra which supports an so(V, g)-action but contains
no inherent spin structure. This fact will be proven by considering the structure of

the arbitrary spin algebras.

Consequently, in Section [5.6] we shall restrict our attention to Fuclidean three-
space (FE,6§) and combine the spin algebras A® with the Indefinite-Spin Position
Algebra P, (E, §) to construct the “Spin-s Position Algebras” P& (E, §) for all values
of spin. We will show that our construction is consistent with the commutative
position operator algebra of quantum mechanics when s = 0, and otherwise yields
novel non-commutative algebras whose spin generators are spatial bivectors. We
will then discuss the degree to which these algebras constitute non-commutative
geometries whose structures are generated by the spin degrees of freedom of our
system. Finally, in Section 5.7, we will contrast the P%*)(E, §) with other higher spin

models, and consider the implications of these algebras for quantum mechanics.

Note: especially in Section [5.5.2] the Kronecker delta d,, will not, in general, be
an alternative notation for the metric d applied to unit length basis vectors. When
this is the case will be clear from context. We will also develop our ideas using non-
degenerate space-times as much as possible, and specialise to Euclidean three-space

only when necessary to connect to these algebras of generators.
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5.2 Motivation

5.2.1 Spin and Geometry

In non-relativistic physics, spin presents phenomenologically as a form of angular
momentum which is intrinsic to some quantum mechanical systems. Typically, we
model such systems using a tensor product between the position-momentum state
space and the “internal” spin state space. The latter is taken to be an irreducible
representation of the real Lie algebra su(2,C). In this model, a clear line is drawn
between the geometry of the space the system occupies, which is captured in the
position-momentum degrees of freedom, and the spin degrees of freedom. However,
the two are more connected than they might first appear.

To see how, let us recall from Definition [2.2.63|
Definition (so(3,R)). The real Lie algebra so(3,R),
50(3, R) = spanR({Sl, SQ, Sg}),

with Lie product,

3
S, xS, = Z EabeSe.
c=1

It is well-known that so(3,R) generates the Lie group SO(3,R), which is the group
of rotations in Euclidean three-space [7]. These rotations preserve the Euclidean
geometry of the space on which they act, directly connecting the structure of so0(3, R)
to this geometry. On the other hand, su(2,C) is isomorphic as a Lie algebra to
50(3,R) [7]. Thus, in principle, it should be possible to relate the spin degrees of
freedom of a system, modelled by representations of su(2,C) (equiv. so(3,R)), to
the geometry of Euclidean three-space.

A connection between spin and geometry has been investigated in myriad ways
by many authors. In the relativistic domain: Savasta et al.[76, |77] associate spin
with the SO(4,R) symmetry present between three-velocities and rates of change
of proper time; whereas Kaparulin et al.|78] relate spin to geometric qualities of a
particle worldline. In non-relativistic physics, Biihler[79] instead connects spin to
polarisations of a wave in Euclidean three-space via the Lie group SL(2,R). Many
of these models also seek to describe spin without the need for internal degrees of

freedom.
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Of principle interest to this chapter is the approach taken by Colatto et al.|80],
who introduce a connection between spin generators and non-commutative position

operator algebras in Euclidean three-space,

Definition 5.2.1 (Position Operator Algebras). Consider the set {z,} of posi-
tion operators in a physical model indexed over a set J. The {z,} form a non-

commutative position operator algebra iff da,b € J such that,
(£, 23] # 0. (5.2.1)
Otherwise, the {z,} form a commutative position operator algebra.

Non-commutative position operator algebras constitute non-commutative geome-
tries in the sense of [28] 29, 30], which are employed by many as a way to incorpo-
rate gravity into quantum mechanics. In the case of Colatto et al., they consider a

non-commutative position operator algebra satisfying, Vp, ¢ € {1, 2, 3},
3

. ih A
[, &4] = -~ ZEPWS”’ (5.2.2)
r=1

with S, the usual spin generators for a spin—% system. Thus, encoding spin into
quantum mechanical systems in this way invites the possibility of novel interactions
between spin and gravity.

We will generalise this model of Colatto et al. in a number of ways. Firstly,
we will construct real non-commutative position operator algebras. Secondly, our
algebras will be independent of any notion of “internal” space relied on in most
descriptions of spin. Finally, our non-commutative position operator algebras will
model the position and spin degrees of freedom of a system with arbitrary spin.
With these generalisations, we will establish elementary connections between ar-
bitrary spin and the geometry of Euclidean three-space through non-commutative
geometry. Exploring this connection will contribute to ongoing efforts to unify quan-
tum mechanics and gravity, and is paramount to the efficacy of such models in the

future.

5.2.2 Desired Properties for a Non-Commutative Position

Operator Algebra

Within this chapter’s approach to realising spin within a non-commutative geometry,
there are a number of properties that the author wishes a non-commutative position

operator algebra to have:
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1. An action of the connected symmetry group for the space(-time) should be

encoded within the algebra, enabling us to algebraically transform its elements;

2. The generators of the connected symmetry group for the space(-time) should

exist as elements of the algebra and;

3. The structure of a system with arbitrary spin should be subsumed within the

algebra of the generators.

While this may appear to be a challenging list of requirements, the Clifford and
Duffin-Kemmer-Petiau[36, 37, [81] algebras famously possess all of these properties.
Therefore, to gain a general understanding of the kind of algebras we wish to con-

struct, let us first study the Clifford algebra.

5.3 The Clifford Algebra as a Position Operator
Algebra

5.3.1 The Clifford Algebra

Let us recall Definition [2.4.41] for the Clifford algebra,

Definition (Clifford Algebra CI(V,g)). Given a Minkowski space-time (V,g), its

Clifford algebra[57] C1(V, g) is the quotient algebra, Vv, w € V,
)
I (v@w+wev — 2¢(v,w))’
by the two-sided ideal I (v®@w + w®v — 2g(v,w)) generated by all tensors of the

Cl(V,g) =

given form, Vv, w € V. We will follow the community by leaving the product of
Cl(V, g) implicit.
Defining the Clifford algebra in the above way explicates its defining algebraic iden-
tity, Vv, w € V,

vw + wu = 2g(v,w). (5.3.1)
Also recall Lemma [2.4.43] which shows that,

Lemma. As a vector space, C1(V, g) = A(V), and is spanned by the k-blades.

Remark. From Lemma|[2.4.43| we see the Clifford algebra is constructed from objects
which each have a definite geometric character. Furthermore, the defining algebraic
structure of the Clifford algebra ([5.3.1]) is controlled entirely by the properties of the

metric g. As such, it is an algebra with a strong and natural geometric character.
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5.3.2 The Desired Properties in the Clifford Algebra

With the structure of the Clifford algebra understood, let us see how each of the
properties defined in Section emerge within it.

5.3.2.1 Generators and the Action of SO"(V,g) in CI(V,g)

In Lemma [2.4.49, we already saw that the algebra of bivectors under commutator
in Cl(V,g) is Lie algebra isomorphic to so(V,g). Thus, in Cl(V,g) the generators
of SO*(V, g) are the bivectors A?(V). Furthermore, we recall from Definition [2.4.45

the action of bivectors on the whole Clifford algebra has the form,
Definition (uclE[). For all a,b,c € V,
ug(anb)(c) = (aAb)c — c(anb) = —2(g(a,c)b — g(b,c)a).

As such, we see our first two required properties are satisfied in C1(V, g).

5.3.2.2 The Role of Algebraic Structure in the Action of SO*(V,g)

Before moving on, it is important to note the algebraic form of uy(aAb) is a result
of the algebraic structure of Cl(V,g). To explore this connection further, recall
that, from Lemma [2.4.53] the Duffin-Kemmer-Petiau algebra on V admits a similar
s0(V, g)-action, Va,b,c € V,

Ugip(anb)(c) == (aNb)c — c(anb) = —%(g(a,c)b —g(b,c)a),

which again is derived from the structure of its algebra. The properties of these
actions, such as being a derivation, are determined by their algebraic forms, which
necessarily affects the character of their induced SO (V, g)-actions. As such, to make
general statements about the relationship between spin, symmetries, and geometry;,
we must determine if (aAb)c — c(aAb) is the general form for the so(), g)-action in
an arbitrary unital associative algebra, independent of any additional structure in

the algebra. This shall be confirmed in Section [5.4.2]

1'We have chosen the symbol u for this and related actions for no other reason than its relation-

ship to the maps t and p defined in Definitions |2.2.45| and |2.2.53| respectively.
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5.3.2.3 Spin-; Structure in CI(E,J)

Restricting our attention now to the Clifford algebra CI(£, ) of Euclidean three-
space, we may discover the structure of a Spin—% system embedded within the alge-

braic structure of its bivectors. To explicate this, let us introduce some notation.

Definition 5.3.1 (5). Consider a Euclidean three-space (E,d) and a basis {e,}
which is orthonormal with respect to 6. Then, in its Clifford algebra CI(F,?),
Vp € {1,2,3},
3
1
S = -1 Zeabp ea/\ep. (5.3.2)
a,b=1

Lemma 5.3.2. In CI(E,0), Vp,q € {1,2,3},

3
SiSh— SuSh =3 eprSL. (5.3.3)

r=1
Proof. Consider equation (2.4.33)) on basis vectors. Then transform both bivectors
on the left-hand side using (5.3.2) and simplify the right-hand side. O

Having recovered the canonical form of so(3,R) from the bivectors of CI(E, ),

we quickly discover that R & A?(E) C CI(FE,§) is an associative subalgebra.
Lemma 5.3.3. In CI(E,0), Vp,q € {1,2,3},

1 1
Proof. See Appendix [E.T] O

Corollary 5.3.4. In CI(E,¢), Vp,q € {1,2,3},

3
1 1
88 = =70+ 5 > S, (5.3.5)
r=1
Proof. Follows directly from Lemmas [5.3.2 and [5.3.3] O

And so we find,

Theorem 5.3.5. The subalgebra R & A*(E) C CI(E,§) under the Clifford product

15 wsomorphic as an algebra to the real Pauli algebra,

1 1
1+ [2, S;c — 52'0'1, Slll — —§’i0y, S; — §iUZ,

where Iy is the 2 x 2 identity matriz and {o;} are the 2 x 2 Pauli matrices.

Proof. This can be verified directly using Corollary [5.3.4] O

Remark. Theorem shows that CI(E, §) contains the structure of a spin-3 system
algebraically within R @& A?(F). This is widely known, for example in [22] [32] [83].
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5.3.2.4 The Origin of these Properties in CI(E,J)

It is clear from the outset that, in the case of the Clifford algebra, these proper-
ties are connected to its defining identity (5.3.1)). However, if we are to generalise
these properties to arbitrary spin systems, we must understand the extent of this

connection.
Lemma 5.3.6. There is a hierarchy of identities within C1(V, g), Ya,b,c,d € V,

ab + ba = 2g(a,b)
4
(anb)e — clanb) = —=2(g(a,c)b — g(b,c)a) (5.3.6)
4
(anb)(cAd) — (eAd)(aAb) = ugy(anb)(cAd),

where the implication A = B indicates that identity B may be derived within CL(V, g)

assuming identity A alone.

Proof. The second implication follows from the proof of Lemma [2.4.48| and the first

from the proof of Lemma [2.4.46 O]

Theorem 5.3.7. The spm—% structure of CI(E,0) is a direct result of its defining
relation, Ya,b € F,
ab + ba = 20(a,b). (5.3.7)

Proof. The proof of Lemma in Appendix derives Equation (5.3.4)) directly
from ([5.3.7)) on basis vectors, utilising elements of C1(F, §) whose algebraic properties

are also the result of ((5.3.7)). Since (5.3.3) is also a consequence of (5.3.7) by Lemma
we see Corollary is as well. By Theorem [5.3.5] we are done. O

Theorem [5.3.7 shows that one cannot realise the structure of an arbitrary spin

system within a Clifford algebra.

5.3.3 Limitations of Clifford Algebra-Based Approach

As an algebra of position operators satisfying the requirements of Section the
Clifford algebra is fundamentally limited to describing a Spin-% system by Theorem
5.3.7] As such, we cannot hope to retain its algebraic structure and describe a system

with arbitrary spin. A standard approach to overcome this problem is to construct
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a tensor power algebra Cl(E, §)®¥; this algebra contains a Clifford substructure yet
contains subalgebras with the structure of arbitrary spin systems|38] for large enough
k. Indeed, subspaces of tensor products of this algebra also underpin the definition
of many classic higher spin models[39}, 40, 41].

However, considered as an algebra of position operators, this method also does
not meet our requirements. To see why, first note that we are ultimately look-
ing for algebras which may be compatible with quantum mechanical theories of
systems with arbitrary spin. In principle, such theories should be able to accom-
modate Hamiltonians with arbitrary position-dependent potentials, including, for
example, all polynomials of position operators. We can see from this consideration
that the space of all position-dependent potentials is infinite-dimensional. However,
regardless of the size of the tensor power, CI(E,§)®* is always finite-dimensional;
this severely limits the position-dependent potentials which may be algebraically
realised within the Hamiltonians of the model.

As such, we cannot use the Clifford algebra as a base for the algebras of position
operators that we seek. This immediately raises a number of challenges. Firstly,
without the structure of the Clifford algebra, we cannot guarantee that our alge-
bras will naturally entail an action of so(}V, ¢g) within their structure. Secondly, we
have no guarantee that the algebraic form of this action in our algebras will follow
the commutator form of Definition [2.4.45} this forces us to consider whether the
generators of spin are bivectors for arbitrary spin systems. Finally, it is unclear at
this stage if algebras containing the structure of arbitrary spin systems can be con-
structed in a consistent and compatible way with the so(V, g)-action we are seeking
to implement. To address these challenges in a way independent of the Clifford

algebra, we must adopt a more synthetic approach.

5.4 The General Algebraic so(V, g)-action

In order to have a natural SO (V, g) action in our position operator algebras, we
must first establish the general form of an so(V, g)-action within it. So far, we have
only seen the so(V, g)-action in the context of the Clifford algebra, wherein it has a
particular form and algebraic implementation. A priori, it is unclear which aspects
of this are particular to the Clifford algebra. Therefore, to ensure the generality of

the non-commutative position operator algebra we are constructing, it is prudent
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to derive both the form and algebraic implementation of the so(V, g)-action by

elementary means and using only the properties of g to guide us.

5.4.1 The so(V, g)-action on Vectors from Reflections

By the Cartan-Dieudonné Theorem , every element of O(V, g) is a composition
of reflections. Thus, we should be able to access the entirety of SO(V, g) through
them. Thus, we should be able to identify s0(), g) by studying the algebraic struc-
ture of reflections. To begin, let us recall Definition of metric adjoints,

Definition (g-adjoint). Consider a Minkowski space-time (V, g). A g-adjoint of an
endomorphism A € End(V) is an endomorphism AY9 € End()) such that Yv,w € V,

g(A(v)w) = g(v,A%(w)).

We must also recall Definition [2.2.16] which gives the notions of self- and anti-self-

metric-adjoints,

Definition (Self- and Anti-Self-g-adjoint). An endomorphism A € End(V) is self-

g-adjoint when A9 = A, and anti-self-g-adjoint when A9 = —A.
Using these concepts we find,
Lemma 5.4.1. All reflections R(a) are self-g-adjoint.

Proof. For all v,w €V,

]

With this in mind, let us consider the properties of a composition of two reflections

R(a)oR(b).

Lemma 5.4.2. For allv €V,

= —M a,v)b — v)a a
a,(R(a)oR(b))(v) =~ Ja.a)sbb) (g( )b — g(bv) ) (5.4.1a)
S R))(v) = v+ —2290 (a1 — g(bb)a
(R0 RO) ) = o4~ 2050 — g 0010 (5.4.10)
2¢(b,v)

— m(g(a,a)b — g(b,a)a).
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Proof. Direct computation. O
This immediately reveals that,
Corollary 5.4.3. The set of all reflections is not closed under composition.
Proof. We note that for two non-null vectors a and b,

a_ (R(a)oR(5)) #0,
when g(a,b) # 0, and thus R(a)oR(b) cannot be a reflection. O
Furthermore,
Corollary 5.4.4. For dim(V) > 3, O(V,g) is non-Abelian.
Proof. Follows directly from ((5.4.1a)). O

Corollary is well-known, but our method of proving it has revealed the
internal structure of a product of reflections. In particular, Lemma [5.4.2| reveals the

s0()V, g)-action is present in both expressions, recalling Definition [2.2.45
Definition (t(a,b)). For all a,b € V, t(a,b) is the bilinear map,

t:VxV — End(V)

t(a,b) = v+ g(a,w)b— g(bw)a.

Remark. We are not ready to write t(a,b) as the action of a bivector u(aAb); first,
we would like to be certain that the bivector aAb itself enters the algebraic form of

t(a,b).

Corollary 5.4.5. The product of any two reflections 1is,

, 2¢(a,b) 2
R(a)oR(b) =id — t(a,b) + —————=t(a,b)ot(a,b). 5.4.2
(o) =140 g6 P gaagy @V B4
Proof. This is the sum of the results in Lemma with a notational change to
t(a,b). O

Remark. Corollary shows that the product in the algebra of reflections is con-
trolled by the so(V, g)-action, hinting at the relationship between compositions of

reflections and the elements of SO (V, g).
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5.4.2 The Algebraic Form of the so(V, g)-action on Vectors

Having motivated the so(), g)-action on V in the form of the map ¢ from reflections,
we must consider how to implement it as an algebraic identity within an associative

algebra. To achieve this aim we seek a third-order tensor f(a,b,c)
Definition 5.4.6. For all a,b,c € V, and some «, 3,7, 9,¢,( € R,
f:VxVYxVY = T(V)
fla,b,c) =a(a®@b®c) + Bla@c@b) + y(b@c®a) (5.4.3)
+0(b®a®c) + €(c®a®b) + ((c@b®a),

whose properties match those of t(a,b)(c); this will enable us to construct a quotient

of T(V) by the two-sided ideal Va,b,c € V,

I(f(a,b,c)—t(a,b)(c)) (5.4.4)

yielding the most general non-trivial algebra possible which contains the action of

s0(V, g) within its structure.

Theorem 5.4.7. For arbitrary Minkowski space-times (V,g), the only f(a,b,c)
which shares all properties of t(a,b)(c) is,

fla,b,c) =k((a®b - b®a)®c — c®@(a®b — b®a)), (5.4.5)
where k € R.
Proof. See Appendix [E.2] O

Remark. Theorem shows that, algebraically and independently of any addi-
tional algebraic structure, the action of so(V, g) on V is always implemented as a
commutator between its bivector generators and the vector being transformed. This
foreshadows the fact that when implemented within an algebra of position operators,
all spin generators: may be realised as bivectors; and transform position operators
in the same way, regardless of the size of the spin. This suggests a universality in any
couplings between position and spin degrees of freedom predicted by these models,
and may offer an explanation as to why no such couplings have been measured so
far: they are universally small.

Theorem also shows that f(a, b, ¢) is defined only up to an arbitrary scaling.
This is expected and unproblematic. Understanding the equivalence of quotient

algebras defined using different values of £ is beyond the scope of this thesis.
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5.5 The Indefinite-Spin Position Algebra

5.5.1 The Indefinite-Spin Position Algebra P.(V,g)

Using Theorem we may now define the most general algebra of position oper-
ators which contains a natural so(), g)-action on vectors, or more precisely a family

of such algebras,

Definition 5.5.1 (P, (V, g)). Given a Minkowski space-time (V, g), and choosing a
value of k = 3 in (5.4.5), we define the “Indefinite-Spin Position Algebra” P, (V, g)
as the quotient, Va,b,c € V,

T(V)
I ((aNb)®c — c®(anb) — k(g(a,c)b — g(b,c)a))’

by the two-sided ideal (5.4.4)), for some x € R. We shall leave the product of P,(V, g)

P.(V,g9) = (5.5.1)

implicit by concatenation.

Remark. We include the x in this definition to ensure these algebras are eventually
consistent with the Clifford and Duffin-Kemmer-Petiau algebras defined on (V, g),
for which Kk = —2 and xk = —% respectively. More precisely, for a family of Clifford

algebras defined by, Va,b,c € V,
ab + ba = 2k49(a,b),
and a family of Duffin-Kemmer-Petiau algebras defined by, Va,b,c € V,
abc + cba = Kagp(g(a,b)e + g(c,b)a),
for some K, kagp € R, then their so(V, g)-actions are consistent with the P, (V,g)

1 .
when kK = —2k4 and K = —5Kaxp, TESPectively.

Remark. The term “indefinite-spin” here foreshadows Theorem [5.5.17, where we will
show that P, (E, d) does not already contain the structure of any particular spin. As
such, in Definition we will quotient it further to define a new family of algebras

each subsuming a particular spin structure.

We must now ensure that our algebraic implementation of the so()V, g)-action in
P.(V,g) extends to an SO (V, g)-action. To facilitate this discussion, let us capture
the so(V, g)-action on vectors in P, (V, g) through the multilinear map,

Definition 5.5.2 (u).

u(aNb) = c— (anb)c — c(anb) = kt(a,b)(c). (5.5.2)
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Now, let us consider its properties,

Lemma 5.5.3. For all a,b € V, u(aAb) may be naturally extended to the whole of
P.(V,g) as a derivation. Furthermore,
(anb)(cAd) — (eAd)(anb) = u(aAb)(cAd). (5.5.3)

Proof. Noting that u(aAb) and uy(aAb) (recall Definition [2.4.45) have the same im-
plementation within their respective algebras (up to scaling), the derivation property

and ([5.5.3]) follow the same proofs as for Lemmas [2.4.47 and [2.4.48 respectively. [

Remark. Since u(aAb) is the unique tensorial implementation of ¢(a,b) in P.(V, g)
(up to scaling), we may consider its properties to be the natural extension of ¢(a,b)

to P.(V, g).

Lemma 5.5.4. With u(aAb) extended as a derivation to all of P..(V,g), there exists

a natural action of SOT(V, g) on P.(V,g) which distributes over tensor products.

Proof. See [52]. O

With Lemma [5.5.4] we have succeeded in constructing a general non-commutative
algebra of position operators which encodes an action of SO*(V, g) and contains its
generators as algebraic elements, in this case the bivectors A?(V). This construction

holds for an arbitrary Minkowski space-time.

5.5.2 The Algebraic Structure of Arbitrary Spin Systems

To achieve our final aim from Section to construct non-commutative position
operators algebras which subsume the structure of an arbitrary spin system, we
will specialise our arguments to Euclidean three-space (E, ). We hope to complete
this task by utilising the real arbitrary spin algebras developed in Chapter [4] along
with the indefinite spin position algebra P, (V, g) defined in this section. Before we
proceed further with this, let us recall some important elements of the spin algebras’
construction.

We derive the spin algebras directly from the universal enveloping algebra of

50(3,R), given by Definition as,

Definition (U(so(3,R))). Given the Lie algebra so(3,R), its universal enveloping
algebra[64] U(so(3,R)) is the quotient algebra,

T(so(3,R))
(S, @Sy — Sp®S, — S, XS(,)’

U(so(3,R)) = 7
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by the two-sided ideal I (S,®S, — Sp,®S, — Su X Sy) generated by all tensors of the
given form, V.S,, S, € s0(3,R).

More precisely, we decompose U(s0(3,R)) using the adjoint action, given by Defini-
tion [2.4.33)] as,
Definition (Adjoint action).

ad : U(s0(3,R)) — End(U(s0(3,R)))
(uv u€R

ad(u) = v = S uv —vu u € s0(3,R)

\ad(a)oad(b) (v) u=ab,
of the Casimir element S? € U(s0(3,R)), given by Definition as,
Definition (5?).
S? = 23: Sa®S,. (5.5.4)
a=1

In so doing, we identify the “multipoles” of Definition 4.4.18|

Definition (Multipoles). For all £ € N, the multipole tensors[61] are defined recur-
sively, a € R, v € 50(3,R), By € s0(3, R)*¥,

M® : s0(3,RP* — U(s0(3,R))

MO(a) =«
(k1) _ ad(S? + k(k —1))oad(S? + k(k + 1)) *)
M™ ™ (v® By) W 1)k 1) (v@M™(By)).
Crucially,

Lemma 5.5.5. All elements of U(s0(3,R)) can be written as an R[S?|-linear com-
bination of objects from Im({M™}), where R[S?] is the ring of real polynomials of
S2.

Proof. See Theorem [4.4.24] O

We utilised this fact in Definition of,

Definition (A®)). The spin algebra for spin s is the quotient algebra,

U(so(3,R))

(s) —
A ](Im(M(st)))'
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This quotient by a given multipole entails that,
Lemma 5.5.6. For all k € Z* such that k > 2s + 1, M® =0 in A®.

Proof. The case k = 25+ 1 follows from the definition of A, and the case k > 2s5+1
follows from the recursive relationship between multipoles of Definition [4.4.18. [

Furthermore,
Lemma 5.5.7. In A®, Vs € {0,3,1,2. .},

S = —s(s+1). (5.5.5)
Proof. See Lemma [4.5.3 O

Corollary 5.5.8. Forall s € {0, %, 1, % ...}, A®) s q finite-dimensional real algebra

spanned by {Im(M®) | 0 < k < 2s} with dimension dim(A®)) = (2s + 1)2.

Proof. Follows from Lemmas [4.5.3| and [4.5.4] O]

Remark. The algebraic structure of the spin algebras is exactly that of the unital
associative algebra of generators for a spin-s system, and as such all irreducible
representations of so(3,R) derive their structure from them. In a full quantum

(k

mechanical theory, the multipoles M®*) are the physically distinct observables for

an arbitrary spin system. See Chapter [4] for further discussion.

5.5.3 Suitability of P,(£,J) to Subsume Arbitrary Spin Al-

gebras
In light of the previous section, if we hope to use P.(FE,J) to define new algebras
containing arbitrary spin structure, then we must ensure that it contains no exist-

ing spin structure. More precisely, we must ensure that it contains a subalgebra

isomorphic as unital associative algebras to the whole of U(so(3,R)).

5.5.3.1 Bivectors and Spin Generators
To begin, let us recall the notation of Definition [2.2.61],

Definition (S,). Given an orthonormal basis {e,} of (£, 9), a € {1, 2,3}, we define,
Vp € {1,2,3},

3
1
Sy = o Zeabp eq\eép,

a,b=1
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which has inverse transformation,

3
eqNep = K g EabpOp-
p=1

Lemma 5.5.9. In P.(FE,§), Vp,q € {1,2,3}

3
SpSy = S48y = EprSr- (5.5.6)

r=1
Proof. Apply (2.2.29) to (5.5.3|) evaluated on basis vectors {e,}. O

Lemma 5.5.10. In P, (F,0),
13
S? = — E (eaNep)(egNep), (5.5.7)

2K2
a,b=1

and commutes with all bivectors.

Proof. The form of S? can be seen by applying (2.2.29) to Definition [2.4.28, That

it commutes with all bivectors can be directly computed. O

5.5.3.2 P,(E,0) and U(so(3,R))

Now that we have established an explicit Lie algebra isomorphism between the bivec-
tors and spin generators, we must determine if the algebra of bivectors contained
in P, (E,9) is isomorphic to U(so(3,R)). This is important, as our algebraic imple-
mentation of the so(V, g)-action may have unintentionally restricted this algebra a
la Theorem B.3.7

First, let us establish that the Casimir element S? is not a scalar, as this would

certainly indicate that the structure of U(so(3,R)) has been disturbed in some way.
Lemma 5.5.11. In P, (E,6), S? is not equal to a scalar.

Proof. Considering the commutator of S? with an arbitrary basis vector e; we find,

vd € {1,2,3},

3
1
S2ey — €4S = —5- ;((eaé)ea)ed — ed(ea(Dea)), (5.5.8)
where we have introduced the symmetric product,

1
a®b = E(ab + ba).
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The right-hand side is clearly non-zero in T'(E) and not an element of the ideal,
Va,b,c € E,

I ((aNb)®c — c®(anb) — k(g(a,c)b — g(b,c)a)),
used to construct P,(E,d). Thus, it is non-zero in P,(E,d), and so S? does not
generally commute with vectors v € E C P,(FE,§). Therefore, it cannot be a

scalar. O

Remark. Notice that in CI(E, §) the right-hand side of (5.5.8)) is zero, so S? commutes
with the whole algebra. This is a clear example of how the hierarchy of Lemma|5.3.6

induces differences in the algebraic structures of CI(F,0) and P.(FE,J).

With that in hand, let us abuse notation to define multipoles of bivectors,

Definition 5.5.12. The multipoles M*) written in terms of bivectors are, Vn € Z7,
\V/] S {1, ce ,n}, VCLJ', bj S {1, 2, 3},

n 3 n n
MO (R eaner) =w > [TeapnM?(QS),  (6:59)
Jj=1 P1,e,Pn=1j=1 m=1
and M (a) = a, Va € R,
For example, Va,b,c,d € E,
1
M@ ((anb)@(cAd)) = 5((@/\b)(c/\d) + (cAd)(anb)) (5.5.10)

2

- %52 (6(a,)6(b,d) — 6(a,d)5(byc)).
Now, let us explore the possibility that some multipoles of bivectors may have be-
come zero during the quotient, which would limit the kinds of spin structures that

we could implement within P, (F,J).
Lemma 5.5.13. #n € Z+ : M = 0.

Proof. [61] shows that in U(so(3,R)), M™ = 0 entails 52 = — =20 By [ emma

4
5.5.11] S? is not a scalar in P,(F,§), so by contraposition no multipoles are zero in
P.(E,9). O

With Lemma [5.5.13| established, we may now show that,

Lemma 5.5.14. The unital associative algebra homomorphism, ¥Vp € {1,2, 3},

¢:U(s0(3,R)) = P.(E,9)

1 & (5.5.11)
¢ =95, — o Zeabp eq./\ep

K
a,b=1

18 injective.
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Proof. That ¢ as defined on generators can be extended to a unital associative
algebra homomorphism follows from Lemma [5.5.9] Furthermore, Lemma [5.5.13
demonstrates that no multipoles in P,(E,d) are zero, and so by Lemma we

are done. O

We may draw this connection between U(s0(3,R)) and P, (E, ) closer by relating

the actions of their generators. First,

Definition 5.5.15. Let us extend u to be a unital associative algebra action, Va €
R, A, B € T(A%(V)),
u: T(A*(V)) — End(P.(V,9))
D — AD AeR (5.5.12)
u(A) =
u(B)ou(C) A= B&C.
Then,

Corollary 5.5.16. For all, A € T(A*(E)),
u(A)oi = ad(4), (5.5.13)

where i : T(A*(V)) — End(P.(V, g)), and it is understood that we translate bivectors
into spin generators and back where appropriate using Definition 2.2.61.

Proof. We need only compare the definitions of u and ad in light of Lemma [5.5.14]
]

Finally, we are in a position where we may conclude,

Theorem 5.5.17. P.(F,0) can support any spin structure.

Proof. Since by Lemmal[5.5.14| U (s0(3,R)) C P,(E,J), P.(E,0) lacks the additional
structure of any spin algebra A®). Therefore, we are not limited in the kinds of spin

structures we can impose on P, (E, ). O

Theorem shows us that, unlike the Clifford algebra C1(F, ), the Indefinite-
Spin Position algebra P.(E,d) does not inherently contain the structure of a spin
algebra within its algebra of bivectors. This means that it is possible to construct
physical models for systems with arbitrary spin from this algebra; we will soon see
that such models predict non-trivial relationships between the position and spin

degrees of freedom of the system.
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5.6 Arbitrary Spin Position Operator Algebras

5.6.1 The Indefinite-Spin Position Algebra

The aim of this chapter has been to explore the relationship between spin and
geometry by constructing algebras of position operators from a Minkowski space-
time (V, g) which meet three requirements as outlined in Section [5.2.2] The first
two of these requirements are: algebraically containing an action of the connected
symmetry group for the metric g; and containing the generators of this symmetry
group as elements of the algebra. These goals are achieved for general Minkowski
space-times (V, g) within the Indefinite-Spin Position Algebra, for k € R, Va,b,c €

V,
V)
I ((anb)®@c — c®(anb) — k(g(a,c)b — g(b,c)a))

Our third requirement is to subsume within such an algebra the structure of a

P.(V,g) = (5.6.1)

system with arbitrary spin. To do this, we restrict our attention to Euclidean three-
space (E,d), where we may utilise the spin algebras A®) described in Section m
In Theorem [5.5.17, we showed that P, (E, §) has no pre-existing spin structure, and
so is the ideal foundational algebra within which to achieve this aim for arbitrary

spin (except for s = 0, which will be discussed shortly).

5.6.2 The Spin-s Position Algebras
5.6.2.1 General Definition

We may now implement the final property from Section and complete our con-
struction of non-commutative position operator algebras which subsume the struc-

ture of an arbitrary spin system,

Definition 5.6.1 (P*)(F,§)). The Spin-s Position Algebra P®)(E,d) for s €

{0,3,1,...} is the quotient algebra,

P.(E,0)
(s) o ) I (Im(M 1)) s 7 0
B T(E) (5.6.2)
Im(M D) s=0,

with the multipole M s+ understood to be tensors of bivectors as in Lemmal5.5.13]

Remark. When s # 0, by Lemma/5.5.14| we are effectively embedding the structure of
A®) within the algebra of bivectors in P, (E,§). When s = 0, we embed the structure
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of A into T(E) instead (this difference shall be explained shortly). Therefore, we
find the geometric realisation of spin generators as bivectors is robust in the presence

of arbitrary spin.

Let us explore some immediate consequences of this definition,

Lemma 5.6.2. For all s € {0,3,1,...}, in P(E,5), S? = —s(s + 1).

Proof. When s = 0, this is clear from the definition, and the case s # 0 follows from

Lemmas 5.5.7] and £.5.14 OJ
Lemma 5.6.3.
PO(E,§) = Sym(E). (5.6.3)

Proof. The quotient by the ideal I (Im(M (1))) in Definition entails that in
PY(E. d),

lanb = 0] = [ab = ba].
Thus, the definition of P,go)(E,é) is identical to that of the symmetric algebra

Sym(E). O

Remark. For Pgo)(E ,0), the value of k changes nothing since it is only defined in the

50(3,R)-action on vectors.

Lemma 5.6.4. For all s € {0,3,1,...}, PY(E, §) is infinite-dimensional.

Proof. Tt is easy to see that, Vs € {0,3,1,...}, Vn € Z*,Vj € {1,...,n}, Vv, € E,
the vector space homomorphism,
f+ Sym(E) — PP(E,9)
f=1m1

f=v—un

1
f=v0...0v, — E ZS Us(1) - - - Vg(n)s
gESn

is injective. L

5.6.2.2 PY(E, §) and Commutative Geometry

To begin our analysis of the P()(E,d), let us consider the case when s = 0. In
Definition [5.6.1, the s = 0 case derived from T'(E) rather than P,(FE,J); this is to
ensure that P(E,¢) is identical to the standard commutative position operator

algebra of quantum mechanics. In terms of geometry,
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Corollary 5.6.5. In the sense of commuting position operators, the structure of a

spin s = 0 system subsumed within P,(io)(E, d) generates a commutative geometry.

Proof. The commutative structure in Lemma [5.6.3| is a direct consequence of the

defining property of A© ie. that all spin generators are zero. O

The zeroing of spin generators in an s = 0 system requires us to treat this case
separately, to ensure consistency with the standard position operator algebra of

quantum mechanics. Otherwise,

Lemma 5.6.6. Suppose we define,

P (B,5) =

K

P.(E,6
I (Im(MD)Y)’

consistently with the PC7Y(E,§). Then, for k #0, Ya,b € E,

(0)

P, (E,0) =~ R[z]. (5.6.4)

(0)

K

Proof. In P (E,9), the quotient entails, Ya,b € E,

k(aNb) =0,
and thus, Va,b,c € F,
(aAb)e — c(anb) = 0 = k(0(a,c)b — d(b,c)a).

Let us now choose {a,b} linearly independent in the above. Then, since k # 0,
Ve e B,
[0(a,c) = 0] A[o(b,c) = 0] = [a = O] A [b = 0],

by the non-degeneracy of 9, contradicting our assumption. Therefore, no such lin-

(0)(E, J) are

K

early independent sets of a,b € E exist in ﬁio)(E, §),soalla e ECP

linearly dependent. The isomorphism with R[z] then follows. O

Remark. Basing PO(E, §) on T(E) instead of P (E,§) means that it does not con-
tain an s0(3,R)-action on its elements. Therefore, no rotations of its elements are
possible within P()(F, §). While this might seem alarming at first, recall that in
quantum mechanics we may only rotate position operators using generators of or-
bital angular momentum, i.e. tensors of both position and momentum operators,
with the action determined by the Heisenberg algebra. This structure is not present

in PO(E,§), and so there is no contradiction.
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5.6.2.3 PU7Y(E ) and Non-Commutative Geometry

We established in Corollary that the structure of a spin-0 system entails a
commutative geometry within our algebra of position operators. We may generalise

this statement to all spins,

Theorem 5.6.7. In the sense of non-commuting position operators(28, 29, 30], the
structure of a spin-s system subsumed within P& (E, §) generates a non-commutative

geometry within P& (E, ) iff s # 0.

Proof. We may prove the above statement by proving its contraposition. One di-
rection of this is proven in Corollary [5.6.5] so let us prove its converse. Assume a

commutative geometry within 7'(F), so, Va,b € E
A*(E) = {0}.

Since Im(M ™) = A?(E), our algebra must subsume the structure of a spin-0 system.

]

This is the central result of this chapter: the presence of spin in a system entails
a natural, spin-dependent non-commutative geometry for that system. Such non-
commutative geometries are much weaker than those common to the literature|28|
29, 130], which typically place the position operators into a Heisenberg-like[84, |75]
algebra.

The physics of such models are beyond the scope of this thesis, but we may
appreciate the significance of their structure by noting that both the spin and po-
sition degrees of freedom do not commute, both within themselves and with each
other. This implies that systems cannot be localised to a single point in space in
this model, nor can arbitrary spin and position degrees of freedom be simultane-
ously measured to arbitrary precision. Neither of these constraints are present in

traditional quantum mechanical models for systems with spin.

5.7 Discussion

5.7.1 Scope and Extensions of Model

As a non-commutative algebra of position operators, the P,(f)(E, 9) form the foun-
dation for a fundamentally new approach to incorporating spin into quantum me-

chanical theories. Of course, each P,(f)(E ,d) is not a complete model for a quantum
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mechanical point particle; it contains only the position and spin degrees of freedom,
and so lacks the momentum degrees of freedom.

However, the structure of P (E, §) is amenable to extensions; in fact, this was
a consideration from the beginning. For example, it may be possible to extend
the model to not only include momentum degrees of freedom, but to do so in a
way that enables dynamical symmetries, i.e. symplectic transformations|69, |57], to
also be realised within the algebra, as we have achieved for the special orthogonal

transformations.

5.7.2 Comparison with Existing Models of Spin Systems

Despite the limited scope, it is important that we contrast the PS)(E ,0) with stan-
dard quantum mechanical models of arbitrary spin systems. In such a model, po-
sition and spin degrees of freedom always commute[85], as do the position degrees
of freedom within themselves. This shows that these observables are not indepen-
dent in any PU#9(E,§), and necessarily entails higher-order correlations between
position and spin, and between position observables themselves. Such couplings are
naturally motivated in our approach; the only exception to this statement is the
spin-0 model, which is completely equivalent to the standard quantum mechanical
model.

Clearly such corrections to the commuting theory must be small to have not yet
been observed. Indeed, many models with non-commutative position operators, for
example [86, 80|, include a small area scale in the position operator commutator,
which is accommodated in our model through the parameter x. In an extended
model which includes momentum, we would also expect weak couplings involving
of these and the other degrees of freedom in the system not present in traditional

descriptions.

5.7.3 Comparison with other Algebraic Models

It is also instructive to contrast the P40 (FE, §) with other known descriptions of
spin-s systems with s # 0, principally between PS/ 2)(E,é) and the Clifford, and
PS)(E ,0) and the Duffin-Kemmer-Petiau algebras for Euclidean three-space respec-
tively. The Clifford and Duffin-Kemmer-Petiau algebras are both finite-dimensional
whereas both PU/?(E. §) and PW(E, ) are infinite-dimensional by Lemma, m
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This makes the P,(f)(E, d) more appropriate for constructing models with position-
dependent potentials. Furthermore, we may always find a value of xk such that
50(3, R)-actions are identical between P/ (E, §) and the Clifford algebra, and be-
tween PS)(E, ) and the Duffin-Kemmer-Petiau algebra. This suggests the Clifford
and Duffin-Kemmer-Petiau algebras for Euclidean three-space may be recovered
from P2 (E,§) and PU(E, 6) respectively (for particular values of ). This may
be achieved by further quotienting P2 (E,§) and PW(E, ) by ideals generated
by their defining algebraic relations. Furthermore, this raises the possibility that
P¥)(E,§) may be used to derive finite-dimensional, higher-spin generalisations of

both the Clifford and Duffin-Kemmer-Petiau algebras.

5.7.4 Beyond Non-Relativistic Models

Beyond non-relativistic quantum mechanics, the non-commutative geometric aspects
of relativistic generalisations of the P79 (E, §) may prove useful in the construction
of theories of quantum gravity which incorporate both non-commutative geometry
and spin. Generalisations of the present model provide both motivation for a non-
commutative geometric approach, and constraints for the theory to conform to under

suitable limits.

5.8 Chapter Summary

In this chapter, we demonstrated that the notion of “internal space” is not required
to model the structure of an arbitrary spin system in space. To do this, we sought
to explicate the connection between spin and geometry hinted at in Chapter 4| by
constructing algebras of position operators in which the spin structure of the system
is encoded within its algebra of bivectors. Let us now summarise the important
findings of this chapter.

We first showed, in Theorem that the Clifford algebra cannot be altered

to support an arbitrary spin structure,

Theorem. The spm—% structure of C1(E, ) is a direct result of its defining relation,
Va,b e F,
ab + ba = 26(a,b),

and so cannot form the basis for the algebras we wished to construct.
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Next, in Theorem [5.4.7], we proved that any algebraic structure which implements

an action of s0(), g) must do so via a commutator with a bivector,

Theorem. For arbitrary Minkowski space-times (V,g), the only f(a,b,c) which
shares all properties of t(a,b)(c) is,

fla,b,c) = k((a®b — b®a)®c — c®(a®b — b®a)),
where k € R.

From this result, in Definition [5.5.1] we defined a general algebra of position

operators which does so,

Definition. Given a Minkowski space-time (V, g), we define the “Indefinite-Spin
Position Algebra” P, (V, g) as the quotient, Va,b,c € V,

rWw)
((anb)®c — c®(anb) — k(g(a,c)b — g(b,c)a))’

I)K , ~Y

We also proved that, unlike the Clifford algebra, this algebra does not inherently
contain any spin structure.
Using P.(V,g) as a base, in Definition we defined a family of position

operator algebras in which the spin degrees of freedom are encoded as desired,

Definition. The Spin-s Position Algebra PS)(E, J) for s € {0, %, 1,...} is the quo-

tient algebra,

PH(E,5)
o Tmemy) 570
SIS R
_T(E) 520
Im(M ™) ’

with the multipole M1 understood to be tensors of bivectors.

When s = 0, this structure is identical to the position operator algebra of a spin-
0 particle. These algebras suggest that there should exist non-trivial couplings
between the spin and position degrees of freedom in a system, and that spin may

be a natural source of non-commutative geometry in quantum mechanics.



Conclusion

In this thesis, we have sought to develop elements of an algebraic theory for the
spin of non-relativistic systems. Through these developments, we have aimed to
better understand canonical aspects of the theory of spin by attempting to exclude
their associated mathematical structures, and in so doing discover what may still be
formulated about spin using elementary algebraic arguments alone. In particular,
we have undertaken this work excluding, amongst other things: complex numbers;
angular momentum; quantum mechanics; relativity; energy; and time. Indeed, we
have developed this theory using only the geometry and rotational symmetry of
Euclidean three-space as encoded by the Euclidean metric; this demonstrates that
these concepts, and not the dynamical notions or symmetries of the model, determine
the fundamental structure of a system of arbitrary spin. In this sense, we have
shown that the existence and properties of the spin of a system is fundamentally a
consequence of the geometry of the Euclidean space the system inhabits.

We developed a methodology which allowed us to extract meaningful information
about an element of a unital associative algebra in the absence of basis choice or the
existence of eigenvalues. In particular, this yielded a resolution of the identity of the
algebra, and enabled us to decompose arbitrary elements of the algebra, or in the
case of operators arbitrary vector subspaces of their domains, using the information
contained in the minimal polynomial alone. To determine the necessary coefficients
of this identity resolution, we generalised Taylor series to series of arbitrary irre-
ducible polynomials, and proved the form for these coefficients in general. This
supported our claim that such an elementary algebraic analysis of spin is possible.

Using this algebraic framework, we demonstrated that complex numbers, an-
gular momentum, quantum mechanics, and special relativity, are not necessary to
formulate spin in its most fundamental form. We achieved this by developing a for-
malism to decompose the universal enveloping algebra of a semisimple Lie algebra in

a manner inherently compatible with its algebraic structure. Using this decomposi-
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tion for the generators of rotational symmetry in Euclidean three-space, we derived
real algebraic descriptions for the structure of the generators of a system of arbi-
trary spin. In so doing, we discovered that a spin-s system is a finite collection of
non-commutative generalisations of Cartesian multipole tensors, and is completely
determined by specifying only the largest non-zero multipole. These multipoles con-
stitute a complete set of physically distinct observables for the system. This also
revealed that complex numbers, or complex structure, combined with the structure
of the spin algebras, realises the angular momentum-like phenomenology of spin as
an emergent prediction of quantum mechanics.

Finally, we demonstrated that the notion of “internal degrees of freedom” are not
necessary to model a system with both spin and position. We did this by seeking
to explicate the relationship between spin and geometry hinted by our previous
construction, by defining a family of position operator algebras in which the spin
structures for systems of arbitrary spin are encoded in their algebras of bivectors.
To achieve this, we first constructed the most general algebra of position operators
which contains a natural action for the generators of orthogonal transformations,
but contains no inherent spin structure. Using this, we were able to construct
a family of position operator algebras each embedding the algebraic structure for
a system of arbitrary spin. These algebras are consistent with spin-0 quantum
mechanical systems when the spin structure is trivial. For non-zero spin however,
we demonstrated that these algebras entail couplings between the position and spin
degrees of freedom of the system, and indicate that spin may be a natural source of

non-commutative geometry in quantum mechanics.



Outlook

In this thesis, many results and methods have been derived which offer not only
a novel and informative perspective on spins systems, but also a valuable toolset
for exploring the fundamental structures entailed by physical assumptions in our
models. The promise of this work is that such insights may be gained for a much
wider range of physical phenomena than presented here. As such, let us now consider

what the future of this work might look like.

Algebraic Methods

The algebraic methods developed in Chapter |3| are general and can be used for
elementary analyses in myriad settings within mathematics. For example, the res-
olutions of the identity we derived yield an algebraic description of eigenspace pro-
jectors; given an interpretation for the elements such a projector contains, this
formalism offers expressive power in interpreting the meaning of the eigenvectors of
the space in such terms. We may also use the formal irreducible power series to
give closed-form expressions for functions of algebraic elements commonly used in
physics, such as exponentials; this would allow for a completely algebraic treatment
of many physical problems such as the dynamics of spin systems in quantum me-
chanics, and enable a richer accounting of the processes involved. These methods

may also be generalised further to accommodate, for example, finite fields.

Spin Algebras

Chapter ¢ presented an algebraic framework for studying real Lie algebras. The
output of this method was a family of real associative algebras which captured the
structure of the Lie algebra’s real irreducible representations. These algebras offered

a rich description of such systems in terms of their physical properties which does
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not require eigenstates, unlike traditional formalisms. It also revealed that systems
of arbitrary spin may be characterised exactly in terms of what set of multipoles
it possesses, which does not require a choice of spatial direction, unlike traditional
formalisms. The structure of these algebras revealed both the direct consequences
of our physical assumptions, and the limits of what phenomena can be described
from them alone. They also offered a route towards exhaustively accounting for all
possible interactions between the modelled system and its environment.

Beyond the results of that chapter, the framework we defined to derive these
algebras may be applied to other important symmetries in physics, and in so doing
enhance our understanding of a broad range of phenomena. For example, we may
study: the Lorentz group SO(3,1,R) to investigate relativistic systems with spin,
which may allow us better understand the difficulties in modelling higher spin sys-
tems in quantum field theories; the gauge group of the strong interaction SU(3, C),
which may lead to both a deeper knowledge of hadrons through their observables,
and the improvements in hadronisation simulations that such insights bring; dy-
namical symmetry groups such as Sp(6,R), which may reveal previously unknown
relationships between dynamical systems through their masses.

The algebras which would result from such investigations contain both the phys-
ical properties of the system as elements, and the relationships between them in
closed-form through its product. This information may be utilised to model collec-
tions of such systems on a computer without the use of matrices. This description
may offer scaling advantages over traditional methods, empowering a considerable

improvement in our phenomenological capabilities.

Non-Commutative Position Operator Algebras

Chapter [5] offered a new model of systems of arbitrary spin which did not require
the notion of “internal” degrees of freedom, and predicted novel coupling phenom-
ena between the position and spin degrees of freedom of a system not present in
traditional quantum mechanics. As such, these models present a rich phenomenol-
ogy to explore for systems of arbitrary spin, which may lead to the design of new
experiments to detect such effects.

The methods for constructing these non-commutative position algebra models

are also broadly applicable in other settings, such as relativistic systems with spin
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in Minkowski space, or non-relativistic systems which also have momentum. The
non-trivial couplings entailed by such models will also recur in these more general
settings, yielding a wide variety of new physical phenomena to explore. These ad-
ditional couplings between physical observables may also motivate and constrain
models of quantum gravity which seek to incorporate both non-commutative geom-

etry and spin.
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Appendix A

Introduction

A.1 Representation Theory in Brief

This section provides an overview of the weight space approach to the representation
theory of a Lie algebra. All concepts utilised here are defined rigorously in Chapter
2

A.1.1 Representations, Subrepresentations, and Irreducible

Representations

In general, a “representation” of a mathematical structure D is a left-D module
M = W, D, f). Typically, only representations for which W is a complex vector
space are considered, as this may be assumed without loss of generality [87, [7].
When we discuss the dimension of a representation M = (W, D, f), we are implicitly

referring to the dimension of the vector space W.

It is important to note that representations for a given mathematical structure
are never unique, nor are there ever finitely many of them. Despite this, “representa-
tion theory” as a discipline seeks to tame this infinity by systematically cataloguing
these representations. For many mathematical structures, such as the Heisenberg
group|75, 84], this problem is made all the more challenging by the lack of any
finite-dimensional representations, which prevents matrix methods from being used.

We will discuss methods for finding finite-dimensional representations in the case of

Lie algebras in Section [A.1.2]

Given a representation M = (W, D, f) for some mathematical structure D,
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suppose there exists a subspace U C W such that Va € D,
Im(p(a)or) C U, (A.1.1)

with i : 4 — W the inclusion map. Then, we may define a “subrepresentation” [50]
P =(U,D, 1) of M, where Va € D, ior(a) := p(a)oi. Since, by this definition, every
representation is a subrepresentation of itself, we call a subrepresentation which is
not equal to the original representation “proper”.

We note that the trivial representation ({0}, D, p) of D is a proper subrepresen-
tation for all other representations M = (W, D, f) of D. If the trivial representation
is the only proper subrepresentation of M = (W, D, f), we call M “irreducible” 7,
64]. Trreducible representations are particularly important to the study of Lie al-
gebra representations due to “Weyl’s Theorem on Complete Reducibility” |7, 64],
which states that any representation of a semisimple Lie algebra can be written as
a direct sum of irreducible representations, provided that repeated addition of the

identity element in the field of scalars of the Lie algebra never equals zero.

A.1.2 Representation Theory of so(3,R) Through Weight

Spaces

As the main results of this thesis are most closely related to Lie algebra representa-
tions, it is worth considering the mathematical machinery most commonly used to
do representation theory: “Root Systems” and “Weight Spaces”. While the precise
details of this method are largely unimportant to this thesis, we will present the
method applied to su(2,C) = s0(3,R) to enable comparison with our results. A
more general account of the method may be found in [55, |7, 64} 50, [54].

The Lie algebra so(3,R) is Lie algebra isomorphic to,

50(3,R) = (spang ({51, 52, 53}),%) (A.1.2)
with Lie product,
3
Sax Sy = EapeSe. (A.1.3)
c=1

Consider an arbitrary irreducible Lie algebra representation M = (W, s0(3,R), p)
over a complex finite-dimensional vector space W. For simplicity of discussion, let
us also assume that p is injective. At this point, most authors complexify their real

Lie algebra,

50(3,R)c ¥ 50(3, R)®rC = (spang({S1, S2, S3}), x'), (A.1.4)
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where the new Lie product x’ is the unique complex bilinear extension to the original
Lie product x[7]. This is harmless, since all complex irreducible representations of
the real Lie algebra M = (W,s0(3,R), p) extend uniquely to complex irreducible
representations M’ = (W, s0(3,R)¢, p') of the complexified Lie algebral7]. We see
that p’ is also injective.

One may have noticed that the Lie product x in and, its extension X/,
are a factor ¢ from the usual expression,

3
gax’gb =1 Z Eabcgm (A15)

=1
found in the physics literature. It is worth highlighting at the Lie product
is only valid when discussing s50(3,R)¢, as most authors implicitly do. All work
presented in this thesis will utilise the real s0(3,R) and thus the product
unless explicitly stated.

From here we adopt a special basis,

Sy = 1i(S, £iS,) (A.1.6a)
H =iS., (A.1.6b)

referred to in the physics literature as a basis of “ladder operators”[1]. In more math-
ematical terms this basis reconstructs a “Cartan decomposition” [69] of so(3,R)c,
where H and its generalisations are referred to as “roots”. While the precise defi-
nition of a Cartan decomposition is irrelevant for our purposes, its existence relies
on the guarantee of eigenvalues for ad(H) that the complexification bringﬂ.

Using this basis, we find,
HX,S:t = :ES:E
(A.1.7)
S+ X/S, - 2H
As we are working with a complex vector space VW, we are guaranteed that
Jvy € W such that,

p'(H)(vx) = Avy, (A.1.8)

for some “weight” A\ € C. From (A.1.7)), and the fact that p’ is a Lie algebra
homomorphism, we find a family of eigenstates with distinct eigenvalues related by

all possible combinations of applications of p'(Sy),

p(H)op (Si)(va) = (A £ 1)p'(S1)(va). (A.1.9)

More specifically, the algebraic closure of C is what guarantees the existence of at least one

eigenvalue for endomorphisms on a complex vector space(7], 46).
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By construction, this family forms a subrepresentation P’ of M’. However, since
M/ is irreducible, and the fact that P’ is non-trivial by the injectivity of p/, we must
have P’ = M’. Furthermore, since M’ is finite-dimensional, there must be some

non-zero vy € W for which,

p'(S4)(vx) = 0. (A.1.10)

This vy is called the “highest weight vector” and its eigenvalue X' the “highest

weight” for the representation M’. By the same argument, we must have,

p(S_)°dmV) () =0, (A.1.11)
but,
P (S_)°dmOM=D ),y £ 0, (A.1.12)
Following [7], we may define,
Uy —f = p/(S_)Ok<U)\/), (A].].?))
and can easily show both,
,OI(H)(U)\/_k) = ()\/ — k’)l}x_k, (A114)
and,
pl<S+)('U)\/,k) = k(2)\/ — (k — 1))/0)\/7(]{:71) <A115>

Combining (A.1.13)) with (A.1.15) when k& = dim(W) we find,
0= (dlm(W))(ZA/ + 1-— dim(W))’U)\/_(dim(W)_l). (A116>

By and dim(W) > 1, we must have 2\ + 1 = dim(W) € Z*, and so
2) e N.

Thus, we find we may label these irreducible representations by a half-natural s =
M. For more complicated Lie algebras, we require multiple numbers associated with
the action of all Casimir elements on the representation[63]. For s0(3,R), we identify
the highest weight s with the spin s of the system described by the representation
M/’ and the vector space W as the space of spinors. In more general settings, the
interpretation of these labelling numbers and the vectors of the representation is

much less straightforward.



Appendix B

Mathematical Background

B.1 Vector Spaces in Brief

B.1.1 Role in this Thesis

In this thesis, we will use objects of definite geometrical character to construct
algebras which encode the structure of arbitrary spin systems. In order to do this
we must first understand the concept and structure of a vector space, since all
algebras are build from them. This section is also included to help disambiguate
the terms “vector” and “scalar”, since these have many different meanings across

physics especially in, for example, high-energy physics.

B.1.2 Vector Spaces

Definition B.1.1 (Vector Space). A vector space V over F is a quadruple V =
(V,F,+,,-,) consisting of:

e a set V', whose elements we call vectors;
e a field of numbers F, whose elements we call scalars;

e an associative, commutative map +, : V x V. — V., which we call vector

addition, for which, Va € V,

HeV:0+,a=a (B.1.1a)
A(—a) €V :(—a)+ya =0 (B.1.1Db)
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e and a map -, : F x V — V, which we call scalar multiplication, such that,

Va,b €V, Vo, €T,

a- (Bya)=(axpp)ya (B.1.2a)
lva=a (B.1.2b)

a-y (a+yb) = (o a)+y (- b) (B.1.2¢)
(@45 fB)va=(a~a)+y, (B a), (B.1.2d)

where 1 € F is the multiplicative identity, and +p : F x F — F and Xp :
F x F — [ are the addition and product of the field F respectively.

There is a somewhat trivial but very important example of a vector space which

must be defined,

Lemma B.1.2. The quadruple (abusing notation) {0} = ({0}, F,+,-) with + and -
defined as, Vo € T,

0+0=0 (B.1.3a)
a-0=0, (B.1.3b)
1S a vector space.
Proof. The vector space axioms may be trivially verified. m

Definition B.1.3 (Trivial Vector Space). We call the vector space {0} from Lemma
the trivial vector space.

In this thesis: the field of scalars F will almost always be the real numbers R;
we will often omit subscripts on vector additions and imply scalar multiplications

by juxtaposition to aid readability; and we will write v € V to mean the same as

v eV, where V= (V,F, +,,-).

B.1.3 Linear Combinations and Linear Independence

To solve problems in the context of a vector space V), we must understand the

structure of expressions in V. Let us first, define,

Definition B.1.4 (Linear Combination). An F-linear combination of a finite set of

vectors {a; € V} indexed over a set J is an expression,

ZOZJ' v ayj, (B14>

jedJ
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where Vj € J : a; € F. We also refer to this expression as simply a linear combina-

tion when the field of scalars is clear from context.

Of particular importance are linear combinations for which the vectors {a; € V} are

“independent” of each other. Let us formalise this notion,

Definition B.1.5 (Linear Independence (Finite)). A finite set of vectors {a; € V}

indexed over a set J is linearly independent iff,
{Zaj v aj20} = [VjeJ:a; =0]. (B.1.5)
jeJ

Linear independence for a finite set of vectors is a strong condition, in particular,

Lemma B.1.6. If a finite set of vectors {a; € V} indexed over a set J is linearly
independent, every non-empty finite proper subset of {a; € V} is linearly indepen-

dent.

Proof. See [46]. O

We may use Lemma to extend the notion of linear independence to infinite

sets,

Definition B.1.7 (Linear Independence (Infinite)). An infinite set of vectors {a; €
V} indexed over a set J is linearly independent iff every non-empty finite subset of

{a; € V} is linearly independent.

In many cases, a set of vectors will not be linearly independent as one or more of

them may be written as a linear combination of the others. When this happens we

say,

Definition B.1.8 (Linear Dependence). A set of vectors {a; € V} indexed over a

set J is linearly dependent iff it is not linearly independent.

B.1.4 Subspaces

It is usually the case that we may learn a lot about the vector space V representing
some physical system by considering subsets of its vectors which respect vector

addition and scalar multiplication.
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Lemma B.1.9. Consider a subset of vectors U C V' from a vector space V =

(V,F,+,,) for which, Ya,b € U and Yo € F,

a+,belU (B.1.6a)

« ‘v a E U. (B.1.6b>
Then U = (U,F, +,, ) is a vector space, where,

104y, = 407 (B.1.7a)
10+, = +,07, (B.1.7b)

where i : U — V and 7 : U x U — V x V are inclusion maps, and o is function

composition.

Proof. For all a € U, we have 0-,a =0 € U and —1 -, a = (—a) € U. The other

vector space axioms may be trivially checked. O]

Definition B.1.10 (Subspace). We call Y = (U,F,+,,-,) as in Lemma a

subspace of V., and write Y C V.

Remark. Often in this thesis we will prove that a subset of vectors is a subspace of
a vector space V without specifying the vector addition and scalar multiplication
explicitly. In these cases, the implied vector addition and scalar multiplication are

inherited from V in the sense of Lemma [B.1.9

There are some obvious, but important, subspaces which are shared by all vector

spaces,

Lemma B.1.11. Both {0} CV and V CV, where 0 € V is the identity element of

vector addition in V.

Proof. Direct verification of the subspace axioms. m

In light of Lemma let us distinguish,

Definition B.1.12 (Proper Subspace). A subspace U C V is proper iff U # {0}
and U # V.



B.1. VECTOR SPACES IN BRIEF 233
B.1.5 Linear Span

Slightly less obvious but important subspaces of a vector space arise from arbitrary
linear combinations of a set of vectors. Such subspaces enable us to probe the

interrelationship between vectors in a vector space. To this end, let us define,

Definition B.1.13 (Linear Span). The F-linear span of a set of vectors A = {a; €

V} indexed over a set J is the set of all finite linear combinations,

spang(A) == {Z -y a;

JjeK

Va, €F, K C J: |K| ez+}. (B.1.8)

When the field of scalars is clear from context we may omit the subscript F from

the notation, and the prefix F- from the name.

Remark. This definition for linear span excludes infinite linear combinations like one
might find in a Fourier series. Such a restriction will not limit the developments of

this thesis.

Lemma B.1.14. Given a set of vectors A = {a; € V} indezed over a set J, S =

(spang(A),F, +s,-s) €V, with vector addition and scalar multiplication defined as
in Lemma[B.1.9

Proof. The vector space axioms may be easily verified for S. m

B.1.6 Basis and Dimension

The definition of spang(A) invokes a naturally prompts us to consider spans when A
is linearly independent. Such A are of particular importance to the study of vector
spaces, as they empower the description of the whole vector space in a simple way.

To see how, we define,

Definition B.1.15 (Basis). A basis B of V = (V,F,+,,-,) is a set of linearly

independent vectors {a; € V} indexed over a set J such that spang(B) = V.
Now, note,

Lemma B.1.16. All vectors v € V may be written as a unique linear combination

of finitely-many basis vectors {b; € B}, which are indexed over a set J.
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Proof. Since spang(B) = V and by the definition of the span, every vector v € V
may be written as a linear combination of finitely-many basis vectors {b; € B}. To
establish uniqueness, consider two linear combinations,
v=> g b= B by
keK leL

where K C J and L C J are finite indexing sets. Computing their difference we
find,

0= Z ap oy by — Z By v by + Z (ci = Bi) v bi,

peEK\L geL\K t€eKNL
with A\ B the set difference. By the linear independence of B, we see that both

linear combinations are the same. O

Amongst other things, bases allow us to categorise vector spaces according to

the number of vectors they contain,

Definition B.1.17 (Dimensionality). A vector space V is finite-dimensional iff it

contains a basis B such that |B| € N. Otherwise, V is infinite-dimensional.
This is a useful classification, since,

Lemma B.1.18. All bases in a finite-dimensional vector space contain the same

number of vectors.
Proof. See [46]. O

Thus, we may associate to each finite-dimensional vector space a well-defined number

which characterises it,

Definition B.1.19 (Dimension). The dimension dim(V) of a finite-dimensional

vector space )V is the cardinality of any one of its bases.

Many important physical objects, including physical space, may be modelled us-
ing finite-dimensional vector spaces. Furthermore, many infinite-dimensional vector
spaces important to this thesis may be understood in terms of finite-dimensional
vector spaces.

Bases are invaluable tools in a variety of applications across physics and math-
ematics. However, in this thesis we will be working as much as possible without
utilising a particular basis, as doing so will yield clear and valuable insights into the

relationship between algebraic objects and the geometry of space.
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B.2 Vector Space Homomorphisms in Brief

B.2.1 Role in this Thesis

In this thesis, vector space homomorphisms underpin all the methods used to probe
the structure of symmetry transformations and decompose important algebras. They
also make precise the notion of equivalence between two vector spaces, which is es-
sential for us to study some infinite-dimensional vector spaces. As such, it is vital

that they are discussed.

B.2.2 Vector Space Homomorphisms

The basic idea of a vector space homomorphism is that it is a map between vector

spaces which respect their structure.

Definition B.2.1 (Vector Space Homomorphism). Consider two vector spaces V =
(V,F,+,,-,) and W = (W, F, +,,, -,») over the same field F. A vector space homo-
morphism between V and W is a function f : V — W such that, Va,b € V and

ael,

fla+yb) = f(a) +w f(b) (B2.1a)
fla-ya)=a-y f(a). (B.2.1b)

We may also refer to a vector space homomorphism as a linear map, or simply as a
homomorphism when the context is clear. We may also write f : V — W to mean

the same as a homomorphism f: V — W.

Often, we are not concerned with a particular linear map and wish to consider

an arbitrary one. To facilitate discussing such arbitrary maps, let us define,

Definition B.2.2 (Hom(V,W)). Hom(V, W) is the set of all vector space homo-

morphisms between V and W.

Hom(V, W) naturally inherits a vector space structure from the codomain of its

elements,

Lemma B.2.3. The quadruple (abusing notation),

Hom(V, W) = (Hom(V, W), F,+,« 7), (B.2.2)
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with + and “ 7 defined as, Vf,g € Hom(V, W), Va € F,

f+g=a— f(a)+w g(a) (B.2.3a)
af =a— a-, f(a), (B.2.3b)

1S a vector space.

Proof. First, we may verify that the definitions of vector addition and scalar mul-
tiplication both produce elements of Hom(V, W). Second, note that the zero map
0 = (a— 0) € Hom(V, W) and is an additive identity for +. Third, note that for
every map f € Hom(V, W), the map g = (a — —f(a)) € Hom(V,W) and is an
additive inverse for f. With these facts identified, verifying the vector space axioms

may be done directly. O

When V and W are finite-dimensional, the dimension of Hom(V, W) can be deter-

mined,

Lemma B.2.4. If both V and W are finite-dimensional, then so is Hom(V, W), and
has dimension dim(Hom(V, W)) = dim(V) dim(W).

Proof. Consider a basis {b;} for V indexed over the set .J, and a basis {cx} for W
indexed over the set K. Let us define a set of homomorphisms {f;;} indexed over
the set J x K, by,

a J=a

0 Jj#a

and extended linearly. By considering a general linear combination of the {fj;} on

fab = bj —

each basis vector {b;} and setting to zero, we see that {f;;} is linearly independent.
We see that its span is Hom(V, W) by inspecting the output of an arbitrary homo-
morphism acting on each basis vector {b;}, written in {c¢;}. Thus, {f;x} is a basis

for Hom(V, W) containing dim (V) dim(W) vectors. O

B.2.3 Kernel and Image of a Homomorphism

Frequently in this work, we are interested in subspaces associated with a particular
linear map f € Hom(V, W), as these tell us important information about the way
the map behaves. There are two canonical such subspaces associated with every
linear map f. The first of these is the kernel, which captures the vectors of V that
f “discards”,
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Definition B.2.5 (Kernel). The kernel Ker(f) of a homomorphism f € Hom(V, W)
is the set,

Ker(f) ={veV]| f(v) =0} (B.2.4)
The second is the image, which captures the vectors of W that f maps to,

Definition B.2.6. The image Im(f) of a homomorphism f € Hom(V, W) is the
set,

Im(f) ={weW|IveV :w= f(v)}. (B.2.5)

Lemma B.2.7. The kernel Ker(f) and image Im(f) of a homomorphism f €
Hom(V, W) are subspaces Ker(A) CV and Im(A) C W respectively.

Proof. See [46]. O

The kernel and image will be of particular importance in developing the methods of

Chapter [3|

B.2.4 Composition of Homomorphisms

Understanding the properties of a composition of homomorphisms will be essential

to the algebraic methods we will use throughout this thesis. Importantly,

Lemma B.2.8. Consider the vector spaces ¥V = (V,F,+,,,-,), W= (W,F, +,,, ),
and X = (X,F,+x,-x), and the spaces of homomorphisms Hom(V, W) and
Hom(W, X). For all f € Hom(V, W) and g € Hom(W, X), their composition,

gof = (a~— g(f(a))) € Hom(V, X). (B.2.6)
Proof. Direct computation. O

Composition also has a simple relationship with kernels and images enabling us to

extend the usefulness of both concepts,
Lemma B.2.9. For all f € Hom(V, W) and g € Hom(W, X),

Ker(f) C Ker(gof) (B.2.7a)
Im(go f) C Im(g). (B.2.7b)

Proof. Suppose v € Ker(f), then go f(v) = ¢g(0) = 0, which proves the first state-
ment. Now suppose xz € Im(go f), then v € V such that z = go f(v) = g(f(v)),

which proves the second. O
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B.2.5 Injective and Surjective Homomorphisms

Understanding the properties of homomorphisms enables us to keep track of how
particular vectors are transformed. We are particularly interested in two kinds of
homomorphisms: those which maintain the distinctness of input vectors from one

another,

Definition B.2.10 (Injective). A homomorphism f € Hom(V, W) is injective iff,
VYa,b eV,

[f(a) = f(b)] = [a = b]; (B.2.8)
and those that yield all possible output vectors,

Definition B.2.11 (Surjective). A homomorphism f € Hom(V, W) is surjective iff
Yw € W, Jv € V such that,

w = f(v). (B.2.9)

For a homomorphism, injectivity and surjectivity naturally relate to their kernel and

image.
Lemma B.2.12. A homomorphism f € Hom(V, W) is injective iff,
Ker(f) ={0}. (B.2.10)

Proof. In the forward direction, since 0 € Ker(f), we have Yv € Ker(f),

In the reverse direction, suppose for a,b € V that f(a) = f(b), then,

fla—b) =0,
and so a — b= 0, thus a = b. O
Lemma B.2.13. A homomorphism f € Hom(V, W) is surjective iff,

Im(f) = W. (B.2.11)

Proof. This follows from the definition of the image. m
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B.2.6 Identity, Left-, and Right-Inverse Homomorphisms

There is a useful relationship between injective and surjective homomorphisms and
composition which we will occasionally exploit: there exist homomorphisms capable
of undoing their actions. To explore this, we must first define a mundane but special

map,

Definition B.2.14 (Identity Map). The identity map id,, € Hom(V, V) is defined
as,
id, == a — a. (B.2.12)

Importantly,

Lemma B.2.15. For all f € Hom(V, W),

idyof = f (B.2.13a)
foidy = f (B.2.13b)
Proof. Direct computation. O

When the vector space in question is clear, we will often drop the subscript on the

identity map id. Using the identity map, we may define,
Definition B.2.16 (Left- and Right-Inverse). A homomorphism g € Hom(W, V) is
called a left-inverse for a homomorphism f € Hom(V, W) iff,

gof =1idy, (B.2.14)
and a right-inverse for f iff,

fog=idy. (B.2.15)

Such maps, if they exist, can be useful in manipulating compositions but also for

determining the properties of a homomorphism, since,

Lemma B.2.17. A homomorphism f € Hom(V, W) has a left-inverse iff f is in-

jective.

Proof. In the forward direction, suppose g € Hom(W, V) is a left-inverse for f, then,

[f(a) = f(b)] = [gof(a) = gof(b)] = [a = b].
In the reverse direction, f injective implies for each w € Im(f) there is exactly

one v, € V for which w = f(v,). Therefore, it may be easily verified that any

homomorphism g € Hom(W, V) such that Yw € W, g(w) = v,, is a left-inverse for

£l O
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Furthermore,
Lemma B.2.18. A homomorphism f has a right-inverse iff f is surjective.

Proof. In the forward direction, suppose ¢ € Hom(W,V) is a right-inverse for f,
then, Yw € W,

[v=yg(w)] = [f(v) = fog(w) = w],
which shows that w € Im(f), thus W C Im(f). Since Im(f) € W by definition,

we have surjectivity by Lemma [B.2.13| In the reverse direction, for some w € W

consider,

Ay ={veV|w= f(v)}

By the surjectivity of f, A, is non-empty Vw € W. Thus, it may easily be verified
that any homomorphism g € Hom(W,V) such that Yw € W, g(w) € A, is a

right-inverse for g. [l

B.2.7 Isomorphisms

In general, left- and right-inverse homomorphisms are not unique. However, there
are an essential class of homomorphisms for which they are: the isomorphisms. Iso-
morphisms enable us to identify wildly different looking vector spaces as essentially

the same.

Definition B.2.19 (Vector Space I[somorphism). A homomorphism f € Hom(V, W)

is an isomorphism iff it has both a left-inverse and a right-inverse.
To understand which homomorphisms are isomorphisms, let us define,

Definition B.2.20 (Bijective). A homomorphism f € Hom(V, W) is bijective iff it

is both injective and surjective.

Lemma B.2.21. A homomorphism f € Hom(V, W) is an isomorphism iff it is

bijective.

Proof. This follows from Lemmas [B.2.17 and [B.2.18]| O]

[somorphisms tame the non-uniqueness of left- and right-inverses. To see how,

let us define,
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Definition B.2.22 (Two-Sided Inverse). A homomorphism ¢ € Hom(W,V) is
called a two-sided inverse for a homomorphism f € Hom(V, W) if it is both a

left-inverse and a right-inverse for f.

Lemma B.2.23. If a homomorphism f € Hom(V, W) has both a left- and a right-
inverse, its left- and right- inverses are unique and equal to a unique two-sided

muverse.

Proof. Suppose we have two left-inverses g, h € Hom(W, V), and two right-inverses

p,q € Hom(W, V). Then,

[idy = gof = hof] = [gofop=hofop| = [g=h],
and similarly,

lidyw = fop = foq] = [gofop = gofoq| = [p=ql.

Finally,

fog = fogofop=idy,

To reduce notational complexity in light of Lemma [B.2.23] let us define,

Definition B.2.24 (f~'). We denote by f~! € Iso(W,V) the unique two-sided

inverse of the isomorphism f € Iso(V, W).

Often, we are not interested in a particular isomorphism but wish to discuss

arbitrary ones. To this end, let us define,

Definition B.2.25 (Iso(V,W)). Iso(V,W) is the set of all vector space isomor-

phisms between V and W.
Remark. Iso(V, W) is not a subspace of Hom(V, W), since the zero map has no

inverse, so 0 ¢ Iso(V, W).

B.2.8 Composition of Isomorphisms

Despite sets of isomorphisms not forming subspaces of their containing homomor-

phisms, they enjoy a simple interrelationship under composition,
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Lemma B.2.26. Consider the vector spacesV = (V,F,+,,,-,), W = (W,F, 4+, ),
and X = (X,F,+x,-x), and the sets of isomorphisms Iso(V, W) and IsoOW, X). For
all f € Iso(V, W) and g € Iso(W, X), their composition,

gof € lIso(V, X). (B.2.16)
Proof. We may immediately verify that (gof)™!' = f~log™1. O

This compositional property will be essential in our later discussion of symmetry

groups.

B.2.9 Isomorphic Vector Spaces

Isomorphisms grant us the ability to formally state when two different vector spaces

have equivalent structure.

Definition B.2.27 (Isomorphic as Vector Spaces (2¢)). Two vector spaces V and
W are isomorphic as vector spaces iff there exists a vector space isomorphism f €
Iso(V, W) between them. We denote this fact by V = W. When it is clear we are

referring to their vector space structures, we may refer to this as simply isomorphic.
Lemma B.2.28. = is an equivalence relation between vector spaces.

Proof. Tt is clear that since id,, is its own inverse we have )V = V. Thus, = is reflexive.
Next, if V & W with isomorphism f, this implies W = V with isomorphism f!.
Thus, = is symmetric. Finally, by Lemma we establish if V = W with
isomorphism f and W = X with isomorphism g, then V = X with isomorphism

gof. Thus, & is transitive. L

That being isomorphic as vector spaces is an equivalence relation massively simplifies
the work ahead: we need only establish something for an example of a class of vector
spaces and that statement will hold for all equivalent vector spaces.

Given the power of isomorphisms to extend any statement we make beyond
any concrete setting, it is important to understand when two vector spaces are

isomorphic. For finite-dimensional vector spaces, this is simple,

Lemma B.2.29. Two finite-dimensional vector spaces V and VW are isomorphic iff

dim(V) = dim(W).
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Proof. In the forward direction, consider f € Iso(V,V) and a basis {b,;} of V. We
find directly that {f(b;)} is linearly independent in W, and so dim(V) < dim(W).
Repeating this argument for a basis of W under f~! shows dim(V) > dim(W).
Thus, dim(V) = dim(W). In the reverse direction, we may index any two bases {b,}
of V, and {c¢;} of W respectively, over the same set J. For all a € .J, construct the
homomorphisms b, — ¢, and ¢, — b, extended linearly. It is clear that these maps

are inverses. O

A particularly useful extension of Lemma allows us to see that injective

homomorphisms between vector spaces of the same dimension are isomorphisms,

Lemma B.2.30. Consider an injective homomorphism f € Hom(V, W) between
two finite-dimensional vector spaces V and VW with dim(V) = dim(W). Then, f €
Iso(V, W).

Proof. Consider a basis {b;} of V indexed over a set J. By injectivity, {f(b;)} is
linearly independent and |[{f(b;)} = [{b;}|. Thus, span({f(b;)}) = W, and so
{f(b;)} is a basis for W. Therefore, Im(f) = W, and so by Lemma fis
surjective. Thus, f is bijective, so by Lemma it is an isomorphism. ]

Lemma [B.2.30| will be useful in our analysis of the structure of the symmetries of a

metric.

B.2.10 Endomorphisms and Automorphisms

All we have learned about vector space homomorphisms so far also applies when
we are considering homomorphisms from a vector space to itself, which we will
frequently do to study a particular vector space. In this case, we apply some special

terminology,

Definition B.2.31 (Vector Space Endomorphism). An endomorphism is a homo-
morphism f € Hom(V, V).

Definition B.2.32 (End(V)). End(V) = Hom(V, V).

Definition B.2.33 (Vector Space Automorphism). An automorphism is an isomor-

phism f € Iso(V, V).

Definition B.2.34 (Aut(V)). Aut(V) = Iso(V, V).
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B.2.11 Multilinear Maps

One of the central objects of this thesis is the metric g. It is a two-argument
function which has the structure of a vector space homomorphism in each. A natural
name for such a function might be a “multihomomorphism”, but I will try not to
introduce new terminology unnecessarily. Instead, let us name such a function in

the conventional way,

Definition B.2.35 (Multilinear Map). Consider a finite family of vector spaces
Vi = (Vj,F,+,,,+v,)} indexed over the set {1,...,n} and a vector space W =
(W,F, 4+, w)- A multilinear map is a function h : Vi x --- x V,, — W which,
Vk € {1,...,n}, reduces to a homomorphism Hom(Vj, W) when all but the Vj

argument is partially applied.

We will encounter many multilinear maps in this thesis, as well as useful ways to

redefine them as more conventional homomorphisms over tensors.

B.3 Constructing Vector Spaces in Brief

B.3.1 Role in this Thesis

In this thesis, we must understand how to form new vector spaces from existing ones,
particularly using direct sums and tensor products, as many vector spaces important
to this work may be decomposed in this manner, such as the tensor algebra. We
will exploit this fact to decompose the universal enveloping algebra in Chapter [4]
Furthermore, extensions of the notion of quotient spaces will underpin our ability to
create bespoke algebras from more general ones, which is essential to define algebras

for arbitrary spin systems.

B.3.2 External Direct Sum Spaces

In Chapter [3, we will define a general formalism for decomposing a vector space
into a direct sum of vector spaces according to the properties of a vector space
endomorphism. Such decompositions will also inform the structure of the tensor

algebra, and so the direct sum is of great significance to this thesis.

Definition B.3.1 (External Direct Sum (®)). Consider two vector spaces V =
(V,F,+,,~) and W = (W,F,+,,,-). Then, we may form their direct sum
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VOW = (VX W.F,+4m, vew), With its vector addition and scalar multiplica-
tion defined as, V(a,b), (c,d) € V x W, Va € F,

(a,0) +vew (¢, d) == (a+y ¢, b+ d) (B.3.1a)
A yew (a,0) = (a -y a,a -y b), (B.3.1b)
respectively.

Remark. Direct sums are often defined in two species: “internal” and “external”.
Where there is overlap between these constructions, their results are isomorphic.
For simplicity, we shall consider the “external” direct sum and later indicate its
connection with the “internal” direct sum. In this thesis, which species is meant

will be clear from context.

Lemma B.3.2. The direct sum V & W = (V X W, F, 41 e, vew) is a vector space

over IF.
Proof. Direct computation, noting that (0,0) is the additive identity. [

The direct sum @ has a convenient relationship with the trivial space {0}, which

can help to simplify larger direct sums,
Lemma B.3.3. For all vector spaces V,

vae{={0ey=. (B.3.2)
Proof. The required isomorphisms are clear. O

Often in this thesis, we will consider direct sums of more than two vector spaces.

Conveniently, direct sums are both commutative and associative,

Lemma B.3.4. For all vector spaces V = (V,F,+,,-,), W = (W,F, 4+, ), and
X = (XaIF7+X7 'X);

Veow=waoVv (B.3.3a)
VoeWw)oeXxXx=2ve (WaeX), (B.3.3b)
Proof. The required isomorphisms are clear. O

Lemma allows us to disregard the order in which our spaces have been direct
summed. It also motivates an additive (abuse of) notation for such spaces adopted

by many authors,
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Definition B.3.5 (Additive notation for V @& W). For all (a,b) € V x W,
(a,0) = (a,0) +vaw (0,0) = a +yaw b. (B.3.4)

We shall also adopt this notation for readability.
In light of Lemma [B.3.4] let us define,

Definition B.3.6 (Finite Direct Sum). Consider a finite set of vector spaces {V; =
(V5,F,+v,,+v,)} indexed over the set {1,..., N} with N C Z". We may define the

direct sum of {V;} recursively,

N Vl N=1
Pv; = N-1 (B.3.5)
=1 Vie@PVim Nz2

j=1

In fact, we will encounter both finite- and countably infinite-dimensional direct sum

spaces in this thesis,

Definition B.3.7 (Countably Infinite Direct Sum). Consider a countable set of

vector spaces {V; = (V},F,+,,, )} indexed over a set J. Their direct sum,

PV (B.3.6)
jeJ
consists of all tuples of vectors a € X, ; V; which have only finitely many non-zero
components. Vector addition and scalar multiplication are defined component-wise

as in Definition [B:3.11

Remark. The notation for countably infinite direct sums may also be used for finite

direct sums, as the former generalises the latter.

When a direct sum space is finite-dimensional, its dimension is easily understood

in terms of its summands,

Lemma B.3.8. IfV and W are both finite-dimensional, then so isV & W, and has
dimension dim(V @ W) = dim(V) + dim(W).

Proof. Consider a basis {b;} for V indexed over a set J, and a basis {c;} for W
indexed over a set K. It is easy to verify that {(b;,0),(0,¢;) | Vj € J,Vk € K} is a
basis for V& W. O
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B.3.3 Internal Direct Sum Spaces

When considering a set of subspaces of a single vector space, we may relate their

external direct sum to this common superspace,

Definition B.3.9. Consider a vector space V, and a countable set of subspaces

{U; C V} indexed over a set .J. We define,

Li@uj‘%v

jeJ

L= E Vi —r E (%
ST J ) Rl

jeJ JjeJ

(B.3.7)

i.e. all elements are mapped to the sum of their components. This map is well-

defined as all elements in P ;es Uj have only finitely many non-zero components.

Lemma B.3.10. Consider a vector space V, and a countable set of subspaces
{U; C V} indexved over a set J. The map v of Definition 15 a vector space

homomorphism.

Proof. This follows directly from the component-wise definition of vector addition

and scalar multiplication. O

Definition B.3.11 (Internal Direct Sum). Consider a vector space V, a countable
set of subspaces {{; C V} indexed over a set J, and their direct sum P, U;.

When ¢ is an isomorphism, we may say V is the “internal” direct sum of {U;}.

B.3.4 Tensor Product Spaces

Tensor product spaces form the backbone of the tensor algebra, which we will use
extensively to construct a wide variety of unital associative algebras, such as the
universal enveloping algebras of Section and the spin algebras, the indefinite
position algebras, and the spin-s position algebras of Chapters [f] and [5| which are
the main focus of this work. To avoid confusion, it is important to note that the
tensor product between vector spaces defined here is distinct from the product of
the tensor algebra between its elements, though they share notation and are closely
related.

To begin, we must define an equivalence relation on V' x W,
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Lemma B.3.12. Consider two wvector spaces V = (V.F,+,,-,) and W =
(W,F, 4w, w), and a subfield G of F. For all (a,c),(b,d) € V x W, the relation,

[(a,¢) ~ (b,d)] < [Ela €G: [la=aybAld=awd]V[b=aydAl= a-Wd]]]
(B.3.8)

18 an equivalence relation.

Proof. First, (a,c) ~ (a,c)since 1 € G, so ~ is reflexive. Next, by the commutativity
of logical disjunction V, we see immediately that [(b,d) ~ (a,c)] < [(a,c) ~ (b,d)].
Thus, ~ is symmetric. Finally, suppose [(a,d) ~ (b,e)] A [(b,€) ~ (c, f)]. Showing

this statement entails (a,d) ~ (¢, f) requires a number of cases to be considered:

1. Consider o, 8 € G such that [a = a-,b|Ale = a-wd|A[b= G-, A[f = B-wel.
Thus, [a = (af) -y ] A [f = (Ba) -w d]. Since G is commutative, fa = af.

2. Consider Ja, f € G such that [b = a-ya|Ald = a-we]Alc = [-,b|Ale = (-, f].
Thus, [¢c = (Ba) v a] Ald = (af) -y f]. Since G is commutative, Sa = af.

3. Consider Ja, 5 € G such that [a = a-,b|Ale = awd]Alc = B, b|Ale = B+ f].
Using the commutativity of G, we have [, a=a -, c]Ala-wd= 05+, f]. If
a#0,8#0,sinceat, 371 € G, wearedone. If « =0, 3 # 0, thena = f =0,
and we may directly verify that (0,d) ~ (¢,0). If « # 0, 8 =0, then c = d = 0,
and we may directly verify that (a,0) ~ (0, f). If @ = § = 0, the conditions
are trivially satisfied, and we must have a = b=c¢c=0,d =e = f = 0, and

thus (0,0) ~ (0,0) by the idempotence of the logical conjunction A.

4. Consider Ja, f € G such that [b = a-ya|A[d = a-we]Ab = B c]Alf = B-wel.
Using the commutativity of G, we have [a -y a= -, ] A[f-wd=a-y f]. If
a#0,8#0,sincea™t, 371 € G, wearedone. If « =0, 8 # 0, thenc=d =0,
and we may directly verify that (a,0) ~ (0, f). If « # 0, 8 =0, thena = f =0,
and we may directly verify that (0,d) ~ (¢,0). If & = = 0, the conditions
are trivially satisfied, and we must have a = b=c¢c=0,d =e = f = 0, and

thus (0,0) ~ (0,0) by the idempotence of the logical conjunction A.
Thus, ~ is transitive. O

We may use the equivalence classes of this equivalence relation to define the tensor

product of two vector spaces,



B.3. CONSTRUCTING VECTOR SPACES IN BRIEF 249

Definition B.3.13 (Tensor Product (®g)). Consider two vector spaces V =
(V,F,+,,-,) and W = (W,F, +,,,-,), a subfield G of F, and the set of all equiva-
lence classes of V' x W under the equivalence relation ~ in Lemma [B.3.12, which we
denote by Sg(V,W). Then, we may form the tensor product of ¥V and W over G,
V@ W = (Lin(Sg(V,W)), G, +vagw; veew), Where: the vector addition and scalar
multiplication are defined by, V[(a,c)], [(b,d)] € Se(V,W), Va € G,

[(a,0)] +veew [(a,d)] = [(a,c+w d)] (B.3.9a)
[(a,0)] +vaew [(b:0)] = [(a+v b, c)] (B.3.9b)
@ yaow [(@,0)] = [( - a,b)] = [(a, - b)], (B.3.9¢)

respectively, with the final equality coming from the definition of Sg(V, W); and
Lin(Sg(V, W)) is the set of all finite G-linear combinations of Sg(V, W) under + ¢y

and 'V®Gw.

The attentive reader will have noticed how horrible the notation we have intro-
duced for the elements of ¥V ®g W is. This motivates us to adopt an alternative,

but widely used, notation,

Definition B.3.14 (Multiplicative notation for V ®@g W). For all [(a,c)] €
Sc(V, W),
[(a,0)] = a®ec. (B.3.10)

Remark. While this notation may suggest we have introduced a product between
the elements of ¥V and W, or between the elements of V ®¢ W, this is not the case.
The notation we have used here is identical to the notation for the product of the
tensor algebra, which is a genuine product between its elements. The relationship

between these two uses of ® will become apparent in Section [2.4.2]

With this notation in hand, it is easy to show that,

Lemma B.3.15. The tensor product V ®g W = (Lin(Sg(V, W)), G, +vagw: veew)

1S a vector space.
Proof. Direct computation, noting that 0®0 is the additive identity. O

The structure of a tensor product space is markedly richer than that of a direct sum
space. However, the tensor product of vector spaces shares many similar properties

as a binary operator as the direct sum.
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Lemma B.3.16. For all vector spaces V over F,
VrFFEFRFY = V. (B.3.11)

Proof. The required isomorphisms are clear once one notices, v®a € V ®rF is equal

to (- v)®1. O

Often in this thesis, we will consider tensor products of more than two vector
spaces. Conveniently, tensor products of vector spaces, like direct sums, are com-

mutative and associative,

Lemma B.3.17. For all vector spaces V = (V,F, +,,,-,), W = (W,F, 4+, ), and
X = (Xa]Fa +X7 'X);

VRcWEW®RgV (B.3.12a)
(VR W) g X 2V ®c (W Q¢ X). (B.3.12b)
Proof. The required isomorphisms are clear. O

Lemma[B.3.17 allows us to disregard the order in which our spaces have been tensor

producted.

Remark. Though the tensor product of vector spaces is commutative, when consid-

ering a tensor product such as V ®¢g )V in general,
a®b # bRa, (B.3.13)

for elements a®b, bRa € V ®¢ V.

Unlike the case of direct sum spaces, we will encounter only finite-dimensional

tensor product spaces in this thesis. Nevertheless, some compact notation is in order

in light of Lemma

Definition B.3.18 (Finite Tensor Product). Consider a finite family of vector
spaces {V; = (V;,F, +v, 'vj)} indexed over a set J, and a subfield G of F. We

denote their tensor product over G by,

®@ V. (B.3.14)

JjeJ

We will also frequently construct tensor products of a single vector space,
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Definition B.3.19 (Tensor Power). Consider a vector space V = (V,F,+,,-,), a
subfield G of F, and k € N. The kth tensor power over G of V is,

k
V k#0
Yok (§1)G (B.3.15)
G k=0.

In this thesis, we will mostly take G = FF i.e. the whole field, and so will often
omit the subscripts on tensor products, tensor powers, and so forth when the field

over which we are taking the tensor product is clear from context.

B.3.5 The Universal Property of Tensor Product Spaces

The tensor product plays a special role in understanding a set of vector spaces {V;}:
it is the bridge between multilinear maps and more typical vector space homomor-
phisms, and enables us to reduce the complexity of objects we will encounter in this

thesis. This is formalised in its “universal property”,

Lemma B.3.20 (Universal Property of Tensor Product). Consider the vector spaces
V=V, F,4+,,), W= (W,F +,,w), and X = (X,F,+x,-~), and the subfield
G C F. For any bilinear map h : V x W — X there exists a unique vector space

homomorphism h : VW — X such that,
h = hod, (B.3.16)

where,

¢ = (v,w) = VRW, (B.3.17)

is the canonical endomorphism from V- x W into V@gW.
Proof. See [49]. O

The universal property is useful in a number of ways. It allows us to understand

the properties of the tensor product, for example,

Lemma B.3.21. Suppose {b;}, indezed over a set J, is a basis for V = (V,F,+,, )
when considered as a vector space over the subfield G of F, and {cy}, indexed over
a set K, is a basis for W = (W,F,+,,, ) when also considered as a vector space

over G. Then, {b;®c;} indexed over the set J x K is a basis for V @g W.
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Proof. This proof is adapted from [48], and presented to underscore the universal
property as the property of the tensor product responsible for its structure. By the
definition of V ®@¢ W, {b;®c;} clearly spans V ®g W. To establish linear indepen-
dence, let us first define, Vp € J, Vq € K, f, € Hom(V,G), g, € Hom(W,G) such
that,

where 1 € G is the multiplicative identity of G. Let us also define the bilinear maps,
Yo eV, Yw e W,

hpg : VX W = G

hpg(v,w) = fp(v)gq(w).

By Lemma [B.3.20, there exist unique maps h,, € Hom(V ®¢ W, G) such that
Yo, w eV,

hpg(VRW) = hpg(v, w).
Thus, for all non-empty finite subsets L C J x K, and V(p,q) € L,
[O = Z%‘k bj®ck} = [O = Z Qg ﬁpq(bj®ck) = ozpq].
(4,k)eL (4,k)eL
Therefore, all non-empty finite subsets of {b;®c} are linearly independent, and so

{b;®c} is linearly independent. O

Corollary B.3.22. If V and W are both finite-dimensional as vector spaces over
G, then so is ¥V @g W and dimg(V ®¢ W) = dimg (V) dimg (W), where dimg is the

dimension of each vector space considered as a vector space over G.
Proof. Follows immediately from Lemma [B.3.21] O

More specifically for this work, the universal property enables us to match the prop-
erties of a multilinear map to a tensorial object with the same properties. This will

be invaluable when searching for natural algebraic objects to generate a transfor-

mation, such as in Section [2.2.4.4] For example,

Example B.3.23. Consider a bilinear map b : V x V — W which is antisymmetric,
ie. Vr,y eV,
b(y,x) = —b(x,y). (B.3.18)
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By the universal property [B.3.20| there is a corresponding homomorphism b : VgV —
W which satisfies,

b(z®y) = —b(y®z)] = [b(z@y + y®z) = 0]. (B.3.19)
This reveals that b is naturally defined on antisymmetric tensors x&y —yXx, allowing
us to move the properties of the map b onto the objects that b acts on. We may

now restrict b to the space of these objects if desired.

B.3.6 Direct Sums and Tensor Products

Many spaces of interest to us, such as the tensor algebra, include both tensor prod-
ucts and direct sums in their structure. To fully understand such a space, we must
therefore understand the relationship between them. This turns out to be distribu-

tive,

Lemma B.3.24. For all vector spaces V = (V,F, +,,,-,), W= (W, F,+,,, ), and
X = (X7F7 +X7 'X);

VogWa X) 2 (VW) ® (VegX). (B.3.20)

Proof. See [49]. O

B.3.7 Quotient Spaces

In contrast to the direct sum and tensor product, which construct larger vector
spaces from smaller ones, a quotient produces a smaller vector space from a larger
one. Quotients are particularly useful if one wishes to remove uninteresting details
from a vector space. Furthermore, generalisations of this idea form the backbone of

the methods we will use to derive specialised algebras from more general ones.

Definition B.3.25 (Vector Space Quotient). Consider a vector space V and a sub-
space U C V. The quotient Q is defined,

o~ = (B.3.21)

and consists of all equivalence classes of elements of VV under the equivalence relation,
Va,b eV,
[a ~b] < [(a+y (=) €U]. (B.3.22)
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Lemma B.3.26. The quadruple @ = (Q,F,+o,-o) is a vector space, where the

vector addition and scalar multiplication are inherited from V up to ~.

Proof. Direct computation reveals not only are the vector space axioms satisfied,
but vector addition and scalar multiplication are well-defined, i.e. independent of

the chosen representatives of the equivalence classes we are manipulating. ]

Definition B.3.27 (Quotient Space). We call Q = (Q,F, +4, -o) the quotient space
of V by U.

Remark. While the objects of any quotient space are, strictly speaking, equivalence
classes of elements, we will often instead use representatives and manipulate expres-

sions according to their equivalences.

B.3.8 Direct Sums and Quotient Spaces

Despite their markedly different appearance, direct sums and quotients are closely

related,

Lemma B.3.28. Consider a vector space V, a subspace U TV, and their quotient

space Q. Then,
VU 0. (B.3.23)

Proof. This follows from the fact that the category of vector spaces is an Abelian

category|[88, [89]. O

Lemma [B.3.28] provides us another way to decompose a given space, which will
be useful in understanding the structure of vector spaces with metrics, which are

objects of central importance to this work.

B.4 Groups and Group Homomorphisms in Brief

B.4.1 Role in this Thesis

In Section [2.2.3] the symmetry endomorphisms of a metric g naturally forms a group.
This section is intended to formally define the notion of a group so that this may

be made precise.
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B.4.2 General Groups
Definition B.4.1 (Group). A group is a triple G = (X, ¢, e) consisting of:

e aset X;

e a binary function ¢ : X x X — X, which we call the group product, for which,
Va,b,c € X,
(aob)yoc=ao(boc); (B.4.1)

e a two-sided identity element e € X, i.e. Va € X,

eca=aoe=aq; (B.4.2)

e a two-sided inverse element a~! € X for each element a € X,

aloa=aoca=e. (B.4.3)

Remark. Most authors axiomatise only the existence of left-inverse elements and
the left-identity, as that axiomatic system is strong enough to entail these elements
also being right-inverses and right-identities respectively. As such, our definition is

equivalent but avoids some additional lemmas for the sake of clarity.

Lemma B.4.2. In a group G = (X,¢,e), the identity element and all inverse

elements are unique.
Proof. See [53]. O

As with vector spaces, we shall often write a € G to mean the same as a € X.

B.4.3 Abelian and Non-Abelian Groups

The attentive reader will have noticed that the Definition [B.4.Tmakes no assumption
about the commutativity of the group product. Indeed, this compels us to consider

two classes of groups,

Definition B.4.3 ((Non-)Abelian Groups). A group G = (X, ¢,e) is Abelian iff
Va,b € G,
aob=boa. (B.4.4)

Otherwise, the group G is non-Abelian.
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The most important groups for this thesis, SO*(V, g) and O(V, g), are usually non-
Abelian (this will be proven in Corollary [5.4.4)), but Abelian groups form the back-
bone of many structures we use to study them, for example any vector space under

addition only is an Abelian group.

B.4.4 Subgroups

As we saw with SO*(V, g) and O(V, g), we are often interested in only a part of a

larger group which is nevertheless closed under the group product,

Lemma B.4.4. Consider a subset of elements W C X from a group G = (X, 0, €),
for which, Ya,b € W,

eeW (B.4.5a)
[ae W] [ateW] (B.4.5b)
aobe W. (B.4.5¢)
Then F = (W,0,e) is a group, where,
1o[] = ocoj (B.4.6)

where 1 : W — X and 5 W x W — X x X are inclusion maps.

Proof. Immediate from the definition of a group. O]

Accordingly,

Definition B.4.5 (Subgroup). We call F' = (W, [, e) as in Lemma|B.4.4|a subgroup
of G.

B.4.5 Group Homomorphisms and Antihomomorphisms

Just like with vector spaces, we are often interested in understanding the relation-
ships that two groups can have with each other. This leads us to consider functions
between groups which are compatible with their group structures. However, unlike
with vector spaces, the non-Abelian nature of general groups causes such functions

to come in two species. The first is perhaps what you might expect,
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Definition B.4.6 (Group Homomorphism). Consider two groups G = (X, ¢, e) and
H = (Y, %, f). A group homomorphism between G and H is a function p: X — Y
such that, Va,b € G,

plaob) =p(a)* p(b). (B.4.7)

We call the set of all group homomorphisms Hom(G, H). We may also write p :

G — H to mean the same asp: X — Y.
The second species instead reverses the order of all products,

Definition B.4.7 (Group Antihomomorphism). Consider two groups G = (X, ¢, e)
and H = (Y,*, f). A group antihomomorphism between G and H is a function
p: X — Y such that, Va,b € G,

plaob) =p(b) * p(a). (B.4.8)

We call the set of all group antihomomorphisms Hom(G, H). We may also write

p: G — H to mean the same asp: X — Y.

Remark. As with vector space homomorphisms, there exist the notions of group
(anti-)isomorphisms, (anti-)endomorphisms, and (anti-)automorphisms. These have
the definitions you might expect, but as they are not needed for the developments

in this thesis, we shall not consider them further.

In our definitions, we have not specified how either of these species of functions
should act on the identity or inverses. Regardless of which species of group structure-

preserving functions we use, we find,

Lemma B.4.8. Consider two groups G = (X,¢,e) and H = (Y,*, f) and the
functions p € Hom(G, H), ¢ € Hom(G, H). Then, Va € G,

ple) =qle) = f (B.4.9a)
pla™") = p(a)™ (B.4.9b)
qgla™) = q(a)™t. (B.4.9¢)

Proof. By definition, Va € V,

p(a) = p(eoa) = p(e) * p(a)

q(a) = q(e o a) = q(a) * q(e)
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Thus, by Lemma [B.4.2] we have (B.4.9a)). Similarly, Va € G,

f=ple)=pla"oa)=pla™")*p(a)

f=qle) =qla™" oa) = q(a) * g(a™").

Thus, by Lemma [B.4.2] we have (B.4.9b]) and (B.4.9¢). O

B.5 Proofthat the Metric Adjoint in a Minkowski
Space Exists

Consider a Minkowski space-time (V,g). To prove that a g-adjoint exists VA €
End(V), we must introduce some additional concepts. The argument I present here

is a variation on the proof for the Riesz Representation Theorem [90].
Definition B.5.1 (Dual Vector Space). The dual vector space of V is Hom(V, R).
The metric g induces a natural relationship with the dual space Hom(V, R),

Lemma B.5.2. The map ®,: V — Hom(V,R) : v = (w — g(v,w)) is an isomor-

phism.

Proof. 1t is clear from its definition that ®, is a vector space homomorphism. Sup-

pose Ja,b € V such that ®,(a) = ®,(b), then,
0= Py(a) — Dy(b) = w = g((a—b),w),

which by the non-degeneracy of g implies a = b. Thus, ®, is injective. By Lemma

B.2.4) dim(V) = dim(Hom(V, R)), and so by Lemma [B.2.30, ®, is an isomorphism.
[l

Lemma B.5.3. For all f € Hom(V,R), Jvs € V such that, Vw €V,

f(w) = glvsw). (B5.1)

Proof. For any a € V, consider f = ®,(a). By definition, Vw € V,

(®y(a))(w) = g(a,w),

and therefore,

We are done since Im(®,) = Hom(V, R). O
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Lemma B.5.4. For all f € Hom(V,R), the vector vy € V such that, Yw € V,
f(w) = g(vpw), (B.5.2)
1S UNLQUE.
Proof. Consider vy, wy € V such that, Yw € V,
[9(vsw) = f(w) = g(wpw)] = [g((v; —wp,w)) = 0].
Thus, the non-degeneracy of g implies that vy = wy. O

Now we have all we need to prove the existence of g-adjoints,

Lemma B.5.5. For all A € End(V), 3B € End(V), such that, Vo,w €V,

g(A(v),w) = g(v,B(w)). (B.5.3)

Proof. Consider the map f € Hom(V,R) defined for some v € V by f = &/(v)oA.
By Lemmas |B.5.3| and [B.5.4] there exists a unique vy € V, such that, Vw € V,

g(vpw) = (Pg(v)oA)(w) = g(v,A(w)).
Thus, we may define a function,
p: V=V
V= vy,

so that,
9(p(v)w) = g(v,A(w)).
All that remains it to verify that ¢ € End(V). This follows directly from the fact

that ®, is a vector space homomorphism, and the definitions of homomorphism

addition and scalar multiplication. O]

B.6 Proof that O(V, g) forms a Group under Com-
position

Lemma B.6.1. id, € O(V,g).

Proof. For all v,w €V,
g(idy (v),idy (w)) = g(v,w)
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Lemma B.6.2. For all A,B€ O(V,g), AoB € O(V,g).
Proof. For all v,w €V,
9((AoB)(v), (Ao B)(w)) = g(A(B(v)), A(B(w))) = g(B(v),B(w)) = g(v,w)

]

This next property is not itself a requirement for O(V, g) to be a group, but reveals

some of the required structure,
Lemma B.6.3. For all A € O(V,g),
A0 A = Ao A9 =id,, . (B.6.1)
Proof. First, note, Yo, w € V,
g(vw) = g(A(v),A(w)) = g(v, (A70A)(w)).

Thus, by the non-degeneracy of g, A%0 A = id,,, so AY is a left-inverse for A. By

Lemma this means A is injective. Therefore, by Lemma [B.2.30] A is an
isomorphism. So, by Lemma [B.2.23 A9 is the unique two-sided inverse for A. [

Thus,

Lemma B.6.4. A9 € O(V, g).
Proof. By Lemma [B.6.3] Vv,w € V,

g(v,w) = g(idy(v),idy(w)) = g((AoAg)(v), (AoAg)(w)) = g(A%(v),A%(w)).

Lemma B.6.5. O(V,g) forms a group under composition.

Proof. Lemma shows that O(V,g) is closed under composition, and Lemma
B.6.1| shows it contains its identity element. Lemma shows that the g-adjoint
of an orthogonal map is its two-sided inverse, and Lemma [B.6.4] shows this inverse is
also an orthogonal map. Noting that composition of homomorphisms is associative,

we are done. O
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B.7 The Isomorphism Between so()V, g) and A?(V)

B.7.1 Proof that so(V,g) is Spanned by t(a,b)) Endomor-

phisms

First, let us define some bilinear maps which will be useful in our proof,

Definition B.7.1 (s(a,b)). For all a,b € V, s(a,b) is the bilinear map,

s:VxV — End(V) (B.7.1)

s(a,b) == v+ g(a,v)b.

Lemma B.7.2. Consider a basis {b;} forV indexed over a set J, and the inclusion
map,

i {bj}x{bx} = VxV. (B.7.2)

Then, the map soi is injective.

Proof. Suppose 3(bp, b,), (b, bs) € {b;} x {bx} such that soi(b,,b,) = soi(b,,bs).
Then, Yv € V,

0 = g(b,,v)b; — g(b,,v)bs.

If b, # bs, then {b,,b,} is linearly independent, and so g(b,,v) = —g(b,,v) = 0.
By the non-degeneracy of g this implies b, = b, = 0 which contradicts the linear
independence of the basis {b;}. Therefore, b, = bs. Thus,

0= (g(byyv) — g(br,0))bg = g(by — by, v) by,
which by the non-degeneracy of g implies b, = b,.. So, (b,,b,) = (b, ). ]

Lemma B.7.3. The set {xi(b;, by)} indezed over the set JxJ is linearly independent
in End(V).

Proof. Consider V(j,k) € J x J, {aj; € R} such that,

0= Z ajk s0i(bj, by).
(k)eTxJ
Thus, Vv € V,

0= Z ajr g(bj,v)b, = Z(Z Qg g(bj,v))bk = Zﬁkbka

(J,k)eTXJ ked jeJ keJ
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where we have defined 8y, == >, ; aji g(bj,v). Since {by} is linearly independent,

we must have, Vk € J,

0=5c =D ajglbv) :g<zajk bj’v).

JjeJ jedJ

Thus, by the non-degeneracy of g, we must have, Vk € J,

Zajk bj = 0.

jedJ

Again, since {b;} is linearly independent, we must have, V(j, k) € JxJ, aj; =0. O
Lemma B.7.4. The set {sci(b;, by)} indezed over the set J x.J is a basis for End(V).

Proof. Since soi is injective by Lemma(B.7.2} [{s0i(b;, bx)} = |{b; }x{bx}| = dim(V)>.
By Lemma dim(End(V)) = dim(V)?. Since soi is linearly independent by
Lemma [B.7.3] it is therefore a basis for End(V)[46]. O

This basis is particularly useful for us since it behaves nicely under (- )7,
Lemma B.7.5. For all a,b €V, (s(a,h))? = s(b,a).
Proof. For all v,w €V,
9(s(a,b)(v), w) = g(g(a,0)b,w) = g(v, g(bw)a) = g(v, s(b,a)(w)).
U

With a natural basis for End()) identified in the presence of the metric g, let us
now probe so(V, g),

Lemma B.7.6. The set {toi(b;,b)} indexed over the set J x J spans so(V,g).

Proof. By definition VA € s0(V, g), A = — A9, or equivalently a_(A) = A. Writing,

A = Z ajk S(bj,bk),

(. k)eTxJ
we find,
1
=A= Z Qg A bj,bk ) = Z §Oéjk t(b],bk)
(J.k)eIxJ (J.k)eIxJ
]
Corollary B.7.7. Any A € s0(V, g) may be written in the form,

keK

where Vk € K, v € R, (¢, dy) € VXV.
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Proof. This follows directly from Lemma |B.7.6] ]

Lemma B.7.8. Suppose the indexing set J can be given a strict total order <.
Then, the set,
{toi(bj,bx) |Vj, ke J:j<k} (B.7.4)

is a basis for so(V, g).

Proof. By the definition of t(a,b), Vj, k € J, t(by,b;) = —t(b;,bx), which implies
Vj =k, t(b;,b;) = 0. Thus, the set (B.7.4) contains no obvious linear dependence.

Let us now prove that this set is linearly independent, Vv € V,

0="> at(bibe)(v) =D aj (s(bjbr)(v) — s(brb;)(v)),

Jkedj<k j ke, j<k
and so by Lemma [B.7.4] Vj,k € J, j <k, o = 0. n

Corollary B.7.9. dim(so(V, g)) = 1 dim(V) (dim(V) — 1).

Proof. For all j € J, t(b;,b;) =0, and j # k € J, t(by,b;) = —t(b;,by). Thus, of the
dim(V)? endomorphisms {toi(b;, b;)} indexed over the set J x J, dim(V) are zero
and 1 dim(V)(dim(V) — 1) are linearly dependent on the others. Thus, there are,

dim(V)? — dim(V) — %dim(V) (dim(V) — 1) = %dim(V) (dim(V) — 1),

linearly independent {toi(b;,bx)}. O

B.7.2 Proof that i is a Vector Space Isomorphism

To establish this claim, we need to assert some properties about the bivectors A%()),

Lemma B.7.10. Consider a basis {b;} forV indexed over a set J which is equipped

with a strict total order <. Then,
{bjAb, | Vg, ke J:j <k}, (B.7.5)
is a basis for A%(V).

Proof. By Lemma [B.3.21] the set {b;®b;} indexed over the set J x J is a basis for
V@2, Thus, for every bivector B € A%(V),

B = Z Qg bj/\bk,

J,keJ
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so the set {b;Aby} spans A*(V). From their definition as tensors, Vj, k € J we have
by Abj = —bj Aby; we may use the strict partial order < to remove these linearly

dependent elements from {b;Aby}, resulting in (B.7.5). All that remains is to prove
the linear independence of (B.7.5)),

1
0= Zajk bj/\bk = Z §Oéjk (bj@bk — bk®bj),

J,keJ,j<k ke, j<k

from which aj; = 0 follows from the linear independence of {b; @b} O

Lemma B.7.11. The vector space homomorphism p is injective.

Proof. Consider A, B € A?(V) such that u(A) = u(B). Then, using the basis (B.7.5)

to write,

A= Zajk bj/\bk, B = Zﬁjk bj/\bk,

jked i<k jkedj<k

we have,

[/L(A) = ,u(B)} = [0 = Z(Oéjlg — Bjk) p(bjNby) = Z(Oéjk — Bik) t(bs,be) |-

jked,j<k JkeT i<k

Thus, by the linear independence of {¢(b;,bx)} we have o = Sj. O
Lemma B.7.12. The vector space homomorphism p is surjective.

Proof. Consider f € so(V, g). By Lemma [2.2.47, there exists some expansion,

F=2 ajtlazh) =) aju(anb) = ”(Z ajajAbj)'

jeJ jeJ jeJ

Thus, f € Im(p). O

B.8 Proof that so(3,R) has Rank One

First note that,
Lemma B.8.1. For allv,w € s0(3,R), {v,w} is linearly independent iff vxw # 0.

Proof. We will prove the contrapositive of this claim. If {v, w} is linearly dependent
then by antisymmetry v xw = 0. If uxw = 0 and [v = 0] V [w = 0], then {v,w}
is clearly linearly dependent, so let us consider the case [v # 0] A [w # 0]. Then,

vxw = 0 implies,

VWo — VoW1 = 0
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Vo3 — V3Wwo — 0

v3wi — ws = 0.

Since, w # 0, consider the case w; # 0. Then, v; = 0 implies v = 0, thus 14, # 0,
and we must have,

V12 V13 151
52 + 83 = —w.

%1 %1 w1

v=15] +

The cases wy # 0 and w3 # 0 similarly yield v = :Tzw and v = :—zw respectively. [

Lemma B.8.2. For all v,w € s0(3,R), written in the usual basis as v =3 °_, 1,5,

a=1
3
and w = y_; wpSh,

X (vXw) = — (Z 1/3) w + (Z Vawa> v. (B.8.1)

Proof. Direct computation. O]

Lemma B.8.3. For allv,w € s0(3,R), {v,w} is linearly independent iff {v, w, vxw}

15 linearly independent.

Proof. The reverse direction follows from Lemma In the forwards direction
consider a, 3,7 € F such that,

av + fw 4+ yvxw = 0.
Thus, writing v = Zi:l v,S, and w = Zg’zl wpSy,

0=avx(vxw)+ fwx(vxw)

(S () o) (S

a=1
3 3 3 3
:(CYZVGCUG—FBZU.%)U_(Oézyg"i_ﬁzwaya> w.
a=1 a=1 a=1 a=1

By the linear independence of {v, w} we must have,

3 3 3 3
[aZyawa+ﬂZw2 = 0] A [aZuﬁ +62waua = 0]
a=1 a=1 a=1 a=1

(89 (59 (£))

Recognising the form of the standard Euclidean metric on an orthonormal basis,
the second factor is non-zero by Lemma [B.8.4] and so &« = = 0. Thus, v = 0 by
Lemma [B.8.1] ]
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To conclude the proof, we need,

Lemma B.8.4 (Cauchy-Schwarz Inequality). For any positive-definite metric g,
Va,b eV,
2
9(a,a)g(bb) = (g9(ab))”, (B.8.2)

with equality iff {a,b} is linearly dependent.

Proof. See [22]. O
Now, we may find,

Lemma B.8.5. The Lie algebra so(3,R) has rank 1.

Proof. Consider two non-zero elements v, w € s0(3,R) such that {v,w} is linearly

independent. By Lemmas [B.8.3| and [B.1.18, {v,w,v xw} is a basis for so(3,R).

Suppose Jda, § € F such that,
ad(v) (aw + foxw) = 0.
By Lemma we have,
3 3
avXw — f3 (Zl/2> w+ B (Z%Mz) v =0,
a=1 a=1

which by Lemma implies that « = 8 = 0. Therefore, Vv € s0(3,R),
Ker(ad(v)) = spang({v}), thus dim(Ker(ad(v))) = 1. O



Appendix C

Minimal Polynomial Methods

C.1 Proofs for Formal Irreducible Power Series

In this section, we will often leave implicit inclusions from My, to Flx].

C.1.1 The Algebra of Formal Irreducible Power Series
C.1.1.1 The Homomorphism W;(ZL)

Definition C.1.1. Let 7’ denote the canonical projection,

7 Fla] = Qpw[2]

(C.1.1)
= g(r) = [g(z)]
Definition C.1.2.
/
X' 1 Q) |x] = My
f(=) f(@) (C.1.2)
X'=[g(z)] = r(z),
where 7(x) is the unique least-order representative of [g(x)|.
Lemma C.1.3. For all h(z) € [g(z)], suppressing inclusions,
h(z) = X'(h(z)) + k(z) f (z), (C.1.3)
for some k(x) € Flz].
Proof. Clear from polynomial division. O]
Definition C.1.4 (7??23)).
) .
ﬂ—f(a:) : F[ZE] — Mf(m) (0.1.4)
T =X o7
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Lemma C.1.5. For all g(x) € F[z],

g(x) = a(z) + B(z) f(z), (C.1.5)

with a(x) € My, B(x) € Flz], we have,

i (9(x)) = al). (C.1.6)
Proof. Clear from the definition and Lemma O
Lemma C.1.6.

W;?L)owﬁl) = W](c(zzﬂ) (C.1.7)
Proof. Follows from Lemma [C.1.5] O]

Lemma C.1.7. For all g(z), h(z) € Flz],
Ty (9(2)h(2)) = wlh) (w0 (9(@)) w0, ((2)) ). (C.1.8)
Proof. Writing,
g(x) = aw) + B()f(x), h(z) = c(x) + D(x)f(x),
with a(z), e(x) € My, B(z), D(z) € Flz], we see,
g(@)h(z) = a(@)e(x) + E(2)f(x),
thus,

70 (9(x)h(x)) = 70, (a(x)e(x)) = 70, (70, (9(2))a) (h(x))).

[
C.1.1.2 The Homomorphism Wfll&)
Lemma C.1.8. For all polynomials p(x) € My, p(zx) # 0,
' (u(x)) # 7'(0). (C.1.9)

Proof. For all u(z) € My, |p(x)] < |f(x)|, and thus p(z) ¢ I(f(z)). Thus, the
claim follows from Lemma 2.4.4] O

Lemma C.1.9. For all pi(z) € My,
Ou (1)) € My, (C.1.10)

Furthermore,

0u(f(2)) € My(z). (C.1.11)
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Proof. For all polynomials g(z) € F[z] of the form,

@l
g(z) = aa?,
=0

by Corollary [2.3.58 and Lemma [2.3.59, we have,

(@)1
0u(g(x)) =Y (7 + Dajra! € My().

=0

Definition C.1.10 (9,). We define 9, € Der(F[z]) by,
O (x) = 1.

Lemma C.1.11. There exists t(x) € My, such that,

m'(t(x)) = 7'(0:(f(x)) "

Proof. Direct consequence of Lemmas [C.1.9] [C.1.8] and [3.4.16]

Definition C.1.12 (0y(y))-
Of(w) : Flz] — Fla]
Opta) = glw) = 1(2)Du(g(2)).
Lemma C.1.13.
50 (O (f(2))) = 1.

Proof.

269

(C.1.12)

(C.1.13)

(C.1.14)

(C.1.15)

T (O5 (f(2))) = Xor' (H@)Du(f(2))) = X (7' (t())7 (9 (f (@)))) = X'o7'(1) = 1.

Definition C.1.14.

—~

DI
ﬂ—f(a:) : F[I] — Mf(m)

@ .0 . (0)
T = ﬂf(x)oaf(z)o (1d —Wf(m)).

Lemma C.1.15. For all g(x) € F[z],

9(z) = a(z) + b(x) f(z) + C(x) f(2)*,

with a(x),b(x) € My, C(x) € Flz], we have,

]

(C.1.16)

(C.1.17)

(C.1.18)
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Proof.
ey (9(2)) = 730y 00se () () + C() f(2)?)
= i) (0(2)95(0) (f (2)) + D(x) f (=)
= b(x),
with the final line following from Lemmas [C.1.7] and [C.1.13] O

C.1.1.3 The Homomorphism 7T§£2(l)

Definition C.1.16 (P). For all g(x) € F[z], let us define,

P : Flz] — End(F[x])

(C.1.19)
P(g(x)) = h(z) — g(x)h(z).
Definition C.1.17 (r{.)).
72 Fla] = My
Ti) = 571 ©0f © (1 =y = P(f(@))omy() ).
Lemma C.1.18. For all g(x) € F[z],
g(x) = a(x) + b(x) f(x) + c(x) f(x)* + D(z) f(x)’, (C.1.21)
with a(x),b(x), c(x) € My, D(x) € Flz], we have,
oo (9(x)) = c(z). (C.1.22)

Proof.

= 70000 (id —nl) — P(f(@)omiyy) (9(x)
; T 005 (c(x) (@) + D(@) f(2)°)
= 7 00y (2e(x)Dy0o (F@) () + Bla) (@)
= 0 (c@) (Or(/(@))) + F@)f (@)

= (@),

with the final line following from Lemmas |[C.1.7 and [C.1.13] O]
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C.1.1.4 Relationships Between the WJ(CJ&)

Lemma C.1.19. For all p(z),v(x) € My, suppressing inclusions into Flx],

pl@)u(e) = T (1(@)w(@) + 70, (u(a)v(@) £ (o). (C.1.23)

Proof. Since |u(x)| < |f(x)] =1 and |v(z)| < |f(z)] — 1, we must have |u(z)v(z)| <

| f(z)?| — 2. Thus, by polynomial division Ja(z),b(z) € My, such that,

p(x)v(z) = alx) + b(x) f(x).

The result follows from Lemmas [C.1.5 and [C.1.15] OJ

Lemma C.1.20. For all j, k € {0,1,2},

(k)

. ) =0
G ok _ )@
) on® = | (C.1.24)
0 Jj#0.
Proof. Follows from Lemmas [C.1.5 and [C.1.1§ O

Lemma C.1.21. For all p(x),q(x),r(x) € Flz],

iy (T ) (gl (r()
= 70 (75t (T (PN (D) (r(@)  (C.1.25)

= {0 (70 ()0 (250 (a@) 7 (r(2))) ).

Proof. By associativity of the product in F[z], we may use Lemma to expand

each side of,

7 (750 (@) 70 (ale)) 50, (r(2)))

0 0 0 0
— 70 (730 () (710 (a0 (r(2) )
and simplify the resulting expressions using Lemma [C.1.6] O

Lemma C.1.22. For all g(x), h(z) € Flz],

i (9(0)A(@)) = 7 (750 (9D ()
g(@)mi) (h(z))) (C.1.26)
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Proof. Writing,

= 75 (a(@)e(@) + b(z)e(z) f(x) + al)d(z) f ()

and utilising Lemma [C.1.19]

= mi0y (al@)e(@)) + 74 (b(x)e(@)) + 77 (a(w)d(x)).

]
Lemma C.1.23. For all p(x),q(z),r(x) € Flz],
”;1(36) <7rj(f(&)(p(33)) ((8@)( 7“(55 )
=7l ( 0 (ij( \(p()) f(x< e >>)7r§P(L)<r<:c>>)
70 (750 (70 (@) (a(@) 7 (r(2))
=m0y (750 <p<o:>>7r§fz ( 7 ()7, (r(2))
50y (T Py (7500 (0 () (7)) ).
(C.1.27)

Proof. By associativity of the product in F[z], we may use Lemma |[C.1.22|to expand

each side of,

7l (710 (@) (a(@)) 70 (r(a)))

1 0 0 0
= 700 (70 (p(@) (7 (a0 (r(2))) ).
and simplify the resulting expressions using Lemma |C.1.20] O
Lemma C.1.24. For all ju(z),v(x) € My,
2
;(;) (u(z)v(z)) = 0.

Proof. Direct consequence of Lemma [C.1.19] n
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Lemma C.1.25. For all g(x),h(x) € Flz],

7 (9(x)h(x)) —w;?)( @@ (@) + 75 (740, (@)l (b))
O (@ (g (@)l (h())) + 7l (740, (927D ()
0 (T80 (gl (h(x)))

Proof. Writing,

(p(2) + g@) f(2) + (@) [(2)%))
= i (a@)p(@) + a(2)q(x) f(z) + alz)r(z) f(2)?
+ b(@)p(a) f(x) + b(x)q(x) f(2)? + c(x)p(x) f (x)?)

and utilising Lemmas [C.1.19 and |C.1.24]

= 7 (ale)a(w) + 7 (alr)r() + 7

)
(z
+ i (b(@)g(x)) + 7 (c(2)p(x).

Lemma C.1.26. For all p(x),q(z),r(x) € F[z],
e (Tt (P (0@ () )
= i (740 (e P DT @) 70 (r@)) - (C:1:29)
= 70 (70 (P50 (750 (a () (r(2)) ).

Proof. By associativity of the product in Flz|, we may use Lemma|C.1.25|to expand

each side of,

wﬁ;((wﬁe‘a)<p<x>>w§31)<q<x>>)w;°i)< <x>>)

and simplify the resulting expressions using Lemmas [C.1.20] and [C.1.24] O
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C.1.1.5 The Product of S(F[z], f(x), M)

In this section, unless otherwise stated, we will consider g¢(z),h(z),€

Saﬂx]v f(l’), Mf(ﬂ:))v

g(x) = Zw(@f@@ h(z) =Y v(a)f (),

J=0

with product,

g(@)h(x) =Y ny(2) f(2)", (C.1.30)
with, Vp € N,
w0 (Ho(z) o (x)) p=0
() = (o) g, (C.1.31)
Y o (Ha(@pg (@) + Y 75l (1g(2)Vpg1(2))  p € ZT.

Lemma C.1.27. The product in Definition is commutative.

Proof. For all p € N, we may reindex,

(

WE%) (1o(z)vo(z)) p=0
() = P ) pl W
Z Tf(x) (Nq(x)yp—q@)) + Z T f () (Mq(x)’/p—q—l(x)) pEL".
Ty (vo(2) o)) p=0
- Z 7Tf() ) (Vr(l')ﬂpfr(a?)) + Z T](cl() ) (Vr(x)up,r,l(x)) p € 7T,

thus,

Lemma C.1.28. The product in Definition |3.4.18 is bilinear.

Proof. By Lemma [C.1.27] we need only show linearity in the first argument. For all
~v € [F, by definition,

Yg(@)h(z) = (ym,(x)) f ()"

p=0
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Thus, Vp € N,

V() =

Therefore,

(

W(?))(uo( Jvo()) p=0

p—1

Zwﬂx) 1q(2)Vp—q(@)) + ZW%) (q(2)vp—ga(z)) peZ*

7O (vpo(@)) o)) =0
4 T (V@)oo (@) + Y 70 (1g(2)vp g1 (2))  p € ZF.

Y(g(z)h(r)) = (vg(x))h(z).

Now, consider r(z) € S(F[z], f(z), M@y)),

Then, by definition,

with, Vp € N,

Thus,

,

77(?)((#0(@ + PO(JU))Vo(x)) p=20

Zw 0 (1 () + pg(2))vp—y ()

p—1 pEZLT
370 (al) + pol@)) g1 (2))
W/(f[zl) (po(z)ro(z)) + WJ(C(EL) (po(z)ro()) p=0

p
Z”% (Mq($)l/p q + Zﬂf(x (Mq ’/pqul(a’;))
q=

p—1 pE AR
™ ZW(O) p‘I( )V ‘I(x)) +Z7T,(v1(l> (pq(m)’/p—q—l(xn
(9(z) + r(2)h(z) = g(x)h(z) + r(z)h(x).
L]

Lemma C.1.29. The product in Definition[3.4.18 has two-sided identity element 1.
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Proof. By Lemmal[C.1.27] we need only show that 1 is a left identity for the product.

We may write,

1= (@) @),

=0

<

with,
1 j=0
Li(w) =
0 jeZr.
Therefore, 1 h(x) has coefficients,
(z) i (to(@)o () p=0
MmplZ) =9 & p—1
Z”J(C?L) (tg(@)vp-q(@)) + Z 7753(;) (tg(@)p_gr(z)) pEZT
{ ¢=0 q=0
_ 7rJ(‘%?r) (vo()) p=0
\75(‘(21) (vp(@)) + 75(0(35) (Vp-1(z)) peZr
_ 73(%) (w(z)) p=0
\71—](”0(30) (Vp(x)) peZr.
Therefore,
1 h(x) = h(x)

Lemma C.1.30. The product in Definition|5.4.18 is associative.

Proof. Let r(x) € S(Flx], f(x), Mfw)),
o) = Y pif @, hara) = Yoy (o)

(g(@)h(@))r(@) =Y e@)f(z),  gla)(h(z)r(@) =Y e (@) f (@)

When p =0,

eo(z) = 740,y (mo(x)po ()

0 0
- ”](f(gf:) (w}&) (ﬂo(”’)yo(x))ﬂo(:v)) )
applying Lemma

= W}?l) (Mo(x)VO(af)Po(x))
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When p =1,
e1(x) = wo (no(@)pr (2) + m ()po(w)) + 7yl (mo(@)po ()
W«g;)( 0, (ro(@yo(@) pr(a)) + 7 (77 ( (@)1 (2)) po()
+ {0 (7l (a (@)ro(@))po() ) + 70 (w50 (ola)vola)) pof))
i (750 (o @)rol2)) po(a) ).

applying Lemmas [C.1.21] and [C.1.23],

*Wﬁl) (NO( ) 5@(;)(’/0 ) 77(2::)( z) J(” ))>
+7T((2))</~L1 x) (no()po () )) ; ( f(z ))>
+7T(())<u0 x) (vo(z ))

=70, (mol@)on () ) + 7 (1 <>00<x>) 0 (10(@)ou())

=€) (2).

When p € Z*, p > 2,

&) = 50y (M0()pp()) + 75 (0 () 1( )

+Z7T f(x) 77‘1 pp q +Z7T pp q— l(x))

- Z 5‘(2:)( (?L)(Hr( )Vq—T@))pp—q(m))

q=0 r=0

-I—ZZW

qOrO

(=it
I DI CINCRE T )
(7

Tt (z) :“T )Wa—r( pp q— 1(@)

qg=1 r=0
p—1 q—1

-I—ZZW

g=1 r=0

1
) (a0 a0
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Reversing the order of summation and reindexing,

- ZZWW ( pr (2 )Vq (T ))pp—q@))

r=0 g=r
p—1 p—1

+ZZ”M ( fr (2 )V ( ))pp—q—l(x)>

r=0 g=r

+>. 2. ”%) (7?;1(2:) (”T(x)’/q—r—l(ff))f)p—q(x))
303 w0 (7 (1@ 1 (@) g1 (@)

and applying Lemmas |[C.1.21] |C.1.23] and |C.1.26]

p p—r

=35m0 (1@ (@) () )

r=0 m=0
p—1 p—r—1

303w ()7 (o ()P (2)

r=0 m=0
p—1 p—r—1

)
DISI A ELHNCREIEIE))
)

+3° > (m(x)w;i;) (V@) r-m2()

r=0 m=0

:W(())<Mp( )T (( > <'up 1(2) J(”(E))(U()(x)po(m)))
+Z7Tf(w)( (Z 7Tf(ac) )ppr-m(¥))

S RO m)))

m=0

p—r—1
1 0
+ Z 7T5‘(;) ( ( 7;(;) (Vm(x)l)p—r—m—l(fﬂ))
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:71';(86)(# (JJ) ( )) +7Tj(c1(l)(,up 1( ) 0(1:))

—I—Zﬂ'(o;) ,ur o'p r —}-Zﬂ';l(; O'p r— 1(1’))

= S (e )r () + 3 7 ()1 ()
= e, (z).

[]

Lemma C.1.31. Consider g(x), h(x) € S(Flx], f(x), Mfw)), both with only finitely
many non-zero terms. Then, g(x)h(zx) is equivalent to their multiplication as poly-

nomials in F[z].

Proof. Writing,

T) = Zﬂj(l’)f(x)ja h(z) =Y vi(x)f(z),

§=0
with m,n € N, and defining & = m + n + 1, consider their product in
SGF[xL f(aj)v Mf(ff))v
k
g(@)h(z) = np(w) f(x)
p=0
k p
0
— ﬂ-f() ) (Mo(x)l/o(x)) + Z( W;(L) (uq(x)yp_q(x))
p=1 \¢=0
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with the final equality following from p,(x) = 0 when ¢ > m and vj_,(z) = 0 when
m +n + 1 — g > n implying the first term is zero. Noting, vs(z) = 0 when s > n

and reindexing,

Il
—
=
3

8
S~—

X
Vo)

8
=
=

8
S~—

3
+
)

»
Il
o
.
Il
o

=33 (@) f@) e +0
= Zur<x>f<as>f) (Z Vs@f)f@f)s)

C.1.2 Existence of Inverse Formal Power Series

Lemma C.1.32. Consider a formal irreducible power series g(x) €

(C.1.32)

=
8
N~—
I
gl
=
.
8
S~—
=
8
~—
<

7=0
Then, g(x) has a two-sided inverse with respect to the product of S(F[z], f(x), My (z))
iff po(z) # 0.

Proof. This proof is similar to that for F[[z]] in |[67]. In the forward direction,
consider Jh(x) € S(F[z], f(x), M) such that g(x)h(z) = h(x)g(x) = 1. Therefore,

no(x) = W;(gc) (1o(z)ro(z)) = 1 and so we must have pg(z) # 0. In the reverse

direction, suppose po(x) # 0. Then, by Definition [3.4.17| and Lemmas and
3.4.16} Yo € My, g ' (x) € My, such that,

w0 (o) () = 1.

Therefore, let us define h(x) € S(Flz], f(x), Mfw)),

hiw) =Y wylw) f(x)",
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with, Vp € N|

(

Mal() p=0

_ZW(O) (“51 ())(ﬂq( )Wpfq(i’f)))

peEZLT.

- Z 70 (15 @) (a(0)p -1 (1))

\

Note, that, Vp € Z™,
T (Ho(@)wp(@) = =i, <uo<x>w;°(i) (1" @) (ol >wpq<x>))>

7T ( ())<N0 () J(fl(i;)(/‘q(m)wpql(x)D)

9=

_ Zﬂ' L) <,uo ())(Mq( )wp_q(x))>

‘Z T (”O( o (x)ﬁﬁvl(l)(Mq@)wp—q—l(x)))

q=0

o Zﬂf(w ( f(m (x)wpq(x)))
- X_: ”% (Wj(fl()z) (g () wp—g1 (@))

q=0
p—1
- Z 7Tf(sﬂ )wp q(x)) - Wffl()m) (M(x)wpfq—l(fc))
q=0
Then, writing,
g(@)h(x) = n,f(x),
p=0
we find,
no(x) = w400 (po()wo () = mi) (o) sy () = 1,
and, Vp € Z*,

P
- Z 7rJ(C(gc) (MQ(:B)OJP q _'_ Z 7rf(:]c Wpqul(m))
q=0

p—1

= Ty (o ) + Z 7 (1 (@wp—g(@)) + 370 (1 (@)1 (2))
q=0

= 0.

Therefore, h(x) is a two-sided inverse for g(z). O
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C.1.3 Derivations on Formal Power Series

Lemma C.1.33. For all g(x) € F[z],
T 0] (9(@)) = 70 (w40 (o) Bu( (2 ) (C.1.33)

Proof. Writing,
g(x) = a(z) + b(x) f(x) + C(x) f(x)?,

with a(x),b(x) € My, C(x) € Flz], and using Lemma |C.1.9]

Lemma C.1.34. For all g(x) € F[z],

[7h 0] (9()) = 7400 (750 (9@ D (F(@))) + 270, (7 (9(2))0u( (2)))
(C.1.34)

Proof. Writing,

9(z) = a(z) + b(x) f(z) + c(z) f(2)* + D(z) f(x)*,

with a(z),b(x), c(x) € My, D(x) € Flz], and using Lemma |C.1.9 and [C.1.19]

(7020 (9(2) = 0.(02)) + 750, ()2 ()
+ wjfg;) (2¢(2)8,(f(x))) — Bu(b(x))
= i (0(@)0:(f(x))) + 710 (2e(2)0u(f (2))).

Lemma C.1.35. For all g(x), h(x) € Flz], Vj € {0,1},
70002 (70 (92D, (h(2)))

- (C.1.35)
=) (ﬂ% (=%, <g<x>>w;‘zi)<h<x>>)az<f<x>>) .

Proof. Follows immediately from Lemmas [C.1.24] [C.1.33] and [C.1.34] O
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For the remaining proofs, unless otherwise stated, we will consider g(z), h(x), €

S(F[l‘], f(.%), Mf(a:))a

g(x) = Zﬂj(x)f(x)ja h(z) = Zuj(a:)f( )

with derivations,

Da(g(x) =Y 0,(x)f(@), Dy(h(x)) =Y dy(x)f(x), (C.1.36)

p=0

with, for example, Vp € N,

0p(x) = O (1 () + (p+ D70y (1par (2)0:(F(2))) + 'y (11020 (£ (2))).
(C.1.37)

Lemma C.1.36. D, € End(S(F[z], f(z), My(z)))-

Proof. For all v € F, by definition,

= (48p(2)) f(2)

p=0

Thus, Vp € N,

Y0p(2) = 10 (p1p()) + (P + D70 (1pi1(2)0: (£(2))) + vp 7y (11p(2)0: (£ (2)))
= 0 () + (0 + D7D (tpen ()0 (2)))
+p iy (Vi (2))0:(f(2))).
and thus,

YD, (g(x)) = Do(vg(z)).

Now, by definition,

o0

Dq(g(x)) + Dy(h(z)) = Y (6,() + $p()) f ()",

p=0

so, Vp € N,

0,(2) + 6p() = Dulpy(2) + (p + D)) (e (£)0:(F (1))
+p% (1) f (2 >>>+a< (1))
0+ Dr8 (s (2)0:(£(2))) + prll (1 ()0 f (1))
= 0, ((npl) + (@) + (0 + Dl ((p1(@) + v (2)) 22 (F()))
i ((ple) + (@) 2u(f(2)) ).
Thus,
D, (9(x)) + Do(h(x)) = Dalg(z) + h(z)).
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Lemma C.1.37. D, € Der(S(F[z|, f(z), M()))-

Proof. Writing,

> Hg(@)h(2) = Y e (@) (@)
(D >_p 2)(Da(h(2))) = D_oif (@)

we have, Vp € N,

&p(x) = B, (mp()) + (0 + D750 (M1 (2)0a(f(2))) + Py (0p (%) f (2)))

When p =0,

eo(x) = Da(mo()) + 7yl (m (2)0:(f ()
= 0,0m) (1ol () +w“2;)( 0 (o)) 22 f(2)))
+ i (70 (@) (@) (£ (2)))
70 (750 (i (@) (2)) 22 £ (2))).

Thus, utilising Lemma [C.1.35] and [C.1.21],

= Ty (s 00s (ol ()
+ 750 (10 (@)70 (1 (@)0:(F (@)
10 (780 (1 (@0 (@) 1))

= T ((@cwo(x)) + 7, (m(x)ax(f(x))))uo(x))

+ W((z)) (Mo( )(3 (vo()) + Wf‘(gc) (Vl(x)am(f(x))D)
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+(p+1) zw ) (750 (@) () 22 ()))
+pzw (750 (@) () 22 (2)))

+pzw (700 (al)vyg 1 (2) 22 F(2))).

Applying Lemma |C.1.35] and writing the prefactors to match the indices on the

{v(@)},

p—1

= Zﬂ”(l)oa Vp—q(x)) + Z 7T5‘1(31:)0893 (“q@)Vp—q—l(x))
p+1
+ 220 = a4 1 )i (7l (@)gea (0)) 25 (F(2)))
+ Z = g+ @) (7 (o (@)vpo ()82 (2)) )

+ 20 = g D (750 (1a(@)pg (@) 21 (£ (2))

L)

30— a— 1+ @) (7 (@)1 (2)) 0u(F(2))).

3
= o

L)
(en)

Now, expanding all but the first and second terms, and applying Lemmas [C.1.21],

C.1.23, and to them,

e ij(fa)o&g (1tq(2)Vp—q(z)) + ZOWJ(}())OO  (11g(2)Vp—g-1(2))

+2p g+ D (1 (@) (11 ()05 (2)))
+%qq@&)(ﬁ}(&)(uq(:v)(?x(f(fﬂ)))Vp—q+1($))
+Z = ¢ = D (@) (g1 (006 (2))) )
+qu (750 (@22 (2))) g1 ()

+ 30 = i (B2 (- o(2)0:(f(2))))

+ 7 ami (750 (a@)0u(f(2)) g )
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3 a0 (73 (@0 () vy ()

Then reindexing and gathering,

= ngw;gl)oax (1g(2)vp_q(2)) + :w;l(;)oax (Hg(2)Vp—g1())
. f;(p — g+ 1978 (1) (s (@) ()
; Z< £ 1) 70, (79 (e (20, (@) vpr ()
N Z<p = 4= 170, (o) g @0 01))

+ 0= @) (@750 (V-2 (F ()
30— O (1@, (- o)0u(F ()
D ami (7 (a@)u(f (2)) vy (1))



C.1. PROOFS FOR FORMAL IRREDUCIBLE POWER SERIES 287

and so,

Dq(g(x)) = 9u(g(x)). (C.1.38)

Proof. Writing,

we see that, Vn € ZT,

Omin() = Op(ftmin(z)) + (M +n + 1)7"](0(21) (Nm+n+1 (x)ax<f(x)))

+ (m 4 n) 75 (Himen (2)0:(f(2)))

O () = 0o (ptan () + (10 + ) (fi1 (2)0a(F(2))) + ) (p1m (2)05 (F ()
= Ol (2)) + 7 (1 ()02 (£ ().
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= 3 0 () F@P + 3 D)7 (e (2)0a( () F ()
+§i@+¢wﬁgmmmmamﬂ@»fww

so utilising Lemma and reindexing,

~=iwmmmvfkwwwmwmwwp
= ;@(up( NS ()P + i%rur(x)ﬁx(f(x))f(x)r—l
=§&@wmﬂ
= 0:(9())

C.1.4 Calculating the Coefficients of a Formal Irreducible

Power Series

Lemma C.1.39. Consider g(x) € S(Flz], f(x), M),

o) = 3 () (@) (130
=0
Then, Yk € N,
Ty (9(2)) k=0
— k—1
) %Tf(r) o D,y (9(2)) — = (k_lj)ﬁf( )0 D3y (uy(@) k€ 2F

Proof. By Lemma [3.4.21], we may write,

g(z) =

M-

i () f (@) + f(2)FH Z fjskpr (@) f (),

Jj=0

and so, by Lemmas [2.3.56| and [3.4.51}

L) =S 34 (! ) () D3 (10)

7=0 p=0

+ZDf(z z)* 1) O(k p) ZNHkH z)’)
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k k 1 j'
e —Dop (x — xT jf(kfp)
2 2 e (1) i @

k o
DY e @ D e (o0

- %D;I&) (o)) + 2 ﬁDfEi) D ()

Therefore, by Lemma [3.4.41],

k

1 o 1 o(k—j)

HTmeDf]fx) (9(x)) = Z (k —j)le( 20D’ (1)),
7=0

and so,
1 o 1
o(k—j)
p () = k,Tf(m)ODf(m) (9(2)) — (k _j)ﬁf(m)on(a,-)J (k)
7=0

C.2 Proof for Quadratic Irreducible Power Series

In this section: we will denote,
pi(x) = fi(z)™
@) = (= b)* + \%,
with dy € ZT, byA € R, A # 0; qi(z) is defined in the usual way; q.(z)™! €
S(Flel, fu(w), My, () with,

(C.2.1)

Z an(2) ((z — )% + A?)"; (C.2.2)
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and, Vn € N,

Tho(@) (e (7)) = Ko + K1 (2 — D)

an(x) = vp + 0p(x — b).

(C.2.3)
(C.2.4)

Lemma C.2.1. For all g(x) € S(Fl], fe(x), My, (2)) with a two-sided inverse, and

writing,
Th(9(z)) = o+ Bz - b),
then,

Bz —b
mlo@™) = 202D,

Proof. Noting 7y, () ((z — b)? + A?) = 0, and writing,

Tho (9(2) ™) =7+ 6(z = b),

i) (90) ) T (9()))
= T (7 + 0z = B))(a + Bz — 1))

(ad + By)(z — b) + BT ) ((z — b)?)
= (ay = X?B6) + (ad + Bv)(x = b),

|
\]
=
&
/N

:(yfy—[—

which may be easily solved.

Lemma C.2.2.
Ko — K1(x — b)
K&+ N2k?

Tha) (au(2) ™) =
Proof. Follows from Lemma [C.2.1]

Lemma C.2.3.

Tf(@) ((Dx(fk(:r)))_1> = —%(a: —b).

Proof. Follows from 0, ((z — b)? + \?) = 2(z — b) and Lemma |C.2.1]

Lemma C.2.4. For alln € N, Vm € Z,

(2m — 2)!

oy (D))

D;:%w) (an(m)) = (=1)""16,

(C.2.5)

(C.2.6)

(C.2.7)

(C.2.8)

(C.2.9)
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Proof. We proceed by induction. When m = 1, the expression coincides with the

result from direct computation,

Doy n(@)) = (Da(fe(@)) ™" D + 80l = b)) = b (Dalfi())) "

Assuming the expression holds for m = [, and noting that,
D (fi(2)) = 2,

we find,

D;,l:(rxl)( (T )) :ka(w)(( )15, (2l — 2)!(D (fk($)))_(2l_1)>

G
= 170, 82 0 ) (D) )
= 07, B D) ()

=(—1>lan(2l>( Dy (filw)))

— (—1)+D-15, ((((lljl))_ 12))! (Da(fula))) CEO,

Lemma C.2.5. For all n € N,

—1)ym
2(2m)\)2m n= 2m7 m €N

Th(a) ((Da:(fk(w)))_"> = (C.2.10)

(_1)m+1
92m+1 )\ 2m+2 (x—=0) n=2m+1 meN.

Proof. By Lemma |3.4.43]

o) ((Da(fel)) ™)

= Th) (( 2; (z — b)) )

( (_1)2m m
92m am ' Jr(@) (((x —b)?) ) n=2m,méeN
B (_1>2m+1 o
| 22m+1)\4m+27fk($) (((m - b) ) (-T - b)) n=2m+1, m € N.
(1
22m)\4m(_1)m)‘2m n=2m,meN

—1
22m5r1)\2m+2(_1)m/\2m(9” —-b) n=2m+1, meN
\




292 APPENDIX C. MINIMAL POLYNOMIAL METHODS

Lemma C.2.6. For alln e N, m € Z*,

om On (2m — 2)!
7@ ° Dile) (n(®)) = = 55mi3am E (x —b). (C.2.11)

Proof. Follows from Lemmas |C.2.4] and |C.2.5{ noting 2m — 1 = 2(m — 1) + 1. O

Lemma C.2.7. Consider an identity resolution in which,

pe(x) = fu(z)™

fil@) = (z = b)* + \%,

(C.2.12)

where dy, € 7, by\ € R, A # 0. Then, with qi(x) defined in the usual way, and
denoting qp(x)~' € S(Flz], fu(x), My () by,

gr(z) ™ = an(z)((z = b)*+A?)", (C.2.13)

and, Vn € N,
Th() (@ (2)) = Ko + K1 (z — D) (C.2.14a)
an(z) =y, + 0 (z — 1), (C.2.14b)

we have, Yn € N,

e Ki(z — b)
K3+ A\2K2

1 o )

an(x) = 1 k(@) © D% ) (gr(2)7) nezr. (C.2.15)

"1 /2m =2\ Onem
+(x_b)ZE(m_1)22m_1)\zm

\ m=1

Proof. The n = 0 case follows from Lemma[C.2.2] The remaining case follows from
Lemma after reindexing m = n — j in (3.4.50)). ]



Appendix D

Arbitrary Spin Algebras

D.1 Proof of the Promotion and Refinement of

an FE-Orthogonal Decomposition

Definition D.1.1 (£). Let us abuse notation to define the linear maps, Vk € N,
using the isomorphism so(3, R)®**1 = 50(3, R)®s0(3, R)?*,

£ : End(so(3, R)**) — End(so(3, R)*+)

(D.1.1)
L(A) = ideo@r @A = (10X = vRA(X)).
Lemma D.1.2. Forall k € N,
idso(s rper+t = L(idso3rpr ) (D.1.2)
Proof. Clear from the definition of L. O]

As it is slightly less straightforward than for U(so(3,R)), let us be precise in our
definition of the adjoint action ad(U(se(3,R))) on so(3, R)®¥,

Definition D.1.3 (Adjoint action on so(3, R)**). For k = 0,

ad® : U(s0(3,R)) — End(R)
uae u€R (D.1.3)

0 ué¢R.

293
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For all k> 1, we use the isomorphism s0(3, R)** = s0(3, R)®s0(3, R)?*~! to define,

ad® : U(so(3,R)) — End(so(3, R)®¥)

u(v®X) ueR (D.1.4)

ad®(u) = v®X = { (uxv)® X + v@ad® V(u)(X) u € s0(3,R)

ad(a)oad(b)(ve X) u=a®b,

\

All definitions are extended by linearity in the first argument.

Remark. The properties of ad® are identical to ad defined on U(so(3,R)). We will

abuse notation by dropping the superscript when the tensor order is clear.

Lemma D.1.4. Consider A € End(so(3,R)**) such that Tm(A) is closed un-
der the action of ad(U(s0(3,R))). Then, Im(L(A)) is closed under the action of
ad(U(so(3,R))).

Proof. As in the main text, we need only show that Im(L(A)) is closed under the

action of ad(s0(3,R)). Using the isomorphism so(3, R)***! = 50(3, R)®s0(3, R)**,
Vu € s0(3,R),

ad(u)(vRA(X)) = (uxv)RA(X) + v®ad(u)o A(X)
= (uxv)RA(X) + v A(Y)
€ Im(L(A)).

]

Lemma D.1.5. Suppose we have an E-orthogonal decomposition for so(3, R)®* de-

rived from Theorem with resolution of the identity,
idso(3 Ryt = Z IL;(E), (D.1.5)
j=1

Then Vk € N, we may extend this to an E-orthogonal decomposition on so(3, R)2*+1

with resolution of the identity,

n

idgoz e = Y LOL(E)). (D.1.6)

j=1

Proof. By Lemma |D.1.2) (D.1.6|) follows by applying £ to (D.1.5). We must now

verify that it constitutes an E-orthogonal decomposition. First, note that Vp # q,

LI, (E))o L(H,(E)) = idsoqs ry &I, (E) oTL,(E)) = L(IL,(E))
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LL,(E))oL(I(E)) = idso3r) I, (E) oIl (E)) = 0,

and so by the arguments made in the proof of Theorem [3.3.30]

s0(3, R = (D Im(L(11;(E))).
j=1
By Lemma [D.1.4} each Im(L(IL,(E))) is closed under E, so we are done. O

So we have shown that we may promote any FE-orthogonal decomposition of
50(3,R)®! to one of so(3,R)®**1. Let us now show this decomposition may be

refined.

Lemma D.1.6. Consider A € End(so(3,R)®¥). If [ad(k)(B),A} = 0 for some
B € U(s0(3,R)), then ad(k+1)(B),£(A)] —0.

Proof. We need only show this is the case for ad(k+1)(v), Vo € s0(3,R). Thus,
ad® D ()0 L£(A) = ad® ™ () 0 (idgo(s 1) RA)
=adV(v)®A+ idsa(3,R)®(ad(k)(U)°A)
= ad(l)(v)@)A + idsa(3,R)®(Aoad(k) (v))
= (idso(3 ) @A) 0 (ad™ (1) Qidyo(3 e + idso(3 ) @ad ™ (v))
= L(A)oad* D (v)o (idso(3,r) ®idso(3 )2k
= L(A)oad™ V) (v).
]

Theorem D.1.7. The E-orthogonal decomposition of so(3,R)®***1 from Lemma
D 1.5
s0(3, R = (B Im(L(11(E))),
j=1

may be refined to an E-orthogonal decomposition,

s0(3, R = <@ Im(P(j,lj)(E))>,
j=1 \l;=1
where m; € Z+,
Im(L(1L(E))) 2 @ Im(Py(E)),
=1
is an E-orthogonal decomposition for Im(L(IL;(E))), and ¥Y(p,rp) # (q,s,) the

{P(jylj)} satisfy,

1dgo(3 RypR+1 = Z Z Py (E) (D.1.7a)

j=11;=1
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Py (E)o Py, (E) = Py, (E) (D.1.7b)

P(p’rp)(E)O (q,sq)(E) = P(q’sq)(E)OP(p’,ﬂp)(E) =0. (D.l.?c)

Proof. As Im(L(1I;(E))) is finite-dimensional there must exist an E-orthogonal de-

composition on it yielding a resolution of L(II;(£)),
LUL(E)) =) Py (E).
=1

The positive integers m; and the forms of the {F;;} depend on the form of the
minimal polynomial for E restricted to Im(L(II;(£))). Given such E-orthogonal

decompositions Vj, it suffices for us to verify the properties (D.1.7al)-(D.1.7c|). The
identity resolution (D.1.7a}) is obvious, and so by Lemma (3.3.21} (D.1.7b|) follows

from (D.1.7¢).
To prove (D.1.7¢) note that from Theorem [3.3.23]

Py () = [ (E) o LI (E)),
for determined polynomial functions f(;;,y(E). When p = q, Vr, # s,,
P(p’TP) (E)O (p,sp)(E) = 07
by definition. When p # ¢, we may use Lemma [D.1.6] to show Vr,, s,

Bpry) (E)0 Plgs) (E) = fp.ry) (B)0 LT (E))0 fg,50) (£) 0 LT (E))
= Sy (E)0 f(g.5) (E) o LI, (E) o 11, (E))

=0.

D.2 Proof of Left Action Identity

To facilitate this and other proofs we must first discuss some identities. Let us recall

the definition of the right multiplication,
R(v) = A Av,
and note this is not a Lie algebra action on U(so(3,R)), since,

R(a)oR(b) — R(b)oR(a) = R(bxa) # R(axb). (D.2.1)
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We may use it to describe the adjoint action of v € s0(3,R),
ad(v) = L(v) — R(v). (D.2.2)
Noting VA, B € U(so0(3,R)),
[L(A),R(B)] =0, (D.2.3)
we easily see the commutators,

[ad(Sa)v L(Sb)] = [L(Sa)v L(‘Sb)] = L(Sa X Sb) (D24)
[a’d(sa)a R(Sb)] = [_R(Sa>7 R(Sb)] = R(Sa X Sb) (D25)

Next, let us examine £ more closely. For central elements z € Z(U(so(3,R))),

[L(z),A] =0 (D.2.6)
L(z) = R(z2). (D.2.7)

Then,
E = iad(Sa)oad(S ) = 2L(5?) —2 Z L(S,)oR(S,). (D.2.8)

We may now proceed with the proof.

[E, L(S)] [ad(Sa)cad(Sa), L(Sh)]

B

S
I
—_

M«

ad(S,)olad(S,), L(Sy)] + [ad(Sa), L(Sp)]cad(S,)

2
Il
—

M«

ad(S,)o L(S, X Sy) + L(S, x Sp)oad(S,)

2
I
—_

Eabe (ad(Sa) OL(SC) + L(Sc) Oad(Sa))

e
[

|
o

I I
™

)

S

o

((L(Sa) — R(S54))oL(S.) + L(S.)o (L(Sa) — R(Sa>)>

e
[
Il
o

M«

Eape(L(Sa) 0 L(S.) + L(S. —2 Z Eape L Sa)-

ac—

e
[
Il
o

Since total contraction of a symmetric and antisymmetric object yields zero we find,

[E, L(Sy)] = —2 Z Ebea L S,) = —2F(S,). (D.2.9)

c,a=1

If we instead had calculated [E, R(S,)] we would discover that,

[E,L(S,)] = [E, R(S,)]. (D.2.10)
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Next let us consider,

[E, F(Sy)]

From (D.2.6) and (D.2.8)

3

= —2 Z 6bca

d,c,a=1
3

+ [L(Sa),
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Z Eveal B, L(S.) o R(S,)].

c,a=1

we see,

L(S4)oR(S4), L(S.)oR(S,)]

L(Sq)oL(S.)o[R(Sq), R(S,)]

L(S.)]oR(S.)oR(S4))

L(S4)oL(S.)o R(Sa % Sa) + L(Sax Se) o R(S,)oR(Sy))

= -2 Z EbcaCadeL(Sa)0 L(S:)o R(S,)

e,d,c,a=1

3
E Expg€ars = 5p7'6qs - 5p55q7’7

-2 Z 5bca5dce OR(Sa)OR(Sd)'

e,d,c,a=1

(D.2.11)

—2 > " (Bpadee — Opebea) L(Sa)o L(Sc)o R(S.)

—2 > (61a0ac — Obedad) L(Se) o R(Sa)o R(S4)

e,d,a=1

b)OL

+2ZL

W)oR(S,) + QZL (S,)oR(S,)oR(S,)

OR(S(,)

— 2L(S5%)) + 2L(S%)o R(Sy)

+ (E = 2L(S%))oR(S,) + 2L(Sy) o L(S?),

Utilising,
we find,
3
[E, F(S)] =
e,d,c=1
3
= — Z (S
c=1
—2 Z L(S
= L(Sy)o(E
and thus,
[E, F(S)] =

L(Sb) oF + EOR<Sb)

= R(Sb)OE + EOL(S{,), (D212)

with the final equality following from (|D.2.10)).
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Hence, combining (D.2.9) and (D.2.12)),

(B, B, [B, L(S,)]]) = ~2[E. [E, F(S))]
= —2[E, (L(S))oE + EoR(S))]
— 9[E, L(Sy)]o E — 2Eo[E, R(S))]
= —2([B. L(S,)|oE + Eo[E, L(5,).

thus, finally,
[E,[E,[E,L(S,)]]] = —2[E*, L(S,)] . (D.2.13)

D.3 Proof of the Properties of the Multipoles

D.3.1 Closed under ad(U(so(3,R)))
Lemma D.3.1. Vv € s50(3,R), VA € U(s0(3,R)),

[ad(v), L(A)] = L(ad(v)(A)).
Proof. VW € U(so(3,R)),

[ad(v), L(A)](W) = ad(v)(AW) — A(ad(v)(W))
= ((a@)()W + A(ad(@)(W)) ) = Aad(v)(W)

= L(ad(v)(4))(W)
where we have used the derivation property of ad(v) in the second line. O

Theorem D.3.2. Vk € N, A € U(s0(3,R)),
VA € U(s0(3,R)), ad(A)oM™ = MP®oad(A). (D.3.1)

Proof. As ever we need only prove that (D.3.1) is true Vv € s0(3,R). When k = 0,
Va € R,
MO (a) = a,

and so ([D.3.1) follows from,
ad(v)(a) = 0.

When k > 1, we may use induction. For k =1, Vw € s0(3,R),

MO (w) = w,
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and so (D.3.1) is clear. The, assuming the claim is true for the case k = m, by

definition we have, Vw; € so(3,R),

m+1 m+1

M (e @) = o el (@)
and so, using Lemma [D.3.1]
ad(v)o M+ (w1®§wj) - ad(v)o4<(€:nm+_1)1();; (ﬂ) o L(w) oM™ (i(%; w])
et sente o) ()
_ 42517”;1)1()205 Ti) o ([ad(v), L(wa)] + L(wy)oad(v) ) oM™ (§ w,)
e () o3 (@)
+ L) o M ond(s) (’Z”g) w))
= M (ad) wl>®§wj - uad() ((”g) w))
=M™ oad(v @@@ w),
where the final line follows from the derivation property of ad(v). O

D.3.2 Totally Symmetric and Contractionless

Lemma D.3.3. The quadrupole M® satisfies properties ([#.4.200) and ([#.4.20d).

Proof. By explicit computation we find,
@) 1 1 9
M (Sa®5b) = §(Sa5b + SbSa) — gdabS .
Verifying the properties on this tensor is trivial. O]

Definition D.3.4. For M® satistying (4.4.20D]) and (4.4.20d),

A= L(S,)oM® ( é s,,j) (D.3.2)

BoL(S (@sb) - iéapr Sa)o Mk <Sd®® Sb> (D.3.3)

1 d=1 Jj=L,j#p

M»

p



D.3. PROOF OF THE PROPERTIES OF THE MULTIPOLES 301

CoL(S,)oM® (®sb> = iL S, ) oM™ (sa@;@ sb]) (D.3.4)

k k 3 (
& p=1 g=1,q#p d=1 L>9
DaL($,)o M (@)S),) = o k )
pat j (5bpqu(Sd)OM (Sa®5d®® Sbj)
J=L3#pxq

0 E=1

(D.3.5)
Lemma D.3.5. For M") satisfying and (4.4.20d),

BoA= (=2~ k(k+1))id+2B - 2C)oA (D.3.6)

EoEoA = <(k 12K+ 4)id —4(K2 + 2)B + 4(k + 1)2C — 4D> oA, (D.3.7)

Proof. First, we see from (D.2.4)),

(505 M 0 (§)5,) = Hlad(()e M ® s,)
+ L(S,)oad(s (®Sbj>,

and so,

k
+2ZL (ad(S.)(S,))oad( C)oM(k)(®Sbj>.
j=1

We may evaluate this second term with the help of (D.2.11]),

2 ZL (ad(S ))oad(S, ( ® Sh, )
=2 Z Z EcadzaryeL(Sa)o M P (&@é S,

p*lcde 1 j=1,5#p

—2226apr (Sg)o M (Sd®®5b> —ZZL (Sh,)o M) (S, ®®Sb ).

p=1 d=1 Jj=1,j#p Jj=1,j#p
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The expression for FoA then follows. Applying a second E, we may reuse the results

so far to find,

FoBoA = —Fk(k—1)BoA
EoCoA = (—2kid+2B — k(k + 3)C + 2D)oA.

The expression for EoFEoA then follows. [

Lemma D.3.6. For M® satisfying (4.4.200) and (#.4.20d),

k+1 1 k+1 k+1
MED(®)85,) = g 3 s oM (@5,
j=1 + p=1 J=Lj#p

s 2

p=1 g=1,q#p d=1

Bayay L(Sa)o M (Sd®®8b>>

J=Lj#p.q
Proof. By Lemma [D.3.5] we see that for k > 1,
k41

k+1
o) - s e )

1
Ak + D)2k +1)

(4(2k + 1)id =8B + 4(2k + 1)C — 4D)

k+1

0 L(Say) oM™ <® Saa‘)'

j=2
Noting that,

(23+D)0L(Sa1)oM(k)<§Saj>: ((i % +§ i )+§ ki )i

Jj=2 p=1 g=l,g#p p=2 q=1,qg#p p=2 q=2,q#p/ d=1

<5apaqL(Sd) o M® (sw(é Sh,) )

we are done. O

Lemma D.3.7. Vk € Z7,

3 k—1

3 8o (5.6Q5) = g gy HS"+ (= ik D)o (@5 )

e=1 j=1 j=1
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Proof. For k=1, we see,
3 3
D L(Se)o MW (S.) = " L(S.)oL(Se)o MO(1) = L(S?)o M) (1).

e=1 e=1

For k£ > 1, consider,

3" (5o M® (Se®(§ Se,)
- mgmw ~ 2)oe(k - 1>oL<Se>OM““”<§S%>
_ m 2; L(S.)o€ (k — 2)o[E, L(S)] o M* ) ( : Se) +0
IO (CAEVED

and by (D.4.1)), (D.2.9) and (D.2.8]) we find,

- m ST L(s)o( —2(L(S.) + R(S,))oE

o, L))o M (R,
1 , .
= RET <4k(k: —1)L(S?) — k(k — 1)E
+ 4k 23: Eegal(S.)0L(S,) oR(Sa)) o M*= ( (Xl) Scj>
1 ’g’a12 2 2. ”
= m(4k(k ~1)L(S?) + K (k — 1)%id
+ 4k i L(Se)oR(Se)) o M=) ( (gl) scj)
1 ) 2 2 2. B
= m(4k(k —1)L(S?) + K (k — 1)*id
_2kE + 4kL(S2)> o M (k=) ( (Xl) SCJ>
T muw? + (k= 1)k + 1))OM(kl)<®SCj>‘

This result is consistent with the £ = 1 case. OJ
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Corollary D.3.8. Vk € Zt,

BoL(S oMk)<®Sb> = T—D L(4S? + (k- 1)(k + 1)) (D.3.8)
k k
> a0 ®5,)
p=1 J=1j#p
(K LS+ (k- 1)k + 1)
(2k —1)
k k
k © Z(abpbq k>2
DoL(S, MUf)( S ) - =1 q=Latp
s (@ k
k-1) (Sa®®5bj)>
J=1.J#p,q
0 k=1
\
(D.3.9)
Proof. Direct substitution. m
Corollary D.3.9. For M™) satisfying (4.4.20b)) and ( m,
k+1 1 k+1 k+1
(k+1) _
M (®S) = 7 2 LSt ( ®s.)
Jj=1 p=1 J=1j#p
k
- L(4S* +(k—-1)(k+1
g D@z ) PUst + (k= Dk 1)
k+1 k+1 k+1
(k=1)
S Y (@5,)
p=1 g=1,g#p J=Lj#p.q
Proof. Direct substitution. m

Theorem D.3.10. Vk € N, k > 2, M® satisfies ([#.4.20D)) and m

Proof. Our proof is by induction. The base case k = 2 is proven in Lemma [D.3.3
Assuming the theorem is true VM ™ m € {2,... n}, for some n € N, then M (™1
has form given in Corollary |D.3.9, That M (™+1) (@f;l Saj> is totally symmetric is

clear. To establish contractionlessness, fix two indices r # s € {1,...,k+ 1}. If a
contraction occurs between two indices within M®) or A/*=1) then by assumption
these give zero. Therefore, we need only check contractions occurring partially

inside or completely outside M) and M*=1_ Let us first consider the first term in

Corollary [D.3.9
3

k+1 k+1

Su MO ( @) S0,) = i L(Sy)oM® (Sd®® Sa, )
d:

Jj=1,j#p Jj=1,j#p,s

IIMt
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which by Lemma becomes,

k+1
k
= L(4S% + (k—1)(k +1 M<k—1>< S) D.3.10
e W k= Dk 1)o (s, (D-3.10)
J=Lj#p,s
Now consider the second term in Corollary [D.3.9]
i 3
- Sara, L(4S* + (k— 1) (k +1
(kT 1)k = 1)@%31 L (457 + (k= 1)k +1))
k41 kt1 k+1
S St (@) -
p=1 q=1,q#p J=L1j#p.q
I 3 k+1
_— L(4S% + (k- 1)(k + 1 260M () S0,)
Ak + 1)(Ak2 = 1) (45% + (k= Dk + ))OZ< dd ® i)+
d=1 j=1,j#r,s
k+1 k+1
b S (s.06)s,)
q=1,g#r,s Jj=1,j#r,q,s
k+1 k+1
Y b, MY (82 @) )
q=1,g#s,r J=Lj#s.qr
k+1 k+1
+ Y b Y (50 S,
p:17p7ér73 j:17j7ér7p75
k+1 k+1
S G D (sd®® s%))
p=1 p;ﬁs r j=1 j;észpvr
I k+1
- L(48%+ (k—1)(k + 1 MWU( 5)
20D T Dk D)o Q) 5,
J=1g#rs
Thus, we get exact cancellation between the two terms, and so Vr, s € {1,..., k+1},
r#s,
3 k+1
> 200 (®S,) =0
ar,as=1 j=1

D.4 Derivation of the Images of Multipoles under
Step-Level and Step-Down

Here we will prove the results given in (4.4.21al) and (4.4.21b)).

D.4.1 Step-Level Image

The step-level by v € s0(3,R) of a multipole M*) is given by,
w _ E(k—1)oe(k+1)

L7 (w)oM “2k(k + 1)

oL(v)oM®.
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Commuting through the £(-) we find,

1

Ty (1B, [B, L@)]] + 2B, L(v)] - 4k(k + 1)L (v) ) o M™®.

From ({D.2.12)) we see that,

B, [B, L(v)]] = =2(R(v)oE + EoL(v)) (D.4.1)
= —2[E, L(v)] = 2(R(v)o E + L(v)oE),

which we combine with the previous equation and (D.2.2)) to find,

1
—4k(k + 1

L~ (v)oM® = )
 2k(k+1)
)
(

( — 2(R(v) + L(v)) o E — 4k(k + 1)L(v)) oM™

= ok 1) (L) — B)oM®
1
= §ad(v)o

1
= §M(k)oad(v),

k)

(D.4.2)
from which (4.4.21b)) follows.

D.4.2 Step-Down Image

The step-down by S, € s0(3,R) of a multipole M®) is given by,

a _ E(k)oe(k +1)
C 4k(2k+ 1)
(B2 +2(k+1)°E+ k(k+1)%(k+2)id)

= L M®).
4k(2k + 1) °L(Sa)e

L*(S,)oM oL(S,)oM®)

Using Lemma we find,

. (2k —1)B— D
LM(S,)o M >((jgl)sbj) _ TR )oa (D.4.3)

The identity (4.4.21al) follows by direct substitution using Lemma

D.4.3 Right Multiplication Images

The results of the previous subsections may be utilised to derive the form of a right
multiplication of a multipole. This is essential to expand the Table [4.2]
We observe that from the definition of ad(v) where v € s0(3,R),

0 = ad(v)oE(k)oM™ = g(k)oad(v) oM™ = g(k)o(L(v) — R(v)) oM™,
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and so,

E(k)oL(v)oM™ = g(k)oR(v)o M™®,

which implies that,

RY(w)oM® = LY (w)oM® (D.4.4)

R (v)oM®™ = LT (v)o M®. (D.4.5)

While,

R (v)oM® = oR(v)oM®

which from (D.4.2)) gives,

R (v)oM®™ = —L~(v)oM®. (D.4.6)

D.5 Proof of the Minimal Polynomial of £ on Left
Multiplied Multipoles

Lemma D.5.1. M@ and MY are non-zero.
Proof. By definition. O

Lemma D.5.2. If M®) = 0 is non-zero from some k € N, Vn < k M®™ =0 is also

non-zero.

Proof. If M™ = 0 is zero, then M*) = 0 by their relationship via step-ups. The

claim is the contraposition of this fact. O

Lemma D.5.3. If for some k € N, Ja € {1,2,3}, such that,

M® (é sa) £ 0,

Then,
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(k+1)

Proof. The case k = 0 is trivial, so consider M with k£ > 1 written as in Lemma

[D.3.6] Then we may write,

k+1

(@) = i (®s) ey 2 HSo (sd®®s)

B zkktulls‘lM(k) ((ng) S“) N (2k:+ 1) v <Sd®g§§1)5“)'

That each of these terms is linearly independent follows from the Poincaré-Birkhoff-

Witt theorem|7]. Thus, since the first term is non-zero by assumption, we have

established the claim. O
Lemma D.5.4. is minimal on Im(L(v)oM©).

Proof. This follows from Lemma |4.4.13] O]
Theorem D.5.5. is minimal on Im(L(v)oM®), Vk € Z*.

Proof. Consider that the step operators contain pairs of factors from the annihilating

polynomial € (k—1)e (k)e (k+1) of (£.4.12)). Lemmal|D.5.3|established that M*) £ 0,
Vk € Z*, and so,

N @) = i oM (@) #0

Thus, £(k — 1)o&(k) is not annihilating on Im(L(v)oM®). Now consider the step-
down from the multipole M® of equation (4.4.21a]) on the tensor ®f;1 Sa,

( kz
4(4k2 — 1)

LH(S)oM ¥ () Su) = (k= 1k +1)o M (®)S,)

oL (457 kE>2

This is also non-zero, so,

s (@) - G Derment (@) #1

Thus, £(k)oe(k + 1) is not annihilating on Im(L(v)o M®). Finally, consider the
form of the step-level from the multipole M®) of equation (D.4.2),

L(S,)oM® = %ad(Sa)oM(k).
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If L~(S,)oM® = 0, then ad(so(3,R)) must annihilate M*). This means that F
must also annihilate M *). But by definition £(k) annihilates M ®), so,

E(k)oM® =0=FEoM®),
ie.
k(k4+1)M® = 0.
This implies M®*) = 0, which contradicts Lemma So from,

L(S0,)oM® (R 5., ) = 8<k__42)(25+<k1>+ 1)oL(w1)oM(k)(®Swj> £0,

Jj=2

j=2
£(k—1)og(k+1) is not annihilating on Im(L(v)oM*)). Therefore, no pair of factors

from (4.4.12) is annihilating on Im(L(v)oM®). Therefore, there is no annihilating
polynomial of lower order within (4.4.12)). Thus, from Lemma [3.4.51] (4.4.12)) is the

minimal polynomial. O]

D.6 Proof of Scalar Multiple Casimir Action

Here we will prove that on the quotient algebra A(%),

). Uls0(3,R))
[ (Im(M D))’

IMES

Al

of U(so(3,R)) by the ideal generated by Im(M®*+D) k € N, that the Casimir

element S? acts as a scalar,

L(S*) =1L (W) :

To do this, consider Im(f) where,

k+1 k+1
f = 5.2 S, > LH(Sa)o L1 (S, )0 M®) ( R sbj). (D.6.1)
j=1 j=2
From (4.4.17)) we know,
LTSy ) oM® (A) = M*D (S, @A) =0, (D.6.2)

with the final equality following from M *+1) =0 in A(g), and thus f = 0. However,
we know from the main analysis of U(so(3,R)) that Im(f) can be written as a linear

combination of central multiples of M®). Since M®) is non-zero in A(2), and Im(f)
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is non-trivial in U(s0(3,R)), there must be some new identity amongst the central
multiples causing Im(f) to be trivial.

Equations and show that we are studying a step-down from the
multipole M* D When k = 0,

1 1
= f(S.®S) = 352% = §L(S2)OM(O)(1), (D.6.3)
from ([4.4.21a)). Since A is spanned by M© we conclude that on the whole of A©
L(S?) = 0. (D.6.4)

If £ > 0 we use (4.4.21a)) to find,

2 an
L(48 +k(k+2>)o§: ((2k:+ )dap, M (®Sb>

T 42k +3)(2k + 1)

p=1 J7#Pp
k+1
= Oy, M <Sa®® Sbj>>
q=1,q#p J#p,q
L(S* +k(k+2) o o 2%k 41
_ aby, S, — 0, S
4(2k:+3)(2k:+1 ;q%ﬁg Oaty St = Oty ) ng b

In U(s0(3,R)) the prefactor in the above has trivial kernel, since U(s0(3, R)) contains
no zero divisors[54]. Furthermore, it is clear that there are enough arguments {C;}
of the form in the argument of M*) above such that {M®)(C;)} spans Im(f), and
therefore Im(M®). Since Im(M®) is non-trivial in A®), and k > 0 we must have
that,

L(4S* + k(k +2))oM™ = 0. (D.6.5)

As 452 + k(k+2) is central we may repeat the process by stepping-down (D.6.5)),
producing a family of identities Vn € {0, ..., k},

(é L(4S* +j(j + 2))) oM™ =0, (D.6.6)

j=n

where Of:n denotes composition over the indexed maps.
A priori, any combination of these L(482 +4(j + 2)) could be responsible for
annihilating Im(M ™). To make progress, let us first consider a non-empty subset

I {0,...,k — 1} and suppose,

(Q L(45*+4(j + 2))) oM™ =0, (D.6.7)

jel
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for some n € {0, ..., k}. Since M*) may be written as a series of step-ups from M ™
by (4.4.17)), we may use the fact that the composition in (D.6.7) commutes with
step-ups to find,

(OL(452+j(j+2))>OM(k) =0. (D.6.8)

Now, observe that for any p we may write,

L(45* + k(k+2)) = L(4S* +p(p+2)) + L((k — p)(k + p+2)), (D.6.9)
which we may use to rewrite (D.6.8)) as,

<Q (L(45% + k(k+2)) = L((k — j)(k+j + 2)))> oM™ =0, (D.6.10)

jEI
We note that since k ¢ I that there is a left multiplication of a non-zero scalar in
(D.6.10f). Thus, from (D.6.5) we find,
(H—(k—j)(k+j+2)>M<k> — 0, (D.6.11)
jeI

which implies Im(M®*)) is trivial. This is in contradiction with our construction of
A% and thus (D.6.7) must be impossible Vn € {0, ..., k}. This means any annihi-
lating action of a composition of factors L(45% 4 p(p + 2)) must include the factor

with p = k.
With this in hand, let us consider the identity on MO,
k
(O L(45* +j(j + 2))) oM© =0, (D.6.12)
§=0

and notice that it is an annihilating polynomial for L(5?) on Im(M©®). Thus, using
the results of Section we may resolve the identity on Im(M©)),

k k 2

4% + p(p +2))

MO =3 O LUS +plp oM©) = Z I, (D.6.13)
= \p=ts =30 +2) +p(p + 2

From our earlier argument, no annihilating composition like (D.6.7) can exist, and
thus we must conclude that Im(M©) N Im(Tl;) # {0}, since II; contains no factor
L(45%+k(k+2)) by definition. However, dim(Im(M()) = 1, and since IIj, is linear,
we must conclude that Im(M©) C Im(TT;) and Im(M @) N Im(TL;) = {0} for j # k
by orthogonality.

Thus, for j # k, II; = 0, and so we have a family of annihilating polynomials for

L(S?) on Im(M©®), ¥j € {0, ...,k — 1},

( é L( 452+pp+2))> oM™ = 0. (D.6.14)

=0,p#j
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But every annihilating polynomial must be a polynomial multiple of the minimal
polynomial[46]. Since the family (D.6.14]) have only one factor in common, we must
conclude that,

L(45% + k(k +2))oM© = 0. (D.6.15)

By the recursive relationship between the multipoles (4.4.17)), all M*) begin from
repeated stepping-up from M © (482 + k(k+ 2)) is commutative with step-ups,
thus we find Vn € {0, ..., k},

L(4S® + k(k +2)) oM™ = 0. (D.6.16)

Since the multipoles {M®|n € {0,...,k}} form a basis for A2, from (D.6.16) we
must finally conclude that on the whole of A(g),

L(4S*+k(k+2) =0 . (D.6.17)

D.7 Proof of the Dimension of the Multipoles

Lemma D.7.1. Let f : s0(3,R)f** — 50(3,R)®* be a projector into a subspace of
kth-order tensors which satisfy the properties|4.4.20. Then, Im(f) is annihilated by
e(k).

Proof.

Eof(é ag) _

Mw

ad(S,)oad(S, of<®5aj>

I
—

C

3

Z Ecapd ad (S, )Of<5d®®5aj>

k
2
p=1 cd=1 J=1,j#p
k 3
= Z Z Capdgcdef (S ®® Sa]>
p=1 J=Lj#p
k 3 k
+ Z Z Z €capd5caqef<sd®se®® Saj>
p=1 q=1,9#p c,d,e=1 j=1,j#p.q

1
k 3 &
S Y b = bayeban) f (Sa S0 S, )
y 1

J=Lj#p.q
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k

— k(K + 1)f(® Saj>.

J=1

]

Lemma D.7.2. In s0(3,R)?*, the mazimal subspace of totally symmetric contrac-

tionless tensors has dimension 2k + 1.

Proof. There are (kjf) = % symmetric tensors within so(3, R)®*. Every pos-

sible contraction between these tensors reduces the number of linearly independent

k(k=1)

5— ways to contract a kth-order tensor, since contraction

tensors by 1. There are

is a symmetric process. Therefore, there are,

(k+2)2(/<?+1) B "7“‘72_ DAY

linearly independent, totally symmetric, contractionless tensors. O

Lemma D.7.3. Vk € N, Im(MW®) is unique subspace annihilated by €(k) within
the E-orthogonal decomposition of s0(3, R)®*. Furthermore, there are no non-trivial

subspaces within s0(3, R)®* annihilated by €(n) forn € N, n > k.

Proof. The case k = 0 is trivial. We may proceed by induction. Suppose the
statement is true for & = m, then by Lemma and Theorem (applied
to T'(s0(3,RR))), stepping-up from any subspace of s0(3, R)*™ other than Im (™)
results in a subspace annihilated by £(n) with n < k. On the other hand, by
assumption, there are no subspaces annihilated by €(m+1) or €(m~+2) that we may
step-level or step-down from respectively. Thus, the only subspace which steps-up to
one annihilated by &(m+1) is Im(M ™). This subspace is by definition Im (M (1),
and from this argument is clearly unique and has the largest n amongst subspaces

annihilated by £(n). O

Lemma D.7.4. No totally symmetric contractionless tensors are forced to zero dur-

ing the quotient from T'(so(3,R)) to U(so(3,R)).
Proof. This is a consequence of the Poincaré-Birkhoff-Witt theorem|7]. ]

Corollary D.7.5. Im(M®) contains all the totally symmetric, contractionless ten-

sors of order k, and therefore has dimension 2k + 1.

Proof. This follows easily from the lemmas established in this appendix. O
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Appendix E

Indefinite-Spin and Arbitrary-Spin
Position Operator Algebras

E.1 Proof that M?(5®5)) =0 in CI(E, )

Definition E.1.1 (I). Consider a Euclidean three-space (E,d) and a basis {e,}
which is orthonormal with respect to §. Then, we define I € CI(E, ),

I = e Neg/Nes. (Ell)
This element [ is called the “pseudoscalar” element[22] of CI(E, ).

Lemma E.1.2. In CI(E,J), the orthonormal set of vectors {e,} satisfy, Ya,b €
{1,2,3},
(eaeb + €b€a) = Oup- (E.1.2)

N | =

Proof. By the definition of CI(£, J). O

Corollary E.1.3.
I = €1€2€3. (El?))

Proof. By Lemma Yo € Sk,

SEN(0)€q(1)€0(2)Co(3) = €1€2€3.

Corollary E.1.4.
11 =-1. (E.1.4)

315
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Proof. Direct computation. O]
Lemma E.1.5. For all a € {1,2,3},

e = Ie,. (E.1.5)
Proof. Fix k € {1, 2,3}, then,

ex] = epereses = (—1)%ereseser = Iey.

Corollary E.1.6. For all A € CI(E, ),
AL = TA. (E.1.6)

Proof. This follows directly from m as all elements of CI(F,d) are algebraic
combinations of R and the {e,}. O

Lemma E.1.7. For all a € {1,2,3},

3
1
le, = 3 Z Eabe €b/\Eq. (E.1.7)

b,c=1

Proof. Direct computation. m

Corollary E.1.8. For all b,c € {1,2,3},

3

epNe, = Zsabclea. (E.1.8)
a=1
Proof. Immediate consequence of Lemma [E.1.7] O

Lemma E.1.9. For all p,q € {1,2,3},
1 1
5(5;5; +5,5,) + Z5pq =0. (E.1.9)

Proof. From Lemma [E.1.2| we apply,
3 3

3 3
% Z Z EacdEbfyg [[(eaeb + ebea) = Z Z Eacd€bfyg ]Idab-

a=1 b=1 a=1 b=1

Applying Corollaries [E.1.6] and [E.1.8] to the left-hand side, and Corollary to
the right, we find,

((echeq)(egAey) + (epAeg)(ecAea)) = —(Oerdag — DegOa)-

DN | —

Applying the transformation ([5.3.2) to both sides yields,

1 ! Q! ! Qf 1
§(Sp5q —|— Squ> - —Z—l(qu.
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E.2 Proof of the Algebraic Form of t(a,b)(c)

Let us begin by showing some important properties of t(a,b)(c).
Lemma E.2.1. For all a,b,e € V,
t(b,a)(e) = —t(a,b)(e). (E.2.1)
Proof. Direct computation. O
Lemma E.2.2. For all a,b,e € V,
t(a,b)(e) +t(be)(a) + t(e,a)(b) = 0. (E.2.2)
Proof. Direct computation. O]

Lemma E.2.3. The properties of Lemmas[E.2.1, [E.2.9, and[2.2.19 entail the con-

straints, Va,b,c,d,e € V,

f(ba,e) + fa,be) =0 (E.2.3a)
fla,b,e) + f(b,e,a) + fle,a,b) =0 (E.2.3b)
fla,b, f(e.d,e)) — f(e,d, f(a,b,e))
— f(f(a,b,c),d,e) — f(c, f(a,b,d),e) =0

(E.2.3¢)

respectively.

Proof. In any algebra where f(a,b,c) = t(a,b)(c) (replacing the tensor products in f
with the product of the algebra), we may translate the properties of Lemmas [E.2.1]

E.2.2] and [2.2.49 into constraints on f by direct substitution. O

Theorem E.2.4. For arbitrary Minkowski space-times, the system of constraints in

Lemma[E-2.3 is satisfied only when,
f(a,b,c) = k((a®b — bRa)®c — c®@(a®b — b®a)),

where k € R.

Proof. In general, the form of f which satisfies the constraints (E.2.3al), (E.2.3bj),
and (E.2.3¢) will depend on the dimension of V; this is because in low dimension we

cannot assume that the tensors in our expressions are all linearly independent.
When dim(V) = 1, all non-zero vectors are linearly dependent, so writing a = k,x

etc. for some non-zero x € ¥V we have,

flasb,c) = (a+ B+7+0+ e+ Ok r@T@7.
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Applying the constraint (E.2.3al), we find,

a+pf+v+d+e+ (=0,

and so f(a,b,c) = 0. This trivially satisfies (E.2.3b|) and (E.2.3c|), and is of the form
(E.2.4)).

When imposing the constraints (E.2.3al])-(E.2.3c) for dim(V) > 2, we will assume

where possible that our set of input vectors are linearly independent. However,
linear independence of this set may fail when the dimension of the space considered
is too low. To overcome this difficulty, we will employ the following combinatorial
argument. Consider a basis I = {b;} for V indexed over a set .J, and a set of
parameterised linear combinations D = {3, _; A§k)bj} indexed over a set K. Then,
to impose a constraint defined with n vectors for n > dim(V), let us fix |D| =
n — dim(V) and evaluate it using all n-tuples of vectors (o(1),...,0(n)) for all
bijective o : {1,...,n} — I UD. We consider valid only those solutions which are
independent of the parameterisation of the elements of D, and independent of the
choice of o.

Now let us continue with the proof, and implicitly utilise either linear indepen-

dence or this combinatorial argument when necessary. When dim(V) > 3, imposing

the constraint (E.2.3al) entails,
o= =] A [B=—]Ale=—(], (E.2.4)
and so,

fla,b,c) = a(a®b—bRa)@c+ ec@(a®b — b®a) + f(a®c@b — b@c®a). (B.2.5)

Next, imposing (E.2.3b]) on (E.2.5)) entails,

o +e= 7], (E.2.6)

thus,

fla,b,¢) = a(a®b — bRa)Rc + € cR(a®Rb — bRa)
(E2.7)

+ (a+€) (a®c®b — bRc®a).
Finally, imposing (E.2.3¢c|) on (E.2.7]) entails,

[0+ ae =0] Al +ae=0A[(a+¢e)?=0],

which reduces to,

[ = —¢], (E.2.8)
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vielding (E24).

There is an edge case when dim(V) = 2 which we shall now address. Imposing

(E.2.3a)) yields (E.2.4)) as before, however, in two-dimensions, all tensors of the form

(E.2.5)) satisfy the constraint (E.2.3bf). Thus, we must impose (E.2.3c|) directly on
(E£.2.5)), yielding,

The first solution in the above gives the general case, and the second solution yields

only a trivial solution,

f(a,b,c) = alanbrc) =0,

with the final equality following from the necessary linear dependence of {a,b,c}. O
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