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Abstract—We study constructive interference based block-level
beamforming (CI-BLB) in the downlink of multi-user multiple-
input single-output (MU-MISO) systems. CI-BLB achieves im-
proved performance over the traditional CI-based symbol-level
beamforming (CI-SLB) method, because of its more intelligent
power allocation scheme over the considered block of symbol
slots. In this paper, we design a low-complexity algorithm based
on the alternating direction method of multipliers (ADMM)
framework, which can efficiently solve QP problems. We analyze
the convergence and complexity of the proposed algorithm. Nu-
merical results validate the optimality of the proposed algorithm,
and further show that the proposed algorithm offers a flexible
performance-complexity tradeoff by limiting the maximum num-
ber of iterations, which motivates the use of CI-BLB in practical
wireless systems.

Index Terms—MIMO, constructive interference (CI), block-
level beamforming (BLB), quadratic programming (QP) opti-
mization, alternating direction method of multipliers (ADMM).

I. INTRODUCTION

Beamforming has been widely studied in multiple-input
multiple-output (MIMO) communication systems, which is
able to support data transmission to multiple users simulta-
neously [1]. In the downlink, if the channel state informa-
tion (CSI) is fully known to the base station, dirty paper
coding (DPC) is proved to be capacity-achieving by pre-
subtracting interference before transmission [2], but its pro-
hibitive computational costs make it difficult to implement
in practical systems. Therefore, low-complexity closed-form
linear beamforming schemes, represented by zero-forcing (ZF)
[3] and regularized ZF (RZF) [4], are proposed to reduce the
computational complexity in signal processing. At the same
time, optimization-based beamforming schemes are gaining
more and more attention because they allow beamforming
to better meet various communication constraints and re-
quirements in different scenarios. One popular example is
the downlink signal-to-interference-plus-noise ratio (SINR)
balancing approach, which aims to achieve a desired SINR
for each user under transmit power constraints [5]. Another
popular form is to minimize the transmit power under the
SINR constraint of each user [6]. [7] proves that the SINR
balancing and the power minimization are dual problems to
each other, where an effective iterative algorithm has been
proposed by exploiting such duality to efficiently solve these
two problems.

More recent research has shown that multi-user interference
need not be completely eliminated in beamforming design.
This is because interference can be utilized by interference
exploitation beamforming techniques to benefit symbol de-
tection, thus improving the error-rate performance of MIMO
communication systems. In [8], the concept of ‘constructive
interference’ (CI) is introduced, and Cl-based beamforming
has received increasing research attention. The concept of
‘constructive region’ is introduced in [9], which shows that
as long as the interfered signals lie in the constructive region,
the effect of interference is typo. In [10], the exploitation
of CI was extended for the first time from PSK modulation
to QAM modulation, where the CI effect can be exploited
by the outer constellation points of a QAM constellation by
employing the ‘symbol-scaling’ CI metric. Because of the
significant advantages of CI, Cl-based symbol-level beam-
forming (CI-SLB) has been applied to intelligent reflecting
surface (IRS)-assisted communication [11], 1-bit precoding
[12], radar-communication coexistence [13] and many other
wireless communication scenarios.

It has to be mentioned that the utilization of CI in the above
schemes is based on symbol-level beamforming, which brings
significant computational burden to the signal processing unit
and requires demanding real-time processing capability. To
alleviate the computational costs, several studies attempt to
reduce the complexity of the CI-SLB optimization problems,
including derivations of the optimal beamforming structure
of CI-SLB with efficient iterative algorithms [14], [15], sub-
optimal solutions [16], [17], and deep learning-based methods
[18], [19]. Despite the above attempts to reduce the computa-
tional costs of solving the CI-SLB optimization problem for
each symbol slot, these approaches still require solving an
optimization problem at the symbol level. In order to further
motivate the realization of CI-based beamforming techniques
in practical communication wireless systems, [20] proposed
Cl-based block-level beamforming (CI-BLB) for multi-user
multiple-input single-output (MU-MISO) communication sys-
tem for the first time. Based on Lagrange function and Karush-
Kuhn-Tucker (KKT) condition, the closed-form expression of
CI-BLB optimal beamforming matrix is derived. By further
studying the corresponding duality problem, the original opti-
mization problem is transformed into a quadratic programming
(QP) optimization on simplex.

In this paper, we design a low-complexity solution for the



above CI-BLB based on the alternating direction method of
multipliers (ADMM) framework, which can efficiently solve
large-scale QP problems, thus appealing for application in
solving CI-BLB problems. We analyze the convergence and
complexity of the proposed algorithm. The proposed ADMM
algorithm is able to offer satisfactory results within only
dozens of iterations, while it is much faster than the traditional
interior-point method (IPM) [21]. More importantly, the pro-
posed ADMM algorithm is more time-efficient than quadprog,
which motivates the use of the block-level CI beamforming in
practice.

Notations: Herein, Lowercase, boldface lowercase and bold-
face uppercase letters denote scalars, vectors and matrices,
respectively. R and C denote the set of real numbers and the set
of complex numbers, respectively. Superscripts © denotes the
transpose. The operator || - || denotes the 2-norm of a vector.
R{-} and T{ '} extract the real and imaginary parts of the
argument, respectively. We use Il to represent the projection
of the argument onto the set £2. We define j as v/—1 and Iy
as the V x N identity matrix. Finally, 1 and O denote all-one
vector and all-zero vector, respectively.

II. SYSTEM MODEL AND PRELIMINARIES
A. System Model

We consider the generic multi-user multiple-input single-
output (MU-MISO) downlink system, where a base station
(BS) equipped with IV, antennas serves K single-antenna users
simultaneously. For the transmission of a block of symbol
slots, the data symbol vector in the n-th slot is denoted by
s = [sP, 8L, ,s’}(]T € CK, which is assumed to be
drawn from a unit-norm M-PSK constellation'. Accordingly,
the received signal for user £ in the n-th symbol slot can be
expressed as

Yyl =hl Ws" + 2, (1)

where h;, € C™ is the channel between BS and user k,
which is constant within the considered block, and 2! € C
is the additive noise of user k in the n-th symbol slot.
W € CNe*K is the beamforming matrix that applies to all
s™ in the considered block. n € {n|n < N}, where N is the
length of the considered transmission block.

B. Symbol-Scaling CI Metric

CI can increase the useful signal power and greatly improve
the performance of multi-user transmission. To illustrate the
symbol-scaling CI meric introduced in [22], below we depict
one quarter of an 8PSK constellation in Fig. 1 as an example.
Without loss of generality, we assume that O A is the nominal
constellation point for user k in the n-th slot, i.e.,

OA = 57 )

O? represents the noiseless received signal with interference,
where based on the geometry we obtain

OB = OA + AB = hpWs", 3)

IFor the extension to QAM modulation, see [20].

where /@ can be regarded as the interference from other user
streams.
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Fig. 1. Geometric diagram of the symbol-scaling CI metric for 8PSK.

Different from the common phase-rotation CI metric which
uses phase relations, the symbol-scaling CI metric decomposes
the signal along the decision boundaries and imposes scalig
constraints on the decomposed components. In Fig. 1, OA
is decomposed along the two decision boundaries for 8PSK
modulation to obtain OD and O?:

—
OA = @ + O@ = Sz,right + Sz,left' (4)

Following a similar procedure, the received signal O@ can
also be decomposed along the two decision boundaries into

Oﬁ =OF + Oé = O siohtSk right T Qi tefcSktefe- (D)

By following the transformation in Section IV-A of [23], which
we omit in this paper due to the limited space and also for
brevity, we can construct a coefficient matrix M" € R2K*x2N¢
and obtain:

agp = M"Wgsg, (6)

where af € R?2K, Wg € R2Vex2K and sit € R?K are defined
as
n n n n n T
ag = [%,n‘ghn T O rights OV Jefty T 7aK,left] . (D
R(W)
J

We =5 (w)

95(%)} b= [T I6] T(-S)

C. Problem Formulation for CI-BLB

Recalling Fig. I, we can observe that the value of o ;.
or ay . represents the effect of inter-user interference, and
a larger value of o ;. Or aj . means that the symbol
is pushed further away from one of its decision boundary.
Accordingly, we can then construct the CI-BLB optimization
problem that maximizes the minimum value of the entry in



af; for all the considered symbol slots within the block, given
by

Po : max min o
Wg kn

s.t. af =M"Wgsg, Vn < N,

N
> IIWesgll3 < Npo, )

n=1

where o represents the k-th entry in o, and py represents
the transmit power budget per symbol slot.

Lemma 1: By formulating the dual problem, the original
CI-BLB optimization problem Py can be transformed into the
following QP optimization:

Py stllian 6EU6E

st. 1Tog—1=0,

5% >0, Yme {1,2,--- ,2NK}, (10

where the coefficient matrix U can be calculated in advance.
By obtaining the optimal dg through P;, the optimal beam-
forming matrix W can be calculated.
Proof: See Section III of [20]. [ |
The analysis in [20] is conducted for the case of N > K,
while the conclusions of the above lemma is also applicable for
the case of NV < K, which has been shown in [24]. Therefore,
an efficient algorithm for P; is the key to CI-BLB.

III. THE PROPOSED ADMM ALGORITHM
A. The Proposed Algorithm

Proposition 1: P; is equivalent to the following optimiza-
tion problem:

'Pg : min 6EU6E
or
st. 176y —1>0,
5%20, Vm€{1,2,~-~,2NK}. (11

Proof: Assume that d3; is an optimal solution to Ps, we
have

1765, -1>0, (65)™ >0, Vme {1,2,--- ,2NK}. (12)
Accordingly 63 = K4}, such that
176 —1=0, (559" >0, Yme {1,2,--- ,2NK},

(13)
where K = ﬁ € (0,1). We then have
(057) " UL = % (8%)" US, < (8k) Ud,  (14)

which contradicts the assumption that 8}, is an optimal solu-
tion to P,. Therefore, the optimal solution to Ps must satisfy
176 — 1 = 0, which means that the optimal solution to P
is the optimal solution to Py, i.e., P> is equivalent to P;. M

Based on the above proposition, to apply the ADMM
framework, we introduce a new variable @ and define a

set Q = {W|@; >0, Vie{1,2,...,2NK +1}}. P, is then
equivalent to:

Pg : min 5EU5E
op

s.t 1 0 = 1 +w
T | Lovkxonk] T |0 ’

we (15)
By defining an indicator function for w:
0, ifwe
In (@) =<" ’ 16
o (@) {oo, otherwise, (16)
and
1t INK+1)x(2NK 1 NK+1)x1
T = e ! +1)x( ) ¢ = e ¢! +1)x
Lnk ’ 0 ’
(17)
P3 can be written as
Py min S5 UdR + I (@)
st. Tog =c+ . (18)

The corresponding augmented Lagrangian function for Py is
expressed as

L, (86,0,8) = 65 U8 + I (@) + A (~Dop +c+ @)

+ 5185 + e+ o3
2

A
2

2p
(19)

2

A
—Tég+c+w+ —
P

=65 Uds + I (@) + £

)

2

where A € CENE+DX1 s the dual vector and p > 0 is the
penalty parameter. The ADMM framework for the update of
0p, w, and X can be written as

5§+1 = arg min ﬁp (JE,G)k, Xk) , (20)
op

OF* = arg min L, (6E+1,&75\k) , 21
w

) SR L (—rag“ fc+ a’““) @

In the dg-update, the optimization problem for dg can be
written as

~k 2

A
min §5USE + 2 ||-Top + e+ o + 2 (23)

2

For this unconstrained convex optimization problem, the opti-
mal point 6tE+1 should satisfy the condition that the gradient
is zero, which leads to

~k
(2U T prTr) op = pI'T <c +wk 4 Ap) Y



Then we can get a closed-form solution for 6%+
1 j\k
ohtl = (2U T prTr) orT (c +wk 4 > . ©5)
p

In the w-update, the optimization problem for w can be

written as

~k 2

A
min Io (W) + g I fet o+ o (26)
w P

Then w needs to satisfy

) €0l (w), (7)

ok
A

c—— .
p}

The corresponding algorithm is summarized in Algorithm 1.

and we can obtain

" = max {o, roptt — (28)

Algorithm 1 The proposed ADMM algorithm
1: Input: s, H
2: Output: dg
3: Initial: 61E = ot = 5\1 =0, U, c, T, p, maximum
number of iterations K,,,,.
for k=1, - K4 do
Compute 5%‘"1 by (25);
Compute w + by (28);
Update A" by (22);
end for
Output: dg = 55”‘”“.

R A

B. Convergence Analysis

k+1

First, the minimizer w satisfies

Ly (8h,0"1 A < 1, (6,08 A7) . @9

It is easy to see that L (JE, ALARIDY ) is strongly convex

with respect to dg. Because of the property of strongly convex
function:

(85}31 <5E W7l ;\k) — 05y, L (5E 2, W AkH,j\k))T
. <5E,1 - SE,Z) >m H5E71 - 8E,2’ z

where m is the strongly convex
N Rk .
L, (6E,wk+1, A ), we can obtain that

sy, L (5E1,A’¢+1 J\’“)—a,;m <5E2/"+1 J\’“)

; (30)

parameter  of

- (2U + prTr) (Op.1 — Op.2).- 31)
Since
T 17t
pT'T =p[1 Ionkxonk] |:I2NK><2NK:|
=p1-17 4 pl, (32)

where p1-17 is a semi-positive definite matrix and U is also
a semi-positive definite matrix, we can obtain

(35E1 (5E LR ) - 35E2 (5E 2, W kH,j\k))T
: (5E,1 - 5E,2)

= (Op.1 — 0p.2)" (2U v prTr) (8.1 — 0p.2)

= (8m1 —Om2)" (2U+p1-1" + pI) (8p1 — Or2)
> p||0m1 — Okl

Thus, m = p and ﬁp (5137
with respect to dg.
Similarly, by definition of strongly convex function:

(33)

)\ ) is p-strongly convex

<5E1,AkJr A) (5E2 Akﬂ)\)
oF 1 3k T
+ (aéE ) <5E 2, @A )) (0,1 — Og,2)
+ g 18,1 — 021 (34)
The minimizer 6%“ satisfies
& B+l ~k+1 JF)
g1 L, (5E NALARID ) —o0. (35)
Thus, for any 6’“, the minimizer 6%“ also satisfies
L, (511334—1 s j\k)
~ ~k 2
< L, (oh @t A7) - . Hé’];“ - 6@“2. (36)

Moreover, from the definition of ﬁp and with the use of
(22), we have

i, (5@“,@’““,5\’“*1) ~ i, (ag“,a:k“, 5\'“)

XkJrl Xk‘ 2

1
S ) - ‘ . (37)
p 2
Then, summing (29), (36) and (37) yields
i, (5@“,@’“*1,5\’““) -1, (5;3,@’“,5\'“)
Ligk+1 k12 p sk sk
<A —A‘—szﬁ—JH. 38
—p ’ 2 21E Elly (38)
From (24), the minimizer 6’;‘1 satisfies
Xk
(2U + prTr) FLSRI (c Fwhtl 4 ) —0. (39)
0
Substituting (22) into (39) we have
2usttt —TTAM Z o, (40)
which means
Xk?—‘rl _ Xk‘ ‘2
2
2
— |lou (st — 5 H
|2 (o7 -8,
2
< 4 [op*t - o, o
2



where ¢ = eigmax (U).
Substituting (41) into (38) further results in

E, (557,68+1,3)

. ok 4p? 2
<L, (k.o A") - (p - “”) ok =t . @2
2 p 2
which means if the condition
p>2v20 (43)

holds, [:p is monotonously decreasing in the iteration proce-
dure. This completes the proof for convergence.

C. Complexity Analysis

We analyze the computational complexity of the proposed
algorithm in terms of the number of real multiplication oper-
ations.

Considering the special structure of I' shown in (17)
and T'T" shown in (32), the computational complex-
ity can be greatly reduced. In line 5 of Algorithm 1,

the computation of Q.IQU +T'r ' requires & (2NK)®
real multiplications, which involve the cost of computing
the Cholesky factorization. :F{le computation of the ma-
trix product of <2U + I‘TI‘) rt (c + w4 Xk) requires
2NK (2NK +1) real multiplications. The total cost of
dg-update is (% (2NK)® +2NK (2NK + 1)) real multi-
plications. The cost of projection w-update in line 6 is
negligible. And the A-update in line 7 does not require
any real multiplication. Therefore, Algorithm 1 requires
(% (2NK)® + 2NK (2NK + 1)) real multiplications when
k=1. o

Given that (2U + T does not change in each it-
eration, we can cache the result to perform the subse-
quent iterations efficiently. Accordingly, Algorithm 1 requires
2NK (2N K + 1) real multiplications for each iteration when
k > 2. The total number of real multiplications for Algorithm
1 is [% (2NK)* +T-2NK 2NK + 1)}, where T' denotes
the number of iterations.

IV. SIMULATION RESULTS

We assume standard Rayleigh fading channel, random com-
plex Gaussian distributed noise. The signal transmitting power
is po = 1, and the SNR is defined as % where o2 is the
noise power. The execution time results are obtained from a
Windows 11 Desktop with 19-10900 and 16GB RAM.

For clarity, the following abbreviations are used throughout

this section:

1) ZF: Traditional ZF beamforming with block-level power
normalization;

2) RZF: Traditional ZF beamforming with block-level
power normalization;

3) CI-SLB-QP: Traditional CI-SLB solved by quadprog in
matlab, Pg in [14];

4) CI-BLB-IPM: CI-BLB solved by IPM, P;;

5) CI-BLB-QP: CI-BLB solved by quadprog in matlab, P1;

6) CI-BLB-ADMM(K,,,4:): CI-BLB solved by the pro-
posed ADMM algorithm based on P with the maximum
number of iterations K, 4.
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Fig. 2. Convergence behavior of the proposed ADMM algorithm, Ny = K =
10, N = 8, 8PSK. (a) Objective value. (b) Primal residual and dual residual.

iterations

For general ADMM iterative convergence, it is necessary to
analyze the objective value, primal residual and dual residual
[25]. We take p = 1 and obtained Fig. 2. In Fig. 2, (a) and (b)
show the change of objective value and the change of residual
with the number of iterations, respectively.

10x10x 8, 8PSK

10% 5
=
107!
102 £ -
gk e
“ 10 3
—A—ZzF =
—+—RzF “ 3
107 b |—%— cl-sLB-QP
CI-BLB-ADMM-P5(2)
CI-BLB-ADMM-P5(5)
5 CI-BLB-ADMM-P5(30)
10 CI-BLB-ADMM-P5(50)
O CI-BLB-QP
10—6 L L L L L I
0 5 10 15 20 25 30 35 40

SNR(dB)

Fig. 3. SER performance of different schemes, N; = K = 10, 8PSK.

Fig. 3 depicts the SER of the proposed CI-BLB scheme
when 8§PSK modulation is employed in a 10 x 10 MU-MISO
system, where the length of the block is N = 8. As can be
observed, both Cl-based beamforming achieve an improved
performance over ZF beamforming. When the length of the
block is N = 8, we observe that CI-BLB offers noticeable
performance gains over traditional CI-SLB, owing to the
relaxed power constraint over the entire block. We observe



that a flexible trade-off between SER performance and com-
putational complexity can be achieved by selecting different
maximum iterations for the proposed ADMM algorithm.
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Fig. 4. SER performance of different schemes, Ny = K = 10, 8PSK, 30dB.

In Fig. 4 we compare the execution time required for each
scheme as an indication to show the potential complexity
benefits of the proposed ADMM algorithm. It is observed that
the proposed ADMM algorithm is much faster than traditional
IPM. More importantly, our proposed ADMM algorithm is
more time-efficient than quadprog, which motivates the use
of the block-level CI beamforming in practice.

V. CONCLUSION

In this paper, we propose a new ADMM algorithm for
CI-BLB in a MU-MISO system. All subproblems have sim-
ple closed-form solutions, and convergence of the iterative
ADMM algorithm has been proved. The proposed algo-
rithm is shown to achieve the optimal performance with re-
duced computational costs, leading to favourable performance-
complexity tradeoffs, which enables the use of block-level CI
beamforming in practical wireless systems.
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