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Abstract

The subject of this thesis is monopoles — solutions to the Bogomolny equations — on
the Euclidean 3-space R3, with arbitrary gauge group, mass and charge, and hence
symmetry breaking. We start by providing an overview of monopoles themselves
and discussing their asymptotics in relation to mass and charge. These are used
to define a framing, using an asymptotic model for each such choice. With this we
set up an analytic framework appropriate for the construction of moduli spaces of
framed monopoles. The construction is then carried out as a quotient of infinite-
dimensional spaces, which requires a careful analysis of the differential operators
involved and their Fredholmness and other mapping properties. More specifically, a
combination of the b and scattering calculuses is used to define appropriate Sobolev
spaces and analyse the partial differential equations. The resulting framed moduli
spaces are constructed as smooth manifolds and we see that they also carry hyper-
Kahler metrics, obtained through a hyper-Kahler quotient construction. Lastly we
consider how our results fit into some of the pre-existing knowledge in this area.
In particular, we discuss the relationship between the mass and the charge and
the symmetry breaking, and expand upon these concepts in the cases of special

unitary and orthogonal groups.
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Impact Statement

In this thesis, a construction of the framed moduli spaces of monopoles with ar-
bitrary symmetry breaking is carried out. Aside from the resulting smooth hyper-
Kahler structure, it provides an analytical framework which can be used to con-
tinue studying these spaces, and hence it can be of interest to researchers who are
investigating these moduli spaces and their properties. The approach differs from
many other lines of research in the area in that it is done from the perspective of
monopoles themselves, without relying on the correspondence with other mathem-
atical objects like Nahm’s equations, rational maps or spectral data. Therefore, it

can provide a complementary outlook to better understand the subject.
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Chapter 1
Background and overview

Monopoles are defined on an oriented Riemannian 3-manifold as pairs (A, ®),
where A is a connection on a principal G-bundle and ®, the Higgs field, is a

section of its adjoint bundle, which satisfy the Bogomolny equations
(101) *FA :dA(I),

as well as a finite energy condition.

There are several perspectives which motivate their definition and study. Per-
haps the first motivation comes from physics, whose language pervades the topic
of monopoles, as well as the more general area of gauge theory. However, our in-
terest in this thesis lies in the mathematical aspects of monopoles and their moduli
spaces, so we will centre our attention on this.

From a geometric perspective, monopoles make a compelling subject of study.
They are related to other objects in gauge theory, like anti-self-dual Yang—Mills
connections, and similarly form interesting moduli spaces, which have interesting
properties like a hyper-Kahler metric, and they furthermore have correspondences
with a variety of other mathematical objects: Nahm’s equations, rational maps
and spectral data.

Monopoles on R? for the simplest non-Abelian gauge group, G = SU(2), have
been studied extensively. In this case, we have a significant knowledge of their
asymptotic behaviour |[JT80; |Gro84). Firstly, it is known that the size of the

Higgs field must tend to a constant called the mass, which, if not 0 — which doesn’t
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produce non-trivial monopoles—, can be assumed through rescaling to be 1. This
means that, near infinity, the Higgs field defines a map between the 2-sphere of
directions in R® and the unit 2-sphere in the Lie algebra su(2). The degree of this
map is called the charge, and it rules the asymptotic behaviour of the monopole.
More specifically, it determines the behaviour of the monopole to order % near
infinity, with more precise behaviour of the lower order terms following from the
differential equations.

Another established result in this case is that SU(2)-monopoles form mod-
uli spaces [AHS88]. Since the charge provides a topological quantity, we restrict
ourselves to monopoles of a fixed charge. It is furthermore convenient to consider
framed moduli spaces, which means that a specific asymptotic behaviour is fixed
near infinity and only gauge transformations which are the identity at infinity are
considered. This yields a complete hyper-Kahler manifold for any non-negative
charge, whose dimension is four times the value of this charge. This construction
can yield interesting spaces, like the Atiyah—Hitchin manifold. Additionally, its
metric has been interpreted as providing the evolution of low-energy monopoles
[Man82; [Stu94].

These moduli spaces and their metrics have been studied, and their asymptotic
regions have been interpreted as parametrising monopoles of a the given charge
separating into several monopoles of lower charge [Wei79; Bie95; Bie98a; [FKS1§].

For other gauge groups we don’t have such a detailed picture. Firstly, it is
important to note that the asymptotic conditions are no longer so straightforward:
The mass — the limit of the Higgs field at infinity — is no longer determined only
by its size. Rather, it is given by an adjoint orbit inside the Lie algebra of the
gauge group. Therefore, it plays a more prominent role, and, in particular, its
symmetries determine a property of the monopoles called symmetry breaking.

The case in which the mass is a regular element, like for SU(2), is known as
mazimal symmetry breaking, and exhibits a number of properties which make its
study simpler. For example, the behaviour of order % is once again ruled by a
topological (or magnetic) charge: the homotopy class of the map given by the
Higgs field at infinity from the 2-sphere of directions in R? to the adjoint orbit of
the mass, which is given by a number of integers.

If, however, the symmetry breaking is non-maximal, we have some additional
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features. An important observation is that in this case the topological charge
does no longer truly determine the behaviour of order %, so we must furthermore
consider holomorphic charges. Then, if we hope to build hyper-Kahler moduli
spaces, we must fix all of the charge components.

For an arbitrary gauge group, there has been work to interpret monopoles as
superpositions of SU(2) monopoles [Wei80; Wei82; |[LWY96], which has been used
to study their moduli spaces and their metrics [GRGI7; Bie98b].

A remarkable feature of monopoles, as pointed out above, is the multitude of
correspondences with other mathematical objects, which have been used to study
their properties employing the advantages of each correspondence.

A fruitful correspondence, known as the Nahm transform, exists between mono-
poles and solutions to Nahm’s equations. If the Bogomolny equations can be
viewed as the dimensional reduction of the anti-self-dual Yang—Mills equation on
R* to 3 dimensions, Nahm’s equations are the dimensional reduction to 1 dimen-
sion. This can be viewed as an instance of a family of such correspondences
between different gauge theory problems related to these instantons [Jar04], which
includes the ADHM construction relating instantons with algebraic data. In the
case of the Nahm transform for monopoles, the other side of the correspondence
is not purely algebraic, but it is a set of ordinary differential equations.

Another equivalence links monopoles with rational maps from CP' into another
complex space, which depends on the gauge group and the symmetries of the mass
and charge. An interesting feature of this approach is that one can build moduli
spaces in which only the topological component of the charge is fixed.

Lastly, we note that one can also establish a correspondence with spectral data,
which consists of algebraic-geometric data on the minitwistor space TCP'.

These correspondences have been investigated in many different cases, often
relating them to one another, and have facilitated the study of many aspects of
monopoles and their moduli spaces. The correspondences for SU(2) have been
studied in great detail [Hit82; Hit83; Don84f Hur85; Nak93|, and they have also
been extended to monopoles with arbitrary gauge groups [Mur83; Mur84; Hur89;
HMS89; Mur89; HM90; Jar98a; |Jar98b; |Jar00; CN22]. They have then been used
to study the parameters of general monopoles [Bow85|, specific cases of SU(3)-
monopoles [Dan92; DL93; |Dan93; Dan94; |[DLI7; Irw97|, and to produce some

19



examples with non-maximal symmetry breaking [CDLNY22].

Although the equivalences outlined above provide powerful tools in the study
of monopoles, it is also possible to take a more direct approach. The advantage of
this is that the properties of monopoles become more apparent, and that certain
elements, like the hyper-Kahler metric on the moduli space, appear more explicitly.

Our main aim is therefore to carry out the construction of the moduli space
of monopoles without relying on these correspondences. In particular, we define a
configuration space of pairs whose asymptotic conditions are adapted to a choice of
mass and charge, and we define the moduli space as the quotient of the monopoles
inside that configuration space modulo a group of gauge transformations. Our

main result can be summarised in the following way:

Theorem (Theorem 5.1.12)). The moduli space M,, ,; of framed monopoles of mass

1 and charge K is either empty or a smooth hyper-Kdahler manifold whose dimension

1s four times the sum of the integer charges.

The approach we take to this construction is relatively straightforward, and in
many ways mirrors the construction of moduli spaces of anti-self-dual Yang—Mills
connections on 4-manifolds [DK90], as well as of SU(2)-monopoles [AH8§|, which
relies on an infinite-dimensional version of the hyper-Kéahler quotient [HKLRS87].
A crucial aspect is the utilisation of the analytical tools developed by Kottke
[Kot15a], which combined Melrose’s b and scattering calculuses [Mel93; Mel94]
in a way which is particularly well-suited for monopoles — in fact they were used
by the same author to study SU(2)-monopoles on other 3-manifolds [Kot15b],
carrying out an analysis of the linearised problem similar to the one here. Melrose’s
formulation provides powerful results and a convenient setting to combine these
formalisms, with the b calculus being analogous to the analysis on cylindrical ends
studied in other works |Can75; LM85] and the scattering calculus in this case
simply corresponding to the usual analysis on a Euclidean space, where Callias’s
index theorem can be applied [Cal78; Kot11].

Similar techniques were employed by Sénchez Galan in his PhD thesis [Sdn19].
In it, a combination of the b and scattering calculuses is applied to the construc-
tion of the moduli spaces of SU(n)-monopoles with arbitrary symmetry breaking

and their smooth and hyper-Kéhler structures, and an index theorem from Kot-
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tke’s work [Kotlba] is applied to the computation of the dimension for maximal
symmetry breaking.

Although many of the features are already present in the case of SU(n), our
setting is a more general class of gauge groups. We similarly apply a combination
of the b and scattering calculuses, mainly following Kottke’s work, but make use
of slightly different Sobolev spaces. In particular, we completely fix the decay
parameters and we allow the regularity parameters to be arbitrarily large integers.
We also make some different choices in the definition of the configuration space
and framing, as well as of the space of small gauge transformations. Furthermore,
we carry out a detailed analysis of the linearised operator and its indicial roots
for arbitrary symmetry breaking. This allows us to compute the dimension of
the moduli space directly, and is important in order to choose the initial decay
parameters as well as to deduce asymptotic properties of the monopoles.

Aside from obtaining the moduli space itself, this construction provides ana-

lytical tools which can be used to further study monopoles. In particular, we also

obtain a regularity and decay result in [I'heorem 4.2.12|

We also discuss some consequences of our framework and results and aim to
put them into a wider context.

Much of the work in this thesis is also contained in a previous work of the

candidate [Men24], as noted in [the declaration abovel In particular, the paper

contains the construction of the moduli spaces, although here we provide additional

details. On the other hand, it did not contain the most refined version of the decay

result, or most of the discussion of and [6]

In we begin by introducing monopoles relying on general geometric
concepts and we establish convenient notions of mass and charge to use throughout

the construction.
We then discuss the moduli space itself in [Chapter 3] In particular, we set up
the formal construction from the analytical tools discussed in the appendices.
contains the construction of the moduli space. This involves studying
the setup from the previous chapter and applying the necessary analytical results.
In we expand upon certain aspects of our construction and put them
in the context of previous work in the area.

Finally, in we explain how our results translate into certain families
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of Lie groups and cases studied previously.

The appendices provide a few tools which have been separated from the main
body of this thesis to provide a more straightforward exposition.

does not contain any particularly novel material, and is mainly
intended to fix the notation used regarding spinor bundles and Dirac operators.

Similarly, is mostly a review of the analytical tools from the the
literature that we aim to apply in the moduli space construction, with the aim of
providing a self-contained account of the elements which will be utilised.

In we provide a link between the analytical results of the previous
appendix and our setting by defining the function spaces which are used through-

out, additionally providing some technical properties necessary for the proofs.

22



Chapter 2
Monopoles

We will start by establishing our setting and defining monopoles in [Section 2.1]
Then, in we explain how monopoles are related to anti-self-dual Yang—
Mills connections in 4 dimensions. Lastly, we establish a definition of mass and

charge and study the asymptotics of monopoles in [Section 2.3 establishing an
asymptotic model on which we will base the moduli space construction.

2.1 Setting and definitions

In order to define monopoles we must start by choosing an underlying manifold
and a gauge group.

The underlying manifold must be an oriented Riemannian 3-manifold. Here,
we choose the simplest possibility: the Euclidean 3-space R3.

On the other hand, the choice of gauge group is much more general. For
simplicity, we start by allowing any real, compact, connected, simply connected,
semisimple Lie group G, which will be referred to as the gauge group. However, in
we discuss how these results are applicable to any compact Lie group.

Note that any such group G admits an inner product (e, ), on its Lie algebra g
which is invariant under the adjoint action. We consider this inner product fixed
along with the group.

The monopoles will then be constructed on a principal G-bundle P over R3.

Since the Euclidean space is contractible all such bundles are isomorphic, so we
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are not making any additional choice. In particular, P must be trivial, but it will
not necessarily be convenient to always consider it as such. Indeed, in
we will build P in a way which exhibits its structure more clearly with respect to

the monopoles we will consider.

Let us recall that for a given principal G-bundle P we can construct associated
bundles through actions of G. Importantly, through the conjugation action of
G on itself we obtain the automorphism bundle Aut(P), whose fibres are the
automorphism groups of the fibres of P. An automorphism of the bundle P,
called a gauge transformation, can then be viewed as a section of Aut(P). The

group of these gauge transformations is denoted by ¥, so we can write
(2.1.1) ¢ =T'(Aut(P)).

Another relevant associated bundle is the adjoint bundle Ad(P), obtained through
the adjoint action of G on g, which is denoted by Ad. Note that the Ad-invariant
inner product on g carries over fibrewise to a metric on this bundle. Furthermore,
the adjoint action Ad of G on g, and the adjoint action of g on itself, denoted by ad
or by the Lie bracket, carry over fibrewise to the automorphism and adjoint bundles
as well. Sections of this adjoint bundle can also be regarded as infinitesimal gauge

transformations. With the Lie bracket they form a Lie algebra
(2.1.2) & =T'(Ad(P)),

which will be the Lie algebra of the group ¢ of gauge transformations when the

appropriate conditions are added to make it into a Lie group.

Note that the metric on the underlying Euclidean space R? induces metrics
on its exterior bundle, which we denote simply as A°. We can combine this with
the metric on the adjoint bundle to obtain metrics on the bundles A’ ® Ad(P),
and hence, using the Euclidean measure, to obtain LP norms on the spaces of
Ad(P)-valued j-forms Q7 (Ad(P)).

On these bundles, we will denote the fibrewise inner product on the adjoint
bundle by (e,+), and its combination with the Riemannian metric on forms by

(s, *)g3 g. The L? inner product of sections is denoted by (s, ¢) 12, where the fibrewise
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product is usually understood. Similarly, ||||g, ||*||rs 4 and ||+|| 2 are used to denote
the corresponding (possibly fibrewise) norms, with |||z used to denote the norm

with respect to any other normed vector space Z.

Remark 2.1.3. Here we are using I" and €2 to denote spaces of sections and formsﬂ
which we can initially think of as being smooth. However, in we will
see how, in fact, it will be necessary to consider sections (and forms) with other

regularity and asymptotic conditions.

Given such a principal bundle P, the basic objects which we consider are the

following.

Definition 2.1.4. We define the configuration space (of pairs) as
(2.1.5) ¢ = o (P)®T(AA(P)),

where &7 (P) is the space of principal connections on P. A pair M = (A, ®) € ¢
is called a configuration pair, and its constituent parts are referred to as the con-

nection and the Higgs field, respectively.

This configuration space is an infinite-dimensional affine space over the vector

space
(2.1.6) QY (Ad(P)) ® Q°(Ad(P)) = T((A' & \°) ® Ad(P)).

Furthermore, there is a natural action of the group ¢ of gauge transformations on
this space: it acts on the connections in the usual manner, and through the adjoint
action Ad on the adjoint bundle. We denote the action of a gauge transformation
geEYonapair M = (A, P)asg-M=(g-A,g-9).

On this configuration space we can define the following maps.
Definition 2.1.7. We define the Bogomolny map as

B: € — Q'Y(Ad(P))

(2.1.8)
(A, CD) (g *FA — qu)

! Along with A\, the notation omits the underlying manifold when it is understood — usually R?
or a subset of it. When it is necessary to specify the underlying space we write it as a subscript.
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and the energy map as

E:C — RZO U {OO}
(2.1.9) 1 ) )
(A4, @) = S (1 Fallzz + [da®llz2) -

Naturally, the gauge group also acts on the codomain of B through the adjoint
action on its Ad(P) component — as it does on any space I'(E ® Ad(P)) for any

vector bundle F. Considering this, we have the following properties.

Proposition 2.1.10. With respect to the group & of gauge transformations, the

Bogomolny map is equivariant and the energy map is invariant.

Proof. This follows from the facts that

(2.1.11) Fyu=g-Fy

and

(2.1.12) dga(g @) =g-dad,

together with the Ad-invariance of the metric on Ad(P). O

We can now define monopoles in our setting.

Definition 2.1.13. A monopole is a configuration pair M € % which satisfies the

Bogomolny equations
(2.1.14) B(M) =0
and has finite energy, that is,

(2.1.15) EM) < .

From [Proposition 2.1.10|we deduce that the action of ¢ preserves the condition

of being a monopole.
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2.2 As dimensional reduction

There is a strong relationship between monopoles and anti-self-dual Yang—Mills

connections on the Euclidean 4-space R* [Jar04].

Recall that a connection M on a principal G-bundle P over an oriented Rieman-

nian manifold is a Yang—Mulls connection when
(2.2.1) dy Fu = 0.

However, if the underlying manifold is 4-dimensional we have some additional
features. We start by noting that the Hodge star operator preserves 2-forms, and

squares to the identity. Considering its 41 eigenspaces yields a decomposition
(2.2.2) Qfa = Qb ® O

of 2-forms into self-dual and anti-self-dual components. We then say that a M is

an anti-self-dual Yang—Mills connection when
(2.2.3) Fy, =0,

that is, the self-dual component of the curvature vanishes.

Taking the manifold to be R*, let us write R* = R @ R3, and assume that
the connection M is invariant under translations of the first summand. This
connection is then given by a connection on R?, representing M along the directions
of R3, together with a section of the adjoint bundle, again over R?, representing
the connection along the direction of R. Calling these components A and P,

respectively, we have precisely a monopole configuration pair.

More precisely, let us consider the coordinates zy and xy, 9, x3 on the space
R @ R3. With respect to a trivialisation of P, we can write a connection M on

this space as

(224) M=d+ modxo + mldxl + mgdxg + mgdxg y
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where
(2.2.5) m; € I'ra(Ad(P)) .

If M is invariant with respect to translations in z, then so are the sections m;,

which can hence be considered sections on R?. We can then rename

(2.2.6&) A=d + m1d$1 + m2d$2 + m3d$3 s
(2.2.6b) d =my,

which define a connection and a Higgs field on R3.

The crucial fact is that the self-dual part of the curvature of the original con-

nection now becomes precisely the Bogomolny map on (A, ®), that is,

(2.2.7) B(A,®) = FY, |
where
(2.2.8) oo =

0 <> dxg N\ o+ *g3o.

Therefore anti-self-dual Yang-Mills connections invariant in one direction corres-

pond to solutions of the Bogomolny equations.

Throughout the study of monopoles, analogies can be drawn with this 4-
dimensional setting. For example, the bundle /\]IRS would be analogous to /\@,
as seen in ([2.2.8), and the bundle /\]}{3 D /\%3 encountered before would be analog-

ous to Aps-

This indicates that the study of monopoles will involve some of the many
interesting properties found in the study of anti-self-dual Yang—Mills connections.

We will remark further on these analogies when relevant throughout the thesis.
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2.3 Asymptotic models

The finite energy condition (2.1.15)) constitutes a constraint on the asymptotic
behaviour of monopoles. However, a more precise picture might be possible, or at

least hoped for.

The idea is that the behaviour up to a certain order should be determined by
two elements i, x € g in the Lie algebra of the gauge group, which are called the
mass and the charge, respectively. Specifically, the monopoles (A, ®) considered
satisfy that, along any ray from the origin, they can be written in some gauge such
that

1
(2.3.1a) b =p— o +o(r 1),

1
(2.3.1b) *xFp =da® = 52 dr +o(r7?),
r

where r is the radial variable. The conditions imposed on the lower order terms

vary between different works.

For G = SU(2), the simplest non-Abelian gauge group, we know that all mono-
poles fall into this classification, with the lower order term in (2.3.1a)) being of order

r=2 [JT80], but for a general gauge group we don’t have such a clear picture.

Our approach largely sidesteps the issue of proving such behaviour for all mono-
poles, opting instead for directly considering monopoles which satisfy the desired
conditions.

For a given choice of pu and x, we will construct a “model” configuration pair
near infinity which satisfies the desired asymptotic conditions without lower order

terms. In other words, a pair (4, ., ®,) such that

1
2.3.2 B, == —k
( a) 1, H 27“&
1
(232}3) *FA[_L,K, = dAH,N(I)u,n = 2—73% ® dr R

near infinity in some gauge along each ray.

We will then consider monopoles of mass i and charge x to be those which are

sufficiently close to the model pair near infinity. To be more accurate, this will

29



result in framed monopoles, since monopoles gauge equivalent to these ones will
also be considered to have the same mass and charge. In we provide a
more precise definition.

Alongside this model pair we will establish, near infinity, a decomposition of
the adjoint bundle Ad(P). The behaviour of the model pair will be very simple
with respect to this decomposition, and it will be used to understand the behaviour
of the monopoles we consider.

We start the construction by observing that the mass p and charge x must
commute for such a model pair to exist. To see this, let us take a gauge locally
around a ray near infinity with respect to which we have the form . Then,

taking the covariant derivative of the Bogomolny map yields

d
(233) - dAlL»N *FAH,H) - [FAH,M q)u,n]
1
=da,, <ﬁ:‘<& ® dr) — ﬁ[m, 1] @ (*dr)

- () 1~ o).

By observing the 1-form components of the two resulting summands we can see
that they must be linearly independent if they are non-zero, and hence they must
both be zero, implying that [u, k] = 0 as desired.

Therefore, to simplify the construction, we take a maximal torus subgroup 7" in
GG whose Lie algebra t contains p and x, and we will build the pair on a principal T-
bundle before taking it to the principal G-bundle P through an associated bundle
construction.

Note that, since T is Abelian, the adjoint bundle of any principal T-bundle is
canonically identified with the trivial bundle with fibre t. In particular, y and &
can now be used as sections without needing to choose a local gauge.

We first construct the connection. Restricted to the unit sphere S?, the
curvature of this connection must be equal to %/i ® dvolgz — note that on other
spheres we would have the same expression once we rescale. To have such a con-

nection we in fact need an additional integrality condition on the charge.

30



Proposition 2.3.4. There exists a principal T-bundle () on the unit sphere with

a connection Aqg with curvature Fa, = %FL ® dvolgz if and only if exp(2wk) = 1.

Proof. On S?, let us write 6, for the polar coordinate and 6, for the azimuthal
coordinate (so the north pole corresponds to ¢; = 0 and the south pole to §; = 7).
In these coordinates, the curvature expression becomes Fy, = %m@sin(&l)del Adbs.

Now suppose we had such a bundle ) and connection Ag. Over the unit sphere
with the south pole removed we trivialise the connection along meridians from the
north to the south pole. Since the group is Abelian, the connection 1-form can be
obtained by integrating the curvature. We get

1 —cos(6:)

(235) anN = TKI@dOQ

Trivialising from the south pole along meridians (excluding the north pole), we

likewise get

(2.3.6) as = _1+OS(91)/€ ® dby .

Using the commutativity once again we deduce that the transition function g

between the two charts (which takes values in 7") must satisfy
(2.3.7) (dg)g ™' = any —ag =k ® db;.

and hence must be of the form

(2.3.8) g = exp(bar)

(up to a multiplicative constant). But in order for this to be well defined, we must
have exp(27k) = 1r.
Conversely, if we have this condition, the construction described provides the

desired bundle and connection. O

Of course, since T is a subgroup of GG, the integrality condition on the charge
can also be written as exp(27k) = 1g.

Now, this bundle and connection can be extended to the punctured space
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R?\ {0} radially, where we denote them still as ) and Ag. Note that now we have

1
(2.3.9) Fo= —k®x*dr,

212

as desired. Furthermore, the adjoint bundle Ad(Q) is the trivial bundle with fibre

t, so we can simply define

1
2.3.10 Bg = p— —
(2.3.10) Q=p— 5k

as a section.

Now we can simply define the bundle P outside of the origin as the principal
G-bundle associated to (), since T is a subgroup of G. Given that G is simply
connected, this can be completed to a bundle over the entire R? E| Note that, given
that the base manifold R3 is contractible, the bundle P must be trivial in any
case, so this construction does not constitute a choice in this respect. However,

the relationship
(2311) P|R3\{0} = Q X G

will provide a convenient link with the mass and the charge.

Recall that, for a maximal torus such as 7', we have a root space decomposition
of the complexification g© of the Lie algebra of G. If R C (t©)* denotes the set of

roots, we can write this as
(2.3.12) i“=Ce@Pa..
acR

where g, is the root space corresponding to a. But the adjoint action of T" preserves
this decomposition, and outside the origin the bundle Ad(P) can also be viewed

as an associated bundle

(2.3.13) Ad(P)[rs\foy = @ X1 9

2For a general compact group this will require a stronger integrality condition on the charge,

as discussed in [Section 5.4
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through the adjoint action. Hence, the root space decomposition can be carried
over to this adjoint bundle.

Note that this will include the bundle Ad(Q) as the trivial subbundle associated
to t C -,

Definition 2.3.14. Near infinity, we define the root subbundle decomposition as

the decomposition

(2.3.15) Ad(P)* =t“ & P go

a€ER

of Ad(P)® associated to the root space decomposition (2.3.12) through (2.3.13).

The subbundles g, associated to each root space g, are referred to as a root

subbundles.

Note that, as is reflected in the notation, although € is trivial, the other sub-
bundles g, might not be. We can also observe that this complex bundle has a
natural real structure inherited from gcﬁ Furthermore, this real structure pre-
serves t€, but not necessarily the root subbundles go. However, it does preserve
the subbundles g, @® g—o. This means that Ad(F) can be thought of as being

decomposed into t and the real parts of the spaces g, ® g_a.

Remark 2.3.16. In (2.3.12)), we could substitute t© with (go)™*™(%), where go = C
and 0 is interpreted as an element of (t©)*, analogous to a “root equal to zero”.
Analogously, in (2.3.15)) we could substitute t€ with (gg)(“mk(G), where go is the
(trivial) line bundle corresponding to go through (2.3.13).

This will be notationally convenient, since many properties of the root sub-
bundles g, will be true of € when changing a to 0 € (t©)* and taking the multi-
plicity into account.

Hence, unless specified otherwise, we will understand all the properties deduced

for the subbundles g, to extend to t© in this manner (like in [Proposition 2.3.21)).

Naturally, the adjoint action behaves as expected in this decomposition. That

3This can be formalised as a fibrewise conjugate-linear involution whose fixed points make up
the real part.
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is, if X e T(t%) and Y € I'(ga), then
(2.3.17) ady(Y) = a(X)Y .

Now, through this associated bundle construction we can also carry over Ag

and &g, making them smooth over the origin with a cutoff function.

Definition 2.3.18. We define A, , as the connection on P associated to Ag
through (2.3.11]) and smoothed over the origin. Likewise, we define ®,, as the
section of Ad(P) given by the inclusion of Ad(Q®) in Ad(P), similarly smoothed

over the origin. We refer to
(2319) M,u,n = (Au,m (I)u,n)

as the model pair.

This definition provides a pair (A, ., ®,.) which, near infinity, satisfies the
desired asymptotic conditions. Furthermore, its behaviour with respect to the root
subbundle decomposition will provide the basis for much of the analysis throughout
the rest of this thesis.

To begin understanding this, let us start by fixing more precise notation.

Definition 2.3.20. We write p and s for the sections of t inside Ad(P) near

infinity which are constant of values p and &, respectively.

We can now write out the behaviour of the model pair near infinity along the

decomposition.

Proposition 2.3.21. Near infinity, we have

1
(2322&) CI)M,H =Kt gﬁv
1
(2.3.22b) *xFa,,.=da, Pux= ﬁ@@ dr,
as well as
(2.3.23) B(A,x ®,..) =0.
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Furthermore, the connection A, , and the adjoint action of ®,, decompose
along the root subbundle decomposition (2.3.15)). Restricted to each root subbundle

we have

(R
(2.3.24a) ads, . [g, = a(p) — ér)’
a(k)
(2.3.24b) *Fnnlgy = 5507

Proof. The form follows from the construction, and follows from
the fact that the connection A, , is trivial on €, so its sections JINRS ['(t%) are
covariantly constant.

The second part of the proposition follows from the general properties of asso-

ciated bundles, together with the properties of the root subbundle decomposition,

such as ([2.3.17)). m

This, in turn, provides a better understanding of the subbundles in the decom-
position in terms of the complex line bundles described in [Section A.4]

Corollary 2.3.25. Near infinity, each complex line subbundle 9o has degree i (R)
over each sphere centred at the origin. Furthermore, the restriction of A, . to each
of these subbundles is homogeneous on these spheres. In other words, considered

with the connection A, xlg.,, we have
(2.3.26) go = L0

Proof. This follows from ([2.3.24b)) and the construction of A, .. This is because
the connection is radially constant and satisfied the desired curvature condition,
which in the case of unitary line bundles on a simply connected manifold like the

2-sphere determines the connection up to gauge equivalence. O

Note that, although not all of the notation built up in this section makes
explicit reference to the choice of mass p and charge k they are still used to carry
out the constructions. Therefore in and [4] we will assume that, along

with the connected, simply connected, semisimple compact group G, we have fixed
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such two elements u, k € g satisfying that

(2.3.27a) [, k] =0,
(2.3.27b) exp(27k) = g,

as well as the model pair M, .. We will then study the moduli space of monopoles

framed by using this construction.

Remark 2.3.28. Let us lastly remark upon some of the choices made here.
Firstly, we know that the mass p and charge s are only relevant up to a joint
transformation under the adjoint action of the gauge group G, since that same
action applied to the entire construction would yield an equivalent setting.
However, for a given pair of mass and charge, the specific construction carried
out is a priori not unique, although it is not difficult to see that some of the
choices, like the use of different cutoff functions, will not ultimately affect the
results. Regardless, since we fix these choices here for the rest of the thesis, we
will continue referring to the resulting constructions as the model pair, the root

subbundle decomposition, and so on.
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Chapter 3
The framed moduli space

One of the interesting features of monopoles is that they can be assembled into
moduli spaces.

Our aim here is to construct the moduli space of framed monopoles with a fixed
mass and charge. This means that we fix a mass p and a charge x and we consider
monopoles which, near infinity, approach the model pair (A, ., ®, ) constructed
in [Section 2.3l Then, we quotient by a group of gauge transformations which fixes

the asymptotic behaviour.

We start by giving an outline of the construction in [Section 3.1} In[Section 3.2|

we take a closer look at the linearised operator, whose kernel models the moduli

space to linear order, and serves to motivate the formal analytic setup. This is

then established in based on [Appendices B| and [C]

3.1 Construction outline

Here we give an outline of the moduli space construction. [Figure 3.1.1] which we
will reference throughout, gives a qualitative picture of this construction, although
many of the spaces involved are in fact infinite-dimensional. Furthermore, we don’t
define these spaces formally now, postponing the precise definitions to [Section 3.3

The starting point of our construction is a configuration space of pairs which
includes not only monopoles but all those pairs which satisfy the desired asymp-

totic behaviour (but not necessarily the Bogomolny equations). In particular, we
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€

€
’ &-orbits %

a: Within the configuration space ¢, the b: The group ¢ acts on %, resulting in

monopole M is inside the space of mono- ¥-orbits through every point. The space

poles B~1(0). Its tangent space is given by of pairs in Coulomb gauge with respect to

ker(dB)as, the kernel of the derivative of M is given by kerdj,, and intersects each

the Bogomolny map. nearby orbit locally at a single point.
€
&-orbits i

c: The intersection of the space of monopoles and the space of pairs in Coulomb gauge

represents the moduli space M near the monopole, since it intersects each nearby ¥¢-or-

bit locally exactly once. Its tangent space ThM, given by intersecting ker(dB)ys and

ker d3,, will provide a chart for the moduli space through the implicit function theorem.

Figure 3.1.1: Qualitative representation of the moduli space construction
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define the configuration space as the space of all pairs which differ from the model

pair by a decaying element of the space
(3.1.2) QY (Ad(P)) @ Q°(Ad(P)) .

The specific decay condition will be given by requiring these elements to be in a
specific subspace of such forms. This provides the configuration space with the

structure of an affine space of infinite dimension.

Within this space we can now consider the subspace of monopoles, that is,
those pairs which satisfy the Bogomolny equations. This space, represented in
, can be written as B71(0). Hence, under appropriate conditions, it
will be a smooth submanifold (still of infinite dimension), and its tangent space
at a given monopole M = (A, ®) € € will be the kernel of the derivative of the

Bogomolny map at that monopole. This derivative is given by

(3.13) (dB)(a9): Q' (AA(P)) ® Q°(Ad(P)) — Q' (Ad(P))
(a,p) — *dsa + ade(a) — dap.

We then consider the quotient of this space under the action of the group of
gauge transformations. Locally around a monopole, this quotient will be modelled
on a slice of the action of the group of gauge transformations. This slice will be
given by a gauge fixing condition which, at least locally, must guarantee that every

gauge orbit is represented by a single monopole.

In order to find such a condition, let us begin by observing that the infinitesimal
action of the group of gauge transformations on the configuration space is given,

for a pair (A, ®) € ¢ and an infinitesimal gauge transformation X € &, by
(3.1.4) (X*) a0 = —(daX,ade X) € T(a,0) .

For notational convenience, and inspired by the analogy with instantons on R?,

let us define

diae): Q°(Ad(P)) — QY (Ad(P)) & Q°(Ad(P))

(3.1.5)
X = (daX,ade(X)),
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so that for a pair M € € we can simply write
(3.1.6) (X#)y = —du X .

This implies that the tangent space to the orbit of M will be given by the image
of dM

We can similarly define

(e Q(AA(P)) @ Q°(Ad(P)) — Q°(Ad(P))

(3.1.7)
(a,p) = dja — ads(p),

the formal adjoint of dj;. Then, once again under the appropriate conditions,
the kernel of dj; will be L2?-orthogonal to the image of d,; inside the tangent
space T)/%, and hence, considered as a subspace of the affine space ¢, it will be
transverse to the orbit through M. In this way, the kernel of d}, could define a
slice which, locally, intersects nearby orbits only once. Pairs in this space are said

to be in Coulomb gauge with respect to M. represents this gauge

fixing condition.

Putting both steps together, as seen in the moduli space M near
a given monopole M € € is given by intersecting the space of monopoles with the

space kerd}, (as a subspace of €, that is, with its origin on M). This intersects
orbits of monopoles near M locally exactly once. The tangent space Th; M to the
moduli space will be analogously given by intersecting the tangent space to the

space of monopoles with the same linear space ker dj,.

To describe this more concisely, let us define, for a pair M € €, the function
(3.1.8) far(s) = (=B(+),d%;(+ — M)): € — QY(Ad(P)) & Q°(Ad(P)).

Then, the moduli space is given locally around a monopole M by f;;(0). In order
to prove that this is a smooth manifold we will apply the implicit function theorem,

so it is important to understand its derivative

(3.1.9) (dfar)n = (—=(dB)ar, djy)
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at the monopole, which we will refer to as the linearised operator. As we will see

in the next section, it will be mainly written as I,,.

Remark 3.1.10. These maps fit into the complex

(3.1.11) QO(A(P)) & QL (Ad(P)) & QO(Ad(P)) B 01(Ad(P)).

*
d]M

which, following the analogies of [Section 2.2 would correspond to the complex

(3.1.12) 00, (Ad(P)) 2 QL.(A(P)) 4 it (Ad(P))
iy

of forms on R*.

3.2 The linearised operator

The analysis of the linearised operator is crucial for our construction, and hence
it plays an important role in motivating the analytic setup that we will use. We

begin by recasting the operator as a Dirac operator.

Definition 3.2.1. Let (A, ®) € €. We define its linearised operator as the oper-

ator
(3.2.2) Dias: Q(AA(P)) @ Q°(Ad(P)) — Q' (Ad(P)) ® Q°(Ad(P))
given by
) —(dB)(A@) —*dA dA
3.2.3 o) — = — adq;. .
529 Pus ( (A.0) ) ( s 0)

We denote the first summand by D 4.

As indicated, this is simply the derivative (3.1.9) of the function ¥,; defined

above (the change of notation between row and column vectors notwithstanding).

Remark 3.2.4. Although the setup involves mainly real spaces, it will be con-

venient to complexify some of them. This will allow us to make use of the theory
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of complex spinor bundles laid out in [Appendix A] as well as the Fredholm theory
for elliptic operators laid out in [Appendix B]

It is relevant to note, therefore, that the complexified spaces carry a real struc-
ture, and that (most of) the operators involved preserve it. Hence, if a complexified
operator is Fredholm, the real operator between the real parts is also Fredholm,
and its kernel will have the same real dimension as the complex dimension of the
kernel of the complexification.

We will specify complexified spaces with a superscript C, but we will denote
the operators in the same way regardless of whether they act between the real or

the complexified spaces.

Now, as pointed out, (the complexification of) the operator (3.2.3)) can also be

viewed as a Dirac operator, which will facilitate much of the analysis. This is laid
out in the following proposition, which is explained in more detail in [Appendix A}

Proposition 3.2.5. The bundle

(3.2.6) (A" @ Ad(P)) @ (A" ® Ad(P)))°
18 1somorphic to

(3.2.7) $©C*® Ad(P)C.

Under this isomorphism, I 4, the first summand of (3.2.3)), is the Dirac oper-
ator twisted by the bundle C*> ® Ad(P)C, with the connection on the second factor
being induced by A.

Proof. This is a consequence of [Proposition A.3.4] considering that on R?® the
bundle $” is trivial of rank 2. O

In , we write C2 for the bundle $" to simplify notation. This factor will
in fact not have much relevance beyond duplicating the bundle and the operator.
We will see later that, for example, this also duplicates its index. Note that the
notation for ' is preserved to emphasise that it carries the Clifford representation,

as explained in the appendix.

42



This characterisation will provide a simple picture for these operators. This
picture is even simpler for the model pair, since its connection splits along the root

subbundles. Near infinity, let us write

(3.2.8) Do =D, |seq,

We can completely understand the linearised operator near infinity in the following

way.

Lemma 3.2.9. Near infinity, the operator lDMM splits as

(3210) lDMHYN _ méﬁZrank(G) @@ SZ’

a€ER
following the decomposition (2.3.15). On each root subbundle, we have

a(k)

(3.2.11) Do = Digy —a(p) +

r

Proof. This follows from the properties of the model pair and the root subbundle

decomposition explained in [Proposition 2.3.21| and [Corollary 2.3.25 and the nota-

tion of [Appendix Al Note that the operators are duplicated due to the factor
Cc. O

For any other configuration pair, we can write the linearised operator in relation
to the model.

Lemma 3.2.12. Let M, M' € €. Then,

(3.2.13) Dy — Dy = (l@ad)yr_pr -

In particular, this is an algebraic term proportional to
(3.2.14) M' — M € QYAd(P)) ® Q°(Ad(P)).

Here, cl® ad denotes the combination of the Clifford action of 1-forms in the
sense of |[Proposition 3.2.5 with the adjoint action of sections of Ad(P)C (with a

sign change where necessary).
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Proof. This follows from the properties of Dirac operators. O

Corollary 3.2.15. If M = M,, .+m for some m € Q' (Ad(P))®Q°(Ad(P)), then

(3.2.16) Dy = Dy, +(cl@ad),, .

Lastly, we show the following property, which will be useful later on. It is stated

in Nakajima’s work [Nak93| in a similar setting but we prove it here for complete-

ness, following from the exposition in It concerns the composition of
the linearised operator with its formal adjoint ZD? Ao) = Iﬁ( A—B)-

Lemma 3.2.17. Let (A, ®) € € satisfy the Bogomolny equations. Then

(3218) lD(A,q)) ]D(A,_q;,) = V*V - adé y
where V denotes the covariant derivative with respect to A and the Levi-Civita
connection.

Proof. Writing out ]D( A0) and ]D( A,—a), We see that the claim is equivalent to

(3.2.19) DaPy—V*'V=adeDy—Psads .

To prove this, let ug € I'($) and uaq € I'(C* @ Ad(P)C), and let {eq, €2, 3} be
an orthonormal basis of the tangent space of R3 at a point. Then we can apply
the Lichnerowicz—Weitzenbock formula [LM89, Thm. 8.17] to obtain

(DsDs—V*V)(ug @ uaq) = Z(Cleh cle;, ug) ® (adp,(e;, e;,) UAd)
= Z(d*% ug) ® (adv%cp UAq)
= — Z(d% ug) ® (ady, o uaq)

(3.2.20) == (cl,, ug) ® (Ve,, (adg uaa))
+ adg Z(Clej3 Ug) ® (Vej3 UAq)
= — D a(ade(ug ® uaa))
+ ad@(lDA(Ug ® uaq)),
as desired. [

44



3.3 Analytic setup

A crucial observation about the behaviour of the linearised operator is the different
asymptotics exhibited along different subbundles of Ad(P)®. In particular, we are
interested in separating the cases in which the adjoint action of the mass does and

does not degenerate. Near infinity, we write

(3.3.1a) Ad(P)c = ker(ad,,),

(3.3.1b) Ad(P)c1 = ker(ad,)™,

which we refer to as the C' and C* parts of the adjoint bundle, respectively, since
the former corresponds to the centraliser of p in the Lie algebra g, whereas the

latter corresponds to its orthogonal complement.

Note that if we complexify this decomposition we have

(3.3.2a) AdP)E =D P 9o
a€ER
a(p)=0

(3.3.2b) Ad(P)gs = €D o

a€ER
a(p)#0

The properties of the operator along the C' and C* parts require different
tools to study. These are the b and scattering calculuses, respectively, whose
main concepts are summarised in [Appendix B] These two approaches are then
combined, and in we consider spaces of functions which are adapted

to our specific setting. We are particularly interested in the spaces

(3.3.3) AP =12 (N @ Ad(P)),
(3.34) A =1 (N @ N © Ad(P))
(3.3.5) A0 = HIO (N @ Ad(P))

defined in said appendices.

Here, s € Z>, is a regularity parameter which we will assume fixed for now.

The constructions will a priori depend on this parameter, but in [Proposition 4.3.16|

45



we show that the resulting moduli space is independent.
This allows us to finally define the necessary elements to construct the moduli
space. Let us begin with the configuration space, which must be restricted to pairs

which approach the model M, . at infinity.

Definition 3.3.6. We define the configuration space of framed pairs of mass p

and charge r as the affine space
(3.3.7) Cr = My + A

Note that the decay conditions of sections in .7#*! guarantee that these config-
uration spaces are disjoint for different masses and charges. Furthermore, the L?
norm is finite by [Lemma C.2.3] The regularity will also play a role as we consider
different maps built from these configuration pairs.

Let us prove now some important properties of such maps.

Lemma 3.3.8. For any (A, ®) € €., the maps
(3.3.9) dy: %S»k%%jﬁfl
and

(3.3.10) adg : %S,k%%s,kfl

are continuous for k € {1,2} and any (appropriate) j.

Proof. The continuity of the two maps for the pair (A, ,, ®,,.) follows from
Lemma C.2.4. For any (A, ®) + (a,¢), where (a,¢) € >, we only have to add

the continuity of the maps (C.2.12)) and (C.2.14]). [
Corollary 3.3.11. For any (A, ®) € €

s the linearised operator

(3.3.12) Diawy: A — H°°

15 continuous.

Proof. This follows from [Lemma 3.3.8 for £ =1 and j € {0, 1,2}. O
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Lemma 3.3.13. Let (A,®) € ;.. Then we can perform integration by parts

between A7 and AL using the covariant derivative of A.

Proof. f V 2 denotes the covariant derivative of A in the direction of a coordinate

z; of R3, then from ILemmas 3.3.8 and [C.2.3| we deduce that

K x AP SR

(u,u') (Vaiu,u’)p + (U,Vaiu'ﬁz

J

(3.3.14)

is continuous. Furthermore, it is 0 for smooth compactly supported functions.

Since these are dense due to [Lemma B.2.16| the map must be identically 0. O

We can now consider the Bogomolny map on this configuration space.

Definition 3.3.15. We write

€5

Bk

(3.3.16) B, . =B
for the restriction of the Bogomolny map to our configuration space.
Proposition 3.3.17. The Bogomolny map is smooth as a map
(3.3.18) B €. — A,

and the energy map 1is finite on € ..

Proof. Firstly, we observe that B(A,, «, ®, ) is smooth and compactly supported,
and hence in #*°. Secondly, if (A, ) = (Apr, @pur) + (a,¢), then

1
(3.3.19) B(A,®) —B(Aux, Pur) =*da, ,atads,, a—da,, o+ 5*[a/\a] —la, ¢].

But this is also in 4" due to the continuity of (3.3.9), (3.3.10) and (C.2.14).

Similarly, it is clear that the energy map is finite on the model pair, and the

same argument as above shows that this is also the case for any other configuration

pair. O
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Lastly, we will define the group of gauge transformations which approach the
identity in the appropriate manner. We aim to make this group a Lie group, with
the structure of a Banach manifold. In order to simplify the definition, let us
consider the Lie group G as a compact subgroup inside an algebra of matrices,
and let us denote by EM?2! the vector bundle (in fact, bundle of algebras) over R3
associated to P with fibres modelled on this space of matrices.

The bundles Aut(P) and Ad(P) can then be regarded as subbundles of EMat,
with matrix operations providing the fibrewise group and Lie algebra structures.
Furthermore, this bundle can be split near infinity into C' and C* parts similarly

to the adjoint bundle: E¥? is the subbundle which commutes with p and ngt

its
fibrewise orthogonal complement (with respect to any metric which extends the
metric on Ad(P)). Considering the splitting EM* = E}* @ EN?®, we can make

the definition of the group of gauge transformations.
Definition 3.3.20. We define the group of small gauge transformations as
(3.3.21) 97 ={g € lg + A#*(EM™) | g takes values in Aut(P)}.

Here it is crucial to choose a space with enough regularity obtain a Lie group.

In particular, note that from [Remark B.2.27| we deduce that these sections are

continuous.

Proposition 3.3.22. The set %jﬁ 18 a Lie group of gauge transformations and its

Lie algebra is given by
(3.3.23) &’ . = Lie(¥,) = ;.

Proof. Since the group G is an embedded submanifold of the space of matrices,
it can be locally defined as the zero locus of a smooth function. Similarly, locally
around a section in ¢7  we can define a fibrewise smooth function which takes
values in a transverse bundle, whose zero locus defines gjﬁ locally. The Sobolev
structures on the spaces provide the manifold structure.

The multiplication, which is smooth, is an internal operation due to the con-

tinuity of the map (C.2.15)). n
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All of these spaces have been chosen so that we can carry out a moduli space

construction.

Proposition 3.3.24. The group ¢¥; . acts on the space €;, smoothly.

Proof. This is a consequence of the continuity of the maps (3.3.9) and (C.2.12)). O

Therefore we can now define the moduli space of framed monopoles.

Definition 3.3.25. We define the moduli space of framed monopoles of mass p

and charge Kk as
(3.3.26) M= (B )1 (0)/9;

Thanks to the above setup this is well defined as a set — although a priori
depending on the regularity parameter s — but our aim in the next chapter is
to prove that this is in fact a smooth hyper-Kéahler manifold and to compute its
dimension. In order to do this, we will follow the outline described in
applying the analytical results in [Appendices B| and [C] within this setup. As

pointed out, we will furthermore prove that this structure is independent of s.
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Chapter 4
Moduli space construction

We are now ready to carry out the construction of the framed moduli space. We
start by studying the linearised problem in [Section 4.1} which will provide a local
model for the moduli space. In fact, this study will only be valid for monopoles
with a certain regularity, but we see that any monopole in our configuration space
is gauge equivalent to one with such regularity in [Section 4.2 where we also obtain
some asymptotic properties for our framed monopoles.

In we complete the proof of the smoothness of the moduli spaces,
and we finish by explaining how our construction can be viewed as an infinite-
dimensional hyper-Kéhler quotient, yielding a hyper-Kéahler metric, in [Section 4.4

This chapter draws from the analytic results and function spaces laid out in
[Appendices B| and [C]

4.1 The linearised problem

Using the setup established in the previous chapter, we can now study the linear-
ised operator 9, for a given monopole M = (A, ®) € G e
As we saw, D, — lDMM is an algebraic term proportional to M — M, , € F%.

If we furthermore require this term to be bounded polyhomogeneous, in the sense
of [Section B.1| we will be able to deduce very strong mapping properties for I,,.

The index will be computed using the results explained in and
relying on the root subbundle decomposition (2.3.15)), as well as on the decom-
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position into the C' and C* parts (8.3.2). Along the former part, the linearised
operator will behave like a weighted elliptic b operator, while along the latter it

will behave like a fully elliptic scattering operator, which means that we will be

able to apply properties similar to those described in [Section B.3|and [Section B.4]

respectively. Of course, it will also have off-diagonal terms, which are taken into

account when unifying both approaches in [Section B.5|

Now, to compute the index of the b part of the operator we will need to rely

on both relative index formulas explained in [Theorem B.3.6| However, the b part

of D, is not, in general, self-adjoint. This means that we will need to consider a
family of operators connecting 10, to one which is self-adjoint in the appropriate
sense. This will be achieved by considering a continuous family of modifications
to the Higgs field.

Definition 4.1.1. Let (A, ®) = (A, ., ®.x) + (a,¢). For t € R, define

t
4.1.2 V) = — —k+tp.
( ) 14 o K+t
Furthermore, we define the operators
(4.1.3a) DY = lD(A,—iﬁ—&-tgo) )
(4.1.3b) U= — adﬁ,
which make up the operator
(414) E(A’q>(t)) - D(t) + \I/,

Remark 4.1.5. Recall that, near infinity, we have ®,, = p — %ﬁ, but these
constant sections are not well defined at the origin, where the term % is also not
defined. However, we can interpret both summands as having been smoothed out
near the origin as in the construction of ®,, . itself, since their behaviour will only

be important near infinity.

The most relevant cases are t = 1, which represents the operator ]D( Ap) We
want to study, and ¢ = 0, which represents an operator whose b part satisfies the

necessary self-adjointness property. However, all the operators in between will also

52



be Fredholm for the right spaces.
The analytical framework we want to apply is the one described in [Section B.5|

Therefore, near infinity, we write

t t
(4.1.6) po = (D D
DlO Dll

along the decomposition

(4.17) (N @A) @AdP)" = (N @A) @AdP)E) @ (N @ A\") @ Ad(P)6.),

as well as 13((;0) =2 D(()%) x. Furthermore, we consider the space specb(ﬁgg), along
with the definition of order for its elements, and the operators I (ﬁéto), A) and @I, as
defined in[Sections B.3land [B.4] Note that = is now used for the boundary defining
function of the radial compactification R3, which is equal to % near infinity, as

described in [Section C.1I.

We can now formulate the main Fredholmness and index result for our setting.

Lemma 4.1.8. Let (A,®) € €, be bounded polyhomogeneouﬂ and t € R, and

assume that the elements in specb(ﬁ((]to)) are real and of order 1. Then, for any
JeR\ specb(D( ) the operator

(4.1.9) Doy : (H30H851)C (3043 5+5.50)C

1s Fredholm.

Furthermore, its index is given by

(4110) ind(lD(A@(t)), (5) lHd(@ ) + def(lD A,01); 5) .

Here, the defect def(lD(A@(t)),é) remains constant if t or 0 is varied continuously

(as long as the condition § ¢ specb(DéO)) is preserved throughout the variation).
Furthermore, if [A\o — €, Ao + €] N spec, (D (()0)) = { o}, then

. ~(t)
(4111) def(lp(A’q)(t)), )\0 — Ef) = def(]D(A@(t)), >\0 + 5) + dim NUH(I(DOO s /\0)) .

4By this we mean that (A, ®) — (A4, ., P, ) is bounded polyhomogeneous.
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Additionally,
(4.1.12) def (1D (4 00, 0) = def(ID 4 g0, —0) -

Lastly, the elements in the kernel of this operator are in (B +HM+HC where

A1 is the smallest indicial root in specb(ﬁgg) larger than d, provided that Ay > 0.

Proof. This is a consequence of [['heorem B.5.7] where we are taking £ = FEy & F
to be (4.1.7) with the connection A, .

Then, D® is a Dirac operator twisted by this connection plus an algebraic

term. This term consists of ad%ﬁ plus a part proportional to the bounded poly-
homogeneous pair (a, ), which is in %! and hence must be of order z3.

The endomorphism is simply —ad,, and we can check that the remaining
conditions are satisfied — considering that the condition that the elements of the

b spectrum be real and of order one is incorporated into the statement as an

assumption.
Lastly, to justify (4.1.12) we only need to observe that for ¢ = 0 the operator
D is self-adjoint, since it is simply a Dirac operator. O

This allows us to prove that the linearised operator is Fredholm between the
appropriate spaces and to compute its index. We start by computing the contri-
bution to the index from the scattering part of the operator, which is independent
of the weight.

Lemma 4.1.13. The term ind(@) in (4.1.10) in|Lemma 4.1. él 18 given by

(4.1.14) ind(9)) =2 Z io(

a€ER
ia(p)>0

Proof. The operator @I is the operator induced at infinity by the scattering part of
the linearised operator, Dﬁ? , which is simply the Dirac operator associated to the
connection A restricted to the bundles $ ® g, for a(u) # 0 — with two copies for
each such root. Furthermore, we must restrict ourselves to the positive imaginary

eigenspaces of ¥ = — ad,,, which leaves the bundles for which ia(u) > 0.
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Since the operator decomposes at infinity, we can treat each of these subbundles
independently, where the induced operator éﬂ simply becomes the Dirac operator

ZD;(H) on each corresponding line bundle over the sphere at infinity. As seen

in |[Proposition A.4.4 the index of this operator is ia(k), so putting all of them
together we get precisely (4.1.14)). O]

The b part is somewhat more involved. Recall that we are interested in the

linearised operator, which arises when ¢ = 1. Furthermore, we will be interested
in the spaces which result from taking 0 = %, but in fact the operator will be

Fredholm for a certain interval of weights around this value.

Lemma 4.1.15. If (A, ®) € ;. is bounded polyhomogeneous, all the elements in

specb(ﬁét())) are real and of order 1, and

1 ~
(4.1.16) (—5, 1) A spec, (D) = @ .

Furthermore, if § € (—%, 1), then

(4.1.17) def(DD 4 51y, 0) = —2 E ia(k).
aER
a(p)=0
ia(k)>0

~(t
Proof. We actually compute the b spectrum specb(D(()O)) for any t € R, and, once
more, we look at each root subbundle individually. In this case, we must consider
$ @ g, for a(u) = 0 — again considering two copies for each such root a, and

additionally 2rank(G) copies for a = 0 to account for t°.

Now we consider, for each subbundle, the decomposition
(4.1.18) $0ga=(8 ©g.)®($ ®ga),

as described in With respect to this decomposition, the operator can

be written as

/0 ita(k _
(¢ —1 (wa— + 2( )> le(,ﬁ)

% TECARLICIY
ta(k) ox 9




where the first summand combines (|A.4.13)) with the action of the charge compon-
ent of the Higgs field and 1) is an algebraic term proportional to tx=!(a, ¢).

Given that the lower order term 1 vanishes at infinity, we obtain the operators

(t) \) = —i(x\ + itoz(/i)) ID;J{(,{)

=~ 2

ia(k) 2
on each bundle
(4.1.21) ($+ ® gia(n)) e ($— Q gm(n))

over the sphere at infinity.

We must therefore determine the values of A for which this operator has a
kernel. To do so, let us suppose that u™ € D($" ©.Z°®) and u~ € I'(§~ ®@.2**)

are such that

- ita(k)\ |
(4.1.22a) Dingoy v~ = z</\ + T)u :

o4y ita(k)Y
(4.1.22b) Dingoy v’ = z()\ 5 )u ,

that is, (u™,u™) is in this kernel.

Applying ]D;a(,{) to (4.1.22b)) and using (4.1.22al) to substitute we deduce that

(4.1.23) Dy Pyt = <)\2 - <w>2)u+

If ™ is not identically 0, from [Proposition A.4.4] we have

(1120 (= (2 = 5 + fiat))

for some j € Z>1, or j =0 if ia(k) > 0. For j > 0, A will take real values outside
ita(k)

5, for

of the interval (—1,1), which leaves the case j = 0, and hence A\ = +
ia(k) > 0.

In an analogous way we can deduce that, if u~ is not identically zero, then,

excluding the cases A ¢ (—1,1), we must have A = :i:@ and i (k) < 0.
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Although not relevant for the current computation, we note that for ¢t = 1 the

indicial roots outside (—1,1) must be of the form A = +(j + |m MY for j € Zisy.

zta(n)

Let us now investigate the case of A = £=5~ more carefully, using once more

the results from [Appendix Al
Let us first assume that \ = ’ta (%) ' Then, the equations (4.1.22)) become

(4.1.25a) IDW(,{) u” = —ta(k)ut,
+
(4.1.25b) Dinyut =

We once again make use of [Proposition A.4.4, If ia(k) < 0, the second equation

implies that u™ = 0. The first equation then has a space of solutions of dimension
—ia(k). On the other hand, if ia(k) > 0, then u~ = 0, as we saw above. The first
equation then implies that u* = 0, unless ¢t = 0, in which case we have a space of

solutions of dimension ia (k) from the second equation.

If we now assume that A = —w, the equations (4.1.22)) become

(4.1.26a) Dinmyu” =0,
(4.1.26b) S aut = —ta(k)u

ia(k)

Analogously to above we deduce that if ia (k) > 0 we have a space of solutions of
dimension ia(k), and that otherwise can only have non-trivial solutions in a space
of dimension —ic(x) when ¢ = 0.

Putting both cases together, we deduce that if A € (—1,1), we only have non-
trivial solutions, in a space of dimension |ic(k)|, when A\ = —W. In other
words, the only indicial root in specb(ﬁ&)@) N (—1,1) can be —M, and with
a nullspace of dimension |ia(k)|. Note that when a(x) = 0 this is not really an
indicial root, but treating it as one doesn’t change our results, since the nullspace
is O-dimensional.

By computing the formal nullspaces of the indicial operator we can additionally
see that all the indicial roots have order 1.

We can now deduce from (4.1.11)) that

(4.1.27) def(Dy |g &) = def(Dy !gaa e) + liav(r)]
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and from (4.1.12) that

(4.1.28)

so we have
(4.1.29)
Furthermore,
(4.1.30)

SO

(4.1.31)

for any ¢ > 0. Since
(4.1.32)

we deduce that
(4.1.33)

for any 6 € (—3,1).

~(0) ~(0)
def (D, ‘Qg?g) = —def(Dy ‘gy —e),

(1) i (k)]
def(Dy, ‘9375) ==

Putting this together for all the relevant subbundles we obtain the formula

@E1.17).

The indicial roots and the computation of the defect are represented in

fure 4.1.341

O

Putting these lemmas together we can deduce the desired properties for the

linearised operator.

Since the index will provide the dimension of the moduli
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a: Here we see the lines depicting the indicial roots for a specific root subbundle 9o, In
this case drawn for |ia(k)| = 1. As discussed above, the relative index formula (4.1.11)
implies that crossing the smallest indicial root A = —M from right to left adds |ia(k)]
to the defect, and (4.1.12) implies that for ¢ = 0 the defect changes sign when reflected

around the origin. This implies that in the dark grey region the defect must be —M.

def:E ia(s
@

_3 H : __2 : : _.1 0 1 H H 5 : : 3

b: In this diagram we include indicial roots corresponding to several line bundles, in
particular those for which |ia(k)| is equal to 0 (where there is no indicial root in (—1,1)),
1, 2 and 3. We then add all the contributions to the defect in the dark grey region, which

will always include the interval § € (—1,1) for ¢ = 1.

Figure 4.1.34: We represent the indicial roots of the operator f)éto) as lines as the
parameter t varies. Outside of these lines the operator is Fredholm, and its defect
is constant on each of the resulting regions. We then compute the defect of the
relevant region by using the relative index formula across the smallest indicial roots
and the self-adjointness of the operator for t = 0. Note that all the indicial roots
in the range are depicted, but only the smallest one for each subbundle is relevant.
We then obtain our result for the relevant interval in t = 1, and particularly for

0= %, which will represent our actual linearised operator.
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space, let us write

(4.1.35) dim,,,. =2 Y da(k) =2 > ia(k),
a€ER acR
ia(p)>0 a(pu)=0

ia(k)>0

which is simply the sum of (4.1.14)) and (4.1.17)).

Proposition 4.1.36. Let (A, ®) € €, be bounded polyhomogeneous. Then the

operator

(4.1.37) Doawy: A — H°°
15 Fredholm, and its index is given by

(4.1.38) ind D (4 9y = dim,, . .

Proof. Once complexified, the operator (4.1.37) is simply the operator (4.1.9)) for

t =1and § = %, so we can apply [Lemma 4.1.8] For these values of ¢t and

0, |[Lemma 4.1.15| implies that the operator is Fredholm and provides the defect.

Putting it together with the index of the scattering part computed in|Lemma 4.1.13]

completes the proof. O

Another important property of the linearised operator is its surjectivity, since
it will also be necessary to apply the implicit function theorem. Together with the

above results, this provides a significantly detailed picture of its kernel.

Theorem 4.1.39. If (A, ®) € €, is bounded polyhomogeneous and satisfies the
Bogomolny equations, the linearised operator (4.1.37) is surjective. Hence, its
kernel has dimension dim,, .. Furthermore, the elements in this kernel are polyho-

mogeneous sections in HB>3.

Proof. In order to prove that ID( A@) is surjective we will prove that its formal

L?-adjoint lD(A7,¢) is injective between the L?-dual spaces, that is, as an operator

(4140) lD(A,—<I>): (%S’O)* — (%8’1)* .
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Similarly to the operator lﬁ(A@) we can deduce from Kottke’s parametrix con-
struction [Kot15a] that if u € (J#*°)* is in the kernel of ID4 _g), then it must be
polyhomogeneous of order 2721, where \; is the smallest indicial root larger than

a certain weight, which we can compute to be —% by comparing it to the weight

of %0 (since we are following a notation analogous to the one in [Lemma 4.1.8|

where our spaces correspond to § = %) Since the indicial roots of ID( A,—a) are the

1

5» 50 u must be polyhomo-

opposite of the ones for lD( A), we deduce that A\ >

3
geneous of order xz.

Now, for such u we can apply |[Lemma 3.2.17| to obtain

(4141) 0= lD(A,q)) ID(A,—CI)) u=V"Vu— adfb u.

From the polyhomogeneity of u we can deduce that Vu and V*Vu are also bounded
polyhomogeneous, of orders 23 and 22 respectively. Hence, adj u is also polyho-
mogeneous of order 3.
We can then write
(4.1.42)
0= (Paw) Dia—o)u,w)r2 = (V*Vu,u) 2 — (adg u, u) 2 = [[Vull7: + [lads |72 ,

we were have used the decay conditions to apply integration by parts in the first
summand and the pointwise anti-symmetry of ade on the second. This implies
that ||[Vul|z2 = 0, so u must be identically 0.

Therefore, ID( A,—a) 18 injective and hence ID( A) 18 surjective, as desired.

The dimension of the kernel follows from |[Proposition 4.1.36l The polyhomo-

geneity of its elements follows from the final statement in [Lemma 4.1.8] since the

~(1
smallest element in specb(D(()o)) larger than % must be at least equal to 1, as a

consequence of (4.1.16)). O]

4.2 Regularity

In the previous section we have seen that, for a given monopole (A, P) € G oo
the linearised operator lD( A0) satisfies the properties needed to apply the impli-

cit function theorem, but we had to add the regularity condition that (A, ®) be
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bounded polyhomogeneous. As it turns out, this condition will not impose a sig-
nificant restriction, since any monopole will be gauge equivalent to another with
such regularity. This is essentially a consequence of the ellipticity of the Bogo-
molny equations together with the Coulomb gauge fixing condition. Let us recall
this condition from and see some of its properties.

Definition 4.2.1. Let M, € ¢;,. We say that another pair M € % is in
Coulomb gauge with respect to My if

(4.2.2) di (M — M) = 0.

Lemma 4.2.3. The Coulomb gauge fixing condition is symmetric and gauge-

movariant.
Proof. Let My = (Ao, o), M = (A, ®) and (a,¢) = (A, P) — (Ao, Py). Then,

Mo (M — Mo) + dj (Mo — M) = dy a — ade, ¢ + djy(—a) — ade(—¢)
= —*(dy, —da)*a — (adg, —ade)yp
(4.2.4) = xad, xa + ad, ¢
= *a Axal + o, 4]
=0,

proving that the condition is symmetric.
The gauge invariance is a consequence of the gauge invariance of d* (for con-

nections) and ad. O

We start with an important property of this gauge fixing condition: that it

selects locally unique representatives.

Proposition 4.2.5. Let My € ;. Then, if U is a sufficiently small neighbour-
hood of My inside €, there exists another neighbourhood U’ of My inside €7
with the following property: for any M € U’ there exists a gauge transformation
g €9, suchthat g- M is inside U and in Coulomb gauge with respect to My, and

this gauge transformation is unique if required to be sufficiently small.
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Proof. Consider the map

. S S s,0
f: CKM X %M — I

(4.2.6)
(M, g) = diy, (g9 - M — My).

We have that f(My,1g,,) = 0, and its derivative with respect to the second

argument is
(427) (df)(Mmlgu,K)(O? ') = _dj\/lngoz ‘%572 - ‘%%370 .

Then, if this an isomorphism, we can apply the implicit function theorem to obtain

the result.

Hence, we must prove that dj; das, an isomorphism for any pair M, € G o

which will be achieved by showing that it is Fredholm, has index 0, and is injective.

To see that it is Fredholm of index 0 we start by considering the problem for a
pair M, which splits along the decomposition of the adjoint bundle into C' and C'*
parts. In general, Ad(P)c and Ad(P)c1 can not be extended over R3. However,
their complexifications are trivial, so they can be extended. Then, we can take
a unitary connection A, which differs from A, , smoothly in a compact set, and
a Higgs field ®, which is simply ®,, cut off smoothly to be 0 in a compact set.
Note that this extension of Ad(P)g and Ad(P)g, does not necessarily preserve
the same properties with respect to the adjoint action in the region where it is
extended near the origin (for example, it might no longer be true that the Lie
bracket is internal in the extension of Ad(P)S), but this will not be important,

since @, can be taken to be 0 in that region.

Now, by construction, the operator dj, da;, decomposes along the two sub-
bundles over the entire R*. Since near infinity the pair M, is identical to M, ., we
can see that the operator decomposes completely as a weighted elliptic b operator
on the C part and a fully elliptic scattering operator on the C* part, and that it
is furthermore formally self-adjoint. The fully elliptic scattering part is therefore
Fredholm of order 0.

To see that the same applies to the weighted elliptic b part we carry out a

similar procedure as the one applied to the linearised operator: By taking the
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different weights into consideration once more, we conclude that the b part of the

operator is Fredholm between the spaces
(4.2.8) T HE(AA(P)E) — 2T HE(AA(P)E)

when ¢ is not an indicial root of the elliptic b operator 73 dyy das. 22. We can
compute its spectrum from the spectrum of the Laplacian on line bundles on the
unit sphere, and check that 0 is not an indicial root — all the indicial roots must
in fact be half-integers with absolute value greater than or equal to % Given the
self-adjointness, this implies that the b part of dj; das, is Fredholm of index 0
between (77%)C and (°)C.

But, since M, , — M, is smooth and compactly supported, d}‘deMM —dy dus.
is a compact operator, so djy,; du,,. is also Fredholm of index 0 between (A2)C
and ()€, and equivalently between their real parts.

For a general pair My = M,, .. + (ao, o), we have

(d7\40dM0 - d?\/fu7KdMu,n)X

4.2.9
( ) = —xlag A xdy, , X] +d} [ao A X] — ad,, ads, . X — adg, ad,, X.

From [Lemmas 3.3.8/ and |C.2.11] we can therefore see that dj; du, — dyy, , da,, . 18

also a compact operator from ;7% to #,>°, and hence djy,dag, must be Fredholm
and have index 0 as well.

Lastly, the operator dj, day, is injective. To see this, suppose that u € ,%’68’2

satisfies dj; dagu = 0. Then, from [Lemma 3.3.13| and the properties of the adjoint

action we deduce that
(4.2.10) 0 = (dyy, daryu, w) 2 = (dagu, dagu) 12

which implies that dj,u = 0. This means that the covariant derivative of u must

be 0, which implies that u is identically 0 due to the decay conditions on %’6‘9’2. O

We are particularly interested in having arbitrary monopoles in Coulomb gauge

with respect to pairs which are very regular.
Corollary 4.2.11. Let M € ;.. Then, there exists a configuration pair
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M. € &, such that M. — M,, . is smooth and compactly supported, and a gauge
transformation g € 4° . which satisfy that g - M is in Coulomb gauge with respect

12
to M.,.

Proof. From |Lemma 4.2.3] we know that the Coulomb gauge fixing condition is
symmetric and gauge invariant, so our statement is equivalent to the existence of

M, and g which satisfy that g=! - M, is in Coulomb gauge with respect to M.

Now, from [Lemma B.2.16| we can find such a pair M, arbitrarily close to M.

Then, from |[Proposition 4.2.5| we can find a gauge transformation satisfying the

desired condition. O

We can now combine the gauge fixing condition with the Bogomolny equations.
The regularity of the above M, provides smooth coefficients for the differential
operator, which are in fact completely known near infinity. This can be used to

deduce strong regularity results through the usual “bootstrapping” techniques.

Theorem 4.2.12. Let M € €7, be a monopole. Then there exists a gauge trans-

formation g € 47 such that

(4.2.13) g-Me M, + B>

Proof. We apply |Corollary 4.2.11| to obtain a pair M. = (A., ®.) which differs

from M, . by a smooth compactly supported element and a gauge transformation

which takes M to a monopole in Coulomb gauge with respect to M.. For ease
of notation, we simply write M = (A, ®) for the transformed monopole, so we

assume that it is in Coulomb gauge with respect to M., that is,
(4.2.14) dy, (M —M,) =0,

and aim to prove that

(4.2.15) M e M,, + #>>

We know that B(M,.) — the result of applying the Bogomolny map to M, — is
compactly supported, since M., like M, .., satisfies the Bogomolny equations near

infinity. It must furthermore be smooth, since M, is. Additionally, since M is
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a monopole, we have B(M) = 0. Therefore B(M) — B(M.) is also smooth and
compactly supported. If we write (a,p) = (A, P) — (A, D..), we have

B(M) — B(MC) =%Fy —d P —«Fy, +da .
(4.2.16) = *(Fa,ra = Fa.) — da1a(Pe + ¢) +da, P,

1
= *(da.a + 5[@ Aal) —dap+ade, a—[a,¢].

Now, if m = (a, ), we write

(4.2.17) {m,m} = (%*[a Aal — [a,g@],()) :
as well as
(4.2.18) v=(B(M)-B(M,),0),

which are pairs consisting of a 1-form and a O-form (valued in Ad(P)). Putting

(4.2.16|) together with (4.2.14]) is equivalent to
(4.2.19) Dy.m+{m,m}=v.

We note that v is smooth and compactly supported, and that the bilinear product
{e,+} preserves the C part of the adjoint bundle, and hence satisfies the conditions
of [Lemma C.2.11]

The idea is to now use to carry out a bootstrapping argument on the

regularity of m, which we will do by induction with the induction hypothesis for

any ] € ZZO that
(4.2.20) m € IS+ | g2 (k)00

where 0 < n < }l is any fixed irrational number. We observe that due to the Sobolev
embeddings — including embeddings into Holder spaces — the above property being
true for every j implies that m € %%()> which will complete the proof.

The initial case, for j = 0, is implied by the fact that m € 71 = HOLs1,

For the induction step, we combine two properties.
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Firstly, we observe the multiplication property
(4.2.21)
m e er],l-i-j??,s,l-i-j + %2,0@),00 — {m7m} e H1+(j+1)77,1+(j+1)77,s,1+j + %4,(@,00

This relies on the continuity of the multiplication map ((C.2.16|), which implies the

continuity of

(4.2.22) (o, o) HIBIRINSIT o i dobg g UG DRI+ 1), 14]

by taking k = 147 and adding jn to the weight of the spaces on the left and jn+(n—
}l) to the space on the right. Note that, since n < i, we are always adding more to
the weights on the left than to those on the right. From the more straightforward
multiplication properties of the spaces of bounded polyhomogeneous functions,
together with the product properties of the Lie bracket with respect to root spaces,

we have that
(4.2.23) (BP0 gg(x)o0) C gghlr).oo

and we obtain (4.2.21]).

Secondly, we need to apply the regularity property
60,01,8,k 4,(K),00 d0—1,01,8,k+1 2,(K),00
(4.2.24) Dy.meH + B = meH + A :

which holds when §; is not an indicial root of the operator Ip a,- This is an elliptic
regularity result adapted to the analytic framework we have laid out, and can be
deduced from Kottke’s work and the general theory of b and scatering calculuses.
Importantly, the operator D, decomposes near infinity not only along the C' and

C* parts of the adjoint bundle, but also along the root subbundles. For each of

those, as we saw in the proof of |[Lemma 4.1.15| the smallest relevant indicial root

was 1+ MQQM, explaining the specific weights of the space %)

Now, from the equation (4.2.19]), the induction hypothesis (4.2.20]) for j, and
the multiplication property (4.2.21)) we deduce that

(4.2.25) Dy.m=—{m,m} +v e HHIFInIFGIns It 4 ggh(x)eo
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Recalling that the indicial roots are always half-integers and that 7 is irrational,

we can take g =01 =1+ (j+ 1)n and k =1+ j in (4.2.24) to obtain

(4.2.26) m € HUFDIFGH)ns 14541 | gg2,(k),00

9

which is the induction hypothesis for j + 1, finishing the proof. m

This result does not only guarantee that every monopole is gauge equivalent

to a bounded polyhomogeneous one, which was the necessary step to be able to

apply [Theorem 4.1.39, it also shows significantly stronger decay properties.
We recall that, although the space %) relies on the root subbundle de-
composition of the complexification Ad(P)®, the real subbundle Ad(P) can also

be decomposed along the real parts of the subbundles 9o PP—a- Along such a sub-
bundle, elements in this space will be bounded polyhomogeneous of order A
(or will banish to infinite order if a(u) # 0). Of course, along t they will simply
be of order 2.

The asymptotic properties of monopoles are discussed further in [Section 5.3|

4.3 The smooth structure

With the above regularity result we can make use of the properties deduced in
in order to construct the moduli space near any specific monopole.
We begin with a technical lemma with several important consequences. An
analogous lemma can be found in Donaldson and Kronheimer’s book [DK90| over
a compact manifold, and here we provide a proof in our setting taking the decay

conditions into account.

Lemma 4.3.1. Let {M;} and {M}} be two sequences of pairs in 6 ., and {g;}

a sequence of gauge transformations in g}iﬁ such that g; - M; = MJ/ for every j.
Assume that { M} and {M;} have limits M, and M

o Tespectively, in 6, . Then,

the sequence {g;} has a limit goo in 9, such that goo - Moo = M.

Proof. Let us write M; = M, . +m; and M} = M, + m}. Then, the condition
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gj - Mj = M can then be rewritten as
(4.3.2) du,.9; = gim; — m;gj ,

where we are viewing g;, m; and m’; as sections of the bundle EMa ysed in
ition 3.3.20| to define the group of gauge transformations.

The proof relies on a series of bootstrapping arguments using (4.3.2)). In par-

ticular, we rely on two finite sequences of Sobolev spaces {7, ,E,l)} and {Z ,9)} defined

as

(4.3.3a) 7% =17

(4.3.3b) 28 = 40300

(4.3.3¢) ZU) = OO0,

(4.3.3d) ZN = fork=0,1,...,s,
and

(4.3.4a) AR il

(4.3.4b) Z%) =15,

(4.3.4¢) ZC) = W02 006

(4.3.4d) ACRE TR L

(4.3.4e) 78 =A% fork=0,1,... 5.

The spaces involved in this proof are over the bundle EMa but we omit this from

the notation for simplicity.
Now, these sequences are chosen so that, for k = -3, —2,...,s — 1, the map
(4.3.5) ZP x5t — 7\
is continuous,
(4.3.6) a7V,
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and

(43.7) we " and dy,u € Z,gl) = u € Z}gz) and Hu”z,f) < HdMu,mqu;“ ,

where < indicates that the right-hand side is larger than the left-hand side when
multiplied by a constant which does not depend on u. Note that Z§2) = 52,

Let us prove these conditions, starting with the continuity of the multiplication
maps (4.3.5). For k € {—3, -2, —1} we can simply apply Hélder’s inequality after

a Sobolev embedding of 7#*! into an appropriate space, obtaining the continuous

maps

(4.3.8a) L x 5 C L™ x L* — L?,
(4.3.8b) LS x 751 C L8 x Wz300.3 _ /Ho,%,o,o7
(4.3.8¢) WO 000 s sl © WORODE 5 Y3005 _, 20100,

For k = 0 this the map is (C.2.17), and for £ > 1 it is (C.2.18]).
Condition (4.3.6)) is straightforward to verify.

The last condition (4.3.7)) follows from the Gagliardo—Nirenberg—Sobolev in-
equality [Nir59] for k € {—3,—2}J] For k > —1 it is a consequence of the elliptic
regularity results of the b and scattering calculuses, similarly to (4.2.24)).

Now, we know that the sequences {m;} and {m/} are uniformly bounded in
%1, since they converge to me, = Moo—M,, . and m. = M. —M,, ., respectively.
Furthermore, the sequence {g; — 1¢,, } is uniformly bounded in L, since G is a

compact group.

Our first aim is to show that the sequence {g; — 14, , } is uniformly bounded in
%%, which we will do by finite induction with the hypothesis that the sequence
is uniformly bounded in Z,g2) for k = —4,—-3,...,s. The initial step has already

been seen. To see the induction step, suppose that it is uniformly bounded in

°For k = —2 we need to use the fact that day, . includes the term adg, , , which is bounded
below in the C* subbundle near infinity. We can then obtain a weighted version of this inequality
on this subbundle as long as we have chosen the boundary defining function to be equal to 1 on
a sufficiently large compact set.
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2122—)1- Rewriting (4.3.2)) as

/

(439) dMM,/i (g.] - 1%%»{) = (gJ - 1gu,n)mj - m;(g] - 1gu,n) + m] - mj

and applying properties (4.3.5) and (4.3.6) we deduce that {d;,,(9; — 1g,.,.)}
is uniformly bounded inside Z,il). Applying property (4.3.7) we conclude that

{g; — 14,.} is uniformly bounded in ZISQ), as desired.
Now, since {g; — 1y, } is uniformly bounded in J#** it must have a weak limit

0, Which must be in ¥, . and satisfy

(4310) dMHﬁgoo = JoocMoo — m/oogoo .

It remains to prove that g, is the strong limit of {g;} in ¢; . We once again
prove this by finite induction, with the hypothesis that {g; — 1g,, } is strongly
convergent in Z,EQ) for k = —4,—-3,...,s. The initial step follows from the fact
that {g; — 1y, .} is weakly convergent, and hence bounded, in %%, together
with the compact embedding 5752 € Z(_%z, which implies that it must be strongly
convergent in the latter space.

For the induction step, assume that {g; — 1g, .} is strongly convergent in Z ,5,2_)1
and subtract from to get
(4.3.11)

dat, (95 = 9o0) = (95 = 1., ) (M5 — Mise) + (95 = Goo) Moo + (M — M)

— () = )95 — 1g,..) = ml(g; — gc) — (m; — ).

Using (4.3.5) and (4.3.6)), the fact that {m;} and {m/} (strongly) converge to m.,
and m/_ in %! we deduce that the right-hand side of (4.3.11)) converges to 0
strongly in Z,il), and hence so does {dys, . (9; — 9)}- Using (4.3.7) completes the
proof. O

A consequence of this lemma is the following strengthening of |[Proposition 4.2.5]

Corollary 4.3.12. In|Proposition 4.2.5, if the neighbourhood U is required to be

small enough, then the gauge transformation g is unique in the entire group 4; .

Proof. Let us take My € ¢, and any U and U’ which satisfy the statement of
[Proposition 4.2.5 We aim to prove that there exists a neighbourhood Uy such that
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there are no two gauge equivalent pairs inside Uy which are in Coulomb gauge with

respect to My. This will complete are proof, since it will be enough to require U

to be inside Uy in the statement of [Proposition 4.2.5|

Suppose that such a Uy did not exist. Then, there would exist a sequence of
pairs {M;} and a sequence of gauge transformations {g;} such that {M,} and

{g;- M,} tend to M, and are in Coulomb gauge with respect to it. We can assume

that the sequences are inside U and U’, so applying |Proposition 4.2.5 we deduce

that the sequence {g;} is bounded away from the identity transformation 1y, .

But from [Lemma 4.3.1) we know that g; must have a limit go, € 94, \ {14, .} such

that go - My = M. If we view g as a section of the bundle EMat this would
€ A5 (EM*) must decay at

infinity, this would imply that g, = 1¢, ., arriving at a contradiction. O]

mean that da,(gec — 1g,,) = 0. Since go — 1y,

(]

We can also use the lemma to prove that the moduli space is Hausdorff.
Corollary 4.3.13. The quotient (3.3.26) is Hausdorff.

Proof. Suppose, the contrary. Then, there would be two monopoles M and M’ a
sequence {M;} in (B5,)7'(0), and a sequence {g;} in &7, such that {M;} tends
to M and {g; - M;} tends to M’. But then, by [Lemma 4.3.1, M and M’ must be

gauge equivalent. O]

We now have all the ingredients to show that the moduli space is a smooth

manifold.

Theorem 4.3.14. The moduli space M, . is either empty or a smooth manifold

of dimension dim,, .

Proof. 1f it is not empty, let My € €7, be a monopole, which we can assume to

be bounded polyhomogeneous by [T'heorem 4.2.12 and consider the function

0
fag: Cu — F°

(4.3.15)
M = (=B;, (M), dy, (M — My)) .

It satisfies far,(Mo) = 0, and at this point its derivative is 10, which we know by

[Theorem 4.1.39| to be surjective and have a kernel of dimension dim,, .. Applying
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the implicit function theorem we obtain a neighbourhood U of M, and a smooth
embedding from an open set in R4™«x to U such that pairs in U are in the image
of this embedding if and only if they are monopoles in Coulomb gauge with respect
to My. We refer to the image of this embedding as the slice S.

We can furthermore take U to be as small as we want, so in particular we
assume that it is small enough that the slice is transverse to gauge orbits, since

this is true at M, and an open condition.

We furthermore assume that U is small enough for [Proposition 4.2.5(to be true
with g being unique in ¢, which is possible by |Corollary 4.3.12 and take U’ as
in the statement of that result.

Then, consider the open set of monopoles U” = ¢ - (U' N (B;,,.)~(0)). Any

orbit of a monopole in U” will have a representative in U’, and hence will have a

unique representative in U which is in Coulomb gauge with respect to M,. This
unique representative must be in the constructed slice. Since the slice is smoothly
embedded and transverse to the gauge orbits, the map from U” choosing this
unique representative is a submersion onto S N U”. It hence provides a chart for
the quotient near M.

To see that the transition functions between different such charts must be
smooth suppose we have two open sets of orbits U] and UJ as above. Then, their
intersection has a smooth submersion to two different smooth slices of the gauge
action. The restriction of the first submersion to the second slice provides a smooth
map from the second slice to the first, and we can analogously provide a smooth
map from the first slice to the second. Both of these maps are the identity on the

quotient, so the charts are compatible. O

Importantly, this smooth structure does not actually depend on the regularity

parameter.

Proposition 4.3.16. The smooth manifold M, . is independent of the regularity

parameter s.

Proof. Let s; < sy be in Z>.
We first prove that the identity map between M7 and M2 is well defined.
To do so, let [M] € M3}, . From [Theorem 4.2.12f we know that there exists at
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least one g € ¢ such that g- M € €2,

map as taking [M] € M}, to [g- M| € M;2_ for any such g € 471 This is
well defined because if g - M and g’ - M are both in €2 for g,¢" € 47,

15857
fact ¢'g~t € @32, as can be seen by applying the same bootstrapping argument

used in [Lemma 4.3.1} and hence [g - M] = [¢" - M] in M;2,_. The definition is also

independent of the choice of representative M in [M], so the map is well defined.

. o s e . 5 s
Since ¢;2 C 971, the map is injective, and since 62 C €%,

so this identity map is a bijection. We must now prove that it is a diffeomorphism.

and hence we can define the identity

then in

it is surjective,

To do so, let My be a bounded polyhomogeneous monopole, and construct
slices S;, and S, for M7 and M;?  as in the proof of [Theorem 4.3.14, When

2217 R
close enough to My, any point of S, must also be in Sg,, since such a point must

be a monopole, in Coulomb gauge with respect to My, and can be made to be
close enough to My in €7, due to the continuity of the embedding of €2 in
%, Therefore, this embedding, which is smooth due to being continuous and
linear, restricts near M, to a smooth map from S, to &;,. Since the identity map
has an injective derivative and the slices have the same dimension this must be a
diffeomorphism near My. Given that it corresponds to the identity map between
M2, and M3, this completes the proof. O

H?H’
This justifies defining the moduli space independently of s.

Definition 4.3.17. We write
(4.3.18) M, .

for M7, . with its smooth structure with respect to any s € Zx.

4.4 The hyper-Kahler metric

As we saw in there is a strong analogy between monopoles and instan-
tons on R*. One of the consequences is the possibility of considering a relationship

with the quaternions.
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To see this, let us fix an identification
(4.4.1) (R*)* = ImH.

This induces identifications on related objects, like

(4.4.2) A = ImH,
(4.4.3) Q' (Ad(P)) 2 Q°(Ad(P)) ® ImH,
(4.4.4) A = A @ TmH .

Furthermore, it induces the structure of a left H-module on the space
(4.4.5) R OR2ImH@®ReH=H

through left multiplication. By considering this structure fibrewise on the cor-
responding bundle A" @ A”, we also obtain a left H-module structure on %!
Since the L? metric on this space is compatible with this structure, this confers the

structure of a hyper-Kéhler manifold to the configuration space €? _, which is just

K7
an affine space over this vector space. If we bundle the triple of symplectic forms

into an Im H-valued form we can write it out with a relatively simple expression.

Proposition 4.4.6. The configuration space 6. is hyper-Kdhler. The triple of

symplectic forms is given on any tangent space Tiae)C,; . = 51 by the form

w: A x A5 5 ImH

(4.4.7)
(((11,@1), (a27(102)) = *(al /\a’2>9 + <9017a2>9 - <a17902>9‘

R3
The integral in (4.4.7) is interpreted in the following way: The integrand is a
1-form, so, since the bundle /\1 is trivial, the form can be integrated to obtain an
element of the fibre, which is (R?)* and hence isomorphic to Im H through (4.4.1]).

Proof. The metric and the Im H-valued symplectic form on a hyper-Kahler man-
ifold are equivalent to a bilinear form which takes values in H, is H-left-linear in
the first variable, and is conjugate-symmetric. This bilinear form corresponds to

the metric minus the symplectic form.
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On the space H of quaternions such a form can be constructed as the product
of a quaternion and the conjugate of another. To mimic our notation, suppose

that 1,09 € R and ay,as € ImH. Then, this product is given by

(4.4.8) (a1 4+ ¢1)(az + p2) = (—a1 X az — pras + a1p2) + (ag - a2 + p1p2),

where the right-hand side is separated into the imaginary and real parts.
Since the fibres of /\1 S5 /\0 are isomorphic to H, we can extend this product by
integrating over R®. Combining with the inner product on g we obtain the bilinear

form

(4.4.9)
((a1, 1), (ag, p2)) = (—*(a1Aaz)g—(p1, az)g+{as, pa)g, (a1, az)rs g+ (P1, P2)q)

R3
on sections (a1, 1), (az, v2) of (A" @ A”) & Ad(P), and in particular on elements
of %', Here, the integral is interpreted like the previous one, this time using the
isomorphism (4.4.5]), and the expression is simply derived from (4.4.8]), where the
Hodge dual of the wedge product provides the equivalent of the cross product.

Since the real part of this form is the L? norm on S#%!, we obtain the desired
expression for the symplectic form as the negative of the imaginary part. O]

Then, as it turns out, the group of gauge transformations g/in not only pre-
serves this structure, but in fact acts in a tri-Hamiltonian Wayﬁ We can once again
see the analogy with the 4-dimensional case, since the moment map will be given
by the Bogomolny map.

Here it is crucial that we are building the moduli space of framed monopoles,
since the decay conditions are important to not only define the L? metric, but to

show that the gauge action has a moment map.

Proposition 4.4.10. The action of the group 4; . on 6 is tri-Hamiltonian and

its moment map is given by

(4.4.11) B 6. — A C(&,) @ImH.

6We do not go here into the background of hyper-Kihler geometry and quotients, which can
be found in the literature [HKLR87; Hit92]
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Proof. First let us look at the inclusion 2" C (&;,.)" @ ImH. At the level of

bundles, the im H factor simply comes from /\1. Then, from [Lemma C.2.3| we see

that the L? pairing between .75 and & = H5? is continuous.

Now, the moment map equation, for (A,®) € €., (a,¢) € T(a9)%;, and

K

X € &; ., is the Im H-valued expression
(4.4.12) (dBy) (a0 (@, 0), X) 12 = w((X#) 4, (0, 9))

We once again integrate by parts using [Lemma 3.3.13[to get

(B a (a, ), X) 12 = (xdaa — dap + adg(a), X) 2
_ /R #{daa, X)g = (dag, X)g + {ads(a), X)q
(4.4.13) _ /R raAdaX)g+ (i, daX)g = {a,ada (X)),
= w((—daX, —ade X), (a,¢))
= w(X*)(a0), (a,9)),
as desired. -

With this, we can deduce that the moduli spaces are hyper-Kéahler — with the

metric being independent of s.

Theorem 4.4.14. The L? norm on the configuration space descends to a hyper-

Kdhler metric on the smooth manifold M,, ..

Proof. [Proposition 4.4.10] allows us to interpret the moduli space construction

formally as a hyper-Kahler quotient, since
(4.4.15) M= (B )7 0)/9 =€l D

In order for this to actually yield a hyper-Kahler metric we need the quotient to
be a smooth manifold. But this is true by [I'heorem 4.3.14}

Furthermore, in the construction of the moduli space the tangent spaces were

modelled on subspaces of %! which contained only bounded polyhomogeneous

sections, so they are independent of s and hence so is the metric. O]
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Chapter 5

Further Observations

We now discuss in more detail some aspects of our construction and its relationship
to other work.

In we provide an alternative perspective on the conditions imposed
on the mass and the charge. In particular, we explain how the charge can be viewed
as a collection of integers which produce a simpler formula for the dimension of
the moduli space, and discuss the concept of symmetry breaking.

In we connect this with the correspondence between monopoles and
rational maps, in particular in relation to non-maximal symmetry breaking.

We then revisit some of the concepts surrounding the asymptotic properties of
monopoles in

We finish in by explaining how our construction can be used to
build moduli spaces for any real compact Lie group, despite the conditions imposed

originally on G.

5.1 Symmetry breaking and integer charges

One of the aims of the approach we have followed was to carry out the construction
with independence of the symmetries of the mass and the charge. Let us now
examine this with more detail in order to put it into the wider context of previous
research on monopoles and their moduli spaces. We particularly follow Murray
and Singer’s work [MS03].
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General facts about Lie groups and Lie algebras can be found in the literature,
like in Hall’s book [Hall5|.

Remark 5.1.1. Recall that if the pair of mass p and charge x are (simultan-
eously) related by the adjoint action of an element of GG, then all the constructions
carried out in the previous chapters can be taken to be isomorphic. We will keep
this in mind when we are discussing possible choices which are related by these

transformations.

One of the most relevant properties of monopoles is related to the symmetries

of the mass .

Definition 5.1.2. Let C), be the centraliser group of the mass pu, that is, the
subgroup of G of elements which leave p invariant under the adjoint action. Then,

we say that for this choice of mass the symmetry breaks from G to C,.

In many ways, the simplest case happens when the mass is as generic as pos-
sible.

Definition 5.1.3. If the mass yu is a regular element of the Lie algebra g, we say

that the symmetry breaking is maximal.

Note that in the case of maximal symmetry breaking we are breaking the
symmetry to the smallest possible centraliser subgroup, which will be a (maximal)
torus 7rnk(G),

One of the features of this case is that we cannot have a root a € R such that
a(u) = 0. In particular, the subbundle Ad(P)S is simply t©. We will see how this
makes several matters simpler, but we can start by noticing, for example, that in
the dimensional formula the second summand no longer appears — with

the corresponding index calculation becoming more straighforward.

Remark 5.1.4. If we recall the definitions of the maximal torus and roots in
we can see that for the case of maximal symmetry breaking there is
a single possible maximal torus subgroup 7. However, in non-maximal symmetry
breaking, depending on the symmetries of the charge x we might have some ambi-
guity in this choice. Of course, all choices are related by the adjoint action of the
group, so will produce equivalent results. However, we will see how this ambiguity

plays out below.
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The symmetry breaking is very closely related to the understanding of the

dimensional formula for the moduli spaces and the role of the charge in it.

In order to see this, let us take a look at the definition (4.1.35)) of the dimension
dim,, ., which seems somewhat artificial. Indeed, it can be defined in a more natural
way.

We begin by choosing a set R* of positive roots of R such that
1 1 "
(5.1.5) {a €R| ;a(u) > 0} U {a € R|a(u) =0 and ;a(/@) < O} CR".

Then, we can rewrite the dimension as

(5.1.6) dim,,, =2 ) %a(/ﬁ).

acRt

Note that we will from now on often consider the functions %04 more often that ia.
This simply changes some signs, but will make our notation more consistent with

the usual notation for specific groups in the next chapter.

Remark 5.1.7. When the symmetry breaking is maximal, the first set that ap-
pears in the condition (5.1.5)), which depends only on the mass, determines R™
completely. However, when the symmetry breaking is non-maximal, we must use
the charge to define the set of positive roots. This will play an important role in

the definition of the holomorphic integer charges below.

Note that in some cases there might remain some ambiguity even when taking
into account the charge. This is similar to the ambiguity encountered in the choice
of maximal torus, as observed in [Remark 5.1.4] and will not change the results.

From this set of positive roots we obtain the corresponding set of simple roots
a1, Qg, ..., Qrank(q)- Furthermore, associated to this set of positive roots we have
a set of fundamental weights wy,ws, ..., Wrank(e). As it turns out, the integrality
condition exp(27k) = lg is equivalent to the numbers 1w;(x) being integers for
j = 1,2,... , rank(G), and we will use these numbers to provide an alternative

understanding of the charge.
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Definition 5.1.8. The integers

1 1 1
(5.1.9) Zwl(ka), ;wQ(/ﬁ;), o Zwrank(g)(/@) </

are the (integer) charges of the monopole. Furthermore, if (1) = 0, then we say

that %wj(/f) is a holomorphic charge, and otherwise we say that it is magnetic.

Remark 5.1.10. One of the important distinctions between magnetic and holo-
morphic charges is that the former determine some topological information. In
particular, if we trivialise the adjoint bundle Ad(P), the Higgs field defines near
infinity a map from the sphere at infinity to the adjoint orbit of the mass u, and

the magnetic charges determine the homotopy type of this map.

We can now use these integers to rewrite the dimensional formula, since half

the sum of the positive roots is equal to the sum of the fundamental weights:

rank(

@)
1
(5.1.11) dim,,, =4 ) ~w; (k).

Jj=1

That is, the dimension of the moduli space is four times the sum of all the integer
charges. Let us now compactly write the main result of this thesis, putting together
[Theorem 4.3.14) |Proposition 4.3.16} and [I'heorem 4.4.14}

Theorem 5.1.12. The moduli space M,, . of framed monopoles of mass p and
charge k is either empty or a smooth hyper-Kdhler manifold whose dimension is

four times the sum of the integer charges.

This dimensional formula coincides with the computation of the dimension car-
ried out by Murray and Singer [MSO3]|Z| based on the analogous space of rational
maps, which will be discussed in Furthermore, it provides more in-
sight into the significance of the charge, by differentiating between holomorphic
and magnetic components, as well as into the possible charges that may appear.

Murray and Singer’s work suggests the following conjecture.

Conjecture 5.1.13. The moduli space M, is non-empty if and only if all the

integer charges are non-negative.

"Different conventions account for the different factors of i.
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Note that the combinations of integer charges that could appear for a given
choice of mass u are not so straightforward to determine, since the definition of
the fundamental weights used the charge « itself.

In order to better understand the relationship between the different choices we

have made, let us make the following definition.

Definition 5.1.14. Let p € g, and let (T, R™) be a choice of a maximal torus T
in G such that p € t and a set of positive roots R inside the set R of roots of t
such that

(5.1.15) {a €R| %a(u) > o} C R*.

Then, we say that an element x € g, with [u, k] = 0, is compatible with the choice
of pair (T, RT) when x € t and
1

(5.1.16) —a(k) <0, Va e R" such that a(u) =0.
i

Condition ([5.1.16)) can be rewritten as

(5.1.17) {a € R| a(u) =0 and %a(ﬁ) < O} C R,

so, of course, together with ([5.1.15)) it is simply equivalent to (5.1.5).

Remark 5.1.18. A choice of positive roots R* is equivalent to choosing a fun-
damental Weyl chamber in t, with condition requiring this chamber to
contain p in its closure. Furthermore, let us consider the facets of this Weyl cham-
ber which contain pu, and let us extend them linearly into hyperplanes of t. Then,
the compatibility condition on & is equivalent to requiring that it be (non-strictly)
on the opposite side of the chosen Weyl chamber with respect to any such hyper-

plane.

These conditions allow us to reframe the choices by starting with a mass and
fixing a maximal torus and set of positive roots, to then investigate which charges
can appear. Importantly, this does not leave out any possibilities, as seen from

Proposition 4.1 in Murray and Singer’s work [MS03].
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Proposition 5.1.19. Let u € g and (T, R™) be as above. Then, if k € g satisfies
(1, k] = 0, there is a unique element k' € g which is compatible with (T, R*) and

is related to k through the adjoint action of an element of C,,.

As observed in [Remark 5.1.1] applying the adjoint action of an element of G
produces equivalent results, so we can conclude that, after fixing a © and a pair
(T, R*) as above, considering only the charges x that satisfy will provide
all the possible monopoles (without repeating pairs of mass and charge related

through the adjoint action).

Of course, for there to exist monopoles, according to [Conjecture 5.1.13| the

integer charges — which are defined with respect to the first chosen chamber — will
have to be non-negative. This can also be expressed as belonging to a certain
region of the Lie algebra t. The intersection of this region with the Weyl chamber
for R* will define a conical subset of t, whose integral elements will be the charges

for which we expect to have non-empty monopole moduli spaces.

Remark 5.1.20. We can also consider this approach from the perspective of the
integer charges. The first thing to observe is that after fixing p € g and (7, R™) as
above we can always find at least one compatible charge x € g with any combina-
tion of non-negative magnetic charges. This can be done, for example, by setting
all the holomorphic charges equal to 0. However, there might be other possible
choices of holomorphic charges, which will need to satisfy a set of constraints. As
it turns out, these constrains will allow only a finite amount of combinations of

holomorphic charges for each choice of magnetic charges [MS03| Prop. 4.3].

In we put this discussion into the context of specific groups, masses
and charges. However, let us briefly discuss here a trivial case which appears for

any group.

Remark 5.1.21. Suppose that ;¢ = 0. Then, we do not actually have any inter-
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esting monopoles. Indeed, we first see that

d*d||®[|; = —xdxd(®, ),
= —2xd* (P, da®),
= —2xd(P, xd 4 D),
= —2%(da® A *daP)g — 24(D,daFa)g
— —2]dad
<0.

(5.1.22)

Then, since the Higgs field of a monopole with mass 0 must decay, it must in fact
be constantly 0 due to the maximum principle. The connection must then be flat,

and hence gauge equivalent to the identity.

Of course, in this case, all the charges are holomorphic. However, follow-

ing [Definition 5.1.14] any charge compatible with a choice (T, R*) must satisfy
lo(k) < 0 for all @« € R*. But this implies that we must also have tw(x) < 0

for all fundamental weights w associated to this choice — in other words, all the

charges must be non-positive. This is consistent with |Conjecture 5.1.13, which

leaves only the case of all the charges being 0. Naturally, it is also consistent with

our dimensional formula, since the resulting moduli space would have dimension

0.

5.2 Rational maps

There is an important relationship between monopoles and rational maps, which
has been explored in different contexts.

More specifically, this correspondence relates framed monopoles with algebraic
maps from CP' to certain varieties, with a fixed point. Let us remark on two spe-
cific cases, which are once again discussed in Murray and Singer’s work [MS03].
The correspondences themselves can be found in the references therein, partic-
ularly in Jarvis’s work [Jar98a; [Jar98b|, as well as in the references mentioned
in [Chapter 1] The case of G = SU(3) is discussed in this context at the end of
Section 6.3
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It is important to note here that the precise definition of framing used in this
correspondence differs from ours. Therefore, a rigorous relationship with our work
would require a more detailed study of this matter (on which we comment in
Section 5.3). However, here we point to some of the ideas regarding what this
relationship could look like, since this correspondence provides another way of
building these moduli spaces.

Firstly, directly related to the moduli spaces we have constructed, let us fix a
mass £ and a charge k a consider the orbit space O, of the pair (41, k) under the
adjoint action of the gauge group. Then, the correspondence establishes a natural
bijection between framed monopoles with mass ;1 and charge x and based rational
maps from CP' to O, of a particular type determined by the charge.

However, there is another correspondence in which we only fix the magnetic
charges. Here, the target variety is O,, the orbit of the mass p, and we consider a
framing of the monopoles which fixes the mass but only the topological aspect of
the charge (corresponding to only fixing the magnetic integer charges). We then
have a bijection between such framed monopoles and based rational maps from
CP' to O,, of a specific degree, this time given by the magnetic component of the
charge.

Interestingly, the latter moduli spaces gather monopoles with all possible holo-
morphic charges for a set of magnetic ones. The idea is that this is organised into a
stratification, and monopoles with different holomorphic charges would correspond
to points in different strata. The strata, however, don’t necessarily correspond ex-
actly to our framed moduli spaces, since the framing in these moduli spaces of
rational maps leave a certain ambiguity when the centraliser of the mass does not
preserve the charge: in this case the choice of charge x € g is not uniquely de-
termined by the choice of mass i and the integer charges. In this situation, the
strata would correspond to a fibration, where the base parametrises these possible
choices for the charge (given by the orbit of any choice under the action of the
centraliser of the mass), which determine a full framing, and the fibres are the
hyper-Kahler moduli spaces we have constructed in this thesis corresponding to
such full framings.

This suggests the possibility of building such a moduli space from a differential-

geometric perspective, and of studying how the hyper-Kéahler metric would behave

86



inside this stratified space.

5.3 Asymptotic behaviour of monopoles

Our approach to the construction of monopole moduli spaces has been to fix a
notion of mass and charge and to study the monopoles which fit into this definition.
However, there remain some interesting questions about the different asymptotic
conditions of monopoles.

Perhaps the most natural one that arises from our approach is whether every
monopole falls into this classification. That is, whether can we deduce from the
finite energy condition that in fact the asymptotics must be determined by a mass
and charge as we have described them.

Another question, which we have answered to some extent, is what asymptotic

conditions can be deduced about a monopole once we know that it follows our

definition of mass and charge. The regularity theorem [Theorem 4.2.12| provides

significantly strong asymptotic properties in this case.

Lastly, as we have noted, different authors have used slightly different defini-
tions for monopoles with a specific mass, charge and framing [Jar98a; (CN22]. The
regularity theorem implies that once a monopole fits our definition it will also fit
essentially any other reasonable definition, but the converse is not necessarily so
clear. Of course, this converse would be resolved from a positive answer to the
first question, that is, if the finite energy condition were enough to guarantee that
monopoles fit our framework. Rigorously establishing the equivalence of these
definitions would help to strengthen the connection between the results of this
thesis and other research in the area.

Note that for the gauge group SU(2) these matters have been largely resolved
[JT80; Gro84; AHSS].

5.4 General compact groups

In we restrict our study to monopoles with connected, simply connec-

ted, semisimple gauge groups, but in fact the theory for any real compact Lie group
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can be related to the one studied here. Let us discuss this more general setting

now, informally considering how the framed moduli spaces would be constructed.

We start by observing that since that base manifold R? is contractible, the
adjoint bundle must be trivial. Therefore the configuration space only depends on
the connected component of the gauge group which contains the identity. Further-
more, the same is true for the group of small gauge transformations, since these
must tend to the identity at infinity. Hence, the framed moduli spaces for a given
gauge group only depend on the connected component of the identity, and so we
will restrict our attention to connected compact groups.

We also recall that a connected compact Lie group is always a product of a
simply connected, semisimple Lie group and a torus, modulo a finite subgroup of
the centre. In particular, its Lie algebra is the product of a semisimple and an
Abelian Lie algebra.

We will now take two approaches, which largely mirror each other: firstly we
will see how our constructions would be adapted to a general (connected) compact
group, and secondly we will see how the moduli spaces for the general groups can
be built from from the simply connected, semisimple case.

For the first approach, let us revisit the construction of the asymptotic model
from [Section 2.3, In order to build it on a sphere, we required the charge to
satisfy the integrality condition exp(2mk) = 1lg. We then relied on the simple
connectedness of the group to extend it radially over R3. If the group is not
simply connected, however, the above integrality condition is not enough, and we

have to require the path

0,1] = G

(5.4.1)
0 — exp(2m0Ok)

to be contractible.

In particular, this condition implies that the charge must be entirely inside the
semisimple component of the Lie algebra. Furthermore, the exponential of 27k
will be the identity in the simply connected semisimple group factor of the above

decomposition.

Therefore, the choices of mass and charge are equivalent to choosing any mass,
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and then choosing a charge in the semisimple component of the Lie algebra with the
integrality condition coming from the simply connected semisimple group factor in
the decomposition. If we establish a choice of positive roots as in [Section 5.1] this
integrality condition is simply that the fundamental weights divided by ¢ produce
integers when applied to the charge, which is a condition that only depends on the
Lie algebra.

In this case, the Lie algebra will have an extra Abelian factor in addition to
the root space decomposition, which will be included in the C part of the adjoint
bundle. However, the dimensional formula would only depend on the semisimple
part, and would coincide with the dimension of the moduli space for the choice of
mass and charge restricted to this factor. Notice, in particular, that it does not
depend on the subgroup of the centre we are quotienting by.

Let us now look at the second approach by considering the three additional
elements involved: torus groups, products and quotients.

If G is an Abelian group, the connection becomes trivial on the adjoint bundle.

Then, we have
(5.4.2) d*d® =d**xF, =0,

that is, the Higgs field is harmonic on R3. Therefore it must be constant, and the
connection must be flat, and hence gauge equivalent to the trivial one. Given this,
the charge must be 0, and for any mass the moduli space would consist only of
the monopole with a flat connection and a Higgs field constant and equal to the
mass. Note the consistency with the integrality condition described above, which
requires k = 0 on Abelian groups, as well as with the dimension computations,
which suggest a moduli space of dimension 0.

Suppose now that GG is a product of two other groups. In this case, the con-
nection and the Higgs field decompose along this product, and so do the gauge
transformations. Therefore, the moduli space would simply be the product of the
moduli spaces for the factor groups, with the masses and the charges simply being
the components of each factor. This is also consistent with the above discussion.

Lastly, suppose that G is a finite quotient of a group by a finite subgroup of its

centre. Since the base manifold is contractible, the configuration space will be the
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same for G and its cover. Furthermore, the group of small gauge transformations
will also be the same. To see this, let us view these transformations as based
maps from S? — the one-point compactification of R® — into the (quotient) gauge
group. Since the 3-sphere is simply connected such maps can always be lifted to a
cover. This lift will provide a small gauge transformation for the cover gauge group.
Furthermore, the action of this gauge transformation will remain unchanged, given
that the quotient was carried out with respect to a central subgroup. Noting once
again that the integrality condition and dimension formula depend only on the
Lie algebra we see that the framed moduli spaces are not affected by this quotient
operation.

To summarise, framed moduli spaces for any real compact group could be
built from the framed moduli spaces for connected, simply connected, semisimple,
compact groups, and in fact most of the interesting phenomena occur in these
cases.

We end by noting that, of course, we could also restrict ourselves to simple
groups, since compact, connected, simply connected, semisimple groups are always

a product of simple groups.
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Chapter 6

Special unitary and orthogonal

groups

We now explain how our results apply to monopoles for specific gauge groups. This
is done by studying the Lie algebra structures and the possible masses, charges

and symmetry breaking types.
Firstly we look at general special unitary groups in [Section 6.1, with special

emphasis on SU(2) in and SU(3) in [Section 6.3

We then move on to the special orthogonal groups in and [6.5
These are not simply connected, but offer a more familiar setting than the spin
groups, their simply connected covers. Recall that in we discuss how
the framed moduli spaces for both groups would be the same.

A similar approach could be followed to study the symplectic and exceptional
Lie groups, which would cover all the necessary building blocks for any real com-

pact group, as explained in [Section 5.4}

Many of the Lie algebra results can be found in the standard literature, like
Hall’s book [Hall5|.

6.1 General SU(/N)-monopoles

Let us start by considering SU(N), the group of unitary N x N complex matrices of

determinant one, with its Lie algebra su(N), which is the space of anti-Hermitian
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traceless ones. We now have some preferred choices.
Firstly, the maximal toral subalgebra t can be taken to be the subspace of
diagonal matrices inside su(N). These matrices will have N imaginary terms

which add up to zero, that is, they are of the form

2 0 - 0
0 Z9 0
(6.1.1) diag(z1, z2,...,2n8) =
0 0 - 2xn
for some 21, 2o, ..., 2y € iR such that z; + 29 + -+ + 2y = 0.

The roots then correspond to the N(N — 1) linear functionals which subtract

one diagonal term from another (different) one, that is, maps of the form
(6.1.2) diag(z1, 22, ..., 2n) = Zj; — Zjy

for j; # jo. But there is furthermore a preferred set of positive roots R™: those
which subtract a diagonal term further down from one which is higher up, that
is, maps of the form but only for j; < j5. The simple roots corresponding
to this choice are then the ones which subtract a diagonal term from the term

immediately above. We denote these by
(6.1.3) a;: diag(z, 29, ..., 28) = 25 — Zjt1,

for j =1,2,...,N — 1 = rank(SU(N)). The fundamental weights associated to

this choice are given by
(6.1.4) wj: diag(z1,29,...,28) = 21+ 22+ + 2.

Recall that, given that all maximal toral subalgebras and choices of positive
roots are related through the adjoint action of the group, we are not restricting
ourselves by making these choices. Therefore, let us now consider a mass p and a

charge xk which are compatible.

The mass must be any element in the closure of the fundamental Weyl chamber,
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that is, we must have %a(p) > 0 for all the positive roots o € R*. This means
that it must be of the form

(6.1.5) po=idiag(py, po, ..., Un),
subject to the condition
(6.1.6) 1 > o 2 > N

(and satisfying pu; + pio + -+ + py = 0).

Then, the charge must satisfy that fa(x) < 0 when a(u) = 0. This means that

it must be of the form

(6.1.7) k =idiag(ky1, Koy ..., KN),
subject to the condition

(6.1.8) i = fjr1 = Kj < Rj

(and satisfying r1 + ko + -+ -+ £y). The N — 1 integer charges for this choice of p

and k are therefore the integers

1

for j=1,2,..., N — 1. The dimension formula yields

i

(6.1.10) dim,,. = 4> (N —j)k;.
1

J

As we have seen, the eigenvalues of the mass must be decreasing in their imagin-
ary parts, and the eigenvalues of the charge must be increasing in their imaginary

parts within each block of equal eigenvalues in the mass. In terms of the forms

(6.1.5) and (6.1.7)), supposing that p has B blocks of sizes Ny, Ns, ..., Npg, these
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conditions can be rewritten as

(6.1.11a) g1 =po = = UN, > AN = N2 = = NN,

(6111b) R1 S K2 S T S KNy, RNy +1 S KNy +2 < .- S KN +Ny

Naturally, we must have Ny + Ny + --- Ng = N. The magnetic charges are then
those which include only entire blocks in which the eigenvalues of the mass are

equal, that is, the numbers

(6.1.12) ;wN1+N2+--~+N7-('f) =K1+ K2+ KN Np N

for j =1,2,..., B — 1. The rest of the charges are holomorphic.

In this case the symmetry of the monopole breaks to the group
(6.1.13) S(U(N7) x U(Ng) x --- x U(Np))
of block-diagonal special unitary elements, of dimension
(6.1.14) NY+Nj+---+Np—1.
Maximal symmetry breaking corresponds to the case
(6.1.15) B=N <= Ny =Ny=---=Np=1<= p3 >pus>--> un.
Naturally, here the symmetry breaks to the maximal torus

(6.1.16) S(U(1) x U(1) x --- x U(1)) = TN,

6.2 SU(2)-monopoles

For SU(2) monopoles, the mass must be of the form p = idiag(u1, —pn). But in

fact, when the mass is not zero, the monopole is usually rescaled over R? so that
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we only consider

({1 0
(6.2.1) ,uzz(o _1> :

The charge is then given by a single integer s, which is itself usually referred

to simply as the charge, so that

(6.2.2) K= <";1 _0 ) .

In these conditions, the moduli space of framed monopoles of a given charge
k1 > 0is a hyper-Kahler manifold of dimension 4k, as we expect from our formula.

Note that, in the case of non-zero mass, the single integer charge is magnetic.

6.3 SU(3)-monopoles

For SU(3) the situation is a bit more interesting, since we can now have different
types of symmetry breaking.

Throughout this section we represent several elements in t and its (complexi-
fied) dual in diagrams, where t is a maximal toral subalgebra of the Lie algebra
su(3).

In particular, we represent them on a 2-(real-)dimensional plane, which we can
think of as the plane given by the equation x1+x5+42x3 = 0 inside the 3-dimensional
space R3, where all the points with integer coordinates are marked with small dots.
However, we also admit triples of coordinates which do not add up to 0, which
simply represent their orthogonal projections from R? onto the plane. Note that
this allows points with integer coordinates (not adding up to 0) which are not
marked, since the projections might not have integer coordinates.

In these diagrams, we represent elements of two different but closely related
spaces: tand it*. In the former case, the coordinates (xy, z3, x3), with x1+x9+23 =

0, will represent the matrix

(6.3.1) idiag(z1, v2,23),
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and will be marked with dots. In the latter case, the coordinates (&1, &2, &3) — even

if they do not add up to 0 — will represent the map
(6.3.2) idiag (1, xe, x3) > &1 + Eox0 + 323,

and will be marked with arrows.

In|Figure 6.3.3alwe demostrate the coordinate system. In|Figure 6.3.3b/we show

the root system of su(3), following the notation of the previous section for o and
as, and furthermore shade the preferred Weyl chamber and show the associated
fundamental weights w; and w,. We also mark the lines (2w;)!(Z), for j = 1,2 on
whose intersections lie precisely the marked integer points, which are those which

satisfy the integrality condition required of charges.

We will now study the possible charges that can appear for different types of
symmetry breaking. These are represented in [Figure 6.3.4]

Let us firstly assume that we have maximal symmetry breaking, that is,

pr 00
(6.3.5) p=1 0 pu 0O
0 0 pus

with p11 > p1o > p3 and pg + po + pz = 0.
Then, the two integer charges are magnetic, there is no compatibility condition

on the charge, and we expect to have monopoles with any non-negative integer

values for these two magnetic charges. In we see the region of non-
negative charges, marked with dense diagonal lines, and some possible charges

are annotated with the pair of corresponding magnetic charges (wi(k), Twa(k)).
The case of non-maximal symmetry breaking is slightly more involved. Let us

suppose that ps = ps, so that

pr 00
(6.3.6) p=110 p 0],
0 0 p

with pq > pe and pq + 2p9 = 0.
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(0,2—2)

(0,1,0)
(1,0‘71)
@on<” (10.0)~(2—1-1)
(—1—1,2) ) (1,-1,0)

a: Diagram with integer points marked and b: Root system, preferred Weyl chamber,

examples of elements with coordinates fundamental weights and integral lines

Figure 6.3.3: Diagram of t and it*

a: Maximal symmetry breaking b: Non-maximal symmetry breaking

Figure 6.3.4: Possible charges for different symmetry breaking types
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Then, the first charge %wl(/{) is still magnetic, but %w2(li> is in this case holo-
morphic. In[Figure 6.3.4D)], aside from the region of non-negative charges, we see the
compatibility condition added to the diagram, marked with perpendicular dense
diagonal lines. The intersection of these two regions contains the possibilities for
which we expect to have monopoles. Once again, some of these possible charges
are annotated with their integer charges, the first one being the magnetic one and
the second one being the holomorphic one. Notice that for each choice of the
magnetic charge we only have finitely many choices of the holomorphic one, which

can also be deduced from the fact that the charge must be of the form

K1 0 0
(6.3.7) p=1i|0 Ky O,
0 0 K3

with Ky < k3 (compatibility), i,k + k2 > 0 (non-negativity) and, of course,
K1+ ko + k3 = 0. Using this, given any non-negative choice of the magnetic charge

2wy (k) = k1, for the holomorphic charge we must have

(6.3.8) %wQ(ﬁ) — kg€ {o, 1. {%J }

This covers all the interesting possibilities for SU(3), since the only other pos-
sible symmetry breaking for non-zero mass would be for p = 7 diag(pq, 1, f12)-
However, by changing the sign of the Higgs field and reflecting the underlying
space R? (thereby changing the orientation) we obtain a case equivalent to the

last one discussed.

The case of non-maximal symmetry breaking has been studied already in some
detail, especially for magnetic charge 2 [Dan92; DL93; Dan94; BS98]. In the in-
terpretation of the stratified spaces of rational maps pointed at in [Section 5.2]
the moduli space for magnetic charge 2 has an open stratum of dimension 12
corresponding to holomorphic charge 1 and a lower stratum of dimension 10 cor-
responding to holomorphic charge 0. In terms of rational maps, these are made
up of based maps from CP' to SU(3)/U(2) = CP? of degree 2, with the lower

stratum consisting of the maps which fall into a specific line CP* ¢ CP?.
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Since for holomorphic charge 1 the charge x has the same centraliser as the
mass, the open stratum would correspond directly to the moduli space we have
constructed (which, of course, also has dimension 12). However, for holomorphic
charge 0 the orbit of the charge x under the adjoint action of the centraliser
of the mass is a 2-sphere, so, in terms of the fibration picture, the lower 10-
dimensional stratum would be a fibration over this sphere, with the 8-dimensional
fibres corresponding to the moduli spaces of this thesis. The base of this fibration
could also be viewed as parametrising the line CP' ¢ CP? which forms the image
of the maps.

Bais and Schroers give an account of some properties of SU(3) moduli spaces
beyond charge 2. In particular, it is worth remarking on the similarity and re-
lationship between and Figure 1 in their work. In their case, they
point out the dimension of the strata of the stratified moduli space, which differs
from our dimension when the stratum is a fibration, as explained. Note that the
orbit of the charge under the action of C, is always a 2-sphere in su(3) when the

holomorphic charge is not one half of the magnetic charge.

6.4 SO(2N)-monopoles

Let us now consider the group SO(2N) (for N > 2) of orthogonal, orientation-
preserving 2N x 2N real matrices, and its Lie algebra s0(2N) of anti-symmetric
matrices.

A maximal toral subalgebra can be written as the space of matrices of the block

diagonal form

0 = 0 0 0 0
-z 0 00 0 0
0 0 0 2 o 0 0
(6.4.1) bdiag(z1, 22, ..., 2n) = 00 |—2 0 0 0 ,
0 zy
—zy O
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with 21, 29,...,2y € R.

The root system in this case has rank N, with the roots corresponding to the
2N (N — 1) maps of the form

(6.4.2a) bdiag(z1, 22, ..., 2n) — (25, + 2j,)
(6.4.2b) bdiag(z1, 22, ..., 2n) = i(2j, — 25,) ,
(6.4.2c) bdiag(z1, z2, ..., 2n) — —i(zj, + 25,) ,
(6.4.2d) bdiag(z1, 22, ..., 2n) = —i(zj, — 2j,)
for j; < 7o.

We can choose the roots of the forms ((6.4.2a]) and (6.4.2b)) to constitute the

set of positive roots R, among which the N simple roots are

(6.4.3a) o : bdiag(z1, 2z2,...,28) = i(2j — Zj+1) forj=1,2,...,N—1,
(6.4.3b) an: bdiag(z1, 22,...,2n) = i(zn_1 + 2N) -

The corresponding fundamental weights are then

wj: bdiag(z1, z2,...,25) — i(z1 + 22 + -+ + 25)

(6.4.4a)
forj=1,2,...,N—2

Y

(6.4.4Db) wy_1: bdiag(zy, z2,...,2n) — %(zl + 204+ 2y1 — 2N),

1
(6.4.4c) wy: bdiag(zy, z2,...,2y5) —> 5(751 +zot+ -t 2no1 +2Nn) .

A mass p for these choices must therefore be of the form

(645) = bdla’g(:ul? M2y - 7:uN) )
satisfying
(6-4-6) M1 = o 2 2 UN_1 = |NN’;
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and compatible charges must be of the form

(6.4.7) k = bdiag(k1, ke, ..., kN),

where

(648&) Ui = Hj+1 == Kj < Kj+1 for 7= 1,..., N — 1,
(648b) UN—1 = —UN = KN_1 < —KN.

The integer charges in this case are the numbers

1
(649&) ij:/§1+/§2+“'+/§j fOI‘jIL...,N—Q,
1
1 1
(649b) ng—l = 5(%1 + Ko+ -+ RN — KN) s
1 1
(6.4.9¢) SN = 5(/@1 + Ko+ -+ KN+ EN).

Note here how these are integers precisely when all the numbers «; are integers and
additionally they add up to an even number. Without this last condition, we would

still have exp(27mk) = lgon), but not exp(27k) = lgpinan) (see for a

discussion of integrality conditions on groups which are not simply connected).

From the integer charges we can deduce that the dimension of the corresponding

moduli space of framed monopoles is

N-1

(6.4.10) dim,, . = Y (N = j); .

=1

In order to understand the possible symmetry breaking types, let us assume,
once again, that the mass element is split into blocksﬁ. However, this time we
consider blocks in which the elements p; are equal up to sign. Given , this
is only relevant in the last block, since all elements but uy must be non-negative,

and puy can only be equal in absolute value to the elements in the last block. In

8By this we mean “large” blocks made up of the 2 x 2 blocks in (6.4.1]).
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other words, we have

(6.4.11) P1 = o = =[Ny > UNi41 = HNy+2 = 0 = AN 4Ny >

> UN-Np+1 = UN—-Ng+2 = *** = [IN—1 = TUN,

with the charge hence satisfying

"QISK2§"'§K/NU KN1+1§"£N1+2§"'§’€N1+N27

(6.4.12)
KN-Np+1 S KEN-Npy2 < - S kyo1 < KN .

The magnetic charges will always include those of the form twpy, 4 nyt..in; ()
for j = 1,2,...,B — 1. However, we also have %wN_l(/f), given by , if
pn-1 # pn, and twy(k), given by (6.4.9d), if pn—1 # —pn. Note that both of
these last two conditions hold simultaneously precisely when Np = 1 (in which
case Ny + Ny + -+ + Np_1 = N — 1), and neither will be satisfied if Np > 1 and

the last block is 0. The remaining charges are holomorphic.

Let us now study the symmetry breaking groups. By looking at the root
spaces we can deduce that the elements which commute with the mass must be
block diagonal, following the blocks of sizes 2N1,2Ns, ..., 2Ng outlined above.

Let us therefore consider the case of any such 2V; x 2N; block, and we assume
that pn, 4 Nyt4n; # 0. After dividing by a positive number, the corresponding

block of the mass element will be of the form

0 1|0 0 0 0
10,00 0 0

0 1 00
(6.4.13) 00[-10 |00 |,
0 0 0 1

w0

where the sign of the last 2 x 2 block might have the opposite sign if j = B.
By identifying R?"i with C"i we can see that the subgroup of SO(2N;) which
preserves this is precisely U(N;).
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On the other hand, if pn, yn,4..4+n; = 0, the subgroup preserving it is simply
SO(2N;). This can only happen when j = B and ay_;(¢) = an(p) = 0.

We therefore have two slightly different cases. Firstly, if
(6.4.14) an-1(p) = an(u) =0,
then the symmetry breaks to
(6.4.15) U(Ny) x U(Ng) x --- x U(Np_1) x SO(2Np).
Otherwise it breaks to
(6.4.16) U(Ny) x U(Ng) X --- x U(Ng_1) x U(Np) .
The case of maximal symmetry breaking here corresponds to

(6.4.17)
B=N < Ny=Ny=---=Ng=1 <= py >pus>->pun_1>|unl,

where the symmetry breaks to the maximal torus

(6.4.18) U(1) x U(1) x --- x U(1) x U(1) =TV,

6.5 SO(2N + 1)-monopoles

Lastly, let us consider the group SO(2N+1) (for N > 1) of orthogonal, orientation-
preserving (2N + 1) x (2N + 1) real matrices, and its Lie algebra s0(2N + 1) of

anti-symmetric matrices.

Its maximal toral subalgebra can be identified with the one for so(2N), since
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it can be written as the space of matrices of the form

0 2| 00 0 0 0
-2z 0] 00 0 0 0
00 0 2 00 0
00 |—2 0 0 0 0
(651) bdiago(zl, 29y e ,ZN> = . . ] . . ,
0 0 0 2y
00 —zy 0
0 0 0 0
with 21, 29,...,2y € R.
Through the identification
(6.5.2) bdiag(z1, 29, . . ., zn) <> bdiag,(z1, 22, ..., 2n) ,

the roots here are the same as for s0(2/N), which were given by (6.4.2)), with the
addition of the 2N maps of the form

(6.5.3a) bdiag,(z1, 22, ..., 2n) F 12,
(6.5.3b) bdiag(z1, 22, . .., 2n) = —izj,

for j =1,2,..., N, having a total of 2N? roots.

A set of positive roots R can then be defined from those of the forms ([6.4.2al),
(6.4.2b) and (6.5.3a)), and the corresponding simple roots are

(6.5.4a) «: bdiagy(z1, 22,...,2n) = (2 — Zj+1) forj=1,2,...,.N —1,

(6.5.4b) apn: bdiagy(z1, 22,...,2n) — 12N .
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The fundamental weights are then

(6.5.58) wj: bdiag(z1, 22, ..., 2n) — i(21 + 20 + - + 25)
0. foryj=1,2,..., N —1,
1
(6.5.5b) wt biag(z1, 22, ., 2n) = (o1 2 4+ 2n).

We now consider a mass ;1 and a charge x compatible with these choices. The

mass must be of the form

(6.5.6) p = bdiagy (1, p2, - -, N
with
(6.5.7) p1 2> pg =y >0,

and the charge must be

(6.5.8) k = bdiagy(k1, k2, ..., kN),

where

(659&) Ui = Wj+1 == Kj < Kjt1 for ] = 1,..., N — 1,
(659b) uwN = 0 = ky <0.

The integer charges are then

1

(6.5.10a) —w; =K1+ Ko+ -+ K forj=1,...,N—1,
i
1 1

We once again note how the integrality condition requires the exponential of 27k
to be the identity in the 2-to-1 cover Spin(2N + 1).

The dimension of the moduli space of framed monopoles of mass y and charge
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Kk 1n this case is

N

1
(6.5.11) iy = (N + = - i)k

=1

To study the possible symmetry breaking types we once again divide the
matrices into B “large” blocks, each corresponding to distinct values of the num-
bers p;. For notational convenience, we always leave the last diagonal element
outside of these blocks, so they have sizes 2N7,2N,,...,2Npg. In this case, the
values p; will be exactly the same in each block, since they must all be non-
negative (as opposed to the case of SO(2NN) where a change of sign was allowed).
In other words, the conditions are satisfied (with the addition of uy >0

and (/6.5.9b))).

The magnetic charges, once more, include those of the form %w N1+ No4-+N; (K)
for j =1,2,...,B — 1, as well as the charge %wN(/i) when puy # 0, with the rest

being holomorphic.

Lastly, we can once again look at the root spaces to see that the centraliser of
the mass element is also block-diagonal. Also similarly, the centraliser of a block
of size N; with py, > 0is U(N;). The only block which can be zero is the last
one, when ax(p) = 0, in which case the centraliser must be considered adding the

last 1 x 1 block in (6.5.1)), yielding the group SO(2Ng + 1).

Summarising, if
(6.5.12) an(p) =0,
then the symmetry breaks to
(6.5.13) U(N;) x U(Ng) x -+ x U(Np_1) x SO(2Ng +1).
Otherwise it breaks to

(6514) U(Nl) X U(NQ) X e X U(NBfl) X U(NB>
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The case of maximal symmetry breaking now corresponds to
(6.5.15) B=N <= Ny=Ny=---=Np=1<<= g >puz>-->puy>0,
where the symmetry breaks to the maximal torus

(6.5.16) U(1) x U(1) x --- x U(1) x U(1) =TV,

107



108



References

[AHSS]

[Aub82]

[BS98]

[Bie95]

[Bie98a]

[Bic98b]

[Bows5]

[Cal78]

Atiyah, M. F. and Hitchin, N. J. The Geometry and Dynamics of
Magnetic Monopoles. M. B. Porter Lectures. Princeton University
Press, 1988 (cit. on pp. , , .

Aubin, T. Nonlinear Analysis on Manifolds. Monge—Ampere Equa-

tions. Grundlehren der mathematischen Wissenschaften 252. Springer—
Verlag, 1982 (cit. on p. |134)).

Bais, F. A. and Schroers, B. J. ‘Quantisation of monopoles with
non-Abelian magnetic charge’. Nuclear Physics B 512.1-2 (1998),
250-294 (cit. on p. 98).

Bielawski, R. ‘Asymptotic behaviour of SU(2) monopole metrics’.
Journal fir die reine un angewandte Mathematik 468 (1995), 139
165 (cit. on p. [18).

Bielawski, R. ‘Monopoles and the Gibbons—-Manton metric’. Com-
munications in Mathematical Physics 194.2 (1998), 297-321 (cit. on

p.[).

Bielawski, R. ‘Asymptotic metrics for SU(/N)-monopoles with max-
imal symmetry breaking’. Communications in Mathematical Physics

199.2 (1998), 297325 (cit. on p. [[9).

Bowman, M. C. ‘Parameter counting for self-dual monopoles’. Phys-
ical Review D 32.6 (1985), 1569-1675 (cit. on p. [19).

Callias, C. ‘Axial anomalies and index theorems on open spaces’.
Communications in Mathematical Physics 62.3 (1978), 213-234 (cit.

on pp. , .

109



[CanT5]

[CDLNY?22]

[CN22]

[Dan92]

[Dan93]

[Dan94|

[DL93)

[DLI7]

[Don8&4]

[DK90]

Cantor, M. ‘Spaces of functions with asymptotic conditions on R™’.
Indiana University Mathematics Journal 24.9 (1975), 897-902 (cit.

on p. [20).
Charbonneau, B., Dayaprema, A., Lang, C. J., Nagy, A. and Yu, H.

‘Construction of Nahm data and BPS monopoles with continuous
symmetries’. Journal of Mathematical Physics 63.1 (2022), 013507

(cit. on p. [20).

Charbonneau, B. and Nagy, A. On the construction of mono-

poles with arbitrary symmetry breaking. 2022. arXiv: 2205 . 15246

[math.DG]| (cit. on pp. [19] [87).
Dancer, A. S. ‘Nahm data and SU(3) monopoles’. Nonlinearity 5.6
(1992), 1355-1373 (cit. on pp. [19] [9§).

Dancer, A. S. ‘Nahm’s equations and hyperkéahler geometry’. Com-
munications in Mathematical Physics 158.3 (1993), 545-568 (cit. on

p- [L9)-

Dancer, A. S. ‘A family of hyperkéhler manifolds’. The Quarterly
Journal of Mathematics 45.4 (1994), 463-478 (cit. on pp. , .
Dancer, A. S. and Leese, R. A. ‘Dynamics of SU(3) monopoles’.
Proceedings of the Royal Society of London A 440.1909 (1993), 421—
430 (cit. on pp. [19] [98).

Dancer, A. S. and Leese, R. A. ‘A numerical study of SU(3) charge-

two monopoles with minimal symmetry breaking’. Physics Letters
B 390.1-4 (1997), 252-256 (cit. on p. [19).

Donaldson, S. K. ‘Nahm’s equations and the construction of mono-
poles’. Communications in Mathematical Physics 96.3 (1984), 387—

407 (cit. on p. [19).
Donaldson, S. K. and Kronheimer, P. B. The Geometry of Four-
Manifolds. Oxford Mathematical Monographs. Oxford Science Pub-

lications, 1990 (cit. on pp. , .

110


https://arxiv.org/abs/2205.15246
https://arxiv.org/abs/2205.15246

[FKS18]

[GRG97]

[Gro84]

[Hall5]

[Heb96]

[Hit82]

[Hit83]

[Hit92]

[HKLRS7]

[Hur85]

[Hur89]

Fritzsch, K., Kottke, C. and Singer, M. A. Monopoles and the Sen
conjecture: part 1. 2018. arXiv: 1811 . 00601 [math.DG] (cit. on

p-[1§).
Gibbons, G. W., Rychenkova, P. and Goto, R. ‘HyperKé&hler quo-

tient construction of BPS monopole moduli spaces’. Communica-
tions in Mathematical Physics 186.3 (1997), 581-599 (cit. on p. [19).

Groisser, D. ‘Integrality of the monopole number in SU(2) Yang—
Mills-Higgs theory on R3’. Communications in Mathematical Phys-

ics 93.3 (1984), 367-378 (cit. on pp. [17] [87).

Hall, B. C. Lie Groups, Lie Algebras, and Representations. 2nd ed.
Vol. 222. Graduate Texts in Mathematics. Springer, 2015 (cit. on

pp- B0}, 1))
Hebey, E. Sobolev Spaces on Riemannian Manifolds. Vol. 1635. Lec-
ture Notes in Mathematics. Springer, 1996 (cit. on p.|132)).

Hitchin, N. J. ‘Monopoles and geodesics’. Communications in Math-
ematical Physics 83.4 (1982), 579-602 (cit. on p. [19).

Hitchin, N. J. ‘On the construction of monopoles’. Communications
in Mathematical Physics 89.2 (1983), 145-190 (cit. on p. [19).

Hitchin, N. J. ‘Hyperkédhler manifolds’. Astérisque 206 (1992).
Séminaire Bourbaki 34, 137-166 (cit. on p. [76)).

Hitchin, N. J., Karlhede, A., Lindstrom, U. and Rocek, M. ‘Hy-
perkéhler metrics and supersymmetry’. Communications in Math-
ematical Physics 108.4 (1987), 535-589 (cit. on pp. [20] [76)).

Hurtubise, J. ‘Monopoles and rational maps: a note on a theorem of
Donaldson’. Communications in Mathematical Physics 100.2 (1985),
191-196 (cit. on p. [19).

Hurtubise, J. ‘The classification of monopoles for the classical

groups’. Communications in Mathematical Physics 120.4 (1989),
613-641 (cit. on p. [19).

111


https://arxiv.org/abs/1811.00601

[HMS9]

[HMO90]

[Trw97]

[JTS0]

[Jar04]

[Jar98al

[Jar98b|

[Jar00]

[Kot11]

[Kot15a]

Hurtubise, J. and Murray, M. K. ‘On the construction of monopoles
for the classical groups’. Communications in Mathematical Physics
122.1 (1989), 35-89 (cit. on p. [19).

Hurtubise, J. and Murray, M. K. ‘Monopoles and their spectral
data’. Communications in Mathematical Physics 133.3 (1990), 487—

508 (cit. on p. [19).
Irwin, P. ‘SU(3) monopoles and their fields’. Physical Review D 56.8
(1997), 52005208 (cit. on p. [19).

Jaffe, A. M. and Taubes, C. H. Vortices and Monopoles. Structure
of Static Gauge Theories. Progress in Physics 2. Birkhauser, 1980

(cit. on pp. [17] 29} 7).

Jardim, M. ‘A survey on Nahm transform’. Journal of Geometry and
Physics 52.3 (2004), 313-327 (cit. on pp. , .

Jarvis, S. ‘Euclidean monopoles and rational maps’. Proceedings
of the London Mathematical Society 77.1 (1998), 170-192 (cit. on
pp- [19} B9} B7).

Jarvis, S. ‘Construction of Euclidean monopoles’. Proceedings of the
London Mathematical Society 77.1 (1998), 193-214 (cit. on pp. [19]
35).

Jarvis, S. ‘A rational map of Euclidean monopoles via radial scatter-
ing’. Journal fiir die Reine und Angewandte Mathematik 2000.524
(2000), 17-44 (cit. on p. [19).

Kottke, C. ‘An index theorem of Callias type for pseudodifferential
operators’. Journal of K -Theory 8.3 (2011), 387-417 (cit. on pp. [20]
127,

Kottke, C. ‘A Callias-type index theorem with degenerate poten-
tials’. Communications in Partial Differential Equations 40.2 (2015),

219-264 (cit. on pp. 20} 21} [61}, [127 [134] [140).

112



[Kot15b]

[Kuw82]

[LMS9)]

[LWY96]

[LMS5]

[Man82]

[Mel93]

[Mel94]

[Men24]

[Mur83]

Kottke, C. ‘Dimension of monopoles on asymptotically conic 3-man-
ifolds’. Bulletin of the London Mathematical Society 47.5 (2015),

818-834 (cit. on p. 20).
Kuwabara, R. ‘On spectra of the Laplacian on vector bundles’.

Journal of Mathematics, Tokushima University 16 (1982), 1-23 (cit.
on p. [125]).

Lawson, H. B. and Michelsohn, M.-L. Spin Geometry. Princeton
University Press, 1989 (cit. on pp. , 115]).

Lee, K., Weinberg, E. J. and Yi, P. ‘Moduli space of many BPS
monopoles for arbitrary gauge groups’. Physical Review D 54.2
(1996), 1633-1643 (cit. on p. .

Lockhart, R. B. and McOwen, R. C. ‘Elliptic differential operators
on noncompact manifolds’. Annali della Scuola Normale Superiore
di Pisa - Classe di Scienze. 4th ser. 12.3 (1985), 409-447 (cit. on

pp. [20} [127).

Manton, N. S. ‘A remark on the scattering of BPS monopoles’. Phys-
ics Letters B 100.1 (1982), 54-56 (cit. on p. [18).

Melrose, R. B. The Atiyah—Patodi-Singer Index Theorem. A K
Peters, 1993 (cit. on pp. 20] [127).

Melrose, R. B. ‘Spectral and scattering theory for the Laplacian on
asymptotically Euclidean spaces’. In: Spectral and Scattering The-
ory. Ed. by Tkawa, M. Vol. 161. Lecture Notes in Pure and Applied
Mathematics. CRC Press, 1994, 5 (cit. on pp. 20} [127).

Mendizabal, J. ‘A hyper-Kéhler metric on the moduli spaces of
monopoles with arbitrary symmetry breaking’. Annals of Global
Analysis and Geometry 66.2 (2024), 4 (cit. on p. .

Murray, M. K. ‘Monopoles and spectral curves for arbitrary Lie

groups’. Communications in Mathematical Physics 90.2 (1983), 263~
271 (cit. on p. [19).

113



[Mur84]

[Mur89]

[MS03]

[Nak93]

[Nir59]

[Sén19]

[Stu94]

[WeiT9]

[WeiS0]

[Weig2]

Murray, M. K. ‘Non-Abelian magnetic monopoles’. Communications

in Mathematical Physics 96.4 (1984), 539-565 (cit. on p. [19).

Murray, M. K. ‘Stratifying monopoles and rational maps’. Commu-
nications in Mathematical Physics 125.4 (1989), 661-674 (cit. on

p- [19)-
Murray, M. K. and Singer, M. A. ‘A note on monopole moduli
spaces’. Journal of Mathematical Physics 44.8 (2003), 3517-3531

(cit. on pp. [79} [82}85).
Nakajima, H. ‘Monopoles and Nahm’s equations’. In: Einstein Met-

rics and Yang—Mills Connections. Ed. by Mabuchi, T. and Mukai,
S. Vol. 145. Lecture Notes in Pure and Applied Mathematics. CRC

Press, 1993, 14 (cit. on pp. [19} [44] [125).

Nirenberg, L. ‘On elliptic partial differential equations’. Annali della
Scuola Normale Superiore di Pisa - Classe di Scienze. 3rd ser. 13.2
(1959), 115-162 (cit. on p. [70).

Sanchez Galan, R. ‘Monopoles in R*’. PhD thesis. University College
London, 2019 (cit. on p. 20).

Stuart, D. M. A. ‘The geodesic approximation for the Yang—Mills—

Higgs equation’. Communications in Mathematical Physics 166.1

(1994), 149-190 (cit. on p. [I3).

Weinberg, E. J. ‘Parameter counting for multimonopole solutions’.
Physical Review D 20.4 (1979), 936-944 (cit. on p. [L§).

Weinberg, E. J. ‘Fundamental monopoles and multimonopole solu-
tions for arbitrary simple gauge groups’. Nuclear Physics B 167.3
(1980), 500-524 (cit. on p. [L9).

Weinberg, E. J. ‘Fundamental monopoles in theories with arbitrary
symmetry breaking’. Nuclear Physics B 203.3 (1982), 445-471 (cit.

on p. [L9).

114



Appendix A

Dirac operators

In this appendix we work out some details regarding Dirac operators and spinor
bundles which are relevant to us. Although they are not particularly original or
surprising results — in fact, they are used in the cited literature —, we write them out
to have a clear picture of the elements involved and the notation and conventions

followed.

We shall not dwell on the general theory, which can be found in many references,
like Lawson and Michelsohn’s book |LM89|, and instead focus on the particular

case at hand.

We will start by looking at the pointwise picture of the relevant bundles in

[Sections A.1l and [A.2] and then we will translate this to actual bundles and see

how it relates to certain differential operators in[Section A.3| Lastly, in[Section A.4]

we consider the case of the Euclidean 3-space which is relevant to us.

A.1 Linear algebra in dimension 3

Let R? = span(ey, €9, e3) be the oriented Euclidean 3-space. Later, we will think
about this space as the fibre of the tangent bundle of an oriented Riemannian
3-manifold. We will consider several other vector spaces and their relationships.

These spaces will then yield relevant bundles on the manifold.

Let us therefore also consider the space C(2) of complex 2 x 2 matrices. A
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useful basis for this space is given by

1 0 0 1 0 1 1 0
( ) 7o <O 1) ) 1 <Z O> ’ T2 (_1 O) ) T3 (O —Z) ’

where we notice that the matrices 7, 7, 73 are obtained from the Pauli matrices,

and that they satisfy the quaternionic relations
(A].Q) 7'12 = 7'22 = 7'32 = T1T973 = —Tp -

Now let CI(R3) denote the complex Clifford algebra of R3. As a vector space,

this is isomorphic to the complexification of the exterior algebra of R?, that is,
(A.1.3) CI(R?) = (A(R?))C,

where

AR’ = AR & A'(R*) @ A*(R®) @ A*(R?)

= span(1, e, eg, €3, xe1, %€, k€3, x1) .

(A.1.4)

Furthermore, as an algebra, we have the isomorphism
(A.1.5) CI(R?*) = C(2) ® C(2),

which is given by

(A.1.6a) < (70, 70) ,
(A.1.6b) < (15, —15),
(A.1.6¢) *e; > (15, 7;),
(A.1.6d) *1 <> (19, —70) ,

o
=

.
I

1,2, 3, where the basis elements are interpreted through the isomorphism

The spin group Spin(3) is defined as the unit-norm elements of the real subspace

spang (1, xe1, %€, xe3) C CI(R?). If we regard it as a subspace of C(2) through
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either of the two (in this case, equivalent) components of the isomorphism ({A.1.5)),

we obtain an isomorphism
(A.1.7) Spin(3) = SU(2) .

Furthermore, since Spin(3) is inside the Clifford algebra, its elements can act on
the Clifford algebra itself through conjugation. This action preserves the space
R3 C CI(R?), and in fact is orthogonal and preserves the orientation. This provides

a spin representation p® on R?® and in fact defines a 2-to-1 cover
(A.1.8) Spin(3) 2 SO(3) .

We now define several additional spaces with Clifford and spin actions.
We start with the space C?, which will define the spinor bundle.

Definition A.1.9. On the space C? we define the Clifford action as
2
(A.1.10) ol =1,

that is, as the action of the matrix given by the second component of the iso-
morphism (A.1.5). We define the spin action as the restriction of this action to
the group Spin(3),

(A.1.11) o =7,

that is, the defining SU(2) representation through the isomorphism (A.1.7)).

Remark A.1.12. Note that there are two inequivalent irreducible Clifford actions,
given by the action of the matrix given by either component of (A.1.5). Here we
take the second component, but making the other choice would simply change

some signs. Note that the spin representation would not change in either case.

We now consider the space C* ® (C?)*. It will be convenient to view it as a

space of matrices through the isomorphism
(A.1.13) C?® (CH)*=C(2).
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Definition A.1.14. On the space C* ® (C?)* we define the Clifford action as the

action defined on its first component,

(A.1.15) ASEE () = e

(r.7)

that is, left matrix multiplication on C(2) by the second component of the iso-
morphism (|A.1.5). The spin representation is defined as the representation asso-

ciated to this space from the one on C?,
(A-1.16) P () = g () @ (b)) = 7o
that is, matrix conjugation on C(2) through the isomorphism (A.1.7)).

Definition A.1.17. On the space (R?)* @ R we define a spin action p®) @ ag
the dual of p®° together with the trivial action on R.

Now, if {é1, é2, é3} is the dual basis of {eq, ez, e3}, we have an isomorphism

(A.1.18) (R*®R)® = C? @ (CH*
given by

(A119a) éj < =T,
(A.1.19b) 1< 7,

where we are once again we are viewing the latter space as C(2). Crucially, the

spin representations on both spaces coincide.

Proposition A.1.20. The isomorphism (A.1.18|) exchanges the spin representa-

tions (pB)ERYC gpd pC @)
Proof. We can see this by looking at the representations induced on the Lie algebra
(A.1.21) spin(3) = spang (e, x€q, xe3) = spang (71, T2, 73) -

If (41, j2,73) is a cyclic permutation of (1,2, 3), the representation on (R®)* ®R
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is given by

(A.1.22a) ple) P (en) =0,
(A.1.22b) PR () = 265,

3\ * ~ A
(A.1.22¢) Pl ) TR (eg,) = =285, ,
(A.1.22d) PR (1) =0.

This can be computed from the representation p*° making use of the fact that the
group action is orthogonal.

Similarly, on C? ® (C?)* we can deduce from that the representation is
given by

(A.1.23a) pm®<@> (10) =0,
(A.1.23D) P 2 (1) =0,
(A.1.23c) 0221@(@2)*(73'2) = 27},
(A.1.23d) pe 2 (1) = =275,

Comparing through the necessary isomorphisms shows that these representa-

tions are the same. O

This isomorphism, lastly, provides a Clifford action on the former space.

Definition A.1.24. On the space ((R3®)* @ R)® we define the Clifford action

A(E) SR og the action c1C°®(C)” pulled back through the isomorphism (A.1.18)).

We are particularly interested in the Clifford action of R®* C CI(R?) on the
space ((R?)* & R)C.

Proposition A.1.25. If (1, j2,j3) is a cyclic permutation of (1,2,3), we have

(A.1.26a) AF R (ey,) =
(A.1.26b) AT R (ey) = ¢
(A.1.26¢) SIS 3)=
(A.1.26d) Jf’) 1) =
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Proof. Once more, we can use (A.1.2)) to see that

(A.1.27a) clf;@(ici) (T0) = =75 »

(A.1.27h) clﬁ?(i)l) (75) = 70,

(A.1.27¢) Cl((cfﬁ(icjj);) (Tj2) = —Tjs

(A.1.27d) el ) () = 7o

and the result follows from the appropriate isomorphisms. [

A.2 Linear algebra in dimension 2

We now summarise the the basic structures in dimension 2, paying special attention

to their relationship with the constructions seen above for dimension 3.

Let us hence consider R? = span(ey, es) C R?. We have an embedding of the
corresponding Clifford algebras, so, preserving the notation of the previous section,

we can write
(A.2.1) CI(R?) = spanc(1, ey, ez, xe3) C CI(R?)

(where the Hodge star * still refers to the structure on R?). Through the second

component of the isomorphism ((A.1.5) we obtain the isomorphism

(A.2.2) CI(R?) = C(2),
given by

(A.2.3a) 1470,
(A23b) ey < —T1,
(A23C) €9 <> —To,
(A23d) *€C3 <> T3 .
(A.2.3¢)
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The spin group Spin(2) is then made up of the unit-norm elements of the real
subspace spang(1,*e3), and as such is a subgroup of Spin(3).

Let us consider the spin representation on C? given in the previous section. If it
is restricted to Spin(2) it splits into two 1-dimensional components, corresponding
to each component of C2. We refer to the first component as p©" and to the second
as p© . Both are faithful, and they are the inverse of one another. By declaring

p" to be the fundamental representation of U(1) we obtain an isomorphism
(A.2.4) Spin(2) = U(1).

The group Spin(2) also acts on R?* C CI(R?) through conjugation, providing the

2-to-1 cover
(A.2.5) Spin(2) — SO(2).

If we identify R? 2 C, then this spin representation is the square of p® .
Lastly, we note that if we consider the Clifford representation I on C2 defined
in the previous section, and we restrict it to CI(R?), then we can observe that the

action of R? C CI(R?) exchanges the two components of C2.

A.3 Associated bundles

Our interest in the spaces and representations discussed in the previous section
stems from the associated bundles we can obtain. In particular, if we have an
oriented, Riemannian 3-manifold with a spin structure, we can use any spin rep-
resentation to associate a bundle. If we furthermore had a Clifford representation
on it this will also carry over to the bundle to provide a Clifford action of the
tangent bundle. In particular we will be able to define a Dirac operator on it,

defined at each point of the manifold by the formula

3
(A.3.1) > e, Ve,
j=1

where {e1, €9, e3} is an orthonormal basis for the tangent space at the given point.
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The two spaces we are most interested in are ((R*)* @ R)® and C? ® (C?)*,
with the representations described above. If we write $ for the bundle associated

to the spin representation on C2, then the two relevant bundles on the manifold

are (N' @ A\°)C and § @ 8.

Proposition A.3.2. We have an isomorphism of bundles

(A.3.3) ANoN)=2fes

Proof. [Proposition A.1.20f shows that the spin representations used to define the

bundles are isomorphic, so the bundles must be as well. O

The aim of this construction is to understand a Dirac operator on the former

bundle. We further tensor with a vector bundle E with a connection A.

Proposition A.3.4. Through the isomorphism (A.3.3), the operator

(A.3.5) <iﬁA(?>4mum@a%mw—+mwm@9%mﬁ

18 the Dirac operator

(A.3.6) Dy T3 QE) =T (8 QF)

associated to the Clifford multiplication on the factor $ (and the connection made
up of the Levi-Civita connection and A). In other words, it is the Dirac operator
associated to the spinor bundle $ on the manifold, twisted by the bundle §” & EH

Proof. This is equivalent to provmg that (A.3.5)) is the Dirac operator obtained
from the Clifford action cl(®)"®®° from [Definition A.1.24l

Let 21,29, x3 be normal coordinates around any given point and let us write

elements of (QY(E) @ Q°(E))® as column vectors with 4 entries, corresponding to
the coefficients for dz;, dry and dzj, and the element of (2°)€(E), in that order.

9Here, the bundle 8" ® F is considered simply as a bundle with a connection, that is, with
no Clifford action on it.
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If V denotes de covariant derivative of E, from [Proposition A.1.25| we can

deduce that the Dirac operator at the point (0,0,0) must have the form

(A.3.7)
0O 0 01 0 -1 0 0 1 0 O
0 0 10 0 0 1 -1 0 0 O
V.o + V.o + Vo ,
0 -1 0 0 91 1 0 O 22 0 0 0 1 B3
-1 0 0 0 0 -1 0 0 0 0 -1 0
which is simply
0 Vo -V |V
ox3 RED oxq
(A.3.8) Ve O Ve |V | [ xdalda )
Vo =V 0 V. a dy |0
Oxo Oz Oz
Vo Vo Vo | 0
L Oxo dz3
as desired. n

For dimension 2 we can similarly associate bundles to spin representations. In
this case, the representation described on C? splits into two 1-dimensional rep-
resentations, so we write the associated bundle as § "o ", corresponding to the
representations p@+ and p® . Recall that, although the spin representation reduces
into these two components, the Clifford action does not. In fact, Clifford multiplic-
ation by elements in the original space R? interchanges these two subspaces. In the
associated bundle, this means that the corresponding Dirac operator interchanges

o +
these subbundles, so we can write its components as I)~, where

(A.3.9) PT(F) - T(4T).

A.4 On S? and R*\ {0}

Let us consider the unit sphere S%. The complex unitary line bundles on it can be
classified by their degree, which can be any integer. Furthermore, for any degree d,
we can define a homogeneous unitary connection on the corresponding line bundle

(which is unique up to automorphisms). We refer to this line bundle with its
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connection as
(A.4.1) L

As we saw, a spin structure on S? — which exists and is unique — provides
a spinor bundle "o $~ as described above. The bundles $i are complex line

bundles, and with their spin connections they satisfy
+ ~ F1
(A.4.2) = pFL

On these bundles we have the operators IDi, but it will be useful to understand
how these objects behave when twisting by additional line bundles. Therefore, let
us take d € Z, and let us write lDle[ for the components of the Dirac operator
twisted by Z?, which act as

(A.4.3) DT 02 5T 2%,
Some crucial facts for us are the following.
Proposition A.4.4. The operator lDf 15 Fredholm of index £d. Furthermore,

d ifd=Z0

0 otherwise.

(A.4.5) dim ker lD;ﬁ = {

Furthermore, the eigenvalues of

(A.4.6) PID;T(§ @2 5T 0.2
(A.4.7) 3G +1d]),

for j € Z>1, and additionally for j =0 when d 2 0.

Proof. The first part is easily deduced from the identification of S? with CP' and

the general facts about holomorphic line bundles on this space.
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For the second part, from the Lichnerowicz—Weitzenbock formula one obtains

+ N 1Fd
(A.4.8) ijd:ugﬂd@1+-ifn
where dgz is covariant derivative on the bundle §F @ pd = piFl Using the

known spectrum of this Laplacian [Kuw82, Thm. 5.1], we deduce that the spectrum

of P le is

[dF1] | N/ldF1] (d¥1)?  1%d
(A.4.9) 5 +7 5 +7+ 1 + 5
for j € Z>, from which we obtain our result. O

We lastly consider R*\ {0} with the Euclidean metric, which we view as R x S?
with the cone metric.

On each sphere {r} x S? we can consider its spinor bundle, which we write
as $+ @® $. This bundle can be identified with the bundle on the unit sphere
regardless of the scale. Furthermore, we use ]Di to refer to the components of the
Dirac operator specifically on the unit sphere. On other spheres {r} x S?, due to
scaling, the Dirac operator will instead be given by %IDjE

On R?\ {0}, the spinor bundle § restricted to each sphere {r} x S? can be iden-
tified with the spinor bundle of this submanifold. This provides a decomposition
of the spinor bundle on R3\ {0} as

(A.4.10) g=5" o8,

where $jE restrict to the corresponding bundles on each sphere centred at the
origin. We likewise carry over the notation for the Dirac operator on the spheres

as described above. Then, the Dirac operator ) on § can be written as

g0 1 1 .-
et - |G P
0 =i+

with respect to the decomposition (A.4.10) [Nak93].
Note that the subbundles $i of § can also be defined as the +i eigenspaces of
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the Clifford action of %.

Extending the notation from the unit sphere, for any d € Z we can consider
the complex line bundle of degree d on each sphere {r} x S? Extending the
homogeneous connection radially over R?\ {0} provides complex line bundles with
unitary connections over this 3-manifold, which we still refer to as £

The formula still holds when twisting by any such line bundle .#“.
That is, if ID, is the Dirac operator on the bundle

(A.4.12) fosi=$" 0o (b oL,

we can write

(= +
(A.4.13) Dy=| ‘or
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Appendix B

Analytical tools

The main analytic results used in this thesis make use of the b and scattering
calculuses, as well as of polyhomogeneous expansions. We summarise here the
main concepts which we will need to apply. Our exposition and notation largely
follow Kottke’s work [Kot15a] (with some slight differences, like defining Sobolev
spaces for general p), since we aim to apply the Fredholmness and index theorems
found in it. This article and the references therein |[Cal78; LMS85} [Mel93; Mel94;
Kot11]| provide a more extensive and rigorous treatment of most of the contents

of this appendix.

The main setup will be a compact n-manifold K with boundary and a smooth
vector bundle E over it with an inner product and a connection which preserves
the inner product and whose covariant derivative is denoted by V. We furthermore
assume we have a boundary defining function x, that is, a smooth non-negative
function on K which is zero precisely on its boundary 0K and such that dz|gx # 0.

The bundle E can be assumed to be real or complex in the first two sections
of this appendix, but must be complex to be able to apply the Fredholm theory
later on.

Note that in this appendix and the next, the term smooth refers to being
smooth in the entire compact manifold, that is, up to the boundary. When only
smoothness in the interior is required this will be specified. An intermediary

condition is introduced in [Section B.1l
In we introduce the b and scattering calculuses. We then summarise
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some of the Fredholm theory for these frameworks in [Sections B.3| and [B.4] to
provide the main elements involved in the Fredholm theory of the hybrid calculus
explained in [Section B.5|

In and in and [] we will see how these results adapt to

the study of monopoles.

B.1 Polyhomogeneous expansions

Polyhomogeneous expansions provide a framework to better understand different
possible asymptotic behaviours near the boundary of sections which are smooth
in the interior of K but not necessarily smooth up to the boundary. This is done
by considering expansions in terms of powers of the boundary defining function x
and its logarithm.

These powers will be indexed by the following sets.

Definition B.1.1. Let 6 > 0. We say aZ C Cx Z is a index set if it is discrete,
for any k € Z>¢, the set

(B.1.2) {(\,v) e Z|ReA <k}
is finite, and
(Blg) (/\,I/)EI - (/\‘f‘jl,l/—jg) el

for all j; € Zo and js € {0,1,...,v}.

These conditions guarantee that these indices can be used to define an expan-

sion.

Definition B.1.4. Let u be a smooth section of E on the interior of K. We say
that u has a polyhomogeneous expansion in x with indez set T if for every (A\,v) € T
there exists a section wy,) which is smooth on K up to the boundary such that,

for any k € Z>, the section

(B.1.5) u— E a2 log(z) uy,,
(A v)ez
Re(N)<k
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and its first k& derivatives vanish at the boundary of K to order z*.

We are particularly interested in functions which are polyhomogeneous with
certain index sets. In particular, we restrict to real exponents, and we will be

mainly interested in the leading term, which must be of the form 2? for § > 0.

Definition B.1.6. Let 6 € [0, 00]. We say u is bounded polyhomogeneous of order

2% if it is polyhomogeneous with an index set Z which satisfies

T C ((6,00) % Zso) U{(6,0)}  if 6 < oo,

(B.1.7)
IT=09 ifd=0c0.

We write
(B.1.8) B°(E)

for the space of such sections, and refer to the sections in %°(FE) simply as bounded

polyhomogeneous.

Of course, sections in ZA>°(E) are those which vanish with all derivatives to

infinite order at the boundary. Furthermore,
(B.1.9) B(E) C B°(E)
when 6 > ¢, and

(B.1.10) #*(E)= (| 2 (E).

4€[0,00)

B.2 B and scattering calculuses

The b and scattering calculuses are based on considering differential operators with
different asymptotic behaviours near the boundary. Given their similarities, we will
here define the most important concepts of both side by side, usually denoting the
relevant objects with the subscript b for the b calculus and the subscript sc for the

scattering calculus.
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Throughout, will write y1,ys,...,y,—1 to denote a set of local coordinates on
the boundary, which together with the boundary defining function x provide local
coordinates on the manifold near a boundary point.

We start by defining the corresponding spaces of vector fields (derivations) on

the compact manifold K, from which we will build differential operators.

Definition B.2.1. If V denotes the space of smooth vector fields on K, we define

the spaces of b and scattering vector fields as

(B.2.2) Vy i ={V € V|V is tangent to 0K},
(B.2.3) Vee =2V .

These vector fields can be viewed as sections of certain bundles on K, called
the b and scattering tangent bundles. Their dual bundles are the b and scattering

cotangent bundles. Local frames for these bundles near a boundary point are given

by

(B.2.4) {%,%,...,%,x%}, {dyl,dyz,...,dynl,iﬁ},

for the b tangent and cotangent bundles, respectively, and

B9 (il e ? a0y (b e dry

? ay27 Y aynilﬁ ax T Y T ) Y €T 73:2

for the scattering tangent and cotangent bundles, respectively.

We can now define differential operators.

Definition B.2.6. For k € Z>(, we define the b and scattering differential oper-

ators on F of order k as

Difff(E)
(B.2.7)
= spanp eI Vi Ve - - Vi [ Vi, Vo, oo, Ve € W, 0 < €< kY
Dift* (E)
(B.2.8)

= Spa’nF(End(E)){VV1vV2 e vVg | ‘/17 ‘/27 R VK € VSC: 0 S 14 S k} )
where I'(End(F)) is the space of sections of End(E) smooth up to the boundary,
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and a composition of 0 covariant derivatives is understood as the identity map.

In order to define Sobolev spaces from this we will assume that we have a
scattering metric hg. on the interior of K, that is, a metric which in a tubular
neighbourhood of 9K has the form

dz)? h
(B.2.9) h — 407 horc

)
I‘Q

where hyr is a symmetric 2-tensor which is smooth up to the boundary and re-
stricts to a metric on 0K. We will use the measure on K provided by this scattering

metric.

As its name indicates, this metric is particularly suited to the scattering cal-
culus, since it in fact defines an inner product on the scattering tangent bundle.
However, we will also use it for the b calculus to make the combination of both

calculuses — and the notation involved — simpler.

A metric adapted to the b calculus would simply be the scattering metric

weighted by z2, that is,
(B.2.10) hy = 2°hse .

The resulting measure would hence differ from the scattering one in a weighting
by x", so some results for the b calculus will involve tailoring the weights to this

situation.

Furthermore, in order to make sure that the Sobolev spaces we define satisfy
the necessary properties we will add the assumption that the interior of K has
bounded geometry with respect to both h,. and Ay, by which we mean that it has
positive injectivity radius and that the curvature tensor and all its derivatives are

bounded.

Since we are interested in spaces which combine b and scattering derivatives,
we will directly define such Sobolev spaces. Additionally, we will consider them
with weights, since, as we will see, these will play an important role throughout

the analysis. Note that we consider spaces of sections of £ on the interior of K.

131



Definition B.2.11. Let § € R, k,¢ € Z>o and p € [1,00]. We define

WP (E) = {u e I[P (E) | 27° Dy Dyou € LP(E),

(B.2.12) b,se loc
vV D, € Diff}(E),V D,. € Diff! (E)}
and

When k£ = 0 we omit it as a superscript, together with the subscript b, and

similarly with ¢ = 0 and sc. The weight is also omitted when trivial.

Remark B.2.14. Note that in (B.2.12) the order of the three terms in 7° Dy D,

is not important. This can be checked by studying the commutators of these terms.

Remark B.2.15. It is important to note that the spaces WEP(E) are just the
standard Sobolev spaces on the interior of K with respect to the scattering metric

hse. If we instead consider the metric h;, we obtain the spaces T Wf P(E).

These Sobolev spaces can be equipped with norms in the usual way, with
respect to which they acquire the structure of Banach spaces — and Hilbert spaces

if p = 2. Importantly, with this topology we have the following property.

Lemma B.2.16. If p < oo, the space of smooth compactly supported sections is
dense in 2°W}5P(E).

b,sc

Proof. This is a consequence of the bounded geometry [Heb96, Thm. 2.8]. O

We now provide some embedding properties for these spaces, many of them
shared with the usual Sobolev spaces. The notation C will be used to indicate
that the identity map is an inclusion between the spaces which is continuous with
respect to their Banach space topology.

We start by noting the following property.

Lemma B.2.17. If

(B.2.18) PWE(B) C X WEP(EB)

b,sc b,sc
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and we have 0" € R and k", 0" € Z>, then

(B.2.19) W () € g O e ()

b,sc b,sc

Furthermore, if (B.2.18|) is compact, so is (B.2.19)).

Proof. This is a consequence of the property noted in [Remark B.2.14! O

This means that we can state embedding results which only involve some of
the parameters and then combine them in the way we would expect.
Furthermore, b and scattering derivatives can be exchanged by taking the

weights into account in the following way.

Lemma B.2.20. We have

(B.2.21) "WEP(E) C WPP(E) C WEP(E) .
Proof. This follows from the fact that

(B.2.22) T Ve DV D Ve

]

Lastly, we state the Sobolev embedding theorems adapted to these spaces.
One of the advantages of considering weights is that in some cases we can obtain

compact embeddings.

Lemma B.2.23. Assume that

(B.2.24a) k > k/,
(B.2.24b) LT
p D
(B.2.24C) p< p/ ’
(B.2.24d) 5> 5
Then
(B225> :Uékap(E) g xd’-&-%—ﬁwfl’p/(E)
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and
(B.2.26) P WEP(E) C " WEY ().

If, furthermore, § > ¢, then the embeddings are compact.

Proof. The continuous embeddings are simply the usual Sobolev embeddings,
which follow from the bounded geometry [Aub82, Thm. 2.21], and the interpreta-
tion noted in [Remark B.2.15l

The compactness follows by relying on the compactness of the equivalent spaces

over compact subsets, similarly to Proposition 1.2 in Kottke’s work [Kot15a]. [J

Remark B.2.27. Following the same argument we can also obtain embeddings
into Holder spaces. We don’t need such precise statements for this case, and it is

enough to observe that sections in H2,(E) are continuous and bounded.

B.3 Fredholm theory for the b calculus

If we have a b operator D € Diff}(E) on K, we can define its principal symbol in
the usual way on the b tangent bundle. Then, if it is elliptic we can expect it to
be Fredholm between Sobolev spaces with appropriate weights, and we can obtain
certain information about its index.

In order to determine the appropriate weights, let us look more closely at its

behaviour at the boundary. Suppose that locally near the boundary we have

(B.3.1) D= Z bjﬁ(a:,y)(a:%y(%)ﬁ,

J+IBI<k

where y represents the coordinates on the boundary, 3 is a multiindex, and (a%)ﬁ

is interpreted in the usual way. Then, we can define the indicial operator

(B32) 10)= 3 ba0 (i) (5)

J+HBI<k %

which is a differential operator on the inward-pointing normal bundle to the bound-
ary 0K of K inside the b tangent bundle. The fibres of this bundle are generated
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by xa% and parametrised by the variable ¢ > 0, and the bundle can be thought of
as a model for K near its boundary.

From this, for any A € C, we can consider the operator

(B.3.3) I(D,N)= ) bj,ﬁ(oa?J)Aj(%)B’

J+IBI<k

which is an elliptic differential operator on the boundary 0K. We are interested
in the values of A € C for which this operator is not invertible, which form the b

spectrum of the operator,
(B.3.4) spec, (D) =={A € C| I(D, \) is not invertible} .

The real parts of elements in this b spectrum are called indicial roots, although in
our case these elements will be real and hence will coincide with the indicial roots.

The idea is that if A € spec, (D), then an element u € Null(/(D, \)) represents
an asymptotic section in the kernel of D which is homogeneous of order A, in the
sense that I(D)(*u(y) = 0. Of course, its possible that this does not correspond
to an actual element in the kernel of D over the entire manifold K, but it will
nonetheless affect the index of the operator. In fact, an indicial root A may have
an order ord(\) € Zsy, which represents elements in the kernel of the indicial

operator of the form

)—1
¢Mog(¢) u;(y) -

7=0

ord(\)—
(B.3.5)

The space of such elements is referred to as the formal nullspace at X\, and its
dimension is simply ord(\) Null(Z(D, A)). In our case the order of elements of the
b spectrum will always be 1.

If we avoid the indicial roots, then the operator is Fredholm. Furthermore,
the elements in the b spectrum and the operators (D, \) can provide information
about the index with respect to different weights, as well as about the elements in
in the kernel of D.

Theorem B.3.6. Let D € Diffi(E) be elliptic, and suppose that elements in its b
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spectrum are real and of order 1. Then, for any § ¢ spec,(D), the map
(B.3.7) D: 2 2 Hf(E) — 2° 2 Hf 7“(E)

1s Fredholm for any k.
The indices ind(D, ) for different values of § satisfy

(B.3.8) ind(D, Ao — €) = ind(D, \g + ¢) + dim Null({ (D, \p))
when [Ag — €, Ao + €] Nspec, (D) = {Ao}. Furthermore, if D is self-adjoint, then
(B.3.9) ind(D, —9) = —ind(D,9).

Lastly, let \y be the smallest indicial root larger than 6. Then, if A\ > 0, the

elements in the kernel of D are bounded polyhomogeneous sections in B (E).

B.4 Fredholm theory for the scattering calculus

For the scattering calculus, the usual notion of ellipticity is not enough to guarantee
Fredholmness: we need an additional non-degeneracy condition near the boundary.
Operators which satisfy this are referred to as fully elliptic.

Essentially, on top of the usual principal symbol, we can define a scattering
symbol on the boundary 0K which takes into account the terms of all orders,
rather than only the highest order. This symbol is then required to be invertible
everywhere (even on the zero section).

With these conditions, elliptic operators will be Fredholm, and furthermore
elements in their kernels will decay to infinite order with all derivatives.

The case of most interest to us is that of Dirac operators, where we essentially
follow the line of Callias’s index theorem and Kottke’s adaptation to this context.
Here, the full ellipticity is provided by an algebraic term which is non-degenerate
at the boundary.

Assume K is odd-dimensional and that we have a Clifford action of the scat-
tering tangent bundle of K (with respect to the scattering metric) on the bundle

E. Then, our setting is an operator D +W, where D is the associated Dirac oper-

136



ator on F and ¥ is an algebraic, skew-Hermitian term which commutes with the
Clifford action and is non-degenerate on the boundary 0K.

Now, let E, denote the subbundle of F|yx formed of the positive-imaginary
eigenspaces of E with respect to ¥, and let Ef denote the +i eigenspace of the

Clifford action of an% on E,. Then, we have a Dirac operator
(B.4.1) PL: D(ET) — T(E7)

induced on the boundary of K. This operator can be viewed as (one part of) the
operator associated to the Clifford action of the scattering tangent bundle restric-
ted to the boundary considered along the boundary directions, or equivalently the
operator associated to the metric hgx from restricted to the usual tan-
gent bundle of the boundary. Note that the Clifford relations guarantee that the
Clifford action of the vectors tangent to the boundary will exchange ET and E7 .

This operator provides the index of D +W, which is Fredholm for any weight.

Importantly, elements in its kernel vanish to infinite order.

Theorem B.4.2. Let D + ¥ be as above. Then, for any 6 € R, the operator
(B.4.3) D4V 2’ HY(E) — 2° H*1(E)

1s Fredholm for any k, and

(B.4.4) ind(D +®) = ind(§7).

Furthermore, elements in the kernel of D+Y are in B (E).

B.5 Hybrid calculus

The hybrid calculus combines the b and scattering calculuses to study operators
whose behaviour along different subbundles fits into these two formalisms.

To be more precise, let us assume that the bundle £ decomposes as F = Ey® E
into two subbundles in a neighbourhood of the boundary, and suppose that the

connection decomposes along this splitting. Our aim is to study operators which
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behave like weighted elliptic b operators along Ey and as fully elliptic scattering
operators along Fj.

We start by defining Sobolev spaces adapted to this situation. Here, we let II
denote the projection from E onto Ej near the boundary, and x a cutoff function
which is identically 0 everywhere except near the boundary, and 1 when sufficiently

close to it.
Definition B.5.1. Let dy,0; € R and s,k € Z>(. Then, we define

ook (B = {u € L} (E) | xu € 2% Hyt*(Ey),

(B.5.2) (1—M)xu € 2 Hyk (Ey),
1—xueHME) 1}

loc

The parameter k accounts for b derivatives along the subbundle Ej and scatter-
ing derivatives along the subbundle £, and hence an operator with the behaviour
described above will decrease k. The parameter s simply adds b derivatives on the
entire bundle, and will be used in most of the thesis as a fixed parameter.

We also define spaces of bounded polyhomogeneous sections with different or-

ders along the different subbundles.
Definition B.5.3. Let dy,d; € R>¢. Then, we define
(B.5.4)  #(E) = {uc B°E) | lyu € B*(F),(1—T)xu € B (E,)}.

We now restrict ourselves once again to the case of a Dirac operator D on an
odd-dimensional manifold with an additional algebraic term W. However, unlike for
the pure scattering calculus, we no longer require this term to be non-degenerate.
Instead, we assume that it is non-degenerate only along FEi, but degenerate along
Ey.

Then, along F, it will behave similarly to the fully elliptic scattering operators
considered in the previous section. Furthermore, if the algebraic term degenerates
fast enough along FEj, we will be able to weight the operator on this subbundle to
produce one which is elliptic in the sense of the b calculus. Note that this weighting

is necessary to account for the weight relating the b and scattering tangent bundles.
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If we write the Dirac operator on E as

Doy D
(B.5.5) D= |_% "1
DOI Dll

near the boundary along the decomposition Fy & FEy, then Di; is a scattering
operator which we can expect to be fully elliptic with the additional algebraic

term, while

n+1

<B56) Zjoo =x 2 DOO Z'anl
is a b operator, where it is necessary to multiply by 27!, and we additionally
conjugate by 2~"% to make the notation simpler later on.

Let us formulate the relevant result, adapted to our case to some extent, where

we once again assume that there is a Clifford action of the scattering tangent

bundle on E. This time we allow D to also include some algebraic terms, and

decompose it as [Equation (B.5.5)| in the same way. We use @I to denote the Dirac

operator induced on the boundary by Dy; as in [Section B.4] as well as the notions
surrounding the b calculus from [Section B.3|

Importantly, the following result does not require the operators involved to be

smooth up to the boundary, only to be bounded polyhomogeneous.
Theorem B.5.7. Suppose that

e D is the Dirac operator associated to the bundle E plus a bounded polyho-

mogeneous algebraic term of order x,

o U is a bounded polyhomogeneous skew-Hermitian endomorphism of E which
commutes with the Clifford action and satisfies ker W = Ey near the bound-

ary,

e the endomorphism WV, the Clifford action and the connection preserve the

decomposition £ = Ey @ E, near the boundary, and

o the elements of spec,(Doo) are real and of order 1.
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Then, for any 0 ¢ specb(boo),
(B58) D+U: HJ*%,éJr%,s,l(E) N H5+%,6+%,S,O(E>

1s Fredholm.

Furthermore, its index is given by
(B.5.9) ind(D +W) = ind(#7) + def(Dgo, 8) ,
where def(Dqo, ) satisfies

(Mo — &, Ao + £) Nspecy (Doo) = { Ao}

(B.5.10) ~ - ~
— def(D[)o, )\0 — 8) = def(Doo, )\0 + 8) -+ dim Null I(D, )\0)

and

(B.5.11) D is self-adjoint = def(Dgy, —8) = — def(Dgg, ) .

Lastly, elements in its kernel are in the space BMTIMY2(E) where \; is the

smallest indicial root in Specb(bgo) larger than o, provided that Ay > 0.

Proof. This follows from Theorems 2.4 and 3.6 in Kottke’s work [Kot15a]. O
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Appendix C

Function spaces

We now put the results of the previous appendix into our context and prove some
useful properties of the related spaces. The specific spaces chosen are motivated

by our requirements in this thesis and adapted to the analytical tools explained

in the last appendix, particularly [Theorem B.5.7l The lemmas proved are simply

technical conditions needed to carry out our construction.
In we explain how we view the Euclidean 3-space as a manifold
with boundary to be able to apply the results from the previous appendix.

Then we define the most relevant spaces that we will use and show some of

their properties in [Section C.2]

C.1 The radial compactification

The b and scattering calculuses were formulated in terms of a compact manifold
with boundary. The base manifold we are considering in this thesis, R?, will
therefore be regarded as the interior of its radial compactification.

This compactification of the Euclidean space adds to it the sphere at infinity,
which consists of a point for every (oriented) direction. Topologically, the result is
a compact ball, whose interior is the original Euclidean space and whose boundary
is the sphere at infinity.

More precisely, consider the space R*, with coordinates xg, z1, T2, 3, and the

hyperplane {zy = 1} C R* which we identify with R?® with the coordinates
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x1,%s,x3. The projection through the origin to the unit sphere is then a dif-

feomorphism from the hyperplane to the open hemisphere

(C.1.1) S3 ={ag+a] +a5+a3 =120 >0} CR".

The closure of this hemisphere is a compact manifold with boundary, and the

function

Lo
27
V1—xj

appropriately smoothed out near zy = 1, provides a boundary defining function

(C.1.2)

which we will write simply as x. This will be the setting for the b and scattering

calculuses in our case.

Note that its interior is diffeomorphic to R?, and, when pulled back, the bound-

ary defining function is

1
C.1.3 ==
(©13) =

near infinity. The boundary of this compactification, as intended, is a 2-sphere
with a point corresponding to each direction in R3. This provides the radial

compactification R3.

If we write R? \ {0} = R.¢ x S?, the Euclidean metric can be written near
infinity as

de?  h
(C.1.4) dr? + r2hg = < 4 18

o g2
where hg2 is the metric on the unit 2-sphere. Hence, the Euclidean metric is of the

form (B.2.9), and hence a scattering metric, and will be the one used throughout.

Lastly, we know that the Euclidean metric has bounded geometry. Further-
more, if we weight it by 22 = %2, near infinity it will become a cylindrical metric,

which also satisfies this property.
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C.2 Hybrid spaces

Let us assume that we have a vector bundle E on R3 with a connection A. This
will usually be a combination of bundles associated to P with the connection
A, . and tensor bundles with the Levi-Civita connection. From the constructions
in we can see that P and A, , can be extended smoothly up to the
boundary of the radial compactification, and the same is true for the tensor bundles
and the Levi-Civita connection. We furthermore assume, as in [Section B.5| that
we have a splitting £ = Ey & E; preserved by the connection.

We start by fixing some combinations of parameters which will be particularly

useful for our constructions. Here we once again use the regularity parameter

s € Z>p, which in and [] will be mostly fixed to a value in Zs.

Definition C.2.1. Let k € {1,2,3}. We define
(C.2.2) AR = HIRLsk ()

Note how this definition is adapted to the operators we are interested in, which
behave like weighted b operators along Ejy and like scattering operators along F.

We now prove some properties which will be useful for us.

Lemma C.2.3. The L? pairing is continuous on the pair #*(E) x H#5**(E)
for k € {0,1,2}.

Proof. This is a consequence of the fact that s#**(E) C 2'"*L*(E). O
Lemma C.2.4. The map

(C.2.5) du: HH(N @ E) — AN @ )

18 contInuous.

Additionally, suppose that U is a smooth endomorphism of E which preserves
the decomposition Eq @ E; and satisfies that x~* \IJ\EO 15 smooth and bounded.
Then,

(C.2.6) U () — 5N E)
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18 countinuous

Proof. To prove the continuity of the first map we observe that d4 is a scattering

operator of order 1, and that 27'dy4 is a b operator of order 1.

The continuity of the second map follows from the definitions of the spaces and
the condition imposed on the endomorphism, observing that reducing the number

of b or scattering derivatives of a Sobolev space by 1 is continuous. O]

In order to prove some multiplication properties for the Sobolev spaces, let us
assume that £’ = E[ @ F| and E” = E{ @ E] are bundles like the above, and that

we have a smooth fibrewise multiplication map
(C.2.7) v:ExE — E"
which satisfies

(C.2.8) v(Eo, Eg) C Ey .

This will induce products on the hybrid Sobolev spaces we have defined, so that

if all the paramenters are chosen appropriately, we will have maps
(029) ~: H50751,S,k % H(S(I)’divslvk/ N 7—[6(,],76/1,75”7k”

which are continuous (and bilinear). We will furthermore be interested in maps
which are compact in the first argument, by which we mean that for any element

u' € HO0%"* the map
(C.2.10) (o) s OISRy 005K

is a compact linear map.

The relevant properties are the following.
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Lemma C.2.11. Let s,k € Z>,. Then, the maps

(C.2.12) v HE) x AN E) = A5 (E"),
(C.2.13) vi A E) x HOE) - AO(E),
(C.2.14) v: AN E) x A5 E') — A0 (E"),
(C.2.15) v: X E) x HE) — AHE"),
(C.2.16) v HOLE(B) x HOVSR(EY) — HEBE (R,
(C.2.17) vi HOHOUE) ) A E) = AVHE")

and, if k <'s, the map
(C.2.18) v: HVHE) x AN E) - ANE",

are continuous. Furthermore, in the first three cases they are compact in the first

argument.

Proof. This can be deduced by applying Holder’s inequality and the Sobolev em-

beddings from [Lemma B.2.23| Tt will be important to take advantage of the weight
improvement of the Sobolev embedding (B.2.25)) for b Sobolev spaces.
We start by observing that the decay conditions imposed on the subbundle

Ey are always weaker than those imposed on the subbundle F; (with the local
regularity conditions being the same). Together with (C.2.8]), this means that to

prove the continuity of a multiplication map of the form
(0219) ,y: H(S(),(Sl,s,k‘(E) X H(Sé,(ii,s’,k’ (E/) — H&g,&i’,s",k‘”(Eﬂ)

we only need to prove the continuity of

(C.2.20a) v O HIR(Ey) x 2% HY TF(Ey) — 2% H T (EY)
(C.2.20b) v a Hy(Ey) x o Hy N (B — 2 Hy X (E7)
(C.2.20¢) v e HyE (By) x 2% Hy (B — x‘Si'Hlf:;f”(E”) ,

and the same applies to the compactness property.

In the rest of the proof we omit the bundles from the Sobolev spaces to avoid
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overburdening the notation.

Let us now demonstrate the proof for the map ((C.2.12), and taking s = 0. The

above observation means that we only have to consider the maps

(C.2.21a) v: o YHE x HY — H} |
(C.2.21b) y:io PHE x xHY, — vH],
(C.2.21c) v:zH! x H} — zH. .

Now, let us take u and u' to be smooth compactly supported sections. For the

first map, we write

lut ||

< 2™V ()| e + [Juad|| 2
(€222 < e (V|| 2 + [Juz™ V| 2 + [Juad|| 2

< NVl oy My e+ Tl 2™ Vu |z + full e fl/]] 22

< Null =y gy all'll g o+ lullzoe 1w/l + llullp< el 2

where < denotes that the right-hand side is greater than the left-hand side after
multiplying by a constant which is independent of u and u/. Note that when taking
the covariant derivative V we obtain a 1-form, and the metric used to define the
corresponding Sobolev space of such forms uses the scattering metric. Therefore,

the derivative 7'V must be used for b derivatives.

We can now deduce from [Lemma B.2.23| that

(C.2.23) o HE € x W L
and
(C.2.24) H) Cz2" 12,

where € denotes a compact embedding. Observing that smooth compactly sup-

ported functions are dense in z7'H, and H} by [Lemma B.2.16, we are done.
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Applying the same procedures to ((C.2.21bf) and (C.2.21¢)) finishes the proof of

the properties of (C.2.12)) for s = 0.
The same method will yield proofs of the properties of (C.2.13)), (C.2.14) and

(C.2.15)) with s =0, and of (C.2.16)), (C.2.17) and (C.2.18) with s = k = 1.

It then only remains to observe that if we take higher values of s and k the same

proofs apply. This is because Holder’s inequality can also be used with Sobolev
spaces with b and scattering derivatives, so the L? spaces used in ((C.2.22)) can be

substituted with Sobolev spaces W, >F as appropriate. O

b,sc

Lastly, to simplify notation, we introduce the following conventions for Sobolev
spaces over the bundles we will use most typically. Here, we take any bundle
E ® Ad(P) to be decomposed as (F ® Ad(P)c) ® (E ® Ad(P)c1) for the relevant

definitions.

Definition C.2.25. We write

(C.2.26) HPE = WO N @ Ad(P)),

J

(C.2.27) ook = sk (A e \”) @ Ad(P)),
and similarly

(C.2.28) A = KN @ Ad(P)),
(C.2.29) A = (N e N\°) @ Ad(P)).

Likewise, we simplify the notation for the space of bounded polyhomogeneous

sections which we will use most often.

Definition C.2.30. We write
(C.2.31) B = (N @ \°) @ Ad(P)).

We also define a space of bounded polyhomogeneous sections with more gran-
ular decay conditions. To do so, assume that y is a cutoff function which is only
non-zero near infinity and 1 when sufficiently close to it, and for any a € R, let

I1, be the projection of Ad(P)C to 9o — where Il is simply the projection onto €.
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Definition C.2.32. If k € g, we write

e@é,(n),oo

(C.2.33) lia(o)l o1 0
= {u € B |yxuec B = (N eN)@I(Ad(P))), Val.

Note that the spaces described in this section have been defined as real spaces
of sections. Their complexifications will simply be notated with a subscript C.

In the last definition in particular, note that it is well defined because the
projections II, can be restricted to the real bundle Ad(P), although they will

project into sections which are not necessarily real.
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