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Abstract
Two two-dimensional free boundary problems describing the erosion of solid surfaces
by the flow of inviscid fluid in the presence of trapped vortices are considered. The
first problem tackles an initially flat, infinite fluid-solid interface with uniform flow
at infinity and a vortex in equilibrium above the surface. The second involves flow
around a finite body with a trailing Föppl-type vortex pair. The conformal invariance
of the complex potential permits both problems to be formulated as a Polubarinova–
Galin (PG) type equation in which the time-dependent eroding surface in the physical
z-plane is mapped to the fixed boundary of the ζ -disk. The Hamiltonian governing the
equilibrium position of the vortex (or vortex pair in the second problem) is also found
from the same map. In each problem, the PG equation giving the conformal map
is found numerically and the time-dependent evolution of the interface and vortex
location is determined. Different models governing the erosion of the interface are
investigated in which the normal velocity of the boundary depends on some given
function of the fluid flow velocity at the boundary. Typically, in the infinite surface
case, erosion leads to the formation of a symmetric valley beneath the vortex which,
in turn, moves downward toward the interface. A finite body undergoes erosion which
is asymmetric in the flow direction leading to a flattening of the lee surface of the
body so displaying some similarity to the experiments and associated viscous theory
of Ristroph et al, Moore et al (Proc Natl Acad Sci 109(48):19606–19609, 2012, Phys
Fluids 25(11):116602, 2013).
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1 Introduction

The erosion of surfaces due to fluid–solid interaction is, in general, a nonlinear free
boundary problem [1, 2]. The fluid flow depends on the surface shape which, in
turn, undergoes erosion depending on the fluid properties and flow dynamics near the
fluid-solid boundary. There is interest in this co-evolution, particularly in geophysi-
cal applications [3] where this interaction leads to distinct patterns occurring across
multiple length scales such as the smoothness of rocks in streams to the water-driven
patterns seen on icebergs. Other examples include ramified stream networks [4], sur-
face scalloping of caves [5–8], yardangs and ventifacts [9], terraces [5, 10], ice-stars
[11], and karst pinnacles [12]. In these specific examples, the evolution of the surfaces
can result from erosion, abrasion, precipitation, dissolution, or sediment transport and
the fluid flow can be that of surface- or ground-water, ocean currents, or wind. Local
shedding of vorticity is likely a significant factor in the erosion dynamics e.g., in
the scalloping of surfaces, [13] and [14] demonstrate experimentally the close link
between vorticity of the flow and the formations of erosion features such as pits and
fluting. In engineering applications, computational and numerical studies of the scour
that occurs in flow past subsea pipelines often show asymmetry with enhanced scour
occurring downstream of the pipeline e.g., References [15, 16]. This, in turn, provides
evidence for the enhanced ability of vorticity in the wake to cause local erosion of the
sea bed.

One specific class of problems examines the effects of fluid flow in eroding surfaces,
where the normal velocity of the evolving interface is proportional to the shear stress
exerted by the fluid at the boundary [1, 2], and so necessarily requires that the fluid be
viscous. In contrast, the present work assumes the fluid is inviscid and that, instead,
the normal velocity of the interface is a function of the tangential velocity of the fluid
at the interface. Such an assumption has been used in other work e.g., Reference [17]
considers the erosion of solids by fluids in which the normal velocity of the interface
depends on a term given by the square of the tangential fluid speed. In this work,
models in which the interface erosion depends linearly on the tangential fluid speed,
as well as more general forms are considered.

A separate class of problems relevant to the present work is that of finding equi-
librium positions of point vortices in two-dimensional potential flow in the presence
of bodies such as circular disks, where it is known as the Föppl problem, ellipses,
and ‘bumps’ in a plane surface e.g., References [18–22]. In these steady problems, a
vortex has equilibrium position depending on its circulation and the background flow
speed. This paper shows that, additionally, trapped vortices occur in flow parallel to a
plane surface with localized fore-aft symmetric valley-type topography. Specifically,
it is shown that the vortex Hamiltonian [19] has closed level curves on the symmetry
axis of the valley, which in turn implies the existence of a (stable) vortex equilibrium
on this axis. In the finite body problem, the location of the trailing equilibrium vortex
pair is also computed numerically from the Hamiltonian.

We consider slowly evolving surfaces. That is, the normal velocity of the surface
undergoing erosion is much smaller than the velocity of the fluid flow. This permits
a quasi-steady assumption to be made where at any instant of time the surface is
considered fixed when determining the flow properties and location of the trapped
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Fig. 1 A two-dimensional eroding boundary subject to a uniform flowU = 1 at infinity and a trapped point
vortex with circulation � at z = z0(t) in the complex z-plane

vortices. A similar assumption ismade in [23] in considering potential flow past a body
undergoing melting or freezing. Thus, at any time, the vortex maintains equilibrium
with respect to the body and external flow. That is, on the slow timescale of the eroding
surface, the vortex adjusts its location instantaneously so as to maintain equilibrium.

Away from the point vortices, irrotational flowof an inviscid fluid is assumed.While
not explicitly included, viscous effects are implied via the inclusion of trapped vortices
since they are often formed by the shedding of vorticity in shear layer separation. The
model then allows a description in terms of complex variables with use of methods of
conformal mapping and the construction of the vortex Hamiltonian [19].

Section 2 describes the first problem when the eroding fluid-solid body interface
is initially an infinitely long, plane surface. It is shown that when the normal velocity
of the interface is a function of the local tangential velocity, the evolution of the
interface can be described by Polubarinova–Galin (PG) type equation e.g., References
[24–27] governing the conformal map from the interior of the unit ζ -disk to the fluid
domain in the z-plane. Additionally in Sect. 2, the vortex Hamiltonian that governs the
instantaneous equilibrium position of the trapped vortex is derived. The PG equation
and the location of the equilibrium vortex are solved numerically in Sect. 3 and results
are presented for the moving boundary and vortex location for two different erosion
laws. Similar techniques are used in Sect. 4 to tackle the second problem of flow past
a finite body with a trailing equilibrium vortex pair.

2 First problem formulation: plane surface

Consider irrotational flow of an inviscid, incompressible fluid in the (x, y)-plane.
Let z = x + iy. A point vortex with fixed circulation, �, is initially located at z =
z0(0), Im(z0(0)) > 0, in a uniform flow with speed U parallel to an infinitely long
straight surface aligned with the Re(z)-axis. All quantities are made dimensionless
such that the dimensionless uniform velocity at infinity is U = 1, and z0(0) = i.
A schematic is shown in Fig. 1, where, after some time, the interface has eroded
downwards symmetrically about the imaginary axis and the vortex location z0(t) has
moved downwards from its initial position. The normal velocity of the fluid–solid
interface is υn .

123



7 Page 4 of 24 C. Hirst, N. R. McDonald

The surface is allowed to evolve in accordance with the erosion laws described
in Sect. 2.3. Owing to the quasi-steady approximation valid for the slow erosion of
the interface, the point vortex maintains a time-varying equilibrium position z0(t).
The erosion law is chosen so as to ensure that the interface evolves symmetrically
about the Im(z)-axis. In turn, this implies the equilibrium location of the vortex is on
the Im(z)-axis i.e., Re(z0(t)) = 0. This interaction between the fluid and boundary
is a nonlinear free boundary problem and is solved by mapping the problem to the
interior of the unit disk in the ζ -plane and determining the necessary conformal map
by numerical methods.

A negative (clockwise) vortex circulation � is required for equilibrium, and it is
assumed that the circulation is constant for all time, and it follows for the given initial
conditions, � = − 4π .

On the solid interface, the following boundary conditions apply

u · n̂ = υn, (1)

and

υn = σ (z) , (2)

where u is the fluid velocity, n̂ the normal to the fluid–solid interface which points
away from the fluid interior, υn is the normal velocity of the slowly eroding surface,
and σ(z) is a real-valued function giving the imposed normal velocity modeling the
erosion—see Sect. 2.3. As in [23], in the fluid flow problem in the slow erosion limit,
the boundary condition (1) does not involve the boundary normal velocity υn and is
given by u · n̂ = 0 so that the boundary is a streamline.

2.1 Conformal mappings

Let z = f (ζ, t) denote the time-dependent map from the interior of the unit ζ -disk to
the domain � occupied by the fluid in the z-plane. The boundary of the unit ζ -disk,
|ζ | = 1, maps to the evolving fluid–solid interface ∂�. Furthermore, we introduce an
auxiliary plane, the upper half w-plane, that is related to both the ζ - and z-planes, and
is helpful in constructing the vortex Hamiltonian in Sect. 2.2. The relations between all
three planes are shown in Fig. 2. The w-plane contains a uniform flow,U , and a point
vortex at w0 with circulation, �, and a solid interface coinciding with the Re(w)-axis.
The boundaries in the w- and ζ -planes remain fixed. The three complex planes are
defined by w = u + iv, ζ = ξ + iη, and z = x + iy. The position of the point vortex
in each plane is denoted by w0, ζ0, and z0.

The map

ζ = i − w

i + w
, (3)
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Fig. 2 Conformal mapping relations between the z-, w-, and ζ -planes. The shaded region in the physical
z-plane is � and its boundary ∂� representing the fluid–solid interface is the solid dark line

maps the upper half w-plane to the interior of the unit ζ -disk, where w = i maps
to ζ = 0 and these points correspond to the locations of the point vortex in their
respective planes at t = 0.

In general, the map z = f (ζ, t) from the ζ - to the z-plane can be written as a
Laurent series of the form

z = iA(t)

ζ + 1
+ i

∞∑

n=0

(an(t) + ibn(t))ζ
n, (4)

where A(t), an(t), bn(t), for n = 0, 1, 2, . . ., are real, time-dependent, coefficients to
be determined. The first term on the RHS of (4) implies that ζ = − 1 maps to z = ∞
and w = ∞. Henceforth, we assume that the eroded interface is symmetric about the
Im(z)-axis and so bn ≡ 0, n = 0, 1, 2, . . ..

Since the w- and z-planes coincide at t = 0, it follows A(0) = 2, a0(0) = − 1 and
all other an(0) are zero. Furthermore, normalizing by requiring that ζ = 0 maps to
z = i for all time gives the condition

A + a0 = 1. (5)

Far from the vortex, we expect the surface to remain flat and aligned with the
Re(z)-axis. This requirement can be expressed as z → z on the interface as z → ∞.
Taking the conjugate of (4) and using ζ = ζ−1 which holds on the boundary of the
unit ζ -disk, we have

z − z = −iA − i
∞∑

n=0

an(ζ
−n + ζ n). (6)
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Hence, as z → ∞ or, equivalently, ζ → −1, (6) yields the condition

A + 2
∞∑

n=0

(−1)nan = 0. (7)

In summary, the problem is to find the unknown time-dependent coefficients A(t),
an(t), subject to the constraints (5), (7), and satisfying the initial conditions A(0) = 2,
a0(0) = − 1, an(0) = 0 for n = 1, 2, 3 . . .. Sect 2.4 gives the equations satisfied by
these coefficients.

2.2 Vortex Hamiltonian

The Hamiltonian describing the dynamics of the point vortex in the upper half of the
w-plane, where the Re(w)-axis is taken to be a wall with zero normal flow, is given
by

Hw = �Uv + �2

4π
log(v), (8)

whereU is the free stream speed at infinity in thew-plane. By comparing the behavior
of the free stream speed for large z and large w using the maps (3) and (4), it follows
U = AU/2. To find the Hamiltonian in the z-plane, we use the relation connecting
the Hamiltonians of conformally mapped domains [19], namely

Hz = Hw + �2

4π
log

∣∣∣∣
dz

dw

∣∣∣∣ , (9)

where dz/dw = ∂wg(w, t) is the derivative of the map from the w-plane to the z-
plane, and is calculated using dz/dw = (dz/dζ )(dζ/dw). Contours of Hz give the
vortex trajectories, and the vortex equilibrium position in physical space coincides
with extrema of Hz , the finding of which is done numerically as described in Sect. 3.

2.3 Erosion laws

2.3.1 Model I

Two erosion models are considered both of which are such that the normal velocity
of the interface is a function of the local tangential fluid velocity at the interface. In
the first, model I, the erosion is assumed to be due to the velocity of the point vortex
only, and the free stream contribution is neglected. This prevents the interface from
eroding at infinity. Thus,

υn = β

∣∣∣∣
dFV
dz

∣∣∣∣
∂�

, (10)
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where β > 0 is a constant, FV is the complex potential owing to the point vortex only.
Note the value of β simply affects the timescale for the evolution of the interface and
the choice β = 1 is made throughout the present work. Equation (10) can be written
in the ζ -plane as

υn = β

∣∣∣∣
dFV
dζ

1

f ′

∣∣∣∣|ζ |=1
, (11)

where f ′ = d f /dζ and the complex potential inside the unit ζ -disk due to a point
vortex at ζ = ζ0(t) is given by

FV (ζ ) = − i�

2π
log

(
ζ − ζ0

ζ − ζ0
−1

)
, (12)

where ζ0 ∈ R by symmetry. That is, since the vortex remains on the Im(z)-axis, its
pre-image ζ0 is constrained to move on the Re(ζ )-axis inside the unit disk.

2.3.2 Model II

Model II erosion supposes that the normal velocity of the interface is proportional
to the total tangential fluid velocity at the interface, minus the free stream speed
U . This latter contribution again ensures the interface at infinity does not erode. In
mathematical terms,

υn = β

∣∣∣∣
dFT
dz

−U

∣∣∣∣
∂�

, (13)

where FT is the complex potential of the fluid flow field. Equation (13) can be written
in the ζ -plane as

υn = β

∣∣∣∣
1

f ′

(
dFT
dζ

− f ′U
)∣∣∣∣|ζ |=1

, (14)

where FT is given by

FT (ζ ) = − i�

2π
log

(
ζ − ζ0

ζ − ζ0
−1

)
− iAU

2

(
ζ − 1

ζ + 1

)
, (15)

where again, ζ0 ∈ R by symmetry.

2.4 The Polubarinova–Galin equations

Equations of the PG type are derived for models I and II, and it is these equations that
are ultimately solved to numerically approximate the conformal map z = f (ζ, t), and
with it the surface evolution and vortex location.
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The normal velocity of the interface can be written in complex form as

υn = n̂ · dx
dt

= Re

[
nz

dz

dt

]
, (16)

where nz is the conjugate of the complex form of the unit normal vector to the interface
∂�. The unit normals in the z- and ζ -planes are related by nz = f ′nζ /

∣∣ f ′∣∣ and since
nζ = ζ on the unit ζ -circle, (16) can be expressed as

υn = 1

| f ′| Re
[
f ′ζ ḟ

]
, (17)

where ḟ is the time derivative of z = f (ζ, t). For model I, substituting (12) into (11)
and equating to (17) yields

Re
[
f ′ζ ḟ

]
= β |�|

2π

∣∣∣∣∣
ζ 2
0 − 1

(2ζ0 cos θ − 1 − ζ 2
0 )

∣∣∣∣∣ , (18)

where ζ =exp(iθ). This is a PG type equation determining the conformal map f (ζ, t)
from the ζ - to z-planes which, in turn, gives the evolution of the interface in the z-plane
due to model I erosion.

Similarly, the PG equation for model II erosion is given by

Re
[
f ′ζ ḟ

]
= β

∣∣∣∣∣
�

2π

1 − ζ 2
0

(2ζ0 cos θ − 1 − ζ 2
0 )

− AU

4 cos2(θ/2)
+ iζ f ′U

∣∣∣∣∣ . (19)

3 Numerical solution for the eroding plane surface

3.1 Method

The task is to find the unknown conformal map z = f (ζ, t) (4) that satisfies equations
(18) or (19) under the constraints given by (5) and (7), and that the vortex remains in
equilibrium for all time. First, the map (4) is approximated by truncating the infinite
series at some finite value, n = N , giving N +2 unknown time-dependent coefficients
A(t), a0(t), a1(t), . . ., aN (t) to be determined. We then use the method from [28] (see
also [27]) and apply the PG equation (18) or (19) at N points given by ζj=exp(iθj), j =
1, 2, . . . , N . Hence, (18) or (19) becomes a system of N coupled ordinary differential
equations and together with (5) and (7) can be used to solve for the N + 2 unknown
coefficients in the truncated conformal map. Additionally, at each timestep, the pre-
image of the vortex equilibrium location ζ0(t) needs to be computed.

To avoid the singularity at ζ = − 1 present in (4), and exploiting the symmetry
of the interface, the points ζj are distributed in the interval 0 ≤ θj ≤ π − ε, where
0 < ε � 1 is chosen so that the boundary of the interface in the z-plane approximately
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extends along the interval [0, 50] of the Re(z)-axis. This interval is sufficiently large
to both capture the features of the erosion and to avoid end-effects.

The system of N + 2 equations with N + 2 unknowns is solved using MATLAB’s
ode15i routine. At each timestep, the truncated conformal map (4) is used to find
the Hamiltonian (9) and its extremal point on the Im(z)-axis coinciding with the
vortex equilibrium z0 and its pre-image ζ0 is found using MATLAB’s fminsearch.
The numerical procedure for finding the co-evolution of the vortex and interface is
summarized in Algorithm 1.

Algorithm 1 Vortex–plane surface erosion
Require: β = 1, U = 1, � = −4π , ε, N , tmax , erosion model I or II
Set initial map coefficients: A = 2, a0 = −1, an = 0, n = 1, . . . , N
while t < tmax do

Ensure A(t), an(t), n = 0, . . . , N satisfy conditions (5) and (7)
Construct vortex Hamiltonian Hz
Obtain pre-image of vortex equilibrium ζ0(t) using fminsearch; hence find z0(t)
Solve PG equation at ζ j , j = 1, . . . , N using ode15i
Obtain conformal map coefficients A(t), an(t), n = 0, . . . , N

end while

Preliminary testing of the algorithm was done for the special case of model I when
the vortex is artificially fixed at z = i for which an exact solution is available—see
Appendix A. With N = 32, good agreement was found between the numerically
computed eroding interface and that given by (A3) and (A4).

In the full dynamical problem with a moving vortex, truncating (4) at N = 32
was found to be effective and accurate based on the convergence testing results: for
model I, comparing both interface profiles and vortex equilibrium locations showed
negligible difference between N = 32 and N = 64. However, the numerical scheme
for larger values of N (e.g., N = 128) failed to converge for t = O(1). For model II,
failure to converge occurs for choices N � 80. For this reason, convergence testing for
model II was done for N = 16, 32 and 48, and showed negligible difference between
N = 32 and N = 48.

3.2 Results

The following parameter values were fixed: β = 1, � = − 4π , and U = 1. Figure3
shows the eroding interface at equal time intervals between 0 ≤ t ≤ 2, where (a)
and (b) correspond to erosion models I and II, respectively. Model II produces more
localized erosion about the axis of symmetry compared to model I, and erodes to a
deeper level in the Im(z) direction over the same time period. In both erosion models,
the rate at which the vortex moves downward appears to slow with time as evidenced
by the decreasing distance between dots, although this slowing occurs more quickly
in model I.

Figure 4a compares the erosion profiles and equilibrium vortex locations when
t = 0.222 and t = 2, where the results of model I are represented in black and model
II in blue. For small times, the profiles due to models I and II evolve similarly as
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7 Page 10 of 24 C. Hirst, N. R. McDonald

Fig. 3 a and b show snapshots at equal time intervals of the eroded interface for erosion models I and II,
respectively, for 0 ≤ t ≤ 2. Dots show equilibrium vortex locations with the color of each dot corresponding
to the same color interface

Fig. 4 Comparison of interfaces and corresponding equilibrium vortex locations for erosion model I (black)
and model II (blue): a t = 0.222 and t = 2; b interfaces with equal displaced area which occur at t ≈ 1.624
(model I) and t ≈ 1.431 (model II)

indicated by them almost coinciding for t = 0.222. As time increases, the interface
profiles diverge between the two models as shown by their comparison at t = 2
in Fig. 4a. An alternative way to compare the interface behavior between the two
models is done in Fig. 4b which compares model I and II profiles having the same
displaced area of 20 units. The displaced area anomaly (i.e., the area of the eroded
region) is computed directly from the conformal map according to the formula (B16)
in Appendix B, or directly by numerical integration of the interface profile using
MATLAB’s trapz function.

Figure 5 shows the streamlines and Hamiltonian contours for the topography pro-
duced by model I erosion at t = 2. The streamlines show the region of recirculation
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Fig. 5 Streamlines (a) and contours of the Hamiltonian (b) for erosion model I at t = 2

within the eroded region and the presence of stagnation points on the boundary.
The Hamiltonian contours show hyperbolic points for vortex equilibria upstream and
downstream of the symmetry axis. These correspond to unstable vortex equilibria.
Importantly, the vortex equilibrium on the symmetry axis, as considered here, is sta-
ble as indicated by closed contours of the Hamiltonian. The plots shown in Fig. 5 are
typical with other choices of parameters, erosion models, and t as all have similar
topologies.

As t increases in both erosion models, the interface continues to erode and the
vortex moves downward. No steady state in which the erosion is arrested and the
vortex becomes stationary was found in any of the numerical experiments. This is
expected since with models I and II the tangential velocity is always non-constant
on the interface and so υn remains non-zero according to (10) or (13). It is worth
speculating if there is an erosion law for which a steady state arises. For this to occur it
would be necessary for the tangential velocity to become constant on the interface. A
possible route to constructing a model with a steady state is to replace the background
uniform velocity with a linear shear flow with uniform vorticity. The problem then
becomes mathematically similar to finding steady water waves in the presence of
submerged vortices. Such solutions have recently been documented and extended in
[29]. The possible connection between such water wave solutions with a variant of the
present problem is left for future work.

3.3 Amore general erosionmodel

A more general form of erosion model I is

υn = β

∣∣∣∣
dFV
dz

∣∣∣∣
n

∂�

, (20)
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Fig. 6 Evolution of the interface and corresponding vortex location for the generalized erosion model (20)
with a n = 2 and b n = 1/2, 0 ≤ t ≤ 2. Dots show equilibrium vortex locations with the color of each dot
corresponding to the same color interface

where n > 0 is a constant. The PG equation then becomes

Re
[
f ′ζ ḟ

]
= β

∣∣∣∣
�

2π

∣∣∣∣
n ∣∣ f ′∣∣1−n

∣∣∣∣∣
ζ 2
0 − 1

2ζ0 cos θ − (
ζ 2
0 + 1

)
∣∣∣∣∣

n

, (21)

on ζ = exp(iθ). Numerical results for n = 2 and 1/2 are shown in Fig. 6a and b,
respectively. For larger n, the erosion becomes more localized being confined to the
region |Re(z)| � 4, while eroding to a deeper extent in the Im(z)-direction. In the
small n limit, (20) shows the normal velocity of the interface tends toward a constant.
This less localized erosion implies that the numerical method becomes inaccurate over
a finite length in the Re(z)-direction. In fact, for n < 1/2, convergent results were
unable to be found.

4 Second problem: an eroding finite body

The second problem considers erosion by two-dimensional flow past a finite bodywith
Föppl-type vortices trapped in the lee of the body. The presence of such vortices is a
step toward modeling the effects of viscosity since their presence can be considered a
consequence of vorticity shedding in boundary layer separation.

The problem is non-dimensionalized using the initial conformal radius of the body
and the flow speed at infinity. To begin, the body is taken to be the unit disk centered at
z = 0 immersed in a flow speedU = 1 parallel to the Re(z)-axis at infinity. Two Föppl,
or equilibrium, vortices with fixed equal and opposite circulations ±� are located in
the lee of the disk and are, necessarily, arranged symmetrically at z0(t) and z0(t),
where |z0(0)| > 1.
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Fig. 7 Relationship between the finite body (z-plane) and the standard flow past the unit disk Föppl (ζ -
plane) problem. The conformal map from the exterior of the ζ -disk to the exterior of the body in the z-plane
is z = h(ζ, t). Equal but oppositely signed vortices are located in the lee of the body

4.1 Conformal mapping and the Hamiltonian

In this problem, we map directly from the exterior of the eroding body in the z-plane
to the exterior of the unit ζ -disk using

z = h(ζ, t) = C(t)ζ +
∞∑

n=0

cn(t)ζ
−n, (22)

where C(t) and cn(t), n = 0, 1, . . ., are real time-dependent coefficients, ensuring
that the body remains symmetric about the Re(z)-axis as it is eroded. Note that C(t)
is the conformal radius of the body. Initially the body is the unit disk centered at
the origin so C(0) = 1, and cn(0) = 0, n = 0, 1, . . .. The pre-image of the vortex
location in the upper part of the z-plane is ζ0 i.e., z0(t) = h(ζ0, t). Initially the vortex
pair is in equilibrium, that is, it is a Föppl pair. In this problem, ζ0(t) is, in general,
complex-valued in contrast to it being real-valued in the infinite interface problem.

In the ζ -plane, the complex velocity potential is

F(ζ ) = C(t)
(
ζ + ζ−1

)
− i�

2π
log

(
ζ − ζ0

ζ − ζ0
−1

)
+ i�

2π
log

(
ζ − ζ0

ζ − ζ0
−1

)
, (23)

where the coefficient C(t) on the RHS is equivalent to the velocity at infinityU in the
ζ -plane and ensures that, using (22), F → z as z → ∞, i.e., U = 1 in the z-plane
as required. Note that the vortex located in the upper half of the z-plane must have
negative (clockwise) circulation in order to achieve equilibrium. The arrangement for
some t > 0 is shown in both complex planes in Fig. 7.

The Hamiltonian in the ζ -plane is e.g., Reference [22]

Hζ = �C Im(ζ )

(
1 − 1

r2

)
+ �2

4π
log

Im(ζ )(r2 − 1)√
(r2 − 1)2 + 4 Im(ζ )2

, (24)
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where r = |ζ |. In the z-plane, symmetry persists about the real axis and so the
Hamiltonian is two-dimensional (and not four-dimensional as might be expected for
a system of two vortices), Hz = Hz(x, y), and is given by

Hz = Hζ + �2

4π
log

∣∣∣∣
dh

dζ

∣∣∣∣ . (25)

4.2 Polubarinova–Galin equation

As in Sect. 2.4, (17) is used to find a PG equation for the conformal map z = h(ζ, t)
for an erosion law specifying υn . By symmetry, the flow has fore and aft stagnation
points where body’s boundary crosses the Re(z)-axis. This means that for model I and
II erosion laws, the body would not erode at these points and this is unrealistic. Instead
we consider an erosion law where the normal velocity of the fluid–solid interface is
proportional to |Fzz|:

υn = −β|Fzz |∂�

= − β

|h′|
∣∣∣∣
∂Fz
∂ζ

∣∣∣∣
∂�

= − β

|h′|2
∣∣∣∣F

′′ − F ′ h′′

h′

∣∣∣∣|ζ |=1
, (26)

where the dashes denote differentiation with respect to ζ and so

F ′ = C

(
1 − 1

ζ 2

)
− i�

2π

[
1

ζ − ζ0
− 1

ζ − ζ0
−1 − 1

ζ − ζ0
+ 1

ζ − ζ0
−1

]
, (27)

F ′′ = 2C

ζ 3 + i�

2π

⎡

⎢⎣
1

(ζ − ζ0)
2 − 1

(
ζ − ζ0

−1
)2 − 1

(
ζ − ζ0

)2 + 1
(
ζ − ζ0

−1
)2

⎤

⎥⎦ .

(28)

Note that the sign of υn in (26) is opposite to that of (10) since now the map from the
z-plane is to the exterior, and not interior, of the unit ζ -disk.

Recall the fluid velocity is u− iv = Fz , thus (26) is a measure of the spatial gradient
of the fluid velocity. In this sense, it is dimensionally equivalent to the shear of the
velocity field used in other studies of erosion of bodies by fluid flow e.g., References
[1, 2], though Fzz has no clear interpretation as shear, or other dynamically significant
quantity. It is used here owing to its relative simplicity and that (as we shall show) it
gives realistic results for the shape of the eroding body. Figure8 shows the initial form
of |υn| given by (26) (with β = 1) when the body is a unit disk and so h′ = 1, h′′ = 0
for two different choices of r0 = |z0(0)|, the distance of the trapped vortices from the
body (see Sect. 4.3). Note that the largest magnitude of υn is at θ = 0 implying that
erosion is likely dominant at the rear of the body.
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Fig. 8 The erosional velocity υn around the circular body at t = 0 given by (26) and (28) (ignoring the
factor −β) as a function of 0 ≤ θ ≤ π for r0 = 1.2 and r0 = 2

Using (17) and (26), the PG equation valid on ζ = exp(iθ) is

Re
[
h′ζ ḣ

]
= − β

|h′|
∣∣∣∣F

′′ − F ′ h′′

h′

∣∣∣∣ . (29)

4.3 Numerical implementation and results

Proceeding similarly to Sect. 3.1, the series (22) is truncated at n = N leaving N + 2
unknown coefficientsC(t), c0(t), . . . , cN (t), to be determined by solving (29) at N+2
evenly spaced points θ ∈ [0, π ] on the half ζ -disk. In the results shown N = 64, and
β = 1.

Initially, the vortex location z0(0) = x0 + iy0 is chosen to be at distance r0 =
|z0(0)| > 1 from the unit disk. Given the Hamiltonian (24) and the initial data r0 and
C0 = C(0), the constant vortex circulation � and initial position of the Föppl vortices
can be found using formula from [22]:

�

C0
= −2π

(r20 + 1)(r20 − 1)2

r50
, (30)

2y0r0 = r20 − 1, (31)

and x0 =
√
r20 − y20 > 0. In the following, results for the evolution of the body and

corresponding equilibrium vortex locations are presented for different choices of r0.
When the vortices are initially very close to the surface of the disk, convergent results
are difficult to obtain; results are shown here for r0 ≥ 1.2.
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Fig. 9 The erosion of initially circular bodies with a r0 = 1.2, 0 ≤ t ≤ 0.15, b r0 = 1.5, 0 ≤ t ≤ 0.175.
Dots show equilibrium vortex locations with the color of each dot corresponding to the same color interface

In a similar procedure to that of Sect. 3.1 Algorithm 1, MATLAB routines ode15i
and fminsearch were used to solve the coupled system of ODEs at each point on the
boundary of the half-disk and to find the equilibrium location of the vortices at each
timestep from the Hamiltonian (25). In the latter routine, it is required to give an initial
guess for the equilibrium location at a particular timestep t = T . For this estimate,
it proves sufficient to use the equilibrium location implied by the Hamiltonian (24)
since this can be computed accurately from (30) and (31) (applied at t = T rather
than t = 0), by first finding rT and then yT and xT . From this estimate, fminsearch is
able to successfully find the actual equilibrium location in the z-plane at t = T .

4.4 Circular bodies

Figure 9 shows the erosion of two initial circular disks and corresponding vortex
positions. Two different initial locations of the Föppl pair are presented: r0 = 1.2 and
r0 = 1.5. Not surprisingly erosion proceeds more quickly (i.e., greater change of area
with time) in the case that the vortices are initially located closer to the body. In both
cases, the erosion proceeds more rapidly at the rear of the body and typically acts to
flatten the body at its rear. This has some similarity to the results reported in [1, 2]
which also shows a flattening at the rear; however, in their experimental and numerical
results, the front of the boy erodes more rapidly than here.

Figure 9 also shows the front of the body maintaining its curvature while it erodes.
This is also in contrast to [1, 2] where the erosion produced a sharpening of the leading
edge so that the body eroded toward a triangular shape.

Figure 10 shows streamlines and contours of theHamiltonian for an initially circular
disk at t = 0.25 for the case when r0 = 1.2.As expected, contours of the Hamiltonian
are closed in the lee of the body indicating that the vortex equilibria are stable.
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Fig. 10 Streamlines (a) and Hamiltonian contours (b) after the initial circle has undergone erosion to
t = 0.25. The initial vortex locations are r0 = 1.2

4.5 Other starting shapes

Other initial starting shapes which are symmetric about the Re(z)-axis are readily
studied using this method; all that is required is the initial map z = h(ζ, 0) in its
truncated form. Here, examples of bodies with elliptical and triangular-like initial
boundaries are presented. In the elliptical case, one symmetry axis is aligned in the
flow direction and has length 1+ λ and the other has length 1− λ, −1 ≤ λ ≤ 1. This
geometry implies in (22) the choice C(0) = 1, c1(0) = λ and all other cn(0) = 0.
To initiate the numerical experiment, Föppl-type equilibrium vortices located behind
the ellipse are specified using the formulae of Hill [20] which are presented (and a
correction to them given) in Appendix C with the choice rs = 1.2.

Figure 11 shows the evolution of two elliptical bodies with λ = ±0.2. Again, the
rear of the body erodes more quickly being closer to the vortices, with the vortices
approaching the body as it erodes in order to maintain equilibrium. The typical flat-
tening of the body on the lee side and eventual concave shape that occurs for initially
circular bodies is also evident for these elliptical starting shapes.

Figure 12 shows the evolution of two initial triangular shaped bodies generated
using the map z = C(0)ζ + c2(0)ζ−2 where C(0) = 1 and c2(0) = ±0.29 with the
sign of c2 determining whether the pointy side of the triangle on the Re(z)-axis faces
upstream or downstream. In this case, the strength of the fixed circulation � = ±1.19
is chosen and the equilibrium location of the vortex pair at t = 0 found numerically
from the Hamiltonian using fminsearch. Again the body erodes in a manner akin to
both the circular and elliptical cases with a flattening on the lee side, and suggests that
arbitrary shaped bodies would erode similarly.
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Fig. 11 The erosion of initially elliptical bodies with a λ = − 0.2, 0 ≤ t ≤ 0.135 and b λ = 0.2,
0 ≤ t ≤ 0.1505. Dots show equilibrium vortex locations with the color of each dot corresponding to the
same color interface

Fig. 12 The erosion of initially triangular bodies, with � = − 1.19. a c2(0) = 0.29, r0 = 1.4 and
0 ≤ t ≤ 0.115. b c2(0) = − 0.29, r0 = 0.99 and 0 ≤ t ≤ 0.12

5 Conclusion

Two problems for the co-evolution of the flow past a slowly eroding fluid–solid inter-
face have been considered. Both problems involve trapped vortices in equilibrium
with the surface or solid body and the background flow. The presence of point vortices
indirectly models the effect of viscosity since vortex formation is often the result of
shedding of viscous boundary layers from a solid surface. Confining the vorticity to
singular points together with the assumption of an inviscid fluid allows methods of
conformal mapping to be employed on both the free boundary problem and in finding
the equilibrium location of the vortices. The downside is that the erosion law is not
able to be based directly on the surface shear stress of a viscous boundary layer since
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there is none. Instead we use erosion laws which attribute the erosion rate to some
function of the tangential velocity at the fluid–solid interface. This ad-hoc assumption
seems reasonable on the basis that the ability of fluid to remove and transport particles
from a substrate is likely proportional to its local speed and that vortex structures will
enhance this ability.

The erosion laws are chosen so that they preserve some sort of symmetry in the
eroding surface or solid body. That is, a symmetric valley about the Im(z)-axis in
the first problem and a symmetric finite body about the Re(z)-axis in the second. A
possible extension to the work is to consider variants of the erosion laws which lead to
asymmetric evolution. Mathematically, in such a case, the coefficients in the Laurent
series of the conformal map, e.g., (4), need both time-varying real and imaginary parts
so effectively doubling the number of unknowns that need to be solved for.Asymmetric
evolution of an infinite surface would also allow for accumulation (deposition) of
eroded material on the surface. Such a scenario may occur in the erosion of a sandy
bed by vortices in the lee of subsea pipelines in which sand is eroded immediately
below the vortex and deposited further downstream. Deposition could be incorporated
in the numerical approach by changing the sign of the forcing term in the PG equation,
though it may be this is an unstable process by analogy with e.g., ice accumulation
[23] and Hele–Shaw flow [25].

In both problems, as the erosion continues the vortices move toward the eroding
interface in order to maintain equilibrium. In the infinite surface problem, the valley
continues to be eroded downward for all time. In the second problem, the body is
completely eroded in finite time. Results showing the flattening of the rear of the finite
body irrespective of the starting shape are reminiscent to the experiments of [1, 2] and
suggest that inclusion of shed vorticity in the form of trapped vortices in the wake is
a significant contributor to the erosion of finite bodies in uniform flow.

Numerical conformal mapping techniques such as those based on AAA-least
squares [30] or SC Toolbox [31] coupled with the PG formulation of the present work
would enable the consideration of more exotic starting shapes than those presented
here e.g., asymmetric polygons.

Appendix A: Exact solution for a fixed vortex

When the vortex remains fixed at z = i and the initially flat surface coinciding with
Re(z) erodes due to the erosion law given in model I, an analytical solution can be
found. This is somewhat artificial in that it does not respect the non-zero velocity at the
vortex which would in general cause it to drift but it is a useful solution for checking
numerical results. In this case, ζ0 = 0 for all time and the PG equation (18) becomes

Re
[
f ′ζ ḟ

]
= α, (A1)

where α = β|�|/2π > 0 is a constant. Given the constant term on the right hand side,
(A1) is analogous to the Hele–Shaw free boundary flow for a source of unit strength
[24, 25].
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Following [26, 27] let

z = iA

ζ + 1
+ ia0 + ia1ζ. (A2)

This is a truncated form of (4) and turns out to be sufficient to obtain an exact solution
of (A1). Note (A2) can be expressed as

z = 2i(1 − a1)

ζ + 1
+ i(2a1 − 1) + ia1ζ, (A3)

where we have used (5) and the truncated version of (7) up to and including the
a1 term. By direct substitution of (A3) into (A1) and simplifying gives precisely
ȧ1(3a1 − 1) = α. Using a1(0) = 0, this then gives

a1 = 1 − √
1 + 6αt

3
, (A4)

so that (A3) and (A4) give the exact solution of the evolving interface in parametric
form where ζ = exp(iθ), −π < θ < π .

Alternatively, in close analogy to [26, 27], the exact solution can be obtained by
considering the Schwarz function of the curve representing the interface. The Schwarz
function, denoted by S(z, t), is a function which is analytic in the neighborhood of the
curve ∂� and such that S(z, t) = z on ∂�. Two properties of the Schwarz function
useful here are [32]

dz

ds
= 1√

S′ , (A5)

and

υn = − iṠ

2
√
S′ , (A6)

where again, υn represents the normal velocity to ∂�, s is an along-∂� coordinate
and S′ = ∂S/∂z. Since the interface is a streamline, we can write (10) as

υn = β
∂φV

∂s

∣∣∣∣
∂�

= β
∂FV
∂z

∂z

∂s

∣∣∣∣
∂�

, (A7)

where the subscript V indicates the erosion model I assumption, namely it is only the
flow due to the vortex that causes erosion.

Using (A5) and equating (A6) and (A7), we obtain

Ṡ = 2iβsgn(�)
∂FV
∂z

∣∣∣∣
∂�

, (A8)
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where the factor sgn(�) is required so as to produce erosion (rather than growth) of
the surface.

Using the map (A3) and taking its conjugate, with ζ = ζ−1 on ∂�, gives the
Schwarz function of ∂�

S = z − ia1(ζ + ζ−1) − 2ia1, (A9)

showing that S is singular at ζ = 0, the pre-image of the vortex location z = i. As
z → i, we know FV → −(i�/2π) log(z − i) and hence ∂FV /∂z is singular as z → i.
By analytic continuation, (A8) holds as z → i, and so Ṡ must also be singular in this
limit such that (A8) is satisfied. Now, from (A3) we have

z − i ∼ iζ (3a1 − 2) as z → i, ζ → 0, (A10)

and so (A8) gives

d

dt

(
3a21 − 2a1

)
= β |�|

π
= 2α, (A11)

which when solved subject to a1(0) = 0 gives (A4).

Appendix B: The eroded area in terms of conformal map coefficients

Using the complex form of Green’s theorem, the area � for any closed contour in the
z-plane is given by

� = 1

2i

∮

∂�

zdz = 1

2i

∮

|ζ |=1
z
dz

dζ
dζ, (B12)

where z(ζ ) is a conformal map from the unit ζ -disk to the interior of the closed contour
in the z-plane. In the first problem, the contour representing the interface closes at
infinity and the area of the region above the contour is unbounded. Calculation of the
area can be renormalized by subtracting off the area of the upper half plane above the
Re(z)-axis to obtain the finite area � between the interface and the Re(z)-axis.

Using the symmetric version of (4) and the map from the unit ζ -disk to the upper
half z-plane given by z f = iA/(ζ +1)−iA/2,which has the same asymptotic behavior
as the map (4) as z → ∞, we obtain

� = 1

2i

∮

|ζ |=1

(
− iAζ

ζ + 1
− ia0 − i

∞∑

n=1

an
ζ n

)(
− iA

(ζ + 1)2
+ i

∞∑

n=1

nanζ
n−1

)

−
(

− iAζ

ζ + 1
+ iA

2

)(
− iA

(ζ + 1)2

)
dζ, (B13)

where the last term inside the integral represents the contribution from z f dz f /dζ .
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Expanding the products and neglecting terms with no simple poles (and so do not
contribute to the contour integral), (B13) is equivalent to

� = 1

2i

∮

|ζ |=1

(
Aζ

ζ + 1

∞∑

n=1

nanζ
n−1 − A

(ζ + 1)2

∞∑

n=1

an
ζ n

+
∞∑

m=1

∞∑

n=1

am
ζm

nanζ
n−1

)
dζ,

(B14)

which can be simplified further to

� = 1

2i

∮

|ζ |=1

1

ζ

( ∞∑

n=1

na2n + A
∞∑

n=1

n(−1)nan

)
dζ, (B15)

upon retaining only terms in the integrand corresponding to order one poles. Applying
the residue theorem to (B15) gives

� = π

∞∑

n=1

(
na2n + n(−1)n Aan

)
. (B16)

Appendix C: Föppl equilibria for an ellipse

Here, we give the formula derived by [20] for equilibrium vortices trailing an ellipse
immersed in a uniform flow with unit speed at infinity in the direction of increasing
Re(z), and with a symmetry axis of the ellipse aligned with the Re(z)-axis. Hill [20]
uses z = ζ +λa2/ζ ,−1 < λ < 1, tomap from the exterior of the ellipse to the exterior
of a circle of radius a in the ζ -plane. Now put a = 1, and let ζ0 = rs exp(±iθs) be the
pre-image location of the equilibrium vortices. Then [20]

sin2 θs = (r2s − 1)2(r2s − λ)

4(r6s − λ)
, (C17)

and

� = −2π
(r2s − 1)2(1 + r2s )(r4s − λ)2

rs(λ2 + λr8s − 2λr6s − 2λr4s + λr2s + r10s )

√
r2s − λ

r6s − λ
, (C18)

where � < 0 is the circulation of the vortex in the upper half of the ζ -plane. Note
that (C17) is the same as in [20] but (C18) provides a correction to eq. (1.32) of [20]
(and also eq. (49) of [33]): specifically λ2 replaces λ in the first term inside (· · · ) in
the denominator of (C18). This correction was subsequently verified in two ways: (i)
repeating the derivation of [20] employing WolframMathematica to perform some of
the algebra; (ii) comparing the location of the equilibria for given λ 
= 0 and rs using
(C17) and that found by constructing the Hamiltonian for the ellipse for vortices with
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circulation given by (C18) and finding the equilibria numerically using MATLAB’s
fminsearch applied to the Hamiltonian.
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