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Abstract

In this thesis we investigate minimal and constant mean curvature (CMC) hypersurfaces as they
arise (and converge), in two limiting procedures, of distinct type, and under a certain control for
the (Morse) index.

In the first part of this thesis, which is joint work with C. Bellettini, we investigate CMC hyper-
surfaces which arise as the limit interface of sequences of particular (min-max, hence with index
at most 1) solutions to the inhomogeneous Allen—-Cahn equation. We prove that on a compact
Riemannian manifold of dimension 3 or higher, with positive Ricci curvature, the Allen—Cahn min-
max scheme of Bellettini-Wickramasekera [14], with prescribing function taken to be a non-zero
constant A\, produces an embedded hypersurface of constant mean curvature A. More precisely,
we prove that the limit interface arising from said min-max contains no even-multiplicity minimal
hypersurface and no quasi-embedded points (both of these occurrences are in principle possible in

the conclusions of the aforementioned work by Bellettini-Wickramasekera).

In the second part of this thesis, we investigate sequences of bubble converging minimal hypersur-
faces, or CMC hypersurfaces, in compact Riemannian manifolds without boundary, of dimension
4,5, 6 or 7, and prove upper semi-continuity of index plus nullity, for such bubble converging se-
quences. This complements the previously known lower semi-continuity results for the index. The
strategy of the proof is to analyse an appropriate weighted eigenvalue problem along the bubble

converging sequence of hypersurfaces.



Impact Statement

This thesis lies in the area of geometric analysis, and contains results and work on minimal and
constant mean curvature (CMC) hypersurfaces in Riemannian manifolds. These objects are varia-
tional in nature, in that they arise as critical points to appropriately chosen area-type functionals.
Key developments in understanding their properties (regularity, compactness, index etc.) as such
critical points has led to applications in many mathematical areas including Riemannian and dif-
ferential geometry, and general relativity. Moreover, as these area-type functionals are some of
the simplest, yet mathematically rich, non-linear geometric functionals, the study of their critical

points has had immnese impacts on the calculus of variations and non-linear PDE theory.

In this thesis we produce several results concerning this variational theory for these hypersurfaces.
More specifically, in Chapter 2 we further develop the min-max theory for CMC hypersurfaces,
which culminates in a previously unknown existence result for embedded CMC hypersurfaces.
Then, in Chapter 3 we produce results concerning the index of minimal and CMC hypersurfaces,
in particular the behaviour of this variational property along certain degenerating sequences of

such hypersurfaces.

Moreover, in Chapter 2 we study these hypersurfaces through the phase transition framework.
As such we further develop this phase transition theory, in particular the study of min-max solu-
tions to the inhomogeneous Allen—-Cahn equation. The theory of phase transitions is widely used
throughout mathematics and the natural and physical sciences, and developments of this theory
have and will continue to have impacts on the wide range of areas that this theory is used in.
These areas include, but are not limited to: theoretical physics, material science, mathematical

biology and computer imaging.
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Introduction

Problems arising in geometry and the physical sciences are often variational in nature, and thus
may be studied through analysing critical points to (often non-linear) functionals. One such class of
non-linear geometric functionals is that of area-type functionals, which have minimal and constant
mean curvature (CMC) hypersurfaces as examples of critical points. It is the properties of such

variational hypersurfaces that are studied in this thesis.

These area-type functionals have attracted a significant portion of research attention within geo-
metric analysis and the calculus of variations. The development of the theory of such functionals
and their critical points has had significant impacts on a wide variety of mathematics and the
physical sciences, including but not limited to: geometry, general relativity and material science.
Moreover, as these functionals are some of the simplest, yet mathematically rich, non-linear geo-
metric functionals that one can think up, the techniques and ideas generated through this direction
of research have also had substantial influence within non-linear PDE theory and the calculus of

variations.

When studying such variational problems it is of crucial importance to be able to take appropriate
limits of sequences of critical points, and analyse how their properties may change under such con-
vergence. As such, the regularity and compactness theory accompanying the variational problem
is key to any developments and applications. For instance, the compactness and regularity theory
for stable minimal hypersurfaces of Schoen—Simon—Yau [52] and Schoen—Simon [51] (see also the
recent proof by Bellettini [10]), have become indispensable tools within geometric analysis, differ-
ential geometry and general relativity, and are crucial to the now classical existence theory of such

hypersurfaces.

Theorem 1. (Almgren [2], Pitts [45], Schoen—Simon [51]) For any compact n+1 dimensional Rie-
mannian manifold (N, g), without boundary, there exists a smooth, embedded minimal hypersurface

M, and,
o M s closed when 2 < n <6,
e M\ M consists of finitely many points when n =7,
o dimy(M\ M) <n—7T, whenn > 8.

As seen by the Simons cone ([55, Theorem 6.1.2]), the regularity of these hypersurfaces is in general

optimal.

Further advancements in the regularity and compactness theory for stable minimal hypersurfaces
by Wickramasekera [67], have led to a new, streamlined proof of Theorem 1 by Guaraco [30] via the

theory of phase transitions (building on the previous work of Hutchinson—Tonegawa [33], Tonegawa
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[59] and Tonegawa—Wickramasekera [60]). The result in Theorem 1 has also recently been extended
(Marques—Neves [39], Irie-Marques—Neves [34], Chodosh-Mantoulidis [20], and Song [56]) to prove
not just the existence of one, but in fact infinitely many distinct minimal hypersurfaces in every

compact Riemannian manifold without boundary of dimension 3 <n+1 < 7.

While the existence theory (and corresponding regularity and compactness theory) for minimal

hypersurfaces is by now classical, the corresponding theory for CMC hypersurfaces is more recent.

Theorem 2. (Zhou-Zhu [71], Bellettini-Wickramasekera [12, 14], Dey [24]) For any A € R\ {0},
and any compact n+ 1 dimensional Riemannian manifold (N, g), without boundary, there exists a

smooth, two-sided, quasi-embedded hypersurface M, with constant mean curvature A\, and
o M is closed when 2 < n <6,
e M\ M consists of finitely many points when n =17,
o dimy(M\ M) <n—17, whenn > 8.

Again the dimensional restrictions on M \ M are in general optimal.

Here we recall that a quasi-embedded hypersurface is a smooth immersion, with any self-intersections
being tangential, and with the local structure being that that of two smooth embedded n-dimensional
disks lying on opposite sides of each other (see Figure 1 for heuristic a picture, and Definition 1
for a detailed definition). As such, points in a quasi-embedded hypersurface can be characterised
into two disjoint sets. Those points where locally M is a properly embedded hypersurface (which

we call embedded points) and those where M is not (which we call non-embedded points).

For the case of minimal hypersurfaces, A = 0, by the one-sided maximum principle such non-
embedded points cannot exist. However, for A € R\ {0}, in general such non-embedded points
need to be accounted for by considering simple examples like that of two touching spheres or two
touching cylinders (Figure 2). Thus the presence of such non-embedded points is a characteristic
that is unique to the theory of A-CMC hypersurfaces for A # 0, and is a major difference between
these two theories with genuine technical consequences. For example, at such points our immersed
hypersurface is no longer smoothly embedded, and thus such points can be viewed as a type
of geometric singularity for the hypersurface. Furthermore, the size of the set of non-embedded
points may be relatively large (potentially of Hausdorff dimension n — 1, as demonstrated by
the two touching cylinders). As such this set can affect the ambient variational properties (for
example index) of these hypersurfaces, as these points cannot simply be ignored through capacity
arguments. To develop the theory and applications of CMC hypersurfaces it is thus necessary to
develop our understanding of this set of non-embedded points. For example, some basic questions

one may ask are:
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L

(a) Local picture about an em-

) Local picture about a non-
bedded point of M

embedded point of M

Figure 1: The two possible local pictures about a point in a quasi-embedded hypersurface M

(a) Two spheres touching at a point (b) Two cylinders touching along a line

Figure 2: Examples of quasi-embedded CMC hypersurfaces with non-embedded points
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— What geometric and variational properties of the hypersurface and ambient space can affect

how big this set can be?
— What local and global structure can this set have?
— In which scenarios can we rule out the presence of this set altogether?

In the first part of this thesis (Chapter 2), which is joint work with Bellettini (and the published
version of this work may be found here [15]), we manage to answer such questions (and in fact rule
out the presence of such non-embedded points) in a particular class of CMC hypersurfaces. As a

direct result we obtain the following existence theory for embedded CMC hypersurfaces.

Theorem 3. For any A\ € R\{0}, and any compact n+1 dimensional Riemannian manifold (N, g),
without boundary, and with positive Ricci curvature, there exists a smooth, two-sided, embedded

hypersurface M, with constant mean curvature X, and
o M s closed when 2 < n <6,
e M\ M consists of finitely many points when n =7,
o dimy(M\ M) <n—7, whenn > 8.

This is a new result and one of the first of its kind where we manage to prove existence of embedded
CMC hypersurfaces for all values A € R\ {0}, in a fixed class of Riemannian metrics. As a direct
result of ruling out such non-embedded points we are also able to conclude that this particular

class of A-CMC hypersurfaces considered have Morse index equal to 1.

However, in general, we cannot rule out the existence of such non-embedded points. Even when
considering the class of fully embedded CMC hypersurfaces it is necessary to study such non-
embedded points, as they can arise in limits of objects within this class. For example, we may
consider two disjoint spheres or cylinders coming together and smoothly touching (as in Figure 2),
or even worse, a sequence of unduloids with singular convergence leading to a string of touching
spheres (Figure 3). In this singular convergence, information (index, genus, total curvature etc.)
may be lost to the touching point. In low dimensions (2 < n < 6), by curvature estimates one can
see that non-embedded points arising through such singular convergence, must be points of index
concentration along the sequence. Using this, Bourni-Sharp-Tinaglia [16] carried out a bubble
analysis of sequences of CMC hypersurfaces arising as boundaries (in these low dimensions), and
concluded that such singular points of convergence must be modelled on catenoids. Moreover,
through this bubble analysis, Bourni-Sharp—Tinaglia were able to prove a quantisation result for
the total curvature, and a lower semicontinuity result for the index. Essentially these results say
that any loss in total curvature when taking this singular limit can be exactly accounted for by

counting the number of catenoid bubbles, and also some of the index lost through this limit may
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Figure 3: Unduloids exhibiting singular convergence to a line of touching spheres. Necks in the
Unduloids shrink leaving the touching points between the spheres in the singular convergence.

also be accounted for by counting the index of these catenoid bubbles. However one may ask if
such a bubble analysis is sharp in accounting for all the index along such a singular limit to a
non-embedded point. It is this question we approach in Chapter 3 of this thesis (the pre-print
of this work can be found here [68]), and answer, in dimensions 3 < n < 6, by deducing an
upper semicontinuity result for the index plus nullity (Theorem 8). In fact the method we use is
rather general and equally holds for proving an appropriate upper semicontinuity of index plus
nullity result for suitable sequences of bubble converging minimal hypersurfaces, as well as CMC

hypersurfaces which do not necessarily arise as boundaries (again in dimension 3 < n < 6).
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A Guide to Reading this Thesis

We make a brief note on how this thesis should be read. Chapter 1 begins with some general
preliminaries on minimal and CMC hypersurfaces (Section 1.1), and varifolds and Caccioppoli sets
(Section 1.2). The main purpose of these preliminary sections is to set notation and definitions
that will be used in both chapters of this thesis. For a detailed discussion and introduction to these
areas we refer the reader to the relevant references listed in these sections. After this preliminary
chapter, we recommend that the reader approaches both of the remaining Chapters (2 and 3)
independently of each other. In fact both contain their own independent introductions which
describe the projects in much more detail than we have went into in the above. Moreover there
are some slight subtle changes in notation between both Chapters 2 and 3. These changes are to

replicate the notation of each chapters own independent background references.
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Chapter 1

(General Preliminaries

1.1 Minimal and CMC Hypersurfaces

Throughout this thesis (V, g) will denote a compact Riemannian manifold without boundary of
dimension n + 1 > 3. We denote the open geodesic ball in N, of radius r > 0, about point p € N
by BN(p). In Euclidean space R™, we denote the open ball of radius r > 0 (with respect to the
standard Euclidean metric), centred at p € R™ by B/"(p). Consider an open set 2 C N, and a
smooth hypersurface M C N, such that in €2, M is properly embedded. For a point x € M N,

we define the second fundamental form of M, at x (which is a vector valued bilinear form) by,

Ap(z): T,M x T,M  —  (T,M)*,
(XaY) = g(VXKV)V>

where v is a choice of unit normal to M at . We may then define the mean curvature vector H ,
at x € M N, by,
H(x) = tre,a(An(2) (-, -)-

If H(z) = 0, for all z € M N, we say that M is a minimal hypersurface in Q. For a constant
A€ R, if g(H(z), H(z)) = A2, for all z € M NQ, then we say that M is a constant mean curvature
hypersurface, of mean curvature A (A-CMC) in Q. Note that M being minimal in (A = 0) is
a special case of M being a CMC hypersurface. Secondly note that if A # 0, then there exists a
choice of unit normal v, for M N 2, such that, H= Av, on M N Q. Such hypersurfaces (minimal
and CMC) may also be characterised as being critical points of certain area-type functionals. We

now discuss this below.

Define the set G(N) to be the set of smooth, properly embedded hypersurfaces of N. On this set

17



we consider the area functional (with respect to the metric g),

A, (M): S(N) — R,
M = H(M),

where 7-['; denotes the k-dimensional Hausdorff measure on N, with respect to the metric g. Often
we will drop the subscript ¢ when the implied ambient metric is clear. Letting I'(T'N) denote the
space of smooth vector fields on N, and taking X € I'(T'N), then for small ¢ > 0, we may define
a flow,

$: N x (—¢,e) = N,

such that

0
S ®(-,0) = X(-).

We define the first variation of A,, at M, in direction X by

5A,(M)(X) = 2

= %\t:OAg<(I)(M7 t))a

and say that d.A,(M) = 0 (M is a critical point of A,) if 6.4,(M)(X) =0, for all X € I'(T'N). We
may localise this definition to an open set {2 C N, by only considering the subset of vector fields

which have compact support in €2, which we denote,
L(TQ) ={X €eI'(T'N): spt X C Q}.

In particular, we say that M is a critical point of A, in €2, if 0. A4,(M)(X) =0, for all X € I'.(T2).
Then, as shown in [22, Chapter 1, Section 1.3], if @ cC N \ (M \ M), then M is a critical point

of A, in €2, if and only if, and M is a minimal hypersurface in 2.

As in many problems in the calculus of variations (and even in basic calculus) one may look to
study critical points to a functional by analysing the second derivative of the functional at that
point. In the setting considered here, we refer to this second derivative as the second variation of

A, at M, which we define (in direction X) by,

A (M)(X) = &

= g (@O 1),

For open sets @ CC N \ (M \ M), it is sufficient to only consider the following vector subspace of

['(T'N), with an appropriate equivalence relation,

L(T(MNQ)Y) = {[X]: X € (TQ), and for allz € M, X (z) L T, M,
and [X] = [Y]if and only if X = Y on M}

18



Then for X € T.(T(M NQ)*L), we have that ([22, Chapter 1, Section 8.1])

F4,00() =~ [ x.1X),

where L is a second order elliptic differential operator, which we call the stability operator. For a
point = € M, taking {E1, ..., E,} to be an orthonormal basis of T,,M, we may define the operator
at x by

LX = Ay X+ g(Au(E;, Ej), X) Ay (B, Bj) + Tr Ry (+, X) -

ij=1
where Ay, is the normal Laplacian to M, Ay is the second fundamental form of M, and Ry is

the Riemann curvature tensor of N.

We now consider the larger class of vector fields, supported in 2, with zero Dirchlet boundary
condition on 952, which we denote T'o(72). In particular, this is the set of vector fields on N,
which are smooth in €, equal to 0 on N \ ©, and continuous across 9. Then, similarly to before

we define,

To(T(M N = {[X]: X € To(TQ), and for allz € M, X (z) L T, M,
and [X] = [Y]if and only if X =Y on M}

We say that x € R is an eigenvalue of L, in ) , if there exists an X € ['o(T(M N Q)1), such that
X #0, and
LX + kX =0,

in M N Q. By standard theory [28, Section 8.12], the set of eigenvalues for L in €2, (counted
with the multiplicity given by the dimension of the linear subspace of all eigensections with such

eingenvalue) is a countable, discrete set which is bounded from below, and converges to +o0,
ki < kg < voe 400

Then we define the Morse index of M in Q (indg (M)), to be the number of negative eigenvalues
of L, counted with the above notion of multiplicity. Equivalently the Morse index in {2 may also
be defined by

indg(M) = sup {dimH: for all X € I < To(T(M NQ)*), / g(X, LX) > 0}
M

The nullity of M in Q (nulg (M)), is defined to be the number of zero eigenvalues, counted with
multiplicity. We define M to be stable in €, if indg (M) = 0.

If M has trivial normal bundle in 2, then we may identify To(T(M N Q)*) with C5°(M N Q)
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in the following way; let v denote a continuous choice of unit normal for M N €2, and for X €
Lo(T(M N Q)*), we may define the function,

fx(x) = g(X(2),v(x)) € C5°(M N Q),

and for f € C5°(M NQ), by a standard extension argument there exists an X € Io(T(M NQ)*),
such that

fz) = g(Xs(x),v(x)).

Then, we define the bilinear form

By[f, [] = 8" Ag(M)(Xy) = / g(VM £V ) = ([Au P + Ricy (v, v)) f2 dH",

M

which can be extended to be a bilinear form on VVO1 *(M N Q). Thus, integrating this expression
by parts, we see that studying the operator L on T'o(T(M N Q)1), is equivalent to studying the
operator (which we also call the stability operator and denote by L),

L= AM + |AM‘2 + Rng<V, V),

on the function space C3°(M N Q). Here Ay, is the Laplace-Beltrami operator on M N Q (with
respect to the ambient metric g restricted to M N Q), |Ay|? denotes the square of the Hilbert—

Schmidt norm of Ay, and Ric, denotes the ambient Ricci curvature of (XN, g).

Thus if M N €2 has trivial normal bundle, then the Morse index of M in {2 may be defined as the

number of negative eigenvalues (counted with multiplicity) of the operator L on C§°(M N ), or
indg (M) = sup{dim IT: for all f € 1 < Wy*(M N Q), BL[f, f] < 0}.

Note that throughout the thesis (especially in Chapter 3) we will often drop the sub- and super-

scripts on Ay and VM when it is clear we are working on the hypersurface M.

Alternatively to &(N), and the area-functional A,, we may consider the following set,
S(N)={(M,E): M € &(N), E C N, open, withoE = M},
and for A € R, the following area-type functional

F\: S(N) — R,
(M,E) +— H"(M) - \XH"TH(E).

As before, for Q@ cC N\ (M \ M), and taking X € T'.(T(M N Q)*), we define the first variation
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of F\, at (M, E), in direction X, [7, Propositions 2.3 and 2.5]

d
SF\(M,E)(X) = a7 F\(®(M,t),D(E,t)).
|t=0
By computing ([7, Propositions 2.3]) one will see that (M, E) is a critical point of Fy in €, if and
only if M NQ is a A-CMC hypersurface, with H= Av, where v points into E. For a critical point
(M, E) in €, and defining f = ¢g(X,v) on M N2, as before we may take the second variation and
compute,
d2
FRM.B)X) = g FARM.0.8(E.0) = Bulf.f) == [ 1L1
= M

where By, and L = Ay + |Aup|* + Ricy(v,v), are defined exactly as before. We then similarly
define the index and nullity of M in €.

We shall revisit and extend this discussion on index, nullity and the stability operator in Section
3.1.2.

In studying such hypersurfaces and their variational properties (in particular analysing sequences
and taking limits), it is necessary to expand the class of objects (smooth, closed, properly embedded
hypersurfaces) that we consider. We define one such object below (which is at the centre of study

in Chapter 2), and even weaker notions in Section 1.2.

For a point # € N, an n-dimensional subspace T' C T, N, and constants p, 7 € (0,inj (N)/2), we
define the cylinder,

Compr ={exp,(y +svr): y € BZmN(O) NT,se€(—1,71)},

where vr is a choice of unit normal to T

Definition 1. (Quasi-embedded hypersurface) A set M C N is defined as a quasi-embedded
hypersurface if there exists a smooth manifold S, of dimension n, and a smooth proper immersion
t: S — N, such that M = «(5), and for each € M, there exists p,7 € (0,inj(N)/2), a n-
dimensional subspace T' C T,N (with a choice of unit normal vr), along with a finite, ordered

collection of distinct smooth functions uy < ug < ... < uy, for some k = k(z) € Zsy,
Upy .oy U BZ”N(O) NT — (—7,7),

with «;(0) = 0, and Vu,;(0) =0, for all i = 1,..., k, such that,

k
MnN Cx,T,p,T = U{expx(y + ui(y)VT): Yy € BZEN(O) N T}

=1
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If £ =1, then we call z an embedded point of M, and if k > 2, we call  a non-embedded point
of M.

Definition 2. (Quasi-embedded \-CMC hypersurface) For A € R, a set M C N, is defined as a
quasi-embedded \-CMC if M is a quasi-embedded hypersurface as defined in Definition , and for

each x € M, the graph of each function uq, ..., u; has constant mean curvature \.

Remark 1. (See [12, Remark 2.6]) Note that if A = 0 (i.e. M is minimal) then by the one-sided
maximum principle for each x € M, k = 1. Similarly, if A # 0, and for x € M, such that
k > 2, then in fact k = 2. Moreover, if ﬁz denotes the mean curvature vector of graph (u;), then

g.(Hi (), vr) = A, and g, (Hs(w), vr) = =\,

It is also worth noting that in the literature these hypersurfaces are defined under different names.
In [71] they are referred to as almost embedded, and in [16] they are referred to as effectively

embedded. We opt for the name quasi-embedded as in [14].

1.2 Varifolds and Caccioppoli Sets

We denote n-rectifiable varifolds V', in N, by V' = (X, 0), where ¥ C N is an n-rectifiable set, and
0: 3 — Ryo, is a Hy-measureable function on 3. To a varifold V, we define its weight measure

|V]| (which is a Radon measure on N), by
Vi) = [ oan acw, (1)
£nA

and we define spt ||V]| as the support of the Radon measure ||V'|| on N. If 6 takes positive integer
values ||V ||-a.e. then we say that V' is an integer n-rectifiable varifold. For an n-rectifiable varifold
V, and a sequence of n-rectifiable varifolds {V;}, we say that V; — V if |V;|| = ||V as Radon

measures.

We also note that the definition of an n-rectifiable varifold is always up to an equivalence (see the
first paragraph of [54, chapter 4]), and unless otherwise stated we will take ¥ = spt ||V, and for
peEX,

f(p) = lim inf (B, (p)

r—0 Wpr™ ’

where we are setting, w, = H"(B7(0)).

We now look to define the first variation of a n-rectifiable varifold V. Let f: N — N, be a proper
C'! map, then

faV = (f(2),00 f7),
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defines a rectifiable n-varifold. Then, for a smooth vector field X on N (recall that X generates a

flow @), we define the first variation of V' in direction X by

SV (X) = %tzoqu(., )4 V|(N) = /(divz X) 0 dH".

P

We then say that V' has generalised mean curvature H , if
SV(X) = —/(X N
b

holds for all smooth vector fields X on N. If H = 0, we say that V' is stationary.

We define the following three sets on spt ||V|]:

1. The regular set of V' (denoted reg V') is the set of points x € spt ||V]|, such that there exists
a p € (0,inj (N)), such that spt [|[V|| N BY(x) is a smoothly embedded hypersurface.

2. The generalised regular set (denoted gen-reg V'), is the set of points x € spt ||V||, such that
there exists p € (0,inj (NV)), such that spt ||V|| N BY(z) is a quasi-embedded hypersurface.

3. The singular set of V' (denoted sing V'), is the set of points x € spt ||V \ gen-reg V.

It is worth noting that by the one-sided maximum principle for minimal hypersurfaces, if V' is
stationary, then gen-regV = regV. Moreover, with this notation, if M is a quasi-embedded
hypersurface (Definition 1), with H"(M \ M) = 0, then we may define a rectifiable n-varifold
V = (M, 1), the set of embedded points of M will be contained in reg V, the set of non-embedded
points of M will be contained in gen-reg V' \ regV, and sing V' will be contained in M \ M.

We refer the reader to [54, Chapter 4] for a more detailed discussion on n-rectifiable varifolds.

Another geometric object used in this thesis is that of Caccioppoli sets. Before we state the

definition of Caccioppoli sets we need to define functions of bounded variation.

Definition 3. (Functions of Bounded Variation) We define the set of functions BV (N), to be the
set of functions f € L*(N), such that,

V(f) = sup{/NfdivX : X €I(TN), || X||Lenv) < 1} < 400

Equivalently, there exists a Radon measure |D f|, and | D f|-measureable vector field o on N, with
lo|(z) =1 for x |D fl|-a.e. such that

/NfdivX:—/Ng(Xp)d]Df]
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holds for all smooth vector fields X on N.

Definition 4. (Caccioppoli sets) A set £ C N is a Caccioppoli set (or a set of finite perimeter) if
the characteristic function of F,
1, zek,

O? '/’U¢E7

xe(z) =

lies in BV(N).

For a Caccioppoli set E/, we define the reduced boundary of E, 0*FE, as the set of points x such
that,

1. |Dxg|(BY(x)) > 0 for all r € (0,inj (N)),

2. For any smooth vector field X on N

1
lim
r—0t W, T

/ 9(0, X) d|Dxs| = 9(0 X),
BN (z)

3. |ol(z) =1

We refer the reader to [25, Chapter 5] for a more detailed discussion on functions of bounded

variation and Caccioppoli sets.
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Chapter 2

Embeddedness of Min-Max CMC
Hypersurfaces in Manifolds with

Positive Ricci Curvature

This chapter of the thesis contains joint work with Bellettini. The published version of this work

may be found here [15]. Our main result is the following existence result,

Theorem 4. For any A € R\ {0}, and compact, n+ 1 dimensional (n > 2) Riemannian manifold
(N, g), without boundary, and with positive Ricci curvature, there exists a smooth, embedded, two-

sided hypersurface M, with constant mean curvature A (A\-CMC), and
1. M s closed when 2 <n <6,
2. M\ M consists of finitely many points when n =7,
8. dimg (M \ M) <n—7, whenn > 8.

In Theorem 4 the emphasis is on the fact that M is embedded: this is a new result. The statement
of Theorem 4 with embedded replaced by (the weaker notion of) quasi-embedded was on the other
hand known, as detailed below (with two methods available). We recall that quasi-embedded
means that the hypersurface is a smooth immersion, with any self-intersections being tangential,
and with local structure around any point of tangential intersection being that of two embedded

disks lying on opposite sides of each other (see Definitions 2 and 2).

As it will be important for our arguments, we begin by recalling that the existence result in
Theorem 4, with embedded replaced by quasi-embedded, follows from the work by Bellettini—
Wickramasekera in [14]. In fact, [14, Theorem 1.1] proves the following more general result.
Given a compact Riemannian manifold, (N, g), dim N > 3 (without any curvature assumptions)

and a non-negative Lipschitz function h : N — R, there exists a quasi-embedded, two-sided C?
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hypersurface M), such that, for each = € M, the scalar mean curvature of M), at x is given by h(z);
the singular set M\ M, satisfies the dimensional estimates listed in Theorem 4. The construction
of M}, is carried out in the Allen—-Cahn min-max framework, and serves as a starting point for the
present work. We briefly recall it here in the case h = X\ constant, with further details in Section
2.1.1.

Consider a sequence of functions {u;} in W12(N), where each u; is the solution of the appropriate
g;~scaled inhomogeneous Allen—-Cahn equation, with e; — 0. Assuming uniform energy bound, the
works of Hutchinson—Tonegawa [33] and Roger—Tonegawa [46] give, in the ; — 0 limit, an integral
varifold V' (a “limit interface”), with generalised mean curvature Hy € L (spt||V||), along with a
Caccioppoli set E, with 0*E C spt ||V]|, such that,

Hy(x) =\, Oy (x) =1, H" —a.e.x € IE,
Hy(x) =0, 0y(z) € 2Z>,, H"—a.e.x €spt||V]\I*E.

In the presence of such a sequence {u;}, the two major roadblocks to an existence result for a
A-CMC are (i) 0*E may be empty, in which case the limit interface is actually minimal (ii) even
if 0*E # (), it may not have sufficient regularity ([14, Figure 1] illustrates how lack of regularity
could prevent 0*E from being an admissible candidate). In [14] a (first) sequence {u;} is produced
by means of a classical mountain pass lemma; the Morse index of each u; is at most 1 (as a
consequence of the fact that the min-max has one parameter). It is moreover shown (see [14,
Remark 6.7]) that in the case of ambient manifold with positive Ricci curvature (and with h = A
constant), occurrence (i) cannot arise, that is, 9* E' is non-trivial when w; is the sequence obtained
from the min-max. For arbitrary ambient manifolds, in the event that u; leads to occurrence (i),
[14] implements a gradient flow that yields a (second) sequence {v;}, for which *F # () and with
Morse index 0. The matter is thus reduced to a regularity question for the limit interface arising
from a sequence u; with uniformly bounded Morse index. This index control is used in a key way to
obtain regularity ([14, Theorem 1.2]), whose proof relies on extensions of Tonegawa’s work [59] and
Tonegawa—Wickramasekera’s work [60], and crucially on the (non-variational) varifold regularity
result of Bellettini-Wickramasekera [13, Theorem 9.1] (see also [14, Theorem 3.2]). In conclusion,
[14] obtains that V = V) + V, where spt ||V)|| = OF = M, and spt ||Vo|| = Mp; here M, is a two-
sided, quasi-embedded \-CMC hypersurface, and M, an embedded minimal hypersurface, both
satisfying the dimensional estimates listed in Theorem 4. Furthermore, any intersections between
M), and M,, and self-intersections of M)y, are always tangential intersections of C? graphs lying on

one side of each other.

With this as a starting point, our first step in establishing Theorem 4 is to show that when Ricy > 0,
the one-parameter Allen—Cahn min-max just recalled does not produce any minimal components

in the limit interface, i.e. V5 = 0. (As mentioned earlier, in this case [14] establishes already that
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Vy # 0 for the u; produced by min-max.)

Theorem 5. Let (N,g) be a compact Riemannian manifold, without boundary, of dimension >
3, with positive Ricci curvature, and X > 0. The one-parameter Allen—Cahn min-maz in [14],
with prescribing function set to X\, produces a two-sided \-CMC' hypersurface and no minimal

hypersurface.

Theorem 5 is achieved by exhibiting a suitable continuous path, admissible in the min-max con-
struction (which employs paths that are continuous in W'?(N)). This path will move through
functions that are each modelled on a level set of the signed distance to M,. The idea is to try to
place a 1-dimensional Allen—Cahn profile along the normal direction to a given level set and thus
produce a function (a point in the path). This might appear problematic due to the presence of
points where the level sets are not smoothly embedded in N (which, for example, may be caused
by the presence of the singular set M, \ My, or by the fact that M) has quasi-embedded points).
We handle this after observing that all “problematic points” are contained in a closed n-rectifiable
set. The open complement (in N) of this n-rectifiable set is described (via a diffeomorphism) as
an open subset of M x R, where M is a (abstract) n-manifold whose immersion into N gives M.
We will refer to this open subset as the Abstract Cylinder (which is endowed with a metric pulled
back from N). Each level set of the distance function becomes a subset of M x {s}, where s is the
chosen distance value. The sought path is then defined by “sliding” the 1-dimensional Allen—Cahn
profiles in the R-direction in the whole cylinder M x R, then restricting these functions to the
Abstract Cylinder, and passing them to N. We check that this indeed produces a continuous path
in W12(N). Furthermore, performing the energy calculations on the Abstract Cylinder, we see
that the potentially “problematic points” do not cause any issues. The sliding argument yields a
path with the (key) property that the relevant Allen-Cahn energy attains a maximum (along the
path) at the function obtained in correspondence of M) (signed distance equal to 0); this relies
on the positivity of the Ricci curvature. This property of the path easily implies that 1, = 0
(no minimal component), for otherwise the min-max characterisation of V' would be contradicted.
Theorem 4 is then proven by showing that the A-CMC hypersurface arising in Theorem 5 is, in
fact, embedded. This is again done by exhibiting a suitable path (admissible in the min-max).
This path is constructed by editing the previous one about its maximum, under the contradiction
assumption that a non-embedded point exists in M,. The modification requires the identifica-
tion of suitable hypersurfaces obtained by deforming M), about the non-embedded point. This
construction ensures that the modified path attains a maximum that is strictly smaller than the
maximum obtained for the path used in the proof of Theorem 5. This contradicts the min-max
characterisation. We stress that these path constructions capitalise on the a priori knowledge (from
[14]) that M, and M, are sufficiently regular.

We remark that Theorem 5 is somewhat interesting in its own sake: it is an open question whether

(and under what assumptions) a sequence of solutions to the inhomogeneous Allen-Cahn equation
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with nowhere vanishing inhomogeneous term, and with a uniform bound on the Morse index, can
produce minimal components. (The regularity result in [14] recalled earlier allows us to refer to the
minimal and prescribed-mean-curvature components as hypersurfaces that are separately smooth,
except for a possible small singular set when the ambient dimension is 8 or higher.) Theorem 5 rules
out minimal components in the special instance in which the solutions come from a one-parameter

min-max (in N compact with Ricy > 0) and the inhomogeneous term is constant.

The absence of minimal components and of non-embedded points established by Theorem 4 has,

among its consequences, a Morse index estimate:
Corollary 1. The \-CMC hypersurface in Theorem 5 has Morse index equal to 1.

This follows directly from the work of Mantoulidis [38]. Alternatively, the arguments of Hiesmayr
[31] apply verbatim.

As we recalled, [14] employs an Allen-Cahn approximation scheme to construct the A-CMC quasi-
embedded hypersurface. The statement of Theorem 4 with embedded replaced by quasi-embedded
can also be obtained (without any curvature assumption on N) using the so-called Almgren—Pitts
method for the min-max, see the combined works of Zhou-Zhu [71] (2 < n < 6) and Dey in [24]
(for n > 7, relying on the compactness theory of Bellettini-Wickramasekera [12, 13]).

Regardless of the method used for the min-max construction, and without the need of curvature
assumptions, if 2 < n < 6 the A-CMC hypersurface obtained is closed and immersed (completely
smooth). In White’s work [63, Theorem 35] it is proven that for each A € R, there exists a generic
set (in the sense of Baire category) of smooth metrics on the ambient manifold such that any closed,
codimension-1 (completely smooth) immersion with constant mean curvature A, is self-transverse.
Therefore, combining the existence of quasi-embedded A-CMC ([14] or [71]) with [63, Theorem
35], one obtains: when 2 < n < 6, for any A, there exists a generic set of metrics on N, such that
each admits an embedded \-CMC hypersurface.!

This argument relies however on the complete smoothness of the A-CMC hypersurface, which
is not available for n > 7 in the existence results. The flavour of Theorem 4 differs from the
statement just given in that it allows a singular set and can handle all dimensions; moreover the
class of metrics (Ricci positive metrics) is the same for all A € R. We also stress that the proof
of embeddedness in Theorem 4 exploits the min-max characterisation of the A-CMC, while one
can apply [63, Theorem 35] to any smooth CMC immersion, not necessarily one coming from a
min-max. Theorem 4 and 5 may also hold with other assumptions on the metric on N, or other

choices on the set of prescribing functions. (In these different scenarios an alternative approach to

LA more general version of this statement is available for h-PMC hypersurfaces, 2 < n < 6, by again combining
[63, Theorem 35] with either [14] or [72]. Note that the class of prescribing functions, h, is different in these two
results.
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the sliding argument mentioned above could be a gradient flow, for example, along the lines of |8,
Section 5.4] and [14, Section 6.9].)

2.1 Preliminaries

2.1.1 Allen-Cahn and Construction of CMC Immersion

We recall the min-max construction in [14], of critical points to the inhomogeneous Allen-Cahn

energy,

For(u) = /N %]VUF + %u) - J/N)\u, e €(0,1), u € WH(N). (2.1)

Where W is a smooth function on R, with W (£1) = 0 being non-degenerate minima, and W (t) > 0,
for t € R\ {£1}. Furthermore, we impose that W has only three critical points, ¢ = 0, £1, and
quadratic growth outside some compact interval. For example W (t) = (1 — t*)?/4, for t € [—2, 2]

and has quadratic growth outside [—3, 3]. The constant o is given by,

o= » Vv Wi(s)/2ds.

Moreover, we take A > 0.

Consider the first and second variations of (2.1) with respect to ¢ € C*°(N),

dFer(u)(p) = /NesVu -V + (W;(u) - a)\) ©, (2.2)

W”(“) %02'

PFu)(pg) = /N Vel + (2.3)

We say that w is a critical point of (2.1), if dF.\(u)(p) = 0, for all ¢ € C*(N), and then by

standard elliptic theory we have that u € C*°(V), and strongly solves,

eAu = Wu)

— oA (2.4)

If w is a critical point of (2.1), then (similarly to the discussion in Section 1.1) we may define the

Morse index of v in 2 C N, as
indg(u) = sup {dimII: for allp € I < Wy (Q), 82 Fex(u)(p, @) < 0}. (2.5)

If indg(u) = 0, then we say u is stable in 2. By Figure 2.1, we see that there exists two stable
constant solutions on N, a. > —1, and b, > 1. Furthermore, as ¢ — 0, we have that a. — —1,

and b. — 1. As Ricy > 0, [9, Proposition 7.1] shows that these are the only stable critical points
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W(t)

EON

Figure 2.1: Intersection points, a., b., and c., are the solutions to W'(t) = ec \.

of (2.1).

The existence of these isolated, stable solutions permits us to find non-trivial critical points of

(2.2) via a min-max argument.

Proposition 1. (Ezistence of Min-Max Solution, [14, Proposition 5.1]) For e > 0, let I' denote
the collection of all continuous paths v: [—1,1] — WY2(N), such that v(—1) = a., and v(1) = b..
Then there exists an €y > 0, such that for all € < &g,

inf  sup Fon =0 > Foala:) > Fou(b), (2.6)

7€l uey([-1,1))
is a critical value, i.e. there exists u. € WY(N), which is a critical point of F. x, with F. )(u.) =
Be. Moreover, u. has Morse index < 1.

In our Ricci positive setting, as a. and b. are the only stable critical points we actually have that

u. has Morse index equal to 1.

Now taking a sequence {¢;}ien C (0,¢0), with €; — 0, and associated critical points from Proposi-

tion 1, {u; = u.,}, we associate the following Radon measures,

i Wiu;

= o) (19 + ) g, (27)
Where p, is the volume measure of (N, g). Moreover there exists constants K, L > 0, such that

for all 7,
sup [u;] + pi(N) < K, (2.8)

N
and

iu(N) = L. (2.9)

By the bounds of (2.8) and (2.9), there exists a subsequence {uy} C {u;}, along with a uy €
BV(N), with ug(y) € {+1,—1} for all y € N, and a non-zero Radon measure p, such that

30



uy — ug in L'(N), and py — p as Radon measures. By [33, Theorem 1] and [46, Theorem 3.2,
we have that p is the weight measure of an integral n-rectifiable varifold V', with the following

properties:
1. V, is an integral n-rectifiable varifold with bounded generalised mean curvature Hy .

2. The set E = interior({ug = +1}) is a Caccioppoli set, with reduced boundary 0*E C
spt [V € N\ E # 0.

3. For H™-a.e. x € O*E, Oy(z) = 1, and Hy(x) - v(z) = \; where v is the inward pointing unit
normal to 0*E, i.e. v = Vuy/|Vuyg|.

4. For H"-a.e. x € spt ||V \ O*E, Oy (z) is an even integer > 2, and Hy (z) = 0.

Optimal regularity of V' was then proven in [14] (recall definitions from Section 1.2).
1. V=V+V,

2. Vj is a (possibly zero) stationary integral n-varifold with singular set of Hausdorff dimension

at most n — 7.

3. V\ = (0*E,1) # 0, and gen-reg V) is a quasi-embedded hypersurface with constant mean
curvature A\, with respect to unit normal pointing into E. The singular set of V), has Hausdorff

dimension at most n — 7.

Therefore, we have the following

Theorem 6. (Theorem 1.1 [14]) Let (N, g) be a compact Riemannian manifold, without boundary,
of dimension n+1 > 3, with positive Ricci curvature, and let A\ € (0,00) be a fized constant. There
exists a smooth, quasi-embedded \-CMC' hypersurface (recall Definition 2 and Remark 1) M C N,
with,

1. M\ M=0,if2<n<6;
2. M\ M is finite if n = 7;
3. dimy(M\ M) <n—17,ifn>8.
We restate Theorems 4 and 5 with our new notation.

Theorem 7. Let (N, g) be a compact Riemannian manifold, without boundary, of dimension n +
1 > 3, with positive Ricci curvature, and let X € (0,00) be a fized constant. The limiting varifold
V =V\+ Vy from Section 2.1.1 has the following properties

1. M = gen-reqgV)\ is embedded, connected and has index 1.

2. Vo =0.
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2.1.2 One Dimensional Allen—Cahn Solution

We refer to [9, Section 2.2] as a reference for this section.

We define the function H on R to denote the unique, monotonically increasing, finite energy
solution to the ODE u” — W’(u) = 0, with the conditions H(0) = 0 and lim;, 1, H(t) = £1. We
then define H.(-) = H(e!-), which solves the ODE eu” — e 'W’(u) = 0.

We define an approximation for H.. Start by considering the following bump function

x € CZ(R),

x(t) =1, te(—1,1),
x(t) =0, te R\ (-2,2),
x(t) =x(-t), teR,

Y (t) <0, t>0.

For € € (0, 1), we define the truncation of H. by

X(eA)THH(t) +1 = x((eA)71), ¢>0,
X(eA)HH(t) — 1+ x((eA)71), ¢ <0,

where A = 3|loge|. There exists a constant § = B(W) < +o0, such that for all € € (0,1/4),

W (HL(t))

20 — Be* < / g](ﬁg)’(zﬁw + dt < 20 + Be*.
R

2.2 Idea of the Proof

We first prove Theorem 4 for the case A > 0. To then prove for A < 0, we take A = —\ > 0, and
reverse the direction of the unit normal on the resulting A-CMC hypersurface. From here on we
take A > 0. Moreover we assume that N is connected. If not then we simply take a connected

component of N.

For Caccioppoli sets €2 C N, we define the following functional,
Fa(82) = H"(0" Q) — Ay ().

Recall our converging sequence of critical points {u., }, along with our limiting varifold V' = V) +Vj,

and Caccioppoli set E from Section 2.1.1. We have, as ¢; — 0,

Feialue;) = 20 FA(E) + 20 [[Vo[[(N) + 0 Aug(N)
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Therefore, constructing optimal paths between () and N for F,, will provide insight into optimal

paths from a. to b. for F, ,.

As N is compact, one obvious path that includes E, is {E;} for t € [-2diam(N),2diam(N)],

where,
Ey ={y: d(y) > t}.

Here d is the signed distance function to M := 9*E, taking positive values in E, and negative
values in N\ E. We also denote,

Iy ={y: ci(y) =t} = O0F,.

Assuming sufficient regularity on the sets I'; and E;, and the functions ¢ — H™(I';) and ¢t — p,(E}),

we have for t > 0,

Fr(E) — FA(E) = t ’H”( s)ds — )\/t diug(E ) ds,

//5)\ Hr (z) dH"(z) ds.

where Hrp, is the scalar mean curvature of I's with respect to unit normal Vd. Recalling that

(2.10)

Hp, = A, a straightforward calculation yields the following inequalities.

HptZ)\—l—mt, tZO,
Hr, < X+mt, t<0,

where m = min|x|=1 Ricy(X, X) > 0. Therefore, by (2.10) for t > 0,
Fr(E) < Fa(B).

The same inequality holds for ¢ < 0. Here we see the importance of the assumption on the Ricci

curvature. Therefore,
v: t € [-2diam(N),2diam(N)] — E_, € {Caccioppoli sets of N},
is a path from @) to N, that has maximum height F)(E).
We look to replicate this path in W1?(N). Consider the Lipschitz function on N,
ve = He(d(z) — 1),
which can be thought of as placing the truncated one dimensional Allen-Cahn solution from Section
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2.1.2 along the normal profile of I';. By the Co-Area formula, we have,

Foa(ol) = /R Q-(s — YH"(T') ds — oA /R FL(s — £YH™(T,) ds,

were,

The functions
t / Q-(s —t)H"(I's)ds, and ¢+ oA / H. (s — t)H"(T,) ds,
R R

act as smooth approximations to ¢t — 20H™(I';), and ¢ — 20 A\, (E;) — o Apg(N), respectively.

We say that v2 is an Allen—Cahn approximation of M as,
For00) = 20H (M) — oAty (E) + oAig(N \ E) = A,

as ¢ — 0, Section 2.3.6. Carrying out a calculation which replicates the previous one, we deduce
that for all 7 > 0, there exists an €, > 0, such that for all € € (0,¢,),

H< A = A -2 N
t€[72diam1(n1\%>,(2diam(N)] ]:87/\(1)6) < AT 1 OH%H( ) +7,

where Ay == 20H™(M) + 20||Vo||(N) — o414(E) + op1y(N \ E). Connecting v ™™ = —1 to a.,

and v- > diam(NV) 11 1o b., by constant functions, we see that we have an appropriate min-max

path in W12(N).

This path proves that we cannot have a minimal piece ;. We also get criterion for M. Indeed, as

there exists a "Wall’, [14, Lemma 5.1}, that all min-max paths must climb over, we have that
20 \H" (M) — o Mig(E) + o Mig(N \ E) > aApy(N).

Rearranging yields,
H (M) > Ay (E).

We note that the above path can be constructed for any suitable A-CMC hypersurface which
encloses a volume. Therefore, for any such pair (M, E), the above inequality holds, and our min-
max must choose the pair that minimises the positive quantity H"(M) — Ay, (E). From this, one

can deduce that E must be connected.

We turn our attention to proving that M is embedded. We prove by contradiction, exploiting the

min-max characterisation of M. We now know that, given our sequence of critical points {u.,},
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and potentially after taking a subsequence,
Feyalue,) = 20H" (M) — oAy (E) + olpug(N \ E) = Ay,

as €; — 0. Assume that M has a non-embedded point z;. Then for every ¢; > 0, we construct a

continuous path,

Ve, t [1,1] = WH(N),

where, v.,(—1) = a.;, and 7.,(1) = b.,. This path satisfies the following, there exists a J € Z>1,
and ¢ > 0, independent of j, such that for all j > J,

max F. A(7e, (1) < 20H" (M) — o\ug(E) + oApuy(N \ E) —,

te[—1,1]
This is a contradiction of the min-max characterisation of u.,.

We sketch the main ideas of the path in the e-limit, Figure 2.2.

The picture at zq is Figure 2.3a. The limiting energy for this structure is A,. The starting point
for building this path is to construct a competitor with lower limiting energy. Then we wish to

connect this competitor to +1 and —1, with energy always remaining a fixed amount below A,.
Step 1: Construction of Competitor, (1) — (2) in Figure 2.2, Section 2.5

The structure at zj is two smooth, embedded CMC disks, that touch tangentially at zy and lie either
side of each other. To construct the competitor, we locally push these disks together, and delete
portions of the disks that are pushed past each other. This reduces the area of our structure while
also increasing the size of E, leading to a drop in energy. Indeed, consider open balls B; CC B,
about zg. We smoothly bump the disks at zy such that inside B; we move the disks distance p > 0,
and outside By we remain fixed. The balls By, and B,, along with p, are chosen so that the area
inside B; gets deleted, Figure 2.3b. Letting,

o
S = 57‘[”(31 N M),
we see that our competitor has energy lying below, Ay — <.

Step 2: Path to +1, Section 2.7

To construct the competitor, we only edited M locally about zy. Therefore, pushing the competitor
to the level set I'_, will correspond to a similar drop in energy from pushing M to I'_,. This is
(2) — (6) in Figure 2.2. See Figures 2.3b and 2.3f for local pictures about z,. From I'_, we can

easily connect to +1 by pushing along level sets I'_,., as previously discussed.
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Step 3: Path to —1, Section 2.6

We look to follow a similar method as in Step 2 by connecting our competitor to a level set I, ,
for 7o > 0, then push this along level sets I, for r in [rg, 2 diam(N)] to connect it to —1. By
pushing our competitor straight to I',, we run the risk of pushing through M and increasing our
energy back up to As. Therefore, we carry out our path in stages, again making use of the fact

that our edit about zy; was local.

The first stage is (2) — (3) in Figure 2.2. We fix our competitor in By, and outside we push
forward, so that outside some larger ball B3, we line up with I',,. See Figures 2.3b and 2.3c for
local pictures about zy. Again, as our edit is local about zg, this corresponds to a similar drop in
energy of pushing M to T',,, and the drop will be of order r3. For a large enough rq this will give us
a large enough energy drop to be able to undo the edit inside By, and still have our energy remain
below Ay —¢. This is the second stage from (3) — (4), in Figure 2.2. See Figure 2.3d, for local
picture about non-embedded point. From here we push up inside Bj to line up with I',, (4) —
(5) in Figure 2.2, Figure 2.3e. Finally, we connect to —1 by sliding along level sets as previously
stated.

Path at £ Level

We carry out this 'pushing’, on what we refer to as our abstract cylinder, M x R. See Section
2.3.3. Here M is an n-dimensional manifold and ¢: M — M is a smooth immersion. We define

the following map,

F:MxR — N,
(xvt) = eXpL(x)(tV(x)))a

with v being a smooth choice of unit normal to immersion, pointing into E. Therefore, we view
points (x,t) on our cylinder M xR as having base point () and moving length ¢ along the geodesic

with initial direction v(x). See Figure 2.4.

Recall our function v? = H, o d, then by the Co-Area formula,

Forled) = /R <%\(E€)’(z€)|2 + @ —a)ﬂE(t)) H" (L) dt,

- /R /M (gy(my(mM@—aAm@)) 0,(x) dH" () dt,

where 6,: M — R, is defined in Section 2.3.4 such that for all ¢ € R, and any H"-measurable

function on N,

/gd’H"—/ (go Fy) 0, dH",
Iy

M
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Ay

As

A2—§

—1

+1

Figure 2.2: The Paths. To prove V = 0, we follow the path from —1 to (5), then the dotted line
to (1), dotted line to (6), then complete the path to +1. The dashed line from (1) to (2) is the
construction of the competitor. Then, to prove that M is embedded, we follow the path from —1
to +1 given by the solid lines. Refer to Figure 2.3 for the local picture about the non-embedded
point zy at each numbered stage on the paths.
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(a) (1): Non-embedded point zy (b) (2): Competitor

(c) (3): Move competitor to I',, outside
ball B3 centred at zj.

(e) (5): Push up in Bs to come into line (f) (6): Push Competitor to come in line
with I'y,. with I'_,.

Figure 2.3: Stages of the Path at the non-embedded point zy. In each image, the dashed lines
represent the original A-CMC disks, as a reference to what we are changing at each step. Further-
more, in each image, it is the solid lines that are the boundaries between the '+1” and '—1’ regions.
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(a) On the left we have a local picture about a non-emebedded point zy of
M. On the right the two local pictures about xé and 33% in M x R, where
W(xg) = 20 = 1(x3). We have, F(D;) = D;, and deé(é?t) =y, fori=1
and 2. The dotted line on the left picture respresents points in N which
are of equal distance to D; and Ds. The dotted lines on the right-hand
picture are the preimages of the dotted line on the left, under the map F.

D
+1 F Tat

S

—1

(b) On the left, a local picture about an embedded point of M. On the
right is its preimage in 7" under the map F.

Figure 2.4: Local pictures about points in M

with Fy(-) = F(-,t). Then we carry out the relevant "pushings’ by considering a continuous family

of functions {g, },ejo, C C(M)7

- [ LG

s, WEL( = g,(2))
)t = gola)) P+

l\Dlm

—0AHL (t — g,(2)) | 0,(z) dH"(x,t) dt.

N———

See Figure 2.5.

2.2.1 Structure of the Paper
The paper is organised as follows. We start with setup:

e Section 2.3 is devoted to set up of objects used in the main computation.
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Figure 2.5: How the competitor is constructed as the graph of bump functions about points z
and z3 over M. Whatever is bumped out beyond the dotted line, on the right-hand side, is not
considered in N. In other words, it is deleted.

e In Section 2.4 we carry out the main computation. The constructions that follow are carried

out by plugging explicitly defined functions into this computation.
To prove Theorem b5:

e In Section 2.8.2 we build the dotted path (5) — (1) — (6) in Figure 2.2. Theorem 5 then
follows upon combining this with computations in Sections 2.6.4 and 2.7.2; in these sections
we build the paths (5) — —1, and (6) — +1, in Figure 2.2.

To prove Theorem 4 we argue by contradiction, assuming that M has a non-embedded point z:

e In Section 2.5 we construct our competitor about zy,. This is the dashed path (1) — (2) in
Figure 2.2.

e In Section 2.6 we construct a path from the competitor to the stable constant a.. This is the
solid path (2) — (6) — +1, in Figure 2.2.

e In Section 2.7 we construct a path from the competitor to the stable constant b.. This is the
solid path (2) — (3) — (4) — (5) — —1 in Figure 2.2.

e In Section 2.8.3 we piece together this continuous path from a. to b., in W12(N). The energy
Fe, is less than Ay — ¢ for every point along this path, Figure 2.2. This contradicts the

min-max construction, proving that M is embedded.

Finally, in Section 2.9 we prove Corollary 1 (the Morse index of M is equal to 1, which also implies
that M must be connected).
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2.2.2 A Note on Choice of Constants

The biggest subtlety in the construction of the path in Sections 2.5, 2.6 and 2.7 is the choice of
constants, and the order that we choose them in. We explicitly list the order of choices here, and

reference where they have been chosen.
1. We first choose a non-embedded point z
2. We choose 6 = (29, N, M, g, \,W) > 0, in Remarks 6, 7, 8, 9, 17.
3. We choose L = L(zy, N, M,g,5,\, W) > 0, in Remarks 13, 22.
4. We choose k = k(z9, N, M, g,6, L, A\, W), in Remark 23.
5. We choose r¢g = ro(20, N, M, g,9, L, k, \, /W) > 0, in Remarks 13, 22.
6. We choose p = p(z9, N, M, g,9, L, k,ro, \, W) > 0, in Remarks 10, 11, 12, 15, 19, 24.
7. We define [ = I(p) in (2.11).
8. We choose 7 > 0 in Sections 2.8.2 and 2.8.3.

9. We finally choose ¢ = &(z9, N, M,g,6, L, k, 19, p, 7, A\, W) > 0, in Remarks 16, 20, 21 and
Sections 2.8.2 and 2.8.3.

2.3 Construction of Objects

2.3.1 Signed Distance Function

Let dz7: N — R be the distance function to the closed set M C N. As M is closed, and N is
complete, Hopf-Rinow tells us that, for each z in N, the value, dj;(2), is obtained by a geodesic

from z to a point on M. Furthermore, dy7 is Lipschitz, with Lipschitz constant 1.

The set E = int({up = 1}) is open in N, and M = JE. This allows us to define the signed distance
function, d: N — R, to M, which takes positive values in E, and negative values in N \ E,

~ dM(Z), T € E,
—dy(z), ©¢E.

This is a Lipschitz function on N, with Lipschitz constant 1.
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2.3.2 Abstract Surface

M is a quasi-embedded A-CMC hypersurface, Definition 2.

Remark 2. (Local graphical representation of M) For a point z € M, there exists an n-dimensional
linear subspace T = T, C T, N, and a unit vector v, € T+, along with r = r(2) > 0, s = s(2) > 0,
and S = S(z) > 0, with max{r, s} < S < inj(N), such that we can define the cylinder

Corps =exp, ({ X +tv.: X € BEN(0)NT, t € (—s,8)}) C BY (2),

and, one of the following holds:

1. (See Figure 2.4b) There exists a smooth function,
f:B.r,=BN0)NT — (—s,s),

which satisfies,

f(0) =0,
VIf(0) =0,
ATf(o) = A,

and,
MnN Corrs = exp,(Graph (f)) = exp,({X + f(X)v.: X € B,r.})

Furthermore, we have that,
ENC,r,s =exp,({X +tv.: X € B,r,, f(X) <t <s}),
and we can define a smooth choice of unit normal to exp,(Graph (f)),

v: exp,(Graph (f)) — T(exp.(Graph (f)))",

such that v(z) = v,.

2. (See Figure 2.4a) There exists two smooth functions,

f17 f2: BZ,T,T — (_878)7

42



which satisfy,

VT £1(0) =0 = VTfy(0),
\ATf1(0) =\ = —Arf>(0),

and,

MNC.rps= | exp.(Graph (f;)) = | exp.({X + fi(X)v.: X € B.1,}).

i=1,2 i=1,2
Furthermore, we have that,

EnC.rys = exp,({X+tv,: X € B.r,, 1(X) <t <s})
Uexp,{X +tv,: X € B.r,, —s <t < fo(X)}),

and we can define smooth choices of unit normals,

v;: exp,(Graph (f;)) — T(exp,(Graph (f)))*,

such that v, (z) = v., and 1(2) = —v,.

Recall that if Case 1 holds, then we say that z is an embedded point of M, and alternatively if
Case 2 holds, we say that z is a non-embedded point of M. In either case, the tangent space of M
at z is given by, T,M =T,.

The set of non-embedded points of M satisfies the following

Claim 1. ([12, Remark 2.6]) The set of non-embedded points of M is locally contained in an
(n — 1)-dimensional submanifold of M, and thus this set of non-embedded points has H"-measure

0.

We define our abstract surface M by

M ={(z,v): 2 € M, v € T,M*, with|v| = 1, and points into E'}.

Locally M is a smooth, embedded CMC disk in N, therefore, M is a smooth n-dimensional

manifold.
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2.3.3 Abstract Cylinder

Consider z in M, then z = (2,X), for some z in M and X in T,M~*. We define two, smooth
projections, first from M to TM*,
vi(z,X)— X,

and secondly, from M to M,
L (2, X) = z.

From these we define the following map,

F:MxR — N,

(z,t) = exp,(tr(z)),

which, as N is complete, is well-defined. For a fixed z in M, F is a unit parametrisation of a
geodesic which, at time 0, passes through «(x), with velocity v(z). The set {t: dy7(F(x,t)) = |t|},
is the set of times ¢, at which this geodesic achieves the shortest distance from F(z,t) to M.
Consider the subset {t: d(F(z,t)) =t} C {t: dg7(F(z,t)) = |t|}, and its endpoints,

ot(z) = sup{t: d(F(z,t)) =1t} >0,
o~ (z) = inf{t: d(F(z,t)) =t} <0.

These are uniformly bounded functions on M, and in fact as the next claim shows, {t: d(F(z,t)) =

t} is a closed and connected interval on R.

Claim 2. We have that
[0 (x), 0" (2)] = {t: cZ(F(:c,t)) =t}.

Proof. Consider the geodesic, 7 : t — F(z,t), and define the following function,
fote d(F(z,t)).
This is a 1-Lipschitz function with f(0) = 0. Indeed,
|f(t1) = f(t2)] < |d(F(2,t1), F(x,t2))| < Length(yyp, 1)) = [t — taf.
Thus, for to > 0, such that f(ty) # to, we must have f(ty) < to. Moreover, for any ¢ > t,

ft)

f(t) — f(to) + f(to),
< t—to+ f(lo),
t.

A\
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Similarly, if we have to < 0, such that f(tg) # to, then f(t) # t, for all t < ¢,.

By continuity, we have that d(F(z, 0" (z))) = o (), and therefore by above, for all ¢ € [0, 0 (2)],
we must have that d(F(z,t)) = t. By definition of ot (z), for all t > ot(z), d(F(x,t)) < t.

Therefore,

0,07 (z)] = {t > 0: d(F(z,t)) = t}.

Similarly, [0~ (z),0] = {t < 0: d(F(x,t)) =t}. O

We define the abstract cylinder,

T={(x,t):x€M,tec (o (x),0"(x))} c M xR
Defining the projection map from M x R onto R, p: (z,t) — t, then on T we have that do F = p.

We wish to work on 7" instead of N. The following Lemma is crucial in that respect.

Lemma 1. (Geodesic Touching Lemma) For all y in N \ M, there exists a geodesic from y to
M that achieves the length of dy;(y). The end point of this geodesic on M must in fact be a
quasi-embedded point of M, and the geodesic will hit M orthogonally.

Proof. Identical argument to [9, Lemma 3.1}, except we replace the Sheeting Theorem of [51,
Theorem 1] (alternatively [67, Theorem 3.3]) for minimal hypersurfaces, with the Sheeting Theorem
of [12, Theorem 3.1] for CMC hypersurfaces. O

From this Lemma, the following result is immediate,
Proposition 2. For all y in N\ (M \ M), there exists an x in M, such that F(z,d(y)) = y.
Claim 3. The functions, c*, o~ : M — R, are continuous.

Proof. We prove by contradiction. Suppose there exists an # € M such that, liminf,_,; ot(x) =
o < o (&). Choose 0 < § < 0 (&) — a, then there exists z,, — & in M such that o™ (z,) < o + 0.
Now consider the points,

zn = F(zp,a+9) — 2= F(Z,a+ ).

By Claim 2, (j(zn) < a+ 6. By Proposition 2 there exists a sequence Z,,, such that,

F(z,,d(z,)) = zn.

After potentially taking a subsequence and renumerating we have that there exists a y € M, such
that ¢(#,) — y, then note d(y,z) = d(z) = o + 6. Therefore, by Lemma 1, y € M, and as
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t — F(z,t) is the unique length minimising geodesic from M to z, &, — Z in M. Now we have
that,

F(zp,a+06) =z, =F(Z,,d(z,)).
However, (&, + 0) # (Z,,d(z,)), and

lim (z,,a 4+ 6) = (Z,a+9) = lim (Z,,d(z,)).

n—oo n—o0

This implies that F' is not a diffeomorphism about the point (Z,a + §), and therefore by classical
theory of geodesics, [48, Lemma 2.11], t — F(Z,t) is no longer length minimising to M beyond
time t = « + 0. This contradicts o 4+ 6 < o™ ().

Now suppose that 0 (Z) < limsup,_,; o1 (z) = f < +00. Choose 0 < § < f—0o7 (&), and sequence
r, — &, such that,
ot (x,) >0t (2) + 0.

Define,
2y = F(xn,07(2) +90),

then d(z,) = o (&) + 0. By continuity of F,

2, — 2= F(2,0%(2) +6).

However, by definition of o (%), d(z) < o (&) + 6 = d(z,). This contradicts continuity of d.

Similar arguments show that ¢~ is also continuous. O

We define the Cut Locus of M to be the following points in N,
Cut (M) = {F(z,0"(2)): 2 € M} U{F(x,0 (2)): x € M} C N,
and by Proposition 2, we have that,
N\ (M\ M) = F(T) U Cut (M).

Proposition 3. Cut(M) is an n-rectifiable set.
To prove Proposition 3, we first classify points in Cut(M).

Proposition 4. A point y in N \ (M \ M), lies in Cut(M) if and only if at least one of the

following conditions holds:

1. y lies in N\ M, and there exists an = in M such that F(z,d(y)) =y, and dF ., d)) T, M x
R — T, N, is non-invertible.
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2. y lies in N\ M, and there erists at least two unique geodesics from y to M which achicve
the length d37(y).

3. y is a non-embedded point of M.

Proof. Consider a point y = F'(x,0) € M. If y is an embedded point of M, then case 1 of Remark
2 holds, and there exists an S > 0, such that M N Bg(y) is a smooth, embedded, n-dimensional
CMC disk. Therefore, ([37, Proposition 4.2]) there exists an r in (0,.5/2), such that for all ¢ in

(=r,7), d(F(x,t)) = t. Therefore, if y € M N Cut(M), then y must be a non-embedded point.

Alternatively, if y is a non-embedded point then case 2 of Remark 2 holds, and (y,v) and (y, —v)
both lie in M. Moreover, for t € (—s,0), t < f,(0), implying that F((y,v),t) = exp, (tv) lies in E.
Therefore, d(F((y,v),t)) > 0, implying that ¢~ (y, ) = 0, and thus y is a point in Cut(M).

For y € N \ M, the conclusion follows from standard theory of geodesics, see [48, Chapter II,
Section 2|. As observed in [9, Proposition 3.1], thanks to Lemma 1, we may use this classical

theory for minimising geodesics to smooth closed submanifolds in our setting. ]

Remark 3. By standard theory of geodesics [48, Lemma 2.11], if a point y is in Cut (M), then
any length minimising geodesic between y and M, emanating from M, can no longer be length
minimising (to M), beyond length |d(y)|. Thus F(T) and Cut (M) must be disjoint. Therefore,
by point 1 of Proposition 4, F must be a local diffeomorphism on 7. Moreover, by point 2,
F: T — F(T) is a bijection.

Proof. (of Proposition 3) As Cut(M) N M consists of non-embedded points of M, by Claim 1
we have H"(Cut(M) N M) = 0. Therefore, to prove that Cut(M) is n-rectifiable, we just need
to concern ourselves with Cut(M) \ M. Again this follows from the observation made in the
proof of [9, Proposition 3.1], that as Lemma 1 holds, the arguments in [37, Theorem 4.10] hold

verbatim. O

Remark 4. As M is smooth, we have that d is smooth in F(T'), [37, Proposition 4.2].

Denoting h = F*g, we have that F: (T,h) — (F(T),g), is a bijective, local isometry.
Consider the projection map,

p: M xR — R,
(x,t) — ¢t

InT, Wehavethatp:cioF, and

Vp(a, )], = [Vd(F(x, )|, = 1.
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We denote the sets,
and,

Note,

p(Ey = {0 F(T) =T, \ Cut(M), t#0,
t p—
{embedded points of M}, t=0.

Denote Hf, (x,t) as the scalar mean curvature of Ty, at (z,t), with respect to unit normal Vp(z,t),

and define the following function,

For (x,t) in T, we have,
Hi(x) = —trTw)fth(V. Vp(z,t), ) = —Ap,p(,1).
However, as Vp is a geodesic vector field
Vv, Vp =0,

and as |Vp| =1,
1
h(VxVp, Vp) = 5 X(|Vpl) = 0.

Therefore, Ap,p(z,t) = Azp(z,t), and thus for (x,t) in T,
Hi(x) = —Ap(z,t).
Proposition 5. (/29, Corollary 3.6]) For (z,t) in T,
Oty (z) = =Vp(Ap)(x,t) = m,

where m = inf|x)—y Ricy(X, X) > 0.

Remark 5. Consider fixed z in M. For o~ (z) < 0, we have Hy(z) = \. If o~ () = 0, we still have,

lim H, =\
tl\I‘I(l) t(.’lf) A
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Thus, by Proposition 5, we have for (x,t) € T,

Hy(x) > X +mt, t>0,
Ho(x) = )\,
2.3.4 Area Element

We define the function on M,

3

et(l‘) _ ‘]Ht(x)’ (JZ,
0, (,

t) €
t) &

)
b

~.

where, Jy, is the Jacobian of the map II;: z € M — (x,t) € M x R. By the Area Formula,
/~ Qt dHn - Hn(ft)
M
Proposition 6. ([29, Theorem 3.11]) For (zo,t) in T,

9 10g(6:) (o) 1=ty = — Hz, (20).-

Consider a fixed point (x,t,) in 7. First, consider ¢, > 0. For all ¢ in (0,to], (xo,t) lies in
T, which implies that the function ¢ +— 6,(z) is smooth on the interval (0,¢]. Furthermore,

lim; o+ 0;(z) = 1, and applying the Fundamental Theorem of Calculus,

1
log(@to (fo)) S —t() ()\ + émto) .

Therefore,
eto (x(]) S e—to ()\-‘r-%mto) )

Identical inequality holds for ¢, < 0.

The term —t(A 4 $mt) achieves a global maximum at ¢ = —2. As () = 0 for all (zo, to) not

in T, we conclude that
2

0 < By (1) < €2,

for all (x,ty) in M x R.
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2.3.5 Construction About Non-Embedded point

Let z5 in M be a non-embedded point.
Remark 6. We are in case 2 of Remark 2. We can choose § = d(zp, M, N, g) such that,

BQ(S(ZO) - Czo,T,r,s-
We have three disjoint sets,

Ey =exp,{X +tv: X € B,y 1, L(X) <t <s})N B%(Zo),
F=exp,({X +tv: X € Byyrr, f2(X) <t < f1(X)}) N Bos(20),
Ey =exp,{X +tv: X € Byyr,, —s <t < fo(X)})N B%(zg).

As OE; N BY(2) = exp,({Graph (f;)}) N BY(20) =t D;, the following signed distance functions are
well-defined for i = 1, 2,

For y in BY(z) CC B%(20),

d(y) = max{di(y), d2(y)}.
Furthermore, by [37, Proposition 4.2], we may choose § > 0, such that d, and dy will be smooth
on BN (z).

For i =1, 2, we define

D; = {(zvi(2): z€ D;} € M,
and points z}) = (29, vi(20))-

Remark 7. We make a choice of § = §(NN, M, g, z9) > 0 small enough such that, for each i =1, 2,

we have open sets V; C M x R, and maps,
FZ‘Z ‘;; — B%(ZO),

such that D; = V; N {t = 0}, and F, = Fy., is a diffeomorphism. We also insist that § =
§(N,M,g,2) > 0, is chosen small enough such that the cut loci of D; and D, in B3}(z) are
empty. We know we can pick such a 6 > 0 by [37, Proposition 4.2]
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By choice of 4 > 0 in Remark 7, and Proposition 4,
Cut(M) N By (20) = {y € By (20): di(y) = do(y)} C By (20) \ E.

Remark 8. Denote the set,

A= {y € By(z0): di(y) = ds(y)}.

For i =1, 2, we consider the functions,

wz‘ivi — R,
(x,t) — ch(Fi(x,t))—J2(E(x,t)).

Therefore, A = F;({1; = 0}). Moreover,

i, 0) = g(Vdi (20), (AF}) (43,0)(De)) — 9(Vda(20), (dF}) (4,00 (1) = 2 # 0.

Thus, by Implicit Function Theorem we may choose § = §(zp, N, M, g) > 0, such that set A =
Cut (M) N BY(z) is a smooth n-submanifold in BY(z,), and ¢~ is smooth on Dy U D,.

We now look to define the push out function to construct our competitor, Figure 2.5.

We wish to determine the amount we want to push out by, and the set we wish to push out on.
Fix p > 0, and we set [ = [(p), to be,

l(p) = sup{t: for allz € Bi\z(x(l)), lo™(z)| < p}. (2.11)

Here, BtM (x) is the geodesic ball in M, about point z, of radius t. As o~ is smooth about ),
and o~ (x}) = 0, this implies that I(p) > 0 for all p > 0. As o~ (z) = 0 if and only if ¢(x)
is a non-embedded point, and such points have H"-measure 0 (Claim 1) in M, we have that
hmpﬁo-&- l(p) =0.
Remark 9. As o~ is smooth on Dy, o~ < 0, and o~ (z}) = 0, then, by considering the local Taylor
expansion of ¢~ about x}, there exists a C; = C1(N, M, g,2,) < +o0, and a § = §(N, M, g, z),
such that for all z in Dy,

o (z) > —Cidy (z, xp).
As l(p) — 0, as p — 0, this implies that we can choose p > 0, (Remark 10), such that

Bl (z}) cc Dy.

Then, there exists an 2’ in Dy, such that dy («',z}) = [, and 0~ (') = —p. Therefore, by Remark

o1



P S Oll2.

Remark 10. Note that we have made our first choice of p = p(z, N, M, g, 6).

We push out on disks D; and Dj equally, so that they meet on Cut (M) in BY (z), which is our
previously denoted set A, as seen in Figure 2.5. We consider the open sets W; C D;, defined by,

W; = {z: Fy(xz,0(z)) € Bs(z)}.

Clearly z{ lies in W;, therefore these sets are non-empty. We can then define a diffeomorphism
between V~V1, and WQ.

\IJ:W1 — WQ,
r — (moFytoFo(ido"))(x),

where we define, 7 by,

mMxR — M,

(x,t) — =z,
and (id,o™), by

(id,oc™): M — M xR,
x = (z,0 (x)).
The function ¥ is smooth and has smooth inverse given by
\I/_li WQ — Wl,

v = (moFtoFyo(id, o)) ().

We note that, d¥,1 = Id.
Remark 11. We choose p = p(zy, N, M, g,0) > 0, such that,

BY (z}) cc W.
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Consider a push out function, which lies in Cgo(f)l), and has the following properties,

_17 T € Bl]\~4<w(1))7
filz) = q[-1,0], =€ B () \ BY(x}),
0, z € Dy \ By (z}).
We further impose the condition,
2
IV fi] < 7

Define f, in C%°(Ds), by

(fio¥ N)(z), =€ W27

fa(@) = L
O, xr € DQ \ WQ.

The support of f, will lie in W(BY (x})) cc W(W,) = W,. We then define the function f in
C(M), by f = fi+ fo.

Define the sets,

By = BN (x})UW(BY (),
B = BzM(x(lJ) U‘I’(Bz (Ié))a
Al == BQZ \ Bl.

We will similarly define the sets,

B, = B (a3) U ¥(B (1)),
for t > 0, such that BM(z}) c W;.
Remark 12. We choose p = p(z9, M, N, g,, W, \) > 0, such that

Fy (By x (=2p,2p)) CC By ()

In the final part of this section we look to define the function that will 'push out away from the
non-embedded point’. This function will define the path from (2) to (3) in Figure 2.2.

Remark 13. (Choice of L and ry) We choose L = L(zy, N, M, g,6) > 0 and
ro = 10(20, N, M, g,d) > 0, such that,

BM(z}) cc W,
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and,
F (B x (—2rg,2r)) CC BY (20).

For a sets 2 and €, were Q is open and Q CC Q, we define the 2-Capacity of  in Q as the value,

Cany(@,9) = nt { [ [VpPai®: € (2, 02 xa |
Q
For n > 3, by [25, Theorem 4.15 (ix), Section 4.7.1 and Theorem 4.16, Section 4.7.2],

lim Capy(BY (x3), By (3)) = Capa({zg}, By (21)) = 0.

k—o0

Identical proofs show that this also holds for n = 2. Therefore, for all v > 0, there exists a function

©~ .k, Such that,
vk € C2(BY (),
Oy M — [0,1],
pule) =1, 7 € BY(z),

and, defining @, x = @ + @y 0 U, we have
| Vs @) <
M

We consider the function f =1 — @ry ke I COO(M), and va”im\”@ <.

Remark 14. We will later make fixed choices for L = L(z9, M, N, g,, W, \),
To = TO(ZOaM7N79757W)‘>L), Y= V(ZOanMaga(SaTO?L)? and k = k(ZOaN7M79757L7’Y)'

Remark 15. We make a further choice of p = p(29, N, M, g, 9, L, 79, k), such that,
By CC B%,

We will make a further choice of p later on, so that p = p(zo, N, M, g, 6, L, k,19).

2.3.6 Approximating Function for CMC

We use the tools we have constructed to give a simple proof that the function,
ve(y) = H.(d(y)),
is suitable approximation of M, i.e.
lim 7. (1) = 201" (M) — oAy (E) — o (N \ B).
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By the Co-Area formula on the function d,

W (v,
Feor(ve) = /]V§|VUE|2+¥—0/\/NU€,

= / Q-(t)dH" dt — o\ / H. (¢) dH" dt,
R Ft R Ft

where,
€

Qe(t) = S((FLY ()" +

Using the fact that N\ F(T) is a set of 0 py-measure, and that F: (T, h) — (F(T), g), is a bijective

local isometry, we have,

WL (1)
9

Frlv,) = / Q.(t) H™(T) dt — oA / (1) 1" () dt.
R R
From analysis of H,, we have that, spt Q. C [~2¢A, 2¢A], and

20 — Be* < /Qs(t) dt < 20 + B>
R

Furthermore,
— 1, t > —2eA,
H.(t) <
—1, t< —=2eA,
and,
— 1, t > 2el,
H.(t) >
-1, t<2A.
Therefore,
5 +o0o 5 2eA B
Forlv.) < (20 + Be®) esssup H™(Ty) — oA H"(Ty) dt + a)\/ H™(Ty) dt.
te[—2eA,2eA] 2eA —00
Similarly,
B +o00 B 2eA\ 5
For(ve) > (20 — Be?) essinf H"(I}) — oA H™(Ty) dt + 0/\/ H™(T) dt.
t6[72€A,26A} —2A —0
We have,

H(E,) = /M 0,(z) AH" (z),
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and by applying Dominated Convergence Theorem to #;, we have that,

%g}%?—[ (Iy) = %1_{% Mﬁt(x) dH"(x) = H" (M NT)=H"(M).
This implies that,
lim esssup H™(D,) = H" (M) =H"(M),

e—0 te[—2eA,2eA]

and,
I inf H"(Ly) = H"(M) = H"(M).
Elir[l)te[e—SZSsllXI,l%A]H ( t> # ( ) 7 ( )
As 6, is bounded and lower semicontinuous in the variable ¢, by the Dominated Convergence

Theorem we have that the function ¢ — H"(I;) is also bounded and lower semicontinuous (and

hence measurable). Thus,

+o0 N +o0 B 5
lim H™(Ty) dt = H(Ty)dt =H" " ({y € N: d(y) > 0}) = py(E),
€70 J12en 0
and,
+2eA B 0 B 5
iy [ W (E)de= [ W (E)de = ({y € N3 dlw) < 0)) = (N )

Therefore, we have,

hg(l)}"g,)\(vg) =20H"(M) — o uy(E) + o Auy, (N \ E).

2.4 Base Computation

Consider a smooth function,
n:Rx M —R.

and define the following

o M xR — R,
(x,t) — ﬁa(t—n(r,as)).

Take (z,t) in M x R, such that dF(s ) is invertible, then the metric h = F*g, is well defined about
(x,t), and by the Gauss Lemma ([29, Lemma 2.11]), it will have the form

h(CL’,t) — hMX{t}(x) + dt2,
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where we define,
Pt (@) = Bz, )17, 57
Thus,
(Vo (z, t)|* = ((HL)'(t = n(r,2)))*(1 + | Van(r, 2)|*(z, 1)),

where, (V,n(r,z))(z,t), is the gradient at (z,t), of the function (z,t) — n(r,z), with respect to

the metric h. By the co-area formula on p,

£

For(vlm) = / |Vl |2 + @—Mv?”duh?
- [ [ 5@ ) IV, @) ) o, )
A / 1ty + W B 2002)
—oAHL(t — n(r,z)) dH"(x,t) dt
- /M/U%) (L) (t — n(r, ) IVan(r,2)|* (2, 1) 6,(z) dt dH" ()

“J, / " ( HLY(t = n(r, )2 + B =0, 2))

€

—oAH(t — n(r, :13))) O,(x) dt dH" (),
In the last equality we use Fubini’s Theorem to switch the integrals.

We have,
SCORENCOR N = (ELY (¢~ nlr, )V an(r,2) o, 1) ()t " ()
L[ o = (ELY (¢ = 00, ) Van(0,) (2, 1) ) db b ),
[ / ) = Qult — (0, 2))ou(x) de M (z)
-/ / MEL (1~ n(r, ) ~ BL(t — n(0,2))) Bu(x) dt dH"(z),
We have the following two terms,
o= /(::)g((ﬁe)/(t—77(7”’3?)))2|Vx77(7“,96)|2(93,t)9t(f€)dtd’H"(ﬂC)
[ SR =0 0, ) ) o),
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and, by Fundamental Theorem of Calculus and Fubini’s Theorem,

1 = / / N (Qu(t — n(r.2)) — Qult — n(0,2)))6(x) dt dH" (2)

- / / ) OB, 2) L = 0(0,2)) 0(0) e 7 2),

= //87733: / (I) QL(t —n(s,x)) 0y(x) dt dH™ (x) ds
//asnsx / o oA H.) (t —n(s,x)) 0,(z) dt dH" () ds

= —/ / Isn(s,2)Q- (0" (x) —n(s,z)) 0" (x) dH" (x) ds
/ | dun(s,2)Quo™ (@) = s, 0 (@) a1 ()
4 /0 /M dun(s, z) /U . Qu(t — (s, 7)) BWbs(x) dt dH" () ds
4 /0 ' /M dun(s, 7) / (()) oMLY (¢ n(s,2)) 6,(x) dt dH" (z) ds,
_ —// (s, 2)0. (0 () — n(s, ) 0 () dH" () ds
/ / Isn(s,2)Q: (0~ (x) —n(s,x)) 0~ (z) dH"(x) ds
[ [ ot / ) Qelt = n(5,) O Hile) ) de b () ds

+>\/ / — 0?2, dH"(z) ds,

Where,
+ = 1
07 (z) i )9t( ),
0 (z) = lim 6
(z) pJim i (),
ot (@)

OL,(52) = o [ otsa)ELY( (o, 20

ot (x)

0?2, (s,x) = /( | on(s, z)Q:(t —n(s,x))0(x) dt.

For the last equality of I1" we are using 0;0:(x) = —Hy(x)0:(z), for t in (¢~ (x), 0" (z)) (Proposi-
tion 6).
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2.5 Competitor

2.5.1 Calculation on M x R

Here we construct the path in Figure 2.2 from (1) to (2).

Set ny(r, ) = rf(z), take 7 in [0, p], where p € (0,1) will be chosen later and f: M — R as defined
in Section 2.3.5.

Remark 16. (Choice in €1) We choose €1 = €1(p) € (0,1/4), such that,
261\ = 6eq|log 1] << p.

From here we consider ¢ in (0,¢1).

We have,

1 — - / [ 100u" (@) = 512 8" @) it (o) s

w [ ] 100 @) = stw)o @) drra) ds
(2.12)
—l—/ / f(.CE)/ Q:(t — sf(z)) (A — Hy(x)) O(z) dt dH™ () ds

+/\/ / e ( — 02, (s,x)dH"(x)ds.

Concentrate on the second term of the right hand side of (2.12). As the integrand is non-positive,
f=—1on B, and spt Q. C [—2eA, 2cA], we have

/ / F(2)Qu(0~ () — s1(x)) 0 () dH™ () ds

—(20 — 552)/ 0~ (z) dH"(x)
Bin{—r+2eA<o~(x)<—2eA}

We look for lower bounds on 6.

Remark 17. Choose § = 0(z9, N, M, g) > 0, such that,

min  {Ad(y), Ads(y)} >

)
yeBY (20)

A
2

and,
max {Ady(y), Ady(y)} < Q

yeBY (20)
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Therefore, for (z,t) in T, such that, F(x,t) lies in BY(z,), we have that,

A 3
2 Hoix) < 2
y S (@) <

Thus by similar calculations carried out in Section 2.3.4, for all (z,t) in T, such that F(x,t) lies

in BY(z), we have,

For z in B;, we have 0~ (z) > —p, and by choice of p in Remark 12, we have that F({z} X
(07 (x),0)) C BY(2). Thus

0™ (z) = t\lirp(z) O (z) > e 2 >1,

for all x in B,;. Therefore,

/Or /Mf(ai)Qs(U(x) — sf(x)) 9*(3;) d’}—["(x) ds
< 20H"({x: v € By, —r +2cA < 07 (x) < —2eA}) + Cye?,

for Cy = Co(N, M, g, \, W) < +o0. This is a lower bound for the area deleted in pushing the disks
together.

Concentrate on First term on the right hand side of (2.12). By choice of § > 0 in Remark 7
and p > 0 in Remark 12 we have that for z in spt f C By, o (x) > 2p >> 2¢A. Thus, as
spt Q. C [—2eA, 2],

/O r /M f(@)Q(0" (2) — sf(x)) 0" () dH" (x) ds = 0.

Concentrate on the third term on the right hand side of (2.12). Consider s > 0, and z in M, such
that sf(x) < —2eA. Again, using the fact that spt Q. C [—2eA,2cA], and the inequalities on H,

in Remark 5,

ot (z) 2eA
/ Qc(t = sf(x)) (A = Hi(w)) Ou(z) dt = Qe(€)(A = Hets @)+ dE,

—(x) —2eA

0.

v
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For sf(z) > —2ecA, we have,

ot (z) 2eA
[ @t O m@ @ = [ QU0 Hepsso s
2 O ey~ D)

potentially rechoosing Cy = Co(M, N, g, A, W). Therefore we have that for all r in [0, p],

Irm < —20H"({z: x € By, —r +2eA < o (z) < —2eA})

e <T /B ©) K (@ / / e ( - ©? (8, 1) dH" (z) ds + 52) 7
21

1
= — >
q. () te[irilse}s’c%/\} (Hi(x) — N)b:(x) > 0,

where,

and we have potentially rechosen Cy = Cy(M, N, g, A\, W). Therefore, for r < 4eA,

Irm < G, (r / x) dH" (z / / 0L, (s,2) —O2, (s,2)dH"(x)ds +52),
By

and for r > 4eA,

I < —20H"({z:z € By, —r+2A <o (z) <0})
+Cs (H"({x x € B;,—2eA <o (x) <0})

+/BZZ z) i (@ // e ( —©0Z,,(s, $)d%"()d8+52>.

Again we are potentially rechoosing Cy = Cy(M, N, g, A, W).

We now turn our attention to the term,

- / g V(¢ = @)V S, 0) () d 4 ),
25A
= [ [ SUEYOP V€ @) s (o) dE o)
—2e
Remark 18. Recall choice of 6 = d(z9, M, N, g) in Remark 7. Consider |t| < ¢, and x, such that

u(x) lies in BN (zy). Take {E,...,E,} to be an orthonormal basis for T, M, with respect to the

metric Ay, (0} Then, as previously shown, we have the following metric about x on M,

(Pargi)i (2) = Py (@) (B, Ey).
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For a function ¢ on M,
IVeol*(x,t) = (th{t})ij(x)dSO(Ei)dSO(Ej)-

We make a further choice 6 = (2, IV, M, g) > 0, such that there exists a C3 = C5(29,0, M, N, g),

1< sup{(hMX{t}) (2)X: X o(z) € BY (20), [t] < 9/2, ZXZQ = 1} < (5 < 00,

and,
0<Cy' <inf {(hm{t}W(az)Xin: Ux) € By (z0), [t] <6/2, > X7 = 1} <L

By choices of p in Remark 12, and ¢ in Remark 16, for all z in A;, 7 in [0, p], and £ in [—2eA, 2eA],

2

PV f12(z, € +rf(z)) < Csr?| V2 (x,0) < 10, 72

Note that for  in M\ A4, |[Vf|(x,t) = 0, for all . We have,

T’2

I;"J)l S CSHn(Al)l_Qa

where we have potentially rechosen C3 = C3(z, N, M, g,0,\, W) < o0.
For r in [0,4eA), we have,

A
I 4 [ < C3(€l) _|_CQ(5A/ ¢ (z) dH"(z)
By

// e @gm(s,x)dH”(x)ds—l—az)

Again, we are potentially rechoosing C3 = C3(z9, N, M, g,0, A\, W) < 00
For r in [4eA, p] we define the following non-decreasing function,

H'"({z: x € B, —r +2eA <o~ (z) < 0})
H™(A) ’

P.(r) =
and we have,

2
i < ) (G - 20n0)

+Cs (H”({x r € B, —2eA <o (x) <0}) —i—/B qt(z) dH"(x)

/ / Ean (8,0) = ©2, (s,2) dH" () ds + 52),
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We now define the following function on [0, 1],

0, s € [0, (4eN)/p),
035’—2232 —20P.(sp), s € [(4eN)/p,1].

Note that,
e—0 %n<BZ) p%O\ 1
H"(A;) 2 — 1’

and furthermore, recalling the bound p < Cy1?, C; = Cy(zy, N, M, g,d) < 400, we have,

P.(p)

p’ p—0
0<l—2<01p%0

Remark 19. Choose p = p(zo, N, M, g,0,\, W) > 0, such that

2
) o
O3l2 < ( _1),

and,

H"(B)) - 7
W (A) R’ 1)

Remark 20. There exists an 9 = e5(z0, M, N, g,0, W, A, p) > 0, such that, e < 1, and for all ¢ in
<07 62)7

3
P.(p) >
From here we always choose ¢ in (0, £5).
We have that,
2
p o
e -
max e(s) < Gz < 5 =1
and,
o
(1) < — .
he(l) < =5

We have, for r in [0,4eA),
fsA( rm) S fs,)\<vs) + IIIELT,

where,
I =c, <€A/ z)dH"(x / / e ( — 02, (s,x)dH"(z)ds + (5A)2),
By
and Cy = Cy(z0, M, N, g,6, W, \, p) < +00.
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For r in [4eA, p],

Fer(wl™) < Foa(ve) + H' (A ke (%) + II1%", (2.13)
where,
I = O, (H”({x xr € B),—2eA <o (z) <0}) —i—/ ¢ (z) dH" ()
Bay
+/0 / e, (s,2) — 2, (s,x)dH"(x)ds + 52).
Furthermore,
Fer(02™) < Fea(ve) — 0;"[”—(1411) + 11127 (2.14)

2.5.2 Appropriate Function on Manifold

We wish to show that for every r in [0, p], there exists an 97", in W1>(N) C W2?(N), such that,
for every (x,t) in T,

oM (s t) = of™ ().
This implies that F. ,(#7")(N) = F.(v2™)(T). Indeed, this follows from the fact that py(N \

F(T)) = py(Cut(M)U(M\ M)) =0, and F: (T,h) — (F(T), g) is an isometric bijection between

open sets.

We have the following,
BéV(ZU) = Tl AL TQ,

where,

={y € BY(x): (;ll(y)
={y € BY(2): da(y)
A={y e BN(x): Cil(y) =dy(y)},

and, recall from Remark 8, that A is a smooth n-submanifold in BY (z). Also, recall the diffeo-

morphisms, for i = 1, 2, defined in Remark 7,
F;: V; € M x R — B(2).

We then define, 07

He(d(y), v B (=),

M (y) = Qo (T (), y € Tin BY (2),
(Fy'(y)), y € Tyn BN (z).



For (x,t) in T, we have o7 (F(x,t)) = v (z,t). Indeed, first we consider the case that F(z,t)
liesin Ty UYs. In T, ' = F;, and we have,

0L (F () = op™ (B (F (2, 1)) = ol™ (2, ).

£ 7

As A C Cut(M), we know that F(x,t) cannot lie on A. Last case to consider is F(z,t) lies in
N\ B¥(%). By Remark 12 (z,t) must lie in 7'\ (By x (=2p,2p)). If = lies in M \ By, then
f(z) =0, and,

ve™ (@, t) = He(t) = Ho(d(F(,1))) = 00" (F(2, 1)),

If x lies in By, then [t| > 2p > r|f(z)| + 2¢A, and therefore,

1, t>2p>rf(x)+ 2eA,

Vi (@, 1) = He(t — rf()) =
-1, t< =2p<rf(x)—2eA.
Also, d(F(x,t)) = t, implies that,

1, t>2p > 2,
—1, t<-2p< —2eA.

0 (F (1) = He(t) =

Therefore, for all (z,t) in T, we have that 07" (z,t) = 00" (F(z,1)).

We now just look to show that o7 lies in Wh*°(N). First consider y in N \ F(By X (—2p,2p)).
There exists an & in M, such that, F(z,d(y)) = vy, and (z,d(y)) lies in (M x R)\ (By x (—2p,2p)).

By previous argument we see that,

T (y) = He(d(y))-
and therefore, 9™ is Lipschitz on the set N \ F(Bgy X (—2p,2p)).

As
F(Bgl X (—2/), 2p)) CcC BéV(Z(]),

showing that 97" is Lipschitz on By (z;), implies that it is Lipschitz on N. As 97" is smooth
with bounded Lipschitz constant in T; U Ty C B (29), we just need to show that it is continuous
across the smooth n-submanifold A = Y, N BY(2) = 9Ty N BY(2p). Consider y on A, then
dy(y) = da(y), and by construction of f and W,
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Therefore,
VC(EFT (y) = ol (B (),

and o7 is well defined and continuous across A. Thus we have that 97" lies in W*°(BY (2)).
2.5.3 Continuity of the Path
We show that the path,

v:10,p] = WR(N),

7T
roe— M
is continuous in WhH2(N).

Take r and s in [0, p]. Recalling that (N \ F(T)) = pg(Cut(M)U (M \ M)) = 0,

D N LAl

S—T

7)
- /R/M H.(t — rf(z)) — Ho(t — sf(x))]*0,(x) dH" (z) dt,
0,

by Dominated Convergence Theorem.

Noting that, 00" = 02 on N\ BY (20), for all 7 in [0, p], and p,(BY (20) \ (T1UYs)) = uy(A) = 0,

IV = Vo gy = [ V5 - V5 dy,

T1UYo

As F1: (Y4, 9) — (F7H(Yy), h) is an isometry, we have,

Vi - Vi, = Ve (e,0) = Ve (),
Fl_l(Tl)UFQ_l(TQ)

= [ @) B - sf@))
N T)UF, N (T2)

Vo f (@) POHL(E — rf(x)) — sHL(t — sf(2)))?,

S5—T

0,

by Dominated Convergence Theorem.
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2.6 Path to a.

2.6.1 Fixed Energy Gain Away from Non-Embedded Point

We construct the path from (2) to (3) in Figure 2.2.

Recall f from Section 2.3.5 and set,

na(r,xz) = pf(x) +rf(z),

for r in [0, 7], where 79 € (0, min{1, diam(N)/2}), will be chosen later. Denote, A% = By, \ By.

Remark 21. We choose 0 < g3 < g9, such that 2e3A = 6¢3|log £3| << 1. From here on we consider

e on (0,e3).

We slightly edit the Base Computation in Section 2.4. Consider r > 2cA,
For(vl™) — Fo\(u2m) = [T 4 ([[712 — [[2e4n2) 4 [r2ehne,

We have,
e [ Q.o @)~ sf) 07 ) di (o)
2eA M\B%

T / ) /M » F@)Q-(0~(x) — sf(x)) 0 (x) dH" () ds .

" - ot (z) ~
" /ZEA /M\Bﬁ f(x) /U_(x) Qs(t - Sf(:(:)) ()‘ - Ht(ZE)) Qt(l’) dt dH (ZE) ds

+ /\/ / ©.,,(s,x) — 2, (s,xz)dH"(x)ds.
2eA J M 7 ’

Considering the first term on the right hand side of (2.15),
—/ /~ f(@)Q(ct(z) — sf(x)) 07 (x) dH™(x) ds < 0.
2eA M\B%

Considering the second term on the right hand side of (2.15), and by applying similar arguments

for when we considered the corresponding term on the right-hand side of (2.12) in Section 2.5.1,

/QTA /M\B f(x)@s(a’(x) — sf(x)) 0~ (z) dH"(z) ds

< CyH"({x:x e M\ B%, o (r) > 25/\(]?(95) -1},
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where we are potentially rechoosing Cy = Co(M, N, g, W, \) < +00.

Considering the third term on the right hand side of (2.15). Applying similar arguments in A%

from when we considered the corresponding term on the right hand side of (2.12) in Section 2.5.1,
ot () )
L T [ Q= s 0 i) o)t e o) s
2eA M\BL o~ (x)

/2 A /M\B QSA ()N = Heys(2))0e s (x) dE dH () ds (2.16)

—2€A

e / ) dH (1),

L

where, ¢2(z) = maxe[_2ea 4:0] (A — Hy(2))0:(2), and we are potentially rechoosing
Cy = Co(M, N, g, \,W) < oo. Note that for the inequality, when considering the region A%,
are using the fact that A — H; <0, for ¢ > 0.

Define the following measurable set,
Q. ={zeM: ot(z)>2r}.
Remark 22. We choose L = L(zy, N, M, g,0) > 0, such that,
HO(NT\ By) > 2%”(1\2).
Then we can find an ro = r¢(z0, M, N, g, 6, L) > 0, such that, for all r in [0, o],
W ({(2,2r): 1€\ BL}) > %’H”(]\Zl).

For all z in Q,, s in (2¢A,r), and & in [—2eA,2eA], s + & lies in (0,0 (z)). Therefore, recalling

bounds on H; and #, from Remark 5 and Proposition 6, we have,
(A= Heps(2))0crs(x) < —m(s 4+ E)beys < —m(s — 2eA)0s,(2).

Then for r in (2eA, rg], we compute an energy decrease from the first term on the right hand side

of (2.16),

25A
N OV = Heyol@))0ers(@) dE dH () ds < —"ZH7 (30 + Cae,
2¢A J N\By, 2

25A

potentially rechoosing Cy = Co(N, M, g, A\, W) < +00.
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For r in [0, 2cA], by repeating arguments similar to those in Section 2.3.6,

e < C’g(/~ mi(m)d%"(x)—i—s/\),
W\B

where we are potentially rechoosing Cy = Co(N, M, g, W, \), and m(x) = maxye[—2:a.4:4] 0 (x) —

minte[f2sA,4sA} Qt(ff )

For r in [0, ro], consider the term,

o _/Ak /_28A2 )V (@, f(2) + )8, ) e (x) dE M ().

By choice of L and ry in Remark 13, and constant C3 = C5(z9, M, N, g,6, A\, W) from Remark 18,
we have, for all z in A%¥ = By \ B%, rin [0, 7], and £ in [—2eA, 2eA],

V1P (@ rf(z) +€) < G|V f(x,0).

Thus we have,
7, r12 2
Is " < C3va”L2(M)T
Again we are potentially rechoosing Cs5 = C5(z9, M, N, g,d, W, A).
Remark 23. Recalling definition of f from Section 2.3.5, we may choose k = k(zo, M,N,g,0, W, \, L)

such that
Mmoo
19712 5y < i 57 (0

Therefore,
I < %H"(mr?.

For r in (0, 2eA],
For(l™) — Foa(dm) < I1137,

where,
I3 = G, / ml(x) dH"(x) +eA |,
M\Bp,

where we are potentially rechoosing Cy = Cy(N, M, g, W, \) < +oo. For r in (2eA, ro),

For(wl™) — Fo\(v2™) < —BmTU’H”( )r? + T1T5" (2.17)

69



where,

I = (H”({az: z €M)\ By, o™ (x) > 2eA(f(z) - 1)})

+ / x)dH" (x / / e ( — 02, dH"(z)ds + 5A> ,
Ak 2eA

again, we are potentially rechoosing Cy = Cy(M, N, g, W, \).
As m9(0,2) = m(p, x), we have, for r in (0, 2eA] (recalling (2.14)),

UH”(AZ)

II1%° + 113"
o 1 LT A LT,

Jre )\( 7"772) < Fa,A(”e) -

and for r in (2eA, o],

oH"(A)  3mo

(M2 4+ TT1%P + TT11%".

«Fa A( 7"772) < FE,)\(UE) -

We may define the appropriate function on N, for r in [0, 7],

==

€ J(y) )7 Yy € B§V(20>a
(F (), v e Tin By (20),
(Fy ' (y), ye Tan By (2).

00" (y) = Qv

0x o3

()

Following similar arguments to Sections 2.5.2, and 2.5.3, we may show that o7 lies in Wh*°(N),
For(02)(N) = F.(vP2)(T) and that the path 7+ 97 is continuous in W2(N).

2.6.2 Reversing Construction of Competitor

We construct the path from (3) to (4) in Figure 2.2.

For r in [0, p|, we set,

ns(r,x) = rof(x) + (p — ) f(2).
For z in By,
ns(r,z) = (p— 1) f(x) =m(p —r ),
and for z in M \ By,
ms(r, ) = rof(x) = ns(0, ).

Therefore,
Fer(vl™) = For(vd™) = Foa(uf™mm) — Foa(vf™).

3
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As mi(p, ) = n2(0, ), and 73(0, x) = n2(r0, ), we have,
Fer(™) = FoA(2™"M) + Foa (™) — Fealv 07]2)-

Remark 24. We choose p > 0, such that,

oH"(A)  mo_ ..~
o1 <ot

Therefore (recalling (2.17)), we have that

n( A 5
Faalef™) < Fonlorrm) = T - B ity 4 1111

Furthermore (recalling (2.13)), for r in [0, p — 4eA], we have,

H"(A H"(A .
FovE) < Falun) + g ol 112 — S BT iy 11,
nA B
= F(u) = A MO e pppeer 4 e,
’ 202" —1) 8
For r in (p — 4eA, p], we similarly have,
n A -
Fopr(wl™) < Fealve) — (’;{n—(f) - %H”(M)rg + IIIP" + TTI5™.

We define the appropriate function on N. For r in [0, p],

==

€ J(y) TO)? Yy g Bév(z()),
w(FTNy),  y € Tin Bf(z),

Fy'(y).  y € Yon Bf(2).

oo (y) = ol

L

(
™
Following similar arguments to Sections 2.5.2, and 2.5.3, we may show that o7 lies in Wh>°(N),
For(@m)(N) = Fox(v2)(T) and that the path r +— 97" is continuous in WhH2(N).

2.6.3 Lining Up With Level Set I',,

We construct path from (4) to (5) in Figure 2.2

For r in [0, ro], consider,

na(r, ) = rof(z) +r(1 = f(2)) = (ro — ) f(z) + 7 > 1.
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By applying similar arguments to those in Section 2.5.1, we have

Irm < O (’H”({I € Br:o (z) > —2eA}) + €A

/ / Ena(8:7) = 2, (s, ) dH" (2) ds),

where we are potentially rechoosing C3 = C3(z9, M, N, g,0, W, \) < +oc.

Similar to Section 2.6.1, and recalling Remark 23 we have

U+(I r 2 2 £12 n
. /A/ — (ro — 1) f(2) = 1)) (r0 — IV F (. 1) Ou() dt dH™ ()

/M/U

Cordl|V Fll
< SSH ()

(t = rof (2))*rg|V [P (2. 8) 6,(x) dt dH" (),

IA
wlm

Therefore, for all 7 in [0, r¢],

f:—:A( r774) _]:6?)\(@8,714) — ];",m +IIET’”4,
%H"(M)r% + 115,

IN

where

I < Cs (H“({x € Byt 0 (x) > —2eA}) +eA

/ / f(8:7) = O2, (s, ) dH" (2) ds).

As n4(0,2) = n3(p, ), we have, for r in [0, 1],

oH"(x)

Fea(vl™) < Fealve) — 2(2n — 1)

+ TTIMO + TT1 + 1157,

Consider the following function on N, for r in [0, ro],

E (J(y) - 7“o)a yé Bév(zo),
vPM(y) = Qi (Fr(y), v € Tin By (20),
oI (Fy N(y)),  y € Tan BY(z).
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We can show, as in Section 2.5.2 and 2.5.3, that 97" lies in W (N), F. \(00™M)(N) = Fox(vl™)(T),

and that, r — 9™ is a continuous path in WH?(N).

2.6.4 Completing Path to a.
We construct the path from (5) to -1’ in Figure 2.2.
Consider, for 7 in [ry, 2 diam(N)],

ns(r,x) =1

As 2eA << 1, and H; > X for t > 0 (Remark 5), we have
For(vl) — Foa(vroms) < TT19"

where

s,x) dH"(z) ds.

M5 &M5 (

I1%" = )\/ e!, (s,z)— 62
o
Recalling that, n5(ro, z) = n4(ro, ), we have, for all r in [rg, 2 diam(N)],

For(vl™) < Foa(ulom) + 11157,
O'Hn(Al)

< ]:5’,\(215) — m

+ [II0 + TTI2™ + TT127 + T1107.

Define the function, %% (y) = H.(d(y) —r), in N. This function lies in W1(N), F. (07 )(N) =

Fer(vl™)(T), and 7 — 07 is a continuous path in W2(N).

As |d(y)| < diam(N), we have that,
d(y) — 2diam(N) < — diam(N) < —2eA.

Therefore,
@Qdiam(N)ﬂ?E)(y) — Eg(j(x) — 2diam(N)) = —1.

3

Recall that our end point is a. > —1. We connect —1 to a., by constant functions,

for r in [—1, a.]. Then,
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AsuZ! = 2 MmN e have that, for all 7 in [—1, ag),

O'Hn(Al)

Fe(ul )<]:a>\(va)—m

S IIIM 4 [IT470 4 [P0 4 [T]62diam(N),

2.7 Path to b,

2.7.1 Lining Up With Level Set I'_,

We construct the path from (2) to (6) in Figure 2.2

We consider, for 7 in [0, p], and z in M,
n6(r, ) = pf () —r(1 + f(z)).
First consider r in (2eA, p),
For(vlm) — Foa(v276) = [rm6 4 (716 — [ 206 [ [2hme
Similar to Section 2.6.1 we have,

T eA n
I17m6 — 20 <A/2A/~ O.,.(s,2) — 2, (s,2)dH"(x)ds.

For r in [0, 2cA], again by similar arguments to those in Section 2.6.1

I17m < Oy (/ m2(x) dH"(x) +8A> ,
{pf>—2eA}

where,

2 .
= 0 — 0
me(r) = max  O(r) -  min 6/(@),

and we are potentially rechoosing Co(M, N, g, W, \) < 0.

For r in [0, p|, we consider,

e /A/ N 5 Yt = na(r, 2)))2(p — 2|V 2w, 1)0,(x) dt dH" ()
/ / 5 (L)' (t = 1a(0,2)))° % |V f[*(, )60 () dt AH" ()
A ()

Following similar arguments to Section 2.5.1, and after potentially rechoosing
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C3 = C3(z0, M, N, g,6, W, \) < 0o, we have that,
2

Iz’% S O3H (Al) l2

Therefore, recalling our choice of p > 0 in Remark 19, we have

IS UHn(Al)
e S oan 1)

Thus, for r in [0, 2eA],

O'Hn(Al)

e+ I
2 —1) e

Foalor™) = Fo(u2™)

where,

IIrr —C’g(/ m2(r) d’H”(I)—i—&A).
{pf>—2¢A}
For r in (2eA, p],

O'Hn(Al)
202" - 1)

s — (/A/ L (s.0) — 2, (s.7) dH"(x)
2¢e

/{pf2 e )+5A)

As 1(0,2) = m(p, x), we have, for r in [0, 2eA],

.Fs )\(1)7“ 7]6) — _/—-'E(Ugv%) 4 [[[g&r + [IIE?’QEA,

where

(A
Fer(vl™) < Foa(ve) — oH (A + [1I2° + IT17,
’ 2(2" — 1)
and for r in (2eA, p|, we have,
O'HH(AZ)

Far(vD™) < Fun(ve) — A+ ITI2P + TTT5 + T1T7%0

22" - 1)
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For r in [0, p], we define the following function on N,

07" (y) = Q or

We can show, as in Section 2.5.2 and 2.5.3 that, 97 lies in W (N), F. \(007)(N) = F. A (v0™)(T),
and the path r + 07" is continuous in WH(N).

2.7.2 Completing Path to 0.

We construct the path from (6) to *+1’ in Figure 2.2. This is done in an identical way to Section
2.6.4.

For r in [p,2diam(N)], we define the following function on N,
T (y) = He(d(y) + 7).

Similar to arguments in Section 2.6.4 we have,

O'Hn(Al)

Fex(02m) < Foalve) — 2<2n—_1)

+ TII2P + TTI3° + TT127,

where,

III?”’:)\/ e, (s,z)—0? (s,z)dH"(z)ds.
0

€16 €16

. . . <2 diam(N),
Again as in Section 2.6.4, we connect 529

in [1,b.]. We have that for all r in [1, b.],

T =1, to b., by constant functions, u” = r, for r

O'Hn(Al)

Fealuf) < Fan(@ ) < Fonler) - 5o

S+ 1I2P + T1I3P 4 T1122 BN,

Both 077, and ul give continuous paths in W?(N) with respect to r.
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2.8 Conclusion of the Paths

2.8.1 Error Terms

Theta Error Terms

Consider a function n: R x M — R, and the term

ot (x) _
@;777(8,‘@) - ®z,n(87x) = U/_( ) asn(svx)(H6)/(t - n(87x))et(x> dt

ot ()
~ [ o @t (s )

Assuming that 7 is monotone in the first variable, we have,
10:,,(s, ) — 2, (s, 2)| < 2010:n(s, x)|me(n(s,x), x) + Cae?,

where,
me(T ) = te[T—2eA T +22] bulw) = te[T— 221/%%%5/\} ().
and Cy = Cy(N,m, \, W, |n|c1) < +00.

Now we assume that dyn > 0, and [0,7)| o ®x i) < 0. Apply Fubini’s Theorem to swap integrals,

/ / O, (s,2) (s,x)| dH"(z)ds < 20/ / (T, z)dT H"(x) + Cyre®.
0 JM ’ (0,x)

Fixing z in M, we see that for all T in R\ {o~(z), 0" (z)},
me(T,z) — 0, ase — 0,

2
and furthermore, we have the following bounds, 0 < m.(T,z) < ew. Therefore we can apply

Dominated Convergence Theorem for fixed z in M and r in [0, c0),

n(r.z)
/ me(T,x)dT — 0, ase — 0.
n(0,z)

Furthermore, as 0 < n(r, z) — 1(0,2) < |0s1|cogyr) 7 We have the bounds,

n(r.a) -
0< / me(T,2) dT < |0sn| cogy yyre®™ -
n(0,z)
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Therefore, again by Dominated Convergence Theorem, we have, for fixed 7 in [0, c0)

n(r,x)
// (T,2)dTH"(z) = 0, ase — 0.
n(0,x)

Define the following continuous function on [0, +00),

n(r.z)
/ / (T, ) dT H(x).
n(0,z)

We have that M?(r) — 0, pointwise, as € — 0, and furthermore, as
0<mg (T,xz) <m (T, x),
for all T in R, z in M, and 0 < &1 < &, this implies that,
0 < M2(r) < M2,(r),

for all 7 in [0, +00). Therefore, by Dini’s Theorem (a monotonic sequence of continuous functions,
which converges pointwise to a continuous function, must in fact converge uniformly on compact
sets), we have that,

M!"— 0, ase — 0,

uniformly on compact sets of [0, 400). Thus,

/ / [SX (s,x)| dH"(x)ds — 0 (2.18)

as € — 0, uniformly in 7, on compact sets of [0, +00). The same holds assuming that 7 satisfies
dyn <0, on R x M, and 1050 oy < +00.

For i = 1,...,7 our n;s are monotone in the first variable and [9s7;|cogx iy < +00. Therefore
(2.18) holds for each i.

The Other Error Terms

We first consider,

/B ) @),

@(z) = max (Hy(x) — \)b(z).

te[—4eA,2eA]

with,
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By choice of € > 0, in Remark 16, 2¢ A << p. Therefore by choice of p > 0, in Remark 12, and
0 > 0, from Remark 17, we have
A a2

0 < max g (z) < Ze2m,
_xGBglqa( )_ 2

Fixing o’ in By \ {z: 0~ (x) = 0}, we see that there exists an ¢’ = &'(2’) > 0, such that for all
0<e<é,
[—4el,2eA] C (o~ (2'), 0T (2)).

Therefore, (H(z') — A\)6,(2'), is a smooth function in ¢ on [—4eA, 2eA], and clearly,

AN /
tE[E}’llEaA},CZEA]<Ht<I‘) A)0:(z') — 0, ase — 0.

Thus ¢! — 0, H"a.e in By, and we can apply Dominated Convergence Theorem to say that
/ ¢ (z)dH"(z) = 0, ase — 0.
By

Identically we also have,
/ ¢(z)dH"(z) = 0, ase — 0,
A

k
L

recalling ¢2(z) = max;e(—sea aea] (A — Hy(x))0y ().

For the remaining error terms, as H"({z € M: o~ (z) = 0}) = 0, by Dominated Convergence
Theorem, we have that,
H'({z e M: o~ (z) > —2eA}) = 0,

and

[ mita) @) =0,

where,

1 .

— 0,(x) — 9
me(v) = max  O(w)—  min  6Oi(z),
2 .

- ] — ;) .
me(r) = _max  O(w)—  min - 6:(z)

2.8.2 Path for Theorem 5

Consider the following continuous path in WH2(N), for € > 0,

—1 —2diam (N) —¢, te€ [-2diam (N) —a. — 1, —2diam (N)],
Ye(t) = ¢ Ho(d — 1), t € [-2diam (N), 2 diam (N)],
1 —2diam (N)+t¢t, te€[2diam(N),2diam (N)+b. — 1],
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which satisfies v.(—1 — 2diam (N) — a.) = a., and (1 — 2diam (N) + b.) = b..

Replaeing ro = 2/, in Section 2.6.4, and p = 2¢A, in Section 2.7.2, we see that, for all € in (0, &),
for some £ = (N, M, g, \, W) > 0, fixed,

-~

Fer(re(t)) < For(ve) + 1182 dam (Y ), € [-2diam (N) — a. — 1,2 diam (N)],
Fer(1(t) < Fep(v:) + 11127, € [~2diam (N), —2¢A],

Fer(1=(t)) < Fer(ve) + ITI2, € [2¢A, 2diam (N)],
faWﬁD<EA%HJH”mmm, € [2diam (N), 2diam (N) + b. — 1].

Ve

Recalling from Section 2.3.6
Fea(ve) = 201" (M) — 0Apg(E) + oAug(N \ E),
as € — 0, and Section 2.8.1,

max (112" 4+ 111%") — 0,
te[2eA,2 diam (N)]

as € — 0. Therefore, for 7 > 0, there exists a 0 < e, = ,(N, M, g, \, W) < £, such that for all ¢
in (0,e,) and ¢ in [—2diam (N) — a. — 1,2diam (N) + b. — 1] \ (—2eA, 2eA),

Fea(:(t)) < 20H™ (M) = oMpig(E) + 0Apg(N\ E) + 7

Furthermore by similar arguments to those in Section 2.3.6, and after potentially rechoosing e, > 0,

we have that for all € in (0,¢,)

max  Fer(1:(t)) < 201" (M) — oApy(E) + oApuy(N\ E) + 1

te[—2eA,2eA]

Therefore this is an admissible path in W2(N), that proves that for the limiting varifold V =
V\ 4+ Vo, we must have that V5 = 0. This completes the proof of Theorem 5.

Remark 25. Note that we can build the path ., for any suitable Caccioppoli set E. The suitable

properties are the following:

1. O*FE # (), and gen-reg (0*E, 1) is a quasi embedded \-CMC hypersurface, with respect to

unit normal pointing into E.

2. OF satisfies the Geodesic Touching Lemma (Lemma 1).

From Remark 25 we can deduce that E must be a single connected component and minimises the

value

F\(E) = H"(0"E) — Muy(E) > 0,
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among all suitable competitors satisfying the two properties of Remark 25.

2.8.3 Contradiction Path for Theorem 4

Recall all the error terms from Sections 2.5, 2.6 and 2.7. By Section 2.3.6 and 2.8.1, for 7 > 0,
there exists an e, = e(z9, M, N, g,0, W, \, L, k.19, p,7) € (0,e3), such that for all € in (0,&,), we
have that

For(ve)+ max IT1M + max II12"+ max III>7

rel0,4eA) reldeA,p) re(0,2eA]
+ max [II* + max 11" + max II7er
re(2eA,ro] rel0,ro) r&(ro,2 diam (N)]
+ max [II7"+ max [11%" + max  [1127
rel0,2eA] re(2eA,p) re[p,2diam (N)]

<20H" (M) — oMig(E) + oApug(N \ E) + 7.

Therefore, for any 7 > 0, there exists an £, > 0, such that for any ¢ in (0,&,), we can define the

continuous path,
Ye: [-1 —a.,4diam (N) +ro + p + b. — 1] = WH3(N),

by
(14, te[~1—a.,0],
H.(d +t — 2diam (N)), 0,2 diam (N) — 7o,
g2 diam (N) =t 2 diam (N) — 7, 2 diam (N)],
B g2 diem (N)Fp=tms. [2diam (N), 2 diam (N) + p),
) = g2 diam (N)Fptro=tm [2diam (N) + p, 2diam (N) + p + o],
g (2 diam (N)Fptro)ms [2diam (N) + p + 19, 2diam (V) + 2p + 1],
H.(d+t— (2diam (N) + p+10)), [2diam (N) + 2p + 7, 4 diam (N) + p + 7o),
|1+t- (4diam (N) + p + 19), [4diam (N) + p + 1o, 4diam (N) + p + 19 + b — 1]

This path satisfies the following; v.(—1 — a.) = a., y.(4diam (N) + 19 + p + b. — 1) = b., and

O'Hn(Al)

e(t) < 20H™(M) — o Mg(E) + aAug(N \ E) — 20— 1)

+ 7,

for all ¢ in [-1 — a.,4diam (V) + ro + p + b. — 1]. This contradicts the min-max construction of
M, implying that M must be embedded, and therefore completing Theorem 4.
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2.9 Morse Index

Recall the discussion from Section 1.1 that, for an embedded CMC hypersurface M, with M = OF,
for an open set £ C N, then for an open set Q C N, such that Q cC N\ (M \ M), we define the
index of M in Q (indg(M)), as the largest dimensional subspace of Wy*(M N Q), such that the

bilinear form,

By, lp. ] = /M VMo VMY — (| Ayl + Ricy (v, v))p i dH",

is negative definite. We then define,

ind(M) = sup  (indg(M)).
QCCN\(M\M)

Now consider our M from Theorem 5. Thus, as M is embedded, and our sequence of critical
points {u;} from Section 2.1.1 has indu; < 1 (Proposition 1), by [38, Theorem 1la.], we have that
ind(M) < 1.

Remark 26. As M is two-sided and embedded, and the inhomogeneous term is a constant, we may

also apply the ideas and arguments of [31] verbatim to conclude that ind(M) < 1.
Claim 4. indM = 1.

Proof. We only need to show a lower bound, which follows from the Ricci positivity on N. We

construct an appropriate function on M, using a similar argument to [9, Lemma 5.1].

We wish to prove that we can find a set @ cC N\ (M \ M), and a function ¢ in W,*(M N Q)
such that,

Bu(p,¢) <O0.
By the Ricci positivity of N, for any Q cc N\ (M \ M), and ¢ in W, (M N Q), we have

Bar(py o) < / VM — | Agrl2? dH",
M

If M\ M=0 weset Q= N, and p =1,

Bu(p, ) < —/ | Ap|? dH™ < 0.
M

For M\ M # (), we first we note that we must have n > 7, and H""2(M \ M) = 0. Furthermore, as

(M, 1) is a multiplicity 1 integral n-varifold with uniformly bounded generalised mean curvature,
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we have a monotonicity formula [54, Corollary 17.8], which implies Euclidean volume growth about
each point in M. Both of these facts combined imply that for each § > 0, we can construct a

function ¢s, on N, with the following properties (see [66, pp. 89-90])

(05 € Whee(a),

spt s CC N\ (M \ M),

ws(y) € [0,1], y € N,
VM 5| L2 ary < V3,

H' (M N {ps =1}) > H"(M) =6,

\

Thus, taking § > 0 small enough we may set ) = spt s CC N\ (M \ M), and have that
Bu(ps, 05) <6 —n 2 XH"({ps = 1} N M) < 0.

This implies that ind M > 1. O

The fact that M is connected immediately follows from this, as on each connected component we
could construct a function as in Claim 4. Therefore each connected component adds atleast 1 to

the index.
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Chapter 3

Upper Semicontinuity of Index Plus
Nullity for Minimal and CMC

Hypersurfaces

As previously, let (IV,g) be a compact Riemannian manifold, with no boundary, of dimension
n + 1 (in this Chapter we will mostly focus on 2 < n < 6), and H > 0, be a fixed constant.
In this chapter we investigate two classes, MM(N, g), and € (N, g). Here, M(N, g) is the class of
smooth, closed, properly embedded, minimal hypersurfaces of N, with respect to the metric g, and
€y (N, g) is the class of smooth, closed, properly embedded hypersurfaces in NV, of constant mean

curvature H > 0, with respect to the metric g.

As these hypersurfaces arise as critical points to appropriately chosen area-type functionals, a
natural property to study is their Morse index (with respect to the associated functional). For two

fixed numbers A > 0, and I € Z>, we define the subclasses,

M(N, g, A, I) ={M € M(N,g): Hy(M) <A, ind (M) < T},
Cu(N,g, A I) ={M € €y(N,g): Hy(M) <A, ind (M) < I}.

Making use of the curvature estimates for stable minimal hypersurfaces by Schoen—Simon—Yau [52]
and Schoen—Simon [51] (see also the recent proof by Bellettini [10]), for 2 < n < 6, compactness
properties have been proven for 9(N, g, A, I) by Sharp [53], and for €4 (N, g, A, I) by Bourni—
Sharp-Tinaglia [16]. In dimension n 4+ 1 = 3, it is worth noting that various other compactness
results have been shown for minimal surfaces by Choi-Schoen [21], Anderson [6], Ros [47], and
White [65], and for H-CMC surfaces by Sun [57]. We note that D(N, g, A, I) is sequentially
compact (under the correct notion of convergence), whereas for €5 (N, g, A, I), we must expand
our class to quasi-embedded, H-CMC hypersurfaces (see Definition 1). We denote this enlarged
class by €4 (N, g, A, I). We briefly describe this notion of convergence, with full details described
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in point 1 of Definition 5. Consider a sequence { My} C M(N, g, A, I) (resp. €x(N,g,A,I)), then
after potentially taking a subsequence and renumerating, there is a smooth, closed, embedded
minimal hypersurface (resp. H-CMC quasi-embedded hypersurface) M., and a finite set of points
T C My, where |Z| < I, such that on compact subsets of N\Z, M, will converge to M., smoothly
and locally graphically, with integer multiplicity potentially greater than 1. It is then shown that
My, € M(N,g,A, I) (resp. €x(N, g, A, I)). The set of points T C M., is defined by the condition
that for each y € Z, there exists a sequence points {z} € My}ren, such that zi — y, and the

curvature |Ayy, (x7)], blows up as k — oo. Thus we call Z the singular set of the convergence.

In a bid to understand the formation of such singularities, a bubble analysis was carried out by
Chodosh-Ketover-Maximo [19], Buzano—Sharp [17], and Bourni-Sharp-Tinaglia [16]. Zooming in
at appropriate rates, along particular sequences of points converging onto Z, yields a complete,
embedded, non-planar, minimal hypersurface in R"*!, of finite index, with Euclidean volume
growth at infinity. These minimal hypersurfaces in R"*! are referred to as the ‘bubbles’, and they
are the singularity models at the singular points of the convergence. The hypersurface M., is
referred to as the ‘base’. This terminology is borrowed from other non-linear geometric problems.
See Figure 3.1 for a heuristic picture. In the case of n = 2, a bubble analysis has been carried
out by Ros [47], in R? with the standard Euclidean metric, assuming uniform bounds on the total
curvature instead of the Morse index, and by White [65], in general 3-manifolds, assuming uniform

bounds on genus instead of Morse index.

One may be interested in certain information about the hypersurfaces along these sequences, for
example; genus ([19]), index and total curvature ([17, 16]). Understanding the formation of these
singularities through this bubble analysis allows us to track this information along the sequence,
and how it behaves when taking the limit M, — M. For example, if we have our sequence
{M,} as above, and we know all our ‘bubbles’ are given by X!, ..., 37 Cc R*"!, then we say that
M, — (M, ..., %7) ‘bubble converges’ (see Definition 5 for a detailed definition), and [17, 16],

J
ind (Ma) + > ind (%) < liminf ind (Mj). (3.1)
— k—o0
]:
This inequality gives a quantitative way of accounting for some of the index lost when taking the
limit My — M. In this work we are interested in proving an opposite inequality, which will give
a finer analysis and description of the index along such a converging sequence, and shows that in

certain situations, this bubble analysis will account for all the index in the limit.

Our main result is Theorem 8 below, however we first illustrate the conclusions in a simplified
setting with the following special case. We delay the statement of Theorem 8 until the end of this

section.
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Figure 3.1: The top row depicts a local picture of a converging sequence about a point y € Z,
which converges with multiplicity 2 on the base M,,. The second row then depicts a dilation of
the dotted circles in the top row, which when we take a limit, as seen in the last column, allows
us to see a catenoid as the bubble X..
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Corollary 2. Consider a compact Riemannian manifold (N, g), without boundary and of dimen-
sionn+1,3 <n <6. Let {M}} be a sequence of smooth, closed, embedded minimal hypersurfaces
of (N,g), such that My — (M, XY, ..., 27) bubble converges as in Definition 5, with My, C N

being a smooth, connected, two-sided, closed, embedded minimal hypersurface. Then:

limsup(ind (My) + nul (My)) < m(ind(My) + nul(My))

k—o0

J
+3 ind (%) + nul,, | (5),

j=1

where m € Z>; 1s the multiplicity of the convergence onto M,. Here,

ind (¥7) = Jim indgp o) (29,
and R may be chosen to be any finite positive real number greater than some Ry = Ro(X!, ..., %7) €
[1,00), and

R72, x € BE(0)n Y7,

sz,R(fU) = .
212, @ € %7\ B (0).

and,

nul, . (37) = dim{f € C®°(X7): Af +|AsiPf =0, fPwssp € L'(XY), [Vf]? € LI (Z)}.

wsi,R
The inequality in Corollary 2 can be further strengthened by noting that in this situation if m > 2,
then ind (M) = 0 ([53, Claim 6]), and nul (M) = 1 (as the first eigenvalue of the stability

operator will be simple).

Results on the lower semicontinuity of index along converging sequences (3.1), are common in
the literature. For certain classes of minimal hypersurfaces see Sharp [53]|, Buzano—Sharp [17],
Ambrozio—Carlotto-Sharp [5] and Ambrozio-Buzano-Carlotto-Sharp [4], and for certain classes
of CMC hypersurfaces see Bourni-Sharp—Tinaglia [16]. In the setting of Allen—-Cahn solutions see
Le [35], Hiesmayr [31], Gaspar [27] and Mantoulidis [38]. For the setting of of bubble converging

harmonic maps see Moore-Ream [42, Theorem 6.1], and Hirsch-Lamm [32, Theorem 1.1].

The opposite upper semicontinuity inequality (Theorem 8) is more intricate. We recall a few
examples of such results from the literature. When convergence happens with multiplicity one
for sequences of critical points of the Allen—-Cahn functional, upper semicontinuity of the index
plus nullity has been established by Chodosh-Mantoulidis [20, Theorem 1.9] and Mantoulidis [38,
Theorem 1 (c)]. In the case of bubble converging harmonic maps such an inequality was first
established by Yin [69, 70], and then by Da Lio—Gianocca-Riviere [23] and Hirsch-Lamm [32].
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Note that in [23] and [32, Section 6] the proofs are for a bubble converging sequence of critical

points for a general class of conformally invariant lagrangians (fixed along the sequence).

When combined with the lower semicontinuity of index, the inequality in Theorem 8 shows that
in the case of the limiting hypersurface being two-sided and minimal (as is the case of Corollary
2), the index along the sequence can be fully accounted for in the limit. Thus we should view
Theorem 8 as saying that we cannot lose index to the neck, or index cannot merely just disappear
in the bubble convergence of Chodosh-Ketover-Maximo [19] and Buzano—Sharp [17] for minimal

hypersurfaces (in dimensions 3 < n < 6).

In order to conclude that the inequality in Theorem 8 is non-trivial, we must show that for each
bubble, ¥, of finite index, nul,_; (37) < +oc. This is shown in Proposition 16. Proposition 16
also has the following Corollary which may be of interest to some readers (and may be compared

with [36, Corollary 2]).

Corollary 3. Let X be a complete, connected, n-dimensional manifold, n > 3, and v: ¥ — R

be a two-sided, proper, minimal immersion, with finite total curvature,

/ As|" < oo,
>

and Fuclidean volume growth at infinity,

sy S 0 BEY(0)

n
r—00 r

< +00.

Then:
anl-nul (X) = dim {f € W'*(2): Af + |As|*f =0} < +o0.

We note that as ¥ is not compact, Corollary 3 does not follow from analysing the spectrum of a

compact operator.

We briefly remark on the strategy of the proof for Theorem 8, which is close to the strategy of Da
Lio—Gianocca—Riviere [23]. We prove Theorem 8 by reframing the problem in terms of a weighted
eigenvalue problem. The weight is specifically chosen so that sequences of normalised weighted
eigenfunctions { fx }, along the sequence { M}, with non-positive weighted eigenvalues, exhibit good
convergence on the base M, and the bubbles, X!, ..., 37, The key steps for the proof are showing
the equivalence of the weighted and unweighted eigenvalue problems (Section 3.3), the convergence
on the base M, (Section 3.2.2), and the convergence on the bubbles X!, ... %7 (Section 3.2.3),
along with a Lorentz—Sobolev inequality on the neck, which shows that the normalised weighted

eigenfunctions cannot concentrate on the neck (Section 3.2.4).

Due to the different settings, there are several key differences between our work and that of [23].

One such difference is our use of a Lorentz—Sobolev inequality to deduce strict stability on the
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neck. Another major difference is that in our setting the bubbles are non-compact. This poses
complications in the theory of the elliptic operator on the bubble. In particular its spectrum may

not be discrete, and thus effectively analysing the index and nullity of these bubbles is subtle.

It is worth pointing out that the method used in [23], and in Theorem 8 is rather general. In
the proof of Theorem 8, only a few aspects rely specifically on the mean curvature assumptions of
the submanifolds. Thus it is plausible that the ideas and techniques could be applied to a large
range of problems in which one wishes to study how an elliptic PDE behaves along a sequence of

(sub)manifolds which ‘bubble converge’ in an appropriate sense.

Theorem 8. For a compact Riemannian manifold (N, g) without boundary, of dimension n + 1,
3 < n <6, if we have a sequence {M} C IM(N,g) {My} C €x(N,g)), such that M, —
(Moo, 34, ... 27 bubble converges as in Definition 5, with My, = U'_,M* where each M® is
a closed minimal hypersurface (resp. closed, quasi-embedded H-CMC hypersurface, with co(M")
connected) and Oy = m; € Zi> (0" =m; € Z>1), then

!
lim sup(ind (My) + nul (M) < Z co(m);(anl-ind (co(M".)) + anl-nul (co(M'.)))

k—o0 i1

J
+ Z ind (X7) + nuly,; (X9,
Jj=1 ’
where for each i = 1,...,1, co(m); € Z>1, is such that co(m); < m; if M' is one-sided, and
co(m); = m; if M" is two-sided. Here,

ind(¥7) = lim ind (X7 N BZT(0)),

S—o00

and R may be chosen to be any finite positive real number greater than some Ry = Ro(X!, ..., %7) €
[1,00), and
R72, x € BE(0)n Y7,

WZJ',R(I> = .
212, @ € %7\ B (0).

and

nul, . (X)) = dim{f € C®°(X7): Af + |AsiPf =0, fPwssp € L' (YY), [Vf]? € LI (Z)}.

EJ,R(

The exact method of proof we employ does not extend to the case of n = 2 (2 dimensional surfaces
in 3-manifolds). Two key reasons are the choice of weight (Remark 31), and the criticality of the

Lorentz—Sobolev inequality (Proposition 10) for n = p = 2.
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We take a moment to comment on the terms anl-ind (M? ) and anl-nul (M’ ), that appear in the
statement of Theorem 8. These terms respectively stand for the analytic index and analytic nullity
of M! . This refers to the index and nullity of the stability operator acting on the function space
C>=(co(M',)), where co( M) is a connected component of the two-sided double cover of M C N.
We explain the reasoning behind this with the following example, which is also demonstrated in
Figure 3.2. Consider a unit hypersphere in R"*! (this is a CMC hypersurface), then the function
f =1 on the hypersphere, is an eigenfunction of the stability operator, with negative eigenvalue,
and corresponds to shrinking the hypersphere. Now consider a sequence of two disjoint unit
hyperspheres in R"*!, such that in the limit they touch at a point. In order to account for these
eigenfunctions in the limit, we must allow for variations that act on the hyperspheres independently,
even at the touching point. Thus we view the hyperspheres as immersions, and allow variations
which ‘shrink’ the hyperspheres separately. This type of variation cannot arise through an ambient
vector field due to the behaviour at the touching point. Thus in general, the analytic index and
analytical nullity of M., will not be equivalent to the Morse index and nullity of M., which is

customarily defined through ambient vector fields. See Section 3.1.2 for further details.

Figure 3.2: Sequence of two spheres coming together to touch at a point. The arrows attached to
the spheres demonstrate the ambient vector field needed to give rise to the eigenfunction which
corresponds to ‘shrinking’ of these spheres. Notice that at the non-embedded point this vector
field is not well defined as an ambient one.

Finally we make note of another special case, by considering a sequence of H-CMC hypersurfaces
{ My}, which bubble converge M, — (Ul_, M* ! ... 37) such that each M arises as the bound-
ary of some open set E, C N. This particular setting has been analysed by Bourni-Sharp—Tinaglia
[16], were they showed that for each i, co(m); = 1, and, by applying a uniqueness result of Schoen
[50, Theorem 3], that each bubble ¥/, will be given by a catenoid C. Thus, as catenoids have index
1 ([58, Theorem 2.1]), we have that

limsup(ind (M) + nul (My)) < Z(anl—ind (co(M)) + anl-nul (co(M.)))

k—o0 i1

+J(1 +nul,, . (C)).
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In Section 3.6 we investigate nul,, ,(C), and show that it has a lower bound of n. In particular,
in Section 3.6 we analyse Jacobi fields on the n-dimensional catenoid C C R™*! (for n > 3), which
arise from rigid motions of R™*! (translations, rotations and scalings). We show that the only non-
trivial such Jacobi fields which lie in W*'?(C), or the weighted space W_;?, (C) are those generated

by translations which are parallel to the ends of C.

3.1 Preliminaries

3.1.1 Bubble Convergence Preliminaries

In this section we give a precise definition of bubble convergence (Definition 5), and prove some
technical lemmas (Lemmas 2 and 3), which describe the structure of the neck regions in the bubble

convergence, as well as the ends of the bubbles.

In this chapter, for a quasi-embedded hypersurface M, we denote e(M) to be the set of embedded
points of M, and ¢(M) to be the set of non-embedded points of M. This is a slight change of
notation to that of Chapters 1 and 2. The reason for this is to keep notation consistent with that

of [16], which is one of the main background references for this chapter.

Definition 5. Consider a Riemannian manifold (X, g), of dimension n + 1, n > 2, (and H > 0)
along with a sequence {Mj}reny C M(N,g) ({Mi}tren C €u(N,g)), an My, € M(N,g) (M €
¢y(N,g)), and a collection of non-planar, complete, properly embedded, minimal hypersurfaces
{3;}/=; in R**', with J € Z>;. Then, we say that

Mk—> (Moo,Zl,...,ZJ),

bubble converges, if:

1. For the case of minimal hypersurfaces; (M, 1) — (M, 0) as varifolds, where 0 : Mo, — Z>1,
and is constant on connected components of M,,. Moreover, there exists an at most finite
collection of points Z C M, such that locally on M., \ Z, M) converges smoothly and
graphically, with multiplicity 6 (see Remark 27 for a precise definition).

For the case of H-CMC hypersurfaces; (My, 1) — (M, 0) as varifolds, where M., = U, M’
and each M is a distinct, closed, quasi-embedded H-CMC hypersurface, such that for its
respective immersion, «*: S* — M! | S is connected, and there exists a §° € Z>;, such that
0(y) = >0 (1)1 (y)|6"). Moreover, there exists an at most finite collection of points Z C
M, such that locally on My, \ Z, M), converges smoothly and graphically, with multiplicity

6 (see Remark 27 for a precise definition).
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2. For each i € {1,...,J}, there exist point-scale sequences {(p,7%)}ren, such that for each
k € Z>1, pl, € My, and there exists a y* € Z, such that p}, — y*, ri — 0. Moreover, for each
R € (0,00), and large enough k, the connected component of My N Bgri (pi), through pi,

k

denoted ¥1" is such that, if we rescale the geodesic ball BY . (p}) by 7, and denote
k

% n 1 - i i n n
SN BN 0) = = expp}j(Zk’R N By, (h) € BE(0) C R™,
k

then EZ’R — XN Bg(0) smoothly and graphically, and hence with multiplicity one. Further-

more, for i # j, either

ri o dist, (P}, P2
St
k—oopy Ty T+

Y

or for each R € (0,00), and then large enough k € N, pfc ¢ ZZ’R.

3. Defining,
Do) = min dist (2.
(o) = g disty (2,
then,
PO R0 kT00 e My (Uyer BY UL, B4 ™) Y MENBY (1) 10 (@)

where MF N Bfl\}i(x)/z(yc) is the connected component of M N Bde(m)/Q(aj), that contains z.

Remark 27. We now remark on exactly what we mean by M} converging smoothly and graphically,

with multiplicity 6, locally on My, \ Z.

1. First we consider y € My, \ Z being an embedded point (as is always the case for minimal
hypersurfaces). Then, there exists p, 7 € (0,inj(/V)/2), and an n-dimensional subspace T" C
T, N, such that, defining the cylinder,

Cyrpr = {exp, (X +svp): X € BZ”N(O) NT,se(—1,7)},

(where vr is a choice of unit normal to T') we have that Cy 1, CC N\ Z, and there exists
a smooth function,
u: BON(0)NT — (—7/2,7/2),

such that,
Mo N Cy 1) = graph (u) == {exp, (X +u(X)vr): X € BZyN(O) NT}.
Moreover, for large enough k, there exists 6(y) distinct smooth functions,

Vs - - > Vo(y) k- BPT-”N(O) NT = (—71,7),
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such that,
0(y)

M,NCyrpr = U graph (v x),

=1

and for each I =1,...,0(y), v x — u smoothly.

2. For the case of y € M, \ Z being a non-embedded point of a quasi-embedded H-CMC
hypersurface, then, there exists p,7 € (0,inj(/N)/2), and an n-dimensional subspace T" C

T,N, along with two distinct smooth functions,
Uy, Us: BZyN(O) NT — (—7/2,7/2),
such that Cy r,, CC N\ Z, and
Mo N Cy 1, = graph (uq) U graph (us),

with u1(0) = 0 = u(0). Moreover, there exists i1, ia € {1,...,a} (potentially equal), such
that graph (u;) C M. Then, for large enough k, there exists 6(y) smooth functions,

Vg - - > Vo(y) ks : BZ@‘N NT = (—7,7),

such that,
0(y)

M, Cyrpr = U graph (v k),

=1
and for [ =1,...,0", v — uy, smoothly, and for [ =6, +1,...,0;, +6;, = 0(y), vix — ua,
smoothly.

Consider such a convergence M, — (M, X!, ..., X7), as in Definition 5, then we may remark:

e The convergence considered in the bubble analysis of Chodosh—Ketover-Maximo [19] and
Buzano—Sharp [17] for minimal hypersurfaces, and Bourni-Sharp-Tinaglia [16] for CMC

boundaries, satisfies Definition 5.

e As the multiplicity function §: M, — Z>; is uniformly bounded, and H" (M NU) < 400,
for U € N compact, then we may deduce by the varifold convergence that sup, H"(M,NU) <
+o00. Applying this fact, and using the monotonicity formula for varifolds with bounded mean
curvature ([54, Theorem 17.7]), we may deduce that each ¥/ must have Euclidean volume

growth at infinity (see [17, Corollary 2.6]).

e The final sentence of point 2 in Definition 5 guarantees that all of these bubbles are distinct.
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e For each j = 1,...,J, as 37 is complete and properly embedded, by [49] 37 is two-sided in
R+,

e Without loss of generality we may assume that |Ax;[(0) > 0, for each j =1,...,J.

We also now assume that each ¥/ has finite index. This is a reasonable assumption for us to make,
as if it does not hold then the result that we are interested in (Theorem 8) would hold trivially.
Thus, for 3 < n < 6, by a result of Tysk [61], the finite index and Euclidean volume growth at
infinity, imply that each bubble Y7 will have finite total curvature;

’Azj |n < —+00.
i

The following curvature estimate (Proposition 7) is important in our analysis. First we list some
notation. If v: M — N is a proper immersion, and S C N, x € M, and «(z) € S, then we denote

171(9), as the connected component of +~!(S) which contains z.

Proposition 7. Consider (B}(0),g), where g is a Riemannian metric (a constant H > 0),
and a proper, g-minimal (g-H-CMC) immersion v: M — B7(0), such that «(OM) C 0B} (0).
There exists an g9 = £0(g9)(= co(g, H)) > 0, such that for v € Y(B"£(0)), r € (0,1/4), and

1/2
e € (0,e0), if
/ A <e,
B (u(@)))

sup  disty (u(y), 0B} (u(w)) 4] (y) < C,

yEBI T (u2)))a

with C. = C(g,¢)(= C(g, H,¢)) < +00. Moreover, C. — 0 as e — 0.

then,

Proof. The proof, detailed below, follows from a standard point-picking argument, which may be
found in [64, Lecture 3]. In the proof we will denote distf o) by dist.

Assume that the bound is not true. Then there exists a sequence of proper, g-minimal (g-H-CMC)
immersions {t: My — B (0)}ren (from here on we will drop the subscript & from the maps ¢,
with points xy € My, radii {ry}ren, with 7, < 1/4, such that,

/ ’Akln — O,
HBE (k)

but a fixed 0 > 0, and points y, € =1 (B2 (¢(2k)))e, CC My, such that

disty (e(yx), OBy, (e(0))) | Axl (i) = sup disty (e(y), OBy, (w1)) | Akl (y) = 0.

ver (B (u(e)ay
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We can see that y, & o' (0B ((2k)))a,- Denote,

Te = Akl (),
p = disty(e(y), 0B (u(xy))) <1y < 1/4.

Translate ¢(yx) to the origin, rescale by T}, and denote our new immersion by,

0 My — B (—u(yr)),
= T(u(x) — t(yg))-
This will be a proper minimal (7} ' H-CMC) immersion in the appropriately translated and rescaled

metric, which we denote g,. After taking an appropriate rotation we may also assume that 7 maps

the tangent space T}, My, to {z,+1 = 0}.

Denoting A,, as the second fundamental form of M, with respect to immersion 7, we have

| Akl (yr) = T Arl (i) = 1,

Moreover, s, = Typr > 6, and we have that for z € M, N Z_I(B;‘;;(O))yk CC My,

A=) < Cdisty,(2,0B,,(0)|4d (2),

< Cdisty, (0, 0B, (0))] A (0),

= Cé’k,

where C' = C(g) < +o00, will come from the fact that we can find a C' = C’(g) < 400, such that

1 )
Elp — g| < disty(p,q) < C'|p —q,

for p,q € Bg/ng(O). Thus, |Ag|(z) < 2C, and there will exist a constant [ = I(g), such that for,

27 = min{0/2,1},
we have that there is a smooth function,
ug: BPH0) N {41 = 0} — R,

with uy = 0, Vug = 0, and for some connected set S C My, containing vy, 2(S) = graph(ug) (see
[22, Chapter 2, Lemma 2.4]). Moreover, this bound on |A| translates to a uniform bound (only
dependent on g) on the C*-norm of these functions {u;}. Moreover, these functions solve the §j-

minimal surface equation (gy-7), 'H-CMC equation). Thus by Schauder theory (noting that T, <
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(46)~1) [28, Section 6.1], we gain a uniform bound on the C*®-norm of these functions. Therefore,

potentially after taking a subsequence and renumerating, there exists a u,, € CQ’Q(Bf/gl(O) N

{zny1 = 0}) such that wy — ue in C*(BL5(0) N {zng1 = 0}), a Riemannian metric go, on

BIF(0), such that g — §s smoothly on Byt'(0), and a constant A € [0, (40)'], such that
T, ' A. Again, by Schauder Theory we may upgrade this to smooth convergence and e €
COO(BZ/?(O) N {zp+1 = 0}). Then u solves the go-minimal surface equation (Go.o-AH-CMC
equation), and denoting M, = graph(us), we have that 0 € M, and |A«|(0) = 1. Thus,

[ arzo
Moo

However this contradicts the assumption that,

/ A" = 0,
Mk:mBrk ($k)

due to the quantity’s scale invariance. O

Proposition 7 implies that if we take a sequences 0, — 0 and Ry — oo, such that eri — 0 for all
j=1,...,J,and 4, > 4er,i for all k € Z>, and j =1,...,J, and pick a sequence of points,

xp € M N (UyezBéi(y) \ nglzsz)v
and denote, s, = di(xy)/2, and

~ 1
M, N B{LH(O) = ; exp;kl(Mk N Bg(xk)),

then, after potentially taking a subsequence and renumerating, the component of M through the

origin must smoothly converge to a plane through the origin, on compact sets of BI*1(0).

Lemma 2. Consider a point-scale sequence {(p,r%)} from Definition 5, and a sequence s — 0,

such that sy /ri, — oo. Then if we denote M C B1(0) to be the connected component of

- 1 ;

that passes through the origin, we have that after potentially taking a subsequence and renumerating,

there exists a hyperplane E C R" and an m € Z>y, such that,
(Mj, 1) = (B, m),

in BI(0) as varifolds, and smoothly, as m disjoint graphs, on open sets of By (0) which are

compactly contained away from finitely many points in B (0).
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Proof. For any R € (2,00), and large enough k, consider the map,

Gf:Bgﬂ(O) — BgSk(pfﬂ),
T > expy (s5),

and the metric g, = s, 2(GI)* g, on BT (0). We have that (gi)as — a3, Smoothly as k — oco.
Denote M, = (GE)~1 (M, NBR,, (p}.))- By the monotonicity formula, for large enough & we deduce,

Hp (M, N BR(0)) < C R™ (sup ) (K} (Mo) + 1)
Moo

with C' = C(N, g)(= C(N, g, H)) < 400 (and moreover, mean curvature s,H). Denote M} to be
the connected component of M, that passes through the origin. Thus, by Allard’s Compactness
Theorem [1, Theorem 6.4] (we use the theorem as stated in [54, Theorem 42.7 and Remark 42.8])
we know that, after potentially taking a subsequence and renumerating, there exists an integral,
n-rectifiable, stationary varifold V in B%™(0), such that (M} ,1) — V, as varifolds. By the
monotonicity formula, as for each k, 0 € M, and M} is connected, then, 0 € spt ||V # 0, and
spt ||[V]] is a closed connected set. Thus, if we can show that spt ||V is a plane, then by the
Constancy Theorem [54, Theorem 41.1] we may conclude that 6 = m € Z>;.

After potentially taking a subsequence and renumerating, we may assume that for each j =

1,...,J, the following sequence has a well defined limit (potentially +o00),

dist) (pi,, p].)

Sk

We denote the set,
Bigsy = {5 Jim disty (pj. pi) /s < 2R},

and for each j € B; ), and large enough k, we denote,
q, = (GY") " (p}) € B3z (0),
and, again after potentially taking a subsequence and renumerating,
Claim 5. For each r > 0, there exists a sequence Ry — 0o, such that for large enough k,
GE((NE, N B (0))\ Upen, ., B () © (Mi \ UL, S5™) 1 BY, (0)).
We prove this claim by contradiction. We assume there exists an » > 0, S < 400, and a subse-
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quence, which we may renumerate by such that there is an [ € {1,...,J}, and points,
GR M/ N Bn+1 0 U Bn+1 j N El,S
2 € G (M, N BE™(0) \ Ujes, (,, B (/) N ;7.

Thus,
dist]gv(zk,pff) < Srt,

and,

distév(zk,pfc) < Rsy.

Moreover, for large enough £,

. . ] T
i dlstév(zk,p,i) > 55k

which implies that,

29
Sk < _Tk7
T

and thus,
. 2R
dist]gv(pz,p@ < (T + 1) St
Then as Z;’Q(FIJFRA)SR and M,; are both connected and contain 2, we have that,

. —1 —1
pLEEZZ(T +R™)SR

However, by smooth convergence on the bubble,

» 25 - S
skl Akl (p)) < 77“2|Ak|(p2) <2— sup |Asy| < +o0

T 1 n+1
x ﬁBz(r—1+1z—1)sz:c(0)

which contradicts fact that,

si|Ax|(p)) = TTTZ|A1<:|(PZ) — 0.
k

Therefore we have proven the claim.

Thus, for each r > 0, small enough so that for each k, M N Bix(0) \ Ujen, ., Br'(¢?) is non-
empty, we have by Point 3 of Definition 5, and Proposition 7, that spt ||[V]| \ Ujegi’{Sk}B]}“(qj)

must be a collection of hyperplanes. Moreover, by uniform bounds on the second fundamental

form, the convergence on Bt (0) \ UjeB, (., B (¢7), must be smooth, and thus by the em-

beddedness assumption along the sequence, these hyperplanes cannot intersect transversely on

BEHH0) \ Uje B, {Sk}BfH(qj ). Therefore, after potentially taking R larger, and renumerating along

a further subsequence, we see that these hyperplanes must be parallel. Then taking » — 0 we see

that spt V' must be this collection of parallel hyperplanes. To conclude we note that as sptV is

connected, it must just be a single hyperplane through the origin, which we converge to smoothly,
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away from the finite set of points {¢’: j € B; (5,1} O

Lemma 3. Take p > 0, a > 0, and n > 2. Consider a sequence of smooth, embedded, minimal
(Hy-CMC) hypersurfaces, {M), C Bj(0) x (—a,a)}, with respect to Riemannian metrics {gy},
which pass through 0, and OM; C O(B}(0) x (—a,a)). Suppose that g, smoothly converge to the
standard Euclidean metric on B}(0) x (—a,a), (H, — 0), and

(M, 1) = ({#nt1 = 0}, m),

as varifolds, with m € Zxy, and that for compact sets K C Bj(0) \ {0} C {x,11 = 0}, the
convergence 1s as m disjoint graphs over K, smoothly converging to 0. Moreover, suppose we have
a sequence T, — 0, such that for any other convergent sequence {t;.} C (0, pl, (sayty — ts € [0,p]),

which satisfies,

we have the condition that, after potentially taking a subsequence and renumerating,
M, =—C Z/tk(O) X (—a/tk,a/tk),

converges (potentially with multiplicity) to some plane Ey,y, through the origin, with the conver-
gence being smooth and graphical on compact sets of (B}, (0) x (—a/tw,a/ts)) \ {0}, R\ {0}
if ts = 0). Then for any sequence {t} as above, Ey,y = {1 = 0}, and there exists an Ry,
such that if Cy, is a connected component of My N (B,(0) X (—a,a)) \Bg;rrlk (0)), then, Cy, == Cy/t
converges to {x,1 = 0} with multiplicity one.

Proof. We first prove the multiplicity one covergence of Cp. The argument used is similar to that
in [11, Proposition 3], and we only include a sketch, referring the reader to [11] and the references

contained there for more details.

First we show that there exists an Ry € (1,00), such that, taking k large enough, for all t €
[Rork, 3p/4), My intersects 0B;(0) transversely. Indeed, if not we can produce a subsequence, that

we may renumerate along, with ¢y € (g, 3p/4), such that,

t
e o,
Tk
and points zj, € M, N 9OB(0), such that
vi(zx) L OBH(0), (3.2)

with respect to the metric g,. Here, v denotes a choice of normal to M, at z,, with respect to

the metric g;. Rescaling by t;, and potentially taking a subsequence and renumerating, we get,
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that t; — ts € [0,3p/4], and we denote

_ My

Ny = 1, (0) X (=a/ti,a/ty), B = 55 = Fo € DBIH(0).
k

th C Dy

Furthermore, we denote the appropriately rescaled metrics on Bg/tk(()) X (—a/tg,a/ty), by g,
and we see that g; will smoothly converge to the standard Euclidean metric on compact sets of
By, (0) X (—a/tes, a/te) (R™*1 ) if t,, = 0). By the assumption in the statement of the Lemma,
M}, converges on compact sets of B}, (0) x (—a/tw,a/tx) (R™T1if ¢, = 0), as varifolds to a
plane F (potentially with multiplicity) through the origin. Furthermore, the convergence is smooth
on compact sets away from the origin, which when combined with the smooth convergence of the
rescaled metrics, implies that

ve(zy) — vg € T5. 0B (0),

where vg, denotes a choice of unit normal to the plane F, with respect to the standard Euclidean

metric. However this contradicts the condition (3.2) along the sequence.

Take a connected component of M, N B (0) x (—a,a) \ Bi!! (0), and call it ;. We now look to

show that for all t € [Ryrg, 3p/4), CxNOB;(0) is a single connected component Define the following

function,

hki Ck—>R,

This is a smooth function on Cj, and by the transversality statement, and smooth convergence of
the metrics, for large enough &, hy will not have any critical points on Cy. Thus, by standard Morse
Theory ([41, Theorem 3.1]), we may use hj to construct a continuous deformation retraction of
Cr, onto {hy =t} = C,NOBM(0). Therefore, as Cj, is connected, this implies that C, NOB(0)

is also connected.

We may now prove the multiplicity one of the convergence. Now take any sequence {t;} C (0,3p/4),
with ¢, — te € [0, 3p/4], such that

S
Tk
and define,
~ Ck n n
Cri= 2= C (B, (0) x (—a/ty, a/ty)) \ Byt 1, (0).

Again, we denote the appropriately rescaled metrics by g,. We know that on compact sets of
Bn

i (0) X (—a/tos, aftos) (R if £, = 0), gr smoothly converges to the Euclidean metric, and

Cr — (E,m),
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as varifolds, with convergence being smooth on such compact sets away from the origin. As
previously, F is some hyperplane that passes through the origin. If we consider,

Sy = C, N IB1(0) (Cr N OBy, (0)),

1
=5
by the previous discussion, Sk is a smooth, connected and embedded hypersurface of dB{**(0),
that smoothly converges to Ss == E N &B;(0), with multiplicity 7. However, as B;(0) is simply
connected, each Sy, and Ss, must be two sided in 0B1(0). Thus the smooth convergence implies
that m = 1.

The fact that F = {z,41 = 0} follows from a foliation and maximum principle argument in [17,
Claim 1 of Lemma 4.1] and [16, Lemma 5.6, Proposition 5.7]. For completeness we include a
sketch of this argument, however we note that it is identical to arguments contained in [17, Claim
1 of Lemma 4.1] and [16, Lemma 5.6, Proposition 5.7] and we refer the reader to them for further
details.

Choose T € (0, p/4), and then we know from above that,

Ce N ((By2(0) \ BR(0)) x (=a;a)),

consists of a single connected component, and there will be a function,

u: Byy(0)\ Br(0) — R,

such that,

Cie N ((By2(0) \ B(0)) % (=a,a)) = {(z,ux(z)): x € B, (0) \ Br(0)},

and u, — 0, smoothly. If we are in the case of H-CMC hypersurfaces, we may assume that the
mean curvature vector points in the positive z,1 direction. By [16, Proposition 5.7] we have the
following graphical foliation on an open neighbourhood of B;’/Z(O) x {0}, which we briefly describe.
Taking k large enough, there exists a b € (0,a/2), such that for each h € (—b,b), there exists a
function,

oy 2(0) = R.

which is a gg-minimal graph (gix-H,-CMC graph, with mean curvature pointing in the positive
T4 direction), and,

vy =y, + h, on 0B)5(0).

Moreover, we have that the functions v vary smoothly with h, and v} — h, smoothly as k — 0.
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We denote the open set,
C.D/27b - {<x7vlfcl<x)> x € B;L/2(0)7 h S <_b7 b)},

and for large enough k,
5/2(0) X [=b/2,0/2] C Cppap.

and we may define the following diffeomorphism,

Fy: BZ/2(0) X (=b,b) = C,ap,

(z.y) = (0™ (),

where hp — 0, is uniquely chosen such that UZ’“(O) = 0. We then have that Fj, — Id smoothly,

and we define the metric, g, = F} gx, which smoothly converges to the Euclidean metric.

Then, we have that in B}, (0) x (—b,b), the horizontal slices {y = c} are gj-minimal (gy-H-CMC,

with mean curvature vector pointing in the positive y direction), and Cp=F ~1(C}), is gp-minimal

(gr-Hp-CMC, with mean curvature vector pointing in positive y direction). Moreover,
OCy N A(By(0) x (=b,b)) = {y = —h} N (9By5(0) x (=b, b)),

and,
0Ck N (B}5(0) x (=b,b)) C Fy7 (B, (0)).
After taking a subsequence and renumerating, we may assume, without loss of generality, that
—hr > 0.
Now suppose that Ey,y # {@n41 = 0}. We rescale by ty,

N .
Ck; — E C BP/(2tk)(O) X (—b/tk,b/tk),

and denote our appropriately rescaled metrics by gx. Then, as Fj, — Id, we have that g, converges

to the standard Euclidean metric, and,
C’k — (Ea 1)a

smoothly on compact sets of B}, 1(0) X (=b/t, b/t) (R if ¢, = 0), away from the origin.
As E # {y = 0}, then, if we consider the smooth function

fki ék — R,

(z,y) — v,
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there will exist points z, € Cj, N OB 1(0), with r = min{1/4, b/(4tco)}, such that,
fk(Zk) - A< 0,
A = A(b, ts, E). However, for z € C}, either z € (B (,) % (—b/tr, b/tx)), and thus

fe(2) = —hy/te > 0,

,or, 2 € Flgl(szfk/tk(O)), and as 71/t — 0, we have that

fk(Z) > A/2,

for large enough k. Therefore, for large k, fi achieves an interior minimum, at say zj, fi(zx) =
k- Therefore, C}, lies to one side of {y = 7%}, and they touch tangentially at interior point
2. However, as each horizontal slice is a gx-minimal (gy-Hy/tp-CMC) hypersurface, and by the
boundary condition for C, Cj, ¢ {y = Y}, we derive a contradiction to the one-sided maximum

principle for gi-minimal (gx-Hy/t,-CMC) hypersurfaces. O

Remark 28. ([17, Claim 1 of Lemma 4.1] and [16, Lemma 5.6]) We remark that combining point 3
in Definition 5, along with a contradiction argument that makes use of Proposition 7 and Lemma
3, implies that there exists positive constants Sy and sg, such that for each y € Z, s € (0, s9),
and S € [Sp,+00), and taking large enough k, if we let C) denote a connected component of
M, N (BN (y) \ ugzlz_,f), then there exists a non-empty open set Ay = A(Cy, s, S) C T,M., and
a smooth function,

Uy, - Ak—>R,

such that,
Cr = {exp,(z + up(z)v(y)): € Ap},

where v(y) is a choice of unit normal to M., at y. Moreover, we have that

1 i, i reellen =0

Remark 29. Consider X, a connected, complete n-dimensional manifold (n > 3), and ¢: ¥ — R,

a proper, minimal immersion, with finite total curvature,

/ ’A2|n < +00,
by
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and Euclidean volume growth at infinity,

H"(«(¥) N BR(0))

lim sup < +00
R—o0 Rn
Given a compact exhaustion Ky C Ky C ---, of X, we define an end F, of ¥, to be a nested

sequence of open sets of X,
UlDUQDUgD"',

such that each U; C ¥\ Kj, is connected. We now look to show that ¥ has finitely many such
ends, and each one may be represented by the graph of a function, with small gradient, over a
hyperplane of R"*! minus a compact set. The arguments in the proof are very similar to that
of Lemma 3, and in fact the general idea of the argument is somewhat standard. Therefore we
only present a sketch of these facts and refer the reader to [61, Lemma 3 and Lemma 4] and [11,

Proposition 3| for details.

Consider a sequence R; — 0o. Applying classical geometric measure theory arguments (mono-
tonicity formula for stationary varifolds, and Allard’s compactness Theorem), which make use of
the minimality of the proper immersion, and the Euclidean volume growth at infinity, we see that

the sequence of blow downs of ¢(X), given by

()

will, after potentially taking a subsequence and renumerating, converge as varifolds, on compact

subsets of R"™! to a stationary, non-empty, n-rectifiable, integral varifold V' (with locally finite
mass). Moreover, as this V' arises from a sequence of blown downs, its support, which we denote

by C, will be a cone in R™™ (i.e. C is invariant under rescalings centred at the origin).

Now, the finite total curvature assumption along with the curvature estimate of Proposition 7
imply that, for each € > 0, there exists an R., such that for all z € X\ .7 (Bj(0)),

() | A (z) <, (3.3)

Therefore, following arguments similar to those in Lemma 2, we have that the blow downs of
our immersions, will converge smoothly and graphically to C' (potentially with multiplicity), on

compact subsets of R"*1\ {0}. Moreover we will also have that,
C =ULP;,

where each P; is a hyperplane of R"*! which passes through the origin, and L € Z>; is finite.

Then, applying identical arguments to Lemma 3 (cf. [11, Proposition 3|), we have that there exists

104



an 7y, such that for all R € [rg, 00), ¢(X) intersects dBR"(0) transversely. Then again applying
identical arguments to those in Lemma 3 (cf. [11, Proposition 3]) we have that for all Sy > S} > o,

if we consider a connected component U of

S NN BE0)\ BETH0)),

then, QU consists of two connected components, one of which is smoothly immersed, by ¢, into

OBE(0), and one which is smoothly immersed, by ¢, into 0B%(0).

Now consider an end FE,
UyDU;,DU3D -

given by this compact exhaustion, {¢~'(BE(0))}. From above, we have that for large enough 4,

0U; will be connected, and

R;
will be a smooth immersion, that smoothly and graphically converges to a finite collection of
equators U, Q; N OB (0), with finite multiplicity. Where each @Q; is a distinct hyperplane

C 9BH(0),

through the origin, which is contained in our cone C'. As 0U; is connected for large ¢, we see that
in fact L/ = 1, and moreover (as S™~1 is its own universal conver for n > 3), conclude that this
convergence on dB1(0) must happen with multiplicity one. Thus, R; 't(U;) converges smoothly
and graphically on compact subsets on R"**\ B?"1(0), to a hyperplane @, with multiplicity one.

Therefore, the number of ends of X, given by the compact exhaustion {L_I(ngl(()))}, is finite and
equal to the integer

_ IVII(BI*H(0)

- H(BY(0))
Moreover, by the monotonicity formula for stationary varifolds, the integer m is independent of
the sequence R; — oo. Thus, ¥ has finitely many ends E',..., E™, and therefore, each end E,
may be represented by an open set W*. By this we mean that there exists a compact set K, and

m disjoint open sets W1, ... W™, such that,
Y\ K =uUr,w,

and given any compact exhaustion K; C Ky C ---, then if the representation of end E* with

respect to this compact exhaustion is given by,
UyDU;DU;D -

then for large enough 7, U;f C W*. With a slight abuse of notation we will simply denote this set

Wt by E*, and when we refer to an end, we will in fact be referring to this open set.
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Finally, consider any other sequence R, — oo, and our previously considered end E. Then, by the
foliation and maximum principle argument in Lemma 3 (cf. [16, Proposition 5.7] and [17, Claim
1 of Lemma 4.1]) implies that, after potentially taking subsequence and renumerating (R})~'.(E),

will also converge smoothly with multiplicity one, on compact subsets of R"™ \ {0}, to the same

plane Q.

Thus, applying the same argument as in Remark 28, we see that the ends of X, E', ..., E™, are
given as the graphs of a smooth function. By this we mean, for any end E?, there exists a rotation

r; about the origin, a compact subset B; C R", and a smooth function
U; - R" \ BZ — R,
such that,
ri(u(EY) = {(2,ui(z)): € R"\ Bi}.

Moreover, for each 1 > 0, there exists a compact set B (D B;), such that |Vu;| <n, on R™\ B

3.1.2 Stability Operator, Index and Nullity

We continue the discussion on the stability operator, index and nullity from Section 1.1. In
Section 1.1 we discussed how one may look to study minimal and CMC hypersurfaces by studying
the vector valued stability operator on I'(TM*1), and if the hypersurface is embedded and two-
sided, instead of studying this vector valued operator, we may alternatively study a scalar valued
operator on appropriate function spaces on our hypersurface. We now look to define appropriate
function spaces on connected covers of our hypersurfaces to allow us to extend this to one-sided

and quasi-embedded hypersurfaces.

Consider a properly embedded, closed, minimal hypersurface M C N. We define o(M) to be the

two-sided double cover of M,
o(M) = {(z,v): v € M, v € T;-M, and |v| = 1},

and co(M) to be a connected component of o(M). Note that if M is two-sided in N, then we identify
co(M) with M, and if M is one-sided in N, then co(M) = o(M). We define the obvious continuous
projections, ¢t: o(M) — M, and v: o(M) — T+ M, and note that z = (¢(2),v(2)) € o(M).

For the case of M C N being a quasi-embedded H-CMC hypersurface we define,
coM)={(z,v) : z€MveTM, |v|=1,

and points in direction of the mean curvature vector}.
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Thus at non-embedded point x € M we have (z,v), and (z, —v) € co(M).

For X € T'(TM*) we define a function fx € C*(co(M)) by,

and note that if 21, 2o € co(M) such that z; # 2o but ¢(z1) = ¢(22), then fx(z2) = —fx(z1). Thus,

fx € C(co(M))” ={f € C®(co(M)) : if(z,v)and(z,—v)are both inco(M),
then f((z, —v)) = —f((z,v))}.

Moreover, by a standard extension argument, for each f € C™(co(M))~, there exists an Xy €
[(TM*1) such that

f(2) = 9(X¢(u(2)), v(2)).

Elements of the function space C*(co(M))~ should be thought of as ‘ambient variations’.

Thus, instead of considering the vector valued stability operator on I'(T'M<1), it is equivalent to

consider the scalar valued stability operator,
Lf = Af + (|Au|? ot + Ricy (v, 1)) f,
on the function space C*(co(M))~. We associate to L the bilinear form,
Bulf.h] = /(M) V- Vh— ([Aul? 0t + Ricy (v, ) f h,
for f, h € C*(co(M))~, which we may extend to the space,
W2 (co( M) = T=(eo@m) w2
For M being a properly embedded, one-sided hypersurface we have that co(M) = o(M), and
Wt (co(M))™ = {f € W'?(co(M)): for a.e.(z,v) € co(M), f((z,v)) = —f((x, —v))}.

For M being a properly embedded, two-sided hypersurface we may simply identify co(M) with
M, and Wh2(co(M))~ with W'2(M). Then, for M properly embedded, it may be shown (an
argument is contained in the proof of Proposition 14 and Remark 33), that

ind (M) +nul (M) = sup{dim IT: IT € W"?(co(M))~ is a linear space,

(3.4)
on which By, is negative semi-definite}.
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As Ricy is bilinear, the function x — Ricy(v,v)(z), for v € THM, |v| = 1, is a well defined
function on M, even if M is one-sided. Thus we may consider the operator L, and its associated
bilinear form By, on the function space W?(M), and its index and nullity on this function space.
We define this as the analytic indez (anl-ind (M)) and analytic nullity (anl-nul (M)) of M. Note
that if M is two-sided and embedded then these two notions of index and nullity will coincide. We
also similarly refer to the analytic index and analytic nullity of co(M), and refer to elements of

the function space W2(co(M)) as ‘analytic variations’.

It is also worth noting that for H-CMC quasi-embedded hypersurfaces (H # 0), the mean curvature
vector gives a global choice of unit normal, and thus such immersions are two-sided. Moreover, as
seen from above, we can still define the stability operator on M even if the hypersurface does not
arise as the boundary of an open set. Thus we do not need M to arise as the boundary of a set to

define its index and nullity (as was the motivation in Section 1.1).

3.1.3 Lorentz Spaces

Let (M, g) be a Riemannian manifold and g be the volume measure associated to g. For a u-

measureable function f: M — R, we define the function

as(s) = pfe € M: [f(2)] > s).
We may then define the decreasing rearrangement f*, of f by,

. inf{s > 0: ay(s) <t}, t>0,
fr(t) =
esssup | f], t=0.

For p € [1,00), and ¢ € [1,00], and a pu-measureable function f on M, we define,

e ey 1< g < oo,
£l = 1
sup;o 17 f* (1), q = 0.

The Lorentz space L(p,q)(M, g) is then defined to be the space of p-measureable functions f
such that || f|[p.q < +o0. It is worth noting that || - ||;,q) is not a norm on L(p,q)(M,g) as it
does not generally satisfy the triangle inequality. However it is possible to define an appropriate
norm, || - |4 (see [18, Definition 2.10]), on the space L(p,q)(M,g), so that the normed space

(L(p, )(M, 9), || -
1 < g < o0, we have the following equivalence ([18, Proposition 2.14]),

»q) 1s a Banach Space [18, Theorem 2.19]. Moreover, for 1 < p < oo, and

p
I

I Mg SN lpg < parl lp.0)- (3.5)
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Proposition 8. (Hélder-Lorentz inequality, [18, Theorem 2.9]) Take py, p2 € (1,00) and ¢q1, ¢2 €
[1,00] such that 1/p1+1/ps = 1/q1+1/qo = 1. Then for f € L(p1,q1)(M,g) and h € L(ps, q2)(M, g),
we have,

/M 1 hL i < 0l Wl

The following fact can be easily derived from the definition of || - |/¢.q)-

Proposition 9. Take 1 <p < 400, 1 < ¢ < o0, and vy > 0, then for f € L(p,q)(M, g), we have,

I N ez.2y = 111Gy

The following Lorentz—Sobolev inequality on R™ is crucial in Section 3.2.4. For a proof see [3,

Appendix]

Proposition 10. (Lorentz—Sobolev inequality on R™) Take 1 < p < n, and p* = np/(n — p), then
there exists a constant C' = C(n,p) such that for all w € C*(R"),

[|ul ) < Cl[Vul| L.

By standard covering and partitions of unity arguments, from Proposition 10 we may also obtain

a Lorentz—Sobolev inequality on a bounded subset of a Riemannian manifold.

Proposition 11. (Lorentz—Sobolev inequality on manifolds) Let (M, g) be a complete Riemannian
manifold of dimension n. Take 1 < p < n, p* = np/(n — p), and an open, bounded set Q2 C M.
Then there ezists a constant C = C (2, g,n,p) < +00, such that for all u € CX(Q),

[ell e ) < Cllullwren-

Remark 30. We may extend the inequalties in Propositions 10 and 11 to u € WP(R") and W, ”(Q)
respectively, by using a standard density argument, the fact (L(p, q)(M,g),] - ||pq) is a Banach

space, and the equivalence in (3.5).

Proposition 12. Let (M, g) be a compact Riemannian manifold of dimension n > 3, with w €
L(n/2,00)(M,gq). Then for any fi, fo € WH2(M), we have that there exists a C = C(M, g) < oo,

such that,
‘/ Jifaw
M

< Cllwllnsz.col frllwrzan | f2llwrzan-
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Proof. Using Propositions 8, 9 and 11,

1/2 1/2
\/ nil < () ([ wig)
M M M
1/2 1/2
< Nwllnjoey 12N o 1F2 1182 1)
< Nwllnzi00) 1 f1ll2e2) [l foll2x 29,

< Clwlm/zeo 1 llwrzan [ f2llwrzan.

3.2 Weighted Eigenfunctions

We proceed with the proof of Theorem 8, taking a sequence M) — (My, X!, ..., ¥7) as in Def-
inition 5. We assume that for each k € Z>;, Mj, is a single connected component. Thus for the
case of minimal hypersurfaces, [ = 1. The general statement is proven by applying the argument

to each individual connected component of M.

We also note that the reader may find it easier to follow the rest of this chapter by only considering
the case where each My, and M, are two-sided minimal hypersurfaces. By doing so much of the

notation introduced in Section 3.1.2 can be ignored, and we can just consider My, instead of co(My,),
and W2(My) instead of Wh2(co(My)) ™.

3.2.1 The Weight

Take, R > 4, and ¢ > 0, such that for large enough k, and all j =1,...,J,

, min
Y1, Y2€L, y17£y2 8

4R7“£ < § < min {mJ(N) 1 —IS g <y1’ y2) } .

We first define our weight, on co(My), about the point scale sequence {(pi, Ti)}kem
max{6~2, dist, (e(z),p}) "2}, w(x) € My \ Bg«i (p),

(Rri)_z, W(z) € BR%’ (pfg) N M,

wi,a,R(x) =

We consider the weight,

wisr(T) = max Wi,a,R(w)'

We also define ws € W22 (co(My) \ t31(Z)) N L(n/2, 00)(co(My,)), by

ws(r) = max{0 2, diStéV(LOO(ZE),I)_2}.
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The fact that ws € L(n/2,00)(co(My)) will follow from a similar calculation to that in Claim 6.
Recall the stability operator on co(M}),
Li = A+ [Ad? + Ry,

where Ag(x) = App, (tk(2)), and Ri(z) = Ricy(vk(z), vk(x))(tk(z)), and the associated bilinear
form, By, acting on Wh2(co(My,)),

Bylp, ] = Vi - V* — (JAL]® + Ry) o).

M,

We define the unweighted eigenspace for an eigenvalue A of L by

E(N; Lie, W (co(My)) ™) = {f € WH(co(My))™: Belf, ¥ = A y I,

(3.6)
forally € WH2(co(My,))™},
and the weighted eigenspace for a weighted eignevalue A of Lj by,
Eunsn N Li, W (co(My))7) = {f € W (co(My))™: Blf, 0] =X | fowisr, (3.7)
My, .

forally € Wh2(co(My,))™ }.

Identical definitions hold for £(X; Log, Wh?(co(My)) and &, (X; Leo, Wh?(co(My))). Recall that
when we refer to function space W1?(co(M))~ we are considering ‘ambient variations’, and when
we consider the function space W'?(co(M)) we are considering ‘analytic variations’. In general,
for A € R, a Riemannian manifold (M, g), with a second order, linear, elliptic operator L, with

associated bilinear form By, and w: M — R, we define the function space,
ENLAB) = {f € A Bilf.d =X [ fow foraloe B)
M

where A, and B are some function spaces on M. If A = B, we write £,(\; L, A), and if w = ¢, for
some constant ¢, we write, £.(\; L, A, B) = E(cA; L, A, B).

Lemma 4. There exists a C = C(N, g, My, X, ..., 3576, R) < +o0o such that for all k,

|Ar|? + | Ry|

< (. 3.8
Wk 6,R o (3:8)

Proof. We assume the statement does not hold and prove by contradiction. After potentially

choosing a subsequence and renumerating we have that there exists a sequence of points z, €
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co(My), such that
Wi s r (AR + |Ri|) (21) — o0

Note that there exists a C'= C(N, g), such that |Ry| < C, for all k, thus,

wl;é,R(’AkP + O) () — oc.

Again potentially after taking a subsequence and renumerating we may assume that ux(zg) — y €
M.

If y € My \ Z, then for large enough £,
wrsr > (2dist) (y, 7)) 7%,

which implies that,
(2disty (y, 2))* (| Arl* (z4) + C) — oo

Thus, |Ax|?(x,) — oo, which contradicts the smooth convergence away from Z.

We have that y € Z, and thus w; s (z)) — 0, thus from here we just consider the term wy; (2% )| Ag|?(24).

There exists an ¢ = 1,...,J, such that after potentially taking a subsequence and renumerating

wrsr(Tk) = Wi g m(T8).
We split into different cases.

Case 1: Thereexistsa j =1,...,J, an S < +00, and a subsequence we can renumerate along to
get that () € 227 for all k.

Then we have,
Wisr(@r) = Wisp(@r) ™ < (Wigp(en) ™" < max{S, R} (r})".
By the smooth convergence,

Wi sz (@r) Ak (2x) < 2max{S, R} A |Asi|?,

which clearly contradicts the assumption that wk_’%’ r(Tp)|Ax*(21) — o0.

Case 2: There are sequences 6 — 0, and R — oo, such that, for all k£ € N,

e(Tr) € My N Bé\,i(y) \ Uf:lziﬂk-
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There exists a 7 = 1,...,.J, such that after potentially picking a subsequence and renumerating,
dk(l’k) = diStéV(Lk(xk),pi;).

We have,
Wk_,;,R(xk) < (wi,é,R(‘rk))_l‘

Case 2.1: Potentially after picking a subsequence and renumerating,

wi, s plan) = disty (), o) >
Then,
Wisr (@R[ Ak (2x) < di () | Al ().

By Point 3 of Definition 5 and Proposition 7, we have that the right hand side converges to 0.

This clearly contradicts assumption that w,;§7R(xk)|Ak|2(mk) — 00.

Case 2.2: We have that,

wi,d,R(xk) = RQ(%)Q-

We claim there exists an S > 0, such that for large enough k,

distév(%(xk), pi)

J
T

> S, (3.9)

Assuming (3.9), we have

—1 A 2 <2_R2d2 A 2
Wi 5.1 (TE)[ Ak (1) < o 1 (Tr) [ Akl (1),

which converges to zero by Point 3 of Definition 5 and Proposition 7, again contradicting our

assumption.

We now prove (3.9) by contradiction. If (3.9) does not hold then after potentially taking a subse-

quence and renumerating,

distév(bk<xk)vp;;) 0.

J
Tk

Repeating arguments similar to those in Lemma 2, we may conclude that the connected component
of |
oo (M NV By (v]) € Bi(0),

J
T

through (ri)_l exp;l(ak(xk)) must converge to a plane II, through the origin, with convergence
k .
as described in Lemma 2. As Y7 is a non-trivial, minimal, embedded hypersurface through the
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origin, by the one sided maximum principle, this plane cannot lie on one side of ¥7. However, by
the smooth convergence away from finitely many points, this contradicts the embeddedness along

the sequence. O

Claim 6. We have that there exists a C = C(N, g, Moo, m, 8, J)(= C(N, g, Moo, mq, ... ,me, H,5,J)) <

+oo such that for large enough k € Z>,, and R > 1,

wks,rll(n/2,00) < C.

Proof. Fora j=1,...,J, consider f = wi’&R. We have,
H" (co(My)), € 10,072,
as(s) = { MO (BY () Neo(My)), 072 < s < (Rrd) 2,
0, 5> (Rrk -

We may choose k large enough such that sup, H" (M) < mH"(My) + 1. Then, by the mono-
tonicity formula ([54, Theorem 17.7]), we have that there exists a uniform C' = C(N, g,m, My.)(=
C(N,g, My, mq,...,mq, H)) < 400, such that for r € (0,inj(N)/2),

H"(co(My) N (B (1)) < O

Then,
() =0, H (co(My)),
<f*<t>=6—2, < o(My) N i {(BY (p}))) < t < H™(co(My)),
(6 < (©/1), 1M eo(Mi) N (BY, (9})) < ¢ < H (co(My) i (BY (),
(8 = (Rr))™2, 0 <t < H(co(My) N L,?(B;;Ti (p)))-
Thus,

£l (n/2.00) = sUp " f*(t) < C,
t>0

for C = C(N,g,m, My,0)(= C(N, g, Mo, m1,...,mg, H,0)) < +00. This in turn implies,

J
n .
5 ) 2 ledanlloreo < C.
j=1

Wk, (n/2,00) < (n —

for C = C(N,g,m, My,0,J)(= C(N,g, Moo, m1,...,mgq, H,0,J)) < 400. The n/(n — 2) factor is
coming from (3.5). O
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Remark 31. This choice of weight wy, sz fails to work for the case of n = 2. In [23] (in which n = 2)
the choice of weight is subtle, and relies on improved estimates on the neck region of the bubbles.
We were unable to derive appropriate corresponding estimates on the neck regions in the setting

of this chapter.

3.2.2 Convergence on the Base

Consider a sequence of functions { fi fren, fr € W'?(co(My))~, which satisfy the following weighted

eigenvalue problem,

/ Vi Vo —(JA* + Ry) frp = >\k/ fr 0 Wrs.R, (3.10)
co(My)

co(My,)

for all o € W'2%(co(My,))~, with A\, <0, for all k. We take

/ fiwrsr =1,
co(My,)

and by Lemma 4,

/ V1 s/ (AL + [Rel) f2,
co(My) co(My)

C/ flgwk,é,Ra
co(My)
= C.

IA

Furthermore,

02N frll72 coqaneyy < / fRwksr=1.
co(My)

Thus, for all £ € N.,
| fellwrzeoanyy < C = C(N,g,8, Rym, My, 21, 87) < +o0.

Using Lemma 4 we may also obtain a lower bound on the negative eigenvalues,
A = )\k/ f2ensn = / IV il2 — (1A + Re) 2 > —c/ forsn=—C. (3.11)
co(My,) co(My) co(My)

Thus, after potentially taking a subsequence and renumerating, we may assume that Ay — Ao, < 0.
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We define the map,

F:co(My)xR — N,
(x,t) +— eproo(x)(tyoo(x)).

Note, as M, is smooth, and properly embedded, ([37, Proposition 4.2]) there exists a 7 =
7(N, My, g) > 0, such that,

F:co(Mx) x (—7,7) = F(co(M) x (—7,7)) C N,

is a smooth, local diffeomorphism. We define the metric § = F*g, on co(My) x (—7,7), and
assume that for all k € N, My, C F(co(M) x (—7,7)).

First we consider the case of minimal hypersurfaces. As M. is properly embedded, and N is
compact, we may take 7 > 0, such that, F~'(M,,) = co(M) x {0}. For r > 0, define the open
set Q. C co(My), by,

Q= (Moo U B,{V@)) C co(Ma).

yeT

We define, M} = M, N F(Q, x (=7,7)), and M} = F~'(M})N(Q, x (=7,7)). By the convergence
described in Definition 5 (and Remark 27), along with the the fact that co(My) is two-sided in

co(My) x (=7, 7), and 0}y, = m, for large enough k, there exists m smooth functions,

uz’r: Q= (—7,7),

such that, u,lf < ui’r <o <u", and
m .
M]: = U{(x,uzr(a:)) T € Qr} C Qr X (_T> T)'
i=1

We also note that UZ’T — 0in CY(€,) for all [ € N, and for 0 < 7 < s, ufc’r = uZ’S on Q, C Q,.

Moreover, we define the metric gi, = ¢ (g)a, ) on co(M},), and the metric goo = t5(gja..) on co(M).

First we consider the case in which M, is one-sided. For each connected component of M,’; ,
M = (el (@) @ € Q,),

we denote the v, to be the choice of unit normal to M;" (with respect to §) which points in the

positive 7 direction. Through this choice of unit normal we identify 2, as a subset of co(My), by
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the map (which is a diffeomorphism onto its image)

F,i’r: Q, — co(My),

. . (3.12)
x> (Fz, ' (2)), dF(v,")),

and define,
i (@) = (fuo F)(x).

We do note that f;" depends on the choice of unit normal to M, that we pick, however as
fr € WH2(co(My,))~, this choice is only up to a sign.

For the case of M) being two-sided, we simply define,

F,i’rz Q. — co(My) = My,

z = F(z,uy (2)),

and define,
fi" (@) = (fuo F7)(@).

For the case of H-CMC hypersurfaces, we have that
co(Mso) = Ui_yco(My,),

where each M’ is a distinct, closed, quasi-embedded H-CMC hypersurface such that co(M?) is
connected. We have that ¢’ = m, € Z, and we denote, §; , C co(M,) as before. Then similarly

to before, for each i = 1, ..., a, and large enough k, there exists m; smooth graphs (j = 1,...,m;),
u?cﬂﬂ‘: :“/2 — <_T7 7—)7

2,4,r m;,i,T

such that, u,"" < u}®" < - < ul™"" wl™ — 0in CY(Q) for all | € Zs,, and, for large enough £,

M\ BY (o) € JUF @ (@) 2 € 90}
yeT i=1j5=1

Define M}"" = {(z,u}""(z)): x € Q}, and as before we identify this as a subset of co(M},), and
similarly define the map FJ*", and the function f7"" € W12(Q%).

For ease of notation we just consider the case of minimal hypersurfaces. For an open set 2 CC

co(My) \ t1:21(Z), we may take r > 0, such that Q CC Q,, and then define, for large enough £,
filz) = fi"(z), z € Q.
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Note that this definition is independent of the choice of 0 < r < ry, for 2 C €2,,. When dealing
with a fixed open set Q CC co(My) \ 1 (Z), for appropriate choices of 7, we drop the superscript
r in the notation of the maps F,i’r, and functions uz;r Then, choosing k large enough (so that

|ui]lc1(, is small enough), we have that,

1 fellwrzge) < 20 fellwrzeoe,g) < C-

and thus for each i = 1,...,m, there exists an fi. € W.'(co(My) \ tZ}(Z)), such that, after

loc o]

potentially picking a subsequence and renumerating,

fi = Flor Wiee (co(Meo) \ 12 (D)), (3.13)

fi = fior Live(co(Ms) \ i1(D)),

Note that by lower semicontinuity of the W2 norm for (3.13), for all open Q C co(My)\t2(Z), we
have a uniform bound || féo||W1,2(Q) < C. Multiplying f’_, and |V fZ |, by sequences of appropriately
chosen characteristic functions on co( My, ), we may apply monotone convergence theorem to deduce
that f7, and |V f.|, lie in L%(co(Ms)). Then by a standard point removal argument (similar to
that in Proposition 13) we may show that V f;o extends to be the distributional gradient of f;o,
on co(My). Thus, fi € W2(co(M)). Moreover, we have that

[ Ureem <t
co(Moso)

For i = 1,...,m, and large enough k, we define the metric, g = (F})*gx, and its associated
gradient Vi, on Q. Let Ji denote the Jacobian of the map F} with respect to the metric go, on Q.
For a point zy € §2, we may choose s > 0, small enough so that BEO(M"")(:UO) CcC Q,

F(BPM)(20) x (=7,7)) C By (2 (1(20))-

Consider ¢ € C®(B" ™) (1)), and for each i = 1,...,m and z € B2M*)(z0), we define the

function
oL(Fi(x)) = o(x),

on C=(Fi(BS™>)(z4))) € C=(co(My,)). As each Mj, is properly embedded, by [19, Lemma C.1]

c

(cf. [49)]), |
{w(Ei(x)): & € BPM=)(wo)} © My N B (v 2(1(0))

is two-sided, and thus we can extend ¢! to a vector field on N, and thus to a function in
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C>(co(My))~. Thus we may plug % into (3.10) and obtain,
/leic( Vil Vi) Ji = A /ﬂ fie (wroro Fi) Ji+ /Q((|Ak|2 + Ry) o F}) fi o Jj.

Hence, by (3.13), convergence of wg s © Ff — ws 0 Lo, iIn WH(Q), and smooth convergence of,
F} —id, on Q, we have that,

/ VI Vi ([ Anl + Ruo) 0 100) Fo 0 = Ao / Fr o (w5 0 100), (3.14)
co(M) co(

o0)

holds for all ¢ € CSO(BSO(M‘X’)(%)). Thus by standard regularity theory for linear elliptic PDEs we
have that fi. € W22(Q) and Af? + (| Aso|? + Roo) © too) f1o + Asofi (ws 0 o) = 0 a.e. on Q. This
then implies that (3.14) holds for all ¢ € C>°(co(My) \ t:1(2)).

Proposition 13. Let (M, g) be a compact, n-dimensional, Riemannian manifold, with n > 3.
Consider V € L®(M), and w € L(n/2,00)(M). Suppose that we have v € W2(M), and a finite
set of points J C M, such that, for all p € C*(M\ J),

/ Vu -V —Vup —wup =0, (3.15)
M

then in fact (3.15) holds for all ¢ € W1Y2(M).

Proof. As M is compact there exists an 1o = ro(M, g) > 0, such that for all r € (0,7¢], and z € M,
H' (B (2)) < (wa + 1",

where w,, = H"(B7(0)). Now, consider a smooth function on R with the following properties,

x(t) =1, t <1,
x(t) =0, t>2,
-3 <x/(t) <0.

Then for any positive ¢ < min{inj(M)/4, min,, ,,e7 dist(y1,y2)/4,70/4}, we define the following

smooth function on M,
ds(x
X6<x> =X (%) )

where we define,

dy(x) = disty(x, J).
We note that,
/|VX5|2 < 9(w, + 1)e" 2
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Take ¢ € C*°(M), and we define,

o1 = (1—=x)ep,
P2 = Xep-

Then, ¢ = @1 + @a., and @1 € CX(M \ J), which implies that,
/ Vu-Vo —Vup —wup = / Vu -V, — Vups . — wups,.
M M

We have,

l2ellfrenny = /IsDan+xaVs0|2+X§s02,
M

2/ ¢2!VX512+2/ X§|V¢\2+/ X2 ¢°,
M M M

1 (ary (wn + 1)(18 + 3%)e™

IN

IN

Thus, by the above and Proposition 12,

‘/ Vu -V —Vup —wup
M

= '/ Vu -V, . — Vups, —wups .
M

n—9y1/2
< Cllelleran llullwrzan (L + 1V e an + @]l gy2.000a0)) (@ + 1)(18 + 3e%)e"2) 7,

with C = C(M,g) < +oo. Therefore, letting ¢ — 0, we conclude that (3.15) holds for all
p € C2(M).

The fact that (3.15) holds for all ¢ € WH?(M), follows from a standard density argument, with
one small subtlety in that if ¢, — ¢ in WH?(M), then by Proposition 12,

[ -

< Ollwllny2,00) [ullwr2an | — @rllwr2ary — 0.

By Proposition 13 we have that (3.14) holds for all ¢ € W'?(co(M,.)). Thus,
fio € Euy (oo Lioo, W2 (co( M)

It is worth noting that we could have f;o = 0.
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3.2.3 Convergence on the Bubble

For S > 0 fixed, and ¢ € {1,...,J}, consider the bubble Z , and its associated point-scale
sequence, {(pk, ) bren. Let {81, .-+, Ong1} be an orthonormal basis for 7); N, with respect to the

metric g, and define the map,

Gi: R =span{dy,...,0h1} — N,

T expy (TZ:L’),
then on Byd'(0), for large enough k we define the metric, gy = (r%)~2(G%)*g, and we have that,

(gk)a,ﬁ(x) = ga,ﬁ(rix) = dap,

and for our bubble,

iy 1
yi28 = — - eXp (EZ NBY, .
ri

257t (ph)) — X'N B 0) = 70,25
k

smoothly. As ¢ is two-sided there is a choice of unit normal v, and a 7 > 0, such that the map,

F: 3% x (-1,7) — R,
(x,t) — z+tv(x),

is a diffeomorphism onto its image. Then for large enough k, there exists a smooth function,
U,i,’s: ¥oS 5 (=1, 7),

such that,
52N F(SY x (—7,7)) = {F(z,v;°(2)): € "5}
As before, for large enough k, define the smooth map,
FpP: 5 — R

o Fz, ol (x).

From v, we get a choice of unit normal v/ (which points in the dF(8;) direction), to -2 N F(245 x

(—7,7)), with respect to gy.

If M, is one-sided, then we define the following functions on ¥%° (recalling our functions f; from
Section 3.2.2),

() = ()" (G 0 F) (2), (r) TN G (v (Fi(2)))
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and, _
WS (1) = (1} en sl (G o B (), (rf) G (F()).

We note that while f;s depends on our choice of unit normal v to ¢, this dependence is only up

to a choice in sign.

If M, is two sided, the we define the following functions on %,

o () = ()" (G 0 F)(2))
and, .
wi T (@) = () Pwrs (G 0 F) ().

For each j =1,...,J, such that distév(pi,p};) — 0, we denote,
= () expr (),

and, after potentially taking a subsequence and renumerating, either |qi| — 00, or there exists a
¢/ € R™! such that ¢/ — ¢/. If ¢/ — ¢/, then there exists a; € [0, 0], such that

If a; = +00, we may rescale about pfg at rate ri, and use Lemma 1 on the component passing
through the rescaled point of pi to deduce a contradiction in a similar way in which we proved

(3.9). Thus a; € [0, +00).

For each such j we define the following functions on R™*!. For the case a; # 0,

iR ) _ |ZL’ - qj|_27 T Q/ B]%Z;(Qj%

(z |
(Ray)™2,  we B?%;:j(qj%

and for a; = 0,
) = o - 1]

For all other such j =1,...,.J, j # i, we simply set w*® = 0. For j =i we set,

2|72, = ¢ BR"(0),

wi,i,R(x> —
R™2, e B%H0).

If a; = 0, then we have that ¢/ ¢ ¥, again using Lemma 1 and a similar contradiction argument
to that used to show (3.9).
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We now define the following function on ¢,

W (z) = max w B (), (3.16)

and note that, w™"% € Wh*(2%), and w,?i’R’S — W in WH(25%). We have, for large k,

7i,8\2 Y4R,S 2
/ (fe”) wy < 2/ JeWrsrR = 2,
¥6S8 co(My)

implying that, for large enough k,

. 1 ~: i

i,S\2 i,S\2 B4 1 J

B Pw sy < C(S R ET) < Ho0.

/qu(fk ) - mingi,s (,L)ZZ’R /Els( k ) kR= ( ) +
Moreover,
/ V)2 < 2/ IVl <CO(N,g,0, R, My, %, ..., 87) < +o0.
¥i8 co(My)

Similar to previous, for 0 < 57 < Sy < 400, and large enough k, we have that z’sl = Z;SQ on
491, Thus, for any open, bounded set Q C ¥, we may take any S > 0 such that  C X*°, then

for large enough k, the function f,@ = N;’S is well defined on €2, with,

/(ﬁi)z < (O, R M3, 5),
Q

and,
/ IVfi|? < C(N,g,6, R, My, %4, ..., %7).
Q

We may conclude that there exists an fi € Wh2(29),

loc

i o 12,2
i T M),

007 loc

and, we have
[ VR < e
i

and,
[ <
i

Thus,

o €W R (8) = {fewaif(m: V£]? < +oo, w”’Rf2<+oo}
i

Ei
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Similar to before, and the fact that our metric on B2 (0) converges to the standard Euclidean
one, we deduce that for all ¢ € C°(X7),

VL Ve — Al fio o = Aow™ i o = 0. (3.17)
Ei

As Y has finite index and Euclidean volume growth at infinity, we may deduce that there exists an
S > 0, such that ¥¢\ B3*'(0) is stable [26, Proposition 1]. Thus, noting that X7 is embedded, by
[51, Theorem 3] (alternatively, [52, Theorem 3] for 2 < n <5, and [10, Theorem 2] for 2 < n < 6),
for all x € X'\ Bjd'(0), we have that there exists a C' = C(X) < 400, such that,

C < C
(o] =9)* = |=*

A *(2) <

(3.18)

Moreover, we may choose S large enough so that, |z|72 < 2w= R on N \ B&t(0). Thus, for
z € %'\ Bydt(0),

|Asi|2(z) < Cw™"F.

Thus by Holder’s inequality we have, for ¢ € L*(%),

2fio+w™ B ol < Ollw™ B2 5,

|90HL2(21')-

| A
i

This allows us to apply a standard density argument to deduce that (3.17) holds for all ¢ €
Wh2(24). Thus we have that

o € & min(Noo Ls, W2 L(S9), WH(5).

Again it is worth noting that we could have f_ = 0.

Remark 32. We may also deduce fa, € L* (%), for 2 = 2n/(n — 2). Indeed, take S > R, large
enough so that |z|72 < 2w}, and define a function yg on X' (see Proposition 15), with the following
properties

xs(z) =1, T € XY

xs(z) =0, T € X%,

|Vxs| < 3/8.

We plug the function ysfx into the Michael-Simon—Sobolev inequality ([40, Theorem 2.1]) on X
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(noting that ¥’ is an embedded, minimal hypersurface in R"*1),

- 1/2* - 1/2*
(/ | foo ) < ( X5 foo ) )
Ei,S N

< ) ( [ 197l sl + 209 el sl el 19
E'L

i 1/2
-H&FWM¥>,

N v N 1/2
0(/\V&F+/uﬁﬂﬁ) -
Ei Ei

The bound is independent of S, and thus we may deduce that fs € L¥ (3.

IN

3.2.4 Strict Stability of the Neck

For a Riemannian manifold (M, g), we define W, (M, g) to be the closure of C1(M), with respect
to the standard norm on W2(M, g).

Lemma 5. For n > 3, consider the cylinder (A x R, g), where A C R"™ is a non-empty, open set,
and g is a smooth Riemannian metric, such that there ezists a constant K € [1,00) such that for

r€AxR, and X € R*,

%(X,X) < gu(X, X) < K(X, X), (3.19)

where (-, ) is the standard metric on R". Now suppose we have a smooth function
u: A— (=T,7),

such that || V¥ u| pe(a) < 1/2 (VE" denotes the gradient on R™ with respect to the standard Eu-
clidean metric), and denote M = graph(u) C A x (=2T,2T). For fited W € (0,00) suppose
we have functions, w € L(n/2,00)(M,g), and V € L>(M), such that ||w||Ln/2,00)(01,9) < W, and
essinfw > 0. Then, there exists an € = e(n, K,W) >0, and C = C(n, K) € (0,+00) such that if
V| <ew on M, then

1 : 2 2. 1,2 2 . _
0<m§1nf{/M|Vf| -V feWw, (M),/MfuJ—l}.

Proof. First, we recall that positive-definite real symmetric matrices are always diagonalisable with

positive eigenvalues, thus (3.19) implies that,

K402 <\ flg] < K72,
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We define the following map, F(z) = (z,u(z)), and the metric § = F*g on A. For x € A, and
X € R", we have,

9:(X, X)

) (dF(X), dFy (X)),

J(wu(@)) (X + dug(X)Oni1, X + duy(X)0n 1),

= Gu@) (X, X) + 2duy(X) g (@) (X, Onir) + due(X)? 90 u(@) (Ont1, nir),
< K(X, X) + 2K V¥l oo (a) (X, X) + K[| V¥ w7 ) (X, X),

= C(X,X),

with C' = C(n, K), which from here on may be rechosen at each step. Thus, for z € A, and
f e (M),

V¥ (foF)(@)] = sup [d(foF)(z)(X)],

(X,X)<1

< sup [d(f o F)(@)(X),
Gz (X, X)<C

< CIV(f o F)l(a).

Moreover, if we consider the metric on A, g; = F*(-,-), then ¢;(X,X) < Kg(X,X) < C(X, X),
and thus

L <14 |[VPu(@)]? = |gi| < K"|g| < C.

Now, take an f € C!(M), that satisfies,

| Podi=1
M

where p denotes the volume measure of (M, g). We have, by the above, and applying Propositions
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8, 9 and 10, for large enough k (see [62, Theorem 1.1] for a similar computation)

- /A<foF>2<woF>mdx,

< C’/A(foF)z(woF)dx,

< Clwo Fllm/zooa, nIf o Fllter 2ya., ),
< CHwOFll(n/z,oo><A,<-,->>A\VRn(foF)Ide,
<

Cllw o Flln/2,00)(A4-,)) /M IVfI? =V [ dp
+Clw o Fl(n/2,00)(A(-,-)) /M Vdu,
< COllwo Fllmz,e0ya-,) (5 + /M V2= V? du) :
were again we are potentially rechoosing C' = C(n, K) at each line. Moreover,
lwo Fllns2.00pa-, ) < Kllwllnjz.coyang < KW,

and thus, again rechoosing C' = C(n, K), and choosing ¢ = (2CW)~1,

2 2
V —Vi>
/M| fl _QC’W>0’

for all f € CL(M).

Now the Lemma may be concluded by a standard density argument. We point out one small
subtlety in this density argument (similar to the end of Proposition 13), in that we need to make

use of the following Lorentz—Sobolev inequality on (M, g),

1.f]

IN

CHf o F| (2*72)(‘41('7'»7
< CIVF(f o F)ll2ay,
< ClVll2ang):

(2*,2)(M.g)

for f € Wy*(M,g), with C = C(n, K). The reason for this being that if we have f, — f in
VVO1 (M, g), then we may deduce that

’/M fPwdp — /Mfsz du’ < w200ty L f = frlles2yag 1f + frllee.2) (0.9
< Cllwllnyz.c0mnp IV lle2ang IV =V frll 2(ar,g)
— 0.
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[]

As previously, for ease of notation we only consider the case of minimal hypersurfaces, however

the argument for H-CMC hypersurfaces is identical.

In Sections 3.2.2 and 3.2.3 we showed that if we have a sequence,
fie € Eups (M Loy W2 (co(My))7),

with A\, <0, and
/ fiwrsr =1,
co(My)

for all k, then after potentially taking a subsequence and renumerating we have that \p — A, <0,

and,

fk_>((fooa~..7foﬂg)7fozc>17"-7fozgaJ)7
where, for i = 1,...,m, fi. € W'?(co(My)), and for j =1,...,J, fEJ e wh?

E] R(

L* (%)

7) C
By this convergence we mean, fori = 1, ..., m (recalling notation from Section 3.2.2) fi = (froF}),

fi = flor Wiee (co(Me) \ 2 (T))), (3.20)

flz: _>f<§o7 LIQOC( ( OO)\Lgol(I)))’
and for j =1,...,J, setting ka] = f,ﬁ (this time f,ﬁ as defined in Section 3.2.3),

fi = R Wil (329,

o (3.21)
k — Joo Lloc(zj)'
Furthermore, we are able to deduce that for i =1,...,m,

fi € Euy(Doo; Loo, WH(co(My))),

and j=1,...,J,

2 € € n(Pooi Ly, W2 L(59), W2 ().
Claim 7. If {fik, .-, fox}, 18 an orthonormal collection, with respect to the wy, s p-weighted L*
norm, of wys p-weighted eigenfunctions, with non-positive eigenvalues, and y.,_, a? = 1, then,
b b
J
he =Y aifie = 3 ail(flan- o FI) Fooer - o) # ((0,...,0),0,...,0).
i=1 i=1

Proof. This claim is proven by a contradiction argument similar to that in [23, Claim 1 of Lemma
IV.6].
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By Remark 28, for all n € (0,1/2], 7 € (0,1), and y € Z, there exists an 7y € (0,9/4), and
Ry € (4R, 00), such that, taking geodesic normal coordinates about y € N, such that T, M., =

{zn41 = 0}, for large enough k, if we denote Cy to be a connected component of
exp, (My N BY (y) \ U, 57 ni) ¢ R
then there exists a non-empty open set A(Cy) C {z,4+1 = 0}, and a smooth function,
ug: A(Cy) — (=7, 7),

such that, Cy = graph (uy), and || V¥ uy| = < n. Moreover, for each £ > 0, we may make further
choices of ro and Ry, such that for large enough k, on each Cy, if we denote Vi, = (JAx|* + Ri)|c, €
L>*(Ck), and wy, = (wks,r) |, € L(n/2,00)(Cy, g) N L>(C), then

Wkl Ln/2,00)Chrg) < W, and Vi < ewy,

with W = W(N, g, M, m, §, J) < +00 (coming from Claim 6). Thus, fixinge = £(N, g, My, m, 9, J) >

0 small enough, by Lemma 5, for large enough k
inf{ VP = Vif? f e W A(C), | fPup = 1} >~ >0, (3.22)
Ck Ck

with v = v(N, g, M, m,6,J) > 0. Now assuming Claim 7 does not hold, we will provide a
contradiction to (3.22), on at least one connected component Cy of My N (Uyez By (y) \ U/, > RO)

Note that there is a uniform bound, m|Z| < +o00, on the number of such connected components.

Consider the following smooth cutoft,

[ € c=(®:[0.1))

x(t) =1, t € (—o0,1],
x(t) =0, t € [2,00),
|3 <X(t) <0,

and the following distance functions defined on co(My),
dy,(z) = dist) (u(2), T),
and for j =1,...,J,

d{c(:v) = diSt;V(Lk(l'),pi).
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We then define the following function

0, x € co( M) \ Uyezt; (BN (v)),
Hk(I) = X(QT()_ldk(ﬂf))hk, T € L;l(UyeIB ( ) \UJ ZJ QRO)
he(1 = x((Rord)'di(z))), =€ i (X0*), j=1,...,J.

We compute the gradient of Hy. For x € co(My)\ Uyezty, (BY (y)), or z € Ay i =1,
we have, VHy, = 0. For z € co(My) N (BN (y) \ U, 327210 we have,

VH(x) = Vhi(2)x(2ry tde(x)) + hi(2)2ry X' (2ry tdi(2)) Vg ().
Finally, for z € LEI(E{C’MO \ Zi’RO), j=1,...,J, we have,
VH(x) = Vi (x)(1 = x((Br}) " dj,(2))) = () (Ror]) X (Ror]) ™ di (2)) Vi ().
Noting that H? < hZ, we have

| B (hie, hie) — By (Hy, Hy)| <

/ IVhi|* — |VH|*| + C/ wrsr(hi — HY), (3.23)
co(My) co(My)

with C = C(N, g, My, m, XY, ..., 37 6, R) < +00. We split the first term on the right hand side

of (3.23) into separate domains,

J
Vhi|* = [VH | ST+ 11+ IV 4+ (IVI 4+ V), (3.24)
co(My) yel =1
where,
. / Vil
co(M)\Uyezty, (BN (v))
1T < / IVhi? + 1205 he| [V he| + 367 2R3,
Uyeziy (BN W\BY (1))
< (J/ |Vhe|® + 1o 2R
Uyezty ' (BRW\BY ,(»))
Fory e 7,
Y = / . [Viy|* = [VHi[?| =
(BN L \ULZ, 220)
and j=1,...,J,
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Ivi

IA

/1(Ej 2R\ 5o T [V hg|* + 6(R0Ti)_1|hk| |Vhi| + 9<Rori)_2hi,
Lk‘ k’ .;1
L % .

k
vj:/ VR
lel(Ei’RO)

Along our sequence we have (in a weak sense),

IN

b
Ahy, + (|A)® + Ry) iy = — (Z aMi,kfi,k) Wio,r = — Pk Wi 5, R,
=1
and we may note that,
b
1all 2 (eoaryy + 1Pell2eoqanny < C D I fikllz2eoqany < Cs
=1

with C = C(N, g, My, m, XY, ..., 27 6, R) < +00. Recalling notation from Section 3.2.2, for each

[=1,...,m, we denote,

b

b
Blo— £l d. Pl = X,
= Qifig, and, k= AiNi ki k>
i=1

i=1

and then by standard interior estimates,
1P llw220, 0 < CUIRLN 2@, 0 + 70 2 1B 20, ) < C
for C = C’(N,g, My, m, ¥t ... .87 6, R,rg) < +o00. Thus, by our assumption that
hi — ((0,...,0),0...,0),
after potentially taking a subsequence and renumerating we have,

712 — 0, Weakly W272(QT0/4)7
i — 0, strongly W2(Q,, /4).
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By identical arguments, for each j = 1,..., J denoting,

b

757 33
by = Z @ifijs

i=1

we have that, after potentially taking a subsequence and renumerating,

hiy =0, weakly W22(x/4f0),
hY — 0, strongly Wh2(x5i4fo),

Therefore, we have that for all ( > 0, and then large enough £,

m J
[ 19 = | < (Mo 0+ S Fnaon ) <€
CcO k =1 j:l

with C' = C(N, g, Mo, m, %", ..., %7 6, R, rg, Ry) < +o0. Similarly we have,

.08 € (3l + S B ) <
co(Mjy,

Thus, for large k, there exists a connected component,
iR
Ck C M 0 (Uyer B (y) \ (U, 57)),

such that, denoting Hj = (H’f)lbgl(Ck)’ we have that Hy € Wy* (1,1 (Cy)), and

Thus, choosing

8
<
< S@miT )

we derive a contradiction to (3.22) on C. O

3.3 Equivalence of Weighted and Unweighted Eigenspaces

Proposition 14. Let (M, g) be a compact Riemannian manifold of dimension n > 3, with V €
L>*(M), w e L(n/2,00)(M,g), and essinf w > 0. Define the elliptic operator,

L=A+V.
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Then,

span {Ux<o EN; L, WH(M))} = @x<0E(N; L, WH(M)), (3.25)
span {Ux<o Eu(N; L WA(M))} = @ar<oEu(X; L, WH(M)), (3.26)

and
dim (span {Ux<o Eo(N; L, WH2(M))}) = dim (span {Ux<o E(N; L, W2(M))}) .

Proof. First we note by Proposition 12, and fact that essinfw > 0,

(f1, f2)w = /Mfl frw,

is a well-defined inner product on W2(M). Consider the bilinear form on fi, fo € Wh2(M),

corresponding to our elliptic operator L,

Brlfi, fo] = / V-V =Vfif.
M
If f; € E,(\; L, WHA(M)), for i = 1, 2, with A} # Ay, we have,
M1, f2)w = Brlfis fa] = Al f1, f2)w-

Thus, (f1, f2)» = 0, and so (3.26) follows. An identical argument will also conclude (3.25).

We now show that,

dim (Sr<o E(X; L, WHH(M))) = sup{dimIT: IT < W"*(M), is a linear space such that, (Bp)n < 0}
= dim (Br<o Eu(N; L, WLQ(M)))'

Indeed, we begin by showing that,

dim (®r<o Eu(A; L, WHA(M))) < sup{dim IT: IT < W2(M),

(3.27)
is linear space such that, (Bg)mn < 0}.

If the left-hand side is equal to 0 then the inequality is trivial. Thus, take b € Z>4, such that
b < dim (©r<o Eu(N; L, WHE(M))),
then we have b, w-weighted eigenvectors,

{fi,..., [y} c WH(M),
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with respective non-positive eigenvalues {A,...,A\,}. By the argument at the begining of the

proof, we may take the set {fi,..., fo}, to be orthonormal with respect to (-, -),. Thus,

H:Span{f17"'7fb}7 (328>
is a b-dimensional vector space, and for aq,...,a, € R, we have,
By Z a; fi, Z ajfj] = Zaz‘aj)\i<fiu fidews
- - —

Z7]

= Dl
i

< 0.

Thus, (3.27) holds. Identical argument shows that same inequality holds for unweighted eigenspaces.

We look to show reverse inequality of (3.27). As we know that (3.27) holds, if the left-hand side
of (3.27) is unbounded, then equality holds trivially. Thus, we consider, b € Z>,

b= dim (Pr<o EN; L, WH(M))) < 00

and prove reverse of (3.27) by contradiction. Indeed, assume that we have a linear subspace
IT < W2(M), of dimension b+ 1, such that By, is non-positive on II. Consider the b dimensional
linear subspace I1, identically defined as (3.28). Note that,

Wh2(M) =T @ [T+,

The projection map FPr: II — II, must have a non-trivial kernel, implying that there exists a
v e I NI, with (v,v), = 1. Thus,

A =inf{B[f, f]: f €™ (f, fl, =1} <0.
Take f; € ITte, <ka, fk)w = 1, such that
k—o0
Thus, noting that essinf w > 0, and |V| < 400, we may deduce a lower bound on

IV | oo ar)

A> L
essinf w

?

and uniform W2(M) bounds for {f,}, and conclude that there exists an f € W2(M), such that
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after potentially taking a subsequence and renumerating,

fo = [, inWh2(M),
fu = f, in LA(M).

Denote,

h = Pu(f),
hy = f—hyellte.

There exists aq,...,a, € R, such that,

b
hy = Zaifi-
i—1
Then, as f;, € I+,

Bilfw. f] = ZaiBL[fk,fi]—i-BL[fk,hﬂ,
=1

m

- Z aiAi(fk‘a fz)w + BL[fk, hg],

i=1

= By|fi hal.

Thus, by weak convergence,

BL[f? N] = ]}LI&BL[fka.]E]?
= llIIl BL[fk, hg],
k—o0
= Bp[hi + he, hs),

m

= Z a;Ni(fis ha)w + Brlhe, hol,

=1

= BL[hQ, hg]

After potentially taking a further subsequence and renumerating so that, fk — f pointwise a.e.,

by Fatou’s Lemma we have the following,
0 < a = (hy, hay < (ha,ha)u + (hy, )y = (f, o < liminf(fi, fi)o = 1,

and we reduce our argument to three cases.
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First consider, a = 0. Thus, hy; = 0, and by lower semicontinuity of the ¥W%?(M)-norm under
weak convergence,

0= Brlha, ho] = By[f. f] < Jim Bilfw. il =X <0.

Therefore, A = 0, and recalling the function v € II N I+, with (v,v),, = 1, we must have

Brlv,v] = inf{BL[f, f]: f €I, (f, f)o =1} =0.

Standard variational arguments then show that v € &,(0; L, Wh2(M)), which contradicts the
definition b.

If « =1, then,
Bylhg, ho) = inf{BL[f, f]: f € TT™, (f, [)o =1} = X

Again, standard variational arguments then show that hy € &,(X\; L, W“?(M)), which contradicts
the definition of b.

The final case is 0 < o < 1. Note that if By |hs, he] = 0, then we may apply a similar argument to

that in case a = 0. Therefore, we may assume that By lhs, ho] < 0. Define,

h = a ?h,.
Thus,
Brlh, h] = a ' Bplhg, ha] < Brlhg, hy] < \.
However, as h € I+, and (h, h),, = 1, this is a contradiction. ]

Remark 33. For an embedded hypersurface M C N, the method of proof in Proposition 14 may
be applied to show that,

span {Ux<o Eu(N; L, W2 (co(M))7) } = ®a<o Eu(X; L, WH?(co(M))7),

and,

dim (<0 Eup g5 (N L WH(co(M)) 7)) = dim (@r<o E(X; L, WH(co(M)) 7).
When reapplying this method the two major things to note is that W2(co(M))~ is a linear space,
and that when applying Rellich-Kondrachov, we have that the limit will also lie W12 (co(M))~.

Let (M, g) be a complete but not necessarily compact Riemannian manifold. Recall the following

function space,

W22(M) = {f € Li,.(M): |[Vf| € L>(M), and f*w € L'(M)}.

loc
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Proposition 15. Let ¥ be a, connected, complete n-dimensional manifold, n > 3, and ¢ : ¥ —

R™ ! be a two-sided, proper, minimal immersion, with finite total curvature,

/ ’Ag|n < 400,
by

and Euclidean volume growth at infinity. Consider a function w € L>(X), such that there exists
A € [1,00), and R € (0,00), such that essinfw > 0 on XN ~Y(BE(0)), and

1 A

AP =< S p

forz € S\ . Y(BETH0)). Then
span {Ux<o Eo(\; Ly, W), W2(2))} = @rco Eu(\; Ly, WHA(X), WH(D)), (3.29)
and,

dim (Drco Eu(A; Ly, W), WH2(2))) = anl-ind(2)

= 51114)1]20 anl—indb_1(Bg+l(0)) (2)

= lim dim (<0 E(N; Ls, Wy 2(Z N (B2 (0))))
—00

Remark 34. In the literature, for a two-sided, properly immersed minimal hypersurface X, the
analytic index (anl-ind (X)) and analytic nullity (anl-nul (X)), are just referred to as the index and
nullity of . We choose to maintain the terms of analytic index and analytic nullity to keep the

notation and definitions consistent throughout the chapter.

Proof. Denote the stability operator on 3 by L = Ly. As the immersion is proper, essinfw > 0,
on compact sets of ¥, and thus W12#(X) C VV&?(E) Moreover, as ¥ has finite total curvature, this

implies that,

5200 Jen-1(BET(0))

Thus, by applying the curvature estimate of Proposition 7, we have that there exists an Sy > 0,
such that for z € X\ .7 (B33 (0)),

1 _ 4
()] = S0)* = |e(x)*

Moreover, choosing Sy > R, we have that for z € ¥\ fl(B;‘gzl(O)),

|[Ax[*(z) <

(3.30)

A [2(2) < 4Aw.
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Thus, for f, h € W),

[ 1he /ZrAszh' < (1+40) </Zf2w>l/2 (/E;m)l/g < 100

Therefore the quantities, By [f, k|, and (f, h),,, are finite and well defined for f, h € W12?(2). We
also note that for A € R, such that

+

dim (&, (X; Ly, W™ (%), WH(X))) # 0,
then, similar to (3.11) we may deduce A > —C, with C' = C(3,, R) < 4o0.
Recall the following function,

(€ c=(®; [0,1)),

x(t) =1, t € (—o0,1],
x(t) =0, t€[2,00),
(-3 <X() 0.

For large S > 0, we then define the following smooth function,

Xs(r) = x (L;N) :

For f € Wh2(8), we define fs = fxs € Wy * (XN 1 (BI1(0))). Again using the estimate (3.30),
we may deduce that for f, h € W12(2),

SlinoloBL[f’hS] = BL[fﬂhL
<f7h5>w = <f7h>w

lim
S—o0

Thus if f € (E,(\; L, WLA(Z), WH2(X))), then in fact, for all h € WLA(Z), Br[f, h] = Af, h)..
This allows us to conclude (3.29) in an identical way to (3.26).

We now proceed similarly to Proposition 14. First recall that as 3 has finite total curvature and
Euclidean volume growth at infinity, its (analytic) index is finite [61, Section 3] (cf. [36]). Thus
we may pick an Sy > 0, such that

anl—indL,l(BgOH(O)) (2) = anl-ind (X). (3.31)
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First we show that,
dim (®ro E,(A; Ly, WE2(S), WH2(X))) < anl-ind (X) = 1. (3.32)

If the left hand side is equal to 0, then the inequality is trivial, thus assume we have b € Z>, such
that,
b < dim (Brco Eu(\; Ly, WD), WH(X))).

Therefore, as in Proposition 14, we may pick a set of eigenfunctions,
{f17 R fb} C @)\<0 gw()\7 La Wig(E)a W1’2<E))7

which are orthonormal with respect to (-,-),. The inequality then follows noting that for large

enough S > S,
Span{(f1)5> R (fb)S} - VV[)LQ(E N ng-l(o))’

is a b-dimensional subspace on which By is negative definite.

For the reverse of (3.32), we take I > 1 (note that if I = 0 then (3.32) implies equality), and an
increasing sequence Sy — oo. For large enough S, as £ N~ (Bg(0)) is compact with smooth
boundary, by identical arguments to those contained in Proposition 14, there exists a sequences
A< <A <0 and a set,

{ff o f1Y C W (E N1 (BgH(0)),
which is orthonormal with respect to (-, )., such that for all ¢ € Wy *(2 N Lfl(Bg:I(O))),

BL[fik7 90] = Af(fzk790>w

By standard theory (see [31, Lemma 3.7]), for each i = 1,..., 1, \f > )\fﬂ. Then recalling our
uniform bound \¥ > —C| for each i = 1,..., I, there exists a A\ € (0, —C], such that \F — A\
By similar arguments contained in Section 3.2.3 and Claim 7, we may deduce that after potentially
taking a subsequence and renumerating, for each i = 1,..., I, there exists an f° € W!?(X), such
that,

fE—= VV@E(E),

fz’k - fz’oo’ Wl’Z(Z)a

loc

and [ € £,(\°; Ly, W12(32), Wh2(X)). We now look to show that

dim (span{f°,..., f7°}) =1,
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which will complete the proof.

For a contradiction, assume not. Then there exists ai,...,a; € R, with Y a? = 1, such that,

i

I
h = Zaifioo =0.
i=1

We then define,

I
hy = Zai fFe Wy (£ (BEH0))),

=1

and note that (hy, hg), = 1 for all k, and hy — 0 in W,>%(%). By our choice of Sy (3.31), we have

that X\ fl(Bg;rl(O)) is stable, however, yg,hx € Wy * (2 \ fl(Bg:l(O))), and for large enough k,
BL[XSOhk7XSOhk] < 07

which clearly contradicts the stability of 3\ fl(Bg;“l(O)). O

3.4 Proof of the Theorem

Again, for ease of notation we only write the proof of Theorem 8 for the case of minimal hyper-

surfaces, however the identical argument works for the case of H-CMC hypersurfaces.
We follow similar arguments to those in [23, Lemma IV.6] and [32, Theorem 1.2].

If lim supy_, . (ind(My) + nul(My)) = 0, then the conclusion of Theorem 8 is trivial. Suppose for
be ZZh

b < lim sup(ind(My) + nul(My)) = limsup (dim (Sr<o &,

k—o0 k—o0

A; Ly, W2 (co(My)) 7))

k,S,R(

where the equality comes from equivalence of considering the weighted and unweighted eigen-
value problems along our sequence (Proposition 14 and Remark 33). After potentially taking a

subsequence and renumerating we have that for each k, there exists a linear subspace,
W = span{ fix Yo, € W'2(co(My))™,

where, for each i = 1,...,b, there is a \;;, <0, such that,
Fite € o n(Nii L, W2 (co(My) ),

and the set {fi}?_,, is orthonormal with respect to the wy, s g-weighted L? inner product, i.e. for
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i,j=1,...,b,

fz’,k fj,k Wg,6,R = 5ij-
My,

We may assume this by the argument used to prove (3.26). Thus, as outlined in Section 3.2.4, for

each i = 1,...,b, after potentially taking a subsequence and renumerating,

m 1 J
fi,k — ((le,oo7 - '7fz',oo)7f7?oo7 . affoo) < EOO

where we are defining,

Ew = (X1 (Br20€us (N Loo, W (co(M)))))
X <><;]:1 (@Ag(}gw (/\;sz’Wj’EQj’R(Ej),Wl’z(Zj))>) :

$J,R

We define the linear map,

Hki Wk — EOO,

m 1 J
fi,k = (( i1,007 R i,oo)? ono’ R fzz,:oo)
Thus W, := Iy (W) is a linear subspace of E,.

Define the integer

co(m) = lirgglf h,?ig}f |{connected components of Mj, \ U,ezBY ()} < m.

If M, is two-sided, by the graphical convergence on sets, compactly contained away from the finite
collection of points Z, we have that co(m) = m. If M, is one-sided, taking r small enough and k

large enough such that,
co(m) = |{connected components of My \ U,ezBY (y)}|,

we recall notation from Section 3.2.2, and we have

co(m)
M= M,

=1

where each M)" is a connected hypersurface. Then, U;”Zl{(x,ui’r(x)): x € §,} is a double cover

of M} with trivial normal bundle, implying that we identify (as in Section 3.2.2)

U {(@, )" () € Q) = UMo(ML).
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If thereis an l € {1,...,co(m)}, and j # J € {1,...,m}, such that for all large enough £,
o(My") = {(z, " (x)): & € QY U{(z, 0" ()): @ € 2},
then (depending on the choice of unit normal in Section 3.2.2), for each i = 1,...,m, either
ij;oo((x, v)) =— ifoo((x, —v)), for all (x,v) € co(My) \ t (T),

or,

L o(z,0)) = fL((w, =), for all (z,v) € co(Mx) \ v H(T).
Thus we may define an injective map
P Wy — F,

where,

x (s (Drco (i s, W2, L (59), WH2(2)) ) )

Fa = (%52 (@rz0fus (3 Lo, W' (c0(Mo0)))

Claim 8. Il is injective

Proof. We prove by contradiction. Assume we have an hy,

b
hy, = E aifi,k;
i=1

with Z?Zl a? =1, and I (h;) = 0. This implies that for all k,

/ B2 wesn = 1,
co(My,)

and,

which contradicts Claim 7. O

Thus,
dim W, = dim W = b,

which implies that, b < dim F,,. We conclude Theorem 8 by combining the results in Section 3.3
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(Proposition 14 and Proposition 15), and noting that

(05 L, WE2 | (B9), WHH(E) = € (05 Lss, WS, (59, WHA(29))

Wsii R R WS R

for wy; g as defined in the statement of Theorem 8, and w¥ B as defined in (3.16). Lastly, by

standard regularity theory for elliptic PDEs, we note that,

nuL"ﬁj,R<2j) = dim <{w < COO(E) n W"‘l}fﬂ R<2j) szw = 0}) )

— dim (5wzi,R(0; in,Wi’; R(Zj)7W1,g(zj))> .

3.5 Finiteness of the Nullity

Proposition 16. Let X be a complete, connected, n-dimensional manifold, n > 3, and
L: Y — R

be a proper, two-sided, minimal immersion, of finite total curvature

/ ’A2|n < +00,
by

and Fuclidean volume growth at infinity

n n+1
s 22 1 B (0)
R—o0 R"

< +00.

Consider a function w € L>*(X), such that there exists an R > 0, and A > 1, such that essinf w > 0
in . Y(BET(0)), and for z € X\ . H(BETH0)),

Then
anl-nul,(X) == dim{yp € W2*(2): Letp = 0} < +oo0.

Proof. We assume the statement does not hold and prove by contradiction. There exists a set,
{W1,99,...} CWEA(E) N C>®(X), such that for all k,1 € Zs,

Aty + |As | = 0,

and,

/zwlw:am.
>
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Claim. For any 0 > 0, there exists k, [ € Z>1, k # [, such that

[ N

Proof. (of Claim) Fix S > 0, for all k € Z>y,

/ Y2 < O(8) < +00.
2ne-1(B3d1(0))

By standard interior estimates for linear elliptic PDEs we have,
||7vbk||W2v2(EﬁL*1(ng'l(0)) < C(S) < +o00.

Therefore, there exists a subsequence {1} C {¢}.}, and a function v, € W22(X N ~1(By$'(0)))
such that,

U — Yoo,  weakly in W22(X N Y By (0))),

U — oo, strongly in WS N Y B (0))).

Thus this subsequence is Cauchy, so for any ¢ > 0, there exists [, k € Z>4, | # k, such that

L

For ¢ > 0 fixed we denote,
Vs = — P € WA(E),

and note that, Ay + |As|*s = 0, and,
/ Yiw = 2.
s

Also, Byx[is,1s] = 0, which may be seen by following the argument at the begining of Proposition
15.

Recall from Remark 29, that ¥ has finitely many ends (say m € Zs1), which, for large enough
S > R, may be denoted by,
U2 BY =X\ (BgT(0)).

Moreover, each end E* is graphical over some hyperplane minus a compact set B; (with the graphing
function having small gradient), and for each € > 0, we may further choose S = S(3,¢, R, A, ¢) <
400, such that,

[As[*(2) < ew,
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for x € 3\ L_l(FgH(O)). We also remark that w € L(n/2,00)(X) (this can be shown similarly to
Claim 6).

Fixing a choice of S = S(X,t, A, R,¢) < 400, for any ¢ > 0, we may pick § = §(S5,() > 0, then
T =T(6) > 45, such that

1/2
||f¢)§|| 1,2 -1 n+1 < <:7 aIld, ||V¢5|| 2 1 n+1 + / wa < C
w2 (s 1(BE(0))) L2(2\e= (BT 0))) S\l EE )
Recalling definition of functions yg and xr from Proposition 15, we define
W5 = xr(1l = xs)vs € Wo (1 (Bg ' (0) \ BET(0))).

Performing similar computations to those in Claim 7 we deduce,

/w?—\lf%)wsc / w§+/ R <o,
> SNt (B (0)) S\ 1(BEHH0))

and,
Bults vl — Bul9s, W)l < O (I0lEpnagon-sisron)

2 2
IV Gsla o mgrion) /E\L1<Bn+1<o>> v w)
T
< C¢,

with C' = C(%,t,w, R) < +oo. Now, choosing small enough ¢ = ¢(w) > 0, large enough S =
S(3,t,A, R, ¢), then small enough ¢ = ((3,t,w,R,e) > 0, 6 = 6(5,¢) > 0, and large enough

T =T(0) > 4S5, Vs will derive a contradiction to Lemma 5 (in a similar fashion to Claim 7) on at
least one of the ends E*, ..., E™. O

Corollary 3 may then be concluded by noting that,

anl-nul (¥) = dim {yp € W"3(X): Lyt = 0} < dim {yp € W!(2): Ly = 0} < +o0.

3.6 Jacobi Fields on the Higher Dimensional Catenoid

In this section we analyse Jacobi fields on the n-dimensional catenoid, n > 3. First, we briefly

recall the definition of the n-dimensional catenoid for n > 3 (as in [58, Section 2]). For hy > 0,
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consider the following integral, for n > 3,

h dr
S(h):/ho (arZD D)1 (3.33)

with a = ha2("71). Then the function s(h) is increasing and maps [hg, +00) to [0, S« ), With

Y dr

Thus, the inverse of s, h: [0, Seo) — [ho, +00) is well defined, with h(0) = hg, and A/(0) = 0. We
then smoothly extend h as an even function across (—Ss, Soo). Now, letting S"~! denote the unit
sphere in R", we define the catenoid, C, in R"*!, n > 3, by the embedding,

F: (=800, 500) X S"71 — R

(s,w) = (h(s)w,s).
For a point y = F(s,w), the unit normal to C at y is given by,

_(w,=(s))
Y= W T

It was shown by Schoen [50, Theorem 3], up to rotations, tranlations and scalings, the catenoid C,
is the unique complete, non-flat minimal hypersurface in R**!, with two ends, which is regular at
infinity (for a definition of regular at infinity see [50, pp. 800]). Recall our weight, we g, which is
given by

(h(s1)> +s3)7L, s € (—s1,81),

we,r(s,w) =
(h(s)? 4+ s%)7L, 5 € (=800, 51] U [51, 800),

for s; € (0, 550), given by R% = h(s;)? + 5.

We now look at jacobi fields on C,
JFp = {f € OOO(C) Acf + |Ac|2f = O}

In particular we will focus on elements of JF, which are generated through rigid motions in R™*!
(translations, scalings and rotations of C), and look to see which of them lie in W'?(C) and

W2 ().

We,r

We note that it is still an open question whether these Jacobi fields generated through rigid
motions account for all the Jacobi fields on C. For the case of n = 2, this is known to be true for

the Costa—Hoffman-Meeks minimal surfaces [43, Theorem 2 and Corollary 3].
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We will denote the Jacobi fields on C defined through rigid motions by RM JF.. Those arising

through translations are generated by the span of fi,..., f,11, where

w,0), e N2 i =1,....n,
F) = (i), e = § 0Ol TR = (331
LR (14 (W)Y, = nt 1

The 1-dimensional subspace of RM JF; generated through scaling has a basis element given by,

h — sh’/
faly) = (v(y),y) = A+ e (3.35)

The last group to consider are those generated through rotations. Rotations of R"*! about the

origin are given by the special orthogonal group,
SO(n+1)={ReGL(n+1):detR=1, ' = R"},

where GL(n + 1) denotes the general linear group of all (n 4+ 1) x (n + 1) real matrices. Then a

smooth rotation of R"*! is given by a smooth curve,
v:[0,T] = SO(n+1),

with v(0) = Id (the identity). Then the Jacobi field on C generated by the 1-parameter family of
catenoids, (t)(C), is

where 7/(0) € T71¢SO(n + 1). One may show that,
T14SO(n+1)={R€ GL(n+1): R" = —R}.
Taking R = (R;j)i; € T14SO(n + 1), we have that,

Ry = R(hw,s),

n+1 n
= Z <Z hRijwj + Ri,n+13> €i,

i=1 \j=1

and,

(v(y),'(0)y) = (1+(h/)2)71/2 (h Z Rijww; + ZRi,nJrlswi - hh/z Ry jw;5 — Rn+1,n+1h/3> .

ij=1 i=1 j=1
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As RT = —R, this implies, R;; = 0, and

Z J J

i,j=1

Thus, for y = F(s,w) we have

fv(y) = (1 + (h/)2>71/2 ((S + hh/) Z Ri,n+1wi>

i=1

We now look to see which elements of RMJF lie in either W'?(C), or W2 (C). The following

proposition tells us that to check if an element of JF¢ lies in Wh?(C) (resp. W (C)), we only
need to check if it lies in L?(C) (resp. L2 (C)).

We,r

Proposition 17. For n > 3, let & be a complete n-dimensional manifold, and v: ¥ — R be
a two-sided, proper, minimal immersion, with finite total curvature, and Fuclidean volume growth

at infinity. Consider a positive continuous function w € L*°(X), such that there exists an R > 0,
A > 1, such that for v € X\ . =Y(BE(0)),

1
Afe(z)[?

<w(zx).

Then, for f € C®(X), with Asf + |As|?f =0, if f € L2(X), then f € WL(D).
In particular, if we set w = 1, then if a Jacobi field of X lies in L*(X), then it in fact lies in WH2().

Proof. As previously discussed in Remark 29, the finite total curvature assumption, along with
the Euclidean volume growth at infinity implies that ¥ has regular ends, and that there exists a
C < 40, such that

|As]? < Cw.

Now fix any S > R > 0, and recall the function yg from Proposition (15). Then we have that,

/ GIVIPE = / AP — / 25V f) - (V).

1
< ¢ [ Pusg [avseez [ vk
Thus,
/ VPP <(2C+ 36A)/f2w.
—H(BgHH0)
As the upper bound is finite and independent of S, we have that |V f| € L*(2). ]
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Consider the pull back of the Euclidean metric to (—8s0, Soo) X St by F,
9= 1+ (K)?)ds® + h* ggn-1,
where ggn-1 is the standard round metric on S"~!. We have,
VIl = 1T TR

We now compute the L?-norm of our elements of RM JFp.

Starting with the translations (3.34), for i =1,...,n,
/fi2 = / f12 \% |g|dwds7
—S00 Sn—1

- ([ ) ([owae)

Differentiating (3.33), we have that

W = (ah®"=Y — 1)1/2, (3.36)
which implies that,
2s
2 _ 4500 2
/fi =z o w; dw < 400.
Thus by Proposition 17 we have that f; € W'?*(C) ¢ W}? (C). For f,11, we have that
’fn+1|(3> — 17

as |s| = S, implying that there exists an s; € (0,54), such that for (s,w) € (=S, —51) U

(Sb Soo) X Snila

DN | —

‘fn+1’2(37 w) 2

Thus, choosing s; > sy, we have that

Soo Soo hn—l 1 h 2
[Fawenz [ [ oty Vilavas=wes [TEEE R g
C 51 Sn—1 s h* + s

1

As h' > 0 on the interval [s1, 55 ), we can make the change of variables 7 = h(s), (and recalling
(3.36)),

sco pn—1_ /] h')2 00 2(n—1) 00 2(n—1)
/ 5 +2( ) ds = a1/2 / T o\ T N7y dr = a1/2 / B 2T 2(n—1) 172 dr.
5 h? +s wsy) (T2 4 8(7)2)h hs) (T2 4 8(7)?) (7?00 — 1)(3 )
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Therefore, as n > 3, and noting that s(7) is a positive increasing function in 7, which is bounded

from above by s, < +00, the integrand (which is positive)

,7_2(n— 1) Fn=3

(72 4 5(7)2)(ar2(=1) — 11/2 "~ (14 5(7)2772)(a — 7-2(n=1)1/2

is bounded from below by a positive constant for large 7. Thus the integral in (3.37) is unbounded,

implying that f,.1 & L2 (C), and thus f,1 & W12 (C), and hence also not in W12(C).

We, R We, R
For the Jacobi field f;, generated by scaling, we have,

g = s )
T+ WP~ (W) 7+ )7

Thus as |s| = S, we have that |h/| — 0o, h — oo, and, recalling (3.36)

h h
i = Gy =y O (559

which implies that |f;| — So. Thus, repeating the same arguments as above for f, 1, we see that
fa does not lie in W2(C) or W22 (C).

We,Rr

Finally we look at elements of RM JF, which are generated by rotations. Recall from above that

all such Jacobi fields are of the form

f(S, w) = (1 + (h/>2)71/2 <(8 + hh/) Z Rmﬂwi) .

=1

If Rint1 = 0 foralli =1,...,n, we have that f = 0. Assuming that R;,+1 # 0 for some

t=1,...,n, then as,
n
g Ri ny1w;
i=1

is a smooth function on S"~!, and is non-zero at,

-1
n
wy = <Z R?,nJrl) (Rl,n—i-h ey RTLJH—I) c Sn—lj
i=1
we may conclude that there exists an « > 0, and set U, C S™ ! of positive H"~! measure, such

that
n
Z Rinp1wi| 2> a.
i=1
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Thus for w € U,, we have that,

s+hh')?  ,(s(h)"' 4+ h)?

(
|f|22a2 1+ (0)? = (W)=2+1 )

implying that |f|? becomes unbounded as |s| — s.,. Again repeating arguments above we deduce

that f does not lie in W2(C), or W2 (C).

Wwe,Rr

Therefore, we have shown that the only non-trivial Jacobi fields on C, which are generated through
rigid motions and lie in W"?(C) or W};?_ (C) are those spanned by the translations in the {z,+; = 0}
hyperplane, i.e. Jacobi fields in span ({fi,..., f,}). This implies that,

n < nul (C) <nul,, ,(C).
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