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A B S T R A C T

In this work, we consider a suspension of weakly deformable solid particles within a weakly viscoelastic fluid.
The fluid phase is modelled as a second-order fluid, and particles within the suspended phase are assumed
linearly elastic and relatively dilute. We apply a cell model as a proxy for mean field flow, and solve analytically
within a cellular fluid layer and its enclosed particle. We use an ensemble averaging process to derive analytical
results for the bulk stress in suspension, and evaluate the macroscopic properties in both shear and extensional
flow. Our viscometric functions align with existing literature over a surprisingly broad range of fluid and solid
elasticities.

The suspension behaves macroscopically as a second-order fluid, and we give simple formulae by which
the reader can calculate the parameters of this effective fluid, for use in more complex simulations. We
additionally calculate the particle shape and orientation, and in simple shear flow show that the leading-
order modifications to the angle of inclination 𝜁 act to align the particle towards the flow direction, giving
𝜁 = 𝜋∕4 − 3𝐶𝑎e∕4 + 𝛼0𝑊𝑖∕2𝛼1 where 𝐶𝑎e is the elastic capillary number, 𝑊𝑖 is the Weissenberg number, and 𝛼𝑖
are material properties of the suspending second-order fluid, for which the ratio 𝛼0∕𝛼1 is negative.
. Introduction

Suspensions of deformable particles are very commonly found in
ature, some examples being blood, paint, slurries, molten lava and
variety of pharmaceutical products. It is not uncommon for the

lasticity of suspended phase to be non-negligible, even when particles
re extremely small. The study of these materials has taken place for
ver a century, and there is still a real need for simple constitutive
quations which describe their motion and characteristics in bulk.

Even the simpler situation of rigid solid particles suspended in
Newtonian background flow, which has been studied extensively,

hows complex behaviour. Experimental systems are known to ex-
ibit both shear-thickening and shear-thinning behaviour [1]. Shear-
hickening is understood to be a consequence of inter-particle contacts
nd friction [e.g. 2–4], eventually leading to jamming of the sus-
ension [5]. Shear-thinning, on the other hand, occurs primarily in
uspensions of weakly attracting particles, and has been attributed to
he breakdown of particle clusters under imposed flow [6].

The effective viscosity of such suspensions has been a topic of
nterest for many years. The first correction to viscosity induced by the
resence of the solid particles was derived by Einstein [7]; the well-
nown ‘‘Einstein viscosity’’ 𝜂eff = 𝜂0(1+5𝜙∕2), where 𝜂0 is the viscosity
f the Newtonian solvent fluid. This expression precisely describes
he suspension behaviour in the dilute limit, where 𝜙, the volume

∗ Corresponding author.
E-mail addresses: escottl@aston.ac.uk (L.J. Escott), helen.wilson@ucl.ac.uk (H.J. Wilson).

fraction of solids, is small. Further work to extend this relationship was
conducted by Batchelor and Green [8], who calculated an approximate
𝑂(𝜙2) correction to the viscosity via the use of hydrodynamic functions
𝐽 (𝑟) and 𝑞(𝑟) which they introduced. While this correction does extend
the range of concentration past dilute, it is known that many-body
effects (including jamming) will become dominant after a relatively
small increase in 𝜙.

There is also a substantial body of work on suspensions of non-
spherical particles in a Newtonian fluid. Jeffery [9] provided the sem-
inal work in the area, deriving the rotation of the principal angles
of a solid ellipsoid in shear flow. The effective viscosity in a dilute
suspension of such particles, assuming a homogeneous velocity profile
within the solid phase, was derived simultaneously by Roscoe [10]
and Goddard and Miller [11]. Since then, the understanding of these
materials has been substantially understood via a range of numerical
techniques [by, e.g., 12–14], both the flow in the vicinity of a single
inclusion and the behaviour of the suspension in bulk.

The effort to introduce viscoelasticity into the Einstein viscosity
relation has been long and complex [see, for example 15–19, all of
which address the question of rigid spheres in a second-order fluid in
the dilute limit]. The correct analysis was eventually provided by Koch
and Subramanian [20,21] and later confirmed by Rallison [22]. These
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most recent papers provide expressions for the first and second normal
stress differences, as well as viscosity, correct to order 𝜙 for a dilute
suspension; they reduce to the expected Newtonian quantities as the
Weissenberg number 𝑊𝑖 → 0.

Beyond the purely dilute limit, the current understanding of rigid-
article suspensions in viscoelastic fluids is based on a combination
f experiments and numerical simulations. Experimentally, Dai et al.
23] provided a thorough assessment of the behaviour of rigid spheres
uspended in a Boger fluid for a wide range of solid volume fractions.
arly two-dimensional simulations of startup flows by Jaensson et al.
24] showed that viscoelasticity can drive particles to align in strings
long the flow direction at moderate concentrations, providing the
eissenberg number is sufficiently high (above 1). This observation is

oupled with a reduction in viscosity because of the particle alignment,
nd an increase in first normal stress difference. More recently, a
eries of fully three-dimensional numerical studies by Yang and co-
uthors [25–27] predict a positive first normal stress difference, and
egative second normal stress difference. They separate out the extra
tress due to the particles into two contributions: the stresslet and the
article-induced fluid stress, which often act in competition with one
nother.

Everything we have discussed so far pertains to rigid particles.
owever, the particles found in a wide variety of natural processes can
e deformed by the flow, and the behaviour of such suspensions is not
ecessarily well captured using an assumption of rigid behaviour.

We will first look at the flow of a Newtonian fluid around a
eformable particle. This general field has applications to capsule
ynamics [e.g. 28,29] and red blood cells [e.g. 30–33].

Often the change in shape of the suspended phase, whether in steady
r unsteady flow, can be modelled by introducing elasticity to the
article. The first theoretical work using elastic particles is by Fröhlich
nd Sack [34], who looked at the situation of an applied extensional
tress, and found flow solutions for flow around an elastic sphere in
he limit of small surface deformation. Using a slightly different set
f modelling assumptions, Murata [35] considered a wider variety of
mposed flows around an elastic particle whose shape remains almost
pherical: this work assumed that the particle surface remains steady
n time (a tank-treading motion). All these works consider a single

particle, and so produce information appropriate to dilute systems.
More recent work includes experimental studies such as Adams et al.
[36], which found the deformability of the particles could generate
a shear-thinning viscosity; and a number of computational studies.
Several of these [e.g. 37–40] investigate the viscometric functions in
dilute systems; and even more recently Rosti et al. [41] has made
progress towards the behaviour of the effective viscosity of a suspension
of deformable particles at higher than dilute concentrations. There
are also a range of more specific computational works, which, rather
than trying to capture suspension rheology, model specific applications
such as microfluidics [e.g. 42,43], showing the wide applicability of
suspension mechanics even in complex systems.

As we have seen, there is substantial literature on rigid and de-
formable particles in a Newtonian fluid, and on rigid particles in
viscoelastic fluids. However, despite its industrial relevance, there
is little work which considers deformable particles in a viscoelastic
fluid. Hwang et al. [44] and Malidi and Harlen [45] both carried out
simulations of a very small number of deformable particles (1–3) in two
dimensions in an Oldroyd-B or Pompom suspending fluid, while Guido
and Shaqfeh [46] have carried out fully three-dimensional simulations
of a single particle (in a periodic box) in shear flow, and deduced
the rheology of the whole suspension. As yet, no-one has produced an
analytical expression to approximate the suspension rheology for such
a system.

In this paper we use a mean-field approximation via a cell model,
alongside regular perturbation expansions, to construct a model of a
suspension in which both weak viscoelastic effects and weak deforma-
2

tion effects are present. As we will see later, the validity of our model is
limited to low-concentration suspensions, but we produce a constitutive
model which is simple to implement numerically and can therefore be
used in simulations of complex flows.

As an example, recent experimental work [47] has demonstrated
that in real flows, highly non-uniform particle distributions can form
leading to flow instabilities. To understand the mechanisms of such
behaviour will require investigations built on a foundation of sim-
ple continuum models, so that complex interactions between volume
fraction, rheology and flow can be understood.

In Section 2 we introduce the governing equations and boundary
conditions in both fluid and elastic solid phases, our methods of con-
structing average suspension behaviour, and the solution technique.
Section 3 gives the results for the fluid flow, while in Section 4 we show
results on the particle deformation. These allow us to draw conclusions
about the rheology of the suspension as a whole (Section 5) produc-
ing an effective model of the whole suspension as a homogeneous
second-order fluid. We finish with concluding remarks in Section 6.

2. System of equations

2.1. Cell model

In this work we use a cell model to approximate the interac-
tions between individual solid particles. This paradigm was introduced
by Simha [48] and Happel [49]. Sherwood [50] carried out a careful
analysis of the difference between these two works, elucidating the
influence of the choice of which of the flow quantities (fluid velocity,
tangential stress, normal stress) should be continuous across the cell
boundary. We used the paradigm in our earlier work [51] to produce
a simple constitutive model for a suspension of rigid solid spheres in a
second-order fluid.

The cell concept is essentially a mean-field approximation to sus-
pension mechanics: each included particle is assigned a volume of fluid
which surrounds it, and within which its modifications to the fluid flow
are confined. At the outer edge of the cell, the velocity field is forced to
match with an imposed background flow, while within the cell the fluid
adapts to the presence of the particle. With this simplification, we can
use a single fluid cell as an exemplar for all fluid cells, and therefore
deduce (an approximation to) the full suspension behaviour without
needing to consider particle interactions directly. Changing the volume
of fluid assigned to each particle gives a proxy for altering the solid
volume fraction, allowing us to go beyond the fully dilute asymptotic
limit.

Some caution is required in applying the cell model approach
to suspensions which have solid volume fractions beyond the dilute
regime. There are three fundamental limitations to the model: the outer
cell boundary is unphysical in the sense that there is a discontinuity
in velocity gradients and in stress across it; the spherical shape of the
cell means that the influence of neighbouring particles is felt uniformly
over the whole particle surface; and, as we will see later, there is no
solid theoretical foundation for a choice of cell size. All of these are
of minor or no importance in very dilute systems, where the cell is
large and any effects from the outer boundary are minimal. However,
for higher volume fractions the appropriate cell size is smaller, and
any inaccuracies relating to the behaviour at the outer cell boundary
become more important. At very high volume fractions, true inter-
particle effects such as contact and friction become important, and
these cannot be captured by our mean-field approximation.

2.2. Governing equations

The governing equations for the fluid phase, which is an incom-
pressible, inertialess second-order fluid, are those of mass and momen-
tum conservation and the constitutive law:
∇ ⋅ 𝐯 = 0, ∇ ⋅ 𝝈 = 0, (1)
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𝝈 = −𝑝𝐈 + 2𝜂0𝐄 + 𝛼0𝐀 + 4𝛼1𝐄 ⋅ 𝐄, (2)

n which 𝐯 and 𝝈 are the fluid velocity and stress respectively and 𝑝
he pressure. Here 𝐄 = 1

2 (𝐋 + 𝐋⊤) is the rate of strain tensor and 𝐀 the
second Rivlin–Ericksen tensor [52], defined in steady flows as

𝐴𝑖𝑗 = 2
(

𝑣𝑘∇𝑘𝐸𝑖𝑗 + 𝐿𝑘𝑖𝐸𝑘𝑗 + 𝐸𝑖𝑘𝐿𝑘𝑗
)

. (3)

We are using the convention 𝐿𝑖𝑗 = 𝜕𝑣𝑖∕𝜕𝑥𝑗 for the flow gradient tensor
𝐋.

In the solid phase, we introduce the solid velocity 𝐯 and Lagrange
ressure 𝑙, along with the stress tensor 𝝈; we will also need a displace-

ment vector 𝐡. This is defined as the vector connecting an Eulerian
point 𝐱 inside or on the original elastic sphere, to its position after
deformation due to the background flow: thus for a point 𝐱 which
originated from undeformed position 𝐱0 we have 𝐱 = 𝐱0 + 𝐡(𝐱0). This
can be seen for a point on the particle surface in Fig. 1.

We make the assumption here that the shape of the particle (as
viewed by an observer in the laboratory frame) is constant in time.
This is self-evident if the imposed flow has no rotational component;
but in a shear flow it corresponds to an assumption that the motion
is tank-treading rather than tumbling. For nonspherical rigid particles in
a Stokes flow we know that tumbling motion occurs [9,53] but some
numerical simulations do predict tank-treading for deformable particles
in a viscoelastic environment [e.g. 45] and this allows us to calculate
steady stresses rather than averaging over a tumbling cycle.

With this assumption, the displacement vector is a steady, position-
dependent quantity ; if the particle shape is preserved (e.g. in a rigid
body rotation) we have 𝐡 = 𝟎. The solid velocity is related to this
displacement via the material derivative:

𝐯 = 𝐷𝐡
𝐷𝑡

. (4)

The equations governing the evolution of the solid velocity are
onservation of mass and momentum as in the fluid phase:

⋅ 𝐯 = 0, ∇ ⋅ 𝝈 = 𝟎. (5)

For the constitutive model, we limit our analysis to small deforma-
ions, and to minimise complexity we use a linearly elastic, Hookean
odel [54] with an isotropic elastic modulus:

𝝈 = −𝑙𝐈 + 2𝜇𝐞, (6)

in which we have introduced the displacement gradient tensor 𝐞 =
1
2 (∇𝐡 + ∇𝐡⊤). This model is appropriate for small deformations such
that the dimensionless quantity 𝛁𝐡 is small in absolute terms; all of 𝐡,
𝐞 and 𝝈 are small quantities in our analysis. The quantity 𝜇 is the shear
lastic modulus.

Finally, the evolution equation for the solid strain tensor 𝐞 is:
𝐷𝐞
𝐷𝑡

+ 𝐞 ⋅ 𝐋 + 𝐋
⊤
⋅ 𝐞 = 1

2

(

𝐋 + 𝐋
⊤)

, (7)

n which the solid velocity gradient 𝐋 is defined as 𝐿𝑖𝑗 = 𝜕𝑣𝑖∕𝜕𝑥𝑗 . This
is equivalent to the evolution equation for the Eulerian Almanski strain
tensor as derived in Gao and Hu [39], after neglecting quadratic terms
in the deformation gradient.

2.3. Boundary conditions

Outside the fluid cell, we impose a general linear background flow
𝐯∞ = 𝐄∞ ⋅ 𝐱 + 𝜴∞ ⋅ 𝐱, with 𝐄∞ (symmetric) and 𝜴∞ (antisymmetric)
he constant far-field rate of strain tensor and rotation rate tensor
espectively.

At the outer boundary 𝑟 = 𝑅0𝑏 of the fluid cell around a particle of
adius 𝑅0 centred on the origin, we match this to the true fluid velocity:

(

𝑅 𝑏
)

= 𝑅 𝑏𝐄∞ ⋅ 𝐧̂ + 𝑅 𝑏𝜴∞ ⋅ 𝐧̂ (8)
3

0 0 0
Fig. 1. The relationship between current position 𝐱 of a material surface element
and its previous position on the undeformed particle surface. The blue dashed line
represents the current deformed shape, modified from its original spherical shape
(dotted black line). 𝝌 = {𝜃, 𝜑} is an ordered pair containing the angular values of
osition. The position 𝐱 at current angle 𝝌1 is described in terms of its original angle

𝝌0,1 and displacement 𝐡.

in which we have introduced for any point 𝐱 its magnitude 𝑟 and unit
ector 𝐧̂ = 𝐱∕𝑟.

Next we enforce the condition that the interface between the fluid
nd the (slightly deformed) particle is a material surface: that is, points
hich start on the interface remain on the interface.

Consider a point 𝐱 which is fixed in space, on the surface of the
eformed sphere. There is a constant flux of material elements through
his point, but at each time instant the point is occupied by a material
lement which would relax to the same physical point 𝐱0 on the surface
f the undeformed sphere.

Suppose we represent the angular position of the point 𝐱 by the
rdered pair 𝝌 = {𝜃, 𝜑} containing its polar and azimuthal angles (from
pherical polar coordinates). Then we can parameterise the material
urface using the angular position where each point belongs on the
ndeformed sphere, which we denote 𝝌0,1; its position on the deformed
urface will have angular position 𝝌1. This is represented schematically
n Fig. 1, along with the unit normal 𝐍̂ to the solid surface, which has
een perturbed from its rigid value 𝐧̂ by the fluid flow.

We also represent the boundary by the polar equation

= 𝑅0 [1 + 𝛥 (𝝌)] (9)

and we need to calculate the radial displacement of the surface, 𝛥. Any
point within the solid particle can be written in terms of its relaxed
position within the undeformed particle, 𝐱0, as 𝐱 = 𝐱0 + 𝐡(𝐱0). The
roperty that distinguishes points on the surface is that |𝐱0| = 𝑅0: that

is, |

|

|

𝐱 − 𝐡(𝐱0)||
|

= 𝑅0. Expressing our points in terms of their angular
parameterisation gives the condition for a material surface:
|

|

|

𝐱
(

𝝌1) − 𝐡
(

𝑅0𝝌0,1)|
|

|

= 𝑅0 at 𝑟 = 𝑅0
[

1 + 𝛥
(

𝝌1)] , (10)

which will be sufficient information to calculate 𝛥.
Having defined the fluid–solid interface, we can now impose the

usual interfacial equations: no penetration of the fluid into the solid
(using 𝐍̂ as defined above):

𝐯 ⋅ 𝐍̂ = 0 at 𝑟 = 𝑅0 (1 + 𝛥) ; (11)

velocity matching between fluid and solid:

𝐯 = 𝐯 at 𝑟 = 𝑅0 (1 + 𝛥) ; (12)

and matching of traction between the solid and fluid phase:

𝝈 ⋅ 𝐍̂ = 𝝈 ⋅ 𝐍̂ at 𝑟 = 𝑅0 (1 + 𝛥) . (13)

Finally, we require that both 𝑙 and 𝐡 are finite at the cell and particle
origin 𝑟 = 0.
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2.4. Non-dimensionalisation

We choose as our length scale the undeformed particle radius
𝑅0, and as our timescale the inverse of the generalised shear rate
𝐄∞

‖ = (2𝐄∞ ∶ 𝐄∞)1∕2. Stresses in the fluid are scaled using the solvent
iscosity 𝜂0 and those in the solid with the elastic modulus 𝜇.

In terms of new dimensionless variables, the governing equations
ecome, for the fluid:

⋅ 𝐯 = 0, ∇ ⋅ 𝝈 = 𝟎, 𝝈 = −𝑝𝐈 + 2𝐄 +𝑊𝑖 (𝜖𝐀 + 4𝐄 ⋅ 𝐄) , (14)

and for the solid:

∇ ⋅ 𝐯 = 0, ∇ ⋅ 𝝈 = 𝟎, 𝝈 = −𝑙𝐈 + 2𝐞, (15)

ith unchanged equations for the remaining variables:

= 2
(

𝐯 ⋅ ∇𝐄 + 𝐋⊤ ⋅ 𝐄 + 𝐄 ⋅ 𝐋
)

, 𝐷𝐞
𝐷𝑡

−𝐋⋅𝐞−𝐞⋅𝐋
⊤
= 1

2

(

𝐋 + 𝐋
⊤)

. (16)

he boundary conditions become, on the outer cell boundary:

= 𝑏𝐄∞ ⋅ 𝐧 + 𝑏𝜴∞ ⋅ 𝐧 on 𝑟 = 𝑏; (17)

he material interface condition at the surface of the sphere:
(

1 + 𝛥
(

𝝌1)) 𝐧̂
(

𝝌1) − 𝐡
(

𝝌0,1)|
|

|

= 1; (18)

he interfacial conditions on the sphere surface:

⋅ 𝐍 = 0; 𝐯 = 𝐯; 𝝈 ⋅ 𝐍 = 𝐶𝑎e𝝈 ⋅ 𝐍 at 𝑟 = 1 + 𝛥, (19)

and conditions that neither 𝑙 nor 𝐡 diverges as 𝑟 → 0.
Three new dimensionless parameters have emerged: the material

fluid ratio 𝜖, which is a property of the second-order fluid:

𝜖 =
𝛼0
𝛼1

, (20)

𝑊𝑖, the Weissenberg number, the ratio of elastic to viscous forces in
the fluid phase:

𝑊𝑖 =
𝛼1‖𝐄∞

‖

𝜂0
, (21)

nd the elastic capillary number 𝐶𝑎e, defined as

𝑎e =
𝜂0‖𝐄∞

‖

𝜇
(22)

which represents the relative magnitude of fluid stresses to solid
stresses. The latter two will be treated as small parameters, whereas
it is expected for homogeneous fluids that 𝜖 ≤ −0.5 [55, based on
experimental observations].

2.5. Quantity expansions

We have two small parameters in our problem, the Weissenberg
number 𝑊𝑖 ≪ 1 and the elastic capillary number 𝐶𝑎e ≪ 1, and we
xpress all our physical quantities as expansions in these parameters, in
eneral keeping terms up to and including the first interaction between
iscoelasticity of the fluid and deformation of the particle. We use the
eneral expansion form for a quantity 𝑌 :

= 𝑌 0 +𝑊𝑖𝑌 1𝑊𝑖 + 𝐶𝑎e𝑌
1𝐶𝑎e + 𝐶𝑎e𝑊𝑖𝑌 2𝐶𝑊 + 𝑂(𝐶𝑎2e ,𝑊𝑖2) (23)

The quantity 𝑌 is any of the solid phase quantities 𝐡, 𝑙, 𝐯, 𝐞 and 𝝈
r the fluid phase quantities 𝑝, 𝐯, 𝐄, 𝐀 and 𝝈. In these expansions we

have neglected terms of order 𝑊𝑖2, which capture second-order effects
f viscoelasticity, and those of order 𝐶𝑎2e , which capture second-order
eformation effects; however, in order to calculate the first effect of
iscoelasticity on the particle shape, we will keep terms of order 𝐶𝑎e𝑊𝑖.
n the case of the second Rivlin–Ericksen tensor 𝐀, because it appears

with a prefactor of 𝑊𝑖 in the governing equations, we will find that we
1𝑊𝑖 2𝐶𝑊
4

can neglect the terms 𝐀 and 𝐀 .
The quantities 𝛥 and 𝐍̂ are only defined at the interfacial boundary.
Since viscoelasticity alone will not perturb the particle shape, they have
the following expansions:

𝛥 = 𝐶𝑎e𝜌
1𝐶𝑎e + 𝐶𝑎e𝑊𝑖𝜌2𝐶𝑊 + 𝑂(𝐶𝑎2e , 𝐶𝑎e𝑊𝑖2), (24)

𝑁̂𝑖 = 𝑁̂0
𝑖 + 𝐶𝑎e𝑁̂

1𝐶𝑎e
𝑖 + 𝐶𝑎e𝑊𝑖 𝑁̂2𝐶𝑊

𝑖 + 𝑂(𝐶𝑎2e , 𝐶𝑎e𝑊𝑖2). (25)

Inserting these perturbation expansions into our governing equa-
tions and boundary conditions, and collecting terms of like order from
each equation, we gather a complete set of equations and boundary
conditions at each level of expansion. The governing equations in the
fluid are:

∇𝑖𝑣
0
𝑖 = 0, ∇𝑖𝑣

1𝑊𝑖
𝑖 = 0, ∇𝑖𝑣

1𝐶𝑎e
𝑖 = 0, ∇𝑖𝑣

2𝐶𝑊
𝑖 = 0, (26)

𝑗𝜎
0
𝑖𝑗 = 0, ∇𝑗𝜎

1𝑊𝑖
𝑖𝑗 = 0, ∇𝑗𝜎

1𝐶𝑎e
𝑖𝑗 = 0, ∇𝑗𝜎

2𝐶𝑊
𝑖𝑗 = 0. (27)

𝜎0𝑖𝑗 = −𝑝0𝛿𝑖𝑗 + 2𝐸0
𝑖𝑗 , 𝜎1𝐶𝑎e𝑖𝑗 = −𝑝1𝐶𝑎e𝛿𝑖𝑗 + 2𝐸1𝐶𝑎e

𝑖𝑗 , (28)

𝜎1𝑊𝑖
𝑖𝑗 = −𝑝1𝑊𝑖𝛿𝑖𝑗 + 2𝐸1𝑊𝑖

𝑖𝑗 + 𝜖𝐴0
𝑖𝑗 + 4𝐸0

𝑖𝑘𝐸
0
𝑘𝑗 , (29)

𝜎2𝐶𝑊𝑖𝑗 = −𝑝2𝐶𝑊 𝛿𝑖𝑗 + 2𝐸2𝐶𝑊
𝑖𝑗 + 𝜖𝐴1𝐶𝑎e

𝑖𝑗 + 4𝐸0
𝑖𝑘𝐸

1𝐶𝑎e
𝑘𝑗 + 4𝐸1𝐶𝑎e

𝑖𝑘 𝐸0
𝑘𝑗 . (30)

and in the solid phase,

∇𝑖𝑣
0
𝑖 = 0, ∇𝑖𝑣

1𝑊𝑖
𝑖 = 0, ∇𝑖𝑣

1𝐶𝑎e
𝑖 = 0, ∇𝑖𝑣

2𝐶𝑊
𝑖 = 0, (31)

𝑗𝜎
1𝐶𝑎e
𝑖𝑗 = 0, ∇𝑗𝜎

2𝐶𝑊
𝑖𝑗 = 0, (32)

𝜎1𝐶𝑎e𝑖𝑗 = −𝑙1𝐶𝑎e𝛿𝑖𝑗 + 2𝑒1𝐶𝑎e𝑖𝑗 , 𝜎2𝐶𝑊𝑖𝑗 = −𝑙2𝐶𝑊 𝛿𝑖𝑗 + 2𝑒2𝐶𝑊𝑖𝑗 , (33)

∇𝑗𝑣
0
𝑖 + ∇𝑖𝑣

0
𝑗 = 0, ∇𝑗𝑣

1𝑊𝑖
𝑖 + ∇𝑖𝑣

1𝑊𝑖
𝑗 = 0, (34)

𝐷𝑒1𝐶𝑎e𝑖𝑗

𝐷𝑡
+ 𝑒1𝐶𝑎e𝑖𝑙

(

∇𝑗𝑣
0
𝑙

)

+
(

∇𝑖𝑣
0
𝑙

)

𝑒1𝐶𝑎e𝑙𝑗 = 1
2

(

∇𝑗𝑣
1𝐶𝑎e
𝑖 + ∇𝑖𝑣

1𝐶𝑎e
𝑗

)

, (35)

𝐷𝑒2𝐶𝑊𝑖𝑗

𝐷𝑡
+ 𝑒1𝐶𝑎e𝑖𝑙

(

∇𝑗𝑣
1𝑊𝑖
𝑙

)

+ 𝑒2𝐶𝑊𝑖𝑙

(

∇𝑗𝑣
0
𝑙

)

+
(

∇𝑖𝑣
1𝑊𝑖
𝑙

)

𝑒1𝐶𝑎e𝑙𝑗

+
(

∇𝑖𝑣
0
𝑙

)

𝑒2𝐶𝑊𝑙𝑗 = 1
2

(

∇𝑗𝑣
2𝐶𝑊
𝑖 + ∇𝑖𝑣

2𝐶𝑊
𝑗

)

. (36)

he boundary conditions at the outer boundary of the fluid cell are:

0
𝑖 = 𝑏𝐸∞

𝑖𝑘 𝑛̂𝑘 + 𝑏𝛺∞
𝑖𝑘 𝑛̂𝑘, 𝑣1𝑊𝑖

𝑖 = 𝑣1𝐶𝑎e𝑖 = 𝑣2𝐶𝑊𝑖 = 0 at 𝑟 = 𝑏. (37)

t the interface between the particle and the fluid, we use a Taylor
xpansion in small 𝛥 to move all the conditions to 𝑟 = 1. From
he material interface condition, the shape perturbation 𝜌 (as defined
n Eq. (24)) becomes:

1𝐶𝑎e = ℎ1𝐶𝑎e𝑖 𝑛̂𝑖, 𝜌2𝐶𝑊 = ℎ2𝐶𝑊𝑖 𝑛̂𝑖, (38)

nd the unit normal:

̂ 0
𝑖 = 𝑛̂𝑖, 𝑁̂1𝐶𝑎e

𝑖 =
𝜕𝜌1𝐶𝑎e
𝜕𝑛̂𝑗

𝑛̂𝑖𝑛̂𝑗 −
𝜕𝜌1𝐶𝑎e
𝜕𝑛̂𝑖

, 𝑁̂2𝐶𝑊
𝑖 =

𝜕𝜌2𝐶𝑊

𝜕𝑛̂𝑗
𝑛̂𝑖𝑛̂𝑗 −

𝜕𝜌2𝐶𝑊

𝜕𝑛̂𝑖
.

(39)

This allows us to express the remaining interfacial conditions in terms
of 𝐧̂: no penetration

𝑣0𝑖 𝑛̂𝑖 = 𝑣1𝑊𝑖
𝑖 𝑛̂𝑖 = 0, 𝜌1𝐶𝑎e

𝜕𝑣0𝑖
𝜕𝑟

𝑛̂𝑖 + 𝑣0𝑖 𝑁̂
1𝐶𝑎e
𝑖 + 𝑣1𝐶𝑎e𝑖 𝑛̂𝑖 = 0,

𝜌2𝐶𝑊
𝜕𝑣0𝑖
𝜕𝑟

𝑛̂𝑖 + 𝜌1𝐶𝑎e
𝜕𝑣1𝑊𝑖

𝑖

𝜕𝑟
𝑛̂𝑖 + 𝑣0𝑖 𝑁̂

2𝐶𝑊
𝑖 + 𝑣1𝑊𝑖

𝑖 𝑁̂1𝐶𝑎e
𝑖 + 𝑣2𝐶𝑊𝑖 𝑛̂𝑖 = 0 at 𝑟 = 1,
(40)
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matching velocities (no slip):

𝑣0𝑖 = 𝑣0𝑖 , 𝑣1𝑊𝑖
𝑖 = 𝑣1𝑊𝑖

𝑖 , 𝜌1𝐶𝑎e
𝜕𝑣0𝑖
𝜕𝑟

+ 𝑣1𝐶𝑎e𝑖 = 𝜌1𝐶𝑎e
𝜕𝑣0𝑖
𝜕𝑟

+ 𝑣1𝐶𝑎e𝑖 ,

2𝐶𝑊 𝜕𝑣0𝑖
𝜕𝑟

+ 𝜌1𝐶𝑎e
𝜕𝑣1𝑊𝑖

𝑖

𝜕𝑟
+ 𝑣2𝐶𝑊𝑖 = 𝜌2𝐶𝑊

𝜕𝑣0𝑖
𝜕𝑟

+ 𝜌1𝐶𝑎e
𝜕𝑣1𝑊𝑖

𝑖

𝜕𝑟
+ 𝑣2𝐶𝑊𝑖 at 𝑟 = 1,

(41)

nd the traction condition:

𝜎1𝐶𝑎e𝑖𝑘 𝑛̂𝑘 = 𝜎0𝑖𝑘𝑛̂𝑘, 𝜎2𝐶𝑊𝑖𝑘 𝑛̂𝑘 = 𝜎1𝑊𝑖
𝑖𝑘 𝑛̂𝑘 at 𝑟 = 1. (42)

inally, the conditions that both displacement and Lagrange pressure
emain nonsingular at 𝑟 = 0 can be trivially generalised to all terms
ithin their respective perturbation expansions.

Eqs. (26)–(42) give us a closed system within a single cell, up to
irst effects in deformation and viscoelasticity.

.6. Average stress

In order to calculate rheometric functions, we need the ensemble
verage of the stress tensor 𝝈 over the whole suspension: that is, the
olid particles, the cellular fluid, and the unperturbed fluid which
ccupies the region between the cells. We denote the whole domain
y 𝑉 , the region within a single cell of radius 𝑏 as 𝑉𝑏, and the region
nside a particle as 𝑉𝑝. If there are 𝑁 particles, we can deduce the solid
olume fraction 𝜙 = 𝑁𝑉𝑝∕𝑉 .

To calculate the average, it is essential to work in terms of the
eviation of each quantity from its mean across the whole suspension to
void volume integrals which are not uniformly convergent. We write

= 𝐄∞ + 𝐄′, 𝜴 = 𝜴∞ +𝜴′, (43)

ith 𝐄∞, 𝜴∞ mean tensors across the entire suspension. We note
hat Eq. (43) describes the deviated quantity at any position within
he suspension e.g. 𝐄

′
= 𝐄 − 𝐄∞. The technique is similar to that used

by Koch and Subramanian [20], though they worked in the limit 𝑏 → ∞
nd by Sherwood [50], who did not consider the fluid outside the cells,
nd also to our previous work with rigid particles [51]. Full details can
e found in Escott [56].

We introduce the notation 𝑋𝑖𝑗 = 𝑋𝑖𝑗 −
1
3𝑋𝑘𝑘𝛿𝑖𝑗 for the deviatoric

part of a tensor 𝐗, and ⟨⋅⟩ for the ensemble average. We consider the
system in its three distinct components: the pure fluid outside the cells,
the cellular fluid volumes, and the elastic particles; for each of these
components we will express the local deviatoric stress in terms of the
quantities in Eq. (43) above.

The calculations in the fluid volumes, though subtle, are well under-
stood [20,22,51]; only the contribution from the elastic solid is new in
this work. Within the particles, we introduce an extra particle stress 𝐏,
he difference between the true stress and the stress we would see if
he second-order fluid were present throughout:

𝑖𝑗 = 𝜎𝑖𝑗 −
[

−𝑝𝛿𝑖𝑗 + 2𝐸𝑖𝑗 +𝑊𝑖(𝜖𝐴𝑖𝑗 + 4𝐸𝑖𝑘𝐸𝑘𝑗 )
]

. (44)

he term which has been removed can be incorporated into the cal-
ulation for the cellular fluid. The volume integral of 𝑃𝑖𝑗 over a single
olid particle can, in turn, be split into the stresslet 𝝈𝑆 (which is in its
tandard form for rigid particles, though the boundary has deformed):

𝑆
𝑖𝑗 =

1
2𝑉 𝑝 ∫𝑟=1+𝛥

̂𝑟
(

𝜎𝑖𝑘𝑛̂𝑗 + 𝜎𝑘𝑗 𝑛̂𝑖
)

𝑁̂𝑘d𝑆, (45)

and the particle-induced fluid stress (PIFS) 𝝈𝑃 generated by a single
particle:

𝜎𝑃𝑖𝑗 = − 1
𝑉 𝑝 ∫𝑟=1+𝛥

(

𝑣𝑖𝑁̂𝑗 + 𝑣𝑗𝑁̂𝑖
)

d𝑆 + 4𝜖𝑊𝑖
𝑉 𝑝 ∫𝑉 𝑏−𝑉 𝑝

𝐸′
𝑖𝑘𝛺

′
𝑘𝑗d𝑉

+
4 (1 + 𝜖)𝑊𝑖

𝑉 𝑝 ∫𝑉 𝑏−𝑉 𝑝
𝐸′
𝑖𝑘𝐸

′
𝑘𝑗d𝑉 + 4𝜖𝑊𝑖

𝑉 𝑝 ∫𝑉 𝑝

̂
𝐸

′
𝑖𝑘𝛺

′
𝑘𝑗d𝑉

+
4 (1 + 𝜖)𝑊𝑖 ̂

𝐸
′
𝐸

′
d𝑉 − 4𝜖𝑊𝑖 𝐸𝑖𝑘𝛺𝑘𝑗d𝑉
5

𝑉 𝑝 ∫𝑉 𝑝 𝑖𝑘 𝑘𝑗 𝑉 𝑝 ∫𝑉 𝑝
−
4 (1 + 𝜖)𝑊𝑖

𝑉 𝑝 ∫𝑉 𝑝
𝐸𝑖𝑘𝐸𝑘𝑗d𝑉 , (46)

Using these insights, the ensemble average of the deviatoric bulk stress
can be written as

⟨𝜎𝑖𝑗⟩𝑠 = 2𝐸∞
𝑖𝑗 +𝑊𝑖

[

4𝜖𝐸∞
𝑖𝑘𝛺

∞
𝑘𝑗 + 4 (1 + 𝜖)𝐸∞

𝑖𝑘𝐸
∞
𝑘𝑗

]

+ 𝜙𝜎𝑃𝑖𝑗 + 𝜙𝜎𝑆𝑖𝑗 . (47)

We can then describe the full bulk stress as a perturbation series in
ur small parameters 𝑊𝑖 and 𝐶𝑎e:

𝜎𝑖𝑗⟩𝑠 = ⟨𝜎𝑖𝑗⟩
0
𝑠 +𝑊𝑖 ⟨𝜎𝑖𝑗⟩

1𝑊𝑖
𝑠 + 𝐶𝑎e⟨𝜎𝑖𝑗⟩

1𝐶𝑎e
𝑠 + 𝑂

(

𝐶𝑎e𝑊𝑖, 𝐶𝑎2e ,𝑊𝑖2
)

(48)

n which

𝜎𝑖𝑗⟩
0
𝑠 = 2𝐸∞

𝑖𝑗 −
𝜙
𝑉 𝑝 ∫𝑟=1

(

𝑣0𝑖 𝑛̂𝑗 + 𝑣0𝑗 𝑛̂𝑖
)

d𝑆 +
𝜙

2𝑉 𝑝 ∫𝑟=1

̂
𝑟
(

𝜎0
𝑖𝑘𝑛̂𝑗 + 𝜎0

𝑘𝑗 𝑛̂𝑖
)

𝑛̂𝑘d𝑆,

(49)

⟨𝜎𝑖𝑗⟩
1𝑊𝑖
𝑠 = 4𝜖𝐸∞

𝑖𝑘𝛺
∞
𝑘𝑗 + 4 (1 + 𝜖)𝐸∞

𝑖𝑘𝐸
∞
𝑘𝑗 −

𝜙
𝑉 𝑝 ∫𝑟=1

(

𝑣1𝑊𝑖
𝑖 𝑛̂𝑗 + 𝑣1𝑊𝑖

𝑗 𝑛̂𝑖
)

d𝑆

+
4𝜖𝜙
𝑉 𝑝 ∫

𝑟=𝑏

𝑟=1

̂𝐸0
𝑖𝑘
′𝛺0

𝑘𝑗
′d𝑉 +

4 (1 + 𝜖)𝜙
𝑉 𝑝 ∫

𝑟=𝑏

𝑟=1

̂𝐸0
𝑖𝑘
′𝐸0

𝑘𝑗
′d𝑉

+
4𝜖𝜙
𝑉 𝑝 ∫𝑉 𝑝

̂
𝐸

0
𝑖𝑘

′
𝛺

0
𝑘𝑗

′
d𝑉 +

4 (1 + 𝜖)𝜙
𝑉 𝑝 ∫

𝑟=1

𝑟=0

̂
𝐸

0
𝑖𝑘

′
𝐸

0
𝑘𝑗

′
d𝑉

−
4𝜖𝜙
𝑉 𝑝 ∫

𝑟=1

𝑟=0

̂
𝐸

0
𝑖𝑘𝛺

0
𝑘𝑗d𝑉 −

4 (1 + 𝜖)𝜙
𝑉 𝑝 ∫

𝑟=1

𝑟=0

̂
𝐸

0
𝑖𝑘𝐸

0
𝑘𝑗d𝑉

+
𝜙

2𝑉 𝑝 ∫𝑟=1
̂

𝑟
(

𝜎1𝑊𝑖
𝑖𝑘 𝑛̂𝑗 + 𝜎1𝑊𝑖

𝑘𝑗 𝑛̂𝑖
)

𝑛̂𝑘d𝑆, (50)

𝜎𝑖𝑗⟩
1𝐶𝑎e
𝑠 = −

𝜙
𝑉 𝑝 ∫𝑟=1

(

𝑣1𝐶𝑎e𝑖 𝑛̂𝑗 + 𝑣0𝑖 𝑁̂
1𝐶𝑎e
𝑗 + 𝜌1𝐶𝑎e

𝜕𝑣0𝑖
𝜕𝑟

𝑛̂𝑗 + 2𝜌1𝐶𝑎e𝑣0𝑖 𝑛̂𝑗

)

d𝑆

−
𝜙
𝑉 𝑝 ∫𝑟=1

(

𝑣1𝐶𝑎e𝑗 𝑛̂𝑖 + 𝑣0𝑗 𝑁̂
1𝐶𝑎e
𝑖 + 𝜌1𝐶𝑎e

𝜕𝑣0𝑗
𝜕𝑟

𝑛̂𝑖 + 2𝜌1𝐶𝑎e𝑣0𝑗 𝑛̂𝑖

)

d𝑆

+
𝜙

2𝑉 𝑝 ∫𝑟=1

̂(

𝜎1𝐶𝑎e
𝑖𝑘 𝑛̂𝑗 𝑛̂𝑘 + 𝜎0

𝑖𝑘𝑛̂𝑗𝑁̂
1𝐶𝑎e
𝑘 + 𝜌1𝐶𝑎e

𝜕𝜎0
𝑖𝑘

𝜕𝑟
𝑛̂𝑗 𝑛̂𝑘 + 3𝜌1𝐶𝑎e𝜎0

𝑖𝑘𝑛̂𝑗 𝑛̂𝑘

)

d𝑆

+
𝜙

2𝑉 𝑝 ∫𝑟=1

̂(

𝜎1𝐶𝑎e
𝑘𝑗 𝑛̂𝑖𝑛̂𝑘 + 𝜎0

𝑘𝑗 𝑛̂𝑖𝑁̂
1𝐶𝑎e
𝑘 + 𝜌1𝐶𝑎e

𝜕𝜎0
𝑘𝑗

𝜕𝑟
𝑛̂𝑖𝑛̂𝑘 + 3𝜌1𝐶𝑎e𝜎0

𝑘𝑗 𝑛̂𝑖𝑛̂𝑘

)

d𝑆.

(51)

2.7. Solution strategy

We will solve the governing equations at each order within a single
cell and its particle, then use the ensemble average process from
Section 2.6 to produce viscometric functions for the suspension as a
whole.

We begin with the leading-order flow, which corresponds to New-
tonian flow around a rigid particle, then repeat the fluid calculation
at 𝑂(𝑊𝑖) to capture the leading effects of viscoelasticity. The traction
induced at the particle surface by the Newtonian fluid then informs
the 𝑂(𝐶𝑎e) deformation of the particle via the traction matching equa-
tion (42), and the viscoelastic perturbation will force deformation at
order 𝐶𝑎e𝑊𝑖. Finally, we calculate the effect of deformation on the fluid
flow, giving contributions at order 𝐶𝑎e and 𝐶𝑎e𝑊𝑖 to the flow in the
fluid phase. The limit 𝐶𝑎e = 0 is equivalent to (and validated against)
our earlier work [51], in which we considered rigid spheres suspended
in a second-order fluid.

3. Results: Fluid flow

3.1. Newtonian solution

The leading-order flow solution in the cellular fluid outside the
solid particle is, of course, identical to that calculated outside a truly
rigid sphere in our earlier work [51]. However, our mathematical
presentation here is slightly different to the previous case: we formulate
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in terms of the unit vector 𝐧̂ rather than the position vector 𝐱 = 𝑟𝐧̂ for
onvenience in later sections when the particle surface deforms.

We note first that the interfacial conditions of Eq. (19) imply that
𝝈0 = 𝟎 and therefore 𝑙0 = 0 and 𝐞0 = 𝟎, i.e. no deformation, as
we expect. We are solving only for 𝐯0 in the solid, and 𝐯0, 𝝈0 and
𝑝0 in the fluid. We exploit the linearity of Stokes flow (viscoelastic
terms appearing at a higher order) and the spherical symmetry of the
geometry to write down the most general possible velocity and pressure
profiles:

𝑣0𝑖 = 𝑉 0
1 (𝑟)𝐸∞

𝑖𝑘 𝑛̂𝑘 + 𝑉 0
2 (𝑟)𝐸∞

𝑗𝑘𝑛̂𝑖𝑛̂𝑗 𝑛̂𝑘 + 𝑉 0
3 (𝑟)𝛺∞

𝑖𝑘 𝑛̂𝑘,

𝑝0 = 𝑃 0
1 (𝑟)𝐸∞

𝑗𝑘𝑛̂𝑗 𝑛̂𝑘,

𝑣0𝑖 = 𝑉
0
1 (𝑟)𝐸

∞
𝑖𝑘 𝑛̂𝑘 + 𝑉

0
2 (𝑟)𝐸

∞
𝑗𝑘𝑛̂𝑖𝑛̂𝑗 𝑛̂𝑘 + 𝑉

0
3 (𝑟)𝛺

∞
𝑖𝑘 𝑛̂𝑘.

(52)

Each of our governing Eqs. (26)–(27) and (36) produces an ordinary
differential equation in 𝑟 for these functions, whose solutions are:

𝑉 0
1 (𝑟) =

𝐶0
1

𝑟4
+

𝐶0
2

𝑟2
+ 𝐶0

3 𝑟 + 𝐶0
4 𝑟

3 +
𝐶0
7 𝑟

3

5
−

𝐶0
8

5𝑟2
,

𝑉 0
2 (𝑟) = −

5𝐶0
1

2𝑟4
−

5𝐶0
4 𝑟

3

2
+

𝐶0
8

2𝑟2
, 𝑉 0

3 (𝑟) = 𝐶0
5 𝑟 +

𝐶0
6

𝑟2
,

(53)

0
1 (𝑟) = 𝐶0

7 𝑟
2 +

𝐶0
8

𝑟3
, (54)

𝑉
0
1 (𝑟) = 0, 𝑉

0
2 (𝑟) = 0, 𝑉

0
3 (𝑟) = 𝐶

0
5𝑟. (55)

The constants 𝐶0
𝑖 and 𝐶

0
5 are determined by applying the boundary

onditions, and have the following form:

0
1 =

−4𝑏5
(

1 + 𝑏 + 𝑏2 + 𝑏3 + 𝑏4
)

(𝑏 − 1)3
(

4 + 16𝑏 + 40𝑏2 + 55𝑏3 + 40𝑏4 + 16𝑏5 + 4𝑏6
)
,

𝐶0
2 =

−4𝑏3
(

1 + 𝑏 + 𝑏2 + 𝑏3 + 𝑏4 + 𝑏5 + 𝑏6
)

(𝑏 − 1)3
(

4 + 16𝑏 + 40𝑏2 + 55𝑏3 + 40𝑏4 + 16𝑏5 + 4𝑏6
)
,

𝐶0
3 = (21∕4)𝐶0

1 − (25∕4)𝐶0
2 , 𝐶0

4 = 𝐶0
2 − 𝐶0

1 ,

𝐶0
5 = 𝐶

0
5 = 1, 𝐶0

6 = 0, 𝐶0
7 = (105∕4)(𝐶0

2 − 𝐶0
1 ), 𝐶0

8 = 5𝐶0
2 .

(56)

In fact, not all of these constants are determined by leading-order
boundary conditions: it is the 𝑂(𝐶𝑎e) term of the traction matching
ondition (42) that fixes 𝐶0

5 = 1.
Given an imposed flow specified by 𝐄∞ and 𝜴∞, these functions can

be used to deduce the velocity at all points in the fluid and solid regions.
In Fig. 2 we illustrate this for the case 𝑏 = 3 for an 𝑥𝑦-shear flow. We
can see the rigid body rotation of the solid sphere and a fluid flow
which is identical to that seen in earlier studies using the cell model
with Newtonian fluids and rigid particles [e.g. 51].

3.2. First effects of viscoelasticity

At this order of approximation, there is no deformation to the solid
particle. We solve for the fluid pressure 𝑝, and velocity 𝐯 and the solid
velocity 𝐯. The second-order fluid introduces terms of quadratic order
n the velocity gradient tensor 𝐋 (and hence of the boundary forcings
∞ and 𝜴∞), but there is still no distinguished direction other than

̂ so we can write the most general possible solution for each of our
uantities in terms of the distance 𝑟 from the particle centre as:

𝑣1𝑊𝑖
𝑖 = 𝑉 1𝑊𝑖

1 (𝑟)𝐸∞
𝑗𝑘𝐸

∞
𝑙𝑚𝑛̂𝑖𝑛̂𝑗 𝑛̂𝑘𝑛̂𝑙 𝑛̂𝑚 + 𝑉 1𝑊𝑖

2 (𝑟)𝐸∞
𝑗𝑘𝐸

∞
𝑘𝑙 𝑛̂𝑖𝑛̂𝑗 𝑛̂𝑙 + 𝑉 1𝑊𝑖

3 (𝑟)𝐸∞
𝑗𝑘𝐸

∞
𝑗𝑘 𝑛̂𝑖

+ 𝑉 1𝑊𝑖
4 (𝑟)𝐸∞

𝑖𝑙 𝐸
∞
𝑗𝑘 𝑛̂𝑗 𝑛̂𝑘𝑛̂𝑙 + 𝑉 1𝑊𝑖

5 (𝑟)𝐸∞
𝑖𝑘𝐸

∞
𝑘𝑙 𝑛̂𝑙 + 𝑉 1𝑊𝑖

6 (𝑟)𝐸∞
𝑗𝑘𝛺

∞
𝑘𝑙 𝑛̂𝑖𝑛̂𝑗 𝑛̂𝑙

+ 𝑉 1𝑊𝑖
7 (𝑟)𝐸∞

𝑗𝑘𝛺
∞
𝑖𝑙 𝑛̂𝑗 𝑛̂𝑘𝑛̂𝑙 + 𝑉 1𝑊𝑖

8 (𝑟)𝐸∞
𝑖𝑘𝛺

∞
𝑘𝑙 𝑛̂𝑙 + 𝑉 1𝑊𝑖

9 (𝑟)𝐸∞
𝑘𝑙𝛺

∞
𝑖𝑘 𝑛̂𝑙 ,

𝑝1𝑊𝑖 = 𝑃 1𝑊𝑖
1 (𝑟)𝐸∞

𝑗𝑘𝐸
∞
𝑙𝑚𝑛̂𝑗 𝑛̂𝑘𝑛̂𝑙 𝑛̂𝑚 + 𝑃 1𝑊𝑖

2 (𝑟)𝐸∞
𝑗𝑘𝐸

∞
𝑘𝑙 𝑛̂𝑗 𝑛̂𝑙 + 𝑃 1𝑊𝑖

3 (𝑟)𝐸∞
𝑗𝑘𝐸

∞
𝑗𝑘 ,

(57)
6

Fig. 2. The velocity plot within one cell at leading order (i.e. neglecting effects of
elasticity in both the solid and fluid phases). An 𝑥𝑦 shear flow is imposed at the cell
boundary, which is located a distance 𝑏 = 3 from the origin.

with an exactly analogous equation for 𝐯1𝑊𝑖. We have omitted terms in
𝜴∞𝜴∞ for clarity, as there are no forcing terms or boundary conditions
which involve these contributions, leading to a trivially zero scalar
function. In the solid phase, of course, at this order we have 𝑉

1𝑊𝑖
𝑛 (𝑟) =

0 (by calculation rather than by assumption) as in the limit of zero
deformability 𝐶𝑎e = 0 the sphere cannot deform, and instead rotates as
a rigid body.

As in Section 3.1, each of our governing equations results in a set
of coupled linear differential equations in the scalar functions 𝑉 1𝑊𝑖

𝑛 (𝑟),
𝑉

1𝑊𝑖
𝑛 (𝑟) and 𝑃 1𝑊𝑖

𝑚 (𝑟), where 1 ≤ 𝑛 ≤ 9 and 1 ≤ 𝑚 ≤ 3. We will not
ive these equations explicitly here, noting only that they incorporate
orcing terms from the leading-order solution; a summary of the equa-
ions and their solutions is given in Appendix A and complete details
re available in Escott [56].

An example of the 𝑂(𝑊𝑖) velocity profile is shown in Fig. 3: as for
he Newtonian order, this is exactly the same as seen in our earlier
ork [51] in which the particle could not deform. We can see that

here is no perturbation at this order to the solid velocity, and that
he fluid velocity perturbation has the reflectional symmetry associated
ith quadratic terms in 𝐄∞ and 𝜴∞.

.3. First effects of deformation

At order 𝐶𝑎e we see the first modifications to the solid displacement,
elocity and Lagrange pressure as well as a perturbation velocity and
ressure in the fluid as a result of the particle deformation.

The fluid phase obeys the Stokes flow equations at this order, just
s in Section 3.1, but with modifications to the boundary conditions.
t the outer boundary, because we are now solving for a perturbation

o the Newtonian flow, the extra velocity 𝐯1𝐶𝑎e must be zero; but more
ignificant are the extra driving terms at the particle surface.

The traction matching condition (42) uses 𝝈0 which is linear in
he background data 𝐄∞ and 𝜴∞: we can deduce that 𝝈1𝐶𝑎e must
lso be linear in the background data, as must 𝐞1𝐶𝑎e and 𝑙1𝐶𝑎e . Similar

arguments based on Eqs. (36) and (41) allow us to deduce that 𝐯1𝐶𝑎e
nd 𝐯1𝐶𝑎e must be quadratic in the background data; as in Section 3.1

we discard terms in 𝜴∞ ⋅𝜴∞ (we calculated these explicitly and they
are all zero).

Although there are two unit vectors available for our tensor descrip-
tions, the radial vector 𝐧̂ and the particle unit normal 𝐍̂, these differ by
order 𝐶𝑎 so we can proceed at this order using 𝐧̂ as before. We produce
e
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Fig. 3. Velocity field at order 𝑊𝑖 with 𝐶𝑎e = 0 in an 𝑥𝑦-shear flow, taking 𝜖 = −8∕14
in the second-order fluid model. Top and centre: fluid velocity 𝐯1𝑊𝑖 in the 𝑥𝑦-plane
(top) and the 𝑥𝑧-plane (centre). Note the symmetry of these flow perturbations: this
comes from the quadratic nature of their dependence on the background flow. Bottom:
schematic of total fluid velocity 𝐯0 + 𝑊𝑖𝐯1𝑊𝑖 in the 𝑥𝑦-plane, produced using an
artificially large 𝑊𝑖 = 10 to make the perturbation to the velocity visible.

the general forms:

𝑣1𝐶𝑎e𝑖 = 𝑉 1𝐶𝑎e
1 (𝑟)𝐸∞

𝑗𝑘𝐸
∞
𝑙𝑚𝑛̂𝑖𝑛̂𝑗 𝑛̂𝑘𝑛̂𝑙 𝑛̂𝑚 + 𝑉 1𝐶𝑎e

2 (𝑟)𝐸∞
𝑗𝑘𝐸

∞
𝑘𝑙 𝑛̂𝑖𝑛̂𝑗 𝑛̂𝑙

+ 𝑉 1𝐶𝑎e
3 (𝑟)𝐸∞

𝑗𝑘𝐸
∞
𝑗𝑘 𝑛̂𝑖 + 𝑉 1𝐶𝑎e

4 (𝑟)𝐸∞
𝑖𝑙 𝐸

∞
𝑗𝑘 𝑛̂𝑗 𝑛̂𝑘𝑛̂𝑙 + 𝑉 1𝐶𝑎e

5 (𝑟)𝐸∞
𝑖𝑘𝐸

∞
𝑘𝑙 𝑛̂𝑙

+ 𝑉 1𝐶𝑎e
6 (𝑟)𝐸∞

𝑗𝑘𝛺
∞
𝑘𝑙 𝑛̂𝑖𝑛̂𝑗 𝑛̂𝑙 + 𝑉 1𝐶𝑎e

7 (𝑟)𝐸∞
𝑗𝑘𝛺

∞
𝑖𝑙 𝑛̂𝑗 𝑛̂𝑘𝑛̂𝑙

+ 𝑉 1𝐶𝑎e
8 (𝑟)𝐸∞

𝑖𝑘𝛺
∞
𝑘𝑙 𝑛̂𝑙 + 𝑉 1𝐶𝑎e

9 (𝑟)𝐸∞
𝑘𝑙𝛺

∞
𝑖𝑘 𝑛̂𝑙 , (58)

𝑝1𝐶𝑎e = 𝑃 1𝐶𝑎e
1 (𝑟)𝐸∞

𝑗𝑘𝐸
∞
𝑙𝑚𝑛̂𝑗 𝑛̂𝑘𝑛̂𝑙 𝑛̂𝑚 + 𝑃 1𝐶𝑎e

2 (𝑟)𝐸∞
𝑗𝑘𝐸

∞
𝑘𝑙 𝑛̂𝑗 𝑛̂𝑙

+ 𝑃 1𝐶𝑎e
3 (𝑟)𝐸∞

𝑗𝑘𝐸
∞
𝑗𝑘 + 𝑃 1𝐶𝑎e

4 (𝑟)𝐸∞
𝑗𝑘𝛺

∞
𝑘𝑙 𝑛̂𝑗 𝑛̂𝑙 , (59)

ℎ1𝐶𝑎e
𝑖 = 𝐻1𝐶𝑎e

1 (𝑟)𝐸∞
𝑖𝑘 𝑛̂𝑘 +𝐻1𝐶𝑎e

2 (𝑟)𝐸∞
𝑗𝑘 𝑛̂𝑖𝑛̂𝑗 𝑛̂𝑘 +𝐻1𝐶𝑎e

3 (𝑟)𝛺∞
𝑖𝑘 𝑛̂𝑘, (60)

𝑙1𝐶𝑎e = 𝐿1𝐶𝑎e
1 (𝑟)𝐸∞

𝑗𝑘 𝑛̂𝑗 𝑛̂𝑘 (61)

and an equation for 𝐯1𝐶𝑎e which is identical to that for 𝐯1𝐶𝑎e except for
the replacement of 𝑉 1𝐶𝑎e

𝑛 with 𝑉
1𝐶𝑎e
𝑛 in each case. We also have the

particle shape function and, from (39), the unit normal (these exist only
at the surface so have no radial dependence):

𝜌1𝐶𝑎e = 𝜌1𝐶𝑎e𝐸∞𝑛̂ 𝑛̂ , 𝑁̂1𝐶𝑎e = −2𝜌1𝐶𝑎e𝐸∞𝑛̂ + 2𝜌1𝐶𝑎e𝐸∞𝑛̂ 𝑛̂ 𝑛̂ . (62)
7

1 𝑗𝑘 𝑗 𝑘 𝑖 1 𝑖𝑘 𝑘 1 𝑗𝑘 𝑖 𝑗 𝑘
Fig. 4. Log–log plot of the shape coefficient 𝜌1𝐶𝑎e1 from Eq. (63) against cell radius 𝑏.

As in Section 3.2, we do not give full details of the solutions here, as
they are unwieldy; they are relegated to the appendix. We solve a set of
linear differential equations for the variables 𝑉 1𝐶𝑎e

𝑛 (𝑟), 𝑉
1𝐶𝑎e
𝑛 (𝑟), 𝑃 1𝐶𝑎e

𝑛 ,
𝐻1𝐶𝑎e

𝑛 and 𝐿1𝐶𝑎e
1 , with boundary conditions which contain forcing from

the leading-order case.
The explicit solutions for the solid deformation, velocity and La-

grange pressure and the fluid velocity at this order are given in Ap-
pendix B; the shape function, however, is worth giving explicitly:

𝜌1𝐶𝑎e1 = 5
68

(

231𝐶0
1 − 265𝐶0

2
)

=
5𝑏3

(

265 + 265𝑏 + 34𝑏2 + 34𝑏3 + 34𝑏4 + 34𝑏5 + 34𝑏6
)

17(𝑏 − 1)3
(

4 + 16𝑏 + 40𝑏2 + 55𝑏3 + 40𝑏4 + 16𝑏5 + 4𝑏6
)
. (63)

This shape function 𝜌1𝐶𝑎e1 is plotted against 𝑏 in Fig. 4. As expected,
the deformation diverges in the limit of a very thin fluid layer 𝑏 → 1,
and decreases monotonically up to the limit of an infinite cell 𝑏 → ∞;
in that limit 𝜌1𝐶𝑎e1 = 5∕2.

We can see a typical deformed particle shape, along with the full
velocity profile, both inside and outside the solid deformed sphere, in
Fig. 5, plotted for a Newtonian fluid in a cell of size 𝑏 = 3. The first
three images give the perturbation velocity fields in the three planes
of the flow; the fourth uses an illustrative value 𝐶𝑎e = 0.1 to show the
total velocity in the plane of shear.

We can see a clear tank-treading motion within the particle, which
is similar to the case of fluid capsules surrounded by an incompressible
membrane [57], and a nonzero perturbation velocity field within the
particle which modifies 𝐯 such that the velocity remains tangential
to the particle surface. This perturbation velocity field is compressive
in the flow direction, extensional in the flow gradient direction, and
neutral in the vorticity direction. This pattern is continued into the fluid
phase along those axes, but the perturbation fluid velocity is dominated
by a set of four vortices in the plane of shear, with centre just off the
particle surface and located at azimuthal angles 𝜑 ≈ 𝜋∕3, 2𝜋∕3, 4𝜋∕3
and 5𝜋∕3.

In Fig. 6 we compare our pressure profile 𝑝 on the particle sur-
face in the plane of shear to results taken from Gao and Hu [39].
Their simulations are two-dimensional and have a nonzero Reynolds
number of 0.125 so we do not expect a fully quantitative comparison;
qualitatively, we can see the two profiles are very similar.

3.4. Interaction of viscoelasticity with deformation

We have already solved to order 𝑊𝑖 and order 𝐶𝑎e, and the solutions
we have found capture the most important effects of viscoelasticity
and deformation. In this section we will go one step further, only
so far as is necessary to predict the effect of viscoelasticity on the
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Fig. 5. Velocities at order 𝐶𝑎e in an 𝑥𝑦-shear flow. Top to bottom: 𝐯1𝐶𝑎e in the 𝑥𝑦, 𝑥𝑧,
𝑦𝑧-planes; total velocity 𝐯 = 𝐯0 + 𝐶𝑎e𝐯1𝐶𝑎e for an illustrative value 𝐶𝑎e = 0.1. The cell
radius is 𝑏 = 3, and we can see the deformation of the particle in the 𝑥𝑦-plane.

shape of the deformed particle. The governing equations are given in
Section 2.5, and we are solving for terms with the superscript 2𝐶𝑊 .
At this order there is a cubic dependence on the background tensors
𝐄∞ and 𝜴∞ for the velocities 𝐯2𝐶𝑊 , 𝐯2𝐶𝑊 and fluid pressure 𝑝2𝐶𝑊 ; the
solid displacement 𝐡2𝐶𝑊 and Lagrange pressure 𝑙2𝐶𝑊 , and hence the
surface deformation 𝜌2𝐶𝑊 all have a quadratic dependence on these
background tensors. We could write down the explicit forms for all
these functions, as we did for our previous expansions, in terms of our
8

Fig. 6. The pressure 𝑝 on the particle surface (solid line), in 𝑥𝑦 shear flow, up to
first effects of deformation in a Newtonian fluid, compared with simulations [39], the
data points. Simulations are two-dimensional, compared with our results in the plane
of shear (the equatorial plane 𝜃 = 𝜋∕2). Both works take 𝐶𝑎e = 0.004; we calculate a
cell radius 𝑏 = 5.4623 to match the solid volume fraction and Gao and Hu [39] have
𝑅𝑒 = 0.125. There is good qualitative agreement between the two.

three standard ingredients: the background tensors; tensors constructed
from the distinguished direction 𝐧̂; and scalar functions of radius. In
this paper we will not present the details of the solution at this order;
rather, we present only the details of the shape function:

𝜌2𝐶𝑊 = 𝜌2𝐶𝑊1 𝐸∞
𝑗𝑘𝐸

∞
𝑙𝑚

(

𝑛̂𝑗 𝑛̂𝑘𝑛̂𝑙 𝑛̂𝑚 − 1
15

(

𝛿𝑗𝑙𝛿𝑘𝑚 + 𝛿𝑗𝑚𝛿𝑘𝑙
)

)

+ 𝜌2𝐶𝑊2 𝐸∞
𝑗𝑘𝐸

∞
𝑘𝑙

(

𝑛̂𝑗 𝑛̂𝑙 −
1
3
𝛿𝑗𝑙

)

+ 𝜌2𝐶𝑊3 𝐸∞
𝑗𝑘𝛺

∞
𝑘𝑙

(

𝑛̂𝑗 𝑛̂𝑙 −
1
3
𝛿𝑗𝑙

)

. (64)

in which the coefficients 𝜌2𝐶𝑊𝑖 depend on the two parameters 𝑏 and 𝜖.
The explicit forms of 𝜌2𝐶𝑊1 and 𝜌2𝐶𝑊2 can be found in Escott [56] and in
the supplementary files (they are very unwieldy so we do not reproduce
them here); however 𝜌2𝐶𝑊3 relates directly to an earlier coefficient:
𝜌2𝐶𝑊3 = 2𝜖𝜌1𝐶𝑎e1 .

We plot the coefficients of each term in the shape function 𝜌2𝐶𝑊 in
Fig. 7. Each of these terms multiplies one of the spherical harmonics
in Eq. (64) to produce the overall shape deformation.

There are strong similarities between the behaviours of 𝜌2𝐶𝑊1 and
𝜌2𝐶𝑊3 , though they differ in sign: there is only weak dependence on the
viscoelastic constant 𝜖, and an increase in magnitude with decreasing
𝑏. As 𝑏 → ∞ at constant 𝜖, all three coefficients tend to finite constant
values. Perhaps the most surprising behaviour is that of 𝜌2𝐶𝑊2 for 𝑏 → 1,
where the divergence for very thin fluid layers is dominated by a term
proportional to 273 + 538𝜖, which changes sign at 𝜖 = −273∕538 ≈
−0.507.

To complete this section on fluid flow, we compare our semi-
analytical results for fluid velocity with simulation results from the
literature. Work by Einarsson et al. [58], Yang and Shaqfeh [26],
and Guido and Shaqfeh [46] has shown that, in shear flow, the polymer
shear stress component exhibits localised regions of high stress close to
the particle surface, which decrease within a short distance from the
solid surface. In Fig. 8, we present our calculations alongside results
from figure 11 of Guido and Shaqfeh [46], using a Weissenberg number
𝑊𝑖 = 0.6288 which exceeds the applicability of our asymptotic analysis
but nonetheless gives an indication of the trends of our results. The
quantity plotted here is the polymer shear stress as defined by Guido
and Shaqfeh [46], which equates to 𝜎𝑥𝑦 − 𝛽𝜎0𝑥𝑦, where 𝛽 = 0.69 is the
ratio of solvent to total viscosity in the Giesekus model they use.

We can see that we reproduce qualitatively the four-lobed structure
of the far-field stress distribution, though there are subtle differences in
the angles of the lobes, with our principal far-field stress peak aligned

more closely to the extensional axis than observed in the simulations.
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Fig. 7. Contour plots of the shape coefficients 𝜌2𝐶𝑊𝑖 in the 𝑏-𝜖 plane. Note the non-monotonic behaviour of 𝜌2𝐶𝑊2 for small 𝑏 at 𝜖 ≈ −1∕2.
Fig. 8. Comparison of shear stress with the literature in 𝑥𝑦-shear flow. We plot polymer shear stress 𝜎𝑝
𝑥𝑦 as defined in Guido and Shaqfeh [46], given 𝐶𝑎e = 0.05 and 𝑊𝑖 = 0.6288.

Left: our work with 𝑏 = 6.2035. Right: figure 11b of Guido and Shaqfeh [46]: simulations of a Giesekus fluid with corresponding fluid parameters. Both images show a characteristic
four-lobed shape, with a small region of high shear stress near the particle surface, just off the 𝑥-axis.
We also find, as in the simulations, that the stresses peak close to the
particle surface. However, this is not the best graphic in which to see
those near-field stresses, so in Fig. 9 we present the shear stress value
plotted against azimuthal angle 𝜑 around the particle, at the particle
surface and two positions slightly beyond the surface.

Unlike the simulation results, we see that our stress peaks on the
particle surface, not further out into the fluid; and while the near-field
stress peak in both our work and simulations is close to the compressive
axis 𝜑𝑐 = 3𝜋∕4, 7𝜋∕4, we see the peak displaced towards the flow
gradient direction (𝜑 < 𝜑𝑐) while in simulations the peak is displaced
towards the flow direction (𝜑 > 𝜑𝑐). These high values of the stress
drop off rapidly as we move away from the fluid surface, as seen in the
numerical simulations.

4. Results: Particle deformation

4.1. Particle shape at 𝑂(𝐶𝑎e)

The largest change to the shape of the particle surface comes from
the solution at order 𝐶𝑎e, where it is given by the equation

𝑟 = 1 + 𝐶𝑎e𝜌
1𝐶𝑎e
1 𝐸∞

𝑗𝑘𝑛̂𝑗 𝑛̂𝑘, (65)

as solved in Section 3.3, which is roughly ellipsoidal for small 𝐶𝑎e. In
the limit 𝑏 → ∞ this is in agreement with analytical work in the existing
literature [10,35]. Eq. (65) is correct up to order 𝐶𝑎e: as we include
further terms in the expansion we will introduce higher harmonics to
the shape function.

In Fig. 10 we plot the deformed particle shape for various values of
the fluid cell radius 𝑏, at an illustrative value 𝐶𝑎 = 0.1, alongside the
9

e

Fig. 9. Polymer shear stress [as defined by 46] on and close to the particle surface.
We include terms up to order 𝑊𝑖 and 𝐶𝑎e. We show the results in the shear plane 𝑧 = 0
as a function of the azimuthal angle 𝜑, to accompany the results shown in Fig. 8. The
cell radius, elastic capillary number and Weissenberg number are 𝑏 = 6.2035, 𝐶𝑎e = 0.05
and 𝑊𝑖 = 0.6288 respectively. Solid blue line: particle surface; red dashed line: 1.1 ×
surface radius; yellow dotted line: 1.2 × surface radius.

undeformed shape (which of course applies when 𝐶𝑎e = 0 regardless
of 𝑏); then we show the same deformed particle shapes, but this time
for a constant choice of cell radius 𝑏 = 3, at different cross-sections in
the 𝑥𝑦-plane (the boundary of the particle at fixed values of the polar
angle 𝜃). As one would expect, the small cross-sections close to the
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Fig. 10. Shape of the deformed particle in simple 𝑥𝑦 shear flow, 𝐯∞ = 𝛾̇𝑦𝒙̂. The contour is shown in the shear plane with the extensional axis corresponding to an azimuthal
angle 𝜑 = 𝜋∕4, 5𝜋∕4. The deformation from a circular shape is small, but in this graphic is exaggerated with elastic capillary number 𝐶𝑎e = 0.1 for visibility. The dash-dotted line
in both figures represents the undeformed 𝐶𝑎e = 0 radius.
Left: shape on the equator 𝜃 = 𝜋∕2. The solid, dashed and dotted lines represent 𝑏 = 2, 3 and 10 respectively. Right: fixed 𝑏 = 3. The solid, dashed and dotted lines represent
cross-sections through the particle at 𝜃 = 𝜋∕2, 𝜋∕3 and 𝜋∕6 respectively.
pole 𝜃 = 0 are close to circular. We can see that the cell is extended
(maximal radial deviation) in the extensional direction, as expected;
and that as 𝑏 decreases, the radial displacement increases in magnitude.
The shapes in Fig. 10 are qualitatively similar to those found in Gao
and Hu [39], Villone et al. [40] and Guido and Shaqfeh [46] who each
perform numerical analysis on a similar problem.

4.2. Quantifying deformation

A standard parameter to describe the degree of deformation of
an ellipsoidal (or near-ellipsoidal) particle is the Taylor parameter 𝑇 ,
defined as

𝑇 = 𝐿 − 𝐵
𝐿 + 𝐵

(66)

ith 𝐿 and 𝐵 the major and minor semi-axes respectively of our
article. In our formulation we have

=
𝐶𝑎e𝜌

1𝐶𝑎e
1

(

max
[

𝐸∞
𝑗𝑘𝑛̂𝑗 𝑛̂𝑘

]

− min
[

𝐸∞
𝑗𝑘𝑛̂𝑗 𝑛̂𝑘

])

2 + 𝐶𝑎e𝜌
1𝐶𝑎e
1

(

max
[

𝐸∞
𝑗𝑘𝑛̂𝑗 𝑛̂𝑘

]

+ min
[

𝐸∞
𝑗𝑘𝑛̂𝑗 𝑛̂𝑘

]) , (67)

and we recall here that in the dilute limit 𝑏 → ∞ we had 𝜌1𝐶𝑎e1 → 5∕2.
The quantity 𝐸∞

𝑗𝑘𝑛̂𝑗 𝑛̂𝑘 is a second-order spherical harmonic which
is maximised on the extensional axis of 𝐄∞ and minimised on its
compressive axis. For simple shear we have

𝐿 = 1 + 1
2
𝐶𝑎e𝜌

1𝐶𝑎e
1 , 𝐵 = 1 − 1

2
𝐶𝑎e𝜌

1𝐶𝑎e
1 , 𝑇 = 1

2
𝐶𝑎e𝜌

1𝐶𝑎e
1 , (68)

and for pure uniaxial extension, the larger deformation

𝑇 =
3𝐶𝑎e𝜌

1𝐶𝑎e
1

4 + 𝐶𝑎e𝜌
1𝐶𝑎e
1

= 3
4
𝐶𝑎e𝜌

1𝐶𝑎e
1 + 𝑂(𝐶𝑎2e ). (69)

In the dilute limit the latter expression gives 𝑇 = 15𝐶𝑎e∕8, in agreement
with Roscoe [10], and we can also compare our values of the Taylor
parameter 𝑇 directly with numerical work from the literature. Villone
et al. [40] use simulations in shear flow, given a channel with infinite
dimension in the vorticity direction, to investigate how the Taylor
parameter might depend on the relative size of particle diameter and
channel width, described by the confinement ratio 𝛽, defined as the
ratio of particle diameter to channel width. In Fig. 11 we present a
direct comparison with the current work, using the relation 𝛽 = 1∕𝑏 for
the confinement ratio (i.e. treating the cell size as the channel width).
For small confinement 𝛽 ≈ 0 the results are very close, especially
for low elastic capillary numbers — this is no surprise as this is the
limit in which our analytical results are well validated against both
analytical [10,35] and numerical work [59]. There is deviation at
larger values of 𝐶𝑎 , as would be expected given that our expressions
10

e

Fig. 11. The Taylor parameter 𝑇 , defined in Eq. (66), plotted against elastic capillary
number for a variety of values of the confinement ratio 𝛽 = 1∕𝑏. Lines are from the
current work, points from the simulations of Villone et al. [40]. The lines and data
points with increasing gradient represent 𝛽 = 0, 0.1, 0.2, 0.4 and 0.6 respectively.

are valid only for small 𝐶𝑎e; indeed, later in Section 5.3 we argue
that it is only sensible to consider values 𝐶𝑎e ≤ 0.1. Finally there is
substantial deviation as 𝛽 increases, due to the fact that the nature of
the confinement is very different in the two pieces of work.

4.3. Particle shape affected by viscoelasticity

In Fig. 12, we give an indicative view of the change in particle
shape due to the interaction between deformation and fluid elasticity,
using 𝑥𝑦-shear as the illustrative flow. As we did at the previous order,
we observe that deformation is more extreme for smaller values of
the cell radius 𝑏; but in this case the peaks of deformation due to
viscoelasticity are along the flow direction (𝜑 = 0) rather than the
extensional direction (𝜑 = 𝜋∕4).

4.4. Inclination angle (shear flow)

In shear flow, the inclination angle 𝜁 is defined as the angle made
between the major semi-axis and the flow direction. It is important
because of the effect that the orientation of the particle has on the
stresslet contribution to the first and second normal stress differences:
it is observed [40,46] that these viscometric functions increase in
magnitude when 𝑊𝑖 increases, as a result of the principal axis of
the particles beginning to align with the flow direction. This effect
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Fig. 12. Particle deformation at order 𝐶𝑎e𝑊𝑖, i.e. the sum of the second harmonic terms in Eq. (64). The parameter 𝜖 = −8∕14 throughout. We have fixed an unphysically large
value 𝐶𝑎e𝑊𝑖 = 0.1 to allow the small deviations to be easily seen. The dash-dotted line in both figures represents the undeformed 𝐶𝑎e = 0 radius.
Left: effect of cell radius 𝑏 in the plane of shear. The solid, dashed and dotted lines represent 𝑏 = 2, 3 and 10 respectively. Right: fixed 𝑏 = 3, cross-sections parallel to the plane
of shear. The solid, dashed and dotted lines represent 𝜃 = 𝜋∕2, 𝜋∕3 and 𝜋∕6 respectively.
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decreases at higher 𝑊𝑖, which is, of course, outside the scope of this
work.

It is well known [e.g. 10,39,40, and others] that the leading terms
in small elastic capillary number are

𝜁 = 𝜋
4
−

3𝐶𝑎e
4

. (70)

rom our calculation at order 𝐶𝑎e we have the particle extended
irectly along the extensional axis, i.e. 𝜁 = 𝜋∕4; the correction term
omes from the solution for fluid flow at order 𝐶𝑎2e which we have not
ncluded in this work since it is already well known. However, we will
e able to calculate a correction due to the presence of viscoelasticity.

In order to calculate the angular position of the major semi-axis in a
eneral linear flow, we start from the deformed radius, given in terms
f the unit radial vector 𝐧̂ by combining Eqs. (62) and (64) as

= 1 + 𝐶𝑎e𝜌
1𝐶𝑎e
1 𝐸∞

𝑗𝑘𝑛̂𝑗 𝑛̂𝑘

+𝐶𝑎e𝑊𝑖
{

𝜌2𝐶𝑊1 𝐸∞
𝑗𝑘𝐸

∞
𝑙𝑚

(

𝑛̂𝑗 𝑛̂𝑘𝑛̂𝑙 𝑛̂𝑚 − 1
15

(

𝛿𝑗𝑙𝛿𝑘𝑚 + 𝛿𝑗𝑚𝛿𝑘𝑙
)

)

+ 𝜌2𝐶𝑊2 𝐸∞
𝑗𝑘𝐸

∞
𝑘𝑙

(

𝑛̂𝑗 𝑛̂𝑙 −
1
3
𝛿𝑗𝑙

)

+ 𝜌2𝐶𝑊3 𝐸∞
𝑗𝑘𝛺

∞
𝑘𝑙

(

𝑛̂𝑗 𝑛̂𝑙 −
1
3
𝛿𝑗𝑙

)}

. (71)

We can calculate the gradient of this function; in spherical polar coordi-
nates, it will have zero radial component. By insisting that the other two
components are also zero, we find two simultaneous equations which,
when satisfied, define the position of a maximum or minimum in the
radius function. The gradient is

∇𝑖𝑟 =

(

𝛿𝑖𝑗 − 𝑛̂𝑖𝑛̂𝑗
)

𝐶𝑎e
𝑟

{

2𝐸∞
𝑗𝑘𝑛̂𝑘

(

𝜌1𝐶𝑎e1 + 2𝑊𝑖𝜌2𝐶𝑊1 𝐸∞
𝑙𝑚𝑛̂𝑙 𝑛̂𝑚

)

+ 2𝑊𝑖𝜌2𝐶𝑊2 𝐸∞
𝑗𝑘𝐸

∞
𝑘𝑙 𝑛̂𝑙 +𝑊𝑖𝜌2𝐶𝑊3

(

𝐸∞
𝑗𝑘𝛺

∞
𝑘𝑙 −𝛺∞

𝑗𝑘𝐸
∞
𝑘𝑙

)

𝑛̂𝑙
}

, (72)

so we require

2
(

𝛿𝑖𝑗 − 𝑛̂𝑖𝑛̂𝑗
)

𝐸∞
𝑗𝑘𝑛̂𝑘

(

𝜌1𝐶𝑎e1 + 2𝑊𝑖𝜌2𝐶𝑊1 𝐸∞
𝑙𝑚𝑛̂𝑙 𝑛̂𝑚

)

+2
(

𝛿𝑖𝑗 − 𝑛̂𝑖𝑛̂𝑗
)

𝑊𝑖𝜌2𝐶𝑊2 𝐸∞
𝑗𝑘𝐸

∞
𝑘𝑙 𝑛̂𝑙

+
(

𝛿𝑖𝑗 − 𝑛̂𝑖𝑛̂𝑗
)

𝑊𝑖𝜌2𝐶𝑊3

(

𝐸∞
𝑗𝑘𝛺

∞
𝑘𝑙 −𝛺∞

𝑗𝑘𝐸
∞
𝑘𝑙

)

𝑛̂𝑙 = 0. (73)

Expanding the required angles as an asymptotic series in small 𝑊𝑖, we
can calculate the leading-order and first correction terms to the angular
position of the major semi-axis. For the special case of simple 𝑥𝑦-shear,
for which 𝐄∞ = (𝐱̂𝐲̂+ 𝐲̂𝐱̂)∕2, if we write 𝐧̂ = (sin 𝜃 cos𝜑, sin 𝜃 sin𝜑, cos 𝜃),
we have

𝑟 = 1 + 𝐶𝑎e𝜌
1𝐶𝑎e
1 sin2 𝜃 sin𝜑 cos𝜑

+1
4
𝐶𝑎e𝑊𝑖

(

4𝜌2𝐶𝑊1 (sin4 𝜃 sin2 𝜑 cos2 𝜑 − 1∕15)

+ 𝜌2𝐶𝑊 (sin2 𝜃 − 2∕3) − 𝜌2𝐶𝑊 sin2 𝜃(cos2 𝜑 − sin2 𝜑)
)

, (74)
11

2 3 c
in which deformations are largest on the equator 𝜃 = 𝜋∕2. The inclina-
tion angle 𝜁 can then be found by maximising this radius as a function
of 𝜑 (fixing 𝜃 = 𝜋∕2); the first-order correction due to viscoelasticity
valid, of course, only for nonzero deformation 𝐶𝑎e > 0) is

= 𝜋
4
+ 𝑊𝑖

4
𝜌2𝐶𝑊3

𝜌1𝐶𝑎e1

= 𝜋
4
+ 𝜖𝑊𝑖

2
. (75)

since 𝜌2𝐶𝑊3 = 2𝜖𝜌1𝐶𝑎e1 . Incorporating the result from equation (65)
of Roscoe [10], we can deduce that up to linear order in all elasticities,
the inclination angle is given by

𝜁 = 𝜋
4
−

3𝐶𝑎e
4

+ 𝜖𝑊𝑖
2

. (76)

Given that 𝜖 is negative [55], this means that weak viscoelasticity in
the fluid acts to enhance the rotation of inclination angle caused by
higher-order terms in the particle deformation. This agrees with the
observations of analysis of Villone et al. [40] and Guido and Shaqfeh
[46] that increasing 𝑊𝑖 causes the particle to align more with the flow
direction.

5. Results: Suspension rheology

5.1. Effective viscosity and relation between 𝑏 and 𝜙

Throughout our work we have had two distinct parameters: 𝑏, which
overns the size of the fluid layer surrounding each particle, and 𝜙,
he solid volume fraction. If we were to treat the whole system as a
pherical cell, we would represent the dilute limit by 𝑏 → ∞, 𝜙 → 0
n the relationship 𝑏 = 𝜙−1∕3; but as soon as we introduce multiple
articles or a different shape of fluid volume, this relationship is less
lear (though we would expect 𝑏 ∼ 𝜙−1∕3 for dilute systems); and away
rom the dilute limit it is not obvious what volume of fluid should be
llocated to each particle. Should the depth of the fluid layer match the
ean-field nearest neighbour separation in a real suspension? Or half

hat value? And is there a good estimate of that separation available?
In this work we use empirical observations to motivate our choice

f relation between the two variables. As we did for a different system
n Escott and Wilson [51], we set the relation 𝑏(𝜙) such that the
ffective viscosity in simple shear for a Newtonian fluid is a good match
o experiments. We then assume that the relation is unchanged by
he presence of viscoelasticity and deformation, to deduce suspension
heology for non-dilute viscoelastic suspensions.

We begin with the effective viscosity 𝜂eff of our suspension, which
omes from the bulk stress in Eq. (47). In the limit 𝑊𝑖 = 𝐶𝑎 = 0 this
e
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Fig. 13. The relation 𝑏(𝜙) between cell radius and volume fraction, chosen to ensure
the Krieger–Dougherty viscosity is fit correctly. Reproduced from Escott and Wilson
[51].

becomes

⟨𝜎𝑖𝑗⟩𝑠 = 2

[

1 +
10𝑏3

(

1 + 𝑏 + 𝑏2 + 𝑏3 + 𝑏4 + 𝑏5 + 𝑏6
)

𝜙

(𝑏 − 1)3
(

4 + 16𝑏 + 40𝑏2 + 55𝑏3 + 40𝑏4 + 16𝑏5 + 4𝑏6
)

]

𝐸∞
𝑖𝑗 ,

(77)

as in our earlier work [51]. The resultant effective viscosity 𝜂eff is

𝜂eff
𝜂0

= 1 +
10𝑏3

(

1 + 𝑏 + 𝑏2 + 𝑏3 + 𝑏4 + 𝑏5 + 𝑏6
)

𝜙

(𝑏 − 1)3
(

4 + 16𝑏 + 40𝑏2 + 55𝑏3 + 40𝑏4 + 16𝑏5 + 4𝑏6
)
. (78)

We then use the Krieger–Dougherty (KD) viscosity function:

𝜂
𝜂0

=
(

1 −
𝜙
𝜙𝑚

)−5𝜙𝑚∕2
, (79)

an empirical formula which correctly reduces to the Einstein viscosity
in the dilute limit and works well for rigid particles at all volume
fractions. It uses the single parameter 𝜙𝑚, the maximum packing frac-
tion (established as 0.64 for disordered spheres). Matching this form
with the effective viscosity of Eq. (78) establishes a relation 𝑏(𝜙) which
remains applicable when the particles are very close to rigid. Explicitly,
we solve for 𝑏(𝜙) which satisfies the relation

10𝑏3
(

1 + 𝑏 + 𝑏2 + 𝑏3 + 𝑏4 + 𝑏5 + 𝑏6
)

𝜙

(𝑏 − 1)3
(

4 + 16𝑏 + 40𝑏2 + 55𝑏3 + 40𝑏4 + 16𝑏5 + 4𝑏6
)
=
(

1 −
𝜙
𝜙𝑚

)−5𝜙𝑚∕2

−1.

(80)

he result is a function which diverges for small 𝜙 and tends to 1 as
→ ∞. It is plotted in Fig. 13 and tabulated in Escott and Wilson [51].

While the KD viscosity function is based on rigid, not deformable,
pheres, comparison with computational work by Guido and Shaqfeh
46] shows that the intrinsic effective viscosity 𝜂′ef f =

(

𝜂eff − 𝜂0
)

∕𝜂0𝜙 is
within 1.6% of the KD value up to 𝐶𝑎e ≈ 0.1. This lends confidence in
our results as long as we keep the parameter 𝐶𝑎e small. We should note
that the bulk stress does still depend on the deformation of the solid
phase, even though there is no direct dependence through the viscosity
matching: this dependence is entirely captured within the effective
material functions, which occur at the first order of perturbation.

5.2. Effective material functions

Both our small parameters 𝑊𝑖 and 𝐶𝑎e are defined in terms of a
material property and a flow rate: that is, for a given suspension if we
12
change the flow rate both 𝑊𝑖 and 𝐶𝑎e will increase in tandem. However,
their ratio is a property of the material itself, so we introduce the new
dimensionless quantity

𝛤 = 𝑊𝑖
𝐶𝑎e

=
𝛼1𝜇
𝜂02

, (81)

also used by Guido and Shaqfeh [46], which represents the strength of
fluid elasticity relative to solid deformability. In theory, this can take
all values in the range [0,∞) as we moved from deformable solids in a
Newtonian fluid to rigid particles in a viscoelastic fluid, while keeping
both 𝑊𝑖 and 𝐶𝑎e small (see Section 5.3).

With the introduction of 𝛤 , we can write the macroscopic stress, as
given by Eq. (51), as:

⟨𝜎𝑖𝑗⟩𝑠 = 2
𝜂eff
𝜂0

𝐸∞
𝑖𝑗 +𝑊𝑖

(

𝛴0𝐸∞
𝑖𝑘𝛺

∞
𝑘𝑗 + 𝛴1𝐸∞

𝑖𝑘𝐸
∞
𝑘𝑗

)

(82)

in which:

𝛴0 = 4𝜖 +
𝜙𝛴0,1

𝜅 (𝑏 − 1)3
+ 𝛤−1 𝜙𝛴0,2

17𝜅2 (𝑏 − 1)6
, (83)

𝛴1 = 4 (1 + 𝜖) +
𝜙𝛴1,1

7𝜅3(𝑏 − 1)4
+ 𝛤−1 𝜙𝛴1,2

119𝜅3(𝑏 − 1)7
(84)

and we have introduced the functions:

𝜅 = 4 + 16𝑏 + 40𝑏2 + 55𝑏3 + 40𝑏4 + 16𝑏5 + 4𝑏6, (85)

𝛴0,1 = 40𝑏3
(

1 + 𝑏 + 𝑏2 + 𝑏3 + 𝑏4 + 𝑏5 + 𝑏6
)

𝜖, (86)
𝛴0,2 = − 200𝑏6

(

475 + 950𝑏 + 690𝑏2 + 430𝑏3 + 464𝑏4 + 498𝑏5 + 532𝑏6 + 351𝑏7

+ 170𝑏8 + 136𝑏9 + 102𝑏10 + 68𝑏11 + 34𝑏12
)

, (87)
𝛴1,1 = 60𝑏3

(

−16 (2 + 𝜖) − 128𝑏 (2 + 𝜖) − 576𝑏2 (2 + 𝜖) − 20𝑏3 (157 + 66𝜖)

− 160𝑏4 (31 + 3𝜖) + 8𝑏5 (−417 + 724𝜖) + 14𝑏6 (343 + 1479𝜖)

+ 4𝑏7 (4741 + 10718𝜖) + 60𝑏8 (569 + 1086𝜖) + 80𝑏9 (572 + 1007𝜖)

+ 8𝑏10 (6721 + 10928𝜖) + 36𝑏11 (1639 + 2402𝜖) + 4𝑏12 (14877 + 19406𝜖)

+ 105𝑏13 (497 + 584𝜖) + 40𝑏14 (933 + 1016𝜖) + 800𝑏15 (26 + 27𝜖)

+ 100𝑏16 (89 + 90𝜖) + 2880𝑏17 (1 + 𝜖) + 640𝑏18 (1 + 𝜖) + 80𝑏19 (1 + 𝜖)
)

,

(88)

𝛴1,2 = 600𝑏9
(

5 + 10𝑏 + 8𝑏2 + 6𝑏3 + 4𝑏4 + 2𝑏5
)2×

(

265 + 265𝑏 + 34𝑏2 + 34𝑏3 + 34𝑏4 + 34𝑏5 + 34𝑏6
)

. (89)

In the limit 𝛤 → ∞ we recover the rigid sphere expressions of Escott
and Wilson [51], as expected.

A general second-order fluid with parameters 𝜂, 𝛼0, 𝛼1 in a linear
flow field 𝐮∞ = 𝐄∞ ⋅ 𝐱 +𝜴∞ ⋅ 𝐱 such as we have imposed, would have
homogeneous stress

𝜮̂ = 2𝜂𝐄∞ + 4𝛼0
(

̂𝐄∞ ⋅𝜴∞
)

+ 4(𝛼0 + 𝛼1) ̂𝐄∞ ⋅ 𝐄∞, (90)

meaning that the parameters 𝛴0 and 𝛴1 govern the effective parameters
𝛼0,eff and 𝛼1,eff for the suspension as a whole:

𝛼0,eff =
𝛴0
4𝜖

𝛼0, 𝛼1,eff =
𝛴1 − 𝛴0

4
𝛼1. (91)

These govern the behaviour of the normal stress differences in a shear-
ing flow, but the effective viscosity 𝜂eff is not affected by terms of order
𝐶𝑎e or order 𝑊𝑖.

The behaviour of the material functions 𝛼0,eff and 𝛼1,eff , which
govern the behaviour of the whole suspension as a second-order fluid,
are explored in Fig. 14 using cell sizes fit via Krieger–Dougherty
𝑏 (𝜙). We see (as expected) that both material functions increase in
magnitude with volume concentration, from a (normalised) value of 1
in the absence of particles up to divergence in the jamming limit. The
curves depend much more heavily on 𝛤 than on the fluid parameter 𝜖,
indicating that there is a real difference between the effects of fluid and
solid elasticity here. Indeed the terms 𝛴0,1 and 𝛴0,2 are independent of
𝜖 so the only dependence on this fluid parameter comes in through its
interaction with deformation; in the case 𝛤 → ∞ neither 𝛼 nor 𝛼
0,eff 1,eff



Journal of Non-Newtonian Fluid Mechanics 330 (2024) 105262L.J. Escott and H.J. Wilson

𝑊
b
v

s
P
o
𝜙
T
e

Fig. 14. Effective material functions for the suspension, 𝛼0,eff∕𝛼0 and 𝛼1,eff∕𝛼1, plotted against solid volume fraction 𝜙. The call size 𝑏(𝜙) is set using the Krieger–Dougherty matching
function with 𝜙𝑚 = 0.64. Left: 𝛤 = 10; right: 𝜖 = −8∕14.
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varies with 𝜖 [51]. As 𝛤 decreases, the rapid increase in the material
parameters happens at a lower volume fraction 𝜙, such that they can
be one or more orders of magnitude larger than those of the pure fluid
by a volume fraction as low as 0.4.

5.3. Range of parameter space

We impose limits on our small parameters 𝐶𝑎e and 𝑊𝑖. As mentioned
in Section 5.1, a comparison with Guido and Shaqfeh [46] suggests that
the Krieger–Dougherty viscosity model is reasonable for 0 ≤ 𝐶𝑎e ≤ 0.1;
for consistency we will also keep our Weissenberg number on the same
scale, 0 ≤ 𝑊𝑖 ≤ 0.1. This choice also allows us to make meaningful
comparisons with the literature (see Section 5.4): the lowest non-zero
value of 𝛤 presented in Guido and Shaqfeh [46] is 𝛤 = 5, i.e. 𝐶𝑎e =
𝑊𝑖∕5; in order to include the 𝐶𝑎e term while neglecting terms of order
𝑖2 we require 𝑊𝑖 ≪ 0.2, so 𝑊𝑖 = 0.1 is close to violating the ordering

ut still viable. For larger values of 𝛤 we need to take a very small
alue of 𝐶𝑎e to maintain the condition 𝑊𝑖 ≪ 1.

We must also bound the range of concentration, 𝜙. In uniaxial exten-
ional flow, a comparison of our viscosity with Avazmohammadi and
onte Castañeda [60], shown in Fig. 18 in Section 5.5, indicates that
ur values are within 5% of computational results up to a concentration
= 0.1. We therefore limit our concentration range to 𝜙 ∈ [0, 0.1].

his reaches beyond the purely dilute limit: the cell model allows us to
nter the semi-dilute régime. The KD matching function 𝑏(𝜙) converts

this limit on 𝜙 into an additional one on the cell size: 𝑏 ≥ 3. This is
large enough that we need not worry about the potential geometrical
constraint in which the deformed particle exceeds the cellular fluid
layer.

Finally, we consider the range of 𝜖. It is generally accepted [55] that
for real, homogeneous fluids 𝜖 ≤ −0.5. Our fluid is not homogeneous,
but it is interesting to ask whether the second-order fluid produced by
our homogenisation also satisfies this criterion. For relatively large cell
sizes (moderate to large values of 𝑏) the constraint is satisfied easily; in
the thin-film limit 𝑏 → 1, however, matters are more complex.

For finite values of 𝛤 (i.e. nonzero 𝐶𝑎e, deformable particles) the
dominant terms in the expansions of 𝛼0,eff and 𝛼1,eff as 𝑏 → 1 are:
𝛼0,eff ∼ −

8𝜙
,

𝛼1,eff ∼
24𝜙

. (92)
13

𝛼0 17𝛤𝜖(𝑏 − 1)6 𝛼1 119𝛤 (𝑏 − 1)7
These are both positive (note the factor of 𝜖 in the first term), giving
the leading-order behaviour for 𝜖eff = 𝛼0,eff∕𝛼1,eff of

𝜖eff ∼ −
119(𝑏 − 1)

51
(93)

which does remain in the range (−∞,−0.5] for all nonzero values of 𝛤 .
However, in the special case 𝛤 → ∞ (rigid particles) the dominant term
in 𝛼1,eff is
𝛼1,eff
𝛼1

=
3 (9 + 14𝜖)𝜙
175(𝑏 − 1)4

(94)

hich changes sign at 𝜖 = −9∕14, meaning that for rigid particles only,
nd for 𝜖 < −9∕14, we could produce a second-order fluid in bulk which
ies outside the standard range for homogeneous materials.

.4. Behaviour in shear flow

We have already fully specified the shear viscosity of our sus-
ension, by matching to the KD form. In this section we present
he behaviour of the normal stress differences to complete the shear
heology. The definitions are (for an 𝑥𝑦-shear flow 𝐯∞ = 𝛾̇𝑦𝒙̂):

1 = ⟨𝜎𝑥𝑥⟩ − ⟨𝜎𝑦𝑦⟩, 𝑁2 = ⟨𝜎𝑦𝑦⟩ − ⟨𝜎𝑧𝑧⟩, (95)

nd these emerge in terms of the effective material functions as

1 = −2𝜖
𝛼0,eff
𝛼0

𝑊𝑖, 𝑁2 =
(𝛼1,eff

𝛼1
+ 2𝜖

𝛼0,eff
𝛼0

)

𝑊𝑖. (96)

We present these first and second normal stress differences, nor-
malised by the dimensionless shear stress ⟨𝜎𝑥𝑦⟩ = 𝜂eff∕𝜂0 and by 𝑊𝑖,
in Fig. 15, showing their dependence on the viscoelastic constant 𝜖 and
the dimensionless parameter ratio 𝛤 . 𝑁1 is positive in all cases, but 𝑁2
is negative at these volume fractions; at a finite value of 𝜙 (beyond the
reasonable limit of our analysis) 𝑁2 changes sign, and both quantities
diverge in the positive direction as 𝜙 approaches the jamming fraction
𝜙𝑚.

The magnitude of both the normal stress differences increases with
increasing magnitude of 𝜖, and (much more strongly) with decreasing
𝛤 , which corresponds to increasing deformation by increasing 𝐶𝑎e. We
conclude that, at least at these dilute to semi-dilute concentrations,
deformation enhances the change to normal stress differences caused
by the presence of the particles.
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Fig. 15. The scaled first and second normal stress differences 𝑁1 (left) and 𝑁2 (right) plotted against solid volume fraction 𝜙. For the KD viscosity matching to fix 𝑏(𝜙) we use
𝑚 = 0.64. Top: varying 𝜖, keeping 𝛤 = 10. Bottom: varying 𝛤 , keeping 𝜖 = −8∕14.
Fig. 16. The 𝜙 coefficient of 𝑁1 and 𝑁2 from Eq. (97), given a Newtonian background fluid. We use a cell size 𝑏(𝜙) with a nominal concentration 𝜙 = 0.0041. The solid line is
ur prediction, triangles represent values from figure 8 of Guido and Shaqfeh [46] and the dashed line shows equivalent results from Gao and Hu [39].
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To access the dilute limit, we consider the per-particle contributions
o the normal stress differences, 𝑁1

′ and 𝑁2
′, defined in a similar way

o 𝜂eff ′ in Section 5.1:

1
′ =

𝑁1 −𝑁0
1

𝜙
, 𝑁2

′ =
𝑁2 −𝑁0

2
𝜙

. (97)

These quantities are particularly useful for comparison with the avail-
able literature; a comparison of our results and those of [46] (com-
putational) and [39] (analytical) in a Newtonian background fluid are
shown in Fig. 16. We see excellent agreement, which even extend
beyond the values of 𝐶𝑎e shown here and remains good up to 𝐶𝑎e ≈ 0.2
s long as 𝜙 is small.

Both normal stress differences increase in magnitude with increas-
ng deformability. This has been seen before [40,46], and has been
nderstood to be directly related to the inclination angle 𝜁 of the
article. As the elasticity of the solid increases, 𝜁 decreases and the
article becomes more aligned with the flow, enhancing the normal
tress differences. However, in our work (as discussed in Section 4.4),
e have not included enough terms to produce the 𝑂(𝐶𝑎e) correction to

he inclination angle; we deduce that the enhancement to normal stress
ifferences must arise from more than one source and is not entirely
aused by a change in particle alignment due to deformation.

We can equally make a direct comparison with the literature [specif-
cally with 46, which is the seminal work concerning simulations of
lastic particles in a viscoelastic fluid] in the case where the suspending
14

luid is non-Newtonian. In slow-flow conditions any viscoelastic fluid
odel (which does not have a yield stress) reduces to the second-
rder fluid, and the Giesekus model used by Guido and Shaqfeh [46]
s no exception. We show this comparison in Fig. 17, having made
he conversions from Giesekus model parameters to second-order fluid
aterial constants. The plots for 𝑁 ′

1 show quantitative agreement, and
hose for 𝑁 ′

2 (which is much smaller in magnitude) are qualitatively
ight, though of course our linear form cannot capture the nonmono-
onic dependence on 𝛤 that they see at larger values of 𝐶𝑎e. Increasing
𝑎e increases the magnitude of both quantities; 𝑁 ′

1 (which is positive)
ncreases with increasing 𝛤 whereas 𝑁 ′

2 (which is negative) is mostly
educed in magnitude by an increase in 𝛤 .

.5. Behaviour in extensional flow

Shear flow, while a useful paradigm (especially in experiments) is
ot sufficient to fully describe the behaviour of any complex fluid.
ather, extensional rheology is also required to describe the bulk
tress and behaviour of solid suspensions. In this section we will
iscuss the behaviour under uniaxial extension flow, since this can
e shown [e.g. 51] to adequately capture the behaviour under many
mposed flows.

As is standard in extensional rheology, we define a (dimensional)
ar-field velocity (imposed in our case at the outer cell boundary) with
ate of extension 𝜖̇:

∞ = 𝜖̇ (2𝑥,−𝑦,−𝑧), (98)

2
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Fig. 17. The 𝜙 coefficient of 𝑁1 and 𝑁2 from Eq. (97) in a weakly viscoelastic background fluid. The cell size is set by 𝑏(𝜙) using the nominal value 𝜙 = 0.0041. Solid lines
represent our predictions, triangles are taken from figure 6 of Guido and Shaqfeh [46], given a conversion of their 𝛤 values.
Fig. 18. The normalised extensional viscosity 𝜂ext in Newtonian background fluid. Left: dependence on 𝐶𝑎e at fixed values of 𝜙 (bottom to top: 𝜙 = 0.05, 0.1, 0.15, 0.2); right:
ependence on 𝜙 for fixed 𝐶𝑎e = 0.1. Our analysis: solid lines; dashed lines from Avazmohammadi and Ponte Castañeda [60].
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nd define the extensional viscosity in dimensional terms as

ext =
1
𝜖̇

(

⟨𝜎𝑥𝑥⟩ −
1
2
⟨𝜎𝑦𝑦⟩ −

1
2
⟨𝜎𝑧𝑧⟩

)

. (99)

ubstituting in our macroscopic Eqs. (82) and (91) and reverting to
imensionless form, we obtain

ext =
3𝜂eff
𝜂0

[

1 + 𝜂𝑊𝑖
ext𝑊𝑖

]

, 𝜂𝑊𝑖
ext =

𝜂0
𝜂eff

( 𝜖𝛼0,eff
𝛼0

+
𝛼1,eff
𝛼1

)

, (100)

which immediately yield the Trouton ratio 𝑇𝑟:

𝑇𝑟 =
𝜂0𝜂ext
𝜂eff

= 3
[

1 + 𝜂𝑊𝑖
ext𝑊𝑖

]

. (101)

n the joint limit 𝑊𝑖 → 0, 𝛤 → ∞ we correctly regain the result
𝑟 = 3 for a Newtonian suspension of undeformable particles, and for a
ewtonian fluid with deformable inclusions we agree with Roscoe [10]

n the dilute limit:
𝜂ext

𝜂ext (𝜙 = 0)
= 1 +

5𝜙
2

+
75𝐶𝑎e𝜙

28
as 𝜙 → 0. (102)

he 𝜙-coefficient above (5∕2 + 75𝐶𝑎e∕28) agrees well with the seminal
aper of Gao et al. [61] in the case where their particles are initially
pherical: we do not have the ability to make comparisons with their
tudy of other particles due to differing initial aspect ratios.

As the dilute result above implies, there is a nonzero dependence
f extensional viscosity on deformation even in the Newtonian limit.
n Fig. 18 we show the dependence of the extensional viscosity on
oth 𝐶𝑎e and the volume fraction 𝜙, for a Newtonian fluid, and in
omparison with numerical results from Avazmohammadi and Ponte
astañeda [60]. That work uses both neo-Hookean and Gent models

or the solid phase; we use their results for the neo-Hookean model.
ote that in this figure we show results for a wider range of 𝐶𝑎e and
than used elsewhere, precisely to show which regions of parameter

pace start to show a serious deviation from computational results (in
rder to limit the parameter values for which we will trust our analysis
o be representative of reality, as described in Section 5.3).

We see that our trend against elastic capillary number is not con-
incing, as we do not capture the increase in 𝜂ext with increasing 𝐶𝑎e
een in the computational results. The likely cause is a combination of
15
he weaknesses of the cell model at finite values of 𝜙, and the neglected
igher-order terms in the expansion for 𝐶𝑎e. The overall trend against
olume fraction is good, especially for low 𝜙; at larger 𝜙 ≥ 0.25 (beyond
he range shown) we predict a strain-thinning behaviour which is at
dds with the literature. This is a hard upper limit on the volume
ractions for which we believe our model to be appropriate.

There is much less literature available for suspensions with a non-
ewtonian suspending fluid; the combination with extensional flow is
ssentially uncharted territory, so our results are presented without any
omparisons. In Fig. 19, we plot 𝜂𝑊𝑖

ext from Eq. (100) against solid vol-
me fraction 𝜙. We see that increasing the magnitude of the viscoelastic
onstant 𝜖 leads to a slight reduction in the effective viscosity, whereas
he extensional viscosity increases strongly with a decrease in 𝛤 .

. Conclusions

In this paper we have presented a method of deriving the rheology
f a suspension of weakly deformable spheres in a weakly viscoelas-
ic fluid, at low to moderate values of the volume fraction 𝜙. Our
alculations are based on small-deformation (for the solid) and small-
lasticity expansions (for the fluid), and we use a cell model to extend a
ean-field single-sphere analysis for validity beyond the strictly dilute

imit. The whole suspension behaves as a second-order fluid having
ifferent material parameters from the suspending fluid: thus, we can
escribe the rheology in different flow scenarios (shear, extension, etc.)
hrough just three scalar parameters 𝜂eff , 𝛼0,eff and 𝛼1,eff , each of which
epends on all the physical parameters of the suspension (suspending
luid parameters, solid deformability, and volume fraction). From these
e have derived normal stress differences in shear flow (Section 5.4)
nd viscosity in uniaxial extension (Section 5.5).

We have derived solutions for the velocities 𝐯 and 𝐯, found in the
fluid and elastic solid phases respectively, in addition to the pressure-
like terms 𝑝 and 𝑙. There are four sets of these solutions, each represent-
ing one order of our perturbation series. The leading-order solutions
describe rigid inclusions in a Newtonian fluid; here the full solutions
for a given far-field flow are given by Eq. (52) using the constants
presented in Eqs. (53)–(56). The first correction for fluid viscoelasticity,
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Fig. 19. 𝜂𝑊𝑖
ext , the 𝑂(𝑊𝑖) coefficient of extensional viscosity 𝜂ext in a uniaxial extension flow. The coefficient is scaled by 3 and the dimensionless effective shear viscosity 𝜂eff∕𝜂0,

ith chosen jamming fraction 𝜙𝑚 = 0.64. Left: 𝛤 = 10, varying 𝜖. Right: 𝜖 = −8∕14, varying 𝛤 .
p
a
d

t
i
r
i

i
c
t
p
i
[
N

C

o
v
H
J
t

D

c
i

D

A

t
d
o
M
t
s

he 𝑂(𝑊𝑖) term, is discussed in Section 3.2. The main solution is
q. (57) using constants presented in Appendix A.

The next consideration at a local level is the deformation (presented
n Section 3.3), which sets this work apart from our earlier study [51].
gain, we have the specific tensorial profiles (61)–(62), with solutions
resented in B. At this order of calculation, we can start to investigate
he change in shape of the single solid particle, and other measures
ssociated with deformation, such as the Taylor parameter (Eq. (68)).
inally, we calculate a few quantities (notably particle shape) at the
irst order where fluid elasticity and particle deformation interact; this
llows us to calculate the angle of inclination in shear flow (Sec-
ion 4.4). We find that fluid elasticity acts to decrease the inclination
ngle, enhancing the effects of deformation.

One of the major subtleties of the cell model is the relation between
he cell radius 𝑏 and the solid volume fraction 𝜙. We have chosen a
elation which ensures that the shear viscosity behaves correctly for
Newtonian suspension of rigid spheres, using the Krieger–Dougherty

elation. The addition of weak viscoelasticity or weak deformability
ould, of course, change the inter-particle spatial distribution in a sus-
ension; however, the computations of Shaqfeh [62] for rigid particles
n a viscoelastic liquid and Guido and Shaqfeh [46] for deformable
articles in a viscoelastic liquid suggest that the particle-induced fluid
tress is remarkably unaffected by these effects, suggesting that the
patial distribution may be robust to at least small changes. It is perhaps
ore difficult to be certain about the applicability of our relation for
on-shearing flows.

We have validated our analytical calculations against literature for
igid spheres in a weakly viscoelastic fluid and for deformable spheres
n a Newtonian fluid, and the parameter ranges over which we trust
ur results are derived from a comparison with various numerical
imulations in the literature. Our model should be useful in the range
𝑖 ≤ 0.1, 𝐶𝑎e ≤ 0.1, 𝜙 ≤ 0.1; when making comparisons with the

iterature (for which the material parameter 𝛤 = 𝑊𝑖∕𝐶𝑎e is often set
t 5 or larger) we sometimes require slightly smaller values of 𝐶𝑎e to
nsure that the neglected term at order 𝑊𝑖2 is not larger than the terms
e have retained.

Our predictions for extensional rheology (Section 5.5) are compa-
able to simulations in Newtonian fluids [63] up to surprisingly large
eformations 𝐶𝑎e ≈ 0.2; the addition of viscoelasticity always increases
he extensional viscosity of the suspension, a stronger effect than that
f deformability.

Overall, we have produced a constitutive model for a suspension
f deformable particles in a viscoelastic fluid which, while arduous
o derive, is exceptionally simple to use numerically since it is just

modified second-order fluid. In order to use the model in simula-
ions, a researcher must first determine the relevant value of the cell
adius 𝑏 from the volume fraction 𝜙, either by equating Eqs. (78) and
79) and solving numerically or by using the tabulated values given
n Escott and Wilson [51]. The viscosity 𝜂eff is simply given by the
16

rieger–Dougherty relation in Eq. (79) and the two second-order fluid T
arameters are given, in terms of the physical parameters of the system
nd the cell radius 𝑏, by Eq. (91) with the expressions for 𝛴0 and 𝛴1
efined in Eqs. (84)–(89).

Our model is capable of reproducing, at least qualitatively, some of
he first effects of the interaction between deformation and viscoelastic-
ty. It also allows us to qualitatively capture the effects of confinement
atio [as in 40] on various quantities including the angle of inclination
n shear flow, the Taylor parameter and the Trouton ratio.

Several avenues for future work naturally arise from this study,
ncluding particle size polydispersity, and the possibility to embed
ell model calculations within numerical simulations. The calcula-
ion method could be extended by considering cells containing two
articles, and thereby allow the potential to incorporate solid–solid
nteractions: this would build on the analytical solution of Lin et al.
64] for the motion of two rigid spheres in unbounded shear flow of a
ewtonian fluid.
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Appendix A. Asymptotic expansions at order 𝑾𝒊

The solutions for velocity and pressure at order Weissenberg number
re given in general form in Eq. (57) in terms of the background tensors
∞ and 𝜴∞ and the unit vector 𝐧̂ and unknown radial functions 𝑉 1𝑊𝑖

𝑛 (𝑟)
(for 𝑛 = 1,… , 9) and 𝑃 1𝑊𝑖

𝑛 (𝑟) (for 𝑛 = 1,… , 3). The equations governing
the order-𝑊𝑖 spherical functions are linear in the variables 𝑉 1,𝑊𝑖

𝑛 and
𝑃 1,𝑊𝑖
𝑛 , which means their solutions can be split into homogeneous and

particular solutions:

𝑉 1𝑊𝑖
𝑛 = 𝑊 1𝑊𝑖

𝑛,ℎ𝑜𝑚 + 𝑉 1𝑊𝑖
𝑛,𝑝𝑎𝑟, 𝑃 1𝑊𝑖

𝑛 = 𝑄1𝑊𝑖
𝑛,ℎ𝑜𝑚 + 𝑃 1𝑊𝑖

𝑛,𝑝𝑎𝑟, (A.1)

(a useful construction because the homogeneous solutions will appear
in later calculations).

The general solutions for fluid velocity, as functions of 𝑟 and incor-
porating constants yet to be found, are:

𝑊 1𝑊𝑖
1,ℎ𝑜𝑚 = 𝐶1𝑊𝑖

1 𝑟5 +
𝐶1𝑊𝑖
2

𝑟6
+

𝐶1𝑊𝑖
19

2𝑟4
, (A.2)

𝑊 1𝑊𝑖
2,ℎ𝑜𝑚 = −

4𝐶1𝑊𝑖
1 𝑟5

9
−

4𝐶1𝑊𝑖
2

9𝑟6
+𝐶1𝑊𝑖

3 𝑟3 +
𝐶1𝑊𝑖
4

𝑟4
−

4𝐶1𝑊𝑖
20 𝑟5

63
+

𝐶1𝑊𝑖
21

2𝑟2
, (A.3)

𝑊 1𝑊𝑖
3,ℎ𝑜𝑚 =

2𝐶1𝑊𝑖
1 𝑟5

63
+

2𝐶1𝑊𝑖
2

63𝑟6
−

𝐶1𝑊𝑖
3 𝑟3

5
−

𝐶1𝑊𝑖
4

5𝑟4
+ 𝐶1𝑊𝑖

5 𝑟 +
𝐶1𝑊𝑖
6

𝑟2
−

𝐶1𝑊𝑖
19

35𝑟4

+
4𝐶1𝑊𝑖

20 𝑟5

315
−

𝐶1𝑊𝑖
22 𝑟3

15
+

𝐶1𝑊𝑖
23
2

, (A.4)

𝑊 1𝑊𝑖
4,ℎ𝑜𝑚 = −

4𝐶1𝑊𝑖
1 𝑟5

9
−

4𝐶1𝑊𝑖
2

9𝑟6
+ 𝐶1𝑊𝑖

7 𝑟3 +
𝐶1𝑊𝑖
8

𝑟4
+

2𝐶1𝑊𝑖
20 𝑟5

9
, (A.5)

𝑊 1𝑊𝑖
5,ℎ𝑜𝑚 =

8𝐶1𝑊𝑖
1 𝑟5

63
+

8𝐶1𝑊𝑖
2

63𝑟6
−

2𝐶1𝑊𝑖
3 𝑟3

5
−

2𝐶1𝑊𝑖
4

5𝑟4
−

2𝐶1𝑊𝑖
7 𝑟3

5
−

2𝐶1𝑊𝑖
8

5𝑟4

+ 𝐶1𝑊𝑖
9 𝑟 +

𝐶1𝑊𝑖
10

𝑟2
−

4𝐶1𝑊𝑖
19

35𝑟4
−

4𝐶1𝑊𝑖
20 𝑟5

63
+

𝐶1𝑊𝑖
22 𝑟3

5
, (A.6)

𝑊 1𝑊𝑖
6,ℎ𝑜𝑚 = 𝐶1𝑊𝑖

11 𝑟3 +
𝐶1𝑊𝑖
12

𝑟4
+

𝐶1𝑊𝑖
26

2𝑟2
, 𝑊 1𝑊𝑖

7,ℎ𝑜𝑚 (𝑟) = 𝐶1𝑊𝑖
13 𝑟3 +

𝐶1𝑊𝑖
14

𝑟4
,

(A.7)

𝑊 1𝑊𝑖
8,ℎ𝑜𝑚 = −

𝐶1𝑊𝑖
11 𝑟3

5
−

𝐶1𝑊𝑖
12

5𝑟4
+ 𝐶1𝑊𝑖

15 𝑟 +
𝐶1𝑊𝑖
16

𝑟2
+

𝐶1𝑊𝑖
25 𝑟3

10
, (A.8)

𝑊 1𝑊𝑖
9,ℎ𝑜𝑚 =

𝐶1𝑊𝑖
11 𝑟3

5
+

𝐶1𝑊𝑖
12

5𝑟4
−

2𝐶1𝑊𝑖
13 𝑟3

5
−

2𝐶1𝑊𝑖
14

5𝑟4
+𝐶1𝑊𝑖

17 𝑟+
𝐶1𝑊𝑖
18

𝑟2
−

𝐶1𝑊𝑖
25 𝑟3

10
.

(A.9)

hose for the fluid pressure are:

1𝑊𝑖
1,ℎ𝑜𝑚 =

𝐶1𝑊𝑖
19

𝑟5
+ 𝐶1𝑊𝑖

20 𝑟4, (A.10)

𝑄1𝑊𝑖
2,ℎ𝑜𝑚 = −

4𝐶1𝑊𝑖
19

7𝑟5
−

4𝐶1𝑊𝑖
20 𝑟4

7
+

𝐶1𝑊𝑖
21

𝑟3
+ 𝐶1𝑊𝑖

22 𝑟2, (A.11)

𝑄1𝑊𝑖
3,ℎ𝑜𝑚 =

2𝐶1𝑊𝑖
19

35𝑟5
+

2𝐶1𝑊𝑖
20 𝑟4

35
−

𝐶1𝑊𝑖
21

3𝑟3
−

𝐶1𝑊𝑖
22 𝑟2

3
+

𝐶1𝑊𝑖
23
𝑟

+ 𝐶1𝑊𝑖
24 , (A.12)

𝑄1𝑊𝑖
4,ℎ𝑜𝑚 = 𝐶1𝑊𝑖

25 𝑟2 +
𝐶1𝑊𝑖
26

𝑟3
. (A.13)

Note that the constant 𝐶1𝑊𝑖
24 simply applies an arbitrary constant pres-

ure to the whole system; we need not solve for it and will neglect it
n the remaining analysis.

The particular solutions 𝑉 1𝑊𝑖
𝑝𝑎𝑟 and 𝑃 1𝑊𝑖

𝑝𝑎𝑟 can be found by solving the
orced differential equations. The scalar velocity functions are

1𝑊𝑖 (𝑟) = −
735 (2 + 3𝜖)

(

𝐶0
1
)2

−
175 (1 + 𝜖)

(

𝐶0
1
)2
17

1,𝑝𝑎𝑟 8𝑟4 8𝑟2
+
25 (1 + 𝜖)𝐶0

1𝐶
0
2

𝑟7
+

875 (2 + 3𝜖)𝐶0
1𝐶

0
2

8𝑟4

+
175 (1 + 𝜖)𝐶0

1𝐶
0
2

8𝑟2
+

275 (1 + 𝜖)𝐶0
1𝐶

0
2

24

+
50 (1 + 𝜖)

(

𝐶0
2
)2

𝑟5
−

275 (1 + 𝜖)
(

𝐶0
2
)2

24
, (A.14)

𝑉 1𝑊𝑖
2,𝑝𝑎𝑟 (𝑟) =

5 (46 + 55𝜖)
(

𝐶0
1

)2

28𝑟2
+

25 (53 + 27𝜖)
(

𝐶0
1

)2𝑟5

84
−

5 (1 + 𝜖)𝐶0
1𝐶

0
2

𝑟7

−
5 (67 − 50𝜖)𝐶0

1𝐶
0
2

28𝑟2
+

425 (1 + 𝜖)𝐶0
1𝐶

0
2

36

−
25 (53 + 27𝜖)𝐶0

1𝐶
0
2 𝑟

5

42
−

75 (1 + 𝜖)
(

𝐶0
2

)2

2𝑟5

+
125 (1 − 5𝜖)

(

𝐶0
2

)2

28𝑟2
−

425 (1 + 𝜖)
(

𝐶0
2

)2

36
+

25 (53 + 27𝜖)
(

𝐶0
2

)2𝑟5

84
,

(A.15)

𝑉 1𝑊𝑖
3,𝑝𝑎𝑟 (𝑟) =

21 (2 + 3𝜖)
(

𝐶0
1

)2

4𝑟4
−

21 (11 + 20𝜖)
(

𝐶0
1

)2𝑟3

8
+

5 (83 + 135𝜖)
(

𝐶0
1

)2𝑟5

168

−
25 (2 + 3𝜖)𝐶0

1𝐶
0
2

4𝑟4
−

10 (4 − 5𝜖)𝐶0
1𝐶

0
2

9
+

23 (11 + 20𝜖)𝐶0
1𝐶

0
2 𝑟

3

4

−
5 (83 + 135𝜖)𝐶0

1𝐶
0
2 𝑟

5

84
+

25 (1 + 𝜖)
(

𝐶0
2

)2

6𝑟5
+

10 (4 − 5𝜖)
(

𝐶0
2

)2

9

−
25 (11 + 20𝜖)

(

𝐶0
2

)2𝑟3

8
+

5 (83 + 135𝜖)
(

𝐶0
2

)2𝑟5

168
, (A.16)

𝑉 1𝑊𝑖
4,𝑝𝑎𝑟 (𝑟) = −

25 (11 − 15𝜖)
(

𝐶0
1

)2𝑟5

24
−

25 (1 + 𝜖)𝐶0
1𝐶

0
2

2𝑟7
+

275 (1 + 𝜖)𝐶0
1𝐶

0
2

36

+
25 (11 − 15𝜖)𝐶0

1𝐶
0
2 𝑟

5

12
−

75 (1 + 𝜖)
(

𝐶0
2

)2

4𝑟5
−

275 (1 + 𝜖)
(

𝐶0
2

)2

36

−
25 (11 − 15𝜖)

(

𝐶0
2

)2𝑟5

24
, (A.17)

𝑉 1𝑊𝑖
5,𝑝𝑎𝑟 (𝑟) =

21 (2 + 3𝜖)
(

𝐶0
1

)2

𝑟4
+

63 (11 + 20𝜖)
(

𝐶0
1

)2𝑟3

8
−

25 (125 + 177𝜖)
(

𝐶0
1

)2𝑟5

168

−
25 (2 + 3𝜖)𝐶0

1𝐶
0
2

𝑟4
+

350 (1 + 𝜖)𝐶0
1𝐶

0
2

9
−

69 (11 + 20𝜖)𝐶0
1𝐶

0
2 𝑟

3

4

+
25 (125 + 177𝜖)𝐶0

1𝐶
0
2 𝑟

5

84
+

25 (1 + 𝜖)
(

𝐶0
2

)2

2𝑟5
−

350 (1 + 𝜖)
(

𝐶0
2

)2

9

+
75 (11 + 20𝜖)

(

𝐶0
2

)2𝑟3

8
−

25 (125 + 177𝜖)
(

𝐶0
2

)2𝑟5

168
, (A.18)

𝑉 1𝑊𝑖
6,𝑝𝑎𝑟 (𝑟) = −

5𝜖𝐶0
2

𝑟2
, 𝑉 1𝑊𝑖

7,𝑝𝑎𝑟 (𝑟) = 0, (A.19)

𝑉 1𝑊𝑖
8,𝑝𝑎𝑟 (𝑟) =

21𝜖𝐶0
1 𝑟

3

4
−

21𝜖𝐶0
2 𝑟

3

4
, 𝑉 1𝑊𝑖

9,𝑝𝑎𝑟 (𝑟) = −
21𝜖𝐶0

1 𝑟
3

4
+

21𝜖𝐶0
2 𝑟

3

4
,

(A.20)

with pressure functions

𝑃 1𝑊𝑖
1,𝑝𝑎𝑟 (𝑟) =

45 (2 + 3𝜖)
(

𝐶0
1

)2

2𝑟10
−

25 (59 + 78𝜖)
(

𝐶0
1

)2

2𝑟3
−

25 (8 + 11𝜖)𝐶0
1𝐶

0
2

2𝑟8

+
25 (19 + 18𝜖)𝐶0

1𝐶
0
2

𝑟3
+

25 (79 + 120𝜖)𝐶0
1𝐶

0
2

4𝑟
+

25 (6 + 5𝜖)
(

𝐶0
2

)2

2𝑟6

+
625 (1 + 2𝜖)

(

𝐶0
2

)2

−
25 (79 + 120𝜖)

(

𝐶0
2

)2

,

2𝑟3 4𝑟
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𝑃 1𝑊𝑖
2,𝑝𝑎𝑟 (𝑟) =

30 (2 + 3𝜖)
(

𝐶0
1

)2

𝑟10
+

50 (59 + 78𝜖)
(

𝐶0
1

)2

7𝑟3
+

75 (72 + 143𝜖)
(

𝐶0
1

)2𝑟4

14

−
10 (8 + 11𝜖)𝐶0

1𝐶
0
2

𝑟8
−

100 (19 + 18𝜖)𝐶0
1𝐶

0
2

7𝑟3
−

25 (23 + 36𝜖)𝐶0
1𝐶

0
2

2𝑟

−
75 (72 + 143𝜖)𝐶0

1𝐶
0
2 𝑟

4

7
+

25 (1 + 2𝜖)
(

𝐶0
2

)2

2𝑟6
−

1250 (1 + 2𝜖)
(

𝐶0
2

)2

7𝑟3

+
25 (23 + 36𝜖)

(

𝐶0
2

)2

2𝑟
+

75 (72 + 143𝜖)
(

𝐶0
2

)2𝑟4

14
,

𝑃 1𝑊𝑖
3,𝑝𝑎𝑟 (𝑟) =

(2 + 3𝜖)
(

𝐶0
1

)2

𝑟10
−

5 (59 + 78𝜖)
(

𝐶0
1

)2

7𝑟3
−

735 (1 + 2𝜖)
(

𝐶0
1

)2𝑟2

4

+
5 (1089 + 2120𝜖)

(

𝐶0
1

)2𝑟4

112
+

10 (19 + 18𝜖)𝐶0
1𝐶

0
2

7𝑟3
+

10 (3 + 5𝜖)𝐶0
1𝐶

0
2

𝑟

+
805 (1 + 2𝜖)𝐶0

1𝐶
0
2 𝑟

2

2
−

5 (1089 + 2120𝜖)𝐶0
1𝐶

0
2 𝑟

4

56

+
125 (1 + 2𝜖)

(

𝐶0
2

)2

7𝑟3
−

10 (3 + 5𝜖)
(

𝐶0
2

)2

𝑟
−

875 (1 + 2𝜖)
(

𝐶0
2

)2𝑟2

4

+
5 (1089 + 2120𝜖)

(

𝐶0
2

)2𝑟4

112
,

1𝑊𝑖
4,𝑝𝑎𝑟 (𝑟) = 0,

(A.21)

all of which depend on the 𝑂(1) constants 𝐶0
1 and 𝐶0

2 found in Sec-
tion 3.1.

Substitution of the boundary conditions allows us to solve for all
the unknown constants in terms of the cell radius 𝑏; the solutions are
identical to those for fully rigid spheres (as we have not yet accounted
for deformability) and will not be given here as they are available
in Escott and Wilson [51].

Appendix B. Asymptotic expansions at order 𝑪𝒂𝐞

The scalar radial functions in the fluid phase, introduced in
Eqs. (58)–(61) obey governing equations (from the mass conservation,
pressure Laplacian and momentum equations) which can be written in
generic form as

𝛼1,1𝐶𝑎e𝑖𝑗 𝑉 1𝐶𝑎e
𝑗

′ (𝑟) +
𝛽1,1𝐶𝑎e𝑖𝑗 𝑉 1𝐶𝑎e

𝑗 (𝑟)

𝑟
= 0, (B.1)

𝑃 1𝐶𝑎e
𝑖

′′ (𝑟) +
2𝑃 1𝐶𝑎e

𝑖
′ (𝑟)

𝑟
+

𝛼2,1𝐶𝑎e𝑖𝑗 𝑃 1𝐶𝑎e
𝑗 (𝑟)

𝑟2
= 0, (B.2)

𝑉 1𝐶𝑎e
𝑖

′′ (𝑟)+
2𝑉 1𝐶𝑎e

𝑖
′ (𝑟)

𝑟
+
𝛼3,1𝐶𝑎e
𝑖𝑗 𝑉 1𝐶𝑎e

𝑗 (𝑟)

𝑟2
−𝛽2,1𝐶𝑎e𝑖𝑗 𝑃 1𝐶𝑎e

𝑗
′ (𝑟)+

𝛾1,1𝐶𝑎e𝑖𝑗 𝑃 1𝐶𝑎e
𝑗 (𝑟)
𝑟

= 0.

(B.3)

For the solid phase equations, we repeat Eq. (B.1) but for 𝑉
1𝐶𝑎e . The

remaining governing equations become

𝐻0
1
′′ (𝑟) +

2𝐻0
1
′ (𝑟)
𝑟

+
2
(

2𝐻0
2 (𝑟) −𝐻0

1 (𝑟)
)

𝑟2
−

2𝐿0
1 (𝑟)
𝑟

= 0,

𝐻0
2
′′ (𝑟) +

2𝐻0
2
′ (𝑟)
𝑟

−
12𝐻0

2 (𝑟)

𝑟2
− 𝐿0

1
′ (𝑟) +

2𝐿0
1 (𝑟)
𝑟

= 0,

𝐻0
3
′′ (𝑟) +

2𝐻0
3
′ (𝑟)
𝑟

−
2𝐻0

3 (𝑟)

𝑟2
= 0,

(B.4)

and (from the strain tensor evolution equation (36)):

𝛼3,1𝐶𝑎e
𝑖𝑗 𝑉

1𝐶𝑎e
𝑗 (𝑟) − 𝛼4,1𝐶𝑎e

𝑖𝑗 𝐻1𝐶𝑎e
𝑗 (𝑟)

𝑟
= 0,

5,1𝐶𝑎e
𝑖𝑗 𝑉

1𝐶𝑎e
𝑗

′ (𝑟) − 𝛼6,1𝐶𝑎e
𝑖𝑗 𝐻1𝐶𝑎e

𝑗
′ (𝑟) +

𝛽3,1𝐶𝑎e𝑖𝑗 𝑉
1𝐶𝑎e
𝑗 (𝑟) − 𝛽4,1𝐶𝑎e𝑖𝑗 𝐻1𝐶𝑎e

𝑗 (𝑟)

𝑟
= 0.

(B.5)
18
he radial functions which solve Eqs. (B.1)–(B.3) are, but for a change
f constants, the same as the homogeneous solutions from (A.2)–(A.13);
he solutions for the solid displacement and Lagrange pressure are new
t this order. The solution forms are:

𝑉
1𝐶𝑎e
1 (𝑟) = 0, 𝑉

1𝐶𝑎e
2 (𝑟) = 0, 𝑉

1𝐶𝑎e
3 (𝑟) = 0, 𝑉

1𝐶𝑎e
4 (𝑟) = 0,

𝑉
1𝐶𝑎e
5 (𝑟) = 0, 𝑉

1𝐶𝑎e
6 (𝑟) =

8𝐶
1𝐶𝑎e
2 𝑟3

7
+

2𝐶
1𝐶𝑎e
3

𝑟4
, 𝑉

1𝐶𝑎e
7 (𝑟) = 0,

𝑉
1𝐶𝑎e
8 (𝑟) = 𝐶

1𝐶𝑎e
1 𝑟 −

10𝐶
1𝐶𝑎e
2 𝑟3

7
−

2𝐶
1𝐶𝑎e
3

5𝑟4
+

7𝐶
1𝐶𝑎e
3 𝑟
5

+ 𝐶
1𝐶𝑎e
5 𝑟,

𝑉
1𝐶𝑎e
9 (𝑟) = −𝐶

1𝐶𝑎e
1 𝑟 +

10𝐶
1𝐶𝑎e
2 𝑟3

7
+

2𝐶
1𝐶𝑎e
3

5𝑟4
−

7𝐶
1𝐶𝑎e
3 𝑟
5

+ 𝐶
1𝐶𝑎e
5 𝑟,

𝐻0
1 (𝑟) = 𝐶

1𝐶𝑎e
1 𝑟 −

10𝐶
1𝐶𝑎e
2 𝑟3

7
−

2𝐶
1𝐶𝑎e
3

5𝑟4
+

7𝐶
1𝐶𝑎e
3 𝑟
5

,

𝐻0
2 (𝑟) =

4𝐶
1𝐶𝑎e
2 𝑟3

7
+

𝐶
1𝐶𝑎e
3

𝑟4
,

𝐻0
3 (𝑟) = 𝐶

1𝐶𝑎e
4 𝑟, 𝐿0

1 (𝑟) = −3𝐶
1𝐶𝑎e
2 𝑟2.

(B.6)

We leave 𝐶1𝐶𝑎e
24 as a free parameter; 𝐶

1𝐶𝑎e
4 is also unsolved at this

order, as neither is required to fully solve the equations and boundary
conditions. Where necessary, when plotting solutions, we set either of
them to zero.

The remaining constants are summarised as:

𝐶1𝐶𝑎e
𝑖 =

𝜇1𝐶𝑎e
𝑖 (𝑏)

𝜅1𝐶𝑎e
𝑖 (𝑏)

+

(

𝑏3𝛿𝑖,16 − 𝛿𝑖,15 + 𝑏3𝛿𝑖,18 − 𝛿𝑖,17
)

(𝑏 − 1)
(

1 + 𝑏 + 𝑏2
) 𝐶

1𝐶𝑎e
5 , (B.7)

given denominator functions 𝜅1𝐶𝑎e :

1𝐶𝑎e
1 (𝑏) = 𝜅1𝐶𝑎e

2 (𝑏) = 𝜅1𝐶𝑎e
7 (𝑏) = 𝜅1𝐶𝑎e

8 (𝑏) = 𝜅1𝐶𝑎e
19 (𝑏) = 𝜅1𝐶𝑎e

20 (𝑏)

= (𝑏 − 1)2
(

4 + 16𝑏 + 40𝑏2 + 80𝑏3 + 140𝑏4 + 224𝑏5 + 336𝑏6 + 399𝑏7

+ 336𝑏8 + 224𝑏9 + 140𝑏10 + 80𝑏11 + 40𝑏12 + 16𝑏13 + 4𝑏14
)

,
1𝐶𝑎e
3 (𝑏) = 𝜅1𝐶𝑎e

4 (𝑏) =
(

4 + 16𝑏 + 40𝑏2 + 55𝑏3 + 40𝑏4 + 16𝑏5 + 4𝑏6
)

𝜅1𝐶𝑎e
1 (𝑏) ,

1𝐶𝑎e
5 (𝑏) = 𝜅1𝐶𝑎e

6 (𝑏) = 𝜅1𝐶𝑎e
9 (𝑏) = 𝜅1𝐶𝑎e

21 (𝑏) = 𝜅1𝐶𝑎e
22 (𝑏) = (𝑏 − 1)2 (4 + 16𝑏

+ 40𝑏2 + 55𝑏3 + 40𝑏4 + 16𝑏5 + 4𝑏6
)

,

𝜅1𝐶𝑎e
11 (𝑏) = 𝜅1𝐶𝑎e

12 (𝑏) = 𝜅1𝐶𝑎e
15 (𝑏) = 𝜅1𝐶𝑎e

17 (𝑏) = 𝜅1𝐶𝑎e
25 (𝑏) = 𝜅1𝐶𝑎e

26 (𝑏)

= (𝑏 − 1) 𝜅1𝐶𝑎e
5 (𝑏) .

(B.8)

and numerator functions:

𝜇1𝐶𝑎e
𝑖 (𝑏) =

(

231𝐶0
1 − 265𝐶0

2
) (

7𝐶0
1 − 5𝐶0

2
)

𝜈1,1𝐶𝑎e𝑖 (𝑏)

+ 𝐶0
1 𝜈

2,1𝐶𝑎e
𝑖 (𝑏) + 𝐶0

2 𝜈
3,1𝐶𝑎e
𝑖 (𝑏) ;

(B.9)

in which the coefficients 𝜈𝑖1 and 𝜈𝑖2 given explicitly in [56] and in the
supplementary files. Within the solid phase, our constants 𝐶

1𝐶𝑎e are
small enough to write explicitly:

𝐶
1𝐶𝑎e
1 = 5

68
(

441𝐶0
1 − 475𝐶0

2
)

=
5𝑏3

(

475 + 475𝑏 + 34𝑏2 + 34𝑏3 + 34𝑏4 + 34𝑏5 + 34𝑏6
)

17(𝑏 − 1)3
(

4 + 16𝑏 + 40𝑏2 + 55𝑏3 + 40𝑏4 + 16𝑏5 + 4𝑏6
)
,

𝐶
1𝐶𝑎e
2 = 1225

68
(

𝐶0
1 − 𝐶0

2
)

=
1225𝑏3 (1 + 𝑏)

17(𝑏 − 1)3
(

4 + 16𝑏 + 40𝑏2 + 55𝑏3 + 40𝑏4 + 16𝑏5 + 4𝑏6
)
,

𝐶
1𝐶𝑎e
3 = 0,

(B.10)

1𝐶𝑎e
along with the shape function 𝜌1 which was given in Eq. (63).
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Appendix C. Supplementary data

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.jnnfm.2024.105262.
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