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Abstract

In this thesis, we first propose a new method called multilevel Bayesian quadrature
(MLBQ). MLBQ enhances multilevel Monte Carlo (MLMC) through Gaussian
process models and the associated Bayesian quadrature estimators. Using both theory
and numerical experiments, including a landslide-generated tsunami modelling
example, we show that MLBQ leads to significant improvements in accuracy over
MLMC when the integrand is expensive and smooth and when the dimension is
small or moderate. Then, a high-resolution numerical model is employed to simulate
future tsunamis in Sumatra, Indonesia. We output momentum flux (a combination of
velocity and height of the tsunami) as a better intensity measure of tsunami impacts.
Using MLBQ, we account for the influence of uncertain land cover roughness,
which is considered fixed in the tsunami simulator. We also construct Gaussian
process emulators to predict future inundation in Sumatra, Indonesia. Using a
catastrophe modelling framework, the results are used to provide health and financial
impact prediction in Sumatra, Indonesia. Considering the limitations of MLBQ,
such as requiring closed-form kernel means, we propose an alternative method that
uses kernel-based control variates to reduce the variance of MLMC. We call this
method multilevel control functional (MLCF). MLCF is more widely applicable. We
demonstrate that MLCF surpasses MLMC in terms of accuracy through theory and

empirical assessments, including a Bayesian inference example.



Impact Statement

This thesis focuses on developing efficient methods for estimating complex integrals
that are difficult to compute, with specific applications in tsunami modelling. The

following points outline the critical impacts of this thesis:

* We introduce a novel approach, multilevel Bayesian quadrature (MLBQ).
MLBQ is a step forward in Bayesian probabilistic numerics, aiming to extend
its applicability to influential scenarios, especially when computational mod-
elling is costly. We demonstrate that applying our approach has the potential
to reduce financial and time costs in applications in environmental science
and engineering, where high-performance computing clusters are widely used.
In these fields, the expensive cost of evaluating each integrand can hinder

practical applications, and our approach holds considerable potential.

* We apply MLBQ to estimate the tsunami intensity of future events in Sumatra,
Indonesia, a seismically active region. The measure of tsunami intensity is the
integrated maximum momentum flux, which accommodates the uncertainty
of the land cover roughness. We not only show the importance of embracing
the uncertainty of the land cover roughness but also showcase the potential
of MLBQ for accommodating diverse uncertainties in future applications.
This flexible approach promises to improve how we assess hazards and risks
by combining various uncertainties with source variability. It has broader
implications beyond its immediate use in hazard assessment and coastal en-
gineering. It provides opportunities to integrate various datasets and inform

urban planning and policy-making.
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* We expand our focus beyond assessing the vulnerability of infrastructure or
buildings. Instead, we delved into the impact of future tsunami events on
livelihoods and health-related outcomes. We develop an innovative end-to-end
risk model of Indonesia’s future tsunami risk on the open catastrophe modelling
platform Oasis used in (re)-insurance, which incorporates geophysics and
economics. This open model will assist governments, the insurance industry

and other stakeholders in enabling modern disaster risk financing and planning.

* Considering the limitations of MLBQ, we propose a novel method called
multilevel control functional (MLCF). MLCEF offers broader applicability, high
efficiency and ease of implementation. It is handy for Bayesian inference with
unnormalized densities. It excels at handling complex real-world scenarios, as
encountered in engineering, ecology, and environmental science, where the

costs associated with sampling and evaluation can be prohibitive.
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Chapter 1

Introduction

Tsunamis are one of the most devastating disasters and have caused enormous dam-
age in human history. In the last two decades, some regions have suffered the
most destructive tsunamis, such@sda Strait, Indonesia 2018;Palu, Sulawesi,
Indonesiain 2018; Sendai, Japarn 2011; Maule, Chilein 2010; andSumatra,
Indonesiain 2004. History shows that Indonesia is the area most affected by the
tsunami. TheSumatraearthquake and tsunami in 2004 led to millions of people los-

ing their homes and, tragically, their lives. Similadigdonesiaand its neighbouring

countries surrounding thadian Ocearhave suffered substantial economic losses.

Therefore, studying tsunamis and mitigating losses is essential, especially in In-
donesia. Simulation of tsunami wave propagation is an indispensable step in tsunami
research. Most of the simulators in tsunami literature refer to partial differential
equation solvers. Tsunami simulators have been widely used and achieved reason-
able success in the tsunami wave propagation and the run-up of tsunamis. However,
due to infeasible computational costs, running these simulators on high-performance
computing (HPC) facilities is impractical for uncertainty quanti cation and proba-
bilistic hazard analysis (Giles et al., 2020; Gopinathan et al., 2017; Salmanidou et al.,
2019).

In order to alleviate the computational burden, we develop new and ef cient
methodsmultilevel Bayesian quadratu®ILBQ) in Chapter 3 ananultilevel con-
trol functional (MLCF) in Chapter 6. Both approaches target numerical integration.

For instance, in tsunami research, quantities of interest to researchers and scientists
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involve intractable integrals or expected values, such as the integrated maximum
momentum ux discussed in Chapter 4. This kind of computational challenge is also

common in statistics and machine learning, engineering and environmental science.

MLBQ is subsequently employed to estimate the integrated maximum momen-
tum ux, a measure of tsunami intensity valuable for coastal engineering. Addition-
ally, we utilise Gaussian process models as surrogate models to replace expensive
tsunami simulators to mitigate the computational costs associated with constructing
the risk model in Chapter 5. Using surrogate models enables the ef cient predic-
tion of future tsunami inundations in Sumatra, thereby improving the ef ciency of

guantifying future health costs and asset losses.

1.1 Outline of the Thesis

The outline of this report is as follows:

In Chapter 2 we introduce the background knowledge related to our proposed

methods and applications.

In Chapter 3 we introduce our method, multilevel Bayesian quadrature
(MLBQ). MLBQ is a novel Bayesian probabilistic numerical method leveraging
Gaussian process models and the associated Bayesian quadrature estimators to en-
hance multilevel Monte Carlo. Using both theory and numerical experiments, we
show that our approach can signi cantly improve accuracy when the integrand is
expensive and smooth, and dimensionality is small or moderate. We conclude the
chapter with a case study illustrating the potential impact of our method in landslide-
generated tsunami modelling, where the cost of each integrand evaluation is typically

too high for operational settings.

In Chapter 4 we use end-to-end physical and numerical modelling to simulate
future tsunamis in Sumatra, Indonesia and employ MLBQ to quantify uncertainties
in the land cover roughness. The land cover roughness is a critical but unknown
parameter for estimating structural forces from future tsunamis that inform coastal
engineering and urban planning. To account for this uncertainty, we regard the rough-

ness coef cient as a nuisance parameter and integrate its effects on the maximum
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momentum ux.

In Chapter 5 we develop an innovative end-to-end risk modelling framework
for predicting the health costs and asset losses due to future tsunamis over Sumatra.
The risk modelling framework consists of various components, from earthquake
source modelling to tsunami simulation, emulation, and vulnerability analysis using
the Oasis Loss Modelling Framework, to assess risks associated with tsunamis and
their potential impact on coastal regions in Sumatra, Indonesia.

In Chapter 6 we introduce our method, multilevel control functional (MLCF),
which is more widely applicable than MLBQ. MLCF is an extension of control vari-
ates, which uses non-parametric Stein-based control variates and multi delity models
with lower costs to gain better performance. We show that when the integrand and the
density are smooth and when the dimensionality is not very high, MLCF enjoys a fast
convergence rate. We provide both theoretical analysis and empirical assessments on
differential equation examples, including a Bayesian inference for ecological model
example, to demonstrate the effectiveness of our proposed approach.

In Chapter 7 we summarise the main results and discuss future works.

1.2 Activities Related to the Thesis

The work contained in the thesis has been collected in the following papers (*

represents equal contribution):

1. Li, K., Giles, D., Karvonen, T., Guillas, S. and Briol, F. X. (2023). Multilevel
Bayesian Quadrature. In International Conference on Arti cial Intelligence
and Statistics (AISTATS), pp. 1845-1868. PMER

2. Li, K., Salmanidou, D., Gopinathan, D., Heidarzadeh, M. and Guillas, S.
(2023). Uncertainty in the Manning's roughness coef cient in multilevel
simulations of future tsunamis in Sumatraulpmittedo theProceedings of

the Royal Society)A

3. Salmanidou, D.*, Li, K.*, Zulfa, K., Syukriyah, D., Gopinathan, D., Hei-
darzadeh, M., Himaz, R. and Guillas, S. (2023). Catastrophe modelling of

https://proceedings.mlir.press/v206/li23a
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health costs and asset losses due to future tsunamis over Sumatra and Java,

Indonesia. Ify preparatior).

4. Li, K.*, Sun, Z.* (2023). Multilevel Control Functional. In ICML 2023
Workshop on Structured Probabilistic Inference & Generative Modélimup
ICML 2023 Workshop on Computational Biology.

The developed algorithm MLBQ is part of tiRrobNum software and available
on the Probabilistic Numeric®¢obNum) platform? in GitHub.
The newly developed methadultilevel Bayesian quadratu®ILBQ) has been

presented at the:

» poster session at LSIT 2023 - Seventh London Symposium on Information

Theory, London, UK, in May 2023,

 oral presentation & poster session at The 26th International Conference on
Arti cial Intelligence and Statistics (AISTATS), Valencia, Spain, in April
2023,

 poster session at The workshop IMSI - Expressing and Exploiting Structure in
Modeling, Theory, and Computation with Gaussian Processes, Chicago, USA,

in September 2023,

+ talk at The minisymposium of Kernel Methods for Numerical Integration at
the 2022 SIAM Conference on Uncertainty Quanti cation, Atlanta, Georgia,
USA, in April 2022,

« talk at The seminar High Dimension and Functional Data, London, UK, in

April 2022.

The newly developed methadultilevel control functiona{MLCF) has been

presented at the:

2https://openreview.net/pdf/67b58b4187e39b48c70057d35789d5f428097a65.
pdf
3https://probnum.readthedocs.io/en/latest/index.html
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* poster session at ICML 2023 Workshop on Structured Probabilistic Inference

& Generative Modeling, Honolulu, Hawai'i, USA, in July 2023,

* poster session at ICML 2023 Workshop on Computational Biology, Honolulu,
Hawai'i, USA, in July 2023.



Chapter 2

Background

In this chapter, we introduce the foundational elememigltilevel Monte Carlo
and Gaussian procesghat underpin the core of our research, along with some

experimental designs and the tsunami simulator employed in our experiments.

2.1 Multilevel Monte Carlo (MLMC)

2.1.1 Monte Carlo Integration

Monte Carlo integration uses random sampling to estimate the value of integrals,
particularly for intractable integrals where traditional analytical methods are imprac-
tical. Let be a probability distributionon RY(d2 N;),andf: ! Rbe

some integrand of interest. The focal problem is to approximate integrals of the form

Z
[fl=f()(d)

under the assumption thitis square integrable with respect tali.e. [ f?] < 1).
To tackle this task, the Monte Carlo (MC) estimator uses pointwise evaluations of
f:flyf(ti)gl, forn2 Ny, and!; 2 fori 2f1;:::;ng. The Monte Carlo
estimator (Robert et al., 2004; Rubinstein and Kroese, 2016) for comp{itifig

takes the form

X
Muelt]= 2 f(1)
i=1
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wheref! g, ; that is,f! gL, are independent and identically distributed
(IID) realisations from . Asn!1 and under mild regularity conditions, MC
estimators converge tp f ], making these approaches widely applicable. However,
their performance when is nite and relatively small can be quite poor, which is a
common issue wheh is expensive to evaluate. Alternative equal-weight estimators
suffering from similar drawbacks include quasi-Monte Carlo (QMC) or randomised

QMC (Owen, 2013), which usé g, that form a space- lling design.

2.1.2 Multilevel Monte Carlo (MLMC)

Multilevel Monte Carlo (MLMC) is a multilevel method designed for expensive
integrands where cheap approximations are available at several levels of accuracy.
Such models are calledulti delity models(Peherstorfer et al., 2018) and are widely
used, including for atmospheric dispersion modelling (Katsiolides et al., 2018),
biochemical reaction network modelling (Warne et al., 2019), reliability theory
(Aslett et al., 2017), erosion and ood risk modelling (Clare et al., 2022), pricing
in nance (Dempster et al., 2018), wind farm modelling (Kirby et al., 2023), the
design of advanced aerospace vehicles (Geraci et al., 2017), or tsunami modelling
(Sanchez-Linares et al., 2016).

Multilevel methods build a hierarchy of low- delity models from the high-
delity model by adjusting a parameter such as mesh width. As the mesh is re ned,
the quality of approximations in the low- delity model hierarchy are expected to
converge at a corresponding rate. In multi delity methods, richer sets of multi delity
models can be considered (Peherstorfer et al., 2018).

For multi delity models, we can improve on MC through MLMC. Suppose
thatf, = f,andf;: ! Rforl2f0;:::;L 1gare approximations df which
increase both in accuracy and cost with the Iévalhe integral of interest can be

expressed through a telescoping sum as

b
[f]1=1[ fLl=1 fol + [ fi 4] (2.1)

=1

Instead of using a single MC estimator fprf ], we can estimate each term in the
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sum separately. Suppose tffat ()9, g, , the MLMC estimator is
“wmclf 1= "uclfol + “wclfi i 4l
1=1
1 Xo XX
= fo(! (o)) + o (i iy Foalt )
0 =1 =1 =1

For expensive integrands, there are two main advantages to this approach over
MC. Firstly, each integrand (but the rst) in the telescoping sum is of the form

f,  f, 1, which will have low variance since we expdgt f,; ; and hence

V[f, f, 1 V]0]=0. As aresult, a smalf, is suf cient to estimate such terms
accurately through MC. Secondly, we have assumed that the functions are cheaper
to evaluate for small, so some of the initial terms in the sum can be estimated

accurately through MC estimation with a lange

Beyond the scienti ¢ application areas above, these have also led MLMC
to be used to enhance computational tools including Markov chain Monte Carlo
(Dodwell et al., 2019; Wang and Wang, 2022), particle lters (Gregory and Cotter,
2017), approximate Bayesian computation (Jasra et al., 2019), Bayesian experimental
design (Goda et al., 2020) and variational inference (Shi and Cornish, 2021; Fujisawa
and Sato, 2021).

These remarks can be made precise by considering the computational cost
necessary to obtain a given accurdgyor equivalently, a given mean-squared
error (MSE)"2. For an estimatof] f], denote byCos{";") this cost and by
MSE() = E[(Tf] [fD? = VITfN+(E[Tf] [ f])?the MSE, where
E andV denote the mean and variance with respect to all random variables in the
estimator. For MCE["wc[f11 = [ f]andMSE("wc) = V[ we[f11= n V[f].

To achieve a MSE df?, n should be at least 2V[f ]. If C is the computational cost
per sample, a MSE o will lead to Cost” yc;") = " 2V[f]C.

As we will now see, MLMC can provide signi cant improvements over MC. Let
Co denote the cost dfy, C, the costoffy, f, 1, Vo = V[fg]landV, = V[f; f, 1].
P
The total cost of MLMC is IL=O n,C;. The MSE and cost to achieve a MSE"éf
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are hence

bS
MSE("mmc) = VI mumclf 11 = n, *Vi;
1=0

cos( " mmc; ") = " Z(X_ P ViC)2:
=0
To compare this cost with that of MC, we will consider two cases. Firsth,Gf
increases rapidly with levels, we will hav}Ds(’\MLMC; ") " 2V_C_. Secondly,
if V|C, decreases rapidly with Ievel@ps(AMLMc; ") " 2yCo. In contrast, for
standard MC, assuming the cost of evaluatings similar to that of evaluating
f.  f_ 1 and the variance of the estimateM$f | = V[f_ ] V]fo], we have
Cos("mc;") " 2V,C.. SinceV, > V. andC, > C,, we will therefore have

Cos("we:™) > Cos("wume;") regardless of the behaviour GfC;.

This analysis of MLMC can be extended to nd the optimal sample sizes per
level given a xed evaluation cost (see Appendix A.1.1 or Giles, 2015, Section 1.3
for a similar analysis with optimal sample sizes for a xed MSE):

nMLMC —

whereD = T(P |L0=0 P VioCpo) 1. Despite the potential advantages of the approach
above, there are also limitations which prevent the direct usg'8f<. Firstly, V; is
usually unknown. It could be estimated from data, but unfortunately, estimates of
Vi may be unreliable if the sample size at leed small. Secondlyf, is usually

an approximation té (as opposed tb = ). Thirdly, as for our tsunami example,

the number of levels can often be chosen by the user, and it is often unclear how to
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2.2 Kernels and Gaussian Process (GP)

2.2.1 Reproducing Kernel Hilbert Spaces (RKHS) and Kernels

A reproducing kernel Hilbert space (RKHS) and reproducing kernels are helpful and
convenient tools that have been widely used in statistical machine learning, including
technigues such as kernel principal component analysiso(Sqbf et al., 1997,
1998), support vector machines (Steinwart and Christmann, 2008), Gaussian process
(Williams and Rasmussen, 2006), and more. They are also the critical foundation
of our proposed methods, multilevel Bayesian quadrature and multilevel control
functional. Aronszajn (1950) rst developed the theory. This section brie y covers
some of the basics of RKHS and reproducing kernels. See the extensive contents of
the related book (Shawe-Taylor and Cristianini, 2004; Berlinet and Thomas-Agnan,
2004) for more comprehensive details.

For simplicity, we stick with RY (d 2 N, ) here, but more general domains
could be used. Lat: I R denote a positive semi-de nite kernel function,
signifying thatc is a symmetric bivariate function satisfying that for any nite set of
pointsW = f! 4;::::1 g , the inequalityp 4 P =1 zzo(!i;!;)  Oholds
for every vectorz 2 R". Equivalently, the Gram matrig(\W; W) is positive semi-
de nite, where(c(W; W));; = c(!;!;). The de nition of RKHS is as follows,

where the positive semi-de nite kernel functiorserves as the reproducing kernel.

De nition 1 (Reproducing kernel Hilbert spacgBerlinet and Thomas-Agnan, 2004,
p.7) A Hilbert spaceH (c) of R-valued functions, de ned on and equipped with
an inner produch; iy and normk ki (), is a reproducing kernel Hilbert space

(RKHS) with reproducing kernelif ¢ satis es:
1.¢(;!')2H(c) foreveryl 2 ,and

2. the reproducing property thdt(! ) = hf;c( ;! )iy for everyf 2 H (c) and
12

c( ;! ) also represents a feature map of the pbinte.c(;! )= (!') 2 H (o),

where : !'H (c¢)isthe feature map. One of the reasons that reproducing kernels
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are useful is their reproducing property. Feature maps enable users to transform
data into higher-dimensional or even in nite-dimensional feature spaces. The kernel
trick leverages the reproducing property to ef ciently compute the inner products
of feature maps. Speci cally, the kernel trick comptit! ); (! 9in (o using the
equivalent kernet(!;! 9 for every!;! 02

By the Moore—Aronszajn Theorem (Berlinet and Thomas-Agnan, 2004, Theo-
rem 3 in Chapter 1), every positive semi-de nite kern@duces a unique RKHS
H (¢) for whichcis the reproducing kernel. We present some valid kernels commonly

used in the literature, which we also utilize in our experiments, as follows:

Matérn kernel The Magérn kernel with smoothness> 0 and length-scale> 0
is given by

P by P !
21 v 2vk! I % 2vk! I %
Cvatern(!; ! %: (V) 2 Ky = = ; (2.2)

whereK, is the modi ed Bessel function of the second kind of order
(Abramowitz and Stegun, 1968, section 9.6). The expression can be simpli ed

to

p! P ki 1%, X (p+ i) P suki 1 %,

ot 9= o ITIC]

>

when the smoothness parameter is half-integerp+ 1 =2 for non-negative in-
tegerp. Speci cally, whenv = 1=2, v = 3=2 andv = 5=2, the corresponding

Matérn kernels are

k! I %
(! Y=exp( ——2);
P ! p_
(! 9= 1+ M exp( 3|(I—Wﬂ<2)’
P, | o
Bki 1%, 5SkI 1%2 B 1 %
Gl )= 1+ 2+ 37 2 exp( —————2):

Squared Exponential (SE) kernel The squared exponential (SE) kernel with
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length-scale > 0 takes the form

k! I %2
cse(l;! Y=exp  ———=2 (2.3)

See Williams and Rasmussen, 2006, section 4.2 for more examples of kernels.

2.2.2 Gaussian Process (GP)

Gaussian process regression (Williams and Rasmussen, 2006) is a well-known
tractable Bayesian non-parametric approach, which has been extensively used in
various machine learning tasks, such as Bayesian optimization (Shabhriari et al., 2015)
and active learning (Cohn et al., 1996). GPs are also known as kriging methods in
spatial statistics (Santner et al., 2018; Stein, 1999), and as surrogates or emulators
for computer simulators in computer experiments (Sacks et al., 1989). Gaussian
process provides a way to de ne a distribution over functions. The de nition is given

as follows:

De nition 2. (Williams and Rasmussen, 2006, De nition 2.1) A Gaussian process is
a collection of random variables such that the joint distribution of any nite number

of random variables is a multivariate Gaussian distribution.

For Gaussian processes, kernels serve as covariance functions controlling the

properties of a Gaussian process. We denote a GBPR{yn; ¢) to emphasise the

mean functioom : ! R and the (symmetric and positive semi-de nite) co-
variance functiorc: I R (also called kernel), which uniquely identify
the model. Suppose théat : ' R is a GP with mean functiom and co-

variance kernet, i.e. f GP (m;Kk), then for any nite set of point&V, the

random vectof (W) follows a multivariate Gaussian distribution, i.e(W)

Given aGP(m; c) prior onf and some observatiofs$ ;; f (! j)glL, at pairwise

distinctf! g, , the posterior off is also a GP with mean and covariance
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(Williams and Rasmussen, 2006)

M) = M)+ oEW W) W) mew);
ot 9= ol 9 olW )W W) To(W;! 9 |

forall!;! °2 ,wherec('; W )= c(W;!)> =(c(;! 1);::0:00;! 1)).

2.3 Experimental Designs

The randomness of Monte Carlo sampling does not guarantee a good representation
of the input space, which may lead to many points in a small area and no points in
some areas. Space- lling designs are easy to implement, prevent sample clustering,
and are computationally inexpensive. Some criterion-based experimental designs
may perform better but involve higher computational costs. In our experiments,
we focus on two space- lling designs: Latin hypercube sampling (LHS) (McKay
et al., 2000) and quasi-Monte Carlo sampling (QMC). These space- lling designs
are independent of the subsequent model used, aiming to select samples to cover the
input space as uniformly as possible.

To drawn samples, Latin hypercube sampling rst divides each dimension into
n strata and ensures that each stratum has an equal marginal probabilityrsize
Within each dimension, one value is randomly selected from each stratum based on
the probability density of that stratum. Thevalues obtained from each dimension
are then shuf ed and paired with values from the other dimensions. In this way, LHS
assigns points to thend hyper-rectangular box. The projections of these points are
evenly spread out on each axis.

Quasi-Monte Carlo sampling selects point$anl]® in a deterministic manner
to obtain points that are more uniformly distributed than random points. There are
two primary families of methods to draw QMC samples: lattice rules and digital
nets such as the Halton sequence (Halton, 1960) and the Sobol sequence. In our

experiments, we use the Halton sequence, which has low discrepanty.degtote
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sequence,, (i 1), is obtained by rst expressing 1in basel,

_ b
1= Aol
k=1

then re ecting the digits and re-expressing it in decimal version using the radical

inverse function y, in basel

R
h(i 1= amh 201
k=1
whereaixy 21 0;1;:::; 1gandonly nitely manya) are non-zero. See Table

2.1 for an example. There are many other QMC methods; see Owen (2013); Dick

et al. (2013) for a systematic introduction.

Table 2.1: The table illustrates the computation of the value of the rst dimension of 5 points
of the Halton sequence with bale= 2. From left to right Integers from 1 to
5. Eachinteger 1inbase 2. The digits af 1 are re ected through the binary
point. Numbers in the third column are re-expressed in the decimal version.

i i lbase?2 (1)
1 0. 0.000 0.000
2 1. 0.100 0.500
3 10. 0.010 0.250
4 11. 0.110 0.750
5 100. 0.001 0.125

Various transformations (Owen, 2017) can be applied to randomize the Halton
sequence. For instance, with a random starting peirt i L akh k with uniform
distribution on[0; 1], b-adic von Neumann-Kakutani transformation (Wang and
Hickernell, 2000)Ty (U 1) = (1 + am)f ™ + P « mad “ can be repeatedly
applied to get the value of theth dimension of the-th point of randomized Halton

sequencesu} , wherem = minfkja, 6 b  1g.

To transform samples from unit hypercubes to samples in different domains, we

leverage the inverse cumulative density function (CDF) applied to QMC samples.
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For example, given a QMC samplewe perform the transformation:

u=P() , ! =P Yu

to get the samplé within the desired domain. HerB, represents the CDF &f and
P listhe inverse CDF. See Sacks et al. (1989); Santner et al. (2018); Bungartz and

Griebel (2004) for more popular choices of experimental designs.

2.4 Tsunami Simulator Volna-OP2

Volna-OP2 (Reguly et al., 2018; Giles et al., 2020) is a tsunami simulator which
simulates the complete life cycle of a tsunami from generation, propagation and
inundation on shore. It is an advanced tsunami simulation tool using unstructured
meshes accelerated on GPUs. Volna-OP2 has been utilised by geoscientists, e.g.
for real-time tsunami warning systems (Giles et al., 2021) or hazard assessments
(Gopinathan et al., 2021; Salmanidou et al., 2021a). It utilises a nite volume
discretisation to solve the depth-averaged nonlinear shallow water equations (NSWE)

in two horizontal dimensions

@_'+r (Hv)=0;
o @t . (2.5)
2 — .
@t+r (Hv v+§HI)— gHr h;

wherer denotes the divergence operatordenotes the gradient operator, and
denotes the outer product operator. The total water ddpihthe sum of the
underwater topography (bathymettyjand the wave height measured from the sea
level at rest (free surface elevation)g denotes the gravity accelerationijs the
depth-averaged horizontal velocities in two horizontal directions) ashehotes a

2 2identity matrix.



Chapter 3

Multilevel Bayesian Quadrature

3.1 Introduction

This chapter considers the task of approximating an unknown integral, or expectation,
when evaluations of the integrand are expensive, either from a computational or
nancial point of view. This is a common problem in statistics and machine learning,
where one commonly needs to marginalise random variables, compute normalisation
constants of probability density functions or compute posterior expectations. How-
ever, the problem is even more pronounced when doing uncertainty quanti cation
for large mathematical models in science and engineering. For example, a scientist
might be uncertain about the value of certain model parameters and might therefore
wish to estimate the expected value of some quantity of interest involving the model

with respect to distributions on these parameters.

An example which illustrates this problem (later revisited in Section 3.6) is the
modelling of landslide-generated tsunamis, where the evolution of the wave through
space and time is described through a complex system of differential equations
(Behrens and Dias, 2015; Reguly et al., 2018; Giles et al., 2020; Marras and Mandli,
2021); see Figure 3.1 for anillustration. In this context, designers of tsunami-resistant
buildings, prevention structures or early warning systems might be interested in
estimating the total wave energy or momentum ux of the tsunami at a xed location.
These quantities are functions of the solution of the differential equations, but there

will usually be some uncertainty associated with certain physical parameters, such as
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Figure 3.1: Tsunami Model.Left Sketch of the submerged landslide-generated tsunami.
Right: Solution of the differential equation through time and space.

those characterising the slope or size of the landslide. This uncertainty is represented
through probability distributions, leading to the need to compute the expected value
of the quantities of interest. The main challenge is that in order to obtain high-
accuracy estimates, it is necessary to use very ne time and space meshes to solve
the differential equations, leading to prohibitively high computational costs.

A common approach to the approximation of such integrals is Monte Carlo
(MC) methods, which include a wide range of simulation-based algorithms. Of
particular relevance iswltilevel Monte CarldMLMC) (Giles, 2015) and its various
extensions (Giles and Waterhouse, 2009; Dick et al., 2011; Kuo et al., 2015, 2017).
MLMC evaluates the cheap but inaccurate approximation of the integrand a large
number of times, and only evaluates the high-accuracy but expensive approximation
of the integrand a small number of times. For the tsunami example above, standard
MC would use a ne time and space mesh and evaluate the integrand at a xed high-
accuracy level. In contrast, MLMC will use several approximations with different
meshes (each corresponding to a level) and use fewer evaluations of the expensive
levels. For a xed computational budget, this allows MLMC to obtain a much more
accurate estimate than standard MC.

Unfortunately, most multilevel methods suffer from the fact that they are
simulation-based methods which neglect all known properties of the integrand.

This makes the methods widely applicable, but means that their convergence rate
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will be slow when the integrand satis es nice regularity conditions. This is clearly
sub-optimal when working with expensive models, where the number of evaluations
will be limited. In this work, we propose to enhance MLMC through the use of surro-
gate models which encode properties of the integrand, such as smoothness, sparsity
or even periodicity. We focus, in particular, on Gaussian processes (GPs), which
naturally lead to a class of algorithms that we acailltilevel Bayesian quadrature
(MLBQ).

MLBQ is a Bayesian probabilistic numerical method (Hennig et al., 2015;
Cockayne etal., 2019; Wenger et al., 2021; Hennig et al., 2022), and more speci cally
a speci ¢ Bayesian quadrature algorithm (BQ; Diaconis, 1988; O'Hagan, 1991,
Rasmussen and Ghahramani, 2002); see Briol et al. (2019) for a recent overview.
As we will see in the remainder of the chapter, this approach can lead to a posterior
distribution on the value of the integral, with (i) signi cant improvements in accuracy
over existing methods when using the posterior mean as a point estimate, and (ii)
the ability to quantify our uncertainty (given limited integrand evaluations) over the

value of the integral.

3.2 Bayesian Quadrature (BQ)

In terms of approximating integrals of the form

z
[f]l= f()(d)

under the assumption thfatis square integrable with respect toli.e. [ f2] < 1),

the MLMC estimator shows clear advantages compared to the MC estimator. How-
ever, it is important to note that the MLMC estimator focuses solely on sampling
from and does not utilise properties f This is in contrast to BQ, an integra-

tion approach that treafsas a Gaussian process, a type of stochastic process. This
stochastic process is often employed to describe the properties of functions (Williams
and Rasmussen, 2006). GPs are widely used as models for deterministic but compu-
tationally expensive functions, especially in computer experiments (Santner et al.,
2018; Sacks et al., 1989) and in spatial statistics (Stein, 1999). Gi&®(ia; c)
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prior onf and some observatioms$;;f (! i)g; at pairwise distinct! g,
for somen 2 N., the posterior ori is also a GP with meam and covariance

described in Equation (2.4).

Prior knowledge offi, such as smoothness and periodicity, can be incorporated
by specifyingm andc. For example, the squared exponential covariance function
cse(!;! 9 (Equation(2.3)) with length-scale > 0 implies a prior belief that
f has in nitely many derivatives. Alternatively, the Mah covariance function
cvaern(’;! 9 (Equation(2.2)) with smoothnesy > 0 and length-scale > 0

implies a belief that isdve 1 times differentiable.

BQ (Diaconis, 1988; O'Hagan, 1991; Rasmussen and Ghahramani, 2002; Briol
et al., 2019) is an estimator fdr f ] motivated through Bayesian inference. The idea
is to specify a prior orfi , obtain the posterior oh given evaluations df , and then
consider the implied (pushforward) posterior pri ]. The most common approach

uses & P(m; c) prior; in that case, the posterior dnf ] is Gaussian with mean and

variance
Esol[ f11= "eolf 1= [~m]
= [ ml+ [ c(;W)Ie(W; W) (f(W) m(W));
Veal[ f11= [[~ I
=[[ ol [ c(;W)le(W;W) [ c(W;)];
where[ c(;W)]=([ c(;' )55 [ c(;!n)])” and we use the convention that

for a function with two inputs,[[ ]] always denotes integration once with respect
to each input. In contrast with MC methods, which rely on central limit theorems,

Vol [ ]] can quantify our uncertainty abo(itf ] for nite (and possibly smalin.

A particular advantage of the formulae above is that they are de ned for arbitrary
fligL,. Anumber of point sets have been studied including IID (Rasmussen and
Ghahramani, 2002), QMC (Briol et al., 2019; Jagadeeswaran and Hickernell, 2019),
realisations from determinental point processes (Belhadji et al., 2019), point sets

with symmetry properties (Karvonen andrgka, 2018; Karvonen et al., 2019) and
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adaptive designs (Osborne et al., 2012; Gunter et al., 2014; Briol et al., 2015). For
speci ¢ point sets and GP prioré\,BQ[f ] also coincides with classical quadrature

rules (Diaconis, 1988; Karvonen andrgka, 2017).

The two main disadvantages of BQ are that: (i) as per GPs, the computational
cost isO(n®), due to the need to invent n matrices. However, there exist scalable
GP algorithms (Quinonero-Candela and Rasmussen, 2005; Hensman et al., 2013,
2018; Katzfuss and Guinness, 2021; Chen and Stein, 2023) and scalable BQ methods
(Karvonen and &rkka, 2018; Jagadeeswaran and Hickernell, 2019) that can reduce
the computational cost. For example, the Vecchia GP approximation (Katzfuss and
Guinness, 2021) reduces the computational cost of GRPgnm?®) withm  n,
and Jagadeeswaran and Hickernell (2019) lowers the computational cost of BQ to
O(nlogn). (i) [ c(;!)]for! 2 and[[ c]]are only tractable for some pairs of
distributions and covariance functions (see Table 3.1). On the other hand, BQ also
has much faster convergence rates than classical Monte Carlo methodd i8hen
small or moderate (Briol et al., 2019; Kanagawa et al., 2020; Wynne et al., 2021).
For this reason, BQ has mostly been applied to problems whisreonstrained to be
small (for example, when the integrand is expensive), and the integration measure is
relatively simple. This includes problems in global illumination in computer graphics
(Brouillat et al., 2009), cardiac modelling (Oates et al., 2017b), engineering control
(Paul et al., 2018), econometrics (Oettershagen, 2017), risk (Cadini and Gioletta,
2016), likelihood free inference (Bharti et al., 2023) and in variational inference
(Acerbi, 2018).

3.3 Methodology

Although MLMC is particularly well-suited to integrals involving multi delity
models, it usually disregards any prior information on the integrand. We now remedy
this issue by designing a novel estimator which combines the advantages of BQ and
MLMC. Our proposed algorithm is relatively straightforward: it uses the telescopic
sum in Equatior{2.1) and approximates each of the terms through BQ rather than

MC. Here and throughout the remainder of the chapter, we use the convention that
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Table 3.1: A partial collection of distribution and covariance function (kerned)pairs that

yield tractable kernel meaf c( ;! )] and initial error[[ c]]. Here, TP denotes

the tensor product of one-dimensional kernels. (This table is an extension of the
Table 1 in Briol et al. (2019). Chamakh and SagB021) also lists some pairs

of distribution and covariance function (kerna)hat yield tractable kernel
mean|[ c( ;! )] and provides corresponding analytical formulae for them. These
formulae are particularly useful when users require only the estirﬁ‘aj@[f 1)

C Reference
[0; 1]° Unif() Wendland TP Oates et al. (2016)
[0; 1]° Unif() Matérn Weighted TP Briol et al. (2019)
[0; 1]¢ Unif() Squared Exponential  Briol et al. (2019)
[0; 1] Betg2; 5) Squared Exponential Appendix B
RY Mixt. of Gaussians Squared Exponential Kennedy (1998)
S Unif() Gegenbauer Briol et al. (2019)
Arbitrary  Unif() / Mixt. of Gauss. Trigonometric Briol et al. (2019)
Arbitrary Unif( ) Splines Wahba (1990)
Arbitrary Known moments Polynomial TP Briol et al. (2015)

Arbitrary Known@og (!) Gradient-based Kernel Oates et al. (2017a)

fq
ff f

0 to simplify all expressions. Suppose we have access to the evaluations

() Fioa(t i) gt O, Of the approximate integrands on We will specify

a sequence of priors such taP(m;; ¢) is a prior on the incremeri{ f, , and

we

will take these increments to be independent a-priori.

Proposition 1. Given the priors and datasets described above, the posteribrien

a Gaussian process, and the posterior pifi ] is a univariate Gaussian with mean

>4_ N
Emsol[ Tl = golfi i 4]
1=0
b
= [ m]+ [ a(;W)la(Wi; W) H(E(W) - froa(W) my(W))
1=0

and variance

b
Vol [ 1] = Veol[ fi fi 4l
1=0
S
= [ ol [aCGW)la(Wi;W) *[ a(W; )]
1=0
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Figure 3.2: lllustration ExampleUpper Left the approximations tb, GP for BQ, GP for
MLBQ. Bottom Left GP for levels 0, 1, 2 of MLBQRight BQ and MLBQ
estimators.

The proof is given in Appendix A.1.2. Once again, a point estimator can be
obtained through the posterior me’émLBQ[f] = Emweo[ [ f]] and we will call this
themultilevel Bayesian quadratufLBQ) estimator Although MLBQ requires
only a straightforward modi cation of the MLMC algorithm, we will see in the
remainder of the chapter that it will allow us to take advantage of the properties of
both MLMC and BQ.

A simple illustration example comparing BQ and MLBQ € 2) with the same
evaluation constraint is shown in Figure 3.2. We used the approximations from the
Poisson equation experiment in Appendix A.2.1 and Section 3.6.1. As we observed,
the GP for MLBQ tsf, better than the GP for BQ. The MLBQ estimator has a
smaller error and smaller variance than the BQ estimator. The cost for implementing
MLBQ is O(P L, n?), which is larger than thé)(P L, ni) of MLMC. However,
for most multi delity models, we expect these costs to be dwarfed by the cost of
function evaluations, which ig L, MCi. Additionally, we will see in the next
section that MLBQ can have a much faster convergence rate than MLMC. Due to
the independence assumption, we can estimate the GP hyperparameters separately
for each level; see Section 3.5. If the assumption is violated, potentially leading to a
misspeci cation of the prior, our Bayesian uncertainty could be miscalibrated from

a frequentist perspective. The credible intervals could be narrower or wider than
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appropriate, depending on the correlation among the increments. It is possible to do
away with this assumption by modelling levels jointly as demonstrated in Appendix
A.1.3 and Section 3.6.1 or following the work on multi-output BQ of Xi et al. (2018),

P
but this would prohibitively increase the cost@q( |L:o n)3).

3.4 Theory

We now prove an upper bound on the error of MLBQ and derive the optimal number
of samples per level.

Let L2() denote the space of square-integrable functions on R¢
with respect to the Lebesgue measure; i.e. functions for wkidhz) =
(R f (1 )2d!)¥*2 < 1 . The Sobolev spad#/, () ofinteger order 0 consists of
functionsf 2 L2() for whichkf k ::(P onisjj KD TPy )2 < 1 ,where
jJj= P idzl i andD f is the weak derivative (Adams and Fournier, 2003, p. 22)
of order . For non-integer 0, the Sobolev nhorm can be de ned via Fourier
transforms and the two de nitions coincide, up to a constant, for integér is
suf ciently regular (Wynne et al., 2021, Section 2.2). The spatg() is a Hilbert
space.

The following assumptions are used in our results:

Al. The domainis of the form= ¢ foreach ; a non-empty interval.

A2. The distribution has a bounded density function i.e. k kyi () =
sup, ()<1.

A3. For eachl 2 f0;:::;Lg, the RKHSH, = H(g) is norm-equivalent to
W, '() for | >d=2. Two Hilbert spaces$i; andH, are norm-equivalent if
and only if they are equal as sets and there are condigmgs> 0 such that
hkf ky, k fky, bpkfky, forallf 2 H; = H,.

A4. There are o;:::; | > d=2suchthaffy 2 W,°() andf;f; 1 2 W,'()

A5. ForeacH 2f0;:::;Lg, the ll-distancehy,. = h;. =sup,, minj= ..., k!

.....

I i)k satis esh. hqun, B tora constanhg, > 0.



3.4. Theory 40

A6. The priormeans ane, Oforalll 2f0;:::;Lg.

The purpose of Assumption Al is to ensure that the domain is suf ciently regu-
lar for the use of Sobolev extension and embedding theorems. This assumption could
be generalised to allow more complex domains without affecting the convergence
rate (Wynne et al., 2021, Section 3.1). Assumption A3 and its relatives are standard
in the error analysis of GP and BQ methods (e.g., Karvonen et al., 2020; Teckentrup,
2020; Wynne et al., 2021) and are important for deriving our theoretical results.
The RKHS of a Ma&rn kernelcyaem With smoothness and any length-scale is
norm-equivalent tW, () for = v+ d=2whenever satis es Assumption Al.
Assumption A5, known as the quasi-uniformity assumption (Wendland, 2004, Sec-
tion 14.1), ensures that each of the 38scovers in a suf ciently uniform manner
because the lI-distance of a Sé& equals the radius of the largest ball inwvhich
contains no point fronW. Regular grids are examples of sets that satisfy Assump-
tion A5. Assumption A6 is made out of convenience and could be replaced with the

assumption tham, 2 W, '() for eachl.

Theorem 2. Suppose that assumptions A1-A6 hold and dejne minf |; g.
Then

Er("wmso) = j[ L] “musolfLli

X_ =d
k k|_1() akf| f| 1k|n| -
1=0
whenever each, is suf ciently large. Each constard > 0 depends on,, |, G,

hqu, d, and , but not onf; or the data points.

Here, each, is suf ciently large, meaning that the data is dense enough that
the ll-distance is smaller than some threshold that depends on the domain and
smoothness. Theorem 2 is proved in Appendix A.1.4. The proof is similar to the
convergence proofs in Kanagawa et al. (2020); Karvonen et al. (2020); Teckentrup
(2020); Wynne et al. (2021). The Sobolev norm in the bound may be replaced with
the RKHS nornkf;  f; 1ky, if | | due to assumption A3.
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If it is assumed that; | for eachl, one may use Theorem 1 and Corollary 2
in Krieg and Sonnleitner (2022) to prove a variant of Theorem 2 in which the points
are independent samples from a uniform distribution cand the upper bound is
for the expected error of the MLBQ.

Various other generalisations of Theorem 2 are possible but are not included
here so as to simplify the presentation of our assumptions. These include non-zero
prior means, varying kernel parameters (Teckentrup, 2020), misspeci ed likeli-
hoods (Wynne et al., 2021), and improved rates when gdehs, essentially, twice
the smoothness af (Tuo et al., 2020; Karvonen et al., 2020, Sections 3.4 and 4.5)
or when bothf | andg are in nitely differentiable (Karvonen, 2019, Theorem 2.20).

At each levell, the convergence rate Gf(n, I:O') is faster than the rate for
MC estimators ofO(n, 1=2) because;=d=minf |; ;g=d > 1=2. Sincefg;:::;f,
approximate the same function, the kerngland the smoothnessesand | do
not typically change with, which means that the constamisdo not change. If,
additionally,kf, f, 1k, tends to zero akincreases, which is usually the case
because approximation quality should increase with the level, we see that fewer
evaluations are needed at higher levels. Howevey, diiffer signi cantly, more
evaluations than expected may be needed at higher levels.

Using Theorem 2 and assuming we use the same prior at each level, we can
also derive the optimal number of samples for MLBQ under a limited computational
budget. To do so, we assume that the cost of tting GPs at each level is dwarfed by
the cost of function evaluations. This is reasonable because function evaluation costs
tend to be relatively large for applications where MLMC is commonly used. For
example, for differential equation models, the cost is usually driven by the cost of
the solvers such as nite difference, nite element or nite volume methods, and
this can be large for ne meshes. For example, for the tsunami example in Section
3.6.4, tting all the GPs takes less th@b seconds, whereas a single evaluation
off, f_ 1takesl50seconds. For this reason, we assume that the total cost of
running MLBQ and functions evaluations is given b)F/) |L=0 Cin, for some 1
but close tal.



3.4. Theory 42

Theorem 3. Suppose that assumptions A1-A6 hold andnd
minf |; ;g= , do notdepend oh Then

- X_ _d
argmin akf; f; kn ~
NeN1: N 1=0

S.t. :_=0 Cin=T ~

MLBQ — MLBQ. .. ..

n Ng =;iii;n

for landT > Ois solved by

d
+d
nMEQ = p w 812f0;:::;Lg;
!

P, o
whereD = T =g Cpo” ¢ (Ko o 1k )73

The proof is given in Appendix A.1.5. The additional assumptions were intro-
duced to simplify the result by ensuring tl&tdoes not depend dn If the function
evaluation costs do not dominate or ifdiffer, one can still calculate the optimal
sample sizes by solving the optimisation problem in Theorem 3 numerically. The
theorem provides a solution for the relaxed optimisation problem wigre: ; n.

are real numbers. In practice, it will need to use natural numbers, and this is possible

The optimal sample sizes for MLMC and MLBQ are similar; héife, f, 1k
is analogous td/ in that it measures the size of each element in the telescoping
sum. We expedtf, f, ;k to be a decreasing function bfvhich converges to
zero. If the convergence is slow, the sample size for latges to be relatively large,
whereas it can be relatively small otherwise. Additionally, a large Cpatso leads
to relatively smaller sample sizes. For MLMC, the optimal sample size atllevel
proportional toC, *~ whereas for MLBQ it is proportional tg, “* *% . Therefore,
when > d, the penalisation for larg€, is smaller for MLBQ than MLMC, and
vice-versa. This is intuitive because whers large, the integrands are smoother,

and we expect BQ to be able to approximate them fast in the number of samples.

Plugging in the optimal samples sizes of Theorem 3 to the bound in Theorem 2,
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we obtain that

I +d
d

A S 4 4
Err( MLBQ) AT @ CI +dkf| f| 1k +d ;
1=0

whereA = K ki1 () a =4 For BQ based on evaluations fof and utilising the

same computational budget, we obtain
Erm("sq) AT aC7kf_k

from Theorem 2 by setting, OandC, = 0 for everyl 2 10;:::;L 1g.
Let us denote the two upper bounds aboveBlyyso andBgg. To compare these
bounds, we consider two cases. Firstly, if the t&rme C, = *9kf, £, kK 9
grows rapidly withl, thenBy.go is dominated by the highest level so that
Bweo AT = CL=d kf, f_ 1k . Secondly, it decreases rapidly with then
Bweo AT =9C, kfok . In either case, the bound (" y.go) is smaller
than that on Ex" so) under natural assumptions. In the rst case

kf k
Bgo mBMLBQ Bwmieo

if kf,tk k f. f_ 1k, whilstinthe second case

C. ki k
Bgo Co WBMLBQ Bmieo

if CL Co andkf k k fok .

3.5 Practical Considerations

Before moving on to experimental results, we brie y discuss practical considerations

for the implementation of MLBQ.

Firstly, for each level, we will usually include at least one amplitude
parameter (so that the covariance function takes the &pfimt 9 = 2¢ (!;! 9 for

some covariance functio) and a lengthscalg (or a lengthscale per dimension
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of the data). We suggest to select these by maximising the marginal log-likelihood

separately for each level:

2
LCi )= - (W) fia(W))™ o (Wi W) *(Fi(W) - fi 2(Wh)

1 . A
nilog \?+ 3 logje (Wi; W) = log 2;

For a give, this can be done in closed form as follows:

S

N —

(Fi(wWy) 1 a(W))> ¢ (Wi W) 1(F (W) fy 1(W|)):
n

For the lengthscale, the maximumlof |; ) as a function of | needs to be obtained

numerically. Whem, is large, we can use mini-batches with stochastic optimization.

Note that it is essential to select the hyperparameters for each level indepen-
dently. To illustrate this, consider each level having p@d?(0; 2c). All other
parameters besides the amplitude are xed, and maximum likelihood is used to
estimate the amplitude. The resulting maximum marginal likelihood estimate (MLE)

is

where the vector8V/ andy are formed by stacking aW, andf,(W,) f, (W),
respectively and the matrix (W; W) is formed with diagonal blocks at| (W;; W)
and off-diagonal componen@s. Inserting this MLE in the equation for the MLBQ

variance yields

Vueol [ f11="5

(3.1)
([ oGO [aGW)IGWEW) g (W )] e

=0

Because each term in the sum above depends only,pthe knowledge thdt, f,

tends to zero akincreases is not exploited. The essential property of a multilevel
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method is that less data is needed on higher levels is not re ected in the MLBQ
variance. This defect is eliminated if each level has an independently estimated

amplitude parameter. In this case, the variance becomes

S
Vueol[ f11= A [[ GO [ 6GW)lg (Wi W) [ 6 (W3 )]

=0

Each” only depends ofiy f, 1, whereas‘,, depends on all differencdés f, ;
across levels. Consequently, the magnitudg of f, ; directly in uences”, and
thus thelth term in the sum above: ffi f, 1 is small, the contribution of thieth
term toVueo[ [ f]] is small even ilW, contains only few points, unlike in Equation
(3.2).

3.6 Experiments

We now evaluate MLBQ for synthetic (differential equation) models and landslide-
generated tsunami modelling. The code to reproduce our experiments is available at
https://github.com/CeciliaKaiyu/MLBQ . The MLBQ method is also

implemented in th&robNum open-source Python package (Wenger et al., 2021).

3.6.1 Poisson Equation

The Poisson equation is a canonical partial differential equation which arises in
physics (e.g., Mathews and Walker, 1970, Chapter 8). We consider a synthetic model
where forf : (0;1)! R,

f%1)y=2z()for! 2(0;1) & f(O)=f(1)=0

R
wherez(!) = 1. Here, [ f] = Olf (! )d! sothat is aUnif(0;1). To obtain

Appendix A.2.1. We usé = 2 and haveC = (Cy; Cy; Cy) = (3:6;8:5;424) (all
measured iri0 2 seconds). This problem is relatively simple and could be brute-
forced with MC, but has the advantage that we can compute the optimal sample sizes

for MLBQ and MLMC since A1-A6 are all satis ed when using a uniform grid of
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points anckf, f,; 1k, can be computed in closed form for &llit therefore makes
for a good test-bed for our method.

We compare four different settings: MLBQ usindf-B° and uniform grid
points, MLBQ usingh™-M€ and uniform grid points or IID points, and MLMC using

nMLME and 11D points. To implememM-MC we brute-forced the computation of

GP with Maérn0:5 kernel, and all sample sizes are given in Table 3.2.

Table 3.2: Poisson Equation. Number of evaluations at légiyen budget constrairit.

T [1=0 I=1 1=2
0.376s| 38 15
n"B°[0.751s| 77 30
1.503s| 153 60
0.376s| 67 11
nMMC0.751s| 133 23
1.503s| 266 46

=
(JONl—‘omoo

Figure 3.3: Poisson Equatior.eft Absolute integration erroMiddle: Absolute integration
error with differentL . Right Calibration of MLBQ, 11D points.

Figure 3.3 visualizes the result d00repetitions of the experiment, where for

for MLBQ and MLMC to estimate[ f]. When using uniform grids, there is no
randomness, and the experiment is therefore done only once. The left-hand side plot
shows thaf" mLeolf ] signi cantly outperforms” yumc[f ] across a range of budgets

T. For MLBQ, we also see that the impact of the sample size per level is not as
signi cant as that of the type of points used, with the uniform grid outperforming 11D

points. This is promising since the optimal sample sizes will be dif cult to obtain in
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general due to the need to acc¥sserkf, f, 1k, for each level (in the cases of
nNMIMCE andnMLBR respectively). When using the same sample 814/, MLBQ

with a uniform grid outperforms MLBQ with 11D points in most repetitions. This
observation aligns with our theoretical results. Speci cally, using a uniform grid
ensures a smaller Il distance and thus better accuracy. In contrast, when using 11D
points, the randomness in Monte Carlo sampling can lead to clustering of points,
which results in a loss of information in some areas, particularly in scenarios with
limited budgets. Also, the Il distance is larger with an IID point set than with a

uniform grid.

The middle plot shows the empirical mean and 95% con dence interval of the
absolute errors obtained with MLBQ and MLMC with 11D points. This comparison
considers the retention or exclusion of the most accurate I¢viel, f;]. Bene ting
from the fast convergence rate of BQ, adding a few points at the high- delity level
(level 2) signi cantly improves MLBQ but has less impact on MLMC, especially
when the budgeT is small. The absolute error of MLBQ with only two levels is
increasing because the estimates convergeftd, not [ f ]. The right-hand side
plot shows coverage frequencies for various credible levels. Most of the results lie
closely to the identity line, indicating that MLBQ has good frequentist coverage.
The only exception is for larger budggt in which case MLBQ is under-con dent
in the sense that the posterior variance is too large relative to frequentist coverage

probabilities. This is generally preferable to being over-con dent.

We then compare MLMC, MLBQ, and SK-MLBQ, an instance of MLBQ where
levels are modelled jointly with separable kernels, as illustrated in Appendix A.1.3.
We compare three different separable kernBlg,B,; andBj, where(B1)ii =
(B2)ii = (Bg)ii = 1, and(B,)i; = 0:01 (By)i; = 0:05and(B3);; = 0:1 for

on the budget constraint and the number of samples at each level. Whdn503,
the computational cost of SK-MLBQ withMMC is 0.374s, which is around 1.4
times that of using MLBQ witmM-M€ (0.268s). The ratio will increase with a larger

budget constraint aneM-B< . Figure 3.4 shows the result from 100 repetitions of the
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experiment. In each repetition, we evalubgef ;, andf , at new IID point sets and
use the same dataset for MLBQ, MLMC and SK-MLBQ to estimpti].

Figure 3.4 shows that when establishing a low cross-level correlation using
the separable kern&l;, SK-MLBQ performs similarly to MLBQ. However, with
an increase in the speci ed cross-level correlation, the performance of SK-MLBQ
declines. Speci cally, MLBQ outperforms SK-MLBQ when utilizirg, andB.
Overall, this experiment shows that while modelling levels jointly with SK-MLBQ

raises computational costs, it does not ensure a substantial performance enhancement.

We employ a separable kernel to keep the model cheap enough to run. Users can
add more hyperparameters and use more complex kernels; however, each additional
hyperparameter requires more data for accurate estimation. This represents the
trade-off between complex and simple models. More complex models, which
have more hyperparameters, can potentially better represent the data's variability.
However, without suf cient data, adding more hyperparameters may impair the
model's performance. Simpler models, with fewer hyperparameters, are generally

easier to t and tend to be more robust with limited data.

Figure 3.4: Poisson Equation. Absolute integration error.
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3.6.2 ODE with Random Coef cient and Forcing

We now consider a popular test-bed for MLMC as rst studied in Section 7.1 of
Giles (2015):

d du
el -~ — 1 2 .
T c(x)dx 50! 3 for x 2 (0;1)

withu(0) = u(l) =0,c(x) =1+ !;x,!'; Unif(0;1)and! , N (0;1). The
integral is

z z z,
[fl= f()(Cd)=( ul;t)dx)(d)

0

where! =(!4;!,) and is a product of the marginal distributions fog and! ,,
and =0 ;1] (1 ;1). WetakeL =2, and each level is obtained through a
nite difference approximation of with grid sizeh, (see Appendix A.2.2). We have
C = (Cp;Cy;Cy) = (1:0;2:6;,21:8) (in 10 3 seconds).

Table 3.3: ODE with Random Coef cient and Forcing. Number of evaluations for multilevel
estimators and BQ.

T =0 1=1 1=2]BQ
0.303s | 166 27 3 | 15
1517s | 830 135 15 | 75
30.347s| 16579 2701 308| /
151.736s| 82984 13505 1538 /

The assumptions from Section 3.4 do not hold here sinces unbounded
(which breaks Al), but we still use this example to study our method beyond the
setting of our theoretical results. We compare MLBQ with different point sets,
MLMC and BQ with 11D samples. For all multilevel methods, we select the sample
size according taM-MC in Table 3.3. In this example, we cannot ug&5? since
kfy f, 1k, is notavailable in closed form. All methods using a GP with covariance
are taken to be a product of univariate Riat kernels per dimension with= 25,
or a squared exponential kernel (“SE”).

There are three interesting observations in the left-hand side plot in Figure

3.5. Firstly, MLBQ with a Halton sequence (“QMC?”) or a Latin hypercube design
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Figure 3.5: ODE with Random Coef cient and Forcind.eft Absolute integration error.
Right Calibration of MLBQ and BQ with 11D points.

("LHS”) performs better than with 11D sampling, once again re ecting the impor-
tance of the choice of point set. Secondly, the choice of the kernel also has some
impact, with the MLBQ estimator with squared exponential kernel outperforming
the corresponding estimator with Mah kernel. Thirdly, MLBQ signi cantly out-
performs BQ and MLMC, even though a sub-optimal sample size per level was
used here. More precisely, MLBQ (with any point set)lat 1:51%& is able to
outperform MLMC with a budge20times larger T = 30:347%) and is comparable
to MLMC with a budgetl00times larger (T = 151:736s). A similar conclusion
holds when comparing MLBQ with BQ.

Finally, the right-hand side plot shows that the calibration performances of
MLBQ and BQ are very similar. The methods tend to be over-con dent wihen

very small and become under-con dent whers larger.

3.6.3 Linear Function

We then explore the effects of deviating from more theoretical assumptions (A3 and
Ab) through a linear function example. Assumptions Al, A2, and A6 could be gen-
eralised or replaced without affecting the convergence rate. However, assumptions
A3-A5 are more crucial for obtaining the desired convergence rate. Assumption A3
is satis ed by using Marn kernels. Assumption A4 depends on the smoothness of
f|. Assumption A5 ensures that we use a dataset that covers the domain well, which

is important to the convergence rate of MLBQ.
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The integrand is a linear function expressed as follows,
f(!)=" for! 2[0;10}

R
The integral of interest is[ f] = 0:1 ,°f (! )d!, which means that is a

Unif(0; 10). The approximationkg; f1, andf, tof are given by:

8
(o) SLutli 2y gy,
;)=
Tlen 0 ey =90
Here,i ranges from 2 t@, wherep, 2 Nand0 = 13 <! |, < <lip =

10. We then compare various settings to explore the effects of deviating from
our assumptions A3 and A5. Assumptions Al, A2, A4, and A6 are consistently
maintained throughout this example. The comparison involves two kernels: the
Matérn kernel with smoothness= 0:5 ("0.5”) and the squared exponential kernel
("SE"). The latter violates assumption A3. Furthermore, assumption A5 is violated
by employing 11D points and a awed experimental design ("bad”). In this "bad”
design, 90% of the points are sampled fromif(0; 5), while the remaining 10% are
sampled fronUnif(5; 10). We usenM-MC given in Table 3.4 for all settings in this

example.

Table 3.4: Linear Function. Number of evaluations at levgiiven budget constrairit.

T =0 1=1 =2
0.002s| 37 8 2
0.004s| 74 15 4

The left-hand side plot of Figure 3.6 visualizes the approximation$,, and
f,. The right-hand side plot shows that MLBQ with Néah kernel and IID points
(neither A3 nor A5 is violated) notably outperforms the other settings. Additionally,
MLBQ with Matéern kernel in the awed experimental design (A5 is violated) and
with squared exponential kernel and 11D points (A3 is violated) performs relatively
well compared to MLMC. However, when both A3 and A5 are violated, MLMC

consistently outperforms MLBQ with a squared exponential kernel in the awed
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experimental design. This example highlights the substantial impact that the choice

of kernels and experimental designs have on the performance of MLBQ.

Figure 3.6: Linear Function.Left: The approximations tb. Right: Absolute integration
error.

3.6.4 Landslide-Generated Tsunami

We now consider a variation of the submerged landslide-generated tsunami of Lynett
and Liu (2005). The movement of the landslide mass on the beach slope results in
the generation of tsunami waves (see Figure 3.1, left), and we consider the temporal
evolution of this wave. We use the tsunami simulator Volna-OP2 (Reguly et al., 2018;
Giles et al., 2020), detailed in Section 2.4, to simulate the complete life-cycle of a
tsunami: generation, propagation and inundation. Volna-OP2 numerically solves the
nonlinear shallow water equations (Equat{@rb)) using the bathymetry prescribed
in Appendix A.2.3. The simulations with Volna-OP2 are run on a single NVIDIA
P100 graphical processing unit (the Wilkes2 machine in Cambridge's CSD3).

We use a bathymetry(x;t) withx 2 [ 10Q 3100](in meters) and 2 [0; 300]
(in seconds). The parameters of interest drg: de ned to be the ratio of the
maximum vertical thickness of the slide () to the initial vertical distance from the
center point of the slide to the surfaak € 50 m); ! ,, the slope angle; ands, the
length of the slide. All of these parameters lead to nonlinear effects, which can greatly
in uence the ampli cation of tsunami waves. The value of these parameters tends to

be unknown a-priori and we taketo consist of marginal distributions representing
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Figure 3.7: Snapshots of the bathymetry and the solution of the PDE, surface evalu-
ation (x;t;! ) at various timestamps as given by Volna-OP2 whens
(0:375 10 ;150m).

our uncertainty, given bynif(0:125 0:5), Unif(5 ;15) and Unif(100m; 200m)
respectively. A representative example of the solution provided by Volna-OP2 for

I = (0:37510;150m) is on the right-hand side in Figure 3.1 and Figure 3.7.
Figure 3.7 showcases transects of the bathymetry and surface elevation at various
time points. In tsunami modelling, two functionals of the solution of the model
which are often of interest are the total energy ux (Degueldre et al., 2016), denoted
f€. ! R,andthe momentum ux (Park etal., 2017a), dendt&d ! R, and

we therefore want to computef €land [ f™].

Table 3.5: Landslide-Generated Tsunami. Number of evaluations at leyeken budget
constrainfT .

T =0 I=1 1=2 1=3 |=4
1200s | 32 16 8 4 2

6000s | 160 80 40 20 10
12000s| 320 160 80 40 20

In the experiments, we estimate these quantities at a gaxge 8000 with
MLBQ and MLMC using the same IID point sets and repeat the experi@@nt
times. We takd. = 4, and each level corresponds to a different spatial and temporal
resolution used in the solver. The spatial resolution ranges from level O to 4 at

10, 5, 2.5, 1.25, and 0.625 (in meters), respectively. The temporal resolution is
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around 0.080, 0.040, 0.020, 0.010, and 0.005 seconds, respectively, from levels
0 to 4. The number of evaluations per level is listed in Table 3.5. We Gave

(Co; Cq; Cy; C3;Cy) = (515,30, 65, 150) (measured in seconds). These costs are
signi cantly larger than the cost of tting all GPs, which is carried out on a laptop
and ranges from second t®25 seconds, depending on sample sizes per level. We
use a tensor product Marh kernel with smoothness= 2:5 for MLBQ. The related

analytical formulae are provided in Appendix B.

Figure 3.8: Landslide-Generated Tsunaribp. Absolute integration erroBottom Calibra-
tion of MLBQ. The left-hand side plots correspond id €], and the right-hand
side plots to[ f™].

The upper boxplots of Figure 3.8 show the absolute error of our estimates.
As we observed, MLBQ always signi cantly outperforms MLMC. More precisely,
given a xed computational budget, MLMC tends to have an error betwl€en

and100times smaller than MLBQ. We did not compare to BQ here bechuse



3.7. Conclusion 55

too computationally expensive to obtain a reliable estimate. The calibration plots
show that MLBQ tends to be overcon dent when the budget is srita# (L200 or
T = 6000) but becomes under-con dent when the budget is largex (12000).

Overall, although the computational complexity setup studied in this chapter
could be considered a "toy model' for the tsunami warning community, any method
which showcases such a drastic reduction in computing time should be of interest to

the tsunami community, given their tight budget constraints.

3.7 Conclusion

In this chapter, we introduced MLBQ, a method for computing integrals involving
multi delity models. MLBQ enhances MLMC by bringing to it the advantages of
Bayesian methods, namely: (1) the ability to make use of prior information about
the integrand, which leads to faster convergence rates, and (2) the ability to provide
Bayesian quanti cation of uncertainty over the value of the integral of interest. From
the point of view of Bayesian probabilistic numerics, this algorithm is also a step
forward towards making the eld reach applications where it can be most impactful,
including speci cally when models are computationally expensive, and it is therefore
desirable to make use of as much prior knowledge as possible to improve estimates.
There are a large number of possible extensions, and we therefore only mention
some of the most promising. Firstly, one could consider extending MLBQ to multi-
index Monte Carlo (Haji-Ali et al., 2016), which can be useful for models where
levels can have multiple indices. For example, in partial differential equation models,
one index could be discretisation through time and the other through space, and using
this structure could bring further gains. Secondly, one could consider improving
scalability through hybrid strategies where BQ is used on the more expensive levels
and alternatives, such as MC or scalable BQ methods (e.g. Karvoneragdéd,S
2018; Jagadeeswaran and Hickernell, 2019), are used on the cheaper levels. Finally,
since we observed that the choice of point set had a large impact on performance,
one could consider designing novel acquisition functions for adaptive experimental

design (e.g. following the work of Ehara and Guillas, 2023).



Chapter 4

Uncertainty in the Manning's
Roughness Coef cient in Multilevel
Simulations of Future Tsunamis in

Sumatra

4.1 Introduction

In this chapter, we utilize the MLBQ introduced in Chapter 3 to assess hazards and
address coastal engineering concerns related to realistic future tsunami scenarios
in Sumatra, Indonesia. As one of the most destructive natural disasters, tsunamis
have caused a large number of casualties and economic losses in history. The long
wavelengths of tsunami waves enable them to travel across large areas of the world's
oceans and cause widespread destruction and death. The 2004 Indian Ocean tsunami
generated by the M9.1 Sumatra-Andaman earthquake was the deadliest tsunami on
record. The massive tsunami claimed the lives of more than 220,000 people. It
destroyed countless buildings and towns in countries surrounding the Indian Ocean,
including Indonesia, Thailand, Sri Lanka and India, among other countries, causing
billions of dollars of economic loss (Fujii and Satake, 2007). More recently, the 2011
Tohoku tsunami pounded the northeastern coast of Japan, killing more than 19,000

people and leaving thousands missing. The tsunami also caused the Fukushima
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nuclear accident and the radiation leak, which brought extensive and severe adverse
impacts (Synolakis and¥haylu, 2015; Satake et al., 2013).

Coastal engineering plays an essential role in disaster mitigation. Constructing
coastal barriers such as dikes, berms and embankments and strengthening the seismic
capacity of buildings can mitigate the impact and encroachment of tsunami waves
and reduce the collapse and damage to buildings. For example, the results of the 2004
Indian Ocean tsunami eld survey showed that port facilities such as breakwaters
and sturdy coastal houses mitigated the damage due to the tsunami (Tomita et al.,
2006).

Studying the future tsunami wave force acting on land structures is necessary
for coastal engineering. Many studies primarily focus solely on inundation depth
(Suppasri et al., 2013). The velocity of waves is also crucial in coastal engineering,
e.g. when modelling tsunami empirical fragility (De Risi et al., 2017). The uid force
can be evaluated with hydrodynamic force, which is proportional to the momentum
ux, a function of the inundation depth and the velocity of the ow. This is a more
valid measure of forces on buildings than ow height or velocity. The quantity is
essential for engineers when designing buildings with appropriate structural systems
and materials to resist tsunami waves. For example, the quantity is used in Tohoku
tsunami-induced building failure analysis (Chock et al., 2013). By combining the
results with the momentum uxes of future tsunamis, engineers can better understand

tsunami risks, leading to more effective coastal engineering in mitigating disasters.

Since Manning's roughness coef cient is simple to apply in tsunami simulations
and has a low computational load, it is widely used in tsunami models (Bricker et al.,
2015). However, many tsunami models use varied and uncertain Manning's rough-
ness coef cient values from the literature, which may underestimate the mitigation
effects of forests and structures (Bricker et al., 2015). Active research has been
conducted to quantify the uncertainty of this roughness coef cient (Sraj et al., 2014;
Siripatana et al., 2017). Besides, the sensitivity analysis showed that the uncertainty
in Manning's roughness coef cient greatly affects the simulation results (Kaiser

et al., 2011; Gibbons et al., 2022) (including the velocity, inundation and momentum
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ux), which we will also show later.

We employ Volna-OP2 (Reguly et al., 2018; Giles et al., 2020) covered in
Section 2.4 as the tsunami simulator to simulate the complete life cycle of a tsunami,
capturing wave velocity and inundation depths for up to 3 hours post-earthquake.
This simulator is ef cient and robust, having been successfully utilised in the past
(Giles et al., 2021; Gopinathan et al., 2021; Salmanidou et al., 2021a). When
simulating with Volna-OP2, Manning's roughness coef cient remains constant in
time and space, as in many tsunami models. Since this roughness coef cient is
uncertain and has a signi cant impact on momentum ux, we approach it as a
nuisance parameter and undertake integration using the novel Bayesian probabilistic
numerical method, multilevel Bayesian quadrature (Li et al., 2023a), introduced
in Chapter 3. This multilevel method combines low- and high-resolution tsunami
modelling to estimate the integrated maximum momentum ux of future Sumatra
tsunamis ef ciently while considering the uncertainty of the roughness coef cient.

It is possible to account for other sources of uncertainties in probabilistic hazard and
risk assessments, such as the study by Fukutani et al. (2023), which considered the
uncertainty of random tsunami sources and seawall height, but here we focus on

Manning's roughness coef cient.

Speci cally, in this study, we select 12 gauges, as shown in Figure 4.1, situated
near the port of Meulaboh, a coastal city in the neighbourhood of the Sumatra
subduction zone. The Sumatra subduction zone is a zone of frequent seismic activity
due to its location on the Paci ¢ Ring of Fire (Pranantyo et al., 2021). For each
gauge, we utilize MLBQ to estimate the integrated maximum momentum uxes of
tsunamis generated by two different future megathrusts at the Indian Ocean shown

in Figure 4.1.

Figure 4.2 presents a owchart illustrating the integration of various components
utilized throughout this study. The subsequent sections of this chapter will delve
into these components in detail. Section 4.2 describes tsunami simulation methods.
Section 4.3 demonstrates the impact of Manning's roughness coef cient. In Section

4.4, we assume a Beta distribution on the roughness parameter and estimate the inte-
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