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Abstract

Recent successes in two-player, purely competitive (so-called zero-sum) games has made headlines around
the world. Initially, perfect information games, with vast state spaces, such as Go and Chess, were con-
quered using a combination of search, deep neural network function approximation, and self-play reinforce-
ment learning. Subsequently more challenging, imperfect information games such as StarCraft were tackled
using recurrent deep neural networks, human-play priors, and policy-space response oracle reinforcement
learning.

Although these are important advances, from a game theoretic perspective two-player zero-sum games
are the simplest class, and many algorithms are known to converge to a solution concept called Nash Equi-
librium in this setting. For two-player zero-sum games the Nash Equilibrium is unexploitable (there is no
strategy that an opponent could play to that would reduce one’s reward) and interchangeable (if there is
more than one Nash equilibrium in a game, all equilibria are equally good, and it is not necessary for play-
ers to coordinate on the equilibria being played). But most importantly, Nash equilibrium coincides with
the Minimax solution in two-player zero-sum, which is a single-objective optimization. Therefore when
playing against rational opponents, the Nash equilibrium is the obvious, perhaps fundamental, objective to
optimize for when training learning agents in two-player zero-sum games.

Progress on n-player general-sum games, however, has remained limited. It is both unclear what ob-
jective to optimize for and difficult to build algorithms that converge to any interesting objective. This is
disappointing because the majority of the world’s interactions are not purely competitive, have interesting
mixed-motive dynamics, and have more than two players. This is an area of interest to economists, soci-
ologists, policy makers, artificial intelligence researchers, and any other discipline that concerns multiple
agents that have to compete or cooperate together to achieve their objectives.

Previous work has mainly involved applying single agent techniques, or two-player zero-sum tech-
niques and hoping for the best. The overall aim of this work is to unlock progress beyond the narrow
domains of two-player zero-sum, to the most general space of n-player, general-sum games using princi-
pled game theoretic techniques. In this end, this work utilizes more flexible mediated equilibrium solution
concepts, correlated equilibrium and coarse correlated equilibrium, which are more suitable for general-
sum games. This choice is for convenience and to enable the main goal of this work: building algorithms
that scale in n-player general-sum settings.

This thesis a) builds an intuition for the space of games by studying transforms that do not alter their
equilibrium, b) proposes a novel normal-form game embedding, c) develops tools for visualizing large
extensive-form games, d) proposes an efficient equilibrium selection criteria, e) builds fast neural network
solvers for finding equilibria in all normal-form games, f) proposes population based learning algorithms
for training policies in n-player general-sum extensive-form games, g) proposes learning algorithms for
training policies in Markov games games, and h) develops novel ratings algorithms to evaluate strategies in
n-player general-sum games.



Impact Statement

Interactions between intelligent, self-interested agents are ubiquitous. Such interactions are the primary
complication underlying many real-world problems including climate negotiations, economic policy, de-
fence treaties, pandemic coordination, market dynamics, and corporate competition. This thesis does not
claim to directly solve any of the above problems. However, it does take a step towards developing learning
algorithms that are capable of converging to solutions in games, the framework for describing interactions
between self-interested agents. In particular, this thesis makes progress on the most difficult and general
class of games, n-player general-sum, which have been notoriously difficult to solve.

Concretely, and most importantly, this work proposes learning algorithms for training agent policies
towards mediated equilibria, in n-player general-sum normal-form, extensive-form, and Markov games.
Additionally it makes several other contributions: it a) builds intuition for the space of games and their
equilibrium solutions, b) proposes a novel game embedding, c) develops game theoretic visualization tools
for games, d) proposes efficient equilibrium selection criteria, and e) proposes game theoretic strategy rating
algorithms in n-player general-sum games.

This work bridges the fields of machine learning, reinforcement learning, and game theory. It is not the
first to do so but does offer a unique perspective. Its algorithms are designed to be scaled with reinforcement
learning and neural networks. This work is deliberate in avoiding the metric question: what is the perfect
solution concept for n-player general-sum? Instead, it calls to action the need to build algorithms that scale
to complex games with established solution concepts.

The fields of sociology, economics, game theory, and artificial intelligence directly benefit from the
work in this thesis, however its indirect effects could be more widespread. Progress made in understanding
strategic interactions between players could help improve cooperation amongst people or systems, increase
their payoffs, and improve rules and regulation from which strategic interaction emerges.
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Chapter 1

Introduction

Impressive progress in single-agent environments (Atari (Mnih et al., 2015)) has been driven
by advances in deep reinforcement learning (DRL), where the generalization power of neural
networks combined with the scalability of RL has enabled a surge in progress. Environments
with more than a single player, called games, have had similar success, making headlines
around the world (Backgammon (Tesauro, 1995), Go (Silver et al., 2016), Chess (Campbell
et al., 2002), Shogi (Silver et al., 2018), and Stratego (Perolat et al., 2022)). This success is also
replicated in more complex model-free (Go, Chess, and Shogi (Schrittwieser et al., 2019)) and
partially observable (StarCraft (Vinyals et al., 2019)) games. While this list appears diverse, the
games are similar from a game theoretic perspective: they are all two-player zero-sum, where
training algorithms are theoretically known to converge to approximately optimal solutions.
Attempts at progress beyond two-player zero-sum (Capture the Flag (Jaderberg et al., 2019),
Soccer (Liu et al., 2021), Hide and Seek (Baker et al., 2019), Poker (Brown and Sandholm,
2019), Dota (Berner et al., 2019), Diplomacy (Anthony et al., 2020a; FAIR et al., 2022)), while
impressive and in some cases super-human, have fallen short of being considered solutions to
these games. The policies produced by these techniques can be exploitable, their training can
be unstable, and convergence to a particular objective can be unsatisfactorily defined.

This disparity is caused by a theoretic and pragmatic step-change in complexity that arises
when venturing beyond two-player zero-sum games (von Neumann and Morgenstern, 1947)
or common-payoff games. Two-player zero-sum is a purely competitive context: one player’s
gain is the other’s loss. Each player is only reacting to one other player’s potential actions.
There is no doubt that the relationship between the two players is adversarial, and therefore
there is no need to coordinate with the other player. By comparison, in common-payoff games,
all players receive the same payoff. In such a setting it is in all players’ interests to coordinate
as there is a single perfectly cooperative goal. The properties of these two game classes greatly
simplify the training problem, and existing tools (reinforcement learning) and solutions (Nash
equilibrium) can be readily leveraged to solve these games.

The term general-sum encompasses all possible game payoff structures, from purely competi-
tive zero-sum, to purely cooperative common-payoff, to mixed-motive (the games in-between).
The primary difficulty general-sum introduces is that a player may now want to coordinate
while also retaining some competitive goals. For example, cars at a junction may want to co-
ordinate to avoid colliding with each other, but individually also wish to minimize the time
they spend idle waiting for other cars to pass. Having more than two players, sometimes called
n-player, is also a complication. Now it is not obvious which players are working with, against,
or are indifferent to other players. Even in a purely competitive setting, it may be advantageous
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to collude with another player in order to avoid being exploited by a coalition yourself. Balanc-
ing these trade-offs is tricky and complex multiagent dynamics can arise in relatively simple
games.

The difficulty in training multiagent systems arise from its decentralized multi-objective nature.
It is not possible to simply consider the Pareto optimal set of solutions: each of the objectives
(player payoffs) is self-incentivized, controls a subset of the parameters (actions), and has the
prerogative to unilaterally modify its own actions if it is in its own interest. Therefore there
is not just a notion of Pareto optimality, but also of stability. We wish to find solutions that
satisfy both these conditions. It turns out that two-player zero-sum and common-payoff games
have mechanisms to side step these issues by principally converting them from multi-objective
optimization problems to single-objective optimization problems for which solutions are more
readily available. The goal of this thesis is to develop algorithms that can converge to good,
stable policies in n-player general-sum games.

1.1 Multiagent Problem
The polymath John von Neumann proved the Minimax theorem (von Neumann, 1928) which forms the
basis of fundamental solutions to two-player zero-sum games that established the field of game theory
(Casti, 1996). However he struggled to extend the theory much beyond this class (Bhattacharya, 2022).
The theory of n-player general-sum games are still underdeveloped today. Disappointingly, the majority
of contemporary research in game theory still focuses on two-player zero-sum. The difficulty is because
of several reasons including multi-objectiveness, non-stationarity, and complexity explosion. In whole, we
refer to these difficulties as the multiagent problem.

1.1.1 Inherently Multi-Objective
Finding solutions to games is a multi-objective problem with the additional properties that a) the objectives
are competitive with one another, b) have agency to act in their own self interest, and c) have unilateral
control over some portion of the parameters.

Training agents to perform well in such a setting raises a question of how to measure progress. If
different players have different payoffs, which ones should we prioritise? Can the scales of the payoffs of
each player even be compared? Should we aim for utilitarian outcomes, or fair outcomes, or just outcomes,
however those could be defined? In single-objective RL, there is a single rational outcome: maximize
expected reward or some risk profile over expected rewards. However in multiagent, in general there is no
known one right way, which poses a problem. The lack of a unique target to work towards makes it difficult
to design algorithms that optimize for a desired outcome.

Therefore the field of game theory instead chooses to focus on so-called solution concepts. The most
popular class of these are equilibrium concepts. Instead of specifying desired outcomes, these concepts
instead specify which outcomes are stable, meaning that rational agents would not have incentive to uni-
laterally deviate from such an outcome. Any particular multiagent problem may have infinitely many such
stable points, and there is not necessarily a prescriptive way to choose amongst these points, so equilibrium
concepts on their own do not solve the multiagent problem. The additional problem of choosing between
solutions is known as the equilibrium selection problem.

However, there are some special cases when equilibrium solution concepts come close to defining a
“true” objective. The mechanism by which this is achieved is through recasting the multi-objective problem
as a single objective one through principled arguments. The easiest class of games where this is possible
are common-payoff games, where the goals of all players are identical. In this case we could simply merge
all the players into a single abstract player, which reduces the multi-objective problem to a single-agent
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single-objective one. This new merged player would have an enlarged strategy-space which is the product
of all the original players’ strategies. Even if we wanted to avoid merging players the solutions are still
relatively easy to find (for example a centralized maximum operator would find a Nash equilibrium) and,
most importantly, there is a single obvious metric to optimize for.

Another, and the most famous, special case is when there are only two players and the objectives
are purely competitive such that one player’s gain is another’s loss. In the literature, the second condi-
tion is often to referred to as zero-sum1, and the special case is therefore called two-player zero-sum. In
this case, the Nash equilibrium and the Minimax solution coincide, and together define a stable solution
that also minimizes the worst-case outcome for a player, whatever the opponent player does. For two-
player zero-sum the Minimax solution is single-objective. Such a solution, while not necessarily unique, is
tractable2, unexploitable3, and interchangeable4. Therefore in two-player zero-sum, training agents towards
a Nash equilibrium is a prescriptive goal. Because of this special case having a well-defined objective, huge
progress has been made on extremely complex two-player, zero-sum games such as Go (Silver et al., 2016),
Chess, StarCraft (Vinyals et al., 2019), and Stratego (Perolat et al., 2022). There exist artificial agents that
are undeniably super-human in their performance.

These approaches for casting a multi-objective optimization problem as a single-objective optimiza-
tion point to a fundamental question: is single-objective enough? This question is most explored in the
reinforcement learning (RL) literature, where it is posed similarly: is reward enough? A drawback with RL
is that is it single-objective, or at least imposes that multiple objectives must first be squashed onto a single
scalar. The reinforcement learning hypothesis, coined by Littman, states that all goals can be characterized
by maximizing over expected cumulative reward signal. Sutton is also a proponent of this hypothesis. This
hypothesis is controversial. Rewards are easy to specify in a single-agent environment: they follow directly
from the goal. However, in a multi-agent game, perhaps rewards would need additional shaping or mecha-
nisms introduced to ensure convergence of greedy reward maximizing agents. Even if there existed scalar
rewards one could give all agents that would ensure convergence to a solution (no such proof exists), calcu-
lating the reward function may be just as challenging as the original multi-agent problem. Without proof to
the contrary, general multi-agent problems seem to be multi-objective in nature and this is a complication
which must be overcome when designing algorithms in such settings.

1.1.2 Non-Stationary Environment
Conceptually, it is possible to ignore the other agents in a game such that they are subsumed into the rules
of a single-agent environment: other players’ actions are viewed no differently than the immutable physics
of the world. Indeed this is a valid approach to take, so long as the environment remains stationary. This
would mean that agents cannot adapt over time in response to your own, and others’ changing behaviour. If
we lived in such a world there would be no need to differentiate between players’ actions and innate rules
of the world (e.g. physics). Indeed the concepts of agency and theory of mind become nebulous.

This is, of course, an unrealistic model. Agents have their own agenda and will adapt behaviour over
time, via learning or evolution, to ensure their goals are met. Therefore it is important to make a distinction
between the entities in the world without agency and entities with agency. The distinction is so important
that humans have evolved a cognitive bias for identifying agency in the world. This sense is so acute that
stories can be visualized with simple shapes and people will instinctively construct a narrative that describes
the behaviour of these shapes in the context of their individual goals as if they were alive (Figure 1.1) (Hei-
der and Simmel, 1944). Humans are also known to see agency in complex natural phenomenon, such as

1Summing over the two players’ payoffs is equal to zero.
2Solvable in polynomial time.
3There is no strategy the opponent can play which will reduce your own payoff.
4If there are multiple equilibria, each is in equilibrium with any other, and all combinations result in the same payoff.
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Figure 1.1: Stills from Heider and Simmel’s video (Heider and Simmel, 1944) demonstrating agency of simple shapes.
When people are asked to describe what they see in the scene, they describe a story involving a conflict between the
triangles and circles (entities with agency), in a world containing a room represented by the straight lines (entities
without agency).

the stars, where there is none. This is evidence that there is an evolutionary advantage to overestimate the
degree of agency in the world, rather than underestimate it. This shows that observing the world through
a multiagent lens is, at least through human evolution, extremely important. People who have an impaired
theory of mind struggle with many aspects of life. Perhaps the ability to recognise agency is to help learn-
ing: the ability to differentiate between rule-based changes in the world and agency-based changes in the
world would be useful in separating the parts of the environment that are stationary and those that are
non-stationary.

It is this complication that explains why training in a multiagent setting is complicated. When one
player changes its behaviour, others necessarily respond by changing their own. It becomes advantageous
to model what other agents may be thinking or know (theory of mind). It is not hard to see why building
algorithms in such settings may be challenging. How do you ensure a population of learning agents con-
verges to a sensible global solution? Do other agents’ minds and goals need to be modelled by individual
agents?

As an example, consider the simple and popular two-player zero-sum children’s game, rock-paper-
scissors. This game has cyclic dynamics: rock beats scissors, paper beats rock, scissors beats paper. The
winning strategy is to play whatever counters the strategy of the other player. However if any player were
to play deterministically they would be easily exploitable, so players should adopt a randomized strategy.
Imagine a learning strategy where players would play some distribution over rock, paper, and scissors
against others. They would increase the probability of playing strategies that win more on average and
reduce the probability of strategies that lose on average. Naive learning dynamics (Figure 1.2) of such a
non-stationary system does not result in convergence to the equilibrium of this game: playing rock, paper,
and scissors with equal probability.

To make matters worse, many scalable RL methods that we hope to leverage assume a stationary
environment, and either do not work or their convergence proofs break down when used in a non-stationary
setting. Even if the RL methods did work, they would become moving targets for other agents.

1.1.3 An explosion in Complexity
The presence of players within an environment results in an explosion in complexity within games. The
policies that other agents deploy influence the transition dynamics and hence the state visitation distribution
of a game. Policies can be stochastic resulting in a continuum of possible modifications to the environment
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Figure 1.2: Non-stationary learning dynamics. Shows the evolution of the strategies of learning agents in rock-paper-
scissors with different sized populations. Each agent’s mixed strategies over time are shown on a two-simplex. The
points labelled “R”, “P” and “S” represent playing pure strategies and the space in between represents mixed strategies.
The Nash equilibrium (the unexploitable solution to this two-player zero-sum game) is the point (not indicated) in the
centre of the equilateral triangle: randomly playing all strategies with equal probability.)

which need to be modelled. For example, to emphasise the complexity that multiagency introduces, an
analogous single agent environment would be like having parameterized rules which could be changed
at any moment. Perhaps the laws of gravity could be inverted, or the melting point of water altered. A
competent agent in such an environment would need to know how to adapt to such changes and clearly
such a world would be very complex.

However, recent advances in machine learning provide optimism that increasingly complex environ-
ments can be tackled. The recent deluge of machine learning progress has been powered by three key
ingredients; scalable and generalizable function approximation in the form of deep neural networks, stag-
gering amounts of cheap compute power, and breakthroughs in scaling reinforcement learning.

Neural networks (NNs) were always promising because of their architectural flexibility, hierarchical
structure, efficient gradient computation, and approximation power. The driving force behind training NNs
is backpropagation (Kelley, 1960; Rumelhart et al., 1986), an efficient implementation of the chain rule.
However, historically NNs with many layers, so called deep neural networks (DNNs), proved difficult to
train because of issues with gradients diverging or vanishing as they progressively passed through more and
more layers. The breakthroughs enabling DDNs can be attributed to many people. Hinton demonstrated that
pre-training layers significantly helped. LeCun, popularized convolutional neural network (CNN) architec-
tures which utilize weight sharing and are particularly efficient at image tasks. Hochreiter and Schmithuber
provided an architecture (LSTMs) (Hochreiter and Schmidhuber, 1997) that allowed training recurrent neu-
ral networks, which are deep over time. Regularization, like dropout (Srivastava et al., 2014), also helped
with generalization issues. Additionally, benchmark datasets such as MNIST (Deng, 2012) and ImageNet
(Deng et al., 2009) have enabled a research community to blossom around this field. Since then, there have
been many more improvements including parameter initialization (Glorot and Bengio, 2010), nonlinarities
(Agarap, 2018), adaptive optimizers (Kingma and Ba, 2014; Tieleman et al., 2012), batch normalization
(Ioffe and Szegedy, 2015), gradient clipping (Mikolov, 2012), gradient scaling (Hessel et al., 2018), op-
timized hardware (GPUs, TPUs) (Google, 2023), and auto-differentiation libraries (Abadi et al., 2015;
Bradbury et al., 2018; Paszke et al., 2019), which have made training DNNs comparatively easy.

Another key ingredient is reinforcement learning at scale. Early progress in planning (Deep Blue
(Campbell et al., 2002)), and dynamic programming (Bellman, 1957a) showed that temporally extended
tasks could be solved with the right algorithms. Value based methods deployed on larger games (TD-
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Gammon (Tesauro, 1995)) were developed which improved performance further. Deep neural network
function approximators were then used to learn values of games with large states (DQN (Mnih et al., 2015)).
Search can be incorporated into the value targets to improve variance (AlphaGo (Silver et al., 2016)). Many
policy gradient algorithms (Espeholt et al., 2018; Williams, 1992) have been developed which scale to even
larger domains without knowledge of the dynamics of the environment.

Bigger networks, longer training times, bigger datasets, and more thorough hyper-parameter sweeping
have consistently resulted in better performance. Therefore, it is clear to see why the growing abundance of
cheaper, more powerful, and more specialised hardware translates to advances in machine learning. Moore’s
Law (Moore, 1965; Schaller, 1997) is a well known phenomenon that had driven this progress, but more
recently specialised hardware, such as Graphical Processing Units (GPUs), and custom Tensor Processing
Units (TPUs) have driven compute power to even further heights. Progress in fast memory, such as RAM
and SSDs have also allowed huge datasets to be streamed with ease. Indeed we are now approaching a
level of computation comparable to the human brain: TPU pods can calculate 1 exaflop (goo), while the
brain is estimated to be 100 teraflops (Moravec, 2000). Of course the brain is not a general computing
unit, it possesses structural biases honed over billions of years of evolution to excel at the tasks of survival
in the world we find ourselves in. Nevertheless, since we know the brain is a capable intelligence, this
could be evidence that human-level performance of tasks may be within reach with the right algorithms and
structural biases.

1.1.4 Goals and a Non-Goal
In summary, progress in the n-player general-sum multiagent settings has been slow. It is difficult because
of three problems.

Metric Problem: Multiagent games are a multi-objective problem and it is not clear what the correct target
objective, metric or solution concept is for n-player general-sum games.

Algorithm Problem: Multiagent games are non-stationary and even given an established solution concept,
it is difficult to build algorithms that converge to a solution.

Complexity Problem: Multiagent games have more complexity, which is driven by players able to influ-
ence the game dynamics.

This thesis has an explicit non-goal: it will not search for an answer to the metric problem nor claim
that the solution concepts studied within are the only metrics to measure progress on n-player general-sum
games. It will attempt to explain the advantages and trade-offs of the solution concepts studied, however it
will not dwell on these. While the metric problem is an important area of research it can also be a distraction.
Instead this work focuses on the equally hard algorithm and complexity problems: given a reasonable
solution concept, how does one build algorithms that converge to this solution in n-player general-sum
games? This work exploits advances in machine learning to overcome the complexity problem.

Much of the work in this thesis is building a framework of tools necessary to tackle this problem. In
order to scope the work, the thesis follows several themes. It focuses, without devotion, on mediated equilib-
rium solution concepts like correlated equilibrium (CE) (Aumann, 1974) and coarse correlated equilibrium
(CCE) (Moulin and Vial, 1978) which are mathematically convenient (specifically they have a convex set
of feasible solutions) and permit coordination between players (an important property in cooperative and
mixed-motive settings). This thesis prefers, where possible, unique equilibrium selection for consistency
and practicality. Assuming solution convexity, any strictly convex function could be used to select an equi-
librium uniquely avoiding the equilibrium selection problem. Algorithms are built around game theoretic
first principles and should have convergence guarantees. Finally, the primitive components of the algo-
rithms should be scalable using deep learning or reinforcement learning. In summary this work develops
techniques along these themes:
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• Choose solution concepts for convexity.
• Choose equilibrium for uniqueness.
• Develop principled game theoretic algorithms for convergence.
• Use DL and RL primitives for scale.

A limitation of focusing on mediated equilibrium techniques is that, in non-zero-sum games, there
must be a mediator5 at test time to enable implementation of the solution. In some ways, the presence
of a mediator is advantageous: mediated equilibria permit coordination between players, are richer, and
contain higher payoffs. However, the mediator’s presence in the game may not always be realistic for a
number of reasons. Firstly, engineering a trustworthy entity to act as a mediator may be fraught. All players
would have to have faith in the implementation and execution of such a central authority. Indeed, there are
successful examples of mediators (traffic lights are widely trusted and observed, and the internet protocol
is successful), however it obviously may not be pragmatic in all scenarios. Secondly, mediated solution
concepts require communicating recommendations, be they individual actions (in extensive-form) or whole
policies (in normal-form), to players. This communication channel may not be available in practice and
therefore may limit the applicability of mediated solutions. Finally, the equilibrium solutions in n-player
general-sum games are only useful if all players are aware of, and are willing to execute the equilibrium.
Players should be incentivized to play an equilibrium, however there is no mechanism to force players to act
in their own self-interest. This is in contrast to the Nash equilibrium in two-player zero-sum games which
is unexploitable regardless of what an opponent chooses to do. Most of these drawbacks are fundamental
to n-player general-sum games and would apply to other solution concepts too. Additionally, even if exact
equilibria may not be easily implemented certain situations, having learning algorithms that converge to
principled joint policies is still advantageous. For example, crudely marginalising an equilibrium such that
is can be decentrally executed without a mediator may still result in better performance than non-game
theoretic methods that train directly on decentralized solutions.

1.2 The Multiagent Worldview
Solving multiagent problems is difficult, but is it useful? The most obvious application of multiagent
learning agents is to board games. Indeed most research, and research referenced in this thesis, has focused
on such games. However this should not be mistaken for a narrow applicability. Board games are used
as research benchmarks because they a) have engaging strategic dynamics, b) have rules honed over many
years, c) are understood intuitively by people, d) have strong human baselines, e) have established theory, f)
have code implementations, and g) are externally defined. In general, the learning algorithms developed in
this work can be applied to many problems that have actors each striving for their goal. Climate negotiations,
the stock market, national defence, and economic policy are all examples of difficult problems that can be
modelled as games or multiagent problems. The multiagent worldview describes a world that is not just
composed of many things with complex rule-based interactions: it is one where parts of the world have
agency and it is advantageous to consider that agency.

1.2.1 Gamification
Many problems could be recast as multiagent, even when the underlying problem may not seem multiagent
in nature. This framing is known as gamification. The most famous recent examples are GANs (Goodfellow
et al., 2014) which constructs a two-player zero-sum game to generate high quality generated images that
cannot be differentiated from a real image. In this approach, a generator player attempts to generate an
image and a discriminator player attempts to classify whether an image is generated or real. Others have
reframed fundamental mathematical concepts like the eigenvalue problem (Gemp et al., 2020) as a game.

5Also sometimes called a correlation device.
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This field is underdeveloped but demonstrates that the tools of games are useful even for problems without
agency.

1.2.2 Evolution and The Auto-Curriculum Property
We know that human intelligence arose through evolution, but it did not do so in isolation. Cooperation and
competition between agents was an important component in driving intelligence of the human race. We also
know that simple rules and interacting agents can lead to enormous complexity and open-ended outcomes
(Leibo et al., 2019). It is therefore possible to see that from multiagent systems emerges an auto-curriculum
property where, as interacting agents become more competent, the complexity of the system they are acting
in increases, and therefore drives the necessity for further progress. This property is particularly desirable
because it is clear that a hand-crafted set of ordered tasks (a curriculum) does not scale. This is true for
many reasons including a) there are many possible tasks, b) it is not clear what subset of these tasks are
useful for learning, and c) it is not clear in what order they should be presented.

Therefore, the multiagent auto-curriculum property (Graepel, 2020; Leibo et al., 2019) may be a key to
designing a path to general intelligence. Evidence for this view is mounting: the game of Go was famously
mastered using self-play (Silver et al., 2016) (and later Chess, and Shogi (Silver et al., 2018)), Capture the
Flag with a population of agents (Jaderberg et al., 2019), and StarCraft using a league of agents (Vinyals
et al., 2019). All these training regimes benefited from training against progressively stronger opponents in
various forms (not too weak or too strong).

1.2.3 Multiagent World
The most basic argument for studying multiagent systems is that we live in a multiagent world, with multi-
agent problems. Taking a broad view, many of the world’s biggest problems are social dilemmas or moral
hazards, whether it be agreeing to climate treaties, cooperating on free-trade, controlling nuclear arms pro-
liferation, setting fiscal policy, or developing and sharing (or even taking) vaccines. These are complex
multiagent problems with incentives that result in both competitive and cooperative behaviour. The study
of multiagent systems need not only be about how to behave in such a system, but also includes the area
of research about how to design multiagent systems that incentivize cooperative behaviour (mechanism de-
sign) that maximises some measure of social welfare. There have already been some examples of this, for
example in auction design (Edelman et al., 2005). Even taking a more narrow view, a hypothesised artifi-
cially intelligent agent will necessarily have to interact with, and understand the incentives of its creators -
humans - and of other agents it interacts with if it is to be of maximum utility. An intelligence that simply
maximizes its own single-agent reward may be more limited than an agent that understands the goals of
others.



Chapter 2

Literature Review

Understanding multiagent training beyond two-player zero-sum requires focusing on two ar-
eas of research; Reinforcement Learning (RL) and Game Theory (GT), and their intersection
Multiagent Reinforcement Learning (MARL).

RL is focused on individual agent (single-objective) reward maximization, within a possibly
partially observed environment, where the environment dynamics may or may not be known. In
recent years, RL has exploded in popularity, primarily because of a breakthrough (DQN, (Mnih
et al., 2015)) in scaling classic RL algorithms to use neural network function approximators and
the commoditization of compute resources. Although there are still breakthroughs, the field is
maturing, and increasingly more complex applications are being tackled: Atari (Mnih et al.,
2015), Go (Silver et al., 2016), StarCraft (Vinyals et al., 2019), and Stratego (Perolat et al.,
2022). Silver’s lecture course (Silver, 2015), Kaelbling’s survey (Kaelbling et al., 1996a,b),
and Sutton & Barto’s book (Sutton and Barto, 2018) provide excellent introductions to the
field of RL. The fundamentals, state of the art, and a taxonomy of RL are summarized in
Section 2.1.

GT is focused on the interactions and behaviour of rational agents in competitive and cooper-
ative scenarios. Although the field is mature, most theory is confined to two-player, zero-sum
(purely competitive games where one player’s loss is another’s gain) games. Solutions to games
are usually described via equilibria: where no player has incentive to deviate from a particular
set of strategies, the most famous one being Nash equilibrium (Nash, 1951). GT differs from
RL in the fact that there are no clear metrics to optimize for in general games. Theory be-
yond two-player zero-sum is incomplete but some progress has been made. Section 2.2 gives a
background to GT, particularly focusing beyond two-player, zero-sum.

The intersection of RL and GT, however, is less developed. Loosely this area of research can be
thought of as scaling multiagent game theoretic techniques using reinforcement learning and
function approximation. There have been attempts at training RL agents in multiagent domains
with more than two players: Capture the Flag (Jaderberg et al., 2019), and Soccer (Liu et al.,
2021). There are a number of surveys on MARL (Hernandez-Leal et al., 2017, 2019; Zhang
et al., 2021).

2.1 Reinforcement Learning
Reinforcement learning focuses on the problem of training an agent to maximize cumulative reward within
an environment by observing a state of the environment and interacting via actions (Figure 2.1). An agent
interacting with an environment observes and produces a sequence subscripted by the timestep; s0 → a0 →
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Agent
π(at|st)

Environment
T (st+1, rt|st, at)

rt, st+1 at

Figure 2.1: Agent-environment interaction in a Markov decision process. Where π is the agent policy, T is the
environment dynamics, a ∼ A ∈ A is the sample agent action, s ∼ S ∈ S is the sample environment state, γ ∼
Γ ∈ [0, 1] is the sample discount and r ∼ R ∈ R is the sample reward. This loop results in random trajectories
S0 → A0 → Γ0 → R0 → S1 → A1 → Γ1 → R1 → S2 → ... → ST with sample trajectories s0 → a0 → γ0 →
r0 → s1 → a1 → γ1 → r1 → s2 → ... → sT .

γ0 → r0 → s1 → a1 → γ1 → r1 → s2 → ... sampled from random variables S0, A0,Γ0, R0, S1, A1, ...,.
Environments and policies are often stochastic, therefore upper case is used to denote random variables,
and lowercase to denote samples.

The goal of RL is to find the policy that maximizes the cumulative reward, the so called optimal policy.
The cumulative reward from a time point t is a random variable called the return. Note that for long running
environments, or environments that never terminate, the cumulative reward may be unbounded, therefore
other definitions of return such as the average return or discounted return can be used.

Return: Gt = Rt +Rt+1 + ...+RT =

T∑
k=0

Rt+k (2.1a)

Average Return: Gt = lim
N→∞

1

N
(Rt +Rt+1 + ...+RN ) = lim

N→∞

1

N

N∑
k=0

Rt+k (2.1b)

Discounted Return: Gγ
t = Rt + γRt+1 + ...+ γ∞R∞ =

∞∑
k=0

γkRt+k (2.1c)

Where 0 ≤ γ < 1 is called the discount rate. Values of γ close to 0 result in myopic agents and
value close to 1 result in far-sighted agents. Using discounting is beneficial because it a) works for non-
terminating environments, b) is more mathematically convenient than using average return, c) discounts
rewards furthest into the future (which are also the most uncertain), resulting in a more stable target, d) it
captures useful phenomenon in some applications (like finance where there is inflation or immediate reward
can be reinvested for greater return), and e) there is biological evidence that animals prefer immediate
reward over delayed reward (Mischel and Ebbesen, 1970; Vanderveldt et al., 2016). The return is a special
case of discounted return with γ = 1. It is still valid to have the discount rate be defined independently
for each timestep, or even be stochastic; γt ∼ Γt. We define γ[s, a, s′] = E [γt|St = s,At = a] to be the
expected discount at a transition and γπ[s] = Eπ [γt|St = s] to be the expected discount at state s, under
policy π. Using this notation is it possible to model a termination of an environment at timestep t by using
γt = 0. A natural environment terminal state and a state with zero discount are mathematically equivalent.
For this reason, the discount rate is sometimes called referred to as the probability to continue.

The formulation of RL concerns the training of a single agent. However one may also naively use this
in a multiagent setting by subsuming other agents into the environment. In a certain sense this is a valid
approach because the distinction between innate “hard coded” entities within an environment and trained
entities within environment is unimportant – the agent will maximize reward against whatever environment
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dynamics it is faced with. It is not difficult to imagine, however, that things become less simple if the
opponent agents are not fixed but change over time (for example perhaps the other agents are also training
to maximize their own objectives). This means the environment becomes non-stationary. RL does not
provide the tools to fully deal with this scenario, and so additional theory is required which is introduced in
Section 2.2. Discussion on multiagent training will be paused until these later sections and this section will
instead focus on single-agent training in a stationary environment.

2.1.1 Fundamentals
This section describes formalisations useful for training agents in the RL framework. Later sections intro-
duce algorithms for performing training under different restrictions.

2.1.1.1 Markov Decision Processes
A Markov decision process (MDP) (Bellman, 1957b) is defined on a set of states, s ∈ S , with actions
available in each state a ∈ A (or more generally as ∈ As). Transition probabilities are defined between
these states which map state-action pairs to a next state T : S ⊗ A ⊗ S ′ 7→ P. If there are finite states and
actions this transition can be tabulated in a tensor, T [s, a, s′], which is a categorical probability distribution
over the next state;

∑
s′ T [s, a, s

′] = 1 ∀s, a and T [s, a, s′] ≥ 0 ∀s, a, s′. Furthermore, define a reward
function R̃ : S ⊗A⊗S ′⊗R 7→ R between states and actions. In general this may be a stochastic function.
If there are finite states and actions we can tabulate the expected reward for a transition; R[s, a, s′] =

Er

[
R̃(s, a, s′, r)

]
. The reward function is only defined where T [s, a, s′] > 0, however for simplicity zero

can be used for undefined elements. Finally, we can define a discount Γ : S ⊗A⊗S ′ 7→ P which specifies
the probability of continuing to the next state. Similarly this can be tabulated in Γ[s, a, s′]. The discount
servers two purposes; the firstly discounts rewards that are far into the future which it turn ensures infinite
horizon domains are well defined. Secondly, it allows us to signal termination of an episode when γ = 0.

A key property of MDPs is that all states satisfy the Markov property (Gagniuc, 2017). A state is
Markov if and only if the current state summarizes all important historical information: P (St+1|St, At) =

Pπ(St+1|St, Qt, St−1, At−1...). With this formulation, the current state completely determines the charac-
teristics of the process, and therefore the historical states and action do not need to be considered, which
greatly simplifies the problem setting. There is some redundancy in the formulation of terminating MDPs.
For example, one could formulate for terminal states, z, T [z, a, s′] = 1, z = s′,= 0, z ̸= s′∀a and
R[z, a, s′] = 0∀a, s′. Or one could build termination into the discount γ[s] = 0, z = s,= γ, z ̸= s. There
could be a single terminal node - or several terminal nodes.

2.1.1.2 Markov Reward Process and Markov Processes
A MDP can be converted to a simpler framework Markov reward process (MRP) (Howard, 1971) by
applying a policy, π[s, a], to result in a new transition function Tπ : S ⊗ S ′ 7→ P tabulated as
Tπ[s, s′] =

∑
a π[s, a]T [s, a, s

′] and expected reward function Rπ[s, s′] =
∑

a π[s, a]R[s, a, s′]. Fur-
thermore, if the reward function is dropped, and we only consider the transitions, we are left with a Markov
process (MP) (Kemeny et al., 1960). There is a rich body of theory built around MPs.

The sequence of states sampled under a Markov process is called a Markov chain. Given an initial
state distribution d0[s], it is possible to calculate the state distribution k steps into the future under a policy
π: dπk [s

′] =
∑

s d0[s]T
π[s, s′]k. It is often desirable to classify states according to whether it is possible

to reach a state from another state. If a pair of states can be reached from one another, they are said to
communicate. States can be divided into equivalence classes: if two states communicate they are in the
same equivalence class. Equivalence classes can be partially ordered according to whether they feed or
receive other equivalence class. For example, all terminal (also called absorbing) states are part of their
own singleton equivalence class. A state, z, is absorbing only if Tπ[z, z] = 1. The minimal elements of the
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partial ordering of equivalence classes are called absorbing sets, all other classes are called transient sets.
A state, z, is transient if there is a nonzero probability that it will never return to z. Otherwise a state is said
to be recurrent. Every Markov chain must have at least one recurrent set (since every partial ordering has a
minimal element). It is advantageous to represent the reordered transition matrix, T̂π[s, s′], in a canonical
form that captures this partial ordering, where Zi if the ith equivalence class and represents transitions
within that class, and Bij represents transitions between equivalence class i to j. If Zi is recurrent, then
Bi,j = 0∀j.

T̂π[s, s′] =


Z0 B0,1 . . . B0,n−1

0 Z1 . . . B1,n−1

...
...

. . .
...

0 0 . . . Zn−1

 T̂π[s, s′]k =


Zk
0 B0,1 . . . B0,n−1

0 Zk
1 . . . B1,n−1

...
...

. . .
...

0 0 . . . Zk
n−1

 (2.2)

If a Markov chain has only a single class (by construction a recurrent class) it is said to be irreducible.
A Markov chain is aperiodic if there exists a k such that Tπ[s, s′]k > 0 ∀(s, s′). Similarly, the period of
the a state s has period p if p is the greatest common divisor of the number of transitions by which s can
be reached, starting from s: gcd{k > 0 : T [s, s′]k > 0}. In aperiodic Markov chains all states have period
p = 1. A Markov chain is said to be ergodic if all states are both recurrent and aperiodic.

It is advantageous to study MPs separately according to the structure of their canonical form. Kemeny
and Snell (Kemeny et al., 1960) provide a good overview of these different classes of MPs. Three important
categories are absorbing Markov chains, ergodic Markov chains, and irreducible Markov chains which will
be discussed further below. Note that there is some inconsistency in the literature about the names of some
definitions, for example some redefine ergodic as regular, and irreducible as ergodic. Because this thesis
studies MPs in the context of discounted MDPs, it will also consider some discounted versions of definitions
that do not appear in MP literature.

Absorbing Markov chains
If a MP has absorbing states b ∈ B (terminal states that once entered cannot be left) and transient states
z ∈ Z . If |B| > 0, and every transient state t can reach an absorbing state, it is called an absorbing Markov
chain. All terminating environments induce absorbing Markov chains with any policy. Non-terminating
environments can also induce an absorbing Markov chain under certain policies (for example if there is
noop action that results in staying the same state). In this scenario, we can reorder the transition matrix into
a canonical form T̂π , where Z is a matrix of shape [z, z′], B is a matrix of shape [z, b′], and I is the identity
matrix of shape [b, b′].

T̂π[s, s′] =

[
Z B

0 I

]
T̂π[s, s′]k =

[
Zk

∑
k Z

kB

0 I

]
lim
k→∞

T̂π[s, s′]k =

[
0 NB

0 I

]
(2.3)

Given this form, we define the absorbing fundamental matrix, N [z, z′] =
∑∞

k=0 Z
k = (I[z, z′] −

Z[z, z′])−1 (using the Sherman-Morrison-Woodbury identity (Woodbury and of Statistics, 1950)). Quanti-
ties of the form (I − A)−1 are sometimes called the unity resolvent. Note that NZ = ZN = N − I . The
fundamental matrix describes the expected number of times the chain is in state z′ given it started in state
z. The variance of the fundamental matrix is given as N̂ [z, z′] = N [z, z′](2diag(N)[z, z′] − I[z, z′]) −
N [z, z′] ⊙ N [z, z′]. We can further define an (undiscounted) frequency of being in a transient state, with
initial state distribution d0[z], λπ(d0)[z

′] =
∑

z d0[z]N [z, z′]. The expected number of steps of the chain
before being absorbed, when starting in state z is given as y[z] =

∑
z′ N [z, z′]1[z′]. The variance on the

number of steps is
∑

z′(2N [z, z′] − I[z, z′])y[z′] − y[z′] ⊗ y[z′]. The probability of being absorbed into
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state b′ from transient state t is known as the absorbing probability and is given by the upper right of the
limk→∞ T̂π[s, s′]k term,

∑
z′ N [z, z′]B[z′, b′]. The probability of ever visiting state z′ from state z is given

by H = (N − I)diag(N)−1.

Irreducible Ergodic Markov chains
A Markov process is ergodic if it is recurrent (each state is visited an infinite number of times) and ape-
riodic (each state is visited without any systematic period). By definition ergodic Markov chains are also
irreducible. This means that any MPs with absorbing (terminal) states cannot be ergodic. This formulation
is therefore best for analysing infinite horizon continuing environments.

An ergodic process has a limiting stationary distribution dπ∞[s] =
∑

s d0[s](limk→∞ Tπ[s, s′]k),
where d0[s] is any valid probability distribution over initial states and L = limk→∞ Tπ[s, s′]k is called
the limiting distribution. dπ∞[s] is independent of initial conditions because all rows of L are the same for
ergodic Markov chains and are equal to dπ∞[s]. All elements of dπ∞[s] are positive.

L = lim
k→∞

Tπ[s, s′]k =


(dπ∞)T

...
(dπ∞)T

 dπ∞ = (dπ0 )
T


(dπ∞)T

...
(dπ∞)T

 ∀dπ0 ∈ P|S| (2.4)

The stationary distribution can be calculated in closed form using the fact that dπ∞[s] = Tπ[s, s′]dπ∞[s].
This is therefore the eigenvector of Tπ[s, s′] corresponding with corresponding eigenvalue of 1. It can
be computed by solving the linear program

∑
s(I[s, s

′] − Tπ[s, s′])dπ∞[s] = 0 with
∑

s d
π
∞[s] = 1 and

dπ∞[s] ≥ 0. This can be converted to a linear system, where T̃π is the transition matrix with the last column
removed:

(dπ∞)T
[
Ĩ − T̃π 1̄

]
=
[
0̄T 1

]
=⇒ dπ∞ =

[
0̄T 1

] [
Ĩ − T̃π 1̄

]−1

(2.5)

Therefore, an ergodic Markov chain converges to an equilibrium with stationary distribution dπ∞[s].
Once in equilibrium, the chain has some interesting properties, for example is becomes reversible.

For ergodic Markov chains, we cannot define a fundamental matrix in the same way as for absorbing
Markov chains because

∑∞
k Tπ[s, s′]k is unbounded. We therefore need to use alternative approaches.

There are two approaches to this; firstly, leveraging the limiting distribution matrix, and secondly using
discounting. It is also possible to define a modified matrix T −L where L is the limiting distribution matrix
defined above. Then define the ergodic fundamental matrix: NL =

∑∞
k=0(T−L)k = I+

∑∞
k=1(T

k−L) =
(I − T + L)−1. Note that I −N = L− TN . This fundamental matrix is not positive.

Discounted Markov chains
We have seen that although ergodic Markov chains have some interesting properties they can still pose some
challenges because they are infinite horizon. There is an easy way of converting an any irreducible Markov
chain into an absorbing one; using a discount, γ. Here the discount can be interpreted as “probability of
continuing”, where 1−γ is the probability of terminating at a particular state. This is a way of handling the
infinite horizon case in RL, where states far into the future are down-weighted. We can put this in canonical
form by introducing a single terminal state and discounted transition matrix.

T̂π[s, s′] =

[
γT (1− γ)e

0 1

]
(2.6)

T̂π[s, s′]k =

[
γkT k

∑
k γ

kT k(1− γ)e

0 1

]
(2.7)
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lim
k→∞

T̂π[s, s′]k =

[
0 Nγ(1− γ)e

0 1

]
(2.8)

Leveraging discounting is it possible to define a discounted fundamental matrix Nπ
γ [s, s

′] =∑∞
k=0 γ

kTπ[s, s′]k = (I[s, s′] − γTπ[s, s′])−1. In this case Nπ
γ is positive and all the other quanti-

ties can be defined like before (in the absorbing Markov chain case). Note that γTNπ
γ = I − Nπ

γ .
The discounted cumulative frequency of being in a state, is defined for all MPs with 0 < γ < 1:
λ(d0)

π
γ [s

′] =
∑∞

k

∑
s γ

kd0[s]T
π[s, s′]k =

∑
s d0[s](I[s, s

′]− γTπ[s, s′])−1 and it is a function of an ini-
tial state distribution d0[s]. The expected number of steps before terminating is y[s] =

∑
s′ N

π
γ [s, s

′]1[s′] =∑∞
k

∑
s′ γ

kTπ[s, s′]k1[s′] =
∑∞

k γk = 1
1−γ . Therefore the discounted state occupancy, is defined

(1 − γ)
∑

s d0[s]N
π
γ [s, s

′]. The hitting probability of state s′ from state s is given by Hπ
γ [s, s

′] =∑
s′′(Nγ [s, s

′′]− I[s, s′′])diag(Nγ)[s
′′, s′]−1.

Fundamental: Nπ
γ [s, s

′] =

∞∑
k=0

γkTπ[s, s′]k = (I[s, s′]− γTπ[s, s′])−1 (2.9a)

Frequency: λ(d0)
π
γ [s

′] =

∞∑
k

∑
s

γkd0[s]T
π[s, s′]k =

∑
s

d0[s]N
π
γ [s, s

′] (2.9b)

Termination Time: y[s] =
1

1− γ
(2.9c)

Occupancy: d(d0)
π
γ [s

′] = (1− λ)
∑
s

d0[s]N
π
γ [s, s

′] (2.9d)

Hitting Prob: Hπ
γ [s, s

′] =
∑
s′′

(Nγ [s, s
′′]− I[s, s′′])diag(Nπ

γ )[s
′′, s′]−1 (2.9e)

Irreducible Markov chains
Irreducible Markov chains include both periodic and aperiodic chains. Therefore ergodic chains are a subset
of irreducible Markov chains. Some of the results of Ergodic chains can be generalised to irreducible chains.
All irreducible Markov chains can be reversed T [s′, s] = diag(d)[s, s′]TTπ[s′, s′′]diag(d)[s′′, s′].

2.1.1.3 Environments
There are two main flavours of environments terminating (also called episodic) and continuing. Episodic
environments have terminal states and are therefore finite horizon, and do not require discounting to be
well defined. All terminating environments can be modelled using absorbing Markov chains. Continuing
Markov chains can either be modelled with ergodic Markov chains, or discounted Markov chains.

Ergodic Continuing Environments
Define an ergodic continuing environment as an environment that induces a an ergodic Markov chain under
some π[s, a]. It is sufficient to check if any positive policy π[s, a] > 0∀(s, a) induces ergodic chain for
this to be true. Continuing environments never terminate. This means they need to be simulated by either
ergodic Markov chains or discounted Markov chains. Note that the process of converting an environment
to a Markov chain (via a policy) can mean that it is no longer ergodic. This means that using discounting
is most safe. A policy that is guaranteed to maintain ergodicity is a policy with all positive elements
π[s, a] > 0∀(s, a).
Periodic Continuing Environments
Define an periodic continuous environment as an environment that cannot induce an ergodic Markov chain
under any π[s, a]. As a result, they can only be solved via discounted Markov chains.

Unbounded Terminating Environments
An example of a terminating environment is a Chess game. It is possible to win, lose, or draw the game to
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terminate the episode, however it is also possible for the game to last infinite steps (one reason for a time
limit on moves to be added in competitive Chess).

Bounded Terminating Environments
Termination is inevitable, but this could happen at several different timesteps depending on the path of chain
taken.

Time Limited Terminating Environments
If there is a limit on the number of steps in an environment of each episode. This is a special case of
a terminating environment. In this scenario to encode states in the MDP framework each state needs to
specify the time (to ensure the Markov property). A corollary to this is that a state can never be revisited
(because that would require going back in time). Absorbing Markov chains are best to model this type of
environment.

2.1.1.4 Partially Observable Markov Decision Processes
So far only environments with perfect information have been considered: those where the player observes
the exact state of the environment. For many environments, for example chess and Go this is a good model
of the environment. However, for many problems, such as Poker and StarCraft, this is not a valid assump-
tion to make. For many practical applications one does not observe the exact state of the world (partial
observation in RL terminology or imperfect information in game theory terminology). Fortunately, we can
model imperfect information through using partially observation Markov decision processes (POMDPs).
Instead of agents directly receiving the state, s ∈ S , of the game they now only receive observations,
o ∈ O. Unfortunately it is a much harder problem to solve. Although under some restrictions it is possible.
Fortunately many of these difficulties can be side-stepped using model-free RL (Section 2.1.3.7).

History MDPs
We define a history of the observations, actions, and rewards seen so far. Rewards are included in the history
because these could contain additional information on the underlying state.

ht = (o0, a0, r0, ..., ot) ∼ Ht = (O0, A0, R0, ..., Ot) (2.10)

By definition, the history satisfies the Markov property, therefore a policy can be made by conditioning
on history, rather than the state. This is clearly less tractable than using Markovian states as the number
of possible histories grows exponentially in the number of timesteps. This is sometimes referred to as the
curse of history (Pineau et al., 2006).

|A||R|
T∑

t=0

|O|t = |A||R| |O|
T−1 − 1

|O| − 1
(2.11)

For finite terminating environments, it is therefore possible to use model-based solvers on POMDPs
after converting them to history MDPs. Non-terminating environments will result in infinite history MDPs
and therefore cannot be solved via model-based methods. Model-free methods can be leveraged to solve
infinite history MDPs with an additional trick to encode the infinite length observations (Section 2.1.3.7).

2.1.2 Value-Based Model-Based Reinforcement Learning
If the transition and reward probabilities of an environment are known (for any given state and action pair,
the probability distribution over next states and rewards are known) the problem is known as model-based.
It is worth emphasizing that it is not enough to have a simulation of the environment, we must be able to
query for each state and action pair the probability distribution of future states and rewards.
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2.1.2.1 Value Functions

The state value function, vπ[s], is defined as the expected return, Gt, under policy π, starting from state s.
The action value function, qπ[s, a], is defined as the expected return, Gt, under policy π, starting from state
s, after taking action a.

State value function: vπ[s] = Eπ [Gt|St = s] (2.12a)

Action value function: qπ[s, a] = Eπ [Gt|St = s,At = a] (2.12b)

One could also define these quantities in terms of hit frequencies, which are defined by the fundamental
matrix. The value function is therefore defined in terms of which states are visited and how much reward
those states give. This is sometimes called the dual formulation.

These quantities can be defined using hit frequencies, which are determined by the fundamental matrix.
The value function thus quantifies the expected reward associated with visiting specific states. This is known
as the dual formulation. To maintain consistency in magnitude across different discount factors (γ), value
functions may be scaled by (1−γ), the reciprocal of the expected number of discounted steps. This scaling
allows hit frequencies to represent occupancy probabilities.

Dual State value function: vπ[s] =
∑
s′

Nπ
γ [s, s

′]Rπ[s, s′] (2.13a)

Dual Action value function: qπ[s, a] =
∑
s′

π[s, a]Nπ
γ [s, s

′]R[s, a, s′] (2.13b)

To identify the optimal policy, π∗[s, a], we define two crucial quantities. The first, the action-value
function, denoted qπ[s, a], depends on the policy and quantifies the expected total return when action a is
taken in state s, subsequently adhering to policy π. The second, the state-value function vπ[s], represents
the expected return when starting in state s and following policy π. Both functions are interrelated and
can be defined in terms of each other, the transition dynamics of the environment, and the specific policy
employed.

vπ[s] =
∑
a

π[s, a]qπ[s, a] (2.14a)

qπ[s, a] =
∑
s′

T [s, a, s′] (R[s, a, s′] + γvπ[s′]) (2.14b)

Action-value functions are associated with MDPs, while state-value functions pertain to Markov Reward
Processes MRPs. Regarding notation, square brackets denote tabular lookup functions, analogous to index-
ing elements within tensors of corresponding dimensions. Subsequently, we will introduce round brackets
to represent functions accepting real-valued inputs.

2.1.2.2 Bellman Operations

Recalling the definition of the return, Gt, we can express the value functions using recursive relationships.
For instance, the value function is defined as follows:

vπ[s] = Eπ [Gt|St = s] = Eπ

[
Rt + γRt+1 + γ2Rt+2 + ...|St = s

]
= Eπ [Rt + γ (Rt+1 + γRt+2 + ...) |St = s] = Eπ [Rt + γGt+1|St = s] = Eπ [Rt + vπ[St+1]|St = s]

Utilizing the Markov property and the MDP framework, we can define these quantities directly without
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using expectations. These are sometimes referred to as the Bellman operators.

vπ[s] =
∑
a

π[s, a]
∑
s′

T [s, a, s′] (R[s, a, s′] + γvπ[s′]) (2.15a)

qπ[s, a] =
∑
s′

T [s, a, s′]

(
R[s, a, s′] + γ

∑
a′

π[s′, a′]qπ[s′, a′]

)
(2.15b)

Our objective is to identify an optimal policy, denoted as π∗[s, a]. This can be achieved by leveraging
the optimal action-value function. While the optimal action-value function possesses a unique solution, the
optimal policy itself may not be unique. For instance, when multiple actions share identical action values,
one could arbitrarily select between them or distribute probability mass equally across all maximizing
actions.

π∗[s, a] = argmax
a

qπ
∗
[s, a] (2.16)

Consequently, to determine an optimal policy, it suffices to find the optimal value functions, defined as
vπ

∗
[s] = maxπ v

π[s] or qπ
∗
[s, a] = maxπ q

π[s, a]. Notably, optimal Bellman operators can also be defined
using an optimal policy.

vπ
∗
[s] = max

a

∑
s′

T [s, a, s′]
(
R[s, a, s′] + γvπ

∗
[s′]
)

(2.17a)

qπ
∗
[s, a] =

∑
s′

T [s, a, s′]
(
R[s, a, s′] + γmax

a′
qπ

∗
[s′, a′]

)
(2.17b)

There exists an optimal policy, π∗, that is at least as good as all other other policies π∗ ≤ π ∀π. All optimal
policies achieve the optimal value function, vπ

∗
= v∗.

2.1.2.3 Exhaustive Tree Search
The most straightforward approach to determining the optimal value function within terminating environ-
ments involves an exhaustive tree search. This entails traversing the environment tree from each state to
all its potential root states, a process achievable through a recursive algorithm (Algorithm 2.1)—sometimes
referred to as a deep, full backup of the environment tree. Astute readers may recognize that initiating the
calculation from the terminal states (leaf nodes) and progressing backward towards the initial states (root
nodes) offers greater efficiency. This technique, known as dynamic programming or backward induction,
forms the foundation for a broader class of iterative methods explored in the subsequent section. These
methods, leveraging shallow backups of the environment tree, possess the distinct advantage of applicabil-
ity even within non-terminating environments.

2.1.2.4 General Policy Iteration
The family of iterative algorithms for finding optimal value functions is called general policy iteration
(GPI). All GPI algorithms revolve around two steps: policy evaluation and policy improvement. In a termi-
nating environment, these techniques are also sometimes called dynamic programming or backward induc-
tion because it is only necessary to work backwards from the terminal states.

Policy Evaluation
Policy Evaluation is the process of determining the value function corresponding to a particular pol-
icy, π. This is achieved by solving the set of Bellman Equations which are a set of simultaneous
equations. Therefore given a policy one can solve for the value function directly. Define P v[s, s′] =∑

a π[s, a]
∑

s′ T [s, a, s
′] and bv[s] =

∑
a π[s, a]

∑
s′ T [s, a, s

′]R[s, a, s′] for the state value function and
P q[s ⊗ a, s′ ⊗ a′] =

∑
s′ T [s ⊗ a, s′]

∑
a π[s

′ ⊗ a′] and bq[s ⊗ a] =
∑

s′ T [s ⊗ a, s′]R[s ⊗ a, s′] for the
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Algorithm 2.1 Cached exhaustive depth-first environment tree search. Optimizations include caching opti-
mal values found so far and only searching positive transition probability paths.

Require: A terminating undiscounted MDP with transitions T and expected reward R.
1: function OPTIMALSTATEVALUE(v∗, s, T , R)
2: if s ∈ v∗ then ▷ Check the cache.
3: return v∗[s]

4: if s ∈ B then ▷ Equivalently: T [s, a, s] = 1 ∀a.
5: return 0 ▷ Terminal states provide no further reward.
6: v∗[s]←−∞
7: for a← A do
8: v[s]← 0
9: for s′ ← S ′ do

10: if T [s, a, s′] > 0 then
11: v[s]← v[s] + T [s, a, s′]R[s, a, s′]
12: v[s]← v[s] + T [s, a, s′] OPTIMALSTATEVALUE(v∗, s′, T , R)
13: v∗[s]←max(v∗[s], v[s])

14: return v∗[s]

action value function. The term s⊗ a denotes the Cartesian product and can be interpreted as flattening the
s and a dimensions into a single dimension of size |S||A|.

vπ[s] = (I[s, s′]− γP v[s, s′])
−1

bv[s] (2.18)

qπ[s⊗ a] = (I[s⊗ a, s′ ⊗ a′]− γP q[s⊗ a, s′ ⊗ a′])
−1

bq[s⊗ a] (2.19)

Notice that the (...)−1 terms above correspond to the discounted fundamental matrix described in
Section 2.1.1.2, and that the definitions of value looks similar to the mean number of steps before being
absorbed scaled by the reward for being in a state. Note the fact that for transition functions

∑
s′ P

v[s, s′] =

1[s]. Therefore when 0 < γ < 1, the term I[s, s′] − γP v[s, s′] is diagonally dominant with spectral
radius ϕ(I[s, s′] − γP v[s, s′]) < 1, and is full rank. The same argument can be made for the action value
function. Therefore an inverse always exists for this problem. These properties mean that there are a
number of iterative methods that also work. Define Av[s, s′] = I[s, s′]−γP v[s, s′] and Aq[s⊗a, s′⊗a′] =

I[s ⊗ a, s′ ⊗ a′] − γP q[s ⊗ a, s′ ⊗ a′]. Let us now split the matrices into their upper triangular, diagonal,
and lower triangular components: A = U + D + L. It is now possible to solve these equations using a
number of iterative approaches for solving linear systems, Ax = b. These solutions follow the form of
xt+1 = M−1((M −A)xt + b).

Richardson (Richardson, 1911): M =
1

ω
I xt+1 = (I − ωA)xt + ωb (2.20a)

Async Richardson: M =
1

ω
I + L xt+1 = (I + ωL)−1(I + ωL− ωA)xt + ωb

(2.20b)

Jacobi: M =
1

ω
D xt+1 = D−1 ((D − ωA)xt + ωb) (2.20c)

Gauss-Seidel (Gauss, 1903): M =
1

ω
D + L xt+1 = (D + ωL)

−1
((D + ωL− ωA)xt + ωb)

(2.20d)

Note that the Richardson method (Richardson, 1911) perfectly recovers the original Bellman equation
and does not require performing matrix inversions. When used with a weight parameter it is sometimes
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called modified Richardson Iteration. The optimal choice of ω is ω∗ = 2
λmax(A)+λmin(A) . This is equivalent

to simple Chebyshev iteration. The Jacobi method only requires a trivial diagonal inversion and converges
faster. When used with a weighting parameter ω ̸= 0 it is called the damped Jacobi method. The Gauss-
Seidel method is requires inverting an lower triangular matrix and when used with a damping parameter is
it called Successive Over-Relaxation. An interpretation of how Richardson converges by observing that:

v = γAv + b = γA(γAv + b) + b = ... =

∞∑
k=1

γkAkb+ b = (I − γA)−1b (2.21)

In iterative methods, the updated value of each state depends on all possible predecessor states. There-
fore iterative methods using the Bellman equation are usually known as full-width backups. Using sample
backups is possible and this is what model-free approaches leverage (Section 2.1.3).

Policy Improvement
Policy Improvement is the process of improving the policy given an estimate of the action value function.
For a policy to be improved it must be the case that it produces a payoff at least as good as the previous
policy.

Policy Improvement Condition:
∑
a

πt+1[s, a]q
πt [s, a] ≥

∑
a

πt[s, a]q
πt [s, a] ∀s (2.22)

If the target policy is the optimal policy (sometimes also called greedy policy), this can be achieved
using the maximizing policy, which trivially passes the above condition.

π[s, a] = argmax
a

qπ[s, a] = argmax
a

∑
s′

T [s, a, s′] (R[s, a, s′] + γvπ[s′]) (2.23)

If more than one action is optimal we can pick between them arbitrarily. Common approaches are at
random, the first action, or a uniform mixture.

Rand Greedy: π[s, a] =

1, if a = rand[{a|qπ[s, a] = maxa′ qπ[s, a′]}]

0, otherwise
(2.24a)

Maxent Greedy: π[s, a] =

 1
|A∗| , if a ∈ a∗ = {a|qπ[s, a] = maxa′ qπ[s, a′]}

0, otherwise
(2.24b)

2.1.2.5 Policy Iteration

Policy iteration (Howard, 1960) involves a two-step process: a single policy evaluation step followed by
a single policy improvement step. While the literature predominantly employs an unweighted (ω = 1)
Richardson update, Jacobi or Gauss-Seidel methods also remain viable alternatives. Although the state
value function is typically favoured due to its lower memory requirements, the action value function can
serve as a substitute. Finally, while the algorithm usually targets the optimal policy, other objectives can be
pursued.

vπt+1[s]←
∑
a

πt[s, a]
∑
s′

T [s, a, s′]
(
R[s, a, s′] + γvπ

∗

t [s′]
)

(2.25a)

πt+1[s, a]← argmax
a

∑
s′

T [s, a, s′]
(
R[s, a, s′] + γvπt+1[s

′]
)

(2.25b)

This algorithm does not require policy evaluation to converge before policy improvement. Notably,
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it has no hyper-parameters to tune, such as a learning rate. The initial state value function, vπ
∗

0 [s], and
initial policy, π0[s, a], can be set arbitrarily, however vπ

∗

0 [s] =
∑

a π0[s, a]
∑

s′ T [s, a, s
′]R[s, a, s′] and

π0[s, a] =
1

|A| (or vπ
∗

0 [s] = maxa
∑

s′ T [s, a, s
′]R[s, a, s′] and π0[s, a] = argmaxa

∑
s′ T [s, a, s

′] (R[s, a, s′] + γvπ0 [s
′]))

are sensible choices. Modified policy iteration (Nunen, 1976; Puterman and Shin, 1978) is a variant where
the policy evaluation step is repeated several times rather than a single time. Async policy iteration
(Williams and Baird, 1993) is equivalent to using an async Richardson update.

2.1.2.6 Value Iteration
The two steps of policy iteration can be combined using the optimal Bellman state value operator (Equa-
tion 2.17a) and the Richardson evaluation update. The resulting algorithm is known as value iteration
(Bellman, 1957b; Shapley, 1953). It can be defined in terms of either state value functions or action-value
functions.

vπ
∗

t+1[s]← max
a

∑
s′

T [s, a, s′]
(
R[s, a, s′] + γvπ

∗

t [s′]
)

(2.26a)

qπ
∗

t+1[s, a]←
∑
s′

T [s, a, s′]
(
R[s, a, s′] + γmax

a′
qπ

∗

t [s′, a′]
)

(2.26b)

The iterative value iteration procedure allows for arbitrary initialization of vπ
∗

0 [s′]. Common choices
include vπ

∗

0 [s′] = maxa
∑

s′ T [s, a, s
′]R[s, a, s′] or vπ

∗

0 [s′] = 0. Value iteration does not necessitate policy
initialization or storage. Upon convergence, a policy can be derived using Random Greedy or Maximum
Entropy Greedy (Section 2.1.2.4).

Analogous algorithms can be formulated with the optimal Bellman action-value operator (Equa-
tion 2.17b). However, the state value function is typically preferred due to its lower space complexity.
Furthermore, any iterative policy evaluation technique from Section 2.1.2.4 is applicable.

Value iteration offers flexibility in state update order. Asynchronous updates (Equation 2.20b) result in
an algorithm known as Asynchronous value iteration (Williams and Baird, 1993). In-place updates using a
single value copy (vt+1 reusing vt’s memory) are another common optimization. Asynchronous updates can
be further extended by prioritizing states with the highest Bellman error (prioritized sweeping (Moore and
Atkeson, 1993)). Alternatively, states visited by the agent’s policy can be preferentially updated (real-time
dynamic programming (Barto et al., 1995)).

To establish convergence, we demonstrate that the Bellman operator is a contraction. In other
words, the distance between any two value estimates strictly decreases after applying the operator:
||v0k+1 − v1k+1||∞ < ||v0k − v1k||∞. Here, || · ||∞ represents the max norm, defined as || · ||∞ = max· | · |.

∥∥v0k+1 − v1k+1

∥∥
∞ =

∥∥∥∥∥max
a0

(∑
s′

T [s, a0, s′]γv0k

)
−max

a1

(∑
s′

T [s, a1, s′]γv1k

)∥∥∥∥∥
∞

≤

∥∥∥∥∥max
a

∑
s′

T [s, a, s′]
(
γv0k − γv1k

)∥∥∥∥∥
∞

= max
s

∣∣∣∣∣max
a

∑
s′

T [s, a, s′]
(
γv0k − γv1k

)∣∣∣∣∣
≤ max

s,a

∣∣∣∣∣∑
s′

T [s, a, s′]
(
γv0k − γv1k

)∣∣∣∣∣ ≤ max
s,a

γ
∣∣v0k − v1k

∣∣ = γ
∥∥v0k − v1k

∥∥
∞

Therefore for γ < 1, value iteration converges linearly with γ. A similar proof could be constructed
with action values. Note that while the value function may take infinite time to fully converge, the greedy
policy may be optimal much sooner. There are a number of stopping criterion including based on the
Bellman residual (Williams et al., 1993), and the span semi-norm (Puterman, 2014).

This problem can be formulated as a linear program (LP) using the fact that maxi xi is equivalent to
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min y s.t. y ≥ xi ∀i. In operations research y is usually called a slack variable. LPs can be solved efficiently
using a number of methods (Murty, 1983). d0[s] > 0 is an initial distribution of states.

min
∑
s

d0[s]v
π∗
[s] s.t. vπ

∗
[s] ≥

∑
s′

T [s, a, s′]
(
R[s, a, s′] + γvπ

∗
[s′]
)
∀s ∈ S, a ∈ A (2.27)

min
∑
s,a

d0[s]q
π∗
[s, a] s.t. qπ

∗
[s, a] ≥

∑
s′

T [s, a, s′]
(
R[s, a, s′] + γqπ

∗
[s′, a′]

)
∀s ∈ S, a ∈ A, a′ ∈ A

(2.28)

There is also a dual formulation of this problem.

max
λ

∑
s,a,s′

λ[s, a]T [s, a, s′]R[s, a, s′]

s.t.
∑
a′

λ[s′, a′] = d0[s
′] + γ

∑
s,a

λ[s, a]T [s, a, s′] ∀s′

Examining the equality constraint for a particular actions, a, results in the λa[s] = (I[s, s′]− γTa[s, s
′])

−1
d0[s

′] =∑∞
k=0

∑
s′ γ

kTa[s, s
′]kd0[s

′]. Therefore the dual variables can be interpreted as a cumulative discounted
probability of being in a state.

∑
a′

λ[s′, a′] = d0[s] + γ
∑
s

∑
a

λ[s, a]T [s, a, s′]

= d0[s] + γ
∑
s

(
d0[s] + γ

∑
s

∑
a

λ[s, a]T [s, a, s′]

)
T [s, a, s′]

= d0[s] + γ
∑
s

(
d0[s] + γ

∑
s

(
µ0[s] + γ

∑
s

∑
a

λ[s, a]T [s, a, s′]

)
T [s, a, s′]

)
T [s, a, s′]

2.1.3 Value-Based Model-Free Reinforcement Learning

Model-free reinforcement learning offers two key advantages over model-based RL. First, it is applicable
when a model of the environment is unavailable. Second, it can handle environments with a large or even
infinite number of states. In model-free RL, only samples from the environment are accessible. Despite
this limitation, value-based methods can still be employed to determine the optimal policy. The key is to
update estimates of action values using these samples, which are random variables with unknown distribu-
tions. Moreover, model-free approaches excel in partially observable environments by leveraging function
approximation and recurrent architectures (see Section 2.1.3.7). This ability to address partial observability
is a significant advantage.

2.1.3.1 Value-Based Model-Free Objective

In value-based model-free temporal difference learning, the objective is to estimate either the action-value
or state-value function based on samples from the environment. A common approach is to minimize the
squared error between the estimated and actual values.

Jvπ

=
1

2

∑
s

(v̂(s)− v(s))
2

Jqπ =
1

2

∑
s,a

(q̂(s, a)− q(s, a))
2
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∇v(s)J
vπ

= (v(s)− v̂(s)) ∇q(s,a)J
qπ = (q(s, a)− q̂(s, a))

v(s)← v(s) + µ (v̂(s)− v(s)) q(s, a)← q(s, a) + µ (q̂(s, a)− q(s, a))

It is unusual to know an exact targets v̂(s) and q̂(s, a), so instead they are defined in terms of sam-
pled returns G, where v̂(s) = Eat∼π(st),st+1∼T (st,at)[G] and q̂(s, a) = Eat=a,at+1∼π(st),st+1∼T (st,at)[G].
Returns can be estimated in a variety of ways, which can be classified across two dimensions. First, the
horizon of sample rewards to build an estimate: an episode, a 1-step transition, or an n-step trajectory.
Second, how the horizon is truncated: using a state-value, action-value function, or expected action-value.

Episode
{

Sample R: Gt:T :=
∑T−t

k=1 γ
k−1Rt+k (2.29a)

Transition


Sample V: Gv

t:t+1 := Rt+1 + γvπ(St+1)

Sample Q: Gq
t:t+1 := Rt+1 + γqπ(St+1, At+1)

Expected Q: Gπq
t:t+1 := Rt+1 + γ

∑
a π(St+1, a)q

π(St+1, a)

(2.29b)

Trajectory


Sample V: Gv

t:t+n :=
∑n

k=1 γ
k−1Rt+k + γnvπ(St+n)

Sample Q: Gq
t:t+n :=

∑n
k=1 γ

k−1Rt+k + γnqπ(St+n, At+n)

Expected Q: Gπq
t:t+n :=

∑n
k=1 γ

k−1Rt+k + γn
∑

a π(St+n, a)q
π(St+n, a)

(2.29c)

2.1.3.2 Bootstrapping and Bias-Variance Trade-Off
To estimate the value of a state v(s) or an action q(s, a), previously estimated values of these quantities
are utilized. This process, known as bootstrapping, involves using prior estimates to derive new estimates.
While the episode return provides an unbiased estimate of the value function, it suffers from high variance.
In contrast, bootstrapped temporal difference targets are biased estimates due to their reliance on approxi-
mate value functions learned during training. However, they exhibit significantly lower variance. By using
trajectories, it is possible to adjust the trade-off between bias and variance. Trajectories allow for a balance
between the unbiased but high-variance episode return and the biased but low-variance temporal difference
targets.

2.1.3.3 Eligibility Traces
It is possible to use any weighted average of n-step returns from 1-step to∞-step returns. A common way
of parameterizing this mixture is via the λ mixture:

Continuing: λGt:∞ := (1− λ)

∞∑
n=1

λn−1Gt:t+n (2.30a)

Terminating: λGt:T := (1− λ)

T−t−1∑
n=1

λn−1Gt:t+n + λT−t−1Gt:T (2.30b)

Note that for terminating environments all returns t+ n > T are equal to Gt:T , therefore we can write the
terminating λ-return as a finite sum. The weighting always has unit sum (1 − λ)

∑∞
n=1 λ

n−1 = 1. When
λ = 1, the λ-return is equal to the episode return, and when λ = 0, the λ-return is equal to the transition
return. Therefore eligibility traces allow one to mix between the two backup extremes. This interpretation
of eligibility traces is sometimes known as the forward view.

Notice that computing the λ-return requires either running for an infinite number of timesteps for
continuing environments or until termination for terminating environments. This can be unsatisfying to im-
plement computationally. Fortunately there is an alternative but equivalent backward view that implements
the same backups. It is implemented by maintaining an additional memory component for each state called
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an accumulating eligibility trace.

V-Eligibility Trace: et[s] =

γλet−1[s] if s ̸= st

γλet−1[s] + 1 if s = st
(2.31)

Q-Eligibility Trace: et[s, a] =

γλet−1[s, a] if s ̸= st and a = at

γλet−1[s, a] + 1 otherwise
(2.32)

It is then possible to modify the updates with an appropriate eligibility trace. Note that eligibility
traces are inherently tabular which limits their application to large scale RL where states spaces are large or
continuous.

v[s]← v[s] + µδtet[s] ∀s ∈ S

q[s, a]← q[s, a] + µδtet[s, a] ∀s ∈ S, a ∈ A

2.1.3.4 Off-Policy Learning
The concepts discussed thus far focus on on-policy learning, where the policy being learned is identical to
the one being followed. However, when using action-values, it is also feasible to learn a target policy π̂

that differs from the policy being followed π (off-policy learning). For off-policy trajectories, it is crucial
to ensure that only the initial action (k = 1) is taken off-policy. If any subsequent actions are off-policy,
the trajectory must be truncated immediately. However, if the return is truncated using the expected action-
value under the target policy, it is permissible to utilize the final transition. To handle off-policy learning, it
is necessary to define off-policy returns, which account for the difference between the target and followed
policies.

Episode
{

Sample R: Gπ̂
t:T := Rπ

t+1 +
∑T−t

k=2 γ
k−1Rπ̂

t+k
(2.33a)

Transition

Sample Q: Gqπ̂

t:t+1 := Rπ
t+1 + γqπ̂(St+1, A

π̂
t+1)

Expected Q: Gπ̂qπ̂

t:t+1 := Rπ
t+1 + γ

∑
a π̂(St+1, a)q

π̂(St+1, a)
(2.33b)

Trajectory

Sample Q: Gqπ̂

t:t+n := Rπ
t+1 +

∑n
k=2 γ

k−1Rπ̂
t+k + γnqπ̂(St+n, A

π̂
t+n)

Expected Q: Gπ̂qπ̂

t:t+n := Rπ
t+1 +

∑n
k=2 γ

k−1Rπ̂
t+k + γn

∑
a π̂(St+n, a)q

π̂(St+n, a)

(2.33c)

These returns can converge to any target policy as long as the behaviour policy, π(s, a) > 0 ∀s ∈
S, a ∈ A. Commonly, the target policy is the optimal policy, π∗, and the behaviour policy is commonly
ϵ-greedy, πϵ∗.

π∗(St+n, a) =

1 if a = argmaxa q
π̂(St+n, a)

0 otherwise

πϵ∗(St+n, a) =

1− ϵ+ ϵ
|A| if a = argmaxa q

π̂(St+n, a)

ϵ
|A| otherwise

2.1.3.5 Algorithms
To approximate the value functions, the problem is formulated as an optimization task. The objective is to
minimize a temporal difference, expressed as L =

∑
s

∑
a

1
2 (q̂(s, a)− q(s, a))

2. Where q(s, a) represents
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the current estimate of the action-value function and q̂(s, a) denotes the temporal difference target, which
is an updated estimate based on observed rewards and transitions.

The most basic on-policy algorithm is Monte Carlo which uses the sampled episodic return, Gt:T , as
the target. SARSA (Rummery and Niranjan, 1994) uses a transition containing two sampled actions, and
truncates the return estimate using the action-value of the final sampled action, Gq

t:t+1. n-step SARSA uses
a trajectory of transitions. When combined with eligibility traces, it is known as SARSA(λ). It is possible
to instead consider a transition with only a single sampled action and truncate on the expected action-value
return under the policy, Gπq

t:t+1, resulting in the SARSE (van Seijen et al., 2009) algorithm. Again, there
are n-step and eligibility trace versions of this algorithm. The policy used during training can be updated
over time, and is often a function of the action-values themselves. If performing policy improvement, is it
important that all actions have positive probability of being taken so that action values have can be estimated
accurately (or action-values could be initialized optimistically). A popular choice is to use ϵ-greedy policy,
where ϵ is decayed to zero over time.

Off-policy algorithms are more complex. Consider the sampled episodic return, this will only be a
valid target for a state if all subsequent actions are taken according to the target policy. Depending on how
different the behaviour policy is from the target policy this could become vanishingly unlikely, so Off-Policy
Monte Carlo is not a popular algorithm to employ. Similarly, Off-Policy SARSA requires the final action
in the transition to be on-policy to learn from it, meaning many examples have to be dropped. Off-Policy
SARSE, on the other hand does not require transitions to be dropped: the first action can be any and the
value estimate is truncated using the target policy. When the target policy is equal to the greedy policy,
Off-Policy SARSE is known as Q-Learning. There are two flavours of Q-Learning with eligibility traces,
Watkin’s Q(λ) (Watkins, 1989) and Peng’s Q(λ) (Peng and Williams, 1996).

2.1.3.6 Scaling and Function Approximation
When the number of states is large or their representations exhibit structure that can benefit from general-
ization, function approximation becomes a valuable tool for estimating value functions.

There are a number of function approximators in the literature, including; linear features (Sutton and
Barto, 2018), neural networks, decision trees, nearest neighbour. A crucial property for function approxi-
mators in reinforcement learning is differentiability. Deep neural networks are a popular choice due to this
property.

Typically, these networks receive a state as input and output a vector of real values (either of cardi-
nality |A| for action-value functions or a single value for state-value functions). The network’s weights,
θ, parameterize these functions. This parameterization is advantageous as it allows for optimization over
actions. However, it restricts the network to categorical action spaces. It is worth noting that networks
capable of handling continuous actions can also be defined (Table 2.2).

2.1.3.7 Partial Observations and Recurrent Neural Networks
Model-free methods can be applied to partially observed environments by leveraging recurrent neural net-
works. It was shown in Section 2.1.1.4 that POMDPs can be converted to history MDPs if we use the history
of observations, actions, and rewards. This was intractable because there are either too many histories to
enumerate (terminating environments) or there are infinite histories (non-terminating environment). Func-
tion approximation, using recurrent architectures, provides a tractable way of encoding an infinite number
of histories.

In general, this works by adding connections from the hidden activations of the previous time step
to the hidden activations of the current time step. This means that the policy at a particular timestep can
“see” the entire history of observations through these connections. Equivalently, when training the neural
network, this allows gradients to flow through time back to all previous observations. This allows the
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Algorithm TD Target

Target
Policy
π̂

Behaviour
Policy
π

Monte Carlo Gt:T π π
SARSA (Rummery and Niranjan, 1994) Gq

t:t+1 π π
n-step SARSA Gq

t:t+n π π
SARSA(λ) λGq

t:∞ π π
SARSE (van Seijen et al., 2009) Gπq

t:t+1 π π
n-step SARSE Gπq

t:t+n π π
SARSE(λ) λGπq

t:∞ π π
Off-Policy Monte Carlo Gπ̂

t:T π̂ π

Off-Policy SARSA Gqπ̂

t:t+1 π̂ π

Off-Policy n-step SARSA Gqπ̂

t:t+n π̂ π

Off-Policy SARSA(λ) λGqπ̂

t:∞ π̂ π

Off-Policy SARSE Gπ̂q
t:t+1 π̂ π

Off-Policy n-step SARSE Gπ̂q
t:t+n π̂ π

Off-Policy SARSE(λ) λGπ̂q
t:∞ π̂ π

Q-Learning (Watkins, 1989) Gπ̂qπ̂

t:t+1 π∗ π > 0

n-step Q-Learning Gπ̂qπ̂

t:t+n π∗ π > 0

Watkin’s Q(λ) (Watkins, 1989) Rt + γmaxa q
π∗
(St+1, a) π∗ π > 0

Peng’s Q(λ) (Peng and Williams, 1996) Rt + γmaxa q
π∗
(St+1, a) π, π∗ π > 0

Double Q-Learning (van Hasselt et al., 2015) Rt + γqπ
∗
A(St+1,maxa q

π∗
B (St+1, a))

Rt + γqπ
∗
B (St+1,maxa q

π∗
A(St+1, a))

π∗
A

π∗
B

πA > 0
πB > 0

Table 2.1: Temporal difference algorithms.

Categorical
Actions
a ∈ A

Continuous
Actions
a ∈ R|A|

Categorical States s ∈ S qπ[s, a] vπ[s] qπθ [s, a) vπ[s]
Continuous States s ∈ RO qπθ (s, a] vπ(s) qπθ (s, a) vπ(s)

Table 2.2: Value function taxonomy with parameterization and their notation. Here O is the observation size. The
square brackets indicates that the term is an output, while curved brackets indicate that the term is an input. Note
that “continuous” is not a requirement it simply indicates that continuous space is supported. The most common
architectures are either tabular, qπ[s, a], or with state as an input, qπθ (s, a].

network to learn an efficient encoding of the history, ht, within the hidden activations of the recurrent
neural network (presumably only keeping information necessary to maximize return). Remember that the
history contains not just the observations, but also the actions and rewards. Therefore the reward and action
sampled by the policy should be made available to the recurrent part of the network too.

The intuition at play here is that recurrent networks, and adding additional information such as previous
sampled action and observed reward, make the (non-Markovian) partially-observed environment appear
more Markovian. There are other ways of achieving the same goal, for example in the Atari environment
some frames are repeated several timesteps in a row. This makes a frame partially observable because there
is no way of knowing from the frame alone whether this is the first or second time the agent has observed
this frame. Rather than use a recurrent architecture, the DQN algorithm stacked the previous four frames
(Mnih et al., 2015) resulting in Markov state observations.

Recurrent architectures are more difficult to train than traditional feedforward architectures because
passing gradients back through many timesteps can result in gradients either getting watered down to zero,
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or expanding due to a positive feedback loop. This phenomenon is known as the vanishing and exploding
gradients problem (Hochreiter, 1991; Hochreiter et al., 2001).

This problem can be mitigated by a) using certain activation functions, b) careful initialization of the
network parameters, c) clipping gradients before updating network parameters, and most importantly d)
using special recurrent architectures. Of the architectures used for recurrent networks the most famous is
the long short-term memory (LSTM) architecture (Hochreiter and Schmidhuber, 1997), which works by
ensuring that gradients are summed between timesteps (rather than multiplied). There have been a number
of refinements of LSTMs, including peepholes (Gers and Schmidhuber, 2000) and dropout (Zaremba et al.,
2014). Other recurrent architectures of interest include gated recurrent units (GRUs) (Cho et al., 2014).

2.1.3.8 Training in Practice
There are several tricks that can be used to successfully train agents using function approximation in prac-
tice. Firstly, when training many parameters, careful renormalization of gradients and adaptive optimizers
(Kingma and Ba, 2014; Tieleman et al., 2012) should be utilized. Secondly, target and behaviour networks
should be used to ensure stability. Thirdly, replay buffers (Mnih et al., 2015; Schaul et al., 2016) can be
utilized for efficiency. Fourthly, auxiliary tasks can be used accelerate learning representations at the begin-
ning of training (Jaderberg et al., 2016). Finally, hyper-parameter optimization is useful for searching over
the large resulting model space.

2.1.4 Policy-Based Model-Free Reinforcement Learning
Explicitly learning and storing action-values for every state and action can be computationally demand-
ing. As an alternative, policy gradient methods directly optimize the policy without explicitly computing
action-values. These on-policy algorithms aim to directly learn the optimal policy, resulting in a significant
reduction in computational overhead (Sutton et al., 1999).

2.1.4.1 Policy Gradient Theorem
In the infinite horizon case, the objective function we wish to maximize is the value V πθ , under the sta-
tionary distribution, dπθ

∞ (s), under the policy πθ. For the episodic case, without loss of generality, we can
consider only the value of the initial states under initial distribution d0(s). This simplifies analysis because
it is necessary to differentiate through dπθ

∞ (s), a term involving the policy.

Continuing: Jπθ =
∑
s∈S

dπθ
∞ (s)V πθ (s) =

∑
s∈S

dπθ
∞ (s)

∑
a∈A

πθ(a|s)Qπθ (s, a) (2.34a)

Episodic: J0 =
∑
s∈S

d0(s)V
πθ (s) =

∑
s∈S

d0(s)
∑
a∈A

πθ(a|s)Qπθ (s, a) (2.34b)

The policy gradient theorem (Sutton and Barto, 2018; Sutton et al., 1999) states that the gradient of
this loss function can be computed without knowing the dynamics of the environment1.

∇θJ(θ) = ∇θ

∑
s∈S

dπθ (s)
∑
a∈A

Qπθ (s, a)πθ(a|s) (2.35a)

∝
∑
s∈S

dπθ (s)
∑
a∈A

Qπθ (s, a)∇θπθ(a|s) (2.35b)

=
∑
s∈S

dπθ (s)
∑
a∈A

πθ(a|s)Qπθ (s, a)
∇θπθ(a|s)
πθ(a|s)

(2.35c)

1Note the calculus identity ∇xf(x)
f(x)

= ∇x ln f(x).
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= Es,a∼τπ

[
Qπθ (s, a)

∇θπθ(a|s)
πθ(a|s)

]
(2.35d)

= Es,a∼τπ [Qπθ (s, a)∇θ lnπθ(a|s)] (2.35e)

This reformulation is useful because it enables updates on θ without calculating the derivative of the
state distribution, nor calculating the stationary state distribution.

2.1.4.2 Baseline
It is common to modify this update to reduce the variance of the estimator by subtracting a baseline, b(s)
(Williams, 1992).

∇θJ(θ) ∝
∑
s∈S

dπθ (s)
∑
a∈A

(Qπθ (s, a)− b(s))∇θπθ(a|s) (2.36)

Often it is common to use the value function as a baseline. This results in an update using the so-called
advantage function, A(s, a) = Q(s, a) − v(s). However, the baseline can be any function that does not
depend on the action a. This is valid because the derivative of the baseline term if zero.∑

a∈A

b(s)∇θπθ(a|s) = b(s)∇θ

∑
a∈A

πθ(a|s) = b(s)∇θ1 = 0 (2.37)

2.1.4.3 Function Approximation
It is common to use function approximation to represent both the policy and any value functions that are
required for policy updates. Sutton’s compatible function approximation theorem (Sutton et al., 1999) states
that if the following conditions are satisfied, the policy gradient is exact. These conditions imply that the
policy has to be stochastic.

1. The function approximator is compatible to the policy∇wqw(s, a) = ∇θ lnπθ(a|s).
2. The value function minimizes the mean squared error ϵ = Eπθ

[
(qπ(s, a)− qw(s, a))

2
]
.

2.1.4.4 Off Policy Correction
When using a replay buffer or a distributed setting, the training data is slightly off-policy. It is still possible
to use on-policy learning algorithms, but the policy drift must be accounted for, usually by importance
sampling or trust region techniques. Re-Trace (Munos et al., 2016) requires learning action values functions
but does not exactly reduce to the on-policy update resulting in a bias. V-Trace (Espeholt et al., 2018) uses
state value function and reduces to bias-free on-policy updates with on-policy experience.

2.1.4.5 Policy Gradient Algorithms
Some policy gradient algorithms are summarized in Table 2.3. Using policy gradient with the sampled
episode return is called REINFORCE (Williams, 1992) (or Monte Carlo policy gradient). Using policy
gradient with a value function baseline, and any other estimate of the action-value function is known as
actor-critic (Konda and Tsitsiklis, 1999). When used with a value function base, it is known as advantage
actor critic (A2C) (Mnih et al., 2016). This algorithm can be deployed in a parallel, with asynchronous up-
date, in which case it is known as asynchronous advantage actor-critic (A3C) (Mnih et al., 2016). Parallel
execution introduces non-determinism and therefore the policy updates may be slightly off-policy. Further-
more, in order to maximize learner utilization it is possible to use a small replay-buffer. In order to correct
for this, off-policy correction was added to some algorithms. Using an action-value based correction results
in ACER (Wang et al., 2016). Using a state-value based correction results in IMPALA (Espeholt et al.,
2018). Most algorithms also have an entropy maximization in the policy to encourage exploration (Mnih
et al., 2016; Williams and Peng, 1991). It is advantageous for policy and value networks to not share pa-
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rameters to reduce correlation. Other policy gradient algorithms include TRPO (Schulman et al., 2015) and
PPO (Schulman et al., 2017).

Algorithm Action-Value Baseline Correction
REINFORCE (Williams, 1992) Gt:T 0

Advantage REINFORCE (Williams, 1992) Gt:T v(s)
Actor-Critic (Konda and Tsitsiklis, 1999) Q(s, a) 0

Advantage Actor-Critic (A2C) (Mnih et al., 2016) Q(s, a) v(s)
ACER (Wang et al., 2016) Q(s, a) v(s) Retrace

IMPALA (Espeholt et al., 2018) Q(s, a) v(s) V-Trace

Table 2.3: Policy Gradient Algorithms.

2.2 Game Theory and Multiagent Reinforcement Learning
Game theory is the study of the behaviour of rational payoff maximizing agents, in the presence of other
agents. There are many ways for predicting how agents behave; the different methods of prediction are
referred to as solution concepts. The world that agents operate in is often called a game. Games can be
formulated in several ways, and the formulation dictates suitable solution concepts. These formulations
often concern how many temporal steps there are in the game (normal-form game when there is only
one step) and whether agents take actions simultaneously (Markov games) or sequentially (extensive-form
games).

Multiagent reinforcement learning (MARL) is the broad field of applying machine learning techniques
to multiagent problems. It often utilizes reinforcement learning (RL), function approximation, and some-
times supervised learning. It is most applicable to many-player large games with intractable numbers of
states. Therefore MARL should be thought of as not just multiagent with RL, but multiagent in combina-
tion with many ML techniques which are used to scale to large problems. Game theory (GT) is an essential
component, especially when considering environments with more than two players or general-sum payoffs.
An excellent discussion on the overlap of RL and GT is given by Shoham et al. (2007).

2.2.1 Multiagent RL Problem
Different formulations of the MARL problem can be found in Figure 2.2. The most simple formulation is
where every agent is independent and learns at once (Figure 2.2a). While the most general, it can be difficult
to reason about the dynamics of learning agents in such a formulation. Moreover, there are many possible
deterministic opponent policies, infinite stochastic opponent policies, and therefore there are an infinite
number of induced environments. One simplification is to subsume all but one agent into the environment
(Figure 2.2b), and freeze the other agents’ adaptation. In this formulation, a single agent trains against a
fixed set of opponents resulting in a stationary single-agent learning environment, where the tools for RL
are well developed. A final formulation is to combine all the agents into a single centralized agent (2.2c).
In this formulation, joint actions are trained directly, to change the learning problem into a single-agent
problem. In this formulation, there is often a mechanism to allow agents to act independently at test time,
so that multi-agency is maintained. Many of the algorithms discussed in this section assume one of these
formulations during training.

2.2.1.1 Goals of Game Theory
Game theory is most developed in a subset of games: those with two players and a restriction on the
payoffs, G1(a1, a2) = −G2(a1, a2), known as zero-sum, which corresponds to purely competitive games.
In this setting the objective is clear: maximize your payoff in the presence of another player who is also
maximizing their payoff. Because one player’s gain is the other player’s loss there is a certain symmetry
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(c) Centralized Formulation

Figure 2.2: MARL formulations.

about this class of games. It turns out that there is a single metric, distance to a Nash equilibrium, that
players should minimize. Being close to an NE means that a player is unexploitable: there is nothing an
opponent can do to reduce your payoff. Particularly in n-player, general-sum games, it is difficult to define
a single criterion to find solutions to games. There are numerous reasons why this is the case:

1. There may be opportunities to collaborate.
2. Choice of which players to collaborate with.
3. To what extent should a player collaborate or exploit.
4. How does one enforce or incentivize collaboration.
5. How to coordinate on behaviour.

One approach is to instead consider joints that are in equilibrium: distributions such that no player has
incentive to unilaterally deviate from a recommendation. NE is one such equilibrium, but this thesis also
focuses on other concepts, namely correlated equilibrium and coarse correlated equilibrium.

2.2.2 Normal-Form Games
It is useful to model multiagent environments as games. There are a number of possible formalisms in-
cluding normal-form, extensive-form, and stochastic games. A particular type of single-shot, simultaneous
move game is called a normal-form game (von Neumann, 1928). Also called strategic-form, a normal-form
game consists of N players, p ∈ [1, N ], a set of strategies available to each player, ap ∈ {aAp , aBp , ...} = Ap,
and a payoff for each player under a particular joint strategy, Gp(a), where a = (a1, ..., aN ) ∈ A and
A = ⊗pAp. The distribution of play is described by a joint σ(a), which follows the usual probability
constraints 0 ≤ σ(a) ≤ 1 and

∑
a∈A σ(a) = 1. The goal of each player is to maximize their expected

payoff under the joint, vp =
∑

a∈A σ(a)Gp(a). Players could play independently by selecting a strategy
according to their marginal σ(ap) over joint strategies, such that the joint factorizes σ(a) = ⊗pσ(ap).
However this is limiting because it does not allow players to coordinate. A mediator called a correlation
device could be employed to allow players to execute arbitrary joints σ(a) that do not necessarily factorize
into their marginals. Such a mediator would sample from a publicly known joint σ(a) and secretly com-
municate to each player their recommended strategy. Solution concepts for normal form-games focus on
finding suitable joints, σ(a), which have desirable properties such as stability and dominance.

If a player opts to play a single strategy deterministically, we say the player is employing a pure strat-
egy, ap. A grouping over all players’ pure strategies is called a pure strategy profile, a = (a1, ..., aN ).
Sometimes a pure strategy profile is also called a joint strategy. It is often advantageous to denote a joint
strategy as a tuple consisting of player p’s strategy along with the rest of the players’ strategies: (ap, a−p),
where a−p = (a1, ..., ap−1, ap+1, ..., aN ). Henceforth the notation −p means the set of all players exclud-
ing player p.
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If a player opts to play randomly across multiple strategies, we say the player is employing a mixed
strategy, and is defined as a distribution over strategies σ(ap). Any strategy that has positive probability
of being played is said to be in the support. A grouping over all players’ mixed strategies is called a
mixed strategy profile, ⊗pσ(ap). A mixed strategy profile is a joint, however a joint is more general: the
distribution does not need to factorize into its marginals. For example, consider some two-player normal
form games, also called bimatrix games (Figure 2.4). Bimatrix games are often represented in a table, where
the strategies available to player 1 are enumerated on the row headers and the strategies available to player
2 are listed on the column headers. Two numbers indicating the payoffs for player 1 and player 2 are found
at the intersection of these strategies.

A common way of classifying games is through how each player’s payoff relates to the other players’
payoffs. A zero-sum game is one where

∑
p Gp(a) = 0 ∀a. A constant-sum game is similar:

∑
p Gp(a) =

c ∀a. These properties are most useful when there are also only two players. Two-player, zero-sum games
are sometimes also called purely-competitive games. In common-payoff games all players have the same
payoff Gp(a) = Gq(a) ∀p, q, and are also sometimes known as pure-coordination games or team games.
In general, we say a game is general-sum if there are no restrictions on the payoffs between players. In
symmetric games, Gp(ap, a−p) = Gq(aq, a−q)∀p, q ∈ [1, N ].

In the multiagent scenario there are multiple agents that are each interested in maximizing their payoffs.
Therefore this is now a multi-objective optimization setting. The idea of a player having an optimal strategy
is no longer well-defined, such a strategy now depends on the strategies of the other players. There are two
types of approaches of dealing with optimality in this setting. Firstly we may reduce the space of possible
strategies by excluding those which we know are strictly worse than others according to some definition.
Secondly, we can select amongst the remaining strategies according to some, ideally uniquely, rule which
necessarily converts the multi-objective problem into a single-objective problem.

2.2.2.1 Normal-Form Operators

There are two operators that are used for definitions of solution concepts and as primitives in multiagent
algorithms.

Subsume Players
A game, G(a), can be simplified, Ḡ(a−q), by fixing another player’s, q, mixed strategy, σq(aq). The
resulting game is an instance of the original game but with one less player.

Ḡp(a−q) = Gp(σq(aq), a−q) =
∑
aq

σ(aq)Gp(aq, a−q) ∀p ̸= q ∈ [1, N ] (2.38)

Of course, it is also possible to “mix” over pure strategies, in which case this operator is more akin to index-
ing. If σ(ap) is sparse this calculation can be relatively cheap. This operator is linear f : R|A1|×...×|AN | →
R|A1|×...|Ap−1|×|Ap+1|×...×|AN |. It is possible to do this for more than one player at a time. It is common
to subsume all other players in a game around fixed mixed joint strategies, σ(a−p). It is not a requirement
for the joint strategy to factorize, ⊗−pσ(ap).

Ḡp(ap) = Gp(ap, σ(a−p)) =
∑
a−p

σ(a−p)Gq(ap, a−p) (2.39)

If all other players are subsumed, the resulting payoff is simply a single-objective vector which could be
solved directly.

Best-Response
Suppose we have a mixed joint over other players’ strategies σ(a−p). Player p can calculate the set of
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strategies that achieve the greatest possible payoff against such a joint in a game.

aBR
p ∈ BRap

p (Gp(a), σ(a−p)) = argmax
a′
p∈Ap

∑
a−p

σ(a−p)Gp(a
′
p, a−p) (2.40)

Notice that the best-response operation utilizes the subsume operation discussed above, meaning the best-
response only needs to search over a single player’s strategy. By definition, there has to be at least one
best-response and if there is more than one best-response, they must have identical values. Therefore the
value of the best-response is defined independently of any particular pure or mixed strategy.

vp = BRVp (Gp(a), σ(a−p)) = max
a′
p

∑
a−p

σ(a−p)Gp(a
′
p, a−p) (2.41)

Furthermore, because we are indifferent to the choice of best-response strategy, the convex combina-
tion of these pure strategies is equal to the set of possible mixed strategy best-responses. A corollary is that
if there exists a mixed strategy best-response, deterministic strategies in the support are also best-responses.

σBR
p (ap) ∈ BRσp

p (Gp(a), σ(a−p)) = argmax
σ(a′

p)∈Σp

σ(a′p)
∑
a−p

σ(a−p)Gp(ap, a−p) (2.42)

The fact that there are many possible best-responses poses a problem for some algorithms: we have a
best-response selection problem. Because we have a convex space of best-responses, this means we can
use any strongly convex function to select uniquely amongst this space. Commonly we may opt to select
the maximum entropy, MEBRσ

p (Gp(a), σ(a−p)), or maximum relative entropy from some other mixed
strategy, MREBRσ

p (Gp(a), σ(a−p), σ̂(ap)), σ(ap)). Often the selection criterion used is unimportant and
many algorithms will operate with any best-response. In this case we will denote, AnyBRσ

p (Gp(a), σ(a−p))

to make this unambiguous. There exists a similar definition for better responses.

2.2.2.2 Dominance Solution Concepts
Dominance solution concepts attempt to reduce the strategy space to an interesting subset of the strategy
space by defining rules that define a partial ordering over the strategies.

Pareto Dominance
The most fundamental basic method of reducing the problem space is through the notion of Pareto opti-
mality. We say a strategy profile, a′, Pareto dominates another strategy profile, a, if Gp(a

′) ≥ Gp(a)∀p ∈
[1, N ], and ∃Gp(a

′) > Gp(a). Therefore if a strategy profile is Pareto dominated, there exists another strat-
egy in which a player can improve their payoff without hurting other players’ payoffs. Although this does
not select a single optimal strategy, it at least reduces the space of possible optima. Any strategy profile that
is not Pareto dominated by another strategy profile is said to be Pareto optimal. Every game has at least one
Pareto optimal strategy, and furthermore there always exists at least one pure Pareto optimal strategy. The
degree of usefulness of reducing the space of interesting strategies depends on the game class. In zero-sum
games, every strategy is Pareto optimal, so reducing Pareto optimal strategies does not reduce the space
of interesting strategies. In common-payoff games, all Pareto optimal strategies have identical payoff, and
therefore the space of Pareto optimal strategies can be quite small. While Pareto dominance is an interesting
starting point, it does not reduce the space of strategies enough in most games to provide useful predictions
of behaviour.

Strategic Dominance
Another notion of dominance is defined when a strategy appears better unilaterally to a player according
only to their payoff, over all of the other players’ strategies. If a player’s strategy dominates all other
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strategies, it is said to be a pure dominant strategy, and a strategy that is dominated by any other strategy
is said to be a pure dominated strategy. The degree of domination can be strict or weak. It is possible to
introduce an approximation variable ϵp, which is commonly defined to be zero. This additional variable
will be motivated later in the equilibrium section. Strategy a′′p is approximately dominated by a′p if:

Strict: Gp(a
′
p, a−p) > Gp(a

′′
p , a−p) + ϵp ∀a−p ∈ A−p (2.43a)

Weak: Gp(a
′
p, a−p) > Gp(a

′′
p , a−p) + ϵp ∃a−p, and

Gp(a
′
p, a−p) ≥ Gp(a

′′
p , a−p) + ϵp ∀a−p ∈ A−p (2.43b)

It is also possible to define dominance in terms of mixed strategies. A strategy, a′′p , is dominated if these
exists a mixture, σ(a′p), such that:

Strict:
∑

a′
p
σ(a′p)Gp(a

′
p, a−p) > Gp(a

′′
p , a−p) + ϵp ∀a−p ∈ A−p (2.44a)

Weak:
∑

a′
p
σ(a′p)Gp(a

′
p, a−p) > Gp(a

′′
p , a−p) + ϵp ∃a−p, and∑

a′
p
σ(a′p)Gp(a

′
p, a−p) ≥ Gp(a

′′
p , a−p) + ϵp ∀a−p ∈ A−p (2.44b)

It could be argued that in the absence of other information, a rational player should never play a dominated
strategy. Therefore dominance describes how a player may act in a game and therefore partly describes a
solution to a game. The argument of strategic dominance can be applied iteratively resulting in an algorithm
called Iterated elimination of strictly dominated strategies (IESDS). In the scenario where each player only
has a single non-dominated strategy, this can be considered the full solution to the game. One criticism of
strategic dominance is that under this solution concept, pure joint strategies that have strictly better welfare
can be ruled out. The most famous example is Prisoner’s dilemma (Table 4.1b).

2.2.2.3 Equilibrium Solution Concepts
A popular class of solution concepts are equilibrium based: joint distributions, σ(a), where under certain
definitions, no player has incentive to unilaterally deviate. The most well known is Nash equilibrium (Nash,
1951) (NE), which is tractable, interchangeable and unexploitable in two-player, zero-sum games (Shoham
and Leyton-Brown, 2009). NEs are always factorizable joint distributions. A related solution concept is cor-
related equilibrium (Aumann, 1974) (CE) which is more suitable for n-player, general-sum settings where
players are allowed to coordinate strategies with each other if it is mutually beneficial. Furthermore, CEs
are more compatible with the Bayesian perspective, and arise as a result of learning rules (Cesa-Bianchi
and Lugosi, 2006; Foster and Vohra, 1997). The mechanism of implementing a CE is via a correlation de-
vice which samples a joint strategy from a known public distribution and recommends the sampled strategy
secretly to each player. A distribution is in correlated equilibrium if no player is incentivised to unilaterally
deviate from the recommendation after receiving it. CEs that are factorizable are also NEs. An addi-
tional solution concept, the coarse correlated equilibrium (Moulin and Vial, 1978) (CCE), requires players
to commit to the recommendation before it has been sampled. It is less computationally expensive and
permits even higher equilibrium payoffs. These sets are related to each other ϵ-NE ⊆ ϵ-CE ⊆ ϵ-CCE,
ϵ-WSNE ⊆ ϵ-NE. The empirical average policy of no-regret learning algorithms in self-play are known to
converge to CCEs (Foster and Vohra, 1997; Hart and Mas-Colell, 2000).

All these equilibria have approximate forms which are parameterized by the approximation param-
eter ϵ which describes the maximum allowed incentive to deviate to a best-response (across all players).
There are two common methods of defining an approximate equilibrium: the standard approximate equi-
librium (Shoham and Leyton-Brown, 2009), describes the bound on incentive to deviate under the joint,
and the well-supported (WS) approximate equilibrium (Goldberg and Papadimitriou, 2006), describes the
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bound on incentive to deviate under the conditionals. When ϵ = 0, these definitions become equivalent.
These sets are related to each other ϵ-WSNE ⊆ ϵ-NE and ϵ-WSCE ⊆ ϵ-CE. The standard method has the
property that any ϵ > ϵmin will permit a full-support equilibrium, where ϵmin ≤ 0 is the minimum ϵ that
permits a feasible solution in a game. Each player may have individual tolerances to deviation, ϵp.

Well-Supported Correlated Equilibria
Consider a correlation device, a trusted third party that samples, a′′ = (a′′1 , ..., a

′′
N ), from a public joint,

σ(a), and communicates each player’s component of the sample (the recommendation), a′′p , secretly to each
player. After receiving a recommendation, a player can now calculate a posterior probability over what
players were recommended σ(a−p|a′′p). A player is now free to either play the recommendation or change
to another strategy, σ(a′p), a deviation strategy. A player is only incentivized to deviate if they believe they
will get more payoff in expectation than following the recommendation, assuming the other players follow
the recommendation. Suppose that a player will only deviate if they improve their expected payoff by at
least ϵp after receiving the recommendation. Any distribution σ(a) such that no players have incentive to
deviate is called a well-supported correlated equilibrium (WSCE) (Aumann, 1974; Czumaj et al., 2014;
Goldberg and Papadimitriou, 2006). To develop intuition, consider a normal-form game recast as a two-
stage extensive-form game. In the first stage, a chance node represents the selection of strategies from a
correlation device. Subsequently, in the second stage, players simultaneously choose their actions2.

WSCEs can be defined more directly in terms of deviation gains: the payoff gain of a player, when
switching from a recommended strategy, a′′p , to a deviation strategy, a′p. The gain in payoff obviously
depends on the strategies that the other players employed, a−p. The deviation gain can be defined for every
deviation strategy, recommended strategy, and other player strategy profile in terms of a tensor with shape
[|A′

p|, |A′′
p |,⊗q∈−p|Aq|].

Definition 2.2.1 (Well-Supported Correlated Equilibrium Deviation Gain).

AWSCE
p (a′p, a

′′
p , a−p) = Gp(a

′
p, a−p)−Gp(a

′′
p , a−p) (2.45)

The deviation gains can be used to define linear inequality constraints. The constraints impose that
for WSCEs the deviation from a′′p to a′p must have a payoff gain for player p of at most ϵp, after the
recommendation is given. Because the bound on the gain is after a recommendation is given, a conditional
distribution on the recommendation is used in the WSCE to compute an expected deviation gain for every
recommendation-deviation pair.

Definition 2.2.2 (Well-Supported Correlated Equilibrium).∑
a−p∈A−p

σ(a−p|a′′p)AWSCE
p (a′p, a

′′
p , a−p) ≤ ϵp ∀a′′p ∈ A+

p , a
′
p ∈ Ap, p ∈ [1, N ] (2.46)

Notice that if Gp(a
′
p, a−p) > Gp(a

′′
p , a−p) + ϵ ∀a′p ∈ Ap, then a′′p must have zero support in any

ϵ-WSCE. When ϵ = 0, this is the same as strict strategic dominance. Therefore there is a deep connection
between WSCEs and strategic dominance. ϵ-dominated strategies can be pruned from the game without
consequence before calculating its WSCE. This argument also holds when ϵ > 0 and ϵ < 0, however in
the latter scenario some games may have all of their strategies pruned (implying that there is no feasible
solution).

This definition’s constraints are only defined for recommendations with positive support, A+
p :=

supp(σ(ap)) = {ap|σ(ap) > 0}, which can be difficult to know a priori. Furthermore, dealing with

2WSCEs corresponds to NEs in this extensive-form game. These terms will be more thoroughly defined in later sections
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the conditional σ(a−p|a′′p) =
σ(a−p,a

′′
p )

σ(a′′
p )

may make the constraint nonlinear, which could complicate com-
putation. Therefore it is easier to work with an equivalent form, which allows us to use the joint distribution.
It is found by multiplying each side of the inequality constraint with the marginal σ(a′′p), noting that positive
scaling an equation of the plane does not change the half-space.∑

a−p∈A−p

σ(a′′p , a−p)A
WSCE
p (a′p, a

′′
p , a−p) ≤ σ(a′′p)ϵp ∀a′′p , a′p ∈ Ap, p ∈ [1, N ] (2.47)

In a similar argument, summing over a−p ∈ A−p can be inconvenient because it means indexing into
different joint strategies to compute each constraint, so it is advantageous to define a new WSCE deviation
gain as a sparse tensor of shape [|A′

p|, |A′′
p |, |A|]. This form of deviation gain is actually more naturally

related to the correlated equilibrium (CE), which is discussed later. This allows summing all joint strategies
without changing the meaning of the WSCE. This is the most mathematically convenient definition of the
WSCE.

∑
a∈A

σ(a)

AWSCE
p (a′p, a

′′
p , a−p) ap = a′′p

0 otherwise
≤ σ(a′′p)ϵp ∀a′′p , a′p ∈ Ap, p ∈ [1, N ] (2.48)

It is possible to subsume the approximation term directly into the deviation gains to result in approxi-
mate deviation gains, Aϵ-WSCE(a′p, a

′′
p , a−p).

Definition 2.2.3 (Approximate Well-Supported Correlated Equilibrium Deviation Gain).

Aϵ-WSCE
p (a′p, a

′′
p , a−p) = Gp(a

′
p, a−p)−Gp(a

′′
p , a−p)− ϵp (2.49a)

This results in final equivalent definitions of WSCEs.∑
a−p∈A−p

σ(a−p|a′′p)Aϵ-WSCE
p (a′p, a

′′
p , a−p) ≤ 0 ∀a′′p , a′p ∈ Ap, p ∈ [1, N ] (2.50a)

∑
a∈A

σ(a)

Aϵ-WSCE
p (a′p, a

′′
p , a−p) ap = a′′p

0 otherwise
≤ 0 ∀a′′p , a′p ∈ Ap, p ∈ [1, N ] (2.50b)

Therefore the constraints can be written compactly in matrix form Aϵ-WSCE
p σ ≤ 0, where Aϵ-WSCE

p is a matrix
with shape [|A|2p, |A|], σ is a vector with shape |A|. It is worth pausing here to consider the geometric
interpretation of these constraints. Each inequality constraint corresponds to a plane which partitions the
space into a half-space, where one side obeys the constraint and the other side violates the constraint. Each
row of the Aϵ-WSCE

p matrix corresponds to the normal equation of this plane. Each plane forms a surface,
and taken together the planes form a convex polytope set of valid solutions. Any convex combinations of
WSCEs is also a WSCE. It is known that for ϵp ≥ 0 this set is nonempty, meaning that a WSCE exists for
every game. Some games have equilibria with ϵ < 0.

Theorem 2.2.4 (Well-Supported Correlated Equilibrium Existence). For every finite game, with ϵ ≥ 0,
there exists an ϵ-WSCE.

The definition of the WSCE can be written in terms of best-response operators. Such equivalent
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formulations become important when designing and proving convergence of game-theoretic algorithms.∑
a−p∈A−p

σ(a−p|a′′p)AWSCE
p (a′p, a

′′
p , a−p) ≤ ϵp ∀a′′p ∈ A+

p , a
′
p ∈ Ap, p ∈ [1, N ]

max
a′
p∈Ap

∑
a−p∈A−p

σ(a−p|a′′p)AWSCE
p (a′p, a

′′
p , a−p) ≤ ϵp ∀a′′p ∈ A+

p , p ∈ [1, N ] (2.51a)

max
a′
p∈Ap

∑
a−p∈A−p

σ(a−p|a′′p)
(
Gp(a

′
p, a−p)−Gp(a

′′
p , a−p)

)
≤ ϵp ∀a′′p ∈ A+

p , p ∈ [1, N ]

BRVap
p

(
Gp(a), σp(a−p|a′′p)

)
−
∑

a−p∈A−p

σ(a−p|a′′p)Gp(a
′′
p , a−p) ≤ ϵp ∀a′′p ∈ A+

p , p ∈ [1, N ] (2.51b)

Correlated Equilibria
An alternative definition, called the Correlated Equilibrium (CE), defines bounds on the overall expected
deviation, normalized by the probability of the recommendation. A WSCE, with an approximation per rec-
ommendation ϵWSCE

p (a′′p), would relate to a CE with approximation ϵCE
p = σ(a′′p)ϵ

WSCE
p (a′′p). It immediately

follows that WSCE is a subset of CE. The ϵ-CE is a weaker version of ϵ-WSCE because a CE permits
placing probability on strategies that are arbitrarily low payoff. When ϵ = 0, WSCE and CE are equivalent.
The CE can be defined with a small change to the WSCE definition.∑

a−p∈A−p

σ(a−p|a′′p)AWSCE
p (a′p, a

′′
p , a−p) ≤

ϵp
σ(a′′p)

∀a′′p ∈ A+
p , a

′
p ∈ Ap, p ∈ [1, N ] (2.52a)

∑
a−p∈A−p

σ(a′′p , a−p)A
WSCE
p (a′p, a

′′
p , a−p) ≤ ϵp ∀a′′p , a′p ∈ Ap, p ∈ [1, N ] (2.52b)

The correlated equilibrium deviation gains, and the correlated equilibrium, can be more naturally de-
fined using the joint form described in the previous section.

Definition 2.2.5 (Correlated Equilibrium Deviation Gain).

ACE
p (a′p, a

′′
p , a) =

AWSCE
p (a′p, a

′′
p , a−p) = Gp(a

′
p, a−p)−Gp(a

′′
p , a−p) ap = a′′p

0 otherwise
(2.53)

Definition 2.2.6 (Correlated Equilibrium).∑
a∈A

σ(a)ACE
p (a′p, a

′′
p , a) ≤ ϵp ∀a′′p , a′p ∈ Ap, p ∈ [1, N ] (2.54)

Notice that if Gp(a
′
p, a−p) > Gp(a

′′
p , a−p) + ϵ ∀a′p ∈ Ap and ϵ ≤ 0, then a′′p must have zero support

in any such ϵ-CE, and strategically dominated strategies can be pruned. However, when ϵ > 0, all strategies
can have support, and a full-support ϵ-CE exists. In a similar fashion to before, the approximation parameter
can be subsumed into the deviation gain.

Definition 2.2.7 (Approximate Correlated Equilibrium Deviation Gain).

Aϵ-CE
p (a′p, a

′′
p , a) = ACE

p (a′p, a
′′
p , a)− ϵp (2.55)

Therefore the constraints can be written compactly in matrix form Aϵ-CE
p σ ≤ 0, if ACE

p is a matrix with
shape [|A|2p, |A|], and σ is a vector with shape |A|. When ϵp = 0 the definitions of WSCE and CE and

equivalent. Because ϵWSCE
p (a′′p) =

ϵCE
p

σ(a′′
p )

, for ϵp > 0, ϵ-CEs are a superset of ϵ-WSCEs because σ(a′′p) ≤ 1.
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CE deviation gains relate to the WSCE deviation gains.

AWSCE
p (a′p, a

′′
p , a−p) =

∑
ap∈Ap

ACE
p (a′p, a

′′
p , a) (2.56)

The definition of the correlated equilibrium can also be written in terms of best-responses.∑
a∈A

σ(a)ACE
p (a′p, a

′′
p , a) ≤ ϵp ∀a′′p , a′p ∈ Ap, p ∈ [1, N ] (2.57a)∑

a−p∈A−p

σ(a′′p , a−p)A
WSCE
p (a′p, a

′′
p , a−p) ≤ ϵp ∀a′′p , a′p ∈ Ap, p ∈ [1, N ] (2.57b)

max
a′
p∈Ap

∑
a∈A

σ(a)ACE
p (a′p, a

′′
p , a) ≤ ϵp ∀a′′p ∈ Ap, p ∈ [1, N ] (2.57c)

BRVap
p

(
Gp(a), σp(a−p, a

′′
p)
)
−
∑

a−p∈A−p

σ(a−p, a
′′
p)Gp(a

′′
p , a−p) ≤ ϵp ∀a′′p ∈ A+

p , p ∈ [1, N ] (2.57d)

Coarse Correlated Equilibria
Another solution concept, coarse correlated equilibrium (CCE) (Moulin and Vial, 1978), is similar to CE
but players are required to commit to their recommendation before receiving it. Deviations are therefore
considered based only on the prior, which is the public joint distribution, σ(a), and no additional posterior
can be calculated over the other players’ potential recommendations. The deviation gains are then defined
either directly, by summing over all possible recommendations of the CE deviation gains, or a reshape of the
WSCE deviation gains. There is only a constraint for each possible deviation a′p ∈ Ap,∀p when defining
the CCE, and it is defined directly on the joint distribution.

Definition 2.2.8 (Coarse Correlated Equilibrium Deviation Gains).

ACCE
p (a′p, a) = Gp(a

′
p, a−p)−Gp(a) =

∑
a′′
p

ACE
p (a′p, a

′′
p , a) = AWSCE

p (a′p, ap, a−p) (2.58)

Definition 2.2.9 (Coarse Correlated Equilibrium).∑
a∈A

σ(a)ACCE
p (a′p, a) ≤ ϵp ∀a′p ∈ Ap, p ∈ [1, N ] (2.59)

There is no “well-supported” version of CCEs. However, an approximate deviation gain can be defined
noting the property that

∑
a σ(a) = 1 =⇒

∑
a σ(a)ϵp = ϵp.

Definition 2.2.10 (Approximate Coarse Correlated Equilibrium Deviation Gain).

Aϵ-CCE
p (a′p, a) = ACCE

p (a′p, a)− ϵp (2.60)

Therefore the constraints can be written compactly in matrix form Aϵ-CCE
p σ ≤ 0, if ACCE

p is a matrix
with shape [|A|p, |A|], and σ is a vector with shape |A|. CCEs are a superset of (WS)CEs: WSCE ⊆ CE ⊆
CCE. The definition of CCE is also closely related to finding best-responses.∑

a∈A
σ(a)ACCE

p (a′p, a) ≤ ϵp ∀a′p ∈ Ap, p ∈ [1, N ]

max
a′
p

∑
a∈A

σ(a)ACCE
p (a′p, a) ≤ ϵp ∀p ∈ [1, N ] (2.61)
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max
a′
p

∑
a∈A

σ(a)Gp(a
′
p, a−p)−

∑
a∈A

σ(a)Gp(a) ≤ ϵp ∀p ∈ [1, N ]

max
a′
p

∑
a−p∈A−p

σ(a−p)Gp(a
′
p, a−p)−

∑
a∈A

σ(a)Gp(a) ≤ ϵp ∀p ∈ [1, N ]

BRVap
p (Gp(a), σ(a−p))−

∑
a∈A

σ(a)Gp(a) ≤ ϵp ∀p ∈ [1, N ] (2.62)

Nash Equilibria
The Nash equilibrium (NE) (Nash, 1951) has a similar definition to (C)CE but have an extra constraint
that the joint distribution factorizes ⊗pσ(ap) = σ(a), resulting in nonlinear constraints3. All NEs are also
(C)CEs. An NE is always on the boundary of the polytope for non-trivial games (Nau et al., 2004). This
factorization means that each player’s strategy is independent of all other players’ actions. Therefore, a cor-
relation device revealing a signal does not carry any information about the other players recommendations
because σ(a−p|ap) = ⊗q ̸=pσ(aq), and therefore does not influence a player’s own actions. Consequently
no correlation device is needed to execute NEs and players can sample their own actions independently.
Therefore there is no distinction between the CE and CCE definitions when the joint factorizes and hence
ϵ-NE can be defined in term of either ϵ-CE or ϵ-CCE constraints. All of the following are equivalent defini-
tions of NE:∑

a−p∈A−p

⊗q ̸=pσ(aq)A
WSCE
p (a′p, a

′′
p , a−p) ≤

ϵp
σ(a′′p)

∀a′′p ∈ A+
p , a

′
p ∈ Ap, p ∈ [1, N ] (2.63a)

∑
a−p∈A−p

σ(a′′p)⊗q ̸=p σ(aq)A
WSCE
p (a′p, a

′′
p , a−p) ≤ ϵp ∀a′′p , a′p ∈ Ap, p ∈ [1, N ] (2.63b)

∑
a∈A
⊗q∈[1,N ]σ(aq)A

CE
p (a′p, a

′′
p , a) ≤ ϵp ∀a′′p , a′p ∈ Ap, p ∈ [1, N ] (2.63c)∑

a∈A
⊗q∈[1,N ]σ(aq)A

ϵ-CE
p (a′p, a

′′
p , a) ≤ 0 ∀a′′p , a′p ∈ Ap, p ∈ [1, N ] (2.63d)∑

a∈A
⊗q∈[1,N ]σ(aq)A

CCE
p (a′p, a) ≤ ϵp ∀a′p ∈ Ap, p ∈ [1, N ] (2.63e)∑

a∈A
⊗q∈[1,N ]σ(aq)A

ϵ-CCE
p (a′p, a) ≤ 0 ∀a′p ∈ Ap, p ∈ [1, N ] (2.63f)

Nash equilibrium always exists for any finite game. Games can have multiple equilibria and, unlike
(C)CEs, these can be isolated. A pure strategy Nash equilibrium does not necessarily exist (for example
cyclic games such as matching pennies and rock-paper-scissors). Unlike (C)CEs, there are no NEs with
negative approximation, ϵp < 0. Because the CCE-based definition of NE has fewer constraints, it is more
commonly used.

Definition 2.2.11 (Nash Equilibrium).∑
a∈A
⊗q∈[1,N ]σ(aq)A

CCE
p (a′p, a) ≤ ϵp ∀a′p ∈ Ap, p ∈ [1, N ] (2.64)

Theorem 2.2.12 (Nash Equilibrium Existence). For every finite game, with ϵ ≥ 0, there exists an ϵ-Nash
equilibrium.

Lemma 2.2.13. ϵ-NEs only exist when ϵp ≥ 0. Equivalently, the largest expected deviation gain is at least
zero.

3This is why NEs are harder to compute than (C)CEs.
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Theorem 2.2.14. ϵ-NEs can be equivalently defined in terms of either CE or CCE constraints.

Proof. Using Lemma 2.2.13 for the second last step.∑
a∈A
⊗qσ(aq)A

CE
p (a′p, a

′′
p , a) ≤ ϵp ∀a′′p , a′p ∈ Ap, p ∈ [1, N ]

max
a′′
p

∑
a∈A
⊗qσ(aq)A

CE
p (a′p, a

′′
p , a) ≤ ϵp ∀a′p ∈ Ap, p ∈ [1, N ]

∑
a∈A
⊗qσ(aq)

[
max
a′′
p

ACE
p (a′p, a

′′
p , a)

]
≤ ϵp ∀a′p ∈ Ap, p ∈ [1, N ]∑

a∈A
⊗qσ(aq)max

[
ACCE

p (a′p, a), 0
]
≤ ϵp ∀a′p ∈ Ap, p ∈ [1, N ]

max
a′
p

∑
a∈A
⊗qσ(aq)A

CCE
p (a′p, a) ≤ ϵp ∀p ∈ [1, N ]∑

a∈A
⊗qσ(aq)A

CCE
p (a′p, a) ≤ ϵp ∀a′p ∈ Ap, p ∈ [1, N ]

Therefore NEs are simply (C)CEs that have factorizable joints. The definitions of equilibria are tightly
related to finding best-responses. This observation is key when designing equilibrium solving algorithms
that scale to large games. ∑

a∈A
⊗qσ(aq)A

CCE
p (a′p, a) ≤ ϵp ∀a′p ∈ Ap, p ∈ [1, N ]

max
a′
p

∑
a∈A
⊗qσ(aq)A

CCE
p (a′p, a) ≤ ϵp ∀p ∈ [1, N ]

max
a′
p

∑
a∈A
⊗qσ(aq)Gp(a

′
p, a−p)−

∑
a∈A
⊗qσ(aq)Gp(a) ≤ ϵp ∀p ∈ [1, N ]

max
a′
p

∑
a−p∈A−p

⊗q ̸=pσ(aq)Gp(a
′
p, a−p)−

∑
a∈A
⊗qσ(aq)Gp(a) ≤ ϵp ∀p ∈ [1, N ]

BRap
p (Gp(a), σ(a−p))−

∑
a∈A
⊗qσ(aq)Gp(a) ≤ ϵp ∀p ∈ [1, N ] (2.65)

Well-Supported Nash Equilibria
There also exists well-supported version ϵ-WSNE (Czumaj et al., 2014; Goldberg and Papadimitriou, 2006),
which can only be defined in terms of WSCE constraints, because the approximate term needs to be com-
puted after a recommendation. As before, when ϵp = 0, ϵ-WSNE and ϵ-NE are equivalent.∑

a−p∈A−p

⊗q ̸=pσ(aq)A
(WS)CE
p (a′p, a

′′
p , a−p) ≤ ϵp ∀a′′p ∈ A+

p , a
′
p ∈ Ap, p ∈ [1, N ] (2.66a)

∑
a∈A

σ(a′′p)⊗q ̸=p σ(aq)A
(WS)CE
p (a′p, a

′′
p , a) ≤ σ(a′′p)ϵp ∀a′′p , a′p ∈ Ap, p ∈ [1, N ] (2.66b)∑

a∈A
⊗q∈[1,N ]σ(aq)A

ϵ-WSCE
p (a′p, a

′′
p , a) ≤ 0 ∀a′′p , a′p ∈ Ap, p ∈ [1, N ] (2.66c)

Note that for two-player games, the WSNE constraints can be linear (Equation (2.66a)). This means
the NE can be directly solved for using a linear program (LP) with the caveat that one knows the support
A+

p . The LP is only feasible if a correct support is provided. One could guess a support and attempt to
solve the LP. Such techniques enables the two-player general-sum NE solver support enumeration (Nisan
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et al., 2007).

Connection to Minimax Strategies in Two-Player Games
In n-player general-sum games there is a notion of a pure maximin strategy, and a pure maximin value which
represents a conservative choice where player p maximizes the minimal possible payoff they can receive
when the other players play any pure strategy. This is the highest value a player can guarantee without
knowing the other players’ strategies, or equivalently the lowest value the other players can force for player
p when they know player p’s strategy.

Pure Maximin Strategy: ap = argmax
ap

min
a−p

Gp(ap, a−p) (2.67a)

Pure Maximin Value:
¯
vp = max

ap

min
a−p

Gp(ap, a−p) (2.67b)

There is an analogous pure minimax strategy, and a pure minimax value. This represents the lowest value
that the other players can force player p to receive without knowing player p’s strategy or equivalently it is
the highest value the player can be sure to get when they know the actions of the other players.

Pure Minimax Strategy: a−p = argmin
a−p

max
ap

Gp(ap, a−p) (2.68a)

Pure Minimax Value: v̄p = min
a−p

max
ap

Gp(ap, a−p) (2.68b)

It is also possible to consider mixed strategies to obtain tighter bounds on the values. It is not necessary
to optimize over mixed strategies in the outer optimization, because any mixture will be equal to the value
of the pure strategies at the optimum.

¯
vp = max

σ(ap)
min

σ(a−p)

∑
a

σ(ap)σ(a−p)Gp(ap, a−p) = max
ap

min
σ(a−p)

∑
a−p

σ(a−p)Gp(ap, a−p) (2.69a)

v̄p = min
σ(a−p)

max
σ(ap)

∑
a

σ(ap)σ(a−p)Gp(ap, a−p) = min
a−p

max
σ(ap)

σ(ap)
∑
ap

Gp(ap, a−p) (2.69b)

Von Neumann famously proved that these bounds are tight (von Neumann, 1928). This is the theorem
that is credited with establishing game theory as a field.

Theorem 2.2.15 (Minimax Theorem). For any finite n-player general-sum game:

max
ap

min
σ(a−p)

∑
a−p

σ(a−p)Gp(ap, a−p) = min
a−p

max
σ(ap)

∑
aap

σ(ap)Gp(ap, a−p) (2.70)

Therefore finding the mixed minimax value is an easier optimization and is equal to finding the mixed
maximin value of a game. We denote the value vp = v̄p =

¯
vp. Now consider a two-player zero-sum game,

where G1(a) = −G2(a). Note that mini(xi) = −maxi(−xi).

v1 = max
a1

min
σ(a2)

∑
a2

σ(a2)G1(a1, a2) = min
a2

max
σ(a1)

∑
a1

σ(a1)G1(a1, a2) (2.71a)

v2 = max
a2

min
σ(a1)

∑
a1

σ(a1)G2(a1, a2) = min
a1

max
σ(a2)

∑
a2

σ(a2)G2(a1, a2)

= −min
a2

max
σ(a1)

∑
a1

σ(a1)G1(a1, a2) = −max
a1

min
σ(a2)

∑
a2

σ(a2)G1(a1, a2) = −v1 (2.71b)

Therefore v1 = −v2. Importantly, note that the minimax objective for player 1 and player 2 are com-
pletely aligned. Therefore the minimax solution of a game is one way to turn a multiobjective multiagent
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optimization problem into a single objective saddle point problem.

arg max
σ(a1)

arg min
σ(a2)

∑
a1,a2

σ(a1)σ(a2)G1(a1, a2) (2.72)

Theorem 2.2.16. Minimax equilibria and Nash equilibria are equivalent in two-player zero-sum games.

Proof. The solutions to player 1’s Minimax equilibria can be cast as inequality constraints:

max
σ(a′

1)
min
σ(a2)

∑
a′
1,a2

σ(a′1)σ(a2)G1(a
′
1, a2) = v1

max
σ(a′

1)

∑
a1,a2

σ(a′1)σ
∗(a2)G1(a

′
1, a2) =

∑
a1,a2

σ∗(a1)σ
∗(a2)G1(a1, a2)

max
a′
1

∑
a2

σ∗(a2)G1(a
′
1, a2) =

∑
a1,a2

σ∗(a1)σ
∗(a2)G1(a1, a2)

max
a′
1

∑
a1,a2

σ∗(a1)σ
∗(a2)G1(a

′
1, a2) =

∑
a1,a2

σ∗(a1)σ
∗(a2)G1(a1, a2)∑

a1,a2

σ∗(a1)σ
∗(a2)G1(a

′
1, a2) ≤

∑
a1,a2

σ∗(a1)σ
∗(a2)G1(a1, a2) ∀a′′p∑

a1,a2

σ∗(a1)σ
∗(a2)A

CCE
p (a′p, a) ≤ 0 ∀a′′p

For player 2 we have:

−
∑
a1,a2

σ∗(a1)σ
∗(a2)A

CCE
p (a′p, a) ≤ 0 ∀a′′p

Which is equivalent to the definition of NE.

This connection allows us to deduce important properties of NE in two-player zero-sum games mak-
ing it fundamental and prescriptive. If the game is also zero-sum (G1(a1, a2) = −G2(a1, a2)), the
NE solution is interchangeable. This means that if σ(a1)σ(a2) and σ′(a1)σ

′(a2) are both NEs, then
σ′(a1)σ(a2) and σ(a1)σ

′(a2) are also NEs. Furthermore, the expected payoff for every player is equal vp =∑
a σ(a1)σ(a2)Gp(a) =

∑
a σ

′(a1)σ
′(a2)Gp(a) =

∑
a σ(a1)σ

′(a2)Gp(a) =
∑

a σ
′(a1)σ(a2)Gp(a).

Similarly, if there is more than one NE is it also possible to combine any convex combination of the mixed
strategies σ′′(a1) = (1−α)σ(a1)+ασ′(a1), and the resulting mixed strategy will also be a NE. This means
that in two-player zero-sum the space of mixed strategies is convex and is independent of the other player’s
mixed strategy. Therefore an equilibrium can be easily and uniquely selected using a strictly convex func-
tion such as maximum entropy. All these properties mean NE is a particularly suitable solution concept for
two-player zero-sum games.

Gap Function
It is possible to define a metric of how close a joint is to an NE using the deviation gains or the best-response
operator. First let us define the best-response gain.

Gain: δσp = max
a′
p

∑
a

σ(a)ACCE
p (a′p, a) = Gp(AnyBRσ

p , σ) (2.73)
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There are several definitions which are all only zero when σ(a) is a NE.

Exploitability: ϵ = max
p

ϵp = max
p

δσp (2.74a)

NEGap: δσ =
∑
p

ϵp =
∑
p

δσp (2.74b)

The NEGap is sometimes also called NashConv (Lanctot et al., 2017), average deviation incentive
(ADI) (Gemp et al., 2021), or Nikaido-Isoda (Nikaidô and Isoda, 1955). Intuitively this says that if there
is strategy that a player can deviate to that has better payoff, it is not at a Nash equilibrium. These gap
metrics are cheap to compute. Therefore verifying if a distribution is a Nash equilibrium is much cheaper
than calculating a Nash equilibrium.

Equilibrium Selection
When a distribution is in equilibrium, no player has incentive to unilaterally deviate from it to achieve a
better payoff. There can however be many equilibria in a game, choosing amongst these is known as the
equilibrium selection problem (Harsanyi and Selten, 1988).

(C)CEs form a convex polytope of valid solutions which are defined by their linear inequality con-
straints. Convex functions can be used to uniquely select from this set. Multiple objectives have been pro-
posed to select from the set of valid solutions including maximum entropy,−

∑
a σ(a) ln(σ(a)) (ME(C)CE)

(Ortiz et al., 2007). Other equilibrium selection objectives like Maximum Welfare,
∑

p

∑
a σ(a)Gp(a)

(MW(C)CE), are not convex and hence not always unique. For example, all zero-sum games have the same
welfare but potentially have many equilibria.

For NEs it has also been suggested to use a maximum entropy criterion (MENE) (Balduzzi et al.,
2018), which always exists and is unique in two-player, zero-sum settings. However ME is not unique
in general for NEs because the set of NEs is not convex. Another strategy is to regularize the NE of the
game with Shannon entropy resulting in the quantal response equilibrium (QRE) (McKelvey and Palfrey,
1995). There exists a continuum of QREs starting at the uniform distribution, finishing at the limiting logit
equilibrium (LLE), which is unique for almost all games. Solvers (Gemp et al., 2021) can find LLEs, even
in scenarios with stochastic payoffs.

Equilibrium-Invariant and Equilibrium-Symmetric Transforms
Certain transformations to payoffs, Gp(a) → Ĝp(a), do not change the set of equilibria, σ(a) → σ̂(a) =

σ(a), (equilibrium-invariant transforms). The most common invariant transform (Morris and Ui, 2004;
Moulin and Vial, 1978; Ostrovski, 2013) is the affine linear transform which consists of an offset over the
other players’ strategies and a positive scale.

Theorem 2.2.17 (Affine Transformation). ϵ-NE, ϵ-WSNE, ϵ-CE, ϵ-WSCE, and ϵ-CCE are equivariant under
affine transformations of each player’s payoff and invariant when ϵp = 0. Concretely, when

Gp(a)→ Ĝp(a) = spGp(a) + bp(a−p), (2.75)

an ϵp-equilibrium in the original game is an spϵp-equilibrium in the transformed game: σ(a) → σ̂(a) =

σ(a) and ϵp → ϵ̂p = spϵp. Where bp(a−p) is any offset, and sp is any positive scalar.

Proof. Consider the effect of the transformations on the deviation gains.

A(WS)CE
p (a′p, a

′′
p , a−p)→ spGp(a

′
p, a−p) + bp(a−p)− spGp(a

′′
p , a−p)− bp(a−p) = spA

(WS)CE
p (a′p, a

′′
p , a−p)

A(WS)CE
p (a′p, a

′′
p , a)→

spA
(WS)CE
p (a′p, a

′′
p , a−p) ap = a′′p

0 otherwise
= spA

(WS)CE
p (a′p, a

′′
p , a)
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ACCE
p (a′p, a)→ spGp(a

′
p, a−p) + bp(a−p)− spGp(a)− bp(a−p) = spA

CCE
p (a′p, a)

Equilibria are entirely defined by their inequality constraints. The affine transform only results in a sp scale
to the LHS of the inequality. If we apply the same positive scale to the RHS of the definition the inequality
will still hold. Therefore an ϵp-equilibrium in the untransformed game will be an spϵp-equilibrium in the
transformed game. If ϵp = 0 the equilibria will not change, and therefore an affine transformation will be
invariant.

This transform can reduce the degrees of freedom in each player’s payoff by |A−p| + 1 if bp(a−p)

and sp are chosen to be certain functions of the payoffs themselves. For example, a zero-mean-offset:
bp(a−p) =

1
|Ap|

∑
ap

Gp(ap, aa−p
), and a unit norm scale, sp = 1

||Gp(a)||2 .
Other transforms, like strategy and player permutation, do not reduce the number of degrees of free-

dom, but do reduce the volume of games by exploiting symmetry in their definitions (equilibrium-symmetric
transforms).

Theorem 2.2.18 (Strategy Permutation Equivalence). ϵ-NE, ϵ-WSNE, ϵ-CE, ϵ-WSCE and ϵ-CCE equilib-
rium are equivalent under permutation of each player’s strategies. Concretely, permuting each player’s
strategies in the game,

Gp(ap, a−p)→ Ĝp(a) = Gp(τp(ap), a−p), (2.76)

results in an equivalent permutation in the equilibria of the game, σ(a) → σ̂(a) = σ(τp(ap), a−p) and
ϵp → ϵ̂p = ϵp.

Proof. It is sufficient to prove that permutations of the strategies ap → τ(ap), and deviation strategies
a′p → τ(a′p) are equivalent. Consider the definition of the ϵ-WSCE, ϵ-CE, and, ϵ-CCE:∑

a−p∈A−p

σ(a−p|a′′p)A(WS)CE
p (a′p, a

′′
p , a−p) ≤ ϵp ∀a′′p ∈ A+

p , a
′
p ∈ Ap =⇒ max

a′
p,a

′′
p

∑
a−p∈A−p

σ(a−p|a′′p)A(WS)CE
p (a′p, a

′′
p , a−p) ≤ ϵp

(2.77a)∑
a∈A

σ(a)A(WS)CE
p (a′p, a

′′
p , a) ≤ ϵp ∀a′′p , a′p ∈ Ap =⇒ max

a′
p,a

′′
p

∑
a∈A

σ(a)A(WS)CE
p (a′p, a

′′
p , a) ≤ ϵp

(2.77b)∑
a∈A

σ(a)ACCE
p (a′p, a) ≤ ϵp ∀a′p ∈ Ap =⇒ max

a′
p

∑
a∈A

σ(a)ACCE
p (a′p, a) ≤ ϵp

(2.77c)

Therefore the definitions do not depend on the order of a′p and a′′p . It is straightforward to see that if σ(a) is
in equilibrium, then σ(τp(ap), a−p)) will be in equilibrium after permutation.

Note that all players can independently permute their strategies and the equivariance still holds. There
are
∏

p (|Ap|!) such strategy permutation symmetries of a normal form game. Therefore the number of
strategy permutation symmetries grows combinatorially with the number of strategies and exponentially
with the number of players.

Theorem 2.2.19 (Player Permutation Equivalence). ϵ-NE, ϵ-WSNE, ϵ-CE, ϵ-WSCE and ϵ-CCE equilibrium
are equivariant under permutation of the players. Concretely, permuting the players in the game,

Gp(ap, a−p)→ Ĝp(a) = Gτ(p)(aτ(1), ..., aτ(N)) and ϵp → ϵ̂p = ϵτ(p), (2.78)
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S H
S 4, 4 1, 3
H 3, 1 2, 2

(a) Stag Hunt

G W
G −9,−9 1, 0
W 0, 1 0, 0

(b) Traffic Lights

B S
B 3, 2 0, 0
S 0, 0 2, 3

(c) Bach or Stravinsky

C D
C 3, 3 1, 4
D 4, 1 2, 2

(d) Prisoner’s Dilemma

H T
H +1,−1 −1,+1
T −1,+1 +1,−1

(e) Matching Pennies

C F
C −2, 0 1, 0
F −2, 1 −1, 1

(f) Red Dress

A B
A 1, 1 0, 0
B 0, 0 1

2 ,
1
2

(g) Biased Coordination

S W
S 1

2 ,
1
2 1, 0

W 0, 1 1
2 ,

1
2

(h) Dominant

Table 2.4: Some canonical 2× 2 normal form games. The row player chooses between labeled strategies from the left
and receives the first payoff of the pair, while the column player chooses between labeled strategies from the top and
receives the second payoff of the pair.

results in an equivalent permutation in the equilibria of the game, σ(a1, ..., aN ) → σ̂(a) =

σ(aτ(1), ..., aτ(N)).

Proof. Consider the definition of the ϵ-WSCE, ϵ-CE, and, ϵ-CCE:

∑
a−p∈A−p

σ(a−p|a′′p)A(WS)CE
p (a′p, a

′′
p , a−p) ≤ ϵp ∀p ∈ [1, N ] =⇒ max

p

∑
a−p∈A−p

σ(a−p|a′′p)A(WS)CE
p (a′p, a

′′
p , a−p)− ϵp

 ≤ 0

(2.79a)∑
a∈A

σ(a)A(WS)CE
p (a′p, a

′′
p , a) ≤ ϵp ∀p ∈ [1, N ] =⇒ max

p

[∑
a∈A

σ(a)A(WS)CE
p (a′p, a

′′
p , a)− ϵp

]
≤ 0

(2.79b)∑
a∈A

σ(a)ACCE
p (a′p, a) ≤ ϵp ∀p ∈ [1, N ] =⇒ max

p

[∑
a∈A

σ(a)ACCE
p (a′p, a)− ϵp

]
≤ 0

(2.79c)

Therefore when the order of strategies is transposed, an identical transposition in the joint will ensure that
it is also an equilibrium in the transformed game.

There are N ! such player permutation symmetries of a normal form game. Therefore the number of
player permutation symmetries grows combinatorially with the number of players.

2.2.2.4 2×2 Normal-form Games
To intuitively explain some of the concepts discussed, this section examines the simplest class of normal-
form games: games with two-players, each with two-strategies. These games are sometimes referred to as
2× 2 games. A set of common 2× 2 games is given in Table 2.4.

First, consider the space of joint strategies, σ(a). The standard constraints on a probability distribution
apply: probabilities are nonnegative, σ(a) ≥ 0 ∀a ∈ A, and sum to unity,

∑
a∈A σ(a) = 1. The unity sum

constraint means that a distribution over the four strategies of a 2 × 2 game, which can be denoted with a
flat vector σ = [σ(aAA), σ(aAB), σ(aBA), σ(aBB))], where aIJ = (aI1, a

J
2 ), can be expressed with only

three variables because one is redundant given the rest (e.g. σ(aBB) = 1− σ(aAA)− σ(aAB)− σ(aBA)).
This means it is possible to visualize a joint distribution with four components in only three dimensions, by
ignoring the space of “distributions” that do not sum to unity. This is achieved by specifying four vertices
of a tetrahedron (a three dimensional object). Points in the simplex are then described in terms of mixtures
of these four vertices (known as a barycentric coordinate system (Möbius, 1827)). Barycentric coordinates,
σ, can be converted to Cartesian coordinates, x, via a linear transform, x = Tσ. The columns of T are
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AA

AB

BA

BB

(a) Probability Simplex

AA

AB

BA

BB

(b) NE Manifold

Figure 2.3: Visualization of the space of valid joint distribution, σ(a1, a2), (tetrahedron) and valid factorizable joint
distributions, σ(a1, a2) = σ(a1)σ(a2), (manifold). The vertices of the tetrahedron correspond to pure joint strategies.
The interior of the tetrahedron corresponds to mixed joint strategies.

points of a regular tetrahedron. There are many ways to choose points of a tetrahedron, one is shown in
Equation (2.80).

x = Tσ T =

 −
1
2

1
2 0 0

−
√
3
6 −

√
3
6

√
3
6 0

−
√
6

12 −
√
6

12 −
√
6

12

√
6
4

 (2.80)

The nonnegative inequality constraints geometrically correspond to normal vectors in the equation of
a plane (e.g. [1, 0, 0, 0]σT ≥ 0). These planes split the space into two halves: those that are feasible
distributions and those that are infeasible distributions. Together these four inequality constraints result in
a convex polytope with four faces, specifically a regular tetrahedron, when visualized in three dimensions.
σ(a1, a2) corresponds to a full joint distribution. A subset of joints that factorize into their marginals,
σ(a1, a2) = σ(a1)σ(a2), is worth highlighting because of its relationship to NEs which by definition have
to factorize. Factorizable joints result in a manifold within the tetrahedron. The tetrahedron and factorizable
manifold are shown in Figure 2.3. Before exploring equilibria, note a peculiar property: CEs and CCEs are
equivalent in 2× 2 games.

Theorem 2.2.20 (Two-Strategy (C)CE equivalence). For n-player games with two strategies, ϵ-CCEs and
ϵ-CEs are equivalent.

Proof. When |Ap| = 2, where ap = {aAp , aBp }, the number of constraints per player is |Ap| = 2 for CCEs
and |Ap|(|Ap| − 1) = 2 for CEs. By inspection, and a change of variables, we can see that the constraints
are equal.

ACCE
p (a′Ap , a) = Gp(a

′A
p , a−p)−Gp(ap, a−p)

=

Gp(a
′A
p , a−p)−Gp(a

′′B
p , a−p) ap = a′′Bp

0 otherwise
= ACE(a′Ap , a′′Bp , a) (2.81a)
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AA

AB

BA

BB

(a) Player 1 polytope constraints

AA

AB

BA

BB

(b) Player 2 polytope constraints

AA

AB

BA

BB

(c) Combined polytope constraints

Figure 2.4: (C)CE polytope (purple) and NE points (green) of the biased coordination game. A breakdown of the final
(C)CE polytope is given by considering player 1’s (red) and player 2’s (blue) deviations. For this game, a volume of
equilibria are valid (C)CEs. NEs are where the set of (C)CEs intersects with the factorizable manifold which include
pure aAA, pure aBB and a full-support mixed NE.

ACCE
p (a′Bp , a) = Gp(a

′B
p , a−p)−Gp(ap, a−p)

=

Gp(a
′B
p , a−p)−Gp(a

′′A
p , a−p) ap = a′′Ap

0 otherwise
= ACE(a′Bp , a′′Ap , a) (2.81b)

In the context of 2×2 games we will therefore use the notation A(C)CE
p (a′p, a) to describe the deviation

gains for each player and A(C)CE to describe the constraint matrix with shape [N |Ap| = 4, |A| = 4].
Let us study a biased coordination game (Table 2.4g), where players have to coordinate on the best out-

come (aA1 , a
A
2 ) or the second best outcome (aB1 , a

B
2 ) in order to maximize their return. The deviation gains

(Equation (2.82)) have 4 columns corresponding to the flattened joint strategies, (aAA, aAB , aBA, aBB),
and 4 rows corresponding to the deviations, (aA1 , a

B
1 , a

A
2 , a

B
2 ). Player 1 is shown in red and player 2 in blue.

A(C)CE =


G1(a

A
1 , a)−G1(a)

G1(a
B
1 , a)−G1(a)

G2(a
A
2 , a)−G2(a)

G2(a
B
2 , a)−G2(a)

 =


0 0 1 − 1

2

−1 1
2 0 0

0 1 0 − 1
2

−1 0 1
2 0

 (2.82)

Each row of this matrix geometrically corresponds to a normal vector of a plane which which splits the
joint strategy space in half: one side of the plane are feasible equilibria and the other side are infeasible.
Together, and combined with the nonnegative distribution inequalities, these half-spaces result in a convex
polytope (Figure 2.4). The vertices of the polytope are given by Equation (2.83). Notice that the probability
mass of the mixed NE skews to the weaker pure NE: aBB . This is a property of NE that ensures that players
are indifferent between all strategies in the support.

Σ =


1 0 0 0

0 0 0 1
1
9

2
9

2
9

4
9

1
7

2
7 0 4

7
1
7 0 2

7
4
7

 (2.83)

Now consider how the polytope changes when the approximation parameter ϵ is altered. Geometrically
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AA

AB

BA

BB

(a) Stag Hunt

AA

AB

BA

BB

(b) Traffic Lights

AA

AB

BA

BB

(c) Bach or Stravinsky

AA

AB

BA

BB

(d) Prisoner’s Dilemma

AA

AB

BA

BB

(e) Matching Pennies

AA

AB

BA

BB

(f) Red Dress

Figure 2.5: Equilibria of canonical 2 × 2 games. (C)CE polytope is solid purple line. NEs are green dashed lines or
points.

the ϵ term in the inequality constraint, A(C)CEσ ≤ ϵ, corresponds to the offset of the plane. Therefore
increasing ϵp will expand the volume of the polytope and decreasing ϵp will reduce the volume of the
polytope (if possible). For some games it is possible to have negative ϵp. For WSCEs the region of the
polytope changes differently.

Figure 2.5 shows the equilibria of other games including Stag Hunt (Table 2.4a), Traffic Lights (Ta-
ble 2.4b), Bach or Stravinsky (Table 2.4c), Prisoner’s Dilemma (Table 2.4d), Matching Pennies (Table 2.4e),
and Red Dress (Table 2.4f).

2.2.2.5 Algorithms
The definition of (WS)(C)CE solutions only comprise of linear inequality constraints. Any objective can
be used to select amongst them, however linear and strictly convex objectives are most common. Libraries
such as CVXPY (Agrawal et al., 2018; Diamond and Boyd, 2016) use solvers like GLOP (Perron and
Furnon), ECOS (Domahidi et al., 2013), OSQP (Stellato et al., 2020), and MOSEK (ApS, 2019), to solve
these problems. Finding one (WS)(C)CE is polynomial in complexity (Papadimitriou and Roughgarden,
2008). Finding a specific one depends on the objective and will be harder.

(WS)NE are hard to compute because they have nonlinear constraints and require finding a fixed point
(Papadimitriou and Roughgarden, 2008). In general, the complexity was shown to be PPAD-complete
(Chen and Deng, 2006; Daskalakis et al., 2006). However, many algorithms exist for finding equilibria in
two-player zero-sum games which are easier to solve.

Iterated Elimination of Dominated Strategies
A strategy a′′p is dominated if another strategy a′p yields a strictly higher payoff, regardless of the oppo-
nents’ choices: ∃a′p ∈ Ap : Gp(a

′
p, a−p) > Gp(a

′′
p , a−p)∀a−p ∈ A−p. Iteratively eliminating dominated

strategies for each player leads to a subset of strategies containing all Nash equilibria (NEs) and correlated
equilibria (CEs). A pure NE emerges when only one strategy remains for each player. Otherwise, fur-
ther refinement is necessary to obtain a mixed-strategy NE or CE. However, this method cannot identify
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Algorithm 2.2 Double Oracle.

Require: A two-player, constant-sum, payoff matrix, G(a1, a2).
Require: Nonempty starting set of actions, ∅ ⊂ B1 ⊆ A1 and ∅ ⊂ B2 ⊆ A2.

1: function DOUBLEORACLE(G(a1, a2), B1, B2)
2: while True do
3: G̃(b1, b2)← G(b1, b2) ∀b1 ∈ B1, b2 ∈ B2
4: σ1(b1), σ(b2)← NE(G̃)
5: r1 ← G̃1(σ1(b1), σ2(b2))
6: r2 ← G̃2(σ1(b1), σ2(b2))
7: a1 ← argmaxa1

∑
b2
σ2(b2)G1(a1, b2) ▷ Best-response against mixture σ2(b2)

8: a2 ← argmaxa2

∑
b1
σ1(b1)G2(b1, a2) ▷ Best-response against mixture σ1(b1)

9: if G1(a1, σ2(b2)) ≤ r1 ∧G2(σ1(b1), a2) ≤ r2 then
10: break
11: B1 ← B1 ∪ {a1}
12: B2 ← B2 ∪ {a2}
13: return σ1(b1), σ2(b2)

CCEs, which may include dominated strategies. Often employed as a low-cost preprocessing step, this
algorithm lacks favorable worst-case bounds, requiring maxp |Ap| iterations. Nonetheless, it tends to con-
verge quickly in practice. While it finds only one NE, NEs are interchangeable in two-player, zero-sum
games.

Minimax Optimization
For two-player zero-sum games the NE objective can be formulated as a minimax optimization which can
be solved efficiently using linear programming.

σ∗(a1) = min
a2

arg max
σ(a1)

∑
a1,

G1(a1, a2)σ(a2) (2.84a)

σ∗(a2) = max
a1

arg min
σ(a2)

∑
a2

σ(a1)G1(a1, a2) (2.84b)

Fictitious Play
In fictitious play (Brown, 1951), a player’s strategy is the best-response to the average history of other
players’ actions. The average over all player’s histories is known to converge to a Nash equilibrium in
two-player zero-sum games.

Double oracle
Double Oracle (DO) (McMahan et al., 2003) (Algorithm 2.2) identifies Nash equilibrium (NE) solutions for
large two-player, zero-sum normal-form games. It iteratively solves subgames of increasing size. If both
players fail to improve their payoffs at any iteration, the NE of the subgame is also an NE of the full game.
DO employs an NE solver as a subroutine at each iteration. While this may appear circular, it becomes
valuable when solving large extensive-form games and forms the foundation of the PSRO algorithm.

2.2.3 Markov Games
Markov games (Shapley, 1953), also known as stochastic games, are a generalization of Markov decision
processes (MDPs) and repeated games. As a subset of extensive-form games, Markov games differ from
MDPs in several ways: a) each player has a distinct reward function, b) players choose joint strategies
simultaneously, and c) a joint transition function governs state transitions. Non-terminating Markov games
may employ a discount function to account for myopic agent behavior. Perfect information (full observ-
ability) or common observation is required. Zero-sum Markov games, a well-studied subclass, assume a
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zero-sum payoff structure. Single-controller Markov games feature transition functions dependent on the
actions of a single agent, while payoffs still depend on joint actions. For historical context on Markov
games, refer to Solan and Vieille (2015). While related, multistage games differ in that their states are not
necessarily Markovian.

2.2.3.1 Equilibrium Solution Concepts
Equilibria for Markov games no longer concern just a single normal-form stage game, but many normal-
form games, where actions taken affect the payoffs of joint decision nodes earlier in the game tree.

Markov Perfect Equilibrium
A Markov perfect equilibrium (MPE) is a subgame-perfect equilibrium for perfect-information, simulta-
neous move extensive form games (i.e. Markov games). In equilibrium, for every state (even those un-
reachable under joint policies), every subgame is in equilibrium. This can be defined for NEs, CEs, or
CCEs. Concretely, consider the joint-action-value function. If the joint action distribution, π[s, a], is in
normal-form equilibrium at all states, it is an MPE. MPE is known to exist for every terminating Markov
game, by backward induction. For continuing Markov games, an equilibrium always exists if the rewards
are discounted. Such a equilibrium, π[s, a], can be implemented in a decentralized fashion if the equilib-
rium is an NE, because it factorizes. When using (C)CEs, a correlation device is required at every timestep.
The extensive-form section will show how it is possible to also define normal-form equilibria for Markov
games. These solutions will only require a correlation device to communicate a policy, once, before any
actions have been executed.

2.2.3.2 Algorithms
Algorithms used to compute equilibria in Markov games can be borrowed from reinforcement learning.

Model-Based Value-Based Methods
All the tools of MDP Generalized Policy Iteration can be utilized in the multiagent setting. If the dynamics
of the game are known, given a joint policy, π[s, a1, ..., aN ] = π[s, a], one could use the same policy
evaluation techniques discusses previously to calculate the state value function, vπp [s], and action value
function, qπp [s, a], for each player. Instead of having a single value per state, there is now a value for each
player. This means that in order to conduct policy improvement, we need to consider the value of possible
competing players: the problem is now multi-objective.

vπp [s] =
∑
a

π[s, a]qπp [s, a] ∀p ∈ [1, N ] (2.85a)

qπp [s, a] =
∑
s′

T [s, a, s′]
(
Rp[s, a, s

′] + γvπp [s
′]
)

∀p ∈ [1, N ] (2.85b)

And these have similar recurrent relationships:

vπp [s] =
∑
a

π[s, a]
∑
s′

T [s, a, s′]
(
R[s, a, s′] + γvπp [s

′]
)

∀p ∈ [1, N ] (2.86a)

qπp [s, a] =
∑
s′

T [s, a, s′]

(
Rp[s, a, s

′] + γ
∑
a′

π[s′, a′]qπp [s
′, a′]

)
∀p ∈ [1, N ] (2.86b)

One could proceed by converting this problem to a single objective optimization problem by collapsing
the all the players’ value functions into a single value function. One common way of doing this is by sum-
ming over all players returns, sometimes called the welfare, vπ[s] =

∑
p v

π
p [s]. Thereafter we could employ

standard greedy MDP policy improvement techniques to converge to a unique value function. However, this
is unsatisfactory for a number of reasons:
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1. The scales of the rewards of each player may be mismatched, so combining them is unnatural.
2. The resulting payoffs of the agents may be “unfair” in some sense.
3. There might be an incentive to deviate from such a greedy policy.

Indeed any such arbitrary rule of squashing a multi-objective problem into a single-objective one may
have these same issues. There are some edge cases in which squashing to a single-objective function makes
sense. For example, in common payoff games, all players will have the same value function qπ[s, a] =

qπ1 [s, a] = ... = qπN [s, a] (sometimes called friend-Q (Littman, 2001)). In two-player, constant-sum games
one can consider the max-min-Q vπ1 [s] = maxσ(a1) mina2

∑
a1

σ[a1]q
π
1 [s, a1, a2] = −vπ2 [s] (sometimes

called foe-Q (Littman, 2001)).
In general, we may wish to utilize equilibrium solution concepts as the policy improvement operator,

f : v[p, s, a] 7→ σ[s, a]. In fact, the two previous squashing functions arise from the properties of NE in
common-payoff and two-player, constant-sum respectively. Instead of the policy improvement condition
being based on improving the value, it is based on improving the equilibrium gap.∑

a

πt+1[s, a]q
πt
p [s, a] ≥

∑
a

πt[s, a]q
πt
p [s, a] ∀s, p (2.87)

The policy improvement operator can be any unique equilibrium concept including NEs, CEs, or CCEs.

πt+1[s, a] = UniqueEquilibrium(qπt
p [s, a]) (2.88)

If the game is terminating, by backward induction the resulting policy will converge to a Markov perfect
equilibrium. If the game is non-terminating, there is no known iterative methods of converging to an
NE, CE, or CCE in general. The solutions are known to cycle around a set of so-called cyclic-equilibria
(Zinkevich et al., 2005).

Model-Free Value-Based Methods
Of course, we need not know the dynamics of the environment. Model-free MDP methods can be used to
learn the value functions in Markov games. When the game is common-payoff, the Q-Learning algorithm
is called friend-Q (Littman, 2001), when it is two-player constant-sum it is called foe-Q (Littman, 2001).
When using NE as the policy improvement operator, it can be known as Nash-Q (Hu and Wellman, 1998).
When using linear CEs, it is known as CE-Q (Greenwald and Hall, 2003). A drawback of foe-Q, Nash-Q,
and CE-Q is that they require relatively expensive solvers to find a new policy every time the action-values
are updated. Furthermore, Nash-Q and CE-Q, suffer from unresolved equilibrium selection issues.

2.2.4 Extensive-Form Games
An extensive-form game (Kuhn and Tucker, 1957) is a temporally extended game where players can take
actions sequentially in arbitrary (but defined) order. Players choose between actions at each decision node
(equivalent to state in RL terminology) they encounter. As a result, progressing through the game is akin
to traversing down a game tree. There is no discounting and the payoff is achieved at the leaf nodes of the
tree. Note that having payoffs only at leaf nodes is fully general because any rewards at stages of the game
could be pushed into the leaf nodes without loss of generality. These games can be imperfect information
(equivalent to partially observable in RL terminology), as such some states cannot be differentiated from
one another and are called information states (equivalent to observations in RL terminology). Furthermore,
other players actions are not necessarily observed, and may not necessarily be deduced from an information
state. An extensive form game may be stochastic. In such a scenario, sometimes the world is modelled as
player 0 which picks between random outcomes according to some distribution. Extensive form games are
the most general game formulation. Markov games can be represented as imperfect information extensive-
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form games by arbitrarily ordering players actions at each stage, hiding the action that was taken at by
each player, and only revealing the action to player after they have all selected an action. And, of course,
normal-form games are a subset of Markov games.

There are many examples of extensive form games. Implementations for some games commonly
benchmarked in the literature are available in OpenSpiel (Lanctot et al., 2019). Kuhn Poker, is a very
simplified n-player, zero-sum, imperfect information version of poker. The original two-player game is
described in (Kuhn, 1950). An n-player extension is described in (Lanctot, 2014). Additional information
about the game (such as equilibrium) can be found in (Hoehn et al., 2005). Sheriff (Farina et al., 2019c) is
a negotiation game based on a simplified version of the Sheriff of Nottingham board game. Trade Comm
(Sokota et al., 2021) is a simple two-player common-payoff trading game.

2.2.4.1 Normal-Form Representations of Extensive-Form Games
All extensive-form games can also be represented (albeit inefficiently) as normal-form games, and therefore
normal-form solution concepts can also be applied to this representation. The graph structure of the game
is lost in this transformation. Therefore subgame perfect equilibrium concepts cannot be applied to the
normal-form.

Normal-Form
The normal-form can be obtained by enumerating every possible deterministic action at every information
state in the game. Therefore, if there are |Ap| possible actions at each information state and |Ip| information
states, for each player there are |Ap||Ip| normal-form strategies. An n-player normal-form game can be
constructed using this approach. However, the normal-form representation quickly becomes intractably
large, even for moderately sized extensive-form games.

Reduced Normal-Form
This can be partially mitigated by considering the reduced-normal-form of an extensive-form game. It
may be the case that some information states become unreachable after an action has been taken earlier
in the game tree. Therefore, any action specified at such information states is irrelevant and need not be
considered. In reduced-normal-form, we therefore only consider strategies that are unique up to reachable
information states. Using this representation there may be as little as |Ap|T distinct strategies, where T is
the number of time steps in the environment. The actions at unreachable information states are either left
undefined or defined uniquely using an arbitrary rule, such as a uniform distribution.

Meta Normal-Form
Meta games are normal-form games induced from extensive form games by considering the payoffs between
a set of (usually stochastic) policies. Because there are infinite stochastic policies in any extensive form
game, only a subset of policies are considered. Sometimes these formulations are called empirical games
because the payoffs between policies are evaluated by sampling outcomes between policies. Therefore the
number of strategies for each player in a meta-game is equal to the number of policies being considered. The
advantage of considering such games is that it allows us to leverage simpler normal-form solution concepts
to make progress in extensive form games. Methodologies like Empirical game-theoretical analysis (EGTA)
(Walsh et al., 2002; Wellman, 2006) make use to the meta normal-form to analyse intractably large temporal
multiagent-systems. Equilibrium solvers like Double Oracle (McMahan et al., 2003) PSRO (Lanctot et al.,
2017) can be built on this representation to find equilibria for extensive-form games.

Agent-Normal-Form
In an extensive-form game with perfect recall, for each player’s information state create a new “agent”
player in a normal-form game which has strategies equal to the number of actions available in the in-
formation state. This results in the agent-normal-form. This is distinct from the standard normal-form
representation of an extensive-form game in several ways. The agent-normal-form has many more players,
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N =
∑

p |Ip|, than the original extensive-form game but few strategies, |AIp |. Equilibria in agent-normal-
form correspond to perfect equilibrium in extensive-form games.

2.2.4.2 Equilibrium Solution Concepts
The equilibrium solution concepts of normal-form games extend to extensive-form games. However, there
are also additional solution concepts, which require more extensive coordination.

Extensive Form Correlated Equilibrium
Extensive form coarse correlated equilibrium (EFCE) (von Stengel and Forges, 2008) is an equilibrium
concept for temporally extended games. It requires a coordination device at every timestep to recommend
actions to the players. The coordination device samples an entire deterministic joint policy from a publicly
known distribution over joint policies. The device then, action by action, secretly recommends strategies to
each player. Players are free to deviate after receiving the signal, but if they do so they receive no further
recommendations. If no players have incentive to deviate, the distribution is an EFCE.

Extensive Form Coarse Correlated Equilibrium
The extensive form coarse correlated equilibrium (EFCCE) (Farina et al., 2019b), is similar to the EFCE,
but players must decide whether to deviate before receiving each action recommendation. The relationship
between NFNE ⊆ NFCE ⊆ EFCE ⊆ EFCCE ⊆ NFCCE.

2.2.4.3 Extensive Form Operators
Similar to normal-form games, operators that learning algorithms utilize in their inner-loops are defined in
this section.

Mixture Policies
Care should be taken when mixing policies in extensive-form. The method of mixing policies is to sample a
policy from a set, Πp = {π1

p, ..., }, according to a distribution, σ, and then play that policy until environment
termination. The space of mixed policies is convex and the payoffs a mixture of policies receives is linear
against a fixed opponent. These are useful properties that can be exploited in a number of algorithms.

It is possible to squash that behaviour into a single policy that we denote πσ . The policy can be
calculated by inspecting the reach probabilities rπ(s) under each policy, such that the probability of be-
ing in initial states

∑
s∈S0

rπ(s0) = 1, intermediate states
∑

st∈St
rπ(st) = 1, and terminal states∑

sT∈ST
rπ(sT ) = 1, is always equal to one. These can be computed using the recursive formula starting

from the initial states St+1 = t(st, a). The mixture policy is unique, but many possible policies may mix
into the same policy. This procedure is more complex when the policies are parameterized by a function
approximator. In this scenario one would have to use policy distillation (Rusu et al., 2016) to train a new
policy.

Best-Response
The best-response (BR) operator returns a set of policies that maximizes return against a given set of other
player’s policies, {πp} = BRp(π−p) = BRp(π1, ..., πp−1, πp+1, ..., πn) = argmaxπp Gp(π1, ..., πn). A
best-response always exists, but there can be multiple best-response policies that maximize the return, and
therefore the best-response operator does not map to a single unique policy.

We can define a unique best-response operator by selecting for the policy that is closest to another
target policy π̃ by using the minimum KL divergence

∑
a π(a) ln

(
π(a)

(̃π(a))

)
. The target policy could be

chosen in a number of ways, for example one which is closest to human play, or a previously found policy.
In the absence of a good target policy one may choose to find the policy closest to the uniform policy. In
this case the objective becomes equivalent to finding the maximum entropy policy which is a policy that
makes least assumptions, is most difficult for opponents to predict, and maximizes exploration.

Another complication of the BR operator is that it requires searching over all of policy space to find.
This space is linear over the mixture of actions and greedy algorithms can be used to solve it. Backward
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induction can be used to solve for the BRs by searching over the game tree starting from the terminal leaves.
In non-terminating games RL can be used to find BRs. Value iteration, policy iteration, policy gradient and
Q-Learning are all suitable BR operators.

2.2.4.4 Algorithms
Fictitious Play
Fictitious play (Brown, 1951; Heinrich et al., 2015) can also be used to solve extensive-form games. It can
also be employed with function approximation (Heinrich and Silver, 2016).

Empirical Game Theoretic Analysis
Empirical Game Theoretic Analysis (EGTA) (Walsh et al., 2002; Wellman, 2006) is an approach to applying
Double Oracle like algorithms to extensive form games.

Policy-Space Response Oracles
PSRO (Lanctot et al., 2017) is an agent training framework for two-player zero-sum extensive-form games.
PSRO is a generalisation of several algorithms that are known to converge to normal-form Nash equilibria
(NFNE). It outputs a set of policies for each player and a distribution over those policies. The distribution
that the algorithm uses to compute best-responses is what parameterizes the algorithm. PSRO uses RL as
the best-response operator.



Chapter 3

Normal-Form Game Metric Spaces and
Embeddings

Equilibrium solution concepts of normal-form games, such as Nash equilibria, correlated equi-
libria, and coarse correlated equilibria, describe the joint strategy profiles from which no player
has incentive to unilaterally deviate. They are widely studied in game theory, economics, and
multiagent systems. Equilibrium concepts are invariant under certain transforms of the payoffs.
This chapter defines an equilibrium-inspired distance metric for the space of all normal-form
games and uncovers a distance-preserving equilibrium-invariant embedding. Furthermore, an
additional transform, which defines a better-response-invariant distance metric and embedding,
is proposed. The contents of this chapter is part of published work (Marris et al., 2023).

3.1 Introduction
Equilibrium solutions to normal-form games, such as Nash equilibrium (NE) (Nash, 1951), correlated equi-
librium (CE) (Aumann, 1974), and coarse correlated equilibrium (CCE) (Hannan, 1957; Moulin and Vial,
1978; Young, 2004) are ubiquitously used to model the strategic behaviour of rational utility maximizing
players in games. In some classes of games, such as two-player zero-sum games, the Nash equilibrium solu-
tion concept is considered fundamental (von Neumann and Morgenstern, 1947), because it is unexploitable
and interchangeable in this class. CEs and CCEs are important in n-player general-sum games, which may
require coordination facilitated by a correlation device. The set of equilibria in a game is invariant to certain
transforms of the payoffs (Morris and Ui, 2004). The most well known is the affine transform (offset and
positive scale of each player’s payoff). Such transforms are called equilibrium-invariant. In addition, there
are symmetries in payoffs which result in equivalent symmetries in the set of equilibria (for example, the
order of strategies or players). Transforms over symmetries are called equilibrium-symmetric. Finally, there
is a weaker notion of better-response invariance, where transforms do not change a player’s preference order
over responses to other player’s joint strategies. These transforms are called better-response-invariant. This
chapter studies transforms to produce metric spaces and embeddings over n-player general-sum normal-
form games.

Let G = G1 × ... × GN be the space of games with a particular number of players, p ∈ [1, N ], and
strategies, |Ap|. Gp is the space of payoffs for player p, and equivalent the space of tensors with real
elements and of a particular shape, R|A1|×...×|AN |. A normal-form game (or equivalently, its payoffs) is
an elements of this set G ∈ G. Equilibria solution concepts can be parameterized with an approximation
parameter, ϵ, which describes a larger set of approximate equilibria where not deviating costs at most ϵ
to the players. Since the approximation parameter influences with space of acceptable equilibria, in the
context of invariant transforms, it is advantageous to consider the approximation parameter as part of the
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game definition. Therefore, the approximation parameter (see Equation (2.46)) is included for each player
E = E1 × ... × EN , which is in the real vector space, RN , is included in the space of games, defining a
new tuple space (G, E), that is called the approximate game space. It is possible to define a distance metric
between two approximate games d((GA, ϵA), (GB , ϵB)) such that the space of approximate normal-form
games is a metric space. Let σ ∈ ∆|A|−1 be the probability simplex. Let σ∗ ∈ (WS)(C)CE(G, ϵ) ⊆ ∆|A|−1

be the subset of joints that are in equilibrium according to either Equation (2.46), (2.54), (2.59) or (2.64).
Most commonly the approximation parameter is defined ϵ = 0 and therefore the additional notation around
approximate games can be dropped.

Studying the space of normal-form games is important for understanding the a) structure of games,
b) computing their equilibria, and c) when applying machine learning techniques to normal-form games.
Concretely, a well designed embedding reduces the redundant “degrees of freedom” in a game representa-
tion. For example, a distribution over m elements could be represented as logits in Rm, or equivalently as
m− 1 probabilities, ∆m−1, where the final probability can be deduced from pm = 1−

∑m−1
i pi, which is

a reduction the redundant degrees of freedom by 1. For normal-form games we can reduce the degrees of
freedom in a similar way.

To motivate, consider an application of designing a neural network architecture that takes normal-
form payoffs as input and outputs an equilibria. A neural network could learn the equilibrium invariances
for itself, but only approximately. Building the invariance into the training of the network would ensure
perfect equilibrium-invariance and free up resources for the network to learn the non-invariant structure in
the problem. Additionally, training such a network would require a dataset. But how would one sample
games sensibly and without bias over RN×|A1|×...×|AN |? It turns out that a clever embedding enables easy
and uniform sampling over the space of games containing all possible equilibria.

3.2 Equilibrium-Invariant Embedding
This chapter is concerned with studying game transforms, (G, ϵ) → (Ĝ, ϵ̂), that do not change the set
of approximate equilibria, (WS)(C)CE(G, ϵ) = (WS)(C)CE(Ĝ, ϵ̂). This transformation is an equilibrium-
invariant transform. The most common such transform (Morris and Ui, 2004; Moulin and Vial, 1978;
Ostrovski, 2013) is the affine transform which consists of an offset over the other players’ strategies and a
positive scale.

Theorem 3.2.1 (Affine Transform). ϵ-NE, ϵ-WSNE, ϵ-CE, ϵ-WSCE, and ϵ-CCE are equilibrium-invariant
under affine transformations of each player’s payoff. Concretely, when

Gp(a)→ Ĝp(a) = spGp(ap, a−p) + bp(a−p), and ϵp → ϵ̂p = spϵp, (3.1)

an ϵp-equilibrium in the original game is an spϵp-equilibrium in the transformed game: σ(a) → σ̂(a) =

σ(a), where bp(a−p) is any offset, and sp is any positive scalar.

Proof. Consider the effect of the transforms on the deviation gains.

AWSCE
p (a′p, a

′′
p , a−p)→ spGp(a

′
p, a−p) + bp(a−p)− spGp(a

′′
p , a−p)− bp(a−p) (3.2a)

= spA
WSCE
p (a′p, a

′′
p , a−p)

ACE
p (a′p, a

′′
p , a)→

spA
WSCE
p (a′p, a

′′
p , a−p) ap = a′′p

0 otherwise
(3.2b)

= spA
CE
p (a′p, a

′′
p , a)
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ACCE
p (a′p, a)→ spGp(a

′
p, a−p) + bp(a−p)− spGp(a)− bp(a−p) (3.2c)

= spA
CCE
p (a′p, a)

Equilibria are entirely defined by their inequality constraints (Equations (2.46), (2.54), (2.59) and (2.64)).
The affine transform only results in a sp scale to the LHS of the inequality. If the same positive scale
is applied to the RHS of the definition the inequality will still hold. Therefore an ϵp-equilibrium in the
untransformed game will be an spϵp-equilibrium in the transformed game. If ϵp = 0 the equilibria will not
change.

The affine transform can be used to reduce the degrees of freedom in each player’s payoff by |A−p|+1

without changing the equilibria if bp and sp are defined in terms of the payoffs themselves. Offsetting by
the mean, bp(a−p) = − 1

|Ap|
∑

ap
Gp(ap, a−p), and scaling by the Frobenius norm of the payoff tensor,

sp = 1/||Gp||F , are sensible choices. This transform can be used to design a distance metric, dequil, and a
distance-preserving equilibrium-invariant embedding. Let Gequil be an embedding in G given by a structure
preserving mapping, such that Gequil ⊂ G. Gequil is a manifold and a metric space.

Definition 3.2.2 (Equilibrium-Invariant Embedding).

Gequil
p (a) =

1

Z

Gp(a)−
1

|Ap|
∑
ap

Gp(ap, a−p)

 (3.3a)

ϵequil
p =

1

Zp
ϵp (3.3b)

Zp =

∥∥∥∥∥∥Gp −
1

|Ap|
∑
ap

Gp(ap, a−p)

∥∥∥∥∥∥
F

(3.3c)

This embedding results in N hyper-spheres, sometimes known as the oblique manifold in Riemannian
geometry. Distance metrics in this space are extensively studied. The distance of the shortest path between
points on a sphere is arccos(

∑
a G

A,equil
p (a)GB,equil

p (a)). And for the oblique manifold, it is the L2 norm
of each of the spheres distances. We combine the arc lengths with the length of the distance between the
approximation parameters to obtain a final distance metric.

Definition 3.2.3 (Equilibrium-Invariant Distance Metric).

dequil ((GA, ϵA), (GB , ϵB)
)
=

√√√√∑
p

arccos

(∑
a

GA,equil
p (a)GB,equil

p (a)

)2

+
∑
p

(
ϵA,equil
p − ϵB,equil

p

)2
(3.4)

This definition poses a problem: it is not well defined when a payoff is trivial because the normalization
constant Z is zero for a trivial game. All joint distributions are in equilibrium in games where all players
have trivial payoffs.

Definition 3.2.4 (Trivial Payoff).

Gp(ap, a−p) = bp(a−p) ∀a−p ∈ A−p (3.5)

Definition 3.2.5 (Nontrivial Payoff).

Gp(ap, a−p) ̸= bp(a−p) ∃a−p ∈ A−p (3.6)



3.2. Equilibrium-Invariant Embedding 73

This can be simply remedied by defining the norm of a zero vector to be unity, ∥0∥ = 1, which
occurs when the payoff is trivial. For the embedding this is natural. For distances, the inner product,∑

a G
A,equil
p (a)GB,equil

p (a), will be zero which is equivalent to the the payoffs being perpendicular. A trivial
payoff would be defined to be perpendicular to all other payoffs. This is not an unreasonable definition,
this work most commonly deals with nontrivial games, or only compares games with identical triviality
structure, which is assumed going forward.

The equilibrium-invariant embedding is an oblique manifold (Trendafilov and Lippert, 2002) (a prod-
uct manifold of N unit spheres). Each player’s payoff embedding, Gequil

p , is a point on the surface of one
of these spheres. The distance between two games is the norm of the arc lengths between the two points
on each of these spheres. Therefore the maximum distance between two ϵ = 0 games is

√
Nπ. The

equilibrium-invariant embedding reduces the degrees of freedom in each player’s payoff by |A−p|+1. The
linear offset component contributes a |A−p| portion, while the nonlinear scaling contributes the remaining
unit. It turns out that |A−p| is the largest reduction that can the achieved by a linear function.

Theorem 3.2.6 (Linear Offset Rank Reduction). The offset component of the equilibrium-invariant em-
bedding reduces a payoff’s degrees of freedom by |A−p|. This is the most degrees of freedom that can be
reduced with a linear transform without changing the equilibrium.

Proof. The computation of deviation gains, A, (Equations (2.46), (2.54), and (2.59)) is a linear operation
and therefore can be expressed as a matrix multiplication of an operator matrix, Tp, with a player’s payoff,
Gp. Flattened forms of the payoffs and gains are used.

AWSCE
p (a′p ⊗ a′′p , a−p) =

∑
a′′′

TWSCE
p (a′p ⊗ a′′p ⊗ a−p, a

′′′)Gp(a
′′′) (3.7a)

ACE
p (a′p ⊗ a′′p ⊗ a) =

∑
a′′′

TCE
p (a′p ⊗ a′′p ⊗ a, a′′′)Gp(a

′′′) (3.7b)

ACCE
p (a′p ⊗ a) =

∑
a′′′

TCCE
p (a′p ⊗ a, a′′′)Gp(a

′′′) (3.7c)

By inspecting the structure of the operator matrices (Section 3.A.1, Lemma 3.A.1), their rank can be deter-
mined.

rank
(
TWSCE
p

)
= rank

(
TCE
p

)
= rank

(
TCCE
p

)
= |A| − |A−p| ∀p ∈ [1, N ] (3.8)

In general, the payoff, Gp, can be full rank, R|A|. But after matrix multiplying with the operator matrix,
which is only rank |A| − |A−p|, the resulting deviation gains can be at most rank |A| − |A−p|. Any
linear equilibrium-invariant transform that reduces the space of games by more than |A−p| would imply an
operator matrix Tp with rank less than |A| − |A−p|, thereby reducing the number of inequality constraints
that define the equilibrium. Therefore, any linear equilibrium-invariant transform can only reduce the space
of games by at most |A−p| without changing the set of equilibria for all games. The offset component of
the affine transform reduces the degrees of freedom by |A−p| and, by Theorem 3.2.1, does not change the
deviation gains.

3.2.1 Reversible Deviation Gains
In general, the mapping from payoffs to deviation gains is irreversible because it is not a full-rank lin-
ear operation: there are many possible games that result in the same deviation gains. However, in the
equilibrium-invariant embedding, there is a one-to-one mapping, and therefore it is possible to reverse the
procedure and find the invariant embedding from the deviation gains.
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Algorithm 3.1 Equilibrium-Invariant Embedding Sampling

1: N ← len(|A1|, ..., |AN |)
2: for p← [1, N ] do
3: Gp(a)←N (0, 1) ∀a ∈ A
4: Gp(a)← Gp(a)− 1

|Ap|
∑

ap∈Ap
Gp(ap, a−p) ∀a ∈ A

5: Gp(a)← Gp(a)
||Gp(a)||2 ∀a ∈ A

6: Gequil ← concat(G1, ..., GN )
7: return Gequil

Theorem 3.2.7 (Reversible Deviation Gains). The equilibrium-invariant embedding can be recovered from
the deviation gains.

Gequil
p (a) = − 1

|Ap|
∑
a′
p

AWSCE
p (a′p, ap, a−p) = −

1

|Ap|
∑
a′
p,a

′′
p

ACE
p (a′p, a

′′
p , a) = −

1

|Ap|
∑
a′
p

ACCE
p (a′p, a)

(3.9)

Proof. Recall the definition of the CCE deviation gains (Equation (2.59)). Take the mean over the player’s
own deviation strategies, a′p ∈ Ap, and rearrange.

ACCE
p (a′p, a) = Gp(a

′
p, a−p)−Gp(a) =⇒

Gp(a) =
1

|Ap|
∑
a′
p

Gp(a
′
p, a−p)︸ ︷︷ ︸

Zero when zero-mean

− 1

|Ap|
∑
a′
p

ACCE
p (a′p, a) (3.10)

When the payoffs are invariant embeddings, Gequil
p (a), the mean term is zero, and the proof is concluded for

CCEs. Noting that ACCE
p (a′p, a) =

∑
a′′
p∈Ap

ACE
p (a′p, a

′′
p , a), there is a similar solution for CEs. Noting that

AWSCE
p (a′p, a

′′
p , a−p) =

∑
ap∈Ap

ACE
p (a′p, a

′′
p , a), there is a similar solution for WSCEs.

This result is not directly utilized in this thesis but is included for several reasons. Firstly, it improves
intuition about the space of games and how payoffs relate to the definition of equilibria and their constraints.
Secondly, it provides further evidence of the fundamental nature of the equilibrium-invariant embedding.
Finally, it opens up a path of research in inverse game theory, which studies the recovery of payoffs from
observed equilibrium behaviour.

3.2.2 Sampling Equilibrium-Invariant Embedding
It is easy to uniformly sample over the invariant embedding1 (Algorithm 3.1) and trivial games (Algo-
rithm 3.2), where N (0, 1) is a zero-mean unit-variance normal distribution. This sampling approach is
principled because it samples games that cover all interesting strategic interactions. Less principled ways
of sampling (for example a uniform distribution over entries in the payoff, Gp(a) = U(0, 1) ∀a ∈ A),
are common in the literature, but may not cover the strategic space of games evenly. This thesis proposes
that the equilibrium-invariant embedding should be used for evaluating equilibrium solvers and producing
training and testing datasets.

1Or equivalently, sampling uniformly over the surface of a unit sphere. This is studied in Riemannian geometry.
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Algorithm 3.2 Trivial Embedding Sampling

1: N ← len(|A1|, ..., |AN |)
2: for p← [1, N ] do
3: bp(a−p)←N (0, 1) ∀a−p ∈ A−p

4: Gp(a)← bp(a−p) ∀a ∈ A
5: Gp(a)← Gp(a)

||Gp(a)||2 ∀a ∈ A

6: Gtri ← concat(G1, ..., GN )
7: return Gtri

3.3 Better-Response Embedding
Previously payoff scaling (within the affine game transform) was shown to be equilibrium-invariant, here
it is shown that a novel per-strategy-scale transform is better-response-invariant2. This transform results
in reciprocal scaled corresponding equilibrium in the transformed game for ϵ-NEs, ϵ-WSNEs, ϵ-CEs, and
ϵ-WSCEs.

Definition 3.3.1 (Best-Response-Invariant).

argmax
ap

Gp(ap, a−p) = argmax
ap

Ĝp(ap, a−p) ∀a−p ∈ A−p (3.11)

Definition 3.3.2 (Better-Response-Invariant3).

arg sort
ap

Gp(ap, a−p) = arg sort
ap

Ĝp(ap, a−p) ∀a−p ∈ A−p (3.12)

Theorem 3.3.3 (Per-Strategy-Scale Transform). ϵ-NE, ϵ-WSNE, ϵ-CE, ϵ-WSCE are better-response-
invariant under positive per-strategy-scale of each player’s payoff which results in reciprocal per-strategy-
scale (sp → sp(ap)) of the equilibria. Concretely, when

Gp(a)→ Ĝp(a) = (⊗q∈−psq(aq))Gp(a),

and ϵWSCE
p → ϵ̂WSCE

p (a′′p) =
ϵWSCE
p

Z−p(a′′p)
or ϵCE

p → ϵ̂CE
p (a′′p) =

ϵCE
p

Zsp(a′′p)
, (3.13)

an equilibrium in the original game has a corresponding equilibrium,

σ(a)→ σ̂(a) =
1

Z (⊗psp(ap))
σ(a), (3.14)

in the transformed game, where Z =
∑

a∈A
σ(a)

⊗psp(ap)
and Z−p(a

′′
p) =

∑
a−p

σ(a′′
p ,a−p)

⊗−psp(ap)
.

Proof. Consider the effect of the transforms on the deviation gains.

AWSCE
p (a′p, a

′′
p , a−p)→ ÂWSCE

p (a′p, a
′′
p , a−p) = (⊗q∈−psq(aq))A

WSCE
p (a′p, a

′′
p , a−p) (3.15a)

ACE
p (a′p, a

′′
p , a)→ ÂCE

p (a′p, a
′′
p , a) = (⊗q∈−psq(aq))A

CE
p (a′p, a

′′
p , a) (3.15b)

Substitute the transformed deviation gains and approximations into the definition of CE (Equa-
tion 2.54), which holds ∀p ∈ [1, N ], a′′p ̸= a′p ∈ Ap. This can be shown to be equivalent to a definition

2Better-response invariance implies best-response invariance.
3Technically, arg sort is required to split ties between payoffs by action index.
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consisting of the untransformed game. ∑
a∈A

σ̂(a)ÂCE
p (a′p, a

′′
p , a) ≤ ϵ̂p (3.16a)

∑
a∈A

[
1

Z (⊗psp(ap))
σ(a)

] [
(⊗q∈−psq(aq))A

CE
p (a′p, a

′′
p , a)

]
≤ 1

Zsp(a′′p)
ϵp (3.16b)

∑
a∈A

1

Zsp(ap)
σ(a)ACE

p (a′p, a
′′
p , a) ≤

1

Zsp(a′′p)
ϵp (3.16c)∑

a∈A
σ(a)ACE

p (a′p, a
′′
p , a) ≤ ϵp (3.16d)

The sp(ap) and sp(a
′′
p) terms cancel by substituting the ap variable for a′′p in the LHS, which is permitted

by checking the definition of ACE(a′p, a
′′
p , a) (Equation 2.54). Therefore it is proved that if σ(a) is an

equilibrium in the untransformed game, σ̂(a) is an equilibrium in the transformed game, and σ̂(a) can be
calculated directly from σ(a) and sp(ap). Now consider the WSCE definition (Equation 2.46), which needs
to hold ∀p ∈ [1, N ], a′′p ̸= a′p ∈ Ap.∑

a−p∈A−p

σ̂(a−p|a′′p)ÂWSCE
p (a′p, a

′′
p , a−p) ≤ ϵ̂p (3.17a)

∑
a−p∈A−p

σ̂(a′′p , a−p)Â
WSCE
p (a′p, a

′′
p , a−p) ≤ σ̂(a′′p)ϵ̂p (3.17b)

∑
a−p∈A−p

1

Zsp(a′′p)
σ(a′′p , a−p)A

WSCE
p (a′p, a

′′
p , a−p) ≤

∑
a−p

σ(a′′p , a−p)

Zsp(a′′p) (⊗−psp(ap))

 ϵ̂p (3.17c)

∑
a−p∈A−p

σ(a′′p , a−p)A
WSCE
p (a′p, a

′′
p , a−p) ≤ ϵp (3.17d)

The definition of NE and WSNE is the same as CE and WSCE, but with the additional constraint that the
joint factorizes: σ(a) = ⊗pσp(ap). This additional constraint does not affect the proof above, so the result
also holds for NE and WSNE. The payoffs are only scaled over other players’ strategies, and these scales
are positive, which implies better-response-invariance.

Notably, Theorem 3.3.3 does not hold for CCEs.

Theorem 3.3.4 (Per-strategy-scaling CCE counterexample). Per-strategy-scaling of each player’s payoff
does not result in reciprocal per-strategy-scaling of CCEs.

Proof. Consider the two-player three-strategy game, scaled-rock-paper-scissors, (G1, G2), which has a
CCE (amongst others) at σ defined below.

G1 =

 0 4 −1
−2 0 1

2 −4 0

 G2 =

 0 −1 1

1 0 −1
−1 1 0

 σ =

0
1
4

1
12

1
4 0 1

12

0 0 1
3

 (3.18)

Now lets scale this game by s1 = [1, 1, 1] and s2 = [ 12 ,
1
4 , 1] to arrive at the familiar rock-paper-scissors
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game, (Ĝ1, G2).

Ĝ1 =

 0 1 −1
−1 0 1

1 −1 0

 G2 =

 0 −1 1

1 0 −1
−1 1 0

 σ̂ =
1

Z

0 1 1
12

1
2 0 1

12

0 0 1
3

 (3.19)

Note that the scaled version of σ, σ̂, which is calculated according to Theorem 3.3.3, is not an equilibrium
in the scaled game. Therefore, by counterexample, Theorem 3.3.3 does not hold for CCEs in general.

Fortunately, for two-strategy games, CEs and CCEs are equivalent (Monnot and Piliouras, 2017). This
property is utilized when deriving embeddings for 2×2 games.

Remark 3.3.5 (Two-Strategy (C)CE Equivalence). For n-player games with two strategies per player, ϵ-
CCEs and ϵ-CEs are equivalent.

Embedding and distance metrics for n-player games can be readily defined using the per-strategy-scale
transform. However for two-player games, using zero approximation ϵ = 0, there is a natural embedding
definition.

Definition 3.3.6 (Two-Player Better-Response-Invariant Embedding).

Gres
1 (a1, a2) =

1

Z(a2)

(
G1(a1, a2)−

1

|A1|
∑
a1

Gp(a1, a2)

)
Z(a2) =

∥∥∥∥∥G1(:, a2)−
1

|A1|
∑
a1

G1(a1, a2)

∥∥∥∥∥
F

(3.20a)

Gres
2 (a1, a2) =

1

Z(a1)

(
G1(a1, a2)−

1

|A2|
∑
a2

Gp(a1, a2)

)
Z(a1) =

∥∥∥∥∥G1(a1, :)−
1

|A2|
∑
a2

G1(a1, a2)

∥∥∥∥∥
F

(3.20b)

Definition 3.3.7 (Two-Player Better-Response-Invariant Distance Metric).

dres (GA, GB
)
=

√√√√∑
a2

arccos

(∑
a1

GA,res
1 (a1, a2)G

B,res
p (a1, a2))

)2

+
∑
a1

arccos

(∑
a2

GA,res
1 (a1, a2)G

B,res
p (a1, a2))

)2

(3.21)

Therefore, the better-response-invariant game embedding is an oblique manifold (a product manifold
of |A1| + |A2| unit spheres). For each other player’s strategy for each player’s payoff, the slice of the
embedding is a point on the surface of one of these spheres. The distance between two games is the norm of
the arc lengths between the two points on each of these spheres. Therefore the maximum distance between
two games is

√
|A1|+ |A2|π.

3.4 Symmetric Embedding
The order of the strategies in a normal-form game is arbitrary, therefore games identical up to strategy
permutations could be considered equal. Furthermore, if the role of the player is not important4, identity
up to player permutation can also be considered. If a canonical ordering of the strategies is defined, the
area of the equilibrium-invariant embedding that needs to be considered is reduced. One such ordering
could be defined as follows. Firstly, for each player, p, independently sort the elements over all other
players strategies, a−p, and then lexicographically sort over the player’s own strategies, ap, to obtain an

4Role may be important if each player has access to different strategies or different numbers of strategies.



3.5. Discussion 78

order permutation, τ∗p (ap). Secondly, to get the order of players, sort each player’s whole payoff and then
lexicographically sort over players to get a player order permutation, ω∗(p).

G′
p(ap, a−p) = sort

a−p

Gp(ap, a−p) ∀p τ∗p (ap) = arg lexsort
ap

G′
p(ap, a−p) ∀p (3.22a)

G′′
p(a) = sort

a
Gp(a) ∀p ω∗(p) = arg lexsort

p
G′′

p(a) (3.22b)

Partial orderings occur when strategies have equal payoff, therefore even if a permutation is only partially
ordered, the resulting payoffs will be unique. These permutations can be used to define another embedding:
the symmetric game embedding.

Definition 3.4.1 (Equilibrium-Symmetric Game Embedding).

Gsym
p (a) = Gω∗(p)(τ

∗
ω∗(p)(aω∗(p)), ...) ϵsym

p = ϵ̂ω∗(p) (3.23)

Symmetries do not reduce the number of degrees of freedom, but do reduce the volume of games by
exploiting symmetry in their definitions. There are

∏
p (|Ap|!) such strategy permutation symmetries and

N ! player permutation symmetries in a normal form game. These symmetries should be used in conjunction
with either equilibrium-invariant or better-response-invariant embeddings.

Definition 3.4.2 (Equilibrium-Symmetric Distance Metric).

dsym ((GA, ϵA), (GB , ϵB)
)
= min

τp(ap),ω(p)

√√√√∑
p

arccos

(∑
a

GA,equil
ω(p) (τω(p)(aω(p)), ...)G

B,equil
p (a)

)2

+

√∑
p

(
ϵA,equil
ω(p) − ϵB,equil

p

)2
(3.24)

3.5 Discussion
This work derived distance metrics and embeddings for n-player general-sum normal-form games, such
that they are equilibrium-invariant, equilibrium-symmetric, and better-response-invariant. Similar metrics
and embeddings could be readily derived for other succinct representations of games such as polymatrix,
symmetric, zero-sum, or common-payoff.

To explore equilibrium-invariance, this chapter focused on the most popular equilibrium solution con-
cepts including NEs, CEs, and CCEs. Other equilibria such as quantal response equilibrium (QRE) (McK-
elvey and Palfrey, 1995) may also be compatible with the equilibrium-invariant embedding. There may also
be interesting connections to evolutionary stable strategies (ESS). Verification of other equilibrium concepts
to future work.

Theorem 3.2.7 highlighted the direct connection between the deviation gains and the equilibrium-
invariant embedding. Since the deviation gains directly describe the space of equilibria, if one knows
the equilibria of a system, one could estimate the deviation gains, and hence the equilibrium-invariant
embeddings. Therefore the equilibrium-invariant embedding could be a useful tool in inverse game theory.

A metric-space can be useful in performing perturbation analysis (as hinted in Section 4.5.4). It is
not uncommon for payoffs to be estimated from data, such as in empirical game-theoretic analysis (EGTA)
(Walsh et al., 2002; Wellman, 2006). Such payoffs have uncertainty, and small changes in the payoffs
can cause large changes to the resulting equilibria. A notion of distance between games can help answer
questions about how a game’s equilibria may change with a different estimate. For example, is it near an
equivalence class boundary, or about to switch from being invariant-zero-sum to invariant-common-payoff?

Popular game-theoretic rating methods, like Nash average (Balduzzi et al., 2018), are used to rate
and rank strategies in normal-form games. These rankings are invariant to affine transforms of the payoffs
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(Section 3.A.2). Therefore the equilibrium-invariant embedding preserves the game-theoretic ranking of
strategies, which is further evidence of its fundamental nature.

3.6 Conclusion
This chapter studied payoff transforms that reduce the degrees of freedom in the space of games. This makes
them a) easier to understand, b) easier to sample from, and c) easier to visualize. The chapter defined an
equilibrium inspired metric-space, an equilibrium-invariant embedding, equilibrium-symmetric embedding,
and better-response-invariant embedding for games. It is hoped that this work provides computational
insights for game theoretic algorithm developers.
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3.A Appendices
3.A.1 Deviation Gains as Linear Operators
The deviation gains (Equations (2.46), (2.54)) and (2.59)) can be found from linear transforms of each
player’s payoff.

Lemma 3.A.1. The WSCE, CE and CCE deviation gains can be written as linear operations on the payoffs,
AWSCE(a′p, a

′′
p , a−p) =

∑
ã T

CCE
p (a′p, a

′′
p , a−p, ã)Gp(ã), ACE(a′p, a

′′
p , a) =

∑
ã T

CE
p (a′p, a

′′
p , a, ã)Gp(ã),

and ACCE(a′p, a) =
∑

ã T
CCE
p (a′p, a, ã)Gp(ã). The rank of the linear operations is |A| − |A−p|.

Proof. Flatten the payoff into a vector, Gp(a
′′′), of length |A|, flatten the gain into vectors, ACCE

p (a′p ⊗ a),
AWSCE

p (a′p ⊗ a′′p ⊗ a−p) and ACE
p (a′p ⊗ a′′p ⊗ a), of length |Ap||A|, |Ap|2|Ap| and |Ap|2|A|, and use matrix

linear operators, TCCE
p (a′p ⊗ a, a), TWSCE

p (a′p ⊗ a′′p ⊗ a−p, a
′′′) and TCE

p (a′p ⊗ a′′p ⊗ a, a′′′), with shapes
|Ap||A| × |A|, |Ap|2|A−p| × |A| and |Ap|2|A| × |A|. Inspect the block matrix structure of TCCE

1 , where I

is the identity matrix of shape |A−1| × |A−1|, which has |A1| block columns and |A1|2 block rows. Note
the property that the definition of the WSCE is just a reshaped version of the CCE, AWSCE

p (a′p, a
′′
p , a−p) =

ACCE(a′p, a
′′
p , a−p) (Figure 3.1). A similar inspection of TCE

1 can be made, which has |A1| block columns
and |A1|3 block rows.

The first block column can be constructed from the negative sum of the remaining block columns.
Therefore there are |A−1| redundant columns. The remaining are linearly independent, resulting in a rank
of |A| − |A−1|. Similar construction patterns can be made for TCCE

p (a′p ⊗ a, a). Again, one block column,
or |A−p| are not linearly independent, so the rank is |A| − |A−1|.

3.A.2 Game Theoretic Rating
Game-theoretic rating is a method for rating strategies in a normal-form game. Let a strategy rating, rp(ap),
be a numerical scalar for each player’s strategies, and the strategy rank be the sorting order wp(ap) =

arg sort rp(ap) defined such that equal ratings are given equal rank (for example, [1.1,−0.2, 0.3, 0.3] →
[3, 0, 1, 1]). A very simple (but not game-theoretic) way of rating strategies in a game would be to examine
their average payoff.

Definition 3.A.2 (Average Rating).

ravg
p (ap) =

1

|A−p|
∑
a−p

Gp(ap, a−p) (3.26)

A popular game-theoretic rating method, Nash averaging (NA) (Balduzzi et al., 2018), weights the
payoffs by mixing over the maximum entropy Nash equilibrium solution. It is most commonly applied in
two-player zero-sum where the solution is unique.

Definition 3.A.3 (Nash Average Rating).

rNA
p (ap) =

∑
a−p

Gp(ap, a−p)
(
⊗q∈−pσ

MENE
p (aq)

)
(3.27)

Theorem 3.A.4 (Rank-Invariance). Nash-average is rank-invariant to affine transformations, Gp(a) →
Ĝp(a) = spGp(a) + bp(a−p), where sp > 0 and bp(a−p) is arbitrary.
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T̃WSCE
1 = TCCE

1 =



0 0 ... 0 0
I -I ... 0 0
...

...
. . .

...
...

I 0 ... -I 0
I 0 ... 0 -I
-I I ... 0 0
0 0 ... 0 0
...

...
. . .

...
...

0 I ... -I 0
0 I ... 0 -I
...

...
...

...
...

-I 0 ... 0 I
0 -I ... 0 I
...

...
. . .

...
...

0 0 ... -I I
0 0 ... 0 0



(3.25a) TCE
1 =



0 0 ... 0 0
0 0 ... 0 0
...

...
. . .

...
...

0 0 ... 0 0
0 0 ... 0 0
0 0 ... 0 0
I -I ... 0 0
...

...
. . .

...
...

0 0 ... 0 0
0 0 ... 0 0
...

...
...

...
...

0 0 ... 0 0
0 0 ... 0 0
...

...
. . .

...
...

0 0 ... 0 0
I 0 ... 0 -I
-I I ... 0 0
0 0 ... 0 0
...

...
. . .

...
...

0 0 ... 0 0
0 0 ... 0 0
0 0 ... 0 0
0 0 ... 0 0
...

...
. . .

...
...

0 0 ... 0 0
0 0 ... 0 0
...

...
...

...
...



(3.25b)

Figure 3.1: Structure of deviation gain operators.

Proof. Consider the ranking after an affine transformation

r̂NA
p (ap) =

∑
a−p

spGp(ap, a−p) + bp(a−p)

(⊗q∈−pσ
MENE
p (aq)

)
(3.28a)

= spr
NA
p (ap) +

∑
a−p

bp(a−p)
(
⊗q∈−pσ

MENE
p (aq)

)
︸ ︷︷ ︸

Constant: does not depend on ap.

(3.28b)

It is easy to see that wp(ap) = ŵp(ap).

The equilibrium-invariant embedding therefore preserves game-theoretic ranking of strategies. Fur-
thermore, the equilibrium-invariant embedding may provide a more natural normalization of payoffs than
the approach originally suggested by Balduzzi et al. (2018).



Chapter 4

2×2 Metric Spaces and Embeddings

Metric spaces and embeddings of normal-form games are powerful tools for simplifying and
reasoning about the space of games. To demonstrate the utility of these tools, this chap-
ter studies the simplest and most ubiquitous class of normal-form games: 2×2 games. The
equilibrium-invariant embedding of 2×2 games has an efficient two variable parameterization
(a reduction from eight), where each variable geometrically describes an angle on a unit circle.
Interesting properties can be spatially inferred from the embedding, including: equilibrium
support, cycles, competition, coordination, distances, best-responses, and symmetries. The
best-response-invariant embedding of 2×2 games, after considering symmetries, rediscovers a
set of 15 games, and their respective equivalence classes. This chapter proposes that this set of
game classes is fundamental and captures all possible interesting strategic interactions in 2×2
games. This work introduces a directed graph representation and name for each class. The
contents of this chapter is part of published work (Marris et al., 2023). Code for producing
visualizations is also open source (Marris et al., 2024).

4.1 Introduction
To explore the importance of equilibrium-invariant metric spaces this chapter focuses on 2×2 games: ex-
ploring their properties, visualizing their structure, and rediscovering a set of 15 fundamental games. 2×2
normal-form games have two players, each with two strategies. Players take one of the two strategies (pos-
sibly at random) simultaneously. The resulting joint strategy triggers a payoff for each player. The game
is played only once. The table of payoffs determines rational behaviour of the players (i.e. the set of equi-
libria). Popular games are given names based on the payoffs and the resulting behaviour. 2×2 games are
utilized so frequently that their names have entered popular culture (Figure 4.1), for example: Chicken,

Prisoner’s Dilemma, Stag Hunt (Skyrms, 2004), Bach or Stravinsky (battle of the sexes), and
Matching Pennies1. The study of such games (Kelley et al., 2002) is crucial to understanding cooper-

ation (Gauthier, 1986), competition, coordination, nature (Wilkinson, 1984), incentive structures (Sugden,
1986), social dilemmas (Bruns and Kimmich, 2021), utilitarian behaviour, rational behaviour (Gintis, 2014),
and seemingly irrational behaviour. Games are used to inform economic policy (Ostrom et al., 1994), social
structure (Bicchieri, 2005; Binmore and Binmore, 1994; Skyrms, 2004), foreign policy (Schelling, 1966),
pandemic response, and environmental treaties (Brânzei et al., 2021; Breton et al., 2006; Schosser, 2022).

As a result, great effort has been expended in creating parameterizations, taxonomies, topologies,
and names for 2×2 games (Brams, 1993; Bruns, 2015; Kilgour and Fraser, 1988; Rapoport and Guyer,

1This work accompanies game names with a graphical representation which describes either each player’s preference over joint
payoffs for ordinal games (e.g. Matching Pennies) or their best-response preferences for best-response-invariant embeddings (e.g.

Cycle). These representations are described more thoroughly in later sections. The visualizations are available in (Marris et al.,
2024).
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C S
C −9,−9 +1,−1
S −1,+1 0, 0

(a) Chicken

C D
C −2,−2 −9,+0
D +0,−9 −5,−5

(b) Prisoner’s Dilemma

S H
S 4, 4 1, 3
H 3, 1 2, 2

(c) Stag Hunt

M F
M 3, 2 0, 0
F 0, 0 2, 3

(d) Bach or Stravinsky

H T
H +1,−1 −1,+1
T −1,+1 +1,−1

(e) Matching Pennies

Figure 4.1: Payoff tables of common 2×2 normal-form games. Player 1 selects a row strategy and player 2 selects a
column strategy. Each player respectively receives one of the payoffs in the tuple. The joint payoff preference ordering
is shown in the top-left for each player.

Game Space

Gp(a1, a2) ∈ R
∀p, a1, a2

(8 variables)

Equilibrium
Invariant

Embedding
θ1 ∈ [−π,+π]
θ2 ∈ [−π,+π]

(2 variables)

Equilibrium
Symmetric
Embedding
ϕcoord, ϕcycle

(eighth of area)
(2 variables)

Best-Response
Invariant

Embedding
(11 nontrivial)

(3 partially trivial)
(1 trivial)

Theorem 4.3.1 Theorem 4.4.1 Theorems 3.3.3&4.5.1

Figure 4.2: Summary of the main contributions of this work showing how all 2×2 games can be transformed to an
equilibrium-invariant embedding, an equilibrium-symmetric embedding, and a best-response-invariant embedding.

1966; Rapoport et al., 1976; Robinson and Goforth, 2005; Robinson et al., 2007; Walliser, 1988). The most
common of these focus on ordinal games, a type of equivalence that recognises that resulting joint strategies
in games are only meaningfully different up to the partial ordering of the elements of each player’s payoff.
There are 726 such games (Fraser and Kilgour, 1986). Most other work (Böörs et al., 2022; Goforth and
Robinson, 2005; Harris, 1969; Huertas-Rosero, 2003; Rapoport and Guyer, 1966) only considers subsets
(e.g. symmetric or strictly ordinal) of 2×2 games. Borm (1987) classified all 2×2 games into 15 distinct
classes studying their NE best-responses. Fishburn and Kilgour (1990) later showed that these classes can
be represented with binary games2. Neither provide a notion of closeness, distance metric, or satisfying
parameterization for these games.

Chapter 3 uncovered metric spaces and embeddings for general-sum n-player normal-form games.
This chapter demonstrates these embeddings in 2×2 games (Figure 4.2) to highlight how embeddings can
uncover hidden structure by removing degrees of freedom. All nontrivial (Definition 3.2.4) 2×2 games
can be transformed to an equilibrium-invariant embedding which can be parameterized using only two
variables, a reduction from the eight needed to represent the original payoffs (Table 4.1). Remarkably, this
does not change the set of equilibria in the game. Geometrically, each of the two variables describes an
angle on a circle and has spatial meaning: similar games are situated near each other. Properties of a game,
like equilibrium support, zero-sum-invariance, common-payoff-invariance, whether it is clockwise or anti-
clockwise cyclic, whether it is coordination or anti-coordination, and the best-response dynamics, can be
easily deduced from this embedding. Using symmetry, the area of equilibrium-invariant embedding can
be reduced by a factor of eight to result in the equilibrium-symmetric embedding. Additionally this space
can be further reduced to a set of games with a cardinality of 15: the best-response-invariant embedding.
Because many equilibrium-invariant embeddings map to the same best-response-invariant embedding, they
are also part of equivalence classes. These are the same classes found by Borm (1987), but derived through
a different but related argument. To obtain his class, Borm simply enumerates all possible best-response
graphs in 2×2 games up to symmetry. This work improves upon Borm’s classification by situating them
in the equilibrium-invariant embedding, illuminating the relationship between the games. Names and an
elegant graphical visualization of the classes are also defined in this chapter.

2Games that either have 0 or 1 payoffs.
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A B
A gAA

1 , gAA
2 gAB

1 , gAB
2

B gBA
1 , gBA

2 gBB
1 , gBB

2

(a) Full Normal-Form
(8 variables)

A B
A gAA gAB

B gBA gBB

(b) Symmetric, Common or Zero-Sum
(4 variables)

A B
A 0 gAB

B −gAB 0

(c) Symmetric Zero-Sum
(1 variable)

Table 4.1: Number of variables needed to describe 2×2 normal-form games and sparser simplifications.

4.2 Preliminaries
Game theory is most developed in a subset of games: those with two players and a restriction on the payoffs,
G1(a1, a2) = −G2(a1, a2), known as zero-sum. Particularly in n-player, general-sum games, there is no
definitive solution concept. One approach is to consider joints that are in equilibrium: distributions that
no player has incentive to unilaterally deviate from. Games are sometimes referred to by their shape, for
example: |A1| × ...× |AN |. This primarily focuses on general-sum 2×2 normal-form games.

Two-Player Two-Strategy Games
2×2 games are the smallest possible, but have remarkable strategic depth and explain many real-world
interactions. As a result, a rich literature has accumulated on explaining, visualizing, categorizing, param-
eterizing and naming 2×2 games. Naively a 2×2 game (Table 4.1a) requires 8 variables to define which is
too many variables to intuit. Therefore many approaches attempt to reduce this complexity through either
using invariances, symmetries and equivalences, or considering a subset of games (for example symmetric,
common payoff, or zero-sum games; Tables 4.1b and 4.1c). After this reduction in complexity, either a fi-
nite set of games or a reduced space of games remains. This set or space may have a structure that describes
how close it is to other games. Approaches that simply bin games into a set are categorical approaches.
Those that also impose a notion of similarity or closeness between games are topological. Those that im-
pose hierarchical structure to the categorization are called taxonomies. Those that parameterize the game
are parametric. Approaches may have multiple properties.

Games can be characterized based on their payoffs. Rapoport and Guyer (1966)’s “taxonomy of
games” (and book (Rapoport et al., 1976)) exploits a particular equivalence class where only the order
of each player’s payoffs matter. Changes in the magnitude of payoffs that do not change the order result in
predictable scaling of the equilibrium of the game. Additionally, if only the subset of games that have strict
ordering (strict ordinal games) are considered, the payoffs can be represented with permutations of the set
of ordinal numbers {1, 2, 3, 4}. This results in 4! = 24 ways to strictly order each player’s payoff, which
results in 24 × 24 = 576 games. Utilizing strategy permutations3 for each player reduces the number of
strict ordinal games to 144. When including player permutations4 half the non-symmetric games can be
removed which reduces the cardinality to 78 strict ordinal games. A drawback of this approach is that it
only classifies games with strict payoff orderings. Fraser and Kilgour (1986) introduced the categorization
of partially ordered ordinal games (partial ordinal games) where payoffs can take on equal values. This
results in a total cardinality of 1413 partially ordered ordinal games with strategy symmetries, or 726 if
player symmetries are utilized. Partial ordinal games can be visualized using a graphical representation
which shows the ordering of joint preferences (Figure 4.1). Goforth and Robinson (2005) improved the
categorization of strict ordinal games to produce a “periodic table”. The 144 games were distributed in a
12 × 12 grid such that adjacent games had similar properties. Robinson et al. (2007) extended this topol-
ogy to include partially ordered games. Bruns (2015) suggested a formulaic naming scheme for all ordinal

3The literature phrases this as “order graph” equivalence.
4Sometimes referred to as “reflection” in the literature. This symmetry does not quite halve the space because all symmetric games

are retained. Of the 78 strict ordinal games, 66 are non-symmetric and 12 are symmetric. The literature is shier to utilize this symmetry
because it reverses the roles of players.
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games as previously only a small subset (often symmetric games) had established common names.
Harris (1969) gives a parameterized classification of symmetric 2×2 games using only two variables

which are functions of the payoffs (Table 4.1b): r3 = gBB−gAB

gBA−gAB and r4 = gBA−gAA

gBA−gAB , with the constraint
that gBA > gAB . This defines a plane, with regions that correspond to classes of games with similar
properties. Huertas-Rosero (2003) also classifies symmetric 2×2 games into 8 base classes, and 12 total
classes based on their NE. Böörs et al. (2022) classifies symmetric 2×2 games into 24 classes based on their
decomposition into common-payoff and zero-sum parts. Germano (2006) classifies games into various
equivalent classes based on their Nash equilibrium geometry. Borm (1987) classifies all 2×2 games into a
set of 15 games based on their best-response characteristics. The games can also be parameterized with 4
discrete variables. Borm did not describe any notions of similarity or distance between games in the set.
This work rediscovers Borm (1987)’s classification through a scale-based payoff transform. In addition, this
work extends this classification to a metric space, provide a much more efficient two variable embedding of
these games, and name these games.

4.3 2×2 Equilibrium-Invariant Embedding
Using the embedding discussed in Chapter 3, equilibrium-invariant embeddings are derived for 2×2 games.

4.3.1 Deriving the 2×2 Equilibrium-Invariant Embedding

2×2 games have a particularly efficient equilibrium-invariant embedding parameterized by only two vari-
ables. This embedding has a distance metric equivalent to the one defined above, so is also a metric space
over 2×2 games.

Theorem 4.3.1 (2×2 Equilibrium-Invariant Embedding). All nontrivial 2×2 game payoff matrices, Gp, can
be mapped to payoff matrices, Gequil

p , parameterized by only two variables, without altering the equilibria
of the game. The mapping is given by Equations (4.1a) and (4.1b), where θ1 + π

4 = arctan2(gAA
1 −

gBA
1 , gAB

1 − gBB
1 ) and θ2 +

π
4 = arctan2(gAA

2 − gAB
2 , gBA

2 − gBB
2 ).

G1 =

[
gAA
1 gAB

1

gBA
1 gBB

1

]
→ Gequil

1 (θ1) =

[
1√
2
sin(θ1 +

π
4 )

1√
2
cos(θ1 +

π
4 )

− 1√
2
sin(θ1 +

π
4 ) − 1√

2
cos(θ1 +

π
4 )

]
(4.1a)

G2 =

[
gAA
2 gAB

2

gBA
2 gBB

2

]
→ Gequil

2 (θ2) =

[
1√
2
sin(θ2 +

π
4 ) − 1√

2
sin(θ2 +

π
4 )

1√
2
cos(θ2 +

π
4 ) − 1√

2
cos(θ2 +

π
4 )

]
(4.1b)

Proof. Consider the payoff for player 1, G1. First apply the offset of the affine invariant transformation,
G1(a1, a2) → Ḡ1(a1, a2) = G1(a1, a2) + b1(a2), where the columns (other player strategies) of player
1’s payoff matrix are normalized to zero-mean offset, b1(a2) = − 1

|A1|
∑

a1∈A1
G1(a1, a2), such that b1 =

[− 1
2g

AA
1 − 1

2g
BA
1 ,− 1

2g
AB
1 − 1

2g
BB
1 ]. Then, make a variable substitution with gA−B,A

1 = gAA
1 − gBA

1 and
gA−B,B
1 = gAB

1 −gBB
1 , which reduces the number of parameters needed to describe the payoff from 4→ 2.[
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1 gAB

1

gBA
1 gBB

1

]
→ Ḡ1 =

[
1
2 (g

AA
1 − gBA

1 ) 1
2 (g

AB
1 − gBB

1 )
1
2 (g

BA
1 − gAA

1 ) 1
2 (g

BB
1 − gBA

1 )

]
=

[
1
2g

A−B,A
1

1
2g

A−B,B
1

− 1
2g

A−B,A
1 − 1

2g
A−B,B
1

]
(4.2)

Now apply the scale of the affine invariant transform, a unit L2 normalization, Ḡ1(a1, a2) →
Gequil

1 (a1, a2) = s1Ḡ1(a1, a2) where s1 = 1
||Ḡ1||2

, which ensures that the norm over all the elements in
the payoff are equal to one. This is a valid transform as long as the payoff is nontrivial (nonzero after
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zero-mean offset).

[
1
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1
2g

A−B,B
1

− 1
2g

A−B,A
1 − 1

2g
A−B,B
1

]
→

 1√
2

gA−B,A
1√

gA−B,A
1

2
+gA−B,B

1

2

1√
2

gA−B,B
1√

gA−B,A
1

2
+gA−B,B

1

2

− 1√
2

gA−B,A
1√

gA−B,A
1

2
+gA−B,B

1

2
− 1√

2

gA−B,B
1√

gA−B,A
1

2
+gA−B,B

1

2

 (4.3)

Note that the L2 norm of the elements of this payoff now equal unity, resulting in the property that: gA−B,A
1√

gA−B,A
1

2
+ gA−B,B

1

2

+

 gA−B,B
1√

gA−B,A
1

2
+ gA−B,B

1

2

2

= 1 (4.4)

This is the equation of a unit circle, and the opposite and adjacent parameters can be represented as
a single angle parameter θ1, where π

4 is an arbitrary offset chosen for visualization purposes. This further
reduces the number of parameters needed to describe player 1’s payoff from 2→ 1.

tan
(
θ1 +

π

4

)
=

gA−B,A
1

gA−B,B
1

=⇒ θ1 +
π

4
= arctan2(gA−B,A

1 , gA−B,B
1 ) (4.5)

The function arctan2 is defined by Organick (1966). Since the radius of the unit circle is 1, the elements of
the payoff are can be recovered directly from θ1.

Gequil
1 (θ1) =

[
1√
2
sin(θ1 +

π
4 )

1√
2
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π
4 )

− 1√
2
sin(θ1 +

π
4 ) − 1√

2
cos(θ1 +

π
4 )

]
(4.6)

An equivalent set of reductions can be used for player 2, where θ2 +
π
4 = arctan2(gA,A−B

2 , gB,A−B
2 ).

G2 =

[
gAA
2 gAB

2

gBA
2 gBB

2

]
→ Gequil

2 (θ2) =

[
1√
2
sin(θ2 +

π
4 ) − 1√

2
sin(θ2 +

π
4 )

1√
2
cos(θ2 +

π
4 ) − 1√

2
cos(θ2 +

π
4 )

]
(4.7)

Therefore all nontrivial 2×2 games can be parameterized using two variables (θ1, θ2) which geomet-
rically describe points via angles on two circles 5. Several interesting structural properties emerge (Fig-
ure 4.3), which will be explained in the following sections. Similarly, the partially trivial invariant embed-
ding can be visualized in a single dimension. Partially trivial games, where one of the players does not have
any influence in the game, could be described by a single parameter, either θ1 or θ2, depending on which
player contributes to the strategic dynamics. Partially trivial games can therefore be mapped to the partially
trivial equilibrium-invariant embedding manifold. Trivial games where no player participates are mapped
to a singleton set consisting of the Null game.

4.3.2 Invariant-Zero-Sum and Invariant-Common-Payoff Quadrants
Two-player zero-sum games are well studied in the literature because they are easier to solve than their
mixed-motive cousins. In particular for the NE, the problem can be expressed as a min-max optimization.
If multiple equilibria exist, all equilibria have the same payoff, and they are known to be interchangeable
(it does not matter which equilibrium the opponent chooses). But such games represent a small subset of
general-sum games. If a larger set of games could be mapped onto the space of zero-sum games using

5Defined as the product manifold of two circles. Topologically this is a torus. Other classifications (Robinson and Goforth, 2005)
also have a similar torus topology.



4.3. 2×2 Equilibrium-Invariant Embedding 87

Permutation
Symmetric

Games

Permutation
Symmetric

Games

Sym
metr

ic

Gam
es

Pl
ay

er
1

Tr
an

sl
at

io
n

Sy
m

m
et

ry

Player 2
Translation
Symmetry

Fold
Sym

metr
ic

Play
er

Perm
uta

tio
n

Pl
ay

er
1

St
ra

te
gy

Pe
rm

ut
at

io
n

Player 2
Strategy

Permutation

Anti-Clockwise Cyclic
Invariant-Zero-Sum Quadrant

Clockwise Cyclic
Invariant-Zero-Sum Quadrant

Diagonal Coordination
Invariant-Common-Payoff Quadrant

Off-Diagonal Coordination
Invariant-Common-Payoff Quadrant

Dominant

Dominant

Dominant

Dominant

Dominant

Dominant

Dominant

Dominant

Dominant

Coordination

Coordination Cycle

Cycle

Samaritan

Samaritan

Samaritan

Samaritan

Samaritan

Samaritan

Samaritan Samaritan

Samaritan Samaritan

Samaritan Samaritan

Hazard

Hazard

Hazard Hazard

Hazard

Hazard

HazardHazard

Safety

Safety

Safety Safety

Safety

Safety

SafetySafety

Aidos

Aidos

Aidos Aidos

Aidos

Aidos

Aidos

Aidos

Aidos

AidosAidos

Aidos

Picnic

Picnic

PicnicPicnic

Picnic

Picnic

Picnic Picnic

Picnic

Picnic

PicnicPicnic

Heist

Heist

Heist

Heist

Heist Heist

HeistHeist

Fossick

Fossick

Fossick

Fossick

Daredevil

Daredevil

Daredevil

Daredevil

−π +π

−π

+π

θ1

θ2

ϕcycle

ϕcoord

Ignorance Ignorance IgnoranceHorseplay HorseplayDress Dress Dress Dress

−π +π

θ1

Ignorance

Ignorance

Ignorance

Horseplay

Horseplay

Dress

Dress

Dress

Dress

−π

+π
θ2

Null

Figure 4.3: The 2×2 equilibrium-invariant embedding. Games can either be parameterized per-player, θ1 and θ2, or
over game types, ϕcycle and ϕcoord. Symmetries (Table 4.2) are indicated by dashed lines and allow reduction in area
by a factor of up to 8, depending on which symmetries are utilized. The strategy permutation equilibrium-symmetric
embedding is north west patterned ( ). The strategy and player permutation equilibrium-symmetric embedding is
north east patterned ( ). Permutation symmetry with zero-sum assumption is vertical patterned ( ). The quadrants
separate the space into cyclic and coordination regions. The top-left and bottom-right are cyclic ( Cycle), invariant-
zero-sum regions. The top-right and bottom-left are coordination ( Coordination), invariant-common-payoff regions.
The dotted lines indicate symmetric games or symmetric games with permuted strategies. The light solid lines indicate
equivalence class boundaries. The solid gray lines, points, and space between them indicate boundaries in the support of
the equilibrium (see also Figure 4.6). The Dominant, Picnic, and Samaritan have pure equilibria, the square
regions are full-support (either cycle or Coordination), the gray line boundaries have either two ( Aidos,

Heist, Hazard) or three ( Safety, Daredevil) joint strategy support, and the gray points are diagonal or off-
diagonal support ( Fossick). The 11 nontrivial best-response-invariant set of games is annotated with names suffixed
with the equilibrium support. Dominant, the only game that is both invariant-zero-sum and invariant-common-
payoff, is at the origin. [Note: some PDF viewers incompletely render this figure.]
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invariant transformations, it could be proved that they would share these interesting properties.
Two such approaches have already been explored in the literature. Firstly, constant-sum games are

scalar-offset transformations of zero-sum games, Gp(a)→ Ĝp(a) = Gp(a) + bp, which are well known to
share zero-sum game’s properties. Secondly, strictly-competitive games (Adler et al., 2009) are scalar-offset
and player-scale transformations of zero-sum games, Gp(a) → Ĝp(a) = spGp(a) + bp. However, there
exists a larger space of games that can be mapped to zero-sum games.

Definition 4.3.2 (Invariant-Zero-Sum Games). Invariant-zero-sum games are those that can be mapped to
zero-sum games using equilibrium-invariant transformations, Gp(a)→ Ĝp(a) = spGp(a) + bp(a−p) such
that

∑
p Ĝp(a) = 0 ∀a ∈ A.

By definition, the equilibria of invariant-zero-sum games are identical to their zero-sum counterpart.
Furthermore, the equilibria are still interchangeable in the transformed game, however not all equilibria will
necessarily have the same payoffs. Other generalizations of zero-sum games including strategically zero-
sum (Moulin and Vial, 1978), best-response zero-sum (Rosenthal, 1974), and order zero-sum (Shapley,
1963), are all supersets of invariant zero-sum games. The diagonal quadrants (top-left and bottom-right) in
the visualization (Figure 4.3) are invariant-zero-sum.

Theorem 4.3.3 (Invariant-Zero-Sum Quadrants). When sin(θ1) sin(θ2) < 0 in Equations (4.1a) and (4.1b),
the respective game (Ĝ1(θ1), Ĝ2(θ2)) is invariant-zero-sum.

Proof. For a game to be invariant-zero-sum there have to exist invariant transforms s2 > 0, b1(a2), and
b2(a1) such that G1(a1, a2) + b1(a2) = −s2G2(a1, a2) − b2(a1) ∀a1, a2. Consider the transforms s2 =

− sin(θ1)
sin(θ2)

, b1 = [− 1
2

sin(θ1)
tan(θ2)

, 1
2

sin(θ1)
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], and b2 = [− 1
2 cos(θ1),

1
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2
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π
4 )

]
(4.8)

This is only a valid transformation when s2 > 0 =⇒ sin(θ1)
sin(θ2)

< 0 =⇒ sin(θ1) sin(θ2) < 0.

A similar larger set of cooperative common-payoff games, Gp(a) = Gq(a) ∀p, q ∈ [1, N ], can also be
derived using invariant transforms.

Definition 4.3.4 (Invariant-Common-Payoff Games). Invariant-common-payoff games are those that can
be mapped to common-payoff games using equilibrium-invariant transformations, Gp(a) → Ĝp(a) =

spGp(a) + bp(a−p).

These games correspond exactly to the set of 2×2 weighted potential games (Monderer and Shapley,
1996), where the common payoff acts as the potential function. The off-diagonal quadrants (top-right and
bottom-left) in the visualization are invariant-common-payoff ).

Theorem 4.3.5 (Invariant-Common-Payoff Quadrants). When sin(θ1) sin(θ2) > 0 in Equations (4.1a) and
(4.1b), the respective game (Ĝ1(θ1), Ĝ2(θ2)) is invariant-common-payoff.

Proof. For a game to be invariant-common-payoff there has to exist invariant transforms s2 > 0, b1(a2),
and b2(a1) such that G1(a1, a2) + b1(a2) = s2G2(a1, a2) + b2(a1). Consider the transforms s2 = sin(θ1)
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,
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(4.9)
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This is only a valid transformation when s2 > 0 =⇒ sin(θ1)
sin(θ2)

> 0 =⇒ sin(θ1) sin(θ2) > 0.

The game at the origin (named Dominant) is both invariant-zero-sum and invariant-common-
payoff. Along with the permuted versions of this game, this is the only game with this property.

Theorem 4.3.6 (Dominant Special Case). When sin(θ1) = 0 and sin(θ2) = 0 in Equations (4.1a) and
(4.1b), the respective game (Ĝ1(θ1), Ĝ2(θ2)) is both invariant-zero-sum and invariant-common-payoff.

Proof. Consider when θ1 = θ2 = 0. When using transforms b1 = [− 1
2 ,

1
2 ] and b2 = [− 1

2 ,
1
2 ] the game

becomes zero-sum (Equation (4.10a)). Additionally, when using transforms b1 = [ 12 ,−
1
2 ] and b2 = [ 12 ,−

1
2 ]

the game becomes common-payoff (Equation (4.10b)).

Ĝ1 = −Ĝ2 =

[
0 1

2

− 1
2 1

]
(4.10a) Ĝ1 = Ĝ2 =

[
1 0

0 −1

]
(4.10b)

Therefore all symmetric 2×2 games are either invariant-zero-sum, invariant-common-payoff, or both.
The borders between the quadrants are neither invariant-zero-sum or invariant-common-payoff. Domi-
nant is the only game which is both invariant-zero-sum and invariant-common-payoff.

4.3.3 2×2 Equilibrium-Invariant Distance Metric
Theorem 4.3.7 (2×2 Equilibrium-Invariant Distance Metric). The distance metric between two 2×2 games
is given by:

d(ΘA,ΘB) = ||[min(|θA1 − θB1 |, 2π − |θA1 − θB1 |),min(|θA2 − θB2 |, 2π − |θA2 − θB2 |)]||p (4.11)

Proof. Consider player 1’s pre-norm component of the distance metric (Equation (3.4)) between two pa-
rameterized games ĜA

1 (θ
A
1 ) and ĜB

1 (θ
B
1 ) (Equation (4.1a)).

v1 = arccos
(
sin(θA1 +

π

4
) sin(θB1 +

π

4
) + cos(θA1 +

π

4
) cos(θB1 +

π

4
)
)

(4.12a)

= arccos
(
cos(θA1 − θB1 )

)
(4.12b)

= min(|θA1 − θB1 |, 2π − |θA1 − θB1 |) (4.12c)

A similar calculation can be made for player 2. Together, this results in Equation (4.11).

This definition of a distance metric on the 2×2 equilibrium-invariant embedding of games is natural.
As established in Theorem 4.3.1, games with the same equilibria can be embeddings concisely represented
by points on two independent unit-circles or equivalently by their angles, i.e., Θ = (θ1, θ2). Distance
along a unit-circle is measured by arc length. Therefore, the natural way to measure distance between two
games is to sum the arc lengths between their embeddings on both circles. More generally, the distances
between games’ embedding can be measured using any p-norm. In summary, the distance, d, between two
games can be found by a) converting the game to the equilibrium-invariant embedding, b) calculating the
arc length between each component of the two embeddings, and c) finding a distance using any p-norm,
where ΘA = (θA1 , θ

A
2 ) and ΘB = (θB1 , θB2 ).

For all norms with p < ∞, there is a unique game which maximizes the distance to any other game.
Let this game be defined the opposite game, which can be calculated by translating the representation by a
constant of π around the circle.

θ1 → mod(θ1 + 2π, 2π)− π θ2 → mod(θ2 + 2π, 2π)− π (4.13)
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Symmetry Transformation Description Transformation
Player 1 Strategy Permutation Translate on θ1, fold over θ1 = 0 (θ1, θ2)→ (θ1 + π,−θ2)
Player 2 Strategy Permutation Fold over θ2 = 0, translate on θ2 (θ1, θ2)→ (−θ1, θ2 + π)
Player Permutation Fold over θ1 = θ2 (θ1, θ2)→ (θ2, θ1)

Table 4.2: Symmetries in 2×2 normal-form games used to derive the equilibrium-symmetric embedding.

Algorithm 4.1 Equilibrium-Symmetric Embedding

1: θ∗1 , θ
∗
2 ← θ1, θ2

2: if θ∗1 ≤ −π
2 or π

2 < θ∗1 then ▷ Permute Player 1’s Strategies
3: (θ∗1 , θ

∗
2)← (θ∗1 + π,−θ∗2)

4: if θ∗2 ≤ −π
2 or π

2 < θ∗2 then ▷ Permute Player 2’s Strategies
5: (θ∗1 , θ

∗
2)← (−θ∗1 , θ∗2 + π)

6: if θ∗2 > θ∗1 then ▷ Permute Players
7: (θ∗1 , θ

∗
2)← (θ∗2 , θ

∗
1)

8: return (θ∗1 , θ
∗
2)

For example, the opposite of a clockwise Cycle game is an anti-clockwise Cycle game, and the
opposite of a diagonal Coordination game is an off-diagonal (“anti”) Coordination game.

4.4 2×2 Equilibrium-Symmetric Embedding
Two common symmetries are strategy permutation and player permutation. The order of strategies and play-
ers in normal-form games is arbitrary, and permuting along these dimensions leads to strategically identical
games. The area of the equilibrium-invariant embedding can be reduced by considering these symmetries
(Table 4.2). This reduced space, called the equilibirum-symmetric embedding, is shaded in the visualization
(Figure 4.3). It is easy to convert from the equilibrium-invariant embedding to the equilibrium-symmetric
embedding (Algorithm 4.1). If the roles of the players are important, only strategy permutation may be
used, and the equilibrium-symmetric embedding will only reduce by a factor of four. The symmetries being
utilized are usually clear from the context.

4.4.1 Deriving the 2×2 Equilibrium-Symmetric Embedding
Theorem 4.4.1 (Equilibrium-Symmetric Embedding). Strategy permutation and player permutation can
reduce the area of the equilibrium-invariant embedding by a factor of eight when only considering a canon-
ical ordering.

Proof Sketch. Symmetries (Table 4.2), including player permutation and strategy permutation for each
player, can be leveraged to reduce the representation space. Each of these reductions reduces the repre-
sentation area by a factor of two, and when composed, results in a factor of eight reduction.

4.4.2 2×2 Equilibrium-Symmetric Player-Agnostic Embedding
Define a new parameterization of the equilibrium-invariant embedding, (ϕcycle, ϕcoord), which is simply a
change in basis from (θ1, θ2). In the equilibrium-symmetric embedding, 0 ≤ ϕcycle ≤ 1 and −1 < ϕcoord ≤
1, with ϕcycle±ϕcoord ≤ 1. This basis describes properties of the game, rather than the payoff of each player.
The conversion from the per-player basis and the game-property basis is simple.

ϕcoord =
1

π
(θ1 + θ2) (4.14a)

ϕcycle =
1

π
(θ1 − θ2) (4.14b)

θ1 =
π

2
(ϕcoord + ϕcycle) (4.15a)

θ2 =
π

2
(ϕcoord − ϕcycle) (4.15b)
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Therefore games can be described by their coordination (“common-payoff-ness”) and “cyclicness” (“zero-
sum-ness”) respectively. The game at the origin, with zero coordination and zero cyclicness, is transitive
(the Dominant game).

Ĝ1(ϕcoord, ϕcycle) =

[
1√
2
sin
(
π
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π
4

)
1√
2
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π
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π
4

)
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2
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π
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π
4

)
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2
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π
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π
4

)] (4.16a)

Ĝ2(ϕcoord, ϕcycle) =

[
1√
2
sin
(
π
2 (ϕcoord − ϕcycle) +

π
4

)
− 1√

2
sin
(
π
2 (ϕcoord − ϕcycle) +

π
4

)
1√
2
cos
(
π
2 (ϕcoord − ϕcycle) +

π
4

)
− 1√

2
cos
(
π
2 (ϕcoord − ϕcycle) +

π
4

)] (4.16b)

4.4.3 2×2 Equilibrium-Symmetric Distance Metric

A distance metric between games in the symmetric embedding can also be defined by enumerating all (up
to eight) equivalent isomorphic games and finding the minimum distance between the closest pair. For
example, some of the distances between points in the symmetric embedding are shown in Table 4.4.

4.5 2×2 Best-Response-Invariant Embedding
Using the better-response-invariant embedding (Definition 3.3.6) a set of 15 fundamental games is derived.
For two-strategy games, the concepts of better-response and best-response are synonymous. Therefore
this set of games is more simply defined as the 2×2 best-response-invariant embedding. Accompanying
this embedding are 15 equivalence classes: many equilibrium-invariant embeddings map to each best-
response-invariant embedding. This distinction is subtle but important. Sometimes this work refers to best-
response-invariant embeddings, and sometimes this work refers to the equivalence classes they belong to.
The best-response-invariant embeddings can be thought of as canonical (fundamental) examples of games
within each equivalence class. The equilibria (WSNE, NE, WSCE, CE, and CCE) of all games within
each equivalence class can be calculated through simple scaling of the equilibria of these fundamental
games. Of the 15 equivalent game classes, 11 are nontrivial, 3 are partially trivial, and 1 is trivial. These
15 classes are the same as those proposed by Borm (1987) and correspond to games with the same best-
response dynamics. This work improves upon Borm’s classification because in this work’s derivation, the
best-response-invariant embedding inherits the distance metric from the equilibrium-invariant embedding.
This allows us to situate these game classes within a metric space, which greatly improves the clarity of the
embeddings.

4.5.1 Deriving the Best-Response Embedding

Theorem 4.5.1 (2×2 Best-Response Embedding). All 2×2 game payoffs can be mapped to a fundamental
set consisting of 81 games. After symmetry this reduces to 11 nontrivial games, 3 partially trivial games,
and 1 trivial game, resulting in 15 fundamental games. One such mapping is:

G1 =

[
gAA
1 gAB

1

gBA
1 gBB

1

]
→

{[
+1 +1

−1 −1

]
,

[
+1 0

−1 0

]
,

[
+1 −1

−1 +1

]
, (4.17a)[

0 +1

0 −1

]
,

[
0 0

0 0

]
,

[
0 −1

0 +1

]
,[

−1 +1

+1 −1

]
,

[
−1 0

+1 0

]
,

[
−1 −1

+1 +1

]}
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G2 =

[
gAA
2 gAB

2

gBA
2 gBB

2

]
→

{[
+1 −1

+1 −1

]
,

[
+1 −1

0 0

]
,

[
+1 −1

−1 +1

]
, (4.17b)[

0 0

+1 −1

]
,

[
0 0

0 0

]
,

[
0 0

−1 +1

]
,[

−1 +1

+1 −1

]
,

[
−1 +1

0 0

]
,

[
−1 +1

−1 +1

]}

Proof. Using the per-strategy scale transform, with b1 defined as the usual zero mean offset and s2 =

[|gA−B,A
1 |, |gA−B,B

1 |], the player embedding for player 1 is derived.

G1 =

[
gAA
2 gAB

2

gBA
2 gBB

2

]
→

[
1
2g

A−B,A
1

1
2g

A−B,B
1

− 1
2g

A−B,A
1 − 1

2g
A−B,B
1

]
→

 gA−B,A
1

|gA−B,A
1 |

gA−B,B
1

|gA−B,B
1 |

− gA−B,A
1

|gA−B,A
1 |

− gA−B,B
1

|gA−B,B
1 |

 (4.18a)

=

[
{+1,+1,+1, 0, 0, 0,−1,−1,−1} {+1, 0,−1,+1, 0,−1,+1, 0,−1}
{−1,−1,−1, 0, 0, 0,+1,+1,+1} {−1, 0,+1,−1, 0,+1,−1, 0,+1}

]
(4.18b)

Dividing a number by its absolute value results in its sign, and adopting the convention (without conse-
quence) that 0

|0| = 0, there are 9 payoff possibilities, one of which is the trivial zero payoff. A similar
derivation can be followed for player 2. As a result, 9× 9 = 81 games are possible in total. Of these 64 are
nontrivial, 16 are partially trivial and 1 is trivial. The permutation symmetries discussed earlier facilitate
the observation that only 15 of the games are unique up to symmetric equivalence.

The best-response-invariant embedding set could have been defined using binary payoffs (Fishburn
and Kilgour, 1990) because it is only necessary to establish preferences over the strategies. However this
work opts for ternary payoffs (−1, 0,+1) because they more clearly differentiate the three possibilities:
preferring strategy A, preferring strategy B, or being indifferent. This preference ordering is equivalent to
the best-response dynamics of each player. For two-strategy games, better-response and best-response dy-
namics are identical. Better-response invariance is closely related to the affine transform used to derive the
equilibrium-invariant embedding (Morris and Ui, 2004; Ostrovski, 2013). Equilibrium-invariance implies
better-response-invariance, which in turn implies best-response-invariance.

4.5.2 Equivalence Classes, Graph Representation, and Measure
The equivalence classes of the best-response-invariant embedding are equivalent to considering orderings
of each column in player 1’s payoff, and each row in player 2’s payoff (the best-response dynamics). By
convention let the top-left joint strategy be AA and the bottom right be BB, let player 1 be the row player
and player 2 be the column player. This ordering can be simply visualized as a directed graph: player 1’s
column ordering can be indicated with vertical arrows (for example indicates player 1 prefers strategy
B when player 2 plays A, and A when player 2 players B), and player 2’s row ordering can be indicated
with horizontal arrows (for example ). When there is no preference, no edge need be drawn, . Taken
together, any 2×2 game can be represented. For example, Prisoner’s Dilemma (Figure 4.1b) would be
denoted , Chicken (Figure 4.1a), would be denoted , and Matching Pennies (Figure 4.1e), would be
denoted . The set of directed graphs have 15 equivalence classes with respect to graph isomorphism.

Most of the games in the best-response-invariant embedding have measure-zero equivalence classes
within the equilibrium-invariant embedding, meaning the probability they are randomly sampled is zero.
There is a simple rule of thumb to determine the measure of an equivalence class: a) if no players are
indifferent when best-responding, the game is positive measure, b) if one player is indifferent when best re-
sponding to one action, the class is zero-measure and is a “boundary class” appearing between two positive
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G Name N PN MN C B θ ϕ S M T I Other Names
Dominant Do 5 0, 0 0, 0 ✓ 1

4 N 0 Prisoner’s Dilemma
Coordination Co 14 π

2 ,
π
2 1, 0 ✓ 1

8 N 0 Battle, Hunt, Chicken
Cycle Cy 15 π

2 ,−
π
2 0, 1 1

8 N 0 Matching Pennies
Samaritan Sm 8 π

2 , 0 1
2 ,

1
2

1
2 N 0

Hazard Hz 13 π
2 ,−

π
4

1
4 ,

3
4 − N 1

Safety Sf 12 π
2 ,

π
4

3
4 ,

1
4 − N 1

Aidos Ad 7 0,−π
4 − 1

4 ,−
1
4 − N 1

Picnic Pn 6 π
2 , 0 1

4 ,
1
4 − N 1

Daredevil Dd 11 −π
4 ,−

π
4 − 1

2 , 0 ✓ · N 2
Fossick Fo 9 π

4 ,
π
4

1
2 , 0 ✓ · N 2

Heist Hs 10 π
4 ,−

π
4 0, 1

2 · N 2
Ignorance Ig 2 1

2 P 2
Horseplay Hp 4 1

2 P 2
Dress Dr 3 − P 3 Red Dress
Null Nu 1 ✓ 1 T 4 Trivial, Zero

Table 4.3: Naming scheme and properties of the set of 2×2 best-response-invariant embeddings. Only Dominant,
Coordination, Cycle, Samaritan, and Null have been well studied and have established names. The

remaining games (which have indifferences) either do not appear in the literature at all or do so seldomly. Key: graph
representation (G), short name (N), pure Nash (PN), mixed Nash (MN), correlated equilibrium support (C), Borm
(1987)’s classes (B), symmetric (S), measure (M), triviality (T), and indifferences (I).

measure classes, and c) if both players are indifferent to one of the opponent’s actions, the class is a “point
class” appearing between four boundary classes. It is easy to visually inspect (Figure 4.6) that only 4 of
the games have positive probability of being sampled: Samaritan, Dominant, Coordination, and

Cycle (Table 4.3). This provides intuition to why the measure-zero games rarely appear in the literature.
This observation matches similar analysis made by Borm (1987).

4.5.3 Naming the Best-Response-Invariant Embedding
Borm (1987) provided numerical classification for the 15 fundamental classes of games. This chapter has
already specified parameterized embeddings, (θ1, θ2) or (ϕcoord, ϕcycle), and a graphical representation. In
addition, the set is small enough to benefit from a standardised naming scheme. This work attempts to, as far
as possible, follow established naming conventions and draw inspiration from previous work (Bruns, 2015).
Symmetric games (those that lie on θ1 = θ2 or ϕcycle = 0) are the most well-studied and have established
common names. Only some non-symmetric games such as Matching Pennies and Samaritan’s Dilemma
have been studied. Care was taken not to name classes after games that are similar but subtly different (e.g.

Stag Hunt and Chicken were deliberately avoided). The majority of the games have strategies which
players are indifferent between. These classes of games are little studied and therefore do not have common
names. Table 4.3 shows the names chosen for the 15 fundamental games proposed in this work.

Dominant
In this symmetric game (Figure 4.4a) each player has a strictly dominant strategy. Therefore, this game
has a single pure NE and (C)CE . The Dominant embedding is at the origin of the equilibrium-invariant
embedding, like other topologies (Rapoport et al., 1976), and is the only 2×2 game that is both invariant-
zero-sum and invariant-common-payoff. Dominant has many common games within its equivalence class
including Prisoner’s Dilemma, Peace, Deadlock, Total Conflict, Concord, and Compromise. In particular,
Prisoner’s Dilemma is one of the most studied games in economics. The dominant equivalence class oc-
curs with probability 1

4 when sampling uniformly over the equilibrium-invariant embedding. Furthermore,
this class is the most diverse: games within the class can be anti-clockwise invariant-zero-sum, clockwise
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S W
S +1,+1 +1,−1
W −1,+1 −1,−1

(a) Dominant

A B
A +1,+1 −1,−1
B −1,−1 +1,+1

(b) Coordination

H T
H +1,−1 −1,+1
T −1,+1 +1,−1

(c) Cycle

H N
R 4, 3 1, 1
W 3, 4 2, 2

(d) Samaritan

R C
N 0,+1 0,+1
I −2,+3 +2,+2

(e) Hazard
C R

I +1,+4 −2,+3
N 0,+1 0,+1

(f) Safety

B N
N +1, 0 +1, 0
R −1,+1 −1,−1

(g) Aidos

P T
A +1,+1 0,−1
D −1,+1 0,−1

(h) Picnic

B N
N 0, 0 +1, 0
R 0,+1 −1,−1

(i) Daredevil

W G
W +1, 0 +1, 0
G −1,+1 −1,−1

(j) Fossick
P R

N +1, 0 0, 0
H −1,+1 0,−1

(k) Heist

A B
W +1, 0 +1, 0
L −1, 0 −1, 0

(l) Ignorance

B N
N +1, 0 +1, 0
R −1,+1 −1,−1

(m) Horseplay

C F
C −2, 0 +1, 0
F −2,+1 −1,+1

(n) Dress

A B
A 0, 0 0, 0
B 0, 0 0, 0

(o) Null

Figure 4.4: Narrative payoff tables of the 15 best-response-invariant 2×2 games.

invariant-zero-sum, diagonal invariant-common-payoff, off-diagonal invariant-common-payoff, or none.

Coordination
Coordination (Figure 4.4b) is a symmetric common-payoff coordination game where there are two equally
desirable outcomes. Players simply have to coordinate to ensure they achieve one of them. Coordination
has two pure NEs ( and ) with equal payoff and a low payoff mixed NE . It is the only nontrivial
game with a positive volume of (C)CE equilibria. Coordination has many games within its equivalence class
including Stag Hunt, Chicken, Assurance, and Bach or Stravinsky. The Coordination equivalence
class occurs with probability 1

8 when sampling uniformly over the equilibrium-invariant embedding. All
games in the coordination equivalence class are invariant-common-payoff.

Cycle
This game is an anti-symmetric zero-sum game (Figure 4.4c), also commonly called Matching Pennies.
In this game, the first player prefers both players to play the same strategy (for example, both heads or
both tails), and the second player prefers each player to play a different strategy. The best-responses of
the pure strategies result in cyclic dynamics. A similar three strategy variant of this game with the same
property, Rock Paper Scissors, is a popular children’s game. Permuting the strategies of a player will result
in changing the game from a clockwise cycle to an anti-clockwise cycle. Cycle has no pure NEs, a single
completely mixed NE (with uniform probability) and (C)CE . Cycle is the only game where all equilibria
are strictly in the interior of the simplex. All games within Cycle’s best-response-invariant equivalence
class are also cyclic, but with different biases on the strategies they prefer. This class occurs with probability
1
8 when sampling uniformly over the equilibrium-invariant embedding.

Samaritan
This game (Figure 4.4d) has a worker player and a Samaritan player. The worker has two strategies:
rest (R) or work (W). The Samaritan has two strategies: help (H) or do not help (N). The Samaritan al-
ways prefers to help but also prefers it when the worker also works (and so does not free-load). The
worker prefers not to work if they receive help but prefers to work to sustain themselves if they do not
receive help. Samaritan has a single pure NE and (C)CE . It is named after Samaritan’s Dilemma
(Schmidtchen, 2002), a game proposed by Buchanan (1975). Samson (Brams, 1993), Alibi (Robinson
and Goforth, 2005), Anticipation, Bully, Hamlet, Asymmetric Dilemma, and Called Bluff are all in this
game’s better-response-invariant equivalence class. The Samaritan embedding is neither zero-sum-
invariant nor common-payoff-invariant. However other games within its equivalence class can be either
zero-sum-invariant or common-payoff-invariant, or neither. Samaritan equivalence class is special because
it occurs with the highest probability 1

2 when sampling uniformly over the equilibrium-invariant embed-
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ding. As well as being the most common class, it is also the class most closely connected to all other games
(Section 4.5.4).

Hazard
In Hazard (Figure 4.4e), player 1 is an insurance company that can either insure (I) or decline (D) player 2’s
health insurance. Player 2 enjoys drinking at parties, which is risky behaviour (R), but also appreciates the
health benefits of not drinking, which is careful behaviour (C). Overall, in the absence of health insurance,
player 2 is indifferent to a party lifestyle or a healthy one. However, if player 1 issues medical insurance,
player 2 will have a greater risk tolerance and will adopt a party lifestyle. Player 1 does not make any money
if it does not issue insurance, makes money if it does and player 2 opts for a healthy lifestyle, and loses
money if it issues insurance to an unhealthy lifestyle. Bruns (2015) briefly defines a game that he describes
as a moral hazard, with the formulaic name “Middle Hunt × Low Dilemma”. Hazard has a single pure NE

, a mixed NE , and (C)CEs with support . The hazard equivalence class has an indifference and so
is zero-measure in the equilibrium-invariant embedding. However it is a boundary class which borders the
Cycle equivalence class. Of the boundary classes it occurs with probability 1

4 when uniformly sampling
over the equilibrium-invariant embedding. All games within this equivalence class are invariant-zero-sum.

Safety
This game (Figure 4.4f) is also hinted at by Bruns (2015) in which it was called “Middle Hunt × Low Con-
cord”. It is similar to Hazard, except the insurer now incentivizes player 1 into a healthy lifestyle with free
gym membership. This fixes the moral hazard and now player 2 is incentivized to have a healthy lifestyle
with insurance. Safety has two pure NEs ( and ), a mixed NE and (C)CEs . The Safety equivalence
class has an indifference and so is zero-measure in the equilibrium-invariant embedding. However it is a
boundary class which borders the Coordination equivalence class. Of the boundary classes it occurs with
probability 1

4 when uniformly sampling over the equilibrium-invariant embedding. All games within this
equivalence class are invariant-common-payoff.

Aidos
In Aidos (Figure 4.4g), player 1 is a deity and can either reveal themselves (R) or not (N), however they
are shy and strictly prefer not to reveal themselves. Player 2 is a human and wants to believe what is true.
With lack of evidence either way, the human is indifferent to the existence of the deity, however if the deity
reveals themselves they prefer to believe (B) rather than not believe (N). There are two pure NEs ( and ),
and any mixture of these is also a mixed NE and (C)CE. The theme of this game is inspired by Revelation
(Brams, 1993), a game with similar dynamics. The Aidos equivalence class has an indifference and so is
zero-measure in the equilibrium-invariant embedding. However it is a boundary class which borders the
Dominant and Samaritan equivalence classes in the region where the pure equilibrium strategy changes (in
contrast to Picnic, described next). Of the boundary classes it occurs with probability 1

4 when uniformly
sampling over the equilibrium-invariant embedding. The games in Aidos’ equivalence class can be either
zero-sum-invariant, common-payoff-invariant, or neither. The only game in the set that is neither is the
Aidos embedding.

Picnic
In this game (Figure 4.4h) a host can either organise a picnic (P) or order takeaway (T) and they strictly
prefer organising a picnic. A guest can either attend (A) or decline (D). They are indifferent about attending
when takeaway is ordered but would prefer to attend if a picnic is organised. Picnic has a single pure NE

. The Picnic equivalence class has an indifference and so is zero-measure in the equilibrium-invariant
embedding. However it is a boundary class which borders the Dominant and Samaritan equivalence classes
in the region where the pure equilibrium strategy does not change (in contrast to Aidos). Of the boundary
classes it occurs with probability 1

4 when uniformly sampling over the equilibrium-invariant embedding.
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The Picnic embedding is neither zero-sum-invariant nor common-payoff-invariant, however games in its
equivalence class can be either zero-sum-invariant or common-payoff-invariant.

Daredevil
In the literature, Chicken (Figure 4.1a) has two pure anti-coordination NEs ( and ) and a single mixed
NE which places the majority of the mass on the worst joint outcome. The presence of a mixed NE means
that Chicken has a full-support equilibrium and therefore falls into the equivalence class of Coordination.
However, there is another interesting symmetric, invariant-common-payoff, measure-zero equivalence class
game, Daredevil (Figure 4.4i), with properties similar to Chicken. This game has the same two pure anti-
coordination NEs ( and ), and an additional pure NE : crash. There is no completely mixed NE, but
there are are also two pure-mixed NEs ( and ). It also has (C)CEs which can mix arbitrarily over any
of the pure NEs. The game differs from Chicken in the fact that if the other player chooses not to swerve,
the player is indifferent to whether they swerve and avoid damage or continue and crash. It has similar
dynamics to, and can be thought of as, an extreme edge-case of Chicken. This game has not been studied
before in the literature - perhaps unsurprising because it has a measure-zero equivalence class. Daredevil
is a point class because the Daredevil embedding is the only game within its class. It is invariant-common-
payoff and borders the Aidos and Safety equivalence classes. Of the three point classes, it occurs with
probability 1

4 .

Fossick
In the literature, Stag Hunt (Figure 4.1c) is a game with two pure coordination NEs ( and ), where
one is preferred over the other, and a completely mixed NE . Stag Hunt is also in the equivalence class of

Coordination. Fossick (Figure 4.4j) is an extreme version of Stag Hunt which has two pure NEs( and
), but no mixed NE. It also has (C)CEs that can mix over only the coordination strategies . In this game

players are in a gold rush and can either search for water to sustain themselves in the wilderness or fossick
for gold. If the other player searches for water, the player is indifferent to what they search for. However if
the other player fossicks for gold, the player would feel left out and would prefer to also fossick for gold.
This game has not been studied before in the literature. Fossick is part of a zero-measure equivalence class,
and is also a point class (the Fossick embedding is the only game in the equivalence class). Of the three
point classes, it occurs with probability 1

4 . Fossick is invariant-common-payoff.

Heist
In Heist (Figure 4.4k), player 1 is a nervous robber and can either do nothing (N) or stage a heist (H). Player
2 is a security guard and can either go on patrol (P) or rest (R). If the robber does not stage a heist, the
security guard is indifferent to whether they are on patrol or at rest. However if a heist does occur the guard
prefers to be on patrol. If the security guard is at rest, the robber is unsure if the heist is worth the risk
and is indifferent. However if the security guard is on patrol, the robber prefers not to stage a heist. This
game is most similar to Pursuit (Brams, 1993). Heist has two pure NEs ( and ), and (C)CEs that mix
between them . Heist is part of a zero-measure equivalence class, and is also a point class. Of the three
point classes, Heist is the most common and occurs with probability 1

2 . Heist is invariant-zero-sum.

Ignorance
Ignorance (Figure 4.4l) is a partially trivial game where one of the players has no preferences at all. In
Ignorance, an informed player wants to win (W) and avoid losing (L) and an ignorant player is indiffer-
ent between their strategies and outcomes. Ignorance has two pure NEs ( and ), a mixed NE and
(C)CE . The equivalence class of Ignorance occurs with probability 1

2 when sampling uniformly over the
partially-trivial equilibrium-invariant embedding.

Horseplay
Horseplay (Figure 4.4m) is a partially trivial game where one of the players has no preferences at all.
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Horseplay is a game between an adult and a child. The child can either lift up their arms (A) or curl into
a ball (B), they are indifferent to which they do or what the outcome is, they are just happy to play. For
convenience, the adult will prefer to throw (T) the child into the air if they have their arms up, or lift them
up by their feet (L) if they are curled into a ball. Horseplay has two pure NEs ( and ), three mixed NEs
( , , and ), and full support (C)CEs . The equivalence class of Horseplay occurs with probability 1

2

when sampling uniformly over the partially-trivial equilibrium-invariant embedding.

Dress
Described by Simpson (2010), Dress (Figure 4.4n) is a game where two people are going on a date. Player
1 selfishly wishes their partner to dress formally (F), and only if they do so, also lazily prefers to dress
for comfort (C). Player 2 also wants their partner to dress formally, but is indifferent to what they wear
themselves. Because player 2’s preferences are solely based on the other player’s strategies, their payoffs
are trivial, so Dress is a partially trivial game. This game has three pure NEs, and any mixture between
those three NEs ( , , and ), two mixed NEs ( and ), and (C)CEs . The equivalence class of Dress
is a boundary class between Ignorance and Horseplay. It is measure-zero when sampling uniformly over
the partially-trivial equilibrium-invariant embedding.

Null
In the Null game (Figure 4.4o, players have no preferences over strategies which means any pure or mixed
strategy is an NE and any joint distribution is a (C)CE . Games of the form G1(a1, a2) = b1(a2),
G2(a1, a2) = b2(a1) are in the Null equivalence class. Null is a point game and is the only class of trivial
games. This game is sometimes called the Zero game or Trivial game.

4.5.4 Distance Metric
Distances between the best-response-invariant embeddings can be computed (Table 4.4) using the
equilibrium-symmetric distance metric. Cycle is the most isolated game with the greatest average
distance to other games. Samaritan is the least isolated game with the smallest average distance to other
games. No game is more than two steps6 away from Samaritan. Out of the partially trivial games,

Dress is a boundary class between Ignorance and Horseplay. Small perturbations in payoffs can
change the game and cause step changes in the equilibrium. The distance metrics (and the topology) show
the possible adjacent games that small perturbations could result in. Such an analysis could be useful in
selecting equilibria that are robust to permutations or dealing with uncertainty in payoffs. This idea is
expanded on more in the discussion section.

4.6 Discussion
The novel per-strategy scale better-response-invariant transform can be used to derive a set of 2×2 best-
response-invariant embeddings. After symmetry, this results in 15 equivalence classes. This same set
has been identified previously by studying best-responses of 2×2 games (Borm, 1987). There is a deep
connection between best-response-invariance and equilibrium-invariance (Morris and Ui, 2004). However,
this work also provides an equilibrium-invariant embedding, distance measure, efficient parameterization,
graph representation, and naming scheme for the best-response-invariant embeddings.

note that the majority of the games in the best-response-invariant embedding have indifferences (11
out of 15). Indifferences cannot be captured in ordinal payoffs: partially ordinal payoffs are required.
However, popular topologies and classifications for 2×2 games only focus on ordinal games. This work
argues that such a choice both a) limits the space of interesting games that are studied, and b) places too
much prominence on games without indifferences which are highly redundant, comprising of only 4 out of
15 of the best-response-invariant equivalence classes.

6Steps or “hops” are measured over the planar grid visualized in Figure 4.3.
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Dominant 0 4 4 2 3 3 1 1 2 2 2
Coordination 4 0 4 2 3 1 3 3 2 2 4

Cycle 4 4 0 2 1 3 3 3 4 4 2
Samaritan 2 2 2 0 1 1 1 1 2 2 2

Hazard 3 3 1 1 0 2 2 2 3 3 1
Safety 3 1 3 1 2 0 2 2 1 1 3
Aidos 1 3 3 1 2 2 0 2 1 3 1
Picnic 1 3 3 1 2 2 2 0 3 1 1

Daredeveil 2 2 4 2 3 1 1 3 0 2 2
Fossick 2 2 4 2 3 1 3 1 2 0 2

Heist 2 4 2 2 1 3 1 1 2 2 0
Ignorance 0 2 1
Horseplay 2 0 1

Dress 1 1 0
Zero 0

Table 4.4: Table showing the L1 distance between games in the best-response-invariant embedding. Distances between
nontrivial and trivial games are left undefined.

The 2×2 best-response-invariant embeddings can be used quickly to calculate equilibria for any 2×2
game, simply by storing the extreme points of the (C)CE polytope in a lookup table for the 15 best-response-
invariant embeddings. The equilibria can be calculated for any 2×2 game by a) calculating the equilibrium-
invariant embedding b) identifying the equivalence class the game belongs to, and c) scaling the equilibria
in the lookup table according to Theorem 4.5.1.

Limitations
To motivate the metric spaces and embeddings this chapter focused on 2×2 games. This work derived an
efficient parameterization of the 2×2 equilibrium-invariant embedding, which requires only two variables.
This is achieved by making an assumption: only the equilibria, or similarly, the strategic interactions (best-
response dynamics), of games are important. Most solution concepts are equilibrium or best-response based
and the majority of the study of games is devoted to finding these solutions. However, this assumption does
have a consequence: the preference ordering of joint strategy payoffs is not necessarily maintained after
equilibrium-invariant transforms. This means that equilibrium selection methods such as maximum welfare
could select for different equilibria in the equilibrium-invariant embedding7. Furthermore, the narrative of
games that are motivated based on the ordering of joint payoffs may unravel. For example the most studied
game, Prisoner’s Dilemma, has dominant strategies that do not result in a welfare maximizing equilibrium.

Prisoner’s Dilemma is transformed to Dominant which is intuitive from an equilibrium preserving
perspective, but less so from a welfare or social dilemma perspective. It is important to stress that this is a
feature of the methods described in this work. If one is only concerned with the resulting rational behaviour
of players, simplifying analysis of the game to only its equilibrium-invariant embedding or best-response-
invariant embedding is a valuable way of removing redundant features of games.

7Although, with knowledge of the mean and scale used to make the transformation, a trivial modification to the objective of the
linear program could preserve the selection
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4.7 Conclusion
This chapter explored equilibrium-invariant embeddings in 2×2 games which are ubiquitously studied in
the literature. An efficient two variable parameterization of the 2×2 equilibrium-invariant embedding was
uncovered. These variables geometrically represent angles on unit circles which allows them to be clearly
visualized in two dimensions. Several properties, including equilibrium support, cyclicness, competitive-
ness, distances, and symmetries, can be read from this visualization. A new equilibrium-payoff transform
was applied to 2×2 games that enabled further simplification, resulting in a rediscovery of a set of 15 equiva-
lence classes of games. This set is fundamental, and covers all interesting 2×2 strategic interactions. Names
and properties of these classes were explored. It is hoped that this work builds intuition for normal-form
games, champions the set of 15 2×2 game classes
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Figure 4.5: The space of NEs (dashed blue lines) and (C)CEs (solid red polytopes) equilibria for 2×2 games. For
two-strategy games CEs and CCEs are identical. The left column contains games where player 1 has trivial payoff. The
bottom row contains games where player 2 has trivial payoff. The intersection of the polytopes in these games results
in the polytopes of the non-null games. In Null, all joints are (C)CEs and all factorizable joints are NEs. The NEs
of the diagonal quadrants have convex (interchangeable) solutions because they can be mapped onto zero-sum games.
The off-diagonal games are non-interchangeable because they can be mapped onto common-payoff games.
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+π

+π

θ1

θ2

Figure 4.6: Shows the joint strategies that can have support in equilibrium over the space of 2×2 games. The tiling indi-
cates the support of a joint distribution (square) with four optionally shaded quadrants that correspond to the four joint
strategies. All nonzero combinations 24−1 = 15 of supports are possible. For example, Cycle and Coordination
have full support , Dominant has pure support , Fossick has diagonal support , and Daredevil has support
over all but one joint . The majority of space either has a pure joint strategy or permits full-support mixed equilibrium.
Other equilibria are possible but are measure-zero and exist on the boundaries between the pure and full-support games.
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Figure 4.7: Shows 15 fundamental two-player two-strategy best-response-invariant embeddings. Payoffs are shown
in the table, with shaded joint strategies appearing in an equilibrium. The faded games are symmetric permutations
of other games. All 2×2 games will map onto one of these games. The dashed gray lines show the quadrants: the
right quadrant is zero-sum clockwise cyclic and left half-quadrants show coordination games. The dotted lines show
the equilibrium solution region which, going clockwise from the top, are diagonal-coordination, top-left dominant,
clockwise-coordination, top-right dominant, and off-diagonal-coordination. Games outside the equilibrium-symmetric
embedding are trivial.



Chapter 5

Visualizing Large Games

2×2 equilibrium-invariant embeddings can be parameterized using only two variables. This
makes them particularly easy to be spatially represented in two dimensions. This property is
leveraged to develop game-theoretic visualizations of large many-player many-action normal-
form and extensive-form games. This visualisations aim to fingerprint the strategic interactions
that occur within these games, which has previously been considered intractably large to rep-
resent. The contents of this chapter is part of published work (Marris et al., 2023).

5.1 Introduction
Tools developed in Chapter 4 for studying 2×2 games are amenable to games with more players and strate-
gies, including large normal-form and extensive-form games. Historically, these games have been consid-
ered intractable to visualize or summarize. This work develops game-theoretic visualizations that fingerprint
strategic interactions within these games. The field of machine learning has enjoyed such simplified visu-
alizations of high dimensional complex data. Principled techniques like PCA (Hotelling, 1936; Pearson,
1901) aim to reduce dimensionality, while maintaining the maximum amount of information. Other less
principled techniques like t-SNE (Hinton and Roweis, 2003; van der Maaten and Hinton, 2008) are also very
popular. 2×2 equilibrium-invariant embeddings can be utilized to produce visualizations of 2×2, |A1|×|A2|,
two-player extensive-form, n-player polymatrix, and n-player extensive-form games (Figure 5.1). Equilib-
rium and payoff properties can be directly deduced from these visualizations. It is hoped that these visual-
izations prove useful for game theory practitioners, where such visualization tools are underdeveloped.

5.2 2×2 Game Visualization
First, consider the space of joint strategies, σ(a), which can be denoted with a flat vector σ =

[σ(aAA), σ(aAB), σ(aBA), σ(aBB))], where aIJ = (aI1, a
J
2 ). The standard constraints on a probability

distribution apply: probabilities are nonnegative, σ(a) ≥ 0 ∀a ∈ A, and sum to unity,
∑

a∈A σ(a) = 1.
The unity sum constraint means that a distribution over the four strategies of a 2×2 game, can be expressed
with only three variables because one is redundant given the rest (e.g. σ(aBB) = 1− σ(aAA)− σ(aAB)−
σ(aBA)). This means it is possible to visualize a joint distribution with four components in only three
dimensions, by ignoring the space of distributions that do not sum to unity. Typically this is accomplished
by specifying four vertices of a tetrahedron (a three dimensional object). Points in the simplex are then
described in terms of mixtures of these four vertices (known as a barycentric coordinate system (Möbius,
1827)). Barycentric coordinates, σ, can be converted to Cartesian coordinates, x, via a linear transform,
x = Tσ. The columns of T are points of a regular tetrahedron. There are many ways to choose points of a
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(a) (b) (c) (d)

Figure 5.1: Examples of different games that can be visualized using the techniques in this work: (a) 2×2 games, (b)
two-player games, and (c) polymatrix games. Each cube represents a joint strategy in the game. Normal-form games
with more that two-players (d) cannot be directly visualized with the techniques described and have to be approximated
around a joint strategy using a local polymatrix approximation.

AA

AB

BA

BB

(a) Probability Simplex

AA

AB

BA

BB

(b) NE Manifold

Figure 5.2: Visualization of the space of valid joint distribution, σ(a1, a2), (tetrahedron) and valid factorizable joint
distributions, σ(a1, a2) = σ(a1)σ(a2), (manifold). The vertices of the tetrahedron correspond to pure joint strategies.
The interior of the tetrahedron corresponds to mixed joint strategies.

tetrahedron, one is given in Equation (5.1).

x = Tσ T =

 −
1
2

1
2 0 0

−
√
3
6 −

√
3
6

√
3
6 0

−
√
6

12 −
√
6

12 −
√
6

12

√
6
4

 (5.1)

Each nonnegative inequality constraint geometrically corresponds to a normal vector in the equation
of a plane (e.g. [1, 0, 0, 0]σT ≥ 0). These planes split the space into two halves: those that are feasible
distributions and those that are infeasible distributions. Together the four nonnegative probability inequality
constraints result in a convex polytope with four faces, specifically a regular tetrahedron, when visualized
in three dimensions (Figure 5.2a). σ(a1, a2) corresponds to a full joint distribution. A subset of joints that
factorize into their marginals, σ(a1, a2) = σ(a1)σ(a2), is worth highlighting because of its relationship to
NEs which by definition have to factorize. Factorizable joints result in a manifold within the tetrahedron
(Figure 5.2b).

Now consider a player’s payoff, Gp(a1, a2). It is known that each player’s 2×2 equilibrium-invariant
embedding is parameterized by an angle, Gequil

p (θp), on a circle. This circle can be meaningfully traced
in three-dimensions: x(θp) = Tgequil

p (θp). A particular payoff for a player, Gequil
p , can be represented by

drawing an arrow from the origin to a point on this circle. The direction of this arrow conveys meaning: it
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(a) Cycle Polytope

AA

AB

BA

BB

(b) Coordination Polytope

AA

AB

BA

BB

(c) Horseplay Polytope

AA

AB

BA

BB

(d) Dominant Polytope

AA

AB

BA

BB

(e) Chicken Polytope

AA

AB

BA

BB
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Figure 5.3: Visualization of 2×2 games. The θ1 (red) and θ2 (blue) parameters are shown on their unit circles. The
arrows are the invariant unit vectors of each player’s payoff so the direction indicates joints that will linearly increase
payoff. The (C)CE polytope of feasible equilibria is shown in purple. Green shows NEs.

is the direction which linearly increases the equilibrium-invariant embedding payoff received under a joint,
and it points to the region where equilibria are likely to reside. The original payoffs, Tgp(θp), could be any
vectors perpendicular to the plane that the circle lies on.

The deviation gains (Equations (2.46), (2.54), and (2.59)) of the various equilibrium concepts can also
be visualized. Each row of the deviation gain matrix corresponds to a half plane. The rows in aggregate
make a convex polytope, which can also be visualized in three dimensions. NEs are where this polytope
intersects with the factorizable joint manifold.

This chapter proposes a visualization of 2×2 games that includes their equilibrium-invariant embed-
ding, best-response-invariant embedding, (C)CE polytope and NE set (Figure 5.3). When the arrows are
near opposite, the game is invariant-zero-sum (for example Cycle, Figure 5.3a). When the arrows are
near alignment, the game is invariant-common-payoff (for example Coordination, Figure 5.3b). Dom-
inant games have near perpendicular vectors. Sometimes a continuum of NEs is feasible, when that is the
case it will be shown with a dashed line (for example Horseplay, Figure 5.3c).
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Figure 5.4: Visualization of the strategy space of asymmetric, two-player, extensive-form games: zero-sum Kuhn
Poker, common-payoff Tiny Bridge, and mixed-motive Sheriff. Zero-sum games only have interactions in the
diagonal quadrants. Common-payoff games only have interactions in the off-diagonal quadrants. Mixed motive games
can have interactions in all quadrants. The games are asymmetric so strategy permutation (but not player permutation)
can be utilized to plot the interactions on a reduced invariant embedding.

5.3 Two-Player Game Visualization
A two-player game with more than two strategies (|A1|×|A2|), many strategies (such as an extensive-form1

game with deterministic policies), or even infinitely many strategies (such as an extensive-form game with
stochastic policies), can be summarized by considering either every possible 2×2 subgame or approximated
by sampling subgames, G̃p. To produce a single point, uniformly sample strategies ãA1 , ãB1 , ãA2 , and ãB2 , to
produce a sampled 2×2 payoff. Then find the equilibrium-invariant embedding (θ̃1, θ̃2), using symmetries

1All extensive-form games have an equivalent normal-form representation. However, subgame perfection is not representable in
normal-form.
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Algorithm 5.1 Two-Player Global Visualization.

Require: Two-player payoffs, G(a1, a2).
1: function SAMPLEGLOBALEMBEDDING(G)
2: ãA1 , ã

B
1 ← Cat(|A1|)

3: ãA2 , ã
B
2 ← Cat(|A2|)

4: for s1 ∈ [A,B] do
5: for s2 ∈ [A,B] do
6: G̃1(s1, s2)← G1(ã

s1
1 , ãs22 )

7: G̃2(s1, s2)← G2(ã
s1
1 , ãs22 )

8: θ1 ← Embed(G̃1)
9: θ2 ← Embed(G̃2)

10: return θ1, θ2

Algorithm 5.2 N-Player Local Visualization.

Require: Two-player payoffs, G(a1, ..., aN ).
Require: Background strategy, a.
Require: Focus players, r and c.

1: function SAMPLELOCALEMBEDDING(G)
2: ãAr ← ar
3: ãAc ← ac
4: ãBr ← Cat(|Ar|)
5: ãBc ← Cat(|Ac|)
6: for sr ∈ [A,B] do
7: for sc ∈ [A,B] do
8: G̃1(sr, sc)← Gr(ã

sr
r , ãscc , a−p)

9: G̃2(sr, sc)← Gc(ã
sr
r , ãscc , a−p)

10: θ1 ← Embed(G̃1)
11: θ2 ← Embed(G̃2)
12: return θ1, θ2

if appropriate.

G̃global
p (ãA1 , ã

B
1 , ã

A
2 , ã

B
2 ) =

[
Gp(ã

A
1 , ã

A
2 ) Gp(ã

A
1 , ã

B
2 )

Gp(ã
B
1 , ã

A
2 ) Gp(ã

B
1 , ã

B
2 )

]
→ (θ̃global

1 , θ̃global
2 ) (5.2)

Large two-player games can be represented as a point cloud of sampled equilibrium-invariant embeddings.
Properties of the game can be deduced from the positions and density of the the embeddings in this plot.
This work names this sampling scheme global because all strategies are uniformly sampled over the full
normal-form game being analysed.

5.3.1 Extensive-Form Games
Three two-player extensive-form games taken from the OpenSpiel library (Lanctot et al., 2019) are visu-
alized (Figure 5.4). All extensive-form games can be converted to normal-form games by considering the
enumeration of pure-strategy policies available to each player. To produce the visualization, it is not re-
quired to enumerate all policies; simply sample random pure joint policies to approximate the visualization.
This enables scaling the analysis to large extensive-form games. Because all the games considered in this
visualization are asymmetric, player symmetry is not utilized. Strategies are sampled arbitrarily from the
payoffs, so the order of strategies is also arbitrary, so strategy symmetry is utilized. Therefore, the plots
cover the domain: −π

2 ≤ θp < π
2 .

Kuhn Poker (Kuhn, 1950) is an asymmetric, zero-sum simplified poker variant. First, notice that all
points lie in invariant-zero-sum quadrants, which is what the theory predicts for a two-player zero-sum
extensive-form game. Interestingly, many boundary classes ( Aidos, Picnic, and Hazard) appear.
This shows that this game has situations where players are indifferent between strategies. Kuhn poker does
have a high concentration of points in the Dominant and Samaritan classes indicating that in most
situations there are obvious strategies that either both or at least one of the players should choose. There
are also a significant number of Cycle interactions which indicates that this game has some interesting
strategic depth.

Two-player Cooperative Tiny Bridge (Lockhart et al., 2020) is a common-payoff game. As expected,
all points lie in the invariant-common-payoff quadrants of the visualization. The game also has a high
concentration of points near the origin indicating that most strategic interaction is Dominant: both
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(a) Approximate summary of the full 888 × 888 AlphaStar league (Vinyals
et al., 2019). Each strategy corresponds to a learned policy in the extensive-
form game and the payoff was calculated empirically. The plot is redundant
outside of the domain 0 ≤ θ1 ≤ π

2
and −π

2
≤ θ2 ≤ 0.
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(b) Local approximation of the AlphaStar league. The first strategy is fixed
for both players, and only the second sampled. Key: early training,
middle training, and late training.

Figure 5.5: Analysis of a large empirical normal-form game. In early and late training, the local strategic space is
mostly transitive (Dominant), and in mid training the space is cyclic (Cycle). This matches Czarnecki et al. (2020)’s
“spinning top” hypothesis in games of skill.

players have a strict preference between strategies. Coordination also features prominently, indicating
there are situations that require players to coordinate to maximize payoffs. It seems no boundary classes
appear in Tiny Bridge meaning that it is rare for players to be indifferent over their strategies.

Sheriff (Farina et al., 2019c) is an asymmetric, mixed-motive game. The point cloud of this game
covers both invariant-common-payoff and invariant-zero-sum quadrants, however it predominately occu-
pies the invariant-zero-sum quadrant indicating that the game is more competitive than cooperative. Again,
boundary classes ( Aidos, Picnic, and Hazard) appear, indicating times when players are indiffer-
ent.

5.3.2 AlphaStar League
The AlphaStar league is a symmetric zero-sum, 888 × 888, empirical normal-form game. It consists of
payoffs between policies learned by AlphaStar (Vinyals et al., 2019). The visualization of this game is
shown in Figure 5.5a. The game is symmetric, so player symmetry is utilized. The game is zero-sum, so
only zero-sum quadrants need be plotted. This plot is also strategy invariant, so strategy symmetry could
have been utilized. However, to have a simpler comparison to Figure 5.5b, it is not used. Therefore the plot
is over the domain: 0 ≤ θ1 ≤ π and −π ≤ θ2 ≤ 0, although outside of 0 ≤ θ1 ≤ π

2 and −π
2 ≤ θ2 ≤ 0

the plot is redundant. The empirical game mainly has Dominant strategic interaction, although there are
significant Samaritan and Cycle components.

Czarnecki et al. (2020) hypothesised that games of skill have few cyclic interactions early in training
as policies can easily transitively improve. In mid training, there are numerous reasonably competent and
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diverse policies, which results in interesting cyclic interactions. However, in late training, the interactions
between policies become less cyclic, as the skills needed to play the game are perfected. Czarnecki et al.
(2020) describes this phenomenon as a “spinning top” shaped distribution of cycles. This hypothesis is
tested in the visualization by using an alternative game sampling scheme: fixing the first strategy, aA, for
both players, and sampling the second strategy for each player randomly, ãBp .
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The AlphaStar league game is symmetric, so it is more natural to use the same fixed strategy for both
players. Note that in general, the analysis could have different fixed strategies for each player.
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This sampling scheme is called local because it is sampling over deviation strategies around a fixed back-
ground strategy aAA = (aA1 , a

A
2 ). Such a sampling strategy will provide an indication of the strategic

dynamics locally around these background strategies.
The strategies in the AlphaStar league game correspond to policies roughly ordered according to their

training time. Later strategies are policies trained against distributions over previous policies. Therefore,
later policies have more training time and have trained against more diverse opponents, and will more
likely be stronger. But what does the strategic landscape of the game look like at each stage of training?
By analysing the game around background strategies which correspond to early, middle and late training,
Czarnecki et al. (2020)’s hypothesis (Figure 5.5b) can be tested.

Unsurprisingly, early training primarily occupies a Dominant region, where players strictly wish
to deviate from the their weakly trained fixed background policy. In contrast, late training primarily
occupies the opposite Dominant region, where players strictly prefer to stick with their fixed background
strategies. Mid training has a varied strategic space, but has more mass in the Cycle region than the
other background policies. Broadly, this analysis supports the “spinning top” hypothesis. A deeper analysis
of the training timeline could uncover more structure.

5.4 N-Player Polymatrix Game Visualization
It is possible to extend the two-player local subgame sampling technique to n-player games by defining a
fixed background strategy for all players, aA...A = (aA1 , ..., a

A
N ), and then visualizing all pairwise player

interactions.
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To avoid ambiguity with the player slots of the original n-player game the representation parameters are
renamed from θ1 and θ2 to θr and θc to indicate the row and column players. Because the order of the
players and strategies matter in this pairwise approximation of an n-player game, it is necessary to use the
full invariant space: −π ≤ θr ≤ +π and−π ≤ θc ≤ +π. It is unnecessary to plot both permutations of the
player pairs: the point cloud will be the same but mirrored over θr = θc.

Considering only pairwise player interaction is an established succinct game representation called
the polymatrix approximation (Janovskaja, 1968). This representation is described by the tuple
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(G1,2(a1, a2), G1,3(a1, a3), ..., GN−1,N (aN , aN−1)). By fixing the background strategies in an n-player
normal-form game a local polymatrix approximation is created around these background strategies. One
need not restrict themselves to strategies in a normal-form game. Entire policies, π̃B

p , can be sampled in
extensive-form games around fixed background policies, πA...A = (πA

1 , ..., π
A
N ). Either stochastic or deter-

ministic policies can be sampled (this work considers deterministic policies in its experiments). Therefore
the visualization can be used to approximate the strategic dynamics of a game around salient policies, such
as the policies players are currently executing in a game, or perhaps ones that have been found using a
learning method. It is expected that the local polymatrix approximation landscape to be different around
different background policies, as policies influence transition dynamics in the game.

G̃local
pq (π̃B

p , π̃B
q ) =

[
Gp(π

A
p , π

A
q , π

...
−p−q) Gp(π

A
p , π̃

B
2 , π...

−p−q)

Gp(π̃
B
p , πA

q , π
...
−p−q) Gp(π̃

B
p , π̃B

q , π...
−p−q)

]
→ (θ̃local

p , θ̃local
q ) ∀p ̸= q ∈ [1, N ]

(5.6)

5.4.1 Three-Player Leduc Poker
Leduc poker (Southey et al., 2005), implemented in OpenSpiel (Lanctot et al., 2019), is a simplified Texas
Hold’em implementation with N players, two suits and 2(N + 1) cards. This experiment studies the
three-player game (Figure 5.6), with each player respectively having the background policies: always raise,
always call, and always fold. If any of these actions are infeasible at an information state, the policy
will fall back to the call action. Unsurprisingly, given players must pay a blind, always fold is a losing
strategy. This is most apparent when analysing call vs fold where call is almost always the best strategy
to play. The majority of the points are in the basins of games along the θc axis: Dominant and

Samaritan. This indicates two properties. Firstly, that call is almost always a dominant strategy for
the row player (in the context of the other background policies), regardless of the column player’s strategy.
Secondly, the strength of the fold strategy depends on what the other players play. It is sometimes good
( Dominant and Samaritan), and sometimes bad ( Dominant and Samaritan). Fold is also poor
in the context of fold vs raise. Deviating from fold is sometimes a better strategy ( Dominant and

Samaritan) but there are situations where it is not ( Dominant and Samaritan). It is very rare
for fold to be the worse strategy when playing against the other background policies, but be the preferred
strategy against the deviation strategy ( Samaritan). Generally, clustering around the θc axis indicates
a strong row player and clustering around the θr axis indicates a strong column player. The raise vs
call dynamics are interesting: the majority of the points lie in the anti-clockwise invariant-zero-sum region.
Player 3, who always folds, plays such a weak strategy that they are an irrelevant player and the local raise
vs call two-player game is almost perfectly zero-sum. Call is usually a good strategy against raise and a
poor strategy against deviations from raise, and while raise is a poor strategy against call it is usually a good
strategy against deviations, resulting in a Cycle. The majority of the points for all the local games lie in
the invariant-zero-sum quadrants, which is unsurprising because this is a zero-sum game. Only two-player
invariant-zero-sum games lie completely in the invariant-zero-sum quadrants.

5.4.2 Tiny Bridge 2vs2
Tiny Bridge is an extensive-form, two versus two, team game (Lockhart et al., 2020) implemented in Open-
Spiel (Lanctot et al., 2019) with zero-sum dynamics between teams and common-payoff dynamics within
the team. The game is a simplified version of the popular card game Contract Bridge, but consists of only
two suits each with four cards. Using the polymatrix visualization tools described above this experiment
studies the dynamics of Tiny Bridge. The study verifies that the visualization a) captures interesting dy-
namics between teammates and opponents, and b) is able to differentiate between dynamics under different
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Figure 5.6: Local polymatrix approximation visualization of three-player Leduc poker around the background strate-
gies: always raise, always call, and always fold. Key: raise vs call, call vs fold, fold vs raise.

background policies. To produce quantifiably different policies, twelve random deterministic policies are
generated for each player, compute an empirical normal-form game from their expected returns (Wellman,
2006) (Figure 5.7b), and rate them using a game theoretic rating scheme (Marris et al., 2022b) (Figure 5.7a).
The ratings scheme is calculated on expected payoff under a joint equilibrium distribution (Figure 5.7c).
The maximum entropy criterion is used to choose a CCE. The strongest policies are selected as the “best vs
best” background set (Figure 5.8a) and the strongest of team 1 with the weakest of team 2 as the “best vs
worst” background set (Figure 5.8b). The local polymatrix approximation of each set is visualized using a
different colour for each of the pairwise interactions. The mixed set contains (relatively) strong policies for
team 1: they are good at countering their opponents and good at coordinating with each other. The strong
set contains competent policies for all players.

The two teams, labeled 1 and 2, each have two players, labeled A and B. For both sets, as expected, the
common-payoff intra-team dynamics ( 1A vs 1B and 2A vs 2B) only lie in the off-diagonal quadrants
and the zero-sum inter-team dynamics ( 1A vs 2A, 1A vs 2B, 1B vs 2A, and 1B vs 2B) lie in the
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(a) Ratings of Policies (b) Team 1 vs Team 2 Payoffs (c) Team 1 vs Team 2 CCE

Figure 5.7: Twelve randomly generated policies for each of the four players in Tiny Bridge were rated using a game
theoretic rating technique (Marris et al., 2022b) based on a CCE. The ratings, payoffs, and CCE have been reordered
from lowest to highest rating. The CCE and payoffs are visualized in two dimensions as team vs team for convenience;
they remain four player games. Green, yellow and red indicate high, zero, and low team 1 payoff.

diagonal quadrants. Focusing on intra-team dynamics ( 1A vs 1B and 2A vs 2B), for the best vs best
background set the point cloud is concentrated around Dominant and Samaritan. This indicates that
both teams have good intra-team cooperation. However for the best vs worst background set, the worse
team’s policies ( 2A vs 2B) have poor intra-team cooperation. Points are clustered around Dominant
and Samaritan, indicating that deviating away from the background policy is advantageous. Focusing
on inter-team dynamics, the best vs worst background set shows that team 1 out-competes team 2 ( 1A vs
2A, 1A vs 2B, 1B vs 2A, and 1B vs 2B). The points are clustered along the θc axis which indicates a
stronger row player. Furthermore, the points are primarily in the basins of Samaritan and Dominant:
showing that the row player prefers its background policy over deviations and the column player prefers
deviations over background policy. Player 1A’s dynamics ( 1A vs 2A and 1A vs 2B) are closer to the θc
axis than player 1B’s dynamics ( 1B vs 2A and 1B vs 2B) indicating that out of the two players on team
1, A is more competitive. This is not surprising as 1A plays first which has a natural advantage in Bridge
as they have first opportunity to bid and convey information. The inter-team dynamics in the best vs best
background policies are more balanced.

5.5 Discussion
Summarizing and visualizing large datasets with high dimensionality is an important area of research in
machine learning. Principled techniques like PCA (Hotelling, 1936; Pearson, 1901) that reduce dimen-
sionality, while maintaining the maximum amount of information, are ubiquitous. PCA allows data to be
visualized in fewer dimensions. Other less principled techniques like t-SNE (Hinton and Roweis, 2003;
van der Maaten and Hinton, 2008) are also a very popular tool for inspecting datasets. While the fields of
statistics and machine learning have benefited from such tools for decades, game theory has lacked such
analysis tools, although some attempts have been made to visualize games (Czarnecki et al., 2020; Omid-
shafiei et al., 2020, 2022). Large games are extremely complex: they have many possible equilibria and
complicated better-response dynamics. The visualization tools in this work build on fundamental principles
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(b) Best team 1 vs worst team 2

Figure 5.8: Visualization of local polymatrix approximation of the 2vs2 team extensive-form Tiny Bridge with two
different background policies sets. There are two teams, 1 and 2, each with two players, A and B. Key: 1A vs 1B,

2A vs 2B, 1A vs 2A, 1A vs 2B, 1B vs 2A, and 1B vs 2B.

and could be an important first step to developing such analysis techniques for large games.
The 2×2 equilibrium-invariant embedding can be leveraged to produce visualizations of larger games.

Payoff structure, equilibrium properties, and other details can be read from the visualizations by observing
where the point cloud spreads and how the density of points land in best-response-invariant equivalence
classes. Although evidence is provided that visualizations can give an insight into how cyclic a game is,
it is only capable of showing cycles of length two, longer cycles may not be captured. Fortunately, longer
cycles still result in points that appear in the cyclic region. For example, consider Rock-Paper-Scissors, a
2×2 cyclic game, visualized using a 2×2 point cloud (Figure 5.9).

5.6 Conclusion
This chapter develops visualization tools for 2×2 and |A1|×|A2| normal-form games and arbitrary dimen-
sional polymatrix games. Since all extensive-form games have a normal-form representation and a lo-
cal polymatrix approximation representation, this chapter explored visualizing the strategic space of large
games that have, until now, been considered intractable to visualize. It is hoped that this work provides
useful visualization tools for game theorists.
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(a) 3×3 cyclic game (Rock, paper, scissors). (b) 3×3 transitive game.

Figure 5.9: Point cloud for two different 3×3 normal-form games.



Chapter 6

Equilibrium Selection of Correlated Equilibria
and Coarse Correlated Equilibria

Equilibrium selection is the problem of selecting a single equilibrium from a set of possible
equilibria. Solving selection in a principled way allows broad application of game-theoretic
solution concepts. This includes situations where a unique target is necessary. This chapter
focuses on exploring unique and computationally tractable equilibrium selection criteria. The
work in this chapter is combined from parts of two publications (Marris et al., 2021b, 2022a).

6.1 Introduction
Recent success in tackling two-player, zero-sum games (Silver et al., 2016; Vinyals et al., 2019) has out-
paced progress in n-player, general-sum games despite a lot of interest (Anthony et al., 2020b; Berner et al.,
2019; Brown and Sandholm, 2019; Gray et al., 2020; Jaderberg et al., 2019; Lockhart et al., 2020). One
reason is because Nash equilibrium (NE) (Nash, 1951) is tractable and interchangeable in the two-player,
zero-sum setting but becomes intractable (Daskalakis et al., 2009) and potentially non-interchangeable1

in n-player and general-sum settings. The problem of selecting from multiple solutions is known as the
equilibrium selection problem (Avis et al., 2010; Goldberg et al., 2013; Harsanyi and Selten, 1988).

Outside of normal form (NF) games, this problem setting arises in multiagent training when dealing
with empirical games (also called meta-games (Lanctot et al., 2017; Walsh et al., 2002; Wellman, 2006)),
where a game payoff tensor is populated with expected outcomes between agents playing an extensive
form (EF) game, for example the StarCraft League (Vinyals et al., 2019) and Policy-Space Response Or-
acles (PSRO) (Lanctot et al., 2017), a recent variant of which reached state-of-the-art results in Stratego
Barrage (McAleer et al., 2020).

This work proposes using correlated equilibrium (CE) (Aumann, 1974) and coarse correlated equilib-
rium (CCE) as a suitable target equilibrium space for n-player, general-sum games. The (C)CE solution
concept has three main benefits over NE. Firstly, it provides a mechanism for players to correlate their ac-
tions to arrive at mutually higher payoffs. Secondly, it is computationally tractable to compute solutions for
n-player, general-sum games (Daskalakis et al., 2009). And finally, the set of (C)CEs in a game is a convex
polytope (defined using linear inequality constraints, for example see Equation (2.2.9)), and therefore is
amenable to equilibrium selection.

Maximum entropy correlated equilibrium (MECE) (Ortiz et al., 2007) is the canonical example of such
an equilibrium selection procedure. It has an efficient dual parameterization and, because it selects based
on the principle of maximum entropy (Jaynes, 1957), it is somewhat justified. An important area of related

1That is, there are no longer any guarantees on the expected utility when each player plays their part of some equilibrium; guaran-
tees only hold when all players play the same equilibrium. Since players cannot guarantee what others choose, they cannot optimize
independently, so the Nash equilibrium loses its appeal as a prescriptive solution concept.
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work is α-Rank (Omidshafiei et al., 2019) which also aims to provide a tractable alternative solution in
normal form games. It gives similar solutions to NE in the two-player, zero-sum setting, however it is not
directly related to NE or (C)CE. α-Rank has also been applied to ranking agents and as a meta-solver for
PSRO (Muller et al., 2020).

This chapter proposes a novel equilibrium selection concept called Maximum Gini (Coarse) Correlated
Equilibrium (MG(C)CE). This concept is inspired by MECE (Ortiz et al., 2007)2: it has a similarly efficient
dual parameterization, and selects an equilibrium that maximizes the Gini impurity (Equation (6.1a)). It can
be formulated as a quadratic program (QP), which is an optimization class that has known efficient convex
solvers. This work thoroughly explores MG(C)CE’s properties including tractability, scalability, invariance,
and a parameterized family of solutions.

The Gini impurity is a form of entropy and therefore an approximation to the Shannon entropy. Con-
sider the definitions of the Gini impurity and Shannon entropy.

Gini Impurity: G(p) = 1−
k∑
i

p2i (6.1a)

Shannon Entropy: S(p) = −
k∑
i

pi log(pi) (6.1b)

Furthermore, consider families of parameterized entropies, Tsallis and Renyi, which are parameterized by
q and α respectively.

Tsallis Entropy: T (p, q) =
1

1− q

(
1−

∑
i

pqi

)
(6.2a)

Renyi Entropy: R(p, α) =
1

1− α
log

(
k∑
i

pαi

)
(6.2b)

Both the Gini impurity and the Shannon entropy are instantiations of these families of entropies.

G(p) = T (p, q = 2) = 1− exp(−R(p, α = 2)) (6.3a)

S(p) = T (p, q → 1) = R(p, α→ 1) (6.3b)

6.1.1 Equilibrium Selection and Correlation Devices
There are two levels of coordination; first is selecting an equilibrium before play commences, and second is
implementing this equilibrium during play. Both NEs and (C)CEs require agreement on what equilibrium
is being played (Avis et al., 2010; Goldberg et al., 2013; Harsanyi and Selten, 1988): for (C)CEs this is
a joint action probability distribution, and for NEs this is also a joint action probability distribution that
that is a product of marginal distributions for each player. Therefore, at this level of coordination, both
NEs and (C)CEs are similar. This coordination problem is the equilibrium selection problem (Harsanyi
and Selten, 1988). When it comes to implementing an equilibrium, NEs and (C)CEs differ. Only (C)CEs
require further coordination. NEs are factorizable and therefore each player can sample independently
without further coordination. (C)CEs rely on a central correlation device that will recommend actions from
the equilibrium that was previously agreed upon.

This means that neither NEs nor (C)CEs can be directly used prescriptively in n-player, general-sum
games. These solution concepts specify what subsets of joint strategies are in equilibrium, but do not specify

2A selection procedure that used Shannon entropy.
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how decentralized agents should select amongst these. Furthermore, the presence of a correlation device
does not make (C)CEs prescriptive because the agents still need a mechanism to agree on the distribution the
correlation device samples from3. This coordination problem can be cast as one that is more computational
in nature: what rules allow an equilibrium to be uniquely (and perhaps de-centrally) selected?

This highlights the main drawback of MW(C)CE, which does not select for unique solutions (for ex-
ample, in zero-sum games all solutions have maximum welfare (MW)). One selection criterion for NEs is
maximum entropy Nash equilibrium (MENE) (Balduzzi et al., 2018), however outside of the two-player
zero-sum setting, these are generally not easy to compute (Daskalakis et al., 2009). CEs exist in a con-
vex polytope, so any convex function can select among them. Maximum entropy correlated equilibrium
(MECE) (Ortiz et al., 2007) is limited to full-support solutions, which may not exist when ϵ = 0, and
can be hard to solve in practice. Therefore, there is a gap in the literature for a computationally tractable,
unique, solution concept.

6.1.2 Desired Properties
Prior research emphasizes the significance of a unique objective for equilibrium selection. However, jus-
tifying the superiority of one unique solution over others remains challenging. Occam’s razor and the
principle of maximum entropy (Jaynes, 1957) have been invoked to support specific selection functions.
While maximum entropy solutions offer uniqueness, they often lead to equilibria with low payoffs. In con-
trast, maximum welfare is generally favored as a selection criterion due to its tendency to yield high-payoff
equilibria and its linear nature. However, it is a not unique selection criterion. Equilibrium selection can be
defined as a function that maps the set of games and their equilibria to a single equilibrium: (G,Σ∗)→ σ∗.
There are a number of desired properties an equilibrium selection problem may have.

Unique: Uniqueness is useful for consistency and stability. Fortunately, any strictly convex function can
select from a convex set. Linear functions are not strictly convex, hence MW is not in general a
unique selection.

Invariant to Equilibrium-Invariant Transforms: As discussed in Chapter 3, some payoff transforms are
equilibrium-invariant. An equilibrium selection could select for the same equilibria for all games in
an embedding. MW does not necessarily preserve this property as payoffs are shifted and scaled,
however modified versions of MW could be made to be equilibrium-invariant. ME is invariant to
payoff transformations because it is only a function of the joint.

Value Maximizing: The selection criteria should prefer solutions that give high value to players. MW is a
criterion that directly attempts to do this, however it does not necessarily distribute the value amongst
the players. On the other hand, the ME criterion gives very low value.

Tractable: Linear solutions can be solved with LPs in polynomial time. Maximum entropy is a more
difficult class of problems to solve, requiring exponential cone programming.

Principled: Ideally the criterion should be principled or simple in some way. ME is known to maximize
the uncertainty of other player’s actions while maintaining equilibrium (Ortiz et al., 2007). It also
makes the fewest assumptions (Jaynes, 1957).

Robust: Small changes in the payoffs can cause step changes in the equilibrium. Some equilibria may be
more robust than others to perturbations in the payoffs.

6.2 MG(C)CE and its Computation
The set of (C)CEs forms a convex polytope, and therefore any strictly convex function could uniquely select
a solution. The literature only provides one such example: MECE (Ortiz et al., 2007) which has a number

3This is true if the correlation device is not considered as part of the game. If it was part of the game (for example traffic lights at
a junction) the solution concept can appear prescriptive.
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of appealing properties, but was found to be slow to solve large games. There is a gap in the literature for
a more tractable approach, and this work proposes to use the Gini impurity (GI) (Bishop, 2006; Breiman
et al., 1984). GI is a member of the Tsallis entropy family, a generalized entropy that is equivalent to GI
under a certain parameterization. It is maximized when the probability mass function is uniform σ = 1

|A|
and minimized when all mass is on a single outcome. GI is popular in decision tree classification algorithms
because it is easy to compute (Breiman et al., 1984). The resulting solution concept is called maximum Gini
(coarse) correlated equilibrium (MG(C)CE). This approach has connections to maximum margin (Cortes
and Vapnik, 1995) and maximum entropy (Jaynes, 1957). The derivations (Section 6.A.2.2) follow standard
optimization theory.

6.2.1 Quadratic Program
The Gini impurity is defined as 1 − σTσ, and the MG(C)CE is denoted σ∗. This work uses an equivalent
standard form objective − 1

2σ
Tσ. The most basic form of the problem can be expressed directly as a

quadratic program (QP), consisting of a quadratic objective function (Equation 6.4a) and linear constraints
(Equations 6.4b and 6.4c).

Gini objective: max
σ
−1

2
σTσ s.t. (6.4a)

(C)CE constraints: Apσ ≤ ϵ ∀p (6.4b)

Probability constraints: σ ≥ 0 eTσ = 1 (6.4c)

QPs are a well studied problem class and many techniques may be used to solve them, including
convex and quadratic optimization software, such as CVXPY (Agrawal et al., 2018; Diamond and Boyd,
2016) and OSQP (Stellato et al., 2020).

6.2.2 Primal and Dual Forms
The primal objective to be optimized is minσ maxα,β,λ L(σ, α, β, λ) = Lα,β,λ

σ , where Lα,β,λ
σ is the pri-

mal Lagrangian function, αp ≥ 0 are the dual variable vectors corresponding to the ϵ−(C)CE inequal-
ity constraints (Equation 6.4b), β ≥ 0 is the dual variable vector corresponding to the distribution in-
equality constraints (Equation 6.4c), and λ is the dual variable corresponding to the distribution equality
constraint (Equation 6.4c). By augmenting the dual variables α = [α1, ..., αn] and constraints matrix
A = [A1, ..., An], the primal objective can be written compactly as:

Lαp,β,λ
σ =

1

2
σTσ + αT (Aσ − ϵ)− βTσ + λ(eTσ − 1), (6.5)

where the constant vector of ones with appropriate size is denoted by e, and ϵ is a vector populated with the
approximation parameter. A simplified dual version of the optimization can be formulated:

Lα,β = −1

2
αTACATα+ bTATα− ϵTα− 1

2
βTCβ − bTβ + αTACβ +

1

2
bT b,

where C = I − ebT normalizes by the mean, and b = 1
|A|e is the uniform vector. The optimal primal

solution σ∗ can be recovered from the optimal dual variables α∗
p and β∗

p using

σ∗ = b− CATα∗ + Cβ∗. (6.6)

The full-support assumption states that all joint probabilities have some positive mass, σ > 0. In this
scenario, the dual variable vector corresponding to the non-negative probability constraint is zero, β = 0.



6.3. Properties of MG(C)CE 119

Therefore, simplified primal and dual objectives can be defined.

Lα,λ
σ = −1

2
σTσ + αT (Aσ − ϵ) + λ(eTσ − 1) (6.7a)

Lα = −1

2
αTACATα+ bTATα− ϵTα+

1

2
bT b (6.7b)

σ∗ = b− CATα∗ (6.7c)

6.3 Properties of MG(C)CE
This section discusses some of the properties of ϵ-MG(C)CE4. Section 6.A.2 contains the proofs for this
section.

6.3.1 Uniqueness
Theorem 6.3.1 (Uniqueness and Existence). MG(C)CE provides a unique solution to the equilibrium so-
lution problem and always exists.

6.3.2 Scalable Representation
MG(C)CE can provide solutions in general-support and, similar to MECE, MG(C)CE permits a scalable
representation when the solution is full-support. Under this scenario, the distribution inequality constraint
variables, β, are inactive, are equal to zero, can be dropped, and the α variables can fully parameterize the
solution.

Theorem 6.3.2 (Scalable Representation). The MG(C)CE, σ∗, has the following forms:

General Support: σ∗ = b− CATα∗ + Cβ∗ (6.8a)

Full Support: σ∗ = b− CATα∗ (6.8b)

Where e is a vector of ones, |A| =
∏

p |Ap|, C = I − eT b, and b = 1
|A|e are constants. α∗ ≥ 0

and β∗ ≥ 0 are the optimal dual variables of the solution, corresponding to the (C)CE and distribution
inequality constraints respectively.

Let |Ap| correspond to the number of actions available to player p, and the total number of joint actions,
σ, is |A| =

∏
p |Ap|. For each value of σ, there is a corresponding β dual variable. The number of α dual

variables is no more than the number of pair permutations
∑

p |Ap|(|Ap| − 1) for CEs or actions
∑

p |Ap|
for CCEs. Clearly, games with three or more players and many actions,

∑
p |Ap|(|Ap| − 1) ≪

∏
p |Ap|

for CEs and
∑

p |Ap| ≪
∏

p |Ap| for CCEs, allow for a very scalable parameterization if the full-support
assumption holds. Furthermore, optimal α∗ are sparse so rows can be discarded from A, in a similar spirit
to SVMs (Cortes and Vapnik, 1995).

For CEs, full-support is not possible when an action is strictly dominated by another. This case can
be easily mitigated by iterated elimination of strictly dominated strategies (IESDS) (Fudenberg and Tirole,
1991). This also has the desirable property of simplifying the optimization. In a similar argument, when
actions are repeated (having the same payoffs), only one needs be retained with appropriate modifications
to the optimization.

Among the set of ϵ-MG(C)CE there always exists one with full-support. Note that any infinitesimal
positive ϵ will permit a full-support (C)CE, but ϵ-MG(C)CE does not necessarily select these. An upper
bound on ϵ which permits a full-support solution is given by Theorem 6.3.3.

4Some of the properties discussed here also apply to MECE (Ortiz et al., 2007).
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Theorem 6.3.3 (Existence of Full-Support ϵ-MG(C)CE). For all games, there exists an ϵ ≤ max(Ab) such
that a full-support, ϵ-MG(C)CE exists. A uniform solution, b, always exists when max(Ab) ≤ ϵ. When
ϵ < max(Ab), the solution is non-uniform.

6.3.3 Family of Solutions
ϵ-MG(C)CE provides an intuitive way to control the strictness of the equilibrium via the approximation
parameter, ϵ, which parameterizes a family of unique solutions. Positive ϵ expands the solution set and
results in a higher Gini impurity solution, at the expense of lower payoff, and approximate equilibrium.
Negative ϵ shrinks the solution set to achieve a strict equilibrium and higher payoff at the expense of Gini
impurity. This might also be a more robust solution (Ben-Tal et al., 2009; Wald, 1939, 1945) if the payoff
is uncertain.

It is worth emphasizing a set of particularly interesting solutions within this family. Firstly the standard
MG(C)CE, with ϵ = 0, provides a weak equilibrium for non-trivial games (Theorem 6.3.4). Secondly,
an edge case with positive ϵ is max(Ab)-ϵ-MG(C)CE which guarantees a uniform distribution solution.
Converging to uniform when increasing ϵ is a desirable property (principle of insufficient reason) (Jaynes,
1957; Leonard J. Savage, 1954; Sinn, 1980). Thirdly, note that all ϵ < max(Ab) are guaranteed to have
a non-uniform distribution (Theorem 6.3.3), therefore, a 1

2 max(Ab)-ϵ-MG(C)CE could be an interesting
way to regularise a MGCE towards a uniform distribution. Fourthly, because the algorithms are particularly
scalable when full-support, working out the minimum ϵ such that a full-support solution exists, full-ϵ-
MG(C)CE, would be useful. Finally, the solution with the smallest feasible ϵ is the min ϵ-MG(C)CE. This
solution has the lowest entropy of the family, but the highest payoff, and constitutes the strictest equilibrium.
Refer to Figure 7.1 for the family of solutions for the traffic lights game.

Theorem 6.3.4. For non-trivial games (Nau et al., 2004), the MG(C)CE lies on the boundary of the polytope
and hence is a weak equilibrium.

Since the ϵ is deterministically known for the max(Ab)ϵ-MG(C)CE, 1
2 max(Ab)ϵ-MG(C)CE and

MG(C)CE solutions, one can solve for these using the standard solvers discussed in Section 6.2. For
the min ϵ-MG(C)CE one can tweak the optimization procedure to solve for this case directly by simply
including a cϵ term to minimize, where c > 1. Bisection search can be used to find full-ϵ-MG(C)CE.

6.3.4 Invariance
An important concept in decision theory, called cardinal utility (Mas-Colell et al., 1995), is that offset and
positive scale of each player’s payoff does not change the properties of the game. A notable solution concept
that does not have this property is MW(C)CE.

Theorem 6.3.5 (Affine Payoff Transformation Invariance). When a payoff is transformed (Gp, ϵp) →
(spGp + bp(a−p), spϵp) for some positive sp, the MG(C)CE of the transformed game is invariant.

6.3.5 Computationally Tractable
In general, finding NEs is a hard problem (Daskalakis et al., 2009). While solving for any valid (C)CE is
simple (basic feasible solution of a linear constraint problem) (Matouek and Gärtner, 2006), and finding a
(C)CE with a linear objective is an LP, solving for a particular (C)CE can be hard. For example, MECE
(Ortiz et al., 2007) requires optimizing a constrained nonlinear objective. α-Rank can be solved in cubic
time in the number of pure joint strategies, O(|A|3).

MG(C)CE, however, is the solution to a quadratic program, and therefore can be solved in polynomial
time. Furthermore, if the assumption is made that the solution is full-support, the algorithm’s variables
scale better than the number of σ parameters. Space requirements are dominated by the storage of the
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advantage matrix A, which requires a space of O(n|Ap||A|) when exploiting sparsity. Computation is also
on the order O(n|Ap||A|) for gradient computation, exploiting sparsity. The number of variables depends
on whether the equilibrium is general-support, |A| + n|Ap|2, or full-support, n|Ap|2. It is possible to
make use of sparse matrix implementations and only efficient matrix-vector multiplications are required to
compute the derivatives.

6.4 Conclusion
There has been significant recent interest in solving the equilibrium selection problem (Omidshafiei et al.,
2019; Ortiz et al., 2007). This chapter provides a novel approach which is computationally tractable, sup-
ports general-support solutions, and has favourable scaling properties when the solution is full-support. The
new solution concept MG(C)CE is rooted in the powerful principles of entropy and margin maximisation.
Therefore it is a simple solution that makes limited assumptions, and is robust to many possible counter
strategies (Jaynes, 1957). The MG(C)CE defines a family of unique solutions parameterized by ϵ, that can
control for the properties of the distribution.
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6.A Appendices
6.A.1 Generalized Entropy
Shannon’s Entropy (Shannon, 1948), IS , is a familiar quantity and is described as a measure of “information
gain”. The Gini Impurity (Bishop, 2006; Breiman et al., 1984) is a measurement of the probability of mis-
classifying a sample of a discrete random variable, if that sample were randomly classified according to its
own probability mass function, IG =

∑N
i σi

∑
j ̸=i σj = 1 −

∑N
i σ2

i . Both Shannon’s entropy and Gini
Impurity are maximized when the probability mass function is uniform σi =

1
|A| and minimized when all

mass is on a single outcome. Both metrics are used in decision tree classification algorithms, with Gini
being more popular because it is easier to compute (Breiman et al., 1984).

In physics, there has been recent interest in non-extensive entropies which have been found to better
model certain physical properties. One such entropy is called the Tsallis entropy, IT =

1−
∑

i σ
q
i

q−1 , (Havrda
et al., 1967; Kaur and Buttar, 2019; Tsallis, 1988; Wang and Xia, 2017) and is parameterized by real q.
A notable property of the Tsallis entropy is that it is non-additive. Assume that there are two independent
variables A and B, with joint probability P (A,B) = P (A)P (B), then the combined Tsallis entropy of this
system is IT (A,B) = IT (A) + IT (B) + (1 − q)IT (A)IT (B). Therefore it can be seen that the (1 − q)

quantity is a measure of the departure from additivity, with additivity being recovered in the limit when
q → 1. This corresponds to the additive Shannon’s entropy. The Gini impurity is recovered when q = 2.
Therefore, the Gini impurity is a non-extensive generalized entropy.

6.A.2 Proofs of MG(C)CE Properties
6.A.2.1 Uniqueness and Existence
Theorem 6.A.1 (Uniqueness and Existence). MG(C)CE provides a unique solution to the equilibrium so-
lution problem and always exists.

Proof. The problem is a concave maximization problem with linear constraints so therefore has a unique
solution. Existence follows from the fact that a CE always exists.

6.A.2.2 Scalable Representation
Theorem 6.A.2 (Scalable Representation). The maximum Gini (C)CE, σ∗, has the following forms:

General Support: σ∗ = b− CATα∗ + Cβ∗ (6.9a)

Full Support: σ∗ = b− CATα∗ (6.9b)

Where e is a vector of ones, |A| =
∏

p |Ap|, C = I − eT b, and b = 1
|A|e are constants. α∗ ≥ 0 and

β∗ ≥ 0 are the optimal dual variables of the solution, corresponding to the CE and distribution inequality
constraints respectively.

Proof. Start with the primal Lagrangian form.

Lα,β,λ
σ =

1

2
σTσ + α(Aσ − ϵ)− βTσ + λ(eTσ − 1) (6.10)

We wish to find the saddle point, minσ maxα,β,λ L
α,β,λ
σ . To construct the dual Lagrangian, first take

derivatives with respect to the primal variables σ, and set them equal to zero.

∂Lα,β,λ
σ

∂σ
= σ∗ +

(
ATα− β + λ

)
= 0 =⇒ σ∗ = −ATα+ β − λe (6.11)
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These can be substituted back into the primal Lagrangian.

Lα,β,λ = −1

2

[
ATα− β + λe

]T [
ATα− β + λe

]
− αT ϵ− λ

Taking derivatives with respect to λ.

∂Lα,β,λ

∂λ
= −|A|λ∗ − eTATαp + eTβ − 1 = 0 =⇒ λ∗ =

1

|A|
(
−eTATα+ eTβ − 1

)
(6.12)

Substituting λ back. Remember that there are non-negative constraints on α ≥ 0 and β ≥ 0. Therefore,
one cannot easily solve for β to reduce this expression further. By defining C = I − ebT , and bT = 1

|A|e
T

(the uniform distribution), noting bC = 0 and CTC = C, we arrive at the general support dual Lagrangian
form.

Lα,β = −1

2

[
CATα− Cβ − 1

|A|
e

]T [
CATα− Cβ − 1

|A|
e

]
− αT ϵ+ bTATα− bTβ +

1

|A|

= −1

2
αTACATα+ bTATα− αT ϵ− 1

2
βTCβ − bTβ + αTACβ +

1

2
bT b

By combining Equations 6.11 and 6.12, we can arrive at an equation that describes the relationship
between the primal and dual parameters.

σ∗ = b− CATα∗ + Cβ∗ (6.13)

It is advantageous to try and obtain a more compact representation. This is achievable if σ has full sup-
port. In this case, β = 0, because none of the σ ≥ 0 constraints are active which results in Equation 6.14a,
the full support dual Lagrangian form.

Lα = −1

2
αTACATα+ bTATα− ϵTα+

1

2
bT b (6.14a)

σ∗ = b− CATα∗ (6.14b)

Theorem 6.A.3 (Existence of Full-Support ϵ-MG(C)CE). For all games, there exists an ϵ ≤ max(Ab)

such that a full-support, ϵ-MG(C)CE exists. A uniform solution, b, always exists when max(Ab) ≤ ϵ. When
ϵ < max(Ab), the solution is non-uniform.

Proof. Note, Aσ ≤ ϵ ⇐⇒ ACσ + Ab ≤ ϵ, Cb = 0 and that b is the uniform distribution with maximum
possible Gini impurity. Note that when max(Ab) ≤ ϵ the inequality will always hold with σ = b. And the
inequality cannot hold with σ = b when ϵ ≤ max(Ab).

6.A.2.3 Family
Theorem 6.A.4. For non-trivial games, the MG(C)CE lies on the boundary of the polytope and hence is a
weak equilibrium.

Proof. MG(C)CE is attempting to be near the uniform distribution. If the uniform distribution is not a
(C)CE the MG(C)CE lies on the boundary of the (C)CE polytope, and by definition is weak. If the uniform
distribution is a (C)CE, then it is also an NE (because it factorizes). It therefore lies on the polytope if it is
a non-trivial game by (Nau et al., 2004).
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Table 6.1: Family of MG(C)CE solutions.

MG(C)CE ϵ Properties
max(Ab)ϵ-MG(C)CE max(Ab) Uniform, highest entropy, lowest payoff

1
2 max(Ab)ϵ-MG(C)CE 1

2 max(Ab) Between uniform and (C)CE
fullϵ-MG(C)CE ≤ max(Ab) Minimum ϵ such that MG(C)CE is full-support

MG(C)CE 0 Weak (C)CE, NE in two-player constant sum
min ϵ-MG(C)CE ≤ 0 Strictest (C)CE, lowest entropy, highest payoff

Table 6.1 summarizes the family of solutions that make up MG(C)CE. Note that a similar family can
be defined for ME(C)CE.

6.A.2.4 Invariance
Theorem 6.A.5 (Affine Payoff Transformation Invariance). If σ∗ is the ϵ-MG(C)CE of a game, G, then
for each player p independently we can transform the payoff tensors G̃p = cpGp + dp and approximation
vector ϵ̃p = apϵp for some positive cp and real dp scalars, without changing the solution. Furthermore, if a
game, G, has (C)CE constraint matrix, A, and bound vector, ϵ, then each row can be scaled independently
without changing the MG(C)CE.

Proof. The only way that a game’s payoff, G, influences the solution is via the (C)CE constraint matrices
Ap. Recall that these are defined as the difference between action payoffs ap ̸= a′p ∈ Ap. It is easy to see
that the constant dp will cancel immediately.

Ãp,i,j = G̃p(a
′
p, a−p)− G̃p(ap, a−p) (6.15)

= c(Gp(a
′
p, a−p)−Gp(ap, a−p))

Notice that A always appears alongside the dual variables α. Therefore any scale in Ãα̃ = cAα̃ can be
counteracted by α̃ = α

c , without changing the nature of the optimization.
Similar to above, not only does αp appear alongside Ap, each element appears alongside a particular

row of Ap. Therefore not only can a whole Ap be scaled by a positive factor, each row of Ap can be scaled
individually. Intuitively, each row of the (C)CE constraint matrix defines an equation of a plane in the
simplex, and planes are not altered when scaled by a positive factor. We may exploit this property to better
condition the optimization problem.

6.A.3 MGCE Computation
There are several tricks that can be employed to simplify the nature of the computation problem.

6.A.3.1 Bounded Gradient Methods
It is easy to formulate gradient algorithms to solve for the MG(C)CE. It is most convenient to work in the
reduced dual form of the problem as it enforces the probability equality constraint automatically, allows
for making the full-support assumption, and does not require any projection routines. The computations
involve sparse matrices, so appropriate sparse data structures should be used. The dual variables have a
non-negative constraint, which is also sometimes referred to as a box or bound constraints in the literature.
For gradient ascent, initialize α0 = 0, β0 = 0, and update the variables according to their gradient, where
NN(σ) = max(0, σ), ensures the variables remain non-negative.

αt+1 ← NN
[
αt + γ(−ACATαt +Ab− ϵ+ACβt)

]
(6.16a)

βt+1 ← NN
[
βt + γ(−Cβt − b+ CTATαt)

]
(6.16b)
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If we assume the solution is full-support, we can simplify the dual version even further by dropping
the β variable updates.

αt+1 ← NN
[
αt + γ(−ACATαt +Ab− ϵ)

]
(6.17)

Second order derivatives are also easily computed, allowing use of bounded second order linesearch
optimizers, such as L-BFGS-B (Byrd et al., 1995). Other techniques such as momentum (Rumelhart et al.,
1986), preconditioning the rows of the A matrix, and iterated elimination of strictly dominated strategies
of the payoff matrix will also help. An efficient conjugate gradient method can be adapted from Polyak’s
algorithm (O’Leary, 1980; Polyak, 1969), which is a conjugate gradient method modified to support solving
problems with bounds and is proven to converge in finite iterations.

6.A.3.2 Payoff Reductions
There are two methods which could be used to reduce the size of the payoff tensor and hence reduce the
complexity of the game that is required to be solved; repeated action elimination, and dominated action
elimination.

Repeated Action Elimination: Consider a payoff which has repeated strategies (identical payoffs). This
represents a redundancy in the game formulation and we can therefore keep only one of these actions
and appropriately modify the objective to account for this alteration. Let rp be the number of repeats
for each action after elimination (i.e. rp = e if all were unique). Define r = ⊗prp as the flattened
repeat count which is the same size as σ and r̃p = ⊗p′{e if p′ = p else rp′}. Then the constraints
now become rTσ = 0 and Ap(σ · r̃p) ≤ ϵp, and the objective becomes 1 − σT (σ · r). This has the
dual effect of reducing the number of variables and constraints in the problem and, more importantly,
breaks the symmetry of repeated terms which several solvers can struggle with. It is important to run
this procedure before eliminated dominated actions, because repeated actions by definition do not
dominate one another.

Dominated Action Elimination: Strictly dominated strategies can be pruned from the payoff without af-
fecting the results because dominated strategies can never have non-zero support in CEs where ϵ ≤ 0.
Any CE solution with non-positive ϵ can exploit this reduction.

Empirically, it is common for actions to be repeated and actions to be strictly dominated by others.

6.A.3.3 Eigenvalue Normalization
Some methods, such as gradient methods, benefit from the eigenvalues of the problem being similar in
magnitude. We found empirically that re-normalizing by the L2 norm of the rows of the constraint matrix
resulted in eigenvalues close to 1. This is allowed by Theorem 6.A.5.

6.A.3.4 Dual Optimal Learning Rate
For the dual form of the objective there is an optimal constant learning rate we can use which is based on
the eigenvalues of the Hessian. Calculating the eigenvalues exactly may be too computationally expensive.
We can instead obtain an upper bound. A good choice of learning rate that is guaranteed to converge is
γ = 2

σmax+σ+
min
≥ 2

maxj
∑

i |Dij |+minj

∑
i |Dij | , where D is the Hessian of the dual form. A proof follows

below.

Proof. C is idempotent and positive semi-definite. For any B, BBT is positive semi-definite, therefore
(AC)(AC)T = ACAT is positive semi-definite. This is the first part of the block diagonals of the Hessian,
D, which is therefore singular symmetric positive semi-definite.

It is known that the best choice of constant learning rate in this setting is γ = 2
σmax++σmin+

. Because
the Hessian is not full rank and positive semi-definite, σmin = 0. One needs to find the smallest non-zero
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eigenvalue. One possible upper bound on the maximal eigenvalues of a positive semi-definitive matrix, by
the Gerschgorin circle Theorem (Gerschgorin, 1931), is:

σmax ≤ max
j

∑
i

|Dij | = max
i

∑
j

|Dij | (6.18)

σ+
min ≤ min

j

∑
i

|Dij | = min
i

∑
j

|Dij | (6.19)



Chapter 7

Joint Policy-Space Response Oracles

A popular framework called Policy-Space Response Oracles (PSRO) unifies the Nash equilib-
rium solving algorithms self-play, fictitious self-play, and double oracle. In addition, it pro-
poses using reinforcement learning (RL) as an approximate best-response oracle. Go (Silver
et al., 2018) and StarCraft (Vinyals et al., 2019) were solved using this framework. However
there has been limited progress outside of the two-player zero-sum setting. This work proposes
Joint Policy-Space Response Oracles (JPSRO), an algorithm for training agents in n-player
general-sum extensive-form games, which provably converges to a correlated equilibrium (CE)
or coarse correlated equilibrium (CCE). More generally, CEs and CCEs are demonstrated to
be promising meta-solvers. Several experiments are conducted using (C)CE meta-solvers with
JPSRO which demonstrate convergence on n-player general-sum games. This work has been
published at ICML (Marris et al., 2021a,b). The convergence proofs were contributed by Paul
Muller.

7.1 Introduction
Recent success in tackling two-player, zero-sum games (Silver et al., 2016; Vinyals et al., 2019) has out-
paced progress in n-player general-sum games despite a lot of interest in the space (Anthony et al., 2020b;
Berner et al., 2019; Brown and Sandholm, 2019; Gray et al., 2020; Jaderberg et al., 2019; Lockhart et al.,
2020). One reason is because Nash equilibrium (NE) (Nash, 1951) is tractable and interchangeable in the
two-player, zero-sum setting but becomes intractable (Daskalakis et al., 2009) and non-interchangeable1 in
n-player and general-sum settings. As well as being a problem in normal-form (NF) games, this problem
setting arises in multiagent training when dealing with empirical games (also called meta-games (Walsh
et al., 2002; Wellman, 2006)), where a game payoff tensor is populated with expected outcomes between
agents playing an extensive-form (EF) game, for example the StarCraft League (Vinyals et al., 2019) and
Policy-Space Response Oracles (PSRO) (Lanctot et al., 2017), a recent variant of which reached state-of-
the-art results in Stratego Barrage (McAleer et al., 2020).

In this work correlated equilibrium (CE) (Aumann, 1974) and coarse correlated equilibrium (CCE)
(Hannan, 1957; Moulin and Vial, 1978) are proposed as a suitable target equilibrium space for n-player
general-sum games2. The (C)CE solution concept has two main benefits over NE; firstly, it provides a
mechanism for players to correlate their actions to arrive at mutually higher payoffs and secondly, it is
computationally tractable to compute solutions for n-player general-sum games (Daskalakis et al., 2009).

1That is, there are no longer any guarantees on the expected utility when each player plays their part of some equilibrium; guaran-
tees only hold when all players play the same equilibrium. Since players cannot guarantee what others choose, they cannot optimize
independently, so the Nash equilibrium loses its appeal as a prescriptive solution concept.

2The most general games (also called environments) are targeted: extensive-form games, multiagent MDPs and POMDPs (stochas-
tic games), and imperfect information games are all solvable with this approach.
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This work proposes a novel training framework, Joint Policy-Space Response Oracles (JPSRO), that con-
verges to (C)CEs in extensive-form games. A variety of (C)CE meta-solvers are proposed which have
different trade-offs for finding high value equilibria or exploring the space of policies. An empirical study
shows convergence rates and social welfare across a variety of games including n-player general-sum, and
common-payoff games. The result is a set of tools for theoretically solving any complete information3

multiagent problem. These tools are amenable to scaling approaches; including utilizing reinforcement
learning, function approximation, and online solution solvers.

There have been numerous extensions proposed for PSRO (McAleer et al., 2020, 2021). Furthermore,
several different approaches have been suggested for meta-solvers in PSRO, including α-Rank (Muller
et al., 2020), Projected Replicator Dynamics (PRD) (Lanctot et al., 2017), uniform distribution (Brown,
1951; Heinrich et al., 2015), and the Nash equilibrium (McMahan et al., 2003). Another important area of
related work concerns optimization based approaches (Dudik and Gordon, 2012; Farina et al., 2019a; von
Stengel and Forges, 2008) and no-regret approaches (Celli et al., 2019, 2020; Morrill et al., 2021). These
approaches identify specific subsets or supersets of (C)CE in the extensive-form game by constructing con-
straint programs or by local regret minimization using the full representation of the information state space.
In contrast, the oracle approach can iteratively identify meta-games with smaller support that summarize
the strategic complexity of the game compactly.

7.2 Preliminaries
7.2.1 Normal-Form and Extensive-Form Equilibria
(C)CEs provide a richer set of solutions than NEs. The maximum social welfare in (C)CEs is at least that of
any NE. In particular, this allows more intuitive solutions to anti-coordination games such as chicken and
traffic lights. Consider the traffic lights example; a symmetric, general-sum, two-player game consisting of
two actions go, (G), and wait, (W ). (G,G) results in a crash, in (W,W ) no progress is made, and (G,W )

and (W,G) result in progress for one of the players. Figure 7.1 shows the NE and CE solution space for the
traffic lights game. The mixed NE solution (G,W ) = ( 1

11 ,
10
11 ) is clearly unsatisfactory ( 1

121 crashing and
100
121 waiting). One could argue that the best solution is to have players flip a coin to decide who waits and
who goes. It turns out that this solution is a valid CE and is in fact the unique solution of min ϵ-MGCE, a
novel solution concept introduced in Section 6.2.

The solution concepts discussed so far apply to normal-form (NF) games, and therefore are sometimes
prefixed as such in the literature (NFCE and NFCCE) to disambiguate them from their extensive-form (EF)
counterparts: EFCE (von Stengel and Forges, 2008) and EFCCE (Farina et al., 2019a). This distinction
is important because although EF solutions are a natural choice in EF games: NF solutions can also be
applied in EF games by using whole policies πp ∈ Πp in place of strategies ap ∈ Ap. These solutions are
subsets of one another; NFCE ⊆ EFCE ⊆ EFCCE ⊆ NFCCE (von Stengel and Forges, 2008), therefore
NFCE is the most restrictive correlation device while NFCCE is the least restrictive and is therefore capable
of achieving the highest welfare. The best correlation device to use is a matter of debate in the literature.
However, note that NF solutions are interesting in EF games because a) they permit the highest welfare, and
b) they only require communicating recommendations once before the game starts (as opposed to EF(C)CEs
which require communication at every timestep). (J)PSRO trains sets of policies and converges to an NF
equilibrium. Therefore, all equilibria discussed in this work are NF and this is assumed going forward.

7.2.2 Policy-Space Response Oracles (PSRO)
Policy-Space Response Oracles (PSRO) (Lanctot et al., 2017) (Algorithm 7.1) is an iterative population
based training method for multiagent learning that generalizes other well known algorithms such as ficti-

3Payoffs for all players are required for the correlation device.
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W 0.334 0.299

(c) MECE
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(d) Mixed NE
(0, 0)
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G 0 1
W 0 0
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G W
G 0 0
W 1 0

(f) Col NE
(0, 1)

G W
G 0.033 0.327
W 0.327 0.313

(g) MGCE
(0, 0)

G W
G 0 0.34
W 0.34 0.32

(h) F-MGCE
(0.34, 0.34)

G W
G 0 0.5
W 0.5 0

(i) MWCE
(0.5, 0.5)

Figure 7.1: The solution landscape for the traffic lights game. The solid polytope shows the space of CE joint strategies,
and the dotted surface shows factorizable joint strategies. NEs are where the surface and polytope intersect. There are
three unsatisfying NEs: mixed spends most of its time waiting and does not avoid crashing, the others favour only the
row or column player. One MWCE provides a better solution (note that Row NE and Col NE, and any mixture of the
two, are also MWCE solutions). The center of the tetrahedron is the uniform distribution and the MECE and MGCE
attempt to be near this point. The dashed lines correspond to the family of solutions permitted by MGCE and MECE
when varying the approximation parameter ϵ. Both have (GW,WG) = (0.5, 0.5) as the min ϵ solution. Player payoffs
are given in parenthesis.

tious self play (FSP) (Brown, 1951; Heinrich et al., 2015) and double oracle (DO) (McMahan et al., 2003).
PSRO (Algorithm 7.1) operates by iteratively growing a set of policies for each player, (πp ∈

Πp)p=1..n. At each iteration, a new policy is added to each player’s set by calculating the policy that
best-responds to a distribution over the set of policies found so far, (σp)p=1..n. The best-response can be
calculated exactly, or approximated using scalable RL techniques. If at any point, best-response cannot uni-
laterally improve the payoff over the expected payoff under the distribution, by definition the distribution
is a Nash equilibrium, and the algorithm can terminate. If best-responses are restricted to pure strategies
(without loss of generality), there are finite such best-responses, and therefore the algorithm will always
terminate.

The important part of the algorithm is the choice of distribution to best-respond to. One choice is
to best-respond to a uniform distribution over the policies. Another choice is to use the Nash distribution
over the policies found so far. This is calculated by calculating Nash equilibrium of the normal-form
game populated with payoffs between the set policies found so far. Either the uniform or Nash distribution
converges to an NE in two-player, zero-sum games, and has recently been extended to convergence to other
types of equilibria (McAleer et al., 2021; Muller et al., 2020). The work in this chapter is in line with
these developments, studying convergence of a variant of PSRO with joint policy distributions and (C)CE
meta-solvers in n-player general-sum games.

PSRO consists of a response oracle that estimates the best response (BR) to a joint distribution of
policies. Commonly the response oracle is either an RL agent or a method that computes the exact BR.
The component that determines the distribution of policies that the oracle responds to is called the meta-
solver (MS). The MS operates on the meta-game (MG), which is a payoff tensor estimated by measuring
the expected return (ER) of policies against one another. This is an NF game, but instead of strategies
corresponding to actions, a, they correspond to policies, π. The set of deterministic policies can be huge
and that of stochastic policies is infinite, therefore PSRO only considers a subset of game policies: the
ones found by the BR over all iterations so far. Different MSs result in different algorithms: the uniform



7.3. Joint PSRO 130

Algorithm 7.1 Two-Player PSRO

1: Π0
1, Π0

2← {π0
1}, {π0

2}
2: G0← ER(Π0)
3: σ0

1 , σ0
2 ←MS(G0)

4: for t← {1, ...} do
5: πt

1, ∆t
1← BR(Πt−1

2 , σt−1
2 )

6: πt
2, ∆t

2← BR(Πt−1
1 , σt−1

1 )
7: Πt

1, Πt
2← Πt−1

1 ∪ {πt
1}, Πt−1

2 ∪ {πt
2}

8: Gt← ER(Πt)
9: σt

1, σt
2←MS(Gt)

10: if ∆t
1 +∆t

2 = 0 then
11: break

return (Π0:t
1 , Π0:t

2 ), (σt
1, σt

2)

Algorithm 7.2 JPSRO

1: Π0
1, ..., Π0

n ← {π0
1}, ..., {π0

n}
2: G0 ← ER(Π0)
3: σ0←MS(G0)
4: for t← {1, ...} do
5: for p← {1, ..., n} do
6: {1πt

p, ...}, {1∆t
p, ...} ← BRp(Π0:t−1,

σt−1)
7: Π0:t

p ← Π0:t−1
p ∪ {1πt

p, ...}
8: G0:t← ER(Π0:t)
9: σt ←MS(G0:t)

10: if
∑

p,c
c∆t

p = 0 then
11: break

return Π0:t, σt

distribution results in FSP, and using the NE distribution results in an extension of DO.

7.3 Joint PSRO
JPSRO (Algorithm 7.2) is a novel extension to Policy-Space Response Oracles (PSRO) (Lanctot et al.,
2017) (Algorithm 7.1) with full mixed joint policies to enable coordination among policies. Although
a conceptually straightforward extension, careful attention is needed to a) develop suitable best response
(BR) operators, b) develop tractable joint distribution meta-solvers (MS), c) evaluate the set of policies
found so far, and d) develop convergence proofs.

This work uses notation similar notation to normal-form games, but with policies instead of strategies.
Let (Π∗

p)p=1..n be the set of all policies of the extensive-form game available for each player, and Π∗ =

⊗pΠ
∗
p be the set of all joint policies. JPSRO is an iteration-based algorithm, let {cπt

p, ...} = Πt
p be the

set of new policies found at iteration t for player p with c ∈ C indexing an individual policy within that
set. The set of all policies found so far for player p is denoted Π0:t

p and the set of joint policies is denoted
Π0:t = ⊗pΠ

0:t
p . The expected return (ER) of an NF game, (G0:t

p )p=1..n, is tracked for each joint policy
found so far such that G0:t

p (π) is the expected return to player p when playing joint policy π. G∗
p is defined

to be the payoff over all possible joint policies.
The MS is a function taking in the ER and returning a joint distribution, σt, over Π0:t, such that

σt(π) is the probability to play joint policy π ∈ Π0:t at iteration t. The BR operator finds a policy which
maximizes the expected return over the opponent mixed joint policies, π−p ∈ Π0:t

−p. This mixture is defined
in terms of the MS joint distribution, σt.

7.3.1 Meta-Game Estimation
The meta-game is a normal-form game, empirically derived from the expected returns of policies in com-
plex, potentially temporally extended, extensive-form games. Such meta-games are common in empirical
game-theoretic analysis (EGTA) (Walsh et al., 2002; Wellman, 2006). Broadly, there are two approaches
for calculating the meta-game: exactly via traversing the game tree or approximately by averaging over
many sampled returns.

In exact policy evaluation, the exact expected return is computed for each player by traversing the
entire game tree. The game tree contains all chance outcomes and randomness derived from the potentially
stochastic policies. Therefore the resulting return is the true expected payoff of each player. This approach
is only tractable for either small games which have small game trees, or when using deterministic policies
that only require visiting a small subset of the game tree.
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In larger games, or situations where the policy cannot be easily queried (for example when using
a policy that depends on internal state like an LSTM), the return has to be estimated through sampling
many matchups between policies. In such a setting, the meta-game will be an approximation, and will be
noisy. Unfortunately, small changes in the payoffs can result in step-changes in the equilibrium. This is a
known limitation with PSRO when estimating meta-games via sampling. In such a setting PSRO may only
converge to an approximate NE. JPSRO inherits this limitation.

This work focuses on the exact policy evaluation regime for two reasons. Firstly, it allows empirical
validation that the algorithms introduced converge exactly to (C)CEs given enough iterations. Secondly, it
removes a confounding factor when comparing MSs, allowing exact conclusions to be drawn from the per-
formance of different MSs. Although this work focuses on this exact case, JPSRO can utilize approximate
meta-games, if necessary, to scale to larger problems.

7.3.2 Meta-Solvers
The purpose of a meta-solver is to calculate a joint distribution, (usually an equilibrium) from the meta-
game which can be used for two purposes. Firstly, the joint can be used as a target that players will attempt
to best-respond to in order to expand the set of policies. Secondly, the joint can be used to evaluate the
strength of the set of policies found so far and to provide the final output distribution of the algorithm.

Historically, many of the traditional PSRO meta-solvers are factorizable solutions. Equivalently, their
joint probabilities can be marginalized without losing any information. For example, the meta-solver that
outputs a uniform distribution results in a parameterization of PSRO known as fictitious self play (FSP)
(Heinrich et al., 2015). This approach is proven to slowly converge to an NE in two-player zero-sum
games. A key advantage of this approach is that it is not necessary to compute the meta-game to obtain
this distribution. An approach that converges faster in practice uses NE as the meta-solver, which is a
parameterization of PSRO known as Double Oracle (DO). A drawback is that NE is hard to compute in n-
player general-sum games which this work focuses on. Projected replicator dynamics (PRD) (Lanctot et al.,
2017) is an evolutionary method of approximating NE, which has also been used in PSRO. α-Rank is a full
joint solution concept based on the stationary distribution of a Markov chain (Omidshafiei et al., 2019). It
is the one prior example of a full distribution being deployed in PSRO (Muller et al., 2020), however the
authors marginalize over the distribution so that it works with PSRO.

This work proposes that (C)CEs are good candidates for meta-solvers (MSs). They are more tractable
to compute than NEs and can enable coordination to maximize payoff between cooperative agents. In par-
ticular, three flavours of equilibrium MSs are proposed in this work. Firstly, greedy approaches, such as
MW(C)CE, select highest payoff equilibria. In general, maximum welfare is a non-unique linear formu-
lation that maximizes the sum of payoffs over all players. In case there are multiple (C)CEs with MW,
they can be further selected using a maximum entropy criterion (MEMW(C)CE), or by randomly select-
ing amongst them. Secondly, maximum entropy (such as MG(C)CE and ME(C)CE) attempt to be robust
against many policies through spreading weight. ME(C)CE is a unique nonlinear convex formulation that
maximizes the Shannon entropy of the resulting distribution (Ortiz et al., 2007), however it is an exponen-
tial programming problem. MG(C)CE is also unique but is a quadratic programming problem. Finally,
random samplers, such as Random Vertex (C)CE (RV(C)CE) attempt to explore by probing the extreme
points of equilibria. RV(C)CE is a linear formulation of the standard linear (C)CE problem, using a linear
cost function sampled from the unit ball. Note that this selects a random vertex on the (C)CE polytope and
is not sampling from within the polytope volume or elsewhere on the polytope surface. Note that these MSs
search through the equilibrium subspace, not the full policy space, and this restriction is a powerful way
of achieving convergence. Note that since CEs ⊆ CCEs, one can also use CE MSs with JPSRO(CCE). In
addition to (C)CE meta-solvers, this work also uses a couple of other (naive) baselines. Firstly, random
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Dirichlet samples a whole joint from a flat Dirichlet distribution. Secondly random joint samples a random
pure joint policy from the set.

7.3.3 Best-Response Operators
At iteration t + 1 each set, Π0:t

p , can be expanded using either a CCE or CE best response (BR) operator.
The type of BR operator used determines whether JPSRO converges to a CE or a CCE.

Definition 7.3.1 (JPSRO(CCE) Best-Response Operator).

BRt+1
p

(
Gp(π

∗
p, π−p), σ(π−p)

)
∈ argmax

π∗
p∈Π∗

p

∑
π−p∈Π0:t

−p

σt(π−p)G
∗
p(π

∗
p , π−p) (7.1a)

Π0:t+1
p = Π0:t

p ∪ {BRt+1
p (Gp(π), σ(π−p))} (7.1b)

Compare this definition to the normal-form best-response definition (Equation (2.40)). Of course,
the JPSRO(CCE) BR searches over policies, πBR

p , rather than strategies, aBR
p , in a normal-form game,

however this difference is semantic. The important difference is that although the best-response operator
only responds to the limited set of policies found so far, Π0:t

−p, it searches for a best-response over all
possible policies, Π∗

p. This is equivalent to player p finding a normal-form best-response in a game with
shape [|Π0:t

1 |, ..., |Π∗
p|, ..., |Π0:t

N |], where |Π∗
p| is the number of deterministic policies in a game. If there are

multiple deterministic best-response policies it is possible to arbitrarily mix over them to produce stochastic
policies.

Importantly, note that it is not necessary to know the entire normal-form game with shape
[|Π0:t

1 |, ..., |Π∗
p|, ..., |Π0:t

N |] to search over |Π∗
p|. Using the framework mentioned in Section 2.2.2.1, the

other players can be subsumed into the environment. The problem then becomes a single-agent single-
objective optimization problem. This problem can be solved exactly by traversing the game tree using a
depth-first search to find one or all deterministic best-responses. Alternatively, this problem can be approx-
imately solved at scale with RL, which is suited to solving single-agent environments. In this setting, the
learning algorithms train against randomly sampled joint-policies according to σ(π), and do standard value
maximization. Both on-policy (such as Policy Gradient) and off-policy (such as Q-Learning) are suitable
learning algorithms. Function approximation may also be used. PSRO championed the idea of using RL
(Lanctot et al., 2017). The experiments in this work use the exact tree search best-responses so that inexact
best-responses do not become a confounding variable, and the exact convergence of the algorithm can be
verified.

Definition 7.3.2 (JPSRO(CE) Best-Response Operator).

BRt+1
p

(
Gp(π

∗
p, π−p), σ(π−p|π′′

p )
)
∈ argmax

π∗
p∈Π∗

p

∑
π−p∈Π0:t

−p

σt
p(π−p|π′′

p )G
∗
p(π

∗
p , π−p) ∀π′′

p ∈
(
Π0:t

p

)+
(7.2a)

Π0:t+1
p = Π0:t

p ∪ {BRt+1
p

(
Gp(π

∗
p , π−p), σ(π−p|π′′

p )
)
, ...} (7.2b)

In contrast to the CCE BR, for CEs each player exploits each policy conditioned on possible positive-
support recommended policies, π′′

p . Therefore the CE BR is similar to the CCE best-response, and can
be calculated using the same approaches discussed above, however there are multiple distributions to best-
respond against at each iteration. If the distribution is factorizable (like NE), then the CE BR distributions
are equal for all recommended policies. Additionally, they are also equal to the CCE BR distribution. This
is the exact distribution PSRO uses. Therefore JPSRO((C)CE) is a strict generalisation PSRO: it handles
full joint distributions and is identical to PSRO when the joint factorizes.
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7.3.4 Gap and Convergence
The relationship between the best responses and the definitions of (C)CEs can be understood by recalling
Equation (2.62) for CCE, and Equation (2.51b) for WSCE.

CCE Gap and Convergence
Recalling and modifying the definition for normal-form CCEs, Equation (2.62), a distribution, σ(π), over
policies, π ∈ Π, is in ϵ-CCE when:

BRV
σ∗
p

p (Gp(π
∗, π−p), σ(π−p))−

∑
π∈Πp

σ(π)Gp(π) ≤ ϵp ∀p ∈ [1, N ] (7.3)

The first part of the LHS if known as the best-response value, and the second part of the LHS is known
as the expected value. JPSRO(CCE) is concerned with finding distributions and policies such that ϵp = 0

is feasible, so that a CCE is achieved. It is easy to measure the distance to a CCE (the CCE gap). The
per-player CCE gap can be combined into a single gap by either summing or taking the maximum.

Definition 7.3.3 (CCE Gap).

CCEGapp(Gp, σ) = max

BRV
σ∗
p

p (Gp(π
∗, π−p), σ(π−p))−

∑
π∈Πp

σ(π)Gp(π), 0

 (7.4a)

CCEGapΣ(Gp, σ) =
∑
p

CCEGapp(Gp, σ) (7.4b)

CCEGapmax(Gp, σ) = max
p

CCEGapp(Gp, σ) (7.4c)

Note that the zero-clipping is necessary because the term inside can be negative if the distribution falls
within the CCE polytope (equivalently a strict CCE). This is in contrast to the NE gap which can never have
such a negative component.

It is now straightforward to spot a necessary and sufficient condition for convergence. When the CCE
gap is zero, the distribution is a CCE. Equivalently when the best-response value does not improve upon the
expected value of the distribution for all players, the distribution is a CCE. From this condition, a vacuous
proof follows.

Theorem 7.3.4 (CCE Convergence). When using a CCE meta-solver and CCE best-response operator in
JPSRO(CCE) the mixed joint policy converges to a CCE under the meta-solver distribution.

Proof. Given a CCE distribution, σt(π), over the meta-game, Gp(π), at time step t, a best-response is
computed for all players. At this stage there are two possibilities:

1. All players have zero CCE gap, and the distribution is at a CCE in the full game.
2. At least one player has nonzero gap, and the distribution is not a CCE in the full game.

In the latter case the policies found by best-responses with the nonzero gap will be novel. This is a property
of the CCE of the meta-game. If it is possible to deviate to a strategy already found, and increase the
payoff, then the distribution is not actually a CCE of the meta-game, which is a contradiction. Therefore,
if the distribution over policies found so far is not a CCE of the full game, the best-response operators
will produce at least one novel policy at each iteration. There are a finite number of deterministic policies,
therefore JPSRO(CCE) will eventually converge.

PSRO and JPSRO converge, in the worst case, in a number of time steps which is exponential to the
number of information states in the game (McAleer et al., 2021). This is because the unreduced normal-
form representation of an extensive form game has a number of strategies equal to |Ap||Ip|, where |Ap| is



7.4. Experiments CEs and CCEs as Joint Meta-Solvers 134

the number of strategies at each time step, and the proof relies on enumerating all strategies in the worst
case. Fortunately, the algorithm performs much better in practice.

CE Gap and Convergence
Recalling and modifying the definition for normal-form WSCEs, Equation (2.51b), a distribution, σ(π),
over policies, π ∈ Π, is in ϵ-WSCE when:

BRV
σ∗
p

p

(
Gp(π

∗
p , π−p), σ(π−p|π′′

p )
)
−
∑

π−p∈Π−p

σ(π−p|π′′
p )Gp(π

′′
p , π−p) ≤ ϵp ∀π′′

p ∈ Πp, p ∈ [1, N ] (7.5)

The per-player CE gap can be combined into a single gap by either summing or taking the maximum.

Definition 7.3.5 (CE Gap).

CEGapp(Gp, σ) =
∑

π′′∈Πp

σ(π′′
p )max

BRV
σ∗
p

p

(
Gp(π

∗
p, π−p), σ(π−p|π′′

p )
)
−
∑

π−p∈Π−p

σ(π−p|π′′
p )Gp(π

′′
p , π−p), 0


(7.6a)

CEGapΣ(Gp, σ) =
∑
p

CEGapp(Gp, σ) (7.6b)

CEGapmax(Gp, σ) = max
p

CEGapp(Gp, σ) (7.6c)

Theorem 7.3.6 (CE Convergence). When using a CE meta-solver and CE best-response operator in JP-
SRO(CE) the mixed joint policy converges to a CE under the meta-solver distribution.

Proof. The same proof argument as Theorem 7.3.4 can be used.

7.3.5 Evaluation
Simply measuring convergence to NE (NE Gap, (Lanctot et al., 2017)) is suitable in two-player zero-sum
games as the solution concept is prescriptive. However, it is not rich enough in mixed-motive settings.
Outside of this narrow setting it is unclear how to fairly evaluate the policies that have been found. This
is true for a number of reasons including: there being multiple equilibria, and equilibria not necessarily
having good payoff. A combination of high payoff and stability is indicative of a strong set of policies. To
get a more holistic measurement of the quality of equilibria JPSRO finds, this work measures:

• Convergence to (C)CE via the CCE gap and CE gap.
• The expected value obtained by each player.
• The number of unique policies found.

Both gap and value metrics need to be evaluated under a distribution. Using the same distribution for
evaluation and exploration may be unsuitable because MSs are necessarily equilibria, may be random, or
may maximize entropy. Therefore evaluation may be under other distributions such as MW(C)CE, because
it constitutes an equilibrium and maximizes value. If using a (C)CE MS and the gap is positive, it is
guaranteed to find a novel BR policy. Each iteration of JPSRO(CCE) produces N policies (one for each
player), and JPSRO(CE) produces up to the number of policies found so far. The number of unique policies
found so far could be a good indicator of how efficiently a meta-solver is exploring policy space.

7.4 Experiments CEs and CCEs as Joint Meta-Solvers
A number of (C)CE MSs are evaluated in JPSRO on on Kuhn Poker, Trade Comm, and Sheriff. These cover
three-player, general-sum, and common-payoff games. Implementations of all the games are available in
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OpenSpiel (Lanctot et al., 2019). An exact BR oracle is used to exactly evaluate policies in the meta-game
by traversing the game tree to precisely isolate the MS’s contribution to the algorithm.

The (C)CE MSs are compared against common MS including uniform, α-Rank (Muller et al., 2020;
Omidshafiei et al., 2019), Projected Replicator Dynamics (PRD) (Lanctot et al., 2017) which is an NE
approximator, and random vertex (coarse) correlated equilibrium (RV(C)CE) which randomly selects a
solution on the vertices of (C)CE polytope. Random joint and random Dirichlet solvers are also included as
baselines. The solutions to the MSs are treated as full joint distributions. Random solvers were evaluated
with five seeds and the mean is plotted. When evaluating, equilibrium gaps are measured under their own
MS distribution and MW(C)CE to provide a consistent and value maximizing comparison. Experiments
were run for up to 6 hours, after which they were terminated.

Kuhn Poker (Kuhn, 1950; Lanctot, 2014; Southey et al., 2009) is a simplified n-player zero-sum,
sequential, imperfect information version of poker. It consists of n+ 1 playing cards. In each round of the
game, every player remaining antes one chip. One card is dealt to each player. Each player has two choices,
bet one chip or check. If a player bets, other players have the option to call or fold. Out of the players
that bet, the one with the highest card wins. If all players check, the player with the highest card wins.
The original two-player game is described by Kuhn (1950). An n-player extension is described by Lanctot
(2014). Additional information about the game (such as equilibrium) can be found in Hoehn et al. (2005).
The two-player variant is solvable with PSRO, however the three-player version benefits from JPSRO. The
results in Figure 7.2a show rapid convergence to equilibrium.

Trade Comm (Sokota et al., 2021) is a two-player, common-payoff trading game, where players at-
tempt to coordinate on a compatible trade. In this game each player (in secret) receives one of I different
items. The first player can then make one of I utterances to the second agent, and vice versa. Then each
agent chooses one of I2 trades in private, if the trade is compatible both agents receive 1 reward, otherwise
both receive 0. The goal of the agents is therefore to find a bijection between the items and utterances and
the trade proposal. There are I4 deterministic policies per player, and good learning algorithms will be be
able to search over these policies. Because the game is common-payoff, it is very transitive, and has many
dominated strategies, however there are multiple strategies with equal payoff, and therefore many equilib-
ria in partially explored policy space. It is for this reason many learning algorithms get stuck exploiting
sub-optimal policies they have already found. Figure 7.2b shows a remarkable dominance of CCE MSs. It
is clear that traditional PSRO MSs cannot cope with this cooperative setting.

Sheriff (Farina et al., 2019c) is a simplified two-player general-sum version of the board game Sheriff
of Nottingham (Farina et al., 2019c). This negotiation game consists of a smuggler, who is motivated to
import contraband without getting caught, and a sheriff, who is motivated to either find contraband or accept
bribes. The players negotiate a bribe over several rounds after which the bribe is accepted or rejected. If
the sheriff finds contraband, the smuggler pays a fine, otherwise if no contraband is found the sheriff must
pay compensation to the smuggler. The smuggler also gets value from smuggling goods. The game has
different optimal values for NFCCE, EFCCE, EFCE, and NFCE solutions concepts. Figure 7.2c shows that
JPSRO is capable of finding the optimal value.

7.5 Discussion
PSRO has proved to be a formidable learning algorithm in two-player zero-sum games. However, in the
absence of a correlating signal, a single joint policy is, in general, insufficient to represent a correlated
equilibrium. To see this, let us consider the Traffic Light game (Figure 7.1b). One possible correlated
equilibrium consists of recommending (G, W) half of the time, and (W,G) the other half. Let us now
consider this game as an extensive-form, partial-information game, where the row player first chooses
their action, and the column player then chooses their own without knowing the action chosen by the row
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(a) CCE Gap on three-player Kuhn Poker. Several MSs converge to within numerical accuracy (data is
clipped) of a CCE.
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(b) Value sum on three-item Trade Comm. The approximate CCE MS was not sufficient to converge in this
game, however all valid CCE MSs were able to converge to the optimal value sum.
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(c) Value sum on Sheriff. The optimal maximum welfare of other solution concepts are included to highlight
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Figure 7.2: JPSRO(CCE) on various games. Additional metrics can be found in Section 7.A.2. MGCCE is consistently
a good choice of MS over the games tested.

player. In the absence of a correlating signal, it is impossible for the column player to know which action
the row player has played, and therefore playing (G, W) or (W, G) becomes impossible, as the column
player is unable to change their action as a function of the action taken by the row player. Therefore,
without modifying the game and observation space to add a correlating signal, convergence to a correlated
equilibrium necessarily requires a distribution over joint policies. Population based training (PBT), a set of
methods that slowly grow the space of (joint) policies, therefore appears to be the appropriate framework to
converge to (C)CEs without adding correlating signals to the considered game.

JPSRO, with (C)CE MSs, is able to correlate behaviour and shows promising results on n-player
general-sum games. The secret to the success of these methods seems to lie in (C)CEs ability to compress
the search space of opponent policies to an expressive and non-exploitable subset. For example, no domi-
nated policies are part of CEs, and during execution there are no policies a player would rather deviate to.
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For (C)CE MSs, if there is a value-improving BR it is guaranteed to be a novel policy.
There is a rich polytope of possible equilibria to choose from, however, an MS must pick one at each

time step. There are three competing properties which are important in this regard: exploitation, robustness,
and exploration. For exploitation, maximum welfare equilibria appear to be useful. However, to prevent
JPSRO from stalling in a local equilibrium it is essential to randomize over multiple solutions satisfying
the maximum welfare criterion. To produce robust BRs, entropy maximizing MSs (such as MG(C)CE)
have better empirical value and convergence than the uniform MS. For exploration, randomly selecting a
valid equilibrium at each iteration outperforms random joint and random Dirichlet by a significant margin
(similar to AlphaStar’s “exploiter policies” (Vinyals et al., 2019)). Furthermore, one could also switch
between MSs at each iteration to achieve the best mix of exploitation and exploration. Another strength
of (C)CE MSs is that they appear to perform well across many different games, with different numbers of
players and payoff properties.

7.6 Conclusion
This chapter invents a new algorithm, JPSRO, and proves that JPSRO converges to an NF(C)CE over joint
policies in extensive-form games. Furthermore, there is empirical evidence that some MSs also result in
high value equilibria over a variety of games. (C)CEs are important in evaluating policies in n-player
general-sum games and thoroughly evaluate several MSs. Finally, this work proposes that JPSRO can scale
to large problems by exploiting function approximation and RL.
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7.A Appendices
7.A.1 JPSRO Hyper-parameters
There are several ways of implementing JPSRO in practice through various hyper-parameters.

Best Response: This work uses an exact best response calculation that assigns uniform probability over
valid actions for states with zero reach probability. However, other best response approaches will
also work including reinforcement learning.

Pool Type: The data structure used to store the policies found so far can either be a set or a multi-set.
Using a set ensures that all policies are unique and only appear once even if multiple iterations
produce the same best response policy. Some meta-solvers rely on repeated policies being present for
convergence (for example, the uniform meta-solver can converge in two-player, zero-sum because
the repeated policies trend to an NE over repeats). In this case using a multi-set is more suitable. This
parameterization is only relevant when using tabular policies which can be checked for equality.

Player Updates Per Iteration: It is not necessary to find the best response for all players at every iteration.
Other strategies such as cycling through players or randomly selecting a player will work too. It is
sufficient that over time all players should be updated. Updating a single player at a time is more
efficient when minimizing the number of best responses necessary for convergence, however updating
all can be done in parallel.

Best Responses Per Iteration: When computing the CE best response, each player has several best re-
sponses to calculate. It is not necessary to compute them all and, even if they are all computed, it is
not necessary to add them all to the pool of policies. The best responses can be calculated at random.
And only best responses with nonzero gap need be added, or perhaps only the one with the largest
gap. In order to measure convergence to a CE, all best responses (and their gaps) must be computed.

Policy Initialization: Policies can be initialized in any manner and the algorithm will converge to an equi-
librium under any initial condition. However, the initial policies do determine the space of equilib-
rium reachable (so for example is may not be possible to find the MWCE from all initial policies).
JPSRO works, without limitation, using only deterministic policies, however stochastic policies are
supported too. A stochastic uniform policy over valid actions is a reasonable setting.

Best Response Type: The most important parameterization is picking one of the two best response types:
CE and CCE. The resulting algorithm is named either JPSRO(CE) or JPSRO(CCE) respectively.

Meta-Solvers: The second most important parameterization is the type of meta-solver to use (Table 7.1).
An important constraint is that JPSRO(CE) is only guaranteed to converge under CE meta-solvers.
JPSRO(CCE) must use CCE meta-solvers (noting that CEs are a subset of CCEs).

7.A.2 Extended Experiments
Extended experiments were conducted over three extensive-form games to demonstrate the versatility of the
algorithm over n-player general-sum games. For each game both JPSRO(CCE) and JPSO(CE) algorithms
are evaluated under all suitable meta-solvers and baselines.

For JPSRO(CCE): initialize using uniform policies, update all players at every iteration, and use multi-
sets for the pool. For JPSRO(CE): initialize using uniform policies, update all players at every iteration,
only add the highest-gap BR to the pool for each player at each iteration, and use multi-sets for the pool.
For random meta-solvers the experiment is repeated five times and the average is plotted, otherwise the
experiment is deterministic. The experiments were run for 6 hours, after which any that had not finished
were truncated.

In order to measure performance, five metrics were tracked:

1. The gap to equilibrium under a maximum welfare equilibrium (MW(C)CE) distribution. This de-
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Table 7.1: Summary of meta-solvers used during experiments and their properties. The normalized ϵ is assumed, for
example 1

100
ϵ-MGCE means 1

100
max(Ab)ϵ-MGCE.

Meta-Solver Joint CCE CE Max
Val

Max
Ent Rand

Uniform ✓
PRD

α-Rank ✓
Rand Dirichlet ✓ ✓

Rand Joint ✓ ✓
RMWCCE ✓ ✓ ✓ ✓

RVCCE ✓ ✓ ✓
1

100 ϵ-MGCCE ✓ ϵ ✓
MGCCE ✓ ✓ ✓

min ϵ-MGCCE ✓ ✓ ✓
RMWCE ✓ ✓ ✓ ✓ ✓

RVCE ✓ ✓ ✓ ✓
1

100 ϵ-MGCE ✓ ϵ ϵ ✓
MGCE ✓ ✓ ✓ ✓

min ϵ-MGCE ✓ ✓ ✓ ✓

scribes how close the algorithm is to finding a set of joint policies that are in exact equilibrium in the
extensive-form game.

2. The gap to equilibrium under the meta-solver’s distribution. This is the gap that JPSRO theoretically
converges to when using (C)CEs.

3. The value of the game to the players under the MW(C)CE distribution.
4. The value of the game to the players under the meta-solver’s distribution.
5. The number of unique policies found so far.

Ultimately, the algorithm should be finding high-value joint policies that are in equilibrium, over a
variety of games. The first game is a purely competitive, three-player game called Kuhn Poker (Figure 7.3).
The second game is a purely cooperative, common-payoff game called Trade Comm (Figure 7.4). The final
game is a general-sum game called Sheriff (Figure 7.5).

7.A.3 Open Source Code
An open source implementation of JPSRO is available in OpenSpiel (Lanctot et al., 2019) under
https://github.com/deepmind/open_spiel/blob/master/open_spiel/python/

examples/jpsro.py.

https://github.com/deepmind/open_spiel/blob/master/open_spiel/python/examples/jpsro.py
https://github.com/deepmind/open_spiel/blob/master/open_spiel/python/examples/jpsro.py
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Figure 7.3: JPSRO(CCE) and JPSRO(CE) on three-player Kuhn Poker. All (C)CE MSs, PRD and α-Rank find joint
policies capable of supporting equilibrium (although α-Rank was slow and was terminated after 6 hours). This is
some evidence that classic MSs designed for the two-player, zero-sum setting can generalize well to the three-player,
zero-sum.
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Figure 7.4: JPSRO(CCE) and JPSRO(CE) on three-item Trade Comm. In JPSRO(CCE), 1
100

min-MGCCE fails to find
the maximum welfare equilibrium, however, all other (C)CE MSs find the maximum welfare equilibrium. Unexpect-
edly, α-Rank performs well on this game, while all other classic MSs fail to make progress on this purely cooperative
game. Performing well on this game requires exploration, so the random joint MS is able to make progress, albeit
naively and slowly.
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Figure 7.5: JPSRO(CCE) and JPSRO(CE) on Sheriff. This game is interesting because it is general-sum and different
solution concepts have different optimal maximum welfare values. The maximum welfare NFCCE is 13.64 for the
smuggler and 2.0 for the sheriff which JPSRO(CCE) successfully finds, while the maximum welfare NFCE is 0.82
for the smuggler and 0.0 for the sheriff which JPSRO(CE) successfully finds. This demonstrates the appeal of using
NFCCE as a target equilibrium. Interestingly, for this game, 1

100
ϵ-MG(C)CE was able to produce BRs of high enough

quality to converge which is evidence that scaled methods that only approximate (C)CEs may be enough in some
settings. RMWCCE converged to an equilibrium, but not the welfare maximizing one, providing evidence that greedy
MSs are not always suitable. In a similar argument, min-ϵ-MGCCE did not reach the maximum welfare solution within
the allocated number of iterations. RV(C)CE is efficient at finding novel policies but ones of limited utility. PRD and
α-Rank perform well and find the maximum welfare (C)CE equilibria.



Chapter 8

Neural Equilibrium Solvers

Normal-form solution concepts such as Nash equilibrium, correlated equilibrium, and coarse
correlated equilibrium are potentially useful components for many multiagent machine learning
algorithms. Unfortunately, solving a normal-form game requires using an iterative solver that
could take a prohibitive amount of time, a non-deterministic amount of time, or could fail. This
work develops a special equivariant neural network architecture to accurately predict equilibria
in all games of fixed shape. The network is capable of uniquely selecting an equilibrium
that maximizes relative entropy, welfare, stability, or a combination thereof. The network
is trained without needing to generate any supervised training data. It shows remarkable zero-
shot generalization to larger games. Furthermore, this framework can be used to find vertices
of the convex solution polytope, enabling approximation of the entire equilibrium space of any
fixed shape game. This work is published at NeurIPS (Marris et al., 2022a).

8.1 Introduction
Normal-form solution concepts such as Nash equilibrium (NE) (Nash, 1951), correlated equilibrium (CE)
(Aumann, 1974), and coarse correlated equilibrium (CCE) (Moulin and Vial, 1978) are useful components
and subroutines for many multiagent machine learning algorithms. For example, value-based reinforcement
learning algorithms for solving Markov games, such as Nash Q-learning (Hu and Wellman, 2003) and
Correlated Q-Learning (Greenwald and Hall, 2003) maintain state action values for every player in the
game. These action values are equivalent to per-state normal-form games, and policies are equilibrium
solutions of these games. Critically, this policy will need to be recomputed each time the action-value is
updated during training, and for large or continuous state-space Markov games, every time the agents need
to take an action. Another class of multiagent algorithms are those in the space of empirical game-theoretic
analysis (EGTA) (Walsh et al., 2002; Wellman, 2006) including PSRO (Lanctot et al., 2017; McMahan
et al., 2003), JPSRO (Marris et al., 2021a), and NeuPL (Liu et al., 2022a,b). These algorithms are capable
of training policies in extensive-form games, and require finding equilibria of empirically estimated normal-
form games as a subroutine (the “meta-solver” step). In particular, these algorithms have been critical in
driving agents to superhuman performance in Go (Silver et al., 2016), Chess (Silver et al., 2018), and
StarCraft (Vinyals et al., 2019).

Unfortunately, solving for an equilibrium can be computationally complex. NEs are known to be
PPAD (Chen et al., 2009; Daskalakis et al., 2009). (C)CEs are defined by linear constraints and, if a
linear objective is used to select an equilibrium, can be solved by linear programs (LPs) in polynomial
time. However, in general, the solutions to LPs are non-unique (e.g. zero-sum games), and therefore are
unsuitable equilibrium selection methods for many algorithms, and unsuitable for training neural networks
which benefit from unambiguous targets. Objectives such as maximum Gini (a quadratic program (QP)
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introduced in Chapter 6), and maximum entropy (Ortiz et al., 2007) (a nonlinear program), are unique but
are more complex to solve.

As a result, solving for equilibria often requires deploying iterative solvers, which theoretically can
scale to large normal-form games but may (i) take an unpredictable amount of time to converge, (ii) take
a prohibitive amount of time to do so, and (iii) may fail unpredictably on ill-conditioned problems. Fur-
thermore, classical methods (Fargier et al., 2022; Lemke and Howson, 1964; McKelvey et al., 2016) (i) do
not scale, and (ii) are non-differentiable. This limits the applicability of equilibrium solution concepts in
multiagent machine learning algorithms.

Therefore, there exists an important niche for approximately solving equilibria in medium sized
normal-form games, quickly, in batches, reliably, and in a deterministic amount of time. With appropri-
ate care, this goal can be accomplished with a neural network which amortizes up-front training cost to map
normal-form payoffs to equilibrium solution concepts quickly at deployment time. This work proposes the
Neural Equilibrium Solver (NES). This network is trained to optimize a composite objective function that
weights accuracy of the returned equilibrium against auxiliary objectives that a user may desire such as
maximum entropy, maximum welfare, or minimum distance to some target distribution. This work intro-
duces several innovations into the design and training of NES so that it is efficient and accurate. Unlike most
supervised deep learning models, NES avoids the need to explicitly construct a labeled dataset of (game,
equilibrium) pairs. Instead, a loss function that can be minimized in an unsupervised fashion from only
game inputs is derived. The loss also exploits the duality of the equilibrium problem. Instead of solving
for equilibria in the primal space, NES solves for them in the dual space, which has a much smaller repre-
sentation. This work utilizes a training distribution that efficiently represents the space of all normal-form
games of a desired shape and uses an invariant preprocessing step to map games at test time to this space.
The network architecture consists of a series of layers that are equivariant to symmetries in games such as
permutations of players and strategies, which reduces the number of training steps and improves general-
ization performance. The network architecture is independent of the number of strategies in the game and
demonstrates interesting zero-shot generalization to larger games. This network can either be pre-trained
before being deployed, trained online alongside another machine learning algorithm, or a mixture of both.
Note that training the network is itself an iterative optimization problem, but once a model has been found,
approximating an equilibrium is a achieved with a fixed number of computations.

8.2 Preliminaries
Game Theory
Most concepts for normal-form game theory are described in Section 2.2.2. In addition, let a cubic game
be one where every player has an equal number of strategies: |A1| = |Ap|∀p. This property is rarely
relevant from a game theoretic perspective but becomes notable when designing equivariant neural network
architectures.

Equilibrium Solution Concepts
Normal-form equilibrium solution concepts are described thoroughly in Section 2.2.2.3. Note an additional
property about NEs in two-player zero-sum games.

Theorem 8.2.1 (Two-Player Zero-Sum Marginal of CCEs). For two-player zero-sum games, the marginal,
σ∗(ap) =

∑
a−p

σ∗(a), of any exact (ϵ = 0) CCE, σ∗(a), is also an NE.

Therefore the CCE machinery can be used to solve for NEs in two-player zero-sum games.

Neural Network Solvers
Approximating NEs using neural networks is known to be agnostic PAC learnable (Duan et al., 2021). There
is also work learning (C)CEs (Bai et al., 2020; Jin et al., 2021) and training neural networks to approximate
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NEs (Duan et al., 2021; Hartford et al., 2016) on subclasses of games. Learned NE meta-solvers have
been deployed in PSRO (Feng et al., 2021). Differentiable neural networks have been developed to learn
QREs (Ling et al., 2018). NEs for contextual games have been learned using fixed point (deep equilibrium)
networks (Heaton et al., 2021). A related field, L2O (Chen et al., 2021), aims to learn an iterative optimizer
more suited to a particular distribution of inputs, while this work focuses on learning a direct mapping. No
work exists training a general approximate mapping from the full space of games to (C)CEs with flexible
selection criteria.

8.3 Maximum Welfare Minimum Relative Entropy (C)CEs

Previous work has argued that having a unique objective to solve for equilibrium selection is important.
The principle of maximum entropy (Jaynes, 1957) has been used to find unique equilibria (Ortiz et al.,
2007). In maximum entropy selection, payoffs are ignored and selection is based on minimizing the dis-
tance to the uniform distribution. This has two interesting properties: (i) it makes defining unique solutions
easy, (ii) the solution is invariant transformations (such as offset and positive scaling) of the payoff ten-
sor. While these solutions are unique, they both result in weak and low payoff equilibria because they
find solutions on the boundary of the polytope. Meanwhile, the literature tends to favour maximum wel-
fare (MW) because it results in high value for the agents and is a linear objective, however in general it
is not unique. The composite objective function is composed of (i) minimum relative entropy (MRE, also
known as Kullback-Leibler divergence) between a target joint, σ̂(a), and the equilibrium joint, σ(a), (ii)
distance between a target approximation, ϵ̂p, and the equilibrium approximation, ϵp, (iii) maximum of a
linear objective,

∑
a∈A σ(a)W (a), where W : A → R. The objective is constrained by the (i) distribu-

tion constraints (
∑

a σ(a) = 1 and σ(a) ≥ 0) and, (ii) either CCE constraints (Equation (2.59)) or CE
constraints (Equation (2.54)).

argmax
σ,ϵp

µ
∑
a∈A

σ(a)W (a)−
∑
a∈A

σ(a) ln

(
σ(a)

σ̂(a)

)
− ρ

∑
p

(
ϵ+p − ϵp

)
ln

(
1

exp(1)

ϵ+p − ϵp

(ϵ+p − ϵ̂p)

)
(8.1)

The approximation weight, ρ, and welfare weight, µ, are hyperparameters that control the balance of
the optimization. The maximum approximation parameter, ϵ+p , is another constant that is usually chosen to
be equal to the payoff scale (Section 8.4.1). The approximation term is designed to have a similar form to
the relative entropy and is maximum when ϵ̂p = ϵp. This equilibrium selection framework is named Target
Approximate Maximum Welfare Minimum Relative Entropy (ϵ̂-MWMRE).

In particular, a distance to a target approximation, ϵ̂p, is used for two reasons. Firstly, it allows soft-
targeting of negative approximations which find strict equilibria. Only equilibria with nonnegative approx-
imations are guaranteed to exist (Theorem 2.2.12). Therefore the network can be trained to target strict
equilibria, without needing strict equilibria to exist for all games. Secondly, the definitions of the primal
variables (discussed below) favour full-support solutions. Having a soft-target approximation parameter
allows the optimization to behave for non-full-support solutions.

8.3.1 Dual of ϵ-MWMRE (C)CEs

Rather than performing a constrained optimization, it is easier to solve the dual problem, argminαp
L(C)CE

(derived in Section 8.A.1), where αCE
p (a′p, a

′′
p) ≥ 0 are the dual deviation gains corresponding to the CE

constraints, and αCCE
p (a′p) ≥ 0 are the dual deviation gains corresponding to the CCE constraints. Note that
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(c) Prisoner’s Dilemma

Figure 8.1: Diagrams for three 2× 2 normal-form games, showing their (C)CE solution polytope on the joint simplex
(in two-strategy games CEs and CCEs are equivalent). An MWME NES, trained by sampling over the space of payoffs
and welfare targets, is used to approximate the MW(C)CE solution (×). An MRE NES, trained by sampling over the
space of payoffs and joint targets, is used to approximate the ME(C)CE (+), and all pure joint target MRE(C)CEs (◦).
The networks have never trained on these games.

it is not necessary to optimize over the primal joint, σ(a). The Lagrangian is defined:

CE
L = ln

(∑
a∈A

σ̂(a) exp

(
CE
l(a)

))
+
∑
p

ϵ+p
∑
a′
p,a

′′
p

CE
αp(a

′
p, a

′′
p)− ρ

∑
p

CE
ϵp (8.2a)

CCE
L = ln

(∑
a∈A

σ̂(a) exp

(
CCE
l(a)

))
+
∑
p

ϵ+p
∑
a′
p

CCE
αp(a

′
p)− ρ

∑
p

CCE
ϵp (8.2b)

The logits l(C)CE(a) are defined:

CE
l(a) = µ

∑
a

W (a)−
∑
p

∑
a′
p,ap

CE
αp(a

′
p, ap)

CE
Ap(a

′
p, a

′′
p , a) (8.3a)

CCE
l(a) = µ

∑
a

W (a)−
∑
p

∑
a′
p

CCE
αp (a

′
p)

CCE
Ap (a

′
p, a) (8.3b)

The primal joint and primal approximation parameters are defined:

(C)CE
σ(a) =

σ̂(a) exp
((C)CE
l(a)

)
∑
a∈A

σ̂(a) exp
((C)CE
l(a)

) (8.4a)

(C)CE
ϵp = (ϵ̂p − ϵ+p ) exp

−1

ρ

∑
a′
p,a

′′
p

CE
αp(a

′
p, a

′′
p),
∑
a′
p

CCE
αp(a

′
p)


+ ϵ+p (8.4b)

8.4 Neural Network Training
The network maps the payoffs of a game, Gp(a), and the targets (σ̂(a), ϵ̂p, W (a)) to the dual deviation
gains, α(C)CE

p , that define the equilibrium. The duals are a significantly more space-efficient objective target
(
∑

p |Ap|2 for CEs and
∑

p |Ap| for CCEs) than the full joint (
∏

p |Ap|), particularly when scaling the
number of strategies and players. The joint, σ(a), and approximation, ϵp, can be computed analytically
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from the dual deviation gains and the inputs using Equations (8.4a) and (8.4b). The network is trained by
minimizing the loss, L(C)CE (Equations (8.2a) and (8.2b)), over a training distribution of games and game
properties, EG∼G,...[L

(C)CE]. The resulting model is called a Neural Equilibrium Solver (NES).

8.4.1 Training Distribution and Input Preprocessing
Most commonly, in literature favours sampling normal-form games from the uniform or normal distribution.
When training neural networks, this introduces two problems:

1. It biases the distribution of games solvable by the network. For example, if Gp(a) ∼ U(0, 1), any
payoff with values greater than 1 or smaller than 0 will be out of distribution. Similarly, a normal
distribution technically has domain over all real numbers, but values close to the mean will be more
frequently sampled. Therefore a payoff with zero mean, Ḡp(a), may be better approximated than a
payoff with identical equilibria, Ḡp(a) + bp, further from the mean.

2. It unnecessarily requires the network to learn offset and scale equilibrium-invariance. It is known in
theory (Theorem 3.2.1) that these transforms do not change the equilibria. Having the network learn
this invariance is an unnecessary burden and would only do so approximately.

To mitigate these issues, this work carefully selects the training distribution and input preprocessing to
ensure the resulting network can handle all possible normal-form games of a fixed shape and is not biased
to certain scales or offsets of the payoffs.

For the training distribution payoffs are sampled from the equilibrium-invariant embedding (EIE)
(Chapter 3). There is an algorithm for sampling uniformly over this space (Algorithm 3.1). Although
this space is an embedding of the full space of games, it contains games with all possible nontrivial equi-
libria. The embedding is a product manifold over N spheres, where sphere has a dimensionality of |A|. A
modification is made to this embedding: instead of sampling from a unit-sphere, a sphere with radius

√
|A|

is used. This can be simply implemented by multiplying the sample by the constant
√
|A|. This ensures

that each element in the sampled payoff has unit variance, which is a useful property that complements
weight initialization strategies (Glorot and Bengio, 2010) in neural networks.

G̃p(a) ∼
√
|A|EIE(|A1|, ..., |AN |) (8.5)

It is known that − 1
2

√
|A| ≤ G̃p(a) ≤ 1

2

√
|A| for any norm, and therefore −

√
|A| ≤ Ap(..., a) ≤

√
|A|.

Furthermore−
√
|A| ≤

∑
a σ(a)Ap(a

′
p, a

′′
p , a) ≤

√
|A|, which means the only the values of approximation

parameters that need to be considered are −
√
|A| ≤ ϵ̃p ≤

√
|A|. This is because values larger than

√
|A|

will always permit any joint and values less than −
√
|A| will always be infeasible. Therefore, ϵ+p =

√
|A|.

ϵ̃p ∼ U(−
√
|A|,

√
|A|) (8.6)

The target joint is sampled from the flat Dirichlet distribution, and welfare is sampled from a unit sphere.

σ̃p ∼ Dir(1) (8.7)

Wp(a) ∼ Sphere(|A|) (8.8)

This results in a natural training distribution for the network. However, the network will have only been
trained on the equilibrium-invariant embedding. Fortunately, any payoff can be projected to the equilibrium-
invariant embedding, without changing its equilibrium. The approximation parameter is also scaled and
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clipped within the relevant range. The welfare and joint are also normalized to be unit variance.

Gp(a) =
√
|A|

Gp(a)− 1
|Ap|

∑
ap

Gp(ap, a−p)∥∥∥Gp(a)− 1
|Ap|

∑
ap

Gp(ap, a−p)
∥∥∥
2

(8.9a)

ϵ̂p = clip

 ϵp∥∥∥Gp(a)− 1
|Ap|

∑
ap

Gp(ap, a−p)
∥∥∥
2

,−ϵ̂+ = −
√
|A|,+ϵ̂+ = +

√
|A|

 (8.9b)

W (a) =
√
|A|

W (a)− 1
|A|
∑

a W (a)∥∥∥W (a)− 1
|A|
∑

a W (a)
∥∥∥
m

(8.9c)

σ̂(a) = |A|

√
|A|+ 1

|A| − 1

(
σ̂(a)− 1

|A|

)
(8.9d)

The selection criterion is invariant to all of these transforms, however the welfare is sensitive to the trans-
forms. Care should be taken to ensure that welfare is modified so that it selects for the same equilibrium
as before transformation. Finally, the inputs (Gp(a), σ̂(a), ϵ̂p, W (a)) are then broadcast and concatenated
together so that they result in an input of shape [C,N, |A1|, ..., |AN |], where the channel dimension C = 4,
if all inputs are required.

Note that sampling from the equilibrium-symmetric embedding (Chapter 3) and incorporating a sorting
preprocessing step, is an option to further reduce the space of payoffs. However, instead the network
exploits symmetries in the equilibrium definitions using an equivariant architecture (Section 8.4.3).

8.4.2 Gradient Calculation
The gradient update is found by taking the derivative of the loss (Equations (8.2a)-(8.2b)) with respect to
the dual variables, α. Note that computing a gradient does not require knowing the optimal joint σ∗(a), so
the network can be trained in an unsupervised fashion, from randomly generated inputs, Gp(a), σ̂(a), ϵ̂p,
and W (a).

∂LCE

∂αCE
p (a′p, a

′′
p)

= −
∑
a

CE
Ap(a

′
p, a

′′
p , a)

CE
σ (a) +

CE
ϵp (8.10a)

∂LCCE

∂αCCE
p (a′p)

= −
∑
a

CCE
Ap (a

′
p, a)

CCE
σ (a) +

CCE
ϵp (8.10b)

The dual variables, αCE
p (a′p, a

′′
p) or αCCE

p (a′p)}, are outputs of the neural network, with learned param-
eters θ. Gradients for these parameters can be derived using the chain rule:

∂LCE

∂θ
=

∂LCE

∂αCE
p (a′p, a

′′
p), α

CCE
p (a′p)

∂αCE
p (a′p, a

′′
p)

∂θ

∂LCCE

∂θ
=

∂LCCE

∂αCCE
p (a′p)

∂αCCE
p (a′p)

∂θ

Backprop efficiently calculates these gradients, and many powerful neural network optimizers (Duchi et al.,
2011; Kingma and Ba, 2014; Tieleman et al., 2012) and ML frameworks (Abadi et al., 2015; Bradbury
et al., 2018; Paszke et al., 2019) can be leveraged to update the network parameters.

8.4.3 Equivariant Architectures
The ordering of strategies and players in a normal-form game is unimportant, therefore the output of the
network should be equivariant under two types of permutation; (i) strategy permutation, and (ii) player
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permutation. Specifically, for some strategy permutation τp(1), ..., τp(|Ap|) applied to each element of
a player’s inputs (payoffs, target joint, and welfare), the outputs must also have permuted dimensions:
(αp(ap) = αp(τp(ap)) and στ (a1, ..., aN ) = σ(τ1(a1), ..., τN (aN ))). Likewise, for some player per-
mutation τ(1), ..., τ(N), the outputs must be transposed: (ατ

p(ap) = ατ(p)(aτ(p)) and στ (a1, ..., aN ) =

σ(aτ(1), ..., aτ(N))). The latter equivariance can only be exploited by a network if all players have the same
number of strategies (“cubic games”). There are |Ap|! possible strategy permutations for each player and
N ! player permutations, resulting in N ! (|Ap|!)N possible equivariant permutations of each sampled pay-
off. Note that this is much greater than the number of joint strategies in a game, N ! (|Ap|!)N ≫ |Ap|N ,
which is an encouraging observation when considering how this approach will scale to large games. Utiliz-
ing an equivariant architecture (Shawe-Taylor, 1993; Wood and Shawe-Taylor, 1996; Zaheer et al., 2018) is
therefore crucial to scale to large games because each sample represents many possible inputs. Equivariant
architectures have been used before for two-player games (Hartford et al., 2016).

Payoffs Transformations
The main layers of the architecture consists of activations with shape [C,N, |A1|, ..., |AN |], which is the
same shape as a payoff tensor (with a channel dimension). Layers with this shape are referred to as “pay-
off” layers even when after being transformed they cease to semantically be payoffs. When transforming
payoffs, functions of the form are considered:

gl+1(cl+1, p, a1, ..., aN ) = f

ICl∑
cil

w(cl+1, c
i
l)ConI

i [ϕi (gl(cl, p, a1, ..., aN ))] + b(cl+1)

 (8.11)

Where f is any equivariant nonlinearity1, w are learned network weights, b are learned network biases, Con
is the concatenate function along the channel dimension, and ϕi is one of many possible equivariant pooling
functions. Some equivariant functions which map payoff structures to payoff structures are:

g(p, a1, ..., aN ) (8.12a)

ϕ
a1,...,aN

g(p, a1, ..., aN ) (8.12b)

ϕ
p,a1,...,aN

g(p, a1, ..., aN ) (8.12c)

ϕ
p
g(p, a1, ..., aN ) (8.12d)

ϕ
p,aq

g(p, a1, ..., aN ) (8.12e)

ϕ
p,a−q

g(p, a1, ..., aN ) (8.12f)

ϕ
aq

g(p, a1, ..., aN ) (8.12g)

ϕ
a−q

g(p, a1, ..., aN ) (8.12h)

ϕ
ap

g(q, a1, ..., aN ) (8.12i)

ϕ
a−p

g(q, a1, ..., aN ) (8.12j)

ϕ
aq

g(q, a1, ..., aN ) (8.12k)

ϕ
a−q

g(q, a1, ..., aN ) (8.12l)

For example, consider one such function, ϕi =
∑

a1
, which is invariant across any permutation of a1

(similar to sum-pooling in CNNs), and equivariant over permutations of p, a2, ..., aN . In general one can use
ϕ⊆{p,a1,...aN}g(p, a1, ..., aN ), where ϕ can perform mean-pooling, max-pooling, or another operation. If
all players have an equal number of strategies, for some functions, weights can be shared over all p ∈ [1, N ]

because of symmetry (Shawe-Taylor, 1994). Note that the number of trainable parameters scales with the
number of input and output channels, and not with the size of the game (Figure 8.2), therefore it is possible
for the network to generalize to games with different numbers of strategies. The basic layer, gl+1, therefore
comprises of a linear transform of a concatenated, broadcasted set of pooling functions.

Payoffs to CCE Duals Transformations
Payoffs can be transformed to CCE duals, αCCE

p (cl+1, a
′
p), by using a combination of a subset of the equiv-

ariant functions ϕi discussed above that sum over at least −p. If the number of strategies are equal for each
player, the transformation weights can be shared and the duals can be stacked into a single object for more
efficient computation in later layers: αCCE(cl+1, p, a

′
p) = Stackp

(
αCCE
p (cl+1, a

′
p)
)
.

1Common nonlinearities such as element-wise (ReLU, tanh, sigmoid), and SoftMax are all equivariant.
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Payoffs to CE Duals Transformations
The transformation to produce the CE duals is more complex. CE duals, αCCE

p (cl+1, a
′′
p , a

′
p), need to be

symmetrically equivariant. This property can be obtained by (i) independently generating two CCE duals
and, (ii) taking outer operations, ⊡ (for example sum or product), over them.

αCE
p (cl+1, a

′′
p , a

′
p) = f̂

(
αCCE
p (cl+1, a

′′
p)⊡ αCCE

p (cl+1, a
′
p)
)

(8.13)

Where f̂ is any equivariant nonlinearity with zero diagonal2. The diagonal is zero because it represents the
dual of the deviation gain when deviating from a strategy to itself, which is zero, and therefore cannot be
violated. This is a useful property which will be exploited in later dual layers. These can also be stacked if
players have an equal number of strategies: αCCE(cl+1, p, a

′
p, a

′′
p) = Stackp

(
αCCE
p (cl+1, a

′
p, a

′′
p)
)
.

CCE Duals Transformations
Because the payoff activations are high-dimensional, it is worthwhile to operate on them in dual space.
When transforming CCE duals the following mapping can be used:

αCCE
l+1 (cl+1, p, a

′
p) = f

ICl∑
cil

w(cl+1, c
i
l)ConIi

[
ϕi

(
αCCE
l (cl, p, a

′
p)
)]

+ b(cl+1)

 (8.14)

where f is any equivariant nonlinearity, and ϕi is from a set of only two possible equivariant transformation
functions (and two more, Equations (8.15c) and (8.15d), if the game is cubic). A SoftPlus nonlinearity is
used on the final layer to ensure the output is nonnegative and has gradient everywhere.

αp(a
′
p) (8.15a) ϕ

a′
p

αp(a
′
p) (8.15b) ϕ

p
αp(a

′
p) (8.15c) ϕ

p,a′
p

αp(a
′
p) (8.15d)

CE Duals Transformations
When transforming CE duals, these functions are suitable:

αCE
l+1(cl+1, p, a

′
p, a

′′
p) = f̂

(
ICl∑
cl

w(cl+1, c
i
l)ConI

i

[
ϕi

(
αCE
l (cl, p, a

′
p, a

′′
p)
]
+ b(cl+l)

))
(8.16)

For the CE case, the equivariant linear transformations are more complex: they are symmetric over the
recommended and deviation strategies. Fortunately this is a well studied equivariance class (Thiede et al.,
2020), which can be fully covered by combining seven transforms which comprise of different sums and
transpositions of the input. All zero-diagonal equivariant CE dual pooling functions are:

αp(a
′
p, a

′′
p) (8.17a)

αp(a
′′
p , a

′
p) (8.17b)

ϕ
a′
p

αp(a
′
p, a

′′
p) (8.17c)

ϕ
a′
p

αp(a
′′
p , a

′
p) (8.17d)

ϕ
a′′
p

αp(a
′
p, a

′′
p) (8.17e)

ϕ
a′′
p

αp(a
′′
p , a

′
p) (8.17f)

ϕ
a′
p,a

′′
p

αp(a
′
p, a

′′
p) (8.17g)

ϕ
p,a′

p,a
′′
p

αp(a
′
p, a

′′
p) (8.17h)

Activation Variance
Because the equivariant network possibly involves summing over dimensions of the inputs, activations are
no longer independent of one another, so extra care needs to be taken when initializing the network to
avoid variance explosion. Three techniques are used to combat this: (i) inputs are scaled to unit variance as
described previously, (ii) the network is randomly initialized with variance scaling to ensure the variance at
every layer is one, and (iii) use BatchNorm (Ioffe and Szegedy, 2015) between every layer. Weight decay
is used to regularize the network.

2Masking is sufficient: e.g. f̂(a′p, a
′′
p ) = (1− I(a′p, a

′′
p ))f(a

′
p, a

′′
p ), where I is the identity matrix.



8.5. Performance Experiments 151

Preprocessed Input
Gp(a), ϵ̂p, σ̂(a), W (a)

[B, 4, N, |A1|, ..., |AN |]

Payoffs To Payoffs Layers
gl(b, c, p, a1, ..., an)

[B,C,N, |A1|, ..., |AN |]

Payoffs To Duals Duals To Duals Layers
αl(b, c, p, a

′
p) or αl(b, c, p, a

′
p, a

′′
p )

[B,C,N, |Ap|] or [B,C,N, |Ap|, |Ap|]

Figure 8.2: Network architecture showing the name, indices and shape (Batch, Channels, Number of players, Actions
per player) of each layer. Other architectures are possible, for example some of the inputs (target approximation, target
joint, or welfare) could be passed in at a later layer.

Table 8.1: Neural network solution parameterizations.

Gp(a) σ̂(a) ϵ̂p ϵ̂+ W (a) ρ µ

ME ∼ L2
1

|A| 0 1 0 ≫ 1 0

MT ∼ L2 σ̂(a) 0 1 0 ≫ 1 0

MU ∼ L2
1

|A| 0 1
∑

p Gp(a) ≫ 1 ≫ 1

MWE ∼ L2
1

|A| 0 1 ∼ L2 ≫ 1 ≫ 1

MRE ∼ L2 ∼ Dir(1) 0 1 0 ≫ 1 0

MS ∼ L2
1

|A| −1 1 0 ≫ 1 0

ϵ̂p-ME ∼ L2
1

|A| ∼ U(−1, 1) 1 0 ≫ 1 0

ϵ̂p-MWE ∼ L2
1

|A| ∼ U(−1, 1) 1 ∼ L2 ≫ 1 ≫ 1

ϵ̂p-MRE ∼ L2 ∼ Dir(1) ∼ U(−1, 1) 1 0 ≫ 1 0

Advanced Architectures
More advanced architectures such as ResNet (He et al., 2015) or Transformers (Vaswani et al., 2017) are
possible. An example of the final architecture is summarized in Figure 8.2.

8.4.4 Parameterizations
The composite objective framework allows us to define a number of combinations of auxiliary objectives.
Several interesting specifications are highlighted in Table 8.1. The most basic is maximum entropy (ME)
which simply finds the unique equilibrium closest to the uniform distribution according to the relative
entropy distance. This distribution need not be uniform, it could be any target distribution (MT). A welfare
objective parameterized on the payoffs could be used to find a maximum welfare (MW) solution. The two
previous solutions can be generalized to solve for any welfare (maximum welfare and entropy (MWE))
or any target (minimum relative entropy (MRE)). Furthermore nonzero approximation are possible, for
example finding the minimum possible approximation parameter results in the Maximum Strength (MS)
solution. Finally, equilibria for any approximation parameter, ϵ, for the objectives discussed so far can be
parameterized (ϵ̂-MWME and ϵ̂-MRE).

8.5 Performance Experiments
Traditionally performance of NE, and (C)CE solvers has focused on evaluating time to converge to a so-
lution within some tolerance. Feedforward neural networks can produce batches of solutions quickly3 and
deterministically. For non-trivial games this is much faster than what an iterative solver could hope to
achieve. The experiments therefore focus evaluation on the trade-offs of the neural network solver, namely
(i) how long it takes to train, and (ii) how accurate the solutions are. For the latter, there are two useful

3Inference, step time
batch size , is around 1µs on the hardware used for this experiment.



8.5. Performance Experiments 152

100 101 102 103 104 105 106

Iteration

10-3

10-2

10-1

100
So

lv
er

 G
ap

MWME
ε̂-MWME

MRE
ε̂-MRE

(a) Equilibrium Selection

100 101 102 103 104 105 106

Iteration

10-3

10-2

10-1

100

So
lv

er
 G

ap

4× 4

8× 8

16× 16

4× 4× 4

8× 8× 8

(b) Shapes

100 101 102 103 104 105 106

Iteration

10-3

10-2

10-1

100

So
lv

er
 G

ap

MECCE
MCE

(c) Solution Concepts

100 101 102 103 104 105 106

Iteration

10-3

10-2

10-1

100

So
lv

er
 G

ap

Baseline
Linear
Naive Sampling

(d) Ablation

Figure 8.3: Sweeps and ablation studies showing the average solver gap of three experiment seeds evaluated over 512
sampled games against the number of train steps. Subfigure (a) shows 4×4 games over different equilibrium selection,
(b) shows MECCE over games with different numbers of players and strategies, (c) shows CE and CCE concepts on
8× 8 games, and (d) shows ablation experiments on MECCE 4× 4× 4 games.

metrics:

Solver Gap:
1

2

∑
a

|σ∗(a)− σ(a)| (8.18a)

(C)CE Gap:
∑
p

[
max

.

∑
a

(Ap(., a)− ϵp)σ(a)

]+
(8.18b)

The first (Solver Gap) measures the distance to the exact unique solution found by an iterative solver4,
σ∗(a), and is bounded between 0 and 1, and is zero for perfect prediction. The second ((C)CE Gap)
measures the distance to the equilibrium solution polytope, and is zero if it is within the polytope.

Parameterization Sweeps
The experiment shows performance across a number of parameterizations, including (i) different equilib-
rium selection criteria (Figure 8.3a), (ii) different shapes of games (Figure 8.3b), and (iii) different solution
concepts (Figure 8.3c).

Classes of Games
It is known that some distributions of game payoffs are harder for some methods to solve than others
(Porter et al., 2008b). This experiment compares performance across a number of classes of transfer games
(Appendix Table 8.2) for a single MECCE and a single MECE (Ortiz et al., 2007) Neural Equilibrium
Solver trained on 8× 8 games. Figure 8.4 shows the worst, mean, and best performance over 512 samples
from each class in terms of (i) distance to any equilibrium, and (ii) distance to the target equilibrium found
by an iterative solver. The performance of a uniform joint is used as a naive baseline, as the gap can be
artificially reduced by scaling the payoffs. With regards to equilibrium violation, ME is tricky because it
lies on the boundary of the polytope, so some violation is expected in an approximate setting. The plots
showing the failure rate and run time of the iterative solver are to intuit difficult classes. The baseline
iterative solver takes about 0.05s to solve a single game, the network can solve a batch of 4096 games in
0.0025s. For most classes, the NES is very accurate with a solver gap of around 10−2. Some classes of
games are indeed more difficult and these align with games that iterative equilibrium solvers struggle with.
This hints that difficult games are ill-conditioned.

Ablations
The ablation experiments show the performance (Figure 8.3d) of the proposed method compared with (i)

4Implemented in CVXPY (Agrawal et al., 2018; Diamond and Boyd, 2016), which leverages the ECOS (Domahidi et al., 2013)
solver.
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Table 8.2: Classes of random games: three equilibrium-invariant embeddings (with L1, L2, and L∞ norms), and a
subset (Porter et al., 2008a) of GAMUT (Nudelman et al., 2004) games using the functions in parenthesis and parame-
terized with the -random params flag.

Name Game Description
L1 L1 Invariant
L2 L2 Invariant

L∞ L∞ Invariant
D1 Bertrand Oligopoly (BertrandOligopoly)
D2 Bidirectional LEG, Complete Graph (BidirectionalLEG-CG)
D3 Bidirectional LEG, Random Graph (BidirectionalLEG-RG)
D4 Bidirectional LEG, Star Graph (BidirectionalLEG-SG)
D5 Covariance Game, ρ = 0.9 (CovariantGame-Pos)
D6 Covariance Game, ρ ∈ [−1/(N − 1), 1] (CovariantGame)
D7 Covariance Game, ρ = 0 (CovariantGame-Zero)
D8 Dispersion Game (DispersionGame)
D9 Graphical Game, Random Graph (GraphicalGame-RG)

D10 Graphical Game, Road Graph (GraphicalGame-Road)
D11 Graphical Game, Star Graph (GraphicalGame-SG)
D12 Graphical Game, Small-World (GraphicalGame-SW)
D13 Minimum Effort Game (MinimumEffortGame)
D14 Polymatrix Game, Complete Graph (PolymatrixGame-CG)
D15 Polymatrix Game, Random Graph (PolymatrixGame-RG)
D16 Polymatrix Game, Road Graph (PolymatrixGame-Road)
D17 Polymatrix Game, Small-World (PolymatrixGame-SW)
D18 Uniformly Random Game (RandomGame)
D19 Travelers Dilemma (TravelersDilemma)
D20 Uniform LEG, Complete Graph (UniformLEG-CG)
D21 Uniform LEG, Random Graph (UniformLEG-RG)
D22 Uniform LEG, Star Graph (UniformLEG-SG)

a linear network, and (ii) no invariant pre-processing with naive payoff sampling (each element sampled
using a uniform distribution). Both result in significant reduction in performance.

Scaling
Due to the size of the representation of the payoffs, Gp(a), the inputs and therefore the activations of
the network grow significantly with the number of joint strategies in the game. Therefore without further
work on sparser payoff representation, NES is limited by size of payoff inputs. For further discussion see
Section 8.7. Nevertheless, Table 8.3 shows good performance when scaling to moderately sized games.
Note that the “solver gap” metric is incomplete on larger games because the ECOS evaluation solver fails
to converge.

Generalization
An interesting property of the NES architecture is that its parameters do not depend on the number of
strategies in the game. Therefore the generalization ability of the network is tested, zero-shot, on games with
different numbers of strategies (Table 8.4). There are two observations: (i) NES only weakly generalizes
to other game sizes under the solver gap metric, and (ii) NES strongly generalizes to larger games under
the CCE gap, remarkably achieving zero violation. Therefore the network retains the ability to reliably find
CCEs in larger games, but does struggle to accurately select the target MWMRE equilibrium. This could
be mitigated by training the network on a mixture of game sizes, which is left for future work.
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Figure 8.4: Worst, mean, and best performance of MECCE (left in pair) and MECE (right in pair) over 512 samples
on the three equilibrium-invariant embeddings, and on a subset (Porter et al., 2008a) of transfer GAMUT (Nudelman
et al., 2004) games (Appendix Table 8.2). The network was only trained on the “L2 invariant subspace” distribution of
games. The gray range indicates the performance under a uniform distribution baseline.

Table 8.3: Scaling experiments showing the gaps of five NES models for larger games, with a uniform baseline, over
128 samples. The ECOS solver used to evaluate “solver gap” fails on large games.

Game
CCE Gap

under uniform
CCE Gap

under NES
Solver Gap

under uniform
Solver Gap
under NES

Success
Fraction

4× 4 1.1006 0.0274 0.3552 0.0120 100%
8× 8 1.0043 0.0163 0.2513 0.0054 99%

16× 16 0.8861 0.0173 0.2014 0.0034 98%
32× 32 0.7376 0.0215 − − 0%
64× 64 0.5864 0.0288 − − 0%

8.6 Applications
With Neural Equilibrium Solvers (NES) it is possible to quickly find approximate equilibrium solutions
using a variety of selection criteria. This allows the application of solution concepts in areas that would
otherwise be too time-expensive and are not as sensitive to approximations.

Inner Loop of MARL Algorithms
For algorithms (Greenwald and Hall, 2003; Hu and Wellman, 2003, 1998; Lanctot et al., 2017; Liu et al.,
2022b; Marris et al., 2021b) where speed is critical, and the size of games is modest, but numerous, and
approximations can be tolerated.

Warm-Start Iterative Solvers
Many iterative solvers start with a guess of the parameters and refine them over time to find an accurate
solution (Duan et al., 2021). It is possible to use NES to warm-start iterative solver algorithms, potentially
significantly improving convergence.

Polytope Approximation
The framework can be used to approximate the full space of solutions by finding extreme points of the
convex polytope. Because of convexity, any convex mixture of these extreme points is also a valid solution.
Two approaches could be used to find extreme points (i) using different welfare objectives, or (ii) using
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Table 8.4: Generalization experiments showing how an 8× 8 network generalizes to games with a different number of
strategies, over 128 samples.

Game
CCE Gap

under uniform
CCE Gap

under NES
Solver Gap

under uniform
Solver Gap
under NES

Success
Fraction

4× 4 1.1006 4.4445 0.3552 0.1500 100%
8× 8 1.0043 0.0163 0.2513 0.0054 99%
16× 16 0.8861 0.0000 0.2014 0.1089 98%
32× 32 0.7376 0.0000 − − 0%
64× 64 0.5864 0.0000 − − 0%

different target joint objectives. For example, using pure joint targets:

W (a) =

1, if a = â

0, otherwise
σ̂(a) =

1−, if a = â

0+, otherwise

These could be computed in a single batch, and would cover a reasonably large subset of full polytope of
solutions (the latter approach is demonstrated in Figure 8.1). It would be easy to develop an algorithm that
refines the targets at each step to gradually find all vertices of the polytope, if desired.

Differentiable Model and Mechanism Design
Mechanism design (MD) is a sub-field of economics often described as “inverse game theory”, where in-
stead of studying the behavior of rational payoff maximizing agents on a given game, the task is designing a
game so that rational payoff maximizing participants will exhibit behaviours at equilibrium that are deemed
desirable. The field has a long history to which it is near impossible to do justice; see (Maskin, 2008) for
a review. The work presented here could impact MD in two ways. First, by making it easy to compute
equilibrium strategies, NES could widen the class of acceptable output games, relaxing the restrictive re-
quirements (e.g. strategic dominance) often imposed of the output games out of concern more permissive
solution concepts could be hard for participants to compute. Second, NES maps payoffs to joint strategies
and is differentiable, one could imagine turning a mechanism design task to an optimization problem that
could be solved using standard gradient descent (e.g. design a general-sum game where strategies at equi-
librium maximize some non-linear function of welfare and entropy, with payoff lying in a useful convex
and closed subset). A related idea is to find a game that produces a certain equilibrium (Ling et al., 2018).
Given an equilibrium, a payoff could be trained through the differentiable model that results in the desired
specific behaviour.

8.7 Discussion
The main limitation of this approach is that the activation space of the network is large, particularly with
a large number of players and strategies which limits the size of games that can be tackled. Future work
could look at restricted classes of games, such as polymatrix games (Deligkas et al., 2016, 2017), or graph-
ical games (Jiang et al., 2011), which consider only local payoff structure and have much smaller payoff
representations. This is a promising direction because NES otherwise has good scaling properties: (i) the
dual variables are space-efficient, (ii) there are relatively few parameters, (iii) the number of parameters
is independent of the number of strategies in the game, (iv) equivariance means each training sample is
equivalent to training under all payoff permutations, and (v) there are promising zero-shot generalization
results to larger games.

Solving for equilibria has the potential to promote increased cooperation in general-sum games, which
could increase the welfare of all players. However, if a powerful and unethical actor had influence on the
game being played, welfare gains of some equilibria could unfairly come at the expense of other players.
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8.A Appendices

8.A.1 Approximate Target Maximum Welfare Minimum Relative Entropy Equil-
biria

This section derives Minimum Relative Entropy (RME) (also known as minimum KL divergence)∑
a σ(a) ln

(
σ(a)
σ̂(a)

)
, where σ̂(a) > 0 is a full-support joint such that,

∑
a σ̂(a) = 1. This objective

is similar to maximum entropy correlated equilibrium (MECE) (Ortiz et al., 2007), and the proofs here
are similar to the framework set out there. A drawback of MECE is that it is not easy to determine the
minimum ϵp permissible. If ϵp is chosen so that it does not permit a valid solution, then the parameters
will diverge. This problem can be circumvented by optimizing the distance to a target ϵ̂p. This target,

minϵp ρ
∑

p

(
ϵ+p − ϵp

)
ln
(

1
exp(1)

ϵ+p −ϵp

(ϵ+p −ϵ̂p)

)
, is engineered to have a global minimum at ϵp = ϵ̂p, where

0 < ρ <∞ is a hyper-parameter used to control the balance between the distance to the target distribution
and the distance to the target approximation parameter. And µ is for balancing the linear objective.

8.A.1.1 CEs

Theorem 8.A.1 (ϵ-MWMRE CE). The ϵ̂-MWMRE CE solution is equivalent to minimizing the loss:

CE
L = ln

(∑
a∈A

σ̂(a) exp

(
CE
l(a)

))
+
∑
p

ϵ+p
∑
a′
p,a

′′
p

CE
αp(a

′
p, a

′′
p)− ρ

∑
p

CE
ϵp

With logits defined as:

CE
l(a) = µ

∑
a

W (a)−
∑

p,a′
p,a

′′
p

CE
αp(a

′
p, a

′′
p)

CE
Ap(a

′
p, a

′′
p , a)

And primal variables defined:

CE
σ(a) =

σ̂(a) exp
( CE
l(a)

)
∑
a∈A

σ̂(a) exp
( CE
l(a)

) CE
ϵp = (ϵ̂p − ϵ+p ) exp

−1

ρ

∑
a′
p,a

′′
p

CE
αp(a

′
p, a

′′
p)

+ ϵ+p

Proof. Construct a Lagrangian, maxσ,ϵ minα,β,λ L
σ,ϵp
αp,β,λ

, where the primal variables are being maximized
and the dual variables are being minimized.

L
σ,ϵp
αp,β,λ

= −
∑
a

σ(a) ln

(
σ(a)

σ̂(a)

)
+ µ

∑
a∈A

W (a)σ(a)− ρ
∑
p

(
ϵ+p − ϵp

)
ln

(
1

exp(1)

ϵ+p − ϵp

(ϵ+p − ϵ̂p)

)

+
∑
a

β(a)σ(a)− λ

(∑
a

σ(a)− 1

)
−
∑

p,a′
p,a

′′
p

αp(a
′
p, ap)

(∑
a

σ(a)Ap(a
′
p, a

′′
p , a)− ϵp

)

=
∑
a

σ(a)

(
− ln

(
σ(a)

σ̂(a)

)
+ µW (a) + β(a)− λ−

∑
p,a′

p,a
′′
p

αp(a
′
p, a

′′
p)Ap(a

′
p, a

′′
p , a)

)

+
∑

p,a′
p,a

′′
p

αp(a
′
p, a

′′
p)ϵp + λ− ρ

∑
p

(
ϵ+p − ϵp

)
ln

(
1

exp(1)

ϵ+p − ϵp

(ϵ+p − ϵ̂p)

)
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Taking the derivatives with respect to the joint distribution σ(a), and setting to zero.

∂L
σ,ϵp
αp,β,λ

∂σ(a)
= − ln

(
σ(a)

σ̂(a)

)
− 1 + µW (a) + β(a)− λ−

∑
p,a′

p,ap

αp(a
′
p, ap)Ap(a

′
p, ap, a) = 0

σ∗(a) = σ̂(a) exp

(
−λ− 1 + µW (a) + β(a)−

∑
p,a′

p,ap

αp(a
′
p, ap)Ap(a

′
p, ap, a)

)

Substituting back in:

L
ϵp
αp,β,λ

=
∑
a

σ∗(a) +
∑

p,a′
p,ap

αp(a
′
p, ap)ϵp + λ− ρ

∑
p

(
ϵ+p − ϵp

)
ln

(
1

exp(1)

ϵ+p − ϵp

(ϵ+p − ϵ̂p)

)

Taking the derivative with respect to λ and setting to zero.

∂L
ϵp
αp,β,λ

∂λ
= −

∑
a

σ∗(a) + 1 = 0

exp (λ∗ + 1) =
∑
a

σ̂(a) exp

µW (a) + β(a)−
∑

p,a′
p,a

′′
p

αp(a
′
p, a

′′
p)Ap(a

′
p, a

′′
p , a)


Substituting back in:

L
ϵp
αp,β

= ln

∑
a

σ̂(a) exp

µW (a) + β(a)−
∑

p,a′
p,a

′′
p

αp(a
′
p, a

′′
p)Ap(a

′
p, a

′′
p , a)


+
∑

p,a′
p,a

′′
p

αp(a
′
p, a

′′
p)ϵp − ρ

∑
p

(
ϵ+p − ϵp

)
ln

(
1

exp(1)

ϵ+p − ϵp

(ϵ+p − ϵ̂p)

)

Noting that the term is minimized when β(a) = 0, the σ̂(a) term can be lifted into the exponential.

Lϵp
αp

= ln

∑
a

σ̂(a) exp

µW (a)−
∑

p,a′
p,a

′′
p

αp(a
′
p, a

′′
p)Ap(a

′
p, a

′′
p , a)


+
∑

p,a′
p,a

′′
p

αp(a
′
p, a

′′
p)ϵp − ρ

∑
p

(
ϵ+p − ϵp

)
ln

(
1

exp(1)

ϵ+p − ϵp

(ϵ+p − ϵ̂p)

)

Taking the derivatives with respect to the approximation parameter ϵp, and setting to zero.

∂L
ϵp
αp

∂ϵp
= ρ ln

(
ϵ+p − ϵ∗p

ϵ+p − ϵ̂p

)
+
∑
a′
p,ap

αp(a
′
p, ap) = 0 =⇒ ϵ∗p = (ϵ̂p − ϵ+p ) exp

−1

ρ

∑
a′
p,ap

αp(a
′
p, ap)

+ ϵ+p

Therefore:

ln

(
1

exp(1)

ϵ+p − ϵ∗p

(ϵ+p − ϵ̂p)

)
= ln

 1

exp(1)
exp

−1

ρ

∑
a′
p,ap

αp(a
′
p, a

′′
p)

 = −1

ρ

∑
a′
p,a

′′
p

αp(a
′
p, a

′′
p)− 1
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Substituting back in:

Lαp
= ln

∑
a

σ̂(a) exp

µW (a)−
∑

p,a′
p,a

′′
p

αp(a
′
p, a

′′
p)Ap(a

′
p, a

′′
p , a)


+
∑

p,a′
p,a

′′
p

ϵ+p αp(a
′
p, a

′′
p)− ρ

∑
p

(ϵ̂p − ϵ+p ) exp

−1

ρ

∑
a′
p,a

′′
p

αp(a
′
p, a

′′
p)



8.A.1.2 CCEs
Theorem 8.A.2 (CCE). The ϵ̂-MWMRE CCE solution is equivalent to minimizing the loss:

CCE
L = ln

(∑
a∈A

σ̂(a) exp

(
CCE
l(a)

))
+
∑
p

ϵ+p
∑
a′
p

CCE
αp(a

′
p)− ρ

∑
p

CCE
ϵp

With logits defined as:

CCE
l (a) = µ

∑
a

W (a)−
∑
p,a′

p

CCE
αp(a

′
p)

CCE
Ap(a

′
p, a)

And primal variables defined:

CCE
σ(a) =

σ̂(a) exp
(CCE
l(a)

)
∑
a∈A

σ̂(a) exp
(CCE
l(a)

) CCE
ϵp = (ϵ̂p − ϵ+p ) exp

−1

ρ

∑
a′
p

CCE
αp(a

′
p)

+ ϵ+p

Proof. Similar proof to Theorem 8.A.1.

8.A.2 Equivariant Pooling Functions
Functions which maintain equivariance over player and strategy permutations are useful building blocks for
neural network architectures. These comprise of two components; (i) an equivariant pooling function ϕ,
such as mean sum, min, or max, and (ii) the reduction dimensions.

An equivairant pooling function has three properties: (i) it collapses one or more of the dimensions
of a tensor, (ii) the operation is invariant to the order of the elements in the collapsed dimensions, and (iii)
the operation is equivariant to the order of the elements in the non-collapsed dimensions. For example,
the reduction,

∑
a2

G1(a1, a2) = R1(a1), (i) reduces the dimensionality from |A1| × |A2| to |A1|, (ii)
reordering the columns of G1(a1, a2) does not change the calculation, but (iii) reordering the rows of
G1(a1, a2) results in an equivariant output, where R1(a1) is reordered in the same way.

Such combinations of pooling functions and reduction dimensions can be combined to construct a
network that is equivariant to strategy and player permutation. Consider several such pooling functions
composed together (Figure 8.5).

8.A.3 Experiment Architecture and Hyper-Parameters
The architecture and hyper-parameters were chosen from a coarse sweep. The performance of architecture
was not very sensitive to parameterization: similar settings will work well, or even better. Nevertheless the
details of the exact architecture used in the experiments are provided.
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+ + +

I(a1, a2)

[|A1|, |A2|]

I(a1, a2)

[|A1|, |A2|]

ϕa2
I(a1, a2)

[|A1|, 1]

ϕa1
I(a1, a2)

[1, |A2|]

ϕa1,a2
I(a1, a2)

[1, 1]

O(a1, a2)

[|A1|, |A2|]

Figure 8.5: Equivariant pooling functions, mapping an input I(a1, a2) to an output O(a1, a2). Swapping the second
and third row (for example) of the input results in the same swap in the outputs.

Architecture
All experiments use the same network architecture, with either CCE or CE dual parameterization, imple-
mented in JAX (Bradbury et al., 2018) and Haiku (Hennigan et al., 2020). The network used pooling
functions (Equations (8.12a)-(8.12d) and (8.12k)-(8.12l)) for the payoffs to payoffs layers, and used all the
pooling functions for dual layers. For ϕ, both mean and max pooling together are used. The network con-
sists of 5 payoffs to payoffs layers, each with 32 channels, a payoffs to duals layer with 64 channels and 2
duals to duals layers with 32 channels, which are denoted [(32, 32, 32, 32, 32), 64, (32, 32)]. The network
has 79,905 parameters. All nonlinearities are ReLUs apart from the final layer which is a Softplus. Batch-
Norm (Ioffe and Szegedy, 2015) is used between every layer with learned scale and variance correction.
The network was initialized such that the variance of activations at every layer is unity. This was done
empirically by passing a dummy batch of data through the network and calculating the variance.

Hyper-Parameters
The network was trained with a batch size of 4096, the Optax (Hessel et al., 2020) implementation of
Adam (Kingma and Ba, 2014) (learning rate 4 × 10−4) optimizer with adaptive gradient clipping (Brock
et al., 2021) (clipping 10−3). The experiments used a learning rate schedule with (iteration, factor) pairs of
[(1 × 105, 1.0), (1 × 106, 0.6), (4 × 106, 0.3), (7 × 106, 0.1), (1 × 107, 0.06), (1 × 108, 0.03)]. Finally, a
weight decay loss (learning rate 1× 10−7) is used for regularization.

8.A.3.1 Hardware

The network is trained on a 32 core TPU v3 (Jouppi et al., 2020), and evaluated on an 8 core TPU v2 (Jouppi
et al., 2020). For intuition, the 8× 8 network trains at around 400 batches per second (1,638,400 examples
per second). Evaluation is even faster. Bigger games take longer, and scale approximately linearly with the
number of joint actions in the game.

8.A.4 Relative Entropy and Welfare Objectives
Any solution can be realised by some relative entropy objective, since if a joint distribution σ(a) is a (C)CE,
then the solution with a relative entropy objective to σ̂(a) = σ(a) itself is optimised by σ(a). One might
imagine therefore that a relative entropy objective could be chosen to induce a maximum welfare solution,
based on the payoffs. If possible, this would allow the MWMRE to be simplified. However, it is not
straightforward to determine a priori which relative entropy objective(s) will lead to the maximum welfare.
This means that relative entropy objectives are insufficient for finding Maximum Welfare solutions.

For example, consider a welfare W (a) =
∑

p Gp(a). One might try to induce a welfare maximising
solution by choosing a target joint σ̂(a) = limT→∞ SoftMax(TW (a)), where T is the temperature param-
eter. Finding a CE that minimizes relative entropy to σ̂ would place high mass on the highest welfare joint
action, but is not equivalent to maximizing the linear objective

∑
a σ(a)W (a), for either CCEs or CEs.

Consider game (a) in Table 8.5. This game consists of two games of chicken side-by-side, which are
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Table 8.5: Payoffs for two games that show that maximum welfare (MW) cannot be discovered via an MW objective
to the distribution given by a softmax of welfare. Both games are symmetric, payoffs are given for the row player

(a) CE MW Counterexample

1 2 3 4
1 -4 2, -2 -999 -999
2 -2, 2 1 -999 -999
3 -999 -999 -3 2, -2
4 -999 -999 -2, 2 1.1

(b) CCE MW Counterexample

1 2 3 4
1 2 0 0 0, 2
2 0 3 0, 3 -10, 7
3 0 3, 0 -10 -10, -6
4 2, 0 7, -10 -6, -10 0

mutually incompatible (i.e. the players must co-ordinate to play the same game of chicken to avoid a very
large negative payoff for both). The softmax relative entropy objective will prefer the action pair (4, 4) over
all others, as it gives slightly higher payoffs than (2, 2). Notice that a CE that recommends (4, 4) must also
recommend the action pair (4, 3) some of the time in order to disincentivise the row player from deviating
from action 4 to action 3. Similarly, a CE that recommends (2, 2) must also recommend (2, 1) some of the
time to disincentivise the row player from deviating from action 2 to action 1.

Crucially, because (1, 1) has a lower payoff for the row player than (3, 3), in CEs consisting (2, 2)
the mediator doesn’t have to recommend (2, 1) as often as it has to recommend (4, 3) to form an effective
disincentive. The result is that a CE that plays exclusively the joint actions (1, 2), (2, 1) and (2, 2) can
achieve higher welfare than any that plays (4, 4), despite never playing the welfare maximising joint action.

Game (b) in Table 8.5 provides a counterexample for the CCE case. It works in a similar way to the
CE counterexample: there are two high welfare joint strategies, (1, 1) and (2, 2). The latter has higher
welfare, but if played too much a deviation to strategy 4 is incentivised. In the limit of T , the relative
entropy objective selects whichever equilibrium has the highest probability of the maximum welfare joint.

To disincentivise the row player’s deviation to strategy 4, the column player must either play only
strategies 1 and 4, because the strategies 1 and 4 have the same payoff for the row player, or play strategy 3
sufficiently frequently that the benefit of deviating from strategy 2 to strategy 4 is nullified.

The first option gives rise to the maximum welfare CCE, which plays (1, 1) with probability 1. The
second gives rise to the CCE that plays (2, 2) with the highest possible probability: 0.2. It plays (2, 3) and
(3, 2) with probability 0.4 each. This is chosen by the relative entropy objective, but gives each player an
average payoff of 1.8, which is equal to the payoff for deviating to action 4 in this equilibrium, but lower
than the payoff of (1, 1).



Chapter 9

Game Theoretic Rating

Rating strategies in a game is an important area of research in game theory and artificial intel-
ligence, and can be applied to any real-world competitive or cooperative setting. Traditionally,
only transitive dependencies between strategies have been used to rate strategies (e.g. Elo
(Elo, 1978)), however recent work has expanded ratings to utilize game theoretic solutions to
better rate strategies in non-transitive games. This work generalizes these ideas and proposes
novel algorithms suitable for n-player general-sum rating of strategies in normal-form games
according to the payoff rating system. This enables well-established solution concepts, such as
equilibria, to be used to rate strategies in games. These ratings summarize the complex strate-
gic interactions which arise in multiagent training and real-world scenarios. The methods are
empirically validated on real world normal-form game data (Premier League) and multiagent
reinforcement learning agent evaluation.

9.1 Introduction
Traditionally, rating systems assume transitive dependencies of strategies in a game (such as Elo (Elo,
1978) and TrueSkill (Herbrich et al., 2007)). That is, there exists an unambiguous ordering of all strate-
gies according to their relative strengths. This ignores all other interesting interactions between strategies,
including cycles where strategy S beats P beats R beats S in the classic game of Rock, Paper, Scissors
(Table 9.1). Many interesting games have this so-called “strategic” dimension (Czarnecki et al., 2020), or
“gamescapes” (Balduzzi et al., 2018), that cannot be captured by pairwise transitivity constraints.

Game theoretic rating of strategies is an emerging area of study which seeks to overcome some of these
drawbacks. These methods can be employed in normal-form games or in empirical games. Empirical games
are normal-form games estimated from extensive-form games, where strategies are policies competing in
a multiagent interaction (e.g. a simulation or a game) and the payoffs are approximate expected returns of
the players employing these policies (Tuyls et al., 2020; Walsh et al., 2002; Wellman, 2006).

The Nash Average (NA) (Balduzzi et al., 2018) algorithm proposed a way of rating strategies in two-
player, zero-sum, normal-form games. This approach is known as maximal lottery (Fishburn, 1984; Krew-
eras, 1965) in social choice theory, where it first arose, and is so fundamental it has been rediscovered across
many fields (Brandt, 2017). In particular, NA proposed two applications of rating: agent-vs-agent interac-
tions and agent-vs-task interactions. NA possesses several interesting properties: its ratings are invariant to
strategy duplication, and it captures interesting non-transitive interactions between strategies. However, the
technique is difficult to apply outside of two-player, zero-sum domains due to computational tractability and
equilibrium selection difficulties. More recent work, α-Rank (Omidshafiei et al., 2019), sought to remedy
this by introducing a novel computationally feasible solution concept based on the stationary distribution
of a discrete-time evolutionary process. Its main advantages are its uniqueness and efficient computation in
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n-player and general-sum games.
This work expands game theoretic rating techniques to established equilibrium concepts correlated

equilibrium (CE) (Aumann, 1974), and coarse-correlated equilibrium (CCE) (Moulin and Vial, 1978). Sec-
tion 9.2 defines a novel general rating definition: payoff rating, which is equivalent to NA if the game is
two-player zero-sum. Payoff rating is the expected payoff under a joint distribution, conditioned on taking
a certain strategy. The choice of joint distribution is what provides payoff ratings with its interesting prop-
erties. Section 9.3 suggests joint distributions to parameterize game theoretic rating algorithms. Section 9.5
tests these algorithms on instances of n-player, general-sum games using real-world data. Finally, Sec-
tion 9.6 is a discussion of the connections of this work to other areas of machine learning and the relevance
of the work to machine learning.

9.2 Game-Theoretic Rating
This chapter introduces a novel generalized rating for n-player, general-sum: the payoff rating. The defini-
tion functions for arbitrary joint strategy distributions, however the key idea of this work is to use equilib-
rium distributions, which have interesting game-theoretic properties.

9.2.1 Payoff Rating
The rating is defined in terms of the payoff, Gp, and the joint distribution players are assumed to be playing
under, σ.

rσp (ap) =
∂

∂σ(ap)

∑
a∈A

Gp(a)σ(a) =
∂

∂σ(ap)

∑
a−p∈A−p

Gp(ap, a−p)σ(a−p|ap)σ(ap)

=
∑

a−p∈A−p

Gp(ap, a−p)σ(a−p|ap) (9.1)

Theorem 9.2.1. (Nash Average Equivalence) When using an maximum entropy Nash equilibrium (MENE)
for the joint strategy distribution in two-player, zero-sum games, payoff rating is equivalent to Nash Average
(NA).

Proof. For NE, a player’s strategies are independent from the other player’s strategies, σ(a2|a1) = σ(a2).
Therefore rσ1 (a1) =

∑
a2∈A2

G1(a1, a2)σ(a2) and rσ2 (a2) =
∑

a1∈A1
G2(a1, a2)σ(a1), which is the defi-

nition of NA.

This definition has two interpretations: a) the change in the player’s payoff under a joint strat-
egy distribution,

∑
a∈A Gp(a)σ(a), with respect to the probability of selecting that strategy, σ(ap) b)

the expected strategy payoff under a joint strategy distribution conditioned on that strategy. When de-
fined, the payoff rating is bounded between the minimum and maximum values of a strategy’s payoff,
mina Gp(ap, a−p) ≤ rσp (ap) ≤ maxa Gp(ap, a−p).

Note the mathematical edge case that strategies with zero marginal probability, σ(ap) = 0, have unde-
fined conditional probability, σ(a−p|ap), and therefore have undefined payoff rating. Consider a symmetric
two-player zero-sum transitive game where strategy S dominates A, and A dominates W . Many game the-
oretic distributions (including NE, CE and CCE) will place all probability mass on (S, S), leaving strategies
A and W with undefined rating. This may be unsatisfying for two reasons; firstly there could be further or-
dering between A and W such that S > A > W is reflected in the ranking, and secondly, that all strategies
should receive a rating value. It could be argued that if a strategy dominates all others then an ordering over
the rest is redundant. However there are ways to achieve ordering; a) with approximate equilibria, certain
joint strategies (such as ϵmin+-MECCE) are guaranteed to place at least some mass on all strategies, b)
assign rσp (a) = mina Gp(a) for undefined values, and c) rate using a sub-game with dominating strategies
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pruned.

9.2.2 Joint Strategy Distributions
Consider some joint distributions that the rating could be measured under. The most ubiquitous approach is
the uniform distribution which is equivalent to calculating the mean payoff across all opponent strategies.
As discussed previously, this approach does not consider any interesting dynamics of the game. It is,
however, the distribution with maximum entropy and therefore makes the fewest assumptions (Jaynes,
1957) .

In order to be more game theoretic, using distributions that are in certain types of equilibrium is ben-
eficial. Firstly, consider the definitions of several equilibria (Equations (2.64), (2.54), and (2.59)). These
equations are linear1 inequality constraints between strategies, so already closely resemble a partial order-
ing. Rankings are nothing more than partial orderings between elements. Secondly, values of the payoff
ratings depend entirely on the payoffs under distributions that all players are not incentivized to deviate
from. Therefore this set of joint distributions are representative of ones which rational agents may employ
in practice. In contrast, the uniform distribution is rarely within an equilibrium set. Therefore, this work
argues, equilibrium distributions are a much more natural approach. Further mathematical justification is
given in Section 9.A.3.

It is possible to mix the opinionated properties of an equilibrium with the zero-assumption properties
of the uniform: there exists a principled continuum between the uniform distribution and an equilibrium
distribution (Marris et al., 2021a) to achieve this balance. The uniform distribution is recovered when using
a large enough approximation parameter ϵp ≥ ϵuni

p . The value of ϵuni
p depends on the solution concept, and

can be determined directly from a payoff.

Theorem 9.2.2 (Minimum Approximation Uniform). The uniform distribution is an ϵ-equilibrium, when
using approximation parameter ϵp ≥ ϵuni

p .

WSCE / WSNE: ϵuni
p = max

a′
p,a

′′
p

∑
a−p∈A−p

1

|A−p|
AWSCE

p [a′p, a
′′
p , a−p] (9.2a)

CE / NE: ϵuni
p = max

a′
p,a

′′
p

∑
a∈A

1

|A|
ACE

p [a′p, a
′′
p , a] (9.2b)

CCE: ϵuni
p = max

a′
p

∑
a∈A

1

|A|
ACCE

p [a′p, a] (9.2c)

Proof. Note that the uniform distribution factorizes, therefore the distinction between NE and its CE-based
definition can be ignored. Simply consider the maximum possible deviation possible for each player.

For completeness, there is a similar approximation parameter that permits any distribution to be in
equilibrium. Due to convexity it is only necessary to consider the most extreme points: pure strategies.
This is the same over all solution concepts.

Theorem 9.2.3 (Minimum Approximation All). All distributions are ϵ-WSNE, ϵ-NE, ϵ-WSCE, ϵ-CE, and
ϵ-CCE, when using approximation parameter ϵp ≥ ϵall

p .

ϵall
p = max

a′
p,a

′′
p ,a−p

AWSCE
p [a′p, a

′′
p , a−p] = max

a′
p,a

′′
p ,a

ACE
p [a′p, a

′′
p , a] = max

a′
p,a

ACCE
p [a′p, a] (9.3)

These theorems are utilized in Figure 9.2 to explore relationship between rating under a uniform dis-
tribution and a game theoretic rating by smoothly adjusting the approximation parameter.

1In joint distribution space.
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9.2.3 Properties of Equilibria Ratings
Naively, one may want a rating strategy to differentiate the strategies it is rating. Game-theoretic rating does
the opposite: it groups strategies into similar ratings that should not be differentiated, such as strategies that
are in a cycle with one another (Tables 9.2a, and 9.2b). We call this phenomenon the grouping property.
It is well-known that Nash equilibria have this property: players should be indifferent between strategies
in the equilibrium support. Other properties, such as strategic dominance resulting in dominated ratings,
consistent ratings over repeated strategies, and consistency between players in a symmetric game, can also
be achieved when using the maximum entropy criterion (Section 9.A.3).

9.3 Rating Algorithms
A generalized payoff rating algorithm (Algorithm 9.1) is therefore parameterized over an equilibrium con-
cept, and an equilibrium selection criterion. This section makes some recommendations on suitable param-
eterizations.

Algorithm 9.1 Generalized Payoff Rating

1: σ(a)← CONCEPTANDSELECTION(G(a), ϵ)
2: for p← 1...n do
3: rσp (ap)←

∑
a−p∈A−p

Gp(ap, a−p)σ(a−p|ap)

4: return (rσ1 (a1), ..., r
σ
n(an))

9.3.1 ϵmin+-MECCE Payoff Rating
This work recommends using Coarse Correlated Equilibrium (CCE) as the joint strategy distribution, max-
imum entropy (ME) for the equilibrium selection function. Consider the solution when ϵ → ϵmin (or
equivalently with a sufficiently small ϵ = ϵmin+), where ϵmin ≤ 0 is the minimum approximation param-
eter that permits a feasible solution (Section 9.A.2) (Marris et al., 2021b). The resulting rating is called
ϵmin+-MECCE Payoff Rating.

Using CCEs as the solution concept has a number of advantages: a) full joint distributions allow
cooperative as well as competitive games to be rated; factorizable distributions such as NE struggle with
cooperative components of a game b) CCEs are more tractable to compute than CEs and NEs, c) full-support
CCEs only require a single variable per strategy to define2, d) they are amenable to equilibrium selection
because it permits a convex polytope of solutions, e) under a CCE, no player has incentive to deviate from
the joint (possibly correlated) distribution to any of their own strategies unilaterally since it would not result
in higher payoff, and f) the empirical joint strategy of no-regret algorithms in self-play converge to a CCE.

In combination with CCEs, ME with any ϵ > ϵmin (Section 9.A.2) spreads at least some mass over
all joint strategies (“full support” (Ortiz et al., 2007)) meaning that the conditional distribution, and hence
the payoff rating, is always well defined. This equilibrium selection method is also invariant under affine
transforms (Marris et al., 2021a) of the payoff, scales well to large numbers of players and strategies, and
is principled in that it makes minimal assumptions about the distribution (Jaynes, 1957). Empirically, it
groups strategies within strategic cycles with each other. Using a solution near ϵmin allows for a strong,
high value equilibrium to be selected which is particularly important for coordination games.

9.3.2 ϵ
ϵuni -MECCE Payoff Rating

A drawback of using ϵ = ϵmin+ is that sometimes (usually when strategies are strictly dominated by others)
the distribution needs to be computed to a very high precision, otherwise numerical issues will complicate

2With the payoff tensor.
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Table 9.1: Dwayne, Pen, Sword, Rock, Paper, Scissors (DPSRPS) symmetric, two-player, zero-sum game. Where
Dwayne beats pen (dominance in arts), pen beats sword, sword beats Dwayne. When the first three strategies interact
with the second three strategies they retain the usual properties of the RPS game resulting in those three quadrants
having identical payoff. Note that the top left quadrant has a reversed cycle to the usual RPS game. Note the sub-
games: DRPS and RPS.

D Pe Sw R P S
D 1

2 , 1
2 1, 0 0, 1 1

2 , 1
2 0, 1 1, 0

Pe 0, 1 1
2 , 1

2 1, 0 1, 0 1
2 , 1

2 0, 1
Sw 1, 0 0, 1 1

2 , 1
2 0, 1 1, 0 1

2 , 1
2

R 1
2 , 1

2 0, 1 1, 0 1
2 , 1

2 0, 1 1, 0
P 1, 0 1

2 , 1
2 0, 1 1, 0 1

2 , 1
2 0, 1

S 0, 1 1, 0 1
2 , 1

2 0, 1 1, 0 1
2 , 1

2

the calculation of the conditional distributions.
In order to mitigate this problem let us use an approximate equilibrium distribution which will spread

more mass. It is advantageous to normalize the approximation parameter (Marris et al., 2021a), ϵ
ϵuni , where

ϵuni is the minimum ϵ that permits the uniform distribution in the feasible set. When ϵ
ϵuni = 1 the uniform

distribution is selected by ME, when ϵ
ϵuni = 0 the MECCE solution is recovered. For some games, it is

possible to set ϵ
ϵuni ≤ 0 to produce ratings with very robust distributions. This is similar in idea to the

continuum of QREs (McKelvey and Palfrey, 1995). Figure 9.2 shows how ratings change with ϵ
ϵuni for a

two-player, zero-sum game.

9.4 Implementation Considerations
There are two additional considerations that may need to be handled when implementing game theoretic
ratings algorithms: uncertain payoffs and repeated strategies.

9.4.1 Uncertainty in Payoffs
Often the outcome of a game is stochastic and it may not be able to query the exact expected return of a
joint strategy. Instead, the expected return may have to be estimated through sampling each element of the
payoff. Furthermore, there may be scenarios where elements of a payoff tensor are missing. There has been
significant work on estimating solution concepts in uncertain or incomplete information settings (Du et al.,
2021; Rashid et al., 2021; Rowland et al., 2019). The work presented here does not offer involved solutions
for handling uncertain payoffs, but it will make one recommendation: when the payoff is uncertain, an
appropriately large ϵ should be used. This is because small changes in payoff can result in large changes in
the equilibrium set. Larger ϵ mitigates the size of those changes.

9.4.2 Repeated Strategy Problem
Consider the Rock, Paper, Scissors (RPS) game (Table 9.1). For RPS, each strategy is clearly distinct as
they have different payoffs. Now let us consider a similar game Dwayne, Rock, Paper, Scissors (DRPS). In
this case strategies D and R have identical payoffs, but does that mean they are repeated instances of the
same strategy?

Strategies with the same payoffs are mathematically identical. The only situation where one may want
to differentiate between strategies with identical payoffs is when one is in a sub-game regime: where only
a subset of the strategies of a full game are known. This scenario is common in EGTA, and this problem
arises in multiagent training algorithms like Double Oracle (DO) (McMahan et al., 2003) and Policy-Space
Response Oracles (PSRO) (Lanctot et al., 2017). In this scenario strategies may become non-identical when
additional opponent strategies are added to the sub-game. For example, consider the Dwayne, Pen, Sword,
Rock, Paper, Scissors (DPWRPS) game (Table 9.1).

However, there is still additional information that can be attached to each strategy to aid differentiation.
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For example it is common that strategies represent policies from an extensive form game. In this case one
could differentiate strategies with the same payoffs in a sub-game by examining their policies. Identical
policies imply identical payoffs, but identical payoffs do not imply identical policies.

A desirable property of rating algorithms is that they are invariant under strategy repeats. An algorithm
with this property is particularly useful when rating sub-games where distinctly different strategies may
appear to have the same payoffs in the sub-game. For example, if you were studying an RPS tournament
and found that 50% of participants played rock, one may come away thinking that paper is the strongest
strategy. However, while this may be the case in this particular tournament, it does not paint an accurate
portrayal of the underlying RPS game, where each strategy is equally good and equally exploitable. Payoff
ratings derived from NEs are invariant to strategy repeats (Balduzzi et al., 2018). (C)CEs and α-Rank are
not automatically invariant to strategy repeats. Retaining this property for these other solution concepts is
advantageous.

This could be simply achieved by eliminating repeated strategies from a game. When the payoffs are
exactly known, this can be implemented by testing for equality between all elements of a slice of a payoff
tensor and eliminating duplicate slices. When the payoffs are noisy estimates, soft strategy elimination
may need to be used. After solving the remaining sub-game after elimination, the joint distribution for the
non-eliminated game can be reconstructed by spreading any mass equally over repeated strategies.

9.5 Experiments
In order to build intuition and demonstrate the flexibility of the rating algorithms presented, this section
shows ratings for several standard and real world data games. Experiments compare against uniform and
α-Rank rating methods.

9.5.1 Standard Normal Form Games
First let us consider the payoff, equilibrium and payoff ratings of some two-player normal-form games (Ta-
ble 9.2). RPS has three strategies in a cycle, and therefore equilibrium ratings dictate that these strategies’
ratings should be equal. This is true even if the cycles are biased (Table 9.2a) for the MECCE rating. In
this case the probability mass is spread unevenly but the resulting payoff rating is equal for all the strategies
in the cycle, grouping them together. α-Rank does not produce equal payoff ratings for BRPS, but does
spread mass equally (not shown in the table). The uniform payoff incorrectly ungroups these strategies. It
is also possible to construct a general-sum game with two sets of cycles where one cycle “dominates” the
other (Table 9.2b). MECCE successfully groups the ratings of each of the cycles.

In prisoner’s Dilemma (Table 9.2c) the dominant joint strategy receives all the mass (using slightly
above ϵmin means (C,D) also gets some mass). Uniform rating results in the correct ordering in transi-
tive games, but with less intuitive values. In Bach or Stravinsky (Table 9.2d) and the coordination game
(Table 9.2e) MECCE is able to perfectly correlate actions to give better mutual payoffs. The limiting logit
equilibrium (LLE) (McKelvey and Palfrey, 1995) is unsatisfactory on coordination games because factoriz-
able distributions cannot exploit coordination opportunities. Interestingly, in the chicken game (Table 9.2f)
C has better payoff rating than S because it is the strategy that gives the highest payoff when the other
player swerves. This is an example of when the the uniform rating gives a different ordering to the payoff
rating.

9.5.2 Constant-Sum Premier League Ratings
Consider a two-player, zero-sum, symmetric win probability3 representation of clubs playing against each
other in the 2018/2019 season of the premier league. Figure 9.1a shows win rates between clubs. For
example, observe that Liverpool is very strong and beats every club apart from Man City. Although Man

3In practice, the Premier League is general-sum with 3 points for a win, 1 point each for a draw, and 0 points for a loss.
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Table 9.2: Player 1’s payoff ratings for standard games. ER: ϵmin+-MECCE. LR: LLE. αR: α-Rank. UR: uniform.

(a) Biased Rock, Paper, Scissors (G2 = 1−G1 = GT
1 ).

G1 R P S
R 1

2
2
10 1

P 8
10

1
2

3
10

S 0 7
10

1
2

σER R P S
R .04 .10 .06
P .10 .25 .15
S .06 .15 .09

rσ1 ER LR αR∗ UR
R .5 .5 .567 .567
P .5 .5 .533 .533
S .5 .5 .400 .400

(b) Dominated Biased Rock, Paper, Scissors (G2 = GT
1 )

G1 BRPS 1
2 BRPS

BRPS GBRPS
1 0

1
2 BRPS 0 1

2G
BRPS
1

σER BRPS 1
2 BRPS

BRPS 1
3σ

BRPS 0
1
2 BRPS 0 2

3σ
BRPS

rσ1 ER LR αR UR
R 0.5 0.5 0.479 0.283
P 0.5 0.5 0.511 0.267
S 0.5 0.5 0.444 0.200

rσ1 ER LR αR UR
1
2 R 0.25 0.0 0.239 0.142
1
2 P 0.25 0.0 0.256 0.133
1
2 S 0.25 0.0 0.222 0.100

(c) Prisoner’s Dilemma.

Gp C D
C −1, −1 −3, 0
D 0, −3 −2, −2

σER C D
C 0+ 0++

D 0++ 1

rσ1 ER LR αR UR
C −3 −3 -3 −2
D −2 −2 -2 −1

(d) Bach or Stravinsky.

Gp B S
B 3, 2 0, 0
S 0, 0 2, 3

σER B S
B 1

2 0
S 0 1

2

rσ1 ER LR αR UR
B 3 1.2 3 3

2
S 2 1.2 2 1

(e) Preferential Pure Coordination (G2 = G1).

Gp P L
P 1 0
L 0 1

2

σER P L
P 1

3 0
L 0 2

3

rσ1 ER LR αR UR
P 1 1 1 1

2
L 1

2 0 1
2

1
4

(f) Chicken.

Gp C S
C −10 1, −1
S −1, 1 0

σER C S
C 0 1

2
S 1

2 0

rσ1 ER LR αR UR
C 1 −0.1 1 − 9

2
S −1 −0.1 −1 − 1

2
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(a) P1 payoff, G1(a1, a2)
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(b) 0+-ME(C)CE σ(a1, a2)
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Figure 9.1: Symmetric, two-player, zero-sum Premier League game where players pick between clubs as strategies.
The clubs are ordered according to their average win probability. The conditional distribution is recovered from very
small mass present in the joint distribution (MENE/CE/CCE shown). Log scales of the joint distribution can be found
in Figure 9.2a.

City can beat Liverpool, Man City draws against four other clubs: Chelsea, Leicester, Crystal Palace and
Newcastle, the latter three being middle of the table. Furthermore, Chelsea beats Crystal Palace, Crystal
Palace beats Leicester, and Leicester beats Chelsea. Newcastle at best draws against Leicester. Therefore
there is a weak cycle including Man City, Chelsea, Leicester and Crystal Palace, where Man City can
threaten Liverpool. Because of this cycle, all these clubs have strategic relevance, and therefore should be
rated equally highly by a game theoretic rating technique.

The 0+-ME(C)CE rating spreads the majority of the mass (Figure 9.1b) over clubs within this cycle.
Note that for two-player, zero-sum games, exact CCE, CE and NE distributions are identical, and are
therefore factorizable. Although it cannot be observed in the figure, there is nonzero support for every
joint strategy and the conditional distribution (Figure 9.1c) reflects this. The payoff rating (Figure 9.1d) is
identical for all strategies with nonzero NE support (see Section 9.A.3.1 for an explanation).
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Furthermore, this work studies the ϵ
ϵuni -MECCE mass (Figure 9.2a) and payoff (Figure 9.2b) ratings

when varying ϵmin+

ϵuni = 0+ ≤ ϵ
ϵuni ≤ 1. Some clubs (including Leicester, Crystal Palace and Newcastle

which are in a weak cycle with Man City) improve their rankings as the joint distribution nears the 0+-
MECCE solution. When using ϵ

ϵuni = 1 the uniform distribution is selected, and the payoff ratings are
simply the mean performances against other clubs. When ϵ

ϵuni is reduced towards zero, the rating becomes
more game theoretic and the ratings change to reflect this. In particular, Leicester, Crystal Palace, and
Newcastle all climb in rankings because they are in a weak cycle with Man City. Furthermore, the marginal
masses, σ(ap), of many of the strategies tend to zero, with only a handful of clubs maintaining positive
mass.

9.5.3 General-Sum Two-Player Premier League Ratings
Consider the general-sum points game, where each club plays each other twice and score 3 points for
each win, 1 for each draw and 0 for each loss (Figure 9.3). This game is studied because it is not purely
competitive: coordination exists because players would prefer mixing over two win-loss joint strategies (1.5
points each) rather than a single draw-draw joint strategy (1 point each).

Consider a particular NE equilibrium, the limiting logit equilibrium (LLE), which has which has a
factorizable joint distribution (Figure 9.3d). A key drawback of factorizable distributions is that they cannot
coordinate with other players, and therefore miss out on opportunities to increase the value of the game.
Observe that LLE has the lowest value of the solution concepts tested (Figure 9.3l), even lower than uniform,
while CCE has the highest, as the theory predicts. Therefore CCEs have the property that they can handle
both competitive and cooperative rating.

9.5.4 Three-Player Premier League Ratings
Using the same data, this experiment introduces another player, the location player, which has two strate-
gies: home or away. The location player gets a point if the club playing in the location it selects wins. The
clubs get a point if they win irrespective of what the location player plays. This results in a three-player,
general-sum game: location vs home club vs away club (Figure 9.4a).

This time, consider ratings using an approximate equilibrium with ϵ
ϵuni = 0.1. As expected, the lo-

cation player’s ratings (Figure 9.4b) favour the home strategy (reflecting the well-known home advantage
phenomenon). The performance of clubs at home (Figure 9.4c) is high. The away performance (Fig-
ure 9.4d) of Leicester and Crystal Palace earn them top payoff ratings even though they are in the middle of
the table.

9.5.5 Three-Player ATP Tennis Ratings
Using data from 2000-2020 ATP Tennis tournaments, this work studied the ratings of three competitors
(Djokovic, Federer and Nadal) and the surfaces they play on (Hard, Clay and Grass), resulting in a three-
player game: surface vs competitor vs competitor.

The surface a player competes on is a large factor of the game, however Elo, the traditional method
of rating players, ignores this dependency. Out of the 144 games between these competitors in the dataset,
84 were on hard, 48 were on clay, and 12 were on grass surfaces. A transitive rating system, like Elo, is
susceptible to this distribution and therefore favours players who have a strong hard surface game.

This experiment used an imagined game (Figure 9.5a) where the surface player gets the “win” if the
match goes to tiebreak, shares half a point with the winning player if there is a single set difference be-
tween the winning and losing competitor, otherwise the winning competitor gets the win. Pairings between
competitors and themselves are given zero points. Intuitively, if the match is sufficiently close, the surface
“wins” because it is too difficult for the competitors to break.

The grass surface results in the closest matches and therefore provides the most points to the sur-
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(b) Payoff ratings when varying ϵ
ϵuni .

Figure 9.2: Shows how ϵ
ϵuni -MECCE mass (marginals of the joint) and payoff rating varies over normalized ϵ for two-

player, zero-sum Premier League ratings. When ϵ
ϵuni = 0+, 0+-MECCE payoff rating is recovered, when ϵ

ϵuni = 1,
uniform payoff rating is recovered. Because this game is two-player, zero-sum, the 0-MECCE is equal to 0-MENE,
which is the definition of Nash Average. Lower values of ϵ

ϵuni result in greater attention to cycles in the payoff table.
Some clubs see their rankings improved as ϵ

ϵuni is reduced; in particular Leicester, Crystal Palace and Newcastle which
draw with Man City.
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(a) α-Rank σ(a1, a2)
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(b) 0.01-MECCE σ(a1, a2)
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(c) 0.01-MECE σ(a1, a2)
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(d) LLE σ(a1, a2)
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(e) α-Rank σ(a2|a1)
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(f) 0.01-MECCE σ(a2|a1)
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(g) 0.01-MECE σ(a2|a1)
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(h) LLE σ(a2|a1)

M
an

 C
ity

Liv
er

po
ol

Ch
el

se
a

To
tte

nh
am

Ar
se

na
l

M
an

 U
ni

te
d

W
ol

ve
s

Ev
er

to
n

W
es

t H
am

Le
ice

st
er

W
at

fo
rd

Cr
ys

ta
l P

al
ac

e
Ne

wc
as

tle
Bo

ur
ne

m
ou

th
Bu

rn
le

y
So

ut
ha

m
pt

on
Br

ig
ht

on
Ca

rd
iff

Fu
lh

am
Hu

dd
er

sf
ie

ld

Man City
Liverpool
Chelsea

Tottenham
Arsenal

Man United
Wolves

Everton
West Ham
Leicester
Watford

Crystal Palace
Newcastle

Bournemouth
Burnley

Southampton
Brighton

Cardiff
Fulham

Huddersfield

(i) P1 payoff, G1(a1, a2)
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(j) P2 payoff, G1(a1, a2)
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Figure 9.3: Symmetric, two-player, general-sum Premier League game where players pick between clubs as strategies.
The clubs are ordered according to their average points (3 points for a win, 1 for a draw, 0 for a loss). The payoff
ratings have been scaled by a factor of 1

6
. The joint and conditional distributions for the different ratings are shown for

comparison.

face player, which receives the majority of the distribution mass. This means that the players are mainly
evaluated according to their performance on grass, of which Djokovic is the strongest (Figure 9.5e).

9.5.6 Multiagent Learning Dynamics
It is well-known that the general multiagent reinforcement learning (MARL) problem is challenging due to
nonstationarity (Hernandez-Leal et al., 2017), limited theoretical guarantees (Zhang et al., 2021), computa-
tional resource requirements and implementation challenges (Hernandez-Leal et al., 2019). Often there is
a lack of “ground truth” to quantify the behavior of the algorithms; hence, the field has developed tools to
analyze their dynamics qualitatively (Bloembergen et al., 2015). This subsection demonstrates the use of
ratings that change over time as an analysis tool for MARL dynamics. In particular, ratings allow game-
theoretic relative performance to be assessed over time. The experiment uses OpenSpiel (Lanctot et al.,
2019) agents, with some additional custom agents and experimental setups.

In the experiments, agents in a population play against each other. Players play an n-player game;
the population has n instantiations of each of 8 agent types (Random, Deep Q-networks (DQN) (Mnih
et al., 2015), Neural Fictitious Self-Play (NFSP) (Heinrich and Silver, 2016), Advantage Actor-Critic
(A2C) (Mnih et al., 2016), Online MCCFR (Lanctot et al., 2009), Tabular Actor Critic, QPG, and
RPG (Srinivasan et al., 2018)), for a total of 8n agents. At the start of each episode, an agent type is
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(b) Location ratings, rσ1 (a1)
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(c) Home ratings, rσ2 (a2)
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(d) Away ratings, rσ3 (a3)
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(e) 0.1-MECCE Home joint
slice, σ(H, a2, a3)
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Figure 9.4: Three-Player Premier League game where the players are location vs home club vs away club. The resulting
payoff tensor is of shape 3×2×20×20 and joint strategy distribution of shape 2×20×20. All slices of the payoff are
either arithmetic inverse or transpose of the data shown in Figure 9.4a. The clubs are ordered the same as in Figure 9.1.
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Figure 9.5: Three-player tennis games where the surface player chooses the court surface the game is played on. Grass
has the closest games so is favoured most by the surface player. The distributions of all three solution concepts are
shown.

uniformly sampled for each player, and observations are extended to include each player’s agent type.
Two environments are used: the general-sum game of Sheriff (Farina et al., 2019c) (Figure 9.6a) and

the three-player general-sum game of Goofspiel (Farina et al., 2019a) (Figure 9.6b). It is clear to observe
the grouping properties of ϵmin+-MECCE payoff ratings: when the agents have learned policies that are in
strategic cycles with one another their ratings are grouped, allowing for a fairer description of the relative
strengths of each policy. This information cannot be learned from studying uniform ratings alone. ϵmin+-
MECEE therefore provides a remarkable way of summarizing the complex interactions of strategies in
n-player general-sum games into an interpretable scalar value for each strategy.
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Figure 9.6: Multiagent learning dynamics.
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9.6 Discussion
Considering the payoff ratings when ϵ → ϵmin gives a mathematically sound way of ensuring all joint
strategies have positive mass. Furthermore, using a normalised ϵ

ϵuni allows a smooth parameterized transition
from traditional uniform payoff rating to game theoretic payoff rating. Equilibria have a grouping property
that ensures strategies that are in strategic cycles with one another have similar ratings. Maximum entropy
is a principled way to select amongst equilibria and also gives consistent ratings across symmetric games
and repeated strategies.

Formulating the environment as a player (Balduzzi et al., 2018) in an agent vs environment game is
an interesting way of ensuring the distribution of tasks (strategies available to the environment player) does
not bias the ratings of the agents training on those tasks. Sections 9.5.4 and 9.5.5 examined environment
vs agent vs agent games demonstrating that these ideas can be extended to multiagent learning. Indeed
a multiagent inspired path to developing increasingly intelligent agents has been proposed (Bansal et al.,
2018; Leibo et al., 2019) based on the richness of such dynamics.

As well as evaluating agents (Section 9.5.6), payoff ratings could also be used as a fitness function to
evaluate agents within a population to drive an evolutionary algorithm, for example like in population based
training (PBT) (Jaderberg et al., 2019). α-PSRO (Muller et al., 2020) can be seen as optimizing agents for
the α-Rank mass rating. Similarly, JPSRO (Marris et al., 2021b) can be seen as optimizing agents for the
MGCE payoff rating.

An emerging line of research called gamification (Gemp et al., 2020) seeks to reinterpret existing prob-
lems as games, and apply game theory to improve upon the solutions. Problems with multiple objectives,
constraints, competitiveness are potentially amenable to gamification. The ranking problem is suitable for
this approach because it is defined in terms of a partial ordering (inequality constraints), can have multiple
players, and is inherently competitive.

9.7 Conclusion
This work develops methods for generalising game-theoretic rating techniques to n-player, general-sum set-
tings, using the novel payoff rating definition. This builds upon fundamental rating techniques developed in
two-player, zero-sum evaluation. Some parameterizations of these algorithms were suggested. Experiments
rated real-world games to demonstrate the ratings’ flexibility and ability to summarize complex strategic
interactions. Finally, this work demonstrates the power of this rating as a MARL evaluation technique.
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Table 9.3: Summary of parameterizations of algorithms available under this general scheme. Of course many other
combinations are possible.

Rating Joint Selection Approximation Algorithm
PR NE ME ϵ = 0 Nash Average (Balduzzi et al., 2018)
MR α-Rank N/A α α-Rank (Omidshafiei et al., 2019)
PR CCE ME ϵ = ϵmin+ ϵmin+-MECCE
PR CCE ME ϵmin+ ≤ ϵ ≤ ϵuni ϵ

ϵuni -MECCE
PR CE ME ϵ = ϵmin+ ϵmin+-MECE
PR CE ME ϵminϵ ≤ ϵ ≤ ϵuni ϵ

ϵuni -MECE
PR NE LLE λ =∞ ∞-LLE
PR NE LLE λ λ-LLE

9.A Appendices
9.A.1 Algorithms
Table 9.3 summarises parameterizations of prior art algorithms and the new parameterizations suggested
in this chapter. α-Rank uses the marginals of the joint distribution to rate strategies, a technique this work
refers to as mass rating (MR).

9.A.2 Full Support Conditions
Approximate equilibria are useful because they permit full-support solutions. Full-support solutions pro-
duce well-defined payoff ratings for all strategies.

Theorem 9.A.1 (Approximate Full-Support Existence). When ϵ > 0 there will always exist a full-support,
ϵ-NE, ϵ-CE and ϵ-CCE.

Therefore, the notation ϵ = 0+ is used when finding a full-support solution close to the equilibrium.
Some games have full-support solutions even for negative values of approximation parameter, ϵ.

Remark 9.A.2 (Negative Approximate Full-Support Existence). When ϵ > ϵmin there will always exist a
full-support, ϵ-NE, ϵ-CE and ϵ-CCE.

Furthermore, the maximum Shannon entropy is guaranteed to select such a full-support solution if one
exists.

Theorem 9.A.3 (ϵ-ME Full-Support Solution). Using an ϵ > ϵmin, ϵ-MECE and ϵ-MECCE will select
full-support approximate equilibria (Ortiz et al., 2007).

Other selection methods, like linear objectives and maximum Gini do not have this property because
they have finite gradient when σ(a) = 0, and therefore may not leave the boundary of the probability
simplex.

9.A.3 Justification and Intuition
A payoff can be arbitrarily mapped to a scalar for each strategy in a game to achieve a rating. For a
rating definition to be compelling one must motivate why it is more interesting than other mappings. The
main text makes some intuitive arguments about why game theoretic equilibrium methods are appropriate
rating algorithms. Namely, that ratings are defined under joint distributions in equilibrium, so no player has
incentive to unilaterally deviate from them. This is in contrast to the uniform distribution which is rarely an
equilibrium.

This section makes mathematical arguments to justify and build intuition behind the equilibrium con-
cepts and the ratings they define. To do this, several properties are explored for each equilibrium concept.
The first such property is grouping, a game theoretic property that enforces strategies that are strategic cycle
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with one another should get equal or similar ratings. The second property, dominance, tests whether strate-
gic dominance implies an ordering in the ratings. Thirdly, consistency, is checked in games with repeated
strategies or are part of a symmetric game.

9.A.3.1 NE
Grouping
A curious property of the NE payoff rating (Nash Average (Balduzzi et al., 2018)) is that all strategies
with positive support have equal rating4. This property is called the grouping property, where strategies in
strategic cycles together are grouped with similar ratings despite perhaps having very different payoffs.

Theorem 9.A.4 (ϵ-NE Grouping). Strategies for 0-NE payoff ratings with positive support have equal
payoff rating. Strategies for ϵ-NE payoff ratings with positive support have ratings bounded by:

∣∣rσp (a′p)− rσp (ap)
∣∣ ≤ max

[
ϵp

σ(ap)
,

ϵp
σ(a′p)

]
(9.4)

Proof. Consider the ϵ-NE definition (Equation 2.64) between strategies ap and a′p. First expand the defi-
nition of the deviation gain and observe that the definitions of the NE payoff ratings appear directly in the
constraints. ∑

a−p∈A−p

σ(ap)σ(a−p)Gp(a
′
p, a−p) ≤

∑
a−p∈A−p

σ(ap)σ(a−p)Gp(ap, a−p) + ϵp

σ(ap)
∑

a−p∈A−p

σ(a−p|a′p)Gp(a
′
p, a−p) ≤ σ(ap)

∑
a−p∈A−p

σ(a−p|ap)Gp(ap, a−p) + ϵp

σ(ap)r
σ
p (a

′
p) ≤ σ(ap)r

σ
p (ap) + ϵp (9.5)

Therefore a strategy, ap, has an ϵ-approximate better rating than another, a′p, if there is negative incentive
to deviate from strategy ap to a′p under the NE distribution (assuming σ(ap) > 0).

rσp (a
′
p) ≤ rσp (ap) +

ϵp
σ(ap)

(9.6)

The opposite equation also applies, and if there is support σ(a′p) > 0.

rσp (ap) ≤ rσp (a
′
p) +

ϵp
σ(a′p)

(9.7)

Therefore, if both ap and a′p have support, then Equation (9.6) and Equation (9.7) can be combined:

rσp (ap)−
ϵp

σ(a′p)
≤ rσp (a

′
p) ≤ rσp (ap) +

ϵp
σ(ap)

− ϵp
σ(a′p)

≤ rσp (a
′
p)− rσp (ap) ≤

ϵp
σ(ap)

Therefore bounds can be derived. When ϵ = 0, σ(ap) > 0, σ(a′p) > 0, the payoff ratings will be
equal: rσp (ap) = rσp (a

′
p).

∣∣rσp (a′p)− rσp (ap)
∣∣ ≤ max

[
ϵp

σ(ap)
,

ϵp
σ(a′p)

]
4See Figure 9.1d for an example.
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This result is unsurprising for those familiar with NE: if there is a benefit to deviating strategies the
opponents will adjust their distribution to compensate.

Dominance
It is also possible to make arguments around strategy dominance and their resulting payoff rating.

Theorem 9.A.5 (NE Weak Dominance). If strategy ap weakly dominates a′p; Gp(ap, a−p) ≥
Gp(a

′
p, a−p) ∀a−p ∈ A−p, then rσp (ap) ≥ rσp (a

′
p). ϵ-NEs are weakly dominated up to a constant ϵp

σ(ap)
.

Proof. This property immediately follows from Equation (9.6).

It is also possible to prove that strategies that have zero support have payoff rating no better than those
with support.

Theorem 9.A.6 (NE Zero Support Bound). If strategy ap has zero support, it has a NE payoff rating no
greater than a strategy a′p with support. This is true for ϵ-NEs up to a constant ϵp

σ(ap)
.

Proof. By examining Equation (9.5), note that if σ(a′p) = 0, there are no constraints that rσp (a
′
p) is greater

than any other strategy’s payoff rating.

Consistency
When using the maximum entropy (ME) as an equilibrium selection criterion one obtains important con-
sistency properties. Note that there properties are not generally true, even for unique or convex selection
criteria.

Theorem 9.A.7 (Repeated Strategies). When using ϵ-MENE, repeated strategies have equal payoff rating
(Balduzzi et al., 2018).

In games that are symmetric across all n players such as the 7-player meta-game explored in Anthony
et al. (2020a), it is desired that each player’s ratings is the same. Without careful equilibrium selection, it is
possible to be left with at least 2 and possibly n distinct ratings. Maximum entropy selection criterion can
avoid this.

Theorem 9.A.8 (Symmetric Games). When using ϵ-MENE, where all players share the same value ap-
proximation parameter ϵp = ϵ, players in symmetric games have equal sets of payoff rating, rσ1 (a1) = ... =

rσn(an).

9.A.3.2 CE
Consistency
Similar consistency proofs for CEs follow the same arguments as their NE counterparts.

Theorem 9.A.9 (Repeated Strategies). When using ϵ-MECE, repeated strategies have equal payoff rating.

Theorem 9.A.10 (Symmetric Games). When using ϵ-MECE, where all players share the same value ap-
proximation parameter ϵp = ϵ, players in symmetric games have equal sets of payoff rating, rσ1 (a1) = ... =

rσn(an).

9.A.3.3 CCE
Consistency
Similar consistency proofs for CCEs follow the same arguments as their NE counterparts.
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Theorem 9.A.11 (Repeated Strategies). When using ϵ-MECCE, repeated strategies have equal payoff rat-
ing.

Theorem 9.A.12 (Symmetric Games). When using ϵ-MECCE, where all players share the same value
approximation parameter ϵp = ϵ, players in symmetric games have equal sets of payoff rating, rσ1 (a1) =
... = rσn(an).



Chapter 10

General Discussion and Conclusion

The goal of this thesis was to build foundations for calculating equilibria in many-player,
mixed-motive, complex games, at scale. Contributions of the work include; defining a met-
ric space over normal-form games, defining equilibrium-invariant embeddings, building intu-
ition of game theory in 2×2 games, visualizing complex extensive-form games, selecting equi-
libria, efficient equilibrium representations, developing algorithms that compute equilibria in
extensive-form games, computing equilibria quickly and approximately using neural networks,
and rating strategies in games.

10.1 Introduction
This thesis was motivated by the need to develop multiagent learning algorithms that are both principled
and scalable. Principled algorithms are those that are based on sound game-theoretic principles, and that
can be proven to converge to equilibria. Scalable algorithms are those that can be applied to games with
a large number of players, that are not limited to zero-sum games, and that can be used to solve complex
games. To achieve these goals, this thesis makes a deliberate choice to ignore the metric problem. The
metric problem is the uncertainty about how to measure progress in many-player mixed-motive games, a
problem that has plagued and distracted the field for many years. Instead, this thesis focuses on building the
fundamental groundwork required for scalable algorithm-building in many-player mixed-motive settings.
To this end, this work selects reasonable mediated equilibrium solution concepts (correlated equilibrium and
coarse correlated equilibrium), and invents algorithms that compute these equilibria at scales not previously
attempted.

10.2 Discussion
From a scholarship perspective, this thesis provides a valuable summary of different equilibrium solution
concepts (Section 2.2.2), including Nash equilibrium, correlated equilibrium, coarse correlated equilibrium
and their well-supported variants. The connections between the distinct, but related, solution concepts are
shown clearly. Additionally, each concept can be defined in several equivalent ways, which this work enu-
merates. Furthermore, the relations between operators on games (best-response, player subsuming, and
strategy mixing) and the definitions of equilibria are made clear. These operators often form components
of game-theoretic algorithms. It is hoped that using these operators as building blocks, and clearly demon-
strating their connections to equilibria, illuminates the guarantees of many existing multiagent algorithms,
justifies the new algorithms introduced in this thesis, and emboldens readers to develop their own.

10.2.1 Equilibrium-Invariant Embeddings
In Chapter 3, this thesis builds on two solution concepts for training in n-player general-sum games: cor-
related equilibrium and coarse correlated equilibrium. Equilibrium-invariant and equilibrium-symmetric
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transforms are used to uncover an equilibrium-invariant embedding in normal-form games. This embed-
ding is special because it has fewer degrees of freedom, but still covers all possible strategically interesting
games. This work defines an algorithm for sampling uniformly over this embedding: a useful distribution
for testing and training game-theoretic algorithms. Furthermore, it illuminates the dimensions of the payoff
definition that influence changes in the equilibria, and similarly illuminates the dimensions where changes
do not change the equilibria. Additionally this chapter defines a distance metric between games.

10.2.2 2×2 games
2×2 games are studied extensively by economists and game theorists and are used to predict and explain a
wide variety of interactions (Gauthier, 1986; Kelley et al., 2002; Ostrom et al., 1994; Sugden, 1986; Wilkin-
son, 1984). This thesis explored two 2×2 game embeddings: the equilibrium-invariant embedding and the
best-response-invariant embedding (and their symmetries). The 2×2 equilibrium-invariant-embedding re-
markably only requires two variables to parameterize every embedding, which can be visualized easily in
two-dimensions. A number of properties can be read from this spatial representation, including zero-sum-
invariance, common-payoff-invariance, symmetries, equilibrium support, and best-response dynamics. The
2×2 best-response-invariant embedding contains a set of 15 fundamental games. This set has been proposed
before (Borm, 1987) (although it is not established), but this work provides more clarity on its importance
and provides distance metrics, names and develops deep intuition for all games in this set. This work could
be the clearest explanation of the space of 2×2 games and will be valuable to all game theory practitioners.

10.2.3 Visualizing Large Games
Large many-player mixed-motive normal-form games and complex extensive-form games have historically
been considered intractable to visualize. While techniques such as PCA and t-SNE exist to help visualize
complex datasets in machine learning, no such tools exist for game theory. In Chapter 5, this thesis proposes
techniques for producing such visualizations of complex games. This could be the first work to do so at
scale and it is hoped that game theory practitioners will find these visualizations useful in their own analysis.

10.2.4 Equilibrium Selection and Computation
This thesis champions the property that equilibria should be selected consistently and uniquely. In order
to use equilibria as building blocks for multiagent algorithms it is important that each game maps to a
single solution. Chapter 6 exploits the convexity of (C)CEs to build on previous work around maximum
entropy computation and proposes an approximation of this criterion: maximum Gini. Such a criterion can
be calculated as a quadratic program and has similar efficient parameterization. This work also highlights
the importance of negative approximation parameters, ϵp: equilibria that are interior to the equilibrium con-
straints. Until now, these have not been acknowledged by the literature. Negative approximation parameters
are not possible for Nash equilibria in nontrivial games, which may explain why the literature is unfamiliar
with them.

10.2.5 JPSRO
Chapter 7 introduces a novel algorithm that converges to normal-form (C)CEs in extensive-form games
with many-players and mixed-motives. This algorithm is theoretically capable of finding (C)CEs in any
complete information extensive-form game. Extensive-form is the most general game formulation. Com-
plete information is a mild condition which states that all players have known strategies and utilities. This
algorithm can be scaled with deep learning and reinforcement learning. It is an extension to the popular
algorithm framework, PSRO, used to solve Go, Chess, and StarCraft.
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10.2.6 Neural Equilibrium Solver
A component of many multiagent algorithms is finding equilibria in normal-form games. Often this involves
deploying a solver that relies on iterative updates to optimize a nonlinear objective function. This could
fail or take a non-deterministic time to return. Chapter 8 introduces the Neural Equilibrium Solver, a
feedforward neural network that maps any payoff of a specific shape to an equilibrium. It can be trained
unsupervised and utilizes a number of techniques explores throughout the thesis including, equilibrium-
invariance, symmetries, sensible training distributions, and efficient equilibrium parameterizations. The
network can produce equilibria in batches, very quickly. It is hoped this work will enable more scalable
principled multiagent algorithms to be developed.

10.2.7 Game-Theoretic Rating
Rating and ranking all types of entities is a common problem within and outside of game theory. Often
such problems can be interpreted as a game: the strategies are the entities that require ranking, the payoffs
are the scores between entities, and the players can be a variety of perhaps abstract groups such as agents or
tasks. Many naive approaches such as averaging over scores are defective in certain properties (Elo, 1978).
Chapter 9 explores ideas for leveraging established solution concepts to rate strategies within games. This
could help identify cycles within systems and rate the parts more fairly.

10.3 Conclusion
In conclusion, the thesis has achieved its goals. It has built a coherent philosophy for approaching mul-
tiagent research: ignore the “metric problem”, and focus on the “algorithm problem” and “complexity
problem”. Concretely, solution concepts should be chosen for mathematical convenience (such as convex-
ity), equilibrium selection should be unique, game-theoretic algorithms should converge, and primitives and
sub-problems in the algorithms should be amenable to the latest deep learning and reinforcement learning
techniques for scale.

Games with more than two players or non-zero-sum incentives are notoriously difficult to study. This
thesis has introduced techniques that work for many-player and mixed-motive games, making such games
less intimidating and more amenable to future research. Specifically, this work has defined an equilibrium-
inspired metric-space and embedding over normal-form games, and introduced a variety of equilibrium
computing algorithms for normal-form and extensive-form games. In terms of analysis this work has also
thoroughly explained the space of 2×2 games, invented visualizations for large games, and provided an
algorithm for ratings strategies.

The experiments in this thesis focused on games, as they are colloquially defined, for convenience.
However, the algorithms developed within this thesis are applicable much more broadly. Real-world prob-
lems in economics, sociology, politics, defence, and artificial intelligence can be defined as games. And,
indeed, these games often have multiple participants and their interactions are non-zero-sum. It is hoped
that the work in this thesis will be applicable to the many diverse fields that study interactions between
competing entities.
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R. Everett, et al. Learning to play no-press Diplomacy with best response policy iteration. arXiv preprint
arXiv:2006.04635, 2020a.

T. Anthony, T. Eccles, A. Tacchetti, J. Kramár, I. Gemp, T. C. Hudson, N. Porcel, M. Lanctot, J. Pérolat,
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