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Geodesic motion in a swirling universe: The complete set of solutions
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We study the geodesic motion in a space-time describing a swirling universe. We show that the geodesic
equations can be fully decoupled in the Hamilton-Jacobi formalism leading to an additional constant of
motion. The analytical solutions to the geodesic equations can be given in terms of elementary and elliptic
functions. We also consider a space-time describing a static black hole immersed in a swirling universe. In
this case, full separation of variables is not possible, and the geodesic equations have to be solved

numerically.
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I. INTRODUCTION

In 1968 Ernst proposed a method to obtain axially
symmetric solutions of the Einstein field equations [1,2].
In this approach, the field equations are replaced by an
equation—the so-called Ernst equation—for a complex-
valued gravitational potential, often referred to as Ernst
potential. The Ernst equation is invariant under a set of
transformations. This can be used to construct new sol-
utions starting from a seed solution (see e.g. [3] for an
introduction to this so-called Ernst generating technique).
Among the above mentioned transformations, the Harrison
transformation provides a mechanism to immerse seed
solutions, e.g. black holes, into nontrivial backgrounds,
such as the Melvin magnetic universe [4-6]. Recently, the
Ernst formalism has been used to derive a new solution,
describing black holes in a so-called swirling universe [7]
by using the Ehlers transformation. Furthermore, the
Ehlers transformations have also been used to immerse
wormhole solutions into the swirling background [8]. A
systematical study of composed Harrison and Ehlers
transformations have also been presented recently [9].

In this paper, we investigate the geodesic structure of this
swirling universe space-time. Solutions of the geodesic
equations are crucial in understanding the structure of the
space-time. Often, finding explicit solutions to the geodesic
equations is impossible, but in some cases this has been
achieved. An example are the solutions of the geodesic
equations in the Schwarzschild space-time in terms of the
Weierstrass ¢ function [10]. For the Kerr solution it was
shown by Carter [11] that the geodesic equations can be
completely decoupled when employing the Hamilton-
Jacobi approach. A new constant of motion, the Carter
constant, appears, when separating the radial and polar
angular motion. The underlying reason is the existence of
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Killing and Killing—Yano tensors for vacuum Petrov type D
solutions in the absence of acceleration [12,13]. In particu-
lar, the approach can be used to describe the motion of
charged particles in the Reissner-Nordstrom space-time [14]
and the Kerr-Newman space-time [15], where particles no
longer move on geodesics.

This paper is organized as follows: in Sec. II we review
the swirling universe solution and derive the geodesic
equations. In Sec. IIl we present the complete set of
solutions to the geodesic equations. We show examples
of orbits for massless and massive particles, respectively, in
Sec. I'V. In Sec. V, we present some results for the geodesic
motion in a space-time describing a Schwarzschild black
hole immersed in a swirling universe. We conclude with a
summary and outlook.

II. GEODESICS IN A SWIRLING UNIVERSE

The swirling universe solution is the rotating background
solution discussed in [7] and first presented in [16]. This
solution can be constructed by using the Ernst formalism,
in particular, by applying the Ehlers transformation to a
stationary and axisymmetric seed solution. This transfor-
mation then embeds the seed into a rotating background, the
swirling universe. In cylindrical coordinates (7, p, ¢, z) the
line element of the swirling universe reads [6,7]

2

ds2 = F(p)(~d® + dp? + dz2) +$(d¢+w(z)dt)2, (1)

where F(p) =1+ j?p* and @(z) = 4z. This metric belongs
to the Petrov type D class. This space-time possesses an
ergoregion when [6]

[4jzp| > 1+ j2p*. (2)
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FIG. 1.
the symmetry axis (right).

To better understand the structure of the space-time, we
present the ergoregion for three different values of the
swirling parameter j in Fig. 1. This ergoregion is not
compact, unlike in the case of the Kerr space-time, but
extends infinitely in the z direction.

So far no detailed quantitative analysis of the geodesic
equations in this space-time has been given. This is what
we will do here.

The motion of a test particle in free fall in a given space-
time is given by

D2x*
D72

YY) Aoy
=¥+ T, =0,

3)

where D/Dz denotes the covariant derivative with respect to
the affine parameter z, and the dot denotes an ordinary
derivative with respect to 7. In (3 4 1)-dimensional space-
time, this equation leads to four coupled nonlinear ordinary
differential equations. Equivalent formulations of (3) can be
given using the Lagrangian, Hamiltonian and the Hamilton-
Jacobi formulation, respectively.

For the swirling universe, two cyclic variables can be
directly found from the space-time symmetries. Since this
space-time is stationary and axially symmetric, the two
constants of motion are related to the conservation of a
particle’s total energy and angular momentum about the
symmetry axis, respectively. These read

—E=p, =gyl + gy L=py=gpe + gipt.  (4)
In addition, the normalization condition gives rise to a third
constant of motion and is related to the conservation of the
particle’s rest mass:

Y [ o=l
20} | J
[ e j=0.1

j=0.01

The ergoregion of the swirling universe solution for different values of the parameter j in the z-p plane (left) and rotated around

(5)

where y = —1 for timelike orbits and y = 0 for lightlike
orbits, respectively. .
Solving (4) for # and ¢ we then find

gﬂyxﬂxl/ = ){9

Fi= E +4jLz,
. L
F¢:?F2—4jz(E+4jLz). (6)

A fourth constant of motion can be obtained by making use
of the separability of the Hamilton-Jacobi equation:

oS

27 = g””(a”S)(ayS),

- ™

where S is the Hamilton principal function. If the Hamilton-
Jacobi equation allows a separable solution, then it takes
the form

s:%ﬂ-Et+L¢+sp(p)+sz(z). (8)
Inserting this ansatz into (7), we find
(0,5, = (1 + /")y + W
+(0,5.)> = (E+4jLz)*> =0, 9)
which leads to the equations
p*(9,5,)> = R(p),  R(p) = p*(k+ Fy) = L*F?;
.S.)? = E(z), E(z) = -k + (E+ wL)?, (10)
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where k is the separation constant, itself a constant
of motion, which is akin to the Carter constant for the
Kerr(-Newman) space-time [11]. The solution for S then
reads

1
SZE)(T—Et—I—LgI)—l-/—dp—l-/\/—dZ (11)

The basic equations governing the motion can be deduced
from Jacobi’s principal function by the standard procedure
of setting the partial derivative of S with respect to the four
constants of motions to zero. Alternatively, one can use the
expressions for the generalized momenta, which read

Pu = guX =09,S. (12)
Using these, the motion in the swirling universe is

completely determined by the system of first-order differ-
ential equations:

dp R(p)

L (13)
& e VA, (14)
dd—;:E+4jLz, (15)
=+ - 4iE 4L, (16

where we have defined the “Mino time” A by FdA = dz (a
construction akin to that in [17]). The expressions £, = +1
and £, = +1 have been introduced to ensure the two
possible choices of sign for the motion. These can be
chosen independently but must be kept coherently for the
study of a given orbit.

III. COMPLETE SET OF SOLUTIONS
TO THE GEODESIC EQUATIONS

The general solution of the geodesic equations (13)—(16)
is determined by the behavior of the polynomials R(p) and
E(z), which are fully characterized by the parameter j and
the four constants of motion: E, L, y and k. The four
geodesic equations can be analytically integrated using
elementary functions, as well as the Weierstrass o—, {—,
and o— functions, respectively. All solutions are given in
terms of 1. In Appendix A, we give the explicit relation
between A and the affine parameter 7.

A. p-motion

The motion in the p direction is described by Eq. (13)
and reads

dp\? 4
P> ] =Rlp). => ayp™. (17
dz 2

where
ag = —L?, ay =k+y, a, = =2j%L?,
as = j*y, as = —j*L>. (18)

This equation can be cast into a standard elliptical form by
the following transformation:

4 4
(j—j)zzgm o) =43 0, = ", (19)

where Q(gq) = 4R(q); therefore a, = 4a,, is a fourth-
order polynomial in ¢ := p?. The differential equation
above has a mathematical structure similar to the equation
describing the radial motion in the Reissner-Nordstrom
and Kerr(-Newman) space-time, respectively, for both
uncharged and charged particles [14,15,18].

Here, we give the basic steps and refer the reader to
Appendix B for more details. First, we define a new
variable u via ¢ =1+ g,, where g, is a root of Q(q).
Note that, since physical orbits in the swirling universe are
bounded, a real value for g, can always be obtained; this is
discussed in detail in Sec. IV. The differential equation (19)
then reads

(%)2 _ ji;bjuf — Py(u), (20)

where P;3(u) is a third-order polynomial in u. Applying a

further coordinate transformation u = b% (41} - %) we get

dv\2

(a) =4v-gw—gy=Py(v). (1)

The right-hand side of the equation is given such that the
solution to (21) can be given in terms of the Weierstrass o
function:

v(@) = 9(A= 25 92.95). (22)

where 1)

follows:

depends exclusively on the initial conditions as

o dy/ 1 b b
O S Pu) " 4a\pl-q 3

(23)
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Pin = p(4o) is the initial radial value for a given orbit, and
the Weierstrass invariants are

1 b3
=——(bby—-2),
92 4<13 3>

1 2b3 bbb
— ——(pop2 2 17273 ) 24
93 16( ov3 + 27 3 ( )
Therefore, the solution to the radial geodesic
equation (13) is
b
4@(1 ~ Xin ;gz,gs) -3

B. z-motion

The motion in the z direction is described by (14) and
reads

dz_

=g~k (E+ 4Ly (26)

For k > 0 the z motion is restricted to

(VlJIIL] + JEL)

< = _
25z 47212 ;
VEjIIL| - JEL
and z>z, = 47212 .

with the equal signs defining the turning points. The
equation can be directly integrated:

/i dy = & [* dz' = icosh"(Z’) <
%o 4iL J4 V-1+7ZV1+7 4jL
(27)
with Z = EJ%LZ; hence,
1 E +4jL
2= 29 = —cosh™! <M> , (28)
4jL Vk

where '11(1? =y — £+Lcosh‘1 (M#LZ) and z;, = z(4g) is
the initial value of z for a given orbit. Thus, one finds

)= oz (Vheosn (472 (2-45)) ). (9

T 4L

C. t-motion

The motion in the #-direction is given by Eq. (15) and
reads as

dr
—=FE+4jLz.
7 +4jLz (30)

Using (29) this equation can be straightforwardly inte-
grated, and one finds

k
1(2) = 4}—\6 sinh (4L2) + £, (31)

N/ . ) . -
where 1;, = 1y — ;7 sinh (45L(A — 4;)7)) with tq = t(4)
the initial value for the time coordinate.

D. ¢-motion

The motion in the ¢ direction is given by Eq. (16) and
reads

d L
=Lt - s, (32)
ar p
and therefore can be integrated considering two
contributions:
¢ /
y d¢ = ¢(’1) - ¢in = Ip _IZ’ (33)

where ¢(1y) = ¢;, is the initial value of the ¢» component,
and

2(1 i2 42 y)
Zp:L/ UETP) g, 11:4,'/ 2(E+4jL2)da.
Ao P Ao

(34)

These two contributions can be directly integrated using the
solutions (25) and (29). The first is then cast into an elliptic
integral of the third kind; see Appendix C for more details.
The second one can be integrated directly.

First, note that the integral 7, can be rewritten by
performing the same set of transformations as described
in Sec. IIT A; thus it becomes

v, dv'
o= Ao ) vV PW(U/)’

where the function f(v) written in terms of the partial
fraction decomposition is

K n K, + K + G
—a (v—a)? (v—a) v-p

£(0) =Ko+ (39)

where a = % and f= % - 41;_;0 are the roots of
D(v) = (by — 120)*(=3b3 + (b — 12v)qp), and  the

coefficients are
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L(1+ j2¢2)? 3b3L(2 +3j%¢3) )% 3bsL
K0:(+Jqo)’ K = 3(+J610)J’ c, = bl
q0 12 12g;
27j*b3q0L 27b3j*
K, = 3107 =
144 1728

From Sec. I1I A we know that the solution of dA = -4 is given by v(1) = p(4 — Ai(g)). Thus f(4) = f(p(4)) is an elliptic

VPy

function with the same half periods of ©(4) and therefore is an elliptic integral, whose solution is

Z,=70(A=2)+n (p(/1 ) 43 = (=2 = ya) = (0 =22 + ya) + p(Ag = AL —ya>)

+72 [C(l_lfrll)) _ya) +€(’1_/11(111)) +ya) _§</10 _ll(rl:) _ya) —Z_,‘(ﬂ() _)Lfrll)) +ya>:|

+73

ln<dﬂ—%?—yw>_4n<ouo—%?—ym)
o(2 =21 + ) o(do =42 + )

where the values of the constants are given by

+ 74

. (36)

In 6(1—/155)—))&) _In 0()“0_)’1(?_)](1)
o(A=27 + y,) oo — A +y,)

o 2é’(ya)K1 2C(y/1)cl _ K3 12@()@)6()701)
0= [KO+ 0 0a) P 0p)  P0a) <1+ 0 (Va) )
1 P () a) (3K39" (V)
+wmm(“”** o 0w) >(@bw2 2“”’

L TR,
o 1 _ 3K3p//(ya)
”‘wmy<K2 26/ (va)
SR TER
_ K Kz@”(Ya)_ 3K; _@//()’0)2
S R TON wmpéﬂm m@ﬁ)

and y, and y; are values of the inverse of the Weierstrass ¢
function. Hence p(y,) = a and p(ys) = f.{(y) and o(y)
are, respectively, the Weierstrass ¢ function and ¢ function.

Note that special attention is required when evaluating
the logarithm in (36) in order to produce a continuous
implementation of ¢(1) ensuring that we use the strategy
discussed in [19].

Now, we consider the integral Z_, which can be directly
integrated using (29). One finds

1 . o
— sinh(8L4y)) — 4EVk(sinh(4LA) — sinh(4L1,))| .

(37)

Hence, the solution of the geodesic equation in the
¢ direction is fully described by (33) together with
(36) and (37).

IV. EXAMPLES OF ORBITS

Using the complete set of solutions to the geodesic
equations given in Sec. III, we can now present examples of
orbits in the swirling universe space-time.

The motion of particles is characterized by the constants
of motion, E, L, and k, together with the normalization
condition, y. Inspection of the equations for p (13) and
z (14) gives us information on the possible choices of these
constants. Equation (13) leads to the inequality

L2F?

k>
P2

_)(F’ (38)
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and since —yF > 0 everywhere, this gives a lower bound
on k. Besides it corroborates that k must be positive.
Equation (14), on the other hand, leads to the inequality

k < (E +4jzL)?, (39)

which puts an upper bound on k. If the angular momentum
of a massive particle vanishes, L = 0, the combined bounds
reduce to 1 + j2p* < k < E?. This corresponds to a turning
point in p and no restriction in z. In particular, the equatorial
plane can be traversed in this oscillatory motion. For finite
angular momentum L, on the other hand, there will also be
an inner turning point for the p motion that depends on £,
since the inequality (38) contains a 1/p* term. Then, the
only motion possible is that between these two turning
points. Moreover, the inequality (39) can give two turning
points in the z motion such that only motion outside these
two turning points is possible. A typical orbit will thus
oscillate in the p direction between the two turning points
and escape to infinity in the z direction. A Wolfram
Mathematica notebook implemented to plot the orbits
described in the above section is available at [20].

We find that there are only two possibilities for the
motion in the z direction depending on the sign of the initial
velocity: (a) considering a particle starting at zy > z, with
an initial velocity z > 0 the particle escapes directly to +oo,
(b) if it has an initial velocity z < 0 it moves until it reaches
the turning point at z, and then escapes to +oo. The
description is completely analogous for a particle that starts
at 7o < z_.

The turning points of R(p) define the regions where
motion can exist in the p direction. Since this is a
biquadratic eighth-order polynomial, all zeros have, at
least, multiplicity 2. Thus, there is no loss of generality
by studying the zeros of the equivalent fourth-order
polynomial. This can have two or four real zeros, and
only the positive real roots have physical relevance. The
full classification in that direction is discussed below for the
motion of massless and massive particles, respectively.

A. Massless particles

For massless particles we have y = 0; thus the motion in
the p direction is described by

dg\? . .
(E) =—j'L?q* - 2j°L*¢* + kg — L* = Q(q).  (40)

The regions where orbits are allowed to exist will
strongly depend on the zeros of the above polynomial.
Orbits can exist only between two real zeros, where the
polynomial Q(q) has positive values. The discriminant of
the above polynomial is

A = jOFK (2568 — 27k?). (41)

There are always two distinct real roots for &=
JPL* < Z-k?. Orbits exist when these roots are positive.
Then the radial coordinate oscillates between these two
values. An orbit of this type is shown in Fig. 2. For
E= %kz, the function Q(g) has multiple roots; however,
since Q" (q) is negative, it will turn back again to negative
values. Therefore the only possible motion is an orbit with
constant radius p(1) = %. Such an orbit is shown in Fig. 2.

Moreover, for the cases & > %kz and k = 0, respectively,

there are no real turning points of the polynomial Q(g),
which is negative for all values of ¢ > 0, and thus no orbits
of massless particles are allowed.

B. Massive particles

For massive orbits, one has y = —1 thus the motion in
the p direction is described by the equation

dg\? . . )
<_> — _]4L2q4_]2q3 —2]2L2q2

i
+ (k=1)g = L* = Q(q). (42)

The zeros of the polynomial Q(g) define the regions where
Q(g) > 0 and hence enclose the regions where orbits are
allowed to exist.

The polynomial Q(g) can either have four real distinct
roots, two real distinct and two complex conjugate roots,
two complex conjugate pairs of roots, or multiple (real and
complex) roots. Physical orbits only exist between two real
positive roots. The existence of zeros can be studied by
making use of the discriminant

As(k) = jO(=27EK* + (726 + 4)k® 4 4(64£2 — 14&* = 3)i?
—4(88% —3)k + 166 —4), (43)

which can be studied as a fourth-order polynomial in k.

Thus, there are different combinations of k and &= j>L* >0

for which the above discriminant can be positive, negative,
or zero.

Therefore, we distinguish the regions of allowed orbits as
follows:

(1) Region 1—Ag(k) > 0: Four real distinct roots of

0(q) can exist. There are two different possibilities:

(@ k<1, then 0<&<, but &#4 and

ky <k <ky and (b) k> 1 and §<m but

E#1 and k; < k < ky; notice that k =2 is ex-

cluded for this region. An example of such an orbit is

shown in Fig. 3 (left).
(2) Region 2—A;(k) < 0: Two distinct real roots of
O(q). There are three possibilities: (a) §>211 and

k > ky, (b)és%and 0<k<ky or k> k,, and

064042-6
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X(A) i

FIG. 2. We show examples of orbits for massless particles. The left and middle figures are for j =2, L =04 and k =5,and E =5
and hence the radial motion has two turning points (see the discussion in the text). The left figure shows the projection of the orbit onto
the x-y-, x-z and the y-z plane, respectively, and the middle figure shows the motion in three dimensions. The right figure is for

27

J= /3 L= 1 and k = 1, and E = 2, such that the only possible motion is when choosing the initial condition as py = %. Note that

both orbits have z(0) < 0, and hence the particle starting at z(0) = 2 moves downward toward the turning point z, and then escapes

to infinity.

&= % and k > 2. An example of such an orbit is
shown in Fig. 3 (middle).

(3) Region 3—A;(k) = 0: Q(¢) has multiple roots. This
region is accessible once k is chosen to be a root of
A:(k) for a given value of &. However, since Q(q)
only reaches zero and then turns again to be
negative, the only possible orbit is p(1) = p(0),
where p, is the root of R(p). A special choice
satisfying this is £ = %6 and k =2, and then the

motion is allowed for p(1) =2|L|\v/v2—1. An

example of such an orbit is shown in Fig. 3 (right).

V. GEODESIC MOTION IN A SPACE-TIME
DESCRIBING A BLACK HOLE
IN A SWIRLING UNIVERSE

Application of the Ehlers transformation using a black
hole as a seed leads to a solution describing a black hole in
a swirling universe [7]. This works akin to applying the
Harrison transformation to a black hole seed leading to a
black hole immersed in a Melvin magnetic universe. Using
the Ehlers transformation with a Schwarzschild black hole
seed, the following metric was presented in spherical
coordinates (z,r,8,¢) [7]:

d 2
ds?> = F(r,0) (—N(r)dt2 + Wrr) + r2d92>
r2sin%0

F(r,0)

(dp + w(r, 0)dr)?, (44)

where F(r,0) =1+ j2r*sin*0, N(r) =1-2 and (r,0) =
4j(r—2M)cos@ + wy. For M =0, this space-time
reduces to the space-time (1). For M # 0, it has an
event horizon at r = 2M, which for j # 0 is prolate-shaped
rather than perfectly spherically symmetric as in the
Schwarzschild case. Besides, similarly to the background,
this space-time also has an ergoregion defined by
—F(r,0)>N(r) + r*sin*0w(r,0)* = 0. (45)
Note that the event horizon r = 2M fulfills this relation, but
is not an ergosurface. We hence require for the ergoregion
that » > 2M. In Fig. 4 we show the ergoregions for this
space-time for M = 1 and three different values of j.
Now, trying to solve the geodesic equations, we note that
unlike (1) the space-time (44) is of Petrov type I, and
therefore it is not expected to have additional constants of
motion. Hence, we will not be able to separate the geodesic
equations fully. The geodesic Lagrangian reads
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x(A) X(A) x(A)
FIG. 3. Examples of orbits for massive particles. The figure on the left shows an orbit from Region I with j = \/1/20,L =1,k =2.2

and E = 3. The figure in the middle shows an orbit from Region 2 with j = 0.5, L = 1.2, k = 5 and E = 5. For these two cases the radial
motion is restricted to take place between the turning points. The figure on the right shows an orbit from Region 3 with j = 1/16, L = 2,

k=2 and E = 3 for which we have to choose p(0) = 41/v/2 — 1 such that p stays constant throughout the motion.

30
25F

20r m =1
l® j=0.]
1-0.01

@

10f

0.0F L L L L L " L L L L L L L L n L n L 1 P L L L

FIG. 4. We show the ergoregions for the space-time describing a Schwarzschild black hole of mass M = 1 immersed in a swirling
universe for three different values of j. On the left, we give the projection of the ergoregions onto the r-6 plane, while the right figure

shows the ergoregions rotated around the symmetry axis.
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24in2

g ) 4 800 0)i)? = 46
P 4 00 = 1 (46)
where we have set @, = 0, since it does not influence the geodesic motion. There are two constants of motion given by the
cyclic variables, which are the particle’s total energy E, and angular momentum L, Eq. (4). Solving for 7 and ¢ we find

}',.2

2L = F(r,0) (—N(r)i2 + NG

- r(E+4jL(r —2M)cos0)

C(r=2M)(1 + j*r*sin* )’
. L—jrsin’6(4cosO(E — 8jML cos ) — Lj*r sin® 6 + 2jLr(9cos* 6 — 1))
= r?sin? O(1 + j2r* sin* 0)

. (47)

A description of the motion in this space-time requires a full numerical integration of the coupled system of geodesic
equations. Here we present some preliminary results with a full analysis being presented elsewhere [21].

Interestingly, we find that even a small deviation of the swirling parameter j from zero can change the qualitative
features of the orbits significantly as compared to those in the Schwarzschild space-time. In Fig. 5(a) we show a bound

80
60
40
ik 20
" 4)“& ‘) v/"'|/n 7]“"-»,, " /"fil(l
1% / 0 0 ~. J 0
20 T . 70 v X(1) 10 7 20
10 o . 4{,"“ D) 20
w T (c) Orbit 2 - Escape Orbit
v 20
20
(b) Orbit 1 - Bounded orbit
FIG. 5. Two timelike orbits sharing the same constants of motion E = 1/0.93 and L = /5. The initial conditions were chosen such

that the positions are the same. Moreover, the initial polar velocity and the initial radial velocity are defined to satisfy the normalization
condition for each case. The top left panel (a) shows a bound orbit for M = 1, j = 4 x 1073 in the x-y plane (solid orange). For
comparison the orbit in the Schwarzschild space-time (M = 1, j = 0) is also shown (black dashed). Panel (b) shows the orbit of panel
(a) in three dimensions. Panel (c) shows an escape orbit with M = 1 and j = 4 x 10~*. The colors in (b) and (c), respectively, indicate
the location above or below the equatorial plane (z = 0), while the surface of the black sphere indicates the horizon of the black hole.
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orbit of a massive particle for M = 1 and j = 4 x 107 in
comparison to the bound orbit obtained for M =1, j = 0,
i.e. in the Schwarzschild space-time. The initial conditions
were chosen such that the orbits are starting on the
equatorial plane with #(0) = 0, and then i(0) is found
by satisfying the normalization condition for each case.
Note that while the Schwarzschild orbit (dashed black) is
in the equatorial plane and has a perihelion shift, this
is very different for j # O (orange solid line). The orbit is
nonplanar [see Fig. 5(b)] and shows no regular behavior. In
Fig. 5(c) we show an orbit for M = 1 but for j = 4 x 107
In contrast to the cases with j =0 and j =4 x 107,
respectively, this orbit is no longer bounded and escapes to
infinity in the z direction.

VI. CONCLUSIONS

We have considered geodesics in a swirling universe with
and without a black hole immersed into it, which was
obtained recently via an Ehlers transformation by Astorino
et al. [7]. We have focused on the case of the pure swirling
universe, i.e., without the black hole, since in this case the
geodesic equations can be solved analytically. In addition to
the two cyclic variables present in any stationary and axially
symmetric geometry, and the normalization condition, a
fourth constant of motion has been obtained by making use
of the Hamilton-Jacobi formulation. In this formalism, the
four geodesic equations can be completely uncoupled and
solved using elementary and elliptic functions.

The geodesic equations themselves allow already for a
qualitative analysis of the types of motion possible,
showing that the motion in the p direction is bounded,
whereas the motion in the z direction is unbounded, unless
the angular momentum of the particle vanishes. We have
presented a number of examples of orbits for massless and
massive particles, illustrating their spiraling motion. When
the ergoregions of the swirling universe are approached,
the rotational direction of the spiraling motion is
changed [6].

When immersing a black hole into the swirling universe
the space-time is no longer of Petrov type D. In that case,
the geodesic equations can no longer be decoupled and
solved by well-known analytical techniques. Therefore we
have obtained sample solutions numerically, showing that
already rather small values of the swirling parameter j
will produce substantial changes with respect to the
Schwarzschild orbits for vanishing j.

Next, we will study the geodesics in the swirling universe
with a black hole immersed inside in full detail and analyze
the possible types of motion for massless and massive
particles. The nonseparability of the geodesic equations
suggests that chaotic motion is present in this space-time.
Thus, a full description of the motion will require a
qualitative and quantitative classification of the emergence
of chaos in this system as well. Subsequently, the space-time

describing a Kerr black hole immersed in a swirling
universe [7] is waiting for analysis.
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APPENDIX A: AFFINE PARAMETER

The relation between the Mino time (4) and the affine
parameter 7 reads

dz
— =1+ jp(W)* Al
- LT/ (A1)
Inserting (25) we get
ot
T—7) = €y
0 (v =) =4
€2
+ dx (A2)
by 2
(=20 5)
with
) 2 2
. J qo0C J°c
e =1+ j%q3, € = %, € = 1—63 (A3)
Thus
T(/l) =70 + €0 (/‘L - ’10) + €III (/‘L’ ya) + 62-,[2(17 ya)' (A4)

APPENDIX B: TRANSFORMATION
TO WEIERSTRASS FORM

Equation (19) allows for a solution in terms of the
Weierstrass ¢ function. Here, we give all details of the
necessary transformations. We start by reducing the poly-
nomial Q(q) from fourth to third order by the transformation

1 du

q—qo=;=>dq=—7, (B1)

where ¢ is a root of Q(q). Thus, the differential equation
becomes

(%‘)2 =Ps(u);  Py= jﬁ;bﬂjv (B2)
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with the coefficients

by = dy, by = az +4asqy,
bz = le + 3213Q0 + 651461(%,

A general third-order polynomial can be cast into
Weierstrass form by the transformation

u:b13<4v—b32> :>du:;3dv, (B4)
thus giving

(%)2 =403 — gy — g3 := Py (v), (BS)
with

92 = —% <b1b3 —%%>

g = —% <b0b§+22—b7%—%>. (B6)

Hence, in addition to an initial value v(dg) = v, the
solution is fully determined by

o dof
v(4) = (A= in.92.93). /lin_/10+/ ——. (B7)
vy \/ Pw(’[}/)

APPENDIX C: INTEGRATION OF ELLIPTIC
INTEGRALS OF THE THIRD KIND

Here we give the formulas for the evaluation of integrals
of the type Z,, = f;o m with n = 1,2 or 3. Note that
y = ©(y,) is a single pole of the above expression. A table
with these and other relations can be found in [19].

The starting point is to consider the expansion of the
denominator as

¢'(y)

o) - o0y —y) = &(v+y) +2L(y),

(C1)

which can then be directly integrated using Ino(x) =
J¢(x)dx to get

dv 1 o(v—y)
Zi(v,y)= = 2 1 .
() /puﬁ—p@) m@>{“””+“aw+y>
(C2)
Considering (C1), taking the derivative with respect to y,
and using %(yy) = —p(y) one gets
L o [ =)+ el 4) + 200
(o) —pO)P g2 |77 T TR ITE
©"(v) }
-, C3
TORED )
which can be directly integrated leading to
dv
(vy)= [ ——
) = [ 5o
o' () 1
— T, —
Jo T T Y
+{(v =) +20()v). (C4)

Repeating this and taking the second derivative with respect
to y from (C1), we find

1 1
(p(0)—p0)) 200y
C120'(n)p(y)

p(x) —p(y)

B O (v=y)+¢ (v+y)=2¢'(y)

3¢/ (y)e" (v)
(p(v) = ()]

(C5)

where we have used ) (y) = 12p(y)¢'(y). Remember
that the primes denote the derivatives with respect to y.
Integrating the above expression leads to

1
I*“”‘i/uxw—p@»3
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