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We propose a new design heuristic to
tackle combinatorial optimisation prob-
lems, inspired by Hamiltonians for opti-
mal state-transfer. The result is a rapid
approximate optimisation algorithm. We
provide numerical evidence of the success
of this new design heuristic. We find this
approach results in a better approxima-
tion ratio than the Quantum Approximate
Optimisation Algorithm at lowest depth
for the majority of problem instances con-
sidered, while wutilising comparable re-
This opens the door to investi-
gating new approaches for tackling com-
binatorial optimisation problems, distinct
from adiabatic-influenced approaches.

sources.

1 Introduction

In a combinatorial optimisation problem,
such as MAX-CUT or the TRAVELLING-
SALESPERSON [1], the aim is to evolve from
some initial state to a final state that encodes the
solution to the optimisation problem. One ap-
proach might be to evolve adiabatically, encoding
each of the initial and final states as the ground
state of some Hamiltonian and interpolating
sufficiently slowly between them. In practice this
approach is limited by the minimum spectral
gap of the interpolating Hamiltonian [2, 3].
This approach is known as adiabatic quantum
optimisation (AQO) [4-8].

In the absence of mature hardware, AQO has
relied on the adiabatic principle as a guiding de-
sign tenet. In turn AQO has lead to Quantum
Annealing (QA). Similar to AQO, QA attempts
to interpolate continuously between the initial
and final Hamiltonians. QA denotes a broader
Robert J. Banks: robert.banks.20Qucl.ac.uk

approach than AQO to find (or approximate) the
solution of the optimisation problem. This could
include: thermal effects [9]; intentionally operat-
ing diabatically [10-12]; or adding new terms to
the Hamiltonian [13-18]. QA has gone on to help
inspire a number of other approaches, such as:
the gate-based Quantum Approximate Optimi-
sation Algorithm (QAOA) [19]; continuous-time
quantum walks (QW) for optimisation [20, 21];
and combinations of different approaches |22, 23|.
In short, the adiabatic principle has been a suc-
cessful design-principle for developing new heuris-
tic quantum algorithms for optimisation.

An alternative approach for evolving from an
initial state to the final state might be via Hamil-
tonians for optimal state transfer [24]. These are
Hamiltonians that transfer the system from the
initial state to the final state in the shortest possi-
ble time. In this paper we use these Hamiltonians
as our underlying design principle. Such Hamil-
tonians typically require knowledge of the final
state (i.e., the solution to the optimisation prob-
lem). In the absence of this information we there-
fore focus on how the behaviour of these Hamilto-
nians might be approximated to find approximate
solutions to optimisation problems. The result is
a rapid continuous-time approach, with a single
variational parameter.

The framework of this paper is as follows: Sec-
tions 2, 3, and 4 introduce the requisite back-
ground material and introduce the Hamiltonians
considered in the rest of the paper (Sec. 3). Sec-
tions 5, 6, and 7 provide analytical and numerical
evidence for the performance of these Hamiltoni-
ans. Throughout the paper we adopt the con-
vention A = 1. The corresponding Pauli matrices
are denoted by X,Y and Z. The identity is de-
noted by I. The commutator is denoted by [-,-].
The simulations make use of the Python packages
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QuTiP [25, 26] and Qiskit [27]. Details about the
numerical studies, including discussion about the
presentation of numerical results can be found in
Appendix D.

2 The QA-framework

Before elaborating on our new approach, in this
section we provide a very brief overview of the
adiabatic influenced algorithms mentioned in the
introduction.

In QA, typically the optimisation problem is
encoded as finding the ground-state, |¢¢), of an
Ising Hamiltonian, Hy. The system is initialised
in the ground-state, [1;), of an easy to prepare
Hamiltonian H;. Usually, H; is taken to be the
transverse-field Hamiltonian. The optimisation
problem is solved by evolving the system to the
ground-state of Hy. We refer to this set-up as
the QA-framework. We utilise this encoding of
the optimisation problem for our new approach.

For the adiabatic influenced approaches (AQO,
QA, QAOA and QW) the system is subjected to
the following Hamiltonian:

H(t) = A(t)Hi + B(t)Hy, (1)

where ¢ € [0,7] denotes time. The design
philosophy behind how the schedules A(t) and
B(t) are chosen, is what distinguishes these near-
term intermediate-scale quantum (NISQ) 28] ap-
proaches. For AQO, the schedules are chosen to
interpolate adiabatically between the two ground
states [4-7|. In QA, this restriction is loosened
to typically continuous, monotonically decreas-
ing for A(t) and increasing for B(t), schedules
[10, 29]. In QW A(t) and B(t) are taken to be
constants over the whole evolution [20, 21].
QAOA [19] is a gate-based design-philosophy
for determining the schedules. In QAOA either
A(t) =1and B(t) =0, or A(t) = 0 and B(t) = 1.
The switching parameter, p, controls the num-
ber of times the schedules alternate between the
two parameter settings. The duration between
switching is either determined prior to the evolu-
tion by a classical computer or by using a clas-
sical variational outer-loop attempting to min-
imise (H ) by varying 2p free-parameters. QAOA
again relies on the adiabatic principle to provide a
guarantee of finding the ground-state in the limit
of infinite p. However, far from this limit, the

variational method allows QAOA to exploit non-
adiabatic evolution [30]. QAOA has been further
generalised, retaining its switching framework to
the ‘Quantum Alternating Operator Ansatz’ [31].
It has also become a popular choice for bench-
marking the performance of quantum hardware
[32-34].

Recently Brady et al. applied optimal control-
theory to help design and investigate schedules
[35-37]. They demonstrated for 0 < A(t) < 1 and
B(t) =1— A(t), that the optimal schedule starts
and finishes with a ‘bang’ (i.e., one of the controls
takes its maximum value)|35].
further investigated in [38] and applied to open
quantum systems.

This claim was

Clearly there are many design-philosophies for
tacking problems within the QA-framework. Al-
though, some have been inspired by the adiabatic
theorem, practical implementation might have
little resemblance to this original idea. The next
section provides a brief introduction to Hamil-
tonians for optimal state-transfer as well as the
motivation for the choice of Hamiltonians used in
this paper.

3 Hamiltonian design

The aim of optimal state-transfer is to find a
Hamiltonian that transfers the system from an
initial state (i.e., |1;)) to a known final state (i.e.,
|Y¢)) in the shortest possible time. We shall refer
to this Hamiltonian as the optimal Hamiltonian
(although it is by no means unique).

One notable approach to finding the optimal
[39-41]
who investigated the use of differential geometry,
at the level of unitaries, to find geodesics connect-
ing the identity to the desired unitary. The length
of the geodesic was linked to the computational
complexity of the problem [40]. A second ap-
proach comes from Carnali et al.. Inspired by the
brachistochrone problem, they developed a varia-
tional approach at both the level of state-vectors
[42] and unitaries [43]. The quantum brachis-
tochrone problem has generated a considerable
amount of literature and interest [44—49].

Both approaches allow for constraints to be im-
posed on the Hamiltonian. Both concluded that
if the only constraint is on the total energy of
the Hamiltonian, the optimal Hamiltonian is con-
stant in time. In the rest of this section we outline

Hamiltonian comes from Nielsen et al.
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the geometric argument put forward by Brody et
al. [24] to find the optimal Hamiltonian in this
case. The reader is invited to refer to the original
work for the explicit details.

The optimal Hamiltonian will generate evolu-
tion in a straight line in the (complex-projective)
space in which the states live. Intuitively, a line
in this space between [¢;) and [¢¢) consists of su-
perpositions of the two states. Hence, the line in
the complex-projective space can be represented
on the Bloch sphere.

If, without loss of generality, [¢;) and [)f) are
placed in the traditional z — x plane of the Bloch
sphere, it is clear that the optimal Hamiltonian
generates rotations in this plane. The optimal
Hamiltonian is then (reminiscent of the cross-
product):

Hopt = =i (|thi) (sl — [¥y) (il) - (2)
This can be scaled to meet the condition on the
energy of the Hamiltonian. It then remains to cal-
culate the time required to transfer between the
two states. This will depend on how far apart the
states are and how fast the evolution is. This is
encapsulated in the Anandan-Aharonov relation-
ship [50]:

ds

= = 205(1). (3)

The left-hand-side denotes the speed of the
state, |¢(t)), where ds is the infinitesimal distance
between |1/ (t + dt)) and |¢ (t)) I. Under evolu-
tion by the Schrodinger equation, with Hamil-
tonian H, the instantaneous speed of the evolu-
tion is given by the uncertainty in the energy,
SE()? = (w(8)| H(1)2 [(8)) — (w(D)] H(2) [ (1))

Since the optimal Hamiltonian is constant in
time, 0 ¥ can be evaluated using the initial state.
Therefore, the time of evolution is:

o anceos ()| "

1= [(wslva)]®

In summary, e~*HortT |¢);) generates the state
|4¢). The goal of the rest of this paper is to har-
ness some of the physics behind this expression
for computation. To this end we primarily fo-
cus on Hamiltonians which are constant in time.

IThe distance is measured by the Fubini-study met-
ric, ds* = 4 (1 — |(y (t)\w(t—i—dt)ﬂ?), on the complex-
projective space.

Appendix A contains more details on what opti-
mal Hamiltonians might look like within the QA-
framework.

In the style of a variational quantum eigen-
solver (VQE) [51, 52|, we allow T to be a vari-
ational parameter that needs to be optimised in
our new approach. In this paper we select the T'
that minimises the final value of (Hf). There is
scope to extend this to different metrics [53, 54].
As T is a variational parameter the Hamiltonian
is only important up to some constant factor.
Rewriting Eq. 2 up to some constant gives:

Hope o o [90) (il log) (isl], (9)
assuming [¢;) and [¢¢) have a non-zero overlap
(this is a given in the standard QA-framework).
This equation (Eq. 5) provides the starting point
for all the Hamiltonians considered in this paper.

The optimal Hamiltonian (i.e., Eq. 5) requires
knowledge of the final state. In practice, when
attempting to solve an optimisation problem, one
doesn’t have direct access to |t1)f). Instead one
has easy access to H; and Hy. Therefore, we
make the pragmatic substitutions |¢);) (¢;| — H;
and |’¢f> <77Z)f| — Hy into Eq. 5

Hape o o 1) 8l 97 (0]
\J 1

1
=l Ho. H L ©
This Hamiltonian is the most amenable to NISQ
implementation of all the Hamiltonians consid-
ered in this paper, therefore the bulk of the pa-
per is devoted to demonstrating its performance.
The results can be seen in Sec. 5.

The substitutions |[¢;) (¢;] — H; and
|Y¢) (| — Hy introduce errors, such that the
evolution under Hj no longer closely follows the
evolution under H,,. In Sec. 6 we try to cor-
rect for this error by adding a new term to the
Hamiltonian

Hy

Hl,improved = Hl + HQZ- (7)

The proposed form of Hgyz is motivated by the
quantum Zermello problem [55-58|.

Finally, in Sec. 7 we exploit our knowledge
of the initial state and propose the substitution
|Vs) (| — f(Hy), where f(-) is some real func-
tion:
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4 Problems considered

To assess the performance of the Hamiltonians
proposed in Sec. 3, we apply them to the com-
binatorial optimisation problem known as MAX-
CUT. MAX-CUT can be encoded as finding the
ground-state of the following Ising Hamiltonian:

Hy= ) ZZ, (9)
(i,j)EE

where E denotes the set of edges in a graph
G = (V,E). Through-out this paper we ex-
amine three different types of graph: 2-regular,
3-regular and random graphs. For the random
graphs each edge is selected with probability 2/3.
More details about these graphs in the context of
the quantum algorithms discussed in Sec. 2 can
be found in Appendix B.

To measure the performance of the different ap-
proaches we look at two metrics: the ground-state
probability and approximation-ratio. We define
the approximation ratio to be (Hy)/E, where
FEnin is the energy of the ground-state solution
of Hy and the expectation is with respect to the
final state. Further justification of these choice of
metrics can be found in Appendix C.

Of crucial interest for NISQ implementations is
the duration of each run. For continuous-time ap-
proaches this is simply the time of each run. We
would like to compare this approach to QAOA,
which has the following ansatz:

P
Waoa) = [T (e e ™) |4)  (10)
k=1
where the s and s are the variational param-
eters. We take the time of a QAOA run to be
the sum of the variational parameters. In Sec.
5.3 we compare the optimal time of QAOA p =1
and Hj, the optimal time being the time that
maximises the approximation ratio. To make a
fair comparison between the two approaches with
different problem sizes, we fix the energy of the
Hamiltonians in Sec. 5.3 to be:

%Tr{Hf} =n, (11)

Figure 1: The geometric intuition behind finding the
Hamiltonian for optimally transferring between the
ground-states of H; and Hy on the Bloch sphere. The
vectors 1 (£7) are the eigenvectors of H; (Hy). The

aim is to generate a rotation of 6 around k to map +m
to +7. The handedness of the cross-product takes into
account the direction.

for x = 4, f, 1, where n is the number of qubits.

As mentioned this paper will focus on MAX-
CUT but to illustrate the wide applicability of
these model we also apply it to a Sherrington-
Kirpatrick inspired model, the details of which
can be found in Appendix E.

5 Taking the commutator between the
initial and final Hamiltonian

In Sec. 3. we motivated the Hamiltonian

Hy = . [Hi, Hy] (12
21

by substituting out the projectors in Eq. 5 for
easily accessible Hamiltonians. In this section we
explore the effectiveness of these substitutions.
We begin by demonstrating that Eq.12 generates
the optimal rotation for a single qubit (Sec. 5.1).
In Sec. 5.2.1 we show that H; has the potential
to outperform random guessing within the QA-
framework. The rest of the section analyses the
performance of Hi on the problems outlined in
Sec. 4.

5.1 The optimal approach for a single qubit

Here we outline a simple geometric argument
which shows that H; generates the optimal ro-
tation for a single qubit (hence the name Hy).
The eigenstates of H; and Hy can be represented
as points on the surface of the Bloch sphere, see
Fig. 1. Since these points lie in a plane, the aim
is to write down a Hamiltonian that generates ro-
tation in this plane. By writing the Hamiltonians
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in the Pauli basis, it is clear the Hamiltonian that
generates the correct rotation is:

1

H
1= 9

[H;, Hy] .
For the full details see Appendix F. Again, by
using the Anandan-Aharonov relationship:
dé
— =20F 13
D —oip, (13
where 0F is the uncertainty in the energy and 6
is the distance between the desired states (Fig.
1), we can calculate the time required to transfer
between the two ground-states.
Having established H; as the optimal Hamilto-
nian for a single qubit, the next section investi-
gates its performance on larger problems.

5.2 Application to larger problems

5.2.1 Outperforming random guessing for short
times

In this section we demonstrate that H; can al-
ways do better than random guessing within
the QA-framework. Starting with the time-
dependent Schrédinger equation:

() = —iH [(t))

we expand |1)(t)) in terms of the eigenbasis of Hy,
so |(t)) = >, ck(t) |k) where |k) are the eigen-
vectors of Hy with associated eigenvalue Ej. The
eigenvalues are ordered such that Fy < E; <
FEs.... Substituting this into the Schrédinger
equation gives:

Y o(t)[k) = —- > en(t) (HiHy — HpH;) |k)
21
k k
_ —% S ex(t) By (H; — HyH;) k)
k

Acting with (j| on each side, to find ¢;(¢), gives:

How the basis
states of Hy

are connected

) 1 ;
¢i(t) = =5 > ew(t) (Bx — By) (I H[k) . (14)
"Velocity"

In the standard QA-framework H; = — > ) X},
c(0) = 1/v27, for all k, and the basis states
(e.g. |k)), correspond to computational basis
states. Accordingly, H; connects computational

basis states which are a Hamming-distance of one
away.

The difference in energy of the computational
basis states intuitively provides something akin to
a velocity, with greater rates of change between
states which are further apart in energy.

Focusing on the derivative of the ground-state
amplitude at ¢ = 0 we have:

o0) =~ X0 (B — Bo) 0] - S 14,
>0 >0 J

=0or —1

(15)
so ¢p(0) > 0, with equality if all states in a
Hamming-distance of one have the same energy
as |0). In this case the above logic can be re-
peated for these states. Hence, at ¢t = 0, the
ground state amplitude is increasing - meaning
H, can do better than random guessing by mea-
suring on short times. This is evidence that H; is
capturing something of the of the optimal Hamil-
tonian for short times. Indeed, for short times all
the amplitudes flow from higher-energy states to
lower-energy states.

The above logic can be extended to the case
where H; is any stoquastic Hamiltonian in the
computational basis [59, 8] and [¢;) the corre-
sponding ground-state. That is to say, we require
H; to have non-positive off-diagonal elements in
the computational basis (i.e. stoquastic) and as
a consequence we can can write the ground-state
of H; with real non-negative amplitudes [8]. Con-
sequently, for any stoquastic choice of H; the
ground-state amplitude is increasing at £ = 0 and
can do better than the initial value of ¢y at short
times.

We could also take a generalised version of H:

1

Hl,gen = 272 [f (Hl) g (Hf)] ) (16)

where f and g are real functions. Eq. 14 becomes:

5(0) = —5 3 ex(t) (9 (Be) — 9 () (] £ (H:) k).
k

(17)

The function acting on H; (i.e., f(:)) con-
trols how the computational-basis states are con-
nected, while the function acting on Hy (i.e., g(-))
controls the velocity between computational ba-
sis states. If f(-) is the identity and H; stoquas-
tic, then any monotonic function for g(-) (e.g.,

H?, H}?, exp{Hy},...) will do better than cy(0)
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Figure 2: A time-domain plot of the ground-state prob-
ability (in pink) and approximation ratio (in blue) for
H, applied to MAX-CUT on a 2-regular graph with 400
qubits. Random guessing corresponds to a ground-state
probability of 27399 ~ 107120, The dashed purple line
shows the location of the optimal time, corresponding
to the maximum in approximation ratio.

for short t. Taking H; to be the transverse-
field Hamiltonian, that is better than random-
guessing.

The above analysis demonstrates that H; has
potential for tackling generic problems within the
QA-framework. The next sections apply Hi to
specific examples in an attempt to quantify the
success of this approach. For the rest of this paper
we take H; to be the transverse-field Hamiltonian.

5.2.2 MAX-CUT on two-regular graphs

Here we study the performance of H; on MAX-
CUT with two-regular graphs. The explicit form
of H; is then:

n
Hy =3 (YjZj1 + Z;Yj1) - (18)
j=1

This can be solved analytically by mapping
the problem onto free fermions via the Jordan-
Wigner transformation. Details can be found in
Appendix G.

A time domain plot for the approximation ra-
tio and ground-state probability is shown in Fig.
2 for 400 qubits. The peak in approximation ratio
corresponding to the optimal time. As expected
from the previous section (Sec. 5.2.1) the approx-
imation ratio is increasing at ¢ = 0. There is a
clear peak in ground-state probability at a time
of t ~ 0.275. This peak remains present for larger

problem sizes too. The peak also occurs at a later
time than the peak in approximation ratio. Fur-
ther insight into this phenomena may be found in
Sec. 7.

The key result of this section is shown in Fig.
3a, showing the optimal approximation ratio ver-
sus problem size for even numbers of qubits only.
The corresponding plot for odd numbers of qubits
can be found in Appendix G. Notably the approx-
imation ratio saturates for large problem sizes,
achieving an approximation ratio of 0.5819, com-
pared to 0.5 for QAOA p = 1. This is despite
QAOA p =1 having two variational parameters,
compared to the single variational parameter for
H,. This behaviour is suggestive of Hi optimis-
ing locally, since its approximation ratio is largely
independent of problem size.

Despite MAX-CUT on two-regular graphs be-
ing an easy problem, the ground-state probability
scales exponentially with problem size (Fig. 3b).
This is not necessarily a problem, as we present
H; as an approximate approach only. Optimis-
ing the performance to give the best ground-state
probability provides a small gain in performance
but does not change the overall exponential scal-
ing. The optimal times for both approximation
ratio and ground-state probability can be found
in Fig. 3c. Both times freeze out at constant val-
ues for problem sizes greater than 10 qubits.

We have demonstrated with MAX-CUT on
two-regular graphs, at large problem sizes, that
H, can provide a better approximation ratio than
QAOA p = 1. We explore this comparison with
QAOA p =1 further in Sec. 5.3.

5.2.3 Performance on MAX-CUT problems with
three-regular graphs

By exploiting locality in QA with short run-times,
Braida et al. [61] were able to prove bounds
on QA on MAX-CUT with three-regular graphs.
Here we apply this approach to Hy. For details of
the method the reader is referred to [61] and for
explicit details of this computation to Appendix
H. We find that that H; finds at least 0.6003
times the best cut. Hence H; has a marginally
better worst-case than QA (which is 0.5933 times
the best cut [61]), when this method is applied.
Both bounds are not necessarily (and unlikely
to be) tight. Resorting to numerical simulation
gives Fig. 4a. Here we can see, for the random
instances considered, that H;{ never does worse
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(b) The ground-state probability for
different problem sizes under the evo-
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that maximise the approximation ra-
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Figure 3: Performance of H; on MAX-CUT with 2-regular graphs. Only even numbers of qubits are plotted.
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Figure 5: Performance of H; on 100 randomly-generated instances of MAX-CUT.
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than the QAOA p = 1 worst bound. Direct com-
parisons to QAOA p = 1 can be found in Ap-
pendix I. Fig. 4a also shows that the approxima-
tion ratio of H; on three-regular graphs has little
dependence on the problem size, again suggesting
that it is optimising locally.

5.2.4  Numerical simulations on random instances
of MAX-CUT

In the previous two sections we established the
performance of Hy; on problems with a high de-
gree of structure, allowing for more analytical in-
vestigation. In this section we explore the per-
formance of Hi numerically on MAX-CUT with
random graphs. Consequently, we are restricted
to exploring problem sizes that can be simulated
classically. Further details about the numerics
can be found in Appendix D.

For each problem size we consider 100
randomly-generated instances. The results can
be seen in Fig. 5. For each instance the time
has been numerically optimised to maximise the
approximation ratio within the interval [0, 27).
From Fig. 5 we draw some conclusions from the
simulations, with the caveat that either much
larger sizes need to be simulated and/or analytic
work is required to fully substantiate the claims.
On all the problems considered H; performed
better than random guessing (which results in an
approximation ratio of 0).

Focusing first on Fig. 5a: there appears to be
some evidence that the distribution of approxi-
mation ratios is becoming smaller as the prob-
lem size is increased. In addition the approxima-
tion ratio tends to a constant value, independent
of the problem size. From analysing the regular
graphs, it is reasonable to assume that H;j is op-
timising locally. Therefore, we would expect the
performance of Hy to depend on the subgraphs in
the problem. If the performance is limited by one,
or a certain combination of subgraphs, then that
would explain the constant approximation ratio.
As the problem size is increased the chance of
having an atypical combination of subgraphs is
likely to decrease, resulting in a smaller distribu-
tion.

The ground-state probability shows a clear ex-
ponential dependence on problem size (Fig. 5b).

D==m >_€<9

(a) A subgraph of two-
regular graphs

A small subgraph con-
talned in three-regular graphs
which is prevalent in graphs
that H; performs worse on.

Figure 6: Example subgraphs

5.2.5 Estimating the optimal time

Presenting the application of H; as a varia-
tional approach begs the question of how to find
good initial guesses for the time, 7', at which
to measure the system. As previously noted
the optimal time corresponds to the maximum
approximation-ratio.

For our method we are not interested in finding
the true maximum in approximation ratio. Sam-
pling from a local maximum, close to t = 0 is
more achievable and reduces the time the system
needs to be coherent. From Sec. 5.2.1 we expect
the first turning point in approximation ratio af-
ter t = 0 to be a local maximum. This is shown by
Eq. 14, with all amplitudes flowing from higher
energy states to lower energy states a Hamming
distance of one away at t = 0. Further to this,
throughout the work so far we have seen evidence
of Hy behaving locally. This local behaviour will
allow us to motivate good initial guesses for Hj.
As Hy is optimising locally, its performance does
not depend on the graph as a whole, but only on
subgraphs.

The optimal time for MAX-CUT on two-
regular graphs was T' = 0.23. Under the assump-
tion that H7 is behaving locally we can estimate
the optimal times by considering a smaller sub-
graph. The subgraph in question is shown in Fig.
6a. By numerically optimising (Z;Z3) for this
subgraph with Hy = ZyZy+ Z1Zy+ Z2Z3, we can
find good estimates for the optimal T. Optimis-
ing this subgraph, within the interval 7' € [0, 1),
gives T' = 0.22. This estimate matches the opti-
Choosing a larger subgraph will
give a better estimate on the time.

Fig. 4b shows the optimal time for the larger in-
stances of three-regular graphs considered in Fig.
4a. The range of optimal times varied very lit-
tle between problem instances and problem sizes,
centered around T = 0.176. As with the two-

mal time well.
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regular case we can examine subgraphs. In this
case we consider the subgraph shown in Fig. 6b.
This is the subgraph that saturates the Lieb-
Robinson bound (Appendix H). Numerically op-
timising (Z2Z3) for this subgraph with Hy =
ZoZo+ Z1Zo + ZoZs + Z3Zy + ZsZs gives a time
of T'=0.19. This again is a good estimate of the
optimal time.

For problems with well understood local struc-
ture, such as regular graphs, we have shown that
we can exploit this knowledge to provide reason-
able estimates of the optimal times. These sub-
graphs are also of the same size used in finding
the optimal time in QAOA p =1 [19].

For the MAX-CUT problems in Sec. 5.2.4, the
optimal times can be found in Fig. 5c. It ap-
pears that the optimal time tends to a constant
value (or a small range of values), with 7" < 1.
The optimal times are clustered together, sug-
gesting good optimal times might be transfer-
able between problem instances. This approach
is common within the QAOA literature [62].

So far we have explored the performance of Hj.
We have demonstrated that H; can provide a bet-
ter approximation ratio for MAX-CUT on two-
regular graphs. The intuition gained by studying
QAOA p = 1 has been transferable to the un-
derstanding of H;. In the final part of this sec-
tion we make some direct comparisons between

QAOA p =1 and H;.

5.3 Direct numerical comparisons to QAOA
p=1

We have established in the previous sections that
H; operates in a local fashion. Calculating the
optimal time for sub-graphs the same size as those
involved in QAOA p = 1 gave good estimates for
the optimal time for larger problem sizes. There-
fore it is reasonable to assume that H; sees a
similar proportion of the graph as QAOA p = 1.
Both approaches are variational with short run-
times too. Since both approaches are using com-
parable resources, in this section we attempt to
compare the two. Again we focus on the problems
outlined in Sec. 4.

For two-regular graphs, the optimal time for
QAOA p = 1 is 2.4 times longer than the opti-
mal time for H; for large problem sizes, despite
providing a poorer approximation ratio.

4 =
) (=3

°
®

H1 approximation ratio
o o
o <

o
o

1N
IS

0.3 0. 0.7 0.8 0.9 1.0

4 0.5 0.6
QAOA p=1 approximation ratio

(a) Approximation ratio comparison for MAX-CUT on ran-
domly generated graphs.

N

H, optimal time
\
\

0.5 1.0 15 2.0 25 3.0 35
QAOA p=1 optimal time

(b) Optimal time comparison for MAX-CUT on randomly
generated graphs.

Figure 7: Comparison of H; (y-axis on the above plots)
with QAOA p = 1 (x-axis on the above plots) for the
problem instances considered in Sec. 5.2.4. The top line
of figures compares approximation ratios. The bottom
line of figures compares the optimal times (i.e. the time
that maximises the approximation ratios) of the two ap-
proaches. The dashed purple line corresponds to equal
performance.

The results comparing H; and QAOA p = 1,
for all the problem instances considered in Sec.
5.2.4, are shown in Fig. 7.

The approximation ratios for each approach
are largely correlated, suggesting in general that
harder problems for QAOA p = 1 corresponded
to harder problems for Hi.For all instances con-
sidered, H; gave a greater than or equal to ap-
proximation ratio compared to QAOA p = 1 (Fig.
7a).

Turning now to the optimal time, H; had in the
majority of cases the shorter optimal time (Fig.
7b). In Appendix J we elaborate further on the
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exceptions, that is the MAX-CUT problems that
have longer run-times than QAOA p=1.

This section has numerically demonstrated
that Hy provides a better approximation ratio
than QAOA p =1 in a significantly shorter time
for the majority of instances considered, justifing
our description of this this approach as rapid,
which is crucial for NISQ implementation [28§].
Given that, H; tends to provide a better approx-
imation ratio, in a shorter time, with fewer vari-
ational parameters, it raises the question - does
QAOA p = 1, the foundation of any QAOA cir-
cuit, make effective use of its afforded resources?

6 An improvement inspired by the
Quantum Zermello problem

6.1 The approach

With QAOA it is clear how to get better approx-
imation ratios, that is by increasing p. It is less
clear how to do this with H;. One suggestion
might be to append this Hamiltonian to a QAOA
circuit. However, the aim of this paper is to ex-
plore how Hamiltonians for optimal state-transfer
can provide a guiding design principle. Therefore,
in this section we explore adding another term,
motivated by this new design principle, to H; to
improve the approximation ratio.

In Sec. 3 we motivated H; from the optimal
Hamiltonian by making the pragmatic substitu-
tions |v;) (5| — H; and |[¢y) (Yy| — Hy. Sub-
sequently, we demonstrated that H; provides a
reasonable performance. However, H; no longer
closely followed the evolution under the optimal
Hamiltonian. To partially correct for this error
we add another term to the Hamiltonian:

Hlﬂmproved = Hl + HQZ- (19)

Again, we make use of Hamiltonians for opti-
mal state-transfer to motivate the form of Hgz.
Finding the optimal Hamiltonian in the presence
of an uncontrollable term in the Hamiltonian is
known as the quantum Zermello (QZ) problem
[55-58].

In the rest of this section we expand on the
details of the QZ problem. From the exact form
of the optimal correction, H.,., we then apply
a series of approximations so that H, is time-
independent and does not rely on knowledge of

|4i)

e iHt ‘( ,/_> i
) 9
' S ey)
\‘ R
4
'i
iHowT' |,/ ‘
X?L QW |Lf> /'o

Figure 8: A cartoon of the evolution of states in the QZ
problem for constant Hgw . In the interaction picture,
with background Hamiltonian Hgyy, it appears the final
state is moving under the influence of this Hamiltonian.
In this frame Eq. 2 can then be applied. It then remains
to move out of the interaction picture to get Eq. 21.

|¢). This final Hamiltonian will be Hgz in Eq.
19.

The QZ problem, like the quantum brachis-
tochrone problem, asks what is the Hamiltonian
that transfers the system from [¢;) to the final
state |¢y) in the shortest possible time. Unlike
the quantum brachistochrone problem, part of
the Hamiltonian is uncontrollable. In the case of
a constant uncontrollable term, the total Hamil-
tonian can be written as:

Hopt|QW = HQW + HCOT(t)v (20)

where Hgw is the constant ‘quantum wind’ that
cannot be changed and H(t) is the Hamiltonian
we are free to vary. Typically, How is understood
as a noise term [63, 64]. Instead, here we will take
Hgw to be Hp to provide a favourable quantum
wind that Hc,(t) can provide an improvement
on.

The optimal form of He, () is (up to some fac-
tor) [56]:

Hoor(t) = —ie™ ™" ([ (| e 17
_ez‘HlT ’wf> (%\) eiHlt’ (21)

where ¢ is the time and T is the final time. The
motivation for this equation can be found in Fig.
8. This Hamiltonian requires knowledge of the
final state, so we introduce a series of approxima-
tions to make H,,(t) more amenable for imple-
mentation.
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Since we know that the optimum evolution un-
der H; tends to be short, we make the assump-
tion that the total time 1" is small. Therefore, we
approximate the optimal correction with H,,(t)
with

Hoor(0) = i ([ts) (toy] 7T
=T ) (1]) . (22)

Introducing the commutator structure (Sec. 3)
with the same pragmatic substitutions as before
for Hy gives:

Hoyz = —i [H eiHlTer—iHlT} , (23)

where we have introduced the subscript QZ to
distinguish this Hamiltonian from H.,,-(0) prior
to the substitutions. Expanding this expression
in T gives:

Hqz = —i[Hi, Hy + 4T [Hy, Hy]
~T[Hy, [Hy, Hyl] /2+ O (T%)] . (24)

From the QZ problem we have motivated the
form of the correction Hgz in Eq. 19. In spite of
this we have no guarantee on its performance - to
this end we carry out numerical simulations.

In both its philosophy and structure Hgyz is
reminiscent of shortcuts to adiabaticity (STA)
[65]. In STA the aim is to modify the Hamil-
tonian in Eq. 1 to reach the adiabatic result in a
shorter time, typically by appending to the stan-
dard QA Hamiltonian. The approach here is dis-
tinctly different for three key reasons, besides the
initial starting point of Hamiltonian.

1. The aim here is to do something distinctly
different from H;p, not to recover its be-
haviour in a shorter time.

2. In the QZ-inspired approach we make use of
the excited states, with the aim of finding
approximate solutions, as opposed to exact
solutions.

3. Here we only consider time-independent
Hamiltonians.

A clear downside to Hgz is the increased com-
plexity, compared to say QAOA. However, if Hgz
is decomposed into a QAOA-style circuit, the sin-
gle free parameter in Hgz might translate to
fewer free parameters in the QAOA circuit, al-
lowing for easier optimisation.

1.0 =
: [ ] H1
= % O(T)
o(T?)
009 Sy
3 . P
o
s
= QAOAp=4
4 0.8 e ———————— ————————{
£ QAOA p=3 ¥ u [ ]
B e e S — U ————
o
s
Q0.7 ® » ® x x
< QAOA p=2
0.6
L4 ° . ° °
2 4 10 12 14

6 8
Number of qubits

(a) Numerically optimised performance of Eq. 24. Each point
has been optimised in the time interval [0,0.3] by considering
3000 divisions.

| |
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(b) The corresponding optimal times for Fig. 9a. The norm
of each Hamiltonian, for each problem size has been fixed so
Eq. 11 is true, to make comparisons fair.

Figure 9: The performance of Eq. 24 on two-regular
graphs. The legend shows the order of T', with ‘exp’ re-
ferring to Eq. 23. The dashed lines show the asymptotic
performance of QAOA.

6.2 Numerical simulations
6.2.1 MAX-CUT on two-regular graphs

Here we focus on applying Eq. 24 up to various
orders in T' to MAX-CUT on two-regular graphs
with an even number of qubits. We focus on this
problem as it is trivial to scale and the perfor-
mance of QAOA and Hi on this problem is well
understood.

The results for MAX-CUT with two-regular
graphs can be seen in Fig. 9a. Increasing the
expansion in 1" appears to improve the approx-
imation ratio. But the improvement is capped,
shown by the data labelled ‘exp’. Notably, this
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approach with a single variational parameter at
order T? is performing better than QAOA p =3
(with 6 variational parameters) for 10 qubits.

The optimal T" for the QZ-inspired Hamiltoni-
ans can be seen in Fig. 9b. Again, the optimal
time for each order in T" appears to be tending to
a constant value, suggesting this approach is still
acting in a local fashion. This is consistent with
the approximation ratio plateauing. As we can
see the QZ-inspired approach is still operating in
a rapid fashion.

6.2.2 MAX-CUT on random graphs

To complete this section we examine the perfor-
mance of the QZ-inspired approach (Eq. 24) to
the randomly generated instances of MAX-CUT,
detailed in Sec. 4.

The results for different orders in T for the ap-
proximation ratio can be seen in Fig. 10a. All
the QZ-inspired approaches provide an improve-
ment on the original H; Hamiltonian, indexed by
0 in the figures. However, the performance is not
monotonically increasing with the order of the ex-
pansion. This is not unusual for a Taylor series
of an oscillatory function. Consequently, achiev-
ing better approximation ratios is not as simple
as increasing the order of T'. At the same time,
this means that it is not necessary to go to high
orders in T', with very non-local terms, to achieve
a significant gain in performance. For example,
in going to first order achieves a substantial im-
provement.

The optimal times for the QZ-inspired ap-
proach can be found in Fig. 10b. For clarity we
only show the optimal times for the larger prob-
lem instances. As with H; the optimal times are
clustered for a given order. The lack of depen-
dence on problem size for optimal times and ap-
proximation ratios suggests that the QZ-inspired
approach is still optimising locally. Compared
to the H; case, the operators have a larger sup-
port. Despite optimising locally, they are opti-
mising less locally than Hj, hence the increased
performance.

Here we have numerically demonstrated that
the QZ-inspired approach can provide an im-
provement over Hi, suggesting how this new de-
sign philosophy might be extended. The numerics
also suggest that going to first order may provide
the best possible advantage.
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(b) The optimal times for the problem instances seen in
Fig.10a. The norm of each Hamiltonian, for each problem
size has been fixed, according to Eq. 11, ensuring a fair com-
parison.

Figure 10: The performance of the QZ-inspired approach
on 100 random MAX-CUT instances. The x-axis label
refers to the order of T" in the expansion of Eq. 24, with
0 being H; and e referring to the full exponential (i.e.
Eq. 23)
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7 Using knowledge of the initial state

As introduced in Sec. 3, in this section we exploit
our knowledge of the initial state and evaluate
the performance of

Hy, = —i[|[vi) (Wil , f(Hy)] (25)

within the QA-framework. We take f(-) to be a
real function such that:

= > [(Ex) |Bx) (Exl, (26)
k

where |Ej) and Ej, are the eigenvectors and asso-
ciated eigenvalues of H.

Evolution under Hy, can be calculated analyt-
ically - the details can be found in Appendix K.
By evolving |¢;) the state:

> F(Ey) |Eg) (27)

\/Tl‘fZ(Hf %

can be reached. Indeed H,, will generate linear
superpositions of |w) and [¢);) only.

Assuming that the state |w) is prepared, then
the probability of finding the ground-state is

ng(EgS)
Tr f2(Hy)’

jw) =

Py = (28)
where g is the ground-state degeneracy and Eg
the associated energy. If f(-) is the identity, then
Tr Hy scales approximately as 2" and Eys might
scale with n. Hence the ground state probabil-
ity will scale as ~ n?/2". Indeed if f(Hy) = HY,
where m is some positive integer, then the ground
state probability might scale as ~ n?™/2". This
is an improvement over random guessing, but
still with exponential scaling. This may be of
some practical benefit, depending on the compu-
tational cost of calculating f(Hy). If f(-) is the
projector onto the ground-state then Pys =1 (as
expected).

Calculating the expectation of Hy for |w) gives:

(Hy) = ZEkf2 E). (29)

'nf2

Here we can see that (Hy) will be dominated by
states for which f?(Ej) is large. If f(-) is the
identify this most likely means low energy states
and high energy states. Hence, we do not expect
a good approximation ratio. This provides some

insight into Sec. 5.2.2 where the observed peak
in ground-state probability did not coincide with
the optimal approximation ratio.

This approach has the potential to provide
a modest practical speed-up with a polynomial
prefactor on the hardest problems. However, the
success of this approach depends on the (un-
likely) feasibility of implementing H., and f(Hy).
It does however provide further evidence of the
power of commutators for designing algorithms
to tackle optimisation problems.

8 Discussion and Conclusion

Designing quantum algorithms to tackle combi-
natorial optimisation problems, especially within
the NISQ framework, remains a challenge. Many
algorithms have used AQO in their inspiration,
such as in the choice of Hamiltonians. In this pa-
per we have explored using optimal Hamiltonians
as a guiding design principle.

With Hy, the commutator between H; and Hy,
we demonstrated that we can outperform QAOA
p=1, with fewer resources. The short run-times
which do not appear to scale with problem size
suggest that this approach is acting locally. An
effective Lieb-Robinson bound prevents the infor-
mation about the problem propagating instanta-
neously [66, 67]. This helps provide some insights
into the performance of Hy:

e In the local regime, the effective local Hilbert
space is smaller than the global Hilbert
space, consequently H; will be a better
approximation of the optimal Hamiltonian.
This accounts for why we might expect H;
to work better on short run-times.

e A local algorithm is unlikely to be able to
solve an optimisation problem, as it cannot
see the whole graph. It follows that such
an approach would have poor scaling of the
ground-state probability.

Due to the local nature of H; we were able
to utilise some analytical tricks to assist the nu-
merical assessment of its performance, allowing
for some guarantee of the performance of the ap-
proach on large problem sizes. The techniques
used had already been developed or deployed by
the continuous-time quantum computing commu-
nity in the context of QA/QAOA, indicative of
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the wide applicability of the tools being devel-
oped to assess these algorithms.

Local approaches have clear advantages in
NISQ-era computations. The short run-times put
fewer demands on the coherence times of the de-
The local nature can also help mitigate
some errors. If, for example, there is a control
misspecification in one part of the Hamiltonian
this is unlikely to propagate through the whole
system and affect the entire computation.

Buoyed by the relative success of utiliz-
ing Hamiltonians for optimal state-transfer we
turned to the quantum Zermello problem to help
find improvements. These Hamiltonians compro-
mised a single variational parameter and short
run-times, for increased complexity in the Hamil-
tonian. Again, the saturation of the optimal time
suggest these approaches are still operating lo-
cally.

The success of this approach, within the NISQ
era, will depend on the feasibility of implement-
ing these Hamiltonians. This might be achieved
through decomposition into a product formula
[68] for gate based approaches, resulting in a
QAOA like circuit. Alternatively, one could at-
tempt to explicitly engineer the interactions in-
volved. Indeed, for exponentially scaling prob-
lems, implementing these Hamiltonians for short
times could be less challenging then maintaining
coherence for exponentially increasing times.

vice.

Although the results of this paper are not
fully conclusive, it has shown that by considering
Hamiltonians for optimal state-transfer we can
develop promising new algorithms. We hope the
results presented in this paper will encourage fur-
ther work into the success of these Hamiltonians.
There is scope for taking this work further. This
could include changing the choice of H;, exploit-
ing our observation that any stoquastic Hamilto-
nian can lead to an increase in ground state prob-
ability. For Hy we have only explored problems
with trivial Ising encodings. There is scope to ex-
plore new encodings such as LHZ [69] or Domain-
wall [70] encodings. Such encodings will result in
different H; and presumably distinct dynamics.
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A Optimal Hamiltonians for the QA-framework

In Sec. 3 we saw that the Hamiltonian (up to some constant factor):

Hopt = =i ([thi) (tbg| = [vbg) (hil) - (30)
transfers the system from |1);) to |1f) in the shortest possible time.
In standard QA, the time-varying Hamiltonian interpolates between H; = — 3, X; and an Ising

Hamiltonian Hy. Consider the overlap of H; with Eq. 30:
Te{H;Hopi} = — i Te{H; (|¢s) (5] — |1bg) (¥il)}

= — B Te{|ws) (] — |tby) (]}
=0,

where Ei(o) is the ground-state energy of H;. The final line follows since in QA, typically (;|¢¢) =
g/v/2™, where g is the degeneracy of the ground-state. We also choose [t;) and [1/;) to have a real
overlap in deriving Eq. 30. Similarly,

Tr{H;Hyp} = 0.

Eq. 30 has no overlap with any of the Hamiltonians typically used in QA. More generally, if M is
any operator whose eigenstates include [¢;) or |¢¢), then

Tr{MH,} = 0.

This means Eq. 30 has no overlap with other Hamiltonians besides H; and H, including X X terms.
As a final example, consider the optimal Hamiltonian for MAX-CUT on a two-regular graph with
four qubits. The Hamiltonian (up to some scaling factor):

Hy=Z21Yo + Y1Zo + ZoY3 + YoZs + ZsYy + Y32y + 21 Yy + Y12y — Z1Y3 — Y123 — Z2Y4 — Yo 2y
—Y1257374 — Z1YoZ3Zy — 21 Z42Y3 2y — Z1Z2Z3Yy + X1 Yol + Y1 XoZy — Y1 XoZ3 — X1Y2Zy
+ Y125 X3 + X1 ZoY3 + X1Y324 + Y1 X324 + Y122 X4 + X1 Z3Yy — Y1 723Xy — X122y
4+ Z1Yo X3+ XoY3Zy — Z1 XoYs — Yo XsZy + Z1Yo Xy + Yo Z3 Xy + XoZ3Y, + Z1 X0Y)

+ Z9Y3 Xy + Z1 X3Yy — Z1Y3 Xy — ZoX3Yy + X1 XoY324 + Y1 X0 X374 — X Yo X324 + Y1YoY32,
+X1YoZ3 Xy + X1 XoZ3Yy — V1 XoZ3 Xy + V1Yo Z3Yy + Y1 25 X3 Xy + X1 22Y3 Xy — X122 X3Yy + Y1 25Y3Y)
+ Z1Yo X3 Xy + 21 X0 X3Yy — 21 XoY3 Xy + Z1Y2Y3Yy,

(31)

solves the problem in the shortest possible time. This Hamiltonian has a huge number of terms, yet
none of them are the ones typically used in QA. Note every term involves a Y Pauli.

Although Eq. 31 is clearly not implementable, it raises the question of whether QA uses the correct
terms in the Hamiltonian to achieve practical speed-up, especially in NISQ devices. This suggests terms
like H;, Hy (unless used in a targeted way) might not be the most successful choice of Hamiltonians
for fast NISQ algorithms.

B Background on the problems considered

The Hamiltonians proposed in Sec. 3 need to be applied to optimisation problems to assess their
performance. Algorithms are unlikely to work uniformly well on all problems; for instance QA is
believed to work better on problems with tall, thin barriers in the energy landscape [71]. Consequently
the apparent performance of a heuristic algorithm will, in general, be dependent on the optimisation
problem considered as well as the algorithm. With this caveat in mind this paper makes focuses on the
canonical optimisation problems MAX-CUT. To further substantiate the claims made we provide a
further numerical study on the Sherrington-Kirkpatrick-inspired problem in Appendix E. This section
briefly outlines these problems.
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B.1 MAX-CUT

MAX-CUT seeks to find the maximum cut of a graph, G = (V,E). A cut separates the nodes of
the graph into two disjoint sets. The value of the cut is equal to the number of edges between the
two disjoint sets. In general, MAX-CUT is an NP-hard problem [72]. Indeed, finding very good
approximations for MAX-CUT is a computationally hard problem [73].

The corresponding Ising formulation of this problem is:

Hy = Z VAVAR (32)
(i,7)EF

up to a constant offset (i.e. a term proportional to the identity) and multiplicative factor. In this
paper we explore MAX-CUT on a range of graphs.

B.1.1 Two-regular graphs

MAX-CUT on two-regular graphs (also known as the Ring of Disagrees or the anti-ferromagnetic ring)
is a well studied problem in the context of QA and QAOA [5, 74, 60, 19]. The problem Hamiltonian

n
Hy = Z Zi Zi1 (33)
=1

with n + 1 = 1, consists of nearest-neighbour terms only. The performance of QA and QAOA on this
problem has been understood by applying the Jordan-Wigner transformation to map the problem onto
free fermions [5, 74]. In Sec. 5.2.2 we follow the approach laid out by [74] to apply this technique to
H;. A further useful tutorial for tackling the Ising chain with the Jordan-Wigner transformations can
be found in [75].

Alternatively, provided p is sufficiently small, the performance of QAOA can be understood in terms
of locality [19]. Due to the structure of the ansatz in QAOA (i.e. Eq. 10), to find the expectation of
a term in Hy, such as Z;Z; 11, it is only necessary to consider a subgraph. This subgraph consists of
all nodes connected by no more than p edges to a node in the support of the expectation value being
calculated. For two regular graphs this is a chain consisting of 2p + 2 nodes. Provided this subgraph is
smaller than the problem graph (i.e. the two-regular graph has more than 2p + 2 nodes), then QAOA
is operating locally.

For a given p, all the subgraphs are identical for a two-regular graph. Hence, the performance of
QAOA for this problem depends only on its performance on this subgraph. As a direct consequence
of the locality, the approximation ratio of QAOA will not change as the size of the two-regular graph
is scaled. By optimising over this subgraph with a classical resource, it is therefore possible to find the
optimal time and approximation ratio of QAOA for this problem.

B.1.2 Three-regular graphs

MAX-CUT on three-regular graphs was considered in the original QAOA paper by Farhi et al. [19].
The local-nature of QAOA allowed them to calculate explicit bounds on the performance of their
algorithm. To this end, the graph was broken down into subgraphs to measure local expectation
values (i.e., (Z;Z;j+1)). For QAOA p = 1, there are three distinct subgraphs. By simulating QAOA
for the subgraphs and bounding the proportion of subgraphs in the problem, they calculated a lower
bound on the performance. The small number of relevant subgraphs for three-regular graphs, makes
this approach particularly amenable. They found that QAOA p = 1 will produce a distribution whose
average will correspond to at least 0.6924 times the best-cut. This lower-bound is saturated by triangle-
free graphs. These graphs consist of a single subgraph. Therefore, the performance of QAOA p =1 is
largely dependent of the proportion of edges in this problem that belong to this subgraph. We refer
to the performance of a local approach being limited by its performance on one subgraph (or possibly
a small handful of subgraphs) as being dominated by this subgraph.
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This method was later extended by Braida et al. [61] who applied it to QA by using an approach
inspired by Lieb-Robinson bounds. By operating QA on short times it can be treated as a local
algorithm. By then simulating local sub-graphs (as in the QAOA case) and calculating the bounds
outlined in the paper, the worst-case performance for each sub-graph can be calculated. This approach
does not necessarily find a tight bound, but it is nonetheless impressive, with bounds in continuous-
time quantum computation a rarity. They show that QA finds at least 0.5933 times the best cut. The
authors conjecture that 0.6963 times the best cut might be a tighter bound on the performance but
are unable to rigorously show that this is the case.

In Sec. 5.2.3 we make use of the approach formulated by Braida et al. to prove a lower bound for
H; for this problem.

B.1.3 Random graph instances

To generalise the MAX-CUT instances discussed above, we also consider MAX-CUT on randomly
generated graphs. These graphs do not have fixed degree. The graphs are generated by selecting an
edge between any two nodes with probability p. MAX-CUT undergoes a computational phase change
for random graphs at p = 1/2 (harder problems appear for p > 1/2) [76-78]. We set p = 2/3 for this
paper (note that this is no guarantee of hardness for the problem instances considered).

B.2 Sherrington-Kirkpatrick inspired model

In a MAX-CUT problem all the couplers in the graph are set to the same value. Here we introduce a
second problem, the Sherrington-Kirkpatrick model (SKM), where this is not the case. The problem
is to find the ground-state of
Hy =" Jij%:%; (34)
i7j

where the J; ;’s are randomly selected from a normal distribution with mean 0 and variance 1 [79].
Each qubit is coupled to every other qubit.

To further distinguish the SKM from the MAX-CUT problems we introduce bias terms to the
Hamiltonian,

n
Hy=> Ji;ZiZj + Y _ hiZi, (35)
ij i
where the h;’s are also randomly selected from a normal distribution with mean 0 and variance 1. We
use the SKM in Appendix E to give an indicative idea of the performance of the proposed Hamiltonians
on a wider range of problem instances, rather than just MAX-CUT.

C Details on the choice of metrics

Once a problem and algorithm have been determined it remains to decide on the metric (or metrics)
by which to assess the performance. A common choice is the ground-state probability, Pys. This is a
reasonable measure for an exact solver. It fails to capture the performance of an approximate solver (a
solver that finds good enough solutions). A common measure for approximate solvers, such as QAOA,
is the approximation ratio. The approximation ratio is a measure on the final distribution produced
by the approach. Here we define the approximation ratio to be (Hy)/Eyin where E,,;, is the energy of
the ground-state solution and the expectation is with respect to the final state. If the approach finds
the ground-state exactly, then (Hf)/Epy = 1. Random guessing (for all the problem Hamiltonians
considered in Sec. 4 ) has an approximation ratio of 0. This is distinct from other papers that include
terms proportional to the identity in the Hamiltonian. For example, in [19] they use terms proportional
to the identity meaning random guessing achieves a non-zero approximation-ratio. We make this choice
to achieve consistency across different problems. If an algorithm for a specific problem is cited to have

Accepted in { Yuantum 2024-02-06, click title to verify. Published under CC-BY 4.0. 21



o o =
® © =}
]

o
3
!

'R B AR

Approximation ratio

w %

& 5 - -
06 S (S

'.. g f 4 } 3
05 f 3 g 2 %

’ < A

Y
0.4 .
4 5 8 9 1 12
Number of Qubits

Figure 11: The approximation ratio for MAX-CUT on random graphs (shown as box-plot in Fig. 5a) as a strip-plot,
showing the raw data. The horizontal width of the distribution is only to try and minimise overplotting.

a approximation ratio with no explicit reference to time, this refers to an optimised approximation
ratio.

In Appendix E, we consider the width of the final energy distribution. Wider distributions may
mean the algorithm is harder to optimise in practice. We use
o= ,/(HJ%) — (H¢)/|Emin| to measure the width of the distribution.

These are by no means all possible metrics to assess the performance of an algorithm. For example
time to solution is another popular metric choice |8, 80].

D Details on numerical work and presentation

This work makes use of numerical experiments to establish the performance of new approaches. The
results are often presented as a box-plot [81, 82]. The central line shows the median. The top and
bottom line of the central box shows the lower and upper inter-quartile. Outliers are determined if they
are more than 1.5 times more than the inter-quartile range away from the median and denoted by circles.
The two caps at the end of the plot show the maximum and minimum data points, excluding outliers.
Fig. 11 shows Fig. 5a in terms of the raw-data. The box-plot makes no assumption about the underlying
distribution and provides a reasonable representation of the distribution for easy comparison.

As part of the numerics, we need to find the optimum time. For the new methods, this is found by
a brute force grid search, dividing the optimal time into 1000 in the time-interval [0, 27]. For QAOA
p—1, the grid was 100 by 100 in the interval g € [0,n] and v € [0, 27|. By using brute force search we
minimise the effect of the classical optimiser on the quantum algorithm.

E A further numerical study on a Sherrington-Kirkpatrick inspired model

To provide further evidence of the applicability of our approach in this section we repeat the numerical
experiments performed on MAX-CUT on a Sherrington-Kirkpatrick inspired model (SKM). The details
of the model can be found in Appendix B.

Starting with assessing the performance of Hi, Fig. 12 shows the performance of H; on 100 randomly
generated instances of the SKM. The approximation ratio appears to have little dependence on the
problem size for more than 7 qubits, an indicator that the dynamics under Hy is approximately local
for these times. The ground-state probability also appears to decline exponentially (Fig. 12b). The
optimal times can be found in Fig. 12¢. It appears that the optimal time tends to a constant value (or
a small range of values), with 7' < 1.
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Figure 13: Width of the final distribution, o, for randomly generated instances of MAX-CUT and SKM.

As mentioned in Appendix C, knowing the width of the distribution associated with the approxima-
tion ratio can also be useful. This is shown for SKM as well as the MAX-CUT instances on randomly
generated graphs in Fig. 13. The width, ¢ is non-zero, suggesting the final state is not a computational
basis state.

In Fig. 14 the performance of H; is directly compared to QAOA p=1 on 100 instances. For a
handful of problems with the SKM, QAOA p = 1 outperformed Hjp, but for the vast majority of
problems instances Hy performed better for both approximation ratio and optimal time. In Appendix
J we elaborate further on the exceptions.

Finally, in Fig. 15 we assess the performance of the Quantum-Zermello inspired approach for 100
SKM instances. Again, all the QZ-inspired approaches provide an improvement on the original H;
Hamiltonian, indexed by 0 in the figures. Going to first order achieves a substantial improvement as
with the MAX-CUT instances. The optimal times for the QZ-inspired approach can be found in Fig.
15b for the SKM.

In this section we have demonstrated that the approaches inspired by Hamiltonians for optimal
state-transfer operate qualitatively similar on SKM as they do on MAX-CUT.
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F  Optimal state-transfer for a single qubit

This appendix outlines the explicit details for calculating the Hamiltonian for optimal state-transfer for
a single qubit. To simplify the calculations, we make use of index notation and the Einstein summation
notation convention. For this reason, in this appendix the & Pauli matrix is denoted by oy, with og
being the identity.
The first step is to construct traceless Hamiltonians with a trace-norm of one.
i — —1/2Tr (H;) 0o ’ (36)
\/; Tr [(HZ- —1/2Tx (H;) 00)°]

and
Hy —1/2Tr (Hy) 0o

b [ - 12 () 0]

The Hamiltonians, H; and H #, have both the same eigenvectors, and ordering in terms of energy, as
H; and Hy. Expanding H; and H ¢ in terms of Pauli matrices gives: H;=m-¢ and H ¢ ="n-J, where
G = (04,0y,0;) and, 7 and 7 are real vectors with Euclidean norm of one.

The eigenvectors of H; and H ¢ correspond to M and £7 in the Bloch sphere representation.
Ignoring the trivial case, when 7 and 7 are parallel, the two vectors define a plane. The vector
k=nmxnis perpendicular to the plane an, k& generates rotations in the m, n plane. Note that:

2l’i [Hi,Hf} = % [miai,njaj]
1

5 ming (o3, 0]

:21

= M€K0k

!

(37)

= CkigMTj 0k
= (m X n)-4a,
where €;j;, is the Levi-Civita tensor [83].

It is clear that [ﬁi, H f} /2i generates a rotation in the plane spanned by 7 and 7. This result also
follows trivially from Eq. 2 for the single qubit case. The second step is to calculate the angle, 6,
between the respective ground states (Whlch is the same as the angle between the excited states). This
can be deduced from the overlap between H; and H s

1 - 1
3 Tr <H1Hf) =3 Tr(minjoio;)
1 .
= §mmj Tr(&'jf + Zeijko'k)
= min;
= cos(f).
Relating this angle to a time can be done by using the Anandan-Aharonov relation:

df
= = 205(1), (38)

where JE(t) = \/<1/J(t)| H(t)2 [4(t)) — (p(t)] H(t) |1(t))*. The Hamiltonian being considered is con-
stant in time. Thus JE(t) can be calculated using the initial state (i.e., E(0) := JE). Hence, we can
deduce the time of evolution as:

arccos [Tr (f[iflf) /2}

T —
20F

(39)
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Finally, the Hamiltonians, Hy and H;, can be replaced by the original Hamiltonians. The time-
optimal Hamiltonian for a single-qubit is:

1

H
1= 9

[H;, Hy]. (40)
The corresponding time is:

arccos {% Tr (ﬁiﬁfﬂ
20F ’

where 0F is the uncertainty in energy corresponding to H, and H;, H ¢ are as defined earlier in this
appendix.

It remains an open question as to how much of this geometric intuition in three dimensions can be
mapped onto higher dimensional problems. Promisingly, the final operations (commutator, trace) are
well defined outside of three dimensions.

T =

(41)

G Mapping the evolution to free fermions for MAX-CUT on two-regular graphs

In this appendix we outline how to utilize the Jordan-Wigner transformation to analyse the performance
of Hy for MAX-CUT on two-regular graphs with n qubits. The end goal is to map Hy =3, Y;Z;11 +
ZiYjp1, Hi = —%2; Xj, and Hy = >, Z;Zj 1 onto fermionic operators. Applying a Fourier Transform
then decouples the Hamiltonians into pseudo-spins that can be easily studied. The notation and
method closely follows the calculation presented in [74].

The first step is to introduce spin-raising and -lowering operators:

Sf = % (Y; +1iZ;), (42)
Sy =5 (V;—iZ). (43)

In terms of these new operators:
Hy=>"1-257S;, (44)

J
Hy :ZS;_S]'_-H + Sj_SJ—:—l - S;‘FS;‘FH -5 5541, (45)

J
Hy=2i) 8787, -5/, (46)

J

The Jordan-Wigner transformation can now be applied to map these spin operators onto fermionic
operators, a; and a}, where:

a; = S;e_i‘z’f, (47)

a;- = S;“ewi , (48)

and ¢; =T i, a},aj/. The fermionic operators obey the standard anti-commutation relationship for

fermionic operators (i.e., {a}, ap} = 6j). In terms of the fermionic operators the Hamiltonians are:

n
H; =1 -2dla;, (49)
j=1
n—1
Hy = Z a;r-ajH — aja;[+1 — a;[a;f-ﬂ +ajai1+G (—aiLal + anaJ{ + aILaI — ana1> , (50)

j=1
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and
n—1

Hy=-2iY alal,, + ajajp1 +2iG (aLaI + anal) : (51)
j=1

. n T
where G = e 2 %% For even n, G = 1 (anti-periodic boundary conditions - ABC) and for odd n,
G = —1 (periodic boundary conditions - PBC).
Apply a Fourier Transform with appropriate p, such that e?”” = 1 for PBC and " = —1 for ABC,
such that,

1 ipJ
_ N 592
v Un ;e “ (52)

The Hamiltonians in this new basis are:

n—1

Hy=Y I-2cey (53)
k=0
125+ ]
Hy=2 Z cos 0, (c%ck + cT_k,c,k) + 7sin 6y, (ckc,k + c,EcT_k) + Hy (54)
k=0

and
125
H =4 Z sin 6y, (c};cik - ckc_k> , (55)
k=0

where for odd n:

and for even n:

2 1
Gk:(k+ )

Hiog=0
C_k = Cp—1—k-

These Hamiltonians couple the vacuum state, |()), with doubly-excited states with opposite momen-
tum, e.g., chT_k |0). Therefore, we can express the Hamiltonians as pseudo-spins,

125
H.= Y H., (56)
k=0
with x =14, f,1 and:
Hij=—27 (57)
Hf’k = 2cos GkZ — 2sin GkY (58)
Hl,k = 4sin QkX, (59)

with the exception of H, o for x = 14, f, for odd n, which is half of the above expressions. The observation
that H; j generates rotations in the plane spanned by the eigenvectors of Hy j and H; j provides further
evidence that H is capturing some of Hp;.
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Figure 16: The performance of H; on MAX-CUT with two-regular graphs on an odd number of qubits

The initial state for each pseudo-spin is the ground-state of —Z. Calculating the evolution for each
pseudo-spin gives:

[
(Hp) = Y Fr, (60)
k=0
with Fy = 1 for odd n, otherwise:
Fj, = 2 cos 0, cos (8sin 0t) — 2 sin O, sin (8 sin Ot). (61)
The ground state probability is given by:
125]
Pgs = H Gka (62)
k=0
again Gy = 1 for odd n, otherwise:
1
G = 3 (1 — cos O, cos (8 sin Oyt) + sin O sin (8 sin Oit)) . (63)

This completes the analytical work used to analyse the performance of H; for MAX-CUT on two-
regular graphs. It remains to find the optimal time to minimise (H) - this was done numerically. Here
we include the plots for an odd number of qubits (Fig. 16a and Fig. 16b).

H Lieb-Robinson inspired bound

In this section we outline how the Lieb-Robinson inspired bound (LRB) from [61] was applied to
analysing the performance of Hy on three-regular graphs.

First, we demonstrate how the bound was derived in [61]. The goal of this approach is to estimate
the expectation value of a local observable Oy, by simulating part of the system. For this to be a useful
estimate it is necessary to quantify the error in doing do, that is to calculate:

e = (il UT()OLU#) [9s) — (il UL)OLUL(®) [0): (64)
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Figure 17: A cartoon for calculating the LRB on MAX-CUT with two-regular graphs. Each node represents a qubit,
and each edge the interactions between them. To estimate a local expectation-value, say Z;7;1, the local subgraph
in pink is simulated. Bounding the error requires AH, corresponding to all the interactions leaving the subgraph. In
this case this corresponds to all the interactions which connect the blue qubits to the pink ones.

where [1);) is the initial state of the system, U(t) is the global unitary evolution of the system and
UL(t) the local unitary we wish to simulate. The error is bounded by

e < |UNOLU() - U ()OLUL M), (65)

where | - || is the matrix-norm. Adapting the proof from [61] for the case of evolution under a global
time-independent Hamiltonian H and local time-independent Hamiltonian Hj, gives:

Hm@@ﬂ@_@ﬁmduﬂ:w[@i@mgm@@ﬁmdum@@mmu

Substitute in the Schrédinger equation for the time derivatives to get:

where Op(t) = Uz(t)OLUL(t). Tidying this up with AH = H — Hy, gives:

Using the triangle-inequality,

)

/0 s U(s) (H — HL) Uy (s)On (UL (5)U(5) + U (5)U1 (5)On (UL s) (H, — H) U (s)

f@m@pmm@@wﬂwg

(66)

€ < /Ot ds H [AH7 UL(S)OLU(S)] ”

This is essentially the expression (and proof) given in [61]. For Hamiltonians constant in time this
can further be tidied up to:

t
€ S/o duH [AH, eiHl“OLe_iHl“} ‘ (67)

The right-hand-side term in the commutator is a local operator depending only on the local system
which we wish to simulate, while AH only includes terms in H but not Hy. Therefore, in the context
of simulating qubits, the only terms in AH that do not commute through are the ones that couple
qubits from the local system to qubits outside the system being simulated.

At this point it is useful to examine a simple system. Take MAX-CUT on two-regular graphs with
H;. We wish to estimate (Zij+1>, so we estimate the value by simulating the evolution under H; for
the interactions between the pink qubits shown in Fig. 17. Choosing a larger subgraph should make
the computation more accurate but will also result in a more difficult computation. Then using Eq.
67 we can calculate a bound on the error. Here AH corresponds to the interactions between the pink
qubits and the blue qubits. Calculating the local estimate with LRB gives Fig. 18. The figure also
shows the result for the MAX-CUT for a two-regular graph with 400 qubits.

The simulation shows that the bound is not very tight and, except at very short times, is not
meaningful. It also demonstrates that H; behaves in a local fashion, with the full simulation (through
the Jordan-Wigner transformation) closely matching the estimate from the local simulation. The LRB
would be the lowest upper-bound shown in Fig. 18
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Figure 18: LRB applied to MAX-CUT on two-regular graphs. The dashed blue line shows the local estimate of
(ZjZ;41) and the shaded violet region the allowed region from the LRB. The red line shows the actual value for 400
qubits. They dynamics of H; closely resembles the local simulation.

Subgraph 1 Subgraph 2 Subgraph 3
Local estimate of Z;Z; -0.2056 -0.2676 -0.3377
Upper estimate from LRB -0.1333 -0.1652 -0.2007
Cut value 0.5666 0.5826 0.6003

Table 1: Numerical details for the LRB applied to H; on MAX-CUT with three-regular graphs. Each column
shows, from top to bottom, the local subgraph being simulated; the local estimate of Z;Z; to be minimised; the
corresponding worst case from the LRB; and the corresponding cut value for this worst case. All of these values are
taken at the optimised time of 0.093.

Having established the idea behind the LRB, we now apply it to find the performance of H; on
three-regular graphs. To do this we use

Hy= Y ZZ; (68)
(z‘,j)eE

for the graph (or subgraph) G = (V, E) being considered. The minimum value of (Hy) is then mapped
onto the length of the cut for easier comparison with QAOA and QA.

The performance of Hy was determined by looking at the three local sub-graphs that can be found
in [19, 61]. The error was calculated, taking the worst-case scenario, where each sub-graph has the
maximum number of interactions exiting the sub-graph. Using the relative ratios of the sub-graphs
[19], a worst case performance can be calculated. The numerical details can be found in Tab. 1.

Similarly to QAOA and QA [61], the LRB approach suggests that H; struggles the most with
triangle-free graphs. The LRB, with local estimate, for the triangle-free subgraph can be seen in Fig.
19.

The LRB is taken at a time of 0.093, while the minimum for the local estimate occurs at around 0.2.
Hence the LRB is sampling far from what is optimal for the local graph. Since we know the bound
is not very tight, it is reasonable to assume that the worst-case performance of Hj is actually better
than the LRB and occurs at a later time (around 0.2).
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Figure 19: The Lieb-Robinson inspired bound for subgraph 3 in Table 1. This subgraph dominates the worst-case
bound. The LRB has a minimum at around a time of 0.1 while the locally estimated value has a minimum at around
a time of 0.2.

i 7 5
0.75 ~
/7
/7
©0.70 / 4
=] 4
© // )
Soes 7 £ 3
—- ] V4 —_
© . ©
g M 4 E -
X 0.60 = : /’ = -
= . [ Vs o2 -
a i / T - -
055 ni -7
T i P 1 - -
/7 -
0.50 7/
pd 0 -
0.40 045 050 055 0.60 065 0.70 0.75 075 1.00 125 150 175 200 2.25
QAOA p=1 approximation ratio QAOA p=1 optimal time
(a) Approximation ratio (b) Optimal time comparison for MAX-CUT

Figure 20: Comparison of H; (y-axis on the above plots) with QAOA p = 1 (x-axis on the above plots) for three-
regular graphs. The dashed purple line shows QAOA and H; performing the same.

| Direct comparison of QAOA p=1 with three-regular graph

In Sec. 5.2.3 we compared H; to the lower bound of QAOA p=1. In Fig. 20 we make a direct comparison
for the problem instances. For all instances H; provides a better approximation ratio and in the vast
majority of instances in a shorter optimal time. Details on the outliers can be found in Appendix J.

Accepted in { Yuantum 2024-02-06, click title to verify. Published under CC-BY 4.0. 31



Graph 1 Graph 2 Graph 3 Graph 4
oO—9

. X

Table 2: The exceptions for the three-regular graphs.

.75 /7 5
0 ° p °
/7
//
0 0.70 4
E= /
o // o .
- J— L]
© / ©
= . 4 =
%060 4 E= -
2 4 2 -
g // o -
I -
©0.55 // - -
L]
< / L -
/7 [ e
0.50 7
7 0
040 045 050 055 060 065 0.70 0.75 075 100 125 150 175 2.00 225
QAOA p=1 approximation ratio QAOA p=1 optimal time
(a) Approximation ratio (b) Optimal time.

Figure 21: The performance of H; compared to QAOA p=1 on MAX-CUT with three-regular graphs. The instances
with atypical run-times for Hy are highlighted in pink. The rest of the data has been faded for clarity and to show
how the remaining data is clustered, with darker regions corresponding to more data points. The dashed purple line
shows both approaches performing the same.

JInstances for which QAOA p=1 outperforms H;

The aim of this section is to explore the instances where QAOA p=1 has a shorter run-time than H;
and /or provides a better approximation ratio, as shown in Fig. 5. The first thing to note is that these
tend to be the exception, rather than the rule.

Looking first at the MAX-CUT instances for three-regular graphs, H; always provided a better
approximation ratio than QAOA p=1, typically in a much shorter time. There are four instances (two
with the same approximation ratio) where QAOA has a similar or shorter run-time as highlighted in
Fig. 21. The corresponding graphs are shown in Tab. 2. The first thing to note is that these problems
are small, the largest being 8 qubits, despite problem sizes up to 12 qubits being considered. Graph 1
is a complete graph with four nodes and Graph 4 is two copies of this graph. Both Graph 2 and 3 (a
cube) consist of a large number of small loops. Due to the relatively high degree of connectivity in these
problems, it is likely H7 is no longer operating in the local regime as with the rest of the three-regular
problems. In Fig. 22 we investigate operating H;, suboptimally, optimising only over run-times shorter
than QAOA p=1 for these four problems. The result is a negligible decrease in performance. Hence,
even for these instances for which H; has atypical optimal times, it is possible for H; to provide a
better approximation ratio in a shorter time than QAOA p=1.

As with the three-regular graphs, H; always gave a better approximation ratio than QAOA p=1
on MAX-CUT with the randomly generated graphs (highlighted in Fig. 23). Similarly, we can look
at the instances with atypical optimal times for H;. The story is similar to before, with only 116 out
of 900 instances having run-times longer than QAOA. None of these problem instances consisted of
more than 7 qubits (despite simulations going up to 12 qubits). Again we conclude that these atypical
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Figure 22: The performance of H; compared to QAOA p=1 on MAX-CUT with three-regular graphs. The highlighted
pink dots show the instances with atypical H; run-times, optimised to give the best possible approximation ratio with
shorter run-times than QAOA p=1. The new run-times are shown in the lower plot, with the updated approximation
ratio plotted in the upper plot. The dashed purple line shows both approaches performing the same.

optimal times are likely a small problem-setting phenomenon. We can also look for run-times of Hj
that provide a better approximation ratio in a shorter time than QAOA p=1 for these problems. The
results are shown in Fig. 24 which shows the performance and new run-times of H; compared to QAOA
p=1. For all problem instances it is possible to operate H; with a shorter run-time than QAOA p=1
and provide a better approximation ratio. Unlike the previous discussion with three-regular graphs,
the change in approximation ratio with these new run-times is not negligible for some of the problem
instances.

Finally, we turn to the SKM instances where QAOA p=1 was able to provide a better approximation
ratio than H; for 7 problem instances (out of 900). Five of these instances are 4-qubit problems, the
remaining two are 5-qubit problems. In Fig. 25 we have plotted the SKM data, including only those
instances with problem sizes between 6 and 12 qubits. As we can see by ignoring small problem
sizes from the data set, the behaviour is more predictable, with both the approximation ratio and the
optimal time more clustered, largely independent of problem size.

In summary, we have demonstrated numerically that QAOA p=1 might have some advantages over
H; on small, highly connected problems. In general these problems are unlikely to be of any practical
interest. Indeed for the MAX-CUT instances it was possible to operate H; suboptimally so that it still
outperformed QAOA p=1 with a shorter run-time.
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Figure 23: The performance of H; compared to QAOA p=1 on MAX-CUT with randomly generated graphs. The
instances with atypical run-times for H; are highlighted in blue. The rest of the data has been faded for clarity and
to show how the remaining data is clustered, with darker regions corresponding to more data points. The dashed
purple line shows both approaches performing the same.
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Figure 24: The performance of H; compared to QAOA p=1 on MAX-CUT with randomly generated graphs. The
instances with atypical run-times for H; are highlighted in blue, these have been optimised to give the best possible
approximation ratio with a corresponding run-time smaller than the QAOA p=1 optimal time. The new run-times
are shown in the lower plot, with the updated approximation ratio plotted in the upper plot. The rest of the data
has been faded for clarity. The dashed purple line shows both approaches performing the same.
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Figure 25: The performance of H; compared to QAOA p=1 on the SKM. Here we neglect smaller problem instances,
plotting problem sizes between 6 and 12 qubits.

K Details for using knowledge of the initial state

In this appendix we provide the details for Hy, = —i[|1);) (¢4, f(Hy)]. First rewriting Hy, in terms
of the eigenstates of Hy, |Ey)s with associated eigenenergies Ej;:

Hy, = —i[|ei) (Wil , f(Hy)]
= —i [\QM (Wil > F(Ex) | Er) <Ek‘1
k

(W% > f(Er) (Wil Ex) (Eg| — Zf Ey) (Ex|vi) | Ex) <¢z’>-

Le
‘ i f(Br) (Belti) | Ex) (69)

VS PN Bl

Apply the Gram-Schmidt procedure to generate an orthonormal basis {|¢;), ’wL>}, spanning the

jw) =

same space as {|;) , |w)}.

o) oc ) = (ile) [a6s)
= 1= @l [ ) + (Wil) [ (70)
substituting this into Hy, gives:

Hy, = =i {Jas) ({w*| 4 (whn) al) = (o) + (ikeo) ) (Wil } (71)

Rearranging for |w) gives:

where

8= J (1 [k)l?) (Z f?(Ek>|<Ek|¢@->|2>. (72)
k
Using the freedom in the global-phase of the wave-function, choose (w|v;) to be real, giving:

=5 (0 o] o) ). m
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From Eq. 73 it is clear that Hy, evolves |1;) to linear superpositions of ;) and ‘wl>. Again by using

the Anandan-Aharonov relation, we can determine the time to generate |w) and ‘wL>. Calculating

OF:
(Hy,) = =iB (il (|3} {wt] = |wb) il 1)

=0
(Hi> = B% (| G* |y)
=p3?
0F = \/(Hp) — (Hip)?
=p.

The distance between |1);) and ‘w >

6,1 = 2arccos <¢Z~ wt

= .
The distance between |1);) and ‘wL> is
0., = 2arccos [(w|v;)|.

The time then to evolve [i;) to ‘wj-> is t,1 = m/20 and the time to evolve to |w) is t, =

arccos [{(w|v;)]/B.
We can explicitly verify this by exponentiating Hy,. Focusing on G = —i (|¢z> <WL‘ - )WL> <¢i‘)7

then
== (1) (wt] = o) sl) (o o = o) )
- (Wz' (il + o) ()
This is a projector. Calculating G* gives:
=i (o) (Wil + ) (wt]) (lwad (o] = |t i)
==t <|l/)7;> <WL‘ - ’Wl> <?l}i|)

=G.

Let H be a Hamiltonian, where H> = P, P being a projector. Then substituting H into the
power-series for the exponential gives:

o] . k
—iHt _ (—iHt)
€ - Z k!
k=0

B i (—iHt)* N i (—iHt)k
even k k! odd k k!
—iHt)*

—
2 @k

k=0
[e'e) (_1)kt2k [ee) (_1)kt2k‘+1

(2k)! P_ig;; (2k +1)!

I+ (cos(t) —1)P —isin(t)PH

rPH

Accepted in { Yuantum 2024-02-06, click title to verify. Published under CC-BY 4.0. 36



Therefore,

e it — [ 4 (cos(ft) — 1) G* —isin (Bt) G (74)

and [y(t)) = e~ it [¢y),
(1)) = cos(Bt) i) + sin (8) [w") (75)

Checking the times from the Anandan-Aharonov relationship gives:
[(x/28)) = cos(/2) |s) + sin (m/2) [w*)
=)
and

|4 (arccos [(Yilw)|/5))

= [l ) + /1 = (i) |t

= |w).

Up to now we have kept the conversation in this section fairly general. Now we apply Hj, to the QA-
framework with |¢;) = |+) and | E})s corresponding to computational basis states, so (+|Ex) = 1/v/2".
Simplifying |w) gives:

jw)

1
VS PE P 2 (Ex) (Erl+) | Br)

1
NN Xk: f(Ey) |Ex)

- S pEy R

V{2 (Hyp) b %

and the overlap with the initial state is:

o

1 1
= rEn = v B
L )

RGNS

To summarise, the Hamiltonian Hy, = —i[|+) (+|, f(H)] evolves |+) to

1
|w) = m z}; f(ER) |E) (76)
in a time
T 27 arccos | (+|w)] ’ (77)
(T} (1= )
where

V2 ST 2 (H)) Y
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