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Abstract—The quest for optimal operation in environments
with unknowns and uncertainties is highly desirable but critically
challenging across numerous fields. This paper develops a dual
control framework for exploration and exploitation (DCEE) to
solve an auto-optimisation problem in such complex settings. In
general, there is a fundamental conflict between tracking an
unknown optimal operational condition and parameter identi-
fication. The DCEE framework stands out by eliminating the
need for additional perturbation signals, a common requirement
in existing adaptive control methods. Instead, it inherently
incorporates an exploration mechanism, actively probing the
uncertain environment to diminish belief uncertainty. An ensem-
ble based multi-estimator approach is developed to learn the
environmental parameters and in the meanwhile quantify the
estimation uncertainty in real time. The control action is devised
with dual effects, which not only minimises the tracking error
between the current state and the believed unknown optimal
operational condition but also reduces belief uncertainty by
proactively exploring the environment. Formal properties of the
proposed DCEE framework like convergence are established. A
numerical example is used to validate the effectiveness of the
proposed DCEE. Simulation results for maximum power point
tracking are provided to further demonstrate the potential of
this new framework in real world applications.

Note to Practitioners—In numerous engineering applica-
tions, it is highly desirable to operate a system to improve
the efficiency, enhance performance or save energy. How-
ever, attaining this optimal control is a challenging task,
due to the presence of unknown system and/or environment
parameters. We develop a principled approach to balance
between exploration and exploitation, involving active
learning to estimate unknown parameters and tracking the
optimal operational condition based on current estimation.
This paper provides a unified framework to solve general
auto-optimisation control problems. The simulation results
demonstrate that the proposed method outperforms ex-
isting methods in terms of efficiency and optimality for
maximum power point tracking problem, and it can be
readily implemented for many other engineering prob-
lems. Future research include generalising the proposed
method to nonlinear systems, as well as exploring novel
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applications to facilitate the widespread adoption of our
method.

Index Terms—Adaptation and control, dual control, auto-
optimisation control, active learning, exploration and exploita-
tion.

I. INTRODUCTION

Traditionally, adaptive control algorithms are mostly de-
signed for either regulation problems with known setpoints
or tracking problems with known reference trajectories [1].
In many applications, setpoints or references are usually
dependent on unknown or changing environment parameters,
and thus cannot be pre-specified in advance. Operating a
system at optimal condition is strongly desirable for best profit,
productivity or efficiency, but it can be particularly challenging
in an unknown or changing environment due to the presence
of uncertainties, disturbances and noises. Typical examples
include anti-lock braking systems to maintain maximal friction
under various unknown road surfaces and vehicle conditions
[2], maximum power point tracking to continuously deliver the
highest possible power to the load in presence of variations
in environments [3], [4]. In this paper, these examples are
referred to as auto-optimisation control problems.

As a classic control problem with a wide range of applica-
tions, early solution for static optimal operation can be traced
as far back as 1922 [5]. It was popular in 1950s and 1960s,
and regained significant attention since 2000s due to a solid
theoretical foundation established for the stability and per-
formance in [6], [7]. Several approaches have been proposed
under different names including extremum seeking control [6],
[8] and hill-climbing systems [9]. In the literature, the concept
of self-optimisation control is introduced as a distinct control
design methodology [10]. It centers on identifying a physical
or virtual variable that remains constant despite disturbances
or uncertainties when the system reaches its optimal state.
This concept slightly differs from auto-optimisation control,
which aims to maintain the system at an optimal setpoint. This
setpoint optimises a performance function that may vary with
unknown or changing environmental parameters, effectively
adapting to uncertainties, disturbances and noises. Since the
optimal operation is unknown and possibly changes during the
operation, a control system must be able to adapt to unknown
or changing environments, for example, by means of learning,
adaptation and action through limited interactions between the
system and its operational environment. Then, the control sys-
tem devises possible strategies to track the estimated setpoints
or references based on its perceived environment knowledge
and the level of confidence. This type of extremum seeking and
learning problem has been identified one of the key emerging
methodologies in “Control for societal-scale challenges: Road
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map 2030” in the field of control systems [11]. Additionally,
an optimal balance between exploration and exploitation is
deemed as a crucial aspect for learning and control problems,
which we will discussed in the sequel.

Generally speaking, there are dual objectives in an auto-
optimisation control problem in an unknown and uncertain
environment: parameter identification and optimality tracking.
Quite often, the dual objectives are conflicting in the sense
that new observations do not provide sufficient information
for identifying the unknown parameters when the system state
settles to some local optimal solutions. This phenomenon
widely exists in adaptive extremum seeking when an extreme
searching algorithm converges to its local optimal solution, the
identifiability will naturally loss due to the lack of persistent
excitation (PE). As a trade-off, dither perturbations are intro-
duced on purpose to sustain the identifiability, but such dithers
inevitably deteriorate the tracking performance. Various ap-
proaches have been proposed to design the dither signals, e.g.,
sinusoidal perturbations [6], [12], stochastic perturbations [13],
[14] and decaying perturbations [15]. However, they are usu-
ally pre-specified, and thereby cannot make online adjustments
according to real-time inference performance. In other words,
active learning cannot be embedded, that is, actively generate
data for the purpose of learning.

This paper proposes a new approach to auto-optimisation
control by embedding active learning from a new perspective:
dual control of exploration and exploitation (DCEE). DCEE
was originally proposed in [16] for autonomous search of
sources of atmospheric release where the source location
and other environmental factors are unknown. To realise
autonomous search, it proposes each move of the robotic
agent shall have dual effects: driving the agent towards the
believed location of the source (exploitation) and probing the
environment to reduce the level of uncertainty of the current
belief (exploration). An optimal autonomous search strategy is
realised by optimally trading-off these two effects. We argue
in this paper that DCEE is actually applicable to a much wider
range of systems that operate in an unknown or uncertain
environment without well-defined control specifications, e.g.,
the reward or cost functions are unknown. We present a new
auto-optimisation control framework by extending DCEE from
a specific autonomous search application to a general design
approach for achieving or maintaining optimal operation in
an unknown environment. Furthermore, the DCEE scheme
developed in this paper is different from the classic dual
control in handling the two intricate coupling elements of the
system and the environment. Existing dual control approaches
impose a probing effect on the system itself, for example,
state estimation in stochastic control [17], [18] and parameter
estimation in adaptive control [19], [20]. On the other hand,
the dual effect introduced in our formulation is used to explore
the operational environment, as our objective is to acquire a
better understanding of the unknown environment such that
the agent is able to approach the true optimal operational
condition. This exploration approach bears resemblance to the
mechanisms encountered in reinforcement learning, where the
focus is also on the interactive interplay between the system
and its environment [21], [22].

The contribution of this paper is of twofold. On one side,
for auto-optimisation control problems, we propose a new
and systematic framework which is able to actively probe

the environment to reduce the level of uncertainty through
active learning. There is no need to artificially introduce
perturbation as in the current extremum seeking control. It
also provides an optimal transition from any initial operation
condition to acquire the unknown optimal operation condition
in terms of a reformulated objective conditional upon current
knowledge and future predicted information. By formulating
the auto-optimisation control in this framework, it enables to
establish proven properties by getting access to a wide range of
theoretic tools in control theory such as parameter adaptation
and optimal control. On the other side, we generalise and
extend the DCEE concept from a specific application, where
specific system dynamics, reward function and properties are
considered, to a general control system problem. A systematic
design procedure for general descriptions of the system and
control objectives is presented. We show that DCEE provides a
powerful and promising framework to design control systems
operating in an uncertain environment, which is an important
feature of autonomous systems.

Compared with all the existing schemes for auto-
optimisation control, our approach is most related to the work
where the model based approach is adopted and the uncertainty
of the objective or system dynamics are parameterised by
uncertain parameters [6], [8], [10], [17], [23]. There are
three main features in the new DCEE based auto-optimisation
control framework, detailed as follows.

1) The proposed method embeds an active learning effect
allowing the system to actively explore the unknown
environment to reduce the level of uncertainty. Instead
of using computationally expensive particle filters in
information-driven methods, this paper develops an effi-
cient multi-estimator based ensemble approach to quan-
tify the estimation uncertainty online, based on which
the controller effectively trades off between exploration
and exploitation to balance the dual objectives of iden-
tification and tracking.

2) The ensemble based estimation method advocated in this
paper is distinct from those probabilistic or dynamic
ensemble estimation approaches dedicated for machine
learning problems. Existing active learning based al-
gorithms [24]–[26] utilise neural networks or ensem-
bles of randomly generated dynamic models to acquire
information about the environment, which makes it
challenging to extract physically meaningful parameters
for the auto-optimisation control problem. The proposed
multi-estimator based ensemble approach makes use of
the environment model and the learned parameters are
physically meaningful in control problems.

3) Different from all the existing schemes where probing
effect is artificially introduced or inserted (usually by
means of dithers and perturbations), the probing effect
naturally occurs depending on the confidence of the es-
timation by assembling the outcomes of these individual
estimators.

In order to guide the reader through the content, we pro-
vide a brief summary outlining the structure of this paper.
In Section II, we formulate the auto-optimisation control
problem and demonstrate the dual effects embedded in the
new formulation. In Section III, an active learning based
ensemble approach is developed for unknown environment
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acquisition and then a dual controller for exploration and
exploitation is designed to achieve optimal trade-off between
parameter identification and optimality tracking for a special
single integrator system. Section IV extends DCEE to general
linear systems and formal properties of the proposed auto-
optimisation control method are established. Section V demon-
strates the effectiveness of the proposed algorithm using a
numerical example. Section VI formulates maximum power
point tracking (MPPT) problem as an auto-optimisation con-
trol problem and compares the proposed algorithm with other
existing approaches. Section VII concludes this paper.

II. PROBLEM STATEMENT

In this section, we elaborate the dual effects embedded
in the reformulated auto-optimisation control problem. Then,
an ensemble active learning based approach is introduced to
realise efficient parameter adaptation and assess the estimation
performance.

A. Dual Control Reformulation

Consider a reward function for a system operating in an
unknown environment

J(θ, y) = ϕT(y)θ (1)

where θ ⊂ Rm is unknown, depending on the operational
environment, y ∈ Rq is the system output, and ϕ(y) ∈ Rm is
the basis function of the reward function. In other words, the
reward function is parameterised by unknown θ∗. The reward
function (1) accommodates a broad spectrum of functions
through either first-principle modelling or function approxima-
tion methods. Specifically, first-principle modeling can be used
to construct various engineering objectives, such as quadratic
or polynomial functions with unknown coefficients. Moreover,
it can also encompass neural network approximations. In these
cases, the neural network’s activation functions, like radial
basis function (RBF) networks or Gaussian Kernels, act as
the basis ϕ(y), and the network’s weights correspond to the
unknown parameters θ. Therefore, the considered reward func-
tion demonstrates wide applicability in a range of scenarios.

Without loss of generality, it is assumed the the opti-
mal condition is achieved at the maximum of J . An auto-
optimisation control is designed to automatically drive the
system to the unknown operational condition, maintain there
despite disturbances and automatically adjust the optimal oper-
ation condition accordingly when the operational environment
changes.

The system dynamics under consideration are described by

x(k + 1) = Ax(k) +Bu(k)

y(k) = Cx(k)
(2)

where x(k) ∈ Rn, u(k) ∈ Rp and y(k) ∈ Rq are system state,
control input and output, respectively, and A ∈ Rn×n, B ∈
Rn×p, C ∈ Rq×n are constant matrices. Suppose that at
each time, the system output and the reward J(k) can be
measured or derived subject to measurement noise v(k). The
measurement information at the kth step is given by

z(k) = [x(k); y(k); J(k) + v(k)] (3)

and the information state is denoted as

Ik = [u(k − 1); z(k)] (4)

All the measurement up to the current time k is given by

Ik = [I0, I1, . . . , Ik] (5)

with I0 = [z(0)].
There are two ways to formulate this problem using the dual

control for exploration and exploitation (DCEE) concept. The
first approach is similar to extremum seeking control [8], [23]
aiming to select the control such that the reward function is
maximised with all the information up to now including the
prior and all the measurements

max
u(k)∈Rp

Eθ,Ik+1|k{J(θ, y(k + 1|k))|Ik+1|k} (6)

subject to the system dynamics (2), where Ik+1|k =
[Ik, Ik+1|k] with Ik+1|k = [u(k), z(k + 1|k)]. z(k + 1|k)
consists of the predicted output y(k + 1|k) and the predicted
reward function under the control u(k).

Another approach is to drive the system output to the
unknown optimal condition directly. Since the optimal oper-
ation condition is unknown, the best one can do is to drive
the system to the best estimation of the optimal operation
condition with all the information up to now. This can be
formulated as

min
u(k)∈Rp

E{(y(k + 1|k)− r∗)T(y(k + 1|k)− r∗)|Ik+1|k} (7)

where r∗ = l(θ∗) denotes the predicted optimal operational
condition conditional upon Ik+1|k, which is a function of
the environment parameter θ∗. In realm of auto-optimisation
control, it is often required that the mapping l(θ) is a smooth
function of θ and r∗ = l(θ∗) is a unique optimum of the
objective function [6].

These two problems have been solved previously in au-
tonomous search [16], [27]. The research question is how to
extend these results from this specific application to general
auto-optimisation control problems. In this paper, we will
focus our attention on the latter formulation in (7), which is
related to the operational condition determined by unknown
environment parameters.

Before proceeding further, we demonstrate that the control
input u(k) obtained by minimising (7) naturally carries dual
effects corresponding to exploration and exploitation, respec-
tively. Intuitively, the control input u(k) will influence the
future system state y(k+1|k) via the system dynamics (2), and
at the same time affect the future information to be collected
Ik+1|k via the reward function in (1) from the environment
subject to uncertainties.

We define the predicted nominal operational condition as

r̄(k + 1|k) = E
[
r(k + 1|k)|Ik+1|k

]
(8)

based on which the prediction error conditional on Ik+1|k can
be written as

r̃(k + 1|k) = r∗ − r̄(k + 1|k). (9)
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Expanding (7) and substituting (8) and (9) into (7), we have

E
[
∥y(k + 1|k)− r̄(k + 1|k)− r̃(k + 1|k)∥2|Ik+1|k

]
=E

[
∥y(k + 1|k)− r̄(k + 1|k)∥2|Ik+1|k

]
− 2E

[
(y(k + 1|k)− r̄(k + 1|k))Tr̃(k + 1|k)|Ik+1|k

]
+ E

[
∥r̃(k + 1|k)∥2|Ik+1|k

]
.

(10)
It follows from the definition of r̃(k + 1|k) in (9) that
E
[
r̃(k + 1|k)|Ik+1|k

]
= 0. Thus, by further noting that

y(k+1|k) and r̄(k+1|k) are deterministic, the cross term in
(10) equals to zero, yielding

D(u(k)) :=E
[
∥y(k + 1|k)− r̄(k + 1|k)∥2|Ik+1|k

]
+ E

[
∥r̃(k + 1|k)∥2|Ik+1|k

]
.

(11)

Remark 1: The objective function in (11) exhibits dual
effects. Minimising the first term in (11) drives the system
state to estimated nominal value, which corresponds to the
exploitation effect. In control terminology, it can be understood
as tracking a nominal reference, thus also referred to as
optimality tracking. The second term characterises the level
of uncertainty (variance in this case) associated with the
predicted optimal operational condition, which is related to
the exploration effect. According to the classic dual control
concept [28], [29], a control input is said to have dual effects
if it can affect at least one jth-order central moment of
a state variable (j > 1), in addition to its effect on the
state. In fact, the dual control framework developed in this
paper is a generalisation of the classic one [28] in the sense
that our formulation deals with not only system uncertainty
but also environment uncertainty (the operational condition
r∗ = l(θ∗) is determined by the environment parameters θ∗).
This subtle difference endows the system with capability of
exploring the operational environment and in the meanwhile
exploiting its current belief. Moreover, this paper provides
a solution framework to auto-optimisation control problems
with complete theoretical analysis, whereas [28] considers
adaptive control problems without formal analysis. Recently,
DCEE has demonstrated superior and promising performance
in autonomous search [16], [30].

Remark 2: According to [31], the level of autonomy can be
measured in terms of the set of goals that the system is able to
accomplish subject to a set of uncertainties. As a result, it is
required that the system can exploit its available knowledge to
accomplish the goals, and at the same time it should be able to
actively explore the operational environment to reduce knowl-
edge uncertainty. Effective trading-off between exploration and
exploitation has been a long standing issue, particularly in
artificial intelligence, control and decision-making in complex
and uncertain environment. In control society, some recent
works explicitly introduce trade-off coefficients to incorporate
the exploration terms into model predictive control problems,
e.g., [17], [32]. This inevitably incurs tedious efforts in tuning
the coefficients to balance exploration and exploitation. In
view of the derivation of (11), it is clear that the dual effects
in DCEE are naturally embedded, since they are derived from
a physically meaningful value function in (7).

B. Ensemble based Active Learning
Efficient gradient descent algorithms can be used to es-

timate the unknown parameters. The performance of single

estimator based optimisation algorithm is quite poor, due to
noisy measurement and nonlinear modelling (see examples in
autonomous search [27], [33]). Recently, the ensemble-based
approximation in machine learning community has demon-
strated great success with tractable computational load [25],
[34]. In this paper, we develop a multi-estimator based learning
method for parameter adaptation, which shows comparable
performance as particle filter using much less computational
resources in autonomous search application [27].

Considering an ensemble of N estimators, the dual formu-
lation in (11) becomes

min
u(k)∈Rp

D(u) = ∥y(k + 1|k)− r̄(k + 1|k)∥2 + P(k + 1|k)

subject to x(k + 1|k) = Ax(k) +Bu(k)

y(k + 1|k) = Cx(k + 1|k)
(12)

where the nominal estimate and variance of the estimated
optimal condition are drawn from the ensemble, i.e.,

r̄(k + 1|k) = 1

N

N∑
i=1

ri(k + 1|k) = 1

N

N∑
i=1

l(θi(k + 1|k))

(13)

P(k + 1|k) = 1

N

N∑
i=1

(ri(k + 1|k)− r̄(k + 1|k))T

× (ri(k + 1|k)− r̄(k + 1|k)) (14)

where the subscript i ∈ N denotes the index of the estimators,
with N representing the set of the ensemble. Note that the
relationship between the predicted optimal condition and the
unknown parameter, i.e., ri(k+1|k) = l(θi(k+1|k)), is usu-
ally known. For example, in autonomous search application,
θ∗ is composed of the unknown source location and other
environment parameters, like wind direction and wind speed.
The optimal operation condition r∗ in autonomous search is
the source location, i.e., part of θ∗, which serves as a tracking
reference for the search agent.

In order to estimate the unknown parameter θ∗, we apply a
gradient-descent regression method [35], designed as

θi(k) =θi(k − 1)− ηiϕ(y(k − 1))

×
[
ϕ(y(k − 1))Tθi(k − 1)− J(k − 1)

]
, ∀i ∈ N .

(15)
where ηi > 0 is the learning rate of the ith estimator; J(k−1)
denotes the observed reward with measurement noise in (3) at
y(k − 1); and θ(k) denotes the estimate of unknown reward
parameter θ∗. The estimators are randomly initialised or they
can be initialised according to a priori pdfs of the unknown
parameters if available. Denote the estimation error as θ̃i(k) =
θi(k) − θ∗. Then, by noting J(k − 1) = ϕ(y(k − 1))Tθ∗ +
v(k − 1), we have

θ̃i(k) =
[
Im − ηiϕ(y(k − 1))ϕ(y(k − 1))T

]
θ̃i(k − 1)

− ηiϕ(y(k − 1))v(k), ∀i ∈ N .
(16)

Denoting the extended parameter error as Θ̃(k) =
col{θ̃1(k), . . . , θ̃N (k)}, where col{·} denotes a column vector
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formed by stacking the elements on top of each other, (16)
can be written in a compact form as

Θ̃(k) =
[
IN ⊗

(
Im − ηiϕ(y(k − 1))ϕ(y(k − 1))T

) ]
Θ̃(k − 1)

−
[
IN ⊗ ηiϕ(y(k − 1))

]
(1N ⊗ v(k − 1)).

(17)
In an ensemble-based adaptation, we take their average

as the current estimation of the unknown parameters. Thus,
averaging (17), we have

Θ̃av(k) =
1

N
(1TN ⊗ Im)Θ̃(k)

=
1

N
(1TN ⊗ Im)

[
IN ⊗ (Im − ηϕϕT)

]
Θ̃(k − 1)

− 1

N
(1TN ⊗ Im)

[
IN ⊗ ηϕ

]
(1N ⊗ v(k − 1))

=
1

N
(1TN ⊗ Im)Θ̃(k − 1)− 1

N
(1TN ⊗ ηϕϕT)Θ̃(k − 1)

− ηϕv(k − 1).
(18)

Remark 3: An important observation is that even though we
have the same regressor ϕ at one time instant, its excitation im-
pact to each estimator will be different since ϕϕTθ̃i ̸= ϕϕTθ̃j ,
∀i ̸= j, almost surely. Due to the introduction of parameter
extension by multiple estimators, at any time instant the aver-
age estimation can always be excited when there are sufficient
estimators. In addition, by introducing a group of estimators,
it is possible to evaluate and make full use of the estimation
uncertainty by sampling the outcomes of the ensemble in an
online manner, which is proved to be crucial in DCEE [16]
as we will discuss in the sequel. Another desirable feature of
the ensemble approach is its resilience to measurement noises.
In view of the last term in (18), instantaneous noises will be
averaged out under multiple estimators such that the overall
performance of the ensemble can be improved.

III. DCEE FOR SINGLE INTEGRATOR

A. Algorithm Development
In high-level decision-making, system behaviours are usu-

ally simplified as single integrators by ignoring low-level
dynamics. In this paper, we begin with DCEE for this special
case

y(k + 1) = y(k) + u(k). (19)

For general linear systems, we will use this as an internal
reference generator, as will be shown later in Section IV.

With the estimated environment parameter in (15), the dual
controller can be designed as

y(k + 1) = y(k) + u(k)

u(k) = −δk
[
∇yC(k + 1|k) +∇yP(k + 1|k)

] (20)

where C(k + 1|k) = ∥y(k) − r̄(k + 1|k)∥2 denotes the
exploitation term, and P(k + 1|k) is the exploration term
in the dual objective (12). According to the gradient-descent
regression in (15), the predicted mean of the N ensemble
θi(k + 1|k), denoted as θ̄(k + 1|k), is given by

θ̄(k + 1|k) = 1

N

N∑
i=1

θi(k + 1|k)

=
1

N

N∑
i=1

(θi(k)− ηiFi(k + 1|k))

(21)

where

Fi(k + 1|k) =[J(θi(k), y(k))− J(k + 1|k)]ϕ(y(k)) (22)

with J(k + 1|k) being the predicted future reward based on
current belief {θi(k),∀i ∈ N}. Note that the predicted future
reward is noise-free as there is no influence from sensory
devices in prediction. In this paper, we use the average of
θi(k),∀i ∈ N to evaluate the predicted future reward, i.e.,
J(k+ 1|k) = J(θ̄(k), y(k)). Similarly, the predicted variance
of the ensemble is given by

P(k + 1|k) = trace(F (k + 1|k)TP(k|k)F (k + 1|k)) (23)

where

F (k + 1|k) = col{F1(k + 1|k), . . . , FN (k + 1|k)}
P(k|k) = cov{θi(k),∀i ∈ N}

=diag{(θ1(k)− θ̄(k))(θ1(k)− θ̄(k))T, . . . ,

(θN (k)− θ̄(k))(θN (k)− θ̄(k))T}
(24)

where cov{·} is a covariance operator evaluating the covari-
ance matrix of the ensemble, and diag{·} denotes a block-
diagonal matrix by putting the elements on its main diagonal.
Using the predicted mean θ̄(k+1|k) and the predicted covari-
ance P(k+1|k) of the unknown environmental parameter, the
dual control terms in (20) can be obtained.

B. Convergence Analysis
In this section, we will examine the convergence of the

proposed dual control algorithm, by leveraging parameter
adaptation and optimisation techniques. To this end, we in-
troduce some fundamental assumptions that will be used to
facilitate the convergence analysis of the proposed dual control
algorithm.

Assumption 1: There exist positive constants T ∈ Z+ and
γ ≥ β > 0 such that

γIm ≥
t+T∑
k=t

[ϕ(y(k))][ϕ(y(k))]T ≥ βIm > 0, ∀t > 0. (25)

Assumption 2: The measurement noise v(k) is independent
and identically distributed with bounded variance, i.e.,

E [v(k)] = 0

E
[
∥v(k)∥2

]
≤ ϱ2.

(26)

Assumption 3: The reward function J(θ, y) is twice dif-
ferentiable and strictly concave on y for any θ ∈ Rm, that
is,

∂2J(θ, y)

∂y2
> 0. (27)

Remark 4: Assumption 1 is a standard persistent excitation
(PE) condition to ensure the identifiability of the unknown
environmental parameter θ. Extensive techniques on parameter
adaptation have been reported in the past few decades aiming
at relaxing or fulfilling the conditions of PE [8], [35]. If
we introduce a memory-based regressor extension to the
parameter adaptation algorithm in (15), the PE condition can
be relaxed to interval excitation [35]. Assumption 2 implies
that the noises imposed on sensory information are unbiased
with bounded variances [27]. Assumption 3 guarantees the



6

existence and uniqueness of the optimal operational condition,
i.e., r∗ = l(θ∗), which is widely used in adaptive control and
extremum seeking control [8], [36]. Note that the mapping
between the optimal operational condition and parameter θ
can be obtained by solving ∂J(θ,y)

∂y = 0.
First, we examine the convergence of the gradient-descent

regression method in (15).
Theorem 1: Under Assumptions 1 and 2, there exists a

constant η∗ > 0 such that, for any 0 < ηi < η∗, the estimates,
θ̂i(k), ∀i ∈ N , converge to a bounded neighbourhood of the
true environmental parameter θ∗. Moreover, the mean-square-
error of the estimator is convergent and bounded by

E ∥θ̃i(k)∥2 ≤ η2iL
2ϱ2

1−maxj∈{1,...,k−1} ∥Ai(j)∥
(28)

where Ai(j) = [Im − ηi[ϕ(y(j))][ϕ(y(j))]
T]T[Im −

ηi[ϕ(y(j))][ϕ(y(j))]
T] and L denotes the bound of the re-

gressor ϕ. Moreover, in absence of measurement noises,
limk→∞ E ∥θ̃i(k)∥2 = 0.
Proof: In view of (16) and Assumption 2, the expectation of
the estimate is given by

E[θ̃i(k)] =
[
Im − ηi[ϕ(y(k − 1))][ϕ(y(k − 1))]T

]
E[θ̃i(k − 1)]

∀i ∈ N .
(29)

According to Assumption 1, there exists a constant η∗ such
that, for any 0 < ηi < η∗, 0 < ηi[ϕ(y(k−1))][ϕ(y(k−1))]T <
Im. Consequently, for any 0 < ηi < η∗, we have

0 < Im − ηi[ϕ(y(k − 1))][ϕ(y(k − 1))]T < Im. (30)

It follows from (29) that

∥E[θ̃i(k)]∥ ≤
∥∥Im − ηi[ϕ(y(k − 1))][ϕ(y(k − 1))]T

∥∥
× ∥E[θ̃i(k − 1)]∥, ∀i ∈ N .

(31)

Therefore,

∥E[θ̃i(k)]∥ ≤
k∏

j=1

∥∥Im − ηi[ϕ(y(j − 1))][ϕ(y(j − 1))]T
∥∥

× ∥E[θ̃i(0)]∥, ∀i ∈ N .
(32)

For any bounded error θ̃i(0), the expectation of the estimator
converge to zero.

Moreover, the variance of the estimators can be bounded
under Assumption 2. Taking the squared Euclidean norm of
(16) yields

∥θ̃i(k)∥2 =
∥∥[Im − ηi[ϕ(y(k − 1))][ϕ(y(k − 1))]T

]
θ̃i(k − 1)

∥∥2
+ ∥ηiϕ(y(k − 1))v(k)∥2

− 2
[
[Im − ηi[ϕ(y(k − 1))][ϕ(y(k − 1))]T]

× θ̃i(k − 1)
]
[ηiϕ(y(k − 1))v(k)] , ∀i ∈ N .

(33)
Applying expectation operation to (33) leads to

E ∥θ̃i(k)∥2 =E
∥∥ [Im − ηi[ϕ(y(k − 1))][ϕ(y(k − 1))]T

]
× θ̃i(k − 1)

∥∥2
+ E ∥ηiϕ(y(k − 1))v(k)∥2, ∀i ∈ N .

(34)
where E [v(k)] = 0 has been used to eliminate the cross
term. Denoting Ai(k − 1) = [Im − ηi[ϕ(y(k − 1))][ϕ(y(k −

1))]T]T[Im − ηi[ϕ(y(k− 1))][ϕ(y(k− 1))]T] and applying the
variance bound in (26), we have

E ∥θ̃i(k)∥2 ≤ E
∥∥θ̃i(k − 1)

∥∥2
Ai(k−1)

+ η2iL
2ϱ2. (35)

For any 0 < ηi < η∗, the mean-square-error of the estimator
is convergent and bounded by

lim
k→∞

E ∥θ̃i(k)∥2 ≤ η2iL
2ϱ2

1−maxj∈{1,...,k−1} ∥Ai(j)∥
. (36)

In absence of measurement noise v(k) = 0, limk→∞
E ∥θ̃i(k)∥2 = 0. This completes the proof. ■

Remark 5: Theorem 1 establishes the convergence of the
estimators. The parameter adaptation algorithm together with
its convergence analysis under measurement noises forms a
new feature of this paper since existing studies mainly focus
on noise-free scenarios [35], [37]. As having been discussed
in Remark 4, PE is a standard and commonly-used condi-
tion to guarantee the convergence of parameter estimators.
Despite significant research efforts have been dedicated to
explore weak/alternative assumptions, very few result has been
obtained (see recent survey in [35]). In the proposed dual
controller (20), a probing effort is inherently embedded aiming
to reduce the estimation uncertainty. Such an exploration effect
from active learning is beneficial to environment acquisition,
which has been validated in autonomous search application
[16], [27].

Remark 6: The proposed multi-estimator assisted ensemble
method for environment adaptation is a hybrid approach that
combines both model-based and model-free techniques. The
model-based estimators are trained according to the model
structures of the reward function in (1). A model-free ensemble
approximation is used to estimate the mean and variance of
the unknown environmental parameters in an online manner.
It is widely perceived in machine learning community that
model-based approach benefits from high learning efficiency
due to the utilisation of model knowledge but inevitably
inherits model biased errors; on the other hand, model-free
approach provides a reliable way to quantify the level of
estimation uncertainty but may incur additional computational
burden. Recently, the hybrid method has demonstrated superior
performance in simulation and experiment in machine learning
due to its combined strength from both model-based and
model-free learning [25], [34], [38]. Theoretical guarantee
on convergence and performance of the hybrid approach has
not been well-established but mainly verified by extensive
simulation and experimental results. Inspired by its recent suc-
cess, we develop a concurrent active learning based ensemble
algorithm and establish its formal properties in this paper.
Additionally, different from existing studies in active control
[24], [25] where Bayesian neural networks or ensembles of
dynamic models are employed to formulate information gain,
the proposed DCEE method captures belief uncertainty using
multi-estimator ensemble, from which physically meaningful
parameters can be extracted.

Denote the tracking error between current state and un-
known optimal condition r∗ as ỹ(k) = y(k) − r∗. Then, it
follows from (20) that

ỹ(k + 1) = ỹ(k)− δk
[
∇yC(k + 1|k) +∇yP(k + 1|k)

]
.
(37)
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Now, we analyse the convergence to the optimal operational
condition.

Theorem 2: Under Assumptions 1-3, for any 0 < ηi < η∗,
y converges to a bounded neighbourhood of the optimal
operational condition r∗ = l(θ∗) if there exists a step size
δk such that 0 < 2∥[In − δkL(k)]∥2 < 1 with L(k) =∫ 1

0
∇2

yC(r∗ + τ ỹ(k), r̄(k + 1|k))dτ .
Proof: To relate the gradient term ∇yC(k + 1|k) with ỹ(k),
we recall the mean value theorem [39], that is, for a twice-
differentiable function h(y) : Rm → R,

∇h(y1) =∇h(y2) +
[∫ 1

0

∇2h[y2 + τ(y1 − y2)]dτ

]
(y1 − y2),

∀y1, y2 ∈ Rm .
(38)

Thus, we have

∇yC(y(k), r̄(k + 1|k)) = ∇yC(r∗, r̄(k + 1|k))

+

[ ∫ 1

0

∇2
yC(r∗ + τ ỹ(k), r̄(k + 1|k))dτ

]
ỹ(k)

(39)

where we have expanded the notation C(k + 1|k) for clarity.
Denoting L(k) =

∫ 1

0
∇2

yC(r∗ + τ ỹ(k), r̄(k + 1|k))dτ and
applying ∇yC(r∗, r̄(k + 1|k)) = 0, we have

∇yC(y(k), r̄(k + 1|k)) = L(k)ỹ(k). (40)

Applying (40) to (37) results in

ỹ(k + 1) = [In − δkL(k)]ỹ(k)− δk∇yP(k + 1|k). (41)

To examine the boundedness of the tracking error, we take the
Euclidean norm for both sides of (41), yielding

∥ỹ(k + 1)∥2 =∥[In − δkL(k)]ỹ(k)∥2 + ∥δk∇yP(k + 1|k)∥2

− 2δk[(In − δkL(k))ỹ(k)]T∇yP(k + 1|k).
(42)

Taking the expectation of (42) leads to

E ∥ỹ(k + 1)∥2 ≤∥[In − δkL(k)]∥2 E ∥ỹ(k)∥2

+ E ∥δk∇yP(k + 1|k)∥2

+ E[−2δk∇T
yP(k + 1|k)[(In − δkL(k))ỹ(k)]].

(43)
The last term in (43) can be written as

E[−2δk∇T
yP(k + 1|k)[(In − δkL(k))ỹ(k)]]

≤ ∥[In − δkL(k)]∥2 E ∥ỹ(k)∥2 + E ∥δk∇yP(k + 1|k)∥2.
(44)

Therefore, substituting (44) into (43) results in

E ∥ỹ(k + 1)∥2 ≤2∥[In − δkL(k)]∥2 E ∥ỹ(k)∥2

+ 2E ∥δk∇yP(k + 1|k)∥2.
(45)

From Theorem 1, the estimation errors are bounded within

E ∥θ̃i(k)∥2 ≤ max

{
∥θ̃i(0)∥2,

η2iL
2ϱ2

1−maxj∈{1,...,k−1} ρ(Ai(j))

}
.

(46)
As a result, 0 ≤ E ∥δk∇yP(k+1|k)∥2 ≤ µ is upper bounded,
since it is a measure of covariance of the bounded estimators.
Consequently, we have

E ∥ỹ(k + 1)∥2 ≤2∥[In − δkL(k)]∥2 E ∥ỹ(k)∥2 + µ. (47)

If there exists a step size δk such that 0 < 2∥[In−δkL(k)]∥2 <
1, then the expected mean square of the tracking error is
convergent. Recursively iterating (47) gives

E ∥ỹ(k + 1)∥2 ≤ ᾱk E ∥ỹ(0)∥2 +
k−1∑
j=0

ᾱjµ (48)

where ᾱ := maxj∈{1,...,k} αj with 0 < αk := 2∥[In −
δjL(j)]∥2 < 1. Since limk→∞ ᾱk E ∥ỹ(0)∥2 → 0, we have

lim
k→∞

E ∥y(k)− r∗∥2 ≤ µ

1− ᾱ
. (49)

This completes the proof. ■
Remark 7: In general, traditional adaptive control can be

regarded as passive learning [8], [17], [40] where parameter
estimators are updated by accidentally collected data sam-
ples. For example, MPC in autonomous search is targeted at
navigating the agent to the source position, whereas during
this pure exploitation process the estimators are updated pas-
sively by accidentally collected concentration measurements
from the environment [16], [41]. Recently, there are a wide
range of engineering problems involved in balancing between
exploration and exploitation, e.g., machine learning, control
and decision-making in uncertain environment [29], [42]–
[44]. In control society, related works are usually focused on
stochastic model predictive control with active learning [17]. A
similar concept is referred to as active reinforcement learning
in artificial intelligence [44], [45]. Nevertheless, there is a
critical distinction between previous works and the proposed
DCEE framework for auto-optimisation control. In existing
dual control formulation, the probing effect is introduced to
learn the system states or parameters (e.g. MPC with active
learning [46] and active adaptive control [19], [47]), while
in our formulation the probing effect is used to actively
explore the operational environment. We believe that future
autonomous control should be able to deal with not only
system uncertainty but also environment uncertainty [16], [31].

IV. DCEE FOR LINEAR SYSTEMS

In this section, we deal with general linear systems. As
the environment estimators are designed by information mea-
surements, the parameter adaptation algorithm in (15) can be
used and Theorem 1 remains valid. Now, we design a dual
controller that regulates the system output y(k) to minimise
the reformulated objective function defined in (12).

The dual controller is proposed as

u(k) = −Kx(k) + (G+KΨ)ξ(k) (50)

where the reference ξ(k) is generated by

ξ(k) = ξ(k − 1) + ψ(k − 1)

ψ(k) = −δk
[
∇ξC(k + 1|k) +∇ξP(k + 1|k)

] (51)

where G and Ψ are gain matrices obtained by solving

(A− I)Ψ +BG = 0

CΨ− I = 0.
(52)

and K is chosen such that A−BK is Schur stable as (A,B)
is controllable. Note that ψ(k) is exactly the dual gradient
term used in the integrator dynamics in Section III. For
linear systems, the control input u(k) not only needs to have
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dual effects for exploration and exploitation but additionally
requires control effort to stabilise the system dynamics as in
(50).

Assumption 4: The pair (A,B) is controllable, and

rank

[
A− I B
C 0

]
= n+ q. (53)

Remark 8: The dual control design in (50)-(52) is partly
inspired by conventional internal model approaches [48]. The
solvability of (52) is guaranteed by (53), which is widely
known as regulation equations [48]. The existence of Ψ
ensures the existence of optimal state x∗ = Ψr∗ such that
Cx∗ = r∗.

Define state transformations xs(k) = Ψξ(k), us(k) =
Gξ(k). Let x̄(k) = x(k) − xs(k) and ū(k) = u(k) − us(k).
Applying the transformation to the system dynamics (2) leads
to

x̄(k + 1) = x(k + 1)− xs(k + 1)

= Ax(k) +Bu(k)−Ψ(ξ(k) + ψ(k))

= Ax̄(k) +Bū(k)−Ψψ(k)

e(k) = Cx̄(k)

(54)

where (52) has been used to derive above dynamics. Applying
the control input (50), we have the closed loop dynamics

x̄(k + 1) = (A−BK)x̄(k)−Ψψ(k)

e(k) = Cx̄(k).
(55)

The following lemma can be regarded as input-to-output
stability of the transformed dynamics (55) by viewing ψ(k)
and e(k) as the input and output, respectively.

Lemma 1: Let Assumptions 1–4 hold. Suppose the condi-
tions specified in Theorems 1–2 hold. If the gain matrices G
and Ψ are designed according to (52) and K is chosen such
that (A−BK) is Schur stable, then

lim sup
k→∞

∥e(k)∥ ≤ ∥C∥∥Ψ∥
1− ∥A−BK∥

lim sup
k→∞

∥ψ(k)∥. (56)

Proof: Putting (52) into a matrix form leads to[
A− I B
C 0

] [
Ψ
G

]
=

[
0
I

]
(57)

of which the solvability is guaranteed under (53) in Assump-
tion 4 by transforming the matrix equation (57) to standard
linear algebraic equations. For notational convenience, we
denote Ac = A−BK and Bc = −Ψ. Then, we have

x̄(k + 1) = Acx̄(k) +Bcψ(k). (58)

Recursively iterating (58) results in

x̄(k) = Ak
c x̄(0) +

k−1∑
j=0

Ak−j−1
c Bcψ(j). (59)

Hence, we have

e(k) = Cx̄(k) = CAk
c x̄(0) + C

k−1∑
j=0

Ak−j−1
c Bcψ(j). (60)

Because Ac is Schur, we have limk→∞ CAk
c x̄(0) = 0.

The convergence of reference generator (51) has been
established in Theorem 2, and thereby ψ(k), i.e., the gradient

of the dual controller, is bounded and converges to zero as
k → ∞. Denoting ϖ := lim supk→∞ ∥ψ(k)∥, it can be
obtained that, for any small constant ϵ > 0, there exists a
positive time index ζ > 0 such that

∥ψ(k)∥ < ϖ + ϵ, ∀k > ζ. (61)

Now, the second term in (60) can be separated into two
parts, written as

C

k−1∑
j=0

Ak−j−1
c Bcψ(j) =C

ζ∑
j=0

Ak−j−1
c Bcψ(j)

+ C

k−1∑
j=ζ+1

Ak−j−1
c Bcψ(j).

(62)

Taking the Euclidean norm of (62) and invoking (61), we
obtain∥∥∥∥C k−1∑

j=0

Ak−j−1
c Bcψ(j)

∥∥∥∥ = ∥C∥∥Bc∥
∥∥∥∥ ζ∑

j=0

Ak−j−1
c ψ(j)

+

k−1∑
j=ζ+1

Ak−j−1
c ψ(j)

∥∥∥∥
≤
∥∥Ak−ζ−1

c

∥∥∥C∥∥Bc∥
∥∥∥∥ ζ∑

j=0

Aζ−j
c ψ(j)

∥∥∥∥
+ (ϖ + ϵ)∥C∥∥Bc∥

∥∥∥∥ k−1∑
j=ζ+1

Ak−j−1
c

∥∥∥∥.
(63)

Since Ac is Schur stable (i.e., eigenvalues of Ac are of absolute
value less than one), we have

lim
k→∞

∥∥Ak−ζ−1
c

∥∥ = 0. (64)

For the sum of a geometric series, we have
k−1∑

j=ζ+1

∥Ac∥k−1−j =
1− ∥Ac∥k−ζ

1− ∥Ac∥
<

1

1− ∥Ac∥
. (65)

Therefore, combining (60) and (63) leads to

lim sup
k→∞

∥e(k)∥ ≤ ∥C∥∥Bc∥
1− ∥Ac∥

(ϖ + ϵ) . (66)

As ϵ can be set arbitrarily small, it follows from (66) that

lim sup
k→∞

∥e(k)∥ ≤ ∥C∥∥Bc∥
1− ∥Ac∥

lim sup
k→∞

∥ψ(k)∥. (67)

This completes the proof. ■
Now, combining the results in Theorems 1–2 and Lemma 1,

we are ready to establish the convergence of the auto-
optimisation control for linear systems.

Theorem 3: Let Assumptions 1–4 hold. Suppose the
conditions specified in Theorems 1–2 and Lemma 1 hold.
The output y(k) of the linear system (2) converges to the
neighbourhood of the optimum r∗, using control input (50)
together with reference generator (51).
Proof: Denoting x̃(k) = x(k)−Ψr∗, we have

x̃(k + 1) = Ax(k) +B[−Kx(k) + (G+KΨ)ξ(k)]−Ψr∗

= (A−BK)x̃(k) +B(G+KΨ)(ξ(k)− r∗)
(68)
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It follows from Theorems 1–2 that ξ(k) converges to the
neighbourhood of r∗ with bounded error. Thus, the result can
be concluded by treating B(G+KΨ)(ξ(k)− r∗) as ψ(k) in
Lemma 1. ■

Remark 9: The auto-optimisation control in this paper is
similar to the classic formulation of reinforcement learning
in the sense that both of them are targeted to operate a
system in an unknown and uncertain environment. There are
two bottlenecks in widely applying reinforcement learning,
particularly deep RL: one is a large number of trials are
required to achieve a satisfactory performance (big data) and
the other is its performance could significantly degrade if
the real operational environment is different from the training
environment (poor adaptiveness) [49]. DCEE establishes a new
control framework to provide a promising and complementary
method to reinforcement learning in control and robotics
society, which can deal with uncertain environment without
repetitive training. In fact, active learning for exploration and
exploitation in machine intelligence can find strong evidence
in human intelligence, which is supported by the biological
principles in functional integration in the human brain and
neuronal interactions (known as free-energy principle and
active inference in neuroscience [50]). Interested readers are
referred to [49] for detailed discussions.

V. NUMERICAL EXAMPLE

In this section, we verify the effectiveness of the proposed
algorithm using a dedicate numerical example. Consider a
linear system (2) with

A =

[
0 1
2 1

]
, B =

[
1
1

]
, C =

[
0 1

]
. (69)

The reward function is given by

J(θ∗, y) = 2y − θ∗y2 =
[
2y −y2

] [ 1
θ∗

]
(70)

where θ∗ is affected by the unknown environment. The true
value is θ∗ = 1 but unavailable a priori. The optimal oper-
ational condition r∗ is determined by θ∗, i.e., r∗ = l(θ∗) =
1/θ∗ = 1.

We assume the measurements are subject to Gaussian noise
v(k) ∼ N (0, 2), which implies that the observations from
environment are J(k) = J(θ∗, y(k))+v(k). Decision-making
under uncertain environment with noisy measurements is of
significant importance to promote the system intelligence.
In order to explore the uncertain environment, the first step
is to quantify the level of uncertainty. An ensemble based
multi-estimator approach has been developed in previous
sections. Now, the size of the estimator ensemble is chosen
as N = 100, and each of them is randomly initialised
according to a uniform distribution between −10 and 10,
i.e., θi(0) ∼ U(−10, 10),∀i = 1, 2, . . . , 100. Choosing the
number of the ensemble necessitates balancing computational
efficiency with stochastic accuracy. Depending on the specific
problem and available resources, it is common practice to
experiment with various configurations until a satisfactory
balance is achieved. Indeed, those findings align with recent
trends observed in machine learning community using ensem-
ble aggregating approaches where a handful of estimators are
enough to generate promising results [25], [34]. The system is

controllable and regulation condition in (53) is satisfied such
that the gain matrices can be obtained as Ψ = [ 13 , 1]

T and
G = − 2

3 . The gain matrix K = [−1, 1.1] is chosen by placing
the poles of (A−BK) at [0.4; 0.5].

Fig. 1a shows the estimated environmental parameters.
Initially, the mean and standard deviation of the ensemble
{θi, i = 1, . . . , 100} are −1.137 and 5.788, respectively,
randomly initialised using a uniform distribution. The mean
of the estimators converges to the true environment parameter
θ∗ = 1, and the standard deviation among the estimators
shrinks quickly, indicating that the estimation uncertainty
reduces (quantified by the variance among the estimators in
the ensemble). Despite increasing the iteration k significantly,
the estimated parameters remain fluctuating within a small
neighbourhood of the true value due to the presence of noisy
measurements. Fig. 1b displays the observed rewards from the
environment. Even though we have imposed quite significant
noises to the measurements, the performance of the estimators
is fairly satisfactory, which manifests the ensemble based
active learning provides superior robustness against noises.

Implementing the dual control in (50) not only contributes
to enhanced parameter adaptation performance but also drives
the system output to the optimal operational condition, as
shown in Fig. 1c. The system output approaches the optimal
operational point r∗ = 1 as shown in Fig. 1c, and the
system states are displayed in Fig. 1d. It can be verified
that x∗ = Ψr∗ = [ 13 , 1]

T. The tracking error is determined
by the estimation error. In this process, there is no need
to tune the weights of exploration and exploitation. As a
principled approach, the dual controller in (50) is derived from
a physically meaningful objective function, which naturally
embeds balanced dual effects for active environment learning
and optimality tracking.

To demonstrate the impact of active learning based explo-
ration mechanism, we have implemented certainty equivalence
based auto-optimisation approach using passive learning. For
fare comparisons, we have kept all parameters the same but
removed the exploration effect from the control input. The
obtained results are depicted in Fig. 2. A key observation
to highlight is that incorporating active learning into the
DCEE framework significantly enhances rapid environmental
acquisition and eliminates steady-state discrepancies. These
improvements are notable when compared to passive auto-
optimisation control approaches, which often suffer from sub-
optimal learning performance caused by inaccurate estimation
result. Furthermore, our findings challenge the effectiveness
of the certainty equivalence principle commonly used in
classic adaptive control, particularly in complex and uncertain
environments. This validation underscores the need for more
advanced control strategies like DCEE in handling uncertainty.

VI. APPLICATION FOR MPPT

DCEE was originally developed to solve autonomous search
problem in [16], which demonstrates outstanding performance
compared with other existing approaches. In this section, we
take the optimal control for photovoltaic (PV) systems as an
example to illustrate that DCEE can be implemented to solve
a much wider class of auto-optimisation control problems in
real-world applications. Extracting maximum power is a long-
lasting pursuit in operating PV systems. Despite significant
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(a) Mean and standard deviation of estimated θ(k). (b) Observed reward J(k) with measurement noises v(t).

(c) System output y(k). (d) System state x(k).

Fig. 1: Simulation results with environment uncertainties using active learning based DCEE.

(a) Mean and standard deviation of estimated θ(k). (b) Observed reward J(k) with measurement noises v(t).

(c) System output y(k). (d) System state x(k).

Fig. 2: Simulation results with environment uncertainties using passive learning based auto-optimisation approach.
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Fig. 3: Time-varying solar irradiance profile.

research efforts made over the past few decades [51]–[53],
the energy conversion efficiency of PV systems remains very
poor due to high environment uncertainties in temperature,
irradiance level, partial shading and other atmospheric con-
ditions. The primary goal in PV operation is simply to
extract solar energy as much as possible despite changing
operational environment, termed as maximum power point
tracking (MPPT). There have been a wide variety of methods
targeting to solve this problem, which can be roughly classified
into three categories: offline methods, online methods, and
other methods. Detailed comparisons and classifications can
be found in comprehensive survey papers, e.g., [51], [52].

In this section, the proposed DCEE is implemented as an
alternative approach to achieve MPPT, and two representa-
tive approaches, hill climbing method (HC) and incremental
conductance method (IC), are deployed for comparison. It is
worth noting that all the three algorithms can be classified
as online methods. It has been widely perceived that online
methods usually outperform offline counterparts in terms of
conversion efficiency due to their inherent adaptiveness to
changing environment. According to the curve-fitting based
MPPT [51], the power and voltage (P -V ) characteristics can
be modelled by

P = ϕT(V )θ (71)

where ϕ(V ) is the polynomial regressor [1, V, V 2, . . . , V n]T

and θ ∈ Rn+1 is the polynomial coefficient. To solve the
maximum problem of (71), we need to estimate the unknown
parameters θ and then maximise the power output by regulat-
ing the voltage V according to

V (k + 1) = V (k) + u(k). (72)

We use solar panel A10Green Technology model number
A10J-S72-175 for this simulation [54]. To mimic the real
operational environment of PV systems, a time-varying solar
irradiance profile is stimulated as shown in Fig. 3, and the
temperature is initially set as 25°C and then jumps to 35°C
at t = 1s. It should be noted that the unknown environment
parameter θ changes as the operational condition varies. Al-
though the proposed algorithm is theoretically analysed for
static parameters identification, the use of constant learning
rate ηi renders the adaptation algorithm in (15) with the
capability of tracking drifting parameters.

Simulation results using different algorithms (DCEE, HC
and IC) are shown in Fig. 4, 5 and 6. To illustrate more de-
tailed features of different algorithms, enlarged sub-figures are
displayed for the time intervals t ∈ [0, 0.1], and t ∈ [0.3, 0.4].
The power losses, as displayed in Fig. 7, are calculated by
integrating the differences between the maximum power point
and real power outputs stimulated using different algorithms.
Convergence speed, sensed signals, algorithm complexity and
conversion efficiency are four commonly-used criteria to as-
sess the characteristics of MPPT techniques. According to the
simulation results, we summarise and compare the features of
different approaches in Table I. Conversion efficiency directly
influences the energy extracted from the PV systems, which
is ratio between real generated energy and maximum energy
(accumulated over the simulation time interval [0, 2]). DCEE
produces quite high efficiency (99.1%). Due to the use of
perturbed signals in hill climbing method, there are very
large voltage and current fluctuations in steady state. This
undesirable property not only causes low conversion efficiency
but also leads to fast degradation in low level electronic
devices. The oscillations are partially solved by incremental
conductance method, which measures incremental current and
voltage changes to predict the effect of voltage change.

Different from HC, incremental inductance method is able
to maintain at MPP without oscillations when there is no
change in operational environment. From the simulation re-
sults using HC and IC, there is a trade-off between transient
convergence speed and steady-state oscillations. The steady-
state oscillation of IC is reduced at the cost of slow tracking
performance, leading to larger power loss with a conversion
efficiency 97.2%. It is argued that DCEE as a balanced ap-
proach is able to optimally trade-off between exploitation and
exploration: when there is large uncertainty in estimated MPP,
it will explore quickly to gain information to construct more
accurate estimate of MPP; and when there is less change in
operational environment, it will maintain at the current belief
of MPP without causing large oscillations. All three algorithms
need to measure voltage and current: DCEE requires voltage
and power (calculated by the product of current and voltage) to
construct P -V curve in (71) (i.e., reward-state mapping), while
HC and IC use incremental power to decide the direction of
voltage regulation. As mature MPPT techniques, both HC and
IC are simple to implement using dedicated hardware devices.
Since efficient ensemble approximation and gradient based
control are developed in this new approach, DCEE is ready to
be implemented in real PV platforms without incurring heavy
computational load.

VII. CONCLUSION

This paper has proposed a dual control framework for explo-
ration and exploitation, designed to address auto-optimisation
control challenges in uncertain environments. The DCEE
algorithm is uniquely structured to balance exploration and
exploitation, resolving the inherent conflict between parameter
identification and the pursuit of optimal operation. We have
rigorously demonstrated that our approach ensures conver-
gence and maintains performance, considering both the ob-
jective function and the characteristics of environmental noise.
The effectiveness of the DCEE framework is further evidenced
through a numerical example and its successful application in
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TABLE I: Features of different MPPT techniques.

Methods Convergence speed Sensed variables Algorithm complexity Conversion efficiency

1 DCEE Fast Voltage and current Medium 99.1%
2 Hill climbing Fast Voltage and current Simple 98.3%
3 Incremental conductance Medium Voltage and current Simple 97.2%

Fig. 4: Power profile using different algorithms.

Fig. 5: Voltage profile using different algorithms.

Fig. 6: Current profile using different algorithms.

Fig. 7: Power losses using different algorithms.

MPPT, underscoring its substantial potential for diverse real-
world scenarios.

ACKNOWLEDGMENT

For the purpose of open access, the author(s) has applied
a Creative Commons Attribution (CC BY) license to any
Accepted Manuscript version arising.

REFERENCES

[1] H. Zheng, J. Wang, D. Shi, D. Liu, and S. Wang, “Quasi time-fuel
optimal control strategy for dynamic target tracking,” IEEE Transactions
on Automation Science and Engineering, vol. 21, no. 1, pp. 416–427,
2024.

[2] C. Zhang and R. Ordonez, “Numerical optimization-based extremum
seeking control with application to ABS design,” IEEE Transactions on
Automatic Control, vol. 52, no. 3, pp. 454–467, 2007.

[3] R. Leyva, C. Alonso, I. Queinnec, A. Cid-Pastor, D. Lagrange, and
L. Martinez-Salamero, “MPPT of photovoltaic systems using extremum-
seeking control,” IEEE Transactions on Aerospace and Electronic Sys-
tems, vol. 42, no. 1, pp. 249–258, 2006.

[4] J. Lekube, A. J. Garrido, and I. Garrido, “Rotational speed optimization
in oscillating water column wave power plants based on maximum
power point tracking,” IEEE Transactions on Automation Science and
Engineering, vol. 14, no. 2, pp. 681–691, 2016.

[5] Y. Tan, W. H. Moase, C. Manzie, D. Nešić, and I. M. Mareels,
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