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Abstract
The potential energy curves for molecular ions up to N4+

2 are calculated in an ab initio manner
using the multi configurational self-consistent field method. Specifically, we implement in an
automatic way a previously used double loop optimisation scheme within the multi
configurational self-consisted field method. We obtain the potential energy curves up to N4+

2
ions with any combination of core, inner valence, and outer valence holes. Finally, we provide
the code used to generate these potential energy curves.
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1. Introduction

Obtaining potential energy curves (PECs) for molecular ions
provides one way to account for nuclear dynamics, in addi-
tion to electronic processes, when molecules interact with
VUV and XUV laser pulses [1, 2]. The theoretical descrip-
tion of the interplay of inner shell electronic processes with
nuclear motion is timely due to the advancements in gener-
ating VUV and XUV pulses with free-electron lasers (FEL)
[3, 4]. FEL pulses interacting with molecules result in ionisa-
tion of inner-shell electrons via a single-photon absorption or
a multi-photon one. A molecule with an inner shell hole will
relax to a more stable state via one or more Auger processes.
An Auger process occurs when an electron falls from a higher-
energy orbital filling in an existing lower-orbital hole. The
energy released from this transition is enough to ionise one or
more bound electrons. The interplay of photo-ionisation and
Auger processes gives rise to a plethora of possible pathways
that lead to the formation of a certain molecular ion [5, 6]. To
accurately describe the interplay between photo-ionisation and
Auger processes in molecules, it is necessary to also account
for nuclear motion. In previous studies, nuclear motion was
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included mostly in a phenomenological way via rate equations
[7–9], while there are few studies where nuclear motion is
included [10, 11]. To account for nuclear motion beyond a phe-
nomenological description, we need to obtain accurate PECs
for molecular ions with any kind of holes, including inner shell
holes.

A number of theoretical studies have previously com-
puted the PECs of singly and doubly ionised states of N2

with one or two valence electrons or one core electron
missing [12–16]. The computations in these studies were done
using the multiconfigurational self-consistent field method
(MCSCF) [17–19]. Other theoretical studies, using different
techniques, have computed the PECs of N2 states with an inner
valence hole [20] or a single core hole [21–23]. The diffi-
culty in calculating PECs of N2 ions with inner valence and/or
core holes is that there are other states with the same sym-
metry but lower energy. This leads to variational collapse [24]
to the lowest energy state during optimisation of the molecu-
lar orbitals and the respected coefficients. Previous studies
[21–23] employed a two-step optimisation process in order to
avoid variational collapse when computing the PECs of single
core hole states. This two-step optimisation process was intro-
duced by Rocha [25] and it entails freezing the core orbitals
in the first step while optimising the valence orbitals using the
MCSCF method. In the second step, one freezes the valence
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orbitals and optimises the core orbitals. A similar two-step
optimisation process was used by Carravetta and Ågren [26]
to compute the energy of a number of N2 ions with multiple
core holes at equilibrium nuclear distances. More recently, in
the work of Bhattacharya et al [27], the two-step optimisation
process was used to compute the PECs for a number of N2

ions with up to two electrons missing as a function of nuclear
distance.

In addition, in [27] three techniques were used in order
to compute the PECs of N2 ions with any combinations of
up to two electrons missing. These calculations were carried
out using the CASSCF method [28, 29] within the frame-
work of the quantum chemistry package Molpro [30, 31]. The
CASSCF method was performed using an active space of 10
orbitals, i.e. the seven doubly occupied orbitals of the ground
state of N2, 1σ2

g1σ
2
u2σ

2
g2σ

2
u1π

2
ux1π

2
uy3σ

2
g and three more virtual

orbitals, which are the lowest energy virtual ones. In the first
technique, a single optimisation is carried out using CASSCF
in order to compute the PECs of states with one or two valence
holes that have the lowest energy of their respective symmetry.
In the second technique, the state-averaging CASSCF (SA-
CASSCF) is employed in Molpro to compute PECs of singly
ionised N2 states with one inner valence hole, or doubly ion-
ised N2 states with two outer valence holes. This second tech-
nique is used to obtain the above mentioned singly or doubly
ionised N2 states that, however, do not have the lowest energy
of their respective symmetry. In this state-averaging tech-
nique, the wavefunctions of the resulting states are expressed
as a linear combination of the wavefunctions of different elec-
tronic configurations. We map each of these averaged states to
the electronic configuration that has the biggest overlap with
the averaged state at the equilibrium internuclear distance. In
the third technique, the two-step optimisation process [25]
is employed to compute the PECs of states with one or two
core electrons, or one inner valence and one more any other
kind of electron, missing. Bhattacharya et al [27], freeze the
core and/or inner valence orbitals corresponding to the elec-
trons missing and optimise the remaining orbitals in the first
step. In the second step, the previously frozen orbitals are now
optimised.

In order to generate PECs of all ions up to N4+
2 , we gen-

eralise the three techniques used by Bhattacharya et al [27]
in the context of Molpro. In addition to the three techniques
previously employed in [27], we use a fourth technique to
compute the PECs of certain states of N3+

2 and N4+
2 . These

states have at least one core electron missing and do not have
the lowest energy of their respective symmetry. This fourth
technique combines the two-step optimisation process with the
state-averaging technique.

In this work, we also provide a python code [32] that auto-
matically generates the input Molpro files that are necessary to
compute the PECs for any combination of up to N4+

2 ion states
with any combination of orbital vacancies. In addition, the
python code we provide outputs the wavefunctions of all orbit-
als for any ion state up to N4+

2 for any internuclear distance.
This additional feature can be used to obtain single-photon

absorption cross sections and Auger decay rates when the nuc-
lear and electronic motion are both accounted for during the
interaction of N2 with a VUV or XUV laser pulse. The tech-
niques and python code provided in this work can be adjusted
to obtain the PECs for other diatomic molecules.

2. Method

In the following, we describe the computation of the PECs
of up to N4+

2 ion states. The MCSCF combines the self-
consistent field method with the configuration interaction
method [33]. MCSCF uses a combination of Slater determin-
ants that account for all electronic excitations of the molecular
ion under consideration. In this work, we employ the complete
active space variant of MCSCF, known as CASSCF [34, 35].
We consider a total of 10 active orbitals in our computations.
These are the seven doubly occupied orbitals of the N2 ground
state 1σ2

g1σ
2
u2σ

2
g2σ

2
u1π

2
ux1π

2
uy3σ

2
g and the three virtual orbit-

als 3σu, 1πgx and 1πgy . In this work, the orbitals 1σg and 1σu
are referred to as core orbitals, orbital 2σg is referred to as
inner valence orbital and the rest of the doubly occupied orbit-
als are referred to as outer valence orbitals. We employ the
augmented Dunning correlation consistent quadruple valence
basis set (aug-cc-pVQZ) [36] for all our calculations. We
carry out our calculations using the standard release version
MOLPRO2020.1 of Molpro [30, 31]. We initially describe the
orbitals of the N2 ion under consideration using the Hartree–
Fock orbitals of the ground state of N2. We improve this initial
description of the orbitals of the N2 ion under consideration by
performing a CASSCF calculation of the ground state of N2.
These CASSCF orbitals are the input for all methods that we
use in what follows.

We use four techniques to calculate the PECs of interest.
The first one involves a single optimisation of all ten orbitals
using CASSCF. The second one employs the SA-CASSCF,
while the third technique employs the two-step optimisation
process using CASSCF (TS-CASSCF) [21–23, 25–27]. The
fourth technique combines state averaging with the two-step
optimisation process using CASSCF and we refer to it as SA-
TS-CASSCF. In table 1, we showwhich of the four techniques
is employed to compute the PECs of a given N2 ion state up
to N4+

2 .
To obtain the PECs for the ion states with at least one core

electron missing, or with an inner valence and any other elec-
tron missing we use the TS-CASSCF technique or the SA-TS-
CASSCF technique. The former technique is used when the
state of interest has the lowest energy of its respective sym-
metry and the latter one otherwise. In the two-step optimisa-
tion, if a core electron is missing we freeze both core orbit-
als in the first step and optimise them in the second step. We
also restrict the electron occupation number to be equal to the
actual number of electrons occupying the orbital. For ion states
with two or more electrons missing with one of them being an
inner valence electron, we freeze the inner valence orbital in
the first step and optimise it in the second step. If the number of
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Table 1. We list the optimisation technique employed to obtain the PECs for every possible N2 ion up to N
4+
2 . We denote the outer valence

electrons as outer, the inner valence electrons as Inner and the core electrons as core. The number denotes the number of missing electrons.

Technique used

Missing Electrons CASSCF SA-CASSCF TS-CASSCF SA-TS-CASSCF

N+
2 1 Outer ✓

1 Inner ✓
1 Core ✓

N2+
2 2 Outer ✓ ✓

2 Inner ✓
1 Inner & 1 Outer ✓
2 Core ✓
1 Core & 1 Outer ✓
1 Core & 1 Inner ✓

N3+
2 3 Outer ✓ ✓

2 Inner & 1 Outer ✓
1 Inner & 2 Outer ✓
3 Core ✓
2 Core & 1 Outer/Inner ✓
1 Core & 2 Outer/Inner ✓ ✓

N4+
2 4 Outer ✓ ✓

2 Inner & 2 Outer ✓ ✓
1 Inner & 3 Outer ✓ ✓
4 Core ✓
3 Core & 1 Outer/Inner ✓
2 Core & 2 Outer/Inner ✓ ✓
1 Core & 3 Outer/Inner ✓ ✓

electrons in the inner shell orbital is one we allow the occupa-
tion to vary between zero and one, while if it is zero we restrict
the occupation to be equal to zero. During the two-step optim-
isation process we generally do not freeze the virtual orbit-
als. However, if one of the orbitals we freeze in the first step
has the same symmetry as one of the virtual orbitals, in the
second step we also freeze this specific virtual orbital to avoid
orbital rotations. In addition, to obtain the PECs for ion states
with more than one outer valence electrons missing, we use
either the CASSCF or the SA-CASSCF technique depending
on whether the ion state has or does not have the lowest energy
of its respective symmetry.

3. Results and discussion

In what follows, we obtain the PECs of N2 ion states with up
to four electrons missing. First, we compare our results for
the PECs of the singly and doubly ionised states of N2 with
the PECs obtained in [27]. Then, we compute the PECs of the
triply and quadruply ionised states of N2. Our calculations are
performed for nuclear distances ranging from 0.5 to 4Å.

3.1. PECs for singly and doubly ionised states of N2

In figure 1, we present the PECs for N+
2 ions with an inner or

an outer valence electron missing. The solid black curve cor-
responds to the PEC of neutral N2. Also, we obtain the PECs of
the ion states that are obtained by removing an electron from

the 3σg (solid orange), 1πux/y (solid pink), 2σu (solid blue)
and 2σg orbital (solid green). We find our results to be in very
good agreement with the ones obtained in [27]. The PECs of
the ion states having an outer valence electron missing (3σ−1

g ,
1π−1

ux/y and 2σ−1
u ) were calculated using the CASSCF tech-

nique, whereas the state involving an inner valence electron
missing (2σ−1

g ) was calculated using the SA-CASSCF tech-
nique, see table 1.

Next, we compute the PECs of N2 ion states with a single
core electron missing. For these states, we find that our res-
ults for the PECs are in very good agreement with the ones
obtained in [27], see figure 2. Our results are denoted with
solid curves while the results of [27] are indicated with dot-
ted curves. We find that the PECs corresponding to the ion
states with a 1σg or 1σu electron missing are almost identical,
see figure 2. We use the TS-CASSCF technique to obtain the
PECs for these two states, see table 1.

In figure 3, we compare the PECs we obtain for N2 ion
states with two electrons missing from the same orbital, inner
valence or outer valence, with the respective PECs obtained in
[27]. Specifically, in figure 3, we show the PECs for the ion
states with two electrons missing from the orbitals 3σg (solid
black), 1πux/y (solid orange), 2σu (solid pink) and 2σg (solid
blue). The PEC of the ion state 2σ−2

g was calculated using the
TS-CASSCF technique. The PECs of the 1π−2

ux/y and 2σ
−2
u ion

states were calculated using the SA-CASSCF technique, since
they do not have the lowest energy of their respective sym-
metry. However 3σ−2

g state was calculated using the CASSCF

3
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Figure 1. PECs of N+
2 ion states with an inner or outer valence electron missing. Solid curves represent the results obtained in this work,

while dotted curves represent the results obtained in [27]. The 1π−1
ux/y stands for an electron missing from either the 1πux or the 1πuy orbital.

Figure 2. PECs of N+
2 ion states with a core electron missing. The solid curve represents the results obtained in this work, while the dotted

curve represents the results obtained in [27]. The PEC of the 1σ−1
g/u state, accounts for the two distinct PECs of the 1σ

−1
g and 1σ−1

u states,
which we find to be very similar.

technique, since it is the lowest energy state of its respective
symmetry. Figure 3 shows that the agreement between our res-
ults for the PECs and the ones obtained in [27] is very good.
The small disagreement for the PEC of the 2σ−2

g ion state
is due to freezing different orbitals in the TS-CASSCF tech-
nique. In this work, in the first step, we freeze the orbital 2σg
and in the second step we freeze all the other doubly occu-
pied orbitals. However, in [27], in the second step, all doubly
occupied orbitals are frozen besides the 2σg and 2σu orbitals.
The reason we freeze all occupied orbitals besides 2σg in the
second step is for the purpose of being consistent in our com-
putations of the PECs, see section 2 and table 1.

In figure 4, we compare our results with the ones obtained
in [27] for the doubly ionised states of N2, with two elec-
trons missing from different orbitals, inner valence or outer
valence ones. In what follows, we only consider the triplet
spin symmetry of the states. The PECs for the ion states
2σ−1

g 2σ−1
u , 2σ−1

g 1π−1
ux/y and 2σ−1

g 3σ−1
g were calculated using

the TS-CASSCF technique while the remaining PECs were
calculated using the CASSCF technique. We find a very good
agreement between the PECs obtained in this work and the
ones obtained in [27]. A small difference is found for the PECs
of the 2σ−1

g 2σ−1
u and 2σ−1

g 1π−1
ux/y ion states. This small dif-

ference arises from freezing different orbitals in the second

4
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Figure 3. PECs of N2+
2 ion states with two outer or two inner electrons missing from the same orbital. Solid curves represent the results

obtained in this work, while dotted curves represent the results obtained in [27]. The 1π−2
ux/y stands for two electrons missing from either the

1πux or the 1πuy orbital.

Figure 4. PECs of N2+
2 triplet ion states, with two electrons missing from different orbitals, inner valence or outer valence ones. Solid

curves represent the results obtained in this work, while dotted curves represent the results obtained in [27]. The 1π−1
ux/y stands for an

electron missing from either the 1πux or the 1πuy orbital.

step. Here, we optimise the 2σg orbital, while in [27] for the
2σ−1

g 1π−1
ux/y state the orbitals 2σg and 1πux/y are optimised and

for the 2σ−1
g 2σ−1

u state the orbitals 2σ−1
g and 2σ−1

u are optim-
ised. The reason we freeze all occupied orbitals besides 2σg
in the second step is for the purpose of being consistent in our
computations of the PECs, see section 2 and table 1.

In figure 5, we present the PECs for N2 ion states with two
electrons missing from core orbitals. In figure 6 we present the
PECs for the ion states with one core electron and one inner
valence or outer valence electron missing. For these states, all
PECs were computed using the TS-CASSCF technique, see
table 1. Our results are found to be in very good agreement
with the PECs obtained in [27].

3.2. PECs for triply ionised states of N2

Previous studies [37–39] have computed the PECs for triply
ionised states of N2 where only outer valence electrons are
missing. In what follows we present our results for the PECs of
triply ionised states of N2 where outer valence, inner valence
and core electrons are missing.

First, in figure 7, we compare the PECs we compute for
triply ionised states of N2 with outer valence electrons miss-
ing with the results obtained in [37]. We find good agreement
between the PECs obtained in this work and the ones obtained
in [37].The small differences observed can be attributed to the
different active spaces and basis sets employed. Indeed, in this

5
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Figure 5. PECs of N2+
2 ion states with two core electrons missing. Solid curves represent the results obtained in this work, while dotted

curves represent the results obtained in [27]. The PEC of the 1σ−2
g/u state, accounts for the two distinct PECs of the 1σ

−2
g and 1σ−2

u states,
which we find to be very similar.

Figure 6. PECs of N2+
2 triplet ion states with one core electron and one inner valence or outer valence electron missing. Solid curves

represent the results obtained in this work, while dotted curves represent the results obtained in [27]. The PECs including the 1σ−1
g/u term,

account for two distinct PECs involving the 1σ−1
g and 1σ−1

u , which we find to be very similar. The 1π−1
ux/y stands for an electron missing

from either the 1πux or the 1πuy orbital.

work, we use an active space consisting of ten orbitals whereas
in [37] the active space consists of twelve orbitals. Also, we
use the aug-cc-pVQZ basis set to compute PECs whereas in
[37] a different basis set is employed.

Next, we obtain the PECs for the triply ionised states of N2

for different combinations of outer valence, inner valence and
core electrons missing. We group the PECs from figures 8–11
according to the technique we use to compute these PECs. The
CASSCF and SA-CASSCF techniques are used to calculate
states with 3 electrons missing from outer valence orbitals.

For these latter ion states, we employ the SA-CASSCF tech-
nique when the ion state is not the lowest energy state of its
respective symmetry. For triply ionised N2 states with an elec-
tron missing from a core or inner valence orbital, we employ
the TS-CASSCF and SA-TS-CASSCF techniques. The SA-
TS-CASSCF technique is employed when the state is not the
lowest energy state of its respective symmetry.

In figure 8, we present the PECs of triply ionised states
computed using the CASSCF technique. We find the PECs of
ion states with outer valence electrons missing to be repulsive,

6
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Figure 7. PECs of N3+
2 ion states with three outer valence electrons missing. Solid curves represent the results obtained in this work, while

dotted curves represent the results obtained in [37]. The 1π−1
ux/y stands for an electron missing from either the 1πux or the 1πuy orbital. The

1π−2
ux/y stands for two electrons missing from either the 1πux or the 1πuy orbital.

Figure 8. PECs of N3+
2 ion states generated using the CASSCF technique. The 1π−1

ux/y stands for an electron missing from either the 1πux or
the 1πuy orbital.

7
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Figure 9. PECs of N3+
2 ion states generated using the SA-CASSCF technique. The 1π−1

ux/y stands for an electron missing from either the

1πux or the 1πuy orbital. The 1π
−2
ux/y stands for two electrons missing from either the 1πux or the 1πuy orbital.

Figure 10. PECs of N3+
2 ion states generated using the TS-CASSCF technique. The 1π−1

ux/y stands for an electron missing from either the
1πux or the 1πuy orbital.

leading to molecular dissociation. This is also shown in
figure 7 and [37] where all PECs computed for triply ion-
ised states of N2 with outer valence electrons missing are
found to be repulsive and lead to Coulomb explosion. The four
PECs shown in figure 8 have the same dissociation limit. In
figure 9, we show the PECs of triply ionised states with outer
valence electrons missing computed using the SA-CASSCF
technique. The PECs shown are found to be repulsive with
the exception of state 2σ−2

u 3σ−1
g which has a minimum close

to 1.20Å.
In figure 10, we obtain the PECs of triply ionised states

computed using the TS-CASSCF technique. All the PECs

shown in figure 10 have one core and two inner or outer
valence electrons missing and are repulsive leading to dissoci-
ation. Finally, in figure 11, we obtain the PECs of triply ionised
states computed using the SA-TS-CASSCF technique. The
states shown are repulsive leading to molecular dissociation,
with the exception of state 1σ−1

u 3σ−2
g which has a minimum

at 1.13 Å.
Moreover, the states 1σ−1

g 2σ−2
u and 1σ−1

u 2σ−2
u are similar

in shape with the 1σ−1
u 2σ−2

u being slightly higher in energy.
We have identified a similar pattern for doubly ionised states
of N2 when one of the two electrons missing is from the 1σu
or 1σg orbital, see [27].

8
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Figure 11. PECs of N3+
2 ion states generated using the SA-TS-CASSCF technique. The 1π−2

ux/y stands for two electrons missing from either
the 1πux or the 1πuy orbital.

Figure 12. PEC of the triplet 1π−1
ux 1π−1

uy 3σ−2
g N4+

2 ion state with four outer valence electrons missing. Solid curve represents the result
obtained in this work, while the dotted curve represents the result obtained in [39].

3.3. PECs for quadruply ionised states of N2

A previous study [39] has obtained the PEC of the triplet
1π−1

ux 1π−1
uy 3σ−2

g N4+
2 state, where the electrons missing are

from outer valence orbitals. This state was obtained using the
multiconfiguration second-order perturbation theory method
[40, 41]. In figure 12, we obtain the PEC for the triplet
1π−1

ux 1π−1
uy 3σ−2

g state and compare with the result in [39].
We find that our PEC agrees well with the one obtained in
[39], while the differences observed are due to the different
methods and basis sets employed to generate the PEC of the
N4+

2 state.
In what follows, we obtain the PECs of quadruply ion-

ised states of N2 where outer valence, inner valence and core
electrons are missing. We group the PECs from figures 13–16

according to the technique we use to compute them. The
CASSCF and SA-CASSCF techniques are used to calculate
states with four electrons missing from outer valence orbit-
als. For these latter ion states, we employ the SA-CASSCF
technique when the ion state is not the lowest energystate
of its respective symmetry. For quadruply ionised N2 states
with an electron missing from a core or inner valence orbital,
we employ the TS-CASSCF and SA-TS-CASSCF techniques.
The SA-TS-CASSCF technique is employed when the state is
not the lowest energy state of its respective symmetry.

In figure 13, we present the PECs of quadruply ionised
states with outer valence electrons missing computed using
the CASSCF technique. We find these PECs to be repulsive,
leading to molecular dissociation. We also note that these

9
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Figure 13. PECs of N4+
2 ion states generated using the CASSCF technique. The 1π−1

ux/y stands for an electron missing from either the 1πux
or the 1πuy orbital.

Figure 14. PECs of N4+
2 ion states generated using the SA-CASSCF technique. The 1π−1

ux/y stands for an electron missing from either the

1πux or the 1πuy orbital. The 1π
−2
ux/y stands for two electrons missing from either the 1πux or the 1πuy orbital.

PECs for quadruply ionised states of N2 decrease more rapidly
as a function of distance compared to the PECs of triply ion-
ised states with three outer valence electrons missing shown in
figure 8. This is consistent with the greater Coulomb repulsion
taking place between the two cores during dissociation of the
N4+

2 ions.
In figure 14, we show the PECs of quadruply ionised states

of N2 with outer valence electrons missing computed using
the SA-CASSCF technique. The PECs shown are found to
be repulsive leading to molecular dissociation. Similar to the
PECs in figure 13, these quadruply ionised states decrease
more rapidly as a function of distance when compared to

PECs with only three outer valence electrons missing shown
in figure 9.

In figure 15, we obtain the PECs of quadruply ion-
ised states, with two core holes. These PECs are computed
using the TS-CASSCF technique and are repulsive leading to
molecular dissociation. In figure 16, we obtain the PECs of
quadruply ionised states, with two core holes. These PECs
are computed using the SA-TS-CASSCF technique and are
repulsive leading to molecular dissociation. Finally, we note
that our finding of N4+

2 ion states being repulsive and lead-
ing to molecular dissociation is in agreement with previous
studies [39, 42–44].

10
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Figure 15. PECs of N4+
2 ion states generated using the TS-CASSCF technique. The 1π−1

ux/y stands for an electron missing from either the
1πux or the 1πuy orbital.

Figure 16. PECs of N4+
2 ion states generated using the SA-TS-CASSCF technique. The 1π−2

ux/y stands for two electrons missing from either
the 1πux or the 1πuy orbital.

4. Conclusions

We have obtained the potential energy curves for molecular
ions up to N4+

2 . We have identified the specific techniques
employed to calculate the PECs of N2 ion states depending
on how many electrons are missing and the specific combin-
ation of outer valence, inner valence and core electrons miss-
ing. All these techniques are based on themulti configurational
self-consistent field method. Also, we provide the python code
used to generate the potential energy curves of all ions of N2

with up to four electrons missing. The code can be modified to
calculate the PECs of higher charged ion states of N2, as well
as the PECs of different molecules using the same techniques
discussed in this study.

Data availability statement

The data that support the findings of this study are openly
available at the following URL/DOI: https://github.com/
anthadj/N2MolproPECs.
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