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Abstract

In this article, we study the propagation of defect measures for Schrodinger
operators —thg + V on a Riemannian manifold (M, g) of dimension n with V
having conormal singularities along a hypersurface Y in the sense that derivatives
along vector fields tangential to Y preserve the regularity of V. We show that the
standard propagation theorem holds for bicharacteristics travelling transversally
to the surface ¥ whenever the potential is absolutely continuous. Furthermore,
even when bicharacteristics are tangential to Y at exactly first order, as long as
the potential has an absolutely continuous first derivative, standard propagation
continues to hold.

1. Introduction

Let (M, g) be a smooth Riemannian manifold and ¥ C M be a smooth hyper-
surface. Let V be real valued and smooth away from Y, with conormal singularities
to Y in the sense that derivatives along vector fields tangential to Y preserve the
regularity of V. In this article, we study propagation of singularities, as measured
by semiclassical defect measures, for the Schrodinger operator

Pi=—h’Ag+ V.

Let p = |3§|§, + V denote the semiclassical principal symbol of P and H, the
Hamiltonian vector field associated to p. Recall that a sequence of functions u;, with
h | 0 has a (not necessarily unique) defect measure u if along some subsequence
hjl0

(Op@un;, un;)2my = adp
T*M
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for all a € C2°(T*M). The standard propagation theorem for defect measures is
that, if V € C®°(M; R),

(=h*Ag + VIu=o0(h)2,  lul2 =1,

and u has defect measure u, then p is supported in the characteristic set of p
and is invariant under the Hamiltonian flow for p. On the other hand, if V is not
continuous along Y e.g. has a jump singularity along Y, it can be shown that a
positive proportion of the energy may reflect off of Y (see [1], [7, Section 1.2], [5]).
In contrast, Theorem 1.3 below shows that, as long as V' is absolutely continuous
at Y, there is no reflection along bicharacteristics transverse to Y.

Before stating our results we introduce some classes of conormal potentials.

Definition 1.1. Let B denote a Banach space of functions on M. We say that V €
IB(Y) if for all k and X, ..., X} smooth vector fields tangent to Y, we have

Ve B, Xi... XV e B.

In this paper, we will mainly focus on the cases B = W57 for k = 1,2 and
p = 1, 0o. Note that we phrase the hypotheses here in terms of conormal spaces,
the real hypotheses of our main results can be expressed in a weaker formulation in
terms of Fermi normal coordinates with respect to the hypersurface Y: Let (x, y)
be Fermi normal coordinates near Y with x the signed distance to Y. We usually
need only that V' is smooth outside a Fermi neighborhood of Y and, for 3 a Banach
space of functions on R,

VeBR: C¥®RL).

In our initial formulations, we will give the coordinate-invariant versions of our
theorems using conormal spaces; the weaker hypotheses under which we in fact
prove these results are discussed near the end of this section.

We begin with a discussion of the existence of a bicharacteristic flow with low
regularity assumptions. Here we use heavily the structured nature of the potential;
note that there are recent very strong results in the case of unstructured singular
coefficients in [2].

Let f denote a defining function for the hypersurface Y, & denote the projection
map i : T*M — M, and let H C T*M denote the hyperbolic set

H={p=01n{f #O0}U{H,m"f #0}),

containing points off Y as well as those points over ¥ where the bicharacteristic
flow is transverse to Y. Let

Gr={p=0}N{f=Hyr*f =0, Hyx*f # 0}
denote the points over Y where the flow is “glancing to exactly second order.”

Theorem 1.1. If V € IW"!, then through every point in H there exists a unique
maximal integral curve of H, in H. If V € IW?>! then through every point in
H U G there exists a unique maximal integral curve of H, in H U G.
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The integral curves in the hyperbolic region over Y in general satisfy an ODE with
merely L! coefficients; the solution is an absolutely continuous function of ¢ and
the equation is satisfied weakly. Note that this level of coefficient regularity (L) is
below that required by the Peano existence theorem (continuity) hence the existence
depends on the structure of the singularities. Once we reach W2 ! regularity for V,
by contrast, the coefficients of the Hamilton vector field are absolutely continuous
hence we have existence by the Peano theorem, but not uniqueness; here again
uniqueness is recovered from the particularities of the singularity structure.

We let ¢, (o) denote the Hamilton flow on either H or on H U G», according to
the regularity of V.

‘We now turn to results on propagation of defect measure. We begin with a gen-
eral low-regularity propagation result that holds for unstructured singular potentials
(i.e., not yet employing the notion of conormality used above). Note that this result
is also obtainable from the (stronger) results of [2]; we include it here for the sake
of completeness rather than novelty.

Theorem 1.2. Suppose that V € C' (M) is real valued and u satisfies
I(=h?*Ag + Vyull 2 = o), lull2 < C.

and has defect measure p. Then suppu C {p = 0} and for all a € C°(T*M),
i(Hy(@)) = 0.

Note that at this level of coefficient regularity (continuous), bicharacteristics exist
but may fail to be unique in general, hence our conclusion concerns H(a) but
does not address the question of propagation along individual bicharacteristics or
invariance under the (undefined) flow. (In [2], it is shown as a corollary that the
support of ; must indeed be a union of the (non-unique) integral curves.)

In regions of T*M where the flow is well defined, Theorem 1.2 yields flow-
invariance of the defect measure; in particular, coupled with Theorem 1.1, it yields
the following result at hyperbolic points and second-order glancing points; here the
strengthened regularity hypothesis on V gives us existence of the flow:

Corollary 1.2. Suppose that V e IW>'(Y) is real valued and u satisfies
I(=h*Ag + Vyull 2 = o(h),  ful2 < C,
and has defect measure p. If B C {p = 0} is Borel and

inf  |Ho(r* ) (@ (o) + [Hp (™ ) (@ ()| + 17 f (i (p))] > O,
0<t<T,peB

then
w(B) = u(pr(B)).

As with the existence theory for integral curves, we can reduce the regularity
assumptions for propagation of singularities to W!-! by assuming that the singulari-
ties of V have the structure of a conormal distribution with respect to a hypersurface
and that we restrict our attention to H C T*M.
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Theorem 1.3. Suppose V € IW1(Y) be real valued and u satisfies
I(=h*Ag + Vull 2 = o), |ul2 < C,

and has defect measure . Then supp i C {p = 0} and for all B C {p = 0} Borel
and T > 0 such that

o, 00 H P (oDI + 17" f (i) > 0.

we have

w(B) = u(er(B)).

Recall that the flow ¢; := exp(tH),) : B — T*M is well defined for ¢ € [0, T] by
Theorem 1.1.

As noted above, the results of this paper are established with weaker hypotheses
on V than the conormal ones stated above. The conormality hypotheses employed
in the statements of the main theorems have the virtue of making invariant sense
on a manifold (independent of metric) and of making contact with the hypotheses
of the prior work [7], where conormality plays an essential role. Here, however,
we can in fact get away with weaker hypotheses as follows (stated locally near
Y = {x = 0} as the theorems are local in nature). Theorem 1.1 holds under the
hypothesis that V- € W T(R,; C®(RY™1)) or W (R,; C** (R ™)) at H and H U
Gy respectively. Corollary 1.2 then likewise requires only W*!(R,; C*°(R4™1)).
Finally, Theorem 1.3 requires only V € WHI(R,; Coo(Rf._l)).

The organization of this paper is as follows (note that it somewhat diverges
from the order in which the results are stated above): Theorem 1.1 is proved in
Section 3 below, with the hyperbolic and glancing versions of the theorem being
respectively Lemmas 3.1 and 3.3. Theorem 1.2, which differs from the other main
results presented here in having unstructured hypotheses on V, follows from the
very general elliptic estimate Lemma 5.2 (to obtain supp u C {p = 0}) together
with the propagation result Lemma 8.2 from the last section of the paper. Finally,
Theorem 1.3, dealing with hyperbolic propagation, follows from the elliptic esti-
mate, Lemma 5.2, coupled with the hyperbolic propagation estimate, Lemma 7.3.

Propagation of singularities for operators with conormal singularities has been
studied both for wave equations [4] and in the semiclassical case [7]. In [7], Gannot
and the second author quantify the level (in terms of powers of /) at which singu-
larities do not diffract off of ¥ under stronger assumptions on the potential V using
sophisticated techniques from microlocal analysis. In contrast, the methods used
in this article use only basic pseudodifferential calculus. We believe that the meth-
ods in this paper could also give the more refined estimates under less restrictive
assumptions on V than those in [7], but we do not pursue this here; instead aiming
to give a relatively simple and accessible proof.

Propagation of singularities for rough metrics without structure assumptions
has recently been investigated in [2], where the authors study the question of null-
controllability of the wave equation for C! metrics.
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2. Conormal Distributions

We begin by clarifying our hypotheses on conormal regularity of V. As above,
let Y C M be a smooth, embedded hypersurface and let n = dim M. Following
HORMANDER [9, Section 18.2], we recall the definition of conormal distributions
ue I"™(M,Y)if forall N € N and all smooth vector fields L1, ... Ly tangential
toY,

Li...Lyue® (lo_cm_n/4)(M).

We will not be concerned here with the specifics of the Besov space H(lfcm_ n/4) (M);
rather, we note the equivalent definition (Theorem 18.2.8 of [9]) that u should
be smooth away from Y and that locally near Y, in coordinates x, y in a collar
neighborhood of Y with x a boundary defining function,

e / e"Fa(x, y, £)dé,
R
where
4-1/2
aeS"TATIRRY X Re)
is a Kohn—Nirenberg symbol i.e.,
a e S" (R}, x Re) <= |0, ,)0f a(x, §)| < Cap(€)" .

We now connect this well-known scale of spaces to the spaces of distributions
arising in our hypotheses.

Lemma 2.1. Let k € N. Then, forall ¢ > 0,
[TAR ke g yy ¢ TWRN(Y) ¢ 1A 2R Mg ). 2.1

Proof. All spaces of distributions above coincide with C*°(M) locally away from
Y, hence we work near Y in local coordinates (x, y). Given u(x, y) let (&, y)
denote the partial Fourier transform in the x variable. Then

ue IWE(Y) = (£0:)70%8% € L (R}, x Re) forall¢ <k, jeN,aeN'"".
Thus,
ue IWH(Y) = i e STFR" x R),

yielding the second inclusion in (2.1).
To get the first inclusion, note that for [/AT12—k—e (M, Y),

F -l (xa) 0%0F u e TP

for all j, «, B, hence, if |8| < k,

(070800 ucr. ) = [ ¥bir.y. ) e
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for some b € S~¢. It now suffices to show the RHS is in L!. To this end, we make
a splitting

/eixsb(x’y’g)dg :/m by e d

+/ e Eb(x, y, E)dE = Wo + W-.
&= x| 717¢

Then |W-| < C |x|~'~* since the integrand is bounded; this term is thus in L.
Integration by parts in W~ using the vector field x_ng yields a boundary term
O (lx|~1*#0-9)) (also in L") plus an integral

x! / 5D dg
&= x|~

with " € S~!=¢. This latter term is bounded by

Cx-l /OO E171* de,

El>lx
again yielding a term in L. This establishes the first inclusion in (2.1). O

Note that the spaces of conormal distributions 7 W*!, defined via testing by
vector fields, have the virtue of being manifestly coordinate invariant; the spaces
wkl ((=34, 8); C°°(Y)), defined locally in normal coordinates, are bigger, and gen-
erally suffice for our needs, but are not defined invariantly in the absence of a metric,
nor globally away from Y.

Lemma 2.2. The inclusion IWSY(M,Y) ¢ WK1((=8,8); C*°(Y)) holds and is
continuous.

Proof. Let u € IW*!(Y). Since u is smooth away from Y, we need only work
locally near Y. Let (x, y) be Fermi coordinates near ¥ and u € [ Wk1(Y). Then,
for each fixed x and for each j < k,and B8 € N"~! the Sobolev emdedding in the
y variables yields

878 u(x, e < 1970fue, Iy + Y 1105 3L 9 ule, )iy
|a|=n
Integrating in x, we obtain
1078wl 1o < 102 0FullLiary + D 1950700 ull 1) < o0,

lae|=n

where the finiteness of the right-hand side follows from u € 1 wk1(M, Y). Since
B is arbitrary and | j| < k is arbitrary, this implies the lemma. O
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3. On the Bicharacteristic Flow

In this section, we establish lemmas on the bicharacteristic flow that combine
to prove Theorem 1.1.

3.1. The Bicharacteristic Flow in the Hyperbolic Set

We first consider the bicharacteristic flow along trajectories which pass through
the hypersurface, Y, transversally. To do this, we employ normal coordinates with
respect to the hypersurface Y, with x denoting the signed distance to Y and y =

(y1, - - -, ya—1) tangential variables, so that the metric (which we recall is, by hy-
pothesis, everywhere C*° and nondegenerate) takes the form
g =dx’ +h(x, y,dy) = dx® + hij(x, y)dy'dy/, 3.1)

with i(x, y, dy) a smooth family in x of metrics on Y. The metric induces a dual
metric on 7*M given by

£2 4+ n' (x, ynin;,

with #** the inverse of 4 in (3.1) and using coordinates in which the canonical
one-form is

Edx +n-dy.
Then
on(—h>Ag) = & + h' (x, y)min;
and
p=on(P)=§—r
with

r=—V—hUnn;. (3.2)

Hamilton’s equations of motion now read as

X =2¢&

. ar

"=

) or (3.3)
=

__8r

TI—@-

Lemma 3.1. Suppose that V€ W'(R,; C®(RI™)) and let (xo, €0, y0, n0) €
R? x R2E=D with & # 0. Then there are unique absolutely continuous functions
(x(2),&(@), y(), n(t)) solving (3.3) for almost every t in a neighborhood of t = 0
with initial data (xo, &9, Yo, 10)-
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Proof. We start by solving an auxiliary system of equations using the Carathéodory
theory of ODEs. We will use x as the independent variable since x = 2§ # 0 in a
neighborhood of + = 0. Consider absolutely continuous functions (x(¢), £(z), y(1),
n(t)) solving the equation (3.3) for almost every ¢ with initial data satisfying & # 0.
Aslong as & # 0, ¥ = 2 # 0, with x(f) € C'. We may change the independent
variable from ¢ to x and equivalently solve

dt/dx = (2¢)7!

de/dx = 25
0x
i = o)1 (3.4)
an
dn/dx = &) 2L
dy

Since V. e WHI(R,; COO(R;Z—l)), and g € C*, 9r/dy and dr/dn are both in

WELR,; € R?Y 1)) while ar/0x € L'(Ry; C®(R( ). In particular,

196,y 9r/3x 11 < Cp.
Hence, the mean value theorem yields the estimate

1807 (e, y0.m0) = By (e, y1, )| S € SUP |Vypdir(x, y. )| € L'(Ry)
y.ne
for all pairs (yg, 170), (y1, n1) in a fixed neighborhood €2 of a given (y, 7). A fortiori
the same estimates (indeed, better ones) hold for d,r, d,r. Hence the hypotheses
of the existence and uniqueness theorem of Carathéodory hold (see [8, Theorem
5.3]) and this theorem shows that there exists a unique solution to the equation with
initial data in (—e¢, €)x x €2 and that the data-to-solution map is continuous.

Now, we simply define x : (—§,8); — R by the inverse function of (x),
which exists since ¢ is absolutely continuous with derivative bounded away from
zero. Then the unique solution of (3.3) is given by (x (), £(x (7)), y(x(2)), n(x(¢))).
O

3.2. The Bicharacteristic Flow Near Glancing

We now focus on trajectories which encounter Y tangentially. In order to handle
the flow in this setting, we will make some additional assumptions on the potential
V and the surface Y. Indeed, we assume that V € W2 (R,; C OQ(IR"’,_I)) and the
surface Y is (locally) such that for any defining function f : M — R for Y,

(p=0.f=0 Hyr*f =0 Hir"f=0}=4, (3.5)

where 7w : T*M — M is the canonical projection. The assumption itself deserves a
small comment since a priori Hg is not well defined. However, since 7* f depends

only on the position variables in M, Hy f = 0 and we interpret Hgn* f as

Hgn*f = (H|g|§ + HV)(H|§|§7T*f),
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which is well defined.
We include here an alternate characterization of the condition (3.5) in terms of
the Riemannian geometry of Y.

Proposition 3.2. The curvature condition (3.5) is equivalent to the condition
VNV & conv(2Vky,...2Vky_1), (3.6)

where N denotes a choice of unit normal to Y, k; are the principal curvatures of
Y, and conv denotes convex hull.

Note that a change of orientation of Y changes the signs of both N and of the
principal curvatures, so that the condition (3.6) is independent of orientation.

Proof. The condition (3.5) is equivalent to the condition that along the projection
to M of the Hamilton flow on the energy surface, we never have x = 0, x = 0,
X =0.

As the Legendre transform of our Hamiltonian is L(z, z) = (1/4) |i|§ - V(2),
the equations of motion in the base read (with V denoting the Levi-Civita connec-
tion)

Viy = —2VV.

Thus if y(0) € Y with y(0) = v € TY (i.e., x = 0), then (with N = Vx denoting
the oriented unit normal vector field)
X =Vy(y,N)
= (Vyy, N) + (v, VyN)
= <_2VV’ N) - (I[('U, U), N)v
where we have used the equation of motion (and the fact that v = y) in the final

equality, and where I denotes the second fundamental form.
Thus, the condition (3.5) is now equivalent to

(I(v,v) +2VV,N) #0 (3.7)

for v =y € TY. Now owing to conservation of the Hamiltonian, we have |v|§, =
—4V, hence the equation (3.7) is equivalent to

QVI(®, d) — VV, N) £ 0

where 0 is the unit vector in direction v. The range of (Ii(e, ), N) on the unit
tangent space is the convex hull of the principal curvatures, hence the condition is
that (VV, N) not lie in the convex hull of 2V times these values. O

Lemma 3.3. Suppose that V. € W21 (R,; COO(R;’I)) and py = (x0, &0, Y0, N0)
satisfies

x0=0, & =0, (Hyx)(po) = (Hp&)(po) # 0,

then there is a neighborhood of t = 0 such that the solution to (3.3) with initial
condition (xg, &y, Yo, o) exists and is unique.
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Proof. First, notice that

(Hp&)(po) = 0xr(po) # 0.

For ¢t > 0, define

2197 (po) 12 5
Ri(0) = / sup(182r (s, y. mI)ds + |1].
—2[9,r(po)|t> ¥.n

Observe that since r € W21,
lim R (¢) = 0. (3.8)
t—0

Also note that Ry (¢) is increasing and strictly positive for ¢ > 0.

Since the right-hand side of (3.3) is continuous, absolutely continuous solutions
to (3.3) exist; it remains to prove uniqueness.

Suppose that p(¢) := (0'(¢), £(t)) with p’(t) = (x(¢), y(t), n(¢)) is an abso-
lutely continuous solution of (3.3) with (x (0), £(0), y(0), n(0)) = (0, 0, yo, no) =:
0. Then we claim that p/(r) € C2, £(t) € C', and

x(t) = d,r(po)t* + O R1 (1)),
E(t) = der(po)t + O(tR (1))
2
y(©) = yo — ,r(po)t + %(3y2nr(po)3nr(00) — 027 (p0)dyr(p0)) + O (> R1 (1)),

2
1) = 10+ By (o)t + 503, (P0)yr (o0) = B (p0)d,7 (o)) + OG> Ry (1),
3.9)

First, observe that
t
p(t) = p(0) +/0 F(p(s))ds,

with F € WL-I. Therefore, since p is continuous p € €Y and hence p € Cl. Next,
observe that since & € C!,

(1) = 0xr(po)t + o(1),

Next, we consider x (¢). First observe that

t
x(1) = / 26(s)ds = dyr(p0)1” + 0(%),
0

and, since £ € Cl,x(t) e C2.
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We now prove the error estimates in (3.9). Start by observing that

£(1) = fo ber (o w))du
— 13,7 (o0) + /0 /Owwaxr(x(s), ¥, 0(5)), A(5)) ds duw
— riur (o) + [ t / (Vi (e(s), ¥(), 1)), (3(5), 7(5))) ds duw
+/Ot/0wa§r<x(s),y<s>, 1) (s) ds du
= 19 (po) + fo t fo C (Vmder (x(5), y(5), 1), (55), 7(s))dsdw

t rx(w)
+ / / 9r(z. y(s(2)). n(s(2))) dz dw.
0 Jo

Here s : [0, x(¢)] — [O,¢] is the inverse of the map x : [0,¢] — [0, x(?)].
Therefore, for |¢| small enough, since p € C! and |x(w)| = |87 (po)|w? + o(w?),

|6(t) — 13, (po)| < C1R (D). (3.10)

Furthermore,

t N
x(t) = / 2/ dxr(p(w))dwds
0 0
t N w
= oo+ [ 2 [ [F 98,5606, 56 s dds
Therefore, arguing as above and again using that p € C!,
% (1) = 1%0xr(po)| < CE*Ri(0).

For y(t) we write

t
¥ = yo — fo 3, (p(s))ds

t w
= Yo — dyr(po)t + /0 /O 35,7 (p(5))yr (p(s))

— 83,r (p($))26(s) = B (p())dyr (p(s)) ds dw.

As dyr, Oyr, 8)2,,7r, 83;’ eCl, Bfnr € C% & € C!, one then easily checks that y € C2,
and that the equation for y(z) in (3.9) holds. The argument for 7(¢) is identical.
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We are now in a position prove the uniqueness of our solution. Suppose that
p1(1) = (p} (1), E1(1)) and p(1) = (pj(1), &2(1)) solve (3.3) with p1 (0) = p2(0) =
(0, yo, 10, 0), Then

161 = &21(1) £ 10:r (0] (1)) = 9 (5 (1))

1
= /0 O2r (P} (1)s + (1 = $)p5 (1) (x1 (1) — x2(1))ds
1
+/0 (Vi dxr (p1(1)s + (1 = 5)p3(1)), (vi, n)(@) — (y2, m2) (1))ds

1
S (/0 031 (o} (1)s + (1 = $)p5 (1) |ds + c)|p{(z) — ph@)]
(3.11)

Next, observe that, since |3 (dyr, 3,7)| < C,

1p1(1) — p5(0)] = 2161(1) — E2(0)] + [(Byr, 3yr) (1 (1)) — (dyr, 3yr) (5 (1))
= 21611 — (0] + Clpy (1) — py ()]

In particular, for 0 < ¢ < 1,

1o} (1) — ph(1)|e "

<2 fo e g1 (s) — Ea(s)Ids

t s 1
§2/ e*CS/ / (192r (o w)s" + Py w) (1 = )] + C ) ] (w)
0 0 JO

— py(w)|ds’ dw ds

1 t s
§C//f(|a§r(p1<w>s’+p§(w>(1—s/>)|+C)|p;(w>
0 Jo JO

— py(w)|w 2R, (w)w? Ry (w)dw ds ds’
< Cllpr ()

1 pt ps
—pg(-)|<-)‘2R;1(-)||Loc(o,f>/ f f (192r (o w)s” + p3w) (1 = D] + C )w?
0 Jo Jo

Ri(w)dwds ds’.
(3.12)

for the final inequality, note that (3.9) implies that ||| o} (-)— p5 ()| (-)_2R1_1(~) | L2 (0.1)
< C < oo. Now change variables, replacing w by z = s'x1(w) + (1 — s")x2(w);
let w(z) denote the inverse map. We further split o’ = (x, p”), i.e., p” = (v, n).
Since

inf [s"% (w) + (1 — s )x2(w)| = clw],
s’€[0,1]
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we obtain

t s
fO/O (\szr(pi(w)S’+p§(w)(1fs/))lszl(w)dwds

f o W@ R (w())
_ 2 " ’ 7 _
- /0 /0 (1020 . o @)+ pf (e (1 =] e Bz s

< CtR (1) /Ot [Om) 1927 (z, p} (w(2)s" + pY (w(@))(1 — 5'))| dzds
< CRR (O]
Using this in (3.12) shows that for 0 < ¢ < 1,
o1 (0) = P51 RT (1) £ Colllpi () = Py >R Oll o0, R (1),

(3.13)
Hence (3.13) and (3.8) implies that
lim |p} (1) — p5(1)|t >R, (1) = 0. (3.14)
t—0t

Let
to :=inf{t > 0: R (1) > Cy'},

and suppose there is 0 < t, < g, with [p](t) — p5(t)| > 0 (9 < oo by (3.8)).
Then, since ,0{ , ,oé are continuous and (3.14) holds, there is 0 < ¢, < t, such that

0 < llpi() = P OIO 2R Ol 0,1
=101 (tm) — P4 (tm) 1t > Ry (tm)
< Colllpf () = PAOIO 2R Ol 220,00 R1 ()
< Colllp] () = P5OIO IR Ol (0.0 R1 (1),
Dividing by [|1p} () = 05() () 2Ry ()2 (0.1,), we obtain
I < CoRy(ty),

which is a contradiction, since Ry (tx) < Cy I
Thus, pj(t) = p5(¢) on [0, o] and hence, from (3.11), we have p;(t) = p2(t)
for t € [0, fo]. An identical argument applies for r € [—1p,0]. O

4. Semiclassical Preliminaries

4.1. Defect Measures

We recall here the notion of a defect measure. Let 2, — 0 and {u(hn)}ff:] C
L%(M). For a Radon measure 1 on T*M, we say that j is a defect measure for the
Sfamily {u(h,)} if there exists a subsequence /,,, such that, foralla € C2°(T*M),

Jim (Op(@)u (), uChn) 200 = f adu. @.1)
We now recall the following fact about existence of defect measures (See [10,
Theorem 5.2]):
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Lemma 4.1. Suppose that sup,, |lu(h,)|l;2 < oo. Then there is a subsequence
ng — oo and a positive Radon measure v such that u(hy, ) has defect measure .

Remark 4.2. By Lemma 4.1, defect measures exist for bounded families; they have
no reason in general to be unique, however. Our results are formulated to apply to
any defect measure associated to a family of solutions to the Schrodinger equation.
By Lemma 4.1, though, we may as well pass to a subsequence which is pure in the
sense that (4.1) holds. We will do this freely from now on, henceforth restricting
our attention to the pure subsequence.

Moreover, to ease notation below, we will often go further and drop the sequence
notation entirely to simply say that u has defect measure p, leaving the sequence
implicit.

4.2. Tangential Operators

When analyzing our operators in the hyperbolic region, we will have cause
to use a family of tangential pseudodifferential operators which we define here.
For a concise treatment of semiclassical pseudodifferential operators, semiclassical
wavefront set, and microsupport, we refer the reader to [6, Appendix E].

Definition 4.3. Given )V a normed space of functions on R, we write
M= (R W™ (RE1)).
We let W\I’?”“" denote those families A (x) where WF}, (A (x)) lies in a fixed compact

subset of T*IR,, for all x.
For symbols a € W(R; §™(R?@=D) Jet

Op" (@pu(x. y) = / H O Ma(x, y, mutr, y)dndy.

1
QQmh)d-1
We also define the symbol map o7 : W\IJ.’l-" — W(R; §™(R2@-Dy) by

ot(A)(x, y, n) =0 (AX)(y, n).

We will require the following result about composing tangential operators with
ordinary semiclassical pseudodifferential operators with compactly supported sym-
bols.

Lemma 4.4. Let a € C°((—¢, &); CX(T*R~1)) and x € CX°(T*M). Then
Op' (@) Op(x) € ¥;"™
and this operator has principal symbol a .
Proof. This result follows from writing
Op' (@) = Op(alx, y, m).

where we view a as a constant symbol in the £ variable (dual to x). The composition
is then an ordinary composition of pseudodifferential operators with symbols in
S(1) asin [10, Section 4.4]. 0O
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5. Technical Estimates

5.1. Elliptic Estimates

We start by giving elliptic estimates when the potential V is only continuous.

Lemma 5.1. Let P = —h*Ag + V with V € C°, and p = |§|3 + V. Then for all

A€ \Il]%(M) with WFL(A) C {p # 0}, there is C > O such that for all u € LZ(M)
with lim sup;,_,¢ llu|l;2 < oo,

lim sup ||Aull;2 < Climsup || Pul ;2.

h—0 h—0
Proof. Since V e C°, there is V, € C* such that

lim |V, -V =0.
lim Ve = Vileo

Indeed, one can construct V; locally as follows. Let { x; } lN: cC ©°(M) be a partition

of unity on M with supp x; C U; and (¢; : U; — R4, U;) a coordinate system on
M. Then, let ¢ € C°(RY) with [ ¢ = 1, define ¢ (x) := ¢~ (¢~'x), and put

Ve =Y [GaV)ow; ' #oe] oy

1

Now, let P, = —thg + Ve. Then, for A with WFy(A) C {p # 0}, we have
for ¢ small enough WFy,(A) C {|p| = ||S|§ + V¢| > ¢ > 0} and hence, by the
standard elliptic estimate [6, Theorem E33],

limsup ||Aull;2 < Climsup || Peu| 2
—0 h—0

< Climsup || Pulz2 + Climsup [|[(V — Vo)ull 2
h—0 h—0

< Climsup [[Pullz2 + CIV = Velleo lim sup [lu 2.
h—0 h—0
Since the left-hand side is independent of ¢ > O, this implies the lemma after
sendinge — 0. O

Before stating our next lemma, we recall that a pure sequence is one along
which (Opauj, up) converges to w(a) for a unique defect measure.

Lemma 5.2. Suppose that V € C°, |lull;2 < C and Pu = (—h*Ag + V)u =
o(1) ;2. Then there is x € C°(T*M) such that

FOp(1 = x)ull 2 = o(1). (S.1

Furthermore, ifuy, is a pure sequence with defect measure (1, then supp u C {p = 0}
and

u(lp =0} = lim flu7,.
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Proof. Let x = 1near {p = 0}. Then, we apply Lemma 5.1 with A = Op((&)?(1 —
X)) to obtain (5.1).

To see that suppu C {p = 0}, leta € C°(T*M) with suppa C {p # 0}.
Then, by Lemma 5.1

[ Op(@ull;2 = CllPullp2 +o(1) = o(1).
In particular,

ln(@)] = | lim (Op(a)u, u)| = Clirhn sup I Op(@)ull 2 = 0.

Finally, to see that u({p = 0}) = limj,_0 ||| 2, observe that, by (5.1)

lim sup [[u]|7, = lim sup(u, u) = lim sup(Op()u, u) = p(x).
h—0 h—0 h—0

Similarly,
lim inf ||u 2 =M
lh 1 ” ”[2 (X)

and hence, limy,_, ¢ ||u ||%2 = wu(x) which implies the final claim. |

5.2. L*®L? Estimates

In this section and the following, we discuss the factorization of semiclassical
operators in the hyperbolic set near the interface Y and its consequences; for related
computations we also refer the reader to [3, Section 2].

To begin, we explore the consequences for energy estimates of having any
operator in factorized form. In this section, we consider two (potentially different)
factorized operators Y'i:

Yy = (hDy — A)(hDx + Ao) + hE-,

(5.2)
Y_ = (hDy + Ag)(hDy — Ag) + hE_.

Here E_,E, € LI\IJ} and Ao € L™ W1, with a real valued principal symbol. In
practice, the operators Y+ will be nearly equal.

Lemma 5.3. Suppose that Ay(x) is elliptic on WFp(u(x)) for all x € (—2¢, 2¢).
Then there is C > 0 such that

1 Dxttll oo ((—e.00023 F Nl oo ((—e.)022
< Cllullyy + ™ Ul 2+ 1l 2).
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Proof. Suppose that Y1u = f1 and put
vy = (hDy %+ Ao)u (5.3)
so that
(hDy F Ao)v+ = f+ — hE1u.
For x € C°((—2¢,2¢)), equal to 1 on (—¢, €),
(hDx F Ao)x (X)vx = x fx + [hDx, x]vx — hx Exu.

Therefore,

o0
lx ve@)l7, = —in™ f hD [ x (5)v(s) 17, ds

:h_I/ 2Im(E£A0x ($)v£(5), X ($)v£(5)) 2

+2Im(x e (5), x (v () 2

+2Im (i~ hy (5)ve(s), x (5)va(s))
—2Im(hy(s)E+u(s), X(S)vi(S))Lg_ds

< Cllogl?, + Ch72| 1%,
o0
+C f g (lx (v, + ||x<s)u(s)||§,hl )ds,
X Y \y

where g(s) € Llloc, and where we have used the fact that Ao has real principal

symbol in our estimate of the corresponding term above. Considering v — v_ and
using ellipticity of Ag on WFy(u(x)), we have

||x<x>u<x>||i,hl’)_ < CUlx (s I, + X 0v-()lZ, + O™ lu(0)llLz)
< Closlgz + =112 + 0™ lul 1
+ Ch2 (172 + 11172
+ C/:o HOUPIOLNOI

+ X v- ()72 + Ix©u)l,; Hds.
y h.y
Thus, since ||vL]l;2 < C||u||th, all together, we have

xR+ X O IZ, + Ix @)v- @)z,

< Clullyyy + Ch2 filiga + 1 172)

+C / g Ux®ve @72 + X ©v_172 + lx ©u)l, Hds.
X y y h,y
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Hence, by Gronwall’s inequality, for all x,
I I+ X @IZ, + X @v- @)z
.y )
< C(lulizy +h2 A fellge + 11 )eleler,

and we obtain the desired pointwise estimate on u for x € (—¢, €), where y = 1.
The estimate on 4 D, u now follows, since

IADxu(x)l2 < Cllu g+ v l2)-

6. Estimates for the Schrodinger Equation

We now consider defect measures for solutions to Schrodinger equations with
low regularity, conormal potentials. In particular, we assume that V € W11 ((—2e,
2¢); C*°(Y)) and use Fermi normal coordinates relative to {x = 0} so that in the
notation of (3.2),

P = (hDy)* — r(x, y, hDy) + h(a(x, y)hDx +r'(x, y, hDy)),

withr € IW({x = 0}; S2(T*RI™)), ' € C®(Ry; SHT*RY™!)), and a € C*™.
Now conjugate by e2 Jo 46245 16 obtain

Y = o2 Jo a6 pemi [y a6 )ds — (np Y2y (x,y, hDy) + hd(x, y, hDy),
with @ € C®(R,; SHT*RI1Y).

Lemma 6.1. Let V € W1 ((=2¢, 2¢); C®°(Y)). Suppose that x € C°((—2¢, 2¢);
CSO(T*R“!’I)) with supp(x) C {r > 0}. Then there is A € Wl'l\lf-}- satisfying

Y Op(x) = (hDx = A)(hDx + A) Op" () +hE4 OpT () + Oh™)y 11y =

= (hDy + A) Dy = A)Op! (1) +hE-Op" (1) + O™y

with Ex € LI\IJT and the symbol A satisfying

oMy =+rx, y,Dxx,y,n).

Proof. Lety € C°((—2¢, 2¢); C?(T*Rd_l)) with ¥ = lonsupp x andsupp x C
{r > 0}.Put A = Op"(/r7) € V"W Then,

(hDyx — A)(hDy + A) = ((hDy)* — A* + [hDy, A])
= (hDy)? = Op' (ri®) + O ()y11ggomn + (D, Al

. 1,1
Now, since A € W@,

[AD,, A] € h“'wl.
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Next, observe that, since ¥ = 1 on supp x,
Y O0p"(x) = [(hD)* = OpT rZ)10p" (X) + O ™)1y,
In particular,

Y Op"(x) = (hDy = A)(hDx + A) Op' () + hE+ Op' () + O(h™)y1y, .

. 1
with E, e £ \IJ-ll-.
An identical argument shows that

Y Op' (x) = (hDx + A)(hDx = A) Op" () + hE-OpT () + Oh™)yr1 .
with E_ as claimed. |

Lemma 6.2. Suppose that X € COC\IJ-? with WFL(X) C {r > 0}. Then
1D Xl w022 + 1Xull iy, S CUlullpz +h7 1 Pully2),

Proof. First, observe that o(Y) = &% — r(x, y,n) is elliptic for |(&, )| large
enough. Therefore, by Lemma 5.1 there is x € Cé?"(T*Rd) such that

FOp(1 =)l 2 = Cllvllgz + ICull2)-
In particular,
Ivll 2 = Clvllgz + 1wl 2 + |l OpGOvli2) S C(llvll2 + ITv][22). (6.1)
Now, let X = e Jo at:0)ds xo=3 fy als,0)ds ¢ Coo‘ll(T) and observe that WFy, (X) =

WFy(X) C {r > 0} C ell(A), hence, there is x € C2°((—2¢, 2¢); C°(T*R4~1))
with x = 1 on WFp(X) and supp x C {r > 0}. In particular,

Xv=0p'(x)Xv+ O (h™)coey-ov.

Consequently, Lemma 6.1 now implies that X satisfies equations
YXv=(hDy — A)(hDx + A)Xv+ hE{Xv — Rv
= (hDy + A)(hDy — A)Xv+hE_Xv — R_v,

with
R =001, .
+ ( )W1 ]‘IIT
Now let
Y+ =Dy — A)Y(hDy + A)+hE4,
Y_ =Dy + A)(hDy — A) + hE_.
Thus

Yi(Xv) = Y(Xv) + Ryv,
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hence Lemma 5.3 implies that for all N € N,
XVl e < CUXVI +h7HC X0l 2 + AV [v]l2)
< C(lvlly + A XYl 2)
< C(wll2 +h~ T ll2).

Put v = e2Jo @624y g0 that Tv = e2 /o 46945 py and note that, since
a e L' ((=e e); C¥RI™),
IXull oy < CIXvl ey < CAII2+CRTNIT 0] 2)
< Cllullg2 + Ch™ 1| Pull2).
In addition, since a € L®((—2¢, 2¢); C®(RI~1)),
1D Xull oy S CURD XVl oy +RIXV] oy )
< C(wlig2 + Ch™ T 12)
< Cllullz2 + Ch™ Y Pul|12). O

7. Defect Measures for the Schrodinger Equation

In this section we continue to assume V € W11 ((=2¢, 2¢); C>°(Y)). Our main
result here is Lemma 7.3, which, together with the elliptic estimate in Lemma 5.2,
establishes Theorem 1.3.

We now suppose that Pu = o(h) 2, |lu| ;2 < C and study defect measures for
u. Recall again that a pure sequence is one along which (Op auy, u;) converges to
wu(a) for a unique defect measure.

Lemma 7.1. Suppose that ||u||;2 £ C, Pu = O(h);2, and uy, is a pure sequence
with defect measure w. Then, for a € L' ((—¢, €): Cf"(T*]Rd_l)), with suppa C
{r > 0},

lim sup | (Op" (@u. u)| +1(Op" @hDsit.w) = Clallyg. (D)

In addition, for a € L'((—¢, ¢); C(?O(T*Rd_l)) with suppa C {r > 0},

}}in})(opT(a)u, u) — ua), }}inb(opT(a)thu, u) — p(ak).

In particular, ifa € L;L;‘,’, and suppa C {r > 0} then a, a& € L' ().

Proof. We startby proving (7.1).Leta € Li((—¢, ¢); C?(T*Rd_l)with suppa C
{r > 0}. Fix x € C®((—¢, &); C2°(T*R?~") equal to 1 on suppa and supported
in {r > 0}; thus Op" (x)*Op'(a)Op' (x) = Op'(a) + O(h™) ;g Using

Lemma 6.2 to estimate OpT( x)u, and Lemma 5.2 to estimate |u|| 2> We have



Arch. Rational Mech. Anal. (2024) 248:37 Page 21 of 28 37

lim sup |(Op” (a)u, u)|
h—0

<hmsup\ / (OpT (0" 0pT (@) OpT ()W) (). u(x)) dex\+th“P0(h°°>|lullLooLz
= lim sup \ / ((OpT (@) Op" (x)u)(x), (OpT<x>u>(x)>L;dx\ + lim sup O (%) ully,
N —
< 1i;n sgp/ I OpT(a)(x)IILgﬁL% ||(OpT(x)u)(x)||izdx
— : !
< timsup | 0T Oul 5 [ 10D @)l 130
<1 2 -2 2 T
< lim sup(lull}, +h >[I Pul}>) [ 110pT @ ()12 r2dx
h—0
< Climsup/ I OpT(a)(X)||L2—>L§dx
h—0 ! v

< C/Sllpl(f(a)(x,y,n)ldx

y.n
< Cllo@lzyps-

Here we have crucially used Lemma 6.2 to estimate Op' () )u in terms of u and
Pu.

By the same line of argument (again using Lemma 6.2, as well as the O (h)
bounds on commutators)

lim sup |(Op' (a)h Dyu, u)|

h—0

= limsup | f (0T (0" OpT (@) OpT (O D) (), () 13dx|

+1im sup O ()l o3 Dl 13
<hmsup\ / (OpT @h Dy OpT () (), OpT ()u(x)) 20|

+| f (O @IOpT ). AD.J)(x), OpT ()u(x) 13dx]

+ lim sup 0(h°°)||u||

h—0
= timsup| [ f (Op" (@ OpT ()W) (), (A D Op (X)) (¥)) 20|

+ lim sup Ch||u||LooL2

h—0

<1ImSUP/II op (@)* N2 121 (h Dy op' (X))u)(x)IILZII(Op (Ou) ()l 2dx

< 1im sup |13 Dy Op" ()l 221211 OPT GOl o2 / 1 0pT (@) ()1l 2, 12 dx

h—0
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< limsup(ullyz + ™) Pully2) / 10" (@)* ()l 12 L2dx
= Cllo@liLirg-
This completes the proof of (7.1).

We now prove the rest of the Lemma. By Lemma 5.2, there is x € C2°(T*M)
such that (1-Op(x))u = O (h) ;2 and hence fora € CX((—e, &); C(T*RI7Y),
by Lemma 4.4,

(Op" (@)u, u) = {Op' () Op(u, u) + O(h) — p(ax) = ua),
(Op' (@)h Dyu, uy = (Op" (@)h Dy Op(x)u. u) + O(h) > plaxé) = pu(at).

Therefore, by (7.1),
lu(a)| + [n(aé)| = CllallL;L;g;-

In particular, by density, ifa € L}CL‘yx,; withsuppa C {r > 0}, thena, a& € L' (n).

Now, let ¥ € C®((—1,1)) with [¢(x)dx = 1, and define ¥, (x) :=
e~y (e x), and let @ € L'((—e,&); C(T*RI~1)) with suppa C {r > 0}.
Define a; := Y * a so that a; — a in L'((—e, ); C®(T*RY~") and, for & > 0
small enough, suppa, C {r > 0}.

Then, by (7.1)

lim lim sup {(Op" (as) — Op' (@))u, u)| + |{(Op" (az) — Op" (@))h Dyu, u)| =0
&=V h—0

and by (7.2)

(Op' (ae)u, u) = plae), (Op' (ae)h Dy, u) = p(agf).

lim lim
h—0 h—0

Therefore, since

{a e L;L;‘,’, : suppa C {r > 0}} c L'(w),

we have
lim (Op" (a)u, u) = lim p(a;) = p(a),
h—0 e—0
lim (Op" (a)h Dy, u) = lim p(a:&) = (u(at). O
h—0 e—0
We now compute (1 (Hpa) for certain special test operators a.

Lemma 7.2. Suppose that ||ull;2 £ C, Pu = o(h) 2, and uy, is a pure sequence
with defect measure . Then for aj € CZ°((—¢, €); C?O(T*Rdfl)) with suppa; C
{r > 0},

W(Hpy(ao +a1)) = 0.
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Proof. First, observe that since, by Lemma 5.2, ||u|| H] <cC,

([P, Op' (ag) + Op' (a1)h Dylu, u)|
< [{(Op (ag) + Op' (a)h Dy, )u, Pu)|
+ [{((OpT (a0) + Op' (a)hDy,) Pu, u)|
< Clull gy Il Pul 2 = o(h).

Now, for a € C®((—¢, £); C(T*R4~1))

ih™'[P, Op’(@)] = 20p" )k Dy — Op' ({r, a}) + h Op' (e1) + O(h™) 11y,

ih™'[P,hD,] = Op' (d;r) + hOp' (e2)h Dy + O(h”)wl,.w;w

for some ¢; € Wh1((—¢, &); C(T*R?~1)) with supp e; C supp a. Consequently,

ik~ ([P, Op (ap) + Op (a1)h Dy lu, u)
= ih " ([P, Op' (ao)] + [P, Op" (a)1hDx + Op' (a1)[P, hDy)u, u)
= ((20p" (8xag)h Dx — Op" ({r, ao}))u, u)
+{(20p"(8;a1)hD, — Op" ({r, a1 }))h Dy + Op (a1) Op" (3.r))u, u)
+ h((OpT (bo) + Op' (b1)hDy)u, u)
= ((20p" (8xag)h Dx — Op" ({r, ao}))u, u)
+(((=0p"({r, a1}))h Dy + Op (a1) Op' (8:r))u, u)
+(20p" (8a)(P + Op' (r)u, u)
+ h{(Op" (bo) + Op' (b2)h Dy )u, u)

with b; € L'((—e, £); C°(T*RY~1)) and suppb; C {r > 0}.
Using Lemma 7.1, together with the fact that ||u|| H) < C, we obtain

0= /}in})ih_l (LP, Op" (ag) + Op" (a1)h Dy u, u)

= u(20xao§ — {r, ao} — {r, a1} + a10xr + 20xa1(p +r))
= u(Hp(ao + a1§)),
and the lemma is proved. O
Finally, we extend the previous lemma to any test function a € C2°(T*M).
Lemma 7.3. Suppose that ||ul|;2 < C, || Pull;2 = o(h), and u has defect measure
w. Then for all a € C2°(T*M) supported close enough to {x = 0} with suppa C
{r > 0},

w(Hpa) = 0.



37 Page 24 of 28 Arch. Rational Mech. Anal. (2024) 248:37

Proof. Define

ae = 3(a(x. & y.n) +alx, =& y.n),
ay = gp(a(x.§, y,m) — alx, =&, y,m).

Then a,, a, € C2°(T*M) and both are even in £&. Moreover,
a=a,+ ayk.
Since a, a, are even in &, there are a,, a, € C2°(T*M) such that
efo(X,§, Y. 1) = defo(x, €2y, 10).
Finally, put
bejo(x,y, 1) :=deso(x, r(x,y, 1), y,1).

Then, bejo € W' ((—é, £); C(RZ"; 1)) and bejo = aeyo on {p = 0}.

Now note that by Taylor’s theorem (initially treating r as an independent vari-
able),

de/o(-xs 521 y.n) = ZlE/O(-xf r(x,y,m,y,n)
+ (52 - r('x’ y’ n))ge/o(xa E27 )’7 T], r(xv y9 71))
= bejo(x, y.m) + (67 = r(x, v, m)gefo(x. €2, . 1.7 (x, ¥, 1)

with g/, smooth in all its arguments. Hence

a =ac(x. 8%, y.m) +Ea,(x. &%, y.m)
= be(-xv y» 77) +§b0(-xv yv ’7) + pg(-xvézv y» n9 r(.x, ys 77)),

Hence, we have
Hpalp=0 = [Hp(be + bo&)]lp=0.
Therefore, since supp u C {p = 0} by Lemma 5.2, this implies
w(Hpa) = p(Hp(be + bo§)),

and hence the lemma follows from Lemma 7.2. O
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8. Propagation for C! Potentials

We now focus on the simpler case when V € Cl. In this case, it iS not neces-
sary to use special factorization structure, and one can apply directly the standard
arguments for invariance of defect measures. Although the results in this section
can be obtained from [2], we give a simple self contained proof in the semiclassical
setting. This, in conjunction with the elliptic estimate of Lemma 5.2, will establish
the propagation estimate of Theorem 1.2.

Lemma 8.1. Suppose that a € C2°(T*M). Then there is C > 0 such that for all
Vewhe®,
IOp(@), V1ll2— 12 = ChIV .

Proof. First, observe that we may work locally since for x, ¢ € C(M), with
supp x Nsupp ¢ = @, for any N, there is Cy > 0 such that

lx Op@)¥ll2sp2 < Cyh™,
and hence
Ilx Op@ ¥, V1l 212 < Ch[IV L = ChlIV [ yi1.co.
Therefore, after decomposing using a partition of unity we may replace a by
X Op(a)x for some yx, x € C°(M) with supp x Nsupp(l — x) = @, and ¥
supported in a coordinate patch.

In local coordinates, the kernel of [} Op(a)x, V] is given in local coordinates
by

K(x,y):= / B R (0, £)x () (V(y) — V(x))dE,

Q2mh)d

for some @ € C°(T*R?). Then, integrating by parts once in &, we obtain

1 ey (¥ — X, hogalx, §)) _
K(x,y) = R yE) V(y) — V(x))dé.
(9 = o [ T R0V () = Vs
. . . . h+{x—y,Dg) .
Then, integrating by parts with L := T We obtain

1 [ h+ (y —x, Dg)\N
K , = h<x ».6)
x,7) i(2nh)d/e <h+h—1|x—y|2>

— x, hdza(x, £)) .
- )ch _Syaéx 5))X(x)x(y)(V(y) — V(x))dg,

In particular,

~IVH) =V

IK (x, )| < Ch7= (™ x — y))
lx — yl

< x = y) VIV s
So that

SUP/ |K (x, )| +sup/ |K (x, )| = ChlIV]yrc.
x y

The Schur test for L? boundedness then implies the lemma. O
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Lemma 8.2. Let V € C!. Then if u € L>(M) solves
I(=h*Ag + V)ull 2 = oh) 2, ullp2 £ C < oo,
and has defect measure . Then for alla € C°(T*M),
w(Hpa) = 0.

Proof. Let {Xi}fv | € CZ°(M) be a partition of unity on M with supp x; C U;

and (Y; : Uj — R?, U;) a coordinate system on M. Then, let ¢ € cx (R?) with
[ ¢ =1, define ¢, (x) := e "¢ (¢~ 'x), and put

Vei= Y [GaV)ow; ! #oe] o v

1

Then,

[Veller =€, lim [|[Ve = V1 = 0.
e—0

Let p. = |§|§, + Ve. Then for a € C2°(T* M) real valued, we have
0= }}irr})2h_l Im(Pu, Op(a)u)
= }}in}) —ih_l((Op(a)*Pu, u)y — (P Op(a)u, u)
= lim —ihil((Op(a)Pu, u) — (P Op(a)u, u)
h—0
= lim ih~"([P, Op(a)]u, u)

h—0
= lim lim ih = ([~h*Ag + Ve, Op(@)]u, u) + ih ™[V — V,, Op(a)lu, u).

e—=>0h—0

Notice that

lim ih™([~h*Ag + Ve, Op(a)lu, u) = lim (Op(Hp, u, u) = j(Hp,).
h—0 h—0

For the second term, observe that by Lemma 8.1
lih~"([V — V., Op(@)]u, u)] < CIIV — Vellyi.oo,
and hence

lim lim ik~ "([V — V,, Op(a)u, u) = 0.

e—>0h—0

All together, we have shown that
0 = lim u(Hy,a)
e—0 ’
On the other hand, by dominated convergence,
glig})u(Hpga) = u(Hpa),

which completes the proof. O
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