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A B S T R A C T 

Magnetars, the most strongly magnetized neutron stars, are among the most promising targets for X-ray polarimetry. Imaging 

X-ray Polarimetry Explorer (IXPE), the first satellite devoted to exploring the sky in polarized X-rays, has observed four 
magnetars to date. A proper interpretation of IXPE results requires the development of new atmospheric models that can take 
into proper account the effects of the magnetized vacuum on par with those of the plasma. Here we investigate the effects of mode 
conversion at the vacuum resonance on the polarization properties of magnetar emission by computing plane-parallel atmospheric 
models under varying conditions of magnetic field strength/orientation, ef fecti ve temperature, and allo wing for either complete 
or partial adiabatic mode conversion. Complete mode conversion results in a switch of the dominant polarization mode, from 

the extraordinary (X) to the ordinary (O) one, below an energy that decreases with increasing magnetic field strength, occurring 

at ≈ 0 . 5 keV for a magnetic field strength of B = 10 

14 G. Partial adiabatic mode conversion results in a reduced polarization 

degree when compared with a standard plasma atmosphere. No dominant mode switch occurs for B = 10 

14 G, while there are 
two switches for lower fields of B = 3 × 10 

13 G. Finally, by incorporating our models in a ray-tracing code, we computed the 
expected polarization signal at infinity for different emitting regions on the star surface and for different viewing geometries. The 
observability of quantum electrodynamics signatures with IXPE and with future soft X-ray polarimeters as Rocket Experiment 
Demonstration of a Soft X-ray Polarimeter is discussed. 

Key words: polarization – radiative transfer – stars: atmospheres – stars: magnetars. 
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 I N T RO D U C T I O N  

agnetars are (isolated) neutron stars (NSs) characterized by their 
uper strong dipole magnetic fields of B ≈ 10 14 –10 15 G (Thompson &
uncan 1993 ). Powered by their own magnetic energy, magnetars 
roduce bursts of hard X-/soft γ -rays as well as persistent emission
hich spans from radio to soft γ -rays. Observationally identified 

s the soft γ -repeaters (SGRs) and the anomalous X-ray pulsars 
AXPs), they shine in X-rays with luminosities L ≈ 10 31 –10 36 erg 
 

−1 , and exhibit spin periods P ≈ 1–12 s 1 and period deri v ati ves Ṗ ≈
0 −13 –10 −10 s s −1 (see e.g. Turolla, Zane & Watts 2015 ; Kaspi &
eloborodov 2017 , for re vie ws). 
The soft X-ray spectrum ( ∼1–10 keV) is typically modelled in 

erms of two thermal (blackbody) or one thermal and one non-thermal
power-law) components. Thermal photons are believed to come 
rom the stellar surface, co v ered by either a magnetic condensate or
 gaseous atmosphere (see e.g. Taverna et al. 2020 ; Caiazzo et al.
022 ), while the non-thermal component, when present, is thought 
o arise from magnetospheric effects, such as resonant cyclotron 
cattering (RCS) on to mildly relativistic charges (see e.g. Thompson, 
 E-mail: ruth.kelly.22@ucl.ac.uk 
 There are indications that the true period of the transient magnetar 3XMM 

185246.6 + 003317 is actually ∼ 23 s (Hambaryan et al. 2015 ), twice that 
riginally reported by Rea et al. ( 2014 ). 
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yutiko v & K ulkarni 2002 ; Nobili, Turolla & Zane 2008 ; Turolla,
ane & Watts 2015 ). 
In the presence of a strong magnetic field, electromagnetic waves 

ravel through a plasma in two linear polarization modes (Gnedin, 
 avlo v & Shibanov 1978 ). These ‘normal modes’ are referred to
s the ordinary (O) and extraordinary (X) modes and have the
olarization electric vector parallel or perpendicular to the plane of 
he propagation direction and magnetic field, respectively. The two 
odes hav e v ery different opacities. The X-mode photons propagate
ith a reduced refractiv e inde x because the wave electric field is
erpendicular to the local magnetic field. This results in a reduction
f the cross-sections so that they do not interact with the electrons in
he plasma as ef fecti vely as O-mode photons, the opacities of which
re quite unchanged with respect to the non-magnetic case. Emission 
rom a magnetar is then expected to be polarized, with the degree
f polarization depending on the physical state of the outer layers of
he star and on the processes occurring in the magnetosphere. 

The launch of the NASA-ASI Imaging X-ray Polarimetry Explorer 
IXPE; Weisskopf et al. 2022 ) in late 2021 allowed us to system-
tically study the polarization of X-ray sources for the first time.
o date, IXPE has observed four magnetar sources: the AXPs 4U
142 + 61 (Taverna et al. 2022 ), 1RXS J170849.0-400910 (hereafter
RXS J1708 for short, Zane et al. 2023 ), 1E 2259 + 586 (Heyl et al.
024 ), and SGR 1806–20 (Turolla et al. 2023 ). 
With an inferred dipole magnetic field of B ≈ 1.3 × 10 14 G at

he equator, 4U 0142 + 61 was found to have an X-ray polarization
is is an Open Access article distributed under the terms of the Creative 
h permits unrestricted reuse, distribution, and reproduction in any medium, 

http://orcid.org/0000-0002-5004-3573
mailto:ruth.kelly.22@ucl.ac.uk
http://creativecommons.org/licenses/by/4.0/


3928 R. M. E. Kelly et al. 

M

w  

b  

p  

i  

i  

i  

h  

t  

r  

T  

t  

o

G  

e
3  

t  

T  

6  

e  

c  

I  

b
 

m  

d  

c  

1  

3  

i  

d  

S  

s
 

l  

H  

w  

s  

i  

p  

t  

p  

f
 

i  

fi  

t  

t  

a  

p  

b  

i  

N  

t  

D  

i  

4  

t  

m  

a  

a  

L

 

e  

i  

p  

p  

p  

t  

T  

t  

3  

a  

i  

f

2

O  

m  

s  

o
 

e  

s  

a  

c  

v  

a  

l  

u  

m  

b  

m  

b  

o  

m
 

p  

B  

Z  

(  

a  

o  

a  

t
4  

i  

T  

H  

t  

c  

p  

m  

a  

t  

c  

(  

t  

t  

f  

a  

(  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/528/3/3927/7529204 by Eastm
an D

ental Institute user on 08 M
arch 2024
hich varies considerably throughout the 2–8 keV IXPE energy
and (Taverna et al. 2022 ). At lower energies, 2–4 keV, the magnetar
olarization degree is ≈ 15 per cent and it increases to ≈ 35 per cent
n the 5.5–8 keV range. Interestingly, at 4–5 keV there is a 90 ◦ swing
n polarization angle, while the polarization degree touches zero,
ndicating that the dominant polarization mode is different in the
igh and low energy ranges. Taverna et al. ( 2022 ) suggested that
he polarization properties of 4U 0142 + 61 can be explained by the
eprocessing of thermal radiation from a condensed surface by RCS.
he 2–4 keV energy range is dominated by O-mode photons, while

he X-mode dominance in the 5.5–8 keV range is a result of RCS
ccurring in the magnetosphere. 
1RXS J1708, with an equatorial magnetic field of B ∼ 4–5 × 10 14 

, was also found to have a polarization signal which varies with
nergy. The polarization degree ranges from ∼ 20 per cent at 2–
 keV to ∼ 80 per cent at 6–8 keV. Ho we ver, unlike 4U 0142 + 61,
he polarization angle remains constant throughout (Zane et al. 2023 ).
hese authors concluded that the high polarization degree in the
–8 keV energy range can be explained by standard atmospheric
mission. The lower polarization degree around 2–3 keV could be
aused by emission from a warm condensed region on the surface.
n this picture, emission across the entire energy range is believed to
e dominated by the X-mode. 
SGR 1806–20, which hosts the highest recorded characteristic
agnetic field of B ∼ 10 15 G, was found to have a polarization

egree of 31 . 6 ± 10 . 5 per cent at 4–5 keV , but only upper limits
ould be placed at lower and higher energies (24 per cent in the
–4 keV and 55 per cent in the 5–8 keV band, respectively, at
 σ confidence level, Turolla et al. 2023 ). Despite the difference
n polarization properties of the two NSs, Turolla et al. ( 2023 )
emonstrated that, much like with 4U 0142 + 61, the emission from
GR 1806–20 is compatible with RCS of radiation from a condensed
urface. 

The most recently observed magnetar, 1E 2259 + 586, has a slightly
ower inferred characteristic magnetic field of B ≈ 6 × 10 13 G.
o we v er, the source e xhibits a phase-dependent absorption feature
hich, if interpreted as a proton cyclotron line, points at a much

tronger field, ≈ 10 14 –10 15 G, close to the surface. The polarization
s modest ( ≈ 20 per cent ) and changes with phase. Heyl et al. ( 2024 )
roposed that a baryon-loaded magnetic loop is responsible for both
he absorption feature and the larger polarization detected at the
rimary minimum of the pulse, since resonant scattering in the loop
a v ours the emergence of O-mode photons. 

Recently, ho we ver, Lai ( 2023 ) argued that this interpretation
s questionable, because the surface temperature and magnetic
eld strength of these sources are such that a phase transition

o a condensed state is unlikely (at least when the value of
he condensation temperature, which is poorly known, is taken
t face-value). Moreo v er, in the case of 4U 0142 + 61, the pro-
osed scenario implies that the spin axis of the star is close to
eing orthogonal to the direction of proper motion, while there
s evidence that the spin axis and the proper motion in some
Ss are aligned (some orthogonal geometries have been observed

hough; Colpi & Wasserman 2002 ; Posselt et al. 2017 ; Liu, Ng &
odson 2023 ). Instead, Lai ( 2023 ) proposed an alternative picture

n which the features observed in the polarization signal from
U 0142 + 61 are caused by partial adiabatic mode conversion at
he vacuum resonance, i.e. the conversion of a photon from one

ode to another due to the concurrent contributions of plasma
nd quantum electrodynamics (QED) vacuum effects in the NS
tmosphere (see e.g. Adler 1971 ; P avlo v & Shibano v 1979 ; Ho &
ai 2003 ). 
NRAS 528, 3927–3940 (2024) 
In this paper we study the effects of mode conversion on the
mission spectrum of a strongly magnetized NS atmosphere, to
nvestigate in what cases this may cause detectable features in the
olarization properties of magnetars and X-ray-emitting NSs and, in
articular, reproduce those of the sources observed with IXPE. We
erform a self-consistent treatment of the radiative transfer through
he atmosphere, including both free–free and scattering opacities.
he paper is organized as follows: in Section 2.1 , we lay out the

heoretical basis of the mode conversion mechanism and in Section
 we detail the atmospheric numerical calculation used and the
ssumptions made. In Section 4 , we present the numerical results and
n Section 5 we apply our findings to observed sources. Discussion
ollows in Section 6 . 

 T H E O R E T I C A L  B  AC K G R  O U N D  

ver the last three decades, many investigations have been devoted to
odelling the transport of radiation through a magnetized NS atmo-

phere. Ho we ver, despite this, the effects of QED mode conversion
n the polarization remain, as yet, not completely investigated. 
The early works by Romani ( 1987 ), Shibanov et al. ( 1992 ), Pavlov

t al. ( 1994 ), P avlo v et al. ( 1996 ), and Rajagopal & Romani ( 1996 )
elf-consistently modelled fully ionized NS atmospheres with low
nd moderate magnetic fields (up to B ≈ 10 12 –10 13 G), and different
hemical compositions. Emerging spectra were found to be not
ery different from a blackbody at the star effective temperature,
part from a distinctive hardening that tends to be less prominent at
arger B -fields. These models set the basic framework that was then
sed in subsequent investigations, i.e. the cold plasma and normal
ode approximations (Ginzburg 1970 ). Model atmospheres have

een computed in plane parallel approximation, assuming a constant
agnetic field parallel to the slab normal and accounting for thermal

remsstrahlung and Thomson scattering as contributions to the total
pacity. Ho we ver, only electrons and protons were included in these
odels and vacuum polarization was not accounted for. 
The disco v ery of magnetars and other highly magnetized NSs

rompted several efforts to extend these calculations at higher
 -fields, and models with B � 10 14 G have been presented by
ane, Turolla & Treves ( 2000 ), Ho & Lai ( 2001 ) Ozel ( 2001 ), Lai
 2001 ), and Lloyd ( 2003 ). Some of these codes also successfully
ccounted for different field inclinations with respect to the slab,
r, as in Zane, Turolla & Treves ( 2000 ) for energy deposition from
ccreting material. In parallel, the role of the vacuum contribution
o the opacities, which becomes important abo v e B Q = m e c 

3 / � e ∼
 . 4 × 10 13 G, has been appreciated and vacuum effects began to be
ncluded in atmosphere models, with the work of Zane, Turolla &
reves ( 2000 ), Zane et al. ( 2001 ), Lai & Ho ( 2002 ), Ozel ( 2001 ),
o et al. ( 2003 ), and Lloyd ( 2003 ). These works highlighted

he existence of density-dependent vacuum resonances, and the
hallenge of computing numerical models in the presence of strongly
eaked opacity coefficients. Besides, the breakdown of the normal
odes approximation made necessary the introduction of an ad hoc

ssumption on the behaviour of the photon polarization state near
he vacuum resonances. In these seminal works only the two limiting
ases of either no or complete mode conversion were considered
see Section 2.1 for more details). The main problem is that, while
his assumption may not be too critical when one is interested in
he calculation of the total spectrum, it can dramatically affect the
ractional contribution of the two normal modes to the total intensity
nd hence the polarization spectrum. Lai & Ho ( 2002 ), Ho & Lai
 2003 ), and Lai & Ho ( 2003 ) provided approximated recipes to deal
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ith partial mode conversion but did not compute synthetic models 
or the emergent polarization spectra. 

Among other results, the inclusion of the vacuum contribution 
n the opacities moti v ated a re-analysis of the formation of the
yclotron line by van Adelsberg & Lai ( 2006 ). Atmospheric models
ere impro v ed again through the inclusion of partial ionization (Ho

t al. 2003 ; Potekhin et al. 2004 ) and later different atmospheric
ompositions (Mori & Ho 2007 ). Ho et al. ( 2007 ) investigated
he emission from a thin hydrogen atmosphere abo v e a condensed
S surface and cyclotron harmonics were studied by Suleimanov, 
 avlo v & Werner ( 2012 ). 
The only attempts to o v ercome the ad hoc assumption of no

r complete mode conversion through numerical calculations have 
een published only very recently. Gonz ́alez-Caniulef et al. ( 2019 )
ncluded the effect of particle bombardment and returned to the 
uestion of how mode conversion impacts the spectra, investigating 
artial mode conversion as described by Pavlov & Shibanov ( 1979 ).
lthough this work deals only with the frequenc y-inte grated case, 

he analysis of the temperature profile hints at the conclusion that the
olarization degree should be substantially reduced with respect to 
he case in which no or complete mode conversion is assumed. More
ecently, Lai ( 2023 ) addressed partial adiabatic mode conversion 
hrough a magnetized atmosphere under a number of simplifying 
ssumptions (e.g. considering only two outgoing photon rays), but 
ithout a full numerical modelling. 

.1 Vacuum resonance and mode conversion 

he presence of magnetic fields with strengths around and abo v e the
uantum critical field B Q , such as those hosted in magnetars, produces
izeable effects on the propagation of radiation, both in a plasma and
n vacuo. One of the most striking consequences, which has yet to be
xperimentally tested, is that strongly magnetized vacuum becomes 
irefringent (see e.g. Adler 1971 ). This QED phenomenon occurs 
hen the magnetic field is strong enough to significantly affect the 
irtual electron–positron pairs that continuously create and annihilate 
n the vacuum around the star, causing its dielectric and magnetic 
ermeability tensors to deviate from unity. As a consequence, in a 
trongly magnetized environment both the plasma and the vacuum 

ontribute to the dielectric and magnetic permeability tensors. At the 
oint in the parameter space where the two contributions balance, 
 ‘vacuum resonance’ occurs and the eigenvalues of the wave 
ropagation equation (which are related to the oscillation direction 
f the electric field) become degenerate. 
In the case of a system including a plasma of free electrons and

ons, as well as vacuum, the components of the wave electric vector
n the plane orthogonal to the photon momentum k can be written as
Lai & Ho 2003 ; Harding & Lai 2006 ) 

E = 

1 √ 

1 + K 

2 ±

(
iK ±

1 

)
, (1) 

n a reference frame ( e x , e y , e z ), with e z along k and e y orthogonal
o the k - B plane. In equation ( 1 ) 

 ± = −i 
E x 

E y 
= β ±

√ 

β2 + r (2) 

s the wave ellipticity referred to the basis with unit vectors e ± =
 e x ± i e y ) / 

√ 

2 , r � 1 and the ‘polarization parameter’ β contains all
he dependence on the photon energy and direction, magnetic field 
trength and direction, and plasma density (see equation 18 in Lai &
o 2003 ). 
In general, photons are elliptically polarized and β fixes the 
roperties of the polarization ellipse. In an ultra-magnetized envi- 
onment, under most circumstances, either the vacuum or the plasma 
ontributions to the dielectric tensor are dominant. In these cases it is
ypically | β| � 1, resulting in | K ±| � 1 or | K ±| � 1 (e.g. Harding &
ai 2006 ). This translates into linearly polarized radiation, with 
lectric field either parallel (O-mode) or perpendicular (X-mode) 
o the k - B plane (see equation 1 ). On the other hand, for | β| � 1
he usual modal description breaks down and the polarization state 
f the wave is ill defined. The points where this happens are referred
o in literature as ‘mode collapse points’. In particular, for | β| = 0 it
urns out that | K ±| � 1 and the wave becomes circularly polarized. 

The parameter β is in general a complex quantity, in which 	 ( β)
eflects the damping of the wave by the electrons in the plasma. When
 β| � 1 it is also | R ( β) | � |	 ( β) | , so that | β| = | R ( β) | . This is also
he case in the limit in which the damping vanishes, when R ( β) can
e written as R ( β) = β0 βV (see Lai & Ho 2003 ), where 

0 � 

u 

1 / 2 
e sin 2 θBk 

2 cos θBk 
(1 − u i ) , (3) 

V � 1 + 

( q + m )(1 − u e ) 

u e v e 
. (4) 

ere θBk is the angle between the photon direction and B , u i = ω Bi / ω,
 e = ω Be / ω, and v e = ω pe / ω, where ω Bi , ω Be , and ω pe are the ion,
lectron cyclotron, and the electron plasma frequency, respectively; 
 and m are functions of the magnetic field (we used the complete
xpressions, valid for all values of B / B Q , as given in Heyl & Hernquist
997 , see also the appendix in Potekhin et al. 2004 ). A mode collapse
oint appears when R ( β) = 0, i.e. either β0 = 0 or βV = 0. The
ormer condition is satisfied for θBk = 0, i.e. for photons propagating
long the local B -field, or at the ion cyclotron frequency ( u i = 1).
n the other hand, for frequencies well below the electron cyclotron

requency, the latter is met for νe = q + m , i.e. when the plasma
nd vacuum contributions balance. This is the so-called ‘vacuum 

esonance’, which occurs when radiation crosses a layer in the plasma
ith critical density 

V � 0 . 964 Y 

−1 
e B 

2 
14 E 

2 
1 f ( B) −2 g cm 

−3 ; (5) 

ere Y e is the electron fraction, B 14 = B /10 14 G, E 1 = E /1keV (with
 the photon energy), and f ( B ) is a slo w v arying function of B (Ho &
ai 2003 ). Near the resonant density, a photon which initially has an
lmost linear polarization becomes circularly polarized and may then 
volve to a linear polarization state which is rotated by 90 ◦. Namely,
n X-mode photon can become an O-mode photon and vice versa,
 phenomenon referred to as ‘mode conversion’ (see e.g. Ventura 
979 ). 
In order to study the polarization properties across the vacuum 

esonance, two limiting cases and one more general scenario are 
sually discussed in literature (P avlo v & Shibano v 1979 ; Ho et al.
003 ; Ho & Lai 2003 ; Lai & Ho 2003 ; Gonz ́alez-Caniulef et al.
019 ). In the first limiting case, the photon ellipticities K + 

and
 − e volve independently, simply follo wing equation ( 2 ); in this
ase a photon initially polarized in the O- (X-)mode will convert
o the X- (O-)mode (complete mode conversion). The opposite 
imiting case occurs when photons pass through the resonance 
emaining in their initial polarization mode (no mode conversion). 
his means that the photon ellipticity switches between the K + 

and
 − solutions of equation ( 2 ) at the resonance. In the general case

partial mode conversion), mode conversion occurs only if some 
riteria are satisfied. These criteria depend on both the photon energy
nd propagation direction with respect to the magnetic field. 
MNRAS 528, 3927–3940 (2024) 
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M

Figure 1. The effects on the emergent radiation of the different relative 
positions of the X/O mode photospheres (dashed lines) and the vacuum 

resonance (solid line); red and blue are for X and O mode photons, 
respectively. The straight (wiggly) lines show optically thin (thick) regions. 
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Actually, it can be shown that, in the Wentzel–Kramers–Brillouin
pproximation, the amplitudes A + 

and A − of the plus/minus modes
volve along the photon path according to 

 

d 

d z 

(
A + 

A −

)
� 

[−
k/ 2 iθm 

−iθm 


k/ 2 

] (
A + 

A −

)
, (6) 

here 
 k = k + 

− k − is the difference between the moduli of the
av e v ectors and θm 

= arctan 1 / (2 β) is the mixing angle (Lai &
o 2002 ). From equation ( 6 ) it is clear that the photon ellipticity

diabatically follows the K + 

( K −) curves, i.e. without mixing, if the
ff-diagonal terms in the matrix are much smaller than the diagonal
nes. Evaluating the condition | θm 

| � | 
 k /2 | at the resonance, ρ =
V , gives a limiting value of the energy abo v e which propagation is
diabatic 

 ad = 2 . 52( f tan θBk ) 
2 / 3 

(
1 cm 

H ρ

)1 / 3 

keV , (7) 

here H ρ is the density scale height and u i � 1 is assumed. The
robability that a photon ‘jumps’ between the + and − modes (hence
emaining in its original X or O polarization mode) can be derived
rom the Landau–Zener formula: 

 J = exp 

[
−π

2 

(
E 

E ad 

)3 ]
. (8) 

n turn, the probability of mode conversion occurring is given by
 con = 1 − P J . For E = 1.3 E ad , it is P J ≈ 0.03, so that complete mode
onversion is expected. 

The way in which mode conversion influences the polarization of
adiation propagating through the atmosphere can be understood
etracing the argument presented by Lai ( 2023 ). This basically
epends on the relative positions of the X and O photospheres
nd of the vacuum resonance, as schematically illustrated in
ig. 1 assuming complete mode conversion. In the first scenario
Fig. 1 a), the vacuum resonance is at a density lower than that of
he photosphere of both polarization modes. Since X-mode photons
ecouple at higher densities (i.e. deeper in the atmosphere) there
ill be more X-mode than O-mode photons as radiation crosses the

esonance. Here a large fraction of X-mode photons convert into
-mode photons and, with both modes decoupled, this results in

adiation being O-mode-dominated at the observer. 
In the second case the resonance lies in between the two photo-

pheres (see Fig. 1 b), with the X-mode photosphere deeper inside
han the resonance. The flux before the resonance is dominated by
-mode photons, while O-mode ones pre v ail once the resonance

s crossed. Ho we ver, at this depth, the X-mode photons are free to
ravel to the observer, while the O-mode ones are still trapped and
NRAS 528, 3927–3940 (2024) 
ontinue to interact, potentially changing into the X-mode, until they
ventually reach the O-mode photosphere, resulting in a spectrum
hat therefore remains dominated by X-mode photons. 

Finally, if the vacuum resonance is at a higher density (deeper in
he atmosphere) than that of both polarization mode photospheres
Fig. 1 c), mode conversion has no effect since both X- and O-mode
hotons are in thermal equilibrium either before and after crossing the
esonance. X-mode photons then decouple deeper in the atmosphere,
t a higher depth, than the O-mode photons and the emission remains
-mode-dominated. 
In the following text we present atmospheric calculations and

ompute the expected spectra and polarization by investigating the
ase of complete, no, and partial mode conversion. In the latter case
e treat the probability using a reformulation of equation ( 8 ) suitable

or inclusion in our radiative transfer finite-difference code. 

 N U M E R I C A L  SET-UP  

or producing our atmosphere models, we re-adapted the code
y Lloyd ( 2003 ), designed for computing the radiation transport
n a plane-parallel, geometrically thin atmospheric layer with a
ully ionized hydrogen composition. Each atmosphere model is
haracterized by the magnetic field strength and inclination with
espect to the surface normal, the surface gravity, and the ef fecti ve
emperature. 

Once a trial profile of the temperature T and density ρ as a function
f depth is established, the code computes the monochromatic
pacity 

j 
ν = 

αff 
j + αsc 

j 

ρ
(9) 

nd emissivity 

j 
ν = 

εff 
j + εsc 

j 

ρ
, (10) 

ncluding both thermal free–free (ff) and Thomson scattering (sc);
ere j stands for each of the two normal polarization modes and α
 ε) is the monochromatic absorption (emission) coefficient. It then
olves the radiative transfer equations, 

d I j ν ( k ) 
ρd z 

= χj 
ν ( k ) I j ν ( k ) − ηj 

ν ( k ) , (11) 

pon writing them in terms of Feautrier variables, on an energy,
ngular, and depth mesh; the number of grid points and their spacing
an be adjusted to impro v e conv ergence. In equations ( 11 ), I j ν is the
onochromatic intensity for mode j , z is the vertical coordinate, and

k is the photon momentum, specified by the angles θk , which the
ay makes with the z-axis, and φk , the associated azimuth. Actually,
he latter angle is required only when B is not aligned with the
ocal normal (i.e. θB 
= 0) since in these cases radiative transfer
s inherently 3D in the photon momentum space because of the
referential direction introduced by the magnetic field. Standard
oundary conditions were applied: no external illumination at the top
f the atmosphere and a thermalization condition for each mode at the
ottom, where the radiation field is nearly isotropic, and I j ν � B ν/ 2.
The radiative transfer equation is solved numerically alongside

ydrostatic and radiative equilibrium conditions and the energy
alance equation on a depth, angle, and frequency mesh. A complete-
inearization technique is applied and the temperature profile correc-
ion is computed using the Uns ̈old-Lucy method (see e.g. Unsold
955 ; Lucy 1964 ; Mihalas 1978 ) to ensure flux conservation at
ll depths. The entire procedure is repeated through successive
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terations, until fractional corrections on temperature and flux drop 
elow a prescribed accuracy (typically 10 −3 in our runs). 
The code can use a modal description based either on the ( e X , e O )

r the ( e + 

, e −) basis. The appropriate choice is dictated by the
ssumed prescription for mode conversion. If no mode conversion 
ccurs radiative transfer is solved directly in terms of the X/O modes.
n the other hand, models with complete (or partial, see below) mode

onversion are computed by solving the radiative transfer for the ±
odes. In fact, for complete mode conversion, the ± modes remain 

nchanged across the vacuum resonance (and at the same time X- 
ode photons turn into O-mode and vice versa). To simulate partial, 

diabatic mode conversion, we prescribe in input a (fixed) value for
he conversion probability P̄ con and derive the corresponding energy 
hreshold by inverting equation ( 8 ) 

¯
 con = 

[
− 2 

π
ln ( P̄ con ) 

]1 / 3 

E ad . (12) 

f the photon energy in a given bin exceeds Ē con then the ± modes
emain unchanged at the resonance and mode conversion occurs for 
he X/O ones. In the opposite case, the ± modes switch, i.e. K ± →
 ∓ at the resonance. After the resonance, we reco v er the X/O modal
escription by associating the O-mode to the rays for which | K −|

1 and the X-mode to those with | K + 

| � 1. While doing this,
e e v aluate the quantity E ad at a reference value of θBk , which we

ake as tan θBk = 1 (but see the end of Section 4 for a discussion
n the impact of this assumption). We notice that this is a simplified
pproach since the conversion probability should be computed, at a 
iven energy , ray-by-ray , because E ad depends on θBk and hence on
k , φk , and θB . Implementing the proper algorithm, even if possible
t all, would require a major upgrade of our code because of the way
he scattering integrals are calculated. 

 RESULTS  

n the following text we explore ho w v acuum corrections, assuming
ither complete or partial mode conversion, impact the polarization 
roperties of the radiation emerging from a magnetar atmosphere, 
llo wing for dif ferent ef fecti ve temperatures and magnetic field
trengths and inclinations. We also investigate the effect of different 
onversion criteria on the partial mode conversion models. We define 
he polarization degree of the emergent radiation as 

D em 

= 

J X ν − J O ν

J X ν + J O ν

, (13) 

o that positive polarization degrees indicate X-mode-dominated 
pectra; here J j ν denotes the mean intensity of mode j . 

Fig. 2 shows the emergent mean intensity from atmospheric 
odels computed assuming no vacuum corrections or with vacuum 

orrections and complete or partial mode conversion at the vacuum 

esonance. The models in the left-hand column refer to an ef fecti ve
emperature of T = 10 7 K and different magnetic field strengths,
hile those in the right-hand one refer to a fixed magnetic field

trength of B = 5 × 10 13 G and different effective temperatures. In
ll cases the magnetic field is assumed to be aligned to the surface
ormal n (i.e. θB = 0 ◦). For models computed assuming a standard, 
ure-plasma atmosphere, without vacuum corrections, the emergent 
-mode intensity is almost coincident with the total intensity, while 

he O-mode intensity is significantly lower. As it is well known, this
s due to the higher opacity experienced by O-mode photons as they
ravel through the atmospheric plasma. Additionally, a very clear 
bsorption line can be seen in the spectra (Fig. 2 a) in correspondence
f the proton cyclotron energy E Bp � 0 . 63( B/ 10 14 G) keV (Zane
t al. 2001 ). 

Models computed with the vacuum contributions and assuming 
omplete mode conversion (Figs 2 c and d) paint a very different
icture with respect to the previous case. In these models, obtained
or the same parameters, the X- and O-mode intensities are much
loser together, with the O-mode having a higher intensity than 
he X-mode in the low energy range, while the opposite occurs at
igher energies. This is expected as low energy photons encounter the 
acuum resonance higher up in the atmosphere (i.e at lower density)
ith respect to the O-mode photosphere. Therefore, at the vacuum 

esonance, photons with both polarization modes are decoupled from 

he plasma, and what was a large amount of outgoing X-mode
hotons convert into O-mode photons (and vice versa a small amount
f O-mode photons convert to X-mode, see Fig. 1 a), resulting in an
mergent spectrum dominated by O-mode photons. On the other 
and, photons with higher energy encounter the vacuum resonance 
eeper in the atmosphere, eventually inside the O-mode photosphere, 
herefore the emergent spectrum appears X-mode-dominated at high 
nergy (see Figs 1 b and c). It is worth noticing that the energy at
hich the dominant polarization mode shifts from O to X decreases
ith increasing magnetic field strength (as can be seen from Fig. 2 c),
ue to the increase in the density at which the vacuum resonance
ccurs (equation 5 ). For instance, for B = 3 × 10 13 G the shift
ccurs at E ≈ 2.5 keV, while for B = 10 14 G it is well below
 keV , at E ≈ 0 . 4 keV . Interestingly, as also discussed by Zane
t al. ( 2001 ), Ho et al. ( 2003 ), and van Adelsberg & Lai ( 2006 ),
he depth of the proton cyclotron line is significantly reduced due
o the contribution of vacuum polarization. The decrease becomes 

ore pronounced as the magnetic field strength increases. We also 
otice that there is a slight decrease in the O-mode intensity at
he same energy, possibly resulting from some cyclotron absorption 
f X-mode photons which, in turn, reduces the intensity of the
hotons which are then converted to O-mode photons at the vacuum
esonance. 

In Figs 2 (e) and (f) the mean intensity for models computed
ncluding partial adiabatic mode conversion are shown, using the 
ame atmosphere parameters as abo v e to ease comparison. Now at
ow energies the X-mode intensity is significantly higher than the 
-mode one, and the difference between the two intensities becomes 

arger with higher magnetic field strengths. The proton cyclotron line 
s also clearly present, although it again appears reduced in depth as
 result of the vacuum contribution. In these models, the probability
riterion for mode conversion (chosen to be P con = 0.1 in this case)
s met at an energy E con ≈ 1 keV: abo v e this energy mode conversion
t the vacuum resonance occurs for every photon, and this translates
nto a sudden decrease in the intensity of the X-mode and increase
n the O-mode intensity. 

Interestingly, as can be seen in Fig. 2 (e), for moderate field
trengths, B ≈ 3 × 10 13 G, there are now two values of the energy
t which the dominant emergent polarization mode changes: the first 
witch occurs at E con , abo v e which the O-mode intensity becomes
igher than the X-mode, and the second around 2–3 keV. The latter
orresponds to the switch we previously discussed for the case of
omplete mode conversion (Fig. 2 c) of the same magnetic field
trength, and is the result of the vacuum resonance moving within the
-mode photosphere in the atmosphere. On the other hand, for higher
agnetic field strengths, B ≈ 10 14 G, the X-mode photon intensity 

emains dominant throughout the entire energy range. This is again 
ue to the relative positions of the mode photospheres and the vacuum 

esonance: for magnetic fields � 5 × 10 13 G, photons with energy
 E con encounter the vacuum resonance in deeper atmospheric layers, 
MNRAS 528, 3927–3940 (2024) 
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M

Figure 2. Mean intensity spectrum of the emergent radiation in the soft X-ray band as a function of the photon energy E in the cases of a standard pure plasma 
atmosphere without vacuum corrections (panels a and b), complete mode conversion (panels c and d), and partial, adiabatic mode conversion with P con = 

0.1 (panels e and f). In the left-hand column models with different magnetic field strengths at the same ef fecti ve temperature T = 10 7 K and magnetic field 
inclination θB = 0 ◦ are reported, while the right-hand one shows models with different effective temperatures at fixed magnetic field strength B ≈ 5 × 10 13 G 

and inclination θB = 0 ◦. Here, the solid, dotted, and dashed lines show the total, X-mode, and O-mode mean intensities, respectively. 
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ithin the O-mode photosphere, and the spectrum therefore remains
-mode-dominated throughout. Conversely, for fields � 5 × 10 13 G,
hotons with energy ≈E con encounter the vacuum resonance higher in
he atmosphere and outside the O-mode photosphere: this translates
NRAS 528, 3927–3940 (2024) 
n a spectrum that can be dominated by the O-mode for some part
f the energy range, resulting in two values of the energy at which
he higher intensity mode switches. Additionally, spectra exhibit a
eduction in the total intensity at energies near E con . This feature
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Figure 3. Polarization degree of the emergent radiation as a function of 
the photon energy E for different magnetic field strengths, B ≈ 3 × 10 13 , 
5 × 10 13 , and 10 14 G, with fixed ef fecti ve temperature T = 10 7 K and 
magnetic field inclination θB = 0 ◦. Here the case of an atmosphere with 
no vacuum corrections is marked by solid lines; the dashed lines denote 
models of atmospheres with partial adiabatic mode conversion and dotted 
lines refer to complete mode conversion. See the text for more details. 
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Figure 4. Polarization degree of the emergent radiation as a function of the 
photon energy E for different effective temperatures, T ≈ 5 × 10 6 , 7 . 6 × 10 6 , 
and 10 7 K, with fixed magnetic field strength B ≈ 5 × 10 13 G and inclination 
θB = 0 ◦; the line styles are the same as in Fig. 3 . 
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s ho we ver not a physical absorption feature: we tested that it is the
esult of the assumption we used for the mode-conversion probability 
approximated as a step function), and would likely not be present if
he probability was instead treated as a smooth function. For all three
roups of models, a decrease in the ef fecti ve temperature (keeping
ll other parameters fixed) from 10 7 to 5 × 10 6 K simply results in a
ecrease in the total intensity, as well as in single the X- and O-mode
omponents, but the features discussed so far remain present (Fig. 2 ,
ight-hand column). 

Fig. 3 shows the effect of varying the magnetic field strength on
he polarization degree of the emergent radiation for a magnetar with 
n ef fecti ve temperature T = 10 7 K; we also assumed a magnetic
eld inclination θB = 0 ◦, and P con = 0.1. As expected, without

ncluding vacuum corrections the emergent signal shows an increase 
n polarization with increasing magnetic field strength. Abo v e the 
roton cyclotron line, the polarization also increases with the photon 
nergy and tends towards 100 per cent polarization in the X-mode at
 ∼ 10 keV. Conversely, computations carried out assuming complete 
ode conversion result in O-mode-dominated emergent radiation at 

ow energies ( ∼0.1 keV), due to the relative positions of the vacuum
esonance and the photospheres, with a typical polarization degree 
f ≈20–30 per cent. The energy at which the dominant polarization 
ode switches from O to X decreases with increasing magnetic field 

trength, as a result of the increasing resonance density (see equation 
 ). Abo v e this energy, the polarization degree generally increases (in
he X-mode) up to ≈60–80 per cent at ∼ 10 keV , attaining higher
alues for larger magnetic field strengths. 

Finally, Fig. 3 also shows the polarization properties for the partial 
ode conversion models. In this case, photons with E < E con (which

urns out to be ∼1 keV for the parameters used here) have not met the
onversion probability criterion and therefore do not convert from 

ne mode to the other at the vacuum resonance. The polarization 
egree of the emergent radiation, at these energies, increases with 
he magnetic field strength, similar to what is seen in the no-mode
onversion model. Ho we ver, the polarization degree in the case of
artial mode conversion is reduced by ∼ 20 per cent when compared 
ith the pure-plasma atmosphere models, due to the contribution of 
acuum corrections. At E ≈ E con , the probability criterion is met 
nd photons do convert from one polarization mode to the other as
hey pass through the vacuum resonance, resulting in a significant 
hange in the polarization degree of the emergent radiation. The 
everity of the sudden decrease in polarization degree occurring at 
 con depends on the magnetic field strength (with higher magnetic 
eld strengths resulting in smaller decreases), again due to the relative
ositions of the vacuum resonance with respect to the photospheres. 
inally, at energies abo v e E con , the polarization computed in the
artial mode conversion cases is in almost complete agreement with 
he polarization from the complete mode conversion ones with the 
ame field strength, as expected. 

The effect on the polarization degree of the effective temperature 
s shown in Fig. 4 . The models were produced with B ≈ 5 × 10 13 G
nd θB = 0 ◦. The polarization degree of a standard, pure plasma
tmosphere decreases slightly as the ef fecti ve temperature increases. 
odels computed assuming complete mode conv ersion hav e a 

imilar trend with temperature in the lower energy range ( ∼0.11–
 keV ). Ho we ver, as the energy increases, this trend becomes less
 vident. Interestingly, this ef fect is less pronounced in the case of
artial-mode-conversion atmospheres, which shows the polarization 
egree marginally increasing with increasing ef fecti ve temperature. 
From Fig. 5 , the effect of the magnetic field inclination on the

mergent polarization from an atmosphere with T = 5 × 10 6 K, B ≈
 × 10 13 G, and P con = 0.1 can be seen. As expected, for complete
ode conversion, the inclination angle has little effect on the energy

t which the switch in dominant polarization mode (O to X) occurs.
o we ver, for both complete and partial mode conversion, at higher

nergies (abo v e ∼ 1 keV ) the polarization degree is increased slightly
or inclined cases ( θB = 50 ◦ and θB = 89 ◦) with respect to the θB =
 

◦ case. 
Finally, for completeness, we investigated the effect of our assump- 

ion on the probability criteria for mode conversion by computing 
odels with different values for the threshold P con , at which we

ssume that mode conversion occurs. Results are shown in Fig. 6 for
odels with T = 10 7 K, B ≈ 5 × 10 13 G and θB = 0 ◦. As expected,

he only significant change is in the value of the energy at which the
-mode intensity decreases and the O-mode intensity increases, i.e. 
 con . When the assigned threshold probability is higher, so too is the
hoton energy at which mode conversion occurs. Hence, for magnetic 
eld strengths � 5 × 10 13 G, increasing the threshold value results
MNRAS 528, 3927–3940 (2024) 
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M

Figure 5. Polarization degree of the emergent radiation as a function of 
the photon energy E for different magnetic field inclinations θB = 0 ◦, 
50 ◦, and 89 ◦, with fixed ef fecti ve temperature T = 5 × 10 6 K and magnetic 
field strength B ≈ 5 × 10 13 G. The line styles represent the different mode- 
conversion scenarios as in Figs 3 and 4 . 

Figure 6. Mean intensity spectrum of the emergent radiation, for partial 
mode conversion models with different assumptions in the probability 
thresholds. Here T = 10 7 K, B ≈ 5 × 10 13 G, and θB = 0 ◦. The solid, dotted, 
and dashed lines show the total, X-mode, and O-mode intensity , respectively . 
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Figure 8. Same as in Fig. 7 , for dif ferent v alues of θBk in equation ( 7 ). 
Here we used an ef fecti ve temperature T = 10 7 K, magnetic field strength 
B ≈ 5 × 10 13 G, and inclination θB = 0 ◦. 
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n a larger difference between the X-mode and O-mode intensities
cross the entire energy range. 

Fig. 7 shows the result of changing the value of the probability
riteria on the polarization degree of the radiation emerging from a
artial mode conversion model with an ef fecti ve temperature T = 10 7 

, a magnetic field strength B ≈ 5 × 10 13 G, and field inclination θB =
 

◦. It can be seen that increasing the required value of P con results in
 spectrum with a polarization that is more highly dominated in the
-mode. Additionally, the dependence of the polarization degree on

he assumed value of θBk in the e v aluation of E ad (equation 7 ) can
e seen in Fig. 8 . As expected from equations ( 7 ) and ( 12 ), with an
ncrease in θBk , the energy at which the probability criteria is met
lso increases. From both of these trends it can be seen that, while
he behavioural trends would remain the same, a different choice in
ngle and probability criteria would vary the earlier model results.
s it can be seen, for B = 5 × 10 13 G, the location of the sudden
rop of the polarization degree at E con mo v es between ∼500 eV and
3 keV while θBk is increased, leading to the expectation that, in a
NRAS 528, 3927–3940 (2024) 
ore realistic simulation, the drop may appear as a smooth decrease
 v er a similar energy range. Significantly, ho we ver, this ef fect is not
ufficient to cause a switch in the dominant mode in the X-ray band
or larger values of the magnetic field: for a magnetic field strength
 10 14 G, the polarization degree of the emission above 1 keV will

emain X-mode-dominated for all the probability criteria values. 
Finally, for completeness, we also examined the case of a model

tmosphere computed including both plasma and vacuum contribu-
ions but performing the radiative transfer calculation assuming no

ode conversion. This scenario was produced by setting the energy
t which the probability criterion is met to be greater than 10 keV and
herefore beyond the upper bound in energy used in our simulations,
esulting in an atmosphere containing both plasma and vacuum in
hich no mode conversion is occurring. Results are shown in Fig. 7

curve labelled ‘Standard + vac’). As it can be seen, the inclusion
f vacuum corrections to the pure-plasma atmosphere results in a
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eduction of the polarization degree in the range of ∼10–20 per cent
cross the entire energy range for a model with B p ≈ 5 × 10 13 G
nd T = 10 7 K. This can be understood because the several peaks
aused by the vacuum contribution in the X-mode opacity makes the 
tmosphere less transparent to this mode. 

 APPLICATION  TO  S O U R C E S  

he calculations presented thus far concerned the polarization 
roperties of an atmospheric layer at constant T and B as e v aluated
y a local observer, at rest on the star surface. In this section we
nvestigate the polarization pattern at infinity for models with no 
acuum corrections or including vacuum corrections and assuming 
omplete or partial mode conversion considering different emission 
eometries from the NS surface. We assume a core-centred dipole 
agnetic field, including general relativistic corrections (e.g. Page & 

armiento 1996 ), with a polar value B p = 10 14 G. In strong magnetic
elds the suppression of heat transport by electron conduction across 

he field lines produces a meridional temperature distribution T dip = 

 p | cos θB | 1/2 , where T p is the temperature at the pole Greenstein &
artke ( 1983 ). The previous, simple expression is in good agreement
ith the more accurate result by Potekhin, Pons & Page ( 2015 )

or magnetic colatitudes θ � 80 ◦, while it provides unrealistically 
mall values of T near the magnetic equator. To account for this
e introduce a minimum temperature T c and define the surface 

emperature as T = max ( T dip , T c ); T p = 10 7 K and T c = 7 × 10 6 K
ere actually used in our calculations. The star mass and radius were

aken to be M = 1 . 4 M 
 and R = 10 km , corresponding to a surface
ravity g = 2 . 4 × 10 14 cm s −2 . When computing models with partial
ode conversion, in this section we used tan θBk = 1 in the e v aluation

f E ad and P con = 0.1. 
We divided the surface into six annular patches in latitude in such

 way that the magnetic field inclination in each patch is θB =
0 ◦, 10 ◦, 30 ◦, 50 ◦, 70 ◦, 89 ◦); the patches are centred at magnetic
olatitudes (0 ◦, 19.4 ◦, 49.1 ◦, 67.2 ◦, 79.7 ◦, 89.5 ◦). For each patch we
hen computed the atmospheric model for the corresponding values 
f B and T , assumed to be constant within the patch. 
In order to obtain the spectral and polarization properties at infinity,

e follow the ray-tracing technique detailed in Zane & Turolla ( 2006 , 
ee also Taverna et al. 2015 ; Gonz ́alez Caniulef et al. 2016 ) which
omputes the monochromatic, phase-dependent flux of the three 
tokes parameters by summing together the contributions from all 

he surface patches which are in view at a certain rotational phase.
he observed flux, polarization degree, and angle depend on the star
eometry through the angles χ and ξ that the spin axis makes with 
he line of sight and the magnetic axis, respectively. 

We first consider the case of a magnetar emitting from the entire
tar surface (case A hereafter) and make reference to the IXPE
orking energy band (2–8 keV , Weisskopf et al. 2022 ). Fig. 9

hows the phase-averaged polarization degree at infinity for models 
ithout vacuum corrections, with vacuum corrections and complete- 
ode conversion and with vacuum corrections and partial-mode 

onversion, as a function of the two angles χ and ξ . Emission
rom a standard plasma atmosphere in which there are no vacuum 

ontributions exhibits a high polarization degree across the entire 
–8 keV range, increasing slightly from 2–4 to 6–8 keV (see panels 
 and b of Fig. 9 ). Differently, the models with vacuum contributions
nd both complete (Figs 9 c and d) and partial mode conversion (Figs
 e and f) show a marked increase in polarization from a maximum
f ∼ 60 per cent at 2–4 keV to � 90 per cent at 6–8 keV . 
Moti v ated by the emission geometry suggested by Taverna et al.

 2022 ) and Zane et al. ( 2023 ) to explain the polarization of 4U
142 + 61 and 1RXS J1708, respectively, we also simulated, for the
ame model parameters, the emission from a polar cap (called case
 hereafter) and an equatorial belt (case C hereafter), both with a

emi-aperture of 5 ◦. In all three scenarios (plasma, complete, and
artial mode conversion), case B remains highly polarized across 
he considered energy range, only showing a slight increase of 
he polarization with energy. By contrast, case C has very similar
roperties to case A. In all of these simulations (cases A, B, and
) the polarization angle remains constant across the entire energy 

ange, and hence, there is no switch in dominant polarization mode. 
Ho we ver, at energies lo wer than those detected by IXPE the

icture is different. Fig. 10 shows the phase-averaged polarization 
egree for complete mode conversion (case C discussed above) in 
he lower energy ranges 0.1–0.5, 0.5–1, and 1–2 keV . Unlike in the
igher energy range, the polarization degree does not monotonically 
ncrease with energy. Instead, the maximum polarization degree is 

25 per cent in the 0.1–0 . 5 keV range, drops to ≈ 0 per cent around
.5–1 keV, and then rises to ∼ 40 per cent in the 1–2 keV band. At
he same time, the polarization angle shows a 90 ◦ change between
.1–0.5 and 1–2 keV (Fig. 11 ), clearly indicating a switch in the
ominant polarization mode. Due to the higher magnetic field at the
ole, with respect to the equator, in the same energy range case B
hows no swing in polarization angle and therefore no change in the
ominant polarization mode. 
By comparison, case C with partial mode conversion has similar 

olarization properties to those with full mode conversion in the 1–
 keV range, but a higher maximum polarization of ∼ 60 per cent
n the 0.1–1 keV range (Fig. 12 ), since these energies fall below
he probability threshold for mode conversion. The standard plasma 
tmosphere model assuming no mode conversion remains highly 
olarized across the lower energy range. 
For all surface geometries (cases A, B, and C), both the plasma

tmosphere and partial mode conversion models do not show a 
hange in polarization angle and the emission is therefore dominated 
y the same polarization mode across the entire energy range (0.1–
 keV ). 
We additionally produced simulations with a lower dipole mag- 

etic field ( B p = 5 × 10 13 G). As expected, emission remains highly
olarized ( � 90 per cent ) for all the three emission geometries
cases A, B, and C) for a standard plasma atmosphere with no
acuum corrections. The models with full mode conversion show 

 change in the dominant mode across the energy range. Ho we ver, in
greement with our previous findings (see Fig. 3 ), the switch occurs
t higher energies, for a given surface geometry, when compared 
ith the higher field model ( B p = 10 14 G). For case C with full mode

onv ersion, the polarization de gree is ≈ 25 per cent in one mode
the O-mode) at 0.1–1 keV , monotonically decreases until 2–4keV, 
here it drops to ∼ 0 per cent and the polarization angle rotates by
0 ◦. At higher energies the polarization is dominated by the X-mode
nd increases to ∼ 60 per cent at 6–8 keV (Fig. 13 ). 

The model with partial mode conversion, for the same emission 
eometries, shows a polarization degree which is similar to the 
ull mode conversion case above but is higher below ∼ 1 keV , i.e.
here the mode conversion probability threshold is met, much like 
hat is seen for the B p = 10 14 G atmospheres. In cases A and B

he polarization angle does not change among the different energy 
ntervals across the entire energy range. Interestingly, however, with 
artial mode conversion, two 90 ◦ changes in polarization angle can 
e seen for case C. The difference between the polarization angle
t 0.1–1 and 1–2 keV , 1–2 and 6–8 keV , and 0.1–1 and 6–8 keV is
hown in Fig. 14 . The polarization angle and therefore the dominant
olarization mode (in this case the X-mode) is the same in the 0.1–1
MNRAS 528, 3927–3940 (2024) 
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(a) (b)

(c) (d)

(e) (f)

Figure 9. Contour plots of the phase-averaged polarization degree, as measured by a distant observer, for emission from the whole surface (case A) in the 
2–4 keV (panels a, c, and e) and 6–8 keV (second column; panels b, d, and f) energy bands, for different values of the two angles χ and ξ . Panels a and b refer to 
a pure plasma atmosphere, panels c and d to an atmosphere with vacuum contribution and complete mode conversion, and panels e and f to the case of partial 
mode conversion. All models use a dipole magnetic field B = 10 14 G and T p = 10 7 K. 
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(a) (b) (c)

Figure 10. Same as in Fig. 9 for a model with emission from an equatorial belt of semi-aperture 5 ◦ (model C), and complete mode conversion in the energy 
ranges 0.1–0.5 (panel a), 0.5–1 (panel b), and 1–2 keV (panel c). 

(a) (b) (c)

Figure 11. Same as in Fig. 10 but for the phase-averaged polarization angle in the energy bands 0.1–0.5 (panel a) and 1–2 keV (panel b); panel (c) shows the 
difference between the polarization angles in the two energy ranges. 

Figure 12. Phase-averaged polarization degree in the 0.1–1 keV range of 
emission from an equatorial belt of radius 5 ◦ (case C), of a magnetar 
atmosphere with partial mode conversion. Here B p = 10 14 G. 
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nd 6–8 keV range, but the angle is rotated by 90 ◦ at 1–2 keV and
he emission in this energy band is therefore dominated by the other
olarization mode (O-mode). 
Table 1 summarizes the main features for all three atmosphere 
odels and all three emission geometries. Significantly, for the 

artial mode conversion models we computed, the only scenario 
n which there is a dominant mode switch is case C for a field
 p = 5 × 10 13 G where there are two 90 ◦ polarization angle rota-
ions. In every other scenario the dominant mode remains the same
cross the entire energy band. On the other hand, complete mode
onversion results in a single 90 ◦ rotation in the polarization angle
i.e. a switch in dominant polarization mode) in almost every model
cenario. Ho we ver, this dominant mode switch only occurs in the
XPE energy range again for case C and B p = 5 × 10 13 G. In all the
ther cases, the polarization angle rotation occurs at energies below 

hose detected by IXPE. 

 DI SCUSSI ON  A N D  C O N C L U S I O N S  

n this work, we have presented numerical models of magnetar atmo-
pheres either with or without vacuum corrections and considering 
oth complete and partial adiabatic mode conversion. We investi- 
ated the spectral and polarization properties at the surface of the star
nd at infinity. Our results indicate that mode conversion significantly 
mpacts the polarization of emission from highly magnetized NS 

tmospheres. 
We found that standard plasma atmospheres in which there 

re no vacuum contributions produce highly polarized emission 
 ∼ 100 per cent at the star surface and � 80 per cent at infinity)
ominated by photons in the X-mode. The polarization degree 
ncreases slightly with energy o v er the 0.1–10 keV range and there is
o change in polarization angle. The inclusion of vacuum corrections 
oes affect the polarization, reducing the polarization degree. 
Our results also show that complete mode conversion results in 

mission which is dominated by the O-mode at lower energies, 
MNRAS 528, 3927–3940 (2024) 
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(a) (b) (c) (d)

Figure 13. Phase-averaged polarization degree of emission from an equatorial belt (case C) with a radius of 5 ◦ of a magnetar with a dipole magnetic field B p = 

5 × 10 13 G and T p = 10 7 K and complete mode conversion occurring in the atmosphere. 

(a) (b) (c)

Figure 14. Difference plots for the phase-averaged polarization angle for equatorial belt emission (case C) of an atmosphere with partial mode conversion and 
B = 5 × 10 13 G, for the energy bands 0.1–1 and 1–2 keV (a), 1–2 and 6–8 keV (b), and 0.1–1 and 6–8 keV (c). 

Table 1. Main polarization features for the three atmosphere models and for the different emission geometries: whole surface (case A), polar 
cap (case B), and equatorial belt (case C), the latter two with a semi-aperture of 5 ◦. 

Standard plasma Partial mode conversion Complete mode conversion 

B p = 10 14 G 

A High pol. degree High pol. degree – E < 1 keV Pol. degree increase with E 

No pol. angle change Sharp drop in pol. degree – E ∼ 1 keV Pol. angle 90 ◦ rotation between: 
No pol. angle change E = 0.1–0.5 and 0.5–1keV 

B High pol. degree High pol. degree Pol. degree � 0 – E = 0.1–0 . 5 keV 

No pol. angle change No pol. angle change Pol. degree increase with E 

No pol. angle change 

C High pol. degree High pol. degree – E < 1 keV Pol. degree drop to � 0 – E = 0.5–1 keV 

No pol. angle change Sharp drop in pol. degree – E ∼ 1 keV Pol. angle 90 ◦ rotation – E = 0.5–1 keV 

No pol. angle change 

B p = 5 × 10 13 G 

A High pol. degree Pol. degree increase with E Pol. degree reduces to � 0 – E = 1–2 keV 

No pol. angle change No pol. angle change Pol. angle 90 ◦ rotation – E = 1–2 keV 

B High pol. degree Pol. degree increase with E Pol. degree reduces to � 0 – E = 0.5–1 keV 

No pol. angle change No pol. angle change Pol. angle 90 ◦ rotation – E = 0.5–1 keV 

C High pol. degree High pol. degree – E < 1 keV Pol. degree reduces to � 0 – E = 2–4 keV 

No pol. angle change Sharp drop in pol. degree – E ∼ 1 keV Pol. angle 90 ◦ rotation – E = 2–4 keV 

Pol. degree reduces to � 0 – E = 2–4 keV 

Two pol. angle 90 ◦ rotations between: 
0.1–1 keV and 1–2 keV 

1–2 keV and 4–8 keV 

b  

X  

a  

l  

l  

a  

i  

s
 

t  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/528/3/3927/7529204 by Eastm
an D

ental Institute user on 08 M
arch 2024
ecomes less polarized with increasing energy, until it switches to
-dominated and increases in polarization again. The switch occurs

t 2–3 keV for a field strength of B p = 3 × 10 13 G but mo v es to
ower energies as the magnetic field strength increases. At infinity a
ower o v erall polarization de gree with respect to the standard plasma
NRAS 528, 3927–3940 (2024) 
tmosphere models can be seen at higher energies and a 90 ◦ rotation
n the polarization angle within the 0.1–8 keV range is present for
ome emission geometries with field strengths low enough. 

Partial mode conversion results in polarization which is similar to
he full mode conversion case above the probability threshold value.
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elow this value, the emission is al w ays X-dominated, although 
he degree of polarization is reduced with respect to the standard, 
o mode conversion, models. Additionally, for magnetic fields � 

 × 10 13 G, two switches in the dominant mode (from X-mode to O-
ode and then back to X-mode) are present as the polarization angle

otates by 90 ◦. For higher magnetic fields, no switch in the dominant
ode occurs and the emission remains X-mode-dominated across 

he entire energy range. 
We also found that none of the models discussed in this paper

s sufficient to explain the emission detected by IXPE from 4U 

142 + 61 or 1RXS J1708 in the entire IXPE energy band with a
ingle component, unless the values of the dipole magnetic fields 
nferred from the timing are o v erestimated. In the IXPE range,
either partial nor complete mode conversion results in a 90 ◦ rotation 
n polarization angle for a magnetar with magnetic field strength 
 10 14 G. Additionally, although both partial and complete mode 

onversion result in an increase in polarization degree with energy 
cross the 2–8 keV range, this increase ( ≈ 30 per cent ) is not
arge enough to explain the polarization degree of the emission 
rom J1708 at high energies, at least for the parameter values we
xplored. 

It is our prediction that, in the IXPE energy band, mode conversion
ay result in more sizeable effects in NSs with lower magnetic 
elds such as the X-ray Dim Isolated Neutron Stars (see e.g. Turolla
009 ). Additionally, this phenomenon will likely be very rele v ant
n connection with the Rocket Experiment Demonstration of a Soft 
-ray Polarimeter which is expected to detect X-ray polarization in 

he 0.2–0 . 8 keV range (Marshall et al. 2017 ). 
There is ample room for impro v ement in our work. Most notably,

he treatment of partial mode conversion relies on a fixed probability 
hreshold due to the complications in including angles in our 
robability function which would affect evaluation of the scattering 
ntegrals. The result of this is a step function, with a sharp change
n polarization at the threshold energy at which every photon meets 
he criteria for mode conversion to occur. In reality, the emission
ould have a much smoother evolution; we expect the polarization 
egree would gradually reduce, with less O-mode photons present 
t energies below E ad , where the probability of mode conversion is
lose to unity, after which the polarization spectrum would be in 
greement with our results. We also caveat that we assumed a fully
onized, pure H atmosphere in our calculations. The main purpose 
f this work is in fact to isolate and analyse the impact of different
ssumptions about mode conversion at the vacuum resonance on the 
xpected polarization signal. To this end, we assumed a simple model 
or the plasma composition (pure, ionized H). This scenario may be 
ess realistic for cool, highly magnetized isolated NSs, in which case 
ore realistic calculations should account for the effect of partial 

onization (Ho et al. 2003 ; Potekhin et al. 2004 ). This calculation
s beyond the purpose of this paper and will be a matter of future
ork. 
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