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Abstract

Evidence Networks can enable Bayesian model comparison when state-of-the-art methods (e.g.
nested sampling) fail and even when likelihoods or priors are intractable or unknown. Bayesian
model comparison, i.e. the computation of Bayes factors or evidence ratios, can be cast as an
optimization problem. Though the Bayesian interpretation of optimal classification is well-known,
here we change perspective and present classes of loss functions that result in fast, amortized neural
estimators that directly estimate convenient functions of the Bayes factor. This mitigates numerical
inaccuracies associated with estimating individual model probabilities. We introduce the leaky
parity-odd power (I-POP) transform, leading to the novel 1-POP-Exponential’ loss function. We
explore neural density estimation for data probability in different models, showing it to be less
accurate and scalable than Evidence Networks. Multiple real-world and synthetic examples
illustrate that Evidence Networks are explicitly independent of dimensionality of the parameter
space and scale mildly with the complexity of the posterior probability density function. This
simple yet powerful approach has broad implications for model inference tasks. As an application
of Evidence Networks to real-world data we compute the Bayes factor for two models with
gravitational lensing data of the Dark Energy Survey. We briefly discuss applications of our
methods to other, related problems of model comparison and evaluation in implicit inference
settings.

1. Introduction

1.1. Background
Bayesian model comparison aims to evaluate the relative posterior probability of different underlying models
given some observed data xo. The ratio of probabilities (the posterior odds) for two models, M, and M, can
be related to the model evidence via:
p(Milxo) _ p(xo|Mi) p(M;) 0
p(Molxo)  p(x0lMs) p(Mo)’
where p(xo|M;) is the evidence for model M, and p(M, ) is the prior probability of the model. The evidence
ratio for the two models is known as the Bayes factor, K (see Jaynes 2003 for details).
Under the assumption of equal prior probability for both models, the Bayes factor (i.e. the ratio of model
evidences) becomes equal to the ratio of posterior probabilities for models:

o plol) _ p(Milso)
p(xolMy)  p(Molxo)

The evaluation of the Bayes factor, given some data and taking into account all sources of uncertainty, is
typically the ultimate goal for model comparison. Bayes factors have been used or discussed in the fields of

,if p(My) = p(Mo) . (2)
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epidemiology, engineering, particle physics, cosmology, law, neuroscience, and many others (Wakefield 2009,
Yuen 2010, Jasa and Xian 2012, Feroz 2013, Fenton et al 2016, Handley et al 2019, Keysers et al 2020, Massimi
2020). Though the simplest interpretation is that of an odds ratio under equal model priors, interpretations
like the Jeffreys’ scale (Jeftrey 1998) are also popular for Bayesian model comparison. In general these
interpretations are concerned with the log Bayes factor, thought of as the relative magnitude of the odds.

1.2. Paper summary

In section 1.3, ‘Motivation’ we introduce the challenges faced in Bayesian model comparison that are solved
by Evidence Networks: intractability of computationally challenging integration, unknown likelihood/prior,
and lack of model parameterization. In section 1.4, ‘Evidence Networks & comparison with existing
methods’, we consider existing methods in the context of these three motivations.

In section 2, ‘Optimization objective’, we show how to construct bespoke losses to estimate convenient
functions of the model evidence, with focus on the log Bayes factor. Section 2.1 describes the first case of the
‘Direct estimate of model posterior probability’. Section 2.2 introduces our primary case of ‘Direct estimate
of Bayes factors, which includes the description of the novel I-POP’ transform and associated
‘I-POP-Exponential’ loss. We include a ‘Summary of “symmetric losses”™ in section 2.3.

In section 3, we discuss ‘Pitfalls & validation techniques’ with Evidence Networks. Section 3.1 describes
the practical ‘Challenge’ in validating a trained Evidence Network in the standard case in which the true
Bayes factor of the validation data is not known. Section 3.2 presents a ‘Blind coverage testing’ solution.

Section 4 presents ‘Demonstration: Analytic time-series’ This demonstration uses a ‘Generative model’
(section 4.2) defined such that the Bayes factors can be calculated analytically using a closed-form
expression. Section 4.3, ‘Evidence Network results’, describes the results of the Evidence Networks,
demonstrates the blind coverage test, and explores the choice of loss functions. Alternatives are considered in
section 4.4, ‘Comparison to state-of-the-art: nested sampling with known likelihood’, and section 4.5,
‘Alternative likelihood-free method: density estimation’.

Section 5 presents ‘Demonstration: Dark Energy Survey data), in which Evidence Networks are used to
compare two alternative models of galaxy intrinsic alignments using gravitational lensing data.

Section 6, ‘Pedagogical Example: Rastrigin Posterior) addresses a conceptual point: there are cases where
estimation of the Bayes factor (e.g. with Evidence Networks) for model comparison can be done even in cases
where solving the parameter inference problem is intractable, e.g. due to the complexity of the posterior
probability distribution.

We conclude in section 7, with section 7.1 presenting a discussion of ‘Simple extensions for further
applications’: absolute evidence (rather than Bayes factor ratios), the connection to frequentist hypothesis
testing, and Evidence Networks for posterior predictive tests.

1.3. Motivation
The challenge for Bayesian model comparison arises in the calculation of the model evidence. Assuming the
statistical model is known, the model evidence can be expressed as the marginal likelihood:

plxolMy) = / p(xol6.My) p(6]M,) do. 3)

This integral over the space of permissible model parameters 6 is often intractable. There could be three
distinct reasons for this:

(i) The integral is computationally challenging. This often renders the calculation effectively impossible
for a high-dimensional parameter space.
(ii) The probability densities p(xo|@) and p(#) are unknown.
(iii) There is no known underlying parameterization that generates the data. For example, real-world data
can be drawn from different model classes, and there may be no evident underlying parameterization.

We expand upon these three reasons in section 1.4 below. However, for practitioners used to the marginal
likelihood presentation of Bayesian evidence (equation (3)), the key points to consider first are:

o model evidence does not require an integration over model parameters.
o model evidence does not require knowledge of the unnormalized posterior distribution.

The marginal likelihood is a technique to marginalize the joint distribution p(xo,8|M;) to recover p(xo|M; ),
however a knowledge of p(xo,0|M, ) is not actually necessary to evaluate the model evidence p(xo|M).
Evidence Networks provide an alternative approach that avoids equation (3) entirely.
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1.4. Evidence Networks & comparison with existing methods
Evidence Networks are fast amortized neural estimators of Bayes factors for model comparison. In section 2
we describe classes of loss functions that lead to the correct optimization objective for achieving this goal. In
section 3 we describe the potential pitfalls and validation techniques that are applicable to real-world
applications.

We will now address the three motivations highlighted above, comparing to existing methods and linking
to our demonstrations that are presented within this paper.

1.4.1. Motivation (i) - intractable integral

Assuming the integrand of equation (3) is known, the marginal likelihood integral can be intractable in
practice. This is despite the large number of computational techniques have been devised to address this
problem: straightforward estimation of the evidence integral, reversible jump Markov chain Monte Carlo,
the Laplace or Saddle Point Approximation, (annealed) Importance Sampling, Path Sampling, Parallel
Tempering, Thermodynamic Integration, and Nested Sampling (for reviews see Kass and Raftery 1995, Han
and Carlin 2001, Knuth et al 2014).

Consider nested sampling, as it is one of the most popular methods for evidence calculation (Feroz et al
2009, Handley ef al 2015); even this approach becomes onerous for high-dimensional parameter spaces,
when dim(6) > 10%. We will show that the performance of Evidence Networks does not suffer when there are
large numbers of parameters as the evaluation of this integral is side-stepped.

1.4.2. Motivation (ii) - unknown likelihood/prior

Beyond the challenge of evaluating equation (3), the likelihood p(xp|6, M, ) or prior p(8|M;) is not available
for many inference tasks. In the implicit inference framework, which includes likelihood-free or
simulation-based inference, these unknown distributions can be learned from training data (Papamakario
and Murray 2016, Alsing et al 2018, Brehmer et al 2020, Cranmer et al 2020). This parameter inference
approach that has enjoyed recent success with scientific applications (Alsing et al 2019, Brehmer et al 2019,
Taylor et al 2019, Jeffrey et al 2020, Lemos et al 2020, Ramanah et al 2020). We discuss three alternative
options for Bayesian model comparison in this setting.

e One option is to first estimate the unknown distribution and then perform the marginal likelihood integ-

ration, equation (3). For example, one might first estimate p(x|0, M;) from simulated data; this is is known
as Neural Likelihood Estimation (NLE). This type of approach has been explored in Spurio Mancini et al
(2022), which leverages a harmonic mean estimator that can be applied, for example, to the learned distribu-
tions. However, learning intermediate probability densities in terms of model parameters 6 is an additional
and unnecessary step, which scales exponentially poorly with the number of model parameters (the curse of
dimensionality). Evidence Networks avoid this poor scaling because they do no ‘see’ the model parameters
as the parameters do not appear in the expression for the Bayes factor.
Typically it also is necessarily to reduce the data dimensionality through compression to make the density
estimation tractable. Since this changes the dimensionality of the evidence probability density function, this
can significantly alter the Bayesian model evidence values. By comparison, with Evidence Networks we can
also use uncompressed data, which preserves the correct Bayes factor estimates.

o Another little-explored option for simulation-based (likelihood-free) inference is direct density estimation
of the probability density p(x|M;), for which the Bayesian factor is just the density ratio evaluated for the
observed data: gggiﬁi; .

This approach is appealing as it also avoids the marginal likelihood integration to directly estimate the Bayes
factor for model comparison. However, this approach suffers from the curse of dimensionality for high-
dimensional data. This is explored in section 4.5.

e Direct estimation of the model evidence (or model posterior) corresponds to the M-closed limit (i.e. all
possible models are accounted for, so that ), p(M;) = 1) as described in Radev et al (2020). In this work
we explore alternative forms of the loss. We find that for model comparison, rather than taking ratios of
individual model posterior estimates, it is better to estimate the Bayes factors directly using a bespoke loss
function.

1.4.3. Motivation (iii) - no parameterization
For many real-world model comparison tasks the underlying parameterization is itself unknown. A set of
natural images, draws from a generative model, or human-generated data have no obvious model
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parameters®. Evidence Networks do not need to refer to model parameters to compute Bayes factors and
therefore enable Bayesian model comparison even for machine-learned models. The expression for Bayesian
evidence (e.g. p(xo|M;)) makes no reference to parameters. This observation provides a clue that parameters
can be bypassed entirely in evaluating Bayes factors.

2. Optimization objective

We will now show how to design classifier training losses that lead to networks that estimate convenient
functions of the model evidence (e.g. the log Bayes factor) for a given data set.
We assume training data drawn from p(x|M) for different models M, e.g. for model M;:

x; ~ p (x| M) (4)

In the case of simulated data, for the optimization objective to recover the correct model posterior or Bayes
factor estimates, we can assume any underlying model parameters 6 are drawn from the desired prior
distribution, e.g. for model M;:

0; ~ p(0|M,)

5
Xj Np(x|t9i,M1) . ®)

These model parameter values are then not used by the Evidence Network, though their distribution is the
implicit prior in the final model evidence or Bayes factor estimation. If we do want to use a different
parameter prior p(6) distribution this can be taken into account with appropriate #-dependent weights in the
loss function (akin to importance sampling). The training set consists only of data paired with model labels.

The fraction of each model label in the training data acts as an implicit prior of the models. For
simplicity, we can assume p(M;) = p(M,), which corresponds to each model having equal number of
samples in the training data. If a model is over-represented in the training data, or one indeed prefers a given
model a priori, then a simple re-weighting can be applied to the result.

For a given loss function V, the global optimization objective is given by the functional

=3 / V(f(x),m) ploxm) dx, ©)

me{0,1}

acting on functions f of the data, using model labels m € {0, 1} for a pair of models M and M. Let f* be the
global optimal function, i.e. that which minimizes I; this will be approximated with a neural network.
Certain specific loss functions V yield optimal functions f* that are estimates of specific useful functions of
the model evidence. Overall, we recommend the I-POP-Exponential Loss (described in section 2.2.4) to
estimate the log Bayes factor.

2.1. Direct estimate of model posterior probability
Though we favor direct estimation of functions of the Bayes factor, we will first review simple optimization
objectives that result in neural network estimates of the posterior model probability p(M;|xo).

The first of these cases, the Squared Loss, can be interpreted as simple special case of parameter inference
(e.g. in the context of Moment Networks: Jeffrey and Wande 2020). The alternative case, the Cross-Entropy
Loss, matches the M-closed limit (i.e. all possible models are accounted for such that ) |, p(M;) = 1) as
described in Radev et al (2020). In section 4 we will show that, in comparison to direct Bayes factor
estimation, this approach of direct model posterior estimation is not ideal for model comparison.

2.1.1. Squared & Polynomial Loss
First let us consider the typical Squared Loss

V(flx),m) = (f(x) —m)”. (7)

The functional to be optimized from equation (6) is then given by:

I[f] = / (f(x) = 1)* p(x,M1) +f(x)* p(x,Mp) dx. (8)

4 The weights and biases of neural generative models are parameters, but so numerous that Bayesian Model comparison via marginal
likelihood is intractable.
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If we minimize this objective using standard methods from variational calculus, i.e. 6 = 0, we recover the
solution for the global optimal function:

frx) =p(m=1]x)=pMl]x) Vx (9)

under the assumption that there are two models (so that p(M; |x) = 1 — p(My|x)). Therefore, the optimal
function, evaluated for the observed data xo, gives the model posterior for model M;:

f*(x0) = p (M| xo0). (10)

We can further generalize to a Polynomial Loss with a power o € R, o # 1,

V(flx),m) =m(1—f(x)" + (1—m)f(x)", (11)

we recover the same result as for the Squared Loss, but with the model posterior probability raised to a
power. This results in:

1

f(x0) = p(Mi] x0) =", (12)
where o =2 corresponds to the Squared Loss result, as expected. The choice of « leads to different loss

landscapes during training, meaning « is a possible hyper-parameter that can be tuned depending on the
use-case.

2.1.2. Cross-entropy loss
If we take the loss function

V(f(x),m) = mlog(f(x)) + (1 —m)log(1 - f(x)) , (13)

following the same procedure as before gives the result:

f*(x0) =p(Mi| x0) - (14)
2.2. Direct estimate of Bayes factors
2.2.1. Exponential Loss
Taking the loss function
V() m) = el (15)
gives the global optimization objective:
10 = / e p(x, My) + M p(x, My) d. (16)

Following the same procedure as previously, i.e. minimizing this objective using variational calculus, recovers
the optimal function:

f* (x) =log (m) Y x. (17)

Therefore, the optimal function evaluated for our observed data is:

F* (x0) = log (Kiiﬁ;;) — logK +log (i%;) . (18)

If the model priors are equal (having the same number of examples of each model label in the training data
for the neural network), then the second term vanishes.

5
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2.2.2. Logistic loss
An alternative form gives the same final result as the Exponential Loss, with

V (f(x),m) zlog(l—i-e(l_zm)f(")) : (19)

Following the same optimization procedure as before once again results in an estimate of the log Bayes factor
with an additional model prior ratio term:

£* (x0) = logK + log (i Eﬁ;;) . (20)

2.2.3. a-Exponential and log-c-Exponent
Analogously to the generalization from Squared Loss to Polynomial Loss with the o hyper-parameter, we can
introduce a power of « to the losses that directly estimate the Bayes factor or log-Bayes factor.
The ‘a-Exponential’ Loss is given by:
(o4

V(f(x),m) = (1417200 ) (21)
Following the same optimization procedure as before, we recover results the estimate of the rescaled log
Bayes factor with an additional model prior ratio term:

p(Mo)liw |

* (x0) = log K& +1
f (xo) 0og og <p (MO)

(M) (22)
1 1 p (M,
= logK 1 .
1t 8 * 1ta 8 (p(Mo))
Similarly, we can construct the ‘a-log-Exponential’ Loss:
V() m) = ) (23)

For this case, we analogously recover the Bayes factor to a power, multiplied by a model prior ratio factor:

(24)

p(Mﬂ)%

f*(xo) :KH—% x (P(Mo)

2.2.4. I-POP-Exponential Loss
Finally, we present the ‘1-POP-Exponential Loss, which is our recommended choice of default loss for the
Evidence Network. This loss applies a bespoke transformation to the network output followed by the usual
Exponential Loss. This is completely equivalent to defining a final layer activation function; for this
discussion we include the transformation within the loss to aid interpretability.

We first define the parity-odd power transformation, as:

Jo(x) :=x]x|*! Yxe€ Rwherea € Rand a > 1. (25)
Using the sign function (sgn), another way of representing the parity-odd power transformation is:
T () = sgn (x) |x]*. (26)

This function is differentiable everywhere. Note, however, that the intermediate sgn or absolute value
functions are not differentiable at x =0, so care should be taken in code implementation.

Though the parity-odd power transform J works well, its value and gradient remains close to zero, an
effect which increases with increasing o > 1. We therefore use the leaky parity-odd power, or 1-POP,
transform, which we define as:

To (x) ::x+x|x|o‘*1. (27)

6
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Table 1. A set of simple loss functions that can be used to estimate useful functions of the model posterior probability (in particular the
Bayes factor K for Bayesian model comparison).

V(f(x),m) ™ (x0)
Loss name using model label m € {0, 1} if p(M1) = p(Mo)
Polynomial m(1—f(x))* + (1 — m)f(x)“ p(M] xo)ﬁ
Cross Entropy —mlog (f(x)) — (1 —m)log (1 —f(x)) P(Mi] x0)
Exponential elz =M logK
Logistic log (1+ e(lfzmv(")) logK
a-Exponential (14 et —2mit) ot LlogK
a-log-Exponent flx)GGmme Ka
1-POP-Exponential ez =T (f) T (logK)

We could choose to generalize this further, using Bx + x |x|*~!, though we effectively choose 3= 1 for all
that follows. The resulting parity-odd power Exponential Loss, or ‘I-POP Exponential Loss’ is given by:

1

V(f(x),m) = el3=m)Ta(09) .

As discussed above, this is just equivalent to using 7, as a novel choice of activation function in the network
output layer.

Following the same optimization procedure as before, we recover a rescaled estimate of the log Bayes
factor plus an additional model prior ratio term:

*(xo0) =T " (IOgK+10gp(M1)>

p(Mo) (29)
= sgn (logK +logp (My) — logp (Mo)) [logK +logp (M) — logp (My) |+ .
For equal model priors, p(M;) = p(My), we expect that
logK = Ja (f(*x0)), (30)

for the optimal trained network f*.

As with many of the losses that we have previously described, the 1-POP-Exponential Loss results in a
(transformed) estimate of the log Bayes factor, which is ideal for Bayesian model comparison (e.g. the Jeffreys
Scale).

We recommend a default value of o = 2. This provides the reweighting of errors for high Bayes factor
values, ensuring accuracy across many orders of magnitude, while being sufficiently simple that the network
trains consistently well.

The 1-POP transformation 7, to act on f(x) is not the only available choice that could be used to
construct useful losses. Any strictly monotonic function J : R — R would fulfil the condition that
J (f(*x0)) = logK. Nevertheless, the choice is not arbitrary. For example, we have considered the sinh
function in the place of 7, but find the exponential scaling for high K leads to unreliable performance.
Since we have empirically found our I-POP transform 7, to give accurate results for several test cases
presented in this paper we recommend it as the default choice.

2.3. Summary of ‘symmetric losses’
In table 1, we summarize both the losses presented in the previous section and the corresponding optimal
network outputs (the latter shown in terms of model posteriors or Bayes factors).

This list is not at all comprehensive; we have not attempted to study the family of all loss functions that
can be used to construct an Evidence Network. Nor are all of these loss functions novel to this paper. The
Squared Loss (a special case of the Polynomial), Cross-Entropy, Exponential, and Logistic have long been
known in terms of Bayes risk for classification (Masnadi-Shiraz and Vasconcelos 2008). The ‘a—type losses
are new variations on existing losses and the POP or I-POP Exponential losses are novel to this paper. The
main aim, however, is to use these losses in such a way that we can perform quantitative Bayesian model
comparison via an Evidence Network.

Furthermore, we have included only ‘symmetric losses), i.e. those that are symmetric with respect to
relabelling My and M. There are many alternative loss functions without this property; such functions
might be useful for certain applications (e.g. when it is known a priori that the data will prefer one model far
more than another).
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For a network to calculate p(M;|x), such an ‘asymmetric’ loss might have the form:

V(f(x),m) =mA(f(x)) + (1 —m) B(f(x)), (31)

for a choice of functions .4 and B where A(f(x)) # B(1 — f(x)). Some of these losses have been explored for
computing likelihood-ratios using classifiers in Rizvi et al (2023).

3. Pitfalls & validation techniques

3.1. Challenge

Even if theoretically there exists an optimal function f* that minimizes the global optimization objective
equation (6), in practice three factors (typical of neural methods) prevent us from finding it exactly. First, we
must approximate the space of functions with a set of neural network architectures. Second, we have access
to only a finite number of samples from p(x) and hence we only have a (Monte Carlo) approximation to the
optimization objective, via:

z[ﬂ%%Z V() m). (32)

Third, we have no means of guaranteeing that a local optimum discovered during training is in fact a global
optimum. It is, therefore, inevitable that there will be some error associated with our estimate of the Bayes
factor.

In the next section 4, we will demonstrate that the Evidence Network does indeed recover robust
estimates of the Bayes factor. For such synthetic tests, we can fully validate our approach by choosing a model
for which the true Bayes factors can be calculated analytically (i.e. in closed-form).

In actual applications, the likelihood and or prior are intractable or implicitly defined only through
labeled training data (e.g. consisting only of data realizations and their associated model labels from
simulations or a generative model). In this setting a closed-form solution will neither be available nor
necessary since the true Bayes factors or model posteriors are not required to train an Evidence Network.
Despite this, it is still necessary to validate the trained network. We will now describe a method for validating
the Bayes factor computation by the Evidence Network that is generally applicable and requires only labeled
training data of the same type that is needed to train the Evidence Network itself.

3.2. Blind coverage testing
The solution to this unique validation problem is blind coverage testing. We can compare the estimate of
p(M;]x) to the fraction of validation data with the model label M.

Let us assume that the trained neural network is optimal, such that the network recovers the function f*.
For example, if the network is trained using the 1-POP-Exponential Loss (equation (28)), for equal model
priors we expect that:

Jao (f" (x0)) = logK. (33)

For simplicity, consider the case of only two models M, and M, (this can be easily generalized for any
number of models). We can then rearrange the previous expression to give the model posterior for M;:

~exp(Ja (fT (x0)))
p(M1| x) 1+ exp (ja (f* (xO))) .

Such an expression can be constructed for any of the losses in table 1 that estimate some function of K.

Fix P and let € > 0. Consider validation data x¥ ~ p(x) for which the posterior probability p(M;|x") lies in
[P,P+ €]. As € — 0, the expected fraction of such data having label M; converges to P. By comparing the true
fraction of model labels in some small probability range with that expected from the estimated K, we can
validate the trained network without knowing the true model posterior probabilities.

Put another way, consider a set of N validation data samples that all have the same posterior probability
p(Mi|x). In this set, if the number of data samples that are drawn from model M, is n;, then the expected
fraction of data from model M is given by (%) = p(M;|x), following the usual definition of posterior
probability. In practice, no two samples in the validation data have exactly equal posterior probabilities, so
we use small bins of probability to calculate this fraction (corresponding to a small €). To quantify the
statistical significance of the scatter in the probability bins, we can use a binomial distribution to model the
count statistics (see section 5 for an example).

(34)
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This procedure resembles the re-calibration of class probabilities in classification tasks (Zadrozny and
Elkan 2002, Niculescu-Mizil and Carua 2005). In this work, it is used as a blind validation of our Bayes factor
estimates for Bayesian model comparison.

4. Demonstration: analytic time-series

4.1. Overview

We construct two generative models to sample time series data x. These are defined such that the model
evidences and associated Bayes factors can be calculated analytically using a closed-form expression. In
section 4.2, this is compared to the estimated log Bayes factors from our simple Evidence Network.

We compare the Evidence Network to likely alternative methods. Even if the true likelihood/prior were
known, with the use of the most advanced nested sampling methods (Handley et al 2015) the problem can
still be too arduous for high parameter-space dimensionality dim(6) = 10%; we demonstrate this in
section 4.4. Assuming that we only have data samples and model labels, we would have no knowledge of the
distributions p(x|@) or p(6) to evaluate the marginal likelihood (equation (3)). As previously discussed, one
could try to estimate those probability densities using implicit inference, but with high data dimensionality
dim(x) > 10% or high parameter-space dimensionality dim(6) > 107, density estimation becomes intractable
or prone to significant error; we show this in section 4.5.

4.2. Generative model
We construct two nested models that generate time series data with heteroschedastic random noise. Both
models are linear Gaussian models with a linear operation that is non-trivial with respect to time.

The prior for the model parameters 6 is a simple normal distribution for each parameter 6;:

p(0:) =N (6;0,1). (35)

Per data (vector) realization x, each element x; is given by:
x=> A+ nj = +nj, (36)
i

where the heteroscedastic noise is drawn from a multivariate normal distribution, such that:
p(n) =N (n0,%). (37)

The noise covariance ¥ is a diagonal matrix with diagonal elements ¥ given by:

N 5\ 8\°
N 100<<k+2>). (38)

5

For the first model, M, the linear operation is given by:
o1
Ajj=cos | (i— )1 (39)

Ajo = 2tj. (40)

for i > 0. For i = 0, we have

The i =0 term corresponds to a linear growth over time. For the second model, My, this first term is
removed, so there is no linear growth term over time. This is equivalent to setting 6y = 0.

An example data sample is shown in figure 1.

In both of these cases we can evaluate the marginal evidence integral (equation (3)) analytically to
recover a closed-form solution for the Bayesian model evidence, which is equivalent to evaluating a normal
distribution:

p(xIM) =Z(xM) =N (x;112,C7) , (41)
where

pz=A- ", (42)
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Example data sample = from p(z, m)
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Figure 1. Example 100-parameter time series model showing the underlying true signal overlaid with the observed data. The
generative model is defined such that the Bayes factor can be calculated analytically from a closed form expression—this is to
evaluate the Evidence Network output against the ground truth for this demonstration. For this realization, logK > 0, so 6y = 0 is
(slightly) disfavored.

and
Cz=%+AA". (43)
This can be simply evaluated for each model to calculate the ratio to give the Bayes factor K:

_ Z(x|M)
K= 26 (44)

4.3. Evidence Network results

Using data drawn from the generative model described in the previous Subsection, we train the Evidence
Network using the 1-POP-Exponential Loss with ae = 2 to recover a simple transformation of logK (see
table 1). This choice of loss function is our default recommendation:

1-POP-Exponential Loss :e7>=2 (/%) = G=m) DD — [ (x0) 1+ " (x0)|) =logK.  (45)

Using the model labelling described above, a Bayes factor greater than one corresponds to a preference for
model M, (i.e. fy = 0 is not preferred in this case).

We find that taking the average output of an ensemble of networks, each with independent random
weight initialization, significantly improves the accuracy of our log Bayes factor estimation. For these results,
each network has the identical architecture.

We have chosen a simple network with little tuning that uses 6 dense layers (see appendix for details). The
network was purposefully chosen to be simple to demonstrate that the network does not need to be tuned for
the Bayes factor estimates to be reliable.

Though we have chosen a simple dense architecture, Evidence Networks can use any type of network
architecture, provided they use the correct optimization objective and are validated using our proposed
coverage test. Depending on the application, they could use geometric architectures (e.g. deep sets, graph
networks; Battagli et al 2018), recurrent neural networks (e.g. long short-term memory—LSTM; Hochreiter
and Schmidhuber 1997), or any appropriate architecture.

Our main result uses the generative model described above with dim(¢) = 10? and dim(x) = 102. As the
data samples for this generative model are symmetric under a sign flip, we make use of this standard data
augmentation during training.

The left panel of figure 2 shows our main result with the ensemble Evidence Network. We recover
estimates of the Bayes factor over many orders of magnitude. When compared with the analytic (true) Bayes
factors, we calculate the root-mean-square error (RMSE) and find a logK error ~0.02.

This is an excellent estimation of the Bayes factor for such a high dimensional problem. The high
dimensionality of the data and parameters render this task either intractable or error-prone for alternative
methods as we demonstrate in the following subsections.
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Figure 2. Left panel: Estimated log Bayes factor K using an ensemble Evidence Network (with four networks) compared to
analytic calculation using a closed-form expression for K. These data are time series with 100 data elements draw from a
generative model with 100 model parameters. This result uses our default network architecture with 10 training samples. As we
show in section 4, all standard methods to compute the Bayes factor either fail or incur significant error for this high-dimensional
example. Right panel: Evidence Network model posterior probabilities derived from the estimated Bayes factors (equation (34))
compared with the relative model fraction in the validation data. This allows validating the Evidence Network output when
ground-truth model evidence is unavailable.
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Figure 3. Three choices of loss to estimate the log Bayes factor K. Each panel shows results from the same network architecture; we
use only a single network, rather than an ensemble as in figure 2, as this is sufficient to show the different systematic errors with
increasing K. The left panel uses the Cross Entropy Loss to estimate individual model posteriors from which the Bayes factor is
estimated. The centre panel uses the Exponential Loss to estimate log K. The right panel uses the 1-POP-Exponential Loss (ov = 2)
to estimate logK.

For most applications, the true Bayes factor value will typically not be available for validation; our
training data consists only of data realizations with their associated model label. We can, however, leverage
our blind coverage test to validate the model posterior probabilities are recovered. This is shown in the right
panel of figure 2 for the same trained network and data.

The plotted error-bars in the right panel of figure 2 are the expected standard error for binomial
distributed samples: oerr = /p(M;[x0) (1 — p(M, [x0)) /1y, where n, are the number of data samples in a
given p probability bin. We find the measured standard deviation of the residual error (between the expected
and the predicted probabilities) does indeed match o, further validating the method.

For a general problem where the true Bayes factors are not known, the result of such a blind coverage test
can be used to construct error bounds for the Bayes factors estimates.

Figure 3 shows different choice of loss functions. The left panel does not use a loss function to estimate
the Bayes factor directly, but uses the Cross Entropy Loss to individually estimate p(M;|xo) and p(My|xo),
whose ratio gives the Bayes factor K. This approach leads to systematic inaccuracies for moderately high
values of K. These inaccuracies are ameliorated with the choice of the Exponential Loss (center panel), from
which the Evidence Network directly estimates log K. Using the 1-POP-Exponential Loss (right panel) the
systematic error at high K is no longer apparent.
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Figure 4. Left panel: The number of nested sampling p(x|0) evaluations is controlled by the number of live points in the
PolyChord algorithm, which used the code default value (with a maximum cut-off of 10%). The number of p(x|#) samples used by
the Evidence Network (i.e. x samples for training) was chosen to match the polynomial scaling of PolyChord (solid lines), but
fixed at approximately ~1 per cent of the number of PolyChord evaluations of p(x|0). Right panel: Despite significantly fewer
p(x]0) samples than nested sampling p(x|@) evaluations, we consistently recover more accurate estimates of log K with the
Evidence Network. The Evidence Network error-bars are the standard deviation of the RMSE result from five runs of the Evidence
Network ensemble (each with four networks); the central value is the mean. For the PolyChord points, it is infeasible to estimate
an error-bar given the computational time required.

4.4. Comparison to state-of-the-art: nested sampling with known likelihood

In this subsection we compare the Evidence Network with nested sampling; we assume the correct likelihood
for nested sampling, while restricting the Evidence Network to the likelihood-free problem, and find that the
Evidence Network is still able to outperform nested sampling for high-dimensional parameter spaces.

Let us assume we know the likelihoods, p(x|6, M, ) and p(x|0, M), and priors, p(6|M,; and p(6|M,). We
assume that we are able to either evaluate a given likelihood, £,(6) = p(x0|0, M;), or sample data
realizations from it, x; ~ p(x|0, M, ). For a Gaussian likelihood, these two operations are of equal
computational complexity.

We use the PolyChord (Handley et al 2015) code to perform the nested sampling; this uses an advanced
algorithm that combines both cluster detection for multi-modal distributions and slice sampling using affine
‘whitening’ transformations. We use the default number of LIVE POINTS= 25 x dim(#), which then leads to a
certain number of p(x|6) evaluations. We use a maximum cut-off of 10® likelihood evaluations for reasons of
computation time.

We choose the number of p(x|#) samples for the Evidence Network to match the same polynomial scaling
with dim() as PolyChord evaluation, but with only approximately 1 per cent of that of PolyChord. Despite
significantly fewer p(x|6) samples than nested sampling p(x|6) evaluations (figure 4, left panel), we
consistently recover more accurate estimates of log K with the Evidence Network (figure 4, right panel).

This is an indication that it may be more efficient to train an Evidence Network to estimate Bayes Factors
even when the likelihood is known. For many closed-form likelihoods, it is a relatively simple code change to
replace the p(x|0) evaluation with a p(x|6) sample of x.

4.5. Alternative likelihood-free method: density estimation
Let us now consider alternative approaches that are available for likelihood-free (e.g. simulation-based)
inference problems.

As previously discussed in section 1.4, we could first learn the form of p(x|0) from the training data; this
is known as NLE. We would still need to perform the high-dimensional marginal evidence integration and
using nested sampling (or a similar method). This step is unnecessary: the intermediate density estimation
step can only induce potential errors and we nevertheless return to the difficult procedure discussed in
section 4.4.

An alternative density estimation approach would be to learn the form of p(x| M) from the training data.
So far, this method has not been widely considered for scientific model comparison, even though it would
also avoid marginal evidence integration. Therefore, we compare Evidence Networks with this density
estimation approach.
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Figure 5. Left panel: Estimated log,, K for 1000 data samples using (i) the Normalizing Flow ratio for estimated p(x|M;) and
p(x|My), and (ii) the direct estimate using the Evidence Network. The set-up for this prediction using the 20 dimensional time
series data is described in section 4.5. Right panel: The distribution of residual errors for each method. The RMSE (error) using
the Normalizing Flow is more than a factor of 10 larger than the direct estimation of log,; K using the Evidence Network for this
problem.

We use an ensemble of neural density estimators to estimate p(x|M;) and p(x|My) and use an ensemble
of neural networks (matching the set-up used so far) to form the Evidence Network to estimate log K. In both
cases we use 10® samples of training data x. Density estimation suffers particularly badly from increasing
dimensionality. We will, therefore, reduce from a dimensionality of dim(x) = 100 (as in figure 2) to a more
manageable dim(x) = dim(#) = 20 for this comparison.

We use Normalizing Flows for neural density estimation; we use Neural Spline Flows (Durkan et al
2019), which are a popular and flexible neural density estimation method. As an implementation, we use the
PZF1low package (Crenshaw et al 2021) with the default settings.

Figure 5 shows the comparison between the two methods. The left panel shows the analytic logK value
against the estimated value using both the Evidence Network and the Normalizing flow ratio (using
p(x|M7)/p(x|My)). The relatively large residual scatter for the Normalizing Flow can also be seen in the right
panel, which shows the histogram of the residual errors.

The RMSE (error) in the log K using the Normalizing Flow is more than a factor of 10 larger than the
Evidence Network. The reason for this is twofold: (i) density estimation suffers exponentially from increasing
dimensionality (which is even a problem for this restricted 20 dimensional data), and (ii) the errors in each
p(x] M) combine in the ratio that gives log K.

5. Demonstration: Dark Energy Survey (DES) data

The DES is a major, ongoing galaxy survey that, among other science goals, measures the shapes of galaxies
in order to use the gravitational lensing effect to make cosmological inferences. With its wide-field camera
mounted on the Blanco 4-meter telescope in Chile, DES captures high-resolution images of the southern sky,
allowing for the measurement of lensing distortions using the shapes of millions of galaxies. By analyzing
these distortions statistically, DES provides information on the distribution of matter, both visible and dark,
on large scales. However, to interpret these observations accurately, it is crucial to account for intrinsic
alignment of the galaxies, as this can introduce systematic biases. For a summary of weak gravitational
lensing with the DES Year 3 data see Jeffrey et al (2021), Amon et al (2022), Secco et al (2022). In this section,
we demonstrate the use of Evidence Networks to diagnose or detect intrinsic alignment effects. The aim of
this analysis is to demonstrate the ease of Bayesian model comparison with Evidence Networks for real-world
data.

Using DES as a practical example, we construct a simple Bayesian model comparison problem. One
model, M, can be summarized as: galaxies shapes are intrinsically aligned according to the simple
non-linear alignment (NLA) model with an unknown amplitude Aj4 with prior probability
Pp(Aa) =U(-3,3). In the other model, M, galaxies have no alignment, i.e. Ajy = 0.

The data for our test are the auto- and cross-spectra (angular power spectra) of the weak gravitational
lensing signal in tomographic bins at varying distances (characterized by the redshift of galaxies in each bin).
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Figure 6. Dark Energy Survey Year 3 weak gravitational lensing power spectra and cross-spectra. Each panel has a ‘Bins’ label
corresponding to the pair of tomographic (redshift) bins for each spectra. The purple squared markers are the observed Dark
Energy Survey data xo. The orange circular markers are mock data x; generated from our model, for which the orange solid line is
the theoretical, expected signal without noise.

We use the same data, with same data cuts of small angular scales, as described in Doux et al (2022). The data
model is the A-cold-dark-matter (ACDM) model, with a Gaussian likelihood and priors for cosmological
parameters matching (Doux et al 2022) and all others unknown systematic parameters fixed to their fiducial
values for simplicity.

To generate the training data under the assumed Gaussian likelihood, we simply draw data realizations
from p(x|6, M), in which the model parameters 6 are themselves random draws from the prior p(6|M). In
practice, this is a simple change in the likelihood and prior code to sample from each probability distribution
instead of evaluating each probability distribution.

Figure 6 shows the DES data in the form of the angular power spectra, C,. In addition to the observed
data xp, we show mock generated data (including noise) along with the mock truth (the theoretical
expectation). We generate 2 x 10* data samples x; from each model using a Gaussian likelihood assumption.
We train an Evidence Network to estimate log K, using an ensemble of 13 networks with the same architecture
as in section 4, but with one layer removed, a longer training time, and a higher initial learning rate (10~2).

We find o = 1 gives reliable performance for this example in terms of consistent training. The default
choice of o =2 led to over-fitting for some networks of the ensemble, but this is simple to diagnose and solve
with a different (typically lower) choice of a. Poor coverage test results can also be used to decide to use a
non-standard value of a # 2. These decisions are described in appendix.

For this problem we do not have the analytic Bayes factor calculation available for each element in our
validation data (as we did in section 4), so we take advantage of our blind coverage test (described in
section 3). Figure 7 shows this coverage test. The right panel shows the residuals between the model fraction
and the expected p(M;|x) derived from the Evidence Network. This has been rescaled by o'pinomial> the
expected standard deviation for the binomial distribution. The scatter (around zero) of the rescaled residuals
is what we would expect given opinomial-

Evaluating our trained Evidence Network on the observed DES weak gravitational lensing (power
spectrum) data, we find:

log,, K (x0) = —0.8 (£0.3) .
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Figure 7. Blind coverage test of trained Evidence Network for the Dark Energy Survey (DES) weak gravitational lensing data
(section 5). Left panel: Evidence Network model posterior probabilities derived from the estimated Bayes factors compared with
the relative model fraction in the validation data. The error bars are simple standard deviation values for a binomial distribution.
Right panel: The residual between the model fraction and the posterior probability from the Evidence Network, which has been
rescaled by the expected standard deviation (for binomial distributed data). The scatter around zero matches the expected sample
variance, which validates the Evidence Network.

This gives a very mild preference for the model without intrinsic alignments of galaxies with odds of
approximately 6/1. The quoted error is a simple jacknife resampling estimate using the 13 individual
estimates from the network ensemble.

This result is not meant as a novel scientific result (not least because the systematic error modelling has
been simplified), but it serves to show the simple steps involved in such a Bayesian model comparison with
Evidence Networks.

6. Pedagogical example: Rastrigin posterior

We have discussed the advantages of Evidence Networks in cases where the likelihood and/or the prior are
not explicitly known but only implicit in the form of simulated data samples with model labels. In this
section, we aim to address a separate conceptual point: the possibility of straightforward model comparison
in cases where computing the posterior for inference is intractably hard, even when prior and likelihood are
explicitly specified up to parameter-independent normalization constants. To illustrate this concept, we
present a synthetic data case study involving a highly multimodal posterior density. We compare two models:
one model where the components of the parameter vector 6;,i = 1,...,n have a Rastrigin prior with
well-separated modes,

607
p(0;|M,) o e~ H10(cos@m)=1) *(Rastrigin) (46)

and a second model that omits the oscillatory term in the exponent, leading to the Gaussian prior

02

p(0i[Mp) o< et (Gaussian) (47)

We choose the Rastrigin function as it is commonly used to illustrate the challenges of multimodality for
optimization and inference problems, e.g. as in Handley et al (2015).

Consider the data model x = 6 + n where n is normal, # ~ N(0, 1). Taking the data x = 0 for illustration
results in the highly multimodal posterior shown in figure 8 for the n =2 dimensional case. Classical
approaches to model comparison such as annealed importance sampling, thermodynamic integration, or
nested sampling are methods to integrate the sampled posterior. The Rastrigin model produces a highly
multimodal posterior whose number of well-separated modes increases exponentially with the number of
parameters n, causing classical methods such as nested sampling to require an exponentially large number of
samples in order to succeed. Similarly, approximating p(x|M;) with a neural density estimator such as a
normalizing flow is generally challenging for large # since the absolute normalization depends on the global
properties of the distribution.
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Figure 8. Left panel: Marginal posterior for two parameters of the Rastrigin model (defined in section 6). Right panel: The Bayes
factor K, as a function of two data elements x; and x;, estimated using an Evidence Network evaluated on the validation data.

This problem is most severe when the data are noisy, since the posterior will be similar to the prior, and
hence contain a large number of modes for each parameter dimension. We will show that this exponential
complexity in the posterior can in fact be entirely avoided in our approach, since the evidence or Bayes factor
make no reference to the parameters.

In fact, focusing on the Bayes factor, the computation becomes trivial in the noisy limit. The easiest way
to see this conceptually is that for sufficiently large noise, the probability densities of the data p(x|M,) and
p(x|M;) become identical, and the Bayes factor will approach unity because the models are indistinguishable.
For large noise, the prior is the same as the posterior and the Bayes factor is approximately 1 across all data
realizations generated under the two models.

The Evidence Network trivally does the right thing. It simply ‘sees’ indistinguishable data simulations
from both models and will learn to predict 1 regardless of input.

We show a numerical example for a non-trivial case with moderate noise variance set to 1/16 in figure 8.
Even in this case the Bayes factor oscillates around 1 with an amplitude of O(1). The Evidence Network
learns the local relative probability for any particular data set to be drawn from one model or the other,
correctly estimating the Bayes factor for the range of data that is represented in the training set.

The lesson from this example is that there are cases where estimation on the Bayes factor for model
comparison (e.g. with Evidence Networks) can be done even in cases where solving the parameter inference
problem is intractable (thus prohibiting nested sampling or annealing). Note that we do not claim that
Evidence Networks can always compute the Bayes factor trivially’. Our claim is that Evidence Networks can
provide accurate estimates of the Bayes factor in regimes where other methods (and notably nested
sampling) fail due to the high complexity of the posterior.

7. Conclusion and extensions

Computing the the Bayes factor (evidence ratio) for Bayesian model comparison presents a significant
challenge in computational statistics. The leading approaches, such as nested sampling, can require the
evaluation of intractable integrals over the space of permissible model parameters. This problem becomes
increasingly difficult as the dimensionality of the parameter space or the complexity of the posterior
increases. We have introduced Evidence Networks as a solution to this problem. We cast the computation as
an optimization problem, solved by neural networks trained on data realizations from the model with a
designer loss. Couched in this way, the computation makes no reference to the parameters of the underlying
model, does not require exploring the posterior density, and can use uncompressed data. The result of the

5 For example, in the large 7 limit of our current example, the Bayes factor would become a very rapidly varying function of the data and
would require large amounts of training data and a highly expressive neural network to converge.
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optimization is an amortized neural estimator of the Bayes factor that can be applied to any data set in a
single forward pass through the neural network.

In addition to decoupling the model comparison problem from the unnormalized posterior or the
dimensionality of the parameter space, our approach is also suited for implicit (likelihood-free or
simulation-based) inference, where the explicit forms of either the likelihood and prior distributions are
unknown or intractable. All that is required to train our estimator are examples of data from the models that
are to be compared. These would generally be computer simulations from the different models, they could be
the result of neural generators or be labeled real-world data sets.

In accordance with expectation, we observe in numerical experiments that the estimator performance is
robust to the dimension of parameter space. For the training set sizes and example problems we have studied
the fractional accuracy of the computed Bayes factor is of order 2 per cent with accurate predictions over
many orders of magnitude. Given the subjective nature of interpreting the strength of evidence for model
selection, this is sufficient for many applications of model comparison.

We will now discuss a number of ways to use Evidence Networks straightforwardly for applications that
go beyond the Bayes factor or model posterior probabilities.

7.1. Simple extensions for further applications
7.1.1. Absolute evidence
We have focused our discussion on model comparison based on (functions of) the evidence ratios. We
compute these based on (functions of) the posterior model probabilities, e.g. the log Bayes factor, since these
are what our approach returns natively.

Should the absolute evidence be required, for model M}, say, this can be obtained easily: choose model
M to be a reference model where the evidence is analytically tractable (such as a linear Gaussian model),
iVing Panalytic (X| Mo ); we can then use our method to compute the Bayes factor K and then solve for the
required evidence as p(x|M;) = Kpanalytic (x| Mo).

7.1.2. Connection to frequentist hypothesis testing

Numerous writers have advocated the Bayesian formalism as a way to generate statistical procedures with
good frequentist properties, regardless of the philosophical differences between the two approaches (see for
example Carlin and Louis 2010). In the context of hypothesis testing this has taken the form of deriving
practical guidelines for frequentist test thresholds (p-values) that are calibrated on the Bayes factor for certain
applications (Johnso 2013). To make contact between Bayes factors and significance thresholds more broadly
it would be helpful to be able to study the frequentist properties of the Bayes factor. The computational
challenges that motivated our present study have so far prevented this as the Bayes factor for each data
sample would be necessary. But Evidence Networks are amortized, meaning it is near-instantaneous to
compute accurate Bayes factors for simulated data sets. This permits the use of Bayes factors as a test statistic
in hypothesis testing for a broad set of problem classes, including those not covered by existing guidelines.

7.1.3. Using Evidence Networks to do posterior predictive tests

While the interpretation of the Bayes factor is clear, the strong dependence on prior choice can be seen as a
weakness. A common alternative is posterior predictive testing (PPT, see Gelman et al 2013 for overview).
PPT partitions the data x into subsets, xo and x;, say, and evaluates the relative probabilities of two models
having predicted x; conditional on xg. This typically involves evaluating p(#|x) (posterior inference),
computing the integral

M) = [ pl6.)p(6lsa) o (18)
for My and M, and then computing the posterior odds ratio
P (x1|Mi,xo)
Kppr = —/——m———=. 49
T p (Mo, xo) (49)

The difficulty is that all the challenges of computing the evidence ratio with conventional methods, which
motivated the present study, also apply to Kppr.
But it is straightforward estimate Kppr using our methodology. The simplest way to see this is to write
p(x1|Mi,xo0) _ p (0,1 |Mi) p (0| Mo)

Kopr = p(a[Moyxo)  p(xorx1|Mo) p (%o My) K(x)/K ), 50
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which can be computed simply by training two Evidence Networks, one to compute the Bayes factor for the
full data x and one for the subset x;.

In conclusion, we have presented a novel approach for Bayesian model comparison with a wide range of
applications; it overcomes the limitations of even state-of-the-art classical computational methods.

Data availability statement

A code demonstrating Evidence Networks, using the time series example, is available on GitHub: https://
github.com/NiallJeffrey/EvidenceNetworksDemo.
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Appendix. Network architecture & recommendations

The below table summarizes the simple default network architecture used in the demonstrations. The
network is a dense network, with a few skip connections, using leaky ReLU (Maas et al 2013, Xu et al 2015)
and Batch Normalization (Ioffe and Szegedy 2015). The default training uses the Adam optimizer (Kingma
and Ba 2017) with an initial learning rate of 10~* with an exponential decay rate of 0.95. Unless otherwise
stated, this architecture is used for the examples in the main body of the paper.

This architecture was chosen to be simple in order to show the general applicability of Evidence Networks
(i.e. they do not require architecture tuning to perform well). For the user we still recommend choosing an
architecture best suited for the given data/task. In the typical manner, Network architecture can be tuned, or
optimized, to give the lowest validation loss.

To choose a non-standard value of « for the 1-POP loss function (i.e. a # 2), the validation loss cannot be
used; varying « effectively changes the interpretation of the loss.

A choice to vary o may be because the default choice leads to: (i) unreliable network training, with
over-fitting and high-variation within an ensemble, or (ii) poor coverage test results. In case (i) it is
straightforward to vary - (we recommend lowering av) to improve over-fitting and consistency
within the ensemble. In both cases though, the coverage test is the gold standard test. As demonstrated
with DES data in section 5, a coverage test is successful if the rescaled probability residuals,

[model fraction — p(M;|x)]/Obinomial> are consistent with having mean zero and standard deviation of one.
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Default (simple) architecture (widthl = input_shape * 1.1 + 20)
Layer (type) Output Shape Connected to

input_1 (InputLayer) [(, 100)]

a;;;;_zDense) (,w;aghl) input_1[0] [0] o o
leaky_re_lu (LeakyReLU)  (,widthd) demsef0lfO
ggg;i:;ormalizati;£ZBatchNorm) (,wl&ghl) _I;aky_re_lu[o][o]___ o
5;;;;:1 (Dense) (, Ié; batch_normalizati;;EOJ[O] o
leaky_re_lu_i (LeakyReLD)  (, 16) demse_tloJOJ
ggg;ﬂ:;ormalizatigi:l(BatchNorm)(, Ié; _I;aky_re_lu_l[o][ai_ o
QQQQQZE (Dense) (, Ié; batch_normalizati;;:l[o][0] o
leaky_re_lu_2 (LeakyReLU) (, 16) ‘demse_2f010
ggg;i:;ormalizati;£:2(BatchNorm)(, Ié; _I;aky_re_lu_2[0][65_ o
dense_3 (Dense) (, 16) batch_normalization_2[0] [0] o
leaky_re_lu_3 (LeakyReLU) (, 16) ‘demse_3l0][0] o
;Ezgg:Iayer_AddVQ_ZEensorFlowO;_EE:_Ié)] _I;aky_re_lu_S[O][ai_ o

batch_normalization_1[0] [0]

batch_normalization_3(BatchNorm) (, 16) tf_op_layer_Addv2[0] [0]
dense_4 (Dense) (, 16) batch_normalization_3[0] [0]
leaky_re_lu_4 (LeakyReLU) ¢, 16 dense_4[0] [0]

dense_5 (Dense) G D leaky_re_lu_4[0] [0]
ORCID iD
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