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Abstract—Fault detection is not only a useful approach to
guarantee the safety of a vehicle platooning system but also
an indispensable part of functional safety for future connected
automated vehicle development. This paper mainly concentrates
on the network-based fault detection problem of a vehicle platoon
with undirected topologies under a periodic event-triggered
strategy (PETS). Firstly, we present a periodic event-triggered
fault detection filter to generate a residual signal for this vehicle
platoon subject to actuator faults and external disturbances,
where PETS is employed to reduce bandwidth utilization and save
communication resources. Secondly, by using the network-based
fault detection filter, the vehicle platooning system, and a fault
weighting system, a residual system is developed to formulate the
design of the fault detection filter problem as an H., problem.
Thirdly, based on Lyapunov-Krasovskii functionals, sufficient
conditions are established to ensure that the residual system
fulfills asymptotic stability with H., performance, together with
a threshold is also designed for each vehicle to judge whether
the fault happens or not. Finally, numerical examples and field
experiments are conducted to verify our findings.

Index Terms—Intelligent and connected vehicle (ICV), fault
detection, network-based fault detection filter, periodic event-
triggered strategy (PETS), vehicle platooning system.

I. INTRODUCTION

S an efficient intelligent transportation system approach,
a vehicle platooning system has attracted considerable
attention because of its outstanding advantages, containing
highway capacity, improved road safety, reduced fuel con-
sumption, and traffic congestion relief [1]-[5]. Furthermore,
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the vehicle platooning system has seen continued interest in
recent work on the study of range policies [6], string stability
[7], dynamics heterogeneity [8], communication time delays
[9], reinforcement learning [10], [11], etc.

It should be noticed that most aforementioned studies focus
on a full reliability assumption, in other words, it is supposed
that all the system components work under ideal circumstances
without considering any inherent failures/faults. However, in
practical circumstances, component fault and failure are in-
evitable in a vehicle platooning system, such as actuator stuck,
float, loss of effectiveness, and polluted measurements. These
issues can destroy the stability and even the safety of the ve-
hicle platooning system [12], [13]. Over the past few decades,
numerous scholars have devoted themselves to studying fault
detection, and meaningful works have also been applied to
a variety of systems including Takagi-Sugeno fuzzy systems
[14], power systems [15], etc. Typically, a fault detection
method is to develop a prescribed threshold and a residual
evaluation function. Once the residual function exceeds the
threshold, an alarm signal will be generated instantly [16]. In
[17], the authors designed a dynamic observer-based robust
controller and used the states of the observer to generate a
residual signal for fault detection. Yang et al. [18] not only
proposed a fault detection strategy to detect actuator faults but
also designed a dynamic output feedback control strategy to
decrease the effects of external disturbances. However, most
of the existing studies on fault detection mainly discuss the
single vehicle [19] or the unmanned surface vehicle [43]. As
far as we know, the development of fault detection strategies
for vehicle platoon control remains challenging.

With the deployment of vehicle platoons, limited communi-
cation resources have become one of the main restrictive fac-
tors for platooning applications [20]. However, most existing
studies about vehicle platooning systems are time-triggered,
that is, each vehicle in a platoon transmits information to its
neighbors during each sampling period [21], [22], and many
inevitable communication drawbacks (e.g., data packet loss
and communication time delays) are directly related to exces-
sive use of communication resources [23]. Obviously, these
cause a great waste of communication resources and unneces-
sary bandwidth utilization, particularly when the transmitted or
updated states do not change fast. To deal with this issue, we
can consider an event-triggered strategy (ETS) to coordinate
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resources among vehicles in a platoon, that is, only sampling
and updating the state data when the vehicle state changes
exceed a predefined threshold [24]. Over the past decade,
the ETS has been widely applied in networked systems [25],
multi-agent systems [26] and nonlinear systems [27]. Recently,
it has also been employed in vehicle platoon control [23],
[28], [29]. By exploiting the fully distributed event-triggered
controller, Wu et al. [28] discussed the leader-follower con-
sensus of vehicle platoons with intermittent communication.
In [29], the authors studied the design of platoon control
and event-triggered communication strategies for vehicles with
limited communication resources. However, a key point when
designing an ETS is that a lower bound of inter-event times
must be given, which implies the defined threshold needs to
avoid Zeno behavior. Regrettably, achieving this requirement
may not be easy. Given this, a periodic ETS (PETS) has been
proposed, where measurements of states and computations
of the thresholds and the residuals are only at periodic time
instants rather than continuously in time. In [30], the PETS
for linear systems was proposed, and then the authors [31]
extended it to nonlinear networked systems. Note that limited
research has focused on the control of the vehicle platoon
[32]. As we are aware, PETS-based fault detection in the
vehicle platooning system is still a topic that has not been
discussed yet. Therefore, this study proposes a network-based
fault detection filter with the PETS to improve the safety of
vehicle platooning systems.

Inspired by the discussions mentioned above, our works aim
to investigate PETS-based fault detection for a vehicle platoon
with undirected topologies in a network environment subject
to actuator faults and external disturbances (see Fig. 1). The
main contributions are as follows.

1) This study proposes a novel approach for detecting the
actuator faults of a vehicle platooning system under external
disturbances, designing a network-based fault detection filter.
To save more communication resources and reduce unneces-
sary bandwidth utilization effectively, a PETS is applied in the
design of this fault detection filter.

2) To acquire a better fault detection performance, we design
a fault weighting system, and by combining with the vehicle
platoon, the network-based fault detection filter, and the fault
weighting system, a residual system is constructed to guarantee
fault detection filter design.

3) By choosing a suitable Lyapunov-Krasovskii functional
and inequality techniques, we develop several theorems to
ensure asymptotic stability with H., performance of the
residual system and obtain fault detection filter’s parameters.
In addition, we also formulate a threshold for each following
vehicle to judge whether a fault happens or not.

The rest of this paper is summarized as follows. In Section
I, we introduce some preliminaries about vehicle platoon
modeling. In Sections III and IV, we propose the design of
the fault detection filter with the PETS and establish several
theorems for a residual system, respectively. In Section V,
numerical experiments and field experiments are presented to
verify the validity of acquired results. Section VI draws the
conclusions.

Notations: A3[0, +00) stands for the linear space of square-
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Fig. 1. A framework of network-based fault detection with PETS for a vehicle
platoon subject to external disturbances and actuator faults.

integrable vectors over the time interval [0,+o00). [M], de-
notes a simplified notation of M + MT. Let R" be the n-
dimensional Euclidean space and R™*™ be the space of n xm
real matrices. The symmetric elements of the symmetric matrix
will be defined by {*}. The space of functions ¢ : [07, 03] —
R™ that have a finite lim ,_, 0(z), are absolutely continuous
on [01,02), and have square integrable first-order derivatives
is defined by y[0'1,0'2) and ||Q||37 = MaX;clgy,09] |Q(Z)| +
72 16(2)Pd2]2. O sny = 0 (I @ Q) € R™MNV*N Q) €
R™>" Unitary matrix I, = diag[l,1,---,1] € R™*™,
Q > 0 (< 0) represents a positive (an negative) definite
matrix. Apin = (Q) and A\pnax = (Q) respectively refer to
minimum and maximum eigenvalues of Q, and \;(Q) denotes
i—th eigenvalue of Q.

II. PROBLEM FORMULATION

A. Longitudinal Vehicle Dynamics

We take a vehicle platooning system composed of 1 leader
and N followers into consideration, which are respectively
indexed by 0 and 1,2,--- , N. Here, we exploit a first-order
model to characterize the vehicles’ longitudinal acceleration
behavior:

Tdi(t)—l—ai(t):ui(t)+5i(t), iE{l,--- ,N}, (1)

where a;(t) € R refers to the acceleration of vehicle 7. 7 > 0
denotes the inertial time lag in the powertrain. u;(t) € R refers
to the desired control input of vehicle i. €;(¢) € R stands
for the external disturbance (e.g., wind guest, road slope, and
lead vehicle’s acceleration [33]) on vehicle ¢, which belongs
to A3[0, 00). The model is extensively applied to the basis of
platoon control design and analysis [34], [35].

Considering that there is a potential actuator fault in each
vehicle, a third-order state-space model for each vehicle under
platoon control can be described as follows:

Z;(t)
yi(t)

Czi(t), 2
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where z;(t) = [p;(t),vi(t),a;(t)]T € R3 refers to the state of

01 0

0 0 1 |,B=
00 -1

denotes the actuator fault to be estimated, which means that

the velocity and acceleration of vehicle ¢ are influenced and

belongs to A3[0,00), D € R3*2 is a known constant matrix,

yi(t) € R? stands for the measured output, C' = diag [1,1,1] €

R3%3 presents the measured output matrix, which means that

position, velocity, and acceleration are measurable.

Note that model (2) and its variants are widely considered
as a basis for theoretical analysis of numerous vehicle platoon
applications, such as [3], [4], [28], [29], [33], [38], [46].

B. Communication Topology

G = (V,&,A) indicates a directed graph corresponding
to the communication topology among N following vehicles
(nodes), where V = {1,--- ,N} and £ C V x V respectively
refer to a node set and an edge set standing for the connections

between two following vehicles, and an adjacency matrix
A = [a;;] € RV*N has the following definition:

s — 1, {vj,vi}eé’,
71 0, otherwise,

where 4,5 € {1,2,--- , N}, {vj,v;} € € implies that vehicle ¢
can receive the information of vehicle j. N; = {j|a;; = 1} is
the neighbor set of vehicle :. Besides, there exists no self-loop
in G, i.e.,a; =0,Vi e {1,2,--- N} in this study.

The Laplacian matrix associated with G is denoted as £ =
[lij] € RNV*N with

lij{

where 4,5 € {1,--- ,N}.
In addition, a pinning matrix M = diag [m11,Ma2,
-, myN| € RN*N is denoted to indicate the links between
the leading and following vehicles, in which m;; = 1 indicates
that vehicle 7 can receive the information from the leader, and
m;; = 0 otherwise. Next, the leader accessible set of vehicle
1 has the following definition:

w{ 9

In this paper, we mainly pay attention to undirected commu-
nication topologies for a vehicle platooning system (See Fig.
2), thatis, 1 € N; & j € N; for any 4, j € V, and we assume
that undirected communication topologies are connected [34].

vehicle i, A = 0,0, 117, fi(t) € R?

L F s

Z]EV g, 1= j7

—04j,

if g = 1,
if my; = 0.

III. DESIGN OF NETWORK-BASED FAULT DETECTION
FILTER WITH PETC

This section respectively designs a distributed controller to
guarantee the string stability of the vehicle platooning system,
together with proposing a PETS and devising a PETS-based
fault detection filter to generate the residual signal for fault
detection. Then, a reference fault weighting system is given
to acquire better performance. Moreover, by combining the
vehicle platoon, the fault detection filter, and the reference
fault weighting system, a residual system of fault detection is
constructed to guarantee the design of the fault detection filter.

. fg ~ I/g = fg ~ /g :

Fig. 2. Example of undirected communication topology for a vehicle
platooning system.

A. Design of Distributed Controller

Considering that each vehicle can only utilize its neigh-
borhood information denoted as I; = M, JN,;, we focus
on a linear distributed controller satisfying string stability as
follows [36]:

wi(t) == [kp(pi—pj—di ;) +ko(vi—vj) +ka(ai—a;)], 3)
JEL

where k,, k., and k, are the controller gains to be designed.

Denote the state of the leading vehicle as zo(t) =
[P0, vo, ao)T which satisfies zo(t) = Azo(t), then the tracking
error of vehicle ¢ has the following definition:

~ i—1
pi(t) = pi—po—doi=Dpi—po— Z;‘=0 djj+1,
’Di(t) = U; — Vg,
dz(t) = a; —ap.

According to the above equation, (3) can be rewritten as

wi(t) = = [kp(Bi = B3) + ko8 — ;) + ka(@s — @5)], )
jel;

then to guarantee the string stability of the vehicle platoon
subjected to external disturbances and actuator faults, this
paper will design corresponding controller gains in distributed
controller (4) according to [46].

Remark 1: There exist two types of spacing policies exten-
sively applied in the vehicle platoon, that is, the constant time
headway (CTH) policy and the constant spacing (CS) policy
[37], [38]. Considering that this study aims to investigate fault
detection for a vehicle platooning system, a simpler CS policy
is applied in the vehicle platoon.

For the sake of the following analysis, the state of tracking
error Z;(t) satisfies Z;(t) = [pi(t),0;(¢),a;(t)]T, resulting
in the following representation of distributed controller (4):
ui(t) = —szeﬂi(éi(t) — Z;(t)), where K = (kp, ky, kq).
Then, the closed-loop dynamics of vehicle 7 have the following
expression:

N
Zl(t) = Aéi(t) — BK Zaij(éi(t) — 2j(t)) + miiéi(t)
+Be;(t) + Dfi(t),

gi(t) = Cz(t), 5

where §;(t) € R? is the output of closed-loop system (5).

B. Design of Event Generator

For saving limited network and communication resources
and decreasing bandwidth utilization, an event generator is
devised for the vehicle platoon. The transmission instant set
of vehicle i is presented as {t.hlt; € N}, in which ¢} is
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Fig. 3. Signal transmission for the controlled vehicle platoon through the
network.

determined by the following condition of output-based PETS
[301, [31]:

tiopr =t + min{UI=5 £Z5 > 03 (pih)sgi(pih)}, (©)

with 25, = §i(pih) — §:(tLh), 0 < &; € R is a given threshold
parameter, p;h = tih + Lh, and weight matrix 0 < xk € R3*3
need to be designed.

According to (6), the minimum inter-event time can be
determined by h > 0, which implies that Zeno behavior is
avoided effectively. Due to the behavior of zero-order-holder
(ZOH) and network-induced delay (see Fig. 3), we define an
output of ZOH ¢;(t) as follows:

i) = Giltkh), t € [th+ i tiah + i), D)
where nz > 0 stands for the transmission delay and 7}, <

M < M- S
Denote the following subintervals on ¢ € [t} h+ny, ) h+

7712+1)3

Yy =[h+nith+h+ul),
T = [tLh+h+n, t.h+ 2h + 1),
T - [t’h—i—w h+77katk+1h+77k+1)

“Wm
with o} = min{w|tih + (@ + h+ 1) > th, h+ni )
Error vector e;(t) € R3 and piecewise time-varying delay
7;(t) have the following definition:

gi(tih) — gi(tih), te i,
ei(t) = :
gi(tih + @i h) — gi(tih), te T;M
t—tih, te Y,
Ti(t) = :
t—tlh wilh, teT i

Note that 7;(t) is a time-varying artificial delay rather than
network-induced delay. Therefore, output of ZOH g;(t) can
be redefine as

Denote 7, = 1., Thy = h + 1%, and &' = 75, — 7. It
follows that 72, < 7;(t) < 7%,.

Remark 2: More recently, as an economic and useful
strategy to save communication and network resources, the
ETS has been successfully applied in various fields such

as academics and engineering. Considering that a vehicle
platoon can receive and exchange some necessary information

based on network and vehicle-to-vehicle (V2V) communica-
tion, which may be limited by bandwidth and resources of
communication in many scenarios, it is beneficial to use the
ETS to investigate fault detection for a vehicle platooning
system based on the condition of the network and V2V
communication. Furthermore, the general ETS needs to devise
a minimum triggered interval to avoid Zeno behavior and
require continuous monitoring of a triggering condition, which
may waste numerous network and communication resources.
Given this, some scholars have further proposed a PETS to
overcome that disadvantage, and plentiful results have been
obtained. Therefore, it is meaningful to utilize the PETS to
discuss this topic.

C. Design of Fault Detection Filter

It should be mentioned that there exist some inevitable
factors, e.g., zero shift, network disturbance, and aging, which
may cause the actuator fault, e.g., enlarging, tightening, and
no output, for a vehicle platoon. In what follows, to judge
whether or not vehicle faults have happened, we design a
fault detection filter with the PETS, which includes a residual
generator to generate the needed residual signal. The fault
detection filter for each follower in the vehicle platoon is
formulated as follows:

Z(t) = Aszi(t) + Briu(t),
ri(t) = Cyzi(t) + Dyy;(t), )

where 2;(t) € R* refers to the filter state vector. r;(t) € R
denotes the residual signal, and §;(t) indicates the input of
the fault detection filter of each vehicle (which is influenced
by the PETS). The filter matrices Ay, By, Cy, and Dy have
suitable dimensions and are designed later.

For obtaining better performance, we define a reference
model as f(s) = O(s)f(s), where ©(s) stands for a stable
weighting matrix [39]. The minimal state-space realization of
O(s) has the following definition

filt) =

where 2, ;(t) € R refers to the state vector of the system.
Some constant matrices A,,, By, Cy, and D,, are known
and predefined. f;(t) € R indicates the weighting fault signal.
In addition, a framework of network-based fault detection is
exhibited in Fig. 1 for a vehicle platooning system.

Accordingly, closed-loop system (5), fault detection filter (9)
and fault weighting system (10) can respectively be rewritten
as the following representations:

[(In ® A)— (L+M) ® BK]z

+(Iny ® B)e(t)+(In ® D)f(

$(t) = (Iy ® CO)&(h),

{ wo(t) = (In ® Au)au(t) +
f(t) = (IN ® Cy)zy(t) + (In ® Dy)f(t),

{ (t) = (Iv ® Ap)a(t) + (In  By)(
r(t) = (In ® Cp)alt) + (Iv ® Dy)y(0),

szw,i(t) + Bwfz(t)v

szw,i(t) +Dwfi<t)» (10)

z(t) =

)

(t
t),

Z

N>
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where i(t) = (2?(15),2;(15), T 7211\;(t))T’f(t):( ip(t)v
f2 ), -, 17\;(t )Tvzw(t) = (Zw,Al(t)vzw@(t)’ 'A"Zw,N(t)) )
( )= ( 1(t),ea(t), - en ()T E() = (f1(t), f2(8), -,
In@)T 2(t)= (5 (1), 25 (1), 25 ()" 2 (1) = (11 (2),
ra(t), - rn (), ¥() = (@1 (1),93 (t), -, g5 ()", ¥ () =
(91 (1), yz() iR )"

To guarantee the design of fault detection filter (9), a
residual system is defined with its state vector S(t) =
(zT(t),zL(t),27(t))T € R®N and expected output r.(t) €
RY, resulting in the following formulation:

S(t) = ®18(t)+PS(t — 7(t)) +P3(t)+Dye(t),
re(t) = ®5S()+P6S(t — 7(t))+270(t) + Pse(t),(11)
where ‘?(t) = (ST( )ﬂSQT(t)v"' ,Sﬁ(t))Tﬂ‘e(t) =
r(t) — £(t) = (req ()re,z(t)wwre,zv(t))T € RY,
o) = (@), ()" e RN, St - 1(t) =
(S{(t = 7(t), S5 (t — (t>) SRt —Tn ()T, e(t) =
(ef (t),e3 (1), en(t)” 3N, P, = diag[Ad, Iy ®
Ap, Iy ® Af], A= (Iy ®A) (L + M) ® BK,
In®D In®B
b= ([ P O ) = Iy B Owe |

Osnxon Oanxn

&y = (Osnxan,—In @ Bf)T,®5 = (Onxsn, —Inv ®
Cuw,In ® Cy), 6 = (In @ (DsC),0nxsn), P7 = (—In ®
Dy,0nxnN), ®s = —In ® Dy.

Then, the definition of H, performance for residual system
(11) is given as follows, which is important for the following
result.

Definition 1 (#., Disturbance Attenuation): Residual
system (11) is said to be asymptotic stable with a guaranteed
H ., performance if the following two requirements hold.

1) Residual system (11) can achieve asymptotic stability
with 9(t) = 0.

2) Under zero initial conditions, residual system (11) fulfills
an H,, performance with a disturbance attenuation level (, if

OorTwrww 2 OOT(.L) w)aw
/0 T (@)re(w)d <</0 97 (w)9(w)d

for all nonzero ¥(t) € As.

This paper aims to tackle the design of PETS-based fault
detection filter (9) in vehicle platoon (2), which carries out in
the following two steps:

12)

1) Produce the residual signal: for vehicle platoon (1), de-
vise fault detection filter (9) with the PETS for each ve-
hicle to generate residual signals. Moreover, the devised
fault detection filter can ensure that residual system (11)
fulfills asymptotic stability with H., performance (12).

2) Formulate a fault detection measure: after the fault
detection filter for vehicle platoon (1) are designed, by
using the strategy proposed in [40], residual evaluation
functions J;(¢) and thresholds Jy;, ; have the following

definitions:
Ji(t) = \/ / w)dw, i =1,2,--- N,
Jini = (13)

€ (t)eA2 fy(t) 0

Next, the fault detection criterion is as follows:

Ji(t) > Jin,s = faults occur = alarm,
Ji(t) < Jen,s = no faults.

IV. STABILITY WITH H,, PERFORMANCE ANALYSIS OF
THE RESIDUAL SYSTEM

In this section, we develop several sufficient conditions to
ensure the stability of the residual system with H., perfor-
mance by formulating the Lyapunov-Krasovskii functional and
inequality techniques. Before we present theorems of stability
with H, performance for this system, some essential lemmas
are given to ensure the following proof of our works.

Lemma 1 (see [41]): For an integrable function {S(u)|u €
[01,02]} and a matrix 0 < @ € R"*", the following
inequality holds:

/ST QS (w)ds

S ([som) ([ sm),

Lemma 2 (see [42]): Let S(t) € Y[o1,02) and S(o1) = 0.
Then for any matrix 0 < @ € R™*", the following inequality
holds:

/ST QS (w)des

01— 02

(02—01 / ST (W) QS (w)duw

Lemma 3 (see [43]): For a vector function S : [-7,0] —
R™, scalar 0 < 7(¢t) < 7, and any matrix L > 0, =
L H

L
inequality 1s well defined, it holds

> 0 such that the integration in the following

. / | T @)LS W) < TR,

where ST(t) = [ST(t),8T(t — 7(1)),ST(t — 7)], Q =
-L L—-H H
x |[H-Lls L—H
* * —L

Accordingly, to ensure that residual system (11) can achieve
H,, asymptotic stability, a theorem condition is provided,
resulting in the following representation:

Theorem 1: If there exist positive matrices P, Q1, Q2, R1,
Ry, E,k,G with R G
Ry
A¢,Bf,Cr, Dy, and constant ¢ such that the following in-
equality holds

> (0, constant matrices

U, & B, by T
« —R, 0 0 0
U= « « -R, 0 0 |[<0 a4
* * * —E 0
* * * * —IN

Authorized licensed use limited to: University College London. Downloaded on December 07,2023 at 14:58:19 UTC from IEEE Xplore. Restrictions apply.

© 2023 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



This article has been accepted for publication in IEEE Transactions on Vehicular Technology. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TVT.2023.3334430

IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY

where
0 = Osnxn,0=0snxsn,0=0snx3n,0=03nx3n,
E = 6TE€7 G = 6TG€7 Ql = 67162167 QQ = 6TQ2€7
Rl = ETR1€, RQ = ETR2€7 €= (.[4704><4), k=1In®K,
2
~ ~ T ~
X111 = IN®Q1_IN®R1+[P(I)1]S_Z(IN®E)7
2
~ ~ T ~
X23 = IN®(R2_G)’X13:Z(IN®E)+P(I)2,
X2 = IN®(Qa—Q1— Ry — Ry),x15 = Pds3,
2 ~ ~ ~ ~ ~
xi = —(Iv®E)+Iy ® ((G—Ral)+CT (60m)C,
xi1 IN® R xi3 0 _ X15 X16
* X22 x23 IN®G 0 0
v, — * * X33 X23 0 0
4 * * * X44 0 0 ’
* * * * X55 0
* * * * * —K
xuu = —IN®(Q2+ Ry),C = Iy ® (03x1,C,03x4),
xi6 = P®4,Ln=In®IL), x5 =—Cy,
Q. = (®5,0nxsn, P, Onxsn, P7, Pg),
d; = OT(Iy®('Ry)), Py = T (In @ (e"' Ry)),
(i)3 = <i>T(IN®(6TE)),5:diag[51,52,--~ ,51\/’],
D = (®1,08nxsn, Pa, 0snxsn, P3, Py),
d? =

dlag[(d%)Qa (d§>27 ) (d?\f)2]7 éQ = (d2)71 ® R27
m = diag|(r)? ()L () B = () T @R
TZ%J = diag[( 1%4)23(7_1%/[)2,"' 3(7-1\]})2]7-@: (7—]%4)71®E,

then residual system (11) achieves asymptotic stability with
H, performance (12).

Proof: See Appendix A.

It should be mentioned that Theorem 1 cannot be resolved
by utilizing the LMI toolbox since residual system (17) is
coupled with an unknown matrix P. Consequently, inspired
by [33], the following theorem can be formulated to address
the above issue: .

Theorem 2: If there exist positive matrices P;, Q1, @2, R1,
R, E.r,G,T' with <R2 G

Ry
Af,éf,éf,Df, and constant ¢ such that the following in-
equality holds

> 0, constant matrices

\114 1 &)2 &)3 &)g
) * —Rl 6 6 0
Uy = * * —Ry O 0 <0, (15)
% * * —-E 0
* * * x  —Iy
where
Xu R s 0 X15 X16
x X2 Xoz IN®G Q Q
U, = * ¥ X33 X23 9 9 7
* * * X44 0 0
* * * * X55 0
* * * * * —K

. X11 AJ'J“A,TF
- * Af-l—A?

. IN®R
)7R1:<N6 1>a

2 —

X1 = INn®(Q1— R — %E) +[(In ® P1) Al
A = diag[Iy ® A — (L+ M) ® BK, Ixy ® Ay),
I = (IN®(PP;"), Ap = In®Af,0 = Oanxsn,
0= 0unscan; @2=(Bs(In @ C),04nxn),

X22 = IN®(Q2—Q1—R1—Rs3),X23 = In ® (R2 — G),
2 — —
s = (@ E)+Iy @ (G - Ral)+CT (@ R)C,
2 A ~ A
. T(IN®E)+ P . (INn ® P1)®3
= |4 (In > 2 = ;
X13 ( (1)2 ) » X15 ( F¢3 )
- (Iyv®D IN®BY\ . ([ —-By
@3_ (IN®Bw ON)(N >3X16_(_Bf>7
faa = —INn®(Q2+4 R2),C = In ® (03x1,C),
by = (IN®(DfC),ON><5N),Bf:(IN®Bf),
Dy = (P5,0nx3n, s, Onxn, Pr, Ds),
P5 = (Onxan, —In®Cy, Iy ®Cy),P3 = —In ® Dy,

o = OT(Iy®Ry), s =T (Ix ® Ra),
T (In ® E),® = (A, 0anx16n, P3, Oanxsn),

then residual system (11) achieves asymptotic stability with
H, performance (12).

Proof: See Appendix B.

It should be noticed that (15) will have a very high
dimension with the number of following vehicles increasing,
even rendering the issue intractable. Inspired by [33], condition
(15) is decomposed for individual vehicles such that it can be
efficiently solved.

Theorem 3: If there exist positive matrices ]51, Q1,Q2, Ry,

A Ry G .
Ry, E,k,G,T" with ( *2 > 0, constant matrices

Ry
Af,éf, C’f,ﬁf, and constant ¢ such that the following in-
equality holds

Vs, Dy :2,1- 73371- (i>v3T
—(T’f—l)z 0 0 0
Uy=| =« * 7((%2 0 0 | <o, 16)
__FE 0
* * * CRE 0
* * * * -1
where : =1,2,--- | N,
X1 Ri Xazs Oixa  X15 Xie
*  Xoz X2z G O4x3 Oaxs
U, . * ok X33 X233 Oaxz  Oaxs
5,1 — )
* * ¥  Xaa  Ogxz Ogxs3
* * * *  —C%I3 O3x3
* >k k k * —K
Yi1g = Q1—R1—%2E+[1311‘~1i}s %f—&-JZ}Tf
11,2 y Af + A}“ ’

A; = diag[A—¢BK, Ay, ¢ = M(L+ M),
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2 S
S Rl _ LE+®2 ~ N
R, = , = 4 , &, = (BC,0 ,
1 (04X4> X13 ( &, ) 2 ( f 4><1)
_ _ —Bf _ pl(f)g o D B
X16 = (_Bf)7xl ( f‘$3 >aq)3_ (Bw O)a
[ = PPyt 20 =(Q2—Q1—Ri—Ry), Xa3=(Ra — ),

7T2 o S
X33,i —ZE+([G—R2]S)+51'CTHC, Xaa=—Q2 — Ry,

C' = (03x1,C), &5 = (013, —C, Cp),
?6 = (D4C,01x5),P7 = (—D,,,0), &g = — Dy,
By = (®5,01x3, Bg, 0,7, Bg), &1, = 37 Ry,
@2,1 = @?Rz,@g,i = éZTE, o, = (1211-704“67@370“3)

forall ; = \;(L+ M), i=1,2,--- | N, then residual system
(11) achieves asymptotic stability with H, performance (12).

Proof: See Appendix C.

Remark 3. Compared with (15), (16) only has the size of
an individual vehicle. It decreases computational complexity
and saves more computational resources. Moreover, \1127i,i =
1,2,---, N is affine in g;, condition (16) holds when and only
when it holds for the minimum and maximum eigenvalue of
L + M [33]. In addition, compared with our previous works
about the PETS-based controller [32], [44] and the PETS-
based H, filter [45], this paper not only extends to the case of
the PETS-based fault detection filter but also employs a useful
approach to decrease the dimensions of Theorem conditions.

V. NUMERICAL EXPERIMENTS AND FIELD EXPERIMENTS

In this section, numerical experiments and field experiments
are presented to testify the validity of the presented theorems.

A. Numerical Experiments

TABLE 1
PARAMETERS OF NUMERICAL EXPERIMENTS.

Symbol Unit Value (¢ is the vehicle index)

T S 0.1

d()’i m 1 x 10
0; - 0.2

kp - 5

ke - 6

kq - 1

NM,i ms 40

Nm,i ms 10

If not elsewhere specified, the platoon is composed of one
leading and eight following vehicles through V2V communij:
010

001
that accounts for actuator faults that affect the velocity and ac-

celeration response, then inertial lag, the threshold parameter,
desired inter-vehicle distance, and distributed feedback gains
are shown in Table I, where selecting controller parameters can
ensure the string stability of the vehicle platoon considered in
this paper (see [46]). ; € [1)m,i, Mas,i] implies a delay induced

cation in numerical experiments. We select D =

by the network and exhibits in Table I. Moreover, we choose
the following parameters for the fault weighting system [43]:

Ay = —0.1, By, = (0.25 0.75),C,, = 0.5, D,, = (0 0).

Then, three cases are respectively presented as follows.

Case I: A fault-free vehicle platoon

In this case, we select the leader vehicle’s initial state as
20(0) = (0,14,0)” and eight following vehicles as z;(0) =
(—10¢, cos(i)+15,0),4 = 1,2, - - , 8, and external disturbance
it) = { 8;15”1(’5)’ t;f:;i?:gf Then, Fig. 4 (a) and
(b) respectively depict the evolution of position p [m] and
velocity v [m/s] for each vehicle. After 45s, the velocity of
each vehicle converges to the desired one. Moreover, position
errors p [m] and velocity errors ¥ [m/s] of each vehicle are
depicted in Fig. 4 (c) and (d), and distance errors between
each vehicle are lower than 0.6m. Therefore, by exploiting
distributed controller (3), vehicle platoon (1) without a fault
is stable.

1000 Yeh 0 Veh3 —Vens 181

—Veh 1 —Veh 4 —Veh 7|
800 —Veh 2 —Veh 5 —Veh §|

Veh 0
—Veh 1 —Veh 4 —Veh 7|
—Veh2—Veh 5 —Veh §|

Veh 3 —Veh 6

20 40 60 0 20 40 60
t[s| t [s]

(a) Curves of position of each (b) Evolution of velocity of each

vehicle. vehicle.
06 —Veh 1 —Veh 5| 2 —Veh 1 —Veh 5|
—Veh 2 Veh 6| —Veh 2 Veh 6|
0.4l Veh 3—Veh 7 Veh3—Veh7
—Veh 4 —Veh 8 1 —Veh 4 —Veh 8|
z
E |
®
0 )
-1
0 20 40 60 0 20 40 60

t[s]

(c) Curves of position errors be-
tween the leader and followers.

t[s|
(d) Evolution of velocity errors
between the leader and follow-
ers.

Fig. 4. Experiment results of the fault-free vehicle platoon.

Case II: A faulty vehicle platoon

TABLE 11
ALARM TIME FOR EACH VEHICLE.

FVs FTs ATs Thresholds
1 0s 0Os 0.3865
2 5s  5.32s 0.0975
3 18 20.16s  0.2219
4 18s 20.22s  0.1851
5 58 5.68s 0.1271
6 0s 0Os 0.2370
7 0s Os 0.2384
8 0Os Os 0.2121

In this case, take A = 0.1s as the sampling period and iden-
tical parameters as Case I are applied to solve the following

Authorized licensed use limited to: University College London. Downloaded on December 07,2023 at 14:58:19 UTC from IEEE Xplore. Restrictions apply.

© 2023 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



This article has been accepted for publication in IEEE Transactions on Vehicular Technology. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TVT.2023.3334430

IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY

optimization problem
min
s.t. (16).

Then, we can get the following parameters:

¢ = 0.2434,
—0.0151 —13.7988 —147.2638 —5.4877

A4, — | L0010 —21.4811 —83.9246 —7.6742

F= | —0.0000 —4.2474 —28.4630 —1.3823 |’
0.0002  —0.0182  0.4435  —0.0834
—0.3257 —0.0417  0.0038

B, — | —00446 —0.0050 0.0012

F= 0.0017  0.0001 —0.0001 |’
—0.0029 —0.0003 —0.0001

Cy = (10.0226 0.0293 —0.2147 —0.2394 ),
0.4949 \ 0.7369 0.0907 0.0008

Dy = | 0.0613 | ,k=|{ 0.0907 0.0121 0.0010
0.0106 0.0008 0.0010 0.0010

In addition, we set fault signal f;(¢), ¢ =2,---,5 as:

ficpes1(t) = { ( N(0,5), N (0,5) )T, t € [5s,10s),

0, otherwise,

T
f = | (43), te[18s22),
0, otherwise,

T
f = {(32), te18s22),
0, otherwise,

Moreover, the curves of position p [m] and velocity v [m/s]
for each faulty vehicle are shown in Fig. 5 (a) and (b). Then,
the position errors p [m] and velocity errors ¢ [m/s] are
exhibited in Fig. 5 (c) and (d), and it is easily observed that
each vehicle keeps a safe distance and the distance errors of
each vehicle are lower than 2.5m. Furthermore, in Fig. 6 (a)
and Fig. 6 (b), it is easily seen that the change curves of the
different residual evaluation function J;(¢), i = 1,2,--- ,8 for
each following vehicle. In addition, the alarm times (ATs) of
the following vehicles (FVs), the fault times (FTs) of FVs, and
thresholds Jyp, 5, © = 1,2,---,8 are also provided in Table
II. Moreover, Fig. 6 (c) respectively depicts the evolutions
of residual response 7 ;(t),i = 1,2,---,8 for each vehicle
without and with a fault, and the evolutions of the PETS with
triggered instants and triggered intervals are exhibited in Fig. 6
(d). Consequently, we conclude that the devised fault detection
filter can effectively detect the fault for each vehicle.

Case III: A comparison of three different sampling
strategies in fault detection filter

In this case, we also apply a periodic sampling (PS) and
an ETS to the fault detection filter for the FVs comparison
to highlight the performance of the presented PETS, where
we use the fixed transmission rate of 5S0Hz as transmission
instants.

The number of triggers (NOTs), average triggering period
(ATP), signal update period (SUP), a ratio between the quan-
tity of data transmission in two event-triggered strategies and
the quantity of data transmission in periodic sampling, and the

1000 Yeh 0 —Ven3—Vens 18

—Veh 1 —Veh 4 —Veh 7|
800 —Veh 2 —Veh 5 —Veh 8|

Veh 0 —Veh 3 —Veh 6|
17|—Veh 1 —Veh 4 —Veh 7
6 —Veh2 —Veh 5 —Veh §|

600
£ 400
=

200

-200 11
0 20 40 60 0 20 40 60
t[s] tls]

(a) Curves of position of each (b) Evolution of velocity of each

vehicle. vehicle.
3 —Veh 1 —Veh 5| 2 —Veh 1 —Veh 5|
25 Via||——Veh 2 —Veh 6| —Veh 2 — Veh 6|
2 A Veh 3 —Veh 7| Veh 3 —Veh 7|
—Veh 4 —Veh 8| 1 —Veh 4 —Veh 8

"o 20 40 60
ts]

(d) Evolution of velocity errors
between the leader and follow-
ers.

Fig. 5. Experiment results of the faulty vehicle platoon.

(c) Curves of position errors be-
tween the leader and followers.

TABLE III
FAULT DETECTION FILTER WITH PS FOR EACH VEHICLE.

FVs NOTs SUP Ratio
1 3000 20ms 100%
2 3000 20ms 100%
3 3000 20ms 100%
4 3000 20ms 100%
5 3000 20ms 100%
6 3000 20ms 100%
7 3000 20ms 100%
8 3000 20ms 100%
TABLE IV

FAULT DETECTION FILTER WITH ETS FOR EACH VEHICLE.

FVs NOTs SUP Ratio
1 311 0.19s 10.37%
2 344  0.17s 11.47%
3 309 0.19s 10.03%
4 306 0.20s  10.02%
5 313 0.19s 10.43%
6 311 0.19s 10.37%
7 311 0.19s 10.37%
8 327 0.18s 10.90%

fault detection filter with the PS, the ETS, and the PETS for
the following vehicles (FVs) with undirected communication
topology within 60s are respectively shown in Tables III, IV,
and V. Based on the three tables, we can see that the NOTs
of the ETS and the PS are higher than the PETS and the
ATP of ETS and PS are smaller than PETS for each vehicle.
Compared with the ETS and the PS, the proposed PETS can
effectively reduce 6.24% and 95.74% bandwidth occupation
of the network and save more communication resources.
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(c) Time evolutions of residual response 7 ;(t),7 =
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(d) Time evolutions of PETS with sample period h =
0.1sand 6, =0.2, i =1,2,---,8.
Fig. 6. Experiment results of fault detection and PETS for the vehicle platoon.

TABLE V
FAULT DETECTION FILTER WITH PETS FOR EACH VEHICLE.

FVs NOTs SUP Ratio
1 144  0.42s 4.80%
2 142 0.42s 4.73%
3 133 0.45s 4.43%
4 132 0.45s 4.40%
5 116  0.52s 3.87%
6 129  0.46s 4.30%
7 116  0.52s 3.87%
8 110  0.55s 3.67%

Fig. 7. Two vehicles used in field experiment validation.

B. Field Experiments

To demonstrate the performance of the designed PETS-
based fault detection filter and its technical feasibility in
practical application, the theoretical results of this paper are
applied to a platoon of 2 test vehicles (see Fig. 7). These
vehicles communicate with each other through WiFi under
the undirected topology (see Fig. 2), where the initial position,
velocity, and acceleration of the leading vehicle are po(0) =
0m,vo(0) = 0.8m/s,ap(0) = Om/s?, and these above
parameters of 2 following vehicles are respectively defined
as p1(0) = —3m,v1(0) = Om/s,a1(0) = O0m/s? p2(0) =
—6m, v2(0) = 0m/s, and as(0) = Om/s.

Case I: A fault-free vehicle platoon

Considering that there only exist 2 test vehicles (see Fig. 7),
we preset and store the predefined state and time-varying tra-
jectory of the leading vehicle in the following vehicle 1 before
the experiment begins. For this field experiment, we initially
select distributed control gains k, = 5.5,k, = 10,k, = 1.5
according to string stability condition (see [46]) and then fine-
tune them to obtain satisfactory performance. Next, we choose
3m as a desired following distance, together with several
same parameters as Case I of Subsection A. Due to unknown,
uncertain, and time-varied external disturbances caused by
roads with up and down slopes and wind gusts in the field,
clear values of them are not provided. Fig. 8 (a) and (b) show
the evolutions of position p [m] and velocity v [m/s] of each
real vehicle. Then, the change curves of position errors p [m]
and velocity errors v [m/s] are exhibited in Fig. 8 (c) and (d),
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Fig. 8. Experiment results of the fault-free vehicle platoon. Fig. 10. Experiment results of fault detection and PETS for the vehicle

platoon.
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Fig. 9. Experiment results of the faulty vehicle platoon.

Fig. 9 (a) and (b) depict the change curves of position p [m]
and velocity v [m/s], and it is easy to observe that v, decreases
during t € [12s,17s), and v; also decreases due to the
influence of the fault of following vehicle 2. Then, the change
curves of position errors p [m] and velocity errors v [m/s] are
exhibited in Fig. 9 (c) and (d), and we can easily observe
that p; approaches to 0.41lm and ps approaches to 0.21m
after 30s, which may be caused by external disturbances, but
v [m/s] of the following vehicles approach to O after 30s.
Furthermore, Fig. 10 (a) and (b) show the change curves of
the different residual evaluation function J;(¢), ¢ = 1,2, and it
can be easily seen that the actuator fault of following vehicle
2 can be detected by the designed fault detection filter after
15s. Fig. 10 (c) exhibits the evolutions of residual response
re,i(t),i = 1,2 for each following vehicle without and with a
fault. In addition, the evolutions of the PETS with triggered
instants and triggered intervals are exhibited in Fig. 10 (d).
Therefore, we conclude that the devised PETS-based fault

and we can easily observe that p; [m] approaches to 0.41m and
p2 [m] approaches to 0.21m after 30s, which may be caused
by external disturbances, but v [m/s] of the following vehicles
approach to O after 30s.

Case II: A faulty vehicle platoon

We select the same parameters as Subsection A and Case 1
of this Subsection to solve the following optimization problem:

min ¢
s.t. (16).
Then, we can obtain the following parameters:

¢ = 0.2554,
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detection filter can effectively detect the fault for a real vehicle
platooning system.

Remark 4. Practically, no matter MATLAB simulation
or real vehicle experiment, research on fault detection for
the vehicle platoon is totally different from the case of a
single vehicle due to the influences of faults from neighbor
vehicles. Moreover, it may also generate false alarms caused
by other vehicles with lower thresholds. Therefore, based on
the experiment results, it is not enough to design a local
fault detection filter and a passive distributed fault-tolerant
controller to deal with the fault problem for each vehicle but
ignore the influences of faults from other neighbor vehicles,
especially under unknown and random faults. In view of this, it
becomes increasingly meaningful and deserves future study to
devise an observed-based active fault-tolerant control strategy
to estimate and compensate for faults of each vehicle to
address influences of faults from neighbor vehicles and ensure
safety and string stability for a vehicle platoon.

VI. CONCLUSION

In this paper, we have dealt with a PETS-based fault
detection problem for a vehicle platoon subject to external
disturbances and actuator faults in the network environment.
By designing a PETS-based fault detection filter, not only
the actuator faults in the vehicle platoon have been detected
in a short time, but also more communication resources are
saved. Furthermore, some theorems for guaranteeing stability
with H, performance of the residual system have also been
formulated based on the Lyapunov-Krasovskii functional and
inequality techniques. At last, we have presented the numerical
experiments to verify the obtained results.

APPENDIX A
THE PROOF THEOREM 1

Formulate the Lyapunov-Krasovskii functional for system
(11) as follows:

V(t) =Vi(t) + Va(t) + Va(t) + Va(t), (17)

where
i(t) = S (#)PS(t)

N t ~
ne = ([ ST@@s e

+/t Tm SzT(a)QQSi(@)da> ;

N 0 t
Vi(t) = Z(Tfn/ » ST (B)R18;(B)dBda

i=1 — T Vit

rd /_ L s (5)323i(ﬁ)d5da>,

N t . a2t
Vilt) = ;[ » (a)ESZ-(a)da—Z M(si(a)

~Sipd)B(Si(0) = Si(pih))da]

Based on Lemma 2, we can easily prove that Lyapunov
functional V(¢) > 0.
In what follows, one yields

+Z(ST JOuS(t) — ST (t — 71

xQ1Si(t — 70,) + ST (t — 77,)Qa2S;(t — 7))
STt —mi)Q2Si(t — i) + SF () | (75)* Ra

V(t) = 28T (t)P

m

t
+d3R2} Si(t) — 78 / ST ()R Si(a)da
t—T12

—d / t T""sl.T(a)RQSi(a)da+(73‘4)2$f(t)Esi(t)

2 —Tht ]
-0 - St ELS (0-Si(t-r(0)])

(18)
Based on Lemma 1, we acquire
t .
—7k / ST (a)RiSi(a)da < ST,()RiS1,(t),  (19)
t—7}
where élz(*Rl _R}% ) S1.:()=(SF#),SF(t—1i)T.
According to Lemma 3, for a matrix G fulfilling

( R g ) > (), one obtains
* RQ

t=Th . S
—dl/ S;T(CV)RQSl(Ck)dOZ < Sgl(t)RQSg’l(t), (20)
t—=Thy
R ~Ry Ry-G G
where Ry = * [G RQ] Ry —G |, S24(t) =
B3 * 7R2

(8] (t = 74), ST (¢ — (1), STt — m3,)) "
Substituting (19) and (20) into (18), one has

V(t) < 28T () P(®1S(t)+PoS(t—7 (1)) +P30(t) + Dye(t))
+ ST()(In © Q1)S(t) = ST (t—7m) (IN® Q1)
X S(t—7m) + ST (t — 7)) (IN®Q2)S(t—Tpm)
— ST(thM)(IN ® QQ)S(t — TJV[)
+ ST (rﬁb RR+d>® Ry + 734 ® E) S(t)
+ STORS0) + STORaSalt) - (S(0)

= S(t—1))" (In @ E)[S(t) = S(t — ()],

)Ry
)
where S(t — 7,,) = (ST(t — k), St —12),- -, SL(t -
)T S(t—1ar) = (ST(t—TMa Sy (t—Tip)s -, Syt —
)T S1(t) = (ST (1), ST (t—7m))", S2(t) = (ST (t —7m),

STt —7(t), 8Tt —u)T,
Ry = —In ® Ry IN®R} >
* —In ® Ry
~In®Ry Iny®(Ry—G) InoG
Ry = * IN®([G—R2]S) IN®(R2—G)
* * —IN®R2

Then, we need to prove that residual system (11) fulfills
asymptotically stability in respect of ¥(¢) = 0.
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From (6), it is clear that for ¢ € [t,h +nj,t} 1 h+ 1))
ei (Drei(t) < 0y (t—7i(t) gt — 7i(t)
= 0,5 (t —1(1)CTROZ(t — 7i(t)).

Denote S3(t) = (ST (t), ST (t — 7n), ST (t — 7(t)), ST (t —
), el (t))T. In what follows, we can yield

V(t) < 8 (t)T28s(t),

where W, = U3 + T (7% @ R{H® + ég(d ®
Ry )do + 5 (13, @ BT )by, &y = &7 (Iy @ (7 1>> =
(I @ (€'Ry)), &5 = &T(Iy © ('E)),® =
((I)1708N><8Na(I)QaOSI\LXSN»(I)4)7 3

x11 IN®Ri xi3 0 X16

* X22 x23 IN®G 0
U3 =1 = * X33 X23 0

* * * X44 0

* * * * —IN ®K

According to Schur complement, it can be obtained that
Uy < 0 can be ensured by (14). Then, we can also prove
V(t) < 0. Consequently, residual system (11) fulfills asymp-
totic stability.

Next, according to the definition of H,, performance (12)
of residual system (11), one acquires:

H(t) = / (7 (@)re(w) -

Then, one gets

¢ (W)I(w)) dw,

(8 @ K)j(w — 7(w)) — eT(W)(In ®/§)e(w))dw.

/ ST () s S () dov,

where g(w - 7(w)) = (?JlT(w—ﬁ( )73 (w = 2(w)), -+,
In(w — v (W), Salt) = (S T(t), STt — ), ST(t —
7(8),57(t — ), 9T (1), €7 ()", Us = s+ ®f (15, @
RiD®, 4+ 0T (d? @ Ry @y + OF (73, @ E~1)®3 + <I>T<I>1
Based on Schur complement and the condition of (14), w

can easily get #(t) < 0, which ensures system (11) to satisfy

H, performance (12). O
APPENDIX B
THE PROOF THEOREM 2
Define matrices P = InoP In® ]?2 and
* In ® P3
I' = (IN®(P,P;')). Then, by using elementary

transformation and congruence transformation diag[lyn,T,
Lin, Iun, Iun, Ion, Isn, Ian, Tan, Ian, IN] to (14), condition
(15) can be easily acquired, and some new variables
are defined: Ay = PyA;P;'PY By = PB;,Cp =
Cfpgil, bf = Dy.

Then, according to the proof of Theorem 1, we conclude
that (15) can ensure residual system (11) fulfilling asymptotic
stability with H,, performance (12). (]

APPENDIX C
THE PROOF THEOREM 3

For (15), matrix £ + M is symmetric and other matrices
are block diagonal matrices. Define an orthogonal matrix X €
RYXN fulfilling X~ = X7 such that X~ 1(L£ + M)X = ¢
with ¢ = diag [c1, 62, -+ , <] and ¢; = X (L+M). Let xX-1=

diag [X~' Isn, v, Lan, Ian, Jon, Isn, Lun s Ianv, Lun, I,
where X~! = X~! ® I5. In what follows, one has
Uy = X 10, X,
where
\115 P, i)g &)3 (i)g
A x - 0 0 0
¥y = * * —R 0 0 )
* * x =1y
xu R s 0 X15 X16
* X2 X2z INn®G 0 0
— * X33 X23 0 0 7
* * * X44 0 0
* * * X55 0
* * * *  —K
2 _ X11 A_f + Z_TF
X11 < " Af + A}" )

b = OT(In®Ry), by = T (Iy ® Ro),
xi1 = In®(Q1—Ri— 7L2E) +[(In ® 151)2]5,
A = dlag[IN®A—<®BK In ® Ay),
by = ‘I)T(IN ® E),® = (4, 0anx 167, D3, 0anxan)-

Considering that X’ is an orthogonal matrix fulfilling X'~ =
XT, then we can get \I!1 < 0(:) \Ilg < 0.

Moreover, the submatrices in \Ilg < 0 are in a decomposable
form and are block diagonal, then W, can be decomposed into
a small condition for all ¢; as follows, such that \i/g < 0 when
and only when condition (16) holds. Thus, we complete the
proof of Theorem 3. D
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