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ARTICLE INFO ABSTRACT

Keywords: We develop a comprehensive, geometrically-exact theory for an end-loaded heavy rod con-
Elastic rod strained to deform on a cylindrical surface. The cylinder can have arbitrary orientation relative
Surface constraint to the direction of gravity. By viewing the rod-cylinder system as a special case of an elastic
Contact pressure braid, we are able to obtain all forces and moments imparted by the deforming rod to the
S:;Ezg cylinder as well as all contact reactions. This framework allows for the monitoring of stresses

Mode-switching to ascertain whether the cylinder, along with its end supports, is able to sustain the rod

Lift-off deformations. As an application of the theory we study buckling of the constrained rod under
compressive and torsional loads, as well as the tendency of the rod to lift off the cylinder
under further loading. The cases of a horizontal and vertical cylinder, with gravity having only
a lateral or axial component, are amenable to exact analysis, while numerical results map out
the transition in buckling mechanism between the two extremes. Weight has a stabilising effect
for near-horizontal cylinders, while for near-vertical cylinders it introduces the possibility of
buckling purely due to self-weight. Our results are relevant for many engineering and medical
applications in which a slender structure is inserted into a cylindrical cavity.

1. Introduction

The deformation of slender rod-like structures constrained to a rigid cylindrical surface is encountered widely in science,
engineering and medicine. Applications include the buckling of drill strings within boreholes used in offshore oil-drilling opera-
tions (Hajianmaleki and Daily, 2014), the insertion of stents within arteries and veins in endoscopic surgery (Schneider, 2003) and
the soft robotic inspection of pipes in gas, oil or water supply systems (Rashid et al., 2020).

Buckling of such constrained rods inside boreholes has been studied extensively in the drilling industry. For convenient access to
oil reserves, deviated and even horizontal wellbores are frequently used. The production of shale gas usually involves a combination
of horizontal drilling and hydraulic fracturing of the shale stratum (Bahrami et al., 2013). Compressive as well as torsional buckling
have been studied under these inclined conditions, with weight of the rod, generally having both axial and lateral components,
taken into account (Paslay and Bogy, 1964). Weight is generally considered to be important in the buckling process. It is common
practice that drill strings are compressed only in the lower sections and buckle under their own weight. Bucking is also a known
problem, and weight a design concern, in flexible wormlike climbing robots (Wang and Yamamoto, 2017).

Critical buckling loads can be obtained from straightforward linear analysis. Nevertheless, there is a bewildering amount of
approximate analyses in the drilling literature; see Cunha (2004) for a review of the sometimes conflicting results on critical loads.
The study of post-buckling behaviour requires nonlinear analysis. Whenever nonlinearity is considered in the literature it usually
arises in an ad hoc way by combining linear beam-column equations with the nonlinear cylindrical constraint (Mitchell, 1988,
2002), rather than performing a systematic nonlinear analysis.
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Here we develop a general geometrically exact (hence nonlinear) theory for a rod constrained to deform inside a cylinder of
arbitrary orientation relative to the direction of gravity. Our only assumption is that the rod is at all times in contact with the
cylinder. Buckling loads depend on boundary conditions. We formulate boundary conditions for the axial and torsional loading of
a clamped—clamped rod and find exact critical loads (up to negligible numerical error). Other boundary conditions could easily be
applied instead.

Our approach is to view the rod-cylinder system as a braid of two strands winding around each other at constant distance. The
exact equilibrium equations for such a 2-braid have recently been derived (Starostin and van der Heijden, 2014). We just need to
specialise the general theory to the case where one of the strands is rigid, which we do by imposing kinematic constraints. The
advantage of this approach is that we have access to all forces and moments in both the rod and the cylinder, including the contact
reactions between the two. Exact expressions for all these individual strand forces and moments can be obtained explicitly in terms
of the overall braid forces and moments, which have to be computed numerically by solving the nonlinear (quasi-rod) overall braid
equilibrium equations.

The rod-cylinder contact problem is found to be 3-fold statically indeterminate, which means that for a full determination of all
strand forces and moments three constitutive conditions need to be specified that characterise the precise nature of the rod-cylinder
contact. In previous work (Shah and van der Heijden, 2023) we have shown how static friction can be rigorously incorporated into
the theory, but here we make the common assumption of hard frictionless contact, in which contact between rod and cylinder is
maintained solely by a normal contact pressure. Friction does not normally play an important role in drilling, especially in the case
of vertical wellbores, and is ignored in most cited works.

In this paper we focus on the effect of gravity. As may be expected, for cylinders sufficiently close to horizontal, gravity, like
friction (Shah and van der Heijden, 2023), has a stabilising effect in the sense that it delays compressive buckling. Once buckling
has occurred, gravity has a further stabilising effect in that it helps maintain the cylindrical constraint. However, eventually, under
sufficiently high loads, the rod will lift off the cylinder, an effect not usually considered in the literature. By monitoring the normal
contact pressure we are able to accurately determine the lift-off load (similar to the determination of the critical load for a heavy
rod to lift off a horizontal plane in van der Heijden et al. (1999)). Other forces and moments can similarly be monitored to ascertain
whether the cylinder is able to sustain the required reactions under the applied loads. For instance, the cylinder (and its end supports)
has to resist the twisting moment induced by the rod deforming on it. Being able to compute such forces and moments will likely
be more important for free-standing tube or pipe systems than for holes bored in a wider solid.

We find that for near-horizontal cylinders gravity introduces mode-switching at critical weights, with heavier rods gradually
buckling into more oscillatory modes. Smaller inclinations from the vertical lead to smaller critical compressive loads, as expected,
and a gradual transition to tension-dominated buckling in which buckling under self-weight is prevented by applying a tension
rather than induced by applying a compression. In both limiting cases of a horizontal and a vertical cylinder, in which gravity only
has a lateral or axial component, the critical buckling conditions can be obtained analytically. Intermediate inclinations require
numerical solution.

The paper is organised as follows. Section 2 sets up the braid theory and lists the equilibrium equations. In Section 3 these are
specialised to the case of a rod on a cylinder and then slightly extended with the effect of gravity, resulting in a 15-dimensional
system of ordinary differential equations (ODEs). Individual strand equations are introduced and explicit expressions for all forces
and moments, including the normal contact pressure, are obtained. In the process all Lagrange multipliers introduced to impose
the constraints are given a natural physical interpretation. In Section 4 the boundary-value problem for compressive buckling is
formulated, with boundary conditions carefully designed to load the rod and not the cylinder. Critical buckling conditions are
obtained and parameter continuation is used to compute post-buckling solutions and bifurcation diagrams, as well as to map out
the transition from horizontal to vertical buckling. By monitoring the normal contact pressure the tendency of the rod, if it was
merely lying in one-sided contact, to lift off the surface is investigated. Torsional buckling is briefly discussed as well. Finally,
Section 5 ends the paper with a discussion.

2. Review of the elastic braid theory
2.1. Strand reference frames and curvatures

The elastic braid theory as formulated by Starostin and van der Heijden (2014) describes a braid as consisting of two inextensible
and unshearable elastic rods of lengths L := L, and L,, modelled as a pair of smooth curves, r;(s) € R?, s € [0,L,] and
r,(6) € R3, 6 € [0, L,], parametrised by their arclengths s and ¢ respectively. The unit tangents to each of these curves are denoted
by t,(s) = dry(s)/ds and t,(c) = dr,(c)/do.

The two curves are assumed to be at constant distance, 4, in space. This means that there is a one-to-one mapping [0, L] <
[0, L,] : s « o(s) such that the chord vector p(s, o) = ry(c(s)) — ry(s) connecting the two curves is perpendicular to the two tangents
t,(s) and t,(c(s)) (we shall henceforth write expressions like t,(s) instead of t,(c(s))).

Along each curve we define two moving orthonormal frames as follows (see Fig. 1). We first introduce the unit chord vector
d;(s) = (1/MD)[ry(s) — ry(s)]. Along the first strand the so-called braid frame is then defined by {t,,d;,u;}, where u; :=t; x d;, while
the material frame is defined by the vectors {t;,d,, v;}, where d, and v, lie in the plane orthogonal to t;, with v; :=t; x d,. These
two frames are linked by the first strand’s twist angle ¢, that is measured from d, to d; and describes a rotation about t;. Similarly,
along the second strand, its braid frame is defined by {t,,d;,u,}, with u, :=t, xd;, and its material frame is defined by {t,.d,,v,},
where d, and v, lie in the plane orthogonal to t,, with v, :=t, x d,. These two frames differ by a rotation about t,, through the
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Fig. 1. A braid consisting of two rods at constant distance and their respective reference frames. Centrelines are drawn as thick blue curves while red curves
show how the material twists.

From: Starostin and van der Heijden (2014).

second strand’s twist angle &,, measured from d, to d,. Finally, the two braid frames of each strand are related by the braid angle

n about d;, measured from t,; to t,, so that t; - t, = cos#, as indicated in Fig. 1.

In order to describe the rotations of each of these reference frames in a more concise manner, each frame is represented using
orthogonal 3 x 3 matrices such that R, (s) := {t;(5),d;(s),us(s)}, Ry (s) = {t1(5),dy(s5), v1()}, R},(s) = {t;(5),dy(s),u(s)} and
Ry, (5) 1= {ty(s),dy(s), va(s) }.

The consecutive rotation sequences about t;, d; and t, through the angles &,, # and &, respectively, relating all four orthonormal
frames to each other, are as follows:

Ry =Ry R, (ED. R, =Ry Ry(m), Ry, =R, R (&), 1
where
1 0 0 cosn 0 sinp
1 0 |€eS0Q)

R (&)=|0 cosé —sing |€SOB), R,(m= 0
0 sing; cos¢&; —siny 0 cospy

for i = 1,2 are orthogonal rotation matrices parametrised by the angles &,, &, and n respectively.
In order to represent the braid and material curvature components for each strand, four skew-symmetric 3 x 3 matrices &, @, Q

and _(_3 are defined for the four reference frames through
~ _ pT pt 2 _ pT pf T pf 5 _ pT p!
@=Ry Ry © =Ry Ry, £=R),R),. £=R,Ry (&)
Here,
0 —w3 W,

W=\ w, 0 -—w| and w=(w,,w,,w;)T"
—-w, W 0
represent the skew-symmetric matrix  in s0(3) and axial rotation vector w in R respectively. A prime denotes differentiation with

respect to the first-strand arclength s.
Thus (2) defines the braid and material curvature components for each strand in the form of four axial vectors w = (@}, ®,, ®3)T,

Q= (2,,2,,2), @ = (@,,0,,;)T and @ = (,2,,2;)T, which respectively denote the rotation vectors of the braid frames
{t;.dy.uy}, {t;.d;,uy} and material frames {t;,dy, vy}, {t;,d;,v,}. The braid and material curvature components may then be
inter-related with each other by combining (2) with (1) to obtain the relationships

@ =w) — &, Q=0,+¢&, R, = w, cosn — ws siny, 3
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@y = wycos &) — wysiné, 0y = 02, cos&, + 255in&,, Q=w,+7/, 4

@3 = w, sin&| + w5 cos &y, Qy = —Q,siné, + 25 co8 &, Q3 = w; siny + w3 cos . 5)
The position vector of the second strand is given by r, = r; + 4d,. Differentiating this with respect to s and using the inextensibility
conditions for each strand, given by t; = and ¢’ t, =}, allows the following relationships to be obtained:

) 1-Aw;

©)

1
@1 = (a)3 B Z) tan. c cosn

The second of these reveals that the arclength parametrisation of the braid is regular provided # € (—z/2,7/2) and w; < 1/4,
conditions that will be satisfied by all solutions we consider (see Starostin and van der Heijden (2014) for a discussion of these
conditions).

2.2. Overall braid equilibrium equations

The energy functional A for the two-strand braid may be constructed as
L L
A =/0 I ds =/0 [l (@0 &.&.5.8) = F-t; + ho'(w)] ds. @

The first term represents the total elastic strain energy density /, for the braid expressed purely in terms of the first-strand braid
curvatures » = (w;,®,, ;)" and the strand twist angles &, and &,. The second term incorporates the work done on the braid by the
applied end load F. The final term arises due to the inextensibility constraint for the second strand, which is enforced with the help
of the constant Lagrange multiplier 4.

The equilibrium equations for the overall braid consist of the following set of Euler-Lagrange equations, expressed partly in
Euler-Poincaré form (Starostin and van der Heijden, 2014):

(a) Force and moment balance equations for the braid force (F) and moment (M) components F = (F,, F,, F;)T = (F-t;,F-dy, F-u)T,
M= (M, My, M3;)T =M -t;,M-d;,M-u,)7, expressed in the first braid frame {t;,d;,u;}:

F'+wxF=0, M +woxM+t; xF=0, (€))]

where t; = (1,0, 0)T. Note that these are the standard Kirchhoff rod equations for the overall braid. F and M are the resultant
internal force and moment in the braid seen as a rod, i.e., a one-dimensional elastic body.

(b) ‘Constitutive relations’ for the braid viewed as a rod:

=

M;=¢c, O, j=123 Q)

where e, (1) := 0l/0f — (3l /d¢"Y is the Euler-Lagrange operator for an arbitrary variable ¢.

In order to eliminate o, in favour of the braid angle # = n(w,,®3), which has a clearer physical meaning, the Lagrangian
function / (w, o', &, ; ,§z,§£,F) may be transformed into a function f (w,,ws,n,n’ ,5,,5{ ,52,§£,F1 ), thereby modifying the
integrand of (7) into

1-4
S = fenannn b8 a8+ h(——2 ) - P, (10)

cosy

/

by using (6) to eliminate @, and ¢’ and replace the derivatives |

relations (9) into

and w} by #'. This in turn transforms the constitutive

on Acos? i [6/’ d/of ]
M, =— = — -5 11
1= 50, = 20 =1 [on ds(ar,’) an
M, = i (12)
dw,
of on df  Asinncosny [0f d/of ]
My =L -2 ==L RIS (2L 13
37 0wy Ows &(f) ows Awy—1 Loy ds (611’) 13)
where (6); has again been used to obtain explicit expressions for d5/dw; in (11) and 95/dw; in (13).
(c) Phase equations for the strand twist angles &, and &,, with respect to the transformed Lagrangian function f:
e (f)=0, i=12, 14
which may be rewritten as a set of first-order equations
2 T = % i=1,2, (15)

where the new variables 7| and 7, represent the internal strand torques within the first and second strands respectively. It
is worth noting from (15) that 7} and 7, become first integrals of the system in cases where the Lagrangian function f does
not explicitly depend on the angles &, and ¢&,.

If the braid is subject to further constraints and f depends on corresponding Lagrange multiplier variables (such as 4, x and
T, below), then those variables are also subject to standard Euler-Lagrange equations analogous to (14).
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v (i)

d, (i)

Fig. 2. Schematic representation of an initially straight, end-loaded rod lying on an inclined cylinder, as described by the braid frame vectors and rotation
angles. (left) Front view. (right) Cross-sectional end view at s = L.

3. Heavy rod on a cylinder
3.1. Kinematic constraints

Consider a transversely isotropic, inextensible, unshearable, intrinsically straight and linearly elastic rod of length L that is
constrained to lie on a rigid cylinder of radius 4; see Fig. 2. Rod and cylinder are viewed as a two-strand braid with the rod as
the first strand and the cylinder as the second. The overall braid is subjected to an axially applied end force F (taken positive for
tension and negative for compression) and a twisting moment M, as shown in Fig. 2. The centreline of the rod has constant distance
A from the axis of the cylinder. This situation is therefore described by the braid kinematics of Section 2.2.

Since the second strand’s material frame is constant along the strand (cylinder), we can take it as our fixed Cartesian reference
frame, so we set {t,,d,,v,} = {i(, i,j}. Using this, along with (2), and (3)-(5), the braid and material curvatures for each strand can
then be written as

2, =0, Q,=-¢, wy ==& cosn, @) ==& cosn—§&, (16)
9,=0, 2,=0, w, =1, @y = —n' cos & — 5; sing siné;, a7
0;=0, 2;,=0, w3 =& sing, @3 = —n' sing; + &) sinncos§, (18)

from which the following relationships can be deduced:
@5 = —w, tany, & = (sinn)/A, ¢’ =cosy. (19)
Eq. (19), then enables the first- and second-strand braid curvatures to be expressed purely in terms of the braid angle 5 as
@, = —(sinycosn)/A4, wy = -1, w; = (sin® )/ A, (20)
Q, = —(sinn)/4, Q,=0, Q,=0. (21)

3.2. Braid equilibrium equations

To incorporate the effect of gravity into the theory we let the cylinder have an arbitrary angle « with the direction of gravity (the
vertical). Since the cylinder is assumed rigid, it is not allowed to sag; its weight is balanced by equal and opposite reactions set up
in the cylinder (and its supports). The rod is taken to have mass per unit length m. The acceleration due to gravity is denoted by g.
The rod’s weight has components in both the axial (k) and lateral (i) directions to the cylinder (see Fig. 2). The axial component is
treated as a force external to the braid and therefore added to the overall braid force balance equation (8),. The lateral component
is treated as a force internal to the braid and is accounted for by means of a potential energy term in f. The moment balance
equation (8), is unaltered by gravity. An independent self-contained variational derivation of the equations that follow is given in
Appendix.

The first of our complete set of governing equations for the heavy rod on a cylinder are therefore the overall braid force and
moment balance equations, which read in componential form

F| + @, F; — w3 F, = mg cos acos, [F] (22)
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Fy+w3F, — o F; =0, [F>] (23)
Fj + o F, — 0, F; = —mgcos asinn, [F3] (24
M| +wy M3 — o3 M, =0, [M] (25)
M) +w3M, —w M3 = F;, [M,] (26)
M} + oM, — o, M, = —F,. [M;] (27)

For easy reference, a governing differential equation for a specific variable is here labelled by this variable within square brackets
[1

The remaining set of equilibrium equations are dependent on the precise form of the transformed Lagrangian function f from
(10), in which the linearly elastic strain energy f, for the overall braid can be expressed as

2
fo= %B(®§+&)§)+%Cd)§: %B<w§+w§)+%C[((o}—%)tann—gi] s (28)

where the general relationship d)g +cb§ = a)% +w§ obtained by combining (4), and (5), is used, along with (3), and (6),, to re-express

the energy density function in terms of the first-strand braid curvature components ,, w; and braid angle #, after elimination of
;. B and C are the bending and torsional stiffnesses of the rod respectively.
We need to add to f the gravitational potential energy density V, of the distributed weight mg of the rod in the i direction:

V, =mgxsina, (29)

where the position vector of the rod’s centreline on the cylinder is r; = xi+yj+zk = —Acos z;‘zi + Asin fzj +zk, with x = -4
corresponding to the bottom of the cylinder (see Fig. 2). Note that cosn = t; - t, =1} k=2
Insertion of (28) into (10), along with the inclusion of (29), then gives the final Lagrangian f (w,, ;1,7 ,f{,é’z,fé, A, Ty, Fy)
for the heavy rod on a cylinder:
/= %B(wg +w§) + % C[<w3 - %)tanr/—éir +h (%) - F
siny

2
n /1(% - S“’T”) + p(wy+ 1) — Amg sinacosé, + T, (5; - T)' (30)

Here the kinematic constraints (20), and (20); for the variables w, and w; are appended with the help of the Lagrange multipliers
u and A. Furthermore, due to the Lagrangian’s dependence on the second strand’s twist angle &, as a result of gravity, the final term
containing the Lagrange multiplier T, needs to be introduced to enforce the kinematic constraint (19), for &,. The multiplier is called
T, in anticipation of its role as a twisting moment associated with the angle &,, by analogy with its definition (15) in Section 2.
The first set of remaining equations follows from the phase-angle equations (15) with respect to the variable &, which yield

of of
=—— =0, T, = —
¢, Y

i.e., the first strand’s internal torque 7, is constant, and we deduce, with the help of (6),, the following equation for &,:

T, : = —C[(m3 - %) tany — 5;] = const., (31)

T,
f=gton 4] (32)

Due to the rigidity of the second strand, Eq. (15) does not apply for T,. Instead, 7, is a Lagrange multiplier whose equation is
obtained from the Euler-Lagrange equation for &,:

€, (f)=0, = Tz’ = Amgsinasiné, = mgysina. [T,] (33)

The next set of equations arises from the application of the standard Euler-Lagrange equations to (30) for the three Lagrange
multipliers y, A and 7,, which lead to

,(N=0, = ' =-0, [1] (34
e(HN=0, = wy=@intp/s = ) =20 0, [w;] (35)
er,(f/)=0, = & = (sinn)/A4, [&] (36)

reproducing the constraint equations (20),, (20); and (19), for w,, w; and &,.
The final set of remaining equations consists of the constitutive relations (11)-(13), which after making use of (31); and (20)5,
provide expressions for the overall braid moment components M, M, and M3 as

M, =T, — Ahsinn +2 Asinncosn+ Ay’ +T, cosy, (37)
M, =Bw, +pu, (38)
M; = Bw; —Ahcosn+l—2ﬂsin2n—Ay’tann—Tz siny. (39)
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These are turned into differential equations for the remaining variables w,, A and y as follows. First, multiplying (37) by siny and
(39) by cosy and adding them gives an expression for the constant A,

Ah = (Bws — M3) cosy — (M, +T)) sing + Acosn, (40)

which in itself represents an additional conserved quantity for the system of equations. Subsequently differentiating (40) with respect
to s and using Egs. (35), (34), (25) and (27) for the derivatives a)’3, 7, M 1’ and M; respectively, along with the constancy of 7| from
(31) and the constitutive relation for M, given by (38) results in a differential equation for A given by

A’=—F2—a)2(Tl+3Bw1)—tann(ﬂw2—%). (4] (41)

An analogous governing equation for 4 can be obtained by substituting the expression for 4 from (40) directly into (37) and resolving
for ', which yields

= % [(Ml +T) cosq— (Ms — Bay + ) sing —Tz]. (] (42)
The final equation for w, is acquired by differentiating (38) and using the known expressions for the derivatives M} and 4’ from
(26) and (42) respectively, along with the algebraic expressions (20); and (20); for w; and w3, which results in

1 1
w’2=E [F3_Z(M1+Tl coszn)+w1(3w3—i)+

To be able to plot rod configurations in three-dimensional space we append to the system of equations the equation for z,

T
= () (43)

7' =cosn. [z] (44

This gives a total of 15 ODEs for the variables F,, F,, F;, M|, M,, M3, &, Ts, 1, w3, &, 4, 4, @, and z.

We observe that in addition to the overall braid equations (22)—(24), gravity enters the system of equations only through (33).
The equation for 7, is the equation of a circular shaft with distributed torque Amg at circumferential angle &,. We therefore see that
the lateral gravity component acts as an internal (to the braid) distributed torque from the rod onto the cylinder.

3.3. Intrastrand forces and moments

Once the solution for the overall braid is acquired from its equilibrium equations in Section 3.2, the individual strand equations
that follow become particularly relevant for the determination of the contact force and moment reactions experienced within each
of the two strands.

On splitting the braid in terms of its individual strands and applying the balance of forces and moments to the overall system,
the braid forces and moments are related to the internal strand forces and moments through the equations

F=FV1+F?  M=MD4+M®? 4 Ad; xF®. (45)

Here, F = Fl(l)tl + Fz(l)d1 + Fa(l)ul and MWD = M il)tl + Mél)dl + Mél)ul denote the forces and moments in the first strand expressed
componentially in terms of the first braid frame, while F® = Fl(z)t% + Fz(z)dl + F;z)uz and M® = M fz)tz + M;z)dl + M;Z)uz represent
the forces and moments in the second strand expressed componentially in terms of the second braid frame.

Projection along the chord vector direction d; results in

F=F"+F”  M,=M"+MP. (46)

The first strand’s constitutive relations for its moments M 1(1), M;” and M;” are the standard ones for a hyperelastic rod and can be
obtained from (9) if / is replaced by the strain energy function for the first strand (equal to f, as given in (28), in which (6); can
be used to reintroduce w,) and the resulting first equation is combined with (32):

M =-T =const., M"=Bw,, M =Bow,. (47)

Since the second strand represents a rigid cylinder, free of elastic strains, there are no second-strand constitutive relations for its
moment components M @, Mf) and M;z); instead, they are reactions maintaining the rigidity constraints. M;Z) is given by (46),,
but M 52) and M;z) are undetermined quantities, in addition to one of the pair Fz(” / F2(2) from (46),. Indeed, given a braid solution
(F,M), we have nine equations for twelve strand force and moment components. The problem is thus 3-fold statically indeterminate.
It is necessary to make three constitutive assumptions characterising the specific form of inter-strand contact in order to obtain a
fully closed solution for all braid and strand variables.

By incorporating the distributed weight, the equilibrium equations for the first- and second-strand forces F) and F» are given
in vectorial form by

FO' — mgsinai—mgcosak = p(l),

F® = p@ ¢/, (48)
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where p = pjl)tl + p(zl)dl + pgl)ul and p® = p(lz)tz + p(zz)dl + p(;)uz are the contact pressures as experienced within the first and
second strand respectively. Similarly, the equilibrium equations for the first-strand and second-strand moments M and M® are

given in vectorial form by

MY 4t xFO =m®,  M? 4+, xF?' =m®’, (49)

(1) 2)

1 _ 0 (1)
where m® = mt; +m) d; +m, 3

second strand respectively.
Finally, from force and moment balance we also have the following relationships between the contact reactions (deducible from
Egs. (45), (48), (49) and the braid balance equations (22)—(24), which in vectorial form read F’ = mg cos ak, M + t; xF=0):

u; and m® = m(12)t2 + m(zz)dl + m;’u, are the contact moments as experienced within the first and

pP +pPo’ + mg sinai=0, (50
m® + m® + 4d; x p®)s’ = 0. (€2Y)

These equations therefore serve as an efficient means of directly obtaining the contact loads in the second strand once those in the
first strand have been determined.

Before specifying the three constitutive contact conditions, we note that independent of the contact model employed we can
already conclude from (49), that m(11> = 0, after directly substituting in the constitutive relations for M fl), M;l) and Mgl) from (47).
The vanishing of the contact moment m(ll) is a consequence of the special form of the strain energy density f, in (28). It need not
hold for more general f, in (10). For instance, it does not hold for transversely anisotropic rods with different bending stiffnesses in
two principal directions of the cross-section. For such rods the torque 7) is not constant and (47); would lead to a non-zero term on
the left-hand side of the equation for m(ll) in (49),. (Note that for consideration of such anisotropic rods within the braid theory they
would be required nevertheless to have circular cross-section in order to satisfy the constant-distance assumption of the theory.)

We now impose frictionless contact by specifying mg) =0, mgl) =0 and pgl) = 0 as the three contact conditions. From this choice
all force and moment components can be obtained. The calculation is lengthy but analogous to that for the weightless case in Shah
and van der Heijden (2023) to which we refer for details. For the remaining first-strand forces we find

M; - Bw T, sin
Ff1)=F1+—( 3 3)+/1(w3—l)+—24 1 (52)
F{" = —w, 3BBw, +T), (53)
T, cos
F3<1>=F3—%(M1+T1)—m1+2—” (54)
and
M, +T,cos2y F @) T, cosn
(1>=(T+3B )[;__3__1(3 _A)_z_
P2 IR AB B B\"™ AB
. 2
T, sing (3B cos2n\ M, +T, M, B oy
L () (M) (10 ) - 5
— mgsinacos&,, (55)
while P(11> = 0, confirming that this choice of constitutive contact conditions indeed gives the frictionless case, with the normal

contact pressure p(zl) the only non-zero contact load acting on the rod.
The analysis is continued by evaluating the internal and distributed contact loads within the second strand, i.e., the cylinder, for
which we find

F? = % ((Ba)3 — M) cosn— (M, +T,) sinn + Zcosn ) = h, (56)

F¥ = F, + o, (T, +3Bw,), (57)

FO = % ((Ml +T) cosn — (Ms — Bw) sinn—Tz) (58)
and

M =T, MY =y, MP = jcosn. (59)

With these expressions all Lagrange multipliers are given natural physical meanings. The constant 4 enforcing inextensibility of
the second strand (cylinder) becomes tension Fl(2> in the cylinder; the multiplier 7, for the twist angle &,, as anticipated, becomes
the twisting moment M ;2) in the cylinder; u for the w, constraint becomes the bending moment Mf); and finally, by using (1), to
write the first term in (59); as Au, - u,, we see that 4 for the w; constraint becomes the magnitude of the bending moment about
the circumferential axis u; of the rod’s first braid frame contributing a bending moment about the circumferential axis u, of the
cylinder.

For the distributed contact loads we find:

(]

p(12) =0, p(zz)a’ = —p(zl) — mgsinacos &, p; 6’ = —mg sinasing,, (60)
m(lz)a’ = Amg sinasing&, = TZ’, mg) =0, m;z) =0, (61)
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)

. acting on the cylinder corresponds to the twisting moment T,

in particular confirming that the distributed twisting moment m
induced by gravity.

In the weightless limit (mg = 0, T, = 0) all strand force and moment expressions above reduce to those in Shah and van der
Heijden (2023) for the case of hard frictionless contact, with p(2l> and p(22> in the chord direction the only non-zero contact loads.

From this complete instrastrand analysis the advantages offered by the braid theory over traditional single-rod theories become
clearly apparent, particularly its ability of enabling the computation of all the reactions imparted to the cylinder by the rod.

For unilateral contact, physically realistic solutions require the normal contact pressure p(zl) to have uniform sign. When p(zl) <0
the rod is deemed to be lying on the inside of the cylinder, while p<21) > 0 has it lying on the outside of the cylinder, with the cylinder
providing the required pressure, pointing inward to the cylinder in the former case and outward in the latter. We will only deal
with the former case in this paper. Where p(21> changes sign, the rod has to be deemed to lift off the cylinder unless prevented by a
normal force, for instance adhesion or a contact force in case the rod is placed between two narrowly spaced concentric cylinders

providing bilateral support.
4. Boundary-value problem for a clamped heavy rod in a cylinder

As an application of the equations we formulate and solve the two-point boundary-value problem for a clamped—clamped heavy
rod lying on a (inclined) cylinder. We consider both compressive and torsional loading. We use L as the unit of length and B/L? as
the unit of force, so that we can set L = 1 (hence s € [0,1]), B=1, C/B = 1/(1 +v), where v is Poisson’s ratio. To get an impression
of a typical magnitude of the dimensionless weight parameter y = mgL3/B we consider realistic physical parameter values for a
steel drill string of circular cross-section with radius r (Anon, 2004, 2008, 2016, 2020):

E=20x10""Nm™2, p=78x10° kg m™>, v=03, r=5cm, (62)
L =3000 cm, A=0.01xL =30 cm, R=r+4=35cm, g=98ms72,

where E is Young’s modulus and p is the mass density. With mg = pAg, cross-sectional area A = zr>, B = EI, second moment of
area I = zr* /4, we find

4pg L
== _165
Y= , (63)
but note that y is sensitive to L and for long drill strings the value could very easily be much larger.

We take 4/L = 0.01 and v = 0.3 in all our numerical calculations.

4.1. Compressive loading of a clamped heavy rod

Here we consider the case of a straight rod clamped at both ends and lying at the bottom of the cylinder while being compressed
by a force F < 0 applied axially to the rod. The 15 boundary conditions for this problem are as follows:

(B1) &, (0) =0, (B9) T, (1) =0,
(B2) & (0) =0, (B10) A(1) =0,
(B3) z(0)=0,

B9 1(0) =0, (B11) u(1)=0,

(B5) s (0) = sin® 1 (0)/4, (B12) F, (1) =0,

(B6) M, (0) = Bw, (0)+ u(0), (B13) M;(1)= B (D),
B7) &) =0, (B14) M, (1) =-T,,
(B8 n(1)=0, (B15) F-t,(1) = F.

The kinematical conditions (B2) and (B3) fix the end point (at s = 0) of the rod’s centreline at (-4, 0, 0) relative to that of the
cylinder’s at the origin (0,0, 0). The angles #, &, & form a set of Euler angles relating the rods’s body frame {t;,d;,u;} to the fixed
inertial (and cylinder) frame {k.,i,j}. Conditions (B1), (B2) and (B4) enforce complete alignment of these frames at s = 0, while
conditions (B7) and (B8) enforce the end tangents to be coaxial while still allowing for a twist (T}) about the end tangent t;(1)
through angle ¢&,.

Conditions (B5) and (B6) are necessary to fix the values for the constants of integration from the differential forms of the algebraic
relations (35) and (38) for w; and M, respectively. The subsequent force and moment conditions (B9)—(B14) at s = 1 specify that
the second strand, i.e., the cylinder, carries no internal loads at its ends, with all its force and moment components made to vanish
by ensuring F® = M® =0 from Egs. (56)-(59). This means that any end loads applied to the overall braid are considered to simply
act only on the first strand, i.e., the rod and not the second strand, i.e., the cylinder. Finally, condition (B15) sets the end value for
the axial component of the braid force F - t, (1) = (F; cosy — F; sinn) (1) = F; (1) = F to the applied end compressive force F, after
making use of (B8). This leaves the end shear force component F J=F. v, (1) = (F, sinn+ F3 cosn) (1) = F; (1) unspecified, free
to take on any required value depending on the solution obtained, as usual in clamped loading.
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4.1.1. Linearisation

To find the critical buckling loads we solve the linearised boundary-value problem about the trivial straight solution. The trivial
untwisted solution with T} = 0 is given by: F| = F + mg(s — 1)cosa, F, = F, =0, M| =M, =M; =0, n=w, =w; =0, & =& =0,
u=0,12=0and z=ys, s € [0,1]. Using an overbar to indicate the linearised variables, the linearised problem can be reduced to the
following fourth-order equation in terms of y:

mg sin a

)-}/m _ F)_/” + 7 —mgcosa (}—/ +(s— l)f”) =0, (64)

subject to the four boundary conditions
y(0)=0, y1) =0, 70 =0, y1) =0, (65)

which directly follow from (B2), (B4), (B7) and (B8) upon noting that y = 4, and = #;. Note that (64) is the equation for a
beam-column on a linear foundation, with the effective foundation stiffness provided by the weight of the rod. The equation can
be solved analytically in the case of a horizontal cylinder (« = 7/2) so that gravity only has a lateral component (see Section 4.1.2).
It can also be solved in the case of a vertical cylinder (« = 0) so that gravity only has an axial component (see Section 4.1.4). For
intermediate orientations of the cylinder (64) has to be solved numerically (see Section 4.1.3).

Having found j, and hence &, = /4, the variables 7 and @, follow directly as

=y, ay=-y" (66)
Other equations and boundary conditions yield

Fi =0, F,=0, M;=0, My=0, @ =0, i=0, z=s, (67)
while the equations

_ i _ _ T,

§=-3  T=dmgsinad, i=-2 68)
can be solved by successive quadrature applying the boundary conditions

LO=0, T,(H=0  Al)=0. (69)

The shear force F; can then be evaluated as

_ T
Fy=-y" -2, 70
3=y 7 (70)

after which the final equation

M) = F, (71)
can be solved by quadrature using the last remaining boundary condition

M,(0) = B (0) + ji(0). 72)
This proves that the boundary-value problem with conditions (B1)-(B15) is well-posed.
4.1.2. Horizontal cylinder (a = n/2)

The characteristic equation for (64) in this case is given by

A +a+b=0, where a=-F, b:%. (73)
We are in the case a® > 4b, giving four imaginary eigenvalues A, , = ik, A;4 = ik; and the general solution

$(s) = Acoskys + Bsinks + Ccoskss + Dsinkss, 74
with

a-Va®-4b a+Va*—4b
ky = . k= ———— (75)
2 2
and hence
— 2.2 _ 252

a=ki+ki,  b=kik;. (76)
Applying the boundary conditions leads to the critical buckling equation

2k k3(1 — cos ky cos kz) — (k3 + k2) sink; sinks = 0. (77)
We note that in the weightless case (mg = 0), k; = 0 and (77) gives the classical critical loads F, = —k% for a clamped—clamped
column: k3 = 2nrx, n = 1,2,3,..., for odd modes, and solutions of tan(k;/2) = k3/2, i.e., k3 = 8.9868, 15.4505, ..., for even

modes (Timoshenko and Gere, 1985).

10
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Table 1
Enumeration of all mode-switchings up to m = 10. (A = 0.01.)
n m ky =nm ky = mm ye = n*mirtA —F, = (n* + m})x* Modal pair
affected
1 3 3.1416 9.4248 8.7668 98.6960 1
2 4 6.2832 12.5664 62.3418 197.3921 1
1 5 3.1416 15.7080 24.3523 256.6097 2
3 5 9.4248 15.7080 219.1705 335.5665 1
2 6 6.2832 18.8496 140.2691 394.7842 2
4 6 12.5664 18.8496 561.0764 513.2194 1
1 7 3.1416 21.9911 47.7305 493.4802 3
3 7 9.4248 21.9911 429.5741 572.4371 2
5 7 15.7080 21.9911 1193.2614 730.3507 1
2 8 6.2832 25.1327 249.3673 671.1331 3
4 8 12.5664 25.1327 997.4691 789.5684 2
6 8 18.8496 25.1327 2244.3055 986.9604 1
1 9 3.1416 28.2743 78.9014 809.3076 4
3 9 9.4248 28.2743 710.1123 888.2644 3
5 9 15.7080 28.2743 1972.5341 1046.1781 2
7 9 21.9911 28.2743 3866.1668 1283.0486 1
2 10 6.2832 31.4159 389.6364 1026.4389 4
4 10 12.5664 31.4159 1558.5455 1144.8741 3
6 10 18.8496 31.4159 3506.7273 1342.2662 2
8 10 25.1327 31.4159 6234.1818 1618.6151 1

Eq. (77) has special solutions

b
ki = nr, ky = i = mnr, (78)
nx

for integers n,m > 0, n # m and either both odd or both even. In fact, these solutions correspond to double roots of (77). We therefore
have mode-switching at critical weight parameters y, = mg given by b = n>m?z*, with corresponding critical compressive loads F,
given by a = (n?+m?)z%. By symmetry we may assume m > n. Table 1 gives the first 20 critical mode-switching points (in order of m).

The mode switching involves the first pair of modes if (m — n)/2 = 1, the second pair if (m — n)/2 = 2, etc. Switching of the first
two modes is of particular interest because the first mode (by which we will always mean the mode with lowest critical load F,)
is expected to be stable, while higher modes are unstable. Switching of the first mode occurs at critical values mg = n?(n + 2)*z*,
n=1,2,3,..., giving mg = 97*A = 8.7668, 647x*A = 62.3418, 2257*A4 = 219.1705, ... (see last column in Table 1). Mode-switching
causes a pairwise interweaving of buckling curves coming out of the free-column critical loads at mg = 0, as can be seen by looking
ahead to Fig. 5.

The analytical results are confirmed by the bifurcation diagrams in Fig. 3 in which the end geodesic curvature w,(1) = —r'(1) is
plotted against the applied end compression —F for various values of mg. The critical loads F are seen to correspond to supercritical
pitchfork bifurcations from which symmetric pairs of post-buckling solution branches emanate. The diagrams are obtained by
numerically solving the full 15D boundary-value problem with the help of the continuation code AUTO (Doedel and Oldeman,
2007) using F as bifurcation parameter.

At critical values y, = mg, listed in Table 1, two pitchforks coincide and modes switch, as illustrated by the insets in Fig. 3
showing the first four modes. For instance, the first and second modes have switched between Fig. 3(b) and (c), which are for mg
values straddling the first critical value in Table 1 with mode numbers (n, m) = (1, 3). Associated with the codimension-two mode-
switching event is a complicated interaction between the bifurcating curves that depends on the precise nonlinearity of the problem.
We find that immediately after mode-switching along the first bifurcating branch there is a further, secondary, symmetry-breaking
(pitchfork) bifurcation that, upon further increase of mg, quickly moves to higher loads —F (indicated by the triangles in Fig. 3(c)).
Out of this bifurcation comes a branch of solutions towards smaller mg values (orange in the figure) that intersects the second-mode
branch in another secondary bifurcation before eventually connecting with the symmetrically related first-mode branch (second
triangle). Along this branch connecting the first- and second-mode branches the solution is non-symmetric and gradually morphs
from a first to a second mode (and then to a first mode again). At the intersection the solution has zero end curvature w,(1), so in
our bifurcation diagrams in Fig. 3 such modal intersections occur along the horizontal axis. At the subcritical symmetry-breaking
bifurcation along the first-mode branch stability is lost and a dynamic snap will occur (assuming no lift-off has occurred earlier).
This bifurcation pattern repeats itself at successive mode-switchings, as can be seen in Fig. 3(d), for mg = 30, just after the second
switching, with mode numbers (n,m) = (1,5). Here the third-mode branch has a symmetry-breaking bifurcation at F = —-2799.71,
well outside the plotted range, and the emanating (cyan) branch of non-symmetric solutions re-enters the plot and intersects the
fourth-mode branch in a secondary bifurcation on the horizontal axis.

Fig. 4 shows solutions along the symmetry-breaking branch for mg = 15 as they evolve from a first to a second mode (both in thick
lines). The figure illustrates the wider symmetry properties of (non-symmetry-broken) modes: y is symmetric about the midpoint
of the rod (and 7, anti-symmetric) in one of the modes in an interacting pair of modes, and anti-symmetric (and 7, symmetric) in
the other mode of the pair. The order of modes of course changes at a mode-switching. Modes with symmetric T, have zero end

11
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Fig. 3. Bifurcation diagrams for mg = 0 (a), 5 (b), 15 (c) and 30 (d), showing solution curves for the first four modes (five for mg = 30) with consistent line
styles. Insets show y vs s for the first four modes taken along the downward branches, i.e., with negative end geodesic curvature w,(1) (implying y”(1) > 0 for
the linearised solution). The orange and cyan curves are non-symmetric solution branches connecting modes 1, 2 and modes 3, 4, respectively. Diamonds label
primary critical loads, triangles label secondary symmetry-breaking bifurcations. (4 = 0.01, a = z/2.)
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Fig. 4. Solutions (y and T,) along the (lower) branch of non-symmetric solutions connecting the first- and second-mode branches between secondary bifurcations
at F = —-362.63 and F = —164.78, respectively, in Fig. 3(c) for mg = 15. The (anti-)symmetric first and second modes at the bifurcations are shown in thick lines
(solid for the first mode, dashed for the second). (4 =0.01, a = z/2.)
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twisting moments T,(0) and T, (1) set up in the cylinder. These solutions are therefore self-balancing and do not require a torque to
be provided by the end supports. Modes with anti-symmetric 7,, by contrast, require a torque to be provided by the end supports.

Fig. 5 shows the stability diagram. The thick solid curve labelled F, ; indicates where the straight solution goes unstable (buckles)
under compression —F (assuming that this happens when the first critical load is reached at the given value of mg). Because of the
mode switching this curve consists of alternating pieces of the interweaving critical curves (dotted) coming out of the classical first
and second critical loads at mg = 0 (marked by triangles). A similar pair of interweaving curves comes out of the third and fourth
critical loads at mg = 0 and is included in the figure to illustrate the nature of the mode switching.

Also included in Fig. 5 is the lift-off curve labelled Fj;; where p := p(zl) = 0 at some arclength point s along the solution (see p
panels below) and lift-off of the rod from the cylinder is initiated. As expected, higher values of mg give larger ranges of post-buckling
loads —F before lift-off occurs. In the weightless case (mg = 0) the rod immediately lifts off upon buckling. The panels below the
stability diagram show solutions under increasing compressive loads with solutions at lift-off highlighted and their 3D shapes shown.

The interaction between (pairs of) modal branches in Fig. 5 makes the present case of a beam on an effective linear foundation
under fixed—fixed boundary conditions markedly different from the more frequently treated case of such a beam under pinned-
pinned boundary conditions (Atanackovic, 1997). In the latter case the critical loads are given by k| = nx and a = k% + b/k%, or
—F = n?z% + mg/(n*x%4), i.e., separate straight lines for modes n = 1,2,3, ....

4.1.3. Inclined cylinder (0 < a < 7/2)

Fig. 6 shows stability diagrams for inclination angles a = z/3, = /6, /18, z /36, /90 and 0, corresponding to 30°, 60°, 80°, 85°,
88° and 90° inclinations from the horizontal. Both primary buckling (solid) and subsequent lift-off (dashed) curves are drawn. As
expected, the stable region for post-buckling solutions, between these two curves, shrinks as the cylinder approaches the vertical
orientation, where lift-off occurs immediately upon buckling. We also observe that under decreasing «, the stability curves gradually
turn downwards in a clockwise rotation, reflecting the increasing importance of the axial weight component described by the
fourth term in (64), often neglected in the literature (e.g., (Mitchell, 2002)). This rotation eventually leads to intersections with the
horizontal axis, corresponding to critical weights mg at which the rod buckles purely under self-weight with F = 0. For larger mg
the rod has to be held in tension F > 0 to prevent buckling. If the end loading device cannot provide a tension, then a discontinuous
jump will occur when mg is gradually increased past the critical values. The critical weights mg are very sensitive to variations in
a: a change in inclination from 88° to 90° leads to a decrease in critical mg from 125.95 to 74.63.

In the vertical limit (« = 0) the stability curves are very nearly straight lines (close inspection reveals a slight curvature) given
by

0.5290 mg — F = (2x)? (first mode),
(79)
0.5143 mg — F = 8.98682 (second mode).
Note that these limiting critical lines do not depend on 4 (this is an immediate consequence of (64) when « = 0) and therefore
also apply in cases without cylindrical constraint; for instance, when in a slender and flexible climbing robot (with clamped ends)
adhesion in the front foot is deactivated and the robot is momentarily a free-standing column (Wang and Yamamoto, 2017).

We also note that the inclination angle « behaves as an imperfection under which the interweaving curves at « = z/2 become
veering curves that avoid each other rather than intersect. So for a # 7 /2 there are no longer critical mg values with double roots.
Such curve veering is a well-known phenomenon in degenerate eigenvalue problems, both in the context of buckling and in small
vibrations (Perkins and Mote, 1986; Pierre and Plaut, 1989).

In Fig. 7 solutions at different inclinations are compared. It is seen that inclination breaks symmetry of solutions about their
midpoint: they gradually become more sagged towards the s = 0 end. The effect is not strong, however, even for weights as large
as mg = 140. Fig. 8 shows 3D shapes at three different inclinations for mg = 140.

Fig. 9 gives the bifurcation diagram for the vertical column at mg = 100 with solution curves presented for the first four modes.
The first mode arises in tension, the other modes are all compressive for this value of mg. There is no interaction between modes;
there are no secondary bifurcations.

4.1.4. Vertical cylinder (a = 0)
The case of a vertical cylinder, like that of a horizontal one, is amenable to exact analysis. With « = 0, the linearised equation (64)
can be integrated once and written as

i’ — Fij—mg(s — Dij = c. (80)

This is the linearised equation for the classical problem of a column under self-weight in addition to a compressive force
—F (Timoshenko and Gere, 1985). The integration constant ¢ = #//(1) in (80) is essentially the end shear force F;(1) (see (70),
noting that T,(1) = 0 by (B9)) required to keep the ends of the rod aligned. It must be found as part of the solution.

By transforming the independent variable according to r = (s -1+ m%) (mg)'/3, (80) is turned into the inhomogeneous Airy
equation

il—th =g, @b
where () = d(.)/dt and ¢ = ¢/(mg)*/ is another constant, with general solutions

7i(t) = ¢, Ai(t) + ¢, Bi(t) — &z Gi(?), (82)
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Fig. 5. Stability diagram for the first buckling mode. The critical buckling curve, labelled F,,, is made up of alternating pieces of interweaving curves (light
dotted lines) coming out of the first and second critical loads on the vertical axis (marked by triangles) owing to the mode switching at mg = 8.7668, 62.3418
and 219.1705. Also shown by dotted lines are similar interweaving curves coming out of the third and fourth critical loads on the vertical axis. The dashed line
labelled Fjj; represents the lift-off curve, where the normal contact pressure p locally vanishes. Panels below display solutions for a sequence of compressions
—F, with solutions at lift-off highlighted and their 3D shapes shown, at (from top to bottom) mg = 5, 40, 140 and 280 (indicated by diamonds in the stability
diagram). All solutions are taken along the downward branches in the bifurcation diagram. (4 = 0.01, « = z/2.)
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7i(t) = ¢, Ai(t) + ¢,Bi(r) + e Hi(r), (83)

where Ai and Bi are the Airy functions and Gi and Hi are the Scorer functions (Vallée and Soares, 2010). The latter are defined by
[+ t
Gi(r) = Bi(t)/ Ai(r)dr + Ai(t)/ Bi(r)dr, (84)
t 0
t t
Hi(?) = Bi(r) / Ai(r)dr — Ai() / Bi(r) dr, (85)

as can be obtained by the variation of constants method with the help of the Wronskian Ai(f) Bi(r) — Ai(t) Bi(f) = 1/x (Vallée and
Soares, 2010).
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Applying the boundary conditions (65) to (82) leads to the following characteristic equation to be satisfied for non-trivial
solutions (cy, ¢y, ¢):

Ai(t)) Bi(t)) Gi(t))
D(F,mg) := Ai(t) Bi(1;) Gi(ty) =0, (86)
f,:z Ai(rdr [ZIZ Bi(r) dt fIIZ Gi(r) dt
where
tl=<1+mi>(mg)é, t, = FZ.
& (mg)3

The integrals of the Airy functions Ai and Bi can be evaluated in terms of generalised hypergeometric functions | F,(a,; b;, b,; -), but
the Scorer functions Gi and Hi do not seem to have primitives in terms of standard or known special functions. However, Wolfram
Mathematica 13.0 (Wolfram Research, Inc., 2023) knows the Scorer functions and a graph of D(0, mg) is given in Fig. 10. The roots
can be calculated numerically and give the following critical buckling weights:

mg = 74.628569, 157.032783, 325.513452, ... (F =0), (87)

in agreement with the results in Fig. 6(f) and (79). Replacing Gi by Hi in (86) simply reflects the graph in Fig. 10 about the horizontal
axis and therefore gives the same critical values.

The complication of having to deal with Scorer functions because of the inhomogeneous term in (81) may explain why the case
of a column with coaxial clamped ends is not normally considered in textbooks (Timoshenko and Gere, 1985; Atanackovic, 1997),
even though this case is one of the standard cases in the buckling of weightless columns. The case is however treated in Engelhardt
(1954), where the critical weight is estimated as 74.6285 = 0.0005 in a careful analysis of series expansions.
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In fact, the critical weights for (80) with ¢ = 0, and with the boundary condition j(1) = 0 correspondingly dropped, describing a
rod whose end at s = 1 is free to sway sideways and therefore has zero end shear force, is given by the subdeterminant condition

1 . 1
V3 (0n0)7 ) B (<007 5t
- 2 5 -1 5
OIS
where J is the Bessel function of the first kind of fractional order 1/3, giving the first critical weight mg = 18.956266, in agreement
with theSresult quoted in Wang (1987), where this case is considered.

I (3vme) =0, (88)

Ai(t;) Bi(r))
Ai(ty)  Bi(ty)

4.2. Torsional loading

Here we briefly consider torsional buckling in which the rod is again clamped at the ends while being subjected to an end force F
and controlled end twisting moment 7} (= - M 1(1)). F is therefore now a constant, while 7 is the bifurcation parameter. The boundary
conditions are exactly identical to those listed in Section 4.1. The trivial, prebuckled straight solution now has &,(s) = T|s/C. The
linearisation about this straight solution, however, is still given by (64): T; does not enter. Since F is now a fixed parameter, this
equation will now generally only have the trivial solution y = 0, i.e., torsional buckling does not occur. It also means that compressive
buckling is not affected by any pretwist T;. This result is consistent with, and explains, observations in Paslay and Bogy (1964) based
on the analysis of an assumed four-parameter displacement field for a heavy drill string.

The absence of torsional buckling can be understood by noting that in torsional buckling of a free rod the rod buckles into a
(non-cylindrical) coiled 3D shape (van der Heijden et al., 2003). This shape is not available for a rod on a cylinder and consequently
torsional buckling is suppressed altogether. The results are confirmed in numerical continuation runs in which AUTO does not detect
any bifurcations (branching points) under varying 7.

However, we can twist a post-buckling solution obtained by applying a compression —F first. If we prepare this solution right
at the lift-off point where p goes zero locally, then applying a twist in one direction will stabilise the solution, while twist in the
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(all taken along the downward branches, i.e., w,(1) < 0). (b) Stability diagram showing critical branches for the first four buckling modes.

other direction will destabilise it. 7| > 0 is found to stabilise the solution but only up to a certain amount of twist, beyond which
the rod again lifts off. Fig. 11 shows a plot of this twist-induced lift-off for the first mode in the case of a horizontal cylinder.

4.3. Rod on top of the cylinder

Our equilibrium equations have a second trivial solution corresponding to the rod lying on rather than in the cylinder. This
solution will be unstable but could be stabilised by suitable interaction between rod and cylinder. To study buckling of this solution
we only need to replace boundary conditions (B2) and (B7) above by &,(0) = 7= = &,(1). The frame alignment is then changed to
t; =k, d; = —i, i; = —j and we now have 77 = —j'. The resulting difference in the linearised equation (64) is that the coefficient
of the y term changes sign, corresponding to a negative foundation stiffness, which makes sense in this unstable problem as the
foundation now ‘helps’ buckling. We now have two real and two imaginary eigenvalues: 4, , = +k;, 434 = ik; with a = k§ - k% >0,
b=k

Numerical results for the case of a horizontal cylinder (¢ = z/2) are displayed in Fig. 12. There is no interaction between
bifurcating branches in Fig. 12(a) (no mode-switching by interweaving curves). The stability diagram in Fig. 12(b) has the same
features as that for the vertical column in Fig. 6(f), with tensile buckling initiated (or prevented) at critical mg values along the
horizontal axis, reflecting the role of self-weight in the buckling of a rod lying on top of the cylinder. The critical values occur when
k, = ky = b'/*, where k, solves cosxcoshx = 1, giving the successive critical values mg = 5.0056, 38.0354, 146.1763, ...seen in
the figure. The curves in Fig. 12(b) are again very close to, but not exactly, straight lines.

5. Discussion

We have investigated the problem of an end-loaded, heavy, linearly elastic, isotropic rod constrained to deform on a rigid
cylindrical surface by employing a recently developed geometrically-exact theory of elastic two-stranded braids (Starostin and
van der Heijden, 2014), slightly extended to allow for an external gravity effect. The cylinder is here one of the strands of the
braid, constrained to be rigid, while the rod is the other strand. The (two) Lagrange multipliers (4 and y) introduced to impose
the rigidity constraints on the second strand are shown to have natural physical interpretations as reactive bending moments in the
cylinder.

Since the cylinder is assumed to be rigid, gravity acting on it is balanced by equal and opposite reactions set up in the cylinder.
Axial gravity of the rod is included as an external effect in our braid formulation and added to the force balance equation for the
overall braid, while lateral gravity enters as an internal force to the braid, pulling down the rod but not the cylinder, thereby acting
as a distributed torque on the cylinder creating a twisting moment in the cylinder, the third reactive moment, 7,.

A consequence of the rigidity of the second strand of the braid is that the rod-cylinder contact problem is 3-fold statically
indeterminate (the elastic braid is 1-fold statically indeterminate (Starostin and van der Heijden, 2014)). This means that for a
complete analysis of the problem three constitutive contact conditions have to be specified that characterise the nature of the
rod-cylinder interaction. As shown previously (Shah and van der Heijden, 2023), this framework allows for a completely general
and rigorous treatment of static friction, but here we make the assumption of hard frictionless contact in which the normal contact
pressure p := p(zl) is the only non-zero contact load.

After specification of the contact conditions all strand forces and moments, including the six contact reactions, can be obtained
explicitly in terms of the overall braid variables. Our formulation thus gives access to all reactions in the supporting cylinder, which
can for instance be compared against critical strengths to ascertain whether the cylinder, along with its end supports, is able to
sustain the required reactions under compression of the rod into the cylinder (in Fig. 4(b), for instance, we have plotted T5).
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Fig. 13. Comparison of our stability curves with the empirical fit in Eq. (89) (dashed curves). (a) a = z/2, i.e., horizontal cylinder; (b) a = /3. (4=0.01.)

As an application of our braid model we have studied buckling of a clamped straight rod under compressive and torsional loading.
Torsional buckling is suppressed on a cylinder, while in the absence of self-weight the compressive critical loads are identical to
those of an unconstrained column. Weight has a stabilising effect for near-horizontal cylinders, but gives rise to buckling purely
caused by self-weight for near-vertical cylinders. By monitoring the contact pressure p between rod and cylinder we have obtained
critical lift-off loads as a function of weight as well as inclination.

For the two extreme cases of a horizontal and a vertical cylinder, buckling conditions can be derived analytically. The horizontal
case defines a problem of a beam on a linear foundation whose stiffness is given by the distributed weight of the rod. Compressive
buckling features mode-switching, known from beam-on-foundation problems governed by a fourth-order equation, in which heavier
rods buckle into increasingly more oscillatory modes. The vertical case, on the other hand, is governed by a second-order equation
and has (Sturmian) separate non-interacting modes with stability of heavier rods increasingly dominated by (supercritical) buckling
under self-weight. Our numerical results for intermediate inclinations map out this gradual transition from interweaving buckling
curves in the horizontal case to separate curves (in fact, nearly straight and parallel lines) in the vertical case through the process
of curve-veering.

In our numerical calculations we have to fix two dimensionless parameters for which we choose Poisson’s ratio v and the
slenderness ratio 4/L. Results can therefore be interpreted physically most readily for situations in which L is constant. It is good
to realise though that fixing 4/L does not fix the relative size of rod and cylinder. Since 4 is the distance between the axes of rod
and cylinder, our numerical results can be interpreted for a one-parameter family of ratios of rod-to-cylinder radii, r/R, such that
R-r =4 (or R+r = A when the rod is lying on the outside of the cylinder). In the case of a vertical cylinder, primary buckling
results are independent of A. Critical mg conditions such as in (87) can therefore also be interpreted in dimensional terms as critical
length conditions: for given mass per unit length m, the length of the tallest stable fixed—fixed column, for instance a leg of a light
raised platform, is given by the critical value

1
3
Ly = (74.628569 ﬂ) ,
mg

a factor of 1.58 taller than the critical height of a column whose upper end is free to move sideways.
Our results could be used to extract design formulae for critical buckling loads. Fig. 13 shows comparisons of our numerical

results with the empirical fit of Dellinger et al. (1983) (see also (Tan and Digby, 1993; Hajianmaleki and Daily, 2014)) based on
experimental data:

sina
4
The agreement for a horizontal cylinder (a« = 7z/2) is reasonably good. For @« = z/3 the fit deviates from the exact numerical
results for large values of mg. Part of the explanation for this will be the frictional resistance (ignored in our study) encountered in
practice as a result of which a larger compressive force is needed for buckling. Fits for smaller angles « quickly deteriorate: (89)
does not capture the clockwise rotation of the stability diagrams seen in Fig. 6. The formula is not meant to be valid for a ~ 0,
i.e., near-vertical cylinders, where self-weight may become important. Looking at Fig. 6, for such orientations straight-line fits could
be used instead, such as in (79) for a = 0.

Our theory can be straightforwardly extended to allow for nonuniform bending and torsional stiffnesses B and C, as well as
nonuniformly distributed mass m. Intrinsic curvature can also readily be included (see Shah and van der Heijden (2023) for an
example of a helical rod), while the composite rod-cylinder modelling means that any interaction between rod and cylinder, such
as adhesion or electrostatics (Starostin and van der Heijden, 2014), can be incorporated. Other boundary conditions could also be
considered (several examples are discussed in Shah and van der Heijden (2023)). Conditions could for instance be formulated to

>04436

-F,, = 2.93 (EN°4 (mg)*52! ( (89)
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study coiled buckling, by allowing one end of the rod to rotate around the edge of the cylinder. So-called helical buckling is widely
studied in the drilling literature (Mitchell, 1988; Tan and Digby, 1993; Huang and Pattillo, 2000; Cunha, 2004), but there is a lack
of explanation how these ‘helices’ (i.e., coiled configurations) are supposed to arise in an initially straight rod under the proposed
boundary and loading conditions.

Our theory makes no assumption about how the cylindrical constraint is maintained and therefore applies also in situations
where the rod winds on the outside of the cylinder, although in that case we require p(zl) > 0 if the constraint is to be maintained
by hard rod-cylinder contact only. This situation arises in non-buckling problems in which a rod is wrapped around a cylinder and
then pulled, such as in the filament winding process under tensile loads used in the manufacturing of composite materials (Sofi

et al., 2018).
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Appendix. Self-contained reformulation of the braid theory

Here we give a self-contained variational formulation for the problem of a heavy rod on a cylinder by explicitly including
all kinematic relations as constraints in the Lagrangian. All equilibrium equations in Section 3.2 then follow from standard

Euler-Lagrange equations 0£/d¢ — (0£/d¢’Y’ = 0 for all variables ¢.
The full Lagrangian is

1 AN 1 2 h(-Awy)
£=EB(a)2+w3>+§C[(w3—Z)tann—f;’{] +—cosn
.2 .
sin® g siny
+A<w3— )+/4(w2+;1’)+T2<§£—T)

— Amg sinacos &, + mgzcosa

+ 4 )+ L0 )+ A E -1y (90)
+ 1y (d{x — oy Uy, T @3t) + iy (d{y —o U, +o3ty,) + ps (d;Z —wyu, +wyty,)

+ Hy (u’lx +wdy, —wyt)+ Us (u'ly topd),—w, tly)+/46 (L/lz +w d,—wt;)

+ py (], — @3 dy + 0y u1,) + pg (t'ly —wydyy + @y up,) + o (), — @3 dy, + @y uy,).

The first line contains the elastic energy in terms of the braid strain variables ,, w; and #, with the constant-distance constraint (6),
accounted for, and the second-strand inextensibility constraint imposed with multiplier 4. The second line imposes the cylindrical
rigidity constraints for the second strand with multipliers 4, 4 and T,. The third line contains the potential energy terms due to weight
in the lateral (x) and axial (z) directions, where x = —Acos &, has been used to replace x in favour of the circumferential angle &,.
Since this &, is an intrinsic braid variable, by writing the x component this way we are treating the lateral weight component as a
force internal to the braid. The fourth line imposes the kinematic equation t; = r; for the first strand with multipliers 4; (i = 1,2,3),
while the final three lines impose the kinematic frame evolution equations

r_
t, =w3d; —muy,

d/1 =—w3t; + o uy, (91)

!/

o

=wyt; —w; dy

for the first braid frame {t;,d;,u;} with multipliers y; (i = 1,...,9). Here w, is shorthand for the right-hand side of (6), and 12
extra kinematic variables have been introduced through the notation r; = (x,y,2)T, t; = (11,.1,.1,)T, dy = (d,.d},.d;,)T and
u = (ulx’ulwulz)T'

The derivation of the equations for most of the variables and Lagrange multipliers is straightforward and closely follows the
derivation in Section 3.2. We therefore focus on the equations for the new kinematic variables and multipliers 4; and y; and show
that these yield the braid force and moment balance equations (22)—(27).

First, the Euler-Lagrange equations for the kinematic variables give

A =0, A, =0, Ay =mgcosa (92)
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and
ﬂl1=w1ll4—w3ll7’ I4£=601M5—w3ll3» Il;=w1ﬂ6—w3ﬂ9,
Hy =@y iy — @ {y, s =@y fig — @) f, Mg = @ Ho — @ H, (93
Hy = @3 Hy = 0 iy = Ay, Hy = @3 Hy = @) pis = Ay, Mé=w3ﬂ3—w2ﬂ6—)~3-

Egs. (92) reveal that the A, are precisely the force components in the fixed frame: F' = mgcosak, F= A, 1+ 4, + A, k.
Next, we make the following identifications:

Fy e  hy  hz) (A
F(=1dx dyy, di||4 94
F; Uy Uy Uy A3
and
Hy
Ha
H3
M, uye o uy o uyy  —dy —dy, —d; 0 0 0 ) |Ha
My|=]| 0 0 0 hx  hy  tiz T —upy U || As] (95)
M3 —tix _tly —liz 0 0 0 dlx dly dlz He
H7
Hg
Ho

Differentiating these six relations and using (91), (92) and (93) then produces the balance Egs. (22)-(27).

It may finally be verified that with the braid moment identification in (95) the Euler-Lagrange equations for w,, w; and 7 give,
after some rearrangement, the constitutive relations (37)-(39), from which the equilibrium equations for A, x and w, can be derived
by differentiation exactly as in Section 3.2.

Had we chosen to include the lateral weight term in the form mgxsina in L, instead of expressed in terms of &,, then the A,
equation would have become /1’1 = mg sin«, which would have given additional terms on the right-hand side of all three Egs. (22)-
(24). We would effectively have treated lateral weight as external to the braid as well. Moreover, the equation .f; = (sinn)/A
could then simply have been appended to the system of equations without the need for the multiplier 7. The twisting moment
in the cylinder would have been computed as M fz). All this would not have changed the physics of the problem: critical loads and
post-buckling rod configurations would have been the same.
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