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Abstract

This thesis explores the economic implications of increasing the psychological real-

ism used in economic models. It does this along two dimensions. The first two chap-

ters investigate the economic implications of limited attention, and the third those

of altruism between parent and child. The first chapter shows that incorporating

limited attention into a model of retirement explains both observed mistaken pen-

sion beliefs and the large drop in employment at pension eligibility age in spite of

weak economic incentives to stop working precisely at that age. The second chapter

documents a previously undocumented attribute of inattention: it can separate risk

and time preferences. Standard time-additive expected-utility theory famously im-

plies that the coefficient of relative risk aversion and the elasticity of intertemporal

substitution are inverse reciprocals. This complete lack of independence between

two key risk and time parameters is at the heart of some of the most famous puzzles

in finance. This chapter shows costly attention can separate them because it intro-

duces a new reason for agents to dislike risk unrelated to the curvature of utility that

determines the intertemporal elasticity of substitution: the utility cost of reducing

uncertainty. The third chapter jointly studies different channels through which altru-

istic parents invest in their children - by spending time with them to foster cognitive

skills, by paying for their education, and by making monetary transfers.



Impact Statement

This thesis impacts policy and academic discourse. The academic impact is theo-

retical, methodological, and quantitative.

Chapter 3 provides a novel theoretical insight: costly attention can separate risk

and time preferences in a time-additive expect-utility framework. Time-additive

expect-utility remains the de-facto economic model of human behaviour and is

widely believed to remove independence between two key risk and time prefer-

ences parameters. This chapter shows that allowing for costly attention this is not

the case. As it provides a novel insight into the dominant paradigm in economics

the potential academic impact of this chapter is far-reaching. Since this lack of

independence is at the heart of the equity premium and risk-free rate puzzles, the

implications are not restricted to the academic but extend to real financial markets.

Chapter 2 makes a methodological contribution by developing a solution

method for dynamic rational inattention models with endogenous heterogeneous be-

liefs. Previously rational inattention could handle either dynamics or belief hetero-

geneity, my method handles both. Dynamic models of rational inattention, where

people choose how much to learn, naturally give rise to differing beliefs, previous

work has needed to make highly specific assumptions to avoid belief heterogene-

ity. Hence this methodological contribution has a potentially far-reaching academic

impact.

Chapters 2 and 4 contribute to the academic literature by impacting our quanti-

tative understanding. Chapter 2 shows mistaken pension beliefs arising from costly

attention contribute significantly to explaining the puzzling drop in employment at

the pension age. Chapter 4 uses a unique dataset following a single cohort from
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birth to estimate the extent of parental altruism and impacts our understanding of

this deep parameter.

Chapters 2 and 4 are the most directly policy-relevant. Chapter 2 studies the

implication of increasing the state pension age and Chapter 4 answers the question

of why rich parents tend to have rich children.
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Chapter 1

Introduction

This thesis enriches the psychology of the agents used in economic model along two

dimensions allowing for: one, the scarce and costly nature of attention and, two, the

altruistic ties between parent and child. Over the following chapters, it does so by

comparing the predictions of enriched models of human behaviour to observational

data and then derives the policy implications of these enrichments. Chapters 2 and

3 consider the implications of costly attention, and Chapter 4 those of altruism.

One important consequence of inattention is that households cannot take ad-

vantage of features of benefits they are unaware of. This impact of inattention has

been very well documented in terms of straightforward take-up of benefits but if we

are unaware of features of benefits this will impact our behaviours in more ways, be

that an inability to leverage the insurance value of benefits or apparently surprising

behaviour when we update our information. Chapter 2 explores these consequences

of inattention in an area where misbeliefs offer strong evidence of their importance:

the pension benefit system. More specifically it asks whether costly attention to

an uncertain and potentially changeable pension policy can explain both observed

mistaken beliefs and a known puzzle in the retirement literature: the large drop

in employment at pension eligibility ages despite weak economic incentive to stop

working precisely then.

To investigate these questions in Chapter 2 I use a recent reform to the fe-

male State Pension Age (SPA) in the UK to provide necessary variation to estimate

both the employment drop at SPA and the extent of objective uncertainty about
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the SPA. The data used to do this comes from the English Longitudinal Study of

Aging (ELSA) a rich panel survey dataset linked to administrative records that con-

tains good information about people’s pension beliefs. This allows me to estimate a

structural model of rational inattention in which households are free to learn about

a changeable SPA any way they want in exchange for paying a utility cost to re-

ceive more precise information about the SPA. I find that despite only a small cost

of attention being required to explain observed mistaken beliefs, large employment

consequences follow because those close to retirement are close to their partici-

pation margin. As a result, the model can explain a significant proportion of the

excessively large drop in employment at SPA.

Chapter 3 steps back from data to investigate some theoretical implications of

costly attention whilst still considering its ability to explain observed phenomena.

Standard time-additive expected-utility theory famously implies that the coefficient

of relative risk aversion and the elasticity of intertemporal substitution are inverse

reciprocals. This complete lack of implied independence between two key parame-

ters determining risk and time preferences is at the heart of two of the most famous

puzzles in the finance literature, the equity premium puzzle and the risk-free rate

puzzle, because observed risk aversion and intertemporal substitution do not fit this

tight relationship. Hence, although theoretical in nature, this inverse reciprocity has

important implications for understanding observed behaviour. Chapter 3 shows, at

least for two-period two-state-of-the-world models costly attention can break this

complete lack of independence. The intuition behind these results is that costly

attention introduces a new reason for agents to dislike risk unrelated to the curva-

ture of utility over consumption because risk, or uncertainty, directly and negatively

enters their utility function reflecting the cognitive cost of learning. This chapter

shows that this new reason for agents to dislike risk does not affect their preference

for intertemporal substitution and so breaks the problematic inverse reciprocal rela-

tionship. I then show that, at least for stylised models, this property allows you to

simultaneously solve the equity premium and risk-free rate puzzles.

Chapter 4 then moves onto parental altruism towards their offspring. Parents



19

have multiple ways of investing in their children. During childhood, they can spend

time with their children, thus fostering their cognitive skills (Cunha et al. (2006),

Heckman and Mosso (2014)). They can also pay for their child’s education (Belley

and Lochner (2007), Abbott et al. (2019)). Lastly, they can give cash transfers

(Castaneda et al. (2003), De Nardi (2004)). Using data from the National Child

Development Study (NCDS) we estimate a dynamistic lifecycle model in which

one generation cares about the next altruistically and can impact the welfare of the

second generation by giving them direct cash transfers, sending them to further

education, and investing time in them as children.

We find only modest dynamic complementarity between early-time invest-

ments in children and later-time investments. However, like Delaney (2019) and

Daruich (2018), we find substantial complementarities between final childhood abil-

ity at age 16 and education in wages. Among men with a college education, a one

standard deviation increase in cognitive ability leads to an additional 19 % in wages.

Among those with the lowest level of education, this premium, at 9%, is much

smaller. As a result, high-ability individuals are more likely to select into education

than their low-ability counterparts. This dynamic complementarity, in combination

with self-selection into education, is a key mechanism that perpetuates income in-

equality across generations. High-income households, who have more resources to

send their child to college, have higher returns to investing in their child’s ability

than their low-income counterparts; thus they invest more in their children. Second,

we find that more than a quarter (28%) of the variance of lifetime wages can already

explained by the characteristics of the family before an individual is even born. By

the time individuals are 23, their characteristics can explain up to 62% of the vari-

ance in lifetime wages. Thus, more than half of the lifetime variability in wages is

realized by age 23.



Chapter 2

Costly Attention and Retirement

2.1 Introduction
Most people are confused about pensions. One example is they frequently mistake

the age from which they can receive pension benefits by multiple years, as seen in

Figure 2.3 . Mistaken pension beliefs are so common they may seem unsurpris-

ing. They are, however, incompatible with standard complete information models.

Widespread mistaken beliefs about financially important policies suggest incom-

plete information resulting from information frictions or cognitive limitations.

Ignoring information frictions limits us in understanding policy uncertainty’s

impact on people’s decisions. People are not only unsure how policy may change,

as complete information suggests, often they do not know current rules. These

mistaken beliefs are easier to rationalise if we acknowledge that government policy

is objectively uncertain. Governments change policies making people’s mistakes

about them unsurprising. How this interplay between objective policy uncertainty

and subjective mistaken beliefs impacts retirement is the focus of this paper.

Specifically, I embed rationally inattentive households in a lifecycle model

which generates mistaken beliefs and helps explain the excess employment sen-

sitivity puzzles. This puzzle, documented in multiple countries 1, is that people

exit employment at pension-eligibility ages whilst benefit systems offer only weak

incentives to stop working precisely then. Mistaken beliefs increase the wealth

1For example in the US by Behaghel and Blau (2012), in Germany by Seibold (2021), and in
Switzerland by Lalive et al. (2017)
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and uncertainty shocks received from the resolution of pension uncertainty upon

reaching these eligibility ages. These increased shocks help explain the excessive

employment reaction. Costly attention stands out from alternative explanations of

the puzzle by also explaining stated beliefs.

I use recent reforms that increased the UK female State Pension Age (SPA) to

identify the effects of the SPA on employment. UK institutional features rule out

most explanations for exits from employment at pension eligibility ages: forcing an

employee to retire due to age is illegal, and state pension receipt is not conditional

on employment status. Liquidity constraints provide a motive to retire at the SPA

since the inability to borrow against pension income prevents intertemporal substi-

tution. High-wealth women, however, also exit employment at the SPA, rendering

this explanation, at best, incomplete. Costly attention penalises acquiring the in-

formation to optimally substitute over time, creating a new barrier to intertemporal

substitution.

This paper first documents the pertinent facts concerning mistaken beliefs and

excess employment sensitivity. Next, it builds a model with information frictions,

in the form of costly attention, that accounts for these facts. The model incorpo-

rates costly attention, modelled using rational inattention (e.g. Sims, 2003), to the

stochastic SPA, capturing objective policy uncertainty, into a dynamic life-cycle

model of retirement (e.g. French, 2005). This generates mistaken beliefs that help

explain retirement choices.

Endogeneity of beliefs drives the relationship between retirement and mis-

taken beliefs but complicates the model by introducing a state (beliefs) and a choice

(learning strategy) that are both high-dimensional. To the best of my knowledge,

solving a structural rational inattention model with endogenous heterogeneous be-

liefs is a first. I develop a general-purpose solution method for dynamic rational

inattention models with endogenous heterogeneous beliefs that overcomes these

complications. This method extends the algorithmic recommendations of Armenter

et al. (2019) to dynamic models using theoretical results from Steiner et al. (2017)

and overcomes the computational complications using the sparsity proven to be a

general property of rational inattention models by Caplin et al. (2019).
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The English Longitudinal Study of Ageing (ELSA), a panel survey, provides

data to study mistaken beliefs and their impact on employment since it contains

self-reported and true SPAs. Reform-affected women are substantially mistaken

about their SPA less than four years from it, most being out by over a year. These

mistakes predict employment responses: women who are more mistaken in their

late 50s about their SPA have a smaller response upon reaching it in their early 60s.

This pattern suggests endogenous learning: women who do not care about the SPA

neither learn nor respond to it.

I estimate the model using two-stage simulated method of moments, target-

ing asset and employment profiles. Policy uncertainty and costly attention increase

the employment response to the SPA compared to a complete information baseline,

explaining 30%-74% of the shortfall. By exploiting the SPA belief data, I sepa-

rately identify beliefs and preferences: a solution to the belief-preference identifi-

cation problem (e.g. Manski, 2004) that avoids the common need to assume people

are well-informed. The mean household is willing to pay £15.37 to learn today’s

SPA, so estimated attention costs are small, which is in line with other evidence

(e.g. Chetty, 2012). Despite small attention costs, information letters about current

pension entitlement pass cost-benefit analysis as their marginal cost is close to £1.

Large employment changes result from small attention costs because people near

retirement are close to their participation margin.

Pension eligibility ages are seen as a key to increasing old-age labour force

participation, a common policy objective (see Landais et al., 2021). Relative to

complete information, costly attention increases the employment response at the

SPA, so one may naively conclude it makes the SPA a better tool to achieve this

goal. The opposite is often true. Policy experiments, comparing increases in em-

ployment resulting from increases in SPA in versions of the model with and without

information frictions, show costly attention increases the employment response at

the SPA by intertemporally shifting part of the informed agent’s employment re-

sponse forward but can decrease the overall response. Informed agents increase

labour supply immediately; those subject to costs of learning, being less informed,



2.2. Related Literature 23

do not respond until nearer their SPA. Ignoring costly attention overstates the SPA’s

effectiveness at increasing old age employment by up to 27%. This illustrates an-

other reason to send policy information letters: informed individuals’ behaviour is

more predictable.

An extension throws light on another puzzle: 87% of people observed claim

the state pension as soon as eligible despite an actuarially advantageous benefit

increase for deferring. It introduces a claiming decision, policy uncertainty over

the adjustment for deferring, and a cost of learning about this adjustment. Together

these create a new incentive to claim that addresses this puzzle: claiming removes

the need to pay attention to policy, thus increasing the proportion of early claimers

helping to explain the deferral puzzle.

The paper is structured as follows. Section 2.2 reviews literature. Section 2.3

outlines institutional context and data and presents descriptive and reduced-form

analysis. Section 2.4 presents the model, starting with a standard model of complete

information and then building in objective pension policy uncertainty and a cost of

attention to this uncertain policy. Section 2.5 discusses the solution method. Section

2.6 discusses estimation and Section 2.7 model fit and implications. Section 2.8

presents the extension addressing the deferral puzzle. Section 2.9 concludes.

2.2 Related Literature
The main contribution of this paper is embedding costly attention into a lifecycle

model of retirement to explain the excess employment sensitivity puzzle whilst ac-

commodating observed beliefs. To do this, it builds on two literatures: dynamic

lifecycle models of retirement and rational inattention, but it is also deeply con-

nected to works documenting excess employment sensitivity and pension beliefs.

The most relevant papers from each strand, and from the wider literature, are re-

viewed below and the contributions to each explained.

Dynamic lifecycle models of retirement Dynamic lifecycle models of retirement

have a history stretching back to Gustman and Steinmeier (1986) and Burtless

(1986), and this paper includes the features this literature identifies as key that

are relevant in the UK. Computational limitations led early works to ignore un-
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certainty and borrowing constraints, but more recent work finds them crucial. Rust

and Phelan (1997) introduced uncertainty into a dynamic lifecycle model along with

a formulation of incomplete markets that ruled out all savings. French (2005) rein-

troduced saving whilst maintaining incomplete markets through a borrowing con-

straint, alongside other innovations such as a fixed cost of work to help explain the

retirement phenomena. Gustman and Steinmeier (2005) allow for time preference

heterogeneity; van der Klaauw and Wolpin (2008) model Medicare; and French and

Jones (2011) add uncertain medical expenses onto these innovations. Much of this

literature is US-focused, and some of its concerns are not relevant in the UK con-

text I study (e.g. medical insurance). The key features I include from this literature

are uncertainty, borrowing constraints, and individual heterogeneity, and the most

similar paper is O’Dea (2018) who estimates a model of males in the UK.

Rational inattention This paper relies on recent theoretical advances from the ra-

tional inattention literature to model costly attention and contributes back to this lit-

erature a novel application and quantitative techniques. Rational inattention traces

its heritage back to Sims (2003). Initially used to add costly attention to macroe-

conomic models (e.g. Luo, 2008; Maćkowiak and Wiederholt, 2009, 2015)), re-

cently, its domain of application has expanded. In decision theory, Caplin and Dean

(2015) develop a revealed preference test for rational inattention; in game theory

Ravid (2020) analyses ultimatum bargaining with rational inattentive buyers; and

in a field experiment, Bartoš et al. (2016) explain job market discrimination. A se-

ries of papers starting with Matějka and McKay (2015) analyse general classes of

models with rationally inattentive agents. They solve static discrete choice mod-

els with rationally inattentive agents. Steiner et al. (2017) extends these results

to dynamic discrete choice models, which is key to solving the dynamic rational

inattention model with the endogenous heterogeneous beliefs that result from em-

bedding costly attention into a lifecycle model. Turning the theoretical solutions

of Steiner et al. (2017) into a practical solution methodology for rich quantitative

models is a contribution of this paper making it the first, to the best of my knowl-

edge, to solve a model with endogenous heterogeneous beliefs. Key to bridging
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this gap between elegant theory and practical solution methodology are two papers.

Caplin et al. (2019) show rational inattention generically implies consideration sets,

implying solutions are sparse and provide conditions for sparsity which help to re-

duce computation. When sparsity does not provide a shortcut, I follow Armenter

et al. (2019) in using sequential quadratic programming to solve the within-period

rational inattention problem. By applying rational inattention to rich micro data,

this paper joins a frontier in the literature (e.g. Macaulay, 2021; Porcher, 2020) and

extends it by allowing for endogenous heterogeneous beliefs, which those papers

avoid by assuming complete information sharing.

Excess employment sensitivity Employment being more sensitive to statutory pen-

sion ages than standard models predict is a puzzle observed in multiple countries;

this paper provides evidence for it in the UK. Lumsdaine et al. (1996) document the

excess employment sensitivity puzzle in the US, and much of the lifecycle models

of retirement literature was dedicated to explaining it. The consensus was that liq-

uidity constraints explained the retirement spike at the 62 early retirement age, and

Medicare eligibility explained the spike at the 65 full retirement age (Rust and Phe-

lan, 1997; French, 2005; Gustman and Steinmeier, 2005; French and Jones, 2011).

The ability to test these explanations was limited as the US early and full retire-

ment ages remained unchanged until 2004, when the full retirement age increased,

providing the variation to estimate its impact on employment. Larger effects were

detected than predicted by standard models (Mastrobuoni, 2009) and part of the age

65 spike followed the full retirement age despite Medicare eligibility remaining at

65 (Behaghel and Blau, 2012), undermining Medicare eligibility as its sole cause.
2 Ageing populations forced other governments to increase statutory pension ages

with similar results: increases in pension age induce larger labour supply response

than standard models predict. This is documented in Austria by Manoli and Weber

(2016), in Germany by Seibold (2021), and in Switzerland by Lalive et al. (2017).

I document an excess employment sensitivity puzzle in the UK by using the female

state pension age reform building on the work of Cribb et al. (2016), principally by

2These insights were not found incorrect, rather post-reform data did not support them com-
pletely explaining employment sensitivity.
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using richer data to rule out potential standard complete information explanations

for the employment response.

Belief data The use of belief data is growing (Koşar and O’Dea, 2022), and pension

beliefs are an interesting case as mistakes are easy to detect; by using mistaken pen-

sion beliefs to identify attention costs, this paper contributes to this growth. The ear-

liest papers to investigate pension knowledge (e.g. Bernheim, 1988; Gustman and

Steinmeier, 2001) look at individual forecast errors about the level of pension ben-

efit. Forecast errors conflate misprediction of future rule changes with mistaken be-

liefs about current policy, and disentangling them requires information on people’s

knowledge of current pension rules. Manski (2004) documents precisely one such

study, that finds much individual uncertainty about their benefits is explained by a

lack of understanding of current Social Security formula. Rohwedder and Klein-

jans (2006) study the dynamics of forecast errors and find they shrink as individuals

approach retirement, providing evidence of learning. Crawford and Tetlow (2010)

look at self-reported SPAs and find large errors common; Amin-Smith and Craw-

ford (2018) document these mistakes are predictive of the employment response

to the SPA. This paper finds similar patterns to Crawford and Tetlow (2010) and

Amin-Smith and Crawford (2018), prevalent mistaken beliefs predictive of labour

supply, together with a similar pattern of learning to that found by Rohwedder and

Kleinjans (2006). I use these patterns to identify attention which represents a novel

use of belief data, since most papers use belief data to identify parameters which

individuals hold private information about whilst maintaining the assumption of

complete information.

Wider Literature Policy uncertainty plays an important role in this paper, and so

it relates to others investigating policy uncertainty, such as Baker et al. (2016). Of

particular relevance, Luttmer and Samwick (2018) measure the welfare cost of in-

dividuals’ perceived uncertainty about their social security benefits. This paper

also belongs within the tradition of behavioural public economics (Bernheim and

Taubinsky, 2018; Chetty, 2015), some of the most related works from this literature

are those that also consider the implications of limited information such as Fuster
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et al. (2022), Lockwood (1991), or Taubinsky and Rees-Jones (2018).

2.3 Institutional Context, Data, and Analysis
Explaining the puzzlingly large employment response to the UK state pension age

(SPA) is the goal of this paper. It identifies this response to the SPA using a reform to

the female SPA which Section 2.3.1 outlines while explaining what makes it illumi-

nating of excess employment sensitivity. Section 2.3.2 discusses the data. Sections

2.3.3 - 2.3.4 provide descriptive and reduced form analysis, Section 2.3.3 docu-

menting the excess employment sensitivity puzzle, and Section 2.3.4 documenting

erroneous beliefs about the SPA as well as their relationship to employment sensi-

tivity to the SPA.

2.3.1 Institutional Context

The UK State Pension Age (SPA) is the earliest age at which retirement benefits,

known as the state pension, can be claimed. In other words, it is the Early Re-

tirement Age of the UK pension system. The SPA is the sole focal age of the state

pension system. Deferral of receipt does increase the generosity of the benefit; how-

ever, during the period considered, this was without a cap on the deferral duration

and so did not imply an effective Full Retirement Age. 3

The UK State Pension came into force in 1948, with a SPA of 65 for men and

60 for women. This remained unchanged until the Pensions Act 1995 legislated

for the female SPA to gradually rise from 60 to 65, one month every two months,

over the ten years from April 2010. The Pensions Act 2011 accelerated the rate

of change of the female SPA from April 2016 so that it equalises with men’s by

November 2018. It additionally legislated an increase to both the male and female

SPA to 66 years, phased in between December 2018 to October 2020. Figure 2.1

summarises how these changes affect women in different birth cohorts.

This UK SPA reform is a convenient context to study the excess employment

sensitivity puzzle, as many possible explanations for labour market exits at the early

3Despite a generous actuarial adjustment, deferral was rare, implying another puzzle, discussion
of which is deferred to Section 2.8.
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Figure 2.1: SPA by Date of Birth under Different Legislation

Note: State Pension Age for women under different legislation. Source: Pensions Act 1995,
schedule 4 (http://www.legislation.gov.uk/ukpga/1995/26/schedule/4/enacted); Pensions Act 2007,
schedule 3 (http://www.legislation.gov.uk/ukpga/2007/22/schedule/3); Pensions Act 2011, schedule

1 (http:/www.legislation.gov.uk/ukpga/2011/19/ schedule/1/enacted).

retirement age are ruled out. Firstly, firms cannot force employees to retire solely

based on age: this would be classed as illegal age discrimination under UK law4. So,

firm-mandated retirement cannot explain the sensitivity of employment to the SPA.

Secondly, the state pension is not conditional on employment status. Individuals

may claim the state pension and continue working, and many do. Thirdly, the UK

pension system does not provide major tax incentives to exit the labour market at

the SPA. Unlike the US system, there is no earnings test5, and although the state

pension is taxable income, a component of income tax, called National Insurance

contributions, is removed upon reaching the SPA6.

4The Equality Act (2006) banned mandatory retirement below age 65, which is greater than the
highest SPA considered in this paper. The Equality Act (2010) extended this ban to all ages with
some exceptions discussed in appendix 2.A

5An earnings test is a feature of some social security systems that penalise working whilst claim-
ing retirement benefits. Those unfamiliar with it need not worry as it is not a feature of the UK
system; it is only mentioned to reassure those familiar with systems which include an earnings test.

6Cribb et al. (2013) estimate changes to an individual participation tax rate at SPA and find they
do not predict the employment response at SPA.
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These three facts imply the state pension is essentially an anticipatable increase

in non-labour income with the SPA its eligibility age. As the reform was announced

in 1995 and began in 2010, the income change was anticipatable with a horizon of

at least 15 years. Hence, the puzzle is not that employment responds to the SPA

reform but that the response concentrates at the SPA when so much forward notice

was given. In a standard life-cycle model, with complete information and forward-

looking agents, labour supply responses do not concentrate at anticipatable income

changes unless liquidity constraints prevent agents from smoothing intertemporally.

So, these three features remove incentives to exit the labour market at the SPA

for all but the liquidity constrained because the inability to borrow against future

pension income forces these people to wait for this anticipatable additional income

to decrease labour supply 7. Accordingly, I treat the ability of liquidity constraints

to explain the sensitivity of employment to the SPA as synonymous with the ability

of standard models of complete information to do so, and Section 2.3.3 focuses on

ruling out this explanation.

2.3.2 Data

To study the labour supply response to the State Pension Age (SPA), a dataset that

samples a large number of older individuals is required. To investigate the reasons

for the response, rich microdata are also needed. The English Longitudinal Study

of Ageing (ELSA) is the UK8 dataset that strikes the best balance between these

two desiderata, and so it forms the principal data source for this paper.

ELSA is a panel dataset at a biennial frequency containing a representative

sample of the English population aged 50 and over. It is modelled on the US Health

and Retirement Study (HRS) and contains rich microdata about multiple aspects

of respondents’ lives. Particularly relevant here, ELSA contains detailed data on

labour market circumstances, earnings, and the amount and composition of asset

holdings. From wave 3 onwards, ELSA collects information on people’s knowl-

edge of their SPA. Having such information is, of course, crucial to investigating

7A market accepting future pension benefits as collateral does not exist. Such loans are not
illegal; they are just not observed.

8Technically, ELSA (Banks et al., 2021) only covers England and Wales.
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the role played by erroneous beliefs in the excess sensitivity puzzle. ELSA requests

National Insurance numbers (equivalent to a US Social Security number) and per-

mission to link to administrative records from respondents, 80% of whom consent.

Additionally, survey data on health, education, and family are instructive of moti-

vations for retirement.

ELSA waves 1 (2002/03) through to 7 (2014/15) capture those affected by the

1995 pension age reform reaching SPA; hence I take the sample used for analysis

and estimation from these waves. As this paper is concerned with the reform to the

female SPA, males are dropped from the sample, except when estimating a spousal

income process when females are dropped. The only selection criteria for the female

sample are that I drop women aged over 75 and under 55; this contains 24,114

observations of 7,201 women. The implementation of the female SPA reform began

in 2010, and so the first wave of ELSA after the implementation of the female

SPA reform is wave 5. Earlier waves are important to control for pre-trends and to

increase power when estimating model inputs. The oldest women affected by the

reform were born on 6 April 1950. Having older cohorts is important as a control

group and also informative when estimating model inputs.

2.3.3 Excess Employment Sensitivity

Employment being more sensitive to official retirement ages than implied by incen-

tives is a puzzle documented in multiple countries (see Section 2.2). This section

presents evidence of this puzzle in relation to the UK SPA. Liquidity constraints be-

ing essentially the only standard complete information mechanism that could gen-

erate this sensitivity to the SPA (see Section 2.3.1), I focus on demonstrating that

liquidity constraints alone do not explain the puzzle.

Figure 2.2 captures the fundamentals of the excess employment sensitivity puz-

zle. It plots the average hazard rate of exiting employment at an age from the SPA.

A large jump in exits at the SPA is observed. By adjusting the SPA at the monthly

cohort level, the female SPA reform allows more careful identification of the em-

ployment response to the SPA.

To do this, I build on Cribb et al. (2016), who use this reform to identify the
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Figure 2.2: Fraction exiting labour employment

Note: Pooled average faction exiting employment market at ages relative to the SPA. Data was
plotted at two yearly intervals due to the biennial frequency of ELSA waves.

labour supply response to the SPA and find it significant. They argue against con-

straints driving their results because, whilst homeowners are less likely to be con-

strained than renters, the effects of the SPA on their employment are indistinguish-

able. The focus of Cribb et al. (2016) was documenting the response to the SPA

rather than explaining it, and homeownership is a coarse proxy for being liquidity

constrained, as equity in one’s own home is illiquid. So, I use the richer data in

ELSA to investigate motives for the employment response to the SPA, in particular,

ruling out liquidity constraints. This results in the most detailed evidence to date of

an excess employment response to the UK SPA.

The main estimating equation used in this section is presented in equation 2.1.

It is a regression of the probability of employment (yit) on: an indicator of being

below the SPA; a set of quarterly age, cohort, and date dummies; and a vector of

controls9 leading to the following specification:

9The full list of controls used is: a full set of marriage status, years of education, education
qualifications, and self-reported health dummies; partner’s age; partner’s age squared; dummies for
partner eligible for SPA; and assets of the household.
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Table 2.1: Effect of SPA on Employment: Heterogeneity by Wealth

(1) (2) (3)

Below SPA 0.080 0.061 0.114
s.e (0.0183) (0.0215) (0.0283)
p= .000 .006 .000

Below SPA×(NHNBW.>Med.) -0.053
s.e (0.0354)
p= .137

Obs. 23,638 6,930 23,638
Cohorts 132 90 222

Notes: Column (1) shows the results of running the two-way fixed effect specification in 2.1 as a
random-effects model with controls used: a full set of marriage status, years of education,
education qualifications, and self-reported health dummies; partners age; partners age squared; the
aggregate unemployment rate during the quarter of interview; dummies for partner eligible for SPA,
and for being one and two years above and below SPA; and assets of the household. Column (2)
repeats this regression on the subsample with above median Non-Housing Non-Business Wealth
(NHNBW) in the last interview before their SPA. Column(3) tests whether the different treatment
effects observed in columns (1) and (2) are different by introducing an interaction between being
below the SPA and having above-median NHNBW.

Pr(yit) = α1[ageit ≤ SPAit ]+ ∑
c∈C

γc1[cohorti = c]+ ∑
a∈A

δa1[ageit = a]+ ∑
d∈D

κd1[dateit = d]+Xitβ

(2.1)

This form assumes cohort-and-date-constant age effects and age-and-date-

constant cohort effects, and cohort-and-age-constant age effects. Given these as-

sumptions, which are just a rephrasing of the parallel trends assumption, the param-

eter α is a difference-in-difference estimator of the treatment of being below the

SPA. I test this parallel trends assumption by interacting the fixed effects and the

Wald test fails to reject the null that these interactions are zero (p = 0.9451). This

treatment is administered to all, but variation in the duration of treatment is induced

by the reform.

Column 1 of Table 2.1 presents the results of estimating equation 2.1. I find

a 0.080 increase in the probability of being in work from being below the SPA

significant at the 0.1% level.

To address the question of whether liquidity constraints can explain this treat-
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ment effect, I restrict to the subsample of women from households with above me-

dian assets and repeat the analysis. Specifically, I restrict to those with above me-

dian non-housing non-business wealth (NHNBW) in the wave before they reached

their SPA, as this is when the resources to smooth labour supply affect their reac-

tion to the SPA. 10 This generates a cut-off of £29,000. The objective of this cut-off

is to restrict to a group whose retirement choices are unlikely to be affected by

the liquidity constraint. Given the SPA was reformed in monthly increments, and

equation 2.1 controls for quarterly age and cohort fixed effects, an individual’s con-

trol is someone born in the same year and quarter but a few months older past the

SPA. This narrow time window makes arguing against liquidity constraints easier:

women with over £29,000 in NHNBW seem unlikely to need to wait 1-3 months

for the state pension to stop working. The results are in column 2 of Table 2.1. For

this subpopulation, we find a treatment effect of 0.061, similar in size to results for

the whole population and significant at the 1% level.

Column 3 of Table 2.1 encapsulates columns 1 and 2 in a single regression by

fully interacting specification (1) with an indicator of being below the SPA and be-

ing in the subpopulation of specification (2). The interaction term is not significant

at any reasonable level, indicating that the treatment effect is not significantly dif-

ferent between those with above and those with below-median assets. I summarise

the excess employment sensitivity puzzle by the results in columns (1) and (2) and

use these as auxiliary models the structural model aims to replicate.

Appendix 2.A contains robustness including restricting to more liquid assets

categories and different functional forms such as dropping controls (to address bad

control concerns) and having the labour supply response to the SPA vary continu-

ously with assets. All of these specifications lead to the conclusion that, although

assets matter for the labour supply response to the SPA, the effect is not strong

enough for liquidity constraints to explain away the response. Appendix 2.A also

considers whether factors, neglected for brevity in this section like health, private

10NHNBW is all wealth excluding their primary residence and personally owned business. This
is an asset categorisation from Carroll and Samwick (1996). In appendix 2.A I repeat the analysis
using the most liquid category from that paper VLA.
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Table 2.2: Placebo Tests

One Year Below SPA Two Years Below SPA
Placebo Test Coefficient -0.013 -0.018

s.e (0.0251) (0.0185)
p= .614 .310

Obs. 7,440 7,440
Cohorts 72 72

Notes: A placebo tests for a violated parallel trends assumption. I drop observations over SPA and
replace the treatment with an indicator for one or two years below SPA are shown.

pension, and joint retirement, can explain the excess employment sensitivity puz-

zles and finds they cannot. The basic reason is that although they are important for

labour supply, the SPA does not correlate with a significant change in any of them.

The traditional difference-in-difference approach used in this section makes

strong assumptions about treatment effect heterogeneity. In appendix 2.A I re-

lax these assumptions using the modern imputation approach to difference-in-

difference estimation of Borusyak et al. (2021). Allowing for arbitrary heterogene-

ity produces estimates supportive of a static treatment effect at the SPA assumed in

this section and also of average treatment effects in line with those estimated in this

section. I conclude it is reasonable to give a causal interpretation to the treatment

effects estimated in this section.

What follows, however, does not rest on the causal nature of these estimates. I

use these regression results as an untargeted auxiliary model to a structural model,

so what is important is the model’s ability to replicate them not whether they are

causal. What follows does depend on the reader finding these results puzzling, at

least as far as standard complete information models are concerned. The placebo

test results in Table 2.2, support the idea something is puzzling about the SPA. It

contains the results of dropping observations over SPA and replacing the treatment

in equation 2.1 with indicators of being one or two years under SPA; unlike the

treatment, these coefficients are negative and insignificant. So the results in this

section are detecting something specific to the SPA, which is puzzling for those

with significant liquid wealth.
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Figure 2.3: Mistaken SPA Beliefs of Women Subject to the Reform at Age 58

Notes: Plot of error in self-reported State Pension Age (SPA). The graph shows the frequency by
which respondents gave mistaken answers about their SPA, with errors binned at the yearly level.

2.3.4 Mistaken Beliefs and Employment Sensitivity

Mistaken beliefs about one’s pension are so common that few find their existence

surprising. Yet, they are difficult to reconcile with frictionless information, for

surely this is a topic the individual is incentivised to know about. This section

documents these mistaken beliefs, specifically mistakes about the SPA, and how

they relate to the excess employment sensitivity documented in Section 2.3.3.

The SPA being such a simple facet of the benefit system, confusion about it is

both puzzling and simple to demonstrate. It is an exact function of date of birth,

recorded in ELSA, and from wave 3, women under 60 are asked what their state

pension age is. Any discrepancy demonstrates imperfect knowledge of one’s SPA.

Figure 2.3 shows this difference between the true and reported SPA of 58-year-old

women subject to the reform. The largest group are those who know their SPA to

within a year, although this contains many mistaken by a margin of months. It also

leaves over 50% who are out by a year or more, striking evidence of the prevalence

of mistaken pension beliefs in the UK. Appendix 2.A shows that self-reports cluster

around the true SPA of each cohort; just the sort of pattern that emerges from a
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Figure 2.4: Mean Squared Error in Self-reported SPA

Notes: Mean Squared Error in Self-reported SPA plotted against respondents’ age.

model of costly attention. 11.

Another prediction of costly information is learning because acquired knowl-

edge is retained, and the marginal value of knowing your SPA increases as you

approach it. This prediction is supported by the data as seen in Figure 2.4 that plots,

against age, the mean squared error in self-reported SPAs. A declining age profile

can be seen, indicating errors shrink as these women age towards their SPA. The

model uses this declining mean squared error as a moment to identify the cost of

attention which is a novel contribution to the rational inattention literature that adds

empirical validity.

Next we need to ask if mistaken beliefs impact employment’s sensitivity to the

SPA. Table 2.3 documents the heterogeneity of the labour supply response to the

SPA by the degree of mistaken belief. This is found by introducing into specification

11Appendix 2.A also documents the distribution errors in self-reports at their natural monthly
frequency
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2.1 the size of the error in self-reported SPA in the last wave before the question is

no longer asked at 60 and an interaction between this error and the indicator of

being below the SPA. The interaction is significant and negative indicating that, on

average, for each additional year the individual is out by in their SPA self-report,

the labour supply response decreases by 6.2 percentage points. 12

The existence of a relationship between mistaken beliefs and labour supply in-

dicates they need to be studied together; the nature of the relationships indicates the

endogeneity of mistaken beliefs is important. Table 2.3 show those who are least

informed of the SPA before they are 60, have the smallest labour supply response

upon reaching the SPA after 60. This is consistent with a model of endogenous

costly information acquisition: those who care least about the SPA select the least

information about it and also have the smallest labour supply response upon reach-

ing it. In a model of exogenous information acquisition, this mechanism of selection

into being informed would not exist and those who were worst informed would be

so purely due to bad luck. An individual mistaken due to bad luck, unlike one mis-

taken due to choice, generally has a larger labour supply response upon reaching

the SPA as they receive a larger shock upon the resolution of policy uncertainty that

comes upon reaching the SPA. So, the negative relationship suggests an important

role for the endogenous learning incorporated into the model in Section 2.4.

The excess employment sensitivity puzzle is only puzzling for standard mod-

els of complete information, deviating from standard assumptions can account for

it. Two recent examples that account for this puzzle by deviating from standard as-

sumptions are Seibold (2021), who suggests reference-dependent preferences, and

Lalive et al. (2017), who suggests passive decision making. However, as models of

complete information, these explanations do not account for mistaken beliefs or the

correlation between these and the labour supply response to the SPA documented

in Table 2.3.

12Appendix 2.A considers as robustness whether the direction of error in self-reported SPA and
the change in self-report error size between first and last observation are important to the labour
supply response. The results are consistent with the interpretation given here of beliefs being causal.
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Table 2.3: Heterogeneity by SPA Knowledge

Below SPA 0.132
s.e (0.0165)
p= .000

Below SPA×(abs. Error in SPA report) -0.066
s.e (0.0142)
p= .000

Error in SPA report 0.040
s.e (0.0118)
p= .001

Obs. 10,488
Cohorts 63

Notes: Results of running specification 2.1 with an additional interaction between absolute error in
SPA self-report and an indicator of being below the SPA to pick up heterogeneity of this labour
supply response along the beliefs dimension. A smaller sample size here than in Table 2.1 results
from the question about SPA knowledge only being introduced in wave 3 and only being asked to
individuals under 60.

2.4 Model
This section presents the model: Section 2.4.1 a baseline standard complete in-

formation model, capturing the relevant features of the UK retirement context, and

Section 2.4.2 introduces two additions: objective uncertainty about government pol-

icy and costly information acquisition about this uncertain policy. This allows the

model to capture the interplay between individuals’ confusion about government

policy and their reaction to it.

2.4.1 Complete Information Baseline

Before diving into details, a summary of key features may help orient the reader.

As the model aims to explain the labour supply response to the female SPA reform,

it concentrates on women. The model’s decision-making unit is a household con-

taining a couple or a single woman, but when a husband is present, they are passive

as their labour supply is inelastic. The household maximises intertemporal utility

from consumption, leisure, and bequests by choosing consumption, labour supply,

and savings. Households face risk over i) whether they get an employment offer,

ii) the wage associated with any offer, and iii) mortality. The households receive

non-labour income from state and private pensions after the relevant eligibility age
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for each.

In more detail, households are divided into four types indexed by k, based on

the high or low education status of the female and the presence or absence of a

partner. Households choose how much to consume ct , how much to invest in a

risk-free asset at with return r, and, if not involuntarily unemployed, how much

of the women’s time endowment (normalised to 1) to devote to wage labour 1− lt

(full-time, part-time or none at all) at a wage offer wt that evolves stochastically.

Unemployment uet , where uet = 0 indicates employment (presence of a wage offer)

and uet = 1 unemployment (the absence), also evolves stochastically. The partner’s

labour supply is inelastic, and so his behaviour is treated as deterministic. The

wife receives the state pension once she reaches the SPA, a parameter varied to

mimic the UK reform, and a private pension once she reaches the type-specific

eligibility age PPA(k). Both pension, S(k)(.) the state pension and P(k)(.) the private

pension, are treated as type-specific functions of average lifetime earning AIMEt

(AIMEt+1 =
(1−lt+1)wt+1+AIMEtt

t+1 ) 13 . From age 60, the women face a probability sk
t

of surviving the period. Finally, households value bequests through a warm glow

bequest function (De Nardi, 2004; French, 2005). Only one birth cohort is modelled

at a time, and periods are indexed by age of the women t. Therefore, the full vector

of model state is Xt = (at ,wt ,AIMEt ,uet , t).

Utility The warm glow bequest motive creates a terminal condition T (at) that oc-

curs in a period with probability 1− s(k)t−1:

T (at) = θ
(at +K)ν(1−γ)

1− γ

where θ determines the intensity of the bequest motive, and K determines the cur-

vature of the bequest function and hence the extent to which bequests are luxury

goods. The functional form surrounding at +K is the utility from consumption of

a household (see below), so approximately captures the utility a descendant would

gain from these assets, and hence altruism as a motive for the warm-glow as well as

13This is average yearly earnings, to keep notation in line with the literature I use the abbreviation
Average Indexed Monthly Earnings, which is the variable US Social Security depends on.
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keeping parameters to a minimum.

Whilst alive, a household of type k has the following homothetic flow utility:

where u(k)(ct , lt) = n(k)
((ct/n(k))ν l1−ν

t )1−γ

1− γ

where n(k) is a consumption equivalence scale taking value 2 if the household rep-

resents a couple and 1 otherwise. In other words, utility takes an isoelastic from,

with curvature γ , over a Cobb-Douglas aggregator of consumption and leisure, with

consumption weight, ν .

Initial and terminal conditions The model starts with women aged 55 because,

firstly, ELSA starts interviewing people at 50 and, secondly, as the focus is retire-

ment modelling early life-cycle behaviour would be computationally wasteful. It

starts at 55 rather than 50 because this is the youngest age with significant numbers

of SPA self-reports and variation in the true SPA, thus allowing me to initialise the

state variables from the data for different SPA-cohorts. When age 100 is reached in

the model, the woman dies with certainty.

Labour market The female log wage, wt , is the sum of a type-specific deterministic

component, quadratic in age, and a stochastic component:

log(wt) = δk0 +δk1t +δk2t2 + εt (2.2)

where εt follows an AR1 process with persistence ρw and normal innovation term

with standard error σε , and has an initial distribution ε1 ∼N(0,σ2
ε,55). The quadratic

form of the deterministic component of wages captures the observed hump-shaped

profile and is common in the literature.

The unemployment status of the woman uet evolves according to a type-

specific conditional Markov process. From age 80, the woman can no longer choose

to work; this is to model some of the limitations imposed by declining health.

As spousal income results from the confluence of wages, mortality and pension
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income, it follows a flexible polynomial in age:

log(y(k)(t)) = µk0 +µk1t +µk2t2 +µk3t3 +µk4t4 (2.3)

This specification averages out and abstracts away from both idiosyncratic spousal

income and mortality risk. In effect, the household dies when the woman dies, and

the husband’s mortality risk only turns up in so far as it affects average income, as

if husbands were a pooled resource amongst married women. This allows me to ig-

nore transitions between married and single which, while important to wider labour

supply behaviours of older individuals (e.g. Casanova, 2010), are of secondary im-

portance, at best, to labour supply responses to the SPA. The function y(k)(t) amal-

gamates spousal labour and non-labour income including pensions. Both female

wage and spousal income are post-tax.

Social insurance Unemployment status is considered verifiable, so only unem-

ployed women, uet = 1, can claim the unemployment benefit b.

The wife receives the state pension as soon as she reaches the SPA which ab-

stracts away from the benefit claiming decision. This is done for two reasons, both

touched upon earlier. Firstly, over 85% of people claim the state pension at the

SPA, so, in terms of accuracy, little is lost by this simplification. Secondly, this

small fraction deferring receipt of the state pension occurs despite deferral having

been actuarially advantageous during the period considered. This presents another

puzzle to standard models of complete information as they generally imply accep-

tance of actuarially advantageous offers. This benefit claiming puzzle is taken up

in Section 2.8, but deferring it until then gives this baseline model a chance of ad-

dressing the excess sensitivity puzzle.

Lifetime average earning (AIMEt) evolves until the woman reaches the age she

starts to receive her PPA(k), at which point it is frozen.14 Both the state and private

pensions are quadratic in AIMEt , until attaining their maximum, at which point they

14It is frozen at this age to avoid creating the counterfactual incentive to get a new job to increase
your current private pension income.
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are capped. Until being capped, the pensions functions have the following forms

S(k)(AIMEt) = spk0 + spk1AIMEt − spk2AIME2
t (2.4)

P(k)(AIMEt) = ppk0 + ppk1AIMEt − ppk2AIME2
t (2.5)

These pension functions abstract away from the details of state and private pension

systems but capture some of the key incentives in a tractable form. The state pension

is a complex path-dependent function dependent on past and current regulations,

and cannot be exactly captured without detailed administrative data (see Bozio

et al., 2010). This functional form captures the dependence of the state pension on

working history without getting into these difficulties. Being type-specific allows

S(k)(.) to capture indirect influences of education and marital status on the state

pension; for example, being a stay-at-home mum counted towards state pension

entitlement but only after a reform was enacted. Every private pension scheme is

different, but the dependence of P(k)(.) on AIMEt reflects the dependence of most

defined benefit schemes on lifetime earnings. This functional form less accurately

reflects the structure of defined contribution systems, which are essentially saving

accounts, but saving for retirement is captured in the model with the risk-free asset

and the models starts after the statutory defined contribution eligibility age beyond

which they can be accessed without penalty.

Total deterministic income Combining spousal income, benefits, and private and

state pension benefits into a single deterministic income function yields:

Y (k)(t,uet ,AIMEt) =y(k)(t)+b1[uet = 1]+1[t ≥ SPA]S(k)(AIMEt)

+1[t ≥ PPA(k)]P(k)(AIMEt)
(2.6)

Household maximisation problem and value functions The Bellman equation for

a household of type k is:

V (k)
t (Xt) = max

ct ,lt ,at+1
{u(k)(ct , lt)+β (s(k)t (E[V (k)

t+1(Xt+1)|Xt ]+ (1− s(k)t )T (at+1))}

(2.7)
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Subject to the following budget constraint, borrowing constraint, and labour supply

constraint:

ct +(1+ r)−1at+1 = at +wt(1− lt)+Y (k)(t,uet ,AIMEt) (2.8)

at+1 ≥ 0 (2.9)

uet(1− lt) = 0 (2.10)

2.4.2 Two Additions: Policy Uncertainty and Costly Attention

This section introduces two additions to the complete information model. Firstly,

Section 2.4.2.1 introduces objective policy uncertainty in the form of a stochas-

tic SPA, capturing the observed variation of SPAs over the life-cycle resulting

from pension reform. Secondly, Section 2.4.2.2 introduces costly attention to this

stochastic SPA, in the form of a disutility for more precise information, allowing the

model to capture mistaken beliefs. As these additions represent innovation, Section

2.4.2.3 rounds off with a discussion.

2.4.2.1 Policy Uncertainty: the Stochastic SPA

To capture the objective policy uncertainty resulting from the fact that governments

can and do change pension policy, I make the SPA stochastic. The motivation for

this addition is that the SPA changes. For the women in my sample, their SPA in-

creased by up to 6 years during their working life, a change that was not foreseeable

when they began working life.

Although the SPA does change, introducing an important dimension of uncer-

tainty, changes are not sufficiently frequent to estimate a flexible stochastic SPA

process. For this reason, I impose a parsimonious functional form on the stochastic

SPA:

SPAt+1 = min(SPAt + et ,67) (2.11)

where et ∈ {0,1} and et ∼ Bern(ρ). So each period, the SPA may stay the same

or increase by one year, as the shock is Bernoulli, up to an upper limit of 67. This

captures a key aspect of pension uncertainty, that in recent years governments have
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reformed pension ages upward but generally not downward, whilst maintaining a

simple tractable form. I do not consider SPAs below the pre-reform age of 60.

Hence, as the law-of-motion only allows for increases, SPAt is bounded below by

60 and above by 67.

In the model, the variable SPAt represents the current best available informa-

tion about the age the woman will reach her SPA, and as such, the data analogue is

the SPA the government is currently announcing for the woman’s cohort. Only one

SPA cohort is modelled at a time. So there is no conflict in having a single variable

SPAt whilst, in reality, at a given point in time, different birth cohorts have different

government-announced SPAs.

2.4.2.2 Costly Attention (Rational Inattention)

The second addition is the cost of information acquisition about the stochastic SPA.

This allows the model to capture the fact that people are mistaken about their SPA

and that these mistaken beliefs are the results of an endogenous learning process.

As such, it creates a potential for the model to replicate the patterns of learning

documented in Section 2.3.4.

Directly observed vs learnable states: To make the exposition of rational inatten-

tion to the SPA as clear as possible, I introduce two notational simplifications. I

group decisions into a single variable dt = (ct , lt ,at+1) and all states other than the

SPA into a single state variable Xt = (at ,wt ,AIMEt ,uet , t).15 The stochastic SPA

SPAt is separated because, unlike other state variables, it is not directly observed by

the household. Instead, the household must pay a utility cost to receive more precise

information about the SPA, as outlined below. The other stochastic state variables,

wt and uet being directly observed can be interpreted as these variables being more

salient. Rather than any of the other myriad burdens on people’s attention I focus

on costly attention to the state pension policy because this is the uncertainty that is

resolved upon reaching the SPA and hence may help explain why people respond

as they do to the SPA.

15This is the same collection of variables in Xt as when it was defined in the baseline model. I
highlight this as a notational change as I want to be explicit that Xt has not absorbed the new state
SPAt
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Within period timing of learning: As the household no longer directly observes

SPAt , it is a hidden state. It is still a state as it is payoff relevant, but since the

household does not observe it, it cannot enter the decision rule. This introduces a

new state variable πt the belief distribution the household holds about SPAt . Since

the household chooses how much information about the SPA to acquire, its choice

can be thought of as a two-step process: first choosing a signal distribution and then

conditional on the signal draw choosing actions. Although subject to a utility cost

of information, the choice of signal is unconstrained; the household is free to learn

about SPAt however they want. More precisely, a household with non-hidden states

Xt and πt is free to choose any conditional distribution function ft [Xt ,πt ](z|SPAt)

for its signal zt ∼ Zt given the value of the hidden state SPAt .

The household is rational, and so πt is formed through Bayesian updating on

their initial belief distribution π55 given the full history of observed signals draws

zt . Specifically, the posterior is formed as:

Pr(spa|zt) =
ft(zt |spa)πt(spa)

Pr(zt)
(2.12)

Then the prior at the start of next period πt+1 is formed by applying the law of

motion of SPAt , equation 2.11, to this posterior.

Entropy and mutual information: The cost of attention is directly proportional to

the mutual information, defined below, between signal and SPA. Mutual informa-

tion is the expected reduction in uncertainty, as measured by the entropy, about one

variable resulting from learning the value of another. Entropy, in this information

theoretic sense, is a measure of uncertainty that captures the least space16 needed to

transmit or store the information contained in a random variable.

Definition 2.4.1 (Entropy/conditional entropy). The entropy H(.) of X ∼ PX(x) is

minus the expectation of the logarithm of PX(x), H(X) = EX [− log(PX(x))]. Condi-

tional entropy is H(X |Y ) = EY [H(X |Y = y)] .

16If the logarithm is taken with respect to base 2 then entropy measure this space in bits, but
the base of the logarithm is unimportant as changing base only changes the unit of measure. One
application, that may help intuition, is by using these concepts; a computer is able to compress a file.
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Definition 2.4.2 (Mutual Information). The mutual information between X ∼ PX(x)

and Y ∼ PY (y) is the expected reduction in uncertainty, as measured by entropy,

about X from learning Y (equally about Y from learning X) : I(X ,Y ) = H(X)−

H(X |Y ).

Utility: Incorporating information costs, utility takes the form:

u(k)(dt , ft ,πt) = n(k)
((ct/n(k))ν l1−ν

t )1−γ

1− γ
−λ I( ft ;πt)

where the constant of proportionality λ is the cost of attention parameter, and given

the above definitions we can expand I( ft ;πt):

I( ft ;πt) =∑
z

∑
spa

πt(spa) ft(z|spa) log
(

πt(spa) ft(z|spa)
)
−∑

spa
πt(spa) log(πt(spa))

Revelation of uncertainty: Upon reaching SPAt , the woman learns her true SPAt

and starts receiving the state pension. Therefore the household knows that if they

are not in receipt of the woman’s state pension benefits, she is below her SPA. This

avoids issues with the budget constraint when households do not know the limits on

what they can spend. That arriving at SPAt in the model provides a positive informa-

tional shock reflects the reality of the UK pension system; the only communication

received by all cohorts in the sample was a letter sometime in the six months before

their SPA. That uncertainty is resolved upon reaching SPAt is a key model mecha-

nism explaining why women have a labour supply response upon reaching the SPA.

Dynamic programming problem: The full set of states for the model is

(Xt ,SPAt ,πt) = (at ,wt ,AIMEt ,uet , t,SPAt ,πt) and its Bellman equation:

V (k)
t (Xt ,SPAt ,πt) =

max
dt , ft

E
[
u(k)(dt , ft ,πt)+β (s(k)t V (k)

t+1(Xt+1,SPAt+1,πt+1)+(1− s(k)t )T (at+1))
]

(2.13)

subject to the same constraints 2.8 - 2.10 as the baseline model and where now the

utility function includes a cost of information that is directly proportional to the mu-
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tual information between the signal and the household’s current state of knowledge

about the SPA πt , as explained above.

One problem hidden in this Bellman equation is the formation of next-period

beliefs, which, due to Bayesian updating, depends upon the full distribution of sig-

nals. This means that the continuation value is not known until the solution is

known; this problem will be taken up in Section 2.5.

2.4.2.3 Discussion of Costly Attention to the Stochastic SPA

This self-contained section discusses reasons for modelling the cost of attention as

I have and interpretations of two new features: the cost of attention and the choice

of signal function.

Expected Entropy Reduction Attention Cost: A cost of information acquisition

is included to accommodate mistaken beliefs which predict employment responses

to the SPA. As utility costs of information are uncommon in the life-cycle literature,

the reasons for the functional form may be unfamiliar and unclear. I offer three

reasons for the choice.

Firstly, although this functional form is not widely used in life-cycle models,

this is because most life-cycle models ignore costly information acquisition, not

because any other functional form is widely used. In fact, a cost of information

acquisition that is directly proportional to the mutual information is among the most

common in the costly information literature leading to two important advantages.17

It is tractable because many useful results are available for this functional form, and

it follows a convention. Tractability is important in models of costly information

which can be too complex to solve, and following a convention has merit because it

restricts the degrees of freedom available to fit the data.

Secondly, it endogenously generates certain rules-of-thumb or heuristics ob-

served sufficiently often to be christened as a behavioural bias. We could treat these

simplifying rules-of-thumb, or heuristics, as pre-ordained behavioural rules people

blindly follow. This has major disadvantages: one, this does not explain why the

17Caplin et al. (2017) and Fosgerau et al. (2020) are examples of papers from the costly attention
literature that use other functional forms. Both can be seen as introducing more flexibility into the
cost of attention function rather than completely abandoning the entropy approach.
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particular rule-of-thumb and, two, it ignores the fact that people change rule-of-

thumb as circumstances change. Hard-coded behavioural biases suppress a central

insight of economics: people respond to incentives. Endogenising observed heuris-

tics with a cost of attention avoids these pitfalls because, one, it explains why given

heuristics are used and, two, it allows an agent to change heuristics in response to

incentives. Two examples come from Kõszegi and Matějka (2020) who show this

cost of attention generates both mental budgeting (quantity allocated to a category

being fixed and composition changing) and naive diversification (composition be-

ing fixed and quantity allocated changing) depending on the circumstance. A third

example comes from Caplin et al. (2019) who show it leads to consideration sets:

ignoring many options to focus on a subset.

Thirdly, strong a priori reasons to think that a cost of cognition should depend

on entropy exist. The information-theoretic concept of entropy was developed to ex-

plain how computers process information and gives a lower bound on the efficient

transmission and storage of information. The computational theory of mind Mc-

culloch and Pitts (1943) holds the human mind is a computer. This is controversial

and well outside the scope of this paper, but even its most stringent opponent would

agree the brain performs some tasks like a computer, with information processing

a primary candidate. So, if the brain processes information efficiently, mutual in-

formation should enter into the ideal cost of attention function. This is not to say

an ideal cost of attention function would be linear in mutual information, but if it

enters into the ideal then a first-order approximation in this dimension is reasonable

when information processing is our focus. 18

Interpreting the cost of attention: Costly information is modelled abstractly and

so open to various interpretations but to guide the reader’s intuition, I suggest two:

the first broad and the second more literal.

In the broader interpretation learning about the SPA can be taken as illustra-

tive of learning about the state pension system in general. The pension system is

18If the argument above is correct, one expects that entropy would have found a use in neuro-
science and psychology, and indeed this is the case (for example Frank (2013) or Carhart-Harris
et al. (2014).
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multifaceted, and people are confused about most of these facets. The model con-

centrates all costs of information acquisition onto tracking one aspect of the pension

benefit system, the SPA. So the model may also capture learning about these other

facets and the resolution of uncertainty about them. Hence, it is possible to think of

this cost of learning about the SPA as a cost of learning about pension policy more

generally, and I believe the reader taking this perspective can equally draw inter-

esting lessons from this model. In Section 2.8 I look at an extension in which the

household also learns about an uncertain actuarial adjustment to deferred claiming.

The more literal interpretation of the cost of attention is as the cost of learn-

ing exclusively about your SPA. This is it captures all costs of learning your SPA:

hassle costs, as well as information processing, storage, and recall. As an illustra-

tion, the author has paid the hassle cost of looking up his SPA but has not paid the

cognitive cost of remembering this information. Hence, I would show up in survey

data as someone with a mistaken belief and could also not use my SPA in decision-

making. Therefore, including the cognitive cost of remembering and assimilating

information as well as any hassle cost is the minimum data and model consistent

conceptualisation.

Interpreting the choice of signal: The choice of a signal function to learn about

the SPA may be difficult to conceptualise. The SPA is a number we can just look up

which seems simpler than choosing a signal function. However, looking it up is a

learning strategy encompassed by the choice of a signal function conception, corre-

sponding to choosing a perfectly informative signal function.19 In reality, carefully

reading relevant regulations is not the main way people learn about government pol-

icy in general or the state pension in particular: people learn from other people or

news outlets. In both examples, there is a random component, what stories news-

papers run and what other people talk about, and a choice component, whether you

keep reading or ask follow-up questions. This is analogous to the choice of a signal

function in that it is partly a choice and partly stochastic, and so it captures much

about the messy real-world learning process.

19Being more careful about cognitive cost, a perfectly informative signal includes looking up,
remembering, and assimilating into choices.
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2.5 Model Solution
By introducing a high dimensional state πt (beliefs) and a high dimensional choice

ft (signal), rational inattention has complicated the model to the extent that solving

it is a contribution. To achieve this I weave together recent theoretical results into

a consistent solution method for dynamic rational inattention models with endoge-

nous heterogeneous beliefs, like the one presented above. Section 2.5.1 explains

how this is done, both to communicate the methodological innovations and to pro-

vide intuition of the model solution. First I explain details specific to solving the

model of this paper.

2.5.1 Details Specific to this Model

All versions of the model are solved by dynamic programming, specifically back-

ward induction, but the πt and ft alter the nature of the within period problem in

the model with rationally inattentive households, in some periods. Only in some

periods because πt and ft only matter before the SPA: after the SPA the true value

is known and so beliefs (πt) and learning ( ft) about the SPA are irrelevant. Periods

after the SPA can be solved, like the baseline and the model with only policy uncer-

tainty, by simple search techniques to find the optimal choice amongst the discrete

options.

We proceed by backward induction from terminal age t = 100 using standard

techniques for the within-period problem in the model with rationally inattentive

households until age t = 66. We can proceed back to age t = 67 because, as SPAt is

bounded above by 67, the woman receives her state pension with certainty from this

age. At t = 66 the household is perfectly informed meaning πt is irrelevant, but SPAt

is a state variable because receipt of the state pension affects utility. If she is not in

receipt of her state pension (SPAt > t), she infers SPAt = 67 with certainty because

she knows the data generating process, just not the value of SPAt . Otherwise she

is past SPAt (SPAt ≤ t) and its precise value is irrelevant. The same is true for all

ages, distinctions between past SPAs do not matter, so we can solve for a single

representative SPAt ≤ t using standard techniques. Hence, each year we proceed

backwards, the list of future SPAs we need to solve separately grows by one. At age
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t = 65, if SPAt > t she can no longer infer its true value and so beliefs (πt) become

a state and the choice of signal function relevant. Beliefs are a state and the signal

a relevant choice for all t ≤ 65 whenever SPAt > t. These are the periods where

rational inattention matters. As πt is a distribution over all future SPAs (SPAt > t),

its points of support also grow by one with each step in the backward induction.

This growth of the state space along two dimensions, relevant true SPAs and beliefs

over future SPAs, continues until we reach t = 59. At this point, all SPAs 60-67 are

future, and rational inattention is relevant regardless of the value of the SPAt .

The solution of within period problems, when rational inattention matters, be-

cause t < SPAt , is explained immediately below in Section 2.5.2. There I ignore

the details presented here because they have no appreciable implications for how to

solve generic dynamic rational inattention models with endogenous heterogeneous

beliefs.

2.5.2 Solving Generic Dynamic Costly Attention Models with

Endogenous Beliefs

Dynamic rational inattention models with endogenous heterogeneous beliefs are

complicated by the presence of a high dimensional state πt (beliefs distribution)

and a high dimensional choice ft (signal distribution). This section presents my so-

lution method. I use the model of retirement decision from this paper to explain the

method, but it applies to any dynamic rational inattention models with endogenous

heterogeneous beliefs.

To solve the periods in which rational inattention is relevant, I leverage results

from three recent theoretical papers. Most centrally, I rely on results from Steiner

et al. (2017) who extend the static logit-like results for ft from Matějka and McKay

(2015) to a dynamic setting, showing dynamic rational inattention problems reduce

to a collection of static problems. As such it gives me analytic results that greatly

simplify dealing with the high dimensional choice ft . With the results of Steiner

et al. (2017) the model is theoretically solvable but the high dimensional state πt

means finding that solution is practically impossible. Results from Caplin et al.

(2019) help to make finding a solution feasible. They provide sufficient conditions
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to complement the necessary condition in Matějka and McKay (2015). Addition-

ally, as mentioned earlier, they show rational inattention generically implies con-

sideration sets. That is there are many actions that the household will ignore and

never take. This implies the solving conditional choice probabilities, or stochastic

decision rules, will be sparse. The sufficient conditions in their paper allow me to

check for sparsity ex-ante which greatly reduces the computational burden. Finally,

when sparsity does not provide a short-cut solution to the within period optimisa-

tion problem, I employ sequential quadratic programming to solve the optimality

conditions. Using this algorithm for static rational inattention problems is an ap-

proach suggested by Armenter et al. (2019) and as Steiner et al. (2017) reduces the

dynamic problem to a sequence of static ones I am able to use the same approach to

the within period problem.

The rest of this section precedes as follows. Firstly, Section 2.5.2.1 gives an

outline of the proof of the main results from Steiner et al. (2017). Then Section

2.5.2.2 will take the results from Section 2.5.2.1 and present my solution method.

2.5.2.1 Analytic Foundations of Solution Method

Steiner et al. (2017) show that a wide class of similar models have a logit-like so-

lution. 20 To provide some intuition, and because an understanding of these results

is needed to understand the solution methodology, in this section, I present an out-

line of their proof using my model as a lens through which to explain their results.

Steiner et al. (2017) extend Matějka and McKay (2015)21 to a dynamic setting and

so most of what is explained here applies equally to static problems.

Key results: If we define the effective conditional continuation values as:

V (k)
t+1(dt ,Xt ,SPAt ,πt) =

E[s(k)t V (k)
t+1(Xt+1,SPAt+1,πt+1)+(1− s(k)t )T (at+1)|dt ,Xt ,SPAt ,πt ],

20My framework is a slight extension Steiner et al. (2017). Observable states at , AIMEt map to
the payoff relevant lagged choices in their framework but yt , which is exogenous and whose current
value is known, means I need to extend the free signal. Appendix 2.B.1 contains the details.

21This is a more complicated step than it may sound and to show this they had to overcome
various thorny issues, stemming from the information acquisition. Although I allude to some of
these complexities I mostly ignore them to give the reader the intuition for the dynamic logit-like
results.
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where expectations are over Xt+1 and SPAt+1 and Section 2.5.2.2 describes finding

πt+1, the Bellman equation 2.13 becomes:

V (k)
t (Xt ,SPAt ,πt) = max

dt , ft
E
[
u(k)(dt , ft ,πt)+βV (k)

t+1(dt ,Xt ,SPAt ,πt)
]
.

Steiner et al. (2017) show that the solution to this model has actions that are dis-

tributed with conditional choice probabilities dt |SPAt ∼ pt(dt |SPAt) and associated

unconditional probabilities dt ∼ qt(dt) that satisfy:

pt(d|spa) =

exp
(

n(k) ((c/n(k))ν l1−ν )1−γ

λ (1−γ) + log(qt(d))+βV (k)
t+1(d,Xt ,SPAt ,πt))

)
∑d′∈C exp

(
n(k) ((c

′/n(k))ν l′1−ν )1−γ

λ (1−γ) + log(qt(d′))+βV (k)
t+1(d′,Xt ,SPAt ,πt))

) , (2.14)

max
qt

∑
spa

πt(spa) log
(

∑
d∈C

qt(d)exp
(

n(k)
(( c

n(k)
)ν l1−ν)1−γ

λ (1− γ)

+βV (k)
t+1(d,Xt ,SPAt ,πt)

))
.

(2.15)

Sketch proof: The household does not observe SPAt but solves the problem for an

observed value of (Xt ,πt) and all possible values of SPAt simultaneously. They

do this by selecting a signals function ft(z|SPAt) which gives a noisy signal of the

unobserved SPAt , and then make a decision contingent on the realisation of the

signal d(z).

The first step in solving this problem is to note that, since the signal encapsu-

lates an internal cognitive process it is inherently unobservable. Hence, nothing is

lost in combining the choice of a stochastic signal function ft and a deterministic

decision conditional on the signal d(z) into a single choice of a stochastic decision

dt ∼ pt(dt |SPAt). The stochastic decision conditions on SPAt , which the house-

hold does not directly observe because they observe the signal that is conditional on

SPAt ; this is the source of the stochasticity as conditional on the signal the decision

d(z) is deterministic.

The next step is a revelation principle type argument. As the household is ra-

tional and pays a utility cost for information they will not select any extraneous
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information. All information has a cost λ I( ft ;πt), but only information that leads

to a better choice has a return, therefore the household will choose a signal function

that perfectly reveals their action i.e. signal and action are in a one-to-one cor-

respondence. Therefore the pt(dt |SPAt) is simply a relabelling of ft(zt |SPAt). The

function ft tells you the signal seen, re-labelling with the choice taken on seeing that

signal gives pt . From this it follows that I( ft ;πt) = I(pt ;πt), as mutual information

is a function of the probabilities in a distribution, not the values of the associated

random variable. Therefore we can re-write the agent’s decision problem as:

V (k)
t (Xt ,SPAt ,πt) =

max
pt

E
[
n(k)

((c/n(k))ν l1−ν)1−γ

λ (1− γ)
− I(pt ;πt)+βV (k)

t+1(d,Xt ,SPAt ,πt)
]
.

As the problem is treated as discrete choice there exists a finite budget set available

to the agent C ⊂ R2, C = {d1 = (c1, l1), ...,dN = (cN , lN)}. Then the problem

becomes:

max
pt

∑
spa

πt(spa)
N

∑
i=1

pt(di|spa)
(

n(k)
((ci/n(k))ν l1−ν

i )1−γ

λ (1− γ)

− I(pt ;πt)+βV (k)
t+1(di,Xt ,SPAt ,πt)

) (2.16)

and from the symmetry of mutual information: 22

I(pt ;πt) = ∑
spa

πt(spa)

(
∑
d

pt(d|spa) log(pt(d|spa))

)
−∑

d
qt(d) log(qt(d))

(2.17)

and qt is the resulting marginal distribution of d:

qt(d) = ∑
spa

πt(spa)pt(d|spa).

22We have been thinking of mutual information as the expected reduction in entropy about the
SPA from learning the signal, or equivalently, what action to take. That is equivalent to the expected
reduction in entropy about the action from learning the SPA, which is what is expressed above.
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Substituting 2.17 into 2.16, rearranging, and collapsing the repeated sums gives:

max
pt

∑
spa

πt(spa)
N

∑
i=1

(
n(k)

((ci/n(k))ν l1−ν

i )1−γ

λ (1− γ)

+ log(qt(di))− log(pt(di|spai))+βV (k)
t+1(di,Xt ,SPAt ,πt)

)
.

(2.18)

Taking qt as given, optimality with respect to any pt(d|spa) requires the following

FOC, derived from differentiating 2.18, be satisfied 23

µ(spa) =n(k)
((c/n(k))ν l1−ν)1−γ

λ (1− γ)

+ log(qt(d))− (log(pt(d|spa))+1)+βV (k)
t+1(d,Xt ,SPAtπt),

where µ(spa) are the Lagrange multipliers associated with the constraint that

pt(.|spa) be a valid probability distribution, ∑d∈C pt(d|spa) = 1. Rearranging

gives:

pt(d|spa) =

exp

(
n(k)

(( c
n(k)

)ν l1−ν)1−γ

λ (1− γ)
+ log(qt(d))+βV (k)

t+1(d,Xt ,SPAt ,πt)−µ(spa)+1

)
.

Then as ∑d∈C pt(d|spa) = 1 we can divide the right-hand side by this sum without

changing the value to eliminate the nuisance terms which gives the solution for pt :

pt(d|spa) =

exp
(

n(k) ((c/n(k))ν l1−ν )1−γ

λ (1−γ) + log(qt(d))+βV (k)
t+1(d,Xt ,SPAt ,πt))

)
∑d′∈C exp

(
n(k) ((c

′/n(k))ν l′1−ν )1−γ

λ (1−γ) + log(qt(d′))+βV (k)
t+1(d′,Xt ,SPAt ,πt))

) .
This derivation assumed qt was given, but as qt is the marginal to conditional pt it

is also chosen. The form of qt can be found from substituting 2.14 into 2.18 and

noting that the logarithm of the numerator in 2.14 cancels all other terms in 2.18

23Eagle-eyed readers may have noted this treats the continuation value as fixed. Showing ”one
can ignore the dependence of continuation values on beliefs and treat them simply as functions of
histories” was an achievement of Steiner et al. (2017) which I abstract from to give the intuition.
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leaving only the summation from the denominator. So qt can be found by solving:

max
qt

∑
spa

πt(spa) log
(

∑
d′∈C

qt(d)exp
(

n(k)
(( c

n(k)
)ν l1−ν)1−γ

λ (1− γ)
+βV (k)

t+1(d,Xt ,spa,πt)
))

.

2.5.2.2 Solution Method

Being the first to solve a dynamic rational inattention model with endogenous het-

erogeneous beliefs, requires a new solution method. At its core the solution method

is to solve 2.15 for qt and substitute the solution into 2.14 to get pt . This basic

description conceals two major hurdles which this section explains culminating in

a description of the algorithm.

The first major difficulty is that next period’s beliefs given actions are not

known until the full probability distribution of actions is known. This is because

we do not know how strong a signal of a given SPA an action is unless we know

how likely they were to take that action given other possible SPAs. It follows that

next period’s effective conditional value function V t+1 is not known, even when the

next period’s value function Vt+1 is known, because we do not know the beliefs

tomorrow that will result from an action today. Substituting the results of 2.14 and

2.15 into the Bayesian updating formula 2.12 gives:

Pr(spa|dt) =
pt(dt |spa)πt(spa)

qt(dt)

=
πt(spa)exp

(
n(k) ((c/n(k))ν l1−ν )1−γ

λ (1−γ) +βV (k)
t+1(d,Xt ,spa,πt))

)
∑d′∈C qt(d′)exp

(
n(k) ((c

′/n(k))ν l′1−ν )1−γ

λ (1−γ) +βV (k)
t+1(d′,Xt ,spa,πt))

) .
Then the prior at the start of next period πt+1 is formed by applying the law of

motion of SPAt , equation 2.11, to this posterior. Since the posterior depends not

only on the exponentiated payoff but also on the qt , we need a solution (qt) to

know next period’s beliefs given choices and hence to know the effective conditional
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continuation values:

V (k)
t+1(dt ,Xt ,SPAt ,πt)=E[s(k)t V (k)

t+1(Xt+1,SPAt+1,πt+1)+(1−s(k)t )T (at+1)|dt ,Xt ,SPAt ,πt ]

(2.19)

Steiner et al. (2017) evade this difficulty by removing the beliefs from the state space

and replacing them with the full history of actions. They can do this because, given

initial beliefs, the full history of signals, or equivalently actions, perfectly predicts

the beliefs in period t. This is an inspired move for a theory paper and is a key step

in extending Matějka and McKay (2015) to the dynamic case.24For applied work,

it is basically a non-starter. It involves introducing redundant information into the

state space because if two action histories lead to the same beliefs they do not truly

represent different states. Redundant information in the state space is problematic

because the curse of dimensionality means this is often the binding constraints to

producing rich models. What moves this here from problematic to a non-starter is

that this redundant information grows exponentially with the number of periods.

Hence, I rely on the theoretical results of Steiner et al. (2017) that used the

history of action state-space representation, but in practice, I use the more compact

belief state-space representation for the actual computational work. To get around

the issue that I need qt to know V t+1 I use a simple guess-and-verify fixed-point

strategy. First I guess a value q̃t and solve the fixed point iteration for the effective

conditional continuation value defined by substituting 22 into 23. Then given V t+1

I solve 2.15 for qt . If resulting qt is sufficiently close to q̃t , I accept this solution

otherwise I replace q̃t with qt and repeat. 25

This solution to the first major difficulty, however, exacerbates the second, the

high computational demands resulting from the high dimensional state πt , by in-

creasing the computation required at each point in the state space. Here relief can

be found from the results of Caplin et al. (2019), who show that generically ratio-

nal inattention implies consideration sets. Hence, the solving conditional choice

24This allowed them to show we can ignore the dependence of continuation values on beliefs.
25Although, I have not proved this is a contraction mapping the fixed point iteration always con-

verged and generally in relatively few iterations.
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probabilities (CCPs) pt are sparse. That is, various actions will never be taken. I

can check for this sparsity, ex-ante, at various points in the process and remove any

actions that will never be taken. This reduces the dimensionality of the optimisation

in equation 2.15. Moreover, if after removing these actions we are left with a single

action, then we have solved the problem without further calculation.

The simplest criterion used to cull actions is removing strictly dominated al-

ternatives. The agent is rationally inattentive and so will never select an action that

is strictly dominated in all possible realisations of the SPA. Hence, all actions that

are strictly dominated across all realisations of SPAt can be removed. This is done

before making a guess for q̃t and solving for V t+1, by removing any actions that

are strictly dominated across all possible joint realisations of SPAt and πt+1. Doing

this before solving for V t+1 reduces unnecessary computational burden in the fixed

point iteration needed to find that object. Having solved for V t+1, and hence having

prediction for next period beliefs πt+1 given any action, I remove actions that are

strictly dominated across all realisations of SPAt .

Removing strictly dominated actions only uses the ordinal information en-

coded in the utility. Expected utility implies that utility encodes cardinal infor-

mation as well, which can be exploited using the necessary and sufficient condition

from Caplin et al. (2019). It is easily shown (see appendix 2.B.2) that if a there

exists a decision d⋆ = (c⋆, l⋆) which satisfies:

∑
spa

πt(spa)
exp
(

n(k) ((c
⋆/n(k))ν l⋆1−ν )1−γ

λ (1−γ) +βV (k)
t+1(d

⋆,Xt ,spa,πt))
)

exp
(

n(k) ((c/n(k))ν l1−ν )1−γ

λ (1−γ) +βV (k)
t+1(d,Xt ,spa,πt))

) ≥ 1, (2.20)

for all other decisions d = (c, l) then it is the only action taken q(d⋆) = 1. Unlike

dropping strictly dominated alternative, which reduces the dimensionality and so

makes solving equation 2.15 easier, checking equation 2.20 is only advantageous

when the optimal behaviour is to take the same action in all realisations of SPAt . As

such the benefit of checking condition 2.20 depends on the problem faced and how

frequently it reveals the optimal solution without needing to solve an optimisation.

For the retirement model in this paper, it was found useful.
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Finally, when sparsity does not provide a shortcut to a solution I employ se-

quential quadratic programming to solve 2.15, an approach to static rational inatten-

tion problems suggested by Armenter et al. (2019). Hence, bringing this together, a

high-level summary of the solution algorithm is:

Remove d from C that are strictly dominated across all possible combinations of

SPAt and πt+1

if |C |= 1 then

Set qt to degenerate distribution at d ∈ |C |

else

Set initial value of q̃t and Error ¿ Tolerance

while Error ¿ Tolerance do

Solve for V t+1 given q̃t

Remove d from C that are strictly dominated across all possible SPAt

given πt+1

if |C |= 1 then

Set Error = 0 ¡ Tolerance and qt to degenerate distribution at d ∈ |C |

else

if there is an action d that satisfies 2.20 then

Set Error = 0 ¡ Tolerance and qt to degenerate distribution at d

else

Solve 2.15 using sequential quadratic programming for qt

Set Error to distance between qt and q̃t

Update q̃t = qt

end if

end if

end while

end if

Substitute qt into 2.14 to solve for pt .

This hides many other computational complexities that arise from maximising

the log sum exponential form. These can be found in appendix 2.C.



2.6. Estimation 60

2.6 Estimation

The model is estimated by two-stage simulated method of moments. The first stage

estimates, outside the model, parameters of the exogenous driving processes and

the initial distribution of state variables; also, a small number of parameters are set

drawing on the literature. Using the results of the first stage, the second stage esti-

mates the remaining preference parameters (β ,γ,ν ,κ,λ ) by the simulated method

of moments.

2.6.1 First Stage

The parameters of the wage process, the state and private pension system, and the

unemployment transition matrix are estimated outside the model. The curvature of

the warm-glow bequest and the interest rate are taken from the literature.

Initial Conditions: To set the initial conditions of the model I need values for

at ,wt ,AIMEt ,uet . Initial wages wt are set to a draw from the estimated initial wage

distribution (see below) and all agents start as employed (uet = 1). Assets at and

initial average earning AIMEt are initialised from the type-specific empirical joint

distribution. For assets, the empirical counterpart used is household non-housing

non-business wealth. Wave 5 of ELSA was linked to administrative data from the

UK tax authority allowing me to observe the full working histories of these individ-

uals and so construct a measure of AIMEt , but, as this happened for wave five and

only 80% consented, this is only true for a subsample of individuals. To avoid drop-

ping data, and to enable the model to match initial period assets, I impute AIMEt

with a quintic in wealth and a rich set of observed characteristics. To minimise

the risk, inherent in this process, of overstating the correlation between these two

key state variables I add noise onto the imputed values of AIMEt that replicates the

observed heteroscedasticity of AIMEt with respect to assets (see appendix 2.D for

more details).

Wage Equation: I assume wage data is contaminated with serially uncorrelated

measurement error (µ j,t) leading to the following variant of equation 2.2 as data
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generation process:

log(w j,t) = δk0 +δk1t +δk2t2 + ε j,t +µ j,t (2.21)

for individual j, of type k, in period t, where period t is indexed by female age

and type k indicates whether high or low education and single or married. The

parameters of the age-dependent deterministic component of the wage process

(δk0,δk1,δk2) are estimated by type-specific regression. The parameters of the

stochastic component of the wage equation (ρw,σε ,σε,55,σµ ,) are estimated us-

ing a standard approach (e.g. Guvenen, 2009; Low et al., 2010) that chooses values

that minimise the distance between the empirical covariance matrix of estimated

residuals and the theoretical variance covariance matrix of εt +µ j,t .

Pension Systems: Both pensions are type-specific functions of average lifetime

earnings. These are estimated on the AIMEt measures constructed from admin-

istrative data, described above. However, as the state pension is relatively insensi-

tive to education and the private pension relatively insensitive to marital status, to

increase power I simplify the state pension to be marital-status-specific and the pri-

vate pension education-specific. I estimate the private pension claiming age as the

type-specific mean earliest age women are observed with private pension income.

Unemployment Transition Matrix I classify a woman as unemployed if she claims

an unemployment benefit and estimate type-specific transition probabilities in and

out of this unemployment state.

Stochastic State Pension Age: I estimate the probability of an increase in the SPA,

ρ , on the cumulative changes to the original female SPA of 60 experienced by

reform-affected cohorts. That is I select the ρ to minimise the mean error in SPAs

given the data generating process is equation 2.11, getting an estimate of ρ = 0.102

Parameters Set Outside the Model The curvature of the warm-glow bequest is

taken from De Nardi et al. (2010) and the interest rate from O’Dea (2018). Prices

are deflated to 2013 values using the RPI. Survival probabilities are taken from

the UK Office for National Statistic life tables and combined with ELSA data to
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estimate type-specific survival probabilities following French (2005), details in ap-

pendix 2.D.

2.6.2 Second Stage

In the second step, moments are matched to estimate the preference parameters: the

isoelastic curvature (γ), the consumption weight (ν), the discount factor (β ), and

the bequest weight (θ ), as well as the cost of attention (λ ) in the version with costly

attention.

The moments used are the 42 pre-reform moments of mean labour market par-

ticipation and asset holdings between 55 and 75. To avoid contamination by cohort

effects or macroeconomic circumstances a fixed effect age regression was estimated

which included: year of birth fixed effects, SPA-cohort specific age effects, the ag-

gregate unemployment rate rounded to half a percentage point and an indicator of

being below the SPA. The profiles used were then predicted from these regressions

using average values for the pre-reform cohorts, details in appendix 2.D.

Due to the novel nature of the cost of attention parameter in the lifecycle litera-

ture, I investigated a range of values for λ alongside attempts to identify it from the

reduction in self-reported SPA mean squared error between 55 and 58. Estimation

of λ is done separately from targeting the other moments and holding the values of

the other parameters constant. This has three principal advantages: one, it reduces

computation; two, it uses the variation most directly affected by costly attention to

identify λ ; and, three, it does not use variation in labour supply to identify λ alle-

viating concerns the excess employment puzzle is directly targeted. This comes at

the cost of not using all information to identify λ .

2.7 Results
Section 2.7.1 presents the goodness-of-fit to targeted moments and the model’s abil-

ity to replicate the key empirical facts regarding excess employment sensitivity,

mistaken beliefs and the relationship between them. Finally, section 2.7.2 presents

implications of the model about patterns of information acquisition and the welfare

cost of costly attention. Section 2.7.3 concludes with model policy predictions.
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Figure 2.5: Fit to Targeted Profiles

(a) Employment Profile (b) Asset Profile

Notes: Model fit to targeted profiles. The empirical profile is for the pre-reform
SPA cohort with a SPA of 60. The model was simulated with an unchanging SPA
of 60, mimicking the conditions faced by this cohort.

2.7.1 Model Evaluation

This section presents the model fit and, given parameter estimates, investigates how

well the model replicates the employment response to the SPA. Results of first stage

estimation are in appendix 2.E.1.

The model with policy uncertainty attains a good fit to pre-reform employment

and asset profile with SPA = 60 as shown in Figures 2.5a and 2.5b, and Table 2.4

contains the estimated parameter. The graphs for the baseline and the version with

policy uncertainty together with rational inattention are very similar and are in ap-

pendix 2.E.2. However, in the response generated to the dynamic SPA, these model

versions clearly distinguish themselves.

To investigate this response to the SPA, I simulate with SPA = 60, SPA = 61,

and SPA = 62, as these are the SPAs reached in ELSA waves 1-7. Then, I repeated

the regression analysis from Section 2.3.3 on the simulated data using an adaptation

of equation 2.1 to the limitations of the model. That is, I estimate the treatment

effect of being below the SPA on the probability of being in work using a two-way

fixed effects difference-in-difference methodology that regresses on the treatment

indicator, a full set of age and cohort fixed effects (not date as it is not distinct

from age in the model) and the controls from the empirical specification having

counter-parts in the model. As in Section 2.3.3, I repeat this on the subsample with
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Table 2.4: Parameter Estimates

ν : Consumption Weight 0.439
( - )

β : Discount Factor 0.985
( - )

γ: Relative Risk Aversion 3.291
( - )

θ : Warm Glow bequest Weight 100
( - )

Notes: Estimated parameters from method of simulated moments when targeting the pre-reform
labour supply and assets profiles.

above median empirical assets (£29,000) in the period before their SPA. The top

panel of Table 2.5 contains the results. Column 5 repeats the empirical estimates of

these treatment effects found in columns 1 and 2 of Table 2.1, hence the difference

between column 5 and column 1 shows the baseline model struggles to match both

the aggregate response to SPA and the correlation of this response with wealth.

This failure of the baseline reflects the excess employment sensitivity puzzle

that led to investigations of policy uncertainty and costly attention. To examine

their impacts separately, I introduce them sequentially. Column 2 shows policy

uncertainty alone makes little to no difference. This is because the level of objective

policy uncertainty is low; we observe changes to the SPA arrive infrequently. Both

this version and the baseline fall short of matching the treatment effect in both the

whole population and the population with above median assets at SPA but are closer

to the lower treatment effect in the richer subpopulation. 26

Column 3 shows the result with costly attention to the stochastic SPA, with a

relatively arbitrary cost of attention of λ = 3×10−6 that fits these treatments’ effect

tolerably well.27 The treatment effect in both the whole population and those with

above median assets move significantly toward the data, falling in the confidence

intervals.28

26Section 2.3.3 shows the response by the rich is puzzling ex-ante, Appendix 2.C shows, if we
directly target treatment effects, the baseline matches that of the whole population but not of the rich.
With these parameters estimated, however, the baseline struggles most with the aggregate.

27Larger attention cost match them slightly better, but higher values were deemed unrealistic, and
improvements were marginal past a point.

28Conicendently, the treatment effects are the same to three decimal places, there is no type in the
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Table 2.5: Model Predictions for Different Costs of Attention

Baseline Policy Costly Attention Costly Attention Data
Uncert. λ = 3×10−6 λ = 1.3×10−7

Treatment Effect being below SPA on employment
Whole Population 0.019 0.023 0.052 0.037 0.080

[95% C.I ] [0.044,.0116]
Assets >£29,000 0.027 0.032 0.052 0.040 0.061

[95% C.I ] [0.018,.0103]

Reduction in MSE of SPA Self-Reports
MSE drop 55-58 - - -0.85 1.53 1.69

[95% C.I ] [0.31,3.36]

Coefficient Treatment Effect Heterogeneity by SPA Error
Interaction - - -0.001 -0.022 -0.066

[95% C.I ] [-0.094,.-034]

Notes: The columns show results from two costs of attention. The top panel shows labour supply
response across the wealth distribution as per Table 2.5. The second panel shows the reduction in
self-reported SPA MSE between 55 and 58. The bottom panel shows, in the interaction term, the

heterogeneity in labour supply response to the SPA by self-reported SPA error at age 58.

SPA self-reports in ELSA offer an opportunity to improve on this arbitrary

value of λ , as they offer clear and direct identifying variation. Exploiting this, I

identify λ from the reduction in mean squared error in self-reported SPAs between

ages 55 and 58 for the cohort with a SPA of 60, the cohort simulated during estima-

tion. The middle panel of Table 2.5 shows these numbers. Column 4 shows that for

a smaller cost of attention λ = 1.3× 10−7, the degree of learning, captured by the

reduction in mean squared error, is well matched. For this lower value of λ , the fit

for the employment response to the SPA is worse, although it still improves on the

fit of the baseline and the model with only policy uncertainty. For the larger value

of λ in column 3, we see that knowledge of the SPA actually gets worse between

age 55 and 58, indicating that if any learning is happening, it is getting drowned out

by drift from agents updating with the known laws of motion.

That people better informed of their SPA in their late 50s have a smaller labour

supply response at their SPA in their 60s (see Table 2.3) was an impetus to investi-

gating the role of endogenous information in this excess sensitivity puzzle. A nat-

ural question is whether the model replicates this relationship. Two countervailing

model forces exist linking SPA knowledge to the labour supply response at the SPA.

On the one hand, SPA knowledge is endogenous, implying those whose actions de-

table.
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pend least on the SPA acquire the least information about it. On the other, compar-

ing two ex-ante equivalent households where, by luck, one ended up worse informed

than the other, the worse informed household receives a larger shock upon discover-

ing their SPA and so has a larger reaction. Which dominates determines whether the

model generates a positive or negative relationship between SPA knowledge and the

labour supply response at the SPA. The bottom panel of Table 2.5 shows a negative

relationship for the smaller λ and no relationship for the larger.

The fact that the model replicates the key facts from the data indicates it has

the mechanism required to explain the data. A limitation is that it requires different

values of λ to replicate different facts. Two explanations spring to mind: the levels

of some incentives may be misaligned, or other mechanisms may contribute to the

excessive employment response. Unidimensional policy uncertainty is a massive

simplification, many aspects of pension policy are uncertain, which may explain

misalignment of incentives. Section 2.8 enriches pension policy uncertainty, but

data limitations make the extension necessarily more speculative. Section 2.7.3.2

introduces a norm to retire at SPA alongside costly attention.

2.7.2 Model Implications

Size of informational frictions λ is not easily interpretable having as natural units

of utils per bit. Gabaix (2019) discusses this difficulty and suggests converting at-

tention cost to implied misperceptions of prices, but this approach is not applicable

when the object subject to attentional costs is not traded as with the SPA. It is widely

appreciated that utils are not interpretable; it is less widely appreciated that express-

ing attention cost per bit exaggerates the cost because learnable bits of information

are scarcer in models than in reality. To account for both these issues, I express λ

as the compensating assets that increase a household’s utility as much as learning

their SPA today.

Table 2.6 shows summary statistics of the distribution of compensating assets

for λ = 1.3× 10−7 and λ = 3× 10−6. For λ = 1.3× 10−7, the costs range from

£0.32 at the 5th percentile to £37.74 at the 95th with a mean of £15.37, but there

is substantial heterogeneity. The correlations with assets are negative, indicating
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Table 2.6: Summary Statistics of Attention Cost Converted to Compensating Assets (£)

λ Mean SD Median 5% Percentile 95% Percentile Cor. with Assets

1.3×10−7 £15.37 £11.56 £12.43 £0.32 £37.74 -0.18

3×10−6 £59.93 £97.24 £23.75 £0.18 ££262.34 -0.23

Notes: Distribution of costs of attention as measured by compensating assets pro-
ducing equivalent utility to learning your SPA today. Shown for two different costs
of attention.

that information frictions impose the highest cost on the poorest members of so-

ciety. For λ = 3× 10−6, qualitatively a similar picture arises, but the costs are

higher. These costs give an upper bound on welfare gains from reducing uncer-

tainty by, for example, sending information letters. The gains are modest, but so are

the marginal costs. Once the fixed administrative and technological costs have been

paid, marginal costs can include little more than postage which costs £0.68.

Who learns and when The model allows us to investigate who learns and when.

To investigate this, I run a pooled regression of bits of information acquired on the

states of the model and indicators of age for women 55-59 with a SPA of 60. The

results are unsurprising and, for this reason, are in the appendix, Table 2.E.4. On

average: a positive amount of information is gathered, those with more alternative

resources (assets and labour income) gather less information, and those with higher

future pensions (AIME) gather more. Most information is acquired at age 55, de-

clining until age 58 and then jumping back up at age 59, immediately before the

SPA.

2.7.3 Model Predictions

2.7.3.1 Optimal Savings

Retirement preparedness is a concern, particularly in countries where private sav-

ings accounts form a growing fraction of retirement income, but the academic lit-

erature fails to reach a consensus on whether households under or over save for re-

tirement (e.g. Scholz et al., 2006; Crawford and O’Dea, 2020). As this paper takes

age 55 assets as given, its ability to answer this question is limited, but compar-

ing the savings of the rationally inattentive household to the frictionless benchmark
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Figure 2.6: Excess Saving

(a) λ = 3×10−6 (b) λ = 1.3×10−7

Notes: Excess saving relative to model with only policy uncertainty with the true
SPA set at 60 throughout.

(i.e. with only policy uncertainty) illuminates how informational frictions impact

retirement preparation.

Figure 2.6a shows that when attention cost are highs (λ = 3× 10−6), house-

holds oversave for retirement. Rather than learning at this high cost, the SPA house-

holds insure against policy uncertainty. For these simulations, the SPA was kept

constant at 60 throughout, and as can be seen, once the households reach the SPA

and the policy uncertainty is resolved, the households begin to run down their assets.

Figure 2.6b show excess saving when the cost of attention is low (λ = 1.3×10−7).

The mistakes are, unsurprisingly, much smaller, and there is not such a clear pat-

tern. Averaging across households, they slightly undersave for retirement and then

increase their assets later. This additional saving later in life results from lower

accumulated lifetime earnings meaning lower pension income.

2.7.3.2 Increasing Old Age Participation with the Pension Ages

Rising old-age dependency ratios have made increasing labour force participation

of older individuals a policy priority of governments around the world (e.g. OECD,

2000; Barr and Diamond, 2009; Landais et al., 2021), and statutory retirement ages

are seen as a key tool to achieve this. Costly attention increases the responsiveness

of employment at the SPA, so it seems natural it makes the SPA a more effective

tool to achieve this goal. This is not necessarily the case.
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Table 2.7: Additional Mean Employment from Increasing SPA from 60

Post Without Passive Household Fraction of Passive Household
reform Policy Uncert. Costly Atten. Policy Uncert. Costly Atten.
SPA Prime All Prime All Prime All Prime All

(55-65) (55-79) (55-65) (55-79) (55-65) (55-79) (55-65) (55-79)

61 0.07 0.09 0.06 0.08 0.11 0.12 0.11 0.12

62 0.15 0.18 0.15 0.18 0.23 0.26 0.23 0.26

63 0.18 0.22 0.19 0.24 0.32 0.35 0.30 0.34

64 0.41 0.50 0.33 0.43 0.63 0.71 0.50 0.59

65 0.40 0.49 0.33 0.42 0.63 0.70 0.50 0.58

Notes: Mean additional years of employment over different horizons (55-65 and 55-79) resulting
from increasing the SPA from 60 to the age in the first column for the model with and without costly
attention. The right panel additionally includes a fraction of naive-passive agents who retiree at their
SPA regardless.

The left panel of Table 2.7 shows the change in mean employment resulting

from increasing the SPA from 60 to a SPA in the range 61-65 for the model with

λ = 1.3×10−7 and with policy uncertainty alone. Averages are shown over prime

working years (55-65) and all working life (55-79). Focusing on the SPA increase

to 65, with costly attention mean employment increases by 0.33 years over 55-65

and 0.42 years over 55-79; this compares to 0.40 and 0.49 additional years in the

model without informational frictions. Neglecting costly attention overestimates

the employment increase by 23% over 55-65 and 15% over 55-79. The reason for a

smaller response with costly attention is the rationally inattentive household is less

aware of SPA changes, so increases labour supply less in the lead-up to their new

SPA. Post their new SPA, the rationally inattentive agent works more to compensate.

This reduces but does not overturn the difference over 55-79 because of imperfect

intertemporal substitutability and lower employment at older ages.

Costly attention generates a smaller overall increase in employment but a larger

response at the SPA because much of the bunching at SPA reflects intertemporal

shifting of employment. Fully aware households immediately internalise changes

to the SPA, increasing labour supply when the woman is in her 50s. The rationally

inattentive household only partially responds until they realise, much closer to the

SPA, the need to make up for lost time. Figure 2.7 illustrates these dynamics for an
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increase of the SPA to 62.

Costly attention only partially explains excess employment sensitivity (see Ta-

ble 2.5), leaving room to doubt these labour supply predictions. Also, evidence

framing effects, or norms, affect the employment response to pension ages (e.g.

Seibold, 2021; Gruber et al., 2022) should be considered alongside evidence pre-

sented in this paper for the importance of mistaken beliefs. A simple way to include

a norm to stop working at the SPA, alongside costly attention, is to have a fraction

of passive decision makers in the style of Chetty et al. (2014) or Lalive et al. (2017).

I introduce a fraction of naive-passive agents, not anticipating their passive retire-

ment, and compare predictions of models with and without costly attention after the

inclusion of these naive-passive agents. The model without costly attention requires

11% of women are passive to replicate the employment response to the SPA, whilst

with λ = 1.3×10−7 requires only 8%.

The left panel of Table 2.7 shows these results. Focusing again on the SPA

increase to 65, costly attention again predicts smaller employment increases, but

now the difference is larger. When the SPA is 60, passive retirees decrease em-

ployment post 60, so a larger passive share amplifies the employment increase over

60-64 from changing the SPA from 60 to 65. Post 65, a larger passive share mutes

the increase, but due to generally declining employment, it is the earlier effect that

dominates. The model with costly attention predicts an additional 0.58 years of

mean employment between 55 and 79, in contrast to 0.70 without costly attention,

and an additional 0.50 years of mean employment between 55 to 65, compared to

0.63 without. Neglecting costly attention overestimates the employment increase

by 27% over 55-65 and 20% over 55-79. So, ignoring costly attention leads to a

27% over prediction of the employment response to the SPA increase during prime

working years and a 20% overall over prediction.

2.8 Extension: Deferral Puzzle

Section 2.7 shows that, even though the model can explain each feature of the data

in isolation, it requires different costs of attention to replicate different features
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Figure 2.7: Increase in Employment from Increasing SPA 60 to 62

Notes: For each model, the difference in employment increase between simulations of households
with a female SPA of 60 and those with a female SPA of 62.

pointing toward misalignment in incentives. As the stochastic State Pension Age

(SPA) understates policy uncertainty about the State Pension, this is a natural place

to look for this misalignment.

For this reason, I introduce learning and uncertainty about another aspect of the

state pension system: the actuarial adjustments to benefits from deferring. Com-

bined with a claiming decision, this not only helps to align incentives by making

the model more realistic but also helps explain the deferral puzzle (detailed below).

Since the adjustments rate becomes irrelevant upon claiming, rational inattention to

this aspect of the pension system speaks directly to this puzzle because calculations

implying deferral is actuarially favourable ignore the attention benefits of claiming:

claiming removes the need to pay attention to this adjustment rate. The model of

Section 2.4.2 does not incorporate such a mechanism for two reasons. Firstly, it

does not include a benefit-claiming decision. Secondly, the only source of uncer-

tainty subject to an attention cost is the SPA, and once it is reached, the uncertainty

resolves, irrespective of claiming. The simplest extension that contains this new

incentive to claim is presented in the rest of this section, along with some results.
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2.8.1 Deferral Puzzle

By deferral puzzle, I mean the fact deferral of state pension benefits was uncommon

despite an extremely generous adjustment between April 2005 and April 2016. Dur-

ing this period, state pension benefits increased by 1% for every 5 weeks deferred

implying an annual adjustment of 10.4%. This is an extremely generous actuarial

adjustment, and yet 86.7% of women observed over their SPA in ELSA during the

period had claimed by their first post-SPA interview.

What exactly constitutes actuarially fair depends on life expectancy and the in-

terest rate, but at all plausible levels, this adjustment was generous. For the women

who reached their SPA during this window, life expectancy at SPA was somewhere

in the range 23 to 25 years. Taking the conservative estimates for mean life ex-

pectancy of 23 years, a benefit adjustment of 10.4% p.a. deferred is advantageous

at any interest rate up to 9%. During this period, the Bank of England base rate

never exceeded 5.75% and from March 2009 until the end sat at the historic low

of 0.5%. Hence, at any plausible commercial interest rate, an adjustment of 10.4%

was actuarially advantageous.

Even for the small group of women observed deferring, the duration of deferral

was short. Sticking to the conservative estimates of 23 years of life expectancy at

SPA and the upper bound of 5.75% for the interest rate implies an optimal deferral of

9 years. The median observed deferral is 2 years, and 99.54% of deferrers claimed

within 8 years of the SPA.

Of course, these calculations are all done for mean life expectancy, which

masks the heterogeneity in life expectancy. However, heterogeneity alone is not

a plausible explanation as it would mean 86.7% of women had significantly be-

low mean life expectancy, implying implausible skewness in the distribution of life

expectancy at SPA.

2.8.2 Model and Estimation

Benefit claiming is a binary decision and having claimed is an absorbing state: once

an individual claims the state pension, they cannot unclaim. Benefit claim is only

an option once past the SPA, and, to keep the problem tractable, an upper limit of
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Table 2.8: Parameter Estimates - Extension

ν : Consumption Weight 0.5310
( - )

β : Discount Factor 0.9852
( - )

γ: Relative Risk Aversion 2.0094
( - )

θ : Warm Glow bequest Weight 20,213
( - )

Notes: Estimated parameters from method of simulated moments for the model extension with a
stochastic deferral rate and a benefit claiming decision.

70 is placed on deferral.

Stochastic deferral adjustment is modelled as iid with two points of support.

Having only two points of support limits the growth of the state space resulting

from solving the model with different values of the adjustment rate to a factor of

two. Having the uncertainty be iid means that beliefs do not enter as a state variable.

Instead, the true probabilities form beliefs in each period: yesterday’s learning is not

relevant to today’s state of the world. This also avoids a fundamental identification

problem as there is no data on beliefs about adjustment rates. As benefit claiming

is an absorbing state, an indicator of having claimed or not also expands the state

space.

The two points of support are chosen as 10.4% and 5.8%, the actuarial ad-

justment from 2006 to 2016 and post-2017 respectively. The probability of being

offered the higher actuarial adjustment of 10.4% is chosen to match the average

actuarial adjustment since 1955, resulting in a probability of 0.415. Deferral rules

are taken from Bozio et al. (2010) and since earlier deferral rules were previously

stated in absolute rather than percentage terms, the ONS time series of state pension

spending going back to 1955 (https://www.gov.uk/government/publications/benefit-

expenditure-and-caseload-tables-2021) is used to work out implied average percent-

age deferral adjustments.

The model with policy uncertainty, to the stochastic SPA and adjustment rate,

is then re-estimated to match the same pre-reform employment and assets profiles

https://www.gov.uk/government/publications/benefit-expenditure-and-caseload-tables-2021
https://www.gov.uk/government/publications/benefit-expenditure-and-caseload-tables-2021
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Table 2.9: Model Predictions - Extension with benefit claiming and uncertain deferral

Costly Attention Data

Population Treatment Effect for being below SPA on employment

Whole Population 0.0416 0.080
Assets >Median(£29,000) 0.0903 0.061

Age Variance of SPA Answers

55 2.985 2.852
58 1.795 1.180

Coefficient Treatment Effect Heterogeneity by SPA Error

Treatment Effect 0.0532 0.157
Interaction -0.0111 -0.023

Notes: Costly attention refers to the model with, additionally, a cost of information acquisition
about the stochastic policy. The top panel shows labour supply response across the wealth

distribution as per Table 2.5. The second panel shows the reduction in self-reported SPA between
55 and 58. The bottom panel shows, in the interaction term, the heterogeneity in labour supply

response to the SPA by self-reported SPA error at age 58.

with a constant realisation of 10.5% for the deferral adjustment, which was the

deferral rate these cohorts faced. Parameter estimates are in Table 2.8 and, for

these values, only 6.2% of individuals claim the state pension before the mandatory

claiming age of 70, much lower than the 99% plus claiming seen in the data.

Next, I introduce costly attention with a cost of attention corresponding to

approximately £10 of consumption to the median consuming household to be fully

informed. This increased the number voluntarily claiming to 22.2%, approximately

a fourfold increase on the model without informational frictions, but still short of

the rate observed in the data. As can be seen in Table 2.9, this cost of attention

produced a relatively good fit along all dimensions of interest.

2.9 Conclusion
This paper shows that accommodating one empirical regularity, mistaken beliefs,

into a model of retirement helps explain another puzzling one, the sensitivity of

employment to the State Pension Age (SPA). These mistaken beliefs result from

learning about an objectively uncertain and changeable pension policy whilst sub-

ject to information frictions. This interplay of objective policy uncertainty and sub-

jective beliefs generates a larger employment response at the SPA: reaching SPA
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resolves the policy uncertainty, and the size of the resulting shock is larger because

of mistaken beliefs.

In doing so, I am the first, to the best of my knowledge, to solve a dynamic

rational inattention model with endogenous heterogeneous beliefs, and weaving to-

gether recent theoretical results into a solution method is a contribution of this paper.

This allow me to show endogenous beliefs are crucial to explaining the observation

that people more mistaken about their SPA have smaller employment responses

upon reaching it: they are mistaken because they choose not to learn about it as it is

irrelevant to their actions.

I use data on these mistaken beliefs to identify the cost of attention, hence es-

timate a model of learning on belief data. This approach to the belief-preference

identification problem avoids loading all explanations onto preferences. The mean

household’s estimated willingness to pay to learn today’s SPA is £15. Since the

marginal costs of communicating pension policy via information letters are closer

to £1, the model indicates this policy is welfare improving. The small cost of at-

tention generates relatively large changes in employment because households near

retirement are close to the participation margin.

Policy experiments comparing changes in employment resulting from SPA in-

creases in versions of the model with and without information frictions show costly

attention increases the employment response at the SPA by intertemporally shift-

ing part of the informed agent’s employment response forward but can decrease

the overall response. Informed agents increase labour supply immediately; those

subject to costs of learning, being less well-informed, respond nearer their SPA.

Ignoring costly attention overstates the SPA’s effectiveness at increasing old age

employment by up to 27%, which illustrates another reason to send policy informa-

tion letters. Informed individuals’ behaviour is more predictable.

Finally, I present an extension of the main model with a mechanism to explain

another puzzle: that people do not take up more than actuarially advantageous defer-

ral options. The insight offered by this extension is that the assertion that deferral

is actuarially advantageous ignores the cost of paying attention to pension policy
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which claiming avoids. Hence this assertion omits an incentive to claim.



Appendix

2.A Additional Empirical Details

2.A.1 Additional Institutional Details

2.A.2 Equity Acts

The equality Act (2006) banned mandatory retirement below age 65. Since all

women observed to age past their SPAs in ELSA waves 1-7 had a SPA of 60-63,

it would have been illegal for their SPAs to have coincided with a compulsory re-

tirement age. The equality Act (2010) went further and banned all compulsory

retirement ages with a handful of specific exceptions known as employer justified

retirement ages (EJRA).

Since these EJRA need to be over 65 and all SPAs considered in the empirical

section are below this age, they are not strictly relevant to the empirics. However,

some background and anecdotes about them may illustrate how strict UK age dis-

crimination law is as regards forcing people to retire. Seldon v Clarkson, Wright

and Jakes (2012) clarified exactly when EJRA are justified. It laid out three criteria

an EJRA must meet: one, the reason justifying the EJRA must be an objective of

public interest (e.g. intergenerational fairness), not just of the firm; two, this objec-

tive must be consistent with the social policy aims of the state; and, three, an EJRA

must be a proportionate means to achieve this objective.

The plaintiff in Seldon v Clarkson, Wright and Jakes (2012) was a partner in

a law firm, and it was judged that this EJRA was justified. Documented cases of

EJRAs are relative few; apart from partners in law firms, two of the most discussed

EJRA are at the UK top Universities: Oxford and Cambridge. Other UK univer-
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Table 2.A.1: Effect of SPA on Employment: Heterogeneity by Wealth

Below SPA 0.332
s.e (0.0096 )
p= .000

Below SPA× NHNBW -3.97×10-7

s.e (7.42e-08)
p= .000

Obs. 7,947
Indv. 3,846

Notes: Table shows the results of running the two-way fixed effect specification in 2.1 interacting a
continuous measure of NHNBW with the treatment and all fixed effects and controls.

sities appear to have removed compulsory retirement requirements ages, and inter-

estingly Oxford recent lost an employment tribunal that judged that their EJRA was

not justified. Ewart v University of Oxford (2019) found that although the objective

of Oxford’s EJRA (intergenerational fairness) was valid, an EJRA was not a pro-

portionate way to achieve this due to limited demonstrated effectiveness weighed

against its clearly detrimental impacts. Hopefully, this goes someway to illustrate

that UK law treats forced retirement very seriously as age discrimination and that

the few expectations made are precisely that: exceptional.

2.A.3 Excess Employment Sensitivity

2.A.3.1 Continuous interaction

Only considering two asset groups, above and below median assets, is an arbitrary

dichotomisation and leads to a loss of information. For this reason, Table 2.A.1

shows results for a specification containing an interaction between being below the

SPA with the continuous NHNBW variable. As can be seen, this interaction term

is highly significant but tiny, an additional £( 0.01
3.97×10−7 ) or £25,118 of NHNBW is

required to decrease the treatment effect by 1 percentage point. This indicates, un-

surprisingly, that wealth does impact how important the SPA is to someone’s retire-

ment decision but that liquidity constraints cannot completely explain the sensitivity

of labour market exits to the SPA. For example, these results imply a woman from

a household at the 95% percentile of the distribution, with £409,000 in NHNBW,
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would experience a significant treatment effect of a 0.162 increase in her probability

of being in work from being below the SPA. NHNBW of £409,000 seems ample to

smooth labour supply over the horizon of one to three months. So, although wealth

matters for the impact of the SPA on employment, it seems liquidity constraints

cannot explain away the effect.

2.A.3.2 Restricted Asset Categorisation

As the goal of investigating treatment effect heterogeneity by asset holdings is to

understand the role played by liquidity constraints, the main text is restricted to

NHNBW. However, parts of NHNBW can be illiquid, and so in Table 2.A.2 repeat

the analysis but for a more restricted asset category, very liquid asset, which is only

assets that can reasonably be liquidated in a matter of weeks. As can be seen, the

results are qualitatively very similar to those using NHNBW and do not support

liquidity constraints alone explaining away the treatment effect. The treatment ef-

fect for those with above median assets is still positive, and although the difference

between the two subgroups is now significant, column 4, containing the continuous

interaction terms, shows that, again, this heterogeneity is too weak for the treatment

to be completely explained by liquidity constraints.

2.A.3.3 Bad Control Concerns

Bad controls concerns are particularly important in the case of DID. Some take the

view that only time-invariant controls should be included because controls imply

that we are imposing parallel trends conditional on that variable.

To address these concerns here, I take a broad brush solution and run a version

of the mode without any controls, showing that qualitatively the conclusions drawn

are not impacted by the presence or otherwise of controls.

Table 2.A.3 shows the results of this exercise of dropping controls. As can be

seen, the results are very little changed from those with controls.

2.A.3.4 Imputation Approach to DID

Using a two-way fixed effects regression to estimate difference-in-difference mod-

els assumes treatment effect heterogeneity across time and across units. When the
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Table 2.A.2: Effect of SPA on Employment: Heterogeneity by VLA

(1) (2) (3) (4)

Below SPA 0.080 0.047 0.139 0.331
s.e (0.0223) (0.0391) (0.0339) (0.0096 )
p= .038 .022 .000 .000

Below SPA×(VLA.>Med.) -0.092
s.e (0.0380)
p= .016

Below SPA× VLA. -5.27×10-7

s.e (9.25e-08)
p= .000

Obs. 23,641 6,707 23,641 23,641
Cohort 132 90 132 132

Notes: Column (1) shows the results of running the two-way fixed effect specification in 2.1 as a
random-effects model with controls used: a full set of marriage status, years of education,
education qualifications, and self-reported health dummies; partners age; partners age squared; the
aggregate unemployment rate during the quarter of interview; dummies for partner eligible for SPA,
and for being one and two years above and below SPA; and assets of the household. Column (2)
repeats this regression on the subsample with above median Very Liquid Assets (VLA) in the last
interview before their SPA. Column(3) tests whether the different treatment effects observed in
columns (1) and (2) are different by introducing an interaction between being below the SPA and
having above median VLA. Column(4) includes an interaction between being below SPA and a
continuous measure of VLA.

timing of treatment induces the variation in treatment, as is the case in this pa-

per, violations of these assumptions can lead to estimated treatment effects being

nonsensical combinations of the individual level treatment effect. This issue, and

related issues, have been flagged by a recent wave of literature, but thankfully this

literature also proposes a solution that relaxes these assumptions.

Here I implement the imputation approach of Borusyak et al. (2021). This

approach allows for never treated but does not allow for always-treated units. To be

consistent with this, I redefine treatment as being over the SPA, and in a first step,

verify that this only changes the sign of the results in the main text, as we would

expect.

Figure 2.A.1 shows the dynamic treatment effects before and after the SPA.

There is no indication of violated parallel trends of anticipation effects as none of

the pre-SPA treatment effects are significantly different from zero. Indeed jointly
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Table 2.A.3: Effect of SPA on Employment: Heterogeneity by NHNBW no controls

(1) (2) (3) (4)

Below SPA 0.081 0.068 0.107 0.334
s.e (0.0190) (0.0223) (0.0311) (0.0095 )
p= .000 .003 .001 .000

Below SPA×(NHNBW.>Med.) -0.039
s.e (0.311)
p= .016

Below SPA× NHNBW. -3.76×10-7

s.e (8.16e-08)
p= .000

Obs. 23,613 7,273 23,613 23,613
Cohort 132 100 132 132

Notes: Column (1) shows the results of running the two-way fixed effect specification in 2.1 as a
random-effects model with controls used: a full set of marriage status, years of education,
education qualifications, and self-reported health dummies; partners age; partners age squared; the
aggregate unemployment rate during the quarter of interview; dummies for partner eligible for SPA,
and for being one and two years above and below SPA; and assets of the household. Column (2)
repeats this regression on the subsample with above median Very Liquid Assets (VLA) in the last
interview before their SPA. Column(3) tests whether the different treatment effects observed in
columns (1) and (2) are different by introducing an interaction between being below the SPA and
having above median VLA. Column(4) includes an interaction between being below SPA and a
continuous measure of VLA.

testing for violations of parallel trends fails to reject the null of parallel trends (p =

.799). Conversely, 7 of 9 post-SPA treatment effects are individually significant,

and we can easily reject the null (p = .000) of them being jointly zero. The graph

also doesn’t provide much indication that the post-SPA treatment effects differ from

each other, although we can reject that hypothesis (p = .198).

Figure 2.A.2 looks at whether these individual treatment effects vary between

waves. The treatment effects look quite uniform across waves, although, again, we

can reject this hypothesis (p = .137). However, neither violation of homogeneity

seems to serve, and generally, the graphs look supportive of the interpretation of a

homogenous treatment effect that turns on at the SPA (as assumed in the baseline),

although the statistical test show this is only an approximation.

If you are more concerned about the violations of homogeneous treatment ef-

fects, then these results show that even allowing for arbitrary heterogeneity, there

is something special happening at the SPA which is difficult to explain in standard
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Figure 2.A.1: Dynamic Treatment Effects by Time from SPA

Notes: The average at a given time from SPA of the dynamic individual level treatment effects
estimated using the imputation approach.

complete information models.

2.A.3.5 Health, Wealth, and Private Pensions

The rest of the section is concerned with addressing other potential explanations

for the sensitivity of employment to the SPA in a standard complete information

framework. Specifically, I consider if wealth, health, or private pensions can explain

the labour supply response to the SPA.

Wealth effects play an important role in determining labour supply, and women

who have a later SPA are lifetime poorer. The puzzle is not that they have a higher

labour supply; the puzzle is that their labour supply response should be concen-

trated at the SPA, the change in SPA having been announced over 15 years prior to

any affected individual reaching their SPA. In standard complete information life-

cycle models, the affected individuals should have a higher labour supply due to the

wealth effect, but the response should be spread over their life, not concentrated at

the SPA itself. In equation 2.1 differences in lifetime wealth, including those in-
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Figure 2.A.2: Average Treatment Effect by Wave

Notes: The within wave average of the individual level treatment effects estimated using the
imputation approach.

duced by SPA differences, between year-of-birth cohorts are absorbed by the cohort

effects. Hence, the only wealth differences the treatment effect will detect are be-

tween individuals with the same year of birth. To generate the observed treatment

effect only with wealth difference induced by the SPA within the same year-of-birth

cohort, the wealth effect would have to be massive. To see this, note the control

for an individual is someone with the same age to within a quarter; the treatment

effect only picks up a very short-run response whilst the wealth effect generates a

response that is spread out over the life-cycle. Under the assumption this labour

supply response is generated purely by a wealth effect, we can calculate an implied

marginal propensity to earn out of unearned income (MPE). The implied MPE is

about -0.3. This is on the high end of estimates in the modern literature (e.g. Ce-

sarini et al., 2017), but becomes impossibly high when you factor in that this should

only be catching the final two-to-three month tail end of a labour supply response

that is spread out over 15-20 years. Wealth effects explaining away the treatment

also seems inconsistent with the limited impact of wealth on the treatment effect;
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Figure 2.A.3: Self Reported Health Profile

Table 2.A.4: Heterogeneity by Health

Coeff s.e. p=
Below SPA 0.093 0.0429 0.030

Below SPA×(V.good Health) -0.027 0.0371 0.461
Below SPA×(Good Health) 0.016 0.0390 0.689
Below SPA×(Fair Health) -0.056 0.0422 0.186
Below SPA×(Poor Health) -0.145 0.0495 0.003

as wealth increases, the change induced by the SPA represents a smaller fraction

of their total assets. Hence, we would expect the treatment effect to decrease more

sharply with wealth.

Health is a major determinant of retirement behaviour (e.g. De Nardi et al.,

2010). However, there is no reason to suspect it interacts with the SPA, so no reason

for it to explain employment’s sensitivity to the SPA. Furthermore, during the period

studied, the SPA was in the range 60-63, and, at the mean, health status does not

start to deteriorate until later in life. This can be seen in Figure 2.A.3, which shows

the age profile of health status. All the same, as it is such an important factor in

retirement Table 2.A.4 looks at heterogeneity in labour supply response to the SPA

by health status. As can be seen, the labour supply response is only significantly

different for those with the poorest health group. This group only make up ¡7 % of

the sample, and if dropped, do not qualitatively change the results.

Finally, the timing of private pension eligibility is important for retirement
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Table 2.A.5: Effect of SPA on Employment:
Less than £2,000 in DB scheme

Below SPA 0.117
s.e (0.0369)
p= .002

Below SPA×(NHNBW.>Med.) -0.049
s.e (0.0592)
p= .413

Obs. 3,735
Indv. 2,197

choices. However, occupational pension schemes are very unlikely to have ad-

justed their pension ages in line with the female SPA because private pensions do

not generally offer different eligibility ages to men and women29, and this reform

only changed the female SPA. Still, checking for a correlation between the SPA and

normal pension ages (NPA) of private pension schemes would be desirable. Check-

ing this directly in ELSA is complicated by the fact that only self-reported NPAs

are available. For the SPA, where alongside self-reports, we know an individual’s

true SPA, these self-reported ages are unreliable, as is documented in Section 2.3.4.

However, only defined benefit pension systems have NPAs, as defined contribution

schemes can be accessed from age 55. Hence, dropping everyone with over £2,000

in a defined benefit scheme from the sample rules out an unlikely correlation be-

tween the female SPA and pension schemes NPAs from explaining the results. This

is done in Table 2.A.5, and as can be seen, despite the loss of power, the treatment

remains present and significant.

2.A.4 Mistaken Beliefs and Excess Employment Sensitivity

2.A.5 Descriptinves Beliefs

Mistaken beliefs could take on many forms. People could simply not update from

the pre-reform SPA of 60 or might cling to other salient numbers like the male SPA

29Indeed it is likely to be illegal to do so on the grounds of that it would be discriminatory.
For example, the 2012 European Court of Justice ruling known as Test-Achats explicitly outlawed
charging men and women differently for the same insurance.
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Figure 2.A.4: SPA Beliefs by SPA-cohort

Notes: Self Perceived SPA for two SPA-cohorts. One with a rounded SPA of 61 and one with a
rounded SPA of 65.

of 65. To get at these distinctions, Figure 2.A.4 plots reported SPAs for two SPA

cohorts, one with a true SPA of 61 and one with a true SPA of 65. Although there

is a slight increase around other salient ages, the dominant pattern is that the self-

reports cluster around the true SPA for each cohort, looking very much like a noisy

signal of the true SPA. Just the sort of pattern we would expect to emerge from a

model of costly information acquisition.

Figure 2.A.5 shows that error in self-reported SPA at age 58 that was doc-

umented in the main text, but here at the true monthly frequency. Little that is

relevant to the model is added by looking at the lower level of variation. We see

that 31% know their own SPA to precisely the right month. The main thing we can

glean from this graph that we cannot when the date is binned at a yearly frequency

is that the spike every twelve months here show that people display an unsurprising

round number bias.
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Figure 2.A.5: Mistaken SPA Beliefs of Women Subject to the Reform at Age 58 (monthly)

Notes: Plot of error in self-reported SPA. The graph shows the frequency by which respondents
gave mistaken answers about their SPA with errors at the true monthly level of SPA variation.

2.A.6 Treatment Effect Heterogeneity by Beliefs

I have interpreted the fact those who are more mistaken about their SPA in their late

50s have a smaller labour supply reaction upon reaching their SPA in their early

50s as evidence of the importance of beliefs. However, this fact is consistent with

beliefs proxying for some unobserved heterogeneity; for example, if those who are

more mistaken have lower cognitive skills leading them to work more pre-SPA, in

turn forcing them to work more in old age.

In this section, I present two ways that treatment effects vary with beliefs that

are consistent with selection into SPA knowledge driving the results and that are

harder to explain with an appeal to unobserved heterogeneity.

Firstly, those whose beliefs imply they will receive a positive shock (i.e. they

overestimate the SPA) are the ones to have the largest labour supply response to

it. This can be seen in Table 2.A.6, which shows how the treatment effect varies
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Table 2.A.6: Treatment Effect Heterogeneity by Direction of SPA Self Report Error

Below SPA 0.785
s.e (0.0276)
p= .006

Below SPA×(Under Estimate SPA) -0.013
s.e (0.0466)
p= .786

Below SPA×(Knows SPA) 0.058
s.e (0.0331)
p= .082

Obs. 10,488
Cohorts 63

between three groups: those who think their SPA is sooner than it is, those who

correctly state their SPA, and those who think it is further away than it is. The last

group is the excluded category, and we can see that for this group, the treatment

effect is positive and significant at 0.785. Then for those who underestimate their

SPA, we see that their predicted treatment effect is smaller and loses significance

when the sum of coefficients is tested jointly (p = .0999). So those who receive a

negative shock do display a labour supply response to the SPA.

Secondly, those whose knowledge of the SPA got better had the largest labour

supply response to the SPA. This can be seen in Table 2.A.7 which shows how

the treatment effect varies between three groups: those whose SPA self-reports get

worse between the first and last time they are asked, those whose self-reports stay

the same, and those whose self-reports get better. It can be seen that those whose

knowledge improves have the largest labour supply response to the SPA.

2.B Additional Mathematical Details

2.B.1 Extending Steiner, Stewart, and Matejka (2017)

My model does not quite fit into the framework of Steiner et al. (2017) because I

have made slightly different assumptions about the information the agents receive

costlessly. In this section, I first present a quick summary of their model in which

I highlight the assumption that is not compatible with my model. Then I discuss
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Table 2.A.7: Treatment Effect Heterogeneity by Learning

Treatment Effect SPA Knowledge Gets Worse 0.0.40
s.e (0.0312)
p= .203

Treatment Effect SPA Knowledge Stays Same 0.076
s.e (0.0242)
p= .002

Treatment Effect SPA Knowledge Gets Betters 0.123
s.e (0.0225)
p= .000

Obs. 10,488
Cohorts 63

mapping my model into their framework and where it fails. Next I present my

alternative assumption that alows me to resurrect the results of Steiner et al. (2017)

and I present a proof of the key lemma starting with this different timing assumption

about costless information. For comparability, in this section, I adopt much of the

notation of Steiner et al. (2017), and the notation is not related to the rest of the

paper.

Steiner, Stewart, and Matejka (2017) model summary: There is a payoff rel-

evant state θt ∈ Θt evolving according to measure π ∈ ∆(∏t θt) and agents must

make a payoff relevant decision from a choice set D. Before making a decision dt

the agent can choose any costly signal about θ t on signal space X . After making a

decision the agent observes a costless signal yt ∈Y , yt ∼ gt(yt |θ t ,yt−1,dt), where it

is assumed that at each dt , yt ⊥ xt |(θ t ,yt−1). Agents get gross flow utilities u(dt ,θ t)

that can depend on the whole history of state and actions but suffer a utility cost for

more precise information ∝ I(θ t ,xt |zt−1) where zt = (xt ,yt). The sets Θt , D,Y , and

X are finite and that |Dt |≤ |Xt |.

The agent chooses information strategy ft(xt |θ t ,zt−1) and action strategies

dt = σt(zt−1,xt), collectively referred to as their strategy st = ( ft ,σt) to solve

max
f ,σ

E[
T

∑
t=0

β
t(u(σt(zt−1,xt),θ

t)− I(θ t ,xt |zt−1)] (2.22)
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where the expectation is taken with respect to the distribution over sequences (θt ,zt)

induced by the prior π together with the strategy st = ( ft ,σt) and the distributions

gt of costless signals. The function u(., .) is assumed continuous.

Issue mapping the retirement model to this framework: The state pension age

maps comfortably to θt , and the decision is consumption and labour supply jointly.

In the framework of Steiner et al. (2017) actions do not affect θt+1 given θt ; however

as utility can depend on the complete history of actions their framework can handle

the endogenous states of my retirement model at and AIMEt as they are both exact

functions of past actions. The issue is with the wage offer wt and the unemployment

state uet because these are exogenously evolving states whose current value is ob-

served costlessly. Since they are exogenously evolving states they could be included

in θt , but then the agent could use the signal to learn about them, but this is not the

case for my agent as they observe these variables costlessly. The obvious solution is

to include the exact values in the costless signal. However, Steiner et al. (2017) only

allows the agent to have a costless signal of previous period values when making a

decision because they receive the costless signal after making their choice and so

can only use it the following period. To deal with this issue I need to make slightly

tweak thier assumption about the costless signal.

Alternative assumption about the costless signal: I assume the agent receives

their costless signal before taking an action each period and that this can be a signal

of the current values. Specifically I replace the highlighted assumption above with

that assumption: Before making choosing a signal the agent observes a costless sig-

nal yt ∈Yt , yt ∼ gt(yt |θ t ,yt−1), where it is assumed that at each dt , yt+1 ⊥ xt |(θ t ,yt).

So I allow the costless signal to be a signal of the current values of θt but restrict

it from being influenced by actions. This has the knock on affect that I need to re-

define the decision node zt as zt = (xt ,yt+1), but otherwise my setup is identical to

theirs. This of course allows me to map the retirement model variables wt and uet to

enter θt alongside the state pension age but prevent households from ever choosing

to learn about them by perfectly revealing the values of wt and uet in the costless

signal at the start of the periods. This change in timing only affects the proof of
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lemma 1 from Steiner et al. (2017) and I show below that this result still holds using

a slightly different strategy to prove it.

For notational convenience, let ω t = (θ t ,zt−1) be the current state and the

agent’s current decision node, or information about the state, then:

Proposition 1. (Lemma 1 in SSM) Any strategy st solving the dynamic RI problem

generates a choice rule pt(dt |ω t) solving

max
p

E[
T

∑
t=0

β
t(u(dt ,θ t)− I(θ t ,dt |zt−1)] (2.23)

where we redefine zt−1 = (dt−1,yt) the expectation is with respect to the distri-

bution over sequences (θt ,zt) induced by p, the prior π , and the distributions g.

Conversely, any choice rule p solving 2.23 induces a strategy solving the dynamic

RI problem.

Proof. We proceed in steps.

Step 1:First note that for random variable ζt ∈ {xt ,dt}

E[
∞

∑
t=1

β
tI(θ t ,ζt |zt−1)] = E[

∞

∑
t=?

β
t(H(θ t |ζ t−1,yt)−H(θ t |ζ t ,yt))] (2.24)

But then by the entropic chain rule and that θt ⊥ ζ t−1|θ t−1

H(θ t |ζ t−1,yt) = H(θ t−1|ζ t−1,yt)+H(θt |θ t−1,ζ t−1,yt)

= H(θ t−1|ζ t−1,yt)+H(θt |θ t−1,yt)

Since at each dt , yt+1 ⊥ xt |(θ t ,yt) it follows that yt+1 ⊥ (xt ,bt)|(θ t ,yt) ⇒

H(yt+1|θ t ,xt ,yt) = H(yt+1|θ t ,yt) = H(yt+1|θ t ,bt ,yt), so by the symmetry of mu-

tual information

H(θ t |ζ t ,yt)−H(θ t |ζ t ,yt+1) = I(θ t ;yt+1|ζ t ,yt) = I(yt+1;θ
t |ζ t ,yt)

= H(yt+1|ζ t ,yt)−H(yt+1|θ t ,ζ t ,yt) = H(yt+1|ζ t ,yt)−H(yt+1|θ t ,yt)
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So 2.24 becomes

E[
∞

∑
t=1

β
t(H(θ t−1|ζ t−1,yt)−H(θ t |ζ t ,yt+1)

−H(yt |ζ t ,yt)+H(yt |θ t ,yt−1)+H(θt |θ t−1,yt))]

= E[
∞

∑
t=1

(β t+1 −β
t)H(θ t |ζ t ,yt+1)−β

tH(yt |ζ t ,yt)

+β
t(H(yt |θ t ,yt−1)+H(θt |θ t−1,yt))]

Step 2: Given strategy s and the choice rule generated by it p by construction

they generate the same gross utilities. Hence by step 1, 2.23-2.22 is:

E[
∞

∑
t=1

(β t −β
t+1)(H(θ t |bt ,yt+1)

−H(θ t |xt ,yt+1))+β
t(H(yt+1|bt ,yt)−H(yt+1|xt ,yt))]

But then |B|≤ |X |< ∞ ⇒ bt is measurable wrt xt and hence E[H(θ t |bt ,yt+1)]≥

E[H(θ t |xt ,yt+1)] and E[H(yt+1|bt ,yt)]≥ E[H(yt+1|xt ,yt)] and therefore 2.23≥2.22

.

Step 3: As B ⊂ X if p is a probability choice rule then ft(xt |wt) = pt(bt |ω t)

and xt = σt(zt−1,xt) is a viable solution to 2.22. For this strategy generated by this

mapping, the probability choice rule makes equation2.23=equation2.22

Step 4: If s solves 2.22 the corresponding PCR p must solve 2.23, as by step

2 the value from p in 2.23≥s in 2.22, so if p doesn’t solve 2.23 ∃ PCR producing

greater net lifetime utiltiy than s in 2.22. But by step 3 this produces a viable

solution to 2.22 with greater net lifetime utility contradicting s being a solution to

2.22.

Step 5: If p solves 2.23 then by step 3 it produces a viable solution to 2.22 but

then 2.23≥2.22 so this strategy must be the optimal solution to 2.22

The remainder of the results I use from Steiner et al. (2017) follow with this

new definition of the decision node zt = (xt ,yt+1) and their proof unaltered. The

reason the other proofs are unaffected by this tweaking of the definition of zt is that
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the costless signal has now been restricted to be insensitive to the action chosen.

2.B.2 Finding Unique Actions Using Second Order Conditions

Using the SOC of the rationally inattentive agent’s problem Caplin et al. (2019)

provide an alternative formulation of the solution of the model. If the CCP satisfy

equation 2.14 and for all possible actions (∀d = (c, l) ∈ C )

∑
spa

πt(spa)
exp
(

n(k) ((c/n(k))ν l1−ν )1−γ

λ (1−γ) +βV (k)
t+1(d,Xt ,spa,πt))

)
∑d′∈C qt(d′)exp

(
n(k) ((c

′/n(k))ν l′1−ν )1−γ

λ (1−γ) +βV (k)
t+1(d′,Xt ,spa,πt))

) ≤ 1,

(2.25)

with equality if qtd > 0. This new condition from (Caplin et al., 2019) replaces the

need for the unconditional choice probabilities to solve the log-sum-exp of equation

2.15.

If an action d⋆ = (c⋆, l⋆) satisfies equation 2.20 repeated here:

∑
spa

πt(spa)
exp
(

n(k) ((c
⋆/n(k))ν l⋆1−ν )1−γ

λ (1−γ) +βV (k)
t+1(d

⋆,Xt ,spa,πt))
)

exp
(

n(k) ((c/n(k))ν l1−ν )1−γ

λ (1−γ) +βV (k)
t+1(d,Xt ,spa,πt))

) ≥ 1, (2.26)

for all d = (c, l) ∈ C . That is d⋆ produces such a high exponentiated-utility in all

states that in expectation its ratio to the exponentiated-utility of any other payoff is

greater than 1.

If such a d⋆ exists the only way to satisfy 2.25 for d⋆ is to have qt(d⋆) = 1.

2.C Additional Computational Details

2.C.1 Solving the Models without Costly Attention

The models are solved by backward induction starting at age 101 when the house-

hold dies with certainty. The household problem is considered as a discrete choice

problem. This within-period discrete choice optimisation problem is solved by grid

search, selecting the value that maximises the household’s utility. States are dis-

cretised with 30 grid points for assets (at), 4 for average earnings (AIMEt), 5 for

wages (wt), two for the unemployment shock (uet), and in the model with policy

uncertainty the state pension age (SPAt) has 8 gris points as it ranges from 60 to 67.
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A finer grid of 500 points is offered to the household when making their sav-

ing choice. This keeps the size of the state space manageable whilst not unduly

constraining households and is equivalent to having a finer grid for consumption

than for assets. When evaluating continuation values of off-grid values, I use linear

interpolation of the value function.

2.C.2 Solving the Models with Costly Attention

Belief Distribution Costly attention introduces a high dimensional state variable in

the form of the belief distribution (πt). To discretise the distribution, I consider all

possible combinations moving probability masses of a given size between the eight

possible SPAs 60-67. As no amount of Bayesian updating can change the assign-

ment of zero probability to an outcome, I want to avoid having beliefs that assigned

zero probability to SPAs in my gridpoint of beliefs, and so I imposed a minimum

probability to be assigned to each SPA of 0.01 and then had the probability masses

that are moved about be in addition to this minimum amount. To make this more

concrete, I broke the total probability into four masses that I moved between SPAs

to form the grid over beliefs. In the absence of this minimum probability of any

SPA, that would mean the probability masses being moved between SPAs was of a

size of 0.25. In periods in which there are eight possible SPAs, because t < 60 and

the women have not aged past any possible SPA, these probability masses are of

the size 1−0.08
4 = 0.23. When t < 60, having these four probability masses to move

between 8 possible SPAs leads to a total of
(7+4

4

)
= 330 grid points because each

combination can be thought of as an ordering of the four masses and the breaks

between the eight grid points. As the women successively age past their SPAs,

this shrinks as the number of SPAs to assign a probability mass to shrinks down to(1+4
4

)
= 5 when t = 65. Since there is no natural ordering over R7, I order these

numbers in lexicographic ordering, which is convenient for constructing all possible

combinations of the probability masses.

High Dimensional Interpolation When the prior with which a household starts the

next period is off this grid, I use k-nearest neighbour inverse distance weighting to

carry out the multidimensional interpolation. I use the difference in means between
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the distributions as an approximation to the Wasserstein, or earth mover, metric as

the concept of distance used in the inverse distance weighting. High-dimensional

interpolation can be a major computational burden and also a source of approxi-

mation error. For this reason, I initially start using just two nearest grid points to

interpolate over; if the guess and verify loop over the unconditional choice proba-

bilities (qt) fails to converge after 25 iterations, I gradually increase the number of

neighbours included in the interpolation until reaching a maximum at 28 = 256.

Range of Attention Costs As explained in Section 2.5.2, during periods in which

rational inattention matters because t < SPAt the central equation that needs to be

solved to find the households optimal decision is the following:

max
qt

∑
spa

πt(spa) log
(

∑
d′∈C

qt(d)exp
(

n(k)
((c/n(k))ν l1−ν)1−γ

λ (1− γ)

+βV (k)
t+1(d,Xt ,SPAt ,πt)

))
Following approaches used in the RUM literature, I normalise the payoff inside this

equation. First, I do this by dividing through by the highest payoff in all possible

SPAs. However, the presence of λ in this equation makes this process of exponen-

tiating utility even more problematic. Data and not computational considerations

should determine what values of λ we consider; however, the fact this parameter

appears as a denominator in an exponentiated expression means that as λ gets small,

the difference between exponentiated payoffs gets larger. Since a lower SPA is bet-

ter than having a later one, the values inside the log associated with SPA=60 are

larger, and decreasing the cost of attention exaggerates these differences. However,

when λ gets small, the fact that the exponentiated payoffs associated with SPA=67

are much smaller than those associated with SPA=60 does not mean the former are

not important to the optimisation because for very small values log() approaches

minus infinity and its rate of change approaches infinity. So how probabilities are

allocated over these outcomes when the exponentiated payoff is very small has very

large implications for the value of the objective function. Therefore, we cannot

ignore vanishingly small exponentiated payoffs because they have outsized impli-
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cations for the logarithmic objective function. This fact, combined with the very

small values of the cost of attention implied by the belief data, led me to very care-

fully optimise the code with respect to the storage of very small utility values, rather

than just dropping them as could be more happily done with a more standard objec-

tive function. To store these smaller values, I use quadruple precision float points

leading to the smallest value distinguishable from zero of 10−4965. However, since

compilers are optimised to conduct double precision operations, moving from dou-

ble to quadruple precision leads to a much greater than a factor of two slow down in

runtime. For this reason, I only use quadruple precision when absolutely necessary,

checking beforehand if normalising payoff leads to an underflow so that important

values would be lost and treated as zero in double precision.

Solving the within period problem Culling actions that will never be taken helps

makes the sequential quadratic programming problem more stable as it reduces the

dimensionality of the problem. This is done by dropping strictly dominated actions.

Identifying strictly dominated actions is an interesting problem with a large related

literature in computer science (Kalyvas and Tzouramanis, 2017) but since the size

by choice set is not large (no larger than 1,500 resulting from 3 labour supply choice

and 500 asset choices) one of the simpler algorithms, Block Nested Loop, is most

efficient. The range of attention costs can make the problem unstable but the rou-

tine used to carry out the sequential quadratic programming (Schittkowski, 2014)

manages the range of values needed to match the data.

2.C.3 Simulating and Estimating

My initial sample of simulated individuals is large, consisting of 50,000 random

draws of individuals aged 55. Given that we randomly simulate a sample of in-

dividuals that is larger than the number of individuals observed in the data, most

observations will be drawn multiple times. I take random Monte Carlo draws of

assets and average lifetime earnings, which are the state variables that are observed

without selection bias in the data. For wages, I exploit the model implied joint

distribution of these state variables. I simulate one SPA cohort at a time, and so

SPAt is initialised to a fixed value mirroring the SPA of the cohort currently being
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simulated. I make the assumption that the SPA answer represents draws from an

individual’s belief distribution and that everyone starts at age 55 with the same be-

liefs. This allows me to initialise the belief distribution to the distribution of point

estimates seen for SPA self-report in the ELSA data.

Given these initial conditions, I simulate the choice of the individual house-

holds using the decision rule found when solving the model and the exogenous

process estimate in the first stage. I then aggregate the simulated data in the same

way we aggregate the observed data and construct moment conditions. I describe

these moments in greater detail in appendix 2.D. The method of simulated moments

procedure delivers the model parameters that minimise a GMM criterion function,

which we also describe in Appendix 2.D. To find the minimum of the resulting

objective function, I first sample the parameter space using Sobol sequencing and

then search for a minimum using the BOBYQA (Powell, 2009) routine at promising

initial conditions.

2.D Additional Econometric Details

2.D.1 Imputing AIME

Average lifetime earnings are only observed for some of the women in my sample.

In order to be able to initialise the model from the joint distribution of AIME55

and a55 I impute the missing observations. First, I regress AIME55 on a quintic in

NHNBW plus a very rich set of additional controls that include variables on health,

education, location, labour market behaviour, housing tenure, cohort, age, wage,

and measure of cognitive ability. This includes as much information as possible to

impute AIME55.

However, merely using these predictions for imputation will likely overstate

the correlation between AIME55 and a55; for this reason, I add noise to the imputed

variable to replicate observed heteroscedasticity. To do this, I run regressions of

the non-imputed AIME55 values on a quintic of NHNBW without the controls (be-

cause the model does not contain the other variables) and then regress the squared

residuals on the same polynomial of NHNBW. Since the imputed AIME55 are by
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construction homoscedastic, adding a noise term with variance given by this last

regression replicates the heteroscedasticity seen in the regression of AIME55 on the

quintic of NHNBW.

2.D.2 Type-specific Mortality

Heterogeneity in life expectancy has important implications for the behaviour of

older individuals (e.g. De Nardi et al., 2009), but death is often poorly recorded in

survey data. For this reason, I include type-specific mortality but do not rely on

the recording of death in ELSA to estimate it; instead, combining ELSA with ONS

survival probabilities following French (2005). That is, I estimate type-specific

death using Bayes’ rule:

Pr(deatht |type = k) =
Pr(type = k|deatht)

Pr(type = k)
Pr(deatht)

Where Pr(type = k|deatht) and Pr(type = k) are taken from ELSA and

Pr(deatht) are taken from the ONS life-tables. If measurement error effects all

types equally estimates of Pr(type = k|deatht) from ELSA are unbiased unlike

those of Pr(deatht |type = k) and deals with the measurement error issue.

2.D.3 Generating Profiles

To avoid contamination by cohort effects or macroeconomic circumstances, a fixed

effect age regression was estimated, which included: year of birth fixed effects,

SPA-cohort specific age effects, the aggregate unemployment rate rounded to half

a percentage point and an indicator of being below the SPA. More specifically, the

following regression equation was estimated:

yit =Ut + ∑
c∈C

γc1[cohorti = c]+∑
s∈S

1[SPAi = s](∑
a∈A

δa,s1[ageit = a])

where cohorti is the year-of-birth cohort of an individual, SPAi is her final SPA,

agei,t her age in years, Ut aggregate unemployment to half a per cent, and the out-

come variable yit is either assets or employment depending on which profile is being

calculated.
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The profiles used were then predicted from these regressions using average

values for the pre-reform cohorts. This controls for cohort effects and the effects

of macroeconomic circumstances by setting their impact on the targeted profiles to

their average value whilst also allowing for the key variation in behaviour between

SPA-cohorts at the SPA.

2.E Additional Results

2.E.1 First Stage Estimates

Model Types A woman is classed as having a high education if she has more than

the compulsory schooling required for her generation. She is classed as married

if she is married or cohabiting, as the legal arrangements are less important than

the household formation for the questions considered in this paper. As mentioned

in the main text, I abstract away from separation in the model. To get around the

fact that separation occurs in the data, if a woman is ever observed as married, her

household is classified as such in all periods. The reason to classify her as married

rather than single is that a divorced or widowed woman will likely receive some

form of alimony or widows pension and so she is more accurately modelled as

married according to the model. This leads to the following proportion of types:

34% married and low education, 11% single and low education, 44% married and

high education, 11% single and high education.

Initial conditions Initial assets a55 and average earning AIME55 are set from the

type-specific empirical joint distribution, some summary statistics of which are pre-

sented in Table 2.E.1. Understandable for women of this generation married women

have weaker labour market attachment and so lower AIME55 but higher household

assets a55. Higher education increases both variables.

Labour market conditions The type-specific transition probabilities, estimated

with individuals classified as unemployed when they claim unemployment bene-

fits, are shown in Table 2.E.2.

The parameters of the stochastic component of the wage process (persistence

and the variance of innovation, measurement error, and initial draw) are shown in
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Table 2.E.1: Summary Statistics of Initial Conditions (£)

Type Variable Mean SD

Married, Low Education
Initial Assets 76,226 163,320

Initial AIME 4,889 2,915

Single, Low Education
Initial Assets 13,231 30,471

Initial AIME 6,015 4,334

Married, High Education
Initial Assets 148,440 218,143

Initial AIME 9,358 6,264

Single, High Education
Initial Assets 97,495 186,362

Initial AIME 10,663 6,676

...total
Initial Assets 102,680 189,801

Initial AIME 7,618 5,199

Notes: Means and standard deviations of the initial distribution of assets and aver-
age lifetime earnings.

Table 2.E.2: Type Specific Unemployment Transition Probabilities

Type Transition Probability(%)

Married, Low Education
From employment to unemployment 2.37
From unemployment to employment 57.75

Single, Low Education
From employment to unemployment 3.20
From unemployment to employment 27.03

Married, High Education
From employment to unemployment 1.72
From unemployment to employment 71.08

Single, High Education
From employment to unemployment 3.25
From unemployment to employment 37.78

Notes: Unemployment and reemployment transition probabilities.
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Table 2.E.3: Parameters of the stochastic component of the wages

Type ρw σε σµ σε,55

Married, Low Education 0.911 0.039 0.249 0.266

Single, Low Education 0.901 0.042 0.255 0.178

Married, High Education 0.945 0.035 0.351 0.322

Single, High Education 0.974 0.025 0.358 0.224

Notes: Estimates of the persistence of wages and the variance of their transitory
and persistent components as well as initial distribution.

Table 2.E.3

The deterministic component of wages generates the wage profiles in Figure

2.E.1. Spousal Income is shown in Figure 2.E.2.

Social Insurance As mentioned in the main text, much larger differences in State

Pension income are observed between married and single women than between high

and low education. Amongst State pension claimers, high education women have

mean State pension income of £92.52 and low education women £87.11, whereas

single women have a State Pension income of £112.50 and married women £80.89.

Hence to maximise power whilst capturing the key difference, I restrict heterogene-

ity in the State Pension process to be between married and single women only. The

resulting functions of average lifetime earnings are shown in Figure 2.E.3.

Conversely, differences in private pension income are smaller between married

and single women than between high and low education. Amongst those reporting

non-zero private pension income, high education women have mean private pension

income of £118.50 and low education women £61.42, whereas single women have

State Pension income of £100.78 and married women £94.24. Hence to maximise

power whilst capturing the key difference, I restrict heterogeneity in the private

pension process to be between high and low-education women only. The resulting

functions of average lifetime earnings are shown in Figure 2.E.4.
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Figure 2.E.1: Wage Profiles

Notes: The deterministic component of female hourly wages for the four model types plotted
against female age.

Figure 2.E.2: Spousal Income

Notes: Spousal income plotted against female age.
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Figure 2.E.3: State Pension as Function of Average Earnings

Notes: State Pension income as a function of average lifetime earnings (AIME) for married and
single women.

Figure 2.E.4: Private Pension as Function of Average Earnings

Notes: Private Pension income as a function of average lifetime earnings (AIME) for high and low
education women.
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Table 2.E.4: Regression Analysis of the Determinants of Learning

Const. Wlth. AIME Wage t = 56 t = 57 t = 58 t = 59
Coeff. 0.18 -2.9e-07 2.9e-06 9.7e-08 -6.5e-02 -7.8e-02 -9.8e-02 -8.3e-02

Notes: Regression coefficient where the dependent variable is bits of information acquired

2.E.2 Model Fit

As mentioned in the main text, although the different model specifications have

different predictions about the labour supply response to the dynamic SPA, the static

profiles are not very sensitive to model specifications. All versions are able to match

the static profiles. Figures 2.E.5-2.E.8 show the employment and asset profiles for

the baseline version and the version with rational inattention with the parameter

estimates of Table 2.4.

2.E.3 Results Tables

2.E.4 Robustness (Targeting Other Moments)

By design, the estimation procedure used in this paper does not directly target the

excess employment sensitivity puzzle. This allows the model to match savings and

labour supply across a range of ages and then to investigate how well a model that

matches these profiles can explain excess employment sensitivity. However, it may

leave some wondering how well the model could match employment response to

the SPA if this was directly targeted. This section shows that the baseline model

can match the treatment effect in the whole population at the cost of greatly

exaggerating liquidity constraints but cannot match the treatment effect of those

with above median assets.

Table 2.E.5 shows that the model nearly perfectly replicates the treatment effect in

the whole population but falls dismally short of the one seen in those with above

median wealth. Figures 2.E.9-2.E.10 show that this is achieved at the cost of

massively exaggerating how much households run down their assets and hence the

importance of borrowing constraints.
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Figure 2.E.5: Employment Profile Baseline

Notes: Model fit to targeted labour supply profile. The empirical profile is for the pre-reform SPA
cohort with a SPA of 60. The model was simulated with an unchanging SPA of 60, mimicking the
conditions faced by this cohort.

Figure 2.E.6: Asset Profile Baseline

Notes: Model fit to targeted asset profile. The empirical profile is for the pre-reform SPA cohort
with a SPA of 60. The model was simulated with an unchanging SPA of 60, mimicking the
conditions faced by this cohort.
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Figure 2.E.7: Employment Profile Model with Rational Inattention

Notes: Model fit to targeted labour supply profile. The empirical profile is for the pre-reform SPA
cohort with a SPA of 60. The model was simulated with an unchanging SPA of 60, mimicking the
conditions faced by this cohort.

Figure 2.E.8: Asset Profile Model with Rational Inattention

Notes: Model fit to targeted asset profile. The empirical profile is for the pre-reform SPA cohort
with a SPA of 60. The model was simulated with an unchanging SPA of 60, mimicking the
conditions faced by this cohort.



2.E. Additional Results 107

Figure 2.E.9: Employment Profile Baseline when Targeting Treatment Effects

Notes: Model fit to targeted labour supply profile. The empirical profile is for the pre-reform SPA
cohort with a SPA of 60. The model was simulated with an unchanging SPA of 60, mimicking the
conditions faced by this cohort.

Figure 2.E.10: Asset Profile Model Baseline when Targeting Treatment Effects

Notes: Model fit to targeted asset profile. The empirical profile is for the pre-reform SPA cohort
with a SPA of 60. The model was simulated with an unchanging SPA of 60, mimicking the
conditions faced by this cohort.
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Table 2.E.5: Effect of SPA on Employment: Heterogeneity by Wealth

Model Data

Treatment Effect on employment of being below SPA
Whole Population 0.078 0.080

Assets >Median(£29,000) 0.007 0.061



Chapter 3

Disentangling Risk and

Intertemporal Preferences with

Costly Information Acquisition

3.1 Introduction

Economists consider risk aversion synonymous with curvature, with respect to con-

sumption, of utility or a risk-aggregator. Costly information acquisition creates a

reason to be averse to risk even in the absence of curvature: the utility cost of

reducing uncertainty. Aversion to risk unrelated to curvature raises the prospect

of breaking the inverse reciprocals relation between relative risk aversion and the

elasticity of intertemporal substitution imposed by standard time-additive expected

utility. Other approaches to breaking this relation1 do not consider this direct util-

ity cost of risk but introduce parameters separately controlling within and across

period curvature. For two-period two-state-of-the-world models, this paper shows

that costly learning about reducible risk separates risk and intertemporal prefer-

ences. It separates them by introducing this additional motive to dislike risk while

leaving intertemporal preference largely unchanged. This counterfactual inverse re-

ciprocals relation is at the root of equity premium and the risk-free rate puzzles. In

an application, I show that costly learning can solve these puzzles.

1e.g. Epstein and Zin (1989) and Weil (1990) or Dillenberger et al. (2020)
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To investigate costly attention’s impact on risk and intertemporal preference,

I compare a rationally inattentive agent who can learn about reducible uncertainty

with a standard uninformed agent who cannot. Like-for-like comparisons of their

preferences are made before learning can occur. For the standard uninformed agent,

the model framework is textbook expected utility. For the rationally inattentive, it

is an application of Matějka and McKay (2015) for discrete choice and Jung et al.

(2019) for continuous.

Rational inattention implies stochastic choice, and standard definitions of rel-

ative risk aversion and the elasticity of intertemporal substitution are ill-defined for

stochastic choice as they are predicated on an agent faced with the same decision

problem making the same choice. This is an interesting issue, although, for this

paper, it more resembles a frustrating tangent. Section 3.3 considers an analyst who

misattributes deviations from deterministic choice to measurement error. This gen-

erates a stochastic-choice adapted definition of risk aversion: a lottery is prefered

to a sure-thing if the agent selects the lottery with a probability greater than one-

half. This reflects in a stylised fashion approaches to dealing with the inference of

parameters from noisy data.

Sections 3.4 and 3.5 apply the stochastic-choice adjusted definitions to the

choices of the rationally inattentive and standard uninformed agents. Sections 3.4

compares their risk aversion by analysing their choices between binary lotteries and

a sure-things when the rationally inattentive agent can learn about the outcome of

the lottery by paying a utility cost. Propositions, 4 proves that the skewness of

the lottery alone determines whether introducing costly attention increases or de-

creases risk aversion. Neither the cost of attention nor the curvature with respect

to consumption affects the direction of change, but they do affect the magnitude.

Section 3.5 compares their intertemporal substitution choices when able to self-

insure against future learnable income risk using a risk-free in a two-period model.

Proposition 5 proves that costly attention does not generally affect intertemporal

preference.

Section 3.6 combines these results to show how costly information acquisition
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separates risk and intertemporal preferences. Previous work (Luo, 2010; Luo and

Young, 2016) investigating the ability of rational inattention to explain the equity

premium puzzle only considered zero skew uncertainty, so it missed rational inat-

tention’s ability to disentangle risk and time preferences. Section 3.6 concludes by

calibrating a simple example to the US economy to demonstrate the potential of this

mechanism to explain the equity premium and the risk-free rate puzzles.

The model explaining these puzzles assumes risk is learnable, whereas clearly,

part of future stock return risk is not learnable. However, the financial literacy lit-

erature (e.g. Lusardi et al., 2015) has documented many facts about baseline proba-

bilities of stock returns that consumers have not internalised. Hence, a component

of individual uncertainty is reducible through learning. This paper investigates the

implication of costly learning about reducible risk, so it abstracts away from the

irreducible component.

Two related papers critique risk-aversion in stochastic choice models because

the curvature of the utility function alone no longer predicts preferences over lotter-

ies (Wilcox, 2011; Apesteguia and Ballester, 2018). Unlike them, I argue this is a

desirable feature. Firstly, because it is an intuitive feature when costly information

provides a separate reason to dislike risk. Secondly, because it means these models

can offer independent predictions for empirically distinct objects.

Deriving results for tractable binary lotteries allows for illustrations that costly

attention can separate risk and time preferences. This simplicity could raise doubts

about broader validity. An online appendix, using results from Steiner et al. (2017),

provides suggestive evidence for an equivalence between dynamic discrete choice

rational inattention models and Hansen and Sargent (1995) risk-sensitive prefer-

ences, which Bommier et al. (2017) show are the only Krepes-Porteus recursive

preference to separate risk and time preferences whilst preserving monotonicity

with respect to first-order stochastic dominance. Hence, these desirable properties

should extend to models of costly information acquisition, and rational inattention

may provide an appealing alternative to some popular recursive preferences.
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3.2 Decision Maker’s Perspective: Model Frame-

work

This section presents the model framework of a rationally inattentive agent who

can engage in costly learning and a standard uninformed agent who cannot learn.

The framework presented here nests specific models used later to analyse the two

agents’ risk and intertemporal preferences.

3.2.1 The Two Agents: Rationally Inattentive and Standard Un-

informed

The standard uninformed agent controls a choice variable d subject to constraint

d ∈ C ⊂ R, closed and bounded. She faces uncertainty about some outcome z ∼ Z,

with a known distribution; has utility U(d,z) that is continuous with respect to the

standard topology induced on C ; and chooses d to maximise expected utility. Her

choices solve:

max
d∈C

E[U(d,z)].

U(d,z) may, or may not, be constructed from a discounted sum of within-period

flow-utility functions, U(d,z) = ∑
T
t=1 βtu(,d,z), but if T > 1 all uncertainty is re-

solved after the first decision is taken. This essentially static framework is complex

enough to furnish examples that disentangle the risk and intertemporal preferences.

The rationally inattentive agent is identical, except she can receive a signal

x ∼ X about the uncertain outcome Z by paying a utility cost. She chooses the dis-

tribution of the signal fX |Z(x|z), but her utility function is extended with an additive

utility cost, higher for more informative signals. She makes her decision conditional

on the draw from the noisy signal d(x) ∈ C . Both agents have a correct prior.

The cost of information is assumed to be directly proportional to the mutual

information between the signal X and the uncertain outcome Z: the expected re-

duction in uncertainty, measured by entropy, about Z from learning X . Hence, her
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decision problem becomes:

max
fX |Z(.|.),d(x)∈C

E[U(d,z)+λ I(X ,Z)] (3.1)

where,

I(X ,Z) = H(Z)−E[H(Z|X)]

and H is the entropy function H(X) = E[− log( fX)].

The choice of the signal process makes the rationally inattentive agent’s actions

stochastic. This paper focuses on the unconditional distribution of actions q (d ∼

q ∈ ∆(C )). This is because, as the standard uninformed receives no signal, only the

unconditional distribution of actions q allows for like-for-like comparisons between

the two agents. Additionally, after seeing the signal, the rationally inattentive agent

is a standard agent with different beliefs, but unchanged preferences. So, nothing

new is learned from studying her ex-post preferences.

Finding this unconditional distribution q is made possible by Matějka and

McKay (2015) and Jung et al. (2019). I summarise the results from these papers

used here:

Result 2. The actions of the rationally inattentive agents that solve (3.1) have an

unconditional distribution q(d) that solves (3.2).

max
q∈∆(C )

EZ

[
log
(

Eq[exp(u(d,z)/λ )]
)]

(3.2)

3.3 Analyst’s Perspective: Inferring Stochastic Choice

Agents’ Preferences
The textbook definition of preference, including risk and intertemporal preference,

assumes that each time an agent faces a choice between A and B, she chooses iden-

tically. This does not describe a stochastic choice agent. Hence, I adapt the prefer-

ence definition to make the like-for-like unconditional comparison between the two

agents argued for in Section 3.2. This section proposes the following definition: A
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is prefered to B when the probability of choosing A exceeds 1
2 . The reader who

is happy with this definition without further justification loses little by skipping the

rest of this section.

The model justifying this definition is of an analyst who attributes all deviations

from deterministic behaviour to measurement error. This captures, in a stylised way,

approaches in the literature to inference with noisy data.

3.3.1 Model of the Analyst

An analyst observes stochastic choice data. That is repeated decisions d ∈ C from

a single decision-maker for different decision problems D = (C ,X(d)), where C is

the observed choice set and X is the observed outcome resulting from a decision:

Definition 3.3.1 (Stochastic choice data). This is a collection of decision problems

{Di =(Ci,Xi(d))|i∈ I}, each observed with a frequency given by measure µi ∈∆(I),

and a related set of stochastic choice functions Q = {qDi ∈ ∆(C )}.

I first apply this definition to a decision maker who chooses between a lottery

and a sure-thing amount. I then apply it to a decision maker who chooses savings

in a risk-free asset given different interest rates. The first application captures pref-

erences over risk and the second over intertemporal substitution. To illustrate the

use of the definition, consider a saver facing different interest rates. Each different

interest rate r defines a different decision problem Dr = (C ,Xr(d)). A given interest

rate constitutes a fraction µr of all observations, and for each r, the full distribution

of choices is observed qDr .

Any non-degenerate qD is inconsistent with deterministic choice. When faced

with stochastic choice data, most research does not abandon deterministic choice

concepts, nor is it clear that doing so is desirable given the prevalence of measure-

ment error and unobserved heterogeneity. I consider the measures of risk aversion

and preference for intertemporal substitution an analyst would arrive at if she treated

all deviation from deterministic behaviour as measurement error.
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3.3.2 Risk Aversion

The Arrow-Pratt measure can be calculated for the rationally inattentive agents,

but it does not predict her preference over lotteries. The certainty equivalent more

directly relates to why we care about definitions of risk aversion: they encapsu-

late preferences between lotteries. Additionally, certainty equivalent is observable,

whereas the Arrow-Partt measure is in terms of unobservables. Hence, I define risk

aversion in terms of the certainty equivalent.

Setup The analyst has access to stochastic choice data. She observes the probability

of accepting a lottery qD(x) when the agent is offered multiple different sure-thing

alternatives x and the relative frequencies with which each x is observed as captured

by measure µx. There is a lower amount xl below which qD(x) = 0 and a higher

amount xh above which qD(x) = 0. The analyst believes there is a certainty equiva-

lent amount π ∈ (xl,xh) below which the sure-thing is rejected and above which it is

accepted. She attributes the stochasticity of the agent’s choices to measurement er-

ror that switches the binary outcome (accept, reject) with probability φ . If d = 1 rep-

resents accepting the lottery, she has a misspecified model of the DGP of q(x) such

that the observation j from q(x) is given by d j,x =1[x> π]+ε j(1[x< π]−1[x> π])

where ε ∼ Bernoulli(φ). She wants to infer π .

Proposition 3. π̂ such that qD(π̂) =
1
2 is the maximum likelihood estimator of π

Proof. This analyst has a misspecified model where the jth observed choice at sure-

thing offer x is distributed:

d j,x = 1[x > π]+ ε j(1[x < π]−1[x > π]), (3.3)

where ε ∼ Bernouli(φ) and d = 1 represent accpeting the lottery and d = 0 reject-

ing.

The likelihood contribution in her misspecified model from observing d when

the sure-thing x is offered is:

f (d,x;φ ,π) = φ
y(d,x,π)(1−φ)(1−y(d,x,π)),
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where y(d,x,π) = 1[x > π] + d − 2d1[x > π]. Then given the distribution of the

sample µx, the log-likelihood function is:

l(φ ,π;qD(x),µx) =
∫ xh

xl

1

∑
d=0

qD=d(x) log( f (d,x;φ ,π))dµx

which gives,

l(φ ,π;qD(x),µx) =

log(φ)
(∫ xh

xl

1

∑
d=0

qD=d(x)y(d,x,π)dµx

)
+

log(1−φ)
(

1−
∫ xh

xl

1

∑
d=0

qD=d(x)y(d,x,π)dµx

)
.

Treating π as known and maximising w.r.t φ gives MLE:

φ̂(π) =
∫ xh

xl

1

∑
d=0

qD=d(x)y(d,x,π)dµx,

and the FOC shows:

0 =
∂ l
∂φ

=

∫ xh
xl

∑
1
d=0 qD=d(x)y(d,x,π)dµx

φ
−

1−
∫ xh

xl
∑

1
d=0 qD=d(x)y(d,x,π)dµx

1−φ
.

Define Y (x;π) = ∑
1
d=0 qD=d(x)y(d,x,π) and substitute φ̂(π) into the log-likelihood

function to find the total MLE of π , π̂ , gives:

l(φ ,π;qD(x),µx) =

log
(∫ xh

xl

Y (x;π)dµx

)(∫ xh

xl

Y (x;π)dµx

)
+

log
(

1−
∫ xh

xl

Y (x;π)dµx

)(
1−

∫ xh

xl

Y (x;π)dµx

)
.

This is maximised at
∫ xh

xl
Y (x;π)dµx = 0 and

∫ xh
xl

Y (x;π)dµx = 1. Since each con-

tribution, y(d,x,π), is 0 or 1, these values represent the upper and lower attainable

bounds of
∫ xh

xl
Y (x;π)dµx, and the log-likelihood is maximised by getting closer to
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these bounds. The FOC to find the extremum is:

0 =
∂

∂π

∫ xh

xl

Y (x;π)dµx =
∂

∂π

(∫ π

xl

qD=1(x)dµx +
∫ xh

π

1−qD=1(x)dµx

)
giving,

0 = qD=1(π)µ(π)− (1−qD=1(π))µ(π)

implying qD=1(π) =
1
2 , giving the result.

3.3.3 Elasticity of Intertemporal Substitution

Like risk aversion, the elasticity of intertemporal substitution has multiple defini-

tions presupposing deterministic actions. Its definition as the semi-elasticity of con-

sumption growth with respect to the interest rate is in terms of observables, so it is

the one the analyst uses to estimate the elasticity (ρ):

ρ =
d(log(ct+1

ct
))

dr

where rt is the real interest rate and ct consumption at time t. To estimate a single

elasticity, the analyst assumes isoelastic preferences. With isoelastic preferences,

a common method of estimating the elasticity of intertemporal substitution is the

linear regression:

log(
ct+1

ct
) = ρrt + k+ εt , (3.4)

where k is a constant incorporating the individual’s discount factor and any fixed ef-

fects, and εt is an error term. She assumes all deviations from deterministic actions

result from measurement error. However, as regression is robust to measurement

error in the dependent variable, where actions enter, and the independent variable rt

is observed without error, no adjustment for measurement error is needed. Hence,

the analyst estimates ρ by running OLS on the observations of an individual’s con-

sumption and saving decision at the different interest rates in the stochastic choice

dataset.
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3.4 Risk Aversion
This section compares a standard uninformed agent’s risk preferences with a ratio-

nally inattentive agent’s by combining the model framework (Section 3.2) and the

definition of risk aversion arrived at by the analyst (Section 3.3).

3.4.1 Model

An agent with wealth, w, is faced with the choice between a binary lottery z ∼ Z

and some sure-thing amount.2 The goal is to find the agent’s certainty equivalent π .

For a standard uninformed agent with strictly increasing consumption utility is u(.),

her certainty equivalent π solves:

u(w−π) = EZ[u(w+ z)].

The rationally inattentive agent can acquire information about the state of the world

by paying a utility directly proportional to the mutual information between Z and

the signal with constant of proportionality λ . Choosing between a sure-thing χ and

the lottery Z, her decision problem is:

max
d(x)∈{0,1}, fX |Z(x|z)∈∆

E[u(w+d.z− (1−d)χ)−λ I(X ,Z)].

The analyst, attributing deviation from deterministic action to measurement error,

infers an agent is indifferent between a sure-thing and a lottery when she chooses

both with equal probability. Therefore the rationally inattentive agent’s certainty

equivalent is the sure-thing π that makes her take each option equally.

3.4.2 Solution

As the choice between sure-thing and lottery is a discrete choice, we use the result

from Matějka and McKay (2015) to deduce that the probability q of accepting the

sure-thing solves:

max
q∈[0,1]

EZ[log(qexp(u(w−π)/λ )+(1−q)exp(u(w+ z)/λ ))].

2An online appendix derives the condition for a generic lottery.
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Ignoring boundary conditions, the FOC with respect to q is:

EZ[
exp(u(w−π)/λ )− exp(u(w+ z)/λ )

qexp(u(w−π)/λ )+(1−q)exp(u(w+ z)/λ )
] = 0 (3.5)

As we are solving for the certainty equivalent amount, we only need to consider

q = 1/2 (see Section 3.3), and so:

EZ[
exp(u(w−π)/λ )− exp(u(w+ z)λ )

exp(u(w−π)/λ )+ exp(u(w+ z)/λ )
] = 0. (3.6)

To solve for the utility level that makes the agent choose the lottery and the sure-

thing with equal probability, we define the certainty equivalent utility m as the utility

resulting from consuming the certainty equivalent amount m = exp(u(w−π)/λ ).

Label the probability of the good state of the world πG and that of the bad πB, and

label the exponentiated utility in the good state of the world VG = exp(u(w+zg)/λ )

and in the bad VB = exp(u(w+ zb)/λ ). Then the equation becomes:

πG
VG −m
VG +m

+πB
VB −m
VB +m

= 0.

This is a solvable algebraic expression. Selecting the positive root, which the dis-

criminant shows exists, leads to the following expression for m:

m =
2E[V ]− (VG +VB)+

√
(VG +VB −2E[V ])2 +4VGVB

2
. (3.7)

This characterises the certainty equivalent of the rationally inattentive agents.

If the agent were unable to learn, she would be a standard uninformed agent, so

m = exp(E[U ]) = exp(πGuG +πBuB) =V πG
G V πB

B . Hence, the term:

2E[V ]− (VG +VB)+
√
(VG +VB −2E[V ])2 +4VGVB

2
−V πG

G V πB
B (3.8)

tells us how much compensating utility the rationally inattentive agent requires com-

pared with the standard uninformed agent to play the lottery3.

3This normalises the standard uninformed agent’s utility function by 1/λ , but this is innocuous.
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3.4.3 Analysis

From (3.8), we want to infer qualitative information about certainty equivalent

amounts, not to make interpersonal utility comparisons. Considering the two agents

as alternative versions of a single person with the same utility from consumption

u(.), we can infer the direction of change in risk preferences from introducing costly

attention without positing a form for u(.). Since u(.) is increasing, larger utility dif-

ferences mean a larger certainty equivalent amount. Analysing (3.8) leads to the

following proposition.

Proposition 4. The rationally inattentive agent demands a smaller certainty equiv-

alent than the standard uninformed agent when πg ∈ (0, 1
2), a larger certainty equiv-

alent when πg ∈ (1
2 ,1), and the same certainty equivalent when πg ∈ {0, 1

2 ,1}.

Proof. When πg =
1
2 , 2E[V ] = (VG +VB) and so:

m =

√
4VGVB

2
=
√

VGVB =V πG
G V πB

B ,

hence (3.8) equals zero. When πg = 1:

m =
2VG − (VG +VB)+

√
(VG +VB −2VG)2 +4VGVB

2

=
VG −VB +

√
V 2

B +V 2
G +2VGVB

2
=

2VG

2
,

hence (3.8) becomes VG −VG = 0. By symmetrry when πg = 0 (3.8) becomes VB −

VB = 0.

Label (3.8) as a function of πG, f (πG):

f (πG) =
2E[V ]− (VG +VB)+

√
(VG +VB −2E[V ])2 +4VGVB

2
−V πG

G V 1−πG
B .

When VG > VB, f is an elementary function without singularity in [0,1] and so is

analytic on the domain. It is zero at 0, 1
2 ,1, so we need to check it is negative on

(0, 1
2) and positive on (1

2 ,1).
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f (πG) can be decomposed into the sum of a positive and negative function:

f (πG) =

E[V ]−V πG
G V 1−πG

B︸ ︷︷ ︸
g(πG)

+

√
((1−2πG)VG +(2πG −1)VB)2 +4VGVB − (VG +VB)

2︸ ︷︷ ︸
h(πG)

.

As the difference between the arithmetic and geometric means, g(πG) is positive

over [0,1]. To see h(πG) is negative rearrange it:

h(πG) =√
(1−4πG +4π2

G)V
2
G +(1−4πG +4π2

G)V
2
B −2(1−4πG +4π2

G)VGVB +4VGVB − (VG +VB)

2

⇒ h(πG) =

√
(VG +VB)2 −4(πG −π2

G)(VG −VB)2 − (VG +VB)

2

≤
√
(VG +VB)2 − (VG +VB)

2
= 0.

It is easy to check: g(0) = h(0) = 0, g(1) = h(1) = 0, both are unimodal (g(πG)

hump shamped and h(πG) inverse hump shaped), and h(πG) is minimmised at πG =

1
2 (because 1

2 maximising πG −π2
G). The FOC maximises g(.) is:

0 =
dg

dπG
=VG −VB −V π⋆

G
G V 1−π⋆

G
B (log(VG)− log(VB))

⇒ π
⋆
G =

log(VG −VB)− log(VB log(VG
VG
))

log(VG
VG
)

.

For fixed VB π⋆
G is monotonic in VG, converges to 1

2 as VG ↓VB and to 1 as VG → ∞.

Since VG >VB it follows π⋆
G > 1

2 .

We know that f (1
2) = 0, at which point h attains its minimum and starts in-

creasing, and g is still increasing. Therefore f is postive over some (1
2 ,

1
2 + δ1).

Moreover, as h smoothly attains its minimum, there exists some region (1
2 − δ2,

1
2)

such that − dh
dπG

< dh
dπG

and so moving away from one-half into this region removes

more from positive g than it does from negative h, and since f (1
2) = 0 it follows that



3.4. Risk Aversion 122

f is negative over this region.

Next:

d f
dπG

=
(VG −VB)

2(2πG −1)√
(VG +VB)2 −4(πG −π2

G)(VG −VB)2
+(VG −VB)− (

VG

VB
)πGVB log(

VG

VB
),

⇒ d f
dπG

(1) =
(VG −VB)

2

(VG +VB)
+(VG −VB)−VG log(

VG

VB
).

For given VG, this quantity is strictly increasing in VB, and so it is maximised when

VB is maximised. VB < VG and if we set it to its upper bound VB = VG we get
d f

dπG
(1) = 0. This is an untenable upper bound, and it is strictly increasing in VB for

any VB, therefore d f
dπG

(1)< 0.

Similarly,

d f
dπG

(0) =−(VG −VB)
2

(VG +VB)
+(VG −VB)−VB log(

VG

VB
)

Given VB, this quantity is strictly decreasing in VG, and so it is maximised with

VG minimised. VG > VB and if we set it to it’s lowever bound VG = VB we get
d f

dπG
(0) = 0. This is an unattainable upper bound and it is strictly decreasing in VG

for any VB, therefore d f
dπG

(0)< 0

As f (0) = f (1
2) = f (1) = 0; f starts and ends negative over (0, 1

2); and starts

and ends positive (1
2 ,1), f has at least two turning points implying at least one point

where d2 f
dπ2

G
= 0. If f is not negative (positive) over (0, 1

2) ((1
2 ,1)), this would require

at least two other turning point in the derivative of f , hence two more points where
d2 f
dπ2

G
= 0. However,

0 =
d2 f
dπ2

G
=

8(VG −VB)
2VGVB

((VG +VB)2 −4(πG −π2
G)(VG −VB)2)

3
2
− (

VG

VB
)π

GVB log2(
VG

VB
)

⇒πG log(
VG

VB
)+

3
2

log((VG +VB)
2 −4(πG −π

2
G)(VG −VB)

2)

= log(8(VG −VB)
2VG log−2(

VG

VB
))

The RHS of this is constant; the LHS is the sum of a positive linear increasing term
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Figure 3.4.1: Comparison of Certainty Equivalent Utility

and a negative inverse hump-shaped term. Therefore the LHS is either monotonic

or has one turning point; in either case, it has at most two solutions.

Proposition 4 shows that whether the rationally inattentive agents display more

or less risk aversion than the standard uninformed agent depends solely on the na-

ture of uncertainty faced (its skewness) - not on the cost of attention or any other

preference parameters.

The left panel of Figure 3.4.1 illustrates Proposition 4. As proved, the ratio-

nally inattentive agent’s certainty equivalent (utility) is lower when the probability

of the good outcome is less than one-half and higher when it is greater. The right

panel of Figure 3.4.1 shows that when the cost of attention λ is decreased, the shape

of the curve is changed, becoming more skewed around 1
2 and the size of the maxi-

mal difference in certainty equivalent increases. If the consumption utility function

is unchanged, this represents an increase in the difference of certainty equivalent

amounts. Therefore the size of the rationally inattentive agent’s certainty equiva-

lent is determined by the curvature of her utility u(.) over consumption, her cost of

attention λ , and the nature of uncertainty.

3.5 Elasticity of Intertemporal Substitution

This section investigates the implication of costly attention for the Elasticity of In-

tertemporal Substitution using self-insurance decisions in a dynamic model.
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3.5.1 Model

There are two periods in the model, after which the agent dies with certainty, receiv-

ing a terminal value of 0. In period 1, the agent has known and certain income y1. In

period 2, the agent’s income is either y2b or y2g occurring with probabilities πb and

πg where y2b < y2g and y1 > y2b. In period 1, the agent can save in a risk-free asset a

with a gross rate of return R. The agent gets utility from consumption and discounts

the future at rate β . The agent’s consumption flow utility function u(.) ∈ C 2(R>0),

is strictly increasing, convex, and satisfies an Inada conditions limc→0 u′(c) = 0.

The rationally inattentive agent can learn about y2 by paying an additively

separable utility cost, proportional to the mutual information between the signal

and y2 with constant of proportionality λ . Her maximisation problem is:

max
a(x)∈[0,1], fX |Z(x|z)∈∆

E[u(y1 −a)+βu(Ra+ y2))−λ I(X ,Z)].

I impose a no-borrowing condition (a > 0), but the results hold for any borrowing

constraint that prevents Ponzi schemes.

3.5.2 Solution

Self-insurance in a risk-free asset is a continuous choice. Jung et al. (2019) prove

that, faced with a continuous choice, the rationally inattentive agent simplifies by

only considering a finite subset, and we can learn about how she simplifies from the

exponentiated-utility space curve:

K = (exp(u(y1 −a)+βu(Ra+ y2b))
1/λ ,exp(u(y1 −a)+βu(Ra+ y2g))

1/λ )

∀a ∈ [0,y1],

because the marginal probability distribution q of a is found by solving:

max
q∈∆([0,y1])

{πb log(Eq[q(a)exp(u(y1 −a)+βu(Ra+ y2b))
1/λ ])+

πg log(Eq[q(a)exp(u(y1 −a)+βu(Ra+ y2g))
1/λ ])}.

(3.9)
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Figure 3.5.1: Feasible Set Exponentiated Utility Space

Figure 3.5.2: Feasible Set Exponentiated Utility Space
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3.5.3 Analyis

By choosing q ∈ ∆([0,y1]), the rationally inattentive agent can attain in expecta-

tion any point in the convex hull of K . Since there are two states of the world,

at most, two actions are needed to achieve this. Therefore she either gathers no

information and behaves like the standard uninformed agent or randomises4 over

two actions. Since she aims to maximise the log-sum-exp objective in (3.9) which

is a strictly increasing function in both its arguments, she only randomises if the

upper convex hull of K lies strictly above K . Otherwise, she chooses the same

utility-maximising point as the standard uninformed agent. Figure 3.5.1 shows an

example where the upper convex hull lies strictly above K , so it offers possibilities

to increase net utility. Figure 3.5.2 shows an example where it does not.

Part 1 of Proposition 5 confirms that if the cost of information is sufficiently

high, the agent gathers no information, and if sufficiently low enough, she gathers

some. Part 2 shows that the rationally inattentive agent has the same preference

for intertemporal substitution as the standard uniformed agent unless selecting the

borrowing constraint is optimal in the good state of the world. It holds because,

conditional on the signal, the rationally inattentive agent is a standard agent with

different beliefs. So if her utility is u(c) = c1−γ

1−γ
, the analyst observations could be

generated by multiple standard agents with the same γ . If saving nothing in the good

state of the world is not optimal, the agent is on her Euler Equation, and the elas-

ticity of intertemporal substitution is unchanged by this change in beliefs. If saving

nothing in the good state of the world is optimal, rational inattention can increase

the frequency with which the agent selects the borrowing constraint, pushing up

the elasticity of intertemporal substitution because she can reduce the precautionary

saving motive through learning.

Proposition 5. 1. If the cost of attention is high enough, the rationally inat-

tentive agent has degenerate unconditional choice distribution q; if it is low

enough, q assigns positive probability to two choices.

4I use randomise to describe non-degenerate action distributions. This differs from usage in the
game-theory literature because the randomisation device is partially informative.
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2. If u(c) = c1−γ

1−γ
, the elasticity of intertemporal substitution inferred by the an-

alyst ρ̂ is ρ̂ = γ−1, unless when y2 = y2g with probability 1, it is optimal to

save nothing in which case ρ̂ ≤ γ−1

Proof. When the upper envelope of K is concave, nothing is gained by randomis-

ing over two savings levels, and the rationally inattentive agent makes the same

choice as the standard uninformed agent; thus, her elasticity of intertemporal sub-

stitution is the same ρ̂ = γ−1, proving part 2 when K is concave.

So, we need to identify when the upper envelope is convex and a non-

degenerate solution q is possible. Doing this leads to a proof of part 1.

Let Vi(a) = exp(Ui(a)/λ ) where Ui(a) = u(y1−a)+βu(Ra+y2i) for i ∈ B,G.

To analyse the shape of K let’s follow the curve traced out in exponentiated

utility space by:

f (a) = (VB(a),VG(a)),

starting at the end a = y1, and decreasing a. To facilitate discussion, associate the

exponentiated utility in the bad state of the world with the x-axis and in the good

with the y–axis.

The Inada conditions mean f (a) is strictly increasing away from f (y1) in both

dimensions because the marginal gains from increasing consumption today at the

expense of tomorrow are infinite in both states of the world. Eventually, we reach

the optimal saving level in the bad state of the world a⋆B. If a⋆B = 0, there are no

gains from randomising and q(a⋆B) = 1, so the propsition is true. So assume a⋆B = 0

is interior. From a⋆B = 0, VB(a) starts decreasing as we continue to decrease a (its

derivtive turns postive). Hence from this point, f (a) doubles back on itself as its

payoff in the good state of the world continues to increase but decreases in the bad.

No point between (a⋆B,y1] can be on the upper convex hull because their supporting

lines (tangent) lie below another point on K , a⋆B + ε .

Continuing to decrease a, f (a) remains aligned along the x =−y plane until it

reaches the optimal saving in the good state of the world a⋆G, which may be at the

borrowing constraint a = 0 or an interior point. If a⋆G is interior, then as we continue

to decrease a past a⋆G, the payoff in the good state of the world starts to decrease, and
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so f (a) begins to move downward aligned with the x = y plane. No point between

[0,a⋆G) can be on the upper convex hull because their supporting lines (tangent) lie

below another point on K , a⋆G − ε .

Therefore, only points in [a⋆G,a
⋆
B] can be in the upper convex hull, but they will

only be so if they lie on a convex portion of the curve (i.e. all points [a⋆G,a
⋆
B] are on

the upper envelope, so we need to check convexity).

We implicictly defferntiate f to find dVG
dVB

and d2VG
dV 2

B
:

dVG

dVB
=

U ′
G exp(UG/λ )

U ′
B exp(UB/λ )

,

d2VG

dV 2
B

=
λ−1 exp((UG +UB)/λ )

(
U ′

B(U
′′
G +λ−1(U ′

G)
2)−U ′

G(U
′′
B +λ−1(U ′

B)
2)
)

(U ′
B exp(UB/λ ))3 .

UB is increasing over [a⋆G,a
⋆
B] and so the sign ofd2VG

dV 2
B

is compltely determined by:

∆(a) :=
(

U ′
B(U

′′
G +λ

−1(U ′
G)

2)−U ′
G(U

′′
B +λ

−1(U ′
B)

2)
)
.

UB and UG are both concave so U ′′
B and U ′′

G are both negative. As U ′
B is postive and

U ′
G negative over [a⋆G,a

⋆
B] is follows that ∀a ∈ (a⋆G,a

⋆
B):

lim
λ→∞

∆(a) = (U ′
BU ′′

G −U ′
GU ′′

B)
)
< 0,

lim
λ→0

∆(a) = lim
λ→0

(
U ′

Bλ
−1(U ′

G)
2)−U ′

Gλ
−1(U ′

B)
2
)
> 0.

So when the cost of attention is sufficiently large, the upper envelope of K is con-

cave, so the rationally inattentive agent behaves like the standard uninformed agent.

When the cost of attention is sufficiently small, she gathers information and takes

two actions with non-zero probability. This completes the proof of part 1.

For part 2, conditional on a given signal, the rationally inattentive agent is

a standard-utility maximiser with different beliefs. Since the rationally attentive

agent’s curvature of utility over consumption is unchanged, what the analyst ob-

serves is equivalent to multiple standard agents with different beliefs but the same
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utility curvature. When R is varied, this shifts both beliefs and savings of the ratio-

nally inattentive agent, but if a⋆G is interior, whatever combination of beliefs and sav-

ings she ends up at these will be interior and so satisfy the Euler equation. Therefore

all observations of the rationally inattentive (a,R) agent lie on a curve that implies

the same elasticity of intertemporal substitution as the standard uninformed agent.

If a⋆G = 0, then it may form one of the two points of support, and, as with

standard agents when they are at the borrowing constraint, this point will not re-

spond to decreases in the interest rate implying a lower elasticity of intertemporal

substitution. Although the standard uniformed agent can also be at the borrowing

constraint, she only chooses this if it is the unique expected-utility maximising,

whereas the rationally inattentive agent may randomise over this point of support as

long as a⋆G = 0. So, if a⋆G = 0, rational inattention may increase observations at the

borrowing constraint and hence the elasticity of intertemporal substitution.

3.6 Combining Risk and Intertemporal Preferences

This section combines the results on relative risk aversion and the Elasticity of in-

tertemporal substitution to show that rational inattention can break the usual inverse

reciprocity between them.

If the agent in Section 3.5 had the option to buy an insurance contract against

the income risk instead of the option to self-insure with a risk-free asset, the model

would be an application of the risk model from Section 3.4. Thus, changing the

agent’s choice allows for a comparison of the impact of rational inattention on risk

and intertemporal preferences.

Proposition 5 shows that, unless borrowing constraints bind in the good state

of the world, the elasticity of intertemporal substitution is unaffected by rational

inattention. Risk preference, however, is explained by Proposition 4 and is different

from textbook risk preferences except for a handful of edge cases that depend solely

on the nature of uncertainty. Hence the reciprocal coupling.
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3.6.1 Implication for Finance Puzzles

The difficulty in separating intertemporal and risk preference is central to the equity

premium puzzle and the risk-free rate puzzle.

3.6.1.1 Equity Premium Puzzle

The equity premium puzzle (Mehra and Prescott, 1985) is that generating the large

observed excess returns of stock over bonds requires unrealistic levels of risk aver-

sion given the low risk of stocks and their poor insurance values against income

risk. A large literature attempting to explain it exists (see, Kocherlakota, 1996);

however, the aim here is not to evaluate the merits of other explanations but to doc-

ument how rational inattention can explain this puzzle by separating intertemporal

and risk preference. As a full portfolio selection model with consumption growth

uncertainty is beyond the analytically solvable models analysed in this paper, I pro-

vide suggestive evidence using a simpler model.

Model The model of Section 3.4 was presented as a model of insurance purchase

but can be conceived of as a choice between a risky and risk-free asset. It provides

a stylised illustration of the equity premium puzzle considering only the extensive

margin choice between stocks and bonds.

Consider a version of the model of Section 3.4.3 in which the agent has a choice

between investing all wealth w in a risk-free asset with returns r f or investing a fixed

fraction α in a risky asset with uncertain return r having a binary distribution with

support {rb,rg}, rb < rg. We can find the risk-free rate r f that would make the

standard uninformed agent indifferent to the lottery by solving:

((1−α)r f w+αr f w)1−γ

1− γ
= E[

((1−α)r f w+αrw)1−γ

1− γ
].

Since, in a representative agent economy, the agent must be indifferent between

assets for both to exist in equilibrium, checking this indifference condition gives a

simplified way of investigating the equity premium puzzle using this binary model.

Section 3.4 shows that to be indifferent a rationally inattentive agent requires a risk-
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free rate that solves:

exp
((1−α)r f w+αr f w)1−γ

λ (1− γ)

=
2E[V ]− (VG +VB)±

√
(VG +VB −2E[V ])2 +4VGVB

2
,

where Vi =
((1−α)r f w+αriw)1−γ

λ (1−γ) for i ∈ {G,B}.

Calibration As a binary distribution has three free parameters, it can be calibrated

to match the first three moments of US stock return data. I calibrate skewness to the

mean firm-level returns documented in Albuquerque (2012)5, giving a standardised

third central moment of 0.531. I take a mean stock return of 0.081, and its standard

deviation of 0.156 from Campbel (2003). Fraction of wealth in the stock market I

take from Luo (2010) as α = 0.22 and, as all wealth gets consumed in this static

model, I set w to the conservative value of $20,000.

Results With this calibration, the standard uninformed agent needs a utility curva-

ture of γ = 34.3 for indifference between the risk-free and risky asset. With the

curvature of utility at the relatively low value of γ = 2, the rationally inattentive can

be made indifferent between the risk-free and the risky return by lowering her cost

of information acquisition.

3.6.1.2 Risk-free Rate Puzzle

The risk-free rate puzzle is that the relatively rapid consumption growth over the life

cycle, given the low returns on safe assets, implies an implausibly high elasticity of

intertemporal substitution. In standard models, where inverse reciprocity holds,

this puts a limit on explaining the equity premium puzzle by simply increasing risk-

aversion.

Taking the calibrated model of Section 3.6.1.1, we can generate indifference

between holding the risky and risk-free assets with a much lower curvature of the

utility γ = 0.5. This is the type of value typically associated with solving the risk-

free rate puzzle. Hence, the ability of rational inattention to separate these parame-

ters offers a potentially simple solution to these two puzzles jointly: set the curva-
5The online appendix discusses using aggregate skewness.
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ture of utility to solve the risk-free rate puzzle and the cost of attention to match the

equity premium.

3.7 Conclusion
This paper has shown how rational inattention can separate the elasticity of in-

tertemporal substitution from relative risk aversion within a time-additive expected-

utility framework. This is because costly attention creates an additional reason to

dislike learnable risk, namely the cost of reducing uncertainty. Calibrating simple

models to stylised facts of the US economy suggests that this ability to disentan-

gle risk and intertemporal preferences may help explain the equity premium and

risk-free rate puzzles. This paper use entropy-based cost of attention, but these

results may extend to other methods of modelling costly attention (e.g. Gabaix,

2014; Caplin et al., 2022). The parallels between the rationally inattentive agents’

choice between information gathering and self-insurance and the choice between

self-insurance and self-protection (e.g. Ehrlich and Becker, 1972) suggest a promis-

ing avenue of future research.



Chapter 4

Intergenerational Altruism and

Transfers of Time and Money:

A Life Cycle Perspective

4.1 Introduction
The intergenerational persistence in education, earnings, and wealth is well doc-

umented1, yet the mechanisms behind it are less well understood. To better un-

derstand what drives this persistence, this paper estimates a dynastic model that

includes three key mechanisms that link generations: i) parental time investments

during childhood and adolescence that aid child development; ii) parental aid for

education; and iii) cash gifts in the form of inter-vivos transfers and bequests.2

We use data from the National Child Development Survey (NCDS), which is an

ongoing panel of the entire population of Britain born in a particular week in 1958.

The data set contains multiple measures of parental time investments and cognitive

skill in childhood, as well as educational outcomes and earnings over the life cycle.

We use these data to estimate child skill production functions where parental time

1For evidence on intergenerational correlations, see Blanden et al. (2022), Hertz et al. (2008) for
education; Solon (1992), Dearden et al. (1997), Mazumder (2005), Chetty et al. (2014) for earnings;
and Charles and Hurst (2003) for wealth.

2For evidence on parental time investments during childhood and adolescence and their impact
on child development see Cunha et al. (2006), Heckman and Mosso (2014), for parental aid for
education see Belley and Lochner (2007), Abbott et al. (2019); and for cash gifts in the form of
inter-vivos transfers and bequests see Castaneda et al. (2003), De Nardi (2004).
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investments affect cognitive skill, which together with education determines wages.

We then embed these production functions into a dynastic model in which altruistic

couples choose consumption, labor supply, as well as transfers to their children of

time, education, and cash.

The model is used to a) compare the relative importance of these types of

transfers in explaining lifetime inequality, b) decompose the sources of lifetime

income risk starting from birth to marriage, and c) evaluate the role of educational

subsidies on educational decisions and subsequent lifetime inequality.

Our model contains five distinct mechanisms which can generate persistence

in outcomes across generations. The first three mechanisms generate a positive

correlation between the earnings of an individual and the earnings of their parents.

These are, first, the borrowing constraint, which limits the ability of low income

families to send their children to college. The second mechanism is that we allow

parental productivity in investing in children to be correlated with productivity in

the labor market. The estimated relationship is positive, which implies that the time

investments more educated parents make in their children are more productive than

those made by parents with less education. Third, we allow for a dynamic comple-

mentarity between early and late time investments and between time investments

and educational invesments. While we find only modest complementarity between

time investments in early childhood (0 to 7 years) and mid to late childhood (7

to 11 and 11 to 16 years), the complementarity between cognitive skill and years

of education is much larger. This generates heterogenous returns to education and

amplifies the effects of the first two channels. The fourth channel – positive assor-

tative matching – generates persistence in household earnings over and above that

observed between parents and their children. The final mechanism – cash transfers

from parents to children – allows for a persistence in income and consumption over

and above that seen for earnings. To the best of our knowledge, this is the first paper

to include all of the above channels.

The estimated model implies an intergenerational elasticity of wages of 0.24,

close to estimates for our cohort of interest in Dearden et al. (1997). The model also
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replicates the fact (documented by Guryan et al. (2008) and observed in our data)

that parents with more education spend more time with their children.

We have three key findings. First, as noted above, we find modest dynamic

complementarity between early time investments in children and later time invest-

ments. However, we find substantial complementarities between terminal childhood

cognitive skill (measured at age 16) and years of education in wages. Among men

with college education, a one standard deviation increase in cognitive skill at 16

leads to an additional 19% in wages. Among low education men, this premium is

only 9%. As a result, high skill individuals are more likely to select into education

than their low skill counterparts. This dynamic complementarity, in combination

with borrowing constraints, is a key mechanism that perpetuates income inequality

across generations.3 High income households, who have more resources to send

their children to college, have higher returns to investing in their child’s cognitive

skill than their low income counterparts; thus they invest more in their children.

Second, who one is born to and who one marries are central for explaining life’s

outcomes. We find that 30% of the variance of men’s and 13% of the variance of

women’s lifetime wages can already be explained by characteristics of their parents,

before the individual is even born. By the time individuals are 23, the shares rise

to 65% and 45% for men and women, respectively. By modeling marriage and

the behavior of both members of couples, we can assess not only the variability of

individual but also household income. The characteristics of one’s spouse are an

important source of uncertainty in lifetime income prior to marriage, especially for

women who on average earn less than their spouses. Resolution of this uncertainty

explains almost half of the variability in household lifetime income for women.

Third, we evaluate the impact of a higher education subsidy on intergenera-

tional persistence. We show that college subsidies are effective in reducing inter-

generational persistence, but only if they are announced early, i.e. if parents are

3The interplay between borrowing constraints and investments in child human capital has also
been studied in detail by Caucutt and Lochner (2020). Our paper is complementary to theirs in that
we estimate crucial parameters of this mechanism - the wage equation and skill production - directly
using a single data set, rather than having to calibrate them using multiple data sets (and different
cohorts).



4.1. Introduction 136

given sufficient time to adjust time investments in childhood. If parents cannot ad-

just these investments, the policy mostly benefits those who would have sent their

children to college even in the absence of the subsidy. In this sense, unannounced

transfers mostly provide a lump sum transfer to high income households which, if

anything, increases income persistence across generations. If pre-announced, the

increased returns to parental investments causes households to invest more in their

children. This interplay between pre-announced policies, dynamic complementar-

ity, and parental responses lead to increases in earnings, including for lower income

households who would not have sent their children to college in the absence of the

subsidy.

This paper relates to a number of different strands of the existing literature, in-

cluding work measuring the drivers of inequality and intergenerational correlations

in economic outcomes, the large literature seeking to understand child production

functions and work on parental altruism and bequest motives. The most closely

related papers, however, are those focused on the costs of and returns to parental

investments in children. The four papers closest to ours are Caucutt and Lochner

(2020), Lee and Seshadri (2019) and Daruich (2018) and Yum (2022). Each of those

papers, like ours, contains a dynastic model in which parents can give time, edu-

cation and money to their children. All four papers find that early life investments

are key for understanding the intergenerational correlation of income. We build on

the contributions of these papers in three ways. The first is that those papers lack

data that links investments at young ages to earnings at older ages. As a result, they

have to calibrate key parts of the model, while we are able to estimate the human

capital production technology and show directly how early life investments and the

resulting human capital impact later life earnings. Using the same sample through-

out our analysis enables us to measure parental transfers, cognitive skill, and later

life wage and other outcomes for one group of people in a single setting. Thus, we

can, for example, use the same cognitive skill measures for the estimation of the

human capital production function, as well as for the wage equation.

The second is that we explicitly model the behavior of both men and women
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before and after they are matched into couples. This allows us to show the quan-

titatively important role that assortative matching plays in amplifying the role of

parental transfers in generating persistence in outcomes at the household level.

Finally, the focus of our paper is different. Caucutt and Lochner (2020) fo-

cus on identifying the role of market imperfections in rationalizing observed levels

of parental investments. The aim of Lee and Seshadri (2019) is to simultaneously

rationalize intergenerational persistence in outcomes and cross-sectional inequality

in outcomes. Daruich (2018) focuses on the macroeconomic effects of large-scale

policy interventions. Yum (2022) focuses on the role of heterogeneity in time in-

vestments. Our primary focus, facilitated by our data on each of the three parental

inputs for our cohort of interest, is to quantitatively evaluate the role played by each,

both for individuals and for households.

Other closely related papers include Del Boca et al. (2014) and Gayle et al.

(2018), both of which develop models in which parents choose how much time to

allocate to the labor market, leisure and investment in children. Neither paper, how-

ever, incorporates household savings decisions, and hence the trade-off between

time investments in children now and cash investments later in life. Abbott et al.

(2019) focuses on the interaction between parental investments, state subsidies and

education decisions, but abstract from the role of parents in influencing skill prior

to the age of 16. Castaneda et al. (2003) and De Nardi (2004) build overlapping-

generations models of wealth inequality that includes both intergenerational corre-

lation in human capital and bequests, but neither attempts to model the processes

underpinning the correlation in earnings across generations. Bolt et al. (2021) use

the same data as in this paper and mediation analysis to show that the mechanisms

we consider in this paper are the key ones for explaining the persistence of income

across generations. However, they do not allow for behavioral responses, and so

cannot consider counterfactuals.

The rest of this paper proceeds as follows. Section 4.2 describes the data,

and documents descriptive statistics on skill, education and the different types of

parental transfers. Section 4.3 lays out the dynastic model used in the paper. Section
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4 outlines our two step estimation approach. Section 5 then presents results from the

first step estimation, whereas Section 6 presents identification arguments and results

from the second step estimation. Section 7 presents results from counterfactuals and

Section 4.8 concludes.

4.2 Data and Descriptive Statistics
The key data source for this paper is the National Child Development Study

(NCDS). The NCDS follows the lives of all people born in Britain in one particular

week of March 1958. The initial survey at birth has been followed by subsequent

follow-up surveys at the ages of 7, 11, 16, 23, 33, 42, 46, 50 and 55.4 During

childhood, the data includes information on a number of cognitive skill measures,

measures of parental time investments (discussed in more detail below) and parental

income. Later waves of the study record educational outcomes, demographic char-

acteristics, earnings and hours of work. For the descriptive analysis in this section,

we focus on those individuals for whom we observe both their father’s educational

attainment (age left school) and their own educational qualifications by the age of

33. This leaves us with a sample of 9,436 individuals.

As the NCDS currently does not have data on the inheritances received or ex-

pected, we supplement it using data on individuals drawn from similar birth cohorts

in the English Longitudinal Study of Ageing (ELSA). ELSA is a biennial survey of

a representative sample of the 50-plus population in England, similar in form and

purpose to the Health and Retirement Study (HRS) in the US. The 2012-13 wave

of ELSA recorded lifetime histories of gift and inheritance receipt which we can

use to augment our description of the divergence in lifetime economic outcomes by

parental background. We use data on ELSA members who are born in the 1950s,

which gives us a sample of 3,001.5

Lastly, to convert the investment measures observed into units of time, we use

4The age-46 survey is not used in any of the subsequent analysis as it was a more limited
telephone-only interview.

5The next wave of the NCDS, which is currently in the field, is currently planned to collect
information on lifetime inheritance receipt. We hope to use these new data in later versions of this
work.
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the UK Time Use Survey (UKTUS), which has detailed measures of time spent in

educational investments in the child. We describe these measures in the notes of

Table 4.2.2 and in greater detail in Appendix 4.C.

The rest of this section documents inequalities in the three types of parental

transfers we are interested in (time investments, educational investments, and cash

transfers), as well as subsequent outcomes (skill, lifetime income). Throughout

the paper we use low, medium and high to describe education groups – these corre-

spond to having only compulsory levels of education, having some post-compulsory

education and having some college respectively.6 In the US context this would cor-

respond roughly to high school dropout, high school graduate, and some college.

4.2.1 Transfer Type 1: Parental Time Investments

The NCDS has detailed measures of parental time investments received during

childhood. The full set of measures we use to estimate the impact of parental time

on cognition are listed in Table 4.2.1.7 These measures come from different sources

– some are from surveys of parents, others from surveys of teachers. Here we high-

light some of the key features in the data.

The first panel of Table 4.2.2 documents paternal education gradients for some

of the investment measures we use. Whilst 52% of high educated fathers read to

their age 7 child each week, only 33% of low educated fathers do so. The gradient

is even more pronounced for the teacher’s assessment of the parents’ interest in the

child’s education: when the child is 7, 66% of high educated fathers are judged by

the child’s teacher to be ‘very interested’ in their child’s education but only 20%

of low education fathers are. While mothers are assessed as having greater interest

in their child’s education than fathers, there are large differences according to edu-

cation group (75% of the highest education group are very interested, compared to

33% in the lowest education group).

6For this age group of fathers, compulsory education roughly corresponds to leaving school at
age 14, post-compulsory means leaving school between ages 15 and 18, and some college means
staying at school until at least age 19.

7While some of these measures are potentially costly in terms of money as well as time, we focus
on the time cost which the previous literature has found to be the key determinant of child cognition
(e.g., Del Boca et al. (2014)).
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Table 4.2.1: List of all measures used

Skill measures Investment measures
Age 0:
Birthweight Teacher’s assessment of parents’ interest in education
Gestation Outings with child (mother and father)

Read to child (mother and father)
Father’s involvement in upbringing
Parental involvement in child’s schooling

Age 7:
Reading score Teacher’s assessment of parents’ interest in education
Math score Outings with child (mother and father)
Drawing score Father’s involvement in upbringing
Copying design score Parents’ ambitions for child’s educational attainment

Parental involvement in child’s schooling
Library membership of parents

Age 11:
Reading score Teacher’s assessment of parents’ interest in education
Math score Involvement of parents in child’s schooling
Copying design score Parents’ ambitions regarding child’s educational attainment
Age 16:
Reading score
Math score

Notes: All investment measures are retrospective, so age 0 investments are measured at age 7, age 7
investments are measured at age 11, age 11 investments are measured at age 16.

4.2.2 Transfer Type 2: Educational Investments

Panel 2 of Table 4.2.2 shows that there is a substantial intergenerational correla-

tion in educational attainment between fathers and their children. Having a high-

educated father makes it much more likely that a child will end up with high educa-

tion. 46% of the children of high educated fathers also end up with high education,

compared to only 13% of those whose fathers have low education.

4.2.3 Transfer 3: Inter-vivos Transfers and Bequests

The third panel of Table 4.2.2 documents the receipt of inter-vivos transfers and

bequests as reported in ELSA by father’s education. The table shows significant

differences in the receipt of inter-vivos transfers depending on parental education.

Only 6% of individuals from low education families report having received a trans-

fer worth more than £1,000, compared to 20% from high educated families. More-

over, conditional on receipt of a gift, the average value for the two groups differs by

about £18,400.
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Table 4.2.2: Transfers and outcomes by father’s education

Father’s education
Avg SD low med high F-test

Parental Investments
Mother reads each week 7 0.49 0.50 0.46 0.56 0.67 0.00
Father reads each week 7 0.36 0.48 0.33 0.44 0.52 0.00
Mother outings most weeks 11 0.54 0.50 0.53 0.61 0.59 0.00
Father outings most weeks 11 0.51 0.50 0.50 0.58 0.56 0.00
Father very interested in educ 7 0.26 0.44 0.20 0.43 0.66 0.00
Mother very interested in educ 7 0.39 0.49 0.33 0.58 0.75 0.00
Father very interested in educ 11 0.31 0.46 0.23 0.52 0.73 0.00
Mother very interested in educ 11 0.39 0.49 0.33 0.59 0.76 0.00
Father very interested in educ 16 0.36 0.48 0.28 0.57 0.80 0.00
Mother very interested in educ 16 0.38 0.49 0.32 0.59 0.78 0.00
Time spent with child [UKTUS]∗ 9.06 10.05 8.35 8.91 9.87 .52
Child Education
Fraction low education 0.25 0.43 0.30 0.10 0.02 0.00
Fraction high education 0.16 0.37 0.13 0.31 0.46 0.00
Cash Transfers
Inter-vivos transfers (>£1000) 0.07 0.26 0.06 0.10 0.20 0.06
Gift value (among recipients only) 39,400 104,600 30,600 77,900 49,100 0.72
Fraction receiving inheritance 0.39 0.49 0.36 0.58 0.54 0.00
Inheritance value (among recipients) 88,200 114,700 75,600 122,400 174,300 0.00
Child Skills
Reading 7 0.00 1.00 -0.09 0.33 0.58 0.00
Reading 11 0.00 1.00 -0.13 0.46 0.90 0.00
Reading 16 0.00 1.00 -0.11 0.47 0.77 0.00
Maths 7 0.00 1.00 -0.08 0.26 0.54 0.00
Maths 11 0.00 1.00 -0.13 0.48 0.91 0.00
Maths 16 0.00 1.00 -0.14 0.48 0.99 0.00
Lifetime Earnings in £1,000
Men 1,347 352 1,289 1,533 1,740 0.00
Women 925 239 879 1,048 1,197 0.00

Notes: For different types of transfers and outcomes, Table 4.2.2 shows: Mean, standard deviation,
mean conditional on each paternal education group (low, medium, high). 75% of fathers are low
education, 20% are middle education, and 5% are high education. ∗P-values for an F-test of the
difference in the mean between the low and high father’s education group. ∗∗Sum of father’s and
mother’s time spent on the following activities spent with the child in UKTUS data: teaching the
child, reading/playing/talking with child, travel escorting to/from education.
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Differences in inheritance receipt by parental background are also significant.8

54% of those with high educated fathers have received an inheritance, compared

to 36% of those with low-educated fathers, and among those who have received

an inheritance, those with high educated fathers have received more than twice as

much on average (£174,300 compared to £75,600). The net result is that those with

high educated fathers inherit £66,000 more than those with low-educated fathers.

4.2.4 Outcome 1: Skill

The fourth panel of Table 4.2.2 shows the average reading and math scores of chil-

dren at ages 7, 11, and 16, by father’s education. As one might expect, children

whose fathers have a higher level of education have higher skill levels; at the age of

7, the reading score of children of low educated fathers is 0.09 standard deviations

below average, whereas it is 0.58 above average for children of high educated fa-

thers. This gap in reading scores widens with age: by the time the children are 16,

reading scores of children of low educated fathers is 0.11 standard deviations below

average, whereas they are 0.77 above average for children of high educated fathers.

Similar patterns are found for math scores.

4.2.5 Outcome 2: Lifetime Earnings

Finally, we can see that children of more educated fathers have higher lifetime earn-

ings. The gap in lifetime earnings between men with high educated fathers versus

those with low educated fathers is £451k. For women, the difference is £318k.

To summarize, we find that children from more highly educated fathers tend

to receive more of each of the three kinds of transfers, and they end up with higher

skills, as well as lifetime income. In the following, we present a model bringing

together these different types of transfers to explain how these operate in generating

the intergenerational persistence in outcomes that we observe.

8Sample statistics are calculated for those who lost both parents when interviewed, which is 75%
of our ELSA sample.
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4.3 Model
This section describes a dynastic model of consumption and labor supply in which

parents can make different types of transfers to their children. Figure 4.3.1 illus-

trates the model’s timeline. During childhood, parental time investments in children

and educational choices affect the evolution of the child’s cognitive skill (which we

refer to as skill below) and their educational attainment. Upon reaching age 23,

they are matched in couples, possibly receive transfers of cash from their parents

and begin adult life. They then have their own children, choose consumption, labor

supply, and how much to invest in their own children, with implications for their

children’s future outcomes.

The NCDS interviews respondents every four to seven years from the age of 0

to 55. To be consistent with the data, each of our model periods will cover the time

between interviews (and each period will be of different length). Each individual

has a life cycle of 20 model periods which can be broken down into four phases.

1. Childhood has periods t = 1,2,3,4 which corresponds to ages 0-6, 7-10, 11-

15, 16-22. During childhood the individual accumulates human capital and

education but does not make decisions.

2. Young Adult consists of one period at t = 5 corresponding to ages 23-25.

The individual receives a parental cash transfer (which is potentially 0), is

matched into a couple and begins making labor supply and savings decisions.

3. Parenthood has five periods t = 6,7,8,9,10, corresponding to ages 26-32, 33-

36, 37-41, 42-48, 49-54. The couple have identical twin children at the start

of the ‘Parenthood’ phase. In addition to making labor supply and savings

decisions, the couple decide how much to invest in their childrens’ human

capital and education. At the end of this period they have an opportunity to

transfer wealth to their children who in turn are matched into couples.

4. Late adult phase consists of 10 regularly-spaced periods corresponding to

ages 55-59, ..., 100-104. The household separates from their children and

makes their own saving and consumption decisions.
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Model Period (Parents)
1 2 3 4 5 6 7 8 9 10 11 12 ... 20

Age (Parents)
0 7 11 16 23 26 33 37 42 49 55 60 ... 100 104

Phase (Parents) Childhood
Young
Adult Parenthood Late Adult

Decisions
Consumption & Labor Supply

Cash
Transfer

Child
Edu.

Time
Investment

Model Period (Child)
1 2 3 4 5 6 7 ...

Age (Child)

Phase (Child) Childhood
Young
Adult Parenthood

0 7 11 16 23 26 33 ...

Figure 4.3.1: The life cycle of an individual

In outlining the dynastic model we describe below a life cycle decision prob-

lem of a single generation. All generations are, of course, linked; each couple has

children. These children, in turn, will form couples who have children, too. To

index generations we use t to denote the age (in model periods) of the generation

we consider and a prime to denote their childrens’ variables. For example, in the

model period when adults are aged t, their children are aged t ′.9

We now provide formal details of the model.

4.3.1 Preferences

The utility of each member of the couple g ∈ {m, f} (male and female respectively)

depends on their consumption (cg,t) and leisure (lg,t):

ug(cg,t , lg,t) =
(cνg

g,t l
(1−νg)
g,t )1−γ

1− γ

We allow preferences for consumption and leisure to vary with gender. Households

equally weight the sum of male and female utility. The household utility function

is multiplied by a factor nt which represents the number of equivalized adults in a

9Children are born five model periods after their parents, therefore they are aged t ′ = 1 in model
periods when the parent is model-aged t = 6.
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household in time t (scaled so that for a childless couple nt = 1).

u(cm,t ,c f ,t , lm,t , l f ,t ,nt) = nt

(
um(cm,t , lm,t)+u f (c f ,t , l f ,t)

)
Total household consumption is split between children, who receive a fraction nt−1

nt
,

and adults who get a share 1
nt

. The quantity of leisure is:

lg,t = T − (θ tig,t +hrsg,t) (4.1)

where T is a time endowment, tig,t is time investment hours in children, hrsg,t is

work hours, and lg,t is leisure time. 1− θ is the share of time with the child that

represents leisure to the parent: if θ =0 then time with children is pure leisure for

the parent, whereas if θ =1 then time with children generates no leisure value.

The annual discount factor is β . The model period length aligns with the differ-

ences in time between interviews and so the discount factor between model period

varies. Thus the discount rate between t and t + 1 is βt+1 = β τt , where τt is the

length of model period t.10

Each generation is altruistic regarding the utility of their offspring (and future

generations). In addition to the time discounting of their children’s future utility

(which they discount at the same rate they discount their own future utility), they

additionally discount it with an intergenerational altruism parameter (λ ).

4.3.2 Demographics

All individuals are matched probabilistically into couples, conditional on educa-

tion. The probability that a man of education edm gets married to a women with

education ed f is given by Qm(edm,ed f ). The matching probabilities for females are

Q f (ed f ,edm). The draw of spousal skills and initial wealth is therefore drawn from

a distribution that depends on one’s own education.

At age 26, a pair of identical twins is born to the couple. In order to match

the average fertility for this sample, which is close to two, yet still maintain com-

10In addition, to account for varying period length and within period discounting we weight each
period’s utility by ∑

τt
q=0 β q = 1−β τt+1

1−β
.
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putational tractability, we follow Abbott et al. (2019) and assume that the twins are

faced with identical sequences of shocks.

Mortality is stochastic - the probability of survival of a couple (we assume

that both members of a couple die in the same year) to period t + 1 conditional on

survival to period t is given by st+1. We assume households face mortality risk after

the age of 50 and that death occurs by the age of 105 at the latest.

4.3.3 Human Capital

This section describes the production function for skill and education from birth to

age 23. During this part of the life cycle, parental time investments do not directly

impact the contemporaneous utility of their children, but leads (in expectation) to

the children having higher wages, more able spouses and more able childrens’ chil-

dren, all of which matters to the altruistic parent.

4.3.3.1 Child Skill Production Function

Between birth and age 16, children’s skill updates each period according to the

production function:

h
′

t ′+1 = γ1,t ′h
′
t ′ + γ2,t ′tit ′ + γ3,t ′tit ′ ·h′t ′ + γ4,t ′edm + γ5,t ′ed f +u′h,t ′+1 (4.2)

where h
′

t ′
represents children’s skill when the children are age t ′. Children’s skill

depends on their parents’ level of education, the sum of the time investments (tit ′ =

tim,t ′ + ti f ,t ′) those parents make, past skill, and a shock (u′h,t+1). Skill evolves until

period 4 (age of 16), after which it does not change.

We allow education of the parents, edm and ed f , to impact skill to capture the

idea that high skill individuals who are productive in the labor market may also be

productive at producing skills in their children. This is a mechanism that features

prominently in several recent studies of the labor market (e.g., Lee and Seshadri

(2019)).

Children’s initial skill at birth h′t ′=1 is a function of their parents’ level of edu-

cation and a shock:
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h′t ′=1 = γ4,0edm + γ5,0ed f +u′h,0. (4.3)

4.3.3.2 Education

When children are age 16, parents choose the education level of their children.

There was compulsory education to age 16 for our sample members. Thus we

model the decision to send children to school until age 16, age 18 (completing

secondary education) or 21 (completing undergraduate education). Because there

were no tuition fees for the cohort we study, we model the cost of education as

forgone labor income when at school.

4.3.3.3 Wages

The wage rate evolves according to a process that has a deterministic component

which varies with age and whether the individual works part-time or fulltime, and a

stochastic component:

ln wt = δ0 +δ1t +δ2t2 +δ3t3 +δ4PTt + vt (4.4)

where PTt is a dummy for working part-time. To capture the impact of skill on

lifetime wages, we model the initial wage draw in period 5 (age 23) as a function of

final skill (h) and a shock: subsequent values follow a random walk

vt =

 δ5h+ηt , ηt ∼ N(0,σ2
η4
) if t = 5

vt−1 +ηt , ηt ∼ N(0,σ2
η) if t >5

. (4.5)

Skill impacts the age 23 wage shock v5 and thus impacts wages at all ages because

vt is modeled as having a unit root. Thus we do not need to keep track of skill after

turning age 23, but instead we keep track of wages as a state variable, which in-

cludes vt and thus final skill. While the associated subscripts are suppressed above,

each of {δ0,δ1,δ2,δ3,δ4,δ5,ση ,ση4} varies by gender (g) and education (ed). This

flexibility means that we allow skill to impact wages through its relationship with

education δ5. As we show below this flexibility is important as the returns to skill
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are higher for the highly educated.

4.3.4 Budget Constraints

Constraints Households face an intertemporal budget constraint and a borrowing

constraint:

at+1 = (1+ rt)(at + yt − (cm,t + c f ,t)− xt) (4.6)

at+1 ≥ 0 (4.7)

where at is the household wealth, yt is household income and xt is a cash transfer

to children that can only be made when the members of the couple are 49 and their

children are 23 (and so xt = 0 in all other periods). The gross interest rate (1+ rt)

is equal to (1+ r)τt where r is an annual interest rate and τt is the length in years of

model period t.

Earnings and household income Earnings are equal to hours worked (hrs) multi-

plied by the wage rate, for example: e f ,t = hrs f ,tw f ,t . Household net-of-tax income

is

yt = τ(em,t ,e f ,t ,e′t , t) (4.8)

where τ(.) is a function which returns net-of-tax income and em,t and e f ,t are male

and female earnings respectively. Before children turn 16 their earnings (e′t) are 0.

Upon turning age 16, if children leave education, the work full time at the median

wage given their age and gender for the rest of the model period. Their parents are

still the decision-maker in this period and any income the children earn is part of

the parental household income.

4.3.5 Decision Problem

4.3.5.1 Decision Problem in the Young Adult Phase

An individual becomes an active decision maker at age 23 when they are already

formed into a household as part of a childless couple. As such t = 5 is the first
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model period with a decision problem to solve.

Choices Each period during this phase, couples choose consumption (cm,t ,c f ,t) and

hours of work of each parent (hrsm,t ,hrs f ,t) where hrsg,t ∈ {0,20,40,50} hours per

week. The resulting vector of decision variables is dt = (cmt ,c f ,t ,hrsm,t ,hrs f ,t).

Uncertainty Couples face uncertainty over the innovation to each of their wages

next period {ηm,t ,η f ,t} and the initial skill level of their future children u′h,0′ .

State variables The vector of state variables (Xt) during young adulthood is Xt =

{t,at ,wm,t ,w f ,t ,edm,ed f } where t is age, at is assets, wg,t ,edg,t are the wages and

education of each parent for {g ∈ m, f}.

Value function The value function for the young adult phase is given below in

expression (4.9):

Vt(Xt) = max
dt

{
u(cmt ,c f ,t ,hrsm,t ,hrs f ,t ,nt)+βt+1Et [Vt+1(Xt+1)]

}
(4.9)

subject to the intertemporal budget constraint in equation (4.6) and the borrowing

constraint in equation (4.7) where the expectation operator is over the innovation to

the wage of each of spouse (ηm,t ,η f ,t) and the initial skill of the child (u′h,0′).

4.3.5.2 Decision Problem in the Parenthood Phase: Before Children

Reach Young Adulthood

Choices Households make decisions on behalf of both the adults and children

within the household each period. They choose consumption and hours of work

of each parent (cm,t , c f ,t ,hrsm,t , hrs f ,t), time investments in children of each par-

ent (tim,t and ti f ,t) until their child turns 16, and childrens’ education ed′ in

the period the children turn 16. The resulting vector of decision variables is

dt = (cm,t ,c f ,t ,hrsm,t ,hrs f ,t , tim,t , ti f ,t ,ed′).

Uncertainty Couples face uncertainty over the innovation to each of their wages

{ηm,t ,η f ,t} and the innovations to the childrens’ skills (u′h,t).

State variables The set of state variables in this phase is Xt = {t,at ,wm,t ,w f ,t ,edm,ed f ,g′,h′t},

which is the same as in the independent adult phase plus the childrens’ gender (g′)
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and their skill level (h′t).

Value function The household’s value function and the constraints are the same as

in equation (4.9), except adapted to have the sets of choices, uncertainty and states

described immediately above.

4.3.5.3 Decision Problem in the Parenthood Phase: When Children

Become Young Adults

Couples can make a final decision that affects their dependent children when age 49

(with children age 23). Their children then become fully independent, get married,

and begin making their own decisions.

Choices During this phase couples choose consumption (cm,t ,c f ,t), hours of work

for each parent (hrsm,t ,hrs f ,t), and a cash gift (xt) which is split equally be-

tween their two children. The resulting vector of decision variables is dt =

(cm,t ,c f ,t ,hrsm,t ,hrs f ,t ,xt).

Uncertainty Couples face two distinct types of uncertainty. The first is uncertainty

over the characteristics of their children as they start adulthood. The dimensions

of uncertainty here are the childrens’ initial wage draw and the attributes of their

future spouse (his/her skill, education level, assets, and initial wage draw). The

second dimension of uncertainty is with respect to their own circumstances next

year – that is their next period wage draws.

State variables The set of state variables in this phase is the same as in the parent-

hood phase plus childrens’ education (ed′).

Value function The decision problem in this final period of parenthood is:

Vt(Xt) = max
dt

{
u(cm,t ,c f ,t , lm,t , l f ,t ,nt)+2λEt [V ′

t ′(X
′
t ′)]+βt+1Et [Vt+1(Xt+1)]

}
(4.10)

subject to equations (4.6) and (4.7). Note that there are two continuation value

functions here. The first is the expected value of the couple to which the (soon to

be independent) children of the parents will belong to, and the expectation operator

is over the children’s initial wage draw and their future spouse’s attributes. The

altruistic parents take this into account in making their decisions. This continua-
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tion utility is discounted by the altruism parameter (λ ) and the integration is with

respect to the children’s initial wage draw and the characteristics of their spouse

(these shocks are realized after the parents make their decisions). We have assumed

that parents have two identical children and therefore we multiply this continuation

value by 2. The second continuation value function is the future expected utility that

the parents will enjoy in the next period (when they will enter the late adult phase).

This expectation operator is with respect to next period’s wage draws, which are

stochastic, and discounted by βt+1, the time discount factor.

4.3.5.4 Decision Problem in the Late Adult phase

At this stage the children have entered their own parenthood phase and the parent

couple enters a late adult phase.

Choices Households make labor supply and consumption/saving decisions only

(dt = (cmt ,c f ,t ,hrsm,t ,hrs f ,t)).

Uncertainty There is uncertainty over next period’s wage draws and survival st (we

assume both members of the couple die in the same period).

State variables The vector of state variables is Xt = {t,a,wm,w f ,edm,ed f }. The

skill level and education of the (now-grown-up) children are no longer state vari-

ables.

Value function Given the definitions of choices, states, and uncertainty for the late

life phase the value function and the constraints take the same form as for the young

adult phase (expression (4.9)).

Vt(Xt) = max
dt

{
u(cmt ,c f ,t ,hrsm,t ,hrs f ,t ,nt)+βt+1st+1E[Vt+1(Xt+1)]

}

subject to equations (4.6) and (4.7).

4.4 Estimation
We adopt a two-step strategy to estimate the model. In the first step, we estimate

or calibrate those parameters that, given our assumptions, can be cleanly identified

outside our model. In particular, we estimate the skill function, the wage process,
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marital sorting process, and mortality rates. In addition, we also estimate the initial

conditions (of the joint distribution of education, skill level, gender, and parental

transfers received at age 23) directly from the data. We calibrate the interest rate,

parameters of the tax code (taken from Taxben, a tax-benefit microsimulation model

developed by the Institute for Fiscal Studies (Waters (2017))), and household equiv-

alence scale parameter.

In the second step we estimate the remaining parameters using the method of

simulated moments and correct for selection bias in the wage equation.

4.4.1 Estimating the Human Capital Production Function

Estimating the latent factor production function We have multiple noisy mea-

sures of children’s latent skill (h′t ′) and parental investment (invt ′) in our NCDS data.

Following the recent literature (Agostinelli and Wiswall (2022)), we estimate a hu-

man capital production function where latent skill is a function of previous period’s

(latent) skill level and investments, parental education, and a shock:

h′t ′+1 = α1,t ′h
′
t ′ +α2,t ′invt ′ +α3,t ′invt ′ ·h′t ′ +α4,t ′edm +α5,t ′ed f +u′h,t ′ (4.11)

We explicitly account for measurement error in the latent factors using a GMM

implementation of the methods in (Agostinelli and Wiswall (2022)). Following

the literature (Cunha and Heckman (2008), Cunha et al. (2010)), we assume in-

dependence of measurement errors, allowing us to use all possible combinations of

(noisy) input measures to instrument for one another using a system GMM approach

described in Appendix 4.D.

Converting latent investments to time Equation (4.11) gives us the coefficient of

a unit of latent investment on a unit of latent skills. However, latent skills and latent

investments do not have a natural scale. We normalize the scale of the skill measure

via the wage equations (4.4 and 4.5), which we discuss in Appendix 4.G below.

We anchor latent parental investments to hours of investment time, as this is

the relevant object in the model. To anchor the latent investments estimated using

the NCDS to time, we use another data set that contains information on hours of
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time spent with children – the UK Time Use Survey (UKTUS). We assume time

investments with children impact latent investments according to:

invt ′ = κ0,t ′ +κ1,t ′(tim,t ′ + ti f ,t ′) (4.12)

where κ1,t ′ is the hours-to-latent investments conversion parameter which deter-

mines the productivity of time investments and κ0,t ′ is a constant that ensures we

match mean time investments. We allow the κ parameters to vary by age, to reflect

that parental time investments, and the productivity of those investments, varies by

age.

The parameters κ0,t ′ and κ1,t ′ are estimated using MSM by matching age 16

skill by father’s education in the NCDS data and time investments by parental edu-

cation in the UKTUS data. We discuss the estimation and identification of κ0,t ′ and

κ1,t ′ in Section 6.

With the parameters κ0,t ′ and κ1,t ′ in hand, we substitute equation (4.12) into

equation (4.11) as follows, where the second line is (4.2) which is the production

function we use in our dynamic programming model:

h′t ′+1 = α1,t ′h
′
t ′ +α2,t ′(κ0,t ′ +κ1,t ′tit ′)+ (4.13)

α3,t ′(κ0,t ′ +κ1,t ′tit ′) ·h′t ′ +α4,t ′edm +α5,t ′ed f +u′h,t ′ (4.14)

= γ0,t ′ + γ1,t ′h
′
t ′ + γ2,t ′tit ′ + γ3,t ′tit ·h′t ′ + γ4,t ′edm + γ5,t ′ed f +u′h,t ′

where γ0,t ′ = α2,t ′κ0,t ′, γ1,t ′ = (α3,t ′κ0,t ′ +α1,t ′),

γ2,t ′ = α2,t ′κ1,t ′, γ3,t ′ = α3,t ′κ1,t ′, γ4,t ′ = α4,t ′, γ5,t ′ = α5,t ′.

4.4.2 Identification and Estimation of the Wage Equation

We estimate the wage equation laid out in equations (4.4) and (4.5), but allow for

i.i.d. measurement error in wages ut . Using those equations and noting that vt =

δ5h4 +∑
t
k=5 ηk yields:



4.4. Estimation 154

lnw∗
t = lnwt +ut = δ0 +δ1t +δ2t2 +δ3t3 +δ4PTt +δ5h4 +

t

∑
k=5

ηk +ut (4.15)

for each gender and education group.

In our procedure we must address three issues. First, wages are measured with

error ut . Second, the skill level h4 is measured with error. Third, we only observe

the wage for those who work, which is a selected sample.

We can address some problems of selectivity using our panel data. To address

the issue of composition bias (the issue of differential labor force entry and exit by

lifetime wages), we use a fixed effects estimator. Given our assumption of a unit

root in vt = δ5h4+∑
t
k=5 ηk, which we estimate to be close to the truth, we can allow

v5 (the first shock to wages) to be correlated with other observables, and estimate the

model using fixed effects. In particular, we estimate δ1, δ2, δ3, δ4 and an individual

fixed effects using a fixed effects estimator:

lnw∗
t = δ1t +δ2t2 +δ3t3 +δ4PTt +FE +ξt

where FE = δ0 + δ5h4 +η5 is a person specific fixed effect capturing the time in-

variant factors and ξt = ∑
t
k=6 ηk + ut is a residual. We then use a methodology

similar to that described in section 4.4.1 to estimate δ5 where we use multiple noisy

measures of skills to instrument for each other. We then estimate the variances of

the wage shocks (σ2
η5
,σ2

η) and the variance of the measurement error (σ2
u ) using an

error components procedure.

The above procedure addresses problems of measurement error in skill as well

as selection based on permanent differences in productivity but not selection based

on wage shocks. We control for this last aspect of selection bias by finding the wage

profile that, when fed into our model, generates the same estimated profile (i.e., the

same δ parameters from equation (4.15)) that we estimated in the data. Because the

simulated profiles are computed using only the wages of those simulated agents that

work, the simulated profiles should be biased for the same reasons they are in the
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data. We find this bias-adjusted wage profile using the iterative procedure described

in French (2005). See Appendix 4.G for details.

4.4.3 Method of Simulated Moments

We estimate the rest of the model’s parameters (discount factor, consumption weight

for both spouses, risk aversion, altruism weight, share of time with the child that

represents leisure to the parent, the hours-to-latent investments conversions):

∆ = (β ,ν f ,νm,γ,λ ,θ ,{κ0,t ′ ,κ1,t ′}{t ′=1,2,3})

with the method of simulated moments (MSM), taking as given the parameters that

were estimated in the first step. In particular, we find the parameter values that

allow simulated life-cycle decision profiles to “best match” (as measured by a GMM

criterion function) the profiles from the data.

Because we wish to understand the drivers of parental labor supply and time in-

vestments, we match employment choices for both spouses and also household time

spent with children, by parents’ age and education. Because we wish to understand

the drivers of education and money transfers, we also match educational decisions,

as well as cash transfers to children when the children are older. Because we wish

to understand how households discount the future, we match wealth data. Finally,

to understand the relationship between time and latent investments, we match ob-

served hours spent with children and their observed skill level. In particular, the

moment conditions that comprise our estimator are given by

1. Employment rates, by age, gender, and education, from the NCDS data (30

moments)

2. Fraction in full time work conditional on being employed, by age, gender,

and education, from the NCDS data (30 moments)

3. Mean annual time spent with children, by child’s age and parent’s gender and

education, from the UKTUS data (18 moments)
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4. Mean age at which individuals left fulltime education by fathers’ education

level from the NCDS data (3 moments)

5. Mean lifetime receipt of inter-vivos transfers, from ELSA (1 moment)

6. Median wealth at 60 from ELSA (1 moment)

7. Mean skill at age 16 by father’s education, from the UKTUS data (3 moments)

We observe hours and investment choices of individuals in the NCDS, and thus

match data for these individuals for the following years: 1981, 1991, 2000, 2008,

and 2013 when they were 23, 33, 42, 50 and 55.

The mechanics of our MSM approach are as follows. We simulate life cycle

histories of shocks to skill level, wages, partnering and childrens’ gender and skills

for a large number of artificial individuals over multiple generations. Each indi-

vidual is endowed with a gender and a value of the age-23 education, wealth, and

partner characteristics drawn from the empirical distribution from the NCDS data.

The initial stochastic component of wages v5 is drawn from a parametric distribu-

tion estimated on the NCDS data (see section 4.4.2).

Next, using value function iteration, we solve the model numerically. We solve

backwards through time, embedding a backwards recursion over each life cycle of

multiple generations. Our solution concept involves finding a fixed point in de-

cisions rules over generations. Using these decision rules, in combination with

simulated endowments and the trajectories of shocks, we simulate the profiles of

behavior for a large number of artificial households, each composed of a man and

woman. The behaviors that we can simulate are those that our modelled agents

decide: assets, work hours and time investments, child’s educational choices, and

inter-vivos transfers. We use the resulting profiles to construct moment conditions,

and evaluate the match using our GMM criterion function. We search over the pa-

rameter space for the values that minimize this criterion. Appendix 4.I contains a

detailed description of our moment conditions, the weighting matrix in our GMM

criterion function, and the asymptotic distribution of our parameter estimates and

Appendix 4.H gives details of our computational procedures.
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4.5 First Step Estimation Results
In this section we describe results from our first-step estimation that we use as in-

puts for our structural model. We present estimates of the effect of parental time

investments on children’s skill, and how that skill in turn affects subsequent educa-

tion and adult earnings. This exploits a key advantage of our data - that we measure

for the same individuals their parents’ investments, their level of skill and the value

of that skill in the labor market.

4.5.1 The Determinants of Skill

In Section 4.2 we documented that children of high educated parents do better in

cognitive tests, and that the skill gaps between children of high and low educated

parents grow over time. Combining multiple test scores to create a measure of

skills, we estimate a skill production function using the methods described briefly

in Section 4.4.1 and in more detail in the appendix.

We estimate equation (4.2) for skills at ages 7, 11, and 16. The time invest-

ments entering the equation are those corresponding to ages 0-6, 7-10, and 11-16,

respectively. Estimates are presented in Table 4.5.1 (Appendix 4.E gives estimates

of the initial skill draw). To ease interpretation, we normalize our skill and time

measures to have unit variance in every period.

We estimate age 7 skill as a function of age 0 skill, age 0 time investments,

the interaction of skill and time investments, and mother’s and father’s education.

It shows that time investments have a significant effect on skill, even after condi-

tioning on background characteristics and initial skill. Evaluated at mean skill, a

one standard deviation increase in time investments at age 0-6 raises age-7 skill by

approximately 0.15 standard deviations, a one standard deviation increase in time

investments at age 7-10 raises age-11 skill by 0.10 standard deviations, and a one

standard deviation increase in time investments at age 11 raises age-16 skill by 0.13

standard deviations. Skill levels are very persistent, especially at older ages, imply-

ing a high level of self-productivity.

Interestingly, the interaction between skills and investments is negative for age

7 and 16, but positive for age 11. This implies that whilst at young ages, invest-
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Table 4.5.1: Determinants of skills.

Age 7 Age 11 Age 16
Lagged Skill 0.154 0.739 0.939

[0.057, 0.251] [0.696, 0.834] [0.918, 0.993]

Investment 0.146 0.097 0.131
[0.113, 0.171] [0.079, 0.116] [0.093, 0.161]

Lagged Skill × Investment -0.021 0.040 -0.038
[-0.067, 0.010] [0.027, 0.068] [-0.066, -0.009]

Mum: Medium Education 0.448 0.181 0.027
[0.347, 0.552] [0.109, 0.235] [-0.026, 0.075]

Mum: High Eduction 0.593 0.414 -0.088
[0.388, 0.776] [0.292, 0.571] [-0.242, 0.055]

Dad: Medium Education 0.472 0.262 0.056
[0.252, 0.611] [0.179, 0.321] [0.002, 0.115]

Dad: High Education 0.401 0.460 0.107
[0.313, 0.495] [0.290, 0.548] [0.010, 0.218]

Skill shock: Var(uab′,t ′) 0.031 0.067 0.026

Notes: GMM estimates. Confidence intervals are bootstrapped using 100 replications. For the
production function at age 7, we use skill measured at age 7 as a function of skill at age 0, time
investments measured at age 7 (and referring to investments at age 0-6). For the production function
at age 11, we use skill measured at age 11 as a function of skill at age 7, time investments measured
at age 11 (and referring to investments at age 7-10). For the production function at age 16, we use
skill measured at age 16 as a function of skill at age 11, time investments measured at age 16 (and
referring to investments at age 11-15).

ments are more productive for low-skilled children, at older ages, productivity is

higher for the higher-skilled ones. The positive and statistically significant coeffi-

cients on the age 11 interaction terms indicates that the skill production function ex-

hibits dynamic complementarity at this stage of childhood (as found by Cunha et al.

(2010)). However, at all ages the extent of complementarity or substitutability is

modest. For example, for those with age 7 skill levels one standard deviation below

(above) mean, a one standard deviation in investment delivers a 0.097-0.040=0.057

(0.097+0.040=0.137) increase in age 11 skills levels.

While the richness of our data allows us to account for measurement error in
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skills and investments, we do not believe our setting allows for credible exclusion

restrictions that would allow us to account for the potential endogeneity of invest-

ments. The literature has not yet come to a consensus as to whether potential endo-

geneity would lead us to over- or understate the returns to investments. Attanasio

et al. (2020) and Attanasio et al. (2020) find that failure to account for endogene-

ity leads to an understatement of the returns to investments in all periods, whereas

Cunha et al. (2010) find that it leads to an overstatement of the returns for older

children11.

We find that parental education strongly impacts future skills, providing em-

pirical support for a key mechanism for perpetuating inequality across generations.

High education parents are effective in producing human capital in their children

(as also shown in some of the papers cited in Heckman and Mosso (2014) and is

assumed in Becker et al. (2018) and Lee and Seshadri (2019)) in addition to having

more resources to afford college. The high productivity of high education parents

means that all else equal, their children will be of higher skills. As we will show

below, skills and years of education are highly complementary in the production of

wages. The combination of these features of human capital production gives high

education parents yet another incentive to send their children to higher education.

These results are robust to the inclusion of a number of other covariates into

the equation, such as parental age and number of children in the household.

4.5.2 The Effect of Skills and Education on Wages

Our approach allows us to better understand whether differences in wages across

individuals represents differences in skills versus shocks. In this section we give

our estimates of the wage process shown in Section 4.3.3.3 for each gender and

education group.

We allow the impact of skills on wages to depend on education to capture the

possibility that returns to skills are greater for the more educated. Table 4.5.2 shows

estimates of this impact (δ5) for each gender and education group. These estimates

11More generally, Nicoletti and Tonei (2020) find that parents tend to compensate for low cogni-
tive skills, whereas e.g. Aizer and Cunha (2012) find that parents reinforce children’s skills.
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show the log-point increase in wages associated with a one standard deviation in-

crease in age-16 skill for each education and gender group. The extent of comple-

mentarity is similar to that estimated in Delaney (2019) and Daruich (2018), and is

implicit in much of the literature on match quality (e.g., Arcidiacono (2005)) and

college preparedness in educational choice (e.g., Blandin and Herrington (2018)).

Table 4.5.2: Log-point change in wages for a 1 SD increase in skill, by education level

Male Female
Low 0.084 (0.025) 0.078 (0.024)
Middle 0.167 (0.019) 0.103(0.018)
High 0.205 (0.027) 0.127(0.027)

Notes: Cluster bootstrapped standard errors in parentheses (500 repetitions).

The table shows that, as one would expect, age-16 skill has a significant pos-

itive impact on wages conditional on education for all groups. Perhaps most in-

terestingly, it shows evidence of complementarity between education and skill in

the labor market, particularly for men. While low education men see only a 0.08

log-point increase in hourly wages for every additional standard deviation of skill,

high education men (with some college education) see an average increase of 0.21

log-points in hourly wages for every additional standard deviation of skill. High

educated women also receive greater returns to skill than low or middle educated

women, although the gradient is more modest relative to that of men.

Figure 4.5.1 shows wage profiles by age, education and gender for full time

workers with average skills and also skill levels that are one standard deviation

above average. Men and those with high education have higher wages and faster

wage growth.

As we show below this dynamic complementarity between skill and education

has implications both for optimal time investments in children, and also for optimal

educational decisions. Because of forward looking behavior, households who are

more likely to invest in the education of their child have a stronger incentive to

invest time in producing skills in their children. Furthermore, those with high skill

have an incentive to select into high education.
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Figure 4.5.1: Wages, by age, education and gender

(a) Male (b) Female

Note: Wages measured in 2014 pounds. Wage profiles have been corrected for selection and solid
lines are evaluated at mean skill, dashed lines are evaluated at mean skills plus one standard
deviation.

Turning to the variance of innovations to wages (σ2
η ), Table 4.5.3 shows that

the estimated variance ranges from 0.0024 to 0.0048 implying that a one standard

deviation of an innovation in the wage is 5-7% of wages, depending on the group.

These estimates are similar to other papers in the literature (e.g. French (2005),

Blundell et al. (2016)). Furthermore, we find evidence that the variance of wage

innovations is increasing with education, implying that education is a risky invest-

ment.

Interestingly, we estimate the variance of the initial wage shock σ2
η5

to be small

for all groups. While there is significant cross sectional variation in wages, even

early in life, we estimate that most of that variation is explainable by our latent skill

measure and measurement error in wages.

Table 4.5.3: Variance of innovations to wages, by education level

Men
Low Middle High

σ2
η 0.0024 0.0038 0.0045

(0.0006) (0.0006) (0.001)
Women

Low Middle High
σ2

η 0.0020 0.0034 0.0048
(0.0003) (0.0004) (0.0006)

Note: σ2
η is the variance of the annual innovation to wages. Bootstrapped standard errors in

parentheses.
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In our formulation, wage shocks have an autocovariance of one: wages are

a random walk with drift. This implies skills have a permanent effect on wages.

To test this restriction we also estimated versions of the wage process where we

allowed the autocovariance to be less than one. However, we found little evidence

against this restriction and thus use the more parsimonious formulation.

4.5.3 Marital Matching Probabilities

Table 4.5.4 shows the distribution of marriages, conditional on education, that we

observe in the NCDS data. It also shows the share of men and women in each

educational group. An important incentive for education is that it increases the

probability of marrying another high education, high wage person. Table 4.5.4

shows evidence of assortative mating, as shown by the high share of all matches

that are along the diagonal on the table: 12% of all marriages are between couples

who are both low educated, 38% are between those who are middle educated and

4% among those who are highly educated.

Table 4.5.4: Marital matching probabilities, by education

Low Medium High Share of
education education education females in

male male male education group
Low education female 0.12 0.19 0.02 0.33
Medium education female 0.13 0.38 0.05 0.56
High education female 0.01 0.07 0.04 0.12
Share of males in education group 0.26 0.64 0.11

Notes: The numbers represent cell proportions, which are the percentage of all marriages in-
volving a particular match, i.e. these frequencies sum to one. NCDS data, marriages at age
23

4.5.4 Other Calibrations

Other parameters set outside the model are the interest rate r, parameters of the tax

system τ , the household equivalence scale (nt), time endowment T , and survival

probabilities st .

The interest rate is set to 4.69%, following Jordà et al. (2019). To model

taxes, we use IFS TAXBEN which is a microsimulation model which calculates

both taxes and benefits of each family member as a function of their income
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and other detailed characteristics. We then calculate taxes and benefits (includ-

ing state pensions) for our sample members at each point in their life, and esti-

mate a three-parameter tax system which varies across three different phases of

life: young without children (ages 23-25), working adult (ages 26-64), pension

age (age 65, onwards). This three parameter tax system has the following func-

tional form: yt = d0,t +d1,t(em,t +e f ,t +e f ,t +e′t)
d2,t . We set the time endowment to

T = 16 available hours per day×7 days per week×52 weeks per year=5,824 hours

per year. We use the modified OECD equivalence scale and set nt = 1.4 for couples

with children. Survival probabilities are calculated using national life tables from

the Office for National Statistics.

4.6 Second Step Results, Identification, and Model

Fit

We now present the estimated structural parameters, how they are identified and the

model’s fit. Table 4.6.1 presents estimates from the structural model.
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4.6.1 Utility Function Estimates and Identification

Table 4.6.1: Estimated structural parameters.

Parameter Estimate
β : discount factor 0.985

(0.0001)
ν f : consumption weight, female 0.454

(0.0002)
νm: consumption weight, male 0.433

(0.0003)
γ: risk aversion 3.462

(0.0078)
λ : altruism parameter 0.313

(0.0010)
θ : time cost of investment 0.041

(0.0002)
κ1,1 : latent investments per hour, ages 0-6 0.175

(0.0006)
κ1,2 : latent investments per hour, ages 7-10 0.153

(0.0010)
κ1,3 : latent investments per hour, ages 11-15 0.224

(0.0009)
Coefficient of relative risk aversion, consumption∗ 2.092

Notes: Standard errors: in parentheses below estimated parameters. NA: parameters fixed for a
given estimation.
∗ Average coefficient of relative risk aversion, consumption, averaged over men and women. Calcu-
lated as
−(1/2)[(νm(1− γ)−1)+(ν f (1− γ)−1)]. β is an annual value.

The parameter γ is the coefficient of relative risk aversion (or the inverse of the

intertemporal elasticity) for the consumption-leisure aggregate. It is the key param-

eter for understanding both the coefficient of relative risk aversion for consumption

and for understanding the willingness to intertemporally substitute consumption and

labor supply. The coefficient of relative risk aversion for consumption is 2.09 av-

eraging over men and women,12 which is similar to previous estimates that rely on

12We measure the individual’s coefficient of relative risk aversion using the formula

− (∂ 2ut/∂c2
g,t )cg,t

(∂ut/∂cg,t )
=−(νg(1−γ)−1), and so the average is −(1/2)[(νm(1−γ)−1)+(ν f (1−γ)−1)].

Note that this variable is measured holding labor supply fixed. The coefficient of relative risk aver-
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different methodologies (see Browning et al. (1999) for reviews of the estimates).

Identification of the coefficient of relative risk aversion for consumption is sim-

ilar to Cagetti (2003) and French (2005) who estimate models of buffer stock sav-

ings over the life cycle using asset data as we do. Within this framework, a small

estimate of the coefficient of relative risk aversion means that individuals save lit-

tle given their level of assets and their level of uncertainty. If they were more risk

averse, they would save more in order to buffer themselves against the risk of bad

income shocks in the future. We also obtain identification from labor supply since

precautionary motives can explain high employment rates when young, despite the

low wages of the young: more risk averse individuals work more hours when young

in order to accumulate a buffer stock of assets. Furthermore, since γ is the inverse

of the intertemporal elasticity of substitution for utility and thus is key for determin-

ing the intertemporal elasticity of labor supply.13 Wage changes cause substitution

from work both into leisure and into time spent with children.

Our estimate of the time discount factor β is equal to 0.985, and is also identi-

fied using our wealth data and our data on labor supply over the life cycle, both of

which suggest households are relatively patient. First, wealth holdings at age 60 are

relatively high given pension benefits and high consumption demands up to this age.

Second, young individuals work many hours even though their wage, on average, is

low. This is equivalent to stating that young people buy relatively little leisure, even

though the price of leisure (their wage) is low. Between ages 35 and 60, people buy

more leisure (i.e., work fewer hours) as they age even though their price of leisure

(or wage) increases. Therefore, life cycle labor supply profiles provide evidence

that individuals are patient. French (2005) also finds that β (1+ r)> 1 when using

life cycle labor supply data.

The parameters νm and ν f are identified by the share of total non-childcare

hours devoted to time worked in the market. To see this, note that the the after tax

sion for consumption is poorly defined when labor supply is flexible.
13Assuming certainty, linear budget sets, and interior conditions, the Frisch elasticity of leisure is

νg(1−γ)−1
γ

and the Frisch elasticity of labor supply is − lg,t
hrsg,t

× νg(1−γ)−1
γ

. However, an advantage of
the dynamic programming approach is that it is not necessary to assume certainty, linear budget sets,
or interior conditions.
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wage is approximately linked to marginal rate of substitution between consumption

and leisure as follows:

wg,t(1− τ
′
g,t) ≤ − ∂ut

∂hrsg,t
/

∂u
∂cg

≤ −
1−νg,t

νg,t
/

cg,t

lg,t
(4.16)

which holds with equality when work hours are positive, where τ ′g,t is individual

g’s marginal tax rate at time t.14 Inserting the time endowment equation (4.1) into

equation (4.16) and making the approximation cg,t ≈ wg,thrsg,t(1− τ ′g,t) yields

νg ≈
hrsg,t

T − tig,t
. (4.17)

Thus νg is approximately equal to the share of non-childcare hours that is spent at

work. We find that this share is somewhat less than 0.5, and thus our estimate of νg

is modestly less than 0.5 for both men and women.

Our estimate of the weight that the altruistic parents place on the utility of both

their children (2λ ) is 0.63 which is the middle of the range of estimates reported

in the literature. This is higher than estimates by Daruich who estimated it to be

0.48 and Lee & Seshadri who estimate it to be 0.32, and lower than Gayle, Golan,

and Soytas whose estimate is 0.80 and Caucutt & Lochner whose estimate is 0.86.

These papers model a parent with only one child, whereas in our framework a parent

has two children. Thus we multiply by 2 the continuation values of the children.

The parameter λ is identified from two sources. First, households invest in the

formal education of their children. The foregone household income from children

going to school represents a direct loss of resources to the household. Second,

households make cash transfers to their children. We find that cash transfers to

children are modest. However, they are the most direct manifestation of altruism.

To see this, note from equation (4.10) that in the phase when the child is in their

young adult phases (t = 9, when the parent is 49 and the child is 23), parents have

14This relationship is not exact because of the part time penalty to work hours and the discreteness
of the hours choice.
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the opportunity to transfer resources, and the following optimality condition holds

∂ut

∂cg,t
≥

2λ∂EtV ′
t ′(X

′
t ′)

∂A′
t ′

=
2λEt∂u′t

∂c′g,t ′

and holds with equality if transfers are positive. The term on the right is the sum

(over both children) of the childrens’ expected marginal utility of consumption

value of assets, which the parents can transfer to the children when the children

are age 23. At the time of the transfer the children will be at a low earning time dur-

ing their life cycles, and will soon have their own children and the time and money

expenses of those children. This, and the fact that they are likely to be borrowing

constrained, will mean they will have a higher marginal utility of consumption than

their parents. In order to rationalize relatively modest transfers to children, λ must

be less than 1. Nevertheless, the fact that these transfers are made is perhaps the

strongest evidence that λ > 0 and households are altruistic. Furthermore, in Sec-

tion 4.7.3 we show that the returns to education average 7.4% per year of education,

which is well above the market interest rate of 4.7%. Recall that the returns to ed-

ucation accrue to the child, whereas the return to cash accrues to the parents. The

fact that many parents invest little in their childrens’ education, but some invest a

lot, again provides evidence that λ is less than 1 but is greater than 0.

The parameter θ is identified by the relative productivity of time investments

with children. Recall that 1− θ is the share of time with the child that represents

leisure to the parent: if θ = 1 then time with children has the same utility cost

as work, whereas if θ = 0 then time with children has the same utility benefit as

leisure. Thus, if θ = 1 optimal behavior implies that the economic benefit of an

additional hour of investment in the child (i.e., the increase in the expected present

value of the childrens’ lifetime income) will (approximately) equal the economic

benefit of an additional hour of work (the parent’s wage). Conversely, if θ = 0 then

parents will spend time with their children even if it does not affect the childrens’

future wages. Appendix 4.K provides a more formal discussion of identification of

θ . Because we find that the impact of parents’ time on childrens’ skill is positive but

modest, we estimate θ to be 0.04, meaning that 96% of the time that parents spend
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with their children is leisure for them. There is little evidence on the magnitude of

this parameter. The closest study to ours is Daruich (2018) who uses a specification

slightly different than ours, but also finds that time spent with children is largely

leisure.

The κ1,t ′ parameters govern the relationship between units of latent investments

and units of time. Identification of these parameters comes from that we observe

gradients in time investments (from the UKTUS data) by parental education and that

we also observe corresponding skill gradients from the NCDS. That is, we observe

more educated parents spending more time with their children, as well as a gradient

in final skill by parental education. This, together with the production function in

first stage pins down how a unit of time maps into a unit of investments. Appendix

4.K contains a more formal derivation.

4.6.2 Model Fit

In this section we focus on the moments that are critical for understanding intergen-

erational altruism: transfers of time, educational investments, and money.

Figure 4.6.1 shows transfers of time from mothers and fathers in the left and

right panels, respectively. The model fits three key patterns in the data well. First,

time investments decline with age. Second, mothers invest more in their children

than fathers. This higher rate of investment reflects the lower wage, and thus the

lower opportunity cost of time for women. Third, high education parents invest

more time in their children than low education parents. This pattern is driven by a

combination of the higher education levels of their children and the complementar-

ity between skills and education in wages that we have estimated.

This higher level of time investments of educated parents, in combination with

their greater productivity of these investments, leads to higher skills levels of their

children as can be seen in panel (a) of Figure 4.6.2. Our model captures well how

higher time investments of the educated lead to higher skill levels of their children.

Children of low education fathers have skill levels that are 0.14 standard deviations

below average, whereas children born to high education fathers have skill levels that

are 0.80 standard deviations above average. Our model matches these patterns well,
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Figure 4.6.1: Model fit: parental time with children

(a) Mother’s Time with Kids (b) Father’s Time with Kids

Notes: Measures of educational time investments. Source: UKTUS. See Appendix C.3 for details.

although we slightly overstate the gradient.

Next, panel (b) of Figure 4.6.2 shows children’s education, by father’s educa-

tion. Although the model slightly underpredicts educational attainment of children,

it captures the gradient of children’s education by parent’s education. The differ-

ence between the average age left school of the children with high educated fathers

and those with low educated fathers that our model predicts is 1.12 years, close to

the difference of 1.92 years found in the data.

Table 4.6.2 shows that we match well the mean level of financial transfers

received and the median level of assets at age 60. These financial transfers in-

clude inter-vivos transfers when younger and bequests received when older. These

amounts are discounted to age 23: when undiscounted, the amounts are consider-

ably larger. In the data, as in the model, median transfers are 0. Thus we match

mean transfers. Figure 4.6.2c shows that in addition to matching well mean trans-

fers to children, we also replicate the untargeted gradient of transfers by father’s

education. We match well the transfers to children of low and medium educated

fathers but over-predict transfers to children of high educated fathers.

Finally, our model can reproduce key labor supply moments of men and

women with different education levels as shown in Appendix 4.J. Both female labor
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force participation and fulltime work conditional on employment are slightly over-

predicted in the model. However, the model does well in generating a dip in female

participation and fulltime work between ages 33 and 48 (when children are in the

household). Moreover, as in the data, the model predicts higher participation rates

for more educated women at older ages. For men, the model does well in generating

a level of labor supply that is consistent with the data both on the intensive and the

extensive margin.

Figure 4.6.2: Model fit: education and skill

(a) Skill level by father’s education (b) Education choices by father’s education

(c) Transfers recieved by father’s education

Notes: Empirical education and skills from NCDS data.

Table 4.6.2: Model fit: transfers and assets

Empirical Simulated
Mean transfers £12,900 £12,800
Median Assets £306,400 £291,700

Notes: Values in 2014 GBP. Mean transfers and median assets calculated using ELSA data. Transfers
include inter-vivos transfers and bequests and are discounted to age 23 at the real rate of return. See
Appendix 4.C for more details.
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4.6.3 Intergenerational Persistence

Although we do not target them directly, our model fits well the intergenerational

persistence in economic outcomes that are commonly estimated in other studies.

This includes the intergenerational correlation of education and the intergenera-

tional elasticity (IGE) of lifetime earnings and consumption. We estimate the fol-

lowing regression on our simulated data: y′ = a0 + a1y+ u where y′ denotes the

child’s outcome (e.g., the number of years of schooling or the log of childrens’

household earnings) and y the parents’ corresponding outcome (e.g. parents’ years

of schooling or lifetime household earnings).

The model predicted correlation of childrens’ and parent’s education is 0.23,

with a correlation with father’s education of 0.19 and mother’s of 0.18, which is

similar to the estimates presented in Hertz et al. (2007) who report 0.31 for Great

Britain. The model predicted intergenerational elasticity of lifetime household earn-

ings is 0.24, which is similar to the estimated values reported in Belfield et al. (2017)

and Bolt et al. (2021). A more complete measure of lifetime resources is consump-

tion. The model predicted intergenerational elasticity of consumption is 0.51 which

is in line with the findings in Gallipoli et al. (2020) who find an average consump-

tion IGE in the PSID of 0.46, a value that is substantially above their estimates of

the elasticity of earnings. Wealth transfers across generations cause consumption to

be more persistent than earnings. That our model reproduces key patterns of inter-

generational persistence gives us additional confidence in its use for evaluating the

drivers of this persistence and policy counterfactuals.

Table 4.6.3: Intergenerational Persistence

Outcome Model-Implied Literature
Intergenerational Correlation, Education 0.23 Hertz (2007) ≈ 0.3

Intergenerational Elasticity, Earnings 0.24 Dearden et al. (2007), Bolt et al. (2021) ≈0.3

Intergenerational Elasticity, Consumption 0.51 Gallipoli et al. (2022) ≈0.5 (in the US)

Notes: Intergenerational correlations and elasticities calculated from model simulated data. Earn-
ings and consumption calculated as average over ages 23-65.
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4.7 Results

4.7.1 How is Income Risk Resolved over the Life Cycle?

How much of the cross-sectional variance in lifetime income can we predict using

information known at different ages? Already before birth, information on the par-

ents can help us predict an individual’s lifetime income through predicted future

investments that parents will make as well as through the productivity of those in-

vestments. As the child is born and grows older, decisions are made and shocks are

realized, thus increasing the extent to which lifetime income can be predicted.

We take as given the age-23 joint distribution of the state variables of the NCDS

sample members, draw histories of shocks and calculate optimal decisions for both

NCDS sample members and their children. This allows us to simulate lifetime

outcomes for two generations. Next, we calculate the share of the variance in the

childrens’ lifetime income that can be predicted by the following variables that are

known at each age: parental assets, wages, and education; the child’s skill level,

gender, education, and wages; and the education and wages of the child’s spouse.

This approach allows us to decompose the relative importance of (predictable) cir-

cumstances and choices; the remainder being explained by shocks. This builds

upon the approach in Huggett et al. (2011) who calculate the share of lifetime in-

come known to the individual at age 23 and Lee and Seshadri (2019) who calculate

it before birth, at birth, and age 24. By showing the amount of lifetime income vari-

ability known at multiple ages, we illustrate how this uncertainty is resolved with

age and how it is resolved after marriage.

Our decomposition makes use of the law of total variance: a random variable

can be written as the sum of its conditional mean plus the deviation from its con-

ditional mean. As these two components are orthogonal, the total variance equals

the sum of the variance in the conditional mean plus the variance around the condi-

tional mean. We then divide the variance in the conditional mean of lifetime income

by the total variance of lifetime income. We illustrate how uncertainty about three

measures of household resources is resolved over the life cycle in Figure 4.7.1.

The first measure of resources is individual lifetime wages (represented by
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Figure 4.7.1: Resolution of uncertainty over the life cycle
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Notes: “M: Wages” denotes male individual wages, “M: HH Wages” denotes male household wages,
“M: HH income” denotes male household income; “F” for females, analogously. “+spouse” denotes
age 23 after being matched into a couple. “+transfers” denotes age 23 after transfers from parents
received. This graph shows the share of variance explained by characteristics of both parent and
child known at a given age of the child. Wages and income are discounted pre-tax values. Wages are
measured as the potential earnings if working full time. Household income is the sum of earnings
plus parental transfers received by both the individual and their spouse.

solid lines in the graph) which are calculated as the discounted pre-tax earnings

between ages 23 and 64 that an individual would earn if they worked full time in

every period. These numbers reflect the difference in potential rather than realized

earnings, which depend on labor supply choices. The figure shows that 30% and

13% of lifetime wages are known for males and females, respectively, even before

they are born. These shares are explained by parents’ education (which affects ini-

tial skill and the productivity of parental investments) and also household financial

resources (which affects the quantity of investments the child receives). As the child

ages, new information is realized, both about their own skill and their parents’ fi-

nancial resources. Immediately after birth, initial skill and parental wage shocks

are revealed, causing the shares explained to rise to 37% and 15% for males and fe-

males, respectively. By the time the children are aged 23, educational choices have

been made and their initial wage draw has been realized, causing the shares to rise

to 65% and 45%. Thus close to half of lifetime wage variability is realized by age
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23. The higher share of lifetime wages that is explainable for men reflects the higher

return to skill for men, especially those who obtain a high level of education. From

age 23 onwards, the share of wage variance explained does not change anymore, as

wages are not affected by spousal characteristics or transfers from parents.

Our second measure of resources is household wages (represented by dashed

lines in the graph), the sum of lifetime wages for both spouses. At age 23 individ-

uals marry, resolving uncertainty about age 23-characteristics of the spouse (their

wage, education, and parental transfer). Before matching occurs, household wages

(the sum of lifetime wages for both individual and spouse) are less explainable than

individual wages since matching is not perfectly assortative. Just before marriage,

the share of lifetime household wages explained is 57% and 17% for males and

females, respectively. The share explained is much lower for women than for men

because wages are both lower and less variable for women than men. Marriage ex-

plains much of the remaining variability in lifetime household wages, especially for

women: the share explained jumps to 64% for both men and women after marriage.

Household wages are less explainable than individual wages before marriage, but

are more explainable afterwards. That is, before marriage, the characteristics of

one’s future spouse is an important risk; after marriage one’s spouse becomes an

important form of insurance, at least for women.

Our third measure of resources is household lifetime income (represented by

dotted lines in the graph), which is the sum of realized earnings and parental trans-

fers received by both the individual and their spouse. Household income is about

as explainable as the household wage. Transfers explain little of lifetime income,

both because transfers are small relative to lifetime earnings and also because the

transfers made are highly explainable given all the other variables known.

4.7.2 What Explains Income Inequality?

The previous section shows how uncertainty is resolved over the life cycle as shocks

are realized and choices are made. However, it does not show the relative impor-

tance of parental choices which lead to intergenerational persistence in outcomes.

This section shows the relative roles of different types of parental transfers in con-
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tributing to variability in lifetime income. To address the importance of choices

relative to other variables, we perform counterfactual experiments where we hold

all choices, of both the parents’ and childrens’ cohorts, constant except that we

equalize in turn parental time investments, education, and money transfers. We

evaluate individual lifetime wages, household lifetime wages, and household life-

time income for the childrens’ cohort and report the proportionate fall in variance

that these equalizations would induce.

Table 4.7.1: Fraction of outcome variance for males explained by time investments, educa-
tion, and skill

Equalize: Education Time Investments Transfers
Individual’s wage 8% 13% -
Wage of household 16% 16% -
Household’s income 14% 11% 4%

Notes: Percentage reduction in variance of variables when equalizing a channel to its model median
for education and means otherwise. Wages, earnings, and income are discounted pre-tax values
received between ages 23 and 64. Wages here are measured as the potential earnings if working
full time. Household income is the sum of earnings plus parental transfers received by both the
individual and their spouse. “-” means no change relative to the baseline case.

Table 4.7.1 shows that equalizing time investments received would reduce the

variance of individual lifetime wages by 13%. Equalizing educational investments

would have a smaller impact on individual lifetime wages, reducing this variance by

8%. Equalizing education reduces the variance of household wages more than indi-

vidual wages. This is because equalizing education not only removes the variation

in household wages coming from the education of the spouses, but also removes

the additional variation across households due to assortative matching. Equalizing

time investments also reduces the variance of household wages more than indi-

vidual wages since in the model those who receive high investments also receive

high education, and so equalizing investments also reduces assortative mating. This

highlights the interplay between education, the family, and lifetime risks: because

highly-educated individuals are more likely to marry other highly-educated indi-

viduals, inequality in education contributes more to variability in household wages

than it does to individual wages. Assortative matching amplifies inequality.
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The final row of Table 4.7.1 considers household income, which includes trans-

fers as well as labor earnings. Equalizing transfers across households would reduce

the variability in income less than equalizing time investments or education. If all

households received mean transfers, the variance of household income would fall

by 4%; equalizing education and time investments would reduce this variance by

more. Altonji and Villanueva (2007) and Black et al. (2022) also emphasize the

modest role that transfers play in lifetime inequality.

4.7.3 The Returns to Education

In previous sections, we established that 1) education is very persistent across gen-

erations and 2) education is the strongest driver of the variance in household life-

time income. Why do different parents make different education choices, and what

difference would an education subsidy make? To answer these questions, we first

study in detail the returns to education. We then evaluate a counterfactual education

policy in the next section.

In our model the return to education is heterogeneous across the population

since wages depend on skills, education, and their interaction. We measure the re-

turn to education for different groups by exogenously changing the education levels

of agents in the model, then calculating the resulting annualized percent change

in lifetime wages from age 23-65. As in Section 4.7.1, we use the model and the

age-23 joint distribution of initial conditions to simulate the behavior and resulting

lifetime wages of two generations. In order to measure the childrens’ return to ed-

ucation, we simulate their childrens’ lifetime wages twice: first assuming that they

receive low education and second assuming they receive high education. We then

calculate the annualized percent change in lifetime wages. In column (1) of Table

4.7.2 we assume that the education level is unanticipated: the household’s decision

rules are thus calculated assuming that the household (erroneously) believes they

can choose the child’s education level. Thus, in this first experiment, changing ed-

ucation holds constant the decision to invest in child’s skills. If everyone received

low education, average discounted lifetime wages (i.e., their pre-tax earning if they

worked full time) would be £382,000. Conversely, if everyone selected high edu-
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cation, wages would be £563,000, a difference of 47.3%. Given the five year dif-

ference in schooling between low and high educated individuals, annualizing this

translates into a 8.1% increase in lifetime wages per year of education: education

is a lucrative investment. To put the impact of education transfers in context: the

increase in lifetime earnings from moving from low to high education (£181,000)

is significantly higher than the average cash transfer to children reported in Table

4.6.2 (£13,000).

Section 4.5.2 presented evidence of dynamic complementarity: the returns to

education are higher for those with high skill levels. This has two implications for

economic behavior that are evident in Table 4.7.2.

First, it provides an incentive for high skill individuals to self-select into ed-

ucation. To measure the extent of this self-selection, we calculate the return to

education for two groups: those who, in the baseline case, select high (college) ed-

ucation, and for those who in the baseline case select low (compulsory) education.

The bottom panel of Table 4.7.2 shows that the return to education is higher for

those who would have selected high education (8.5%, which is the treatment effect

on the treated) than the return for those who select low education (7.9%, which is the

treatment effect on the untreated). Complementarity between skills and education,

in combination with self-selection in the model, explains this result.
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Table 4.7.2: Returns to education.

Unanticipated Anticipated
(1) (2)

A: Full Sample
Lifetime earnings, if low education 382,000 362,000
Lifetime earnings, if high education 563,000 595,000
Return 47.3 64.4
Annualized return 8.1 10.5

B: By Baseline Education Choice
Annualized return
. . . among those who selected high education 8.5 11.9
. . . among those who selected low education 7.9 9.6

Notes: The return R is calculated as percent change in discounted pre-tax lifetime
wage earnings between having high and low education. Annualized returns equal
(1+R)1/5 −1. Anticipated means that the household is certain that it will be forced
to either have high or low education starting from birth. Unanticipated means that the
household believes it will make the optimal educational choice at age 16 and makes
time investments given the belief of optimal educational choice, then is forced to
either have high or low education.

Second, if parents are forward-looking their investment decisions will depend

on the probability their children continue education. As with column (1), column

(2) solves the model both for the case where children receive low education and for

the case where children receive high education, and reports the resulting return to

education. However, in column (2) households are certain of their childrens’ future

education level. This means households can change their time investment and other

decisions in response to the education change. When households are certain their

children will receive high education, they respond by increasing time investments,

since the return to these investments is now higher. Column (2) shows that when

allowing for these anticipation effects, the return to education rises from 8.1% to

10.5% once households anticipate this higher level of education. This highlights the

importance of pre-announced policies that can deliver higher returns than policies

that are not pre-announced. Pre-announcing the policy allows parents to adjust their

time investments accordingly.
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4.7.4 Evaluating an Education Subsidy

The financing of university education is at the center of current policy debate in mul-

tiple countries. Key issues discussed are whether college subsidies mostly benefit

high income households and whether they are a good investment for the govern-

ment.

To address these issues, we evaluate the impact of introducing £10,000 annual

grants to those attending university. This translates into a £30,000 subsidy over the

course of a three-year university degree. We evaluate the impact of the subsidy

on educational attainment, lifetime wages, and the intergenerational persistence of

lifetime outcomes. Finally, we calculate the tax revenue this reform generates and

thus government surplus. In evaluating the impact of the subsidy, as in the pre-

vious section, we make two different assumptions about whether the subsidy was

anticipated.

We first assume that the subsidy is unanticipated: the household’s decision

rules are thus calculated assuming that the household (erroneously) believes that

there exists no subsidy for university attendance. Thus, in this first experiment, the

subsidy holds constant parental investment decisions. In the second experiment we

assume the policy is known from the start of the parent generation’s working life.

Thus, they can adjust time and education investments in their children.

In both experiments we account for the equilibrium effect of the policy on the

marriage market. In particular, the subsidy impacts not only the education of an

individual, but also the distribution of educational levels within the economy and

therefore the distribution of potential spouses. Thus, the marital matching proba-

bilities change. Although we do not impose an equilibrium matching model, our

approach respects marriage market clearing by exploiting historical variation in

marriage matching probabilities conditional on education as documented in Ap-

pendix 4.M. We then calculate the impact of the reform on children’s outcomes and

intergenerational persistence.

Table 4.7.3 shows that the reform significantly impacts educational decisions.

If the education subsidy were unanticipated, the fraction of children who attend



4.7. Results 180

university rises from the baseline value of 0.24 to 0.34. This additional education

raises average economy-wide lifetime individual wages if in full time work from

£454,000 to £468,300, an increase of £14,300. The gain in lifetime household earn-

ings is more modest, however, because of reduced labor supply. Most households

who receive the subsidy would have attended university even without the benefit.

For these households, the subsidy is merely an income transfer, creating a wealth

effect that reduces labor supply. As a result, tax revenue from the reform rises, but

only by £2,400. Because the discounted cost of the reform, averaged over the cohort

we consider, is £8,800 (the discounted cost of the subsidy is £25,900, and 34% of

all individuals go to university), the net present value of the reform on government

revenue is -£6,400.

Two groups of households benefit from the reform. The first group comprises

those households who would have sent their children to college, even in the absence

of the subsidy. These tend to be high income households with high skill children.

For these households, the grant is merely a lump sum transfer. The second group

comprises those households who send their children only if they receive the subsidy,

i.e. those with relatively high skill children who have a relatively high return to go-

ing to university. These tend to be households with parents who have relatively high

education and high earnings themselves, and thus, the reform, if anything increases

the intergenerational persistence of outcomes. For example, the intergenerational

correlation in education increases from 0.23 to 0.27. This increases the intergener-

ational elasticity of earnings and consumption also.

Table 4.7.3 shows that if the education subsidy is anticipated, its impact is

significantly larger than if unanticipated. The fraction of children who attend uni-

versity rises from the baseline value of 0.24 to 0.58, significantly larger than when

the subsidy is unanticipated. These results are consistent with Caucutt and Lochner

(2020), who also find that the impact of education subsidies on education are more

than twice as large as large if they are anticipated.15 The larger gain in schooling

15Dynarski (2003)’s estimates imply a 1.3 year increase in completed education from an equally
size subsidy for a reform that was likely partly, but not fully anticipated. Her estimated impacts are
between the anticipated and unanticipated effects predicted by our model.
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Table 4.7.3: Impact of Education Subsidy

Education subsidy:
Outcome Baseline Unanticipated Anticipated
Years of education 17.44 17.83 18.89
Share with college education 0.24 0.34 0.58
Discounted lifetime individual wages 454,000 468,300 525,200
Discounted household individual earnings 807,200 811,100 879,500
Mean skill 0.42 0.42 0.59
Mean skill (low ed father) -0.09 -0.09 0.19
Mean skill (med ed father) 0.50 0.50 0.67
Mean skill (high ed father) 0.97 0.97 0.96
Average discounted cost - £8,800 £12,800
Average discounted additional revenue - £2,400 £33,500
Average surplus - -£6,300 £20,700
Intergenerational correlation, education 0.23 0.27 0.18
Intergenerational elasticity, earnings 0.24 0.35 0.18
Intergenerational elasticity, consumption 0.51 0.69 0.42

Notes: Discounted values are discounted to when children of NCDS sample members are age 18.
Average discounted cost is the discounted cost of the college subsidy, averaged across all members
of the cohort. Average discounted additional revenue is the discounted additional taxes paid over
the life cycle, averaged across all members of the cohort. Discounted individual earnings equals
discounted household earnings

2 . Average surplus is the difference between average discounted cost
and revenue.

when the subsidy is anticipated is a direct result of the complementarity between

skill and education in the wage equation. When the education subsidy is antici-

pated, parents are more likely to send their child to university, which raises returns

to early life investments. Thus, the change in incentives for college-going also

changes incentives for early life investments.

These induced increases in parental investments raise age 16 skill by 0.17 stan-

dard deviations. The jumps in skill are especially large among households with less

educated fathers. Because children born to high education fathers planned to attend

college in the absence of the subsidy, education decisions are largely unaffected

for this group. In contrast, the subsidy has much larger impacts on college going

and thus early life investments to children born to lower education fathers. These

parental investments raise age 16 skill by 0.28 standard deviations for children born

to low education fathers. As a result, anticipated subsidies reduce the intergenera-

tional persistence of education, earnings, and consumption.

This subsidy raises lifetime wages if in full time work from £454,000 to
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£525,200, an increase of £71,200. Impacts on household earnings are similarly

large. The impact on earnings is much larger for the anticipated than unanticipated

case, for three reasons. First, the impact on educational attainment is larger. Second,

the anticipated reform increases age 16 skill. Third, in the anticipated case, most

households who receive the subsidy would not have sent their children to college in

the absence of the subsidy. Recall that for households who would have sent their

children to college in the absence of the subsidy, lifetime wages are unchanged and

thus the subsidy is a lump sum transfer, reducing labor supply. But for households

who choose to send their children to college as a result of the anticipated subsidy,

resulting higher lifetime wages incentivizes longer working hours.

As a result, tax revenue from the reform rises by £33,500. Because the cost of

the reform is £12,800, the average surplus from the reform is £20,700. Put differ-

ently, unlike in the unanticipated case, the subsidy more than pays for itself.16

4.8 Conclusion
This paper estimates a dynastic model of parental altruism where parents can invest

in their children through time, educational expenditures, and transfers of cash. We

estimate human capital production functions and the effect of skill on wages using

data from a cohort of children born in 1958, thus presenting the results of a model

which is the first estimated using data which links early life investments received

by individuals to their earnings over their whole of the life cycle. In addition, we

model the investment decisions of two parents, allowing us to consider the role of

assortative mating on the intergenerational persistence of outcomes. Our model is

able to replicate realistic patterns of intergenerational persistence in wages, earn-

ings, wealth and consumption.

We find that approximately one fifth of the variance of lifetime household in-

come can already be explained by characteristics of the parents before individuals

are born. The predictability of earnings pre-birth is due to both the direct effects of

16Note that in this calculation we are comparing costs of the subsidy itself, and not the full costs
and benefits of government provided university education. University tuition was free for mem-
bers of this cohort, but imposed a cost to the government to pay for staff pay and other costs of
universities. See Fu et al. (2019) for an assessment of these additional costs.
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parental characteristics on individual’s skills, and also due to increased investments

of higher educated parents. The share explained rises to over 60% after marriage.

Prior to marriage, the characteristics of one’s future spouse is an important risk;

after marriage one’s spouse becomes an important form of insurance.

We find that an important mechanism generating intergenerational persistence

is the dynamic complementarity between time and educational investments – the

returns to education are higher for high skill individuals. Borrowing constraints

prevent low-income families from investing in education, and this dynamic com-

plementarity reduces the incentive for low-income families to invest in children’s

skill earlier in life. This has consequences for the design of policies that aim to re-

duce intergenerational persistence, such as education subsidies. We find that if such

policies are announced early, parents increase early life investments, leading to a

higher return to the policy. In contrast, if such policies are introduced unexpectedly,

they can even increase the intergenerational persistence in outcomes.



Appendix

4.A Parameter definitions
Table 4.A.1 summarises the parameters that enter the model and which are intro-

duced in the body of the paper (excluding the appendices).

Table 4.A.1: Parameter definitions

Preference Parameters State variables
β Discount factor, annual g ∈ {m, f} Gender
βt+1 Discount factor, between model periods t Model period
νg Consumption weight in utility function ed Educational Attainment
λ Intergenerational altruism parameter at Wealth
1−θ Share of investment time perceived as leisure wg,t Wage
κ0,t ,κ1,t Time to investment conversion parameters

Labor market Household choices
yt Household income cg,t Consumption
τ(.) Net-of-tax income function lg,t Leisure
eg,t Earnings hrsg,t Work hours
ηt Wage innovation tig,t Time investment in children
σ2

η Variance of wage innovation xt Cash transfer (t = 10)
δ j Wage profile parameters

Skill Utility function and arguments
h′t ′ Child’s skill at t ′ u() Single period utility function
γ j Skill production parameters Vt(Xt) Value function
uh Stochastic skill component Xt Vector of all state variables

nt Number of equiv. adults in hh
Assets T Time endowment

(1+ rt) Gross interest rate, between model periods dt Vector of decision variables
r Annual interest rate

Other
Measurement Systems τ Length (years) of period t

ω Vector of child skill and time investment Qg() Marriage probability function
st+1 Survival rate across period t
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4.B Time Periods, States, Choices and Uncertainty

Table 4.B.1 lists all model time periods, parents’ and chilrens’ age in those time

periods, the state variables, choice variables, and sources of uncertainty during those

time periods.

Table 4.B.1: Model time periods, and states, choices and sources of uncertainty during
those time periods

Time Periods
Model period 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Parent generation’s age 0 7 11 16 23 26 33 37 42 49 55 60 65 70 75 80 85 90 95 100
Child generation’s age 0 7 11 16 23

Parent generation’s datasets
NCDS x x x x x
Time use survey x x x
ELSA x

Child generation’s datasets
NCDS x x x

Parent generation’s states
Assets x x x x x x x x x x x x x x x x
Wage of male and female x x x x x x x x x x x x x x x x
Education of male and female x x x x x x x x x x x x x x x x
Children’s gender x x x x x
Children’s skill x x x x x
Children’s education x

Parent generation’s choices
Work hours of male and female x x x x x x x x x x x x x x x x
Time spent with children,

male and female x x x
Consumption, male and female x x x x x x x x x x x x x x x x
Cash transfer to children x
Education of children x

Parent generation’s uncertainty
Wage shock of male and female x x x x x x x x x x x x x x x x
Initial skill of children x
Skill shock to children x x x
Children’s partner x
Children’s initial wage x
Mortality x x x x x x x x x x x

Notes: Between periods 1 and 4 the parent generation makes no choices, and in this sense has no
state variables or uncertainty.
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4.C Data
We use data from the NCDS, ELSA, and UKTUS in our analysis, and use sample

selection rules which are consistent across the three data sets. The sample selection

rules are described in more detail below.

4.C.1 NCDS

Our main data set is the National Child Development Survey (NCDS) which started

with 18,558 individuals born in one week in March 1958. We use the NCDS Data in

three different ways: First, for estimating the skill production functions. Second, for

estimating the income process. And third, to derive moment conditions on marital

matching, education shares, employment rates, the fraction of full-time work. We

explain the samples used for these three purposes in more detail below.

Production function estimation: For the production function estimation, we re-

quire individuals to have a full set of observations on all skill measures, investment

measures between the ages of 0-16, parental education, and parental income (see

table 4.2.1 for a full list of measures). This reduces the original sample of 48,644

observations to 11,596 observations across the four waves considered.

Income process: For the estimation of the income process, we consider the waves

collected at ages 23, 33, 42, 50, and 55, leaving out age 46 due to low-quality

data. This leads to a total of 54,352 observations in adulthood. Of these, we drop

all self-employed people (5,932 excluded), those who are unmarried after age 23

(7,602 excluded), those for who we only have one wage observation (9,909 ex-

cluded) leaving us with 30,909 observations. We trim wages at the top and bottom

1% for each sex and education group.

Moments: For the moments, we exclude all self-employed people (5,932 excluded),

and those who are unmarried after age 23 (7,602 excluded), leaving us with a total

number of observations of 40,818.

4.C.2 ELSA

We use the ELSA data both for asset data at age 60 which we use in our moment

conditions and also for the gift and inheritance data which we use in our moment
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condition. ELSA is a biannual survey of those 50 and older, starting in 2002. We

use data up through 2016.

Although NCDS sample members are asked about assets at age 50, these data

are considered to be of low quality because the data omit housing wealth; thus we

use ELSA instead. For our wealth measure, we use the sum of housing wealth

including second homes, savings, investments including stocks and bonds, trusts,

business wealth, and physical wealth such as land, after financial debt and mortgage

debt has been subtracted.

For the asset moment condition at age 60 we begin with 2746 respondents who

are age 60 at the time of the survey. We drop members of cohorts not born before

1950 (which excludes 1604 observations), unmarried people (which excludes 239

observations), and the self-employed (which excludes 132 observations). Finally,

we have 23 individuals who live in the same household as another ELSA member.

In order to not double count these households, we exclude one observation from

these multi-respondent households, resulting in 748 individuals remaining.

ELSA has high quality data on gifts and inheritances in wave 6 (collected in

2012-2013). In this wave respondents were asked to recall receipt of inheritances

and substantial gifts (defined as those worth over £1,000 at 2013 prices) over their

entire lifetimes. Respondents are asked age of receipt and value for three largest

gifts and three largest inheritances.17 From our original sample of 10,601 in 2012,

we drop members of cohorts not born between 1950-1959 (which excludes 7,223

observations), singles (921 excluded), and self-employed (328 excluded), resulting

in 2,129 individuals remaining. Of these, we only keep individuals for whom both

parents had died by the time of the survey (1107 individuals) and for who we have

information on the father’s education resulting in a final sample of 984 individuals.

Table 4.C.1 compares education shares and median net weekly earnings in

both NCDS and ELSA. The ELSA sample has modestly higher education and lower

earnings, but overall the samples match quite well.

17Only 3.6% of all individuals have three or more large inheritances or bequests (Crawford 2014),
so the restriction is unlikely to signficantly affect our results.



4.C. Data 188

Table 4.C.1: Sample comparison: NCDS and ELSA

Education shares
Male Female

NCDS ELSA NCDS ELSA
Low 16% 20% 22% 26%
Medium 49% 38% 49% 40%
High 35% 43% 29% 34%

Median net weekly earnings in £
Male Female

NCDS ELSA NCDS ELSA
Low 399 315 223 171
Medium 479 383 266 221
High 665 519 399 358

Notes: In NCDS, low education includes no educational qualification or CSE2-5, Medium education
includes O-level or A-level, High education includes higher qualifications or a degree. In ELSA, low
education includes no educational qualification or CSE, Medium education includes O-level or A-
level, High education includes higher qualifications below a degree or a degree. Earnings are median
net weekly earnings in £2013.

4.C.3 UKTUS

Using the measures of parental investments in the NCDS we can construct a latent

time investment index. However, the NCDS does not directly measure hours of

investment time. For measuring hours of investment time we use UKTUS data from

2000-2001. Respondents use a time diary to record activities of their day in 144 x

10-minute time slots for one weekday and one weekend day. In each of these slots

the respondent records their main (“main activity for each ten minute slot”) and

secondary activities (“most important activity you were doing at the same time”),

as well as who it was carried out with. We have diaries for both parents and the

children, but use only the parent diaries.

We construct our measure of time spent with children by summing up across

both parents the ten minute time slots during which an investment activity with

a child takes place either as a main or a secondary activity. Although we know

the number of children and the age of each child within the household, we do not

know the precise age of the child that received the investment; we assume this

to be the youngest child. We include all of the following activities as time spent
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with the child when constructing the investment measure: teaching the child, read-

ing/playing/talking with child, travel escorting to/from education.

Our original sample includes 11,053 diary entries. We keep only married indi-

viduals with a child ≤ 15 yrs (which excludes 6,694 observations), drop households

with more than 2 adults (797 excluded), keep those for whom we have diary in-

formation on both parents for both a weekend day and a weekday (506 excluded),

and keep only 2 child families (1,660 excluded), leaving us with 1,396 remaining

observations: (349 households with 4 entries (weekend, weekday for mum, dad)).

4.D Estimation of the Skill Production, Parental In-

vestment, and Wage Functions

4.D.1 Production Function

The production function for skills that we estimate is as specified in equation (4.11)

in the main text:

h′t ′+1 = α1,t ′h
′
t ′ +α2,t ′invt ′ +α3,t ′invt ′ ·ht ′ +α4,t ′edm +α5,t ′ed f +u′h,t ′ (4.18)

where u′h,t ′ is independent of all other right hand side variables.

4.D.2 Measurement

We do not observe children’s skills (h′), or parental investments (inv) directly. How-

ever we observe j = {1, ...,Jω,t} error-ridden measurements of each. These mea-

surements have arbitrary scale and location. That is for each ω ∈ {h′, inv} we ob-

serve:

Zω,t, j = µω,t, j +λω,t, jωt + εω,t, j (4.19)

All other variables are assumed to be measured without error.

4.D.3 Assumptions on Measurement Errors and Shocks

Measurement errors are assumed to be independent across measures and across

time. Measurement errors are also assumed to be independent of the latent variables
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(skill and investment), the structural shocks, and parental education (u′h,t ′,ed f ,edm).

4.D.4 Normalizations

As mentioned above, skills and investments do not have a fixed location or scale

which is why we need to normalize them. In the first period, we normalize the

mean of the latent factors to be zero which fixes the location of the latent factors. In

all other periods, the mean of the latent factor for skills ht is allowed to be different

from zero although the mean of investment is assumed 0 in all periods. Moreover,

for each period, we set the scale parameter λω,t,1 = 1 for one normalizing measure

Zω,t,1.

Agostinelli and Wiswall (2016) have shown that renormalization of the scale

parameter λω,t,1 = 1 can lead to biases in the estimation of coefficients in the case

of overidentification of the production function coefficients when assuming that

α1,t ′ +α2,t ′ +α3,t ′ = 1 in equation (4.18). This is not the case in our estimation as

we do not assume α1,t ′ +α2,t ′ +α3,t ′ = 1 when estimating equation (4.18).

4.D.5 Intial Conditions Assumptions

Children are born in period t ′ = 1. The mean of h′1, ed f , edm and inv1 are 0 by

normalization and without loss of generality. h′1 depends on parents’ education and

is normally distributed conditional on parents’ education.

4.D.6 Estimation

1. Scale parameters (λ s) and variance of latent factors . Here we estimate the

parameters for the measurement equations for the child skill and investment

latent variables. Using equation (4.19) we can derive the variance of each of

the latent factors:

Cov(Zω,t, j,Zω,t, j∗) = λω,t, jλω,t, j∗ Var(ωt) (4.20)

We have normalised λh,t,1 = λinv,t,1 = 1 to set the scale of ht and of invt . For

each other measure j ̸= 1, and for ω ∈ {h′, inv}, using equation (4.20) we can

show that:
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λω,t, j =
Cov(Zω,t, j,Zω,t, j∗)

Cov(Zω,t,1,Zω,t, j∗)
(4.21)

The model defined in equation (4.21) is overidentified if we have more than

three measures since there are many different combinations of j and j∗ that

can be used here ( j∗ ̸= j). We use GMM with an identity weighting matrix to

estimate the λ s where the moments are all the combinations of measures pos-

sible using equation (4.21). With these estimates of the λ s in hand, we then

estimate Var(ωt) using equation (4.20). This equation is also overidentified

with more than three measures, and again we estimate this using GMM.18

2. Location parameters (µs) in measurement equations At the child’s birth

(t ′ = 1), we normalize the mean of h′1 and inv1 to zero. Therefore:

µh′,1, j = E[Zh′,1, j], µinv,1, j = E[Zinv,1, j] (4.22)

3. Calculation for next step For each measure, we need to calculate a residual-

ized measure of each Z for ωt ∈ {ht , inv}:

Z̃ω,t, j =
Zω,t, j −µω,t, j

λω,t, j
(4.23)

This will be used below in Step 1. Note that:

ωt = Z̃ω,t, j −
εω,t, j

λω,t, j︸ ︷︷ ︸
≡ε̃ω,t, j

(4.24)

It gives skill (or investment) plus an error rescaled to match scale of the skill

(which is also the scale of skill measure 1).

18Note that at age 0 (period t’= 1) and age 16 (period t’= 4), we only have 2 measures
of skill, respectively. To identify λh′,4, j, we use covariances across time. For example, we
use Cov(Zh′,3, j,Zh′,4, j) = λh′,3, jλh′,4, jCov(h′3,h

′
4) and Cov(Zh′,3, j,Zh′,4, j∗) = λh′,3, jλh′,4, j∗Cov(h′3,h

′
4),

thus
Cov(Zh′,3, j ,Zh′,4, j)

Cov(Zh′,3, j ,Zh′,4, j∗)
=

λh′,3, jλh′,4, jCov(h′3,h
′
4)

λh′,3, jλh′,4, j∗Cov(h′3,h
′
4)

. For the normalizing measure Zh′,4, j∗, λh′,4, j∗ = 1, so this

becomes
Cov(Zh′,3, j ,Zh′,4, j)

Cov(Zh′,3, j ,Zh′,4, j∗)
= λh′,4, j.
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4. Estimate latent skill production technology

We will only describe the estimation of the production technology, as the

estimation of the investment equation is analogous. Recall the production

function:

h
′

t ′+1 = α1,t ′h
′
t ′ +α2,t ′invt ′ +α3,t ′invt ′ ·ht ′ +α4,t ′edm +α5,t ′ed f +u′h,t ′

and using equation (4.24) note that we can rewrite the above equation as:

Zh′,t ′+1, j −µh′,t ′+1, j − εh′,t ′+1, j

λh′,t ′+1, j
= α1,t ′(Z̃h′,t ′, j − ε̃h′,t ′, j)+ (4.25)

α2,t ′(Z̃inv,t ′, j − ε̃inv,t ′, j)+

α3,t ′(Z̃inv,t ′, j − ε̃inv,t ′, j) · (Z̃h′,t ′, j − ε̃h′,t ′, j)+

α4,t ′edm +α5,t ′ed f +

u′h,t ′

or

Zh′,t ′+1, j −µh′,t ′+1, j

λh′,t ′+1, j
= α1,t ′Z̃h′,t ′, j + (4.26)

α2,t ′Z̃inv,t ′, j +

α3,t ′Z̃inv,t ′, j · Z̃h′,t ′, j +

α4,t ′edm +α5,t ′ed f +(
u′h,t ′ − ε̃h′,t ′, j − ε̃inv,t ′, j − ε̃inv,t ′, j · ε̃h′,t ′, j +

εh′,t ′+1, j

λh′,t ′+1, j

−α3,t ′(Z̃inv,t ′, jε̃h′,t ′, j + Z̃h′,t ′, jε̃inv,t ′, j)

)
.

OLS is inconsistent here, as Z̃h′,t ′, j and ε̃h′,t ′, j are correlated. We resolve this

issue by instrumenting for Z̃h′,t ′, j using the other measures of skill Z̃h′,t ′, j∗ in

that period.



4.E. Initial Skill 193

Recall that we only normalized the location of factors in the first period, but

have not done so for the subsequent periods (in this case µh′,t ′+1, j). We esti-

mate the location parameter for each measure j by estimating equation (4.26)

using only output measure j on the left hand side. The intercept then identifies

µh′,t ′+1, j.

We estimate all location parameters (the µs) and the α parameters jointly

using equation (4.26) by using a system GMM with diagonal weights. By

using the system GMM we make efficient use of all available measures.

5. Estimate the variance of the production function shocks

The variance of the structural skills shock can be obtained using residuals

from equation (4.26), where πh′,t, j ≡
(

u′h,t ′− ε̃h′,t ′, j− ε̃inv,t ′, j− ε̃inv,t ′, j · ε̃h′,t ′, j+

εh′,t′+1, j
λh′,t′+1, j

−α3,t ′(Z̃inv,t ′, jε̃h′,t ′, j + Z̃h′,t ′, jε̃inv,t, j)

)
:

Cov
(

πh′,t ′, j

λh′,t ′, j
, Z̃h′,t ′, j∗

)
= σ

2
h′,t ′, j for j ̸= j∗

which is true since the measurement errors ε̃ are uncorrelated across measures

and so Cov(ε̃h′,t ′, j, Z̃h′,t ′, j∗) = 0 if j ̸= j∗. As before, these covariances are

overidentified, so we estimate these variances using GMM where the variance

covariance matrix of the σ̂2
h′,t ′, js is estimated using the bootstrap.

4.E Initial Skill

Initial skill at birth is a function of mother’s education level, father’s education

level, and a shock. Using minimum distance methods, we estimate initial skill (after

adjusting for their different scales) as a function of parental education dummies.

We then estimate the variance of the shock analogously to Step 5 in the previous

section. Table 4.E.1 shows the results of the minimum distance, and the variance of

the initial skill shock.
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Table 4.E.1: Initial skill regression

Coefficient SE
Mother’s education

Medium 0.092 (0.041)
High 0.079 (0.103)

Father’s education
Medium 0.066 (0.044)
High -0.007 (0.081)

Constant -0.038 (0.022)
Variance of shock 0.880

4.F Signal to Noise Ratios
Note that using equation (4.19) the variance of measure Zω,t, j = (λ 2

ω,t, j)Var(ωt)+

Var(εω,t, j), where (λ 2
ω,t, j)Var(ωt) comes from the variability in the signal in the

measure and Var(εω,t, j) represents measurement error, or “noise”. The signal to

noise ratios for measure Zω,t, j is calculated in the following way:

sω,t, j =
(λ 2

ω,t, j)Var(ωt)

(λ 2
ω,t, j)Var(ωt)+Var(εω,t, j)

Intuitively, this is the variance of the latent factor (signal) to the variance of the

measure (signal+noise) and thus describes the information content of each measure.

Table 4.F.1 presents signal to noise ratios for skill. At birth, birthweight is the

most informative measure. At age 7, reading, maths, coping, and drawing scores

are all roughly equally informative. At ages 11 and 16, maths scores become the

most informative.

Table 4.F.1: Signal to noise ratios: Skill measures

Age 0 Age 7 Age 11 Age 16
birthweight 0.862 read 0.385 read 0.555 read 0.570
gestation 0.140 maths 0.335 maths 0.942 maths 0.713

copy 0.259 copy 0.104
draw 0.281

Note: At ages 0 and 16, we only have 2 measures of skill.

Table 4.F.2 presents signal to noise ratios for investment. Here we have many
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measures of investment. The most informative measures when young are the fre-

quency of father’s outings with the child, and both mother’s and father’s frequency

of reading to the child. At older ages, the most informative variable is the teacher’s

assessment of each parent’s interest in the child’s education.

Table 4.F.2: Signal to noise ratios: Investment measures

Age 0-6 Age 7-10 Age 11-15
mum: interest 0.164 mum: interest 0.356 mum: interest 0.796
mum: outing 0.270 mum: outings 0.235 dad: interest 0.765
mum: read 0.456 dad: outings 0.166 other index 0.344
dad: outing 0.773 dad:interest 0.386 parental ambition 0.221
dad: interest 0.082 dad:role 0.033
dad:read 0.539 parents initiative 0.206
dad: large role 0.069 parents ambition uni 0.093
other index 0.136 parents ambition school 0.249

library member 0.253

Notes: All investment measures are retrospective, so age 0-6 investments are measured at age 7,
age 7-10 investments are measured at age 11, age 11-15 investments are measured at age 16.

4.G Accounting for Measurement Error in Skill Lev-

els and Wages
We estimate the wage equation laid out in equations (4.4) and (4.5), but allow for

i.i.d. measurement error in wages ut . Using those equations and noting that vt =

δ5h4 +∑
t
k=5 ηk yields:

lnw∗
t = lnwt +ut = δ0 +δ1t +δ2t2 +δ3t3 +δ4PTt +δ5h4 +

t

∑
k=5

ηk +ut (4.27)

for each gender and education group.

In our procedure we must address three issues. First, wages are measured with

error ut . Second, skill h4 is measured with error. Third, we only observe the wage

for those who work, which is a selected sample.

We address issues of selectivity by relying on our panel data as much as is

possible. To address the issue of composition bias (the issue of whether lifetime

high or low wage individuals drop out of the labor market first), we use a fixed
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effects estimator. Given our assumption of a unit root in vt = δ5h4+∑
t
k=5 ηk, which

we estimate to be close to the truth (see Appendix 4.G.1 for estimates that relax

this assumption and allow vt follow an AR(1)), we can allow v5 (the first shock

to wages, age 23) to be correlated with other observables, and estimate the model

using fixed effects. In particular, the procedure is:

Step 0: From equation (4.27) note that:

lnw∗
t = δ1t +δ2t2 +δ3t3 +δ4PTt +FE +ξt

where FE is a person specific fixed effect capturing the time invariant factors

δ5h4 +η5 and ξt is a residual.

Step 1: Estimate δ1, δ2, δ3, δ4 using fixed effects (FE) regression.

Step 2: Predict the fixed effect:

F̂E ≡ ¯lnw∗
t − δ̂1t̄ − δ̂2t̄2 − δ̂3t̄3 − δ̂4 ¯PT t

= δ0 +δ5h4 +η5

= δ0 +δ5Z̃h,4, j +η5 −δ5ε̃h,4, j (4.28)

where the means are over all observations of an individual, e.g., t̄ is the mean

age of an individual over all years she was observed, and h4 = Z̃h,4, j − ε̃h,4, j

and where Z̃h,4, j and ε̃h,4, j have been defined in equation (4.24). The above

equation holds for all measures j. Although the estimated fixed effect, F̂E, is

affected by variability in the sequence of wage shocks {ηt}12
t=5 and measure-

ment errors {ut}12
t=5, this merely adds in measurement error on the left hand

side variable in equation (4.28). However, measurement error on the right

hand side h4 is more serious: we only have the noisy proxies Z̃h,4, j which are

correlated with ε̃h,4, j by construction. We address this problem in the next

step.

Step 3: Using GMM, we project the predicted fixed effect (F̂E) on each measure of
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skill, Z̃h,4, j, and instrument by using the respective other measures, Z̃h,4, j′ , to

obtain δ̂0 and δ̂5. Since we have two measures of skill (reading and math), we

have two equations and two instruments. When reading is the skill measure,

we instrument for this using math, and vice versa. Our GMM procedure ef-

ficiently combines different measures of skill and yields consistent estimates

of δ̂0 and δ̂5 even in the presence of measurement error in the skill measures.

Step 4: Then use covariances and variances of residuals to calculate shock variances.

Substituting a noisy measure of skill into the wage equation (4.27) yields

lnw∗
t = δ0 +δ1t +δ2t2 +δ3t3 +δ4PTt +δ5Z̃h,4, j +

t

∑
k=5

ηk +ut −δ5ε̃h,4, j

where we use the fact that h4 = Z̃h,4, j − ε̃h,4, j as defined in equation (4.24).

Next we define a wage residual that will exist for each skill measure:

l̃nwt, j ≡ lnw∗
t − (δ0 +δ1t +δ2t2 +δ3t3 +δ4PTt +δ5Z̃h,4, j)

=
t

∑
k=5

ηk +ut −δ5ε̃h,4, j

Note that from the measurement equation (4.19), Var(Z̃h,4, j) = Var(h4) +

Var(ε̃h,4, j), where we have previously estimated Var(h4) using equation

(4.20) and Var(Z̃h,4, j) is the variance of the renormalized measures in the

data. We can then back out the variance of the measurement error and plug it

into the following equation to estimate the parameters of the wage shocks:

Cov(l̃nwt, j, ˜lnwt+l, j) =Var(
t

∑
k=5

ηk)+δ
2
5 Var(ε̃h,4, j) for l > 0

Var(l̃nwt, j) =Var(
t

∑
k=5

ηk)+Var(ut)+δ
2
5 Var(ε̃h,4, j)

Step 5: correct the δ parameters for selection. The fixed-effects estimator is iden-

tified using wage growth for workers. If wage growth rates for workers

and non-workers are the same, composition bias problems—the question of
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whether high wage individuals drop out of the labor market later than low

wage individuals—are not a problem. However, if individuals leave the mar-

ket because of a wage drop, such as from job loss, then wage growth rates

for workers will be greater than wage growth for non-workers. This selection

problem will bias estimated wage growth upward.

We control for selection bias by finding the wage profile that, when fed into

our model, generates the same fixed effects profile as in the estimates using

the NCDS data. Because the simulated fixed effect profiles are computed

using only the wages of those simulated agents that work, the profiles should

be biased upwards for the same reasons they are in the data. We find this

bias-adjusted wage profile using the iterative procedure described in French

(2005).

4.G.1 Wage shock process estimates without imposing random

walk

In section 4.5.2, we impose that wage shocks have an autocovariance of 1. Table

4.G.1 shows the coefficients and standard errors when we relax this assumption and

allow the persistence parameter to be different from one. We also report results

from an overidentification test statistic. To do this we initially regress log wages on

age, education, skill and part time status as before, then estimate the process for the

residuals using an error components model where we match the variance covari-

ance matrix of wage residuals. When estimating, we allow for an AR(1) process

with homoskedastic (i.e., with age-invariant variances) innovations and a transitory

shocks in which we allow for heteroskedasticity. We have 5 periods of data, and

thus 15 unique elements of the variance covariance matrix which we treat as mo-

ment conditions for each gender/education group. We estimate the variances of the

transitory shocks (5 parameters), the initial variance of the AR(1) component, the

variance of the AR(1) shocks, and ρ , meaning that we have 8 parameters to estimate

and thus 15-8=7 degrees of freedom, meaning that under the null of correct model

specification our test statistic should be distributed χ2(7). Overall, the model fits
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the data well and we cannot reject the hypothesis of correct model specification for

many groups. Perhaps more importantly, we can see that for all groups except low

educated females, we cannot reject the hypothesis that the persistence parameter is

1. Even for this group, the value of ρ = 0.94. Thus throughout we assume ρ = 1

for all groups.

Table 4.G.1: Estimates for AR(1) process without random walk restriction

Male
Education: Low Medium High
ρ 1.034 0.968 1.027

(0.022) (0.018) (0.019)
Test stat: 10.74 12.96 36.60

Female
Education: Low Medium High
ρ 0.940 0.985 0.971

(0.029) (0.023) (0.023)
Test stat: 35.38 23.56 19.54

This table shows the persistency parameter for an AR(1) wage shock process when we relax the
assumption that the process is a random walk. Bootstrapped standard errors are in parentheses. The
rows entitled “Test stat” show the overidentification test statistic.

4.H Computational Details

This Appendix details how we solve for optimal decision rules as well as our simu-

lation procedure. We describe solving for optimal decision rules first.

1. To find optimal decision rules, we solve the model backwards using value

function iteration. The state variables of the model are model period, as-

sets, wage rates, education levels, childrens’ gender, childrens’ skill, and

childrens’ education. At each model period, we solve the model for 50 grid

points for assets, 10 points for wage rates (for each spouse), 3 education levels

for each spouse, childrens’ gender, childrens’ skill (5 points), and childrens’

education. Because we assume that the two children are identical, receive

identical shocks, and that parents make identical decisions towards the two

children, we only need to keep track of the state variables for one child. Our
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approach for discretizing wage shocks follows Tauchen (1986). The bounds

for the discretisation of the wage process is ± 3 standard deviations. For

skills we use Gauss-Hermite procedures to integrate. We use linear inter-

polation between grid points when on the grid, and use linear extrapolation

outside of the grid.

2. Parents can each choose between between 4 levels of working hours (non-

employed, part-time, full-time, over-time) and in model period t = 6,7 and 8

they can choose between six levels of time spent with children. In all model

periods except t = 10 we solve for the optimal level of next period assets

using golden search. In period t = 10 parents may also transfer assets to

children: we solve this two-dimensional optimization problem using Nelder-

Mead. We back out household consumption from the budget constraint and

then solve for individual level consumption from the intra-temporal first order

condition, which delivers the share of household consumption going to the

male in the household. As this first order condition is a non-linear function

we approximate the solution using the first step of a third order Householder

algorithm. This allows us to use the information contained in the first three

derivatives of the first order condition. We found this method to give fast and

accurate solutions to the intra-temporal problem. Details of this are available

from the authors.

Next we describe our simulation procedure.

1. Our initial sample of simulated individuals is large, consisting of 50,000 ran-

dom draws of individuals in the first wave of our data at age 23. Given that

we randomly simulate a sample of individuals that is larger than the number

of individuals observed in the data, most observations will be drawn multiple

times. We take random Monte Carlo draws of education and assets, which are

the state variables that we believe are measured accurately and are observed

for everyone in the data. For the variables with a large amount of measure-

ment error, or which are not observed for all sample members (i.e., initial
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skill of child, and wages of each parent), we exploit the model implied joint

distribution of these state variables. We assume child’s gender is randomly

distributed across the population.

2. Given the optimal decision rules, the initial conditions of the state variables,

and the histories of shocks faced by both parents and children, we calculate

life histories for savings, consumption, labor supply, time and education in-

vestments in children, which then implies histories for childrens’ skill, educa-

tional attainment. For discrete choice variables (e.g. participation), we eval-

uate whether the choice is the same at all surrounding grid points. If not, we

resolve the household’s problem given each of the household’s choices (e.g.,

work and not work), and choose the value that delivers the highest value. If

so, we take the implied discrete variable, and if any of the continuous state

variables (e.g. assets) is between grid-points, we interpolate to find the im-

plied decision rule.

3. We aggregate the simulated data in the same way we aggregate the observed

data and construct moment conditions. We describe these moments in greater

detail in Appendix 4.I. Our method of simulated moments procedure delivers

the model parameters that minimize a GMM criterion function which we also

describe in Appendix 4.I.

4. To search for the parameters that minimize the GMM criterion function,

we use the BOBYQUA algorithm developed by Powell (2009). This is a

derivative-free algorithm that uses a trust region approach to build quadratic

models of the objective function on sub-regions.

4.I Moment Conditions and Asymptotic Distribution

of Parameter Estimates
We estimate the parameters of our model in two steps. In the first step, we estimate

the vector χ , the set of parameters than can be estimated without explicitly using

our model. In the second step, we use the method of simulated moments (MSM)
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to estimate the remaining parameters, which are contained in the M × 1 parameter

vector ∆ =( β , ν f , νm, γ , λ ,θ ,{κ1,t ′}{t ′=1,2,3}). Our estimate, ∆̂, of the “true” pa-

rameter vector ∆0 is the value of ∆ that minimizes the (weighted) distance between

the life-cycle profiles found in the data and the simulated profiles generated by the

model.

We match data from three different sources. For most of our moments we use

data from the NCDS. However, the NCDS currently lacks high quality asset and

transfer data after age 23, and does not have detailed time use information with

children. For the asset and transfer data we also match data from ELSA, and for the

information on time with children we also use UKTUS.

From the NCDS we match, for three education groups ed, two genders (male

and female) g, T = 5 different periods: t ∈ {5,7,9,10,11} (which corresponds to

ages 23, 33, 42, 50, 55) the following moment conditions: 3×2×T = 6T moment

conditions: employment rates (forming 6T moment conditions), mean annual work

hours of workers (6T ). In addition, from the NCDS we match age 16 skill and

the mean education leaving age, conditional on father’s education level (6 moment

conditions).

From ELSA we match mean lifetime inter-vivos transfers received (1 moment)

and also household median wealth at age 60 (1 moments).

From UKTUS we match mean annual time spent with children, by age of child

(ages 0-7, 8-11, 12-16) and gender and education of parent (18 moments).

In the end, we have a total of J = 86 moment conditions.

Our approach accounts explicitly for the fact that the data are unbalanced: some

individuals leave the sample, and we use multiple datasets, so an individual who

belongs in one sample (e.g., NCDS) likely does not belong to another sample (e.g.,

ELSA or UKTUS). Suppose we have a dataset of I independent individuals that

are each observed in up to J separate moment conditions. Let ϕ(∆; χ0) denote the

J-element vector of moment conditions described immediately above, and let ϕ̂I(.)

denote its sample analog. Letting ŴI denote a J × J weighting matrix, the MSM
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estimator ∆̂ is given by

argmin
∆

I
1+ τ

ϕ̂I(∆; χ0)
′ŴIϕ̂I(∆; χ0),

where τ is the ratio of the number of observations to the number of simulated ob-

servations.

In practice, we estimate χ0 as well, using the approach described in the main

text. Computational concerns, however, compel us to treat χ0 as known in the anal-

ysis that follows. Under regularity conditions stated in Pakes and Pollard (1989) and

Duffie and Singleton (1993), the MSM estimator ∆̂ is both consistent and asymp-

totically normally distributed:

√
I
(
∆̂−∆0

)
⇝ N(0,V),

with the variance-covariance matrix V given by

V = (1+ τ)(D′WD)−1D′WSWD(D′WD)−1,

where S is the variance-covariance matrix of the data;

D =
∂ϕ(∆; χ0)

∂∆′

∣∣∣
∆=∆0

(4.29)

is the J × M gradient matrix of the population moment vector; and W =

plimI→∞{ŴI}. The asymptotically efficient weighting matrix arises when ŴI

converges to S−1, the inverse of the variance-covariance matrix of the data. When

W = S−1, V simplifies to (1+ τ)(D′S−1D)−1.

But even though the optimal weighting matrix is asymptotically efficient, it

can be biased in small samples. (See, for example, Altonji and Segal (1996).) We

thus use a “diagonal” weighting matrix. This diagonal weighting scheme consists

of the inverse of the moments along the diagonal, which will weight more heavily

moments with low means so that they too will contribute significantly to the GMM

criterion function, regardless of how precisely estimated they are.
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We estimate D, S, and W with their sample analogs. For example, our estimate

of S is the J × J estimated variance-covariance matrix of the sample data. One

complication in estimating the gradient matrix D is that the functions inside the

moment condition ϕ(∆; χ) are non-differentiable at certain data points (e.g., for

employment). This means that we cannot consistently estimate D as the numerical

derivative of ϕ̂I(.). Our asymptotic results therefore do not follow from the standard

GMM approach, but rather the approach for non-smooth functions described in

Pakes and Pollard (1989), Newey and McFadden (1994), and Powell (1994). When

calculating gradients we vary step-sizes, then take the average gradient over the

different step-sizes.

4.J Further Details on Model Fit
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Figure 4.J.1: Model fit: full-time work conditional on employment

(a) Women: low educated (b) Men: low educated

(c) Women: medium educated (d) Men: medium educated

(e) Women: high educated (f) Men: high educated

Notes: Figures show fraction in fulltime work at different ages conditional on being employed for
women and men. Empirical data come from NCDS.
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Figure 4.J.2: Model fit: participation

(a) Women: low educated (b) Men: low educated

(c) Women: medium educated (d) Men: medium educated

(e) Women: high educated (f) Men: high educated

Notes: Figures show fraction of individuals employed at different ages for women and men.
Empirical data come from NCDS.
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4.K Identification of the time cost of investments θ

To give some intuition regarding the identification of θ , we use a simplified two

period version of our dynastic model, where we abstract from couples, uncertainty,

and where we assume a linear production function. The household’s state variables

are: education ed, skill h, and their initial assets a1. The parent is altruistic to-

wards their child and incorporate their child’s value function into their problem,

but discounts it by factor λ . Households choose consumption ct , leisure lt , time

investments tit , monetary transfers to their child x′1 and the education of the child

ed′ which can be dropout (D), high school (HS) or college (C). Each education

choice is associated with a price pk, k ∈ {D,HS,C}, which can be interpreted as the

price of foregone labor earnings of the child. The child initially has no other assets

than the monetary transfer from the parent. We first describe the discrete decision

problem of the parent who selects their children’s education level. They maximize

their value function which nests the child’s value function:

V (ed,h,a1) = max
ed′={D,HS,C}

{Ved′=D,Ved′=HS,Ved′=C} (4.30)

where Ved′=k denotes the value of the problem if the parents choose education level

k for their child. The above nests the following decision problem over consumption,

leisure, time investments and asset transfers:

Ved′=k(ed,h,a1) = (4.31)

maxc1,l1,ti1,x′1,c2,l2,ti2 u(c1, l1)+βu(c2, l2)+λV ′(ed′ = k,h′,a′1) (4.32)

subject to:

(1+ r)2a1 +(1+ r)hrs1w1(ab,ed)+hrs2w2(h,ed) =

(1+ r)c1 + c2 + x′1 + ∑
ed′={D,HS,C}

pk1[ed′=k]
(4.33)

h′ = α0 +α1ti1 +α2ti2 (4.34)
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T = θ ti1 +hrs1 + l1 (4.35)

T = θ ti2 +hrs2 + l2 (4.36)

a′1 = x′1,x
′
1 ≥ 0 (4.37)

where (4.33) describes the monetary budget constraint over 2 periods, (4.34) shows

the human capital production function over two periods where α1,α2 are the pro-

ductivity of time investments for final skill. (4.35) and (4.36) are the time constraints

in period 1 and 2, and (4.37) states that initial assets equal the initial parental cash

transfer.

Assuming interior conditions for the choice variables {c1, l1, ti1,c2, l2, ti2} but

allowing the constraint x′1 to bind we can now rewrite this problem and derive opti-

mality conditions:

Ved′=k(ed,h,a1) = maxc1,l1,ti1,x′1,c2,l2,ti2 u(c1, l1)+βu(c2, l2)+λV ′(h′,ed′,x′1)

+µ[(1+ r)2a1 +(1+ r)hrs1w1(h,ed)+hrs2w2(h,ed)

−(1+ r)c1 − c2 − x′1 − pk1[ed′=k]]

+κ(α0 +α1ti1 +α2ti2 −h′)+φ(x′1)

+ζ1(θ ti1 +hrs1 + l1 −T )

+ζ2(θ ti2 +hrs2 + l2 −T )

Euler equation: ∂u
∂c1

= β
∂u
∂c2

(1+ r)

FOC wrt ti1: ζ1θ −κα1 = 0

FOC wrt h′: κ +λ
∂V ′

∂h′ = 0

FOC wrt h′: κ +λ µ ′[(1+ r)∂w′
1(h

′,ed′=k)
∂h′ hrs′1 +

∂w′
2(h

′,ed′=k)
∂h′ hrs′2] = 0

FOC wrt l1:−ζ1 +
∂u
∂ l1

= 0

FOC wrt l2:−ζ2 +β
∂u
∂ l2

= 0

FOC wrt hrs1:−ζ1 +µ(1+ r)w1(h,ed) = 0
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FOC wrt hrs2:−ζ2 +µw2(h,ed) = 0

FOC wrt x′1:−µ +λ
∂V ′

∂x′1
= 0

FOC wrt x′1: µ = λ µ ′(1+ r)2 +φ ⇒ µ ≥ λ µ ′(1+ r)2

From this, we can derive the following optimality condition for investments in pe-

riod 1:

w1(h,ed)θ ≤ α1[
1

(1+ r)2
∂w′

1′(h
′,ed′)

∂h′
hrs′1′ +

1
(1+ r)3

∂w2′(h′,ed′)

∂h′
hrs′2′] (4.38)

This equation is key to understanding the identification of θ . On the left hand

side, we have the marginal cost of investments to the parent which is their wage

times θ – the amount of leisure they lose per hour of time spent with the child. On

the right hand side, we have the marginal benefit of an hour spent with the child;

this is the increase in the present discounted value of the child’s future income from

the hour of investment. The increase equals the productivity of an hour of time α1,

multiplied by the resulting marginal increase in income over the life cycle to the

child. If cash transfers are positive equation (4.38) holds with equality, although if

cash transfers are 0 then it is an inequality. Dividing both sides by w1(h,ed) shows

that we can place an upper bound on θ by calculating the present values of the gain

in child’s lifetime income from one hour of time investment relative to the wage. In

the appendix below we perform exactly this calculation.

4.K.1 Approximating the PDV of time investments

We estimate θ to be 0.049, implying that 95% of time spent with the child is leisure

time. This is surprising, given that some studies have estimated sizeable returns to

early life investments such as Perry Pre-School (e.g. Garcı́a et al. (2020)). Fur-

thermore, many studies have found positive returns to parental investment. To gain

some intuition, we conduct a back-of-the envelope calculation using equation (4.38)

that takes into account the production function of skill, the opportunity cost of time

to parents, and the returns to time investments in the form of higher lifetime earn-

ings of the child.
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In the following calculation, we consider a family with a low educated father.

We assume that at baseline, the amount of time that the family invests in their child

is at the mean in each period and calculate the resulting skill at age 16. We also

calculate the child’s expected lifetime earnings, assuming that the child is male, has

low education, and works 40 hours per week up until age 65.

We then consider the impact of one additional hour per week spent with the

child in the first period of life (0-6). The resulting skill increase translates to a wage

increase of 0.5% at each age, causing lifetime earnings to increase by £5,079 when

not discounted, or by £1,141 when discounting back to age 6 (using an interest rate

of r=0.0469).

To calculate the lifetime costs to the parents of increasing investments by 1

hour per week, we assume that parents have an hourly wage of £9.3, which is the

average expected wage between ages 26-32 for a low educated male. They thus

forgo £9.3× 52 weeks× 6 years = £2,902 when they increase their investment by

1 hour per week during the first childhood stage 1. Thus, the ratio of the NPV of

returns to cost is 1,141
2,902 = 0.39.

4.L Identification of κ

Our structural model maps hours of parental time into future skill. However, the

NCDS has latent investments and future skill. Here we show more on the mapping

between hours of time and latent investments.

As described in section 4.4.1, we assume hours of parental time spent with chil-

dren tim,t ′, ti f ,t ′ are converted to latent investment units invt ′ according to equation

(4.12) which we reproduce here:

invt ′ = κ0,t ′ +κ1,t ′(tim,t ′ + ti f ,t ′)

where κ1,t ′ is the hours-to-latent investments conversion parameter which deter-

mines the productivity of an hour of time and κ0,t ′ is a constant. We allow the κ

parameters to vary by age. With three investment periods and two parameters in

each period, this gives us six parameters to estimate.
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To gain intuition regarding the identification of the κ parameters, recall equa-

tion (4.13) which shows the relationship between time investments and skill:

h′t ′+1 = α1,t ′h
′
t ′ +α2,t ′ invt ′ +α3,t ′invt ′ ·ht ′ +α4,t ′edm +α5,t ′ed f +u′h,t ′

= α1,t ′h
′
t ′ +α2,t ′(κ0,t ′ +κ1,t ′tit ′)+α3,t ′(κ0,t ′

+κ1,t ′tit ′) ·h′t ′ +α4,t ′edm +α5,t ′ed f +u′h,t ′

The top line is the estimating equation using the NCDS data: the α parameters

are estimated using the latent investment, skill, and parental education measures

in the NCDS data. The κ parameters are estimated within the dynamic program-

ming model. Identification of the κ1 parameters comes from the gradients in time

investments tim,t ′ + ti f ,t ′ (from the UKTUS data) by parental education and the cor-

responding skill gradients (from the NCDS). All the α parameters and parental edu-

cation edm,ed f are known. From UKTUS we know that at each age, high education

parents spend more time with their children than low education parents and from

the NCDS we know that at each age the children of high education parents have

higher skill levels, even after controlling for the direct effect of parental education

on skill: α4,t ′edm +α5,t ′ed f . κ1 thus captures how differences in time investments

by parental education translate into differences in skill, controlling for parental ed-

ucation. The κ0 parameters allow us to match mean time investments at different

ages, observed in the UKTUS. The means of hours of time is positive, whereas the

mean of latent investment is 0.

4.M Updating the matching probabilities in counter-

factuals
In Section 4.5.3, we show that marital matching probabilities depend on the edu-

cation level of the male and the female. These probabilities reflect the prevailing

distribution of education levels in the population for the cohort we study. When

evaluating the education subsidy in Section 4.7.4, we must account for the fact that,

in counterfactual settings, the distribution of education levels in the population may
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change, which will lead to changes in the marital matching probabilities. We ac-

count for this in our counterfactuals by allowing matching probabilities to depend

on population education shares.

We estimate these matching probabilities as a function of the distribution of

education levels observed in the population using data from the Family Expenditure

Survey (FES) and its successor surveys from 1978 to 2017. During this time, there

were major changes in the distribution of education, both for men and women. For

example, the share of women with high education increased from less than 10% in

1987 to more than 40% in 2017. We use these data to estimate the following ordered

logit model where for each gender and education level, we estimate the probabil-

ity of matching with someone of the other gender with a certain education level,

conditional on the distribution of education in the population of both genders. For

example, we estimate the probability that an individual of gender g and education

level ed = j partners with an individual of education level edP = i ∈ {low, medium,

and high educated} as:

pi, j,g = Pr
(
edP

j,g = i
)
= Pr

(
κi−1, j,g < xβββ j,g +u ≤ κi, j,g

)
=

1

1+ exp
(
−κi, j,g +xβββ j,g

) − 1

1+ exp
(
−κi−1, j,g +xβββ j,g

) (4.39)

where xβββ βββ βββ j = β1, jSm,low + β2, jSm,medium + β3, jS f ,low + β4, jS f ,med . Sg,ed denotes

the share in the population who are in gender group g and education group ed and

the κi, j parameters are the estimated thresholds for each group. Equation (4.39) is

estimated separately for each education level and gender. In our dynastic model, any

given policy environment generates population shares Sg,ed . These can be used with

the parameters estimated here to deliver the matching probabilities that characterize

the marriage market under the new equilibrium.

4.M.1 Budget Constraints and Income Sources

Constraints Households face an intertemporal budget constraint and a borrowing

constraint:
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at+1 = (1+ rt)(at + yt − (cm,t + c f ,t)− xt) (4.40)

at+1 ≥ 0 (4.41)

where at is the household wealth, yt is household income and xt is a cash transfer

to children that can only be made when the members of the couple are 49 and their

children are 23 (and so xt = 0 in all other periods). The gross interest rate (1+ rt)

is equal to (1+ r)τt where r is an annual interest rate and τt is the length in years of

model period t.

Earnings and household income Household income is given by

yt = τ(em,t ,e f ,t ,e′t , t) (4.42)

where τ(.) is a function which returns net-of-tax income and em,t and e f ,t are male

and female earnings respectively. Before age 16 children’s earnings (e′t) are 0. In

their last period before the ‘Independence’ phase of life (age 16), children can par-

ticipate in the labor market if they are no longer in education. Their parents are

still the decision-maker in this period and any income the children earn is part of

household resources in that period. When not at school in this period we assume the

child works full time. We model the potential income if the child works, and thus

the loss of household income if the child receives additional years of education.

Earnings are equal to hours worked (h) multiplied by the wage rate for each

spouse: eg,t = hg,twg,t .
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