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Abstract. The formulation of mean field games (MFG) typically requires continuous differentia-
bility of the Hamiltonian in order to determine the advective term in the Kolmogorov—Fokker—Planck
equation for the density of players. However, in many cases of practical interest, the underlying op-
timal control problem may exhibit bang-bang controls, which typically lead to nondifferentiable
Hamiltonians. We develop the analysis and numerical analysis of stationary MFG for the general
case of convex, Lipschitz, but possibly nondifferentiable Hamiltonians. In particular, we propose
a generalization of the MFG system as a partial differential inclusion (PDI) based on interpreting
the derivative of the Hamiltonian in terms of subdifferentials of convex functions. We establish the
existence of a weak solution to the MFG PDI system, and we further prove uniqueness under a
similar monotonicity condition to the one considered by Lasry and Lions. We then propose a mono-
tone finite element discretization of the problem, and we prove strong H!-norm convergence of the
approximations of the value function and strong L9-norm convergence of the approximations of the
density function. We illustrate the performance of the numerical method in numerical experiments
featuring nonsmooth solutions.
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1. Introduction. Mean field games (MFG), as introduced by Lasry and Lions
[31, 32, 33] and independently by Huang, Malhamé, and Caines [25], consider the
asymptotic behavior of rational stochastic differential games as the number of players
approaches infinity. Under suitable assumptions, the system of equations consists
of a Hamilton—Jacobi-Bellman (HJB) equation for the value function associated to
the underlying stochastic optimal control problem faced by the players, coupled with
a Kolmogorov—Fokker—Planck (KFP) equation for the density of players within the
state space of the game. MFG systems find applications in a broad range of areas,
such as economics, population dynamics, and mass transport [1, 23, 22]. We refer the
reader to the surveys in [4, 22, 21] for extensive reviews of the literature on the theory
and applications for a variety of MFG problems.

The numerical solution of MFG systems is an active area of research and has led
to various approaches. Monotone finite difference methods on Cartesian grids are con-
sidered in [3, 2, 5]. In particular, under the assumption that the continuous problem
admits a unique classical solution, [2] shows the convergence of the approximations
of the value function in some first-order Sobolev space for the stationary case and in
some Bochner—Sobolev space for the time-dependent case, along with convergence of
the approximations of the density function in some Lebesgue spaces. The assumption
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of the existence of a classical solution was then removed in [5], which showed con-
vergence of the approximations to a weak solution of the system. There is also an
alternative approach to the solution of the problem when the couplings of the sys-
tem are local. In this case, the MFG system can at least formally be related to
the first-order optimality conditions of convex optimization problems, which leads to
other methods based on optimization; see, for example, [6, 11]. Fully discrete semi-
Lagrangian schemes have also been proposed in [13, 14] for first- and second-order
MFG systems.

We now outline the motivation for the present paper. Recall that MFG PDE
systems are derived from models of large numbers of players solving stochastic optimal
control problems. It is well known from stochastic optimal control that, in many
applications of practical interest, the underlying controls may be of the bang-bang
type, which typically lead to discontinuities in the optimal control policies and the
possibility of nonunique optimal controls in some regions of the state space. In turn,
this generally leads to nondifferentiable Hamiltonians, which pose special challenges
for the analysis and numerical analysis of MFG systems.

To illustrate these challenges, we consider as a model problem a stationary MFG
system of the form

(1.1a) —vAu+ H(z,Vu) + ku = F[m) in Q,
(1.1b) —vAm — div (maaH(x,Vu)> +rkm=G(x) in €,
p

along with homogeneous Dirichlet boundary conditions v =0 and m =0 on 92. The
unknowns u and m denote, respectively, the value function and the density function for
the player distribution of the game. Here, the domain 2 C R" is a bounded connected
open set in R®, n > 2, and v > 0 and k > 0 are constants. Precise assumptions on
the data H, F, and G are given below in section 2. The system (1.1) includes as
special cases the stationary MFG model considered in [31] (in which case x and G
vanish) and some models of discounted MFG [19]. However, note that in contrast
to the periodic boundary conditions considered in [31], we consider (1.1) along with
Dirichlet boundary conditions, which arise in models where players may enter or exit
the game, and thus m is not a probability density function in general. This explains
why there is no Lagrange multiplier term in the first equation (1.1a). The source
term G and the term involving « in (1.1) are also relevant in the context of temporal
semidiscretizations of time-dependent MFG systems.

The Hamiltonian in (1.1) is given in terms of components of the underlying sto-
chastic optimal control problem; we therefore consider Hamiltonians H of the form

(1.2) H(a.p):= sup (o(z.0) -p— f(@.c) ¥(r.p) €T R

where A denotes the set of controls, b is the controlled drift, and f is a control-
dependent running cost component set by the underlying stochastic optimal control
problem. For simplicity, we assume that A is a compact metric space and that b :
QAx A—R", f:Qx A— R are uniformly continuous, so that the supremum in (1.2)
is achieved. In many applications, the controls that achieve the supremum (1.2) may
be nonunique for some (z,p) € Q x R™, which often leads to discontinuous optimal
controls of the bang-bang type. In these cases, the Hamiltonian H is then typically
Lipschitz continuous but not differentiable everywhere. However, most works so far
on MFG require differentiable or even C'' Hamiltonians, which can be quite restrictive
in practice.
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Nondifferentiable Hamiltonians pose an immediate and obvious challenge for
analysis since the advective term in (1.1b) is then no longer well-defined in a classical
sense. This leads to the problem of finding a suitable relaxed meaning for the equation
in these situations. From a modeling perspective, this corresponds to the question of
how the players of the game choose among the optimal controls when they are not
unique. To the best of our knowledge, the analysis of MFG with nondifferentiable
Hamiltonians seems to only have been considered in [17] for the special case of Hamil-
tonians of the form H(m,p) =#%(m)|p| for some given function %; see Remark 3.2 for
further comments. Specific examples are presented in [9] showing how the uniqueness
of solutions may fail for nondifferentiable Hamiltonians and nonmonotone couplings;
in these examples, the advective term is unambiguous since the gradients of the value
functions avoid the points of nondifferentiability of the Hamiltonian. Otherwise, the
analysis and numerical analysis of MF'G problems with nondifferentiable Hamiltonians
remain largely untouched.

Our first main contribution in this work is to provide a suitable generalized mean-
ing for the system (1.1) when H is nondifferentiable and to prove results on the exis-
tence and uniqueness of solutions under conditions where they are expected to hold.
Using the fact that the Hamiltonian H is convex with respect to its second argument,
our approach is based on relaxing (1.1b) as the following partial differential inclusion
(PDI):

(1.3) —vAm+ km — G(z) € div(md,H(z,Vu)) in Q,

where 0, H denotes the Moreau-Rockafellar pointwise partial subdifferential of H with
respect to p and the inclusion is understood in a suitable weak sense. The resulting
MFG PDI is then

—vAu+ H(z,Vu) + ku = F[m] in Q,
(1.4) —vAm+ xkm — G(z) e div(mip,H(z,Vu)) in Q,
u=0, m =0, on 0N).

We first prove the existence of weak solutions of (1.4) for rather general problem
data. Then, crucially, we show the uniqueness of solutions for (1.4) for monotone
couplings following the strategy of Lasry and Lions [31, 33], thus extending important
uniqueness results to the case of nondifferentiable Hamiltonians. Our approach is also
significant in terms of the mathematical modeling since it does not require additional
modeling assumptions on how the players choose among the optimal controls when
they are not unique; see Remark 4.2 below for more specific comments.

Our second main contribution is to propose and study a monotone finite element
method (FEM) for approximating weak solutions to the MFG PDI (1.4). In this con-
text, monotonicity of the FEM refers to the presence of a discrete maximum principle.
There is a wide range of approaches to constructing monotone FEMs; see, for instance,
[15, 8, 34, 37, 12]. The discretization considered here is based on the one from [28] for
degenerate fully nonlinear HJB equations, where convergence to the unique viscosity
solution was shown; see also [27, 26]. To keep the analysis as simple as possible, we
concentrate on a monotone FEM where the discrete maximum principle is achieved
via artificial diffusion on strictly acute meshes.

The main result on the analysis of the numerical approximations is given in Theo-
rem 5.4, which shows convergence of the numerical approximations in the small mesh
limit for uniquely solvable MFG PDI systems. In particular, we prove strong conver-
gence in the H'-norm of the approximations to the value function u. We also show
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that the approximations of the density function m converge strongly in L9-norms for
qge[l,2%), 2" = %, as well as weak convergence in H'. For general nondifferentiable
Hamiltonians, a proof of strong convergence in H' of the density approximations is
not currently available due to a lack of continuity in the advective terms of the KFP
equation. However, if some additional continuity is assumed (which holds, for in-
stance, when the Hamiltonian is C'!), then the density approximations also converge
strongly in H'; see Corollary 5.5. We then complement the convergence analysis with
two numerical experiments that illustrate the performance of the method.

This paper is organized as follows. We outline the notation in section 2, and we
formulate the notion of a weak solution for the MFG PDI (1.4) and state the main
results on the continuous problem in section 3. The main results on the analysis
of the continuous problem are then proved in section 4. In section 5, we introduce
a monotone finite element scheme along with main results on the well-posedness of
the method and its convergence. This is followed by the proofs of these results in
section 6. Section 7 presents the results of some numerical experiments.

2. Notation. We denote N:={1,2,3,---} and let n € N, n > 2. For a Lebesgue
measurable set w C R™, let ||-||, denote the standard L?-norm for scalar- and vector-
valued functions on w. Let £ be a bounded, open connected subset of R™ with
Lipschitz boundary 9€2. The n-dimensional open ball of radius r and center xg € R™
is denoted by B, (xg). For a set C CR", we denote its closed convex hull by convC.

We make the following assumptions on the data appearing in (1.4). Let v > 0 and
x>0 be constants, and let G € H~ (). We will say that G € H~1(Q) is nonnegative
in the sense of distributions if (G, ¢) -1, > 0 for all functions ¢ € H(Q) that are
nonnegative a.e. in . Next, let F': L?(Q) — H~1(Q) be a possibly nonlocal operator
that satisfies

2.1a) [E = -1 < e (lzlle +1) Vze L3 (Q),
(2.1b) ||F[m1} — F[mgﬂlH—l(Q) < CQH’ITLl — mQHQ Vmq, mg € LQ(Q),

where c1,co >0 are constants. We will say that F' is strictly monotone if
(22) <F['m1] 7F[m2],m1 7TTL2>H71><H5 <O0=m1=mo

whenever my,my € H} (). Note that although the domain of F is L?(2), the mono-
tonicity condition (2.2) is needed only for arguments in the smaller space H} ().

Ezample 1. The conditions (2.1a), (2.1b), and (2.2) are satisfied by a broad
class of operators. For example, this class includes local operators F : L?(Q) —
L2(Q) of the form F[z](z) = f(2(z)), z € Q, z € L*(Q), where the function f :
R — R is strictly monotone and Lipschitz continuous. This class also includes some
nonlocal operators, such as F := (—A)~!: L2(Q) — H}(Q), where (—A)~! denotes
the inverse Laplacian with a homogeneous Dirichlet boundary condition. In this
case, F is strongly monotone with respect to the H~!(Q)-norm and is thus strictly
monotone in L?(Q). The conditions above also allow some operators of the differential
type. For instance, we can have F : L?(Q2) — H~(Q) defined by (Flz, ) g-1xm1 =
— [ozv-Voda for all z € L*(Q2) and ¢ € Hg(2), where v € C*(Q;R™) is a vector
field that satisfies V-v > 0 in Q. In this case, (F[mi] — Flma],mi —ma) g1,y =
1 Jo(V-v)(my — mp)*da for all my and my in H{(€2), so F is strictly monotone on
H}(Q). This is an example where it is helpful to require monotonicity only on the
smaller space Hg (€2).
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Recall that the Hamiltonian H: Q x R™ — R is defined by (1.2) and that b and f
are uniformly continuous on 2 x A with A a compact metric space. The Hamiltonian
H then satisfies the bounds

(2.3a) |H (2,p)| < ez (Ip] +1) V(z,p) € 2 x R",
(2.3b) |H (z,p) — H(z,q)| < ealp — g V(z,p,q) €A xR" x R,
with cg := max{[[bl|c@x arn) | flc@xa} and ca := ||bll @y arny- It is then clear

that the mapping v+~ H(-, Vv) is Lipschitz continuous from H!(f2) into L?(9).

Given arbitrary sets A and B, an operator M that maps each point x € A to a
subset of B is called a set-valued map from A to B, and we write M : A= B. For the
Hamiltonian given by (1.2), its pointwise Moreau—Rockafellar partial subdifferential
with respect to p is the set-valued map 0,H : 2 x R" = R" defined by

(2.4) OpH (z,p) = {BER”:H(JE,(]) > H(x,p)+b-(q—p) VqGR"}.

Note that 0, H (z, p) is nonempty for all z € Q and p € R™ because H is real-valued and
convex in p for each fixed x € €2. Note also that for the special case of a differentiable
convex function, the (partial) subdifferential at a point is simply the singleton set
containing the value of the (partial) derivative at the point. Furthermore, the subdif-
ferential 9, H is uniformly bounded since (2.3b) implies that for all (z,p) € Q x R”,
the set 9, H(x,p) is contained in the closed ball of radius ¢4 = [[bl| ¢ @« arn) centered
at the origin.

Given a function v € W'(Q), we say that a real-valued vector field b : Q-
R™ is a measurable selection of O,H(-,Vv) if b is Lebesgue measurable and b(z) €
OpH (z,Vu(z)) for a.e. z € 2. The uniform boundedness of the subdifferential sets im-
plies that any measurable selection b of 9, H (-, Vv) must belong to L>(Q; R™). Thus,
the correspondence between a function v € W11(2) and the set of all measurable
selections of 9,H (-, Vv) defines a set-valued map between W1(Q) and L>(Q;R™).

DEFINITION 2.1. Let H be the function given by (1.2). We define the set-valued
map D, H: WH1(Q) = L2 (;R™) by

D,H[v] = {B € L®(%R™) : b(w) € 8, H (2, Vo(x)) for a.e. x € Q} .
We show in Lemma 4.3 below that D, H[v] is nonempty for all v in W1(Q).

3. Continuous problem and main results.

3.1. Problem statement. We now introduce the notion of a weak solution for
the MFG PDI (1.4).

DEFINITION 3.1 (weak solution of (1.4)). We say that a pair (u,m) € Hj () x
H(Q) is a weak solution of (1.4) if there exists a vector field b, € D,H|u] such that
for all v, ¢ € H} (), there hold

(3.1a) / vVu- Vi + H(z, Vu)p + kup dz = (F[m], ¢) g1
Q

(3.1b) / VVm-V(b—le;*'V(;S—angbd:c:(G,(b)Hfleé.
Q
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The weak formulation of the problem given in Definition 3.1 can be reformulated
in terms of a PDI. In particular, recalling the definition of the set-valued map D,H
in Definition 2.1 above, for given m,u € Hg (), let

(3.2)
div(mD,H[u])

= {geH‘l(Q):EIBerH[u] st (9, 0) -1 xm :—/mawdxweﬂg(m}.
Q

In other words, the set div (mD,H [u]) is the set of all distributions in H~!(Q) of the
form div(mb), where b € D,H|[u]. Then the definition of a weak solution in Definition
3.1 is equivalent to requiring that (u,m) € H}(Q) x HZ () solves the following pair
of conditions, which hold in the sense of distributions in H~1(Q):

(3.3a) —vAu+ H(z,Vu)+ ku= F[m],
(3.3b) —vAm+km — G(x) € div(mD,H|[u]) .

Therefore, the PDI system (3.3) is the weak formulation of (1.4).

Remark 3.2. In [17, Definition 3.1], Ducasse, Mazanti, and Santambrogio propose
a definition of weak solutions for problems with Hamiltonians of the form H(m,p) :=
®(m)|p|. In particular, their definition for a weak solution (@, ) involves an advective
velocity term V' in the KFP equation replaced by a possibly nonunique vector field V'
that satisfies the conditions (in the present notation)

(3.4) IV ILe(rny <E(mM), V(z)-Vu(z)=r[m)|Vu(z)| for a.e. z €.

Although it is not stated therein, it is straightforward to check that the conditions
in (3.4) are equivalent to requiring that V belongs to the partial subdifferential
OpH(m, V). Thus, modulo the dependence of the Hamiltonian on the density of
players, our approach significantly generalizes that of [17] to more general nondiffer-
entiable Hamiltonians.

3.2. Main results. The first main result for the continuous problem (3.1) is the
following.

THEOREM 3.3 (existence of weak solutions). There ezists a pair (u,m) € H}(Q) x
H}(Y) that is a weak solution of (1.4) in the sense of Definition 3.1 satisfying

(3.5) Imlz1) < C Gl a-1(0),
(3.6) l|lull g1y < C* (HGHH—l(Q) + 1 flle@xa + 1)

for some constants C*,C** =0 depending only on n, Q, v, [[bl|c@x arn) £, and ci.

The second main result ensures the uniqueness of weak solutions of (1.4) under a
monotonicity condition on F' that is similar to the one that was used by Lasry and
Lions in [33]. Since we also consider problems with source terms, we shall further
require nonnegativity of GG in the sense of distributions.

THEOREM 3.4 (uniqueness of weak solutions). If F' is strictly monotone and G is
nonnegative in the sense of distributions in H=1(S2), then there exists a unique weak
solution pair (u,m) € HE(Q) x HL(Q) to (1.4) in the sense of Definition 3.1.
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Remark 3.5. To avoid any confusion, we stress that Theorem 3.4 guarantees the
uniqueness of the weak solution pair (u,m) under the relevant hypotheses, although
the advective vector field b € D, H[u] that appears in Definition 3.1 may be nonunique.
Note also that the monotonicity condition on F' is similar to the monotonicity con-
dition on the coupling term used by Lasry and Lions in [31] for classical solutions to
ergodic mean field game systems with C' Hamiltonians.

3.3. An example. Let us consider an example problem that motivates the def-
inition of Definition 2.1 and illustrates some challenges that arise in the case of non-
differentiable Hamiltonians.

FEzxample 2. For simplicity, we consider a system in one space dimension,
(3.7) —Ugy + H(ug) = F[m], Mgy — G(x) € (MO H (us)), in Q,

where Q = (—1,1) C R, along with the homogeneous Dirichlet boundary conditions
u=m=0o0n 9N ={-1,1}. We consider a MFG where the control set of the players is
A={-1,1}, where the drift b and running-cost component f are given by b(x,a) =«
and f(x,a)=0 for all @ € A and z € Q. The resulting Hamiltonian in (1.2) therefore
simplifies to H (uy) = sup,e4(aus) = |ug|. Let G(x) = x[—1/2,1/2], Where x[_1/2,1/2]
denotes the indicator function for the interval [—1/2,1/2], and let the coupling term
Flz]:=2z—h+1—x[_1/2,1/9 for all z € L*(Q), where the function h is defined by

2 (1—elel=1) if v €[~1,-1/2]U[1/2,1],

(3.8) h(z):=47 /s . ) ]
3 Z—e 2 = 1f:c€[—1/2,1/2]

Note that G is nonnegative and F is strongly monotone on L?(£2), so (3.7) admits a

unique solution. The problem can be solved analytically, and the exact solution is

S T B

(39) m(e)=h(z), u(z)= {11'9”' pertoet ifeclL 1AVl
e — 5 ifxe[-1/2,1/2].

Furthermore, we find that the unique function b, € DyHlu], for which —mg, —
(b*m)m =G in Qis given by b*|[,1’,1/2] = 1, b*|(,1/2’1/2) = O, and b*|[1/2’1] =—1. To
see that b, is unique, note that if b, € L>(€2) also satisfies —mye — (bym), = G in Q,
then m(b, — b,) is constant in (—1,1). Since m satisfies the homogeneous Dirichlet
condition on the boundary, we deduce that the constant must be zero, and since m is
nonvanishing inside 2, we find that 5* = 3* a.e. in €); thus, 5* is unique.

This example illustrates several points. First, the solution m is not continuously
differentiable in the interior of the domain, and thus m ¢ H?(Q) despite the fact that
F[m] and G are in L?(€). This is due to the jumps in the vector field b, at z = =41/2.
This example shows how loss of smoothness of the solution can occur in the interior
of the domain for problems with nondifferentiable Hamiltonians.

The second point concerns the motivation for choosing the subdifferential D, H|[u]
as the appropriate set for defining the possible advective fields in Definition 2.1. Ob-
serve that in the region (—1/2,1/2), the set of optimal feedback controls is the whole
control set A = {—1,1} since u, = 0 in (—1/2,1/2). However b,(x) ¢ A for all
x € (=1/2,1/2); i.e., b, does not coincide with any optimal feedback policy in this
region. Since b, is unique in this example, it is then clear that in Definition 2.1, we
cannot generally require that b, necessarily belong to smaller sets than D,H[u], such
as the set of drifts generated by optimal feedback policies.
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4. Analysis of the continuous problem.

4.1. Preliminary results. We begin by introducing the pointwise maximizing
set of the Hamiltonian. Define the set-valued map A: Q x R = A by

(4.1) A(z,p) := argmaxae4{b(z,a) -p— f(x,a)} V(z,p) €N xR".

Note that A(z,p) is nonempty for all z € Q and all p € R™ since A is compact and
the functions b and f are uniformly continuous. The following lemma, which is a
consequence of [7, Proposition 4.4], shows the link between the sets of maximizing
controls and the subdifferentials of the Hamiltonian.

LEMMA 4.1. Let H be given by (1.2). Then
(4.2) OpH (z,p) =conv {b(z,a) :a € A(z,p)} V(z,p) € Q2 xR".

Remark 4.2. Lemma 4.1 offers some insight into the significance of the term b,
appearing in Definition 2.1 from a modeling perspective. Indeed, it shows that for
a.e. x € €, l;*(:v) is in the closed convex hull of the set of drifts generated by the
optimal controls from A(z, Vu(z)). This suggests that the players in the same region
of state space can make distinct choices among nonunique optimal controls, leading
to an aggregate advective flux for the player density.

To show that D, H possess nonempty images, we introduce an auxiliary set-valued
map. For a given v € W(Q), let A[v] denote the set of all Lebesgue measurable
functions a* : Q — A that satisfy a*(z) € A(x, Vu(x)) for a.e. z € Q. We will refer to
each element of Afv] as a measurable selection of A(-,Vu(-)). It is known that Afv]
is nonempty for each v € WH1(Q) (see, e.g., [36, Theorem 10]), where the proof of
the existence of measurable selections ultimately rests on the Kuratowski and Ryll—-
Nardzewski selection theorem [30]. We now show that the set-valued map D,H has
nonempty images.

LEMMA 4.3. For each v € WH1(Q), the set D,H[v] is a nonempty subset of
L (Q;R™), and we have the uniform bound

(4-3) sup _ sup ”BHLOO(Q;R") SHbHC(ﬁxA;Rn)-
vEWL(Q) |beD, Hv]

Proof. Let v e W11(Q) be given. We need to show D, H[v] is nonempty. Nonempti-
ness of A[v] implies that there exists a Lebesgue measurable map a* : & — A such
that o*(z) € A(z, Vo(z)) for a.e. z € Q, and thus H(x, Vu(z)) =b(z,a*(x)) - Vu(z) —
f(z,a*(x)) for a.e. x € Q. Now suppose ¢ € R™ is arbitrary. We find by definition of
H(z,q) that for a.e. z €Q,

H(z,q) > b(z,0"(2)) - ¢ — f(z,a"(z))
=b(z,a"(x)) - ¢+ H(z,Vov(x)) — b(z,a™(x)) - Vu(z)
=H(z,Vv(z))+b(z,a”(x)) - (¢ — Vv(z)).
It follows then that b(z,a*(z)) € 9,H (z, Vu(x)) for a.e. x € Q. Furthermore, we have
b(-,a"(+)) € L= (5 R™) since [[b(-, a* ()| L (@irn) < [|bllo@x.arn)- Hence, DpH|v] is
nonempty, as claimed. Finally, the bound (4.3) follows immediately from the fact that

for all (z,p) € @ x R™, the subdifferential set 0, H (x,p) is contained in the closed ball
of radius [|b]|oqx a.rn) centered at the origin. |

The following lemma shows that D, H has a certain closure property with respect
to convergent sequences of its arguments and their measurable selections.
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LEMMA 4.4. Suppose {v;};en C H'(Q), {b;}jen C L= (;R™) are sequences such
that b; € DyHlv;] for all j € N. If v; — v in H'(Q) and b; =* b in L>®(;R") as
j— o0, then b€ D,H|v].

Proof. Introduce the set Y := {v € L?(Q) : v(x) > 0 for a.e. z € Q} of nonnegative
a.e. functions in L?(Q), and note that Mazur’s theorem implies that Y is weakly closed
in L?(Q) since it is convex and strongly closed. Let ¢ € R" be a fixed but arbitrary
vector. Define the sequence of real-valued functions {w;}52, C L*(2) by

(4.4) wj(x) = H(z,q) — H(z,Vv;(z)) = bj(x) - (¢ = Vu;(2))

for each j € N and a.e. z € Q. It follows from the definitions of the subdifferential sets
(2.4) and Definition 2.1 that w; € Y for each j > 1. The hypothesis of strong con-
vergence of {v;};en and weak-* convergence of {I;J }jen implies the weak convergence
wj = w in L*(Q), where

(4.5) w(z) = H(z,q) — H(z, Vo(z)) = b(z) - (¢ — Vo(z))

for a.e. z € Q. Since Y is weakly closed, it follows that w € Y. Since ¢ € R" is
arbitrary and since R™ is separable, we conclude that b € D, H[v]. d

4.2. Existence of weak solutions. In this section, we prove Theorem 3.3. To
begin, we introduce notation describing a collection of linear differential operators in
weak form. Given Cy > 0, let G(Cp) denote the set of all operators L : H}(2) —
H=1(Q) of the form

(4.6) (Lu, v) 15 :/ vVu-Vu+b-Vuv + cuvde,
Q

where the coefficients satisfy
(4.7) HE”LOQ(Q;R?@) + [lefl Lo (@) < Co and ¢ >0 a.e. in Q.

Moreover, given an operator L € G(Cp) for some Cy > 0, we define L* : H} () —
H~Y(Q), the formal adjoint of L, by (L*w,v) g1y = (Lo, w) g1, gy for all w,v €
HL(Q). The invertibility of operators L and their adjoints L* from the class G(Cp)
is well known and follows from the the Fredholm alternative together with the weak
maximum principle and the comparison principle (see [20, Chapters 8 and 10]). In the
analysis below, we will use the following stronger result, which shows that for fixed
Cy, there is a uniform bound on the norm of the inverses of all operators and their
adjoints from the class G(Cyp).

LEMMA 4.5. Let Cy > 0 be given. For every operator L € G(Cy), both L and
L* are boundedly invertible as mappings from HE(Q) to H=1(Q), and there ezists a
constant Cy >0 depending on only 2, n, v, and Cy such that

< (.

—1 *—1
(48) sup HlELX{HL ||£(H_1(Q)7H8(Q))7 L H,C(Hl(ﬂ),Hé(Q))} -

Leg(Co)

Moreover, we will use the following result, which guarantees both well-posedness
for a class of HJB equations in weak form and a useful continuity property.
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LEMMA 4.6 (well-posedness of the HJB equation). Let m € L?(Q) be given. Then
there exists a unique u € Hg () such that

(4.9) / YV Vi + H(z, V) + s de = (Flm), ) e Vi € H(Q).
Q

There exists a constant Cy depending only on Q, n, v, k, ”bHC(ﬁxA-R")? and ¢y such
that

(4.10) el ey < Co (Imlla + 1 Flon +1)

Moreover, the solution u depends continuously on m; i.e., if {mj}jeN C L3(Q) is
such that m; — m in L?() as j — oo, then the corresponding sequence of solutions
{uj}en C HL(Q) to the problem (4.9) converges in Hi () to the unique solution u of
(4.9).

The proofs of Lemmas 4.5 and 4.6 are given in Appendix A for completeness. We can

now show the existence of weak solutions to (1.4) in the sense of Definition 3.1 by a
fixed point argument.

Proof of Theorem 3.3. We start by developing an iterative sequence of function
pairs {(u;,m;)}jen in H(Q) x H} () as follows: Let my € H{(2) be given. Then for
each j > 1, we define inductively u;, m; 41 € H () as the unique solutions of

(4.11) / vVu; Vo + H(z,Vuj)p + sujp de = (Flmgl, o) g-1ms VY € H}(Q),
Q
(4.12)
/QZ/ijH : V(b + mj+15j . qu + ij+1¢dl‘ = <G, ¢>H—1><H5 V¢ S H&(Q),

where Bj is chosen from D, H[u;]. Note that the unique solvability of (4.11) is given
by Lemma 4.6. Then the existence of a choice Ej € D, H|u;] is assured by Lemma 4.3,
and the unique solvability of (4.12) follows from Lemma 4.5. We consequently obtain
sequences {m;}jen C H3(Q), {u;j}jen C H3(Q), and {b;}jen C L®(2;R™). Note that
the sequence {b;};jen is uniformly bounded as a result of (4.3). Since L'(;R") is
separable and thus the unit ball of L>(Q;R"™) is weak-+ sequentially compact, we
may pass to a subsequence, without change of notation, that satisfies l;j —* p, in
L>(Q;R™) for some b, € L*°(2;R™) as j — oco. Furthermore, Lemma 4.5 implies that
there exists a constant C such that

(4.13) lmjiillar ) <CillGllr-1@) VjeN,

and thus {m;} ey is uniformly bounded in H{ (). By the Rellich-Kondrachov com-
pactness theorem, we may pass to a further subsequence, without change of notation,
that satisfies m; —m in H}(Q) and m; — m in L*(Q) for some m € HJ () as j — occ.
Hence, from (4.13) and the weak convergence of {m;};en to m in Hj(£2), we find

(4.14) Il 0) < CrlIGllr-1(0)-

Moreover, since b; —* b, in L=(Q;R™) and since m; — m in L*(Q), we have mb; —
mb, in L2(;R™) as j — co. Therefore, we may pass to the limit in (4.12) to find that

(4.15) /z/Vm-Vqﬁerl;*-V¢+%m¢daﬁ=<07¢>H—le(g Vo € Hy(9).
Q
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Due to the property of continuous dependence of solutions of the HJB equation on
the data, as stated in Lemma 4.6, the sequence u; converges to u € H} (), which
solves

(4.16) /uVu-Vw—i—H(x,Vu)d)—l—mu/de:(F[m},w)H_leé Vip € HY ().
Q

The fact that b, € D, H|u] follows directly from Lemma 4.4. Thus, it is seen from
(4.15) and (4.16) that (u,m) is a weak solution pair of the MFG PDI system in the
sense of Definition 3.1. The bounds (3.5) and (3.6) then follow directly from (4.14)
and (4.10). |

4.3. Uniqueness of weak solutions. Using Definition 2.1, in addition to a
strict monotonicity condition on F' and the nonnegativity of G in the sense of dis-
tributions in H~1(Q), we obtain the uniqueness of weak solutions in the sense of
Definition 3.1 through a monotonicity argument similar to [33].

Proof of Theorem 3.4. Suppose that there exist (u;,m;), ¢ € {1,2}, which each
satisfy (3.1) with

(4.17a) / vVu; - Vi + H(x, Vug )Y + kugp de = (Flma], 0y g-1cmy VY € Hp (),
Q

(4.17b) / vVm; - Vo +mib; - Vo + kmi¢de = (G,d) -1xm Vo e Hy(Q)
Q

for some b; € D, H|u;]. Since G is nonnegative in the sense of distributions in H~1(Q2),
the comparison principle (see the proof of [20, Theorem 10.7]) applied to (4.17b)
implies that m; > 0 a.e. in Q for each ¢ € {1,2}. After choosing as test functions
Y =mq —mgo and ¢ =uy —ug in (4.17) and subtracting the equations, we eventually
find that

(418) / m1>\12 + m2)\21 dx = <F[m1] — F[mg],ml - m2>H71><H3,
Q

where the functions A;; are defined by
(4.19) Nij = H(-,Vu;) — H(-, Vuy) +b; - V(uj —ug), i,5€{1,2}.

By definition of D,H][u,], in particular that b;(z) € 8,H(x, Vu;(x)) for ae. z €
Q, we see that A\;; < 0 ae. in Q for 4,5 € {1,2}. Therefore, (4.18) implies that
(Flma] = F[ma],m1 — ma)g-1, gz < 0, and thus the strict monotonicity condition
(2.2) on F implies that m; = mo. Consequently, u; and wus satisfy (4.17a) with
identical right-hand-side F[mj] = F[mz]. Therefore, Lemma 4.6 implies that u; =
ug. This shows that there is at most one weak solution to (1.4) in the sense of
Definition 3.1. 0

Remark 4.7. In cases where the MFG PDI (3.1) admits a unique solution (u,m),
the collection of transport vectors b, € D,H|[u] for which (3.1) holds constitutes an
equivalence class of vector fields under the following equivalence relation: For vector

fields 51,52 S DpH[U],
by ~ by if and only if / mby - Vo da :/ mby - Vodr Vo€ Hi ().
Q Q

Therefore, whenever l~71,l~)2 are in the above equivalence class, div(mBl — ml~12) =0in
the sense of distributions in H _~1(Q) For instance, in three space dimensions, this
implies that the vector mby — mbs is the curl of a vector potential in a distributional
sense.
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5. Monotone continuous Galerkin finite element scheme. In this section,
we introduce a monotone finite element scheme for approximating solutions to the
weak formulation (3.1). In the following, we shall further assume that Q is a poly-
hedron in addition to the earlier assumption that it is a bounded connected open set
with Lipschitz boundary.

5.1. Notation. A mesh T is a collection of closed n-dimensional simplices, called
elements, K with nonoverlapping interiors that satisfy Q = xer K. Each vertex of
an element K of a given mesh is called a node of the element. A face of an element
K €T is the convex hull of a collection of n nodes of K, which has positive (n — 1)-
dimensional Hausdorff measure (cf. [16]). For instance, when the space dimension
n =2, each face of an element K € T is one of its three edges. We will always assume
that a given mesh 7 is conforming (or often called matching) [16]; i.e., for any element
K €T with nodes {xq, - ,2,}, the set 9K NOK’ for each element K’ € T, K' # K, is
the convex hull of a (possibly empty) subset of {zg, -+ ,z,}. Let {7k }ren be a given
sequence of conforming meshes. For each k € N, let the mesh size of a given mesh Ty,
be defined by hj, := maxge7, diam(K'). We assume that hy, — 0 as k — co. We assume
that {7y }ren is shape-regular; i.e., there exists a real-number 6 > 1, independent of
k € N, such that Vk € N, VK € Ty, diam(K) < dpg, where pg denotes the radius of
the largest inscribed ball in the element K. We assume in addition that the family of
meshes {7x }ren is nested; i.e., for each k € N, the mesh 71 is obtained from Ty via
an admissible subdivision of each element of 7T, into simplices.

Given an element K, we let P;(K) denote the vector space of n-variate real-
valued polynomials of total degree 1 that are defined on K. The discretization of the
continuous problem (3.1) is based on the following finite element spaces:

Vie:={v e H}(Q):v|x €PL(K) VK €T} VkeN.

Given k € N, the space V}, admits a unique nodal basis of hat functions that we denote
by {&1,--- ,&nN, }, which corresponds to a maximal collection of nodes {x1,--- ,zn, } of
the mesh 7y, such that &;(z;) = d;; for 4, j € {1,--- , Ni}, where §;; is the Kronecker
delta. Moreover, Vj, inherits the standard norm on H} (), and we denote this norm by
@llvi. == |l 51 () for ¢ € V.. Note that due to nestedness of the sequence of meshes
{7k} ren, Vi is a closed subspace of Vi1 1 for each k € N. In addition, the union ( J; ¢ Vi
is dense in H} (). We let V;* denote the space of continuous linear functionals on
Vi, with the standard norm denoted by || - |ly;+. For any operator Z : Vi — V)*, we
define the adjoint operator Z* : Vi, — V¥ by <Z*w,v>ka«ka = (Zv,w)vngk for all
w,v € Vg.

Let k € N be given. For K € T, we denote by {wﬁ0,~-- ,w,ﬁfn} C Vi the set of
nodal basis functions associated with the n + 1 nodes of K and let
(5.1) ok .= diam(K) ogliiéln ‘Vw,ﬁm , of= II(Iél%C ok
We note that due to the shape regularity of the family of meshes {7 }ren, there exist
constants ¢, > 0, independent of k € N, such that

c<of<7 VkeNl.

We assume in addition, for subsections 5.2 and 5.3 and section 6, that the family
of meshes {7y }ren is strictly acute [12] in the following sense: There exists 6 € (0,7/2),
independent of k € N, such that for each k € N, the nodal basis {&1, -+ ,&n, } of Vi
satisfies
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(5.2) V&"ij‘[(S—Sin(9)|vgi|K||V€j|K‘ V1<i,j< Ny, i#jVKeT.

The condition (5.2) can be interpreted geometrically. For instance, in two space
dimensions, the strict acuteness condition (5.2) indicates that the largest angle of a
given triangle K € Ty is at most 7 — 6, while in three space dimensions, (5.2) indicates
that each angle formed by the six pairs of faces of any tetrahedron K € 7y is at most
5 — 0 (see [12]).

5.2. A monotone FEM. The proof of the uniqueness of weak solutions of
(3.1) uses the comparison principle of elliptic operators (see section 4). In order to
preserve this approach on the discrete level, we consider here approximations by a
monotone FEM that satisfies a discrete maximum principle (see, e.g., [15]). As such,
we will consider a finite element discretization of (3.1) that employs the method of
artificial diffusion on strictly acute meshes [12, 28] to ensure nonnegativity of the
approximations for the density.

We introduce a family of artificial diffusion coefficients that will be used in the
finite element discretization of (3.1). Let > 1 be a fixed constant. Then for each
k € N, we define the artificial diffusion coefficient 7 : 2 — R elementwise over Ty by

bl oy amnydiam(K) + kdiam (K )?
(5.3) gk :=max ,uH lo@xam ( ) ) -v,0] VKEeT.
ok sin(6)

With the artificial diffusion coefficients {~x }ren given by (5.3), the P1-continuous
Galerkin finite element discretization of (3.1) that we consider is the following: Given
keN, find (ug,mi) € Vi, x Vi, such that there exists by, € DpH[ug] satisfying

(5.4a)
/Q(l/ +96) Vug - Vo + H (2, Vug )y + kugp de = (Flme], ) g1 gz VY € Vi,

(5.4b) / (v + ) Vg - Vo + myby - Vo + smypéde = (G, D) 1% H} Vo e V.
Q

Remark 5.1 (basic properties of artificial diffusion coefficients). We observe some
key properties of the artificial diffusion coefficients given by (5.3). First, for each
k €N, 7, is in L*°(Q), constant elementwise, and nonnegative a.e. in Q. Moreover,
there holds supy,cy [|& || L (@) < oo due to the shape regularity of the family {7 }ren.
Second, since the sequence of mesh sizes {hy}ren satisfies hy — 0 as k — oo by
assumption, there exists k, € N, which depends on v, u, 6, , and Hb”C(ﬁxA;R")v such
that for all k> k,, we have v, =0 a.e. in ). Hence,

(5.5) Vel oo @) =0 Yk >k,

and thus we recover consistency of the discrete problems (5.4) with the continuous
problem (3.1) in the limit as the mesh size vanishes. More generally, it is well known
that the inclusion of artificial diffusion provides sufficient but not always necessary
conditions for obtaining a discrete maximum principle.

5.3. Main results. We can now state the main results concerning the finite
element scheme (5.4). The first result concerns the existence of solutions to (5.4).

THEOREM 5.2 (existence). For each k € N, there exists a discrete solution pair
(ug,mp) € Vi X Vi that solves (5.4). Moreover, there exist constants C7,C5 > 0,
independent of k € N, such that
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(5.6a) sup [|m | m1 (o) < CTIIGlla-1(0)5
ke

(5.6) sup 110 < 5 (G -2c0 + ey 1)

Next, the uniqueness of solutions to (5.4) holds under the same monotonicity and
nonnegativity assumptions of Theorem 3.4.

THEOREM 5.3 (uniqueness). Suppose that the coupling term F is strictly mono-
tone and G is nonnegative in the sense of distributions in H=1(Q). Then for each
k €N, there exists a unique discrete solution pair (ug,my) € Vi X Vi, to (5.4).

The proofs of Theorems 5.2 and 5.3 are given in section 6 below.
We now state the first main result on the convergence of the scheme (5.4).

THEOREM 5.4 (convergence). Assume that the coupling term F is strictly mono-
tone and G is nonnegative in the sense of distributions in H=1(Q). Let (u,m) denote
the unique pair that solves (1.4) in the sense of Definition 3.1, and let {(ug, mi)}ken
denote the sequence of solutions generated by (5.4). Then as k — oo,

(5.7) up —u in HY(Q), mp—m in LUQ), mp—m in Hy(Q)

for any q € [1,2*), where 2* =00 if n=2 and 2*:% ifn>3.

In general, the strong convergence of Vmy to Vm in L?(Q;R") is not known.
The difficulty lies in the fact that it appears possible that the sequence {Ek}keN
might be such that there is no subsequence that converges in a sufficiently strong
sense. However, under additional conditions, the weak convergence of the density ap-
proximations in H}(Q) can be improved to strong convergence. This is the case,
for instance, if the Hamiltonian H given by (1.2) is such that partial derivative
%—H exists and is continuous in 2 x R™. In fact, a weaker hypothesis than this
can be formulated that ensures strong convergence of the density approximations

in H}(Q).

COROLLARY 5.5 (strong H!-convergence for density approximations). In addi-
tion to _the hypotheses of Theorem 5.4, suppose that the sequence of transport vector
fields {by. }ren from (5.4) is precompact in L*(§;R™). Then my, converges to m strongly
in H(Q) as k — co.

Remark 5.6. The compactness hypothesis on the sequence of transport vector

fields introduced above is satisfied when the partial derivative %—g exists and is con-

tinuous in © x R”. Indeed, in this case, by, = %—I;(w,Vuk) in L (Q;R™) for all k€ N.
With the strong convergence of the value function approximations in HL(Q) guar-
anteed by Theorem 5.4, it is easy to see that the entire sequence {by}ren converges
strongly to %—H(x,Vu) in L*(2;R™) for any s € [1,00). Hence, the sequence is pre-

compact in L' (Q;R™).
6. Analysis of the monotone finite element scheme.

6.1. Stabilization of linear differential operators. We will say that a linear
operator L : Vi — V;* satisfies the discrete mazimum principle provided that the
following condition holds: If w € V}, and (Lw, §i>vk* xv, > 0forallie{1,---, Ny}, then
w > 01in Q. For the analysis of (5.4), we introduce a collection of linear operators that
are perturbations of discrete relatives to the operators considered in the continuous
setting of Lemma 4.5. Recall the definition of the sequence {7;}ren given in (5.3).

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/28/24 to 2.102.7.55 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

152 YOHANCE A. P. OSBORNE AND IAIN SMEARS

For each k € N, let W}, denote the collection of linear operators L : Vj, — V,* of the
form

<Lw,v>vk*ka ::/(1/+Wk)Vw-Vv+l~)-va+muvdx Yw,v € Vg,
Q

with b : ) — R" denoting a Lebesgue measurable vector field satisfying the uniform
bound [[b[| e (urn) < ||b\|c(§XA;R,,).

By adapting the proof of [12, Theorem 4.2] and [28, section 8], we obtain the
following result, which will assist with ensuring nonnegativity of finite element ap-
proximations {my }ren of the density function and proving convergence of the scheme
(5.4).

LEMMA 6.1 (stabilization via artificial diffusion). Given k € N, each operator
L €Wy, and its adjoint L*, satisfy the discrete maximum principle.

6.2. Well-posedness. First, we establish that the numerical scheme (5.4) is
well-posed; i.e., it admits a unique numerical solution for each k € N. Suppose Cy >0
is given. Fundamental to the conclusion of Lemma 4.5 is the fact that operators from
G(Cp) and their adjoints are invertible as maps from H}(Q) into H~1(Q). We will
employ a discrete version of Lemma 4.5 in the analysis of (5.4).

LEMMA 6.2. There exists a constant C7 >0, independent of k € N, such that

L*‘1H <Cy.
L(Vy Vi)

Proof. Tt suffices to show that for any k € N and any operator L € Wy, we have

6.1 L vy
o g e {1 e

*

|2
L(ViE Vi) 1

for some constant C7 > 0 independent of k € N. Once proved, an application of
the Hahn—Banach theorem allows us to deduce that for any k& € N and any operator
L € Wy, we also have "L_1‘|L(Vk*,vk) <Cfy.

Let k € Nand L € Wy, be given. We know by Lemma 6.1 that operators L and their
adjoints L* satisfy the discrete maximum principle. Since Vj is a finite dimensional
vector space and L : Vj, — V;* is a linear map, the discrete maximum principle ensures
the invertibility of both L and L* as maps from V}, to V;*. Moreover, for each f € V)",
the unique solution uy € Vj, to the equation L*u, = f in V;* satisfies the following
Garding inequality for some constant C* > 0 that is independent of k:

(6.3) [kl ) < C* (I1f v + lawlle) Ve Vg

Suppose for contradiction that (6.2) does not hold. Then for every integer j € N,
there exists an integer k; € N and an operator L; € Wy, such that

(6.2)

x—1

57| |
H Polle(ve vy ) =

with the sequence {k;};en strictly increasing. This implies, together with (6.3), that
there exist sequences {t;}jen C Hg(Q2) and {f;}jen C Vi such that

(6.4a) =L €V, fieVE, IElla=1 VjeEN,

*

C
J—C*

(6.4b) Hfj||vk*j < Vj>C*.
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In particular, for all j € N, there holds
(65) <L;ﬂj, ’U>Vk*j X Vi, = /Q(I/ + ")/kj)VEj -Vou + Uji)j -Vou + KU ;v dz = <fj, U>V’:j x Vi,

for all v € Vi, with some b, satisfying the uniform bound ||b; 2o (@rn) <110l c@x.airn
by definition of the inclusion L; € Wy,. Garding’s inequality (6.3) and (6.4b) imply
that there exists a constant C' > 0, independent of j, such that ||7;|| g1 () < C for all
j € N. Since the sequence {Bj }ien C L*°(Q;R™) is uniformly bounded, we may pass
to a subsequence without change of notation to get, as j — oo,

(6.6a) u; —~7uin Hg(Q), w;—ain L*(Q),
(6.6b) b; —* b, in L=(Q;R™).

Let v; € V; be given for some fixed | € N. By nestedness subspaces {Vj}ren in
HL(Q), we get by (6.5) that

(6.7) /QVVﬂj -V, Jrﬂjgj -V + kT v de + /Q Vi, Vi - Vuydo = <fj7Ul>V;j X Vi,

for all j € N such that k; > 1. We have for all [ € N that (f;,vi)v,; Vi, = 0asj— oo

by (6.4b). Moreover, uniform boundedness of the sequence {u;}jen in H{ () and
(5.5) imply that

=0 VleN

Jj—o0

lim )/ Vi Vu; - Vyydz
Q

Recalling (6.6a), (6.6b), we send j — oo in (6.7) to then obtain
/Quw.vm +7b, - Vo + kv dz =0 VIEN,
Since | was arbitrary, density of the union |J;cy Vi in H}(£2) allows us to conclude
/QI/VE~V¢>+EB* Vo + kugpdr =0 VYo Hi(Q).

Thus, u solves an elliptic equation with an operator that is the adjoint of an operator
from the class G(Cp) for some constant Cy. Lemma 4.5 then implies that @ = 0 in
H}(Q) necessarily, contradicting the fact that |||l = 1, which follows from (6.4a)
and (6.6a). Hence, (6.1) is proved for some constant C} independent of k € N, as
required. ]

By using Lemma 6.2 and Schaefer’s fixed point theorem, in a fashion similar to the
proof of Lemma 4.6, we obtain a well-posedness result for the discrete HJB equation
in (5.4).

LEMMA 6.3. Let k € N be given. Then for each m € L*(Q), there exists unique
uy € Vi such that

(6.8) / (v +7)Vug - Vi + H(z, Vug)Y + kugtp de = (F[m], ¥) g1 cgg VY € Vi,
Q
There exists a constant CY, independent of k € N, such that

(6.9) lurl| o) < CF (|\W|Q+Hf||c@x,4)+1>-
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Moreover, the solution uy, depends continuously on m; i.e., if {mj}jeN C L*(Q) is
such that m; — m in L?(Q) as j — oo, then the corresponding sequence of solutions
{u;}en C Vi to (6.8) converges in Vi to the solution uy of (6.8).

Proofs of Theorems 5.2 and 5.3. Let k € N be given. We deduce the existence
of discrete solutions to (5.4) using Lemma 6.2 and Lemma 6.3 in an adaptation of
the proof of Theorem 3.3. The uniform estimate (5.6a) follows immediately from the
discrete KFP equation (5.4b) and the uniform bound (6.1). The bound (5.6b) then
follows directly from (5.6a) and (6.9).

The uniqueness of solutions to (5.4) follows when F is strictly monotone and G
is nonnegative in the sense of distributions in H~!(Q), with the details being similar
to the proof of Theorem 3.4 since the space Vj is a subspace of Hj(£2). Indeed, this
follows through since the linear differential operator featuring in the discrete KFP
equation of (5.4) is the adjoint of an operator in the class Wy. Therefore, we have
access to the discrete maximum principle via Lemma 6.1, which ensures nonnegativity
everywhere in () for the density approximation my. ]

6.3. Convergence. In this section, we employ a compactness argument to prove
the convergence result Theorem 5.4 when unique solutions of (3.1) are ensured under
the hypotheses of Theorem 3.4. Note that, in addition, the following proof yields an
alternative method of showing the existence of weak solutions to (1.4) in the sense of
Definition 3.1.

Proof of Theorem 5.4. Let {(ux, mg) }ren denote the sequence of solutions given
by Theorem 5.3 with associated vector fields by, € D, Hug] (k € N). Since Theorem
5.2 indicates that the sequences {my }ren, {ux}ren are uniformly bounded in H}(Q)
while {Z’k}keN is uniformly bounded in L*°(£2;R™), we may pass to subsequences,
without change of notation, that satisfy, as k — oo,

(6.10a) mE —m in H}(Q), mE —m in L1(Q),
(6.10b) up —u in H3(Q), U — U in L9(2),
(6.10c) b, —"b,  in L®(QR")

for some m,u € H(Q2), for some b, € L>(;R™), and for any q € [1,2*), where the

critical exponent 2* = oo if n =2 and 2* = nz_”Q if n > 3. Notice in particular that

myby, converges weakly to mb, in L2(;R™) as k — oo.
Let v € V; be given for some fixed j € N. Since the sequence {my }ren satisfies

/ (v+v,)Vmy - Vo + miby - Vo + kmpvde = (G,U)H_leé Vk>j
Q

and we have the convergence given by (6.10a) and (6.10c), along with the uniform
boundedness of the sequence {Vmy }ren in L?(2;R™) and the vanishing of the artificial
diffusion coefficients given by (5.5), we obtain in the limit, as k — oo,

/ vVm - Vv +mb, - Vo + kmo dz = (Gov)g-1xmy YVEV;.
Q
Since j was arbitrary, density of the union J jen' Vi in H}(Q) allows us to conclude

(6.11) / vVm-Vé+mb.-Vé+rmode = (G, ¢)y-1xg Vo€ Hy(Q).
Q
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Next, observe that the boundedness of {uy}xen in Hi(Q) and (2.3a) imply that
the sequence {H (-, Vug)}ren is bounded in L?(Q). Therefore, there exists g € L*(Q)
such that by passing to a subsequence without change of notation, we have, as k — oo,

(6.12) H(-,Vug)—g in L*(Q).

For fixed j € N, the definition of the sequence {uy }ren implies that for all k > j,
(6.13) / (v + ) Vug - Vo + H(z, Vug)v + kugode = (Flmg],v) g-1q2 Yo €V
Q

Therefore, the convergence given by (6.10a), (6.10b), and (6.12), together with the
vanishing of the artificial diffusion coefficients given by (5.5) and the uniform bound-
edness of the sequence {Vug }rey in L?(Q;R™), implies that we obtain

/ vVu-Vu+gv+kuvde = (F[m],v)g-1.m eV
Q
after sending k& — oo in (6.13). As j was arbitrary, we conclude from the above that
610 [ vV Vot gt e = (Flml Oy € HYO)
Q

and in particular that ||Vul|3 = u_1(<F[m],u>H_1xHé — Jogudz — Kllul|3).
On the other hand, the definition of {uy }ren gives

|| Vg3 + / H (2, Vg yup da + sl ug |3, + / e V|2 dz = (Flm), w) -1 o
Q Q

for each k € N. In view of the convergence given by (6.10a), (6.10b), and (6.12), along
with the uniform boundedness of the sequence {Vuy }ren in L2(€2;R™), the vanishing
of the artificial diffusion coefficients given by (5.5), and the Lipschitz continuity of
the coupling term F', we find that

619) i (9l =0 (Fld sy ~ [ guds =~ wlully) = [Vl
Because (6.10b) holds, we deduce via (6.15) that

(6.16) lukllmr ) = lullr @)

lim
k—o0
Since uy, converges weakly to u in H} () by (6.10b) and we have convergence of norms
by (6.16), we deduce strong convergence in Hg(): ux — u as k — co. Because the
mapping v+ H (-, Vo) is Lipschitz continuous from H'(£2) into L?(12), it then follows
that (6.12) is in fact strong convergence in L?(2) with g = H(-,Vu). Hence, (6.14)
gives the weak HJB equation:

(6.17) / vVu-Vip+ H(z, Vu)p + kupde = (F[m], ) g-1,mp VY € Hj (D).
Q

To deduce convergence to a weak solution of (1.4), we need to show that b, €
Dy H[u] in addition to the established equations (6.11), (6.17). But this follows by
applying Lemma 4.4 to {(by,ur)}ren after passing to an appropriate subsequence.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/28/24 to 2.102.7.55 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

156 YOHANCE A. P. OSBORNE AND IAIN SMEARS

In summary, we have shown that a subsequence of the finite element approxima-
tions {(ug,my)ren converges to a weak solution (u,m) of (1.4) in the sense that

(6.18) up—u in Hg(Q), mp—m in LYQ), mp—m in HHQ)

as k — oo for any ¢ € [1,2*). But the uniqueness of the solution of (3.1) then implies
that the whole sequence {(uy,my)}ren converges to the unique solution of (3.1), as
required. 0

Under the additional hypothesis on the transport vector fields given in Corol-
lary 5.5, we obtain strong convergence of the density approximations in Hg ().

Proof of Corollary 5.5. To prove strong convergence of {my }ren in H}(Q), let
us consider an arbitrary subsequence {my;}jen with a corresponding subsequence
of transport vector fields {Bk]. }jen. By the stated hypotheses in the Corollary 5.5,
together with Holder’s inequality and the fact that the sequence {Ek] }jen is uni-
formly bounded in L>(Q;R™), we deduce that there exists s > n such that the se-
quence {Z)kj }jen is precompact in L*(Q;R™). Therefore, there exists a subsequence of
{Ekj }jen, to which we pass without change of notation, that converges in L°(Q;R™),
s>n, to a Lebesgue measurable vector field b: 2 — R™ that is in L>(Q;R"). From
Theorem 5.4, we know that my, —m in L"(Q) as j — oo for any r € [1,2*) (where we
recall 2% = % when n > 3 and 2* = co when n = 2). Hence, by Holder’s inequality
and a suitable choice of r € [1,2*), we deduce that my; l;kj — mb strongly in L?(£;R™)
as j — oo. Consequently, the weak convergence of {my;, };en to m in Hj(£2) and hence
weak convergence of the gradients {Vmy, }jen to Vm in L?(Q;R") implies that

(6.19) lim My, Ekj -Vmy, dz z/ mb - Vmdz.
Q

iz Jo
From the discrete KFP equation (5.4b), we obtain
(6.20)
)V s+ [ b, -V, et el [ = (G )y

We deduce from (6.10a), (5.6a), (5.5), and (6.20) that

(6.21) ]lggo [V, [|g=v" ((G,m)Hleé — k||lm||3 — /ng- dex) .

We also deduce from the discrete KFP equation (5.4b) that b and m satisfy
/vam Vo +mb-V+rme do = (G, ¢)g-1xm Vo€ Hy ().

Hence,

(6.22) V|3 =v""1 <<G, M) 15 H1 — K|m||3 — /QmBo dex) .

We thus obtain from (6.21) and (6.22), together with the fact that my, — m in L*(Q)
as j — oo, that

(6.23) Jlg{.lo ||mkj ||H1(Q) = ||mHH1(Q)-
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Since my,; converges weakly to m in HL(Q) by Theorem 5.4 and we have convergence
of norms by (6.23), we deduce that my, — m as j — oo strongly in Hj (). The
argument above shows that any subsequence of {my}ren has a further subsequence
that converges to m in H}(2), and thus the whole sequence is convergent. This
completes the proof. ]

Remark 6.4 (convergence in Holder norms). When the space dimension n =2, the
domain 2 is convex, and G € L?(2), one can derive a uniform Hélder-norm bound
for the approximating sequence {my}ren (see [29, Theorem 3.20]). It follows that
{my }ren converges strongly to m in some Holder space. This likewise holds for the
corresponding sequence of value function approximations {uy}ren if F : H3(Q) —
L?(Q).

7. Numerical experiments. As illustrated by the example in section 3.3, when
the Hamiltonian H is nonsmooth, the solution (u,m) of the problem is not necessarily
smooth even in the interior of the domain. The numerical experiments shown below
are designed to study the performance of the method on problems with nonsmooth
solutions. We also consider relaxing the condition on the meshes to being weakly
acute rather than strictly acute, and we investigate the singularly perturbed limit
v — 0. Concerning terminology, for a given problem and a given sequence of meshes
{7k }ken, we say that the numerical method has optimal rates of convergence in some
norm if the rate of convergence of the approximations is the same as the rate of con-
vergence of a sequence of best approximations from the corresponding approximation
spaces {V }ren once the mesh size is sufficiently small. The optimal rate is naturally
dependent on the regularity of the solution of the given problem.

7.1. Setup of the first two experiments. For the experiments given in sec-
tions 7.2 and 7.3, we take  C R? to be the unit square, and we consider the continuous
problem (3.1), where we let the diffusion coefficient v =1 and the reaction coefficient
% =0. The choice of Hamiltonian H : Q x R? — R for both experiments is set to be

(7.1) H(z,p):= max (a-p)=|p| V(z,p)c QxR
a€B1(0)

It is clear from (7.1) that b(z,«a) := « for (z,a) € Q x B1(0) C R? x R2, and hence
1]l c:@ix 4;r2) = 1. Moreover, the subdifferential 9, H : Q x R? = R? is given by

{ﬁw} if p#£0,
B1(0) ifp=0

Vx € Q.

(7.2) OpH (2,p) = {

The choices of the coupling term F and source G € H~1(Q) differ between both ex-
periments. The computations are performed on a sequence of uniform, conforming,
shape-regular, weakly acute meshes on 2. The formula (5.3) shows that the inclusion
of artificial diffusion is not always necessary when v is large enough on strictly acute
meshes. In order to test this also for weakly acute meshes, we take the artificial diffu-
sion coefficient to be identically zero. To compute the discrete solutions, we employ a
fixed point approximation of (5.4) that follows the fixed point process described in the
proof of Theorem 5.2. In each iteration, we approximate the discrete HJB equation
(5.4a) via a policy iteration method, and we resolve the linear system resulting from
the discrete KFP equation (5.4b) via LU factorization. For an introduction to policy
iteration in general, we refer the reader to [10, 24]. We used the open-source finite
element software Firedrake [35] to perform the computations.
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7.2. First experiment. We consider the approximation of a known solution
pair that uniquely satisfies (3.1) with suitable coupling term F' and source term G €
H~Y(Q). For this experiment, we take the coupling term F : L%(2) — H () defined
via

(FIo) )y = [ tanbo)pde + (L) V0 € HY(@). Yo € L3(@),
where the functional J € H~1(Q) is given by
Ut = [ o+ Vods Vo e (@),
with #: Q —R? and h:Q — R defined by

7o) o [ (LA 10g(2))ylog(y ) — |7 _ (1 —
o= () o) o= )]~ tanh (1~ (1~ ).
Note that t € L(Q; ]RQ) and h € L?(Q), so indeed J € H~1(Q). Next, we take the

source term G € H~1(2) to be

(G 6) s e ::/Qrmgw@lx Vo e HY(9),

where 7 : Q — R is given by r(z,y) := 2(x(1 —2z) + y(1 —y)) and g : Q — R?
is the vector field whose image is %f whenever #(z,y) # (0,0)7 and is

(0,0)T whenever #(x,y) = (0,0)T. It can be shown that F is strictly monotone and
that (G,¢) -1y = 0if ¢ € H}(Q) is nonnegative a.e. in Q. Therefore, the weak
formulation (3.1) is indeed well-posed according to Theorem 3.4. Moreover, the unique
solution (u,m) to (3.1) in this case is given by

(7.3) u(z,y) :=xylog(z)log(y), m(z,y):=ay(l—z)(1—-y) VY(z,y)ec.

In Figure 1, we plot the relative errors in various norms versus the mesh size h
for a sequence of finite element approximations obtained from (5.4). Observe that
convergence in the norm is seen in each plot. We see that the H'-norm of the error
of the approximations of the value function converge at a slower rate than that of the
error of the approximations of the density function. This is due to the fact that u
has lower regularity compared to m: m € C>(Q) N C(Q), but u ¢ H2(Q). In fact, u
is in the Besov space H %_E(Q) for arbitrarily small 0 < € < % In Figure 1, we thus
see that the convergence rates of the method are optimal. Moreover, the transport
vector field approximations converge strongly in the L?-norm. This is likely due to
the transport vector field approximations converging a.e. to the vector field % g, along
with the fact that the gradient Vu #0 a.e. in Q.

7.3. Second experiment. For this experiment, we choose the coupling term F
and source G € H~1(£) in such a way that the conditions of Theorem 3.4 still hold so
that the problem still admits a unique weak solution, but in this example, the exact
solution is not known explicitly. We set the coupling term F: L2(Q2) — H~1(Q) via

(Fll, ) g-1xm = /Q(arctan(v) + 2sgn((z — 0.5) cos(8my)))¢ dz
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Fic. 1. First experiment. Convergence plots for approximations of the value function, density
function, and transport vector. The rate of convergence for H'-norms of the errors of the approz-
imations of the value function is close to the optimal value of 1/2, and the rate of convergence in
the H-norm for the density function is of order 1.

for all ¢ € H}(Q2) and v € L?(), and we let G € H~(Q) be given by
1
(6.0 i-sny = [ 5 (sgn(sin(dma) sin(am) + )6+ & Vs oe HY(@),

where é: Q — R? is defined by

y(1,0)T if0<z<2/3,

é(z,y) = y2(_170)T otherwise.

It is easy to show that F is strictly monotone and that (G, ®) ;1 xH: =0 for all ¢ €
H}(Q) that is nonnegative a.e. in 2. The exact solution is not known, so we measure
the errors using a computed reference solution on a very fine mesh. To illustrate the
discrete reference solution that we will consider, in Figure 2, we display contour plots
of the computed reference solution. We note that the displayed approximation for
m is nonnegative everywhere in Q. In Figure 3, we plot the relative errors versus
mesh size h. These results were obtained with respect to a discrete reference solution
(u,m) that was computed on a much finer mesh than the approximation displayed in
Figure 2. The convergence rate of the H!-norm of the error in the approximations of
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F1Gc. 2. Second experiment. Approxzimate contour plot of u (left) and m (right) computed on a
fine mesh.
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Fic. 3. Second experiment. Convergence plots for approximations of the value function, density
function, and transport vector. We observe a first-order rate of convergence for the H'-norms of
the error of the approzimations of the value function and a rate of order approzimately 1/2 for the
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the value function approximations is now 1, which is optimal, as u is smooth. The
convergence rate of the H'-norm errors of the approximation of the density is close
to 1/2, which is the expected optimal rate given the limited regularity of the density
function m as a result of the line singularity in the right-hand-side source term G.

7.4. Third experiment. For the final experiment, we investigate the robustness
of the method in the singularly perturbed limit, where the diffusion parameter v
becomes small. Let Q = (—1,1), and let H(z,p) := |p|. Let F: L?(Q) — L?(Q2) be
defined by F[m](x) =m(x) + 1 for all m € L*(Q), and let G(z) =1 for all z € Q. We
set kK = 0, and we consider the problem for various values of v > 0. For each v > 0,
the exact solution is then given by

(7.4) u(x)=—|x\—?+Te v 4ae” v +0b,
Jz|—1
m(z)=v+|z|—(v+1e v,

22 v(+1) =i lz|

with constants a := We_% —vand b:= 3_”(V+1)2(1+672/V) +ve~v. Note that the
density m is not continuously differentiable despite all problem data being smooth
with the sole exception of the Hamiltonian. Furthermore, for small v, the density m
exhibits a sharp boundary layer close to the boundary, and m(x) — m.(x) := |z| for
all z € Q in the limit ¥ — 0. Observe that m. ¢ Hg(2) since m., does not satisfy the
homogeneous Dirichlet boundary condition, and thus it is clear that we cannot expect
the convergence of my, to m in the H'-norm to be robust with respect to v as v becomes
small. Considering instead the L2-norm of the error ||m—mygl|q, the expected optimal
effective rate of convergence is of order 1/2 on quasi-uniform meshes in the coarse-
mesh regime where v < hy, since it can be proved that inf,, cv, [|[m« — villo 2 h,lc/2 for
quasi-uniform sequences of meshes. Given the choice of the coupling term F', we also
expect an effective rate of convergence of order 1/2 for ||u — ug|| g1 (o) when v < hy.
We apply the method on uniform meshes on Q for v € {1073,1076,1072,10712}.
Note that in this example, the inclusion of some stabilization, such as artificial dif-
fusion, becomes necessary for stability when v is small, so we set the artificial dif-
fusion parameter v, = max(hy/2 — v,0). Figure 4 shows the errors ||m — my||q and

Value function H!-norm Density function L2-norm
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(©] o
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1 1
10—3 102 10-1 100 10—3 102 10-1 100
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Fic. 4. Third experiment. The error |m —mgllq and ||u — uk|| g1 (q) for various values of the
diffusion coefficient v. In the coarse-mesh regime v < hy, the effective rate of convergence is of
order 1/2 for both ||m —myg|lq and |ju —ugllg1(q) as a result of the strong boundary layer in m that
appears in the singularly perturbed limit.
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|u—ug || g1 () for the various values of v that are attained on relatively coarse meshes.
We observe the expected convergence ||m —mpgllo+||u—ur| g1 Q) S h}1€/2 in the regime
where v < hy, which remains robust with respect to v. For the case where v = 1073,
we also observe the final asymptotic convergence rates of order 2 for ||m — myg|q and
order 1 for [|u — ug|| g1 (q), respectively, on the finer meshes where hy, ~v.

8. Conclusion. We have introduced the notion of MFG PDIs as a generaliza-
tion of MFG systems with possibly nondifferentiable Hamiltonians. We established
the existence and uniqueness of weak solutions of the MFG PDI system (1.4) under
appropriate hypotheses. We proved the well-posedness and convergence of numeri-
cal approximations of the system by a monotone FEM. The numerical experiments
suggest that the method can achieve optimal rates of convergence for the different
solution components u and m even in the case of nonsmooth solution pairs and also
suggest convergence in the small viscosity limit.

Appendix A. Proofs of Lemmas 4.5 and 4.6.
Proof of Lemma 4.5. We begin by noting that each operator L € G(Cy) and

its adjoint L* are invertible due to the weak maximum principle and the Fredholm
alternative; see [20, Theorem 8.3]. Moreover, a standard application of the Hahn—
Banach theorem implies that L € G(Cy) satisfies

(Al) <(Ci

x—1
H HE(H*l(Q),H(%(Q)) -

. . _1
for some constant C; > 0 if and only if HL ||L(H,1(Q)7H3(Q)) < (1. Therefore,
it suffices to prove (A.1). Note that Poincaré’s inequality implies that there is a
constant C' depending only on Cy and  such that if L € G(Cp) and if u € H}(Q)

solves L*u = f for some f € H~1(Q), then we have the Garding inequality

(A.2) [l (@) < C (I1f -1 (0) + llulle) -

We now prove the result by contradiction, so suppose that (A.1) is false; i.e., there exist
sequences {u;}; oy C Ho(Q) and {f;}, .y C H™1(Q) such that L¥u; = f; in H~'(Q)
for some L; € G(Co), with ||u;|| g1 o) > jllfjllz-1(q) for all j € N. In particular, for
each j € N, we have

(A.3) (L uj, ) -1 m3 = / vVu; - Vo +ujb; -V + cjuode = (f5,v) g X H}
Q

for all v € H}(Q) for some b; € L®(Q;R™) and ¢; € L>(Q) that satisfy ||b; | oo (smm) +
llcjllLee (@) < Co and ¢; >0 a.e. in Q. Without loss of generality, we can also suppose
that [Jujllo = 1 for all j € N. Then Garding’s inequality (A.2) implies that for j
sufficiently large, || f;llz-1(q) < j_%, and thus f; — 0 in H () as j — co as well as
supen |4l 1 (@) < oo. Therefore, there exist subsequences to which we pass without
change of notation such that u; —u in H}(Q), u; — u in L*(Q), b; —* bin L= (4 R"),
and ¢; —=* ¢ in L*(Q) as j — co. Note also that the limit ¢ is nonnegative a.e. in ,
which follows from Mazur’s theorem and from the fact that ¢; — ¢ in LP(Q) for all
p < oo as 2 is bounded. By passing to the limit in (A.3), we deduce that

(A.4) /I/Vu Vo4 ubVu+cuvdr =0 Yve HQ).
Q
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Thus, (A.4) implies that u =0 a.e. in Q, which contradicts ||uljq =limj_ o |lu;llo =1,
thereby completing the proof. ]

Proof of Lemma 4.6. Let m € L?(Q) be fixed. We start by showing the existence
of a solution of (4.9). We define the operator K : HZ(2) — H}(Q) by v K[v] :=w,
where w € H}(Q) is the unique solution of

(A.5) /QVV’U} Vi + kwpde = (Fm], ) g1 m1 — /QH(ac7 Vo)pde Vip € Hy ().

Note that u solves (4.9) if and only if u = K[u] is a fixed point of K. The Lipschitz
continuity of H (cf. (2.3)) and the compactness of the embedding L?(12) into H~1(Q)
imply that K is a continuous and compact operator from H}((2) into itself. We now
show that the set {w = AK[w], 0 <\ <1} is bounded in Hg (), which implies that
K satisfies the hypotheses of Schaefer’s fixed point theorem [18, page 502, Theorem
4] and implies the existence of a fixed point u = K[u]. Note that w = AK[w] for some
0 <A <1ifand only if —vAw + AH(-,Vw) + kw = AF[m] in H~*(Q). Hence, w =
AK[w] implies that there exists a* € Afw] such that H(x, Vw) =b(z,a*(z))-Vw(z) —
f(z,a*(z)) for a.e. z €, and thus w solves the elliptic equation

(Law, ) g1 xm ::/Qz/Vw~Vw+)\b(x,a*(x))~Vw1/)+/<cwwdx
:/Qxf(%a*(x))wdxju<AF[m]7¢>H,leé Vb € HA ().

Since A € [0, 1], we have Ly € G(Cp) for a constant Cy > 0 independent of A\. Therefore,
Lemma 4.5 implies that [|w|| 1) < Ci(||fll o axm TIF M)l -1(a)) for some constant
C independent of A and w. This shows that {w = AK[w], 0 <A <1} is bounded and
that there exists a solution of (4.9). A similar argument shows that any solution of
(4.9) satisfies (4.10) due to the growth condition (2.1a) on the coupling term F.

Uniqueness of solutions to (4.9) is a consequence of the weak maximum principle
and the existence of measurable selections of the maximizing set A. Indeed, if u; and
ug are both solutions to (4.9), then there exist measurable selections «; € Afu,] for
i € {1,2}. Then Lemma 4.1 implies that b(z, a1 (x))-V(u1 —uz) > H(x,Vuy(x)) —
H(z,Vuz(x)) a.e. in Q for i, j € {1,2}. Therefore, we find that

/Q vV (up —ug) - Vo + b(x, a1 (x))-V(ug — uz) + k(ug — ug)bde >0

for all test functions v € H}(Q) that are nonnegative a.e. in Q. Since u; —us € Hg (Q),
the weak maximum principle of [20, Theorem 8.1] then implies that uj > us a.e. in Q.
By symmetry, we also find that us > u; a.e. in €2, thus showing that u; = us.

We now prove the continuous dependence of the solutions on the data. Sup-
pose that we are given a sequence {mj};io C L%(2), with corresponding solutions
{u;}jen of (4.9), and suppose that m; — m in L?(2). Let u € H(Q) denote the
corresponding unique solution of (4.9) with datum m. To show convergence of the
whole sequence u; — u, it is enough to show that every subsequence of {u;};en has
a further subsequence that converges strongly to u in Hg (). Let {uj, }ren be an
arbitrary subsequence. The a priori bound (4.10) and the strong convergence of the
sequence {m;};en imply that the sequence {u;, }xen is uniformly bounded in H{ ().
Consequently, there exists a subsequence to which we pass without change of notation
such that u;, — v in H}(Q) and uj, — v in L*(Q) as k — oo for some v € H}(Q). It
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is easy to see that the sequence {hy}ren defined by hy := —H(Vu;, ) — ku;, for k>0
is uniformly bounded in L?(€2). Passing to a further subsequence without change of
notation, we have hy — h for some h € L?*(2). Passing to the limit in (4.9) with
mj, — m and uj, — v, we find that

(A.6) / vVou - Vipde = / hpdz + (F'm], ) g-1xmy VP € Hi(Q).
Q Q
Consequently, using weak-times-strong convergence, we find that

(A7) lim vV (0 —u;)g,

k—oc0

— 1im [/thk)(vujk)dxﬂﬂm]F[mjkmujkmwé —o.

Thus, uj, — v in H}(Q) as k — oo. Lipschitz continuity of H and (A.6) then imply
that v is a solution of (4.9) with datum m. Thus, uniqueness of the solution of (4.9)
shown above implies that v = u in Hg(2). As explained above, this shows that the
whole sequence {u;}jeny — u in H(Q). 0
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