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A B S T R A C T

A novel methodology for evaluating the response sensitivities of shallow shell structures using the Boundary
Element Method (BEM) is presented in this work. The implicit derivatives of the BEM formulations for shallow
shell structures, with respect to the geometrical variables, such as curvature and thickness, have been derived
for the first time and incorporated into an Implicit Differentiation Method (IDM). The IDM is employed
in conjunction with the First Order Reliability Method (FORM) to evaluate the reliability of shallow shell
structures. The accuracy of the IDM formulation is first validated against an analytical solution, with results
showing a maximum difference of only 2.61%. The IDM was later validated against the Finite Difference
Method (FDM), with results showing a maximum difference of only 0.11%. The IDM was also found to be
significantly more efficient than the FDM, requiring 35% less CPU time when calculating sensitivities. This
is further compounded by the fact that, unlike the FDM, the IDM does not require a step size. A numerical
example featuring a circular shallow shell is used to demonstrate the application of the IDM-based FORM for
assessing structural reliability. The uncertainty in curvature is set as a variable for the purpose of investigating
its impact on reliability. The results of the reliability index obtained from the IDM-FORM are compared to the
results obtained from FDM-FORM and were found to be very similar. An analysis of sensitivity is conducted to
identify the most significant variables affecting reliability. It is found that uncertainties in curvature, thickness,
and applied pressure distribution parameters have the largest impact on structural reliability. To demonstrate
how the IDM could be used in practice, it was employed as gradient-based optimisation procedure featuring
shallow-shell structures. The IDM was found to be a very efficient and accurate alternative to existing methods
for calculating structural response sensitivities.
1. Introduction

In general, every engineering parameter has a certain level of
uncertainty associated with its value. These uncertainties might come
from sources such as human error, environmental factors, or imperfect
manufacturing processes, and failure to consider these uncertainties
might lead to catastrophic failure of a structure. The conventional
method of defining structural safety involves the use of safety factors
to prevent structural failure. As a result of this conservative approach,
structures can become over-engineered, since parameters are often
treated in a deterministic manner.

Reliability analysis offer an alternative to this deterministic ap-
proach and has been developed based on the mathematical and prob-
abilistic theory. Structural safety can be found through the calculation
of the reliability index, which is a measurement of the probability
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of failure. In reliability analysis, parameters are treated in a non-
deterministic manner that considers both the effect of the parameters’
mean as well as the variance in determining structural reliability [1].
Reliability analysis has been applied extensively to reliability-based
optimisation problems, and sensitivity analysis, which allows engineers
to identify the most critical design factor based on design constraints.
Several methods can be used to evaluate the reliability index, including
Monte Carlo Simulation (MCS), First-Order Reliability Method (FORM)
and Second-Order Reliability Method (SORM). MCS is used for solving
stochastic simulations that involve a large amount of random sampling.
FORM and SORM, on the other hand, rely on approximating the Limit
State Function (LSF), which is a function that defines the boundary
between the failure and safety regions of a structure. In the FORM,
the LSF is approximated using a first-order Taylor expansion, while in
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the SORM, it is approximated using a second-order Taylor expansion.
Details of these methods can be found in [2]. FORM is used in this
study to evaluate the reliability index of a structure, thus predicting
the probability of failure.

In the field of reliability analysis with the FORM, the Finite Element
Method (FEM) has been widely used [3,4]. The Boundary Element
Method (BEM), due to its advantages related to dimension reduction,
has also become increasingly popular in recent decades. The BEM
requires only the outer boundaries of the structure to be modelled,
thereby reducing the dimension of the system. The combination of
reliability analysis and the BEM has been used in several applications,
including sensitivity problems in an acoustic system [5], evaluating the
heat impact sensitivity of metal [6], and solving contact problems [7,8],
as well as plate bending problems [9]. In [10] the Advanced First-Order
Second Moment (AFOSM) was applied to solve 2D elastic problems
with analytically evaluated sensitivities. Reliability analysis has also
been widely applied to shape optimisation problems incorporating the
BEM, such as topology optimisation problems [11] and 2D anisotropic
shape optimisation problems [12].

When calculating the probability of failure, the FORM requires
the sensitivities of the response of the structure to changes in design
variables or loading conditions. In rare instances, the derivatives or sen-
sitivities can be found by the explicit derivation of the expression of the
limit state function [13,14]. Generally, the derivatives are determined
using numerical methods. The derivatives have been evaluated using a
variety of approaches, including linearising the limit state function and
performing a duplicate Monte Carlo simulation or using a surrogate
model [15]. In [16], the derivatives were evaluated using the Finite
Difference Method (FDM) and the Probabilistic Finite Element Method
(PFEM). The Implicit Differentiation Method (IDM) has been developed
in [17] to provide analytical derivatives of boundary integral equations
in BE. Examples can be found in [18–20].

Notable work on the application of the BEM for reliability analysis
using MCS and FORM can be found in [18] where reliability analysis
was conducted on a 2D electrostatic rectangular plate with a centre hole
subjected to uni-axial loading. The first-order sensitivities were calcu-
lated using the Implicit Differentiation Method (IDM). Good agreement
was found between the results obtained from the FORM and the results
obtained from MCS. The uncertainties in the material properties and
geometrical variables were taken into account. Similar examples can be
found in [20] with the application to the shape optimisation of plate
structures [21].

Modern engineering structures can often be modelled as shell struc-
tures. These include cylindrical walls, domes, and aircraft fuselages.
Shell structures are often superior to flat plates in withstanding high
loads, since the shell structure mostly experiences membrane loading,
whilst also remaining lightweight. In particular, thin/shallow shells are
widely applied due to their low weight. Among the literature, the use of
reliability analysis with the BEM for shell structures has been scarcely
investigated. Some examples of the work pertaining to shell structure-
related reliability are, for example, [22] for the shell truss structure
using the MCS, [23] for a pressurised shell incorporating surrogate
modelling and reliability analysis, and [24] for a laminate composite
shell. The most relevant work was conducted on a plate structure
with the BEM in [25] for plate bending problems and assembled plate
structures in [26]. There have not yet been any works involving the
reliability analysis of shell structures using the BEM.

The main novelty of this current work is that the direct derivatives
of the BEM formulations for shallow-shell structures have been derived
for the first time and formulated as part of an IDM. The IDM, com-
bined with the advantages of the BEM, can be a very efficient tool
for structural reliability analysis. To validate the IDM, the structural
response sensitivities obtained from the IDM for a shell structure will
be compared with the sensitivities obtained by an analytical solution
224

and sensitivities obtained by the FDM. Another novelty is the reliability
analyses conducted for a more complex shell structure, whilst consider-
ing the uncertainties in the geometry, material properties, and loading
conditions. Both the IDM and the FDM will be used to evaluate the
reliability index.

The layout of the paper is as follows: The methodology of the BEM
formulations and their derivatives are presented in Section 2. Verifica-
tion of the proposed derivatives is given in Section 3 where the IDM
is compared against an analytical example featuring a hemispherical
dome. A more complex shell structure was used for the reliability anal-
ysis in Section 4 and the results of the sensitivity analysis are presented.
Based on the results given by the sensitivity analysis, in Section 5, an
optimisation procedure was performed. A second numerical example
involving more geometrical parameters was used with Reliability-based
Design Optimization (RBDO) to further illustrate possible practical
applications of the BEM-IDM formulations. Detailed derivatives of the
DRM method and BEM formulations are given in the Appendices.

2. Methodology

In this section, the shallow shell structure formulations for the BEM
and the IDM are presented. A brief introduction to reliability analysis
based on the Most-Probable Point (MPP) method is given.

Latin letter indexes (e.g. 𝑖, 𝑗, 𝑘) can take values of from 1 to 3 and
Greek letter indexes (e.g. 𝛼, 𝛽, 𝜙) can take values from 1 to 2.

.1. BEM formulations for shallow shell structures

The classic theory of the shallow elastic shell can be found in [27].
ased upon the classic theory, Naghdi [28] and Reissner [29] devel-
ped shallow shell theory including transverses normal stress and shear
eformation. The boundary integral equations were then developed by
u and Huang [30] and the Dual Reciprocal method was introduced
y [31] for transferring the domain integral equations to the bound-
ry integral equations. This section introduces the BEM formulations
eveloped for shallow shell structures, following work by [32].

The generalised displacement and tractions in this work are defined
s 𝑤𝛼 denote the rotations in the 𝑥1 and 𝑥2 directions (𝜙𝑥1 and 𝜙𝑥2). 𝑤3
enotes the out-of-plane displacement which is normal to the middle
urface. 𝑢𝛼 represents the in-plane displacements in the 𝑥1 and 𝑥2
irections (𝑢 and 𝑣), respectively. 𝑝𝛼 are the bending tractions due to
he stress couples (𝑚1 and 𝑚2), and 𝑝3 is the shear traction due to the
hear stress resultant (𝑡3). 𝑡1 and 𝑡2 denote the membrane tractions in
he 𝑥1 and 𝑥2 directions, respectively. Details of these definitions are
iven in Fig. 1

Consider a shell structure with the principal curvatures 𝜅11 = 1∕𝑅1
nd 𝜅22 = 1∕𝑅2, where 𝑅1 and 𝑅2 represent the radius of curvature
f the shell in the 𝑥1 and 𝑥2 directions, respectively. From [32,33],
he displacement integral equations for rotations, 𝑤1 and 𝑤2, and
ut-of-plane displacement, 𝑤3, is:

𝑖𝑗
(

𝑥′
)

𝑤𝑗
(

𝑥′
)

+ −
∫𝛤

𝑃 ∗
𝑖𝑗
(

𝑥′, 𝑥
)

𝑤𝑗 (𝑥)𝑑𝛤 (𝑥) = ∫𝛤
𝑊 ∗
𝑖𝑗
(

𝑥′, 𝑥
)

𝑝𝑗 (𝑥)𝑑𝛤 (𝑥)

− ∫𝛺
𝑊 ∗
𝑖3
(

𝑥′, 𝑋
)

𝜅𝛼𝛽𝐵
1 − 𝜈
2

×
[

𝑢𝛼,𝛽 (𝑋) + 𝑢𝛽,𝛼(𝑋) + 2𝜈
1 − 𝜈

𝑢𝜙,𝜙(𝑋)𝛿𝛼𝛽
]

𝑑𝛺(𝑋)

− ∫𝛺
𝑊 ∗
𝑖3
(

𝑥′, 𝑋
)

𝜅𝛼𝛽𝐵
(

(1 − 𝜈)𝜅𝛼𝛽 + 𝜈𝛿𝛼𝛽𝜅𝜙𝜙
)

𝑤3(𝑋)𝑑𝛺(𝑋)

+ ∫𝛺
𝑊 ∗
𝑖3
(

𝑥′, 𝑋
)

𝑞3(𝑋)𝑑𝛺(𝑋)

(1)
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Fig. 1. Definition of the generalised displacements and tractions and the curvatures for the shell structure in the BEM [2].
and the displacement integral equations for in-plane displacements, 𝑢1
and 𝑢2, are:

𝑐𝜃𝛼
(

𝑥′
)

𝑢𝛼
(

𝑥′
)

+ −
∫𝛤

𝑇 ∗(𝑖)
𝜃𝛼

(

𝑥′, 𝑥
)

𝑢𝛼(𝑥)𝑑𝛤 (𝑥)

+ ∫𝛤
𝑈∗
𝜃𝛼

(

𝑥′, 𝑥
)

𝐵
[

𝜅𝛼𝛽 (1 − 𝜈) + 𝜈𝛿𝛼𝛽𝜅𝜙𝜙
]

𝑤3(𝑥)𝑛𝛽 (𝑥)𝑑𝛤 (𝑥)

− ∫𝛺
𝑈∗
𝜃𝛼

(

𝑥′, 𝑋
)

𝐵
[

𝜅𝛼𝛽 (1 − 𝜈) + 𝜈𝛿𝛼𝛽𝜅𝜙𝜙
]

𝑤3,𝛽 (𝑋)𝑑𝛺(𝑋)

= ∫𝛤
𝑈∗
𝜃𝛼

(

𝑥′, 𝑥
)

𝑡𝛼(𝑥)𝑑𝛤 (𝑥) + ∫𝛺
𝑈∗
𝜃𝛼

(

𝑥′, 𝑋
)

𝑞𝛼(𝑋)𝑑𝛺(𝑋)

(2)

with

𝑐𝑖𝑗 (𝑥′) =

{

1
2 𝛿𝑖𝑗 𝑥′ ∈ 𝛤
1 𝑋′ ∈ 𝛺

(3)

where −∫ is the Cauchy principal value integral. 𝑥′ and 𝑥 denote the
source and field points respectively. The tension stiffness is given by
𝐵 = 𝐸ℎ3∕[12(1 − 𝜈)] is the tension stiffness, where 𝐸 is the Young’s
modulus, ℎ is the thickness of the shell and 𝜈 is the Poisson’s ratio.
𝑥 ∈ 𝛤 and 𝑋 ∈ 𝛺 represent the field points on the boundary and
in the domain, respectively. 𝑞𝛼 is the membrane body force, while 𝑞3
is the domain pressure force. 𝑛𝛽 is the unit normal at the collocation
point. 𝑊 ∗

𝑖𝑗 and 𝑈∗
𝜃𝛼 are the displacement fundamental solutions, 𝑃 ∗

𝑖𝑗 and
𝑇 ∗(𝑖)
𝜃𝛼 are the traction fundamental solutions. Note that in both boundary

integral equations, the integration is performed with respect to both
the boundary 𝛤 and domain 𝛺. The Dual Reciprocity Method (DRM)
was used to transform the domain integrals to boundary integrals.
Expressions for the fundamental solutions and particular solutions for
the DRM can be found in [32].

The system of equations used in the BEM is expressed as 𝐇𝐮 = 𝐆𝐭,
with 𝐇 and 𝐆 denoting the coefficient matrix, where 𝐮 and 𝐭 contain
known and unknown boundary displacements and tractions, respec-
tively. Rearranging such that 𝐗 contains all the unknowns and 𝐅
contains all the known boundary displacements and tractions, allows
the system of equations to be expressed as follows:

𝐀𝐗 = 𝐅 (4)

2.2. BEM-IDM formulations for shallow shell structures with respect to a
geometrical variable 𝑍𝑔

In this section, the BEM-IDM formulations for shallow shell struc-
tures with respect to some design variables are presented. The deriva-
tives of the displacement integral equations (Eqs. (1)–(2)) with respect
225
to a geometrical variable 𝑍𝑔 (e.g. shell width, length, radius etc.) are:

𝑐𝑖𝑗
(

𝑥′
)

𝑤𝑗,𝑔
(

𝑥′
)

+ −
∫𝛤

[

𝑃 ∗
𝑖𝑗,𝑔

(

𝑥′, 𝑥
)

𝑤𝑗 (𝑥) + 𝑃 ∗
𝑖𝑗
(

𝑥′, 𝑥
)

𝑤𝑗,𝑔(𝑥)
]

𝑑𝛤 (𝑥)

= ∫𝛤

[

𝑊 ∗
𝑖𝑗,𝑔

(

𝑥′, 𝑥
)

𝑝𝑗 (𝑥) +𝑊 ∗
𝑖𝑗
(

𝑥′, 𝑥
)

𝑝𝑗,𝑔(𝑥)𝑑𝛤 (𝑥)

− ∫𝛺
𝑊 ∗
𝑖3,𝑔

(

𝑥′, 𝑋
)

𝜅𝛼𝛽𝐵
1 − 𝜈
2

×
[

𝑢𝛼,𝛽 (𝑋) + 𝑢𝛽,𝛼(𝑋) + 2𝜈
1 − 𝜈

𝑢𝜙,𝜙(𝑋)𝛿𝛼𝛽
]

𝑑𝛺(𝑋)

− ∫𝛺
𝑊 ∗
𝑖3
(

𝑥′, 𝑋
)

𝜅𝛼𝛽𝐵
1 − 𝜈
2

×
[

𝑢𝛼,𝛽𝑔(𝑋) + 𝑢𝛽,𝛼𝑔(𝑋) + 2𝜈
1 − 𝜈

𝑢𝜙,𝜙𝑔(𝑋)𝛿𝛼𝛽
]

𝑑𝛺(𝑋)

− ∫𝛺
𝑊 ∗
𝑖3,𝑔

(

𝑥′, 𝑋
)

𝜅𝛼𝛽𝐵
(

(1 − 𝜈)𝜅𝛼𝛽 + 𝜈𝛿𝛼𝛽𝜅𝜙𝜙
)

𝑤3(𝑋)𝑑𝛺(𝑋)

− ∫𝛺
𝑊 ∗
𝑖3
(

𝑥′, 𝑋
)

𝜅𝛼𝛽𝐵
(

(1 − 𝜈)𝜅𝛼𝛽 + 𝜈𝛿𝛼𝛽𝜅𝜙𝜙
)

𝑤3,𝑔(𝑋)𝑑𝛺(𝑋)

+ ∫𝛺

[

𝑊 ∗
𝑖3,𝑔

(

𝑥′, 𝑋
)

𝑞3(𝑋) +𝑊 ∗
𝑖3
(

𝑥′, 𝑋
)

𝑞3,𝑔(𝑋)
]

𝑑𝛺(𝑋)

(5)

and

𝑐𝜃𝛼
(

𝑥′
)

𝑢𝛼,𝑔
(

𝑥′
)

+ −
∫𝛤

[

𝑇 ∗
𝜃𝛼,𝑔

(

𝑥′, 𝑥
)

𝑢𝛼(𝑥) + 𝑇 ∗
𝜃𝛼

(

𝑥′, 𝑥
)

𝑢𝛼,𝑔(𝑥)
]

𝑑𝛤 (𝑥)

+ ∫𝛤
𝑈∗
𝜃𝛼,𝑔

(

𝑥′, 𝑥
)

𝐵
[

𝜅𝛼𝛽 (1 − 𝜈) + 𝜈𝛿𝛼𝛽𝜅𝜙𝜙
]

𝑤3(𝑥)𝑛𝛽 (𝑥)𝑑𝛤 (𝑥)

+ ∫𝛤
𝑈∗
𝜃𝛼

(

𝑥′, 𝑥
)

𝐵
[

𝜅𝛼𝛽 (1 − 𝜈) + 𝜈𝛿𝛼𝛽𝜅𝜙𝜙
]

×
[

𝑤3,𝑔(𝑥)𝑛𝛽 (𝑥) +𝑤3(𝑥)𝑛𝛽,𝑔(𝑥)
]

𝑑𝛤 (𝑥)

− ∫𝛺
𝑈∗
𝜃𝛼,𝑔

(

𝑥′, 𝑋
)

𝐵
[

𝜅𝛼𝛽 (1 − 𝜈) + 𝜈𝛿𝛼𝛽𝜅𝜙𝜙
]

𝑤3,𝛽 (𝑋)𝑑𝛺(𝑋)

− ∫𝛺
𝑈∗
𝜃𝛼

(

𝑥′, 𝑋
)

𝐵
[

𝜅𝛼𝛽 (1 − 𝜈) + 𝜈𝛿𝛼𝛽𝜅𝜙𝜙
]

𝑤3,𝛽𝑔(𝑋)𝑑𝛺(𝑋)

= ∫𝛤

[

𝑈∗
𝜃𝛼,𝑔

(

𝑥′, 𝑥
)

𝑡𝛼(𝑥) + 𝑈∗
𝜃𝛼

(

𝑥′, 𝑥
)

𝑡𝛼,𝑔(𝑥)
]

𝑑𝛤 (𝑥)

+ ∫𝛺

[

𝑈∗
𝜃𝛼,𝑔

(

𝑥′, 𝑋
)

𝑞𝛼(𝑋) + 𝑈∗
𝜃𝛼

(

𝑥′, 𝑋
)

𝑞𝛼,𝑔(𝑋)
]

𝑑𝛺(𝑋)

(6)

where the terms (),𝑔 denote the derivatives with respect to 𝑍𝑔 . The same
expression can be used to apply for shell structure. Expressions for the
derivatives of the above terms can be found in work by Morse [25] for
plate bending problems. Expressions for the derivatives of the particular
solutions for the DRM are derived for the first time in this work and can
be found in Appendix A.

The system of equations for the IDM-based BEM formulations is
𝐇,𝐠𝐮 +𝐇𝐮,𝐠 = 𝐆,𝐠𝐭 +𝐆𝐭 ,𝐠, where the definitions of the terms 𝐇, 𝐆,
𝐭, 𝐮 are the same in Section 2.1. The terms 𝐇,𝐠, 𝐆,𝐠, 𝐭,𝐠, 𝐮,𝐠 are the
derivatives of these terms. Therefore, the system of equation can be
rearranged as:
𝐀𝐗,𝐠 = 𝐅,𝐠 − 𝐀,𝐠𝐗 (7)
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The matrices 𝐀 and 𝐗 can be obtained from Eq. (4). Therefore, only the
ight-hand side of the equation needs to be evaluated. The boundary in-
egral equations for displacement and traction are computed in terms of
he nodal coordinates of the collocation points and the field points. The
erivatives of the integral equations are functions of the changes in the
odal coordinates as can be seen in Appendix A. Therefore if the change
n the geometrical variable 𝑍𝑔 does not produce a change in the nodal
oordinates of both the collocation point and field point on a boundary,
he corresponding entries in 𝐗,𝐠 will be zero. Consequently, the entries
n 𝐀,𝐠 corresponding to this case do not need to be calculated, thereby
educing the computational cost of the IDM.

.3. BEM-IDM formulations for shallow shell structures with respect to
urvature 𝑍𝜌

The derivatives of the shallow shell BEM formulations with respect
o curvature 𝑍𝜌 were derived in this work in a similar way as in the
revious section. The curvatures considered in this work contain only
he curvatures in the 𝑥1 and 𝑥2 directions such that 𝜅11 ≠ 0 and 𝜅22 ≠ 0,
nd 𝜅12 = 𝜅21 = 0. Hence the variable 𝜌 can only take values of 𝜅11 or
22. The derivatives of the curvature can be simplified as 𝜅𝛼𝛽,𝜌 = 𝛿𝛼𝜌𝛿𝛽𝜌.

The derivatives of the displacement integral equation for rotations
and out-of-plane displacement with respect to the curvature 𝑍𝜌 is:

0 = −∫𝛺
𝑊 ∗
𝑖3
(

𝑥′, 𝑋
)

𝜅𝛼𝛽,𝜌𝐵
1 − 𝜈
2

×
[

𝑢𝛼,𝛽 (𝑋) + 𝑢𝛽,𝛼(𝑋) + 2𝑣
1 − 𝜈

𝑢𝜙,𝜙(𝑋)𝛿𝛼𝛽
]

𝑑𝛺(𝑋)

− ∫𝛺
𝑊 ∗
𝑖3
(

𝑥′, 𝑋
) [

𝜅𝛼𝛽,𝜌𝐵
(

(1 − 𝜈)𝜅𝛼𝛽 + 𝜈𝛿𝛼𝛽𝜅𝜙𝜙
)

+ 𝜅𝛼𝛽𝐵
(

(1 − 𝜈)𝜅𝛼𝛽,𝜌

+𝜈𝛿𝛼𝛽𝜅𝜙𝜙,𝜌
)]

𝑤3(𝑋)𝑑𝛺(𝑋)

(8)

and the derivatives of the in-plane displacement integral equation is:

∫𝛤
𝑈∗
𝜃𝛼

(

𝑥′, 𝑥
)

𝐵
[

𝜅𝛼𝛽,𝜌(1 − 𝜈) + 𝜈𝛿𝛼𝛽𝜅𝜙𝜙,𝜌
]

𝑤3(𝑥)𝑛𝛽 (𝑥)𝑑𝛤 (𝑥)

− ∫𝛤
𝑈∗
𝜃𝛼

(

𝑥′, 𝑋
)

𝐵
[

𝜅𝛼𝛽,𝜌, (1 − 𝜈) + 𝜈𝛿𝛼𝛽𝜅𝜙𝜙,𝜌
]

𝑤3,𝛽 (𝑋)𝑑𝛺(𝑋)

= 0

(9)

The formation of the system of equations can be evaluated in a
similar way as in Section 2.2:

𝐀𝐗,𝜌 = 𝐅,𝜌 − 𝐀,𝜌𝐗 (10)

A change in curvature does not result in any changes in the nodal
coordinates of the source and field points, but does result in a change
in the integration term with curvature-related coefficients. Since the
DRM formulations do not include curvature-related coefficients, the
derivatives of the DRM formulations with respect to curvature are zero
and only the term relating to the curvature coefficient needs to be
updated in the system of equations.

2.4. BEM-IDM formulations for shallow shell structures with respect to
thickness 𝑍ℎ

The derivatives of the shallow shell BEM formulations with respect
to the shell thickness 𝑍ℎ were derived in this work in a similar way as
the IDM formulation for plate thickness derivatives proposed in [21].
However, there will be an additional curvature related term in the
boundary integral equations.

The derivative of the displacement integral equations for rotations
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and out-of-plane displacements with respect to thickness 𝑍ℎ are:
𝑐𝑖𝑗
(

𝑥′
)

𝑤𝑗,ℎ(𝑥′) + −
∫𝛤

[

𝑃 ∗
𝑖𝑗,ℎ

(

𝑥′, 𝑥
)

𝑤𝑗 (𝑥) + 𝑃 ∗
𝑖𝑗
(

𝑥′, 𝑥
)

𝑤𝑗,ℎ(𝑥)
]

𝑑𝛤 (𝑥)

= ∫𝛤

[

𝑊 ∗
𝑖𝑗,ℎ

(

𝑥′, 𝑥
)

𝑝𝑗 (𝑥) +𝑊 ∗
𝑖𝑗
(

𝑥′, 𝑥
)

𝑝𝑗,ℎ(𝑥)
]

𝑑𝛤 (𝑥)

− ∫𝛺

[

𝑊 ∗
𝑖3,ℎ

(

𝑥′, 𝑋
)

𝐵 +𝑊 ∗
𝑖3
(

𝑥′, 𝑋
)

𝐵,ℎ
]

𝜅𝛼𝛽
1 − 𝜈
2

×
[

𝑢𝛼,𝛽 (𝑋) + 𝑢𝛽,𝛼(𝑋) + 2𝜈
1 − 𝜈

𝑢𝜙,𝜙(𝑋)𝛿𝛼𝛽
]

𝑑𝛺(𝑋)

− ∫𝛺
𝑊 ∗
𝑖3
(

𝑥′, 𝑋
)

𝜅𝛼𝛽𝐵
1 − 𝜈
2

×
[

𝑢𝛼,𝛽ℎ(𝑋) + 𝑢𝛽,𝛼ℎ(𝑋) + 2𝜈
1 − 𝜈

𝑢𝜙,𝜙ℎ(𝑋)𝛿𝛼𝛽
]

𝑑𝛺(𝑋)

− ∫𝛺
𝑊 ∗
𝑖3
(

𝑥′, 𝑋
)

𝜅𝛼𝛽𝐵
(

(1 − 𝜈)𝜅𝛼𝛽 + 𝜈𝛿𝛼𝛽𝜅𝜙𝜙
)

𝑤3,ℎ(𝑋)𝑑𝛺(𝑋)

− ∫𝛺

[

𝑊 ∗
𝑖3,ℎ

(

𝑥′, 𝑋
)

𝐵 +𝑊 ∗
𝑖3
(

𝑥′, 𝑋
)

𝐵,ℎ
]

𝜅𝛼𝛽
(

(1 − 𝜈)𝜅𝛼𝛽 + 𝜈𝛿𝛼𝛽𝜅𝜙𝜙
)

× 𝑤3(𝑋)𝑑𝛺(𝑋)

+ ∫𝛺
𝑊 ∗
𝑖3,ℎ

(

𝑥′, 𝑋
)

𝑞3(𝑋)𝑑𝛺(𝑋)

(11)

he derivative of the in-plane displacement integral equations are:

𝜃𝛼
(

𝑥′
)

𝑢𝛼,ℎ
(

𝑥′
)

+ −
∫𝛤

[

𝑇 ∗(𝑖)
𝜃𝛼,ℎ

(

𝑥′, 𝑥
)

𝑢𝛼(𝑥) + 𝑇
∗(𝑖)
𝜃𝛼

(

𝑥′, 𝑥
)

𝑢𝛼,ℎ(𝑥)
]

𝑑𝛤 (𝑥)

+ ∫𝛤

[

𝑈∗
𝜃𝛼,ℎ

(

𝑥′, 𝑥
)

𝐵 + 𝑈∗
𝜃𝛼

(

𝑥′, 𝑥
)

𝐵,ℎ
]

[

𝜅𝛼𝛽 (1 − 𝜈) + 𝜈𝛿𝛼𝛽𝜅𝜙𝜙
]

× 𝑤3(𝑥)𝑛𝛽 (𝑥)𝑑𝛤 (𝑥)

+ ∫𝛤
𝑈∗
𝜃𝛼

(

𝑥′, 𝑥
)

𝐵
[

𝜅𝛼𝛽 (1 − 𝜈) + 𝜈𝛿𝛼𝛽𝜅𝜙𝜙
]

𝑤,ℎ(𝑥)𝑛𝛽 (𝑥)𝑑𝛤 (𝑥)

− ∫𝛺

[

𝑈∗
𝜃𝛼,ℎ

(

𝑥′, 𝑋
)

𝐵 + 𝑈∗
𝜃𝛼

(

𝑥′, 𝑋
)

𝐵,ℎ
]

[

𝜅𝛼𝛽 (1 − 𝜈) + 𝜈𝛿𝛼𝛽𝜅𝜙𝜙
]

× 𝑤3,𝛽 (𝑋)𝑑𝛺(𝑋)

− ∫𝛺
𝑈∗
𝜃𝛼

(

𝑥′, 𝑋
)

𝐵
[

𝜅𝛼𝛽 (1 − 𝜈) + 𝜈𝛿𝛼𝛽𝜅𝜙𝜙
]

𝑤3,𝛽ℎ(𝑋)𝑑𝛺(𝑋)

= ∫𝛤

[

𝑈∗
𝜃𝛼,ℎ

(

𝑥′, 𝑥
)

𝑡𝛼(𝑥) + 𝑈∗
𝜃𝛼

(

𝑥′, 𝑥
)

𝑡𝛼,ℎ(𝑥)
]

𝑑𝛤 (𝑥)

+ ∫𝛺
𝑈∗
𝜃𝛼,ℎ

(

𝑥′, 𝑋
)

𝑞𝛼(𝑋)𝑑𝛺(𝑋)

(12)

The formation of the system matrix is very similar to that given in the
previous sections:

𝐀𝐗,𝐡 = 𝐅,𝐡 − 𝐀,𝐡𝐗 (13)

2.5. BEM-FDM formulations for shallow shell structures

The first-order central finite difference scheme was used to estimate
the first-order derivatives of a variable 𝑆 with respect to changes in 𝑍𝑔 ,
𝑍𝜌 or 𝑍ℎ. For example, the derivative of 𝑆 with respect to a geometrical
variable is:
𝜕𝑆(𝑍𝑔)
𝜕𝑍𝑔

= 𝑆,𝑔 =
𝑆(𝑍𝑔 + 𝛥𝑍𝑔) − 𝑆(𝑍𝑔 − 𝛥𝑍𝑔)

2𝛥𝑍𝑔
(14)

here 𝛥𝑍𝑔 is the step size. The choice of the step size has a large
nfluence on the accuracy of the derivatives. In this work, the step size
as chosen depending on the value of 𝑍𝑔 such that 𝛥𝑍𝑔 = 𝑍𝑔𝛥𝑍′

𝑔 ,
here 𝛥𝑍′

𝑔 is the normalised step size. Convergence tests were carried
ut to determine the optimal normalised step size. The normalised step
ize, 𝛥𝑍′

𝑔 , used in this work ranged from 0.01 to 5 × 10−4.

.6. Evaluation of the Von Mises stress

The Von Mises stress at a boundary point can be found by:

2 = 1 [

(𝜎 − 𝜎 )2 + 𝜎2 + 𝜎2 + 6(𝜎2 + 𝜎2 + 𝜎2 )
]

(15)
𝑣 2 11 22 22 11 23 31 12
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The stress components 𝜎𝛼𝛽 are defined in terms of the membrane
tress resultants 𝑁𝛼𝛽 , the bending stress resultants 𝑀𝛼𝛽 and the shear
tress resultants 𝑄𝛼 . The membrane stress resultants are assumed to
e uniformly distributed throughout the thickness, while the bending
tress resultants, and the shear stress resultants vary linearly through
he thickness [33]. The maximum stresses occur at the top and bottom
urfaces where 𝑥3 = ±ℎ∕2. Therefore, only the stresses on the top
urface of the shell are of interest in this work.

1 +
𝑥3
𝑅𝛾

)𝜎𝛼𝛽 = 1
ℎ
𝑁𝛼𝛽 +

12𝑥3
ℎ3

𝑀𝛼𝛽 ;

{

𝛾 = 𝛽 𝛼 ≠ 𝛽
𝛾 ≠ 𝛽 𝛼 = 𝛽

(1 +
𝑥3
𝑅𝛾

)𝜎𝛼3 =
3
2ℎ

[

1 −
(

2𝑥3
ℎ

)2
]

𝑄𝛼 ; 𝛾 ≠ 𝛼

(16)

The direct method [2] was used to evaluate the stress resultants in
terms of the strain and boundary tractions. A detailed derivation can
be found in [32], and only a brief introduction is presented here. The
local bending stress resultants are defined as:

𝑀̂11 = 𝑝̂1
𝑀̂12 = 𝑝̂2

𝑀̂22 = 𝜈𝑀̂11 +𝐷(1 + 𝜈2)𝜒̂22 +
𝑞𝜈
𝜆2

(17)

where 𝑝̂1 and 𝑝̂2 are the local normal and tangential components of
traction and are defined as 𝑝̂1 = 𝑛1𝑝1+𝑛2𝑝2 and 𝑝̂2 = −𝑛2𝑝1+𝑛1𝑝2, where
𝑝1 and 𝑝2 are the global boundary traction derived from the boundary
integral equations in Eq. (4). The local tangential strain 𝜒̂22 is:

̂22 =
𝑒2𝛼
𝐽 (𝜁 )

∑

(

𝑤𝛼
𝑑𝑁(𝜁 )
𝑑𝜁

)

(18)

here 𝐽 (𝜁 ) is the Jacobian, 𝑁(𝜁 ) is the two dimensional quadratic
hape functions and 𝑒𝛼𝛽 is the rotation matrix where

𝛼𝛽 =
[

𝑛1 𝑛2
−𝑛2 𝑛1

]

(19)

nce the local bending stress resultants are obtained, the global bend-
ng stress resultants can be evaluated using the rotation matrix as:

𝛼𝛽 = 𝑒𝜓𝛼𝑒𝜙𝛽𝑀̂𝜓𝜙 (20)

he membrane stress resultants are defined such that:
̂ 1𝛼 = 𝑡𝛼
̂ 22 =

1
1 − 𝜈

[ 𝐸ℎ
1 + 𝜈

𝜖22 + 𝜈𝑡1
]

+ 𝐵(𝜈𝜅11 + 𝜅22)𝑤̂3
(21)

where

̂22 =
𝑒2𝛼
𝐽 (𝜁 )

∑

(

𝑢𝛼
𝑑𝑁(𝜁 )
𝑑𝜁

)

(22)

The local normal and tangential traction components can be found in
a similar way such that 𝑡1 = 𝑛1𝑡1 + 𝑛2𝑡2 and 𝑡2 = −𝑛2𝑡1 + 𝑛1𝑡2, where 𝑡1
nd 𝑡2 are the global membrane tractions. The global membrane stress
esultant can be found by using the rotation matrix:

𝛼𝛽 = 𝑒𝜓𝛼𝑒𝜙𝛽𝑁̂𝜓𝜙 (23)

he shear stress resultant can be evaluated as:
̂ 1 = 𝑝3
̂ 2 = 𝐷 1 − 𝜈

2
𝜆2(𝑤̂2 + 𝑤̂3,2)

(24)

here 𝑤̂2 = −𝑛2𝑤1 + 𝑛1𝑤2 and

̂ 3,2 =
1

𝐽 (𝜁 )
∑

(

𝑤̂3
𝑑𝑁(𝜁 )
𝑑𝜁

)

(25)

The global shear stress resultant at a boundary point is therefore

𝑄1 = 𝑄̂1𝑛1 − 𝑄̂2𝑛2 (26)
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𝑄2 = 𝑄̂1𝑛2 + 𝑄̂2𝑛1
2.7. Derivatives of the boundary stress resultants

In this section, the derivatives of the boundary stress resultants from
the previous section are presented here with respect to geometrical
variables, curvature, and thickness. The derivatives of the bending
stress resultants 𝑀𝛼𝛽 and shear stress resultants 𝑄𝛼 for plates have been
derived in previous literature with respect to geometrical variables [21,
34,35] and with respect to thickness [21]. These same equations can be
applied to shells as well. A detailed description of the formulations are
presented in Appendix C. However, the derivatives of the membrane
stress resultants 𝑁𝛼𝛽 will be different for shells compared to plates.
The derivatives of the membrane stress resultants 𝑁𝛼𝛽 for shells are
presented for the first time in this work.

The derivatives of the membrane stress resultants 𝑁𝛼𝛽 in Eq. (21)
ith respect to a geometrical variable 𝑍𝑔 can be evaluated as:

𝑁̂1𝛼,𝑔 = 𝑡𝛼,𝑔

𝑁̂22,𝑔 =
1

1 − 𝜈

[

𝜈𝑡1,𝑔 +
𝐸ℎ
1 + 𝑣

𝜀̂22,𝑔
]

+ 𝐵
(

𝜈𝜅11 + 𝜅22
)

𝑤̂3,𝑔
(27)

where

𝜀̂22,𝑔 =
1

𝐽 (𝜁 )

[

𝑒2𝛼,𝑔
∑

(

𝑢̂𝛼

(

𝑑𝑁(𝜁 )
𝑑𝜁

))

− 𝐽,𝑔(𝜁 )𝜀̂22

+𝑒2𝛼
∑

(

𝑢̂𝛼,𝑔

(

𝑑𝑁(𝜁 )
𝑑𝜁

))] (28)

The corresponding IDM formulations for stress couples 𝜎𝛼𝛽 in Eq. (16)
with respect to 𝑍𝑔 at the top surface 𝑥3 = ℎ∕2 can be derived as:

𝜎𝛼𝛽,𝑔 =
(

1
ℎ
𝑁𝛼𝛽,𝑔 +

𝑏
ℎ2
𝑀𝛼𝛽,𝑔

)

∕
(

1 + ℎ
2
𝜅𝛾
)

𝜎𝛼3,𝑔 =
3
2ℎ
𝑄𝛼,𝑔∕

(

1 + ℎ
2
𝜅𝛾
)

(29)

The derivatives of the membrane stress resultant in Eq. (21) with
respect to a curvature 𝑍𝜌 can be evaluated as:

𝑁̂1𝛼,𝜌 = 𝑡𝛼,𝜌

𝑁̂22,𝜌 =
1

1 − 𝑣

[

𝑣𝑡1,𝜌
𝐸ℎ
1 + 𝑣

𝜖22,𝜌
]

+ 𝐵
(

𝜈𝜅11,𝜌 + 𝜅22,𝜌,
)

𝑤̂3

+ 𝐵
(

𝜈𝜅11 + 𝜅22
)

𝑤̂3,𝜌

(30)

here

𝜀̂22,𝜌 =
𝑒2𝛼
𝐽 (𝜁 )

𝑀
∑

𝑖=1

(

𝑢̂𝛼,𝜌

(

𝑑𝑁(𝜁 )
𝑑𝜁

))

(31)

The corresponding IDM formulations for stress couples 𝜎𝛼𝛽 in Eq. (16)
with respect to 𝑍𝜌 at the top surface can be derived as:

𝜎𝛼𝛽,𝜌 =
(

1
ℎ
𝑁𝛼𝛽,𝜌 +

6
ℎ2
𝑀𝛼𝛽,𝜌

)

∕
(

1 + ℎ
2
𝜅𝛾
)

− 𝜎𝛼𝛽ℎ∕(2 + ℎ𝜅𝛾 )

𝜎𝛼3,𝜌 =
3
2ℎ
𝑄𝛼,𝜌∕

(

1 + ℎ
2
𝜅𝛾
)

− 𝜎𝛼3ℎ∕(2 + ℎ𝜅𝛾 )
(32)

The derivatives of the membrane stress resultants in Eq. (21) with
respect to thickness 𝑍ℎ can be evaluated as:

𝑁̂1𝛼,ℎ = 𝑡𝛼,ℎ

𝑁̂22,ℎ = 1
1 − 𝑣

[

𝜈𝑡1,ℎ +
𝐸ℎ
1 + 𝑣

𝜀̂22,ℎ +
𝐸

1 + 𝑣
𝜀̂22

]

+ 𝐵
(

𝜈𝜅11 + 𝜅22
)

𝑤̂3,ℎ + 𝐵,ℎ
(

𝑣𝜅11 + 𝜅22
)

𝑤̂3

where

𝜀̂22,ℎ =
𝑒2𝛼
𝐽 (𝜁 )

𝑀
∑

𝑖=1

(

𝑢̂𝛼,ℎ

(

𝑑𝑁(𝜁 )
𝑑𝜁

))

(33)

The corresponding IDM formulations for stress couples 𝜎𝛼𝛽 in Eq. (16)
with respect to 𝑍ℎ at the top surface can be derived as:

𝜎𝛼𝛽,ℎ =
(

6
ℎ2
𝑀𝛼𝛽,ℎ +

1
ℎ
𝑁11,ℎ −

12
ℎ3
𝑀𝛼𝛽 −

1
ℎ2
𝑁𝛼𝛽

)

∕
(

1 + ℎ
2
𝜅𝛾
)

− 𝜎𝛼𝛽𝜅𝛾∕(2 + ℎ𝜅𝛾 )

= 3𝑄 ∕(1 + ℎ𝜅 ) − 𝜎 ∕ℎ − 𝜎 𝜅 ∕(2 + ℎ𝜅 )

(34)
𝛼3,ℎ 2 𝛼,ℎ 2 𝛾 𝛼3 𝛼3 𝛾 𝛾
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where 𝜅𝛾 = 1∕𝑅𝛾 . The detailed IDM formulations for 𝑀𝛼𝛽,𝑔 , 𝑀𝛼𝛽,𝜌,
𝑀𝛼𝛽,ℎ and 𝑄𝛼,𝑔 , 𝑄𝛼,𝜌, and 𝑄𝛼,ℎ can be found in Appendix C.

The IDM formulations for the Von Mises stress can therefore be
derived as:

𝜎𝑣,𝑚 = 1
2𝜎𝑣

[

(𝜎11 − 𝜎22)(𝜎11,𝑚 − 𝜎22,𝑚) + 𝜎22𝜎22,𝑚 + 𝜎11𝜎11,𝑚

+12(𝜎23𝜎23,𝑚 + 𝜎31𝜎31,𝑚 + 𝜎12𝜎12,𝑚)
]

(35)

where the subscript ‘‘, 𝑚’’ indicates a derivative with respect to a
geometrical variable, curvature, or thickness.

2.8. The First-Order Reliability Method (FORM)

The purpose of this section is to provide a brief introduction to the
First-Order Reliability Method (FORM). A more detailed introduction
can be found in [36].

The Most-Probable Point (MPP) approach was used in this work
with the FORM to evaluate the reliability index. Typically, the MPP
is located through the use of an iterative algorithm, details of which
can be found in [37,38].

In structural reliability analysis, the boundary between the safe
domain and the failure domain is defined by a Limit State Function
(LSF):

𝑔(𝐙) = 𝐺0 − 𝐺(𝐙) (36)

where 𝐺0 is the structure’s resistance to loading e.g. fracture toughness,
yield strength, or maximum allowable displacement. 𝐙 is a vector that
contains the values of the design variables that could affect 𝑔(𝐙). The
failure boundary is therefore 𝑔(𝐙) = 0. The failure domain is defined as
𝑔(𝐙) < 0, while the safe domain is defined as 𝑔(𝐙) > 0
Reliability can be determined by evaluating the following integral:

𝑃𝑅 = 1 − 𝑃𝐹 = 𝑃 {𝑔(𝐙) > 0} = ∫𝑔(𝐙)>0
𝑓𝑍 (𝐙)𝑑𝑍 (37)

where 𝑓𝑍 (𝐙) is the joint Probability Density Function (PDF) of 𝐙, 𝑃𝑅 is
the reliability, and 𝑃𝐹 is the failure probability. This equation involves
the integration over the safe domain 𝑔(𝐙) > 0. This could be difficult
since the vector of design variables could be multidimensional. There-
fore, a commonly used method, the FORM, was applied to approximate
the LSF using the first-order Taylor expansion.

The FORM involves transferring the variable from 𝐙-space to the
standard normal 𝐔-space, where variables in 𝐙 can be expressed in
terms of 𝐔, the means and the standard deviations of 𝐙. Eq. (37) can
be transferred to 𝐔-space as:

𝑃𝑅 = 1 − 𝑃𝐹 = 𝑃 {𝑔(𝐔) > 0} = ∫𝑔(𝐔)>0
𝑓𝑈 (𝐔)𝑑𝑈 (38)

The FORM relies on approximating the LSF using a first-order Taylor
expansion:

𝑔(𝐔) ≈ 𝑔(𝐮∗) + ∇𝑔(𝐮∗)(𝐔 − 𝐮∗) (39)

where 𝑢∗ is the expansion point. The gradient of 𝑔(𝐔) is defined as:

∇𝑔(𝐮∗) =
(

𝜕𝑔(𝐔)
𝜕𝑈1

,
𝜕𝑔(𝐔)
𝜕𝑈2

,… ,
𝜕𝑔(𝐔)
𝜕𝑈𝑛

)

|

|

|

|

|𝐮∗
(40)

Ideally, the integration function should be expanded at a point that
has the highest probability density and highest contribution to the
integration. This point is the MPP and is located somewhere along the
boundary 𝑔(𝐔) = 0. The reliability index is the distance between the
MPP to the origin of the 𝐔-space and is denoted as 𝛽. Reliability and
probability of failure are related to 𝛽:

𝑃𝑅 = 1 − 𝑃𝐹 = 1 −𝛷(−𝛽) = 𝛷(𝛽) (41)

where 𝛷(𝛽) is the Cumulative Distribution Function (CDF) of the stan-
dard normal distribution.
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Fig. 2. Hemispherical shell under normal pressure with radius of curvature 𝑅.

Table 1
Results of the derivatives of the centre deflection with respect to the curvature 𝑤3,𝑅
obtained from the analytical solution, IDM and FDM. The derivatives are given in
magnitude of 10−4. Percentage differences (%) between the IDM and the analytical
solution.

h/R R h Analytical IDM FDM % diff

1/100 5000 50 0.450 0.454 0.454 0.980
1/200 5000 25 0.900 0.901 0.901 0.147
1/500 12 500 25 2.25 2.25 2.25 0.169
1/1000 25 000 25 4.50 4.51 4.51 0.241
1/5000 125 000 25 22.5 22.6 22.6 0.407

3. Analytical validation of the BEM-IDM formulation

It is necessary to validate the accuracy of the derived BEM-IDM
formulations when calculating sensitivities. A comparison is first made
between the results from the IDM and the analytical solution for a
hemispherical shell under normal pressure in [39]. The hemispherical
shell is simply supported around the edge of its circular base, and it
has a radius of curvature 𝑅 and thickness ℎ. It is subjected to uniform
pressure 𝑝 = 10 kN∕m2 acting in the out-of-plane direction. The shell
has a Young’s modulus of 𝐸 = 2.0 × 107 kN∕m2 and Poisson’s ratio
𝜈 = 0.1. The curvature of the shell is calculated as 𝜅11 = 𝜅22 = 1∕𝑅. The
geometry is shown in Fig. 2.

The out-of-plane displacement at the center of the shell is given by

𝑤3 = (1 − 𝜈)𝑝𝑅2∕2𝐸ℎ (42)

The derivative of the out-of-plane displacement at the shell centre
with respect to the radius of the curvature 𝑅 and with respect to the
thickness ℎ is:

𝑤3,𝑅 = (1 − 𝜈)𝑝𝑅∕𝐸ℎ; 𝑤3,ℎ = −(1 − 𝜈)𝑝𝑅2∕𝐸ℎ2 (43)

The BEM model consists of 48 quadratic elements on the boundaries
and 49 DRM points which are distributed evenly in the domain. The
out-of-plane displacement obtained from BEM was compared to that
obtained by the analytical solution. The derivative was calculated from
both FDM and IDM at different values of ℎ∕𝑅. The normalised step
size used for the FDM was 𝛥𝑍′

𝑔 = 0.01. The percentage difference
between the analytical solution and the IDM/FDM solutions were then
calculated. The results for 𝑤3,𝑅 and 𝑤3,ℎ are given in Tables 1 and 2,
respectively.

As seen in Tables 1 and 2, the difference between the IDM and the
analytical solution is less than 1% for 𝑤3,𝑅 and less than 3% for 𝑤3,ℎ.
There are only minor differences between the results obtained from the
FDM and the IDM, which indicates that the IDM provides a similar
level of accuracy to the FDM. However, to determine the optimal
step size for FDM, a convergence test must be performed, whereas
the accuracy of IDM does not require a step size, making it a more
robust alternative to the FDM. In conclusion, the IDM formulations was
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Table 2
Results of the derivatives of the centre deflection with respect to the thickness 𝑤3,ℎ
obtained from the analytical solution, IDM and FDM. Percentage differences (%)
between the IDM and the analytical solution.

h/R R h Analytical IDM FDM % diff

1/100 5000 50 −2.25E−03 −2.19E−03 −2.19E−03 2.61
1/200 5000 25 −9.00E−03 −8.90E−03 −8.90E−03 1.09
1/500 12 500 25 −5.63E−02 −5.62E−02 −5.62E−02 0.01
1/1000 25 000 25 −2.25E−01 −2.26E−01 −2.26E−01 0.24
1/5000 125 000 25 −5.63E+00 −5.65E+00 −5.65E+00 0.46

Fig. 3. Circular shallow spherical shell with a hole in the centre. The shell is subjected
under a uniform pressure load acting against the curvature (downward). The shell
contains an inner radius of 𝑟1 and an outer radius of 𝑟2, the thickness of the shell ℎ.
The curvatures in x and y direction are 𝜅11 = 𝜅22 = 𝜅.

successfully validated against the analytical solution and demonstrated
a good level of accuracy and robustness.

4. Numerical examples

A numerical example featuring a clamped circular shallow spherical
shell was used to demonstrate the use of the IDM formulation with the
FORM. Various geometrical parameters and material properties were
treated as random variables. The geometry of the shell is shown in
Fig. 3.

The outer boundary of the shell is clamped, and the shell is sub-
jected to a uniform pressure load. The shell is composed of Aluminium
6061-T6 with Young’s modulus of 𝐸 = 68.9 GPa, Poisson’s ratio of
𝜈 = 0.33 and yield strength 𝜎𝑦 = 276 MPa [40]. The shell has a thickness
ℎ, and the curvature in the x and y-direction is denoted as 𝜅11, 𝜅22,
respectively. In this work the curvatures are assumed to be equal, that
is 𝜅11 = 𝜅22 = 𝜅. The geometrical variables consisting of the inner radius
𝑟1 and outer radius 𝑟2 of the boundaries of the shell, the thickness of
the shell ℎ, along with the Poisson’s ratio 𝜈, curvature 𝜅 and loading
conditions 𝑝 are treated as random variables in the FORM. Details of
these random variables can be found in Table 3. In the curvature,
the Coefficient Of Variation (COV) is considered to be a variable for
representing different levels of manufacturing uncertainty.

The BEM model of the shell consists of 64 quadratic elements. 32
elements were used to discretise the inner boundary and 32 elements
for the outer boundary. 64 DRM points were evenly distributed in the
domain.

4.1. Reliability analysis

The failure condition of the shell is defined such that the maximum
Von Mises stress found in the shell does not exceed the yield strength
of the material. The Limit State Function (LSF) in this case is:

𝑔(𝐙) = 𝜎𝑦 − 𝜎𝑚𝑎𝑥𝑣 (𝐗) (44)

where 𝜎𝑦 is the yield strength and 𝜎𝑚𝑎𝑥𝑣 is the maximum Von Mises
stress. The vector 𝐙 contains the design variables that can influence
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Table 3
The design variables used in the reliability analyses.
𝑍𝑖 𝑋𝑖 Parameter Description Distribution Mean COV

𝑍1 𝑋1 𝑟1 Inner radius Normal 0.5 m 0.1
𝑍2 𝑋2 𝑟2 Outer radius Normal 5 m 0.1
𝑍3 𝑋3 𝜅 Curvature in x direction Normal 0.005 m−1 𝐶𝑂𝑉𝜅
𝑍4 𝑋4 ℎ Shell thickness Normal 0.05 m 0.05
𝑍5 𝑋5 𝜈 Poisson’s ratio Normal 0.3 0.05
𝑍6 𝑋6 𝑝 Domain pressure Normal 0.025 MPa 0.2

Table 4
CPU time required for the FORM, with either the IDM or the FDM.

Method CPU time (s) per derivative

FDM 2.41
IDM 1.55

the value of 𝑔 where 𝐙 = (𝑟1, 𝑟2, 𝜅, ℎ, 𝜈, 𝑝, 𝜎𝑦) and 𝐗 consist of the design
variables in 𝐙 without the yield strength 𝐗 = (𝑟1, 𝑟2, 𝜅, ℎ, 𝜈, 𝑝). In the
FORM, the sensitivity of 𝑔(𝐙) with respect to the design parameter
𝑍𝑖 is needed. The IDM involves calculating the direct derivatives of
boundary integral equations defined in terms of the source point and
the field point. In order to conduct the IDM, it is necessary to estimate
the derivatives of the nodal coordinates of the collocation points.
The geometrical variables 𝑍1 − 𝑍4 were evaluated analytically using
the BEM-IDM to determine the sensitivities. For the non-geometrical
variables 𝑍5−𝑍6, the sensitivities were determined by using the DBEM-
FDM with a step size of 𝛥𝑍′

𝑔 = 5×10−4. A range of possible 𝐶𝑂𝑉𝜅 values
for curvature were tested from 0.02 to 0.2.

The results of the influence of the 𝐶𝑂𝑉𝜅 on the overall structural re-
liability are shown in Fig. 4. The reliability of the structure decreased as
the 𝐶𝑂𝑉𝜅 increased, which indicated that higher uncertainties result in
a higher probability of failure. In comparison to the FDM-FORM, there
are only minor differences between the IDM-FORM and the FDM-FORM
with a maximum difference of 0.11% at 𝐶𝑂𝑉𝜅 = 0.2. The IDM-FORM
is more computationally efficient than the FDM-FORM, as seen by the
CPU times shown in Table 4 for evaluating one derivative for a single
parameter. In terms of the CPU time required by the FORM, the IDM
is 35% faster than the FDM. Although this represents a reduction of
only 0.86 s, this reduction can prove significant when large amount
of derivatives are needed, such as in gradient-based optimisation. This
improvement in efficiency offered by the IDM is compounded by the
fact that the FDM requires the use of a step-size, while the IDM does
not. These results indicate that the novel IDM developed in this work is
a significantly more efficient alternative to the FDM when calculating
sensitivities.

4.2. Sensitivity analysis

Reliability analysis provides a means of assessing structural reliabil-
ity and safety, the results of which can be used for sensitivity analyses
to identify the most important design parameters for improving safety.
As the number of random variables associated with the response of a
structure increases, it becomes increasingly difficult to control all of the
variables in order to improve the reliability. Instead, only the variables
that are the most important need to be identified and managed. In order
to quantify the influence of uncertainty in parameters on overall reli-
ability, reliability sensitivity analysis are usually conducted to analyse
the effect of individual parameters on the failure probability.

A sensitivity factor is defined as the rate of change in the probability
of failure with respect to a distribution parameter (𝜇 or 𝜎) of a variable.
The sensitivity factors in this work were evaluated at the design point
(i.e. MPP) for different values of COV of the curvature 𝐶𝑂𝑉𝜅 .

For the variables with a normal distribution, the sensitivity factor
for the mean or standard deviation can be derived as [36]:

𝑆𝜇 =
𝜕𝑃𝑓 = 𝜙(−𝛽)

𝑢∗𝑖 ; 𝑆𝜎 =
𝜕𝑃𝑓 = 𝜙(−𝛽)

(𝑢∗𝑖 )
2

(45)

𝑖 𝜕𝜇𝑖 𝛽𝜎𝑖 𝑖 𝜕𝜎𝑖 𝛽𝜎𝑖
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Fig. 4. Effect of the uncertainties (COV) in the curvature on the Reliability index for IDM and FDM compare to the results obtained from MCS.
Table 5
The sensitivity factors obtained from the reliability analysis for 𝐶𝑂𝑉𝜅 = 0.1. The table
gives both the sensitivity factor and the normalised sensitivity factors.

Sensitivity 𝑆𝜇𝑖 𝑆𝜇𝑖 Sensitivity 𝑆𝜎𝑖 𝑆𝜎𝑖
𝜕𝑃𝑓 ∕𝜕𝜇𝑟1 −0.018 −0.93 𝜕𝑃𝑓 ∕𝜕𝜎𝑟1 0.0015 0.0076
𝜕𝑃𝑓 ∕𝜕𝜇𝑟2 0.011 5.49 𝜕𝑃𝑓 ∕𝜕𝜎𝑟2 0.0051 0.26
𝜕𝑃𝑓 ∕𝜕𝜇𝜅 −25.65 −13.24 𝜕𝑃𝑓 ∕𝜕𝜎𝜅 29.67 1.53
𝜕𝑃𝑓 ∕𝜕𝜇ℎ −3.38 −17.45 𝜕𝑃𝑓 ∕𝜕𝜎ℎ 2.58 0.67
𝜕𝑃𝑓 ∕𝜕𝜇𝜈 0.077 2.38 𝜕𝑃𝑓 ∕𝜕𝜎𝜈 0.0080 0.012
𝜕𝑃𝑓 ∕𝜕𝜇𝑝 4.03 10.40 𝜕𝑃𝑓 ∕𝜕𝜎𝑝 7.32 3.78

where 𝛽 is the reliability index evaluated at the MPP and 𝜙(−𝛽) is the
probability density function of a standard normal distribution at −𝛽. 𝑢∗𝑖
is the corresponding U-space value of the MPP.

The sensitivity factors obtained from Eq. (45), 𝑆𝜇𝑖 and 𝑆𝜎𝑖 are not
directly comparable with each other since they are have different units.
Therefore, a dimensionless process was applied to make the sensitivity
factors unit-independent [41] such that:

𝑆𝜇𝑖 =
𝜇𝑖
𝑃𝑓

𝜕𝑃𝑓
𝜕𝜇𝑖

; 𝑆𝜎𝑖 =
𝜎𝑖
𝑃𝑓

𝜕𝑃𝑓
𝜕𝜎𝑖

(46)

where 𝑆𝜇𝑖 and 𝑆𝜎𝑖 represent the sensitivity of failure probability with
respect to the mean and standard deviation of the distribution, respec-
tively. The results of the sensitivity factors evaluated at the MPP at
𝐶𝑂𝑉𝜅 = 0.1 are given in Table 5.

It can be seen from Table 5 that the sign of the sensitivity factor for
the outer radius mean, Poisson’s ratio, and pressure load, is positive.
This indicates that the probability of failure will increase as the mean
value of these variables increases. The opposite is true for sensitivity
factors with negative signs. This is intuitive, for example, as the value
of curvature decreases, the structure more closely resembles a flat
plate structure, which has less resistance to downward pressure. Also,
a thicker shell will be able to withstand larger pressure forces. All
the sensitivity factors for the standard deviation are of positive sign,
which is intuitive and consistent with the expectation that increasing
uncertainties in the variables will lead to a greater probability of
failure.

Sensitivity analysis can be a helpful tool in the design process.
However, if there is a large number of variables involved, it can
be difficult to determine the variables that have the most significant
effect on reliability. The percentage importance of each of the random
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variables can be calculated as [42]:

𝜆𝜇𝑖 =
|𝑆𝜇𝑖 |

∑

|𝑆𝜇𝑖 |
× 100%; 𝜆𝜎𝑖 =

|𝑆𝜎𝑖 |
∑

|𝑆𝜎𝑖 |
× 100%; (47)

where 𝜆𝜇𝑖 and 𝜆𝜎𝑖 represents the percentage contribution of each distri-
bution parameter to the total sensitivity. The percentage sensitivity fac-
tors for different variables and for different values of 𝐶𝑂𝑉 𝜅 are shown
in Figs. 5 and 6 for the means and standard deviations, respectively.

Based on the results, it can be seen that the mean and standard
deviation of both the inner radius 𝑟1 and Poisson’s ratio 𝜈 have a
much smaller impact on the sensitivity than the other parameters. This
contrasts with the other geometric variables, the failure probability
is much more sensitive to variations in curvature 𝜅 and thickness
ℎ. Out of all the parameters, the standard deviation of the applied
uniform pressure 𝜎𝑝 has the largest impact on the probability of failure.
However, as 𝐶𝑂𝑉𝜅 increases, the standard deviation of the curvature
𝜎𝜅 reaches a similar level of impact.

In summary, these results indicate that to improve the reliability of
the shallow shell structure seen in Fig. 3, more consideration should
be given to the curvature and thickness, as they have a significant
impact on failure probability and are easier to control compared to
non-geometrical parameters, such as the applied pressure. Moreover,
more effort should be made to quantify the uncertainties in the applied
pressure load, since the standard deviation in the pressure load has a
significant impact on the failure probability.

5. Optimisation

The IDM formulation was used in the previous two examples to
evaluate the response sensitivities of a structure with respect to design
parameters. The IDM formulations were first validated through an
analytical example, then a more complicated example was analysed
to identify the most influential design parameters. To demonstrate
further application of the IDM formulations for practical purposes, two
optimisation examples were investigated involving shape optimisation
using the novel IDM methodology developed in this work. The first
optimisation example involved the shape optimisation of the circular
shell structure analysed in Section 4. The second optimisation example
involved optimising the shape of an aircraft fuselage structure; a sig-
nificantly more complex geometry with many more design parameters
than the first example.

Optimisation during the design stage enables engineers to max-
imise/minimise a performance function subjected to constraints or
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Fig. 5. Percentage influence of the sensitivity factors of mean of the variables with varying COV in curvature.
Fig. 6. Percentage influence of the sensitivity factors of standard deviation of the variables with varying COV in curvature.
requirements of the structure. Since the sensitivities are already calcu-
lated in the FORM via the method introduced in the previous sections in
cooperation with the BEM, gradient-based design optimisation methods
were used. The optimisation was conducted in MATLAB using the
nonlinear multi-variable function solver ‘fmincon’.

5.1. Numerical example 1: Circular shallow spherical shell

The first example involves the optimisation of a circular shell with a
centre hole shown in the previous Section 4.2. The shape of the shell is
optimised such that its mass is minimised subjected to the requirement
that the maximum Von Mises stress cannot exceed a certain limit.
According to the sensitivity analysis results shown in Section 4.2, the
outer radius 𝑟2, curvature 𝜅 and the thickness ℎ have the most impact
on the maximum Von Mises stress in the structure. Therefore, only 𝐝 =
[𝑟2, 𝜅, ℎ] were considered as design parameters during the optimisation.
Other parameters were fixed at their mean value. The optimisation
problem is therefore defined as:

Minimise: 𝑀𝑎𝑠𝑠(𝐝) (48)
Subject to: 𝐝𝐿 ≤ 𝐝 ≤ 𝐝𝑈 , 𝐝 ∈ 𝐑3
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𝜎𝑚𝑎𝑥𝑣 ≤ 𝜎𝑌 ∕𝑆

where 𝜎𝑚𝑎𝑥𝑣 is the maximum Von Mises stress in the structure, 𝜎𝑌 is the
yield strength and 𝑆 is the safety factor with a value of 1.5. The initial
design is 𝐝0 = [5, 0.05, 0.5] with the lower bound 𝐝𝐿 = [4.5, 0.001, 0.01]
and upper bound 𝐝𝑈 = [5.5, 0.01, 0.1]. The optimisation procedure is
considered to have converged when the change in 𝑀𝑎𝑠𝑠(𝐝) is less than
0.01% and 𝜎𝑚𝑎𝑥𝑣 is below or equal to 𝜎𝑌 within 0.01% error. Several
materials, Aluminium 6061-T6, 2024-T4, 7075-T6, and 7075-T7, were
tested to investigate the effect of yield strength on the optimisation
results. The material properties of these materials are summarised in
Table 6 and the mass can be calculated using the design variables 𝐝 with
the corresponding density. The volume of the initial design is 3.889 m3.
It is expected that when a material with higher yield strength is used,
the mass of the optimised design will be lighter.

The optimisation results for each of these materials are given in
Table 7 and the convergence history is shown in Fig. 7. The shape of the
structure is shown in Fig. 7 at three different iterations. It can be seen
that the optimisation successfully decreases the volume of the structure
compared to the initial design. The results show that when a material
with a higher yield strength was used, such as Aluminium 7075-T6,
a lighter mass can be achieved. This matches the expected outcome
discussed earlier.
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Fig. 7. Optimisation history from the IDM-based BEM with multiple Aluminium alloys. Three examples of shape-changing in the optimisation are presented for Aluminium 2024-T4.
Table 6
Material properties of different Aluminium alloys. The Young’s modulus 𝐸, Poisson’s
ratio 𝜈, yield strength 𝜎𝑌 and density 𝜌 are given [40].

Material 𝐸 [GPa] 𝜈 𝜎𝑌 [MPa] 𝜌 [kg m−3]

Aluminium 6061-T6 68.9 0.33 276 2700
Aluminium 2024-T4 73.1 0.33 324 2780
Aluminium 7050-T7 71.7 0.33 469 2830
Aluminium 7075-T6 71.7 0.33 503 2810

5.2. Numerical example 2: Shell structure with a window

The aim of this second example is to demonstrate the application of
the BEM-IDM to Reliability-Based Design Optimisation (RBDO). RBDO
involves optimising a structure for a specific level of reliability and
accounts for uncertainties in the design parameters. RBDO has been
widely studied in the literature [20,21,43,44]. Common approaches for
performing RBDO are the Reliability Index Approach (RIA) and the
Performance Measurement Approach (PMA). The PMA was used in this
work due to its fast convergence and superior stability [44].

The simply supported shell structure with a window section is
shown in Fig. 8. The structure is composed of Aluminium 6061-
T6, and is subjected to boundary tension, bending and domain pres-
sure. The geometry of the shell is defined by the parameters 𝐗 =
[𝑊1, 𝐿1, 𝑅1,𝑊2, 𝐿2, 𝑅2, ℎ, 𝜅] and the design variables are 𝐝 = [𝑊2, 𝐿2,
𝑅2, ℎ, 𝜅]. In addition, the loading and material properties were treated
as random variables, these were the bending moment 𝑀 , tension 𝑁 ,
domain pressure 𝑃 and yield strength 𝜎𝑌 . The details of these variables
are given in Table 8.

The BEM mesh of this structure is composed of 112 quadratic
elements on the boundaries and 78 DRM points in the domain. The
optimisation problem is defined such that the mass is to be minimised
while a specific target reliability index 𝛽𝑡𝑎𝑟𝑔𝑒𝑡 is reached.

Minimise: 𝑀𝑎𝑠𝑠(𝐝) (49)
Subject to: 𝐝𝐿 ≤ 𝐝 ≤ 𝐝𝑈 , 𝐝 ∈ 𝐑5

𝑔(𝐙) ≤ 0 (‖𝑢‖ = 𝛽𝑡𝑎𝑟𝑔𝑒𝑡)

where the limit state function is defined as:

𝑔(𝐙) = 𝜎𝑚𝑎𝑥𝑣 (𝐐) − 𝜎𝑌 (50)

where 𝐙 = [𝑊2, 𝐿2, 𝑅2, ℎ, 𝜅,𝑀,𝑁, 𝑃 , 𝜎𝑌 ] and 𝐐 = [𝑊2, 𝐿2, 𝑅2, ℎ, 𝜅,𝑀,
𝑁, 𝑃 ]. The mass of the structure can be calculated using the param-
eters in 𝐗 and density 𝜌 = 2700 kgm−3. The initial design is 𝐝 =
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0

[0.5, 0.25, 0.05, 0.05, 0.1] with the lower and upper bound 𝐝𝐿 = 0.8𝐝0 and
𝐝𝑈 = 1.2𝐝0, A wider range of the design variation was assigned for 𝑅2
such that 𝐝𝐿𝑅2

= 0.03 and 𝐝𝑈𝑅2
= 0.07.

The optimisation of the shell structure was conducted with a range
of reliability index targets 𝛽𝑡𝑎𝑟𝑔𝑒𝑡, whereby a higher 𝛽𝑡𝑎𝑟𝑔𝑒𝑡 indicates
a lower probability of failure. The variation in the value of 𝛽𝑡𝑎𝑟𝑔𝑒𝑡
represents the safety requirements for a range of possible applications.
It is expected that as the safety requirement increases, the mass of the
optimised design will be larger.

The results of the optimisation for different target reliability in-
dexes 𝛽𝑡𝑎𝑟𝑔𝑒𝑡 are given in the Table 9 and the iteration history of the
optimisation is shown in Fig. 9. To verify that the optimal design is
meeting the target reliability index, the true reliability index 𝛽𝐹𝑂𝑅𝑀
was evaluated using the FORM. It can be seen that the error between
the 𝛽𝑡𝑎𝑟𝑔𝑒𝑡 and 𝛽𝐹𝑂𝑅𝑀 is less than 0.47%, meaning that 𝛽𝑡𝑎𝑟𝑔𝑒𝑡 and 𝛽𝐹𝑂𝑅𝑀
are in very good agreement. As the target reliability index increases,
the optimal mass is higher which matches the expectation discussed
earlier. The optimal geometry for 𝛽𝑡𝑎𝑟𝑔𝑒𝑡 = 2 and 𝛽𝑡𝑎𝑟𝑔𝑒𝑡 = 6 is shown
in Fig. 10. As 𝛽𝑡𝑎𝑟𝑔𝑒𝑡 increases, optimal design becomes thicker and has
higher curvature, the radius of the fillet is also larger and the ‘window’
section is smaller.

The maximum Von Mises stress occurs at the corner of the window.
Therefore, the sensitivity of the maximum Von Mises stress to the size
of the fillet 𝑅2 is of particular interest. Sensitivity analysis can be
performed at a specific reliability level (i.e. fixed 𝛽𝑡𝑎𝑟𝑔𝑒𝑡) to investigate
the sensitivity of the maximum Von Mises stress with respect to the
change in fillet radius. The derivatives of the maximum Von Mises
stress with respect to the change in fillet radius using the optimal design
parameters for 𝛽𝑡𝑎𝑟𝑔𝑒𝑡 = 4 are shown in Fig. 11. The design variables are
fixed at the optimal design results given in Table 9 while changing the
value of 𝑅2. The maximum Von Mises stress is less sensitive to the fillet
radius when a larger 𝑅2 was used in the design. The reliability index
remains very close the target reliability index.

6. Conclusion

This paper presented a novel methodology for conducting reliability
analyses using a newly developed Boundary Element Method-based
Implicit Differentiation Method (BEM-IDM) for shallow shell structures.
The BEM formulations for evaluating the response sensitivities with
respect to changes in geometrical variables, curvature and thickness is
proposed for the first time.
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Table 7
Optimisation results from the IDM-based BEM with multiple Aluminium alloys.
Material 𝜎𝑌 [MPa] Optimal volume [m3] Optimal mass [kg] 𝑟2 [m] 𝜅 [m−1] ℎ [m]

Aluminium 6061-T6 276 1.31 3536.3 4.621 0.00802 0.0197
Aluminium 2024-T4 324 1.13 3133.6 4.500 0.00882 0.0179
Aluminium 7050-T7 469 0.961 2719.8 4.501 0.00781 0.0153
Aluminium 7075-T6 503 0.956 2687.7 4.539 0.00677 0.0150
Fig. 8. Shell structure subjected at tension, bending and domain pressure loading.
Fig. 9. Optimisation history from the IDM-based BEM with different target reliability 𝛽𝑡𝑎𝑟𝑔𝑒𝑡.
The exact derivatives of the BEM formulations were employed
with the FORM for assessing the reliability of shell structures and the
sensitivity of the failure criterion with respect to the changes in random
variables. The IDM formulations were first validated using an analytical
example featuring a hemispherical shell. The results show that the
derivatives estimated from the BEM-IDM formulations compared very
well with the analytical solution 2.61%. The IDM formulations were
then used in the FORM for a structure featuring a circular shallow
shell with an inner hole subjected to uniform pressure. The geometric
variables, material properties, and applied pressure were treated as
random variables. The influence of the changes in the curvature uncer-
tainties on the structure reliability was investigated, and it was found
233
that increasing the uncertainty in the curvature resulted in a higher
probability of failure of the structure. The IDM results also shown good
agreement with the results obtained from the FDM-FORM. The results
from the IDM are very close to those obtained from the FDM with
maximum difference of 0.11%. In order to investigate the impact of
different variables on the reliability of the structure, a sensitivity anal-
ysis was conducted using the newly developed BEM-IDM. The results
indicate that more effort should be devoted to controlling the uncer-
tainties associated with geometrical variables as well as quantifying the
uncertainties associated with pressure load.

To demonstrate how the BEM-IDM could be used in practice, it was
employed as gradient-based optimisation procedure, which aimed to
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Fig. 10. Optimisation results for shell design with 𝛽𝑡𝑎𝑟𝑔𝑒𝑡 = 2 and 𝛽𝑡𝑎𝑟𝑔𝑒𝑡 = 6. (not to scale).
Fig. 11. Sensitivity of the maximum Von Mises stress to the change in fillet radius 𝑅2 at the optimal design of 𝛽𝑡𝑎𝑟𝑔𝑒𝑡 = 4.
Table 8
Details of the shell structure parameters and random variables used in the optimisation
procedure.

Variable Description Mean CoV Units

𝑊1 Outer width 1 0 m
𝐿1 Outer length 1 0 m
𝑅1 Outer radius 0.1 0 m
𝑊2 Inner width 0.5 0.01 m
𝐿2 Inner length 0.25 0.01 m
𝑅2 Inner radius 0.05 0.01 m
ℎ Thickness 0.05 0.01 m
𝜅 Curvature 0.1 0.01 m−1

𝑁 Boundary traction 0.9 0.1 MN m−1

𝑀 Boundary moment 0.01 0.1 MN
𝑃 Domain pressure 0.056 0.1 MPa
𝜎𝑌 Yield stress 276 0.1 MPa

minimise mass, whilst maintaining a high-level of safety. A variety of
materials with different yield strengths were used to investigate the
effect of yield strength on the optimisation results. It is found that when
stronger material were used, the optimal structure had lower mass. An
optimisation example featuring Reliability-Based Design Optimisation
(RBDO) was also investigated. It is found that when increasing the
targeting reliability index, the mass of the structure increased to meet
the stricter safety requirement. However, the method has inherent
limitations in that the exactness of the probability of failure obtained
from the FORM relies on the linearity or close-to-linearity of the
limit state function in the variable space. To improve the accuracy of
234
FORM results, methods such as the Second-Order Reliability Method
(SORM) becomes favourable, as it approximates the limit state func-
tion through a second-order Taylor expansion. Nevertheless, employing
SORM entails an increase in computational demand, as the computation
of second-order derivatives of the BEM must be performed for each
reliability analysis. In cases involving highly non-linear limit state
functions, convergence issues have been observed in RBDO. However,
the FORM has demonstrated sufficient accuracy for the majority of
static structures.

Future work will focus on the application of IDM to the reliability
analysis and optimisation of more complex structures, such as an
aircraft fuselage. Fatigue crack growth and its impact on the reliability
of shallow shell structures will also be investigated.
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Table 9
Optimisation results for different target reliability indexes 𝛽𝑡𝑎𝑟𝑔𝑒𝑡.

𝛽𝑡𝑎𝑟𝑔𝑒𝑡 𝑊2 𝐿2 𝑅2 ℎ 𝜅 Mass [kg] 𝛽𝐹𝑂𝑅𝑀 𝑃𝑓 (%)

Initial design 0.5 0.25 0.05 0.05 0.1 165.1 3.651 0.01311

2 0.4970 0.2892 0.06956 0.04006 0.1179 125.4 2.008 2.232
3 0.4050 0.2771 0.06967 0.04008 0.1192 130.4 3.014 0.1289
4 0.4012 0.2064 0.06976 0.04279 0.1196 143.9 4.006 0.003088
5 0.4002 0.2009 0.06996 0.04856 0.1199 163.6 5.001 2.852e−05
6 0.4007 0.2027 0.06983 0.05739 0.1196 193.3 6.003 9.805e−08
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Appendix A

The derivation and detailed expressions for the particular solutions
used in the DRM method can be found in [33] for the transformation
of the domain integral to the boundary integral. The derivatives of the
particular solutions with respect to some geometry variables 𝑍𝑔 are
erived for the first time in this work and are shown below.

The distance between the field point and collocation point can be
ound by:

=
√

(𝑥1 − 𝑥′1)
2 + (𝑥2 − 𝑥′2)

2 (51)

where 𝑥1 and 𝑥2 represent the x and y coordinates of the nodal points
respectively. Therefore, the derivatives of 𝑟 can be found by:

𝑟,𝑔 =
(

(𝑥1 − 𝑥′1)(𝑥1,𝑔 − 𝑥
′
1,𝑔) + (𝑥2 − 𝑥′2)(𝑥2,𝑔 − 𝑥

′
2,𝑔)

)

∕𝑟 (52)

A.1. Derivatives of the particular solutions for 2D plane stress with respect
to a geometrical variable

The derivatives of the particular solution for displacement are:

̂1𝑚1,𝑔 = − 2
(1 − 𝜈)𝐵

[ 1
3
(

𝑟,𝑔𝑥1 + 𝑟𝑥1,𝑔
)

− 1 + 𝜈
30

( 1
𝑟2

(

3𝑥1𝑥1,𝑔𝑟 − 𝑥31𝑟,𝑔
)

+3𝑥1,𝑔𝑟 + 3𝑥1𝑟,𝑔
)

]

̂1𝑚2,𝑔 =
(1 + 𝑣)

15(1 − 𝑣)𝐵

[ 1
𝑟2

(

2𝑥1𝑥1,𝑔𝑥2𝑟 + 𝑥21𝑥2,𝑔𝑟 − 𝑟,𝑔𝑥
2
1𝑥2

)

+ 𝑥2,𝑔𝑟 + 𝑥𝑟,𝑔
]

̂2𝑚1,𝑔 =
1 + 𝜈

15(1 − 𝜈)𝐵

[ 1
𝑟2

(

2𝑥2𝑥2,𝑔𝑥1𝑟 + 𝑥22𝑥1,𝑔𝑟 − 𝑟,𝑔𝑥
2
2𝑥1

)

+ 𝑥1,𝑔𝑟 + 𝑥𝑟,𝑔
]

̂2𝑚2,𝑔 = − 2
(1 − 𝜈)𝐵

[ 1
3
(

𝑟,𝑔𝑥2 + 𝑟𝑥2,𝑔
)

− 1 + 𝜈
30

( 1
𝑟2

(

3𝑥22𝑥2,𝑔𝑟

−𝑥23𝑟,𝑔
)

+ 3𝑥2,𝑔𝑟 + 3𝑥𝑟,𝑔
)

]

(53)

he derivatives of the particular solutions for the strains are:

̂1𝑚11,𝑔 = − 2
(1 − 𝜈)

[ 1
𝑟2

(

2𝑥1𝑥1,𝑔𝑟 − 𝑟,𝑔𝑥21
)

+ 1
3
𝑟,𝑔 −

1 + 𝜈
30

(

− 1
𝑟6

(

4𝑥31𝑥1,𝑔𝑟
3

−3𝑟2𝑟,𝑔𝑥41
)

+ 1
𝑟2

(

12𝑥1𝑥1,𝑔𝑟 − 6𝑥21𝑟,𝑔
)

+ 3𝑟,𝑔
)]

̂1𝑚12,𝑔 = − 2
(1 − 𝜈)

[

1
6𝑟2

(

𝑥1,𝑔𝑥2𝑟 + 𝑥1𝑥2,𝑔𝑟 − 𝑟,𝑔𝑥1𝑥2
)

−
(1 + 𝜈)
30

(

− 1
𝑟6

(

3𝑥21𝑥1,𝑔𝑥2𝑟
3

+𝑥31𝑥2,𝑔𝑟
3) + 3

𝑟6
𝑥31𝑥2𝑟

2𝑟,𝑔 +
1
𝑟2

(

3𝑥1,𝑔𝑥2𝑟 + 3𝑥1𝑥2,𝑔𝑟 − 3𝑥1𝑥2𝑟,𝑔
)

) ]

̂1𝑚22,𝑔 =
(1 + 𝜈)
15(1 − 𝜈)

[

− 1
𝑟6

(

2𝑥1𝑥1,𝑔𝑥22𝑟
3 + 2𝑥21𝑥2𝑥2,𝑔𝑟

3 − 3𝑥21𝑥
2
2𝑟

2𝑟,𝑔
)

+ 2𝑟,𝑔
]

̂2𝑚11,𝑔 =
(1 + 𝜈)
15(1 − 𝜈)

[

− 1
𝑟6

(

2𝑥1𝑥1,𝑔𝑥22𝑟
3 + 2𝑥21𝑥2𝑥2,𝑔𝑟

3

−3𝑟2𝑟,𝑔𝑥12𝑥22
)

+ 2𝑟,𝑔
]

̂2𝑚12,𝑔 = − 2
(1 − 𝜈)

[ 1
6𝑟2

(

𝑥1,𝑔𝑥2𝑟 + 𝑥1𝑥2,𝑔𝑟 − 𝑟,𝑔𝑥1𝑥2
)

− 1 + 𝜈
30

(

− 1
𝑟6

(

3𝑥22𝑥2,𝑔𝑥1𝑟
3

+𝑥23𝑥1,𝑔𝑟3 − 3𝑥32𝑥1𝑟
2𝑟,𝑔

)

+ 1
𝑟2

(

3𝑥1,𝑔𝑥2𝑟 + 3𝑥1𝑥2,𝑔𝑟 − 3𝑥1𝑥2𝑟,𝑔
)

) ]

̂2𝑚22,𝑔 = − 2
1 − 𝜈

[ 1
𝑟2

(

2𝑥2𝑥2,𝑔𝑟 − 𝑟,𝑔𝑥22
)

+ 1
3
𝑟,𝑔 −

1 − 𝜈
30

(

− 1
𝑟6

(

4𝑥32𝑥2,𝑔𝑟
3

+3𝑥42𝑟
2𝑟,𝑔

)

+ 1
𝑟2

(

12𝑥2𝑥2,𝑔𝑟 − 6𝑥22𝑟,𝑔
)

+ 3𝑟,𝑔
)]
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(54)
he derivatives of the particular solution for the membrane stress are:
esultant 𝑁̂𝑚𝛼𝛽

̂ 𝑖𝑖
𝑚11,𝑔 = 𝐵

[

(1 − 𝑣)𝜀̂𝑖𝑖𝑚11,𝑔 + 𝑣𝜀̂
𝑖𝑖
𝑚11,𝑔 + 𝑣𝜀̂

𝑖𝑖
𝑚22,𝑔

]

̂ 𝑖𝑖
𝑚12,𝑔 − 𝐵(1 − 𝜈)𝜀̂

𝑖𝑖
𝑚12,𝑔

̂ 𝑖𝑖
𝑚22,𝑔 = 𝐵

[

(1 − 𝜈)𝜀̂𝑖𝑖𝑚22,𝑔 + 𝜈𝜀̂
𝑖𝑖
𝑚11,𝑔 + 𝜈𝜀̂

𝑖𝑖
𝑚22,𝑔

]

(55)

he particular solutions for traction can be found by multiplying the
embrane stress resultant with the unit outward normal such that

̂𝑚𝛼 = 𝑁̂𝑚𝛼𝛽𝑛𝛽 . The derivatives of the traction can be found by:

𝑖̂𝑖
𝑚𝛼,𝑔 = 𝑁̂ 𝑖𝑖

𝑚𝛼𝛽,𝑔𝑛𝛽 + 𝑁̂
𝑖𝑖
𝑚𝛼𝛽𝑛𝛽,𝑔 (56)

n the above equation, superscript 𝑖𝑖 can take values of 1 or 2.

.2. Derivatives of the particular solutions for plate bending with respect to
geometrical variable

From the bending stress resultant-displacement relationship, the
ractions on the boundary can be found by the bending moment stress
esultants 𝑀̂𝑚𝛼𝛽 and shear force stress resultants 𝑄̂𝑚𝛼 such that:

𝑝̂𝑚𝛼 = 𝑀̂𝑚𝛼𝛽𝑛𝛽 , 𝑝̂𝑚3 = 𝑄̂𝑚𝛼𝑛𝛼 (57)

he derivatives of the tractions can be found by:

𝑝̂𝑚𝛼,𝑔 = 𝑀̂𝑚𝛼𝛽,𝑔𝑛𝛽 + 𝑀̂𝑚𝛼𝛽𝑛𝛽,𝑔 , 𝑝̂𝑚3,𝑔 = 𝑄̂𝑚𝛼,𝑔𝑛𝛼 + 𝑄̂𝑚𝛼𝑛𝛼,𝑔 (58)

or the function 𝐹,𝛼 = 𝑥𝛼∕𝑟, the derivatives of the particular solution
hen 𝛼 = 1 can be calculated as:

𝑤̂1
𝑚1,𝑔 = −

(

𝑟,𝑔
(

3𝑥21 + 𝑟
2) + 𝑟

(

6𝑥1𝑥1,𝑔 + 2𝑟𝑟,𝑔
)) 1

45𝐷

𝑤̂1
𝑚2,𝑔 = −

(

𝑥1𝑥2𝑟,𝑔 + 𝑥1𝑥2,𝑔𝑟 + 𝑥1,𝑔𝑥2𝑟
) 1
15𝐷

𝑤̂1
𝑚3,𝑔 = −

[

30 − (1 − 𝜈)𝜆2
]
𝑟,𝑔𝑥1 + 𝑟𝑥1,𝑔
45(1 − 𝜈)𝜆2𝐷

+
[

(1 − 𝜈)𝜆22𝑟𝑟,𝑔
] 𝑟𝑥1
45(1 − 𝜈)𝜆2𝐷

(59)

where bending stiffness 𝐷 = 𝐸ℎ3∕[12(1 − 𝜈2)] and 𝜆 =
√

10∕ℎ. the
erivatives for the particular solutions of moments 𝑀̂𝛼𝛽 and shear

forces 𝑄̂𝛽 are:

𝑀̂1
𝑚11,𝑔 = 𝑆1

11𝑔 + 𝜈𝑆
1
22,𝑔

̂ 1
𝑚12,𝑔 = (1 − 𝜈)𝑆1

12,𝑔
̂ 1
𝑚22,𝑔 = 𝜈𝑆1

11,𝑔 + 𝑆
1
22,𝑔

(60)

here:
1
11,𝑔 = − 1

15

[ 1
𝑟2

(

3𝑥21𝑥1,𝑔𝑟 − 𝑥
3
1𝑟,𝑔

)

+ 3𝑟,𝑔𝑥1 + 3𝑟𝑥1,𝑔
]

𝑆1
12,𝑔 = − 1

15

[ 1
𝑟2

(

2𝑥1𝑥1,𝑔𝑥2𝑟 + 𝑥21𝑥2,𝑔𝑟 − 𝑥
2
1𝑥2𝑟,𝑔

)

+ 𝑟,𝑔𝑥2 + 𝑟𝑥2,𝑔
]

𝑆1
22,𝑔 = − 1

15

[ 1
𝑟2

(

2𝑟𝑥2𝑥2,𝑔𝑥1 + 𝑟𝑥22𝑥1,𝑔 − 𝑥22𝑥1𝑟,𝑔
)

+ 𝑟,𝑔𝑥1 + 𝑟𝑥1,𝑔
]

(61)

𝑄̂1
𝑚1,𝑔 = −1

3

(

𝑟,𝑔 + 2𝑥1𝑥1,𝑔
1
𝑟
− 𝑥21𝑟,𝑔

1
𝑟2
)

𝑄̂1 = −1 ( 1𝑥 𝑥 + 1𝑥 𝑥 − 1 𝑥 𝑥 𝑟
)

.
(62)
𝑚2,𝑔 3 𝑟 1 2,𝑔 𝑟 2 1,𝑔 𝑟2 1 2 ,𝑔
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𝑤

T
f

𝑀

𝑀

𝑀

w

𝑆

𝑆

𝑆

𝑤

𝑤

d

𝑀

𝑀

𝑄

A

n
b
f
t
s

𝐵

𝐷

𝐶

𝜆

T

𝐵

𝐷

𝐶

𝑢

𝑢

𝑢

For 𝛼 = 2, the derivatives of the particular solutions are:

̂ 2𝑚1 ,𝑔
= − 1

15𝐷
(

𝑥1,𝑔𝑥2𝑟 + 𝑥1𝑥2,𝑔𝑟 + 𝑥1𝑥2𝑟1,𝑔
)

𝑤̂2
𝑚2,𝑔 = − 1

45𝐷
[(

6𝑥2𝑥2,𝑔 + 2𝑟𝑟,𝑔
)

𝑟 −
(

3𝑥22 + 𝑟
2) 𝑟,𝑔

]

𝑤̂2
𝑚3,𝑔 = −

[

30 − (1 − 𝜈)𝜆2𝑟2
]
𝑟𝑔𝑥2 + 𝑟𝑥2,𝑔
45(1 − 𝜈)𝜆2𝐷

+ (1 − 𝜈)𝜆22𝑟𝑟,𝑔
𝑟𝑥2

45(1 − 𝜈)𝜆2𝐷

(63)

he derivatives for the particular solutions of moments 𝑀̂𝛼𝛽 and shear
orces 𝑄̂𝑏𝑒𝑡𝑎 are:
̂ 2
𝑚11,𝑔 = 𝑆2

11,𝑔 + 𝜈𝑆
2
22,𝑔

̂ 2
𝑚12,𝑔 = (1 − 𝜈)𝑆2

12,𝑔
̂ 2
𝑚22,𝑔 = 𝜈𝑆2

11,𝑔 + 𝑆
2
22,𝑔

(64)

here:
2
11,𝑔 = − 1

15𝐷

[ 1
𝑟2

(

2𝑥1𝑥1,𝑔𝑥2𝑟 + 𝑥21𝑥2,𝑔𝑟 − 𝑥
2
1𝑥2𝑟,𝑔

)

+ 𝑟,𝑔𝑥2 + 𝑟𝑥2,𝑔
]

2
12,𝑔 = − 1

15𝐷

[ 1
𝑟2

(

𝑥1,𝑔𝑥
2
2𝑟 + 2𝑥1𝑥2𝑥2,𝑔𝑟 − 𝑥1𝑥22𝑟,𝑔

)

+ 𝑟,𝑔𝑥1 + 𝑟𝑥1,𝑔
]

2
22,𝑔 = − 1

15𝐷

[ 1
𝑟2

(

3𝑥22𝑥2,𝑔𝑟 − 𝑥
3
2𝑟,𝑔

)

+ 3𝑟𝑥2,𝑔 + 3𝑟,𝑔𝑥2
]

(65)

𝑄̂2
𝑚1,𝑔 = −1

3

[ 1
𝑟
(

𝑥1𝑥2,𝑔
)

+ 1
𝑟
𝑥2𝑥1,𝑔 −

1
𝑟2
𝑥1𝑥2𝑟,𝑔

]

𝑄̂2
𝑚2,𝑔 = −1

3

(

𝑟,𝑔 + 2𝑥2𝑥2,𝑔
1
𝑟
− 𝑥22𝑟,𝑔

1
𝑟2
)

.
(66)

For the radial basis function 𝐹 (𝑟) = 1+𝑟, the derivatives of the rotations
and deflection can be calculated by:

𝑤̂3
𝑚1,𝑔 = − 1

𝐷

( 1
16

+ 𝑟
45

)

(

𝑥1,𝑔𝑟
2 + 2𝑟𝑟,𝑔𝑥1

)

− 1
45𝐷

(

𝑟,𝑔𝑥1𝑟
2)

̂ 3𝑚2,𝑔 = − 1
𝐷

( 1
16

+ 𝑟
45

)

(

𝑥2,𝑔𝑟
2 + 2𝑟𝑟,𝑔𝑥2

)

− 1
45𝐷

𝑥2𝑟
2𝑟,𝑔

̂ 3𝑚3,𝑔 = −
( 1
2
+ 2𝑟

9

) 2𝑟𝑟,𝑔
(1 − 𝜈)𝜆2𝐷

−
2𝑟,𝑔
9

𝑟2

(1 − 𝜈)𝜆2𝐷
+

𝑟,𝑔
225𝐷

(67)

The derivatives of the particular solutions of moment 𝑀̂𝑚𝛼𝛽 can be
erived:

̂ 3
𝑚11,𝑔 = −

[ 𝑟,𝑔
15

(

𝑥21 + 𝜈𝑥
2
2
)

+
( 1
8
+ 𝑟

15

)

(

2𝑥1𝑥1,𝑔 + 2𝜈𝑥2𝑥2,𝑔
)

+(1 + 𝜈)
( 1
8
𝑟𝑟,𝑔 +

1
15
𝑟2𝑟,𝑔

)]

𝑀̂3
𝑚12,𝑔 = −(1 + 𝜈) 1

15
𝑟,𝑔𝑥1𝑥2 − (1 + 𝜈)

( 1
8
+ 𝑟

15

)

(

𝑥1,𝑔𝑥2 + 𝑥1𝑥2,𝑔
)

̂ 3
𝑚22,𝑔 = −

[ 1
15
𝑟,𝑔

(

𝜈𝑥21 + 𝑥
2
2
)

+
(1
8
+ 𝑟

15

)

(

20𝜈𝑥1𝑥1,𝑔 + 2𝑥2𝑥2,𝑔
)

+(1 + 𝜈)
( 1
8
𝑟𝑟,𝑔 +

1
15
𝑟2𝑟,𝑔

)]

(68)

The derivatives of the shear forces 𝑄̂𝑚𝛽 are:

𝑄̂3
𝑚1,𝑔 = −

𝑥1,𝑔
2

(

1 + 2𝑟
3

)

− 1
3
𝑥1𝑟,𝑔

̂ 3
𝑚2,𝑔 = −

𝑥2,𝑔
2

(

1 + 2𝑟
3

)

− 1
3
𝑥2𝑟,𝑔

(69)

ppendix B

The derivatives of the particular solutions with respect to the thick-
ess are needed in the DRM for transforming the domain integral into
oundary integral. The derivatives of the BEM membrane and bending
undamental solutions with respect to the thickness were proposed in
he previous literature [21]. Here, only the derivatives of the particular
olutions for shell BEM is presented.

The coefficient related to the BEM integrals are defined as:

= 𝐸ℎ∕(1 − 𝜈2)

= 𝐸ℎ3∕12(1 − 𝜈2)

𝑊 = 45(1 − 𝜈)𝜆2𝐷
√

(70)
236

= (10)∕ℎ
he derivatives with respect to the thickness are:

,ℎ = 𝐵∕ℎ

,ℎ = 3𝐷∕ℎ

𝑊,ℎ = 45(1 − 𝜈)(𝐷,ℎ𝜆
2 + 2𝐷𝜆𝜆,ℎ)

𝜆,ℎ = −𝜆∕ℎ

(71)

B.1. Derivatives of the particular solutions for 2D plane stress with respect
to thickness

The derivatives of the particular solution for displacement:

𝑢̂1𝑚1,ℎ =
2𝐵,ℎ

(1 − 𝜈)𝐵2

[

𝑟𝑥1
3

− 1 + 𝜈
30

(

𝑥31
𝑟

+ 3𝑥1𝑟

)]

̂1𝑚2,ℎ = −
(1 + 𝜈)𝐵,ℎ
15(1 − 𝜈)𝐵2

(

𝑥21𝑥2
𝑟

+ 𝑥2𝑟

)

̂2𝑚1,ℎ = −
(1 + 𝜈)𝐵,ℎ
15(1 − 𝜈)𝐵2

(

𝑥22𝑥1
𝑟

+ 𝑥1𝑟

)

̂2𝑚2,ℎ =
2𝐵,ℎ

(1 − 𝜈)𝐵2

[

𝑟𝑥2
3

− 1 + 𝜈
30

(

𝑥32
𝑟

+ 3𝑥2𝑟

)]

(72)

The derivatives of the particular solution for the membrane stress
resultant
𝑁̂ 𝑖𝑖
𝑚11,𝑔 = 𝐵,ℎ

[

(1 − 𝜈)𝜀̂𝑖𝑖𝑚11 + 𝜈𝜀̂
𝑖𝑖
𝑚11 + 𝜈𝜀̂

𝑖𝑖
𝑚22

]

𝑁̂ 𝑖𝑖
𝑚12,𝑔 = 𝐵,ℎ(1 − 𝜈)𝜀̂𝑖𝑖𝑚12

𝑁̂ 𝑖𝑖
𝑚22,𝑔 = 𝐵,ℎ

[

(1 − 𝜈)𝜀̂𝑖𝑖𝑚22 + 𝜈𝜀̂
𝑖𝑖
𝑚11 + 𝜈𝜀̂

𝑖𝑖
𝑚22

]

(73)

where the superscript 𝑖𝑖 can take a value of 1 or 2.

B.2. Derivatives of the particular solution for plate bending with respect to
thickness

The derivatives of the particular solution when 𝛼 = 1 are:

𝑤̂1
𝑚1,ℎ =

(

3𝑥21 + 𝑟
2) 𝑟𝐷,ℎ

45𝐷2

𝑤̂1
𝑚2,ℎ =

𝑥1𝑥2𝑟𝐷,ℎ

15𝐷2

𝑤̂1
𝑚3,ℎ =

[

30 − (1 − 𝜈)𝜆2𝑟2
] 𝑟𝑥1 ⋅ 𝐶𝑊,ℎ

𝐶𝑊 2
+ (2𝑥1𝑟3𝜆𝜆,ℎ(1 − 𝜈))

1
𝐶𝑊

(74)

For 𝛼 = 2:

𝑤̂2
𝑚1,ℎ =

𝑥1𝑥2𝑟𝐷,ℎ

15𝐷2

𝑤̂2
𝑚2,ℎ =

(

3𝑥22 + 𝑟
2) 𝑟𝐷,ℎ

45𝐷2

𝑤̂2
𝑚3,ℎ =

[

30 − (1 − 𝜈)𝜆2𝑟2
] 𝑥2𝑟𝐶𝑊,ℎ

𝐶𝑊 2
+ (2𝑥2𝑟3𝜆𝜆,ℎ(1 − 𝜈))

1
𝐶𝑊

(75)

For 𝛼 = 3:

𝑤̂3
𝑚1,ℎ =

( 1
16

+ 𝑟
45

) 𝑥1𝑟2𝐷,ℎ

𝐷2

𝑤̂3
𝑚2,ℎ =

( 1
16

+ 𝑟
45

) 𝑥2𝑟2𝐷,ℎ

𝐷2

𝑤̂3
𝑚3,ℎ = −

( 1
64

+ 𝑟
225

) 𝐷,ℎ

𝐷2
+
( 1
2
+ 2𝑟

9

) 𝑟2𝐷,ℎ

(1 − 𝜈)𝜆2𝐷2

+
( 1
2
+ 2𝑟

9

) 2𝑟2𝜆,ℎ
(1 − 𝜈)𝜆3𝐷

(76)

Appendix C

The detailed formulations for the derivatives of the boundary stress
resultants are given in this section with respect to geometrical param-
eters, curvature and thickness, respectively.
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𝑀

𝑀

𝜒

(

𝑀

𝑀

𝜒

(

𝑀

𝑀

C

(

𝑄

𝑄

𝑄

𝑄

R

C.1. Bending stress resultant derivatives

(1) With respect to 𝑔:
̂ 11,𝑔 = 𝑝̂1,𝑔 , 𝑀̂12,𝑔 = 𝑝̂2,𝑔
̂ 22,𝑔 = 𝜈𝑀̂11,𝑔 +𝐷

(

1 − 𝜈2
)

𝜒̂22,𝑔

̂22,𝑔 =
1

𝐽 (𝜁 )

[

𝑒2𝛼,𝑔
∑

(

𝑤̂𝛼

(

𝑑𝑁(𝜁 )
𝑑𝜁

))

− 𝐽,𝑔(𝜁 )𝜒̂22

+𝑒2𝛼
∑

(

𝑤̂𝛼,𝑔

(

𝑑𝑁(𝜁 )
𝑑𝜁

))]

(77)

2) With respect to 𝐾:
̂ 11,𝜌 = 𝑝̂1,𝜌 𝑀̂12,𝜌𝜌 = 𝑝̂2,𝜌
̂ 22,𝜌 = 𝜈𝑀̂11,𝜌 +𝐷

(

1 − 𝜈2
)

𝜒̂22,𝜌

̂22,𝜌 =
𝑒2𝛼
𝐽 (𝜁 )

∑

(

𝑤̂𝛼,𝜌

(

𝑑𝑁(𝜁 )
𝑑𝜁

))

(78)

3) With respect to ℎ:

1̂1,ℎ = 𝑝̂1,ℎ 𝑀̂12,ℎ = 𝑝̂2,ℎ

2̂2,ℎ = 𝜈 ̂𝑀11,ℎ +𝐷,ℎ
(

1 − 𝜈2
)

𝜒̂22 +𝐷
(

1 − 𝜈2
)

𝜒̂22,ℎ −
2𝜆,ℎ𝑞3𝑣
𝜆3

(79)

.2. Shear stress resultant derivatives

1) With respect to 𝑔:
̂ 1,𝑔 = 𝑝̂3,𝑔

̂ 2,𝑔 =
𝐷(1 − 𝜈)𝜆2

2

[

𝑤2,𝑔 +
1

𝐽 (𝜁 )
∑

(

𝑤3,𝑔

(

𝑑𝑁(𝜁 )
𝑑𝜁

))

−
𝐽,𝑔(𝜁 )

𝐽 2(𝜁 )

∑

(

𝑤3

(

𝑑𝑁(𝜁 )
𝑑𝜁

))]

(80)

(2) With respect to 𝑘:

𝑄̂1,𝜌 = 𝑝̂3,𝜌

̂ 2,𝜌 =
𝐷(1 − 𝜈)𝜆2

2

[

𝑤2,𝜌 +
1

𝐽 (𝜁 )
∑

(

𝑤3,𝜌

(

𝑑𝑁(𝜁 )
𝑑𝜁

))] (81)

(3) With respect to h:
̂𝑄1,ℎ = ̂𝑝3,ℎ

̂ 2,ℎ =
𝐷,ℎ(1 − 𝜈)𝜆2

2

[

𝑤2 +
1

𝐽 (𝜁 )
∑

(

𝑤3

(

𝑑𝑁(𝜁 )
𝑑𝜁

))]

+
2𝐷(1 − 𝜈)𝜆𝜆,ℎ

2

[

𝑤2 +
1

𝐽 (𝜁 )
∑

(

𝑤3

(

𝑑𝑁(𝜁 )
𝑑𝜁

))]

+
𝐷(1 − 𝜈)2

2

[

𝑤2,ℎ +
1

𝐽 (𝜁 )
∑

(

𝑤3,ℎ

(

𝑑𝑁(𝜁 )
𝑑𝜁

))]

(82)
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