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Renormalization view on resonance proliferation between many-body localized phases
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Topology and many-body localization (MBL) have opened new avenues for preserving quantum information at
finite energy density. Resonant delocalization plays a crucial role in destabilizing these phenomena. In this paper,
we study the statistical properties of many-body resonances in a disordered interacting Ising model—which can
host symmetry-protected topological order—using a Clifford circuit encoding of the real-space renormalization
group which allows the resonant properties of the wave functions to be efficiently characterized. Our findings
show that both the trivial and topologically ordered MBL phases remain stable in the presence of the resonances
but, in the vicinity of the transition between them, localization is destabilized by resonance proliferation.
Diverging susceptibility towards the development of an avalanche instability suggests an intervening ergodic
phase. We are also able to access the local integrals of motion in the MBL phases and identify the topological
edge-mode operators in the ordered phase. Our results have important implications for the stability of MBL and
phase transitions between distinct MBL phases with and without symmetries.
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I. INTRODUCTION

Attempts to control and manipulate quantum systems for
processing quantum information have inspired great advances
in our understanding of quantum dynamics. For generic inter-
acting quantum systems, time evolution scrambles quantum
information on the approach to a thermal state, which lim-
its our ability to efficiently process that information. The
eigenstates of thermalizing systems satisfy the eigenstate
thermalization hypothesis (ETH) [1–4] and encode informa-
tion in exponentially complex observables, rendering them
irretrievable. Exceptions to the ETH are therefore important
for the encoding and manipulation of information in weakly
entangled quantum states. In clean systems, the prototypi-
cal examples are the integrable systems, which possess an
extensive number of integrals of motion [5,6], and scarred
many-body Hamiltonians with a manifold of ETH-violating
eigenstates [7–9]. These both require an element of fine-
tuning which leaves them unstable to perturbation. Instead, a
promising avenue towards robustly avoiding thermalization is
through quenched disorder in a phenomenon known as many-
body localization (MBL) [10–18]. The emergence of local
integrals of motion (l-bits) in the MBL phase [19–25] allows
for the protection of classical information effectively; how-
ever, this performs poorly with quantum information [26,27].

The situation at zero temperature is a little different, where
topological order and symmetry-protected topology (SPT) al-
low for the robust encoding of quantum information into a
degenerate ground-state manifold [28]. These are stable in the

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

presence of (symmetry preserving) perturbations, provided
the energy gap to the excited states does not close, but typ-
ically fail in the presence of thermal noise and delocalized
excitations [29–31] as the degeneracy in the ground states
is usually not replicated in the highly excited states. Strong
disorder can stabilize topological degrees of freedom at finite
energy density through MBL [32–34]. Additionally, even in
clean systems a strong zero mode (SZM) imposes a spectrum-
wide energy pairing [35–37] and can enable coherent storage
of quantum information [38]. This has also been found re-
cently in scarred Hamiltonians [39,40].

The addition of disorder to a system with ground-state
SPT order provides an avenue to stabilize that order at finite
energy densities [33,41,42], producing a system with mul-
tiple topologically distinct MBL phases and possibly direct
eigenstate-ordering phase transitions between them. However,
recent exact diagonalization studies demonstrate that an er-
godic phase may intervene at arbitrarily small interaction
strengths, and some even claim that an MBL-to-MBL phase
transition is forbidden [34,43–45]. Avalanches induced by
rare regions [46–51] and resonances [52–55] play a crucial
role in destabilizing MBL at the localization transition and are
candidates for generating the intervening delocalized phase
here.

Finite-depth tensor network techniques [56–59], flow
equations [25,60], and renormalization group (RG) ap-
proaches [61–63] for approximating weakly entangled excited
states provide access to dynamical properties, critical behav-
ior, and l-bit operators, and have enriched our understanding
of MBL. The RG techniques progressively eliminate or “dec-
imate” degrees of freedom from a system, typically starting
with the smallest length scales and highest frequencies, to
arrive at a long-range or low-energy effective model [64,65].
For disordered systems, we may make use of the real-space
RG for excited states (RSRG-X) [41,66]. The coarse-graining
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process lends itself to identifying the real-space structure of
resonances and studying their size and statistics.

In this paper we have applied RSRG-X to an interacting
spin-1/2 chain with two MBL phases: a trivial paramagnetic
phase and a spin glass phase with SPT order protected by
a global Z2 symmetry. We have extracted a Clifford circuit
and Schrieffer-Wolff transformation which together approxi-
mately diagonalize the Hamiltonian to first order [66]. These
encode the localized basis that would best fit the eigenstates
of the Hamiltonian if the system were localized, and we probe
the stability of the localized basis in the presence of the off-
diagonal part of the Hamiltonian by searching for many-body
resonances [67–71] between these basis states. Additionally,
the geometry of these resonances, and, in particular, how
these link l-bits together into thermal clusters, allows us to
investigate the breakdown of localization through the use of a
finite-size scaling analysis.

We find that the marginal MBL phase, as found in
Ref. [41], is indeed destabilized to an ergodic phase for even
relatively small interaction strengths and that this phase may
be extended in parameter space even with infinitesimal inter-
actions. We show that the resonances filter through the system
to form clusters that scale extensively with system size in the
ergodic phase. We also look at the variance of the energy δH2

of the RSRG-X basis, which quantifies the accuracy of these
states as approximations to the true eigenstates.

The rest of this paper proceeds as follows. In the next sec-
tion, we lay out the details of the interacting Ising-Majorana
model and develop the Clifford RSRG-X technique as well
as its application to this model. Then, in Sec. III, we present
the results of this work, including the discovery of a strong
edge zero mode in the localized SPT phase in Sec. III A; the
calculation of energy variance in Sec. III B; a description of
resonant mixing in the RSRG-X basis in Sec. III C; the spatial
distribution of these resonances in Sec. III D; and finally the
scaling with increasing system size in Sec. III E, a key result
of this paper. We finish in Sec. IV with a discussion of these
results, giving our conclusions and suggesting future avenues
of research.

II. MODEL AND RSRG-X

We consider a transverse field Ising model with nearest-
neighbor and next-nearest-neighbor interactions, also known
as the interacting Ising-Majorana model, described by the
Hamiltonian

H =
∑

i

hiσ
z
i + Jiσ

x
i σ x

i+1 + g
(
σ z

i σ z
i+1 + σ x

i σ x
i+2

)
, (1)

with hi ∼ Uniform[0, h] and Ji ∼ Uniform[0, J]. We nor-
malize this by setting hJ = 1. We also use open boundary
conditions. This model is statistically self-dual under the ex-
change h ↔ J and is known to have two distinct MBL phases
[33,41,42]. On the one hand, when h is large, the local fields
dominate and the model enters a topologically trivial param-
agnetic (PM) phase, where the energy eigenstates are product
states of frozen spins aligned along the z axis. On the other
hand, when J is large, the model enters a spin glass (SG)
phase, with spins forming large entangled clusters due to the
action of the nearest-neighbor σ x

i σ x
i+1 terms. In this phase,

the system is topologically ordered, protected by the global
parity symmetry G = ∏

σ z
i , and hosts a Majorana edge zero

mode [36,72]. This zero mode leads to spectral pairing be-
tween the two parity sectors, with the gap exponentially small
in system size [45]. We characterize the phase of the model by
the quantity δ = ln |Ji| − ln |hi| = 2 ln J , such that the model
is dual about δ = 0 with positive and negative delta in the SG
and PM phases, respectively.

In fact, if we choose to represent this Hamiltonian (via the
Jordan-Wigner transformation) in terms of Majorana fermions
such that two such fermions (γ2i, γ2i+1) represent each physi-
cal spin σi, in an infinite or periodic chain the statistical duality
above is made exact by regrouping the fermions into a new set
of spins σ̃i, each represented by (γ2i−1, γ2i ):

(2)

The ground-state RSRG has been used extensively to
characterize similar models, including the model (1) in the
fermionic representation [73], but here we are interested in
the excited states. Applied rigorously, RSRG-X relies on
an assumption of strong disorder, with relevant couplings
distributed according to some power law P(x) ∝ xα (with
α > 1), leading to a good separation of energy scales in the
system. In many cases the assumption of strong disorder may
be relaxed: The system will quickly flow towards the infinite-
randomness fixed point, and so the validity of the procedure is
preserved. For all work in this paper, we set g � max(h, J ),
ensuring that one of the couplings hi and Ji is always the
largest in the system and thus the only couplings that need to
be directly considered by the RSRG-X procedure. This keeps
the Hamiltonian to a closed form. While the procedure can
in principle generate a dominant interaction coupling, this is
rare so long as g is not too large, and we assume that this
occurs infrequently enough not to meaningfully affect the
disorder-averaged data.

We therefore consider two types of decimation: the freez-
ing of a single spin due to a dominant local field hiσ

z
i (“site

decimation”) and the merger of two spins into one due to a
dominant bond Jiσ

x
i σ x

i+1 (“bond decimation”). In each case,
the local Hilbert space is first rotated via an approximate
Schrieffer-Wolff (SW) transformation [74]; truncated at sec-
ond order, towards a basis aligned with the gap [41,66]; and
then projected onto the subspace above or below this gap
where the (transformed) local operator corresponding to the
leading term (σ z

i or σ x
i σ x

i+1) is equal to c = ±1. The perturba-
tive transformation not only removes terms that anticommute
with the leading term but also produces new terms which are
second order in subleading energy scales. These new terms
physically originate from the combination of two removed
terms, mediated by the decimated spin: For example, when the
term h2σ

z
2 is decimated, two nearest-neighbor terms, J1σ

x
1 σ x

2
and J2σ

x
2 σ x

3 (which both anticommute with h2σ
z
2 ), are com-

bined to form the term c(J1J2/h3)σ x
1 σ x

3 . At higher orders there
can be contributions producing the same terms as those pro-
duced at second order, and these interfering contributions are
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not included. The full RG rules may be found in Appendix A.
We will later incorporate the SW transformations into our
ansatz, but if we neglect these, the successive merger of spins
due to bond decimations causes the RG states to acquire a
treelike structure. As such these states can in fact be repre-
sented by tree tensor networks (TTNs) [69,71,75], where each
node in the network represents a decimation, with n incoming
legs of bond dimension d = 2 for the spins to be decimated
and n − 1 outgoing legs for the new effective spins after the
decimation. The network takes us from L physical spins and
successively removes each degree of freedom, narrowing with
each RG step. The tensor for a bond dimension is a projector
from two spins onto one of the σ x

i σ x
i+1 = ±1 subspaces, an

isometry with two incoming legs and one outgoing leg. To
represent spin up and down in the renormalized σ z basis, we
choose

|ac〉 = 1√
2

(|↑↑〉 + c |↓↓〉), (3)

|bc〉 = 1√
2

(|↑↓〉 − c |↑↓〉), (4)

respectively. The site decimation tensors are then projections
of a single spin onto σ z

i = ±1: just the two basis vectors in
d = 2. This is represented pictorially in Fig. 1(a), where we
show typical tree tensor networks for three points in the phase
diagram: the spin glass phase, the paramagnetic phase, and the
critical phase at δ = 0.

At each step we must choose between the excited- and
ground-state manifolds, by selecting ck = ±1. Since the
energy shift of each decimation step typically decreases
throughout the procedure, producing a hierarchy of energy
scales, we can view the full set of possible choices as building
up a branching tree of approximate eigenstates [41]. (This is
not to be confused with the tree tensor network structure of
the states themselves.) For this reason, we refer to a full set
of choices and the corresponding approximate eigenstate as a
“leaf” of the RSRG-X tree. The geometry of the TTN depends
on the set of choices made for decimation directions {ck}.
However, if we choose to fix the geometry, we can reinterpret
these TTNs by considering the choice of decimation direction
ck = ±1 as an additional outgoing leg. In this picture, degrees
of freedom are not removed, but converted into the decimation
choices {ck} which we then interpret as approximate l-bits.
Hence site decimations are the identity (since the resultant
l-bit is exactly the Pauli σ z operator on that site), while bond
decimations require us to map σ x

i σ x
i+1 → σ z

i . Bearing in mind
the Majorana duality between the PM and SG phases, we
note that these operators are both fermion bilinear operators
and interpret the bond decimation as swapping γ2i ↔ γ2(i+1),
which indeed achieves this mapping. This Majorana swap
operation on adjacent spins may in fact be written as the
following Clifford gate Rb:
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FIG. 1. For the spin glass (SG) phase, δ = 1.5 (top row); the
critical phase, δ = 0.0 (middle row); and the paramagnetic (PM)
phase, δ = −1.5 (bottom row), we generate a disorder realization for
L = 20 sites and apply RSRG-X. Additionally, g = 0.2 and we use
open boundary conditions. (a) The tree tensor network correspond-
ing to each state. Bond decimations are shown as green rectangles
linking two effective spins into one; site decimations are red circles
which freeze an effective spin. The y axis shows the step in which
each decimation occurred, corresponding also to a rough energy
scale. (b) The z components of the l-bits {τk}, which can also be
seen as the stabilizers of this state. Each row, corresponding to a
decimation on the left, shows a single l-bit, with the color giving
the Pauli operator acting on each site. (c) The x components of the
l-bits {τk}, which can also be seen as the destabilizers.

where � and r = � + 1 are the left- and right-hand spins, t is
the merged spin, and c is the decimation choice. This structure
means that the operator mapping the spin basis onto the basis
of decimation choices is a Clifford circuit, which we call
R, and can be efficiently simulated [76,77]. By applying the
inverse transformation (from the l-bits to physical spins) to
Pauli σ z and σ x operators, we obtain the representation of the
l-bits on the spin basis, {τ z

k } and {τ x
k }. As an aside, these can

also be viewed as the stabilizers and destabilizers, respectively
(see Refs. [76–78]), for the TTN states.

In Figs. 1(b) and 1(c), we show the z and x components,
respectively, of the l-bits {τk} for the states corresponding to
those in Fig. 1(a). The PM phase in the bottom row con-
tains mostly site decimations, where a single effective spin
is frozen. This means that the l-bits are almost all single-site
Pauli spins. On the other hand, the SG phase in the top row
contains mostly bond decimations, which successively merge
effective spins into large clusters represented by a tree-shaped
network. A site decimation also freezes the final state of each
tree. The stabilizers {τ z

k } for these trees are two-site σ x
� σ x

�+1
operators, and then the final site decimation is represented
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by a long operator −σ
y
l σ z

l+1 · · · σ z
r−1σ

y
r across all the sites in

the tree. The final site decimation in the SG phase typically
has a very small energy scale associated with it and may
correspond to a strong zero mode linking the two symmetry
sectors (see Sec. III A). Finally, the critical phase in the middle
row is a mixture of these two phases, containing both PM
and SG regions. There is some freedom in how we define the
l-bits, and in particular, we may multiply any l-bit τ z

k by some
other τ z

k′ (which it must commute with) to obtain other valid
l-bits.

The Clifford circuit representation allows us to efficiently
calculate the action of any Pauli string (an operator that is
the product of single-site Pauli operators) on a TTN state, by
transforming it from the spin basis to the l-bit basis [76,77].
Since the Clifford group maps Pauli strings to Pauli strings,
this means such an operator maps one TTN state to exactly
one other (with the same geometry), which may in fact be the
same state. The Hamiltonian (1) is simply a sum of O(L) Pauli
strings, which means that it retains this form in the l-bit basis
and so maps one TTN to at most O(L) others. Therefore we
can efficiently calculate all matrix elements from a particular
state, as well as expectation values.

The geometry of these tree tensor networks is largely in-
formed by the balance of local fields and bonds, quantified by
the value of δ. In order to better capture the effect of the inter-
action strength g, we also include the SW transformations in
our wave-function analysis. This is captured through an inter-
action picture: At each decimation the appropriate first-order
SW transformation is calculated, USW = exp(iS(1) ). We then
apply the Clifford circuit, followed by the appropriate SW
transformations up to first order, to the Hamiltonian (or in-
deed to any operator) as H (1) = R†HR + [iS(1), R†HR]. These
SW transformations are analogous to the disentangling uni-
taries found in the multiscale entanglement renormalization
ansatz (MERA) [79], which sit in between layers of isometries
on a TTN. By connecting adjacent branches, these capture
short-ranged entanglement locally and enable the MERA to
efficiently describe entanglement at all length scales. Ap-
plying the Clifford circuit and SW transformations gives an
effective Hamiltonian on the basis of l-bit product states, with
those l-bits captured to first order. Each generator S(1) has
support over a bounded number of sites, and so the effective
Hamiltonian still has O(L) terms. Despite this, computational
complexity is still significantly increased, limiting the maxi-
mum system size accessible to the order of hundreds of spins
rather than thousands for the “zeroth-order” calculations. For
full details of the Clifford RSRG-X method, including the
application of the SW transformations, see Appendix B.

The core output of our method therefore is a series of dec-
imations, and associated SW transformations, which combine
to create the localized state at a particular energy and also give
us the effective local integrals of motion at that energy. These
in turn are derived directly from the renormalized Hamiltonian
at each step. Looking at the RG rules (Appendix A), one
can see that the terms in this Hamiltonian generally have
contributions from multiple sources, and so at a late stage
in the process the coefficients encode the detailed history of
decimation choices. One can view these rules as summing up
different processes that interfere with each other, construc-
tively or destructively, and as a result the dominant term at

FIG. 2. (a) and (b) Energy scale of the final l-bit �Ef produced
during the RSRG-X procedure, as a function of δ, for g = 0 and
g = 0.2, respectively, and for various system sizes. (c) and (d) The
same, but rescaled to show a clear data collapse and a phase transition
at δ = 0 for all interaction strengths. The data are truncated (at the
open circles) where ln |�Ef | < −250, as this is beyond the limits
of numerical precision. Note that since RSRG-X assumes strong
randomness, we cannot find evidence of an ergodic phase directly
from calculations such as these.

some RG step is conditioned on previous choices. This also
means that the geometry of the TTNs is energy dependent.

This can be compared with the related spectrum bifurca-
tion renormalization group (SBRG) technique [66]. Unlike
RSRG-X, SBRG aims to diagonalize the entire spectrum at
once, extracting l-bit degrees of freedom but keeping these
active (rotating them to σ z operators) instead of removing
them from the Hilbert space. This means crucially that the
dominant term at any step only has contributions from a single
process, without interference, and the RG flow is not energy
dependent. Our method, in comparison, is therefore able to
capture more detailed information about the states, at the cost
of requiring us to select a particular target energy.

III. RESULTS

A. Spin glass order

In Figs. 2(a) and 2(b), we show the scaling of the final
l-bit’s energy �E f (that is, the energy shift associated with
the final RSRG-X decimation) with the parameter δ, averaged
across disorder realizations and decimation choices, for two
different values of g and a range of values of L. This should
be the smallest energy scale in the system. Since the spin glass
phase features spectral pairing [45], we should expect this
energy difference to be exponentially small in system size L
in the spin glass phase but O(1) in the paramagnetic phase. To
test this, we plot L−1/2 ln |�E f | against δL1/2 in Figs. 2(c) and
2(d). We observe a data collapse for both g = 0 and g = 0.2,
although the collapse is much cleaner for the noninteracting
case, with the line tending quickly to zero for δ < 0 and to
a straight line through the origin for positive δ > 0. (It is
possible, therefore, that this collapse is not universal, but that
the exponents of L here depend on the value of g.) Multiply-
ing through by the factor of L1/2, this clearly shows us that
ln |�E f | ∝ −L for fixed values of g and δ > 0, agreeing with
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predictions. The final l-bit in the SG phase, to leading order,
also always takes the form of two σ y operators acting on either
end of the largest spin cluster, with a string of σ z operators
in between. Expressed in terms Majorana fermions, this is in
fact a bilocalized operator acting on the two fermions at either
end of this string. Deep into the SG phase, the largest cluster
spans the system, so this becomes an edge mode, reminiscent
of those found in superconducting quantum wires [35]. This
operator anticommutes with the global parity operator

∏
j σ

z
j ,

and given the exponentially small energy scale, this means
that the final l-bit in the system in the SG phase is the strong
zero mode (SZM) [36,37,72]. However, in the presence of
interactions or in the marginal regime, subleading corrections
become significant. We could use the Schrieffer-Wolff trans-
formation to find these, but we leave this to future work.

In applying RSRG-X we make an assumption of flow to-
wards strong disorder and the infinite-randomness fixed point,
implying that the system is localized. Where we attempt to
apply the method to a system which is in fact thermal, RSRG-
X will produce inaccurate results. Previous work using exact,
albeit small-system-size, numerical techniques [44,45,71],
suggests that such a thermal phase exists for δ � 0. Hence the
collapse found above, which would ordinarily tell us that the
transition at δ = 0 becomes sharp in the thermodynamic limit,
cannot be relied on as-is. What it does imply is that, where we
do in fact have localization and δ > 0, we have an edge SZM.
Therefore spectral pairing is always associated with the MBL
SG phase, at least for the interaction strengths that we have
looked at here.

If we carefully probe the results from RSRG-X for
accuracy, we can instead show by contradiction that the as-
sumption of flow to strong disorder is violated and therefore
that we are in an ergodic phase. In particular, we can use
Clifford RSRG-X to investigate the approximate eigenstates
produced, as leaves of the RSRG-X tree, and their stability in
the presence of off-diagonal parts of the Hamiltonian.

B. Energy variance

For each disorder realization, we generate an RSRG-X leaf
state |ψ0〉 by picking a random set of decimation choices {ck}
(that is, at infinite temperature) and then calculate the effective
Hamiltonian on this state in the l-bit basis up to first order
in SW transformations. We call this state the root state. This
effective Hamiltonian is a sum of Pauli strings, with each Pauli
string mapping the root state to exactly one state of definite
l-bit configuration, |ψα〉. We can then test the accuracy of the
approximation by considering the “energy variance” [66],

〈δH2〉 = 〈ψ0|H2|ψ0〉 − |〈ψ0|H |ψ0〉|2, (6)

which measures to what extent the root state |ψ0〉 is a good
approximation of an actual eigenstate of the Hamiltonian H .
It can also be written as

∑
i �=0 |〈ψ0|H |ψα〉|2, leading to an

interpretation of 〈δH2〉 as the degree to which the Hamilto-
nian maps the state away from itself. For perfect eigenstates,
〈δH2〉 = 0.

Since 〈δH2〉 scales with the square of the total energy,
which grows with system size and is not consistent for dif-
ferent choices of parameters, we choose to normalize this
quantity by the square of the Hamiltonian averaged across all

FIG. 3. Normalized energy variance 〈δH2〉/〈H2〉 of RSRG-X
leaf states across the δ-g plane, averaged over disorder realizations,
for L = 500. A perfect eigenstate has zero energy variance, but this
quantity increases as the quality of approximation worsens. Since
RSRG-X leaf states are localized, a large energy variance may indi-
cate delocalization and the approach to ergodicity. Also shown are
selected contour lines (black).

states, 〈H2〉 = 1
2L TrH2, which is basis independent. In Fig. 3,

we plot this in the δ-g plane for a system of length L = 500,
showing that this quantity peaks towards the critical line δ = 0
and especially for larger values of g. One thing to note is that
it appears to peak for small positive values of δ, rather than
exactly at δ = 0, and similar results are seen for many of the
other quantities we calculate: This is due to the open boundary
conditions, which leave fewer (spin glass) order terms in the
Hamiltonian relative to (paramagnetic) disorder terms.

The data show that the energy eigenstates in the critical
region are less localized and cannot be well described by a
single RSRG-X leaf state: It is likely that as we approach
the critical line, the eigenstates pick up large fluctuations,
and hence multiple l-bit basis states are needed to capture
them. This may imply delocalization of the eigenstates, but
this depends on the details: If the number of basis states
required grows extensively, then the system will thermalize in
the thermodynamic limit, but otherwise these states will still
occupy a vanishing fraction of the Hilbert space. To properly
understand how the RSRG-X basis states hybridize to form
the true eigenstates, we must therefore look at the resonances
induced between them by off-diagonal Hamiltonian terms.

C. Many-body resonances

Each term of the Hamiltonian maps the root state |ψ0〉
to exactly one other tree tensor network state with the same
geometry, which we label |ψα〉. We can then calculate the
many-body Thouless parameter [80] for each term,

Gα =
∣∣∣∣ 〈ψ0|H |ψα〉

E0 − Eα

∣∣∣∣. (7)

When Gα � 1, the Hamiltonian only weakly couples the root
state to nearby states in the Hilbert space, implying that the
true eigenstate is close to the root state with only small
contributions from other states at low orders in perturbation
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FIG. 4. Probability density of ln(Gα ) for various points in the δ-g plane, on a logarithmic scale. (a) The PM phase with δ = −2, (b) the
critical regime with δ = 0, and (c) the SG phase with δ = 2, for the noninteracting case g = 0 (top row), g = 0.05 (middle row), and g = 0.2
(bottom row). The distributions peak at large values of Gα when δ = 0, with more strongly decaying left-hand tails indicating that the weight
of said distributions is much more concentrated at these large values. Note that we only include states |ψα〉 with nonzero matrix elements
mapping to |ψ0〉. The resonance threshold G = 0.1 is indicated with a dashed vertical line.

theory. However, as this quantity grows larger, perturbation
theory begins to break down, with the root state becoming
strongly resonant with other nearby states. This implies that
the true eigenstates are superpositions of multiple states in the
computational basis.

To make this a little more precise, for perturbation theory
to converge the typical amplitude assigned to a diagram needs
to decay faster than the combinatorial growth in the number
of diagrams as the order of perturbation increases. We take
Gα as a rough estimate of this decay rate, and we choose to
consider a resonance to have occurred when Gα > G∗ = 0.1.
We believe this to be a slightly cautious threshold for what can
be handled perturbatively. Any nonzero value of Gα implies
mixing of the tree tensor network basis; however, when small,
we can take this to mean that the root state remains a good
approximation of the true eigenstates up to some time, of
order 1/G∗. Beyond that time, perturbation theory would be
required. In Appendix D we give some data for the alternative
choice G∗ = 1, which is a much more optimistic threshold for
what can be handled perturbatively.

The existence of a resonance does not necessarily mean
that the eigenstates are no longer localized: When these
resonances only connect a small number of states together
(implying a small inverse participation ratio in the computa-
tional basis), the eigenstates may remain localized. Even if
the number grows with system size, ergodicity is still avoided
so long as the fraction of states involved vanishes in the
thermodynamic limit. However, if resonances proliferate, they
will connect an extensive number of states, leading to an

ergodic phase. This is not the same as a thermal avalanche,
wherein the resummation of one resonance creates a so-called
superspin which, through the increased density of states, has
an increased susceptibility to forming resonances with other
l-bits. Here, we only consider the independent effects of off-
diagonal terms and take clusters of directly resonant l-bits.

We show the distribution of Gα across disorder realizations
and root states in Fig. 4, for various values of δ and g. Close to
the critical line δ = 0 and with increasing interaction strength,
these distributions peak more sharply (with faster-decaying
left-hand tails) at large values of Gα . Note that since each
Hamiltonian term couples at most one other state to the root
state, the total number of nonzero matrix elements is O(L).
Where two terms map to the same state, we combine their
coefficients. In Fig. 5(a), we count the number of terms for
which the condition Gα > G∗ is satisfied (that is, the number
of resonances induced by the Hamiltonian), normalized by the
size of the system. Towards the critical line δ = 0 and at large
(nonperturbative) interaction strengths g, we see this quantity
peaking strongly, such that there is more than one resonance
per spin in the system. This indicates a strong probability of
crossover to an ergodic regime, although this does not allow
us to locate the phase boundary precisely.

We also consider the chance that a particular l-bit will be
flipped by at least one resonance in Fig. 5(b). This is subtly
different from the average number of resonances per l-bit
shown in Fig. 5(a), in that it is less strongly influenced by
rare regions with large numbers of resonant terms affecting a
small subset of the l-bits. This peaks at a small positive value
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FIG. 5. (a) Density (count per spin) of resonances with
Gα > G∗ = 0.1 and (b) probability that a particular l-bit in a random
disorder realization is flipped by at least one such resonant term in
the Hamiltonian. Both quantities are calculated for randomly selected
RSRG-X leaf states across the δ-g plane, averaged over disorder
realizations, for L = 500. Also shown are selected contour lines
[black (a) or white (b)]. While the precise phase boundary between
localization and ergodicity cannot be located with this method, it
is clear that the leaf states become unstable at increasingly small
interaction strengths as one approaches the critical line δ = 0, in
agreement with the findings of Ref. [45].

of δ = 0 and grows with increasing interaction strength g, to a
greater than 90% chance. With almost every l-bit affected by
a resonance, this makes it likely that the system is thermal in
this portion of the phase diagram. To draw a more definitive
conclusion, however, we should look at the spatial distribution
of these resonances.

D. Resonant clusters

Consider the sets of l-bits respectively flipped by each
resonant term. By taking the union of those sets with nonzero
intersection, one arrives at a natural definition of “resonant
clusters”: sets of degrees of freedom which are strongly mixed
and locally thermal. This is analogous to percolation through
a lattice where the links are formed by resonances. When res-
onances proliferate in a thermal phase [69,71], these clusters
grow to occupy a significant fraction of the system size.

In Fig. 6 we look at the distribution given by picking a ran-
dom l-bit from a random disorder realization and calculating
the number of l-bits in (the size of) the cluster it belongs to.
(Here, an l-bit unaffected by resonances belongs to a cluster of
size 1.) When interactions are small and away from the critical
line δ = 0, the l-bits form small clusters, and the probability
of a larger cluster forming rapidly tails off, exponentially
with cluster size. However, as interactions get stronger and
we move towards δ = 0, the clusters grow larger, and in fact

we can see that these distributions are truncated by the finite
system sizes accessible. For example, with g = 0.2 and δ = 0,
we see the distribution peaking at the size of the system: It
is overwhelmingly likely here that the resonances percolate
through the entire system.

Figure 7 then shows the per-realization maximum size of
these clusters, averaged over disorder, for a chain of length
L = 500. Note that this is length dependent since longer sys-
tems give more opportunities for large clusters to form. This
appears to peak for small but positive δ, with the largest
resonant clusters occupying almost the full system on average
towards g = 0.2 and δ = 0. However, even at small interac-
tion strengths, the largest cluster typically spans a substantial
fraction of the system. In Appendix C, we also show the
probability distributions of the maximum cluster size over
disorder realizations.

The data support the hypothesis that at the critical line
the l-bits strongly hybridize and move the system towards an
ergodic phase, even for smaller interaction strengths. To get a
complete picture, we need to understand the scaling behavior
with system size. This will tell us whether resonances prolif-
erate in the thermodynamic limit—indicating the breakdown
of localization as the dynamics become ergodic—or whether
resonances grow much more slowly than the system size—
such that each eigenstate only occupies a vanishing fraction
of the Hilbert space.

E. Scaling of resonance behavior with system size

In order to uncover the behavior of the system in the
thermodynamic limit, we need to understand how the res-
onant clusters scale with system size. To this end, in
Fig. 8(a) we fit the mean maximal resonance size (see Figs. 6
and 7) to a power law in L, 〈max{sres}〉 ∝ Lγ , and to a log
law, 〈max{sres}〉 ∝ ln(L/L0). In the localized phase, where
resonances are rare and well separated spatially, we should
expect cluster sizes to be exponentially distributed, and there-
fore 〈max{sres}〉 ought to scale as a logarithm, following the
maximum order statistic of an exponential distribution. By
contrast in the ergodic phase, when resonances proliferate, we
should expect the resultant clustering to percolate through the
l-bits and form a cluster of size O(L) such that γ → 1. If the
data follow a power law for smaller values of γ , this could
still imply a power law in correlations and hence a diverging
localization length, even if the largest cluster does not extend
across the entire system.

The data show that on the critical line δ = 0, the size of
the maximum cluster scales as a power law with L, with
γ � 1.0. This implies that resonances proliferate such that
the largest cluster occupies a finite fraction of the Hilbert
space in the thermodynamic limit, destabilizing the localized
basis. Hence we conclude that the system is thermal at δ = 0.
Looking away from the critical line, in Fig. 8(b), we show the
fitted power-law exponent γ against δ, for fixed interaction
strength g = 0.2. Additionally, we shade the region in which
a power law is favored over a log law. This shows that the
power-law regime is accompanied by γ → 1 and hence exten-
sive resonant cluster scaling, verifying the intuition that this
corresponds to a thermal phase.

094205-7



JEYARETNAM, TURNER, AND PAL PHYSICAL REVIEW B 108, 094205 (2023)

FIG. 6. Probability that a particular l-bit is in a resonant cluster of size s, for nine choices of parameters: g = 0, 0.05, and 0.2 in the top,
middle, and bottom rows, respectively, for models in the (a) spin glass, (b) critical, and (c) paramagnetic phases. This should tend to a constant
in the thermodynamic limit. For this figure, a value of 0 indicates that an l-bit is unaffected by a resonant transition.

Finally, Fig. 8(c) gives the difference between the reduced-
χ2 statistic between the power-law and log-law fits. The red
region indicates that a power law is a better fit; the blue
region corresponds to a log law. This shows clear evidence
of an intervening ergodic phase, manifesting as a power law
in resonant cluster scaling. The width of this phase grows
with increasing g, but it is not entirely clear if this narrows

FIG. 7. Maximum size of an l-bit cluster induced by resonances,
averaged over disorder realizations, in the δ-g plane for L = 500.
(This quantity is considered to be 1 for a realization with no reso-
nances.) The data here are shown on a logarithmic scale. Also shown
are selected contour lines (white).

to a single point for small but finite interaction strengths.
(In our numerics, the smallest nonzero value we looked at was
g = 0.002.)

FIG. 8. (a) Disorder-averaged maximal resonant cluster size
〈max{sres}〉 against system size L, for δ = 0 (blue) and δ = −1 (or-
ange), each for g = 0 (open circles) and g = 0.2 (solid triangles).
Solid and dotted lines indicate power-law (〈max{sres}〉 ∝ Lγ ) or
log-law [∝ ln(L/L0)] fits, respectively, to minimize the reduced-χ2

statistic. (b) Fitted power-law exponent γ against δ for fixed g = 0.2.
The shaded region shows where the power-law fit is favored over a
log-law fit. Here, γ approaches 1, indicating the emergence of an
extensive resonant cluster. (c) Difference in the reduced-χ2 statistic
between power-law and log-law fits, shown across the δ-g plane. For
larger magnitude δ, the dependence on L grows weaker, and the two
hypotheses are more difficult to distinguish.

094205-8



RENORMALIZATION VIEW ON RESONANCE … PHYSICAL REVIEW B 108, 094205 (2023)

IV. DISCUSSION

In this paper we have developed a method to apply the
real-space renormalization group to excited states (RSRG-X)
of disordered spin-1/2 Hamiltonians and implicitly construct
their wave functions as stabilizer states, even for large systems
with many hundreds of spins, in the process also uncover-
ing the l-bits for the system. This is done by constructing a
Clifford circuit representing these approximate l-bits. Addi-
tionally, we have applied the Schrieffer-Wolff transformations
to first order in order to improve accuracy, though at the cost
of increased numerical complexity.

We have then applied this Clifford RSRG-X to the interact-
ing Ising-Majorana chain, a model known to host two distinct
MBL phases, and investigated the crossover between localized
and ergodic behavior in the supposed marginal MBL regime
between those two phases. By calculating the many-body
Thouless parameter giving the strength of perturbative mixing
between basis states, we show that resonances proliferate in
the marginal MBL regime. This is shown to result in an inter-
vening ergodic phase with boundaries similar to those found
in previous exact diagonalization studies [34,43–45].

Additionally, we have used Clifford RSRG-X to find
the lowest-energy l-bit in the spin glass phase. We show
that this is a strong zero mode reminiscent of those found
in superconducting quantum wires [35], with the leading
term being a bilocalized Majorana fermion operator acting
on either end of the largest spin cluster. Using this tech-
nique, it is possible to calculate higher-order corrections
to this strong zero mode; however, we leave a systematic
analysis to future work, instead focusing on the resonance
picture and the ergodic regime in this paper. Modifications
of this technique may also allow access to higher-spin sys-
tems, enabling detailed characterization of their MBL phases
through determination of the l-bits and their higher-order
corrections.

An ergodic phase has been argued to exist over an extended
parameter regime even at arbitrarily weak interaction strength
using ideas of a thermal avalanche, triggered by rare regions
of weak disorder [45]. In contrast, we argue for an interven-
ing thermal phase due to a different mechanism unrelated to
avalanches or rare regions. This is similar to the situation in
small-size numerics around the localization transition, where
MBL is destabilized despite the low likelihood of rare regions
[81]. Still, avalanches may yet produce a wider ergodic phase
than we find here. In the absence of a rigorous proof disallow-
ing a direct MBL-MBL transition, it would be interesting to
investigate other models of disorder such as stronger (power-
law) disorder where this might occur.

Another promising direction would be to turn to quasiperi-
odic systems where rare regions do not occur and thus cannot
precipitate an avalanche, and correlations in the disorder
could be tunable independently of the transition. These effects
could potentially stabilize MBL, as has been suggested for
arrays of superconducting qubits [82], or even lead to a di-
rect MBL-MBL transition. There has also been recent work
in constructing effective Hubbard models from continuous
quasicrystalline models [83], and these may provide a more
physically realistic test bed for these ideas than toy models
such as the Aubry-André model.

In compliance with EPSRC policy framework on research
data, this publication is theoretical work that does not require
supporting research data.
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APPENDIX A: RSRG-X DECIMATION RULES

In these equations we consider any coupling that crosses
the open boundary of the system to be zero. Additionally,
let J ′

i and Ki be the strength of the terms σ z
i σ z

i+1 and σ x
i σ x

i+2,
respectively.

1. Site decimation rules

Suppose the largest gap is due to h3. Then we decimate site
3, setting σ z

3 = c, and renormalize the couplings as follows
(with all unspecified couplings unaltered):

h̃2 = h2 + cJ ′
2, h̃4 = h4 + cJ ′

3, (A1)

J̃1 = J1 + c
K1J2

h3
, J̃2 = K2 + c

J2J3

h3
,

J̃4 = J4 + c
K3J3

h3
, (A2)

J̃ ′
2 = 0, K̃1 = c

K1J3

h3
, K̃2 = c

K3J2

h3
. (A3)

We also calculate the change in the energy as

�E = c

(
h3 + J2

2 + J2
3 + K2

1 + K2
3

2h3

)
. (A4)

2. Bond decimation rules

Suppose the largest gap is due to J3. Then we decimate the
bond between sites 3 and 4, and the two sites are merged to
create a new spin labeled c, renormalizing the couplings as
follows (with all unspecified couplings unaltered):

h̃2 = h2 + c
h3J ′

2

J3
, h̃5 = h5 + c

h4J ′
4

J3
,

h̃c = J ′
3 + c

h3h4

J3
, (A5)

J̃2 = cJ2 + K2, J̃c = J4 + cK3, (A6)

J̃ ′
2 = c

h4J ′
2

J3
, J̃ ′

c = c
h3J ′

4

J3
, (A7)

K̃1 = cK1, K̃2 = 0, K̃c = K4. (A8)
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We also calculate the change in the energy as

�E = c

(
J3 + h2

3 + h2
4 + J ′2

2 + J ′2
4

2h3

)
. (A9)

APPENDIX B: CLIFFORD RSRG-X

The starting point of the Clifford RSRG-X method is to
apply traditional RSRG-X to a system, as per Ref. [41]:
specifically, to a system described by a Hamiltonian in which
each term is a Pauli string (a product of single-site Pauli
operators). RSRG-X starts with the full system of L spins
and successively “decimates” degrees of freedom through the
following prescription.

(1) Locate the strongest term in the Hamiltonian
H0 = λA, responsible for the largest energy gap.

(2) Find and apply the Schrieffer-Wolff (SW) transforma-
tion eiS which transforms the Hamiltonian to commute with
H0, making the gap manifest.

(3) Apply a Clifford transformation R to rotate H0 to a Pauli
σ z

� on some site � and decimate that site by freezing σ z
� = ±1.

(4) Return to step 1 and repeat until all degrees of freedom
are frozen.

In the process, at each step, two transformations are gen-
erated: one, a Clifford rotation which maps Pauli strings
to Pauli strings, and two, a Schrieffer-Wolff transformation
which is more complicated. In order to analyze the proper-
ties of wave functions (and other related features, such as
the effective Hamiltonian on the localized basis and matrix
elements of operators), in many cases it has been sufficient
to only include the Clifford rotations. One can combine these
to form a Clifford circuit which prepares the (approximate)
localized basis from product states or, equivalently, maps
operators on the physical spins to operators on the l-bits.
Other RSRG-based methods have avoided additionally apply-
ing the SW transformation due to the increased complexity
involved.

However, this process only obtains the localized basis to
zeroth order: Each l-bit, which acts as a stabilizer to the basis,
is a single Pauli string in the computational basis. In this paper
we found that this was not sufficient to capture the variation
due to the interaction terms, motivating us to include the SW
transformations in order to compute the localized basis to
higher order. The transformation S at each step is given by
the solution to

[eiS (H0 + V )e−iS, H0] = 0, (B1)

where H = H0 + V . This can be expanded out and solved
order by order in V . In the case of a Hamiltonian expressed
in terms of Pauli strings, with a leading term H0 = λA, this is
solved to first order by S(0) = 0 and

S(1) = 1

4iλ2
[H0,V ]. (B2)

Let us define eiSi and Ri to be the transformations at the
ith decimation step [here, we drop the superscript “(1)”].
Then, we may write down the complete transformation which

approximately diagonalizes the Hamiltonian as

U = (
RLeiSL

)(
RL−1eiSL−1

) · · · (R2eiS2
)(

R1eS1
)

= (
eiS̃L eiS̃L−1 · · · eiS̃1

)
(RLRL−1 · · · R1)

� eiS̃R. (B3)

Here, we have defined the notation

S̃i = R[i,L]SiR
†
[i,L], (B4)

R[i,L] = RLRL−1 · · · Ri, (B5)

such that R[i,L] is the partial Clifford circuit which transforms
Si (defined on the effective spins at that RG step) so that it
instead acts upon the l-bit basis. In this way, we separate
the transformation into two parts: a Clifford circuit R and
a product of unitaries eiS̃ . We are free here to treat the SW
transformations as commuting, such that eAeB = eA+B, since
we are working to first order in V . We may then transform
any operator (expressed as a sum of Pauli strings) to act upon
the localized basis to first order by first pushing it through the
Clifford circuit and then applying the first-order SW transfor-
mation: Ô → R†ÔR + [iS̃, R†ÔR]. This is still expressed as a
sum of Pauli strings, and so calculation of matrix elements,
etc., on l-bit product states is straightforward: Each Pauli
string maps a product state to exactly one state (perhaps itself).
Correspondingly, we can calculate the first-order l-bits in the
spin basis as τ x,z = R[−iS̃, σ x,z]R†. For the purpose of im-
plementing these calculations, we make use of the formalism
in Ref. [76], representing Clifford circuits as binary matri-
ces and Pauli strings as binary vectors (with an associated
coefficient).

APPENDIX C: DISTRIBUTION OF MAXIMAL
RESONANT CLUSTER SIZES

In Fig. 9 we show histograms across disorder realizations
of the maximum resonant cluster size, max{sres}, for various
system sizes L. The data show the maximum increasing with
system size: This is to be expected, as a larger system gives
more chances for a large cluster to develop. Note also that
in the thermal regime, the right-hand edge of the histograms
is truncated by the system size with very little probability
density on sizes smaller than this, showing that resonances
dominate and are overwhelmingly likely to percolate through-
out the entire system.

APPENDIX D: HIGHER RESONANCE THRESHOLD

Throughout this paper we have considered a resonance
with G > G∗ = 0.1 to be a resonance capable of destabilizing
the localized basis. In this Appendix, we show some data for a
higher threshold, G∗ = 1, meaning that we only consider very
strong resonances which are certain to destabilize the basis.
Figure 10 is an analog of Fig. 6 and shows the distribution of
cluster sizes across disorder realizations. Additionally, Fig. 11
is an analog of Fig. 9 and shows the distribution of maximum
cluster sizes across disorder realizations.

Despite taking a much more conservative estimate of
what is necessary to destabilize the system, there is still a
trend towards delocalization towards δ � 0 and g � 0.2. The
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FIG. 9. Distribution of maximal resonant l-bit cluster sizes for nine choices of parameters: g = 0, 0.05, and 0.2 in the top, middle, and
bottom rows, respectively, for models in the (a) spin glass, (b) critical, and (c) paramagnetic phases. See Fig. 7 for comparison.

FIG. 10. (a)–(c) Similar to Fig. 6, but only considering very strong resonances with G > 1.
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FIG. 11. (a)–(c) Similar to Fig. 9, but only considering very strong resonances with G > 1.

technique cannot (at present) be extended significantly beyond
g = 0.2 because this would violate the assumption that the
leading coupling comes from the relevant terms hi and Ji;

however, the trend is clear, and it seems likely that the scaling
of the maximum cluster size would become extensive for
larger g.
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