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1 Introduction

In the last century, the unification of three of the four fundamental forces into the Stan-
dard model has fuelled the conviction that physics can, and should, be united under the
framework of quantum theory. This goal has been frustrated by the lack of success in
constructing a complete theory of quantum gravity valid beyond the Planck scale, which,
according to these premises, is a necessary step towards a complete unification of physics.
Regardless of the physics above the Planck scale, it is generally understood that any theory
of quantum gravity should have a low energy limit described by a quantum theory of a
spin-2 boson.

While it is widely believed that gravity should be quantised just like the other forces,
there are reasons to think that gravity is unlike the others. It alone can be thought of as
the theory of a universal space-time geometry in which matter lives. It is possible that
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the space-time metric is not quantum in nature. There have been many recent proposals
for testing this question, by measuring low-energy gravitational phenomena which cannot
be reproduced classically. Currently, the most promising experiments include those which
aim to detect gravitationally induced entanglement in table-top experiments via spin en-
tanglement witnesses [1–8]. There have also been proposals to measure quantum features
of gravity not reproducible classically without resorting to entanglement generation di-
rectly [9, 10]. Though feasible, current estimates suggest that the technology required to
perform the experiments is decades away.

An alternative approach is to construct consistent theories in which gravity is not a
quantum force and then consider experimental tests of these. Early attempts to construct
such a theory were based on the semi-classical Einstein’s equations [11–13]. However, if one
takes the semi-classical equations as fundamental, then it is well-known that they are not
consistent, leading to violations of the standard principles of quantum theory and a break-
down of either operational no-signalling, the Born rule, or composition of quantum systems
under the tensor product [14–18]. Moreover, even if one prefers to consider classical gravity
only as an effective theory, the semi-classical equations result in pathological behaviour
when quantum fluctuations are large [13, 19–21] or even for classical statistical mixtures
since it fails to take into account the correlation between the quantum and the classical
degrees of freedom [22, 23].

Nonetheless, consistent classical-quantum theories of Newtonian gravity have been
studied via continuous measurement and feedback approaches [24–27], and in [28] using a
master equation for classical-quantum dynamics [29–31]. These approaches are all math-
ematically consistent and do not suffer from the problems of the standard semi-classical
approach [22, 23]. Instead, the resulting master equation is linear in the combined classical-
quantum state, preserves the classical-quantum split, is completely positive (CP) on the
quantum system, meaning that it preserves the positivity and normalization of probabil-
ities — probability distributions are mapped to probability distributions. More recently,
the most general form of consistent classical-quantum dynamics has been found [22, 32],
which enables the construction of a fully relativistic theory of classical general relativity
coupled to quantum field theory [22, 33]. This framework has been studied in [23, 34–36]
and contains continuous measurement and feedback as a special case [23].

It was recently proven in [35] that in order for any Markovian classical-quantum dy-
namics to be completely positive — which is required for the dynamics to be consistent
when acting on half an entangled state — there must be a trade-off between the amount
of decoherence on the quantum system and the amount of diffusion in the classical system.
An important precursor to this result can be found in the constant force master-equation of
Diósi [30]. More generally, since the trade-off can be shown to be a feature of all classical-
quantum dynamics, this trade-off provides an experimental signature, not only of models of
hybrid Newtonian dynamics such as [28], or of post-quantum theories of General Relativity
such as [22], but of any theory which treats gravity as being fundamentally classical. The
metric necessarily diffuses away from what Einstein’s General Relativity predicts. This
signature squeezes classical-quantum theories of gravity from both sides: if one has shorter
decoherence times for superpositions of different mass distributions, one necessarily has
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more diffusion of the gravitational metric. One can thus use Cavendish-type experiments
to upper bound the amount of diffusion, and coherence experiments to lower bound it, thus
squeezing the parameter space of the theory from both sides. The decoherence-diffusion
trade-off, therefore, provides a way of testing CQ theories: one lower bounds the amount
of diffusion the theory must have from coherence experiments, which can then be tested
by measuring the noise in precision mass experiments.

The present work aims to study the weak field limit of classical-quantum theories of
general relativity and to provide a series of kernels that characterise correlations in the
stochastic dynamics. From these, theorists and experimentalists can choose to develop and
test the parameter space of CQ theories. In the main body, we do so in two different ways.
We construct the Newtonian limit of both the path CQ general relativistic path integral
of [33] and of the master equation from [22]. The master equation is then unraveled in
the form of coupled Langevin stochastic differential equations for the classical gravitational
field and the quantum state of matter. In order to do so, we first identify the relevant degree
of freedom as being the Newtonian potential in a non-relativistic setting. To corroborate
our results, in [37], we verify our approach by comparing it to a diffeomorphism invariant
CQ theory of scalar gravity, which gives the correct Newtonian limit.

If such theories are in violation of experiments, this will provide an indirect test for
the quantum nature of gravity. In [35], the decoherence diffusion trade-off was used to rule
out a large class of natural theories that we derive here, namely those which are ultra-
local, non-relativistic and continuous in the classical phase space. Hence, an important
problem is to study and classify consistent classical-quantum theories of gravity, and their
low energy limit, in order to further squeeze the parameter space of physically sensible CQ
theories.

Moving away from fundamentally classical fields, we also mention that CQ theories of
gravity could describe an effective regime of quantum gravity whenever the gravitational
field freedom behaves classically. In this case, we expect that variants of the master equation
and path integral we find here will be useful in describing this limit. However, an effective
theory will be non-Markovian in some regimes, meaning that the decoherence-diffusion
trade-off will not need to hold for all times [22]. Lastly, given that we are discussing a
semiclassical model of Newtonian gravity, in the discussion we compare and contrast our
results with those of [24, 26–28, 38]. Here, we can arrive at the master equation formulation
and path-integral, from a reduction of the degrees of freedom of a fully relativistic theory.
We find that our weak-field limit shares some features of [24, 26–28], but differs from them
in several ways.

Let us now summarize our main results and present the outline of the paper.

Summary of results. Section 2: we start by recapping the CQ theory framework in its
most general form. We explain how the state of the system is given by a hybrid CQ state
ϱ(z) that can be evolved either through a path integral (4.2), which was introduced in [33,
39], via a master equation (6.6) as in the original formulation [22] or via its unravelling [23,
34]. The evolution is completely positive and trace-preserving. We outline the degrees of
freedom playing the role of the classical and quantum systems.
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Section 3: we review a route to the Newtonian limit of classical gravity through a
reduced action approach. We start from a reduced action by identifying the true degree
of freedom of the non-relativistic Newtonian limit as the scalar perturbation of the metric,
arriving at the Newtonian ADM Hamiltonian (3.11). This result will allow us to construct
a hybrid gravitational system in the Newtonian limit in the master equation picture, where
implementing the full GR constraint is challenging [36]. For reference and comparison, in
appendix A we also summarise the standard derivation of the Newtonian limit which uses
the full Einstein’s equations. Lastly, we present a stochastic classical analogue of the CQ
theory for Newtonian gravity, where the field is sourced by a Markovian noise process. We
see the role of the shift vector in the imposition of stochastic Newtonian constraints. In
the end, it will turn out that this is the actual classical limit of the CQ theory when the
matter degrees of freedom have completely decohered, and only the noise process remains
in the classical degrees of freedom.

Section 4: we summarise the path integral formalism for the evolution of the CQ state
ϱ(z). Trajectories of the state between initial and final times are weighted by a CQ action
ICQ that defines completely positive dynamics. The natural class of theories coming from
a covariant CQ proto-action introduced in [33] which we summarise. Treating general
relativity and its Newtonian limit in the CQ framework is done through this reduced
proto-action approach.

Section 5: we derive the CQ Newtonian limit path integral as a gauge-fixed, non-
relativistic limit of the diffeomorphism invariant CQ path integral for general relativity.
The gauge fixing is informed by the reduced phase space approach to the Newtonian limit,
and the non-relativistic limit is implemented by keeping leading terms in the speed of light
c. This is one of the main results of this work. The dynamics is CP on the subset of
states defined by the Newtonian limit. We find a generic prediction of CQ theories. The
Newtonian potential diffuses away from its classical solution by an amount that depends
on the decoherence rate into mass eigenstates.

Section 6: in this section, we introduce the master equation formalism for the evolution
of the CQ state and link it to the decoherence-diffusion trade-off. Here, we are concerned
with the continuous form of the master equation. For an in-depth study of the continuous
and jumping ME, we refer the reader to [32]. We also briefly mention how CQ dynamics
can be unravelled as a system of coupled stochastic differential equations for the classical
and quantum degrees of freedom [23, 34].

Section 7: after having introduced the master equation, here we construct the weak field
regime for the class of master equations with continuous back-reaction on the gravitational
degrees of freedom (7.2). The effects of the dynamics are parameterized by a handful
of functional parameters which can be squeezed from experiments via the decoherence
diffusion trade-off. In order to discuss experimental bounds, it is necessary to impose
gravitational constraints on the CQ evolution. The constrained master equation is then
unravelled to derive one of the main results (7.13), determining the trajectory of any CQ
state through its hybrid phase space.

We review how such theories are testable [35]. The most striking being the findings
of [35] that classical-quantum theories of gravity, which are continuous in the gravitational
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degrees of freedom and produce only ultra-local, non-relativistic correlations, are already
ruled out. Furthermore when the coupling constants D0, D2 are constant kernels, we arrive
at the Newtonian theory considered in [26, 27]. If one tried to minimise the amount of
decoherence [27], one finds that theories with constant couplings are in tension with heating
experiments if the Newtonian approximation is valid below scales of 10−15m [27]. This calls
for a study of relativistic corrections to hybrid theories.

Section 8: we compare and contrast with other models of semiclassical Newtonian grav-
ity and explain the bridge with the work of [26, 28] while highlighting the difference with
previous measurement feedback and collapse models. We summarise how our main results
have been cross-checked through the use of a variety of different methods. We conclude
with a discussion of our results and comments on the theoretical and experimental chal-
lenges which remain open in constructing and testing theories with a classical gravitational
field coupled with quantum matter.

2 Classical-quantum dynamics

In this section, we summarise the formalism used to describe the general form of consistent
coupling between classical and quantum degrees of freedom [22, 32]. Early examples of these
dynamics include the works of [29–31, 40, 41]. The state of the entire physical system will
take the form of a hybrid classical-quantum object, while the dynamics can be expressed
in three different formalisms: a master equation, the Langevin equations derived from its
unravelling, and the path integral. Regardless of the choice of formalism, the dynamics are
linear in the density matrix, completely positive and trace-preserving.

We take the classical degrees of freedom to live in a classical configuration space M,
and we generically denote elements of the classical space by z. For example, we could take
the classical degrees of freedom to be position and momenta, in which case M = (R2). The
quantum degrees of freedom are described by a Hilbert space H. Given the Hilbert space, we
denote the set of positive semi-definite operators as S(H). Then, the CQ object defining the
state of the CQ system at a given time is a map ϱ : M → S(H) subject to a normalization
constraint

∫
M dzTrH [ϱ] = 1. To put it differently, we associate to each classical degree

of freedom an un-normalized density operator ϱ(z) such that TrH [ϱ] = p(z) ≥ 0 is a
normalized probability distribution over the classical degrees of freedom and

∫
M dzϱ(z) is

a normalized density operator on H.
Classical-quantum states always admit a decomposition ϱ(z, t) = p(z, t)σ̂(z, t) where

σ̂(z, t) is a normalized quantum state. Intuitively, σ̂(z, t) can be understood as the quantum
state one assigns to the system, given the classical state z is observed. Since the density
matrix has a statistical foundation, p(z, t) is then understood as the probability (density)
of being in the classical state z.

An example of such a CQ-state is the CQ qubit, where we take a 2-dimensional Hilbert
space and couple it to classical position, and momenta [22, 34]. The state then takes the
form of a 2 × 2 matrix over phase space

ϱ(q, p, t) =
(
u0(q, p, t) c(q, p, t)
c⋆(q, p, t) u1(q, p, t)

)
. (2.1)
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If one desires to treat gravity coupled to matter fields in the CQ framework, a natural
choice for the classical degree of freedom is the metric, while the matter fields are quan-
tised and play the role of quantum degrees of freedom. This allows for proper treatment
of semiclassical gravity, where correlations between the gravitational field and matter are
not ignored as in the semiclassical Einstein equations. However, from the path integral
formulation, we can see that the positivity of the full Einstein equations in the CQ frame-
work may not be ensured for every possible initial state [33]. Nevertheless, as discussed
in section 5, when we restrict to the Newtonian limit, positivity is ensured. This implies
that the final picture sees the role of the classical degree of freedom being played by the
scalar perturbation Φ, while the matter degrees of freedom are quantum. In this paper,
the matter is chosen to take the form of pressureless dust, and the associated mass density
operator will be indicated by m̂(x), which should not be confused with the mass itself.

One desires the dynamics of these states to retain their positivity, preserve the sta-
tistical interpretation of the density matrix and give rise to positive probabilities when
acting on half-entangled states. Therefore, the dynamics must be linear, completely posi-
tive (CP) and probability-preserving. If the dynamics are also time-local, then consistent
CQ dynamics can be written in the form of a path integral [33, 39], master equation [22]
or its unravelling in terms of stochastic differential equations [23, 34].

In this paper, we will present the Newtonian limit of CQ gravity in all these forms.
After the next section, readers more used to dealing with path integrals should keep reading
as we will introduce the CQ path integral formalism in section 4 and derive the Newtonian
limits right after by gauge fixing the full diffeomorphism invariant CQ theory of general
relativity. If instead the reader feels more comfortable with master equations and unrav-
ellings we suggest that, after the next section, you could skip to section 6. There, we
review the CQ master equation formalism and explain how it can be unravelled to examine
single trajectories of the CQ state. This will help to better appreciate one of the central
results (7.13) of the paper, which is presented in the unravelling formalism.

In the next section, we will derive the Newtonian limit of classical GR, starting from the
reduction of the degrees of freedom to scalar perturbations, in the Hamiltonian formalism,
which will then be key when discussing the Newtonian limit of CQ gravity.

3 Newtonian limit of classical GR

In this section, we study the weak field and Newtonian limits of classical general relativ-
ity (GR), which motivates our study of the weak field and Newtonian limits of classical-
quantum theories of gravity. By the weak field limit, we mean the linearised expansion of
the metric around a flat Minkowski background, while by the Newtonian limit, we refer to
a non-relativistic setting by taking the c→ ∞ limit and discarding terms with high powers
of inverse c.

The Newtonian limit of GR is represented by a non-dynamical scalar perturbation of
flat Minkowski spacetime expressed through the metric:

ds2 = −c2
(

1 + 2Φ
c2

)
dt2 +

(
1 − 2Φ

c2

)
δijdx

idxj , (3.1)
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where Φ satisfies the gravitational Poisson equation. As a reminder, we present the usual
derivation of this limit from a gauge fixing of the full Einstein theory in appendix A. There,
we start from a generalized scalar-vector tensor perturbation of the metric in the form of

ds2 = −c2
(

1 + 2Φ
c2

)
dt2 + wi

c
(dtdxi + dxidt) +

[(
1 − 2ψ

c2

)
δij + 2sij

c2

]
dxidxj , (3.2)

where ∂iwi = ∂is
ij = 0 and we take the infinite c limit of Einstein’s equations. When

the stress-energy tensor is chosen to represent a pressureless dust distribution, only one
non-dynamical scalar perturbation Φ remains at the end, and it is constrained to obey the
gravitational Poisson’s equation.

Based on the knowledge obtained from the full GR derivation, we instead present a
derivation of the Hamiltonian formulation of the Newtonian limit, which starts directly
from a reduction of the degrees of freedom to scalar perturbations. In the reduced degrees
of freedom approach, we first assume that the relevant degrees of freedom are scalar per-
turbations. We shall also allow for vector perturbations at higher order in c, which we find
are necessary to construct a consistent CQ theory.

As we will show in the rest of the main body, this provides us with a way of constructing
the Newtonian c → ∞, πΦ ≈ 0 limit of CQ theories via a reduction of the gravitational
degrees of freedom, even in the absence of a complete CQ theory of GR which is positive
on all possible states. This is explained in detail in section 5, where we show that the
problematic terms appearing in the CQ treatment of GR vanish in the Newtonian limit,
validating the limit with a top-down approach. Regardless, we get the same results in both
the path integral and the master equation approaches.

3.1 Newtonian limit via a scalar reduced action

To derive the Newtonian limit of GR via a reduced Hamiltonian, we take as a starting
point the linearised Einstein Hilbert Lagrangian density, which is equivalent to the spin-2
field Fierz-Pauli action [42] for the metric perturbation gµν = ηµν + hµν :

S[hµν ] = c4

16πG

∫
d4xL(hµν), (3.3)

L(hµν) = −1
2∂µh

µν∂νh+ 1
2∂µh

ρσ∂ρh
µ
σ −

1
4η

µν∂µh
ρσ∂νhρσ + 1

4η
µν∂µh∂νh. (3.4)

We are interested in constructing CQ dynamics for a Newtonian theory, so we further make
a Newtonian approximation of the metric. We take the ADM decomposition

ds2 = −(Nc dt)2 + gij
(

dxi +N ic dt
) (

dxj +N jc dt
)
, (3.5)

and make the weak field assumption

N =
(

1 + Φ
c2

)
, N i =

(
0 + ni

c3

)
, gij =

(
1 − 2ψ

c2

)
δij . (3.6)

The extra factor of c in the choice of shift-vector is related to the fact that, classically, the
h0i component occurs at a higher order than the h00, hij components [43]. We assume that
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all fields vanish at infinity. In the purely classical case, we find that when the stress-energy
tensor T0i = 0, then ni = 0, but we will show that in the combined CQ case ni ̸= 0 even
in the absence of the stress-energy tensor. Instead, a non-zero ni is required in order to
preserve the Hamiltonian constraint of the theory.

With the gauge fixing of equation (3.6), the linearized action in equation (3.3) is

S = 1
8πG

∫
d4x

[
− 3ψ̇2

c2 + ∂in
i

2c2 (Φ̇ − ψ̇) − ṅi

2c2 (∂iΦ + 3∂iψ) − 1
4c2∂in

j∂jn
i

+ ∂iψ∂
iψ − 2∂iΦ∂iψ + 1

4c2∂in
j∂jn

i
]
.

(3.7)

To go to the Hamiltonian picture, we first calculate the functional derivatives with
respect to ψ̇, ϕ̇ and ṅi to find the conjugate momenta

πψ = − 1
16c2Gπ

(12ψ̇ + ∂in
i), πΦ = ∂in

i

16πc2G
, πi = − 1

16πc2G
(∂iΦ + 3∂iψ). (3.8)

We see that equation (3.8) defines two primary constraints. As a reminder, in Hamiltonian
mechanics, a primary constraint is a relation between a coordinate and its conjugate mo-
menta that holds regardless of the equation of motion. Here, the equations for πΦ and πi
are constraints because π̇Φ and π̇i will depend only on the initial state i.e. first order deriva-
tives of the canonical coordinates, while only the evolution equation for πψ will depend on
second order derivatives. We thus have two primary constraints:

ΠΦ = πΦ − ∂in
i

16πc2G
≈ 0, (3.9)

Πi = πi + 1
16πc2G

(∂iΦ + 3∂iψ) ≈ 0, (3.10)

where ≈ 0 means weakly zero in the Dirac sense [44], that the quantity is set to 0 by con-
straining the initial data. In the c→ ∞ limit, equations (3.9 -3.10) become the constraints
πΦ, πi ≈ 0, which enforce the usual Hamiltonian and momentum constraints.

One might worry about the fact that the constraints (3.9 -3.10) derived from the (Fierz-
Pauli) linearised gravity action appear to be different with respect to the constraints one
obtains by first considering the constraints in the full ADM formalism and then linearising
them. This has been studied in [45], where it was shown that the two forms are simply
related by a canonical transformation. Alternatively, one could follow the approach of [44]
and add a specific non-covariant term to the linearised action (3.3). This term vanishes
on shell and simplifies the primary constraints to match them with those derived from the
ADM formalism.

Since we are interested in the c→ ∞ limit, these distinctions do not matter, as we end
up imposing the constraints πΦ, πi ≈ 0, which are equivalent to the primary constraints
πN , πNi ≈ 0, where N , N i are the lapse and shift vectors.

Using the definitions of conjugate momenta in equation (3.8) and working to leading
order in c, we arrive at the Newtonian Hamiltonian

H(gr) =
∫
d3x

[
−2πGc2

3 π2
ψ − 1

12πψ∂in
i + ∂iψ∂iΦ

4πG − ∂iψ∂iψ

8πG + λΦπΦ + λiπi

]
. (3.11)
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To find the Newtonian interaction Hamiltonian, we need to couple gravity to matter.
When a matter action Sm is included, the coupling to the linear perturbation is found via
hµνT

µν , which is required to reproduce Einstein’s equations. We shall consider the matter
distribution to be that of a particle with mass density m(x) and, because we are working in
the non-relativistic limit, we shall assume that only T00 acts as a source for the gravitational
field. The corresponding interaction Hamiltonian can be then easily written as

HI =
∫
d3xHI =

∫
d3xΦ(x)m(x), (3.12)

such that the total Hamiltonian is given by Htot = H(gr) +HI :

Htot =
∫
d3x

[
−2πGc2

3 π2
ψ − 1

12πψ∂in
i + ∂iψ∂iΦ

4πG − ∂iψ∂iψ

8πG + λΦπΦ + λiπi + Φ(x)m(x)
]
.

(3.13)
The dynamics associated with Htot can be derived from Hamilton’s equations and is
given by:

ψ̇ = −4Gπc2πψ
3 − 1

12∂in
i, π̇ψ = ∇2(Φ − ψ)

4πG , Φ̇ = λΦ, π̇Φ = ∇2Φ
4πG −m,

ṅi = λi, π̇i = − 1
12∂iπψ

(3.14)

and we arrive at Newtonian gravity by solving equation (3.14) since the constraint πΦ ≈ 0
imposes

∇2Φ
4πG −m ≈ 0 ⇒ Φ(t, x) = −G

∫
d3x′

m(x′)
|x− x′|

(3.15)

on the potential Φ i.e, Φ must solve Poisson’s equation. On the other hand, the con-
straint πi ≈ 0 imposes πψ ≈ 0, where we have used the fact that πψ vanishes at infinity.
Preservation of the πψ ≈ 0 constraint imposes that Φ = ψ. Moreover, the time derivative
of the Newtonian potential directly dictates the Lagrange multiplier via λΦ = Φ̇ and the
divergence part of the shift vector via:

Φ̇ = − 1
12∂in

i. (3.16)

Since we assume a stationary source, where only T00 contributes, this imposes that ∂ini = 0.
Note this does not entirely fix the shift ni, and solutions related by different choices of the
shift vector will be gauge equivalent. In the classical theory, it is common to assume the
gauge ni = 0, in which case we arrive at the Newtonian metric of equation (3.1), where Φ
satisfies Poisson’s equation.

We have arrived at the Newtonian limit of general relativity by making the Newtonian
approximation on the metric in equation (3.6) and then deriving the dynamics in the c→ ∞
limit. While deriving the Newtonian limit from a full GR approach requires a complete
diffeomorphism invariant theory, we have seen that we can construct a consistent reduced
theory by first identifying the correct degrees of freedom (in this case, scalar perturbations
of the metric) and then writing down their dynamics according to a reduced Hamiltonian.
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Before discussing how a quantum system’s back-reaction on the classical Newtonian
field is implemented through diffusion processes, we would like to mention our choice of
gauge. The end goal of this work is to formulate the Newtonian limit of gravity for CQ-
hybrid theories; we do not know if a complete CQ theory can be made fully diffeomorphism
invariant. Regardless, our choice of gauge is motivated by the need to preserve the gravi-
tational constraints. By choosing the gauge (i.e. coordinates) as in (3.6), we know that we
have a way of consistently selecting trajectories that stay on the constraint surface, where
the conjugate momenta vanish as described in this section.

3.2 The weak field classical limit

We will first consider a purely stochastic modification to classical general relativity. With
the benefit of hindsight, it corresponds to taking the classical limit of the matter fields in
the CQ theory. However we present it first, partly for simplicity, and partly because for
some experiments, it is the regime of interest. It also provides an interesting analogy with
quantum gravity. Note that although this limit is a stochastic theory of classical gravity,
it is different to what is usually referred to as stochastic gravity [13] which is based off of
the semi-classical Einstein’s equations. For example, the theory here is Markovian, while
stochastic gravity needs to be non-Markovian in the case of statistical mixtures of states
with a large variance.

In the CQ case, we will construct the Newtonian limit by taking the non-relativistic
limit, which means that the relevant degrees of freedom are scalar perturbations of the
metric of the form in equation (3.6) and then considering a reduced CQ master equation
governing the dynamics of the perturbations. Since we will be interested in describing the
non-relativistic limit of a quantum mass interacting with classical gravity, the back-reaction
on the gravitational field from the quantum matter is dominated by the T00 component,
and any classical-quantum momentum constraint [36] will be unchanged since it does not
involve matter. In particular, the back-reaction of the quantum system on the classical
system enters through the πΦ equation in (3.14). Loosely speaking, because quantum
back-reaction must necessarily involve diffusion, the equation of motion for π̇Φ will be
modified to include a stochastic term. To gain some intuition, we can consider the classical
analogue by considering a Langevin equation for π̇Φ

π̇Φ = ∇2Φ
4πG −m− σξ, (3.17)

where σ(x) is a coefficient and ξ(t, x) is a white noise process which we will relate to the
D2 coefficient appearing in the CQ master equation (6.1). We will later find that this
stochasticity is all that is required to maintain complete positivity in the CQ case. With
the modified dynamics for πΦ, we find the constraint πΦ ≈ 0 imposes ∇2Φ

4πG = m + σξ on
the potential Φ. The momentum constraint πi remains unchanged from the deterministic
case, and its preservation again imposes the constraint Φ = ψ. However, with the addition
of the noise, the solution to the Newtonian constraint is no longer stationary but is instead
given by a solution to the random Poisson equation

Φ = −G
∫
dx′

m(x′) + σ(x′)ξ(x′, t)
|x− x′|

. (3.18)
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Preservation of the Hamiltonian constraint in equation (3.17) then determines λΦ and ∂ini.
In particular, with the gauge choice of equation (3.6), we see that ni is required in order
for the theory to be consistent. The presence of diffusion, combined with the quantum
back-reaction, will make the Newtonian potential ψ = Φ fluctuate, and its evolution will
be determined by the shift vector ∂ini via equation (3.14) or more immediately, via equa-
tion (3.16) in particular. This is one of the key results of this paper, and we will return to
it when we discuss the master equation approach. Without allowing the shift to be a freely
chosen gauge parameter, the momentum conjugate to the Newtonian potential Φ, looks
like it will diffuse off to infinity via the random walk process given by equation (3.17).

We point out once again that this does not fix the shift ni uniquely since we are free to
add a divergenceless term and get the same solution to the equation of motion. Moreover,
in a complete calculation, we expect that contributions from T0i will also determine the
components ni without affecting the Newtonian contribution, which is given by the h00
component. Regardless, performing higher-order calculations is beyond the scope of the
current work.

In the stochastic case, we still find that Φ = ψ is set by the dynamics since the addition
of noise in equation (3.17) is the only modification to the theory. Hence, one can instead
start with the metric perturbation:

N =
(

1 + Φ
c2

)
, N i =

(
0 + ni

c3

)
, gij =

(
1 − 2Φ

c2

)
δij . (3.19)

and consider the dynamics obtained by setting Φ = ψ in equation (3.11). One could even
remove the kinetic term −2πGc2

3 π2
ψ, which doesn’t contribute to the equations of motion

on the constraint surface, and the Lagrange multiplier term πΦ, which is redundant as the
Hamiltonian is also linear in πψ. In this case, the reduced Hamiltonian reads.

H(gr) +HI =
∫
d3x

[
(∇Φ)2

8πG +mΦ − 1
12πΦ∂in

i + λiπi

]
. (3.20)

Equations (3.19) and (3.20) are considerably simpler than equations (3.6) and (3.11) but
result in the same dynamics, we will use the former to describe the Newtonian limit of CQ
theories.

Note that since the noise process is a white noise process, technically, the metric
perturbation will describe a probability measure, and we should use it to compute averaged
quantities. This is true of both Φ and the shift vector ni which are now both stochastic
quantities. In particular, averaging over a timescale ∆T and length scale ∆L, ∆L/∆T ≪ c,
we have that ∆Φ

∆T ∼ ni

∆L , so that ∆L∆Φ
∆T ∼ ni ≪ c3 which verifies our initial assumption to

include the perturbation h0i as ni

c3 in equation (3.6).
With this in mind, we now study the Newtonian limit of the full CQ theory. We find

in the c → ∞ limit that we arrive at Poisson’s equation on average, but because of the
CQ interaction, the Newtonian limit also predicts diffusion around this solution according
to equation (3.18), with simultaneous decoherence on the quantum system. In [37], we
study a diffeomorphism invariant theory of CQ scalar gravity and show that in the c→ ∞
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limit, the results are quantitatively and qualitatively the same as in the reduced degrees of
freedom approach. This gives us more confidence that our results are independent of the
coordinate choice we have made.

One can see the analogy between the quantum and the stochastic cases, where the
order of operations of introducing the constraint and quantizing/inserting noise matters.
Unlike the quantum case, it is easier to see why the insertion of stochasticity has different
effects depending on whether it is done before or after the phase space reduction. Imagine
a system constrained to have spherical symmetry. If a non-spherically symmetric noise
process is added, and then we project onto a spherically symmetric initial state, the noise
process will continue and drive the system away from spherical symmetry unless the noise
is also chosen to be spherically symmetric. On the other hand, if the system is constrained
first so that all degrees of freedom can only depend on the radius, then the noise inserted
can only be spherically symmetric. We comment more about this in section 8.

In the next section, we introduce the path integral formalism for CQ dynamics which
we will later use to derive the Newtonian limit of the full GR theory. The reader who is
instead more comfortable with a master equation approach could now skip to section 6,
where we review the master equation and unravelling formalism for the CQ dynamics and
derive the Newtonian limit in that context.

4 Path integral for CQ dynamics

In this section, we will summarise the path integral formulation of CQ dynamics [33, 39].
While the initial theory for classical general relativity coupled to quantum matter was
written in the master equation formalism [22], it is hard to frame the dynamics in an
explicitly covariant manner. The path integral formulation, on the other hand, can make
this explicit. It can be derived from the master equation [33], but it can also be taken
as the starting point. As with the master equation approach, the dynamics of the hybrid
system is linear in the density matrix, completely positive, and trace-preserving.

For classical-quantum dynamics, the path integral should tell us how to evolve the
components of the CQ state

ϱ(q, p, t) =
∫
dϕ+dϕ−ϱ(q, p, ϕ+, ϕ−, t) |ϕ+⟩ ⟨ϕ−| , (4.1)

where q and p stand to represent all the classical degrees of freedom and their conjugate
momenta in the classical phase space, and ϕ are the continuous quantum degrees of freedom.
Here, we bra and ket of the density matrix can be thought of as two independent fields ϕ+,
and ϕ−.

Writing this out explicitly, a classical-quantum path integral will take the form [33, 39]:

ϱ(qf , pf , ϕ+
f , ϕ

−
f , tf ) = N

∫
DqDpDϕ+Dϕ−eICQ[q,p,ϕ+,ϕ−,ti,tf ]ϱ(qi, pi, ϕ+

i , ϕ
−
i , ti). (4.2)

Where ICQ is the CQ action and it is implicitly understood that boundary conditions are
to be imposed at tf . We could also include a N factor in case the action does not preserve
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the norm of the state. The path integral gives each element of the density matrix at time
t, given an initial density matrix.

From [33, 39], we recall that any classical-quantum configuration space path integral
with action of the form [33]

ICQ(q, p, ϕ+, ϕ−, ti, tf ) = I+
CQ(q, p, ϕ+, ti, tf )

+ I∗−
CQ(q, p, ϕ−, ti, tf ) − IC(q, p, ti, tf ),

(4.3)

defines completely positive CQ dynamics. In equation (4.3) I±
CQ determine the CQ inter-

action for the bra or ket (ϕ±) of the density matrix, and IC(q, p, ti, tf ) is a purely classical
Fokker-Planck like action [46, 47] which should be positive definite, at least for large values
of the classical variables q, p so that the path integral converges. A simple example of
such a Fokker-Planck term describes the standard Brownian motion in phase space with
classical degrees of freedom and its conjugate momentum (q, p):

IC(q, p, ti, tf ) = − 1
2D2

∫ tf

ti

dt

(
ṗ+ ∂V (q)

∂q

)2
+ log δ

(
q̇ + p

m

)
(4.4)

which will allow for diffusion away from the deterministic force law given in terms of the
purely classical potential term V (q) coming from Hamilton’s equations, while suppressing
paths that are further away from the average force, by an amount depending on the diffusion
coefficient D2. In this example, we are working in phase space rather than configuration
space, with δ-function keeping the relationship between the momentum p and q̇.

On the other hand, a simple example of ICQ is

ICQ(q,p,ϕ+, ti, tf )+ICQ(q,p,ϕ−, ti, tf ) =

− 1
2D2

∫ tf

ti

dt

[(
ṗ+ 1

2
∂VCQ(q,ϕ+)

∂q
+ 1

2
∂VCQ(q,ϕ−)

∂q

)2

+ 1
8D2

(
∂V (q,ϕ−)

∂q
− ∂V (q,ϕ+)

∂q

)2]
(4.5)

where the first line of the CQ action looks like the Fokker-Planck action of equation (4.4)
but sourced by the average of a CQ potential, with the average taken of the bra and ket
quantum degree of freedom. I.e. by

W̄CQ := 1
2

(
∂VCQ(q, ϕ+)

∂q
+ ∂VCQ(q, ϕ−)

∂q

)
. (4.6)

The second term in equation (4.5) is a Feynman-Vernon [48] term which causes decoherence
by suppressing off-diagonal elements of the density matrix. One can verify that the coupling
between the bra and the ket fields cancel in this case.

One can also go directly from the master equation picture in equation (6.6) to a
path integral picture whenever the master equation contains terms that are no more than
quadratic in quantum momentum operators and classical derivative operators [39]. In this
sense, equation (4.3) allows for more general path integrals since one can include couplings
that are higher than quadratic. In this case, the mapping between master equations and
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path integrals will not always be clear. The reduced phase space weak limit of gravitational
CQ that we consider in section 5 is of this type since, as we will see, imposing the constraint
generates coupling that higher than second order.

Due to the fact that equation (4.3) contains no ϕ± cross terms, the path integrals
preserve purity on the quantum system. Pure quantum states are mapped to pure quantum
states, and no information is lost. Moreover, conditioned on the classical trajectory, the
quantum state evolution is deterministic, which provides a natural mechanism for wave-
function collapse if the classical degree of freedom is taken to be fundamental. Furthermore,
because the classical degree of freedom is itself dynamical, unlike in spontaneous collapse
models [49–53], it is possible to make the dynamics covariant [33]. We shall see an explicit
example of diffeomorphism invariant CQ dynamics in section 5.

The path integral constructs a CQ state at time tf from a CQ state at time ti. However,
we are often interested in computing correlation functions for stationary states, and we
would like to obtain information on correlation functions over arbitrary long times by
taking the limit ti → −∞, tf → ∞. In open systems, as well as when calculating scattering
amplitudes, it is often assumed that the initial state in the infinite past does not affect
the stationary state of the system so that there is a complete loss of memory of the initial
state [47]. Under this assumption, it is possible to ignore the boundary term containing
the initial CQ state ϱ(qi, ϕ±i , ti), arriving at the partition function

Z[J+, J−, Jq] = N
∫

DqDϕ± eICQ(q,ϕ+,ϕ−,−∞,∞)−i(J+ϕ+−J−ϕ−)−Jqq (4.7)

such that we can then use standard perturbation methods for computing correlation func-
tions in CQ theories. For simplicity, we shall consider just the path integral partition
function without the presence of sources, but all of our equations arise from studying the
CQ action.

A natural class of theories introduced in [33, 39], which work especially well for classical
and quantum fields are those derivable from a classical-quantum proto-action. This we
define as

WCQ[q, ϕ] =
∫
dtdx⃗

(
Lc[q(x)] − VI [q(x), ϕ(x)]

)
(4.8)

where Lc is the Lagrangian density of the classical action Sc[q] =
∫
dtdx⃗Lc[q], VI is the in-

teraction potential density VI [q, ϕ] =
∫
dtdx⃗VI [q, ϕ] and the classical and quantum degrees

of freedom are now locally dependent on spacetime:

I(q, ϕ+, ϕ−, ti, tf ) =
∫ tf

ti

dtdx⃗

[
iLQ[q, ϕ+] − iLQ[q, ϕ−] − 1

2
δ∆WCQ

δqi
D0,ij [q(x)]δ∆WCQ

δqj

− 1
2
δW̄CQ

δqi
D−1

2,ij [q(x)]δW̄CQ

δqj

]
.

(4.9)

The example of equation (4.5) is a special case of this, while here we define a more general
form via a proto action [39]

∆WCQ[q, ϕ+, ϕ−] := WCQ[q, ϕ+] −WCQ[q, ϕ−], (4.10)
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and a more general average force in comparison with equation (4.6), given by

W̄CQ[q, ϕ+, ϕ−] := 1
2
(
WCQ[q, ϕ+] +WCQ[q, ϕ−]

)
. (4.11)

To better understand the effect of the CQ action, we can again read equation (4.9)
in order. The first two terms represent the unitary evolution of the quantum degrees of
freedom, which can be any quantum field theory Lagrangian. Given that we are evolving a
density matrix we have that the left/right (bra/ket) branches are evolved separately by the
± terms. One can also add friction terms to equation (4.9) though we shall not do this in
the present work. Next, we find the decoherence term. It has a decoherence coefficient D0
and is constructed from the variation of the difference between the left and right branches
of the proto-action ∆WCQ[q, ϕ+, ϕ−]. This term is responsible for the decoherence of the
system, penalising trajectories of the hybrid state that move further away from ϕ+ = ϕ−.
This term does not affect the diagonal terms in the density matrix but does suppress the off-
diagonal terms exponentially with time. Lastly, we have the diffusion term. Built from the
variation of the ± averaged interaction W̄CQ[q, ϕ+, ϕ−], this term has diffusion coefficient
D2 and penalises trajectories in which the classical degrees of freedom tend to deviate
from their Euler-Lagrange equations of motion. In other words, the noise introduced in
the classical degrees of freedom from the backreaction of the quantum degrees of freedom
introduces a diffusion process that is visible from this term.

The coefficients D0, D2 need to be positive, and in the case of several classical degrees
of freedom or fields positive definite matrices and kernels. To ensure that the action takes
the form of equation (4.3) and ensure complete positivity of the dynamics, we can impose
the matrix inequality:

4D2 ⪰ D−1
0 . (4.12)

This we call the decoherence-diffusion trade-off. The trade-off itself originates from posi-
tivity conditions on the master equation, on which we expand in section 6, but was derived
and explored in depth in [35]. The physical meaning of this relationship between the de-
coherence and the diffusion coefficients tells us that, if we want to preserve the coherence
of the quantum degrees of freedom for prolonged times, we will have a lot of noise intro-
duced in our classical degrees of freedom. When the trade-off is saturated, meaning that
4D2 = D−1

0 , the path integral also preserves the purity of the quantum system. This form
of the action is motivated by the study of path integrals [39] for CQ master equations,
which are approximately Hamiltonian [22, 23, 28].

In the next section, we gauge fix the CQ path integral for general relativity coupled
with quantum matter and then take the non-relativistic limit to derive the Newtonian limit
for the CQ theory.

5 Newtonian limit from the gauge fixing of classical-quantum general
relativity

In this section, we derive the Newtonian limit of the full general relativistic diffeomor-
phism invariant CQ path integral which was first introduced in [33], here reported as
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equation (5.2). To derive the Newtonian limit, we will start by gauge fixing the classical
degrees of freedom using the gauge described in equation (3.19), which is justified through
the arguments of section 3, and then by taking the non-relativistic limit through keeping
only leading terms in the speed of light c.

This derivation leads to the same unravelled Newtonian limit that we will later obtain
from the master equation in equation (7.13) and acts as a sanity check for the theory
introduced [33], showing that its constraints have a sensible non-relativistic limit. In the
Newtonian limit, once the choice is made of keeping only the highest order terms in c,
we find that the problematic off-diagonal terms appearing in equation (5.2) disappear. In
other words, we show that the dynamics of equation (5.2) defines CP dynamics on the
subset of states defined by the Newtonian limit. We leave it as a question for further work
whether the CQ constraints would be preserved in the more general case, and in particular,
if the dynamics of equation (5.2) lead to stable dynamics which preserves the Newtonian
limit once higher order terms are c are considered.

Consider the full diffeomorphism invariant theory of CQ general relativity, which, when
coupled to a quantum mass density, has a path integral of the form:

ϱ(gf , ϕ+
f , ϕ

−
f , tf ) = N

∫
DgDϕ+Dϕ− eICQ[g,ϕ+,ϕ−

, ti,tf ]ϱ(gi, ϕ+
i , ϕ

−
i , ti), (5.1)

where N is a normalisation factor and the action takes the form of:

ICQ[g, ϕ+, ϕ−, ti, tf ] =
∫ tf

ti

dtdx⃗

[
i
(
LQ[g, ϕ+] − LQ[g, ϕ−]

)
− Det[−g]

8
(
Tµν [ϕ+] − Tµν [ϕ−]

)
D0,µνρσ[g]

(
T ρσ[ϕ+] − T ρσ[ϕ−]

)
− Det[−g]c8

128π2G2
N

(
Gµν − 8πG

c4 T̄µν [ϕ+, ϕ−]
)
D0,µνρσ[g]

(
Gρσ − 8πG

c4 T̄ ρσ[ϕ+, ϕ−]
)]

,

(5.2)

where LQ is the quantum Lagrangian density including the appropriate metric factors,
T̄ [ϕ+, ϕ−] is the average of the left and right branches of the stress-energy tensor and we
have taken D0, D2 to saturate the decoherence-diffusion trade-off (4.12) such that both the
decoherence and diffusion coefficients are written in terms of D0. Here, the bra and ket
fields ϕ± can be any quantum fields, but we shall consider pressureless dust m±(x) as a
special case.

We now take the couplings to be ultra-local so that we can write them in terms of the
generalised deWitt metric [54, 55]:

D0,µνρσ = 1
2
D0√
−g
(
gµρgνσ + gµσgνρ − 2βgµνgρσ

)
. (5.3)

To obtain the Newtonian limit, we write the path integral in an ADM formalism, described
by summing over all paths of the Lapse, Shift, and spatial metric (N,N i, γij) and inserting
the choice of matter field as a pressureless dust distribution. We then consider the action as
a functional of the variables appearing in the ADM decomposition ICQ[N, N⃗, γij ,m+,m−].
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The Newtonian limit can then be understood as a gauge fixing of the complete theory,
computing the transition amplitudes between the CQ states defined on hypersurfaces Σt:

ϱ(γf ,m+
f ,m

−
f , tf ) =

∫
DγDNDN⃗Dm+Dm− δ

(
γij −

(
1 − 2Φ

c2

)
δij

)
δ

(
N −

(
1 + Φ

c2

))
× δ

(
N i − ni

c3

)
eICQ[N,N⃗,γij ,m

+,m−,ti,tf ]ϱ(γi,m+
i ,m

−
i , ti).

(5.4)

Performing the delta functional integrals, we impose the Newtonian gauge. In par-
ticular, we have g00 = −(cN)2 ≈ −(c2 + 2Φ), whilst gij ≈

(
1 − 2Φ

c2

)
and g0i = ni

c3 . The
components of the Einstein tensor are calculated as

G00 = −2∇2Φ, (5.5)

G0i = − 2
c5∂0∂iΦ + 1

2c5∇
2ni, (5.6)

Gij = − 2
c4∂t∂tΦ. (5.7)

Similarly, noting that det(−g) ≈ c2, we see that due to the powers of c, the de-Witt metric
is dominated by its 0000 component, which to leading order is given by

D0,0000 = D0c
3(1 − β). (5.8)

Keeping only terms leading order in c, the path integral action in equation (5.2) is
dominated by terms only involving D0000 and leads to the Newtonian path integral:

ϱ(Φf ,m
+
f ,m

−
f , tf ) = N

∫
DΦDm+Dm− eICQ[Φ,m+,m−,ti,tf ]ϱ(Φi,m

+
i ,m

−
i , ti), (5.9)

with CQ action given by:

ICQ[Φ,m+,m−, ti, tf ] =
∫ tf

ti

dtdx⃗

[
i
(
LQ[m+] − VI [Φ,m+] − LQ[m−] + VI [Φ,m−]

)
− D̃0

2
(
m+(x) −m−(x)

)2 − 2D̃0

(
∇2Φ
4πG − m̄(x)

)2 ]
.

(5.10)

were m̄(x) = 1
2
(
m+(x)+m−(x)

)
, we have redefined D̃0 = c5D0

4 (1−β), LQ[m±] is the matter
Lagrangian in flat spacetime and VI [Φ,m±] is the interaction potential coming from the
expansion of

√
−g ≈ c−2Φ in the matter Lagrangian for curved spacetime. Sources coupled

to the classical or quantum degrees of freedom could be added if needed.
We have arrived at the final form of the Newtonian CQ path integral. Since it gives

the state of the gravitational field for any quantum state of matter, it can be thought of
as the constraint equation, consistent with the proposal in [33]. This is one of the main
results of this paper. Equation (5.10) describes an integral over paths of the classical
Newtonian potentials and a doubled path integral over the quantum mass eigenstates m±,
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which occur because the integral is a density matrix path integral over both bra and ket
branches. Hence, provided β ≤ 1, we find that the dynamics of the c → ∞ limit of the
full theory of equation (5.2) gives rise to complete positive evolution, which describes a
randomly sourced Poisson’s equation with associated decoherence into mass eigenstates of
the quantum state. This justifies from a top-down approach the Newtonian limit that will
be derived in equation (7.13) and gives rise to the hope that the theory [33] has constraints
that are preserved in time. However, we highlight that in this derivation we have arrived at
the Newtonian limit by gauge fixing the full theory and neglecting all the terms of higher
order in c. Since we have neglected terms of higher order in c, we have implicitly got
rid of the potentially positivity-violating terms of the full path integral (5.2). The terms
involving D000i, D0i0j still arise, but they are higher order in c. Therefore, we have shown
that the dynamics of equation (5.2) defines CP dynamics on the subset of states defined
by the Newtonian limit but we have not shown that the dynamics is consistent away from
this limit. For example, the evolution could be unstable for finite c, but we leave this as a
question for future research. Nevertheless, a more general treatment is essential since we
have not shown that the complete theory necessarily preserves the form of the Newtonian
limit. A possible outcome might be that including higher-order terms in the calculation
causes the dynamics to somehow deviate from the correct limit. The clearest example of
this hypothetical behaviour can be seen by considering that, in deriving the Newtonian
limit, we have assumed that Poisson’s equation holds on average at any scale.

In the next section, we will introduce the master equation formalism for CQ dynamics
and its unravelling. These will then be used to derive the Newtonian limit in this formalism.
The dynamics will match the behaviour derived in equations (5.1) and (5.2). Readers
content with the path integral formulation could skip to the Discussion section.

6 Master equation formalism and CQ Unravelling

In this section, we review the master equation and the unravelling formalism and comment
on the relationship between the master equation and the decoherence-diffusion trade-off
derived in [35]. One can, in theory, also go from the master equation to the corresponding
path integral as described in [39]. For the interested reader, we do this in appendix B.
Given the hybrid CQ state defined in section 2 one can write the most general dynamics of
these states such that they retain positivity, preserve the statistical interpretation of the
density matrix and give rise to positive probabilities when acting on half-entangled states.
This implies that this dynamics must be linear, completely positive (CP) and probability-
preserving. With the additional assumption of time-locality, the dynamics can be written
in the form of a CQ master equation [22]:

∂ϱ(z, t)
∂t

=
∫
dz′ Wµν(z|z′)Lµϱ(z′)L†

ν −
1
2W

µν(z){L†
νLµ, ϱ}+, (6.1)

where {, }+ is the anti-commutator, Lµ are an arbitrary set of operators on the Hilbert
space known as Lindblad operators. Preservation of normalization under the trace and

∫
dz

defines
Wµν(z) =

∫
dz′Wµν(z′|z). (6.2)
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Introducing a basis Lµ = (I, Lα) of Lindblad operators, the condition for equation (6.1) to
describe completely positive dynamics at all times is that the matrix[

δ(z, z′) + δtW 00(z|z′) δtW 0β(z|z′)
δtWα0(z|z′) δtWαβ(z|z′)

]
(6.3)

be a completely positive matrix kernel in (z, z′) [35]. The CQ master equation is therefore
seen to be a natural generalization of the Lindblad equation and classical rate equation in
the case of classical-quantum coupling. For notation simplicity, we shall take the dynamics
to be autonomous, which we take to mean that Wµν(z|z′) are time-independent.

The master equation (6.1) can be expanded in terms of the moments Dn of the tran-
sition amplitude Wµν(z|z′) [22, 35, 39],

Dµν
n,i1...in

(z′) := 1
n!

∫
dzWµν(z|z′)(z − z′)i1 . . . (z − z′)in . (6.4)

It is important to note that the moments Dn are not independent since they must define
complete positive dynamics and inherit the complete positivity conditions through the
moments’ expansion of the transition amplitudes. In [35], it was shown that in order for
the dynamics to be completely positive, then

Dbr
1 D

−1
0 Dbr†

1 ⪯ D2 (6.5)

holds for the matrix whose elements are the couplings D2 = Dµν
2,ij , D

br
1 = Dαµ

1,i , D0 = Dαβ
0 .

Moreover D0, D2 are required to be positive semi-definite and (I−D0D
−1
0 )Dbr

1 = 0, which
tells us that D0 cannot vanish if there is non-zero back-reaction. Equation (6.5) tells us
that whenever there is back-reaction of a quantum system on a classical one, we necessarily
have decoherence on the quantum system, as well as diffusion in the classical system, by an
amount lower bounded by the coherence time. The trade-off in equation (6.5) must hold
for all Markovian classical-quantum dynamics. We refer to the trade-off in equation (6.5)
as the decoherence-diffusion trade-off, though strictly speaking, it is a trade-off between
the diffusion D2 and Lindbladian coupling D0 entering into the master equation. A special
case of this can be found in the condition for complete positivity of the constant force
master equation of [30].

It was further shown in [32] that such master equations can be split into two classes,
those which have continuous trajectories in the classical space, first discovered in [30], and
those with finite-sized jumps [40]. The most general form of the continuous master equation
is given by:

∂ϱ(z, t)
∂t

=
n=2∑
n=1

(−1)n

n!

(
∂n

∂zi1 . . .∂zin

)(
D00
n,i1...inϱ(z, t)

)
− ∂

∂zi

(
D0α

1,iϱ(z, t)L†
α

)
− ∂

∂zi

(
Dα0

1,iLαϱ(z, t)
)
−i[H(z),ϱ(z, t)]+Dαβ

0 (z)Lαϱ(z)L†
β−

1
2D

αβ
0 {L†

βLα,ϱ(z)}+,

(6.6)

where the decoherence-diffusion trade-off reads D00
2 ⪰ D1D

−1
0 D†

1 and (I−D0D
−1
0 )D1 = 0.

This expansion might appear cumbersome but can be readily interpreted as a sum of
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distinct effects. The first term represents the classical evolution of the system. It is
composed of derivatives with respect to the classical degrees of freedom, where the first-
order terms represent the Liouville evolution and the second-order terms, with coefficients
D00

2 (z), represent the diffusion in phase space. The second and third terms encode the
back-reaction of the quantum degrees of freedom on the classical degrees of freedom, given
by the coupling of derivatives with the Lindblad operators. These terms’ coefficient is
D1(z). The first term of the second line is the usual unitary quantum evolution, while the
last two terms, with coefficient D0(z), are responsible for the decoherence of the quantum
system. When the drift is generated by a CQ Hamiltonian, the back-reaction described by
the D1 term takes the form of the Alexandrov-Gerasimenko bracket and the decoherence-
diffusion trade-off originating from the requirement of positivity becomes 4D2 ⪰ D−1

0 [35],
which, when saturated, takes the form of equation (4.12), ensuring the positivity of the
CQ path-integral.

Since gravity is a field theory, we need to use the field-theoretic version of the moment
expansion which was studied in [22, 35, 36]. In the field-theoretic case, the Lindblad
operators can have spatial dependence, and the field-theoretic master equation follows by
replacing discrete sums with integrals over space and replacing standard derivatives with
functional derivatives. In other words, the spatial coordinate x acts like an index of the
Lindblad operators and the matrices Dn. We will be explicit with this in section 7 and
refer the reader to [22, 35] for a more detailed discussion of the master equation derivation
in this case.

In the field-theoretic case, one finds the same trade-off between coupling constants in
equation (6.5), but the moments are now matrix kernels representing diffusion and decoher-
ence. In order for the dynamics to be completely positive D0(x, y), D2(x, y) must also be
positive kernels, where a positive kernel f(x, y) is a kernel such that

∫
dxdya∗(x)f(x, y)a(y)

≥ 0 for any function a(x). This is equivalent to a trade-off between coupling constants in
equation (6.5) when viewing it as a matrix-kernel equation.

When working with an open quantum system that is evolving according to the GKSL
(Lindblad) equation, it is often convenient to recast the dynamics in an unravelled form,
where one follows the evolution of a single pure quantum state instead of following the entire
density matrix. The state evolves stochastically in the Hilbert space, and the evolution of
the quantum system can then be recovered by averaging over all paths. The advantages
of this approach are multiple. Firstly, it is easily implementable in a computer simulation;
the evolution of a single pure state, especially for larger systems, has lower computational
complexity than the entire density matrix. Secondly, the unravelling approach is intuitively
easier to grasp and offers a different perspective. The evolution of the system can be thought
of as generated by continuous, deterministic dynamics accompanied by stochastic jumps of
the wave function occurring stochastically whenever an interaction with the environment
manifests.

Much like the GKSL equation, the CQ master equation can be unravelled to study the
stochastic evolution of the quantum and classical degrees of freedom of a pure hybrid CQ
state.

In this work, the role of classical degrees of freedom will be played by the Newto-
nian gravitational scalar field and its conjugate momentum, while the density matrix will
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describe the quantum matter degrees of freedom. The dynamics of semi-classical hybrid
gravity can then be visualized as physical stochastic paths through configurations of the
fields, where measurements of the quantum mass act as sources for the classical gravita-
tional degrees of freedom. For more information on the unravelling of CQ equations, we
point the reader to appendix C and [23, 26, 32, 34, 35]. In the next section, we will discuss
the master equation describing the Newtonian gravitational field coupled with the quantum
matter degrees of freedom, such that the Newtonian interaction is reproduced on average.

7 Hamiltonian CQ dynamics reproducing gravity in the Newtonian limit

Having discussed in detail the Newtonian limit of GR, we are now in a position to discuss
how to write down classical-quantum theories that give rise to the Newtonian interaction
on average. Before discussing the specifics of continuous and discrete master equations, we
shall outline the general procedure and assumptions.

Assumption 1. We assume that the CQ dynamics takes the form of equation (6.1)

Since equation (6.1) is the most general form of Markovian, classical-quantum evolu-
tion, we expect this assumption to hold if we are treating this as a fundamental theory. If
on the other hand, it is an effective theory, the Markovian assumption may break down.
We comment on the differences between a fundamental and effective theory in section 8
(see also the appendices of [23]).

Assumption 2. In the weak field c→ ∞, the appropriate gravitational degrees of freedom
are the perturbations of the metric in the form of equation (3.19).

In particular, the leading order contribution which governs the geodesics of test par-
ticles is described by h00. This is a bottom-up approach in the sense that we reduce the
degrees of freedom in the action, and then construct the CQ theory.

Assumption 3. We assume that the purely classical part of the evolution is generated by
the reduced Hamiltonian (3.20), that the interaction between classical and quantum degrees
of freedom is Hamiltonian and that it is governed by the reduced interaction Hamiltonian
in equation (3.12), where the constraints πΦ, πi ≈ 0 should also be imposed.

Specifically, we require that the first moment D1 is picked to reproduce the Newtonian
back-reaction on average:

Tr
[
{HI , ϱ}

]
=
∫
d3x Tr

[
m̂(x) δρ

δπΦ(x)

]
, (7.1)

so that the dynamics are Hamiltonian on average. While this might appear to be a mild
assumption, it does assume that the coupling strength and gravity itself is either unmodified
at arbitrarily short-distances, or at least that the short distance behaviour does not affect
physics in the weak field regime.

Since the back-reaction of the quantum system on the classical system is associated
with T00, we expect the CQ momentum constraint to be unchanged from its classical
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counterpart, as it is not associated with any back-reaction. This was also found to be the
case in a study of CQ gravitational constraints [36], and in the scalar gravity theory we
consider in [37].

Assumption 4. In this work, we will take the coefficients Dn entering the master equation
to be minimally coupled, by which we mean they depend only on the Newtonian potential
Φ, Dn(Φ) and not their conjugate momenta πΦ.

This assumption is motivated by the fact in Einstein’s gravity, the mass density couples
to the Newtonian potential and not its conjugate momenta, and we are imposing the
constraint that πΦ ≈ 0. Nonetheless, one could generalize the master equations to the
non-minimally coupled case by considering couplings Dn(Φ) → Dn(Φ, πΦ) in all of the
equations.

We now consider the dynamics consistent with assumptions 1-4. In the main body, we
only discuss the weak field limit for continuous master equations since, in this case, we can
be more thorough and explicit. Then, we will use the unravelling of the weak field limit to
impose the Newtonian constraints and obtain our main result as a set of coupled stochastic
differential equations describing the Newtonian CQ dynamics.

7.1 Continuous gravitational back-reaction

In [32], it was shown that there are two classes of CQ master equations. One of the forms
includes finite-sized jumps in the classical degrees of freedom due to the backreaction of
the quantum part of the system, while in the other the evolution remains continuous.
The most general form of the CQ continuous master equation was then explicitly given as
equation (6.6). When the back-reaction is continuous, specifying that the first moment on
average satisfies equation (7.1) is enough to fix the terms of equation (6.6) which correspond
to the continuous back-reaction of the classical and quantum degrees of freedom onto
each other. As we discuss below in more detail, this is only the continuous part of the
backreaction, since the stochastic nature imposed by the Newtonian constraints on ni will
introduce further jumping backreaction terms. The continuous backreaction is composed
of the decoherence and diffusion effects described by:

1
2

∫
d3x

(
{HI(x), ϱ} − {ϱ,HI(x)}

)
+
∫
d3xd3y D2(Φ;x, y) δ2ϱ

δπΦ(x)πΦ(y)

+ 1
2

∫
d3xd3y D0(Φ;x, y) ([m̂(x), [ϱ, m̂(y)]]) ,

(7.2)

where πΦ, and D0(Φ;x,y),D2(Φ;x,y) are positive semi-definite kernels,1 and HI=Φ(x)m̂(x)
is the interaction Hamiltonian density. Here, m̂(x) is the quantum mass density operator.
For notational simplicity, we shall often suppress the dependence of the couplings D0,D2
on the Newtonian potential and simply write D0(x,y),D2(x,y). The Lindbladian term,
characterized by D0, and the diffusion term D2 are required in order for the back-reaction
to be completely positive, which can be seen from the decoherence diffusion trade-off [35]

1Recall a positive semi-definite kernel f(x,y) is a kernel such that
∫

dxdya∗(x)f(x,y)a(y)≥0 for any
function a(x).
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apparent in equation (6.6). It is possible to add extra diffusion or decoherence terms and
still satisfy the conditions for the master equation to be completely positive, but here we
only consider the minimal amount of decoherence and diffusion required. If one desires,
the above equation may be written entirely in terms of Poisson brackets by defining a
stochastic Hamiltonian as the integral of

√
D2 over Φ, and writing the diffusion term as a

nested Poisson bracket with respect to it.
The entire master equation will also include terms associated with the pure Hamilto-

nian evolution of the quantum state, with the Hamiltonian given by equation (3.20),

H(gr) +HI =
∫
d3x

[
(∇Φ)2

8πG + m̂Φ − 1
12πΦ∂in

i + λiπi

]
, (7.3)

where the mass density m(x) has been replaced by the operator m̂(x). This Hamiltonian
contains Φ and ni which will become stochastic degrees of freedom in order to impose the
πΦ ≈ 0 constraint. As a result, care must be taken, since this will result in the master
equation containing additional Fokker-Plank and jump terms of the form

α(Φ, ni) δk+lϱ

δkΦδlπΦ
k + l ≥ 2 (7.4)

associated with the correlations between Φ and ni. Choosing ni stochastically will back-
react on Φ, giving a master equation with infinite terms that enforce the constraint by
forcing the shift to have the necessary correlation with the stochastic gravitational field.

Since the only degree of freedom in equation (3.14) associated with the matter back-
reaction is πΦ, up to these nuances, the choice of the possible master equation is therefore
fully constrained up to the functional choices of the couplings D0(Φ;x, y), D2(Φ;x, y), which
are themselves constrained to satisfy the decoherence diffusion trade-off:

4D2 ⪰ D−1
0 . (7.5)

Equation (7.5) is to be understood as a matrix kernel equation:∫
dxdy a(x)∗

[
4D2(Φ;x, y) −D−1

0 (Φ;x, y)
]
a(y) ≥ 0, (7.6)

which must hold for an arbitrary function a(x). In equation (7.6), D−1
0 (Φ;x, y) is the gen-

eralized kernel inverse of the diffusion coupling D0(Φ;x, y) [35] which is only required to be
a positive semi-definite kernel. We give example kernels that satisfy the decoherence diffu-
sion trade-off in table 1. The decoherence diffusion condition in equation (7.5) can be used
to experimentally constrain fundamental theories with a classical gravitational field [35].
Before discussing the experimental bounds on the dynamics described by equation (7.2),
we must first impose the Newtonian constraint πΦ ≈ 0.

7.2 Newtonian unravelling of the master equation

To arrive at the classical-quantum version of Poisson’s equation, we must impose the con-
straint πΦ ≈ 0 according to the Hamiltonian in equation (3.20). In classical Hamilto-
nian dynamics, typically, one imposes constraints on initial data. One then enforces the
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preservation of the constraints by the dynamics via the Dirac procedure [44]. Because in
Hamiltonian dynamics, there is an isomorphism between initial physical data and physi-
cal solutions to the dynamics, this procedure is equivalent to imposing the constraint on
solutions to the dynamics since, by construction, the dynamics never leave the constraint
surface.

In the non-deterministic case, where the dynamics contain randomness, there is no
isomorphism between initial data and the solution space of the dynamics. Instead, one
builds a probability distribution over the possible trajectories of the initial data according to
the dynamics and imposes constraints on the trajectories.2 As such, when we implement the
constraint in the classical-quantum case, we have to ensure that the dynamics remain CP.

Given that we are imposing the constraint πΦ ≈ 0 on the level of trajectories, it is more
convenient to go to an unravelling picture, which enables us to discuss explicitly classical-
quantum trajectories which satisfy the constraint. We consider the unravelling picture of
CQ dynamics to be a clear way of presenting these results of the paper, also because it
allows for an ontological interpretation of the trajectories and for the ease associated with
simulating its time development with a computer. It is also natural in the relativistic case
since the trajectory of 3-geometries is the space-time geometry.

The unravelling of the weak field master equation with continuous backreaction given
by equation (7.2) is derived by substituting the Hamiltonian drift terms in equation (C.1)
which is the general expression for the unravelling of the continuous master equation derived
in [23]. Recalling that the mass density operator m̂ is Hermitian, this results in the following
coupled Itô stochastic differential equations:

dΦt = − 1
12∂in

idt, (7.7)

dπΦ t = ∇2Φt

4πG dt− ⟨m̂(x)⟩dt−
∫
d3y σ(Φt;x, y)dWt(y), (7.8)

dρt = −i[Ĥm + ĤI , ρt]dt+ 1
2

∫
d3x d3y D0(Φt;x, y)[m̂(x), [ρt, m̂(y)]]dt

+ 1
2

∫
d3x d3y σ−1(Φt;x, y)

(
m̂(x)ρt + ρt m̂(x) − 2ρt⟨m̂(x)⟩

)
dWt(y) (7.9)

where Ĥm is the matter Hamiltonian, ĤI =
∫
d3x m̂(x)Φ(x) is the interaction Hamiltonian,

⟨·⟩ is the usual expectation value, ρ(t) is the normalized quantum state and Wt(x) is a
Wiener process in spacetime satisfying:

E[dWt(x)] = 0, E[dWt(x)dWt(y)] = δ(x, y)dt. (7.10)
2This is conceptually very similar to what is done in quantum theory when constraints are imposed via

a path integral approach, where one associate to each path a measure given by the action, then selects only
the paths which satisfy the constraint. Take for example, a Hamiltonian with H(q, p) = H0(q, p)+λC(q, p).
The phase space partition function for the theory is represented by Z =

∫
DqDpDλe

i
ℏ

∫
dt[q̇p−H(q,p)−λC(q,p)].

Since the Hamiltonian is linear in λ, the path integral over the Lagrange multiplier in λ enforces a delta
function over δ(C(q, p)) so that the partition function reads Z =

∫
DqDpδ(C(q, p))e

i
ℏ

∫
dt[q̇p−H(q,p)] which

can be interpreted as summing over all paths with weight e
i
ℏ

∫
dt[q̇p−H(q,p)] and then selecting only those

that satisfy the constraint C(q(t), p(t)) = 0.
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In equation (7.7), σ and its generalized inverse σ−1 are related to the diffusion coefficient
D2 appearing in equation (7.2) via:

D2(Φ;x, y) =
∫
dw σ(Φ;x,w)σ(Φ; y, w). (7.11)

One can verify that this unravelling is equivalent to the CQ master equation with continuous
backreaction given by equation (7.2) by using it to compute the evolution of the CQ state
defined via:

ϱ(Φ, πΦ, t) = E[δ(Φt − Φ)δ(πΦ t − πΦ)ρt]. (7.12)

We show this explicitly in appendix C, which is enough to verify that this is the correct
unravelling for the master equation since the unravelling is unique [23]. The classical the-
ory with Hamiltonian written in equation (3.20) which we make stochastic in section 3
is equivalent to the dynamics for Φ in equation (7.7) once we have imposed the πΦ ≈ 0
constraint. The clear difference is that in the CQ case, the noise process is not added man-
ually, but emerges due to positivity requirements after the direct coupling of the quantum
matter degrees of freedom with the classical Newtonian potential. Hence, it is the back-
reaction in πΦ that turns it into a stochastic process. Moreover, the noise now is correlated
with the quantum state, and the evolution of the quantum state itself involves decoherence
due to the backreaction on the classical Newtonian potential. Indeed, the evolution of the
quantum state is equivalent to that of a state undergoing continuous measurement of its
mass, although the quantum state is pure conditioned on the evolution of the Newtonian
potential. It is only after tracing out the gravitational field that the decoherence is made
manifest. We refer the reader interested in a detailed discussion to [23]. In particular, this
defines a linear master equation.

In order to arrive at the full Newtonian limit, the final step consists of imposing
the constraint πΦ ≈ 0. This can be done directly on the classical quantum evolution
of equation (7.7) or at the path integral level, through the use of delta functionals. We
present here the former way, but the latter procedure is presented in appendix B where,
after constructing the path integral for the reduced gravitational degrees of freedom, we
impose the Newtonian constraints at the level of trajectories.

In order to impose the constraint πΦ ≈ 0 on equation (7.7), one must choose ni
stochastically such that Φ̇ ≈ π̇Φ ≈ 0, where the equality is the weak equality in the Dirac
sense. Doing so turns Φt into a white noise variable with values given by the solution of
equation (7.13). However, naively replacing all occurrences of Φt with its solution in terms
of an Itô white noise variable, in particular, that which appears in ĤI , does not lead one to
a CPTP dynamics. Before the constraints are imposed, the dynamics of Φt are continuous,
and thus any back reaction from the quantum matter on Φt only returns to affect the
quantum matter degrees of freedom at later times. To ensure that this time-ordering is
maintained even in the limit that Φt no longer evolves continuously, one must be careful
to ensure the action of ĤI occurs after the other stochastic terms (for excellent further
discussion on this issue of time-ordering, we refer the reader to [26], and [56, 57]). One
possible way to ensure this is to first write the unravelling of the density matrix in the
Stratonovich form and then impose the constraint that turns Φt, and hence ĤI , into white
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noise. This allows us to correctly rewrite the unravelling such that when converting back
into the Itô formalism, we pick up an extra decoherence term given by the backreaction of
the stochastic gravitational field and allows us to get rid of the non-linear evolution term
picked up from the solution of the noise Poisson equation. This then gives the final form
of unravelling in the Newtonian limit:

∇2Φt

4πG = ⟨m̂(x)⟩ +
∫
d3y σ(Φt;x, y)ξt(y), (7.13)

dρt = −i
[
Ĥm + V̂m, ρt

]
dt− i

∫
d3x d3y d3y′

[
−G m̂(x)σ(Φt, y, y

′)
|x− y|

, ρt

]
dWt(y′)

+ 1
2

∫
d3x d3y D0(Φt;x, y)

(
[m̂(x), [ρt, m̂(y)]]

)
dt

+ 1
2

∫
d3x d3y d3y′ [σ̂(Φt;x, y), [ρt, σ̂(Φt;x, y′)]] dt

+ 1
2

∫
d3x d3y σ−1(Φt;x, y)

(
m̂(x)ρt + ρt m̂(x) − 2ρt⟨m̂(x)⟩

)
dWt(y), (7.14)

where ξt(x) = dWt(x)
dt is the formal definition of white noise, and

V̂m = −G2

∫
d3x d3y

m̂(x)m̂(y)
|x− y|

,

σ̂(Φt;x, y) = −G
∫
d3 y′′

m̂(x)σ(Φt, y, y
′′)

|x− y|
.

(7.15)

These equations were first written down by Tilloy and Diósi in [26] and their derivation
from a fundamental theory is a central result of our current work. In it, we notice how
the Newtonian limit of CQ theories is described by a Newtonian potential diffusing around
Poisson’s equation by an amount defined by D2, while simultaneously the density matrix
decoheres into the mass eigenbasis by an amount determined by the Lindbladian coefficient
D0. In equation (7.13), the Newtonian potential changes in time due to the random
noise process W (x) and its evolution fixes the divergence of the now stochastic ni which,
in general, will be correlated with the noise process appearing in the evolution of the
quantum state. The fact that ni is constrained not to vanish in order for the CQ theory
to be consistent is another deviation from the standard Newtonian limit appearing in CQ
gravity.

The details of the functional dependence of σ and D0 on Φt have been left unspecified.
However, there are three notable classes of functional dependence that are worth highlight-
ing. Firstly, they may not depend on Φt at all. In this case, the equations coincide with
those of a continuous measurement of a quantum mass, where the measurement outcome
is used to source the Newtonian potential, as given by equation (24) of [26]. Therefore, we
have shown that such dynamics can be derived from classical-quantum theories of general
relativity through a path integral approach, or through the unravelling of a completely
positive master equation that agrees with the Newtonian limit on expectation. Secondly,
one may consider σ and D0 to be dependent on a time integral of Φt i.e.

∫
dtf(t)Φt for

an arbitrary function f(t). If allowed, such theories would be non-Markovian, but still

– 26 –



J
H
E
P
0
8
(
2
0
2
3
)
1
6
3

guaranteed to be CPTP. On the other hand, the final class of functional dependence is to
allow a general Markovian functional of Φt. This will generically lead to additional terms,
as was observed with HI above, but these may not preserve the CPTP property of the
dynamics. Exploring the details of these functional dependencies is an interesting question
which we leave open for future work.

In equations (7.7) and (7.13) we have taken the drift to be local in x, while we allow
for the possibility that the decoherence and diffusion terms could have some range. In this
case, the interaction law between the classical and quantum systems is still local, but non-
local correlations can be created [58]. Importantly, if the Lindbladian coupling D0(Φ;x, y)
has some range, then despite the fact the CQ interaction is local, the master equation can,
in principle, generate entanglement between two spatially separated quantum systems via
the Lindbladian coefficient though this effect is likely to be small.

One can constrain other Diffusion/Decoherence kernels via equation (7.13) and the de-
coherence diffusion trade-off in equation (7.5). The Newtonian limit of CQ gravity predicts
diffusion of the Newtonian potential by an amount depending on D2. This can be upper
bounded by precision mass experiments, which precisely measure the acceleration of parti-
cles. Conversely, coherence and heating experiments can be used to upper bound the inverse
Lindbladian coefficient D−1

0 , which gives a lower bound on D2 via the decoherence diffusion
trade-off. Hence, when combined, it is possible to get an experimental squeeze on CQ the-
ories. In [35] this was used to rule out ultra-local CQ theories, which are equation’s (7.13)
and (7.5) when the couplings are taken to be delta functions D0(x, y), D2(x, y) ∼ δ(x, y).

Interestingly, when accounting for the stochasticity of the interaction Hamiltonian, the
Newtonian limit we derive in equation (7.5) contains a decoherence term proportional to
σ2, which gives bounds on decoherence due to constraints from anomalous heating. For the
case where the coupling constants are independent of the Newtonian potential, the effects
of the additional decoherence term were considered in [27]. In particular,it was shown
that the choice of kernel giving rise to minimal decoherence is the Diósi-Penrose kernel
D0(x, y) = G

|x−y| . The precise amount of decoherence depends on the cut-off of the system,
and it was shown in [27] that theories with a cut-off below 10−15m are inconsistent with
experiments due to excess heating. This result calls for both an exploration of relativistic
corrections to CQ theories, which we believe need to be considered at this scale, as well as
experimental tests of gravity on smaller length scales.

8 Discussion

In this work, we have considered, on general grounds, the weak field limit of classical-
quantum theories of gravity, which give rise to linear, completely positive dynamics. The
master equation we derived, is the weak field limit of the simplest realization of the rel-
ativistic theory in [22], while the path-integral we derive is the weak field limit of the
manifestly covariant theory of [33]. Both yield the same theory in the weak field limit,
as shown in appendix B. Our central result is that in the weak field limit, we arrive at
equation (5.10).
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We have here started from a fundamental, dynamical and relativistic theory, and it is
worthwhile to compare the limit we arrive at, to previous models which have been proposed
based on Newtonian gravity. An early model in which gravity is treated classically is the
Schrödinger-Newton equation [38, 59, 60] which was also proposed as a model of gravita-
tionally induced collapse of the wave-function [61, 62]. However, because the dynamics is
non-linear in the wave-function, it leads to instantaneous signalling [14–16] and a break-
down of the statistical mechanical interpretation of the density matrix. It is unrelated to
the dynamics we have derived here which is linear.

The master-equation approach we use, is more similar in spirit to that of Diósi’s [28].
Indeed, the Newtonian back-reaction in equation (7.2) has some similarities with the one
considered there, when the decoherence and diffusion kernels are chosen to be related to the
Diósi-Penrose kernel (see table 1). However, an important difference between our master
equation and Diósi’s is that it contains diffusion in πΦ, while here, we require πΦ ≈ 0 as a
constraint equation. This has to be the case here, because in the weak field limit the kinetic
energy term in equation (3.13), −2πGc2

3 π2
ψ is negative and the theory would be unstable if

not for the fact that we can choose πψ = πΦ ≈ 0 in order to preserve the gauge fixing of
the metric, equations (3.6). In the Diósi model, the kinetic energy term is instead taken
to be positive, and its inclusion results in dynamics in Φ which is continuous, while here,
the dynamics in Φ is discontinuous, owing to the fact that we take the c→ ∞ limit.

Another approach to deriving consistent classical-quantum theories is the measure-
ment and feedback approaches of [24, 26, 63]. In these approaches, the classical degree of
freedom is sourced by the outcomes of continuous measurements and by construction, such
approaches are completely positive and lead to consistent coupling between classical and
quantum degrees of freedom. As such, the dynamics for the density matrix of [24, 26, 63]
undergoes a stochastic master equation evolution of the general form similar to the unrav-
elling of the quantum state given in equation (7.13). In the special case where D0(Φt;x, y)
and σ(Φt;x, y) do not depend on Φt, our equation (7.14) can be put into the form of equa-
tion (24) of [26]. When we impose the πΦ ≈ 0 constraint and turn the Newtonian field into
white noise, we pick up an extra decoherence term in the Itô formalism, as they do, which
is necessary for the normalisation of the quantum state.

In [24, 26], the noise instead emerges because the Newtonian potential is sourced by the
outcome of a continuous measurement of the mass operator. The behaviour in these models
is qualitatively the same as those presented here when D0(Φt;x, y) and σ(Φt;x, y) do not
depend on Φt, meaning that the Newtonian potential diffuses by an amount that depends
on the inverse of the strength of the measurement, whilst the quantum system decoheres
into its mass eigenbasis because it’s being continuously measured. Another difference is
that these works generally utilized the mass density operator of a localised particle in the
position basis (smeared by a Gaussian in Tilloy-Diósi), such that the decoherence of the
quantum system emerges from mass measurements in the position basis of a point particle.
The measurements are in general imagined to be undertaken using an entangled measuring
device, in order to obtain the correlations required to obtain the Diósi-Penrose kernel.
Here, matter is treated as a quantum field in the non-relativistic limit, although one could
consider the point-particle limit by writing the mass density operator as a sum of delta
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functions in the position basis and integrating over the Dx± position branches in the path
integral.

Furthermore, [24, 26] imagine the results of a weak external measurement or collapse
model as sourcing the gravitational field, and thus the Newtonian potential changes dis-
continuously, since the results of each measurement can be different. Here we emphasise
that it is merely the coupling of quantum matter to the classical gravitational field which
is responsible for the localisation of particles. The local time coordinate and the shift ni
are changing stochastically, as can be seen via equations (7.7)–(7.9), in order to main-
tain the primary constraint πΦ ≈ 0, while the quantum state and Newtonian potential
stochastically change in lock-step together. No measurement postulate nor Born rule is
needed, and there is no need to think about the ad-hoc field introduced in spontaneous
collapse models [49–53]. Instead, the fully classical treatment of the gravitational degrees
of freedom acts to classicalise the quantum system. Although it appears as if the state
of the matter fields undergo decoherence, there is no decoherence if we condition on the
gravitational field. The quantum state is pure conditioned on the classical trajectory when
the decoherence vs diffusion trade-off is saturated [23, 64]. It is only when the gravitational
field is integrated out that there appears to be loss of quantum information.

Although the theory considered here is not predicated on it explaining measurement
or collapse, it may still suffer from anomalous heating of the quantum system [53, 65–
77] which constrain collapse models. Since the decoherence couplings D0 can be made
arbitrarily small here, albeit at the expense of a large amount of diffusion, it is unclear the
extent to which heating bounds constrain the theory, and more investigation is needed here.
While the results of [27], suggest that the heating might be significant, there is evidence
that relativistic effects need to be taken into account [78].

Given the novelty of our approach, we used a number of different methods to check the
validity of our results. Firstly, we used both the path integral and master equation pictures
of the CQ framework to arrive at the main results, namely the behaviour of the classical
Newtonian gravitational field coupled with quantum matter. Secondly, the derivation of the
Newtonian limit of the CQ framework is done both through a configuration space approach
from the full covariant general relativistic theory in section 5 and from a reduced phase
space picture in both section 7 and in appendix B. Moreover, the same Newtonian limit has
also been derived from a scalar theory of gravity which is diffeomorphism invariant [37].

Although the primary motivation for studying the weak field limit of [22, 33] is to
derive experimental bounds, there are also a number of lessons that can be learned, not
only for classical-quantum theories but also attempts to quantise gravity. For example, we
would like to point the reader to an analogy between the process of quantizing a theory and
that of adding stochastic noise/diffusion to it when the theory has first-class constraints.
When attempting to quantize a theory with constraints, it is well known that two of the
possible approaches are Dirac quantization and reduced Phase Space quantization. The
former consists in first constructing a kinematical Hilbert space where the classical phase
space functions that have been elevated to operators can act on the quantum states and
then imposing the constraints quantum mechanically as operator conditions to distinguish
physical states. In other words, physical states are zero eigenvalues states of the constraint
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Master equation Decoherence Diffusion

Continuous (local) D0(Φ;x, y) = D0(Φ)δ(x, y) D2(Φ;x, y) = D2(Φ)δ(x, y)

Continous (Gaussian) Dαβ
0 (x, y) = λαβ

m2
0
gN (x,y) D2(x, y) = 1

8
m2

0
r3

0λ
F (x, y)gN (x,y)

Continuous (D.P) Dαβ
0 (x, y) = Dαβ

0
|x−y| D2(x, y) = 1

8
(D−1

0 )
4π ∇2

y(δ(x, y))

Table 1. Possible choices of kernels for the continuous master equations and the resulting diffu-
sion/decoherence coefficients, which are assumed to saturate the trade-off in equation (7.5). For a
more detailed study of these kernels, including calculations of the diffusion and decoherence they
produce, we refer the reader to [35].

operator. On the other hand, reduced phase space quantization first factorizes the con-
straint surface with respect to the action of the gauge group generated by the constraints.
This serves to identify the physical degrees of freedom directly at the classical level. Then,
the resulting Hamiltonian system is quantized as a usual unconstrained system. The two
procedures are not always equivalent, and the relationship between the approaches is dis-
cussed at length in the literature [79–84].

In the same way, we could insert a noise process in a Hamiltonian system before or
after having reduced the phase space with respect to its constraints. In the main body,
we start from the full CQ theory of general relativity, where noise is present in the metric,
and reduce it to the Newtonian limit by implementing the constraints. On the other hand,
in appendix B, we chose the latter approach, restricting the classical degrees of freedom
before inserting them in the CQ framework which implements a noise process. It is perhaps
remarkable that the two procedures give the same theory here, while in the quantum
case, they generally do not. In this work, we have arrived at this behaviour in complete
generality from a reduction of the CQ degrees of freedom of the relativistic theory, with the
diffusion of the Newtonian potential and decoherence on the quantum system described
by the parameters D2(Φ;x, y), D0(Φ;x, y) satisfying the decoherence/diffusion trade-off.
The weak field CQ theories we studied gave a generic prediction: the Newtonian potential
diffuses away from its average solution, and in order for the dynamics to be completely
positive, the amount of the diffusion is lower bounded by the coherence time for masses
in superposition. This is most elegantly described via the path integral formulation of
equation (5.10).

There are a number of proposals to test the quantum nature of gravity via gravita-
tionally induced entanglement or coherence that are expected to be realizable within the
next few decades with technological advancements [1–9, 25]. The idea is that if the un-
derlying theory is local, then witnessing entanglement would imply that gravity is not a
classical field. Within the framework of consistent classical-quantum coupling, we are able
to inquire from the other direction, asking about the general experimental signatures of
treating the gravitational field as being classical.

If the Lindbladian coupling in equation (7.2) D0(Φ;x, y) is ultralocal, the dynamics do
not generate entanglement between spatially separated regions, meaning that the models
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with local couplings parameterize the general form of the continuous master equation which
would be ruled out by entanglement witnesses in GIE experiments. We give three exam-
ples of kernels D0, D2 for continuous master equations in table 1. Models with ultralocal
couplings form perhaps the most natural class of CQ dynamics. Non-relativistic versions
of these models have already been ruled out by considerations of the decoherence diffusion
trade-off [35]. In other words, (in line with assumptions 1-4) classical-quantum Newtonian
theories of gravity, which have continuous gravitational degrees of freedom with local inter-
actions and correlations, are already ruled out by experiment. However, relativistic effects
play an important role and need to be taken into account [78].

We have here considered the case where the gravitational field is considered to be
fundamentally classical. As an effective theory of Newtonian gravity, we still expect the
path integrals and the unravellings derived in this paper to be valid dynamics with a
time-local description [22]. However, in general, one expects an effective theory to be non-
Markovian in some regimes, which means that the couplings D0, D2 need not be positive
semi-definite for all times, [85, 86], nor satisfy the decoherence-diffusion trade-off for all
times since this is a consequence of the Markovian assumption.
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A Weak field and Newtonian limit of Einstein’s equation

In this appendix we recall the Newtonian limit of Einstein’s equations [43]. To begin, we
perform a scalar-vector-tensor decomposition of the metric

ds2 = −c2
(

1 + 2Φ
c2

)
dt2 + wi

c

(
dtdxi + dxidt

)
+
[(

1 − 2ψ
c2

)
δij + 2sij

c2

]
dxidxj , (A.1)

where sij is traceless and the factors of c ensure that the fields Φ, ψ, wi, sij all have dimen-
sions c2. To arrive at the Newtonian limit, we choose the transverse gauge, which amounts
to taking a gauge such that ∂iwi = 0, ∂isij = 0. We shall also assume we take the rest
frame of a particle with mass density m(x), so that T00 = c4m(x). Before the gauge choice,
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the Einstein equation’s Gµν = 8πG
c4 Tµν look like:

G00 = 2∇2ψ = 8πGm(x) (A.2)

G0i = 2
c3∂0∂iψ − 1

2c2∇
2wi = 0 (A.3)

Gij = 1
c2 (δij∇2 − ∂i∂j)(Φ − ψ) − 1

c3∂0∂(iwj) + 2
c2 δij∂0∂

0ψ − 1
c2□sij = 0. (A.4)

While after, they reduce to:

G00 = ∇2ψ = 4πGm(x) (A.5)

G0i = 2
c3∂0∂iψ − 1

2c2∇
2wi = 0 (A.6)

Gij = 1
c2 (δij∇2 − ∂i∂j)(Φ − ψ) − 2

c4∂0∂0ψ + 1
c4∂0∂0sij −

1
c2∇

2sij = 0. (A.7)

We remind the reader that the G00 and G0i components are first order in time derivatives
and hence are the constraints on the initial data of the theory, whilst Gij describes the
dynamics.

With this in mind, let us arrive at the Newtonian limit. We first solve the G00 compo-
nent of the Einstein equation, which is the Poisson equation for ψ. We see from G0i and the
solution for G00 that ∂0∂iψ = 0, which imposes that there can be no vector perturbations
wi = 0. Conversely, we see from the momentum constraint G0i that if there are no vector
perturbations, wi = 0 then the constraint ∂i∂0ψ = 0 must be imposed.

To obtain the final form of the Newtonian limit. We take the trace of Gij to see which
imposes that ψ = Φ = const, which in combination with the fact that ∂0∂iψ = 0 imposes
sij = 0.

Altogether, we are then left with the Newtonian metric

ds2 = −c2
(

1 + 2Φ
c2

)
dt2 +

(
1 − 2Φ

c2

)
δijdx

idxj , (A.8)

where Φ solves the Poisson equation due to the G00 component of Einstein’s equation

∇2Φ = 4πGm(x). (A.9)

B Equivalence of the weak field path integral and master equation

In this appendix, we arrive at the path integral (5.9) from the master equation (7.2). To
arrive at the path integral, we will use the result of [39], which derived the correspondence
between CQ master equations and path integrals. This derivation shows that the two
approaches given in the main body, i.e. formulating the CQ weak field limit by either
gauge fixing the full path integral or constructing the master equation from the reduced
Hamiltonian, are equivalent. We refer the reader directly to [39] for more details on deriving
CQ path integrals.
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We start by recalling that because the equation of motion of the weak field total
Hamiltonian (3.13):

ψ̇ = −4Gπc2πψ
3 − 1

12∂in
i, π̇ψ = ∇2(Φ − ψ)

4πG , Φ̇ = λΦ, π̇Φ = ∇2Φ
4πG −m, ṅi = λi,

π̇i = − 1
12∂iπψ

(B.1)

only associate back-reaction to πΦ, the path integral takes the form:

ϱ(zf ,m+
f ,m

−
f , tf ) = N

∫
DzDm+Dm−δ

(
ψ̇ + 4Gπc2πψ

3 + 1
12∂in

i

)
δ

(
π̇ψ − ∇2(Φ − ψ)

4πG

)

× δ(Φ̇ − λΦ)δ(ṅi − λi)δ
(
π̇i + 1

12∂iψ
)
δ(πΦ)eICQ[z,m+,m−,ti,tf ]ϱ(zi,m+

i ,m
−
i , ti)

(B.2)

where the last delta function imposes the Newtonian limit constraint πΦ ≈ 0. In equa-
tion (B.2), for the sake of clarity, we have summarised all the classical degrees of freedom
with z such that the functional measure over the classical functions Dz represents:

Dz = DψDπψ Dn⃗Dπ⃗DλΦ Dλ⃗DΦDπΦ (B.3)

and the hybrid action ICQ is:

ICQ[z,m+,m−, ti, tf ] =
∫ tf

ti

dtdx⃗

[
i
(
LQ[m+] − VI [Φ,m+] − LQ[m−] + VI [Φ,m−]

)
− D0[z]

2
(
m+(x) −m−(x)

)2 − 1
2D2[z]

(
π̇Φ − ∇2Φ

4πG + 1
2
(
m+(x) +m−(x)

))2 ]
.

(B.4)

where LQ[m±] is the matter Lagrangian and VI [Φ,m±] = Φ(x)m±(x). The CQ interaction
term in equation (B.4) is the path integral version of equation (7.2). This correspondence
was derived explicitly in [39] and takes the same form as the Hamiltonian CQ path integrals
in [33, 39].

Just as in the deterministic case, one can then reduce the system to describe it in terms
of the Newtonian potential alone. Performing all of the delta integrals in equation (B.2),
we arrive at the hybrid Newtonian CQ path integral in terms of Φ alone,

ϱ(Φf ,m
+
f ,m

−
f , tf ) = N

∫
DΦDm+Dm− eICQ[Φ,m±,ti,tf ]ϱ(Φi,m

+
i ,m

−
i , ti), (B.5)

where the CQ action is given by:

ICQ[Φ,m+,m−, ti, tf ] =
∫ tf

ti

dtdx⃗

[
i
(
LQ[m+] − VI [Φ,m+] − LQ[m−] + VI [Φ,m−]

)

− D0[Φ]
2

(
m+(x) −m−(x)

)2 − 1
2D2[Φ]

(
∇2Φ
4πG − 1

2
(
m+(x) +m−(x)

))2 ] (B.6)
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which takes the same form as the one derived from general relativity in equation (5.9). The
apparent difference in form of this path integral with the unravelling in equations (7.13)
and (7.14) arises due to the fact that the path integral in (B.5) is unnormalised; one may
normalise this path-integral by computing a Gaussian integral over ∇2Φ and upon doing
so one finds the appearance of secondary decoherence and V̂m terms.

C Unravelling of CQ theories

In this appendix, we present some useful details on the topic of the CQ unravelling.
Given a CQ state ϱ(z, t) = E[δ(z−Zt)ρt], the dynamics which generate the stochastic

trajectories of the classical {Zt}t>0 and quantum {ρt}t>0 degrees of freedom will induce
the stochastic trajectory of the hybrid state ϱ(z, t). The dynamics is positive and norm-
preserving and can be written as a series of stochastic differential equations [23]

dZt,i = D1,i(Zt)dt+ ⟨Dα0
1,i(Zt)Lα +Dα0

1,i(Zt)L†
α⟩dt+ σij(Zt)dWj , (C.1)

dρt = −i[H(Zt), ρt]dt+Dαβ
0 (Zt)LαρL†

βdt−
1
2D

αβ
0 (Zt){L†

βLα, ρt}+dt

+Dα0
1,jσ

−1
ij (Zt)(Lα − ⟨Lα⟩)ρtdWi +Dα0

1,jσ
−1
ij ρt(L

†
α − ⟨L†

α⟩)(Zt)dWi, (C.2)

where dWi is the standard multivariate Wiener process and σij is defined by D00
2,ij = σikσ

T
kj .

The first equation represents the path of the classical degrees of freedom Zi through
phase space. The first term is the usual classical evolution, and the second describes the
back-reaction of the quantum degrees of freedom, appearing through the presence of the
Lindblad operators. In contrast, the last term represents the random kicks that cause
diffusion. The second equation allows one to simulate paths of the quantum state through
Hilbert space. We can distinguish the standard unitary evolution, the decoherence terms
(analogous to the GKSL equation but with a dependence on the classical phase space),
and the noise in its trajectory manifested in the last two terms. One can notice how
these coupled differential equations are much easier to simulate on a computer, and their
averaged-out paths will recover the master equation formulation.

Moreover, in [23, 34, 40], it has been argued that the unravelling picture of the CQ state
has an added ontological value with respect to the GKSL unravelling. The unravelling of the
GKSL is highly non-unique due to the possibility of decomposing the same dynamics using
different Lindblad operators. Instead, when unravelling the CQ master equation, if the
assumption is made that each Lindblad operator has a one-to-one relation to a shift in the
classical degrees of freedom, the resulting unravelling of the dynamics will be unique when
conditioned on the classical degrees of freedom. The consequence of this is that stochastic
trajectories of the state can be associated with real physical trajectories, and the resulting
collapse into a particular state is actually happening due to the physical interaction between
the classical and quantum degrees of freedom. In other words, the unravelling allows us
to determine the evolution of the quantum state conditioned on the classical trajectory,
which remains pure if the decoherence diffusion trade-off is saturated [23].

We now show how to recover the continuous backreaction term of equation (7.2) from
the unravelled equation of equation (7.7). Given the stochastic nature of ∂ini, it is not
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possible to recover a closed form, but we can see how the correlation terms emerge due to
the divergence of the shift being a white noise process.

We start by defining the CQ state as:

ϱ(Φ, πΦ.t) = E[δ(Φt − Φ)δ(πΦ t − πΦ)ρt]. (C.3)

When we now take the total differential of the CQ state, we have to apply Itô’s rule:

dϱ = E
[
dδ(Φt − Φ)δ(πΦ t − πΦ)ρt + δ(Φt − Φ)dδ(πΦ t − πΦ)ρt
+ δ(Φt − Φ)δ(πΦ t − πΦ)dρt + dδ(Φt − Φ)dδ(πΦ t − πΦ)ρt
+ dδ(Φt − Φ)δ(πΦ t − πΦ)dρt + δ(Φt − Φ)dδ(πΦ t − πΦ)dρt + · · ·

]
,

(C.4)

where higher terms of order O(dt2) or higher are immediately discarded.

We will now start to unpack the terms one at a time. Recalling that Φ and πΦ are
functionals, we have to pay attention to how their total derivatives are expanded. We keep
only terms of order less than O(dt2). usually, this is enough to guarantee a closed form
for a continuous master equation. Unfortunately, the fact that ∂ini ≈ dWt

dt means that any
power of these terms will never be greater than O(dt2). Therefore, we will represent all
these terms and their product with terms of order O(dt) as dots · · · . We write explicitly
only the terms that lead to the continuous part of the master equation and the continuous
backreaction.

dδ(Φt − Φ) =
∫
d3z

δ

δΦt(z)
δ(Φt(x) − Φ(x))dΦt(z)

+
∫
d3zd3w

δ2

δΦt(z)δΦt(w)δ(Φt(x) − Φ(x))dΦt(z)dΦt(w) + · · ·

=
∫
d3z

δ

δΦt(z)
δ(Φt − Φ)

(
− 1

12∂in
i
)
dt+ · · ·

= 1
12

∫
d3z

δ

+δΦ(z)δ(Φt − Φ)∂inidt+ · · · ,

(C.5)

where in the last line we have used the property of delta functions stating that δΦtδ(Φt −
Φ) = −δΦδ(Φt − Φ) to change the functional derivative variable. Therefore, the first term
reduces to:

E[dδ(Φt − Φ)δ(πΦ t − πΦ)ρt] = 1
12

∫
d3x

δϱ

δΦ(x)∂in
idt+ · · · , (C.6)

where we have used the definition of the CQ state.
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Proceeding, we have:

dδ(πΦ t − πΦ) =
∫
d3z

δ

δπΦ t(z)
δ(πΦ t(x) − πΦ(x))dπΦ t(z)

+
∫
d3zd3w

δ2

δπΦ t(z)δπΦ t(w)δ(πΦ t(x) − πΦ(x))dπΦ t(z)dπΦ t(w)

= −
∫
d3z

δ

δπΦ(z)δ(πΦ t − πΦ)
(
∇2Φ
4πG − ⟨m̂⟩

)
dt

−
∫
d3zd3y

δ

δπΦ(z)δ(πΦ t − πΦ)σ(Φ, x, y)dWt(y)

+
∫
d3zd3wd3yd3y′

δ2δ(πΦ t − πΦ)
δπΦ(z)δπΦ(w)σ(Φ, z, y)σ(Φ, w, y′)dW (y)dW (y′).

(C.7)

When we now average over the noise, we use the properties of the Wiener process (7.10)
and the definition of the diffusion coefficient (7.11) to arrive at:

E[δ(Φt − Φ) dδ(πΦ t − πΦ)ρt] = −
∫
d3x

δϱ

δπΦ(x)

(
∇2Φ
4πG − ⟨m̂⟩

)
dt

+
∫
d3xd3y

δ2

δπΦ(x)δπΦ(y)(D2(Φ, x, y)ϱ)dt.
(C.8)

Moving on to the next term, we find

dρt = ∂ρt
∂t
dt+ ∂ρt

∂Wt
dWt + 1

2
∂2ρ

∂W 2
t

dW 2
t

− i[Hm, ρt]dt+ 1
2

∫
d3x d3y D0(Φt;x, y)[m̂(x), [ρt, m̂(y)]]dt

+ 1
2

∫
d3x d3y σ−1(Φt;x, y)

(
m̂(x)ρt + ρt m̂(x) − 2ρt⟨m̂(x)⟩

)
dW (y),

(C.9)

which gives:

E[δ(Φt − Φ)δ(πΦ t − πΦ) dρt] = −i[Hm, ϱ]dt+ 1
2

∫
d3x d3y D0(Φ;x, y)[m̂(x), [ϱ, m̂(y)]]dt.

(C.10)
At this point, we need to consider the expectations of terms with mixed derivatives. After
a closer inspection we notice that keeping in mind that we will be averaging over the noise,
only one term is relevant for the continuous part of the master equation, specifically:

dδ(πΦ t − πΦ) dρt = − 1
2

∫
d3x d3zd3yd3w

δ

δπΦ t(z)
δ(πΦ t − πΦ)σ(Φ, x, y)σ−1(Φ, x, w)

×
(
m̂(x)ρ+ ρ m̂(x) − 2ρ⟨m̂(x)⟩

)
dW (y)dW (w),

(C.11)

while the other surviving mixed terms will include the correlations between the stochas-
tic shift and the classical gravitational field. When we average over the noise, we can
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integrate dw over the delta function δ(y − w) coming from the Wiener processes to use∫
d3y σ(Φ, x, y)σ−1(Φ, x, y) = 1. Therefore, we arrive at:

E[δ(Φt−Φ)dδ(πΦ t−πΦ)dρt] =
∫
d3x

(1
2m̂(x) δϱ

δπΦ(x) + 1
2

δϱ

δπΦ(x) m̂(x)− δϱ

δπΦ(x)⟨m̂(x)⟩
)
dt.

(C.12)
Finally, we can sum all the terms and divide by dt to arrive at the Master equation:

∂ϱ

∂t
= 1

12

∫
d3x

δϱ

δΦ(x)∂in
i −

∫
d3x

δϱ

δπΦ(x)

(
∇2Φ
4πG − ⟨m̂⟩

)

− i[Hm, ϱ] + 1
2

∫
d3y D0(Φ;x, y)[m̂(x), [ϱ, m̂(y)]]

+
∫
d3x

(1
2m̂(x) δϱ

δπΦ(x) + 1
2

δϱ

δπΦ(x) m̂(x) − δϱ

δπΦ(x)⟨m̂(x)⟩
)

+
∫
d3xd3y

δ2

δπΦ(x)δπΦ(y)(D2(Φ, x, y)ϱ) + · · · .

(C.13)

We notice how the terms proportional to the expectation value ⟨m̂⟩ simplify, and we ar-
rive at:

∂ϱ

∂t
= −i[Hm, ϱ] + 1

12

∫
d3x

δϱ

δΦ(x)∂in
i − 1

4πG

∫
d3x

δϱ

δπΦ(x)∇
2Φ

+ 1
2

∫
d3y D0(Φ;x, y)[m̂(x), [ϱ, m̂(y)]] +

∫
d3xd3y

δ2

δπΦ(x)δπΦ(y)(D2(Φ, x, y)ϱ)

+ 1
2

∫
d3x

(
m̂(x) δϱ

δπΦ(x) + δϱ

δπΦ(x) m̂(x)
)

+ · · · ,

(C.14)
which we can rewrite as:
∂ϱ

∂t
= −i[Hm, ϱ] + 1

12

∫
d3x

δϱ

δΦ(x)∂in
i − 1

4πG

∫
d3x

δϱ

δπΦ(x)∇
2Φ

+ 1
2

∫
d3x

(
{HI(x), ϱ} − {ϱ,HI(x)}

)
+
∫
d3xd3y D2(Φ;x, y){HC(x), {ϱ,HC(y)}}

+ 1
2

∫
d3xd3y D0(Φ;x, y) ([m̂(x), [ϱ, m̂(y)]]) + · · · ,

(C.15)
where HI and HC are the interaction Hamiltonian density and the Hamiltonian density
for the classical degrees of freedom as specified in section 3 and · · · includes the jumping
terms and the correlation terms present due to the stochastic nature of ∂ini.
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