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Abstract

Rainfall is the main input to most hydrological systems. To assess
flood risk for a catchment area, hydrologists use models that require
long series of sub-daily, perhaps even sub-hourly, rainfall data, ideally
from locations that cover the area. If historical data are not sufficient
for this purpose, an alternative is to simulate synthetic data from a
suitably-calibrated model. We review stochastic models that have a
mechanistic structure, intended to mimic physical features of the rain-
fall processes, and are constructed using stationary point processes. We
describe models for temporal and spatial-temporal rainfall and consider
how they can be fitted to data. We provide an example application
using a temporal model and an illustration of data simulated from a
spatial-temporal model. We discuss how these models can contribute
to the simulation of future rainfall that reflects our changing climate.
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1. INTRODUCTION

Rainfall is a precious resource but it also presents potential risks. Characterising the vari-

ability of rainfall is vital in many areas of hydrology, including water resource management,
design of drainage systems, pesticide fate management and for planning against floods,
droughts and landslides. When suitable data are not available, a stochastic rainfall genera-
tor may be used to simulate realistic synthetic data. Applications like flood risk assessment
and urban drainage design require long series of hourly, or even sub-hourly, rainfall data
and a fine-scale spatial resolution may be needed for some catchment areas
2007). These data are used as input to hydrological models that determine, based on the
characteristics of the catchment, the extent and spatial distribution of excess water with
which the system cannot cope. The consequences of rainfall can be sensitive to antecedent
conditions, that is, the effects on the catchment area of rainfall over the preceding pe-
riod. Therefore, flood risk assessments are made by running rainfall sequences through
hydrological models continuously over long time periods, so that variability in conditions is
represented (Wheater|2002| [Pathiraja et al.|2012, [Verhoest et al.[|2010). For a discussion of
issues concerning rainfall input to hydrological models see |(Chandler et al.| (2014).

Empirical statistical models have been used successfully to describe the behaviour of
daily rainfall. See, for example, Bellone et al| (2000), Wilks| (1998) and [Yang et al.| (2005)).
These models are less feasible for sub-daily time scales, where the structure of rainfall is

more complex, varying over short time scales and distances. For sub-daily data, stochastic-
mechanistic models have been developed. These models attempt to represent, in an idealised
way, the underlying mechanisms and structures of rainfall processes. This review focuses on

2  Northrop



this type of stochastic model. Other approaches that can simulate rainfall at any required
fine temporal and/or spatial scale are described in Section

The idea of a stochastic-mechanistic model for rainfall dates back to , with
further contributions from |Waymire & Gupta, (1981)),[Waymire et al.|(1984) and [Rodriguez-|
[Iturbe et al.| (1984). A key development was made by [Rodriguez-Iturbe et al| (1987) who
analysed a model (described in Section for rainfall at a point in space based on a
clustered point process of pulses of rainfall with finite duration. This was the first model

to provide an acceptable representation of rainfall over different timescales. Many further
developments have been made and a spatial-temporal model has been used in the UK

for making climate change projections (Jones et al.|[2009). These models have been used

extensively in temperate climates, particularly in Europe, but also in other regions and

climates, including a Mediterranean climate in Cyprus (Camera et al|[2017), a semi-arid

climate in Pakistan (Forsythe et al|[2014])), tropical climates in Malaysia (Daud et al.|2016)

and Vietnam (Vu & Mishra/[2020) and various climates in Australia (Wasko et al|[2015)).

See|Onof et al.| (2000)) for a review of models and |Chen et al.| (2021)) for a review that focuses

on their use in flood risk assessment.

2. STOCHASTIC-MECHANISTIC RAINFALL MODELS

The models that we consider are constructed using stochastic processes of point events.
Each event gives rise to a basic rainfall element called a rain cell, or cell, for short. We
review temporal models of the evolution of rainfall over time at a single site and spatial-
temporal models of the distribution of rainfall in space and time. Parameters of a model
govern the random process by which cells occur, the distribution of the time for which they
produce rainfall and the evolution of the intensity of the rainfall that they produce over
this duration. Models with a spatial component have parameters that relate to the spatial
extents of cells and perhaps to the velocity with which they move.

The aim is to construct a stochastic model, with a modest number of parameters, that
provides an idealised representation of the physical mechanism of the rainfall process. A

key feature is a hierarchical clustering structure (Waymire & Gupta)|[1981)) in which small

(10—50 km?) short-lived (30 —40 minutes) cells cluster within a larger, longer-lasting storm,
with storms clustering within a rain event that covers an area of 10* km? or more and lasts
several hours. There are two broad types of rainfall: convective rainfall is short-lived and
intense, whereas stratiform rainfall is more prolonged and less intense. The stochastic
processes on which these models are based are stationary, so adjustments need to be made
to account for seasonality, systematic spatial effects and long-term changes in climate.

Simplifying assumptions are made for mathematical convenience, to make it easier to
derive properties of the model for use in fitting it to data (see Section. It is common to
suppose that the intensity of a cell is constant over its duration, resulting in a rectangular
pulse of rainfall. This produces realisations of rainfall intensity with an unrealistically regu-
lar appearance but this feature may not be evident in rainfall totals accumulated over a time
period of an hour, say. Typically, durations of rain cells are assumed to be independently
and exponentially distributed.

Temporal models are constructed in continuous time and therefore they could be used
to infer properties of rainfall at any time scale of interest. For example, they are typically
fitted to observed rainfall totals accumulated over discrete time intervals, using a Gener-
alised Method of Moments (GMOM) based on selected statistical properties of observed
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data. If we have available a dataset containing hourly rainfall totals then these totals can
be aggregated to form six-hourly totals and daily totals. Similarly, we can perform this
aggregation of scale for the model to derive key properties of hourly, six-hourly and daily
rainfall totals. Data at different scales provide different information about the rainfall pro-
cess and therefore we may choose to include in the fitting procedure properties from a range
of scales. The construction of these models enables us to do this. Spatial-temporal models
can be constructed, either in continuous space and time or in continuous time at a discrete
set of sites.

A fitted model is validated by checking that it predicts well features of rainfall at scales
other than those used to fit it. The model can, in principle, be used to provide inferences at
scales that are shorter than the smallest scale available in the data. For example, we could
fit a model to hourly rainfall totals and simulate sequences of five-minute totals. Such high
resolution design rainfall data are required for applications like urban drainage design (Onof]
& Arnbjerg-Nielsen|2009). This kind of extrapolation may not be warranted. It would be
better to have available good quality sub-hourly data with which to fit and/or validate a
model and a refinement of the rectangular pulses assumption may be necessary if realistic
behaviour over very short timescales is required. We return to this issue in Section [£.2 and
discuss statistical inference in Section

3. RAINFALL DATA

We describe the main types of rainfall data and discuss some issues to consider when
modelling these data. Rain gauges measure “ground truth”, the amount of water that falls
to the ground at a particular location. Rainfall radar provide an indirect measurement of
rainfall at a particular level of the atmosphere, via a conversion to a rainfall intensity of
the energy within a radar beam reflected back to the radar station.

3.1. Rain gauge data

Early rain gauges were containers with a measurement scale in which rain water collects.
The rainfall amounts are recorded manually at regular intervals, usually daily, when the
container is emptied. To fit the models described in Section [d] data of higher temporal
resolution, for example, hourly, are required. These are provided by automated gauges. A
tipping-bucket rain gauge contains a small bucket that tips and empties when it fills with a
fixed amount of rain, typically 0.1mm or 0.2mm. The number of tips within a time interval
provides an estimate of the rainfall total for the interval, which enables series of rainfall
totals of a given temporal resolution to be constructed. Some more modern gauges use a
similar principle, but are based on the weight of rainfall collected in a larger bucket, while
others produce a continuous trace on a recording chart as rainfall displaces a float within
the gauge. For these gauges, discreteness of the data is less evident than for tipping-bucket
gauges.

As an example of rain gauge data, we use 10-minute rainfall totals provided by German
Weather Service (Deutscher Wetterdienst, DWD) for Bremen, Germany from September
1995 to March 2023. Figure [1| shows the full series and subsets for January 1998 and
January 2023. These subsets have been selected to contain at least a moderate amount
of rain. We will fit a model to January data in Section Seasonality is evident in
the full time series, with the largest totals tending to occur during June to August. We
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Figure 1

Series of 10-minute rainfall totals from Bremen, Germany (DWD station 691). Top: 1 September
1995 to 9 March 2023. Middle left: January 1998. Middle right: 19 January 1998. Bottom left:
January 2023. Bottom right: 30 January 2023. Source: Deutscher Wetterdienst (DWD).

performed a basic check of these 10-minute totals by aggregating them to hourly totals
and comparing them to an equivalent hourly dataset provided by DWD. Seven 10-minute
totals, from 15 and 18 October 2004, were corrected, because they were a factor of ten
too large. Otherwise, the correspondence was close enough to be explained by rounding
of values in the datasets. If data are available from a network of gauges experiencing the
same weather systems then a plot of the rainfall accumulated over a month for each gauge
may reveal likely errors (Wheater et al.|2000). Until October 2008, a 0.1mm tipping-bucket
gauge was used. The fact that measurements are multiples of 0.1mm is evident in Figure
in the plot for 19 January 1998. Subsequently, weight-based gauges provide measurements
that are multiples of 0.0lmm, resulting in smoother time series. Overall, approximately
1% of the observations are missing. There is no obvious pattern in proportion of missing
values over months but there is a downwards trends over years with most years after the
installation of the weight-based gauge having no missing values.

We should be aware of potential problems when using high resolution rain gauge data,
such as 5-minute or 10-minute data. A tipping-bucket gauge may attribute rainfall to a time
period later than when it actually fell, especially during periods of light rainfall. Weight-
based gauges are not perfect (Saha et al.|2021) but will tend to be more reliable over short
time scales. The coarseness of the discrete scale on which rainfall totals are recorded may
have a non-negligible impact. Making inferences using summary statistics calculated from
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Radar images from the Wardon Hill Radar station in Dorchester, UK from 10pm on 10 February 1994 to 6am on 11
February 1994. Successive images are one hour apart. Each image is a 52 by 52 array of 2km by 2km pixels. The colour
key indicates the average rainfall intensity for each pixel. Source: [CEH Wallingford| (2007]).

raw data may provide some protection from these issues.

3.2. Radar data

A radar image provides estimates of average rainfall intensity over spatial grid squares called
pixels. Pixel sizes are typically of size 1 km?, 4 km? or 25 km?. Normally, each image is
the result of a 1-minute sweep of the radar and is therefore treated as an instantaneous
snapshot of a rainfall field. Figure [2| shows a sequence of radar images recorded by the
Wardon Hill radar in South-West England over an 8-hour period in February 1994. One
image is presented each hour. In the raw data an image is available every 5 minutes.

Even after processing to remove anomalies and artefacts, radar measurements may not
be consistent with those provided by comparable rain gauges. Agreement may be improved
by calibration of the radar images using gauge data, but this is non-trivial problem, in
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part because radar images provide spatial averages and gauges point values. See |Ochoa-
Rodriguez et al.| (2019) for a review of calibration and related methods.

Calibration issues aside, radar data have the advantage that they provide rich spatial
information of high temporal resolution over a large area. This is useful if we wish to study
spatial-temporal rainfall fields. The area covered in Figure [2]is a little over 10* km?, which
is large enough to capture much of the interior of a rain event. There are applications, such
as storm drainage modelling for urban catchments, where even 1 km? resolution radar data
is not of sufficiently high resolution and point data provided by rain gauges are required
(Ramesh et al.|[2013).

4. TEMPORAL MODELS
4.1. Poisson cluster models

Recall that models are based on a stochastic point process of arrival times of rain cells. For
most applications, it is necessary for cells to cluster. We call a cluster of cells a storm. The
simplest clustered models use a stationary Poisson cluster process of cells represented by
rectangular pulses of rainfall, with the following structure (Rodriguez-Iturbe et al.||[1987).

1. The times at which storms originate are generated by a Poisson process of rate \.

2. Each storm origin produces a random number C' of cells.

3. Within a storm, the arrival times of cells are distributed randomly in time relative to
the storm origin.

4. Each cell is a rectangular pulse of rainfall, with random intensity X lasting for a
random duration D.

The clusters of cells associated with distinct storms are independent. Within a particular
storm, distinct cells are independent, as are X and D for a given cell. Cells can overlap in
time, even those generated from different storms, and there may be periods of zero rainfall
intensity within a storm. The total rainfall intensity Y (¢) at time ¢ is the sum of intensities
from all cells present at time t.

Two main clustering mechanisms have been used. For a Neyman—Scott process, we
specify a distribution for C' and another distribution from which the temporal displacements
of cell arrivals from their respective storm origins are independently and identically sampled.
In a Bartlett—Lewis process, the intervals between the starting times of successive cells in
a storm are independent and identically distributed. In the formulation typically used, the
lifetime L of a storm has an exponential distribution with mean 1/ and the first cell in a
storm is located at the storm origin with further cells arriving at a rate 8 in a Poisson process
that starts at the storm origin and terminates at the storm lifetime. It follows that C' has
a geometric distribution with mean uc = 1+ /. We refer to the resulting models as the
Neyman—Scott Rectangular Pulses Model (NSRPM) and the Bartlett-Lewis Rectangular
Pulses Model (BLRPM). It is convenient to assume an exponential distribution, with mean
1/n, for D. In particular, this preserves the Markovian structure built into the specification
of the BLRPM.

Figure [3| summarises the structure of the BLRPM. It shows three storm origins and
their respective termination times, the arrival times of the cells within these storms, the
rectangular pulses and the superposition of these intensities to produce the total rainfall
intensity at a given time. The first (red) storm has a period of zero intensity within it and
a rain cell that continues to produce rain beyond its termination point. There are several
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Tllustration of the structure of the BLRPM. There are three storms, differentiated by red, green
and blue colouring. Bottom: storm processes start at the squares and terminate at the triangles.
Second bottom: rain cells start at the circles. Middle: rectangular pulses for each cell. Second top:
rainfall intensities from the superposition of cells. Top: aggregation of intensities to form totals
for each of 24 periods, indicated by vertical grey lines.

cells that overlap and the last cell of the second (green) storm overlaps with the first cell
of the third (blue) storm. The top of the schematic shows the rainfall totals produced by
aggregating rainfall intensities over disjoint time intervals to form rainfall totals, such as 24
hourly totals for one day. These are the values that we observe in rain gauge data. We see
that aggregation can hide some of the fine scale structure present in the intensity process.

The NSPRM and BLRPM each have a minimum of five parameters. They have been
used widely to model rainfall data, but there is no clear empirical evidence that one clus-
tering mechanism should be preferred over the other. In Section we use the BLRPM
in an example application, where we suppose that X has an exponential distribution. The
properties typically used to fit this type of model depend only on the moments of X, so it
is not difficult to relax this assumption.

We give a brief outline of the mathematical representation of these model processes. See
Rodriguez-Iturbe et al.| (1987) and Rodriquez-Iturbe et al.| (1988)) for details. Suppose that
cells arrive at times 71, T2, .... The total rainfall intensity Y (¢) at time ¢ sums contributions
from these cells. It can be expressed as
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where I(7;t) = 1 if a cell that arrived at time 7 is alive at time ¢ and I(7;t) = 0 otherwise,
X (7) is the intensity of this cell, and {N(¢)} counts occurrences in the clustered process of
cell arrival times. Owing to the assumed independence of cell durations, intensities and the
cell arrival process, we have

E[Y(#)] = /Z_ E[I(7; )] E[X (T)] E[AN(7)],

= AucE(X) /t P(D >t—T7)dr,

T=—00

AucE(X)E(D),

where E[dN(7)] = Auc d7 because the arrival rate of cells is Auc per unit time.
[Iturbe et al|(1987) derive the variance, skewness and autocovariance function of Y (¢) and
P(Y(t) = 0) and adapt these properties to the aggregated process, {Yi(h)J =1,2,...},
where

ih
ﬁ“:/ Y (t)dt, 2,
(i—1)h

because rain gauge data provides cumulative rainfall totals over intervals of length h.

4.2. Developments and extensions

In the original specification of the BLRPM and NSRPM the parameters (3, v and 7 that
govern the temporal structure within a storm are constant across storms.
extended the BLRPM in a way that preserves the within-storm structure, but
produces storms that occur on different timescales. They fix the dimensionless parameters
k= B/n and ¢ = v/n and randomise the cell duration parameter n between storms accord-
ing to a gamma distribution. Within a storm, all cells have the same mean duration. Fixing
k and ¢ means that storms with a relatively short mean cell duration, 1/7s, say, have a
correspondingly short mean storm lifetime 1/~s and mean cell inter-arrival time 1/8s. The
random 17 BLRPM has one extra parameter compared to the fixed n version and resulted
in an improved representation of wet/dry rainfall properties in a case study presented in
[Rodriquez-Tturbe et al| (1988)). The NSRPM can be modified in the same way
et a1][1959)

We provide a non-exhaustive summary of other contributions to the literature for

stochastic-mechanistic temporal models of rainfall. See also the review of |Onof et al.| (2000)).
One area is the derivation of new properties for model fitting, such the skewness of marginal

rainfall totals and properties of wet and dry periods. See, for example, ,
[Cowpertwait| (1998) and Kaczmarskal (2013).

replaces the Poisson cluster process of rectangular rain cell arrivals with
a Cox process, in the form of a Markov-modulated Poisson process (MMPP) that switches
between two states, with respective high and low rates of rain cell arrival. This model does

not involve explicit mechanistic features like rain cells, but it does involve interpretable
features like the movements between characteristic rainfall intensity states and mean times

spent in those states. [Ramesh et al| (2012) use a model of the same form, generalised to

allow more than two states, to model directly rain gauge tip-times. It provides effective
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modelling of rainfall over timescales as short as 5 minutes. Issues concerning the conversion
of tip-times to rainfall totals are avoided and, unlike models for rainfall totals based on
rainfall pulses, likelihood-based inference can be used.

Many refinements have been proposed with the aim of improving realism and/or the
ability to reproduce particular observed rainfall properties. We categorise them according
to their nature and cite example literature: inducing dependence between cell intensity

and duration, via a joint distribution (Kakou |1997} [Evin & Favre|[2008) or using multiple

cell types (Cowpertwait|1994); using non-rectangular cell shapes (Park et al|2021} [Ramesh|
2018 ; extending the random 7 BLRPM to include randomisation of cell intensities over
storms (Kaczmarska et al.||2014)); representing cells as a random number of instantaneous

bursts of rainfall (Cowpertwait et al|[2007). Some approaches are aimed at improving the

reproduction of extreme values, an issue considered in [Verhoest et al.| (2010). In|Cameron|
(2000) large rain cell intensities are modelled using a generalised Pareto distribution.
|Cross et al| (2018) develop a general strategy in which small rainfall totals are censored.

This reduces the influence of data from periods of light rainfall and focuses modelling on
the larger totals.

4.3. Covariate effects

The construction of these models uses a stationary process. Seasonality can be represented
by fitting separately to data from different months, but further adjustment is required to

incorporate the trends anticipated owing to our changing climate. [Wasko & Sharmal (2017)

use a log-linear regression to model the effect of temperature on rainfall statistics to be

used in fitting. [Evin & Favre (2013)) model the storm arrival rate parameter as increasing
linearly in time. |Thayakaran & Ramesh| (2013al) build a MMPP model for rain gauge
tip-times with log-linear regression effects for temperature, sea level pressure and relative

humidity. Simple parametric relationships may not be realistic. [Kaczmarska et al (2015)

develop a nonparametric regression approach that allows estimates of BLRPM parameters
to change smoothly with the monthly means of atmospheric variables, in a way that is
determined directly by the data. We describe this in Section [6.1] A key finding is that
atmospheric variables involved in the physical processes that generate rain explain far more

variation in rainfall observations than a categorisation by month. [Cross et al| (2020) uses

a similar approach to represent effects of temperature.

5. SPATIAL-TEMPORAL MODELS

Models for the temporal evolution of rainfall at a single-site are useful, but to perform flood
risk assessment for a particular catchment area how rainfall is distributed over space and

time is often important (Segond et al.|[2007). Depending on the nature and size of the

catchment, it can matter greatly both where and when rain falls. We expect to observe
spatial dependence in rainfall sequences at nearby locations as they will tend to experience
similar rainfall patterns when rain events move over them. In a multisite approach, mod-
elling is performed in discrete space at a set of sites, with each site having its own temporal
process. The aim is to link processes at different sites to reflect systematic differences be-
tween sites and induce an appropriate spatial correlation structure. We return multisite
modelling briefly in Section but first we consider an alternative approach in which the
rainfall process is modelled in continuous space and time, which has the advantage that we
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can simulate rainfall at any space-time resolution.

5.1. Continuous space-time

Models are direct extensions of those described in Section [£I] based now on a stochastic
process of points occurring in time and two-dimensional space. Each point provides the
time at which a rain cell starts to produce rainfall and the location of the centre of the cell
at this time. The centre of the cell may move over time to represent the movement of a
rain event. As before, cells have random intensities and durations. During its lifetime, a
cell deposits rainfall over an area surrounding its centre.

|Cowpertwait| (1995) (see also |[Cowpertwait et al| (2002), Leonard et al. (2008]) and
[Cowpertwait| (2010))) and [Northrop| (1998) (see also [Chandler et al (2007)) have developed
models of this type, building on|Cox & Isham| (1988). These models have much in common,

for example, they both suppose that a cell’s intensity is constant over its area, but with
differences in their construction influenced by the type of data to which they are typically
fitted, that is, time series of rainfall totals from multiple rain gauges for

(1995) and sequences of radar images for (1998)). We describe the structure of

these models and then discuss the differences.

In the |Cowpertwait| (1995) model, cells are clustered within storms in time according

to an (exponential) Neyman—Scott process. Cells do not move. For each storm, cells are
distributed over space in a Poisson process, the rate of which determines the mean number
of cells per storm. Cells are circular and categorised into n. types, each type having a set of
parameters to describe its distribution of intensity, duration and size and its contribution
to the overall rate of the spatial Poisson process. The minimum number of parameters is
2+ 4ne..

In the model, storms arrive in a Poisson process. We call the spatial
location at which a storm arrives its storm centre. Storm centres, and all cells, move with
velocity v. Cells are elliptical in shape, with eccentricity e, and orientated at an angle
w, to reflect anisotropy in rainfall structure. Cells are clustered within storms in time
using a Bartlett—Lewis process and in space using a Neyman—Scott mechanism. For the
latter, cell centres are displaced from the current location of their storm centre by a vector
drawn from a bivariate Gaussian distribution with mean 0 and covariance matrix 3, which
is parameterised to produce elliptical Gaussian density contours with eccentricity e and
orientation w. Thus, storms and cells have the same shape and orientation. The remaining
free parameter in 3 reflects storm size. Distributions are needed for cell intensity, duration
and size and for storm size. The minimum number of parameters in the model is 11. Figure
[)illustrates the spatial structure of this model, including averaging of intensities over radar
pixels.

For both models, cell durations are assumed to be exponentially distributed and strong
independence assumptions, analogous to those in Section are made for mathematical
tractability. The representation of the total rainfall intensity Y (u, t) at location w = (u1, u2)
and time ¢ is analogous to Equation [I} with an extra two-dimensional integral over space.
Aggregation over time for modelling rain gauge totals is performed using the equivalent of
Equation [2| and averaging over space for modelling radar data using

- 1 [k jh
Y () = 7z / / Y (u,t) duidus. 3.
(i—1)h J(j—1)h

The main ways in which these models differ are in their treatment of spatial structure
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Illustration of the spatial structure of the model, containing two storms. Left:
locations of cells. The squares are the storm centres and the circles the cell centres. The black
storm has four cells and the red storm six cells. The dashed curves indicate the extents of the
elliptical cells. Middle: summing cell intensities from different cells. Right: spatial aggregation to
create average intensities over radar pixels.

(multiple cell types vs clustering), cell movement (none vs some) and cell/storm shape (cir-

cular vs elliptical). The |[Cowpertwait| (1995) model has been fitted to monthly sequences

of hourly totals from networks of rain gauges. These data are the result of rainfall ac-
cumulations from multiple rain events. The model is able to capture the effect of these
accumulations without isolating individual rain events for fitting. The
model has been fitted to sequences of radar images from the interiors of individual rain
events, such as those in Figure EI, enabling the capture of spatial clustering, movement
of rain events and anisotropy in these images. Further modelling is needed to generate
realistic sequences of events, using a renewal process to generate wet and dry spells and
basing the orientation of leading and trailing edges of rain events on those of historical
events (Wheater et al|2006, |Chandler et al.||2007).

5.2. Multisite

[Cox & Isham| (1994) discuss extensions of the models of Section to multiple sites. A
master process of cell arrivals is decomposed into subprocesses. All cells in a given sub-

process have the property that they affect the same combination of sites. Constructing
a parsimonious model with a realistic space-time correlation structure is challenging, ar-
guably more so than developing a fully continuous spatial-temporal model.
extends this work and fits models to monthly sequences of hourly rain gauge totals from
three sites. develop a two-site model in which correlation between sites is
induced using bivariate distributions for the numbers of cells at these sites, their intensities
and durations. [Thayakaran & Ramesh| (2013b)) and [Ramesh et al.| (2013) develop multisite
extensions of the Cox processes models for tip-times described in Section 2] the latter
incorporating covariate effects of atmospheric variables. Models are fitted to data from

four sites. These approaches are useful when a relatively small number of locations are of
interest.
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6. STATISTICAL INFERENCE

Consider a collection y = (yi1,...,yn) of rainfall observations, regarded as the realised
value of corresponding random variables Y = (Y1, ..., Yx) under a model. For rain gauge
data y is a time series of rainfall totals and for radar data it is a sequence of arrays of
gridded average rainfall intensities. To specify a full likelihood for a parameter vector
6 = (01,...,0,) we would need to derive the full joint distribution of all random variables
contained in Y. Apart from the MMPP models for tip-time data described in Section
this is not feasible, even for a simple temporal model based on a Poisson process of
rectangular rain cells. Moreover, seeking to perform inference based on this likelihood may
not be sensible. The locally-deterministic representations used for rain cells mean that
at very local scales rainfall intensities tend to be more strongly dependent than observed
in data. It is reasonable to expect these models to reproduce key statistical properties
of rainfall data over different time scales, but not joint distributions of local collections of
observations. A full likelihood-based approach would place undue emphasis on features that
these models are not intended to reproduce. For an extended discussion of these points see
[Jesus & Chandler]| (2011). However, [Jesus & Chandler| (2017) and [Northrop| (2006) have
performed inferences using a likelihood constructed based on particular aspects of rainfall

data. In Section we describe an approach that uses Approximate Bayesian computation
(Beaumont|2019).

The method typically used to fit stochastic-mechanistic rainfall models to data is a Gen-
eralised Method of Moments (GMOM), in which parameter values are chosen to minimise
an objective function based on differences between observed and fitted values of selected
statistical properties. This approach has been used since these models were developed.

[sus & Chandler]| (2011)) consider how best to implement GMOM for a given set of properties

and produce estimates of parameter uncertainty. An important issue is how contributions
from different properties should be weighted in the objective function.

6.1. Generalised method of moments

Initially, we consider making inferences about the parameters of a temporal rainfall model
using data from a single rain gauge. Rainfall is a seasonal phenomenon, so it is common to
fit models separately to data originating from a single month. For example, in Section
we extract from the full set of rainfall totals recorded at Bremen only those values recorded
during the 28 Januaries present in the data. More generally, we suppose that m years of
data provides m independent replicates of the rainfall process during a month of interest.

We specify a vector T of k summary statistics of observed rainfall. Example sets of
statistics are given in Section We must have k > p and it is common to use k > p.
We define separate summary statistic vectors 11, ..., T, for each of m replicates and set
T =m~'Y." Ti. Wedenote by u(8) the expectation of T under the model. The estimator
6 minimises the quadratic form

/

Q6;T) = [T — p(6)] W [T - pn(0)], 4.

where W is a k X k matrix of weights. The choice of weighting matrix in Equation [4] will

affect the performance of the estimator . |Jesus & Chandlerl (]2011') study the asymptotic

distribution of 8 as m tends to infinity, showing that the optimal choice, in terms of precision
of estimation of @, for W is S™1, where S is the covariance matrix of T'. In practice, S is
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estimated using the sample covariance matrix of T1, ..., T),, that is,

! )Z(TifT)(TFT)/. 5.

S:m(m—l pt

Theoretically optimal performance may not be achieved if S is estimated inaccurately. |Jesus
& Chandler| (2011) find that W = diag(g) produces comparable performance to W = S
and that it is necessary to perform large scale simulations to improve the estimation of S
if theoretical superiority of the optimal choice of W' is to be realised. Using W = diag(é\),
which gives greater weight to statistics that are estimated more precisely from the data, may
be a good choice in practice. Both these forms of W perform better than using an identity
matrix, which has been a common choice in the hydrological literature. The application
might influence the importance of different statistics. Kim & Olivera (2012)) studied this
empirically, providing recommendations concerning the weighting of statistics for different
types of application.

Kaczmarska et al.| (2015) use a kernel-based local polynomial regression to model the
effects of covariates on model parameters, with candidate covariate data sourced from the
National Centers for Environmental Prediction (NCEP) reanalysis data (Kistler et al.[2001)).
We describe the special case of a local mean approach using a single covariate, for example,
temperature. Suppose that the full data record spans n months. Let T' = (T4,...,T%)
denote the summary statistic vectors, X = (X, ..., X,) the corresponding monthly mean
values of the covariate and x¢ a covariate value of interest. The objective function to be
minimised is

/

Qn(0;T, X ,x0) = g(6; T, X,x0) W(z0)g(6;T,X,z0), 6.

where g(0; T, X,z0) = n " Y7 Kuo(Xi — z) [Tt — p(0)], Kp(z) = b~ "K(z/b) and K(-) is
a kernel function to weight the contribution from T; according to the proximity of X; to
Zo. The weighting matrix W (zo) depends on zo. This enables model parameters to be
modelled flexibly as smooth functions of covariates. The degree of smoothing is determined
by the bandwidth b, which is selected using cross-validation. An alternative approach using
regression splines is discussed in [Kaczmarskal (2013).

6.1.1. Implementation issues. The choice of statistical properties and time scales included
in T will depend on the intended application, but some general considerations apply. Alge-
braic expressions should be available for the expected properties under the model, to avoid
the need to use simulation to estimate them. Collectively, they should contain information
about the components of 8 but, to lessen potential problems with estimating W, selecting
a large number of properties should be avoided and each property should be estimable with
reasonable precision. The closer the properties are to being statistically independent of
each other, that is, the closer S in Equation [5|is to being diagonal, the stronger argument
for using a diagonal W.

The objective function is minimised numerically. This can be challenging and there is
the possibility that it has local minima. Reparameterising the model, for example, working
with the logs of the parameters, can improve stability of the minimisation and speed of
convergence. |Aryal & Jones| (2020) and |Aryal & Jones|(2021) perform approximate Bayesian
inference for rainfall models using a parameterisation that reduces posterior dependence
between the parameters. Choosing good starting values for the minimisation algorithm can
be important. The MOMFIT software (Chandler|[2016)) implements an effective strategy
that repeats multiple minimisations from several random starting points.
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A fitted model will tend to reproduce well the properties used to estimate its parameters.
Validation of a model can be based on properties not explicitly used to fit it. See Section
for an example. At this stage, we may use simulation to estimate model properties that
are important practically but for which algebraic expressions are not available, for example,
properties of extreme rainfall.

6.1.2. Spatial-temporal models. In principle, spatial-temporal models can be fitted by se-
lecting a set of summary statistics and minimising numerically the objective function given
in Equation [l However, authors have found that this minimisation tends to be unstable
and that it is preferable to split the estimation into a sequence steps, with each step focused

on a subset of the parameters. For example, [Wheater et al| (2006) estimate the rain cell

velocity v directly from a sequence of radar images, using an estimate of the maximum of
the sample space-time cross-correlation function at a time lag of 5 minutes. The remain-
ing parameters are partitioned into subsets, relating to spatial aspects, temporal aspects
and marginal rainfall occurrence and amount, with a bespoke fitting step for each of these
subsets. [Cowpertwait et al.| (2002) and [Burton et al| (2010) devise approaches that are
carefully structured to provide stability in the fitting of the model of |Cowpertwait| (1995)

to rain gauge data, including scaling adjustments to account for systematic between-site

variation. Willems| (2001)) and Murtioz Lopez et al.| (2023)) take a different approach, using

an algorithm to identify individual cells using data from a network of rain gauges and from
sequences of radar images, respectively.

6.2. Approximate Bayesian computation

Approximate Bayesian computation (ABC) is a method of inference for models where a
likelihood is not available but it is easy to simulate from the model. In simple terms, ABC
is a Bayesian implementation of GMM that uses an acceptance-rejection algorithm based on
a criterion like Q(0;T) in Equation We simulate datasets using different proposal values
of 0, use each of these datasets to estimate the expectations p(0) of the summary statistics
under the model, and accept only those parameter vectors for which Q(8;T) is smaller than
a threshold e. We accept only those values of € that result in a set of summary statistics
that are close to those observed in the data. If the proposed values of @ are simulated from a
prior distribution 7(0) for € then the accepted values have a distribution that approximates
the posterior distribution for 8 given the data. The nature of the approximation will depend
on the choice of summary statistics and e. For an overview of ABC see .
|Aryal & Jones| (2020) use ABC to fit the BLRPM to 6-minute rainfall totals from
Victoria, Australia, including a random walk Metropolis—Hastings update step to propose

preferentially values of @ that have a non-negligible probability of being accepted. They
include in Q(8; T') the means and standard deviations of the lengths of wet and dry periods.
Expressions are available for some of these properties , but not in closed
form. |[Aryal & Jones| (2021)) use ABC to fit extended versions of the spatial-temporal model
of [Northrop MD to 1 km? resolution radar data recorded at Melbourne, Australia. The
extensions relax assumptions made originally to enable properties of the model to be derived.

For example, the intensity of a cell decays from its centre to its edge. To reduce computation
time, the cell velocity and shape parameters are fixed at estimates calculated directly from
the data. Properties relating the distributions of wet and dry areas in radar images are
included in Q(@;T). It is shown that particular extensions of the model, including the new
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representation of rain cells, improve the fit of the model to data.

These papers highlight the potential benefits of ABC. At the expense of extra computa-
tion time, we are able to relax unrealistic assumptions without needing to derive, and code,
expressions for model properties, and we have greater freedom to use summary statistics
that provide information about the parameters. We can fit models that we would really like
to fit using the properties that we would really like to use. It may be possible to use the data
to select the best properties to use (Fearnhead & Prangle||2012)). In common with GMOM
fitting, an effective strategy for setting the starting value for @ is required. Additionally,

the value for the threshold € and tuning parameters in the simulation algorithm need to
selected to achieve a reasonable acceptance rate.

7. APPLICATIONS

We present an illustrative analysis of a subset of the rain gauge data described in Section
m using the BLRPM temporal model. The aim is to describe the general approach, rather
than to seek a best-fitting model. We also show an example of data simulated from a
spatial-temporal model fitted to the radar data from Section [3:2} The purpose is to show
that this type of model can produce realisations that looks like rain.

7.1. Temporal model

We fit the BLRPM to a subset of the data shown in Figure [1} specifically the 10-minute
rainfall totals recorded in Bremen during the Januaries of 1992 to 2023. For simplicity, we
suppose that rain cell intensities have an exponential distribution, with mean px. We use
the GMOM methodology described in Section based on two sets of fitting properties.

e Set 1. The 1-hour mean, 1, 6 and 24-hour variance, 1 and 24-hour lag-1 autocorre-
lation and 1 and 24-hour proportion of wet periods.

e Set 2. The 1-hour mean, and the variance, lag-1 autocorrelation and coefficient of
skewness at timescales of 10 minutes, 1 hour, 6 hours and 24 hours.

The former is the set of properties used by |[Jesus & Chandler| (2011) and in the manual
for the MOMFIT software (Chandler|[2016). The latter is based on [Cowpertwait et al.
but variances are used instead of the coefficients of variation for ease of comparison
with Fit 1. The key differences between these sets are the inclusion of 10-minute properties

in Set 2 and the use of the coefficient of skewness in Set 2 instead of the proportion of
wet periods used in Set 1. The inclusion of the coefficient of skewness, in conjunction with
the use of a more flexible distribution for rain cell intensity such as a gamma or Weibull
distribution, has been used to improve the reproduction of extreme values (Cowpertwait
1998).

Table [I] summarises the model fits from Set 1 and Set 2. The confidence intervals are
calculated for the logs of the parameters, from the estimated asymptotic normal distribution
of their estimators, before transforming back to the original scale. The estimated rates
of storm arrival () are similar, but the storm structures implied by the point estimates
are rather different. Recall from Section [{] that the mean number of cells per storm is
uc = 1+ B/7, the mean storm lifetime, the time for which it can produce new cells, is
1/~ and the mean cell duration is 1/n. In comparison to Set 1, the fit from Set 2 produces
storms that tend to be shorter (mean storm duration 4 hours vs 11 hours), contain more
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Table 1 Estimates, standard errors and 95% confidence intervals for two fits of the
BLRPM?

Set 1 Set 2
estimate SE lower | upper | estimate SE lower | upper
A 0.026 0.003 | 0.020 | 0.033 0.025 0.003 | 0.019 | 0.031
nx 0.799 0.080 | 0.658 | 0.972 1.295 0.170 | 1.001 | 1.676
B8 0.393 0.134 | 0.201 | 0.768 4.300 0.590 | 3.286 | 5.626
o7 0.092 0.024 | 0.055 0.153 0.233 0.023 | 0.192 0.282
n 1.408 0.137 | 1.164 | 1.704 8.202 0.585 | 7.131 | 9.433

2 Data: from 29 Januaries in 1995-2023 recorded in Bremen, Germany.

cells (a mean of 19 vs 5), produced at approximately ten times the rate (8) per hour and
these cells are, on average, shorter (mean cell duration 7 minutes vs 42 minutes) and with a
slightly higher mean intensity (1.3 mm vs 0.8 mm). Informal inspection of the estimates of
uncertainty in Table [1| suggests that these differences are real. This is a common finding.
To closely reproduce statistical properties at shorter time scales using rectangular pulses of
rainfall, storms need to contain more cells to represent the temporal profiles of rainfall well
at those scales.

Properties used to fit the data will tend to be reproduced well, but it is instructive
to see how well other properties are reproduced. Figure [5| and Figure @ compare the
fits of the BLRPM to the Bremen data using Sets 1 and 2, based on properties that are
included in one or both of these sets or in neither. We have not included the hourly
mean in this comparison because both models fit the observed value closely. As expected,
properties that are used to fit the model tend to be reproduced better than those that are
not. For example, statistics of 10-minute totals are reproduced better by Set 2 than by
Set 1. However, extrapolation of the fit from Set 1 to 10-minute properties is reasonable,
especially for the variance and proportion of wet periods, particularly when we take into
account the variability in the observed values of the statistics over different years. In Figure
there is no obvious systematic difference in the summary statistics from tipping bucket
(pre 2009) and weight-based gauges nor a discernible trend in these statistics over time.
This is also the case for the sample autocorrelations (not shown). In Figure @ some of
the sample autocorrelations for daily totals are negative and the sample mean of these is
slightly negative for lag 3. The model cannot produce negative autocorrelations, but the
fitted values at lags 2 and 3 are close to zero.

Figure [7]shows plots of 10-minute rainfall totals simulated from the BLRPM based on
these two fits. The simulated series have been selected by trial and error to have similar
amounts of rain to the lower plots in Figure The appearance of these plots varies
between different simulations, but we can see that in the top row, the longer-lived storms
and cells produce a time series that is smoother than in the bottom row. A comparison
with Figure [1] should be based not on exactly when the rain falls but whether real and
simulated series appear to have been produced by the same process. The simulated values
do contain features that look like parts of the data but they are perhaps less noisy than the
data.
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Figure 5

Comparison of observed and fitted properties based on the BLRPM fitted to the Bremen data
using Sets 1 and 2. Top row: variance. Middle row: proportion of intervals that are wet. Bottom
row: coefficient of skewness. Left column: 10-minute totals. Middle column: hourly totals. Right
column: daily totals. The black circles are the observed statistic values for each year. The
horizontal lines show the means of these values (black, dashed) and the fitted values using Set 1
(solid, red) and Set 2 (solid, blue). The colour of the header indicates whether the property is
included in both Set 1 and Set 2 (grey), in Set 1 only (light red), in Set 2 only (light blue), or in
neither set (white).

7.2. Spatial-temporal model

Figure (8] shows a simulation from the (1998) model fitted to the rain event

depicted in Figure [2| The movement of the simulated rain event across the radar window

is performed using an approach described in [Chandler et al.| (2007). The duration of the

simulated rain event over the radar window has not been matched to that of the observed
event, the former is longer than the latter, and the leading and trailing edges of the simulated
event are rather more regular than those of the observed event. Otherwise, the features of
the simulated data resemble those of the real data.
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Comparison of the fitted autocorrelation functions at lags 1, 2 and 3 based on the BLRPM fitted
to the Bremen data using Sets 1 and 2. Left: 10-minute totals. Middle: hourly totals. Right:
daily totals. The black circles are the observed statistic values, one for each year in the data. The
lines show the means of these values (dashed, black), the fitted values using Set 1 (solid, red) and
Set 2 (solid, blue). For the fitted values, the plotting circle indicates whether the property is
included (filled circle) in the set or not included (hollow circle).

0.61
0.6
€ €
0.41
£ 04] £
© ©
c < 02
@02 g
0.0 0.01
1 4 7 10 13 16 19 22 25 28 31 2 6 10 14 18 22
day hour
15 15
PN —
S £
£ 1.01 £ 1.01
8 8
c c
‘s 0.5 ‘s 0.51
0.01 0.01
1 4 7 10 13 16 19 22 25 28 31 2 6 10 14 18 22
day hour
Figure 7

10-minute rainfall totals simulated from the BLRPM based on the fits to the Bremen data using
Set 1 (top row) and Set 2 (bottom row). Left column: one month of data. Right column: one
selected day of data (day 18 on the top row and day 24 on the bottom row).
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8. CONCLUDING REMARKS

We have described models that can simulate rainfall at any scale of interest. They are based
on stationary processes and therefore some adjustment is required in circumstances where
stationarity is unrealistic. A key issue is how to simulate from these models in a way that
reflects anticipated effects of climate change on future rainfall. Studies of future climate
impacts typically use projections from Global Climate Models (GCMs) based on scenarios

of socio-economic development and greenhouse gas emissions (Collins et al.|[2012). GCMs

provide projections of precipitation for spatial and temporal scales that are far too coarse for
hydrological applications. However, the temporal models described in Section -3} in which
the effects of large-scale atmospheric covariates on model parameters are modelled using
historical data, could utilise these projections. We could simulate hourly, say, rainfall data
from such a fitted model conditional on projections of the relevant covariates from a GCM
or multiple GCMs, ideally accounting for statistical uncertainty in the rainfall model’s
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parameters. In principle, a similar approach could be devised using a spatial-temporal
model, but this would be a challenging problem.

An alternative is to condition simulation from these models on information about future
non-stationarity in rainfall values. For example, suppose that we have available a series of
daily rainfall totals that reflect anticipated future changes in rainfall. These could be
produced by a GCM or simulated from a statistical model, for example, a Generalised
Linear Model , fitted to GCM output. In one type of approach
et al.|2010} |Leith|2008| Kilsby et al|2007, Marani & Zanetti||2007)), empirical relationships
are used to infer from daily summary statistics sets of sub-daily statistics for individual

months. A stochastic-mechanistic model is fitted to these statistics, from which rainfall

can be simulated. In a similar approach, [Segond et al| (2006) first simulate hourly totals

unconditionally from a stochastic-mechanistic model and adjust these totals, using the

method of [Koutsoyiannis & Onof] (2001)), to replicate the daily totals. These techniques are

examples of statistical downscaling. [Fowler et al|(2007) and [Maraun et al| (2010) provide

reviews that focus on rainfall. We describe two other methods that simulate rainfall data
at fine scales and can be used to perform statistical downscaling.

Approaches based on a multiplicative random cascade process (Schertzer & Lovejoy|
1987) repeatedly redistribute rainfall of coarse temporal and/or spatial scale to create val-
ues of progressively finer resolution. For example, the average intensity Y of a 2-hour time

interval generates two 1-hour average intensities YW, and Y Ws, where Wi, W5 are random
variables, often assumed to be independent and identically distributed, that define the cas-
cade generator. Common choices of generator distribution are log-Poisson
and log-Lévy (Schertzer & Lovejoy|[1997). Moments of average rainfall intensity of
positive order g, the g-moments, have a log-log linear relationship with scale whose gradi-

ent depends on ¢ and parameters of the cascade model. Model calibration is based on the
behaviour of sample g-moments aggregated over several scales, for a selected set of values
of ¢ (Pecknold et al|2001, |Gaume et al.|[2007). The cascade structure enables simulation
of intensities at scales that are finer than those observed in the data. See, for example,

|Gires et al. (2012), who consider both spatial and spatial-temporal downscaling and note

that normalisation could be used to preserve at the extrapolated scales the same average
intensity at the finest observed scale (rainfall disaggregation). The universal multifractal
model (Lovejoy & Schertzer|[1990] [Schertzer & Lovejoy||2011)), which can have as few as two
parameters, has been used successfully in many hydrological applications. Other cascade
models have been developed for modelling rainfall. For example, built de-
pendence between the cascade generator variables to reflect better observed properties of

rainfall and account explicitly for zero rainfall intensities.
An alternative approach, sometimes described as meta-Gaussian, models rainfall in

space and time using a transformed Gaussian process (Lebel et al.[[1998). The transforma-

tion must reflect the mass of zero rainfall values in the marginal distribution and produce

an appropriate dependence structure. Building on developments by |Guillot & Lebel| (1999),
|Onibon et al.| (2004) and [Vischel et al.|(2009),(Wilcox et al.| (2021)) construct a 20-parameter
meta-Gaussian model to simulate data that replicates the properties of convective storms

in West Africa. Some parts of the model’s structure are targeted at semi-arid regions, but

adjustments could be made for implementation in other regions. [Onibon et al (2004) pro-

vides an algorithm for simulating conditionally on an average areal value, such as GCM
output.
Finally, we note some relevant software. MOMFIT (Chandler|2016) fits single-site rain-
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fall models to rain gauge data. RainSim (Burton et al|[2008| [Fowler et al.|[2005) simulates
from a spatial-temporal NSRPM. LetItRain (Kim et al.|[2017alb]) simulates from the ran-
dom n BLRPM at sites across the USA, using kriging to interpolate parameter values to
ungauged sites. STORAGE (De Luca & Petroselli|2000, [2021)) performs fitting and simula-
tion for the NSRPM. Rglimelim (Chandler|[2020bla)), RMAWGEN (Cordano & Eccel 2017,
and MulGETS simulate daily multisite rainfall data. HYETOS
(Koutsoyiannis & Onof] |2000, [2001)) disaggregates daily totals to form hourly totals by
adjusting simulations from the BLRPM.
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