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Besides the transient effect, the passage of a gravitational wave also causes a persistent displacement in
the relative position of an interferometer’s test masses through the nonlinear memory effect. This effect is
generated by the gravitational backreaction of the waves themselves, and encodes additional information
about the source. In this work, we explore the implications of using this information for the parameter
estimation of massive binary black holes with LISA. Based on a Fisher analysis for nonprecessing black
hole binaries, our results show that the memory can help to reduce the degeneracy between the luminosity
distance and the inclination for binaries observed only for a short time (∼few hours) before merger. To
assess how many such short signals will be detected, we utilized state-of-the-art predictions for the
population of massive black hole binaries and models for the gaps expected in the LISA data. We forecast
from tens to few hundreds of binaries with observable memory, but only ∼Oð0.1Þ events in 4 years for
which the memory helps to reduce the degeneracy between distance and inclination. Based on this, we
conclude that the new information from the nonlinear memory, while promising for testing general
relativity in the strong field regime, has probably a limited impact on further constraining the uncertainty on
massive black hole binary parameters with LISA.

DOI: 10.1103/PhysRevD.107.124033

I. INTRODUCTION

The direct detection of gravitational waves (GWs),
predicted by Einstein in 1916 [1], is one of the greatest
accomplishments in modern physics, showing (at present) a
spectacular agreement with the theory of general relativity
(GR) [2–4]. By now, almost a hundred GW signals have
been observed and interpreted as resulting from the
coalescence of compact binaries by LIGO/Virgo [5–7].
As the sensitivity of current detectors improves and new
detectors become available, it will be possible to estimate
the binary parameters more accurately and to find GWs
from new types of sources. This will allow us to not only
better test GR in its strong-field regime, but also to probe
astrophysics, cosmology and fundamental physics [8–10].
The future space-borne detector Laser Interferometer
Space Antenna (LISA) [11] will play a key role in this
quest, due to both its expected high signal-to-noise ratio
(SNR) measurements and the rich population of sources

expected to inhabit its frequency band (from 0.1 mHz to
0.1 Hz) [12–14].
Progress may still be hindered by the fact that some binary

parameters—such as the luminosity distance dL and incli-
nation of the orbital planewith respect to the line of sight ι—
may be highly correlated in GW signals, limiting our ability
to accurately estimate them [15–17]. This is especially
important in the context of standard sirens [18,19], where
the precision with which one can estimate the present-day
Hubble parameter H0 depends primarily on how accurately
one can measure dL [17,20,21]. Indeed, this was the main
contribution to the large uncertainty on the first estimate of
H0 from GW170817 in Ref. [22]. The distance-inclination
degeneracy can be simply understood by noting that, at
leading (Newtonian) order, an inspiralling binary sources
the two GW polarizations hþ ∝ ð1þ cos2 ιÞ=dL and h× ∝
cos ι=dL [23]; if the detector network is mostly sensitive to
one particular combination of hþ and h×, the luminosity
distance and inclination are therefore degenerate [15,17]
(cf. Appendix B). The degree of this degeneracy depends on
the sky location of the binary and the specific detector
network [17], and can be greatly reduced by the observation
of the afterglow light curve of an electromagnetic counterpart*sgasparotto@ifae.es
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(which critically depends on ι) [24,25]. Interestingly, the
degeneracy may also be mitigated by using subleading
effects in the waveform. Examples include the effect of
spinsmisalignedwith theorbital angularmomentum[26–28]
(which lead to the precession of the orbital plane), of higher
multipole modes (HMs) [29–37] (in particular, for unequal
component masses or eccentric orbits), or using binary Love
relations [38] (for neutron star binaries).1

Another subleading effect in the GW signal with the
potential to break the distance-inclination degeneracy is the
nonlinear (Christodoulou) GWmemory [43]. This is a well-
grounded prediction of GR which originates from a change
in the radiative multipole moments of the gravitational field
sourced by the flux of gravitational radiation itself, result-
ing in a permanent displacement of free-falling test masses
upon the passage of GWs [43–49].2 While essentially any
source of GWs will generate nonlinear memory,3 our focus
here (and in much of the relevant literature) is on binary
black holes (BBHs). The reason for this is twofold: first,
binaries are the one source of detectable GWs we defini-
tively know to exist; and second, the amplitude of the
memory scales with the total GW energy radiated, which
for binaries is ∼1%–10% of the total mass [55], favoring
BBHs over lighter binaries containing neutron stars or
white dwarfs.
The gravitational wave memory modifies the BBH

waveform by introducing a slowly-growing offset of the
oscillations that builds over the whole coalescence and
whose time evolution follows that of the instantaneous
orbital frequency. This shift rises over the radiation-reaction
timescale during the inspiral [47,48,56] and accumulates
rapidly during the merger before saturating to its final value
during the ringdown [57]. Although the memory arises
from a 2.5 PN nonlinear interaction in a post-Newtonian
(PN) expansion of Einstein equations, because it accumu-
lates over the whole coalescence, it affects the gravitational
waveform at leading (Newtonian) order [57], increasing the
prospects of observing it in the near future.
Several searches for memory from BBHs have been

performed using LIGO/Virgo data, returning only null
results thus far [58–61]. This is in agreement with forecasts
for LIGO/Virgo, which show that the detection of memory
from a single event would require a much more massive
and nearby binary than any yet observed, and that to find

collective evidence of memory in the total population of
observed binaries one would need ∼5 yr of collected data
[62–64] (or ∼2.5 yr for the LIGO/Virgo/KAGRA network,
taking into account the expected improvement of the
network sensitivities [65]). The difficulty in detecting the
memory with current ground-based interferometers resides
mostly in the fact that, besides being responsible for only a
small amplitude offset, its power is larger at lower frequen-
cies where the detectors sensitivity is limited by several
sources of noise [66]. However, the prospects for memory
detection in single events are considerably better for third-
generation ground-based detectors (e.g. Einstein Telescope
[67] and Cosmic Explorer [68]) and for the future space-
based detectors LISA and TianQin, due to their better
sensitivity and low frequency coverage [57,65,69–72].4
In this work we investigate the impact of the nonlinear

memory on parameter estimation via a Fisher matrix
analysis. In particular, we focus on how the memory signal
breaks the distance-inclination degeneracy, which is cru-
cially important if these binaries are to be used as standard
sirens. We found that the information of the memory can
indeed reduce the uncertainty on the luminosity distance by
reducing its correlation with the inclination angle, whereas
it has almost no impact on the uncertainty of the other
parameters. For LISA sources its greatest effect involves
cases where (i) the constituent BHs are light enough
[MBH ≲ 105M⊙=ð1þ zÞ, with z the source’s cosmological
redshift] that the merger takes place near the upper edge of
the LISA band, and (ii) the information from the primary
waveform is limited to a few cycles before the merger.
The presence of gaps in the data stream and confusion

noise from other sources will reduce the effective duration
of usable LISA data, and thus the observed number of
cycles for BBHs [77], making the memory potentially
useful for the distance estimation of some BBH events.
Therefore, using the state-of-art astrophysical BBH pop-
ulation models described in Refs. [78,79] (and based upon
previous work presented in [80–82]), we assess quantita-
tively the impact of the memory in the distance estimation
of LISA sources, taking into account the presence of gaps
in the data stream. Considering the particular gap model
used in Ref. [83] we did not find any significant enhance-
ment in the distance estimation by the inclusion of memory
on the BBH waveforms. We do however find a greater
number of events with detectable memory at LISA as
compared to previous forecasts [70,72], especially in our
models with heavy BH seeds.
This paper is organized as follows. In Sec. II we review

the computation of the memory and describe the phenom-
enology of the signal. In Sec. III we describe our Fisher
forecasting analysis. In Sec. IV we present our results for

1Nevertheless, in the ∼100 GW signals observed to date there
is only limited evidence for higher multipole content (with no
evidence at all beyond l ¼ 3) [39] and only one measurement
of strong-field precession has been claimed [40] (though
some doubt has been cast on this claim due to data-quality
issues [41,42]).

2A similar effect sourced by the flux of matter or nongravita-
tional radiation was actually discovered first and is called the
linearGWmemory [50–52]. Hereafter, we use “memory” to refer
exclusively to Christodoulou’s GW memory.

3See, e.g., Refs. [53,54], which studied the nonlinear memory
generated by cosmic string loops.

4Memory from the merger of supermassive BHs is also a target
of pulsar timing arrays (PTAs) [73,74], but searches in PTA data
thus far have returned only null results [75,76].
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the distance-inclination inference of individual BBHs, and
discuss the impact of the binary parameters and signal
duration. In Sec. V we perform population-level forecasts
for LISA using synthetic BBH catalogs, and assess the
impact of including the memory on the luminosity distance
estimation in the presence of gaps in the data stream.
We conclude in Sec. VI. Some technical material is
discussed in the appendices. We use geometric units
throughout (c ¼ G ¼ 1).

II. GW MEMORY WAVEFORM

A. Computation scheme: Thorne’s formula

The most direct way to compute the memory contribution
to waveforms would be to extract it directly from numerical
relativity simulations. However, most simulations to date
have struggled to accurately capture this information for a
number of reasons (see e.g. [47]). Some exceptions are
Ref. [84], where the dominant memory mode ðl; mÞ ¼
ð2; 0Þ was first resolved, and the recent work of Ref. [85],
which used a Cauchy-characteristic extraction (CCE) tech-
nique to extract the waveform. Alternatively, the Bondi, van
der Burg, Metzner, and Sachs (BMS) balance laws [86,87]
have recently been used to add the memory to waveforms
[88,89] (see also [60,72]).
Instead, in this work we use a perturbative approach to

evaluate the memory [47,49], which we now briefly review.
A GW strain h0 (which we call the “primary” signal)
sources an additional memory strain δh, which can be
expressed in the transverse-traceless (TT) gauge using
Thorne’s formula [90],

δhTTij ðuÞ ¼
4

R

Z
u

−∞
du0
Z
R
dΩ

d2EGW

du0dΩ

�
ninj

1 − nkNk

�
TT
; ð1Þ

where the angular integral is over the solid angle dΩ of a
(large) sphere of radius R surrounding the source, and ni

and Ni are the unit radial vectors pointing, respectively, to
dΩ and the detector. The TT superscript represents a TT
projection with respect to the direction of the detector.
The time integral is over the entire history of the source
up to retarded time u, which shows that the memory is a
hereditary effect. The GW energy flux carried by the
primary GW is [47]

d2EGW

dtdΩ
¼ R2

16π
ð _h20;þ þ _h20;×Þ; ð2Þ

where _h≡ dh=dt and hþ;× ≡ hTTij e
ij
þ;×. We use the same

choice of TT-polarization tensors eijþ;× as Ref. [91]. From
the spin-weighted spherical harmonic decomposition

hþ − ih× ≡X
l≥2

X
jmj≤l

hlmðu; rÞ−2Ylmðι;ϕÞ; ð3Þ

it is possible to show that the sourced memory can be
expressed as [59]

δhlmðuÞ ¼ −R
X

l0;l00≥2

X
m0;m00

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl− 2Þ!
ðlþ 2Þ!

s

×
Z

dΩY�
lm−2Y�

l0m0−2Yl00m00

Z
u

−∞
du0 _h�l

0m0
0

_hl
00m00

0 ;

ð4Þ

which allows us to straightforwardly compute the memory
modes δhlm from the primary waveform modes hlm0 . We
can then reconstruct δhþ and δh× from Eq. (3) to give the
total strain h ≈ h0 þ δh. In principle, this process should be
iterated to give higher-order contributions (the “memory
of the memory” [62]). In practice, these extra terms are
subleading, and it is sufficient for our purposes to consider
just the leading-order memory effect, δh.
To generate our primary waveforms, we use the surro-

gate NRHybSur3dq8model [92], which has only aligned-
spin waveforms and includes all higher spherical harmonic
modes up to ðl; jmjÞ ¼ ð4; 4Þ and is considerably more
accurate than other often-used phenomenological models
in modeling the merger stage of BBH coalescences [64].
We use the publicly available GWMemory package [93] to
implement the calculation scheme described above for the
corresponding memory signal.
Equation (4) is valid on a background Minkowski space-

time. It can be extended to a spatially flat Friedmann-
Lemaître-Robertson-Walker (FLRW) spacetime using the
fact that, for sources at the same luminosity distance dL,
the memory amplitude in FLRW is enhanced over the
Minkowski case by the redshift factor (1þ z) [94–96].
Additionally, we shall use the time at the detector
t≡ tpeak − ð1þ zÞðupeak − uÞ, where tpeak is the instant
when the primary strain reaches its peak amplitude.
Summarizing, in this work we use

δhlmFLRWðtÞ ¼ ð1þ zÞδhlmMinkðuðtÞÞR→dL : ð5Þ

This can be shown to be equivalent to using redshifted
component masses Mi;z ≡ ð1þ zÞMi, with i ∈ f1; 2g, and
luminosity distance dL to generate the primary signal (e.g.,
with NRHybSur3dq8), plugging this primary directly into
Eq. (4), and identifying ðR; upeak − uÞ → ðdL; tpeak − tÞ. We
omit the subscript “FLRW” throughout, but a spatially flat
FLRW is implicitly assumed in all our expressions.

B. Phenomenology of the signal

Equation (4) shows how the memory modes are sourced
by pairs of primary modes. For a BBH coalescence
occurring in the x-y plane, the primary modes have the
form hlm0 ∝ e−imφðtÞ with φðtÞ the orbital phase. So, from
the time integral in Eq. (4) it is clear that the leading
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contribution to the memory modes at low frequency (i.e.,
u → þ∞) comes from the nonoscillatory (DC) terms with
m0 −m00 ¼ 0 which accumulate in time [47,48]; these
source m ¼ 0 memory modes [from the angular integral
in Eq. (4)]. Note, however, that oscillatory m ≠ 0 memory
modes do become dominant at high frequencies (cf. Fig. 1).
The memory sourced in the quasicircular inspiral of

nonspinning BBHs is known analytically up to 3 PN
[47,48]. Due to the accumulation over the inspiral, the
nonoscillatory contribution to the memory enters at
Newtonian (0 PN) order in the waveform,

δhð0PNÞþ ¼ ηMz

48dL
½MωðtÞ�23 sin2 ιð17þ cos2 ιÞ; ð6Þ

and δhð0PNÞ× ¼ 0, with the conventional choice of polari-
zation triad [47]. The orbital frequency is ωðtÞ≡ _φðtÞ and
the symmetric mass ratio η≡M1M2=M2, where M ≡
M1 þM2 is the total mass and Mz ≡ ð1þ zÞM is the total
redshifted mass. The memory has the same scaling as the
Newtonian primary waveform [cf. Eq. (B1)], but rather
than the main time dependence coming from the oscillatory
term, its time evolution is captured by the instantaneous
orbital frequency ωðtÞ. This explains the typical step shape
of the memory, which has a steep increase in the merger-
plunge phase and a saturation during the ringdown.
Moreover, the memory is characterized by a different
dependence on the inclination angle ι and an overall

amplitude ∼20 times weaker than the primary. In particular,
the two signals have opposite monotonic dependence on
the inclination angle, and while the primary signal is
maximized for face-on binaries (ι ¼ 0), the memory is
instead maximized for edge-on binaries (ι ¼ π=2). This
behavior is maintained when using primary waveforms
generated by NRHybSur3dq8. The different dependence
on ι is what makes the memory helpful in reducing the
(ι; dL) correlation (cf. Fig. 4).
Figure 1 shows the spectral shape of memory mode

characteristic strains hlmc ðfÞ≡ 2fjfδhlmðfÞj, withfδhðfÞ≡R
dte−i2πftδhðtÞ the Fourier transform (FT) of δh. All

modes exhibit a plateau at low frequencies, but the spectral
content of the nonoscillatory (m ¼ 0) modes is clearly
distinct from the oscillatory (m ≠ 0) modes. The plateau of
the m ¼ 0 modes is easily understood from the approxi-
mation δhl0 ≈ Δhl0Hðt − tpeakÞ, withH the Heaviside step
function and where Δhl0 scales with the fraction of
radiated EGW that sources δhl0; this results in a constant
hc ≈ Δhl0=π [56].
Taking into account that the memory growth is not

instantaneous, but happens in τ ∼ 60Mz (the timescale over
which most of EGW is radiated [100]), one can understand
the suppression at f ≳ 1=60Mz in Fig. 1. For the m ≠ 0
modes the low-frequency plateau has a similar origin,
but its value is always subdominant because, due to the
oscillations in the integral in Eq. (4), the memory does not
accumulate, averaging out to a net small value that depends

FIG. 1. Memory characteristic strain hlmc ðfÞ≡ 2fjfδhlmj of the most important modes computed from Eq. (4). We consider the
nonspinning “heavy” BBH studied in Figs. 2 and 3, with total mass M ¼ 2 × 105M⊙, mass ratio q ¼ 1.2 and redshift z ¼ 2. The
nonoscillatory ðl; mÞ ¼ ð2; 0Þ mode dominates at low frequencies, but is suppressed at f ≳ 1=60Mz, where oscillatory m ≠ 0 modes
start becoming important (in particular, at their maxima f ∼mfpeak). We can also see the presence of the ringdown in the memory
spectrum in the form of high-frequency peaks [QNM1 is at f ¼ ðτ−1221 þ τ−1222Þ=2πMz, and QNM2 at f ¼ τ−1222=πMz]. (QNMs were
computed using the Python package QNM [97], and the final mass and spin of the remnant BH via surfinBH [98], whose fitting procedure
is described in [99].).
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strongly on the value of the orbital phase at which the BHs
merge; this is also expected fromPN results [47,48].We note
that for m ≠ 0 the maximum of the strain scales as mfpeak
where the peak frequency fpeak ∼ 0.1=πMz roughly corre-
sponds to themoment inwhichmost of the energy is radiated
[100]. The oscillations at the left of these maxima are
numerically stable (in particular, they are not artefacts of
our FT) and come from interference between different l-
modes in Eq. (4). On the other hand, the high-frequency
peaks seen in all modes are associated with the ringdown
stage and are located at f ≈ ðτ−1l0m0n0 þ τ−1l00m00n00 Þ=2πMz, where
the complex quasinormal modes are σlmn ≡ ðωlmn þ
iτ−1lmnÞ=Mz [101]. It is interesting to note that these peaks
occur at a frequency set by the QNM decay rate τ−1lmn (i.e.
imaginary frequency), not the oscillatory part ωlmn (i.e. real
frequency). This can be confirmed analytically using
Favata’sminimalwaveformmodel (MWM;Eq. (14) of [57]).
Figure 2 shows the characteristic strain hcðf; ι;φcÞ≡

2fjh̃þ − ih̃×j of the primary and memory—containing all
modes up to ðl; jmjÞ ¼ ð4; 4Þ—for two binaries with
different total masses and redshifts, seen from a fixed
direction ι ¼ 40 deg and φc ¼ 0. At this particular direc-
tion, the primary characteristic strain is Oð102Þ greater
than the memory. Thus, the memory adds information to
parameter estimation only if the number of cycles that can
be observed during inspiral is limited (cf. Fig. 5); this may
happen due to gaps in the data stream and/or confusion
noise from other sources. Indeed, whereas truncating the

primary waveform at some minimum fin (related to the
time/cycles prior to merger) significantly reduces the SNR
of the primary, the SNR of the memory is almost
unchanged (as also noted in Refs. [65,72]). As long as
the memory is observed in LISA for a period of at least
103 s ≈ 15 min after merger, its SNR is approximately
independent of the observation time (cf. Fig. 6).
In this work we focus on quasicircular and nonspinning

BBHs. For the dependence of the memory on the spins,
mass ratio and eccentricity, we refer the reader to
Refs. [60,71,84,93,102,103].

III. FISHER MATRIX AND PARAMETER
ESTIMATION

We use a Fisher matrix analysis (commonly used in GW
astronomy [15,104–108]) to quantify the impact of GW
memory on the parameter estimation of the BBH source. We
only consider events with merger occurring during the
mission lifetime of LISA, since the memory is mainly
generated during this phase of the binary evolution. The
total signal h ¼ h0 þ δh is generated in time-domain
and is given by the sum of the (primary) surrogate
NRHybSur3dq8 waveform h0, and the memory δh com-
puted through the GWMemory package [93] from the primary
waveform. In this workwe focus on nonspinning binaries, so
the total number of parameters is reduced compared to the
general spinning case. The intrinsic parameters, defined as
those that do not depend on the relative position and
orientation of the orbital plane and the detector, are simply
the redshifted mass Mz and the mass ratio q≡M1=M2 (in
our convention M1 > M2). On the other hand, the extrinsic
parameters are the luminosity distance dL, the inclination
angle ι, and the coalescence phase φc. Thus, the input
parameters for our waveforms are Θ ¼ flnMz; q; lndL;
ι;φcg. We only investigate the dependence on these param-
eters, meaning that we ignore the particular sky position of
the source and the LISA response function. Accounting for
them should not affect our results, since the LISA orbital
motion is a year timescale, whereas the longest inspirals
where we see the effect of the memory are of the order
of hours.
In the strong-signal limit the probability distribution of

the parameters is a multivariate Gaussian distribution
centred on the true values Θ ¼ Θ̄, with the covariance
matrix Σij described by the inverse of the Fisher informa-
tion matrix Γij, up to corrections of order of the inverse
signal-to-noise ratio,

Σij ¼ ðΓ−1Þij½1þOðSNR−1Þ�: ð7Þ

The SNR ρ and the Fisher matrix are computed as

ρ2 ¼ ðh̃jh̃Þ; Γij ≡
�
∂h̃
∂Θi

���� ∂h̃
∂Θj

�����
Θ¼Θ̄

; ð8Þ

FIG. 2. Characteristic strain hcðf; ι;φcÞ≡ 2fjh̃þ − ih̃×j of the
primary (solid curve) and memory (dashed curve) computed from
Eqs. (3) and (4), seen from a fixed direction ι ¼ 40 deg and
φc ¼ 0. We consider two fiducial nonspinning BBHs, which will
also be used in the following sections: a “light” binary (in violet)
with total mass M ¼ 2 × 104M⊙ at redshift z ¼ 0.5, and an
“heavy” binary (in blue) with M ¼ 2 × 105M⊙ at z ¼ 2. Both
BBH have mass ratio q ¼ 1.2. We consider the last 25 cycles
before merger for both BBHs (which corresponds to ∼6 minutes
for the “light” source, and ∼2 hours for the “heavy”).
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where we have used the standard inner product

ðãjb̃Þ≡ 4Re
Z

fmax

fmin

df
ã�ðfÞb̃ðfÞ
SnðfÞ

: ð9Þ

The SnðfÞ is the sky-position- and polarization-averaged,
but not inclination-averaged, LISA power spectral density,
as found in [109], with the confusion noise corresponding
to Tobs ¼ 4 years. Computing the Fisher matrix thus allows
us to find the variance of each parameter and correlation of
each pair of parameters due to measurement errors,

σ2i ¼ ðΓ−1Þii; cij ¼
ðΓ−1Þij
σiσj

; ð10Þ

(with no summation implied over repeated indices here).
The total frequency-domain signal h̃ ¼ h̃0 þ δh̃ is given

by the sum of the FT of the primary and the memory
signals, which we compute numerically via the fast
Fourier transform (FFT) implemented in NumPy [110]. In
Appendix A we explain in detail our choices for manipu-
lating the signal, such as the padding and the window
function applied, while in Appendix C we elaborate on the
numerical computation of the Fisher matrix.

IV. RESULTS FOR THE DISTANCE-INCLINATION
ESTIMATION

The goal of this section is to study the impact of the
memory on the parameter estimation of intermediate-
mass to supermassive BBHs with LISA, with a particular

focus on breaking the distance-inclination degeneracy.
Our motivation is twofold: (i) although nonlinear memory
is expected to be observed in single events at LISA, no
attention (to our knowledge) has been paid on its impact on
the parameter estimation, and (ii) the memory signal has an
opposite correlation between distance and inclination cln dL;ι
with respect to the primary signal, which can make it useful
to break the distance-inclination degeneracy, thus improv-
ing the accuracy of distance estimations (cf. Fig. 3).
Firstly, using our Fisher analysis we noted that the

primary signal alone already constrains the binary intrinsic
parameters quite well, and that the additional information
provided by the memory does not constrain them further.
On the other hand, as already anticipated, we found that the
dependence of the memory on the extrinsic parameters is
complementary to that of the primary signal, and can
mitigate the uncertainty on the luminosity distance dL and
the inclination ι estimations. This is demonstrated in Fig. 3
where we explicitly show the constraints coming from the
primary signal and the memory, as well as the effect of
including all higher modes (HMs) up to ðl; jmjÞ ¼ ð4; 4Þ.
These results are also summarized in Table I.
As it can be seen in Fig. 3, the ellipses computed from the

memory signal and the primary waveform are orthogonal,
this can be intuitively expected from the opposite monotonic
dependence on the inclination of the two components, as
explained in Sec. II B. We analytically derive the opposite
correlation for the two signals in Appendix B, where we
compute the 2 × 2 Fisher matrix of this pair of parameters
fι; ln dLg for the dominant mode (DM) of the primary
waveform and of the memory. This property leads to a lower

FIG. 3. The 1σ confidence ellipses computed for the primary waveform without memory (in magenta), with memory (in blue), and
with only the memory (in green). For each of those we compare the effect of including higher modes (solid lines) and excluding them
(dashed lines). The left panel shows the result for the “light” binary, whereas the right panel shows it for the “heavy” binary (cf. Fig. 2);
in both cases we consider the last 25 cycles before merger and a line of sight ι ¼ 40 deg. For the “heavy” binary, the memory has
negligible impact, since we cannot distinguish the purple and the blue lines (the green contours of the memory fall beyond the panel).
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correlation cι;ln dL of the overall Fisher matrix, as shown in
Fig. 4, which can mitigate the error on the luminosity
distance estimation. The estimation of the other parameters is
less affected, thus justifying our approach to focus on this
particular pair of parameters.
For signals with sufficiently large SNR or whose sources

are at sufficiently high redshifts, the uncertainty on the
luminosity distance estimation becomes dominated by
weak lensing effects (see, e.g., Refs. [21,111]), and our
Fisher analysis (which neglects lensing) ceases to be valid.
However, as we show below, the memory is helpful to
parameter estimation only for binaries whose primary
signal is not very loud, and whose total redshifted mass
is in the range 104M⊙ ≲Mz ≲ 105M⊙. The memory of
these sources will only be observed if they are sufficiently
close z≲ 1.5, where lensing effects are not too strong.
Therefore, our results indicate that the memory has an
impact on the distance estimation only in cases where its
intrinsic uncertainty (even after adding the memory) is
much larger than the contribution due to lensing.
It is natural to compare the effect of the memory with that

of HMs, as the latter can also improve the BBH parameter
estimation and partially break the aforementioned degen-
eracy [29–32,112–118]. Their main contribution to the
SNR comes from extending the signal to higher frequencies
as compared to the dominant (2,2)-mode, thus being more
relevant when the merger falls well inside the sensitivity
curve of the detector. Importantly, HMs have a different
dependence on the inclination angle than the DM, which is
again why they may be useful in breaking the distance-
inclination degeneracy. The memory signal, on the other
hand, is always subdominant, but can play a significant
role, as we will see, when the information from the primary
at lower frequencies (i.e., from the inspiral) is absent/
degraded, and the memory becomes the only contribution
at those frequencies. In the following we explain in detail

the dependence of memory-assisted parameter estimation
on the binary mass, duration of the signal, and line of sight,
and we discuss the impact of HMs.

A. Dependence on the binary mass

By evaluating the SNR defined in Eq. (8), we find that
LISA can detect the memory (i.e., can distinguish the
memory over the detector noise) when its SNR is > 1,5

FIG. 4. Correlation matrices cij for the “light” binary of Fig. 2.
The upper panel shows the results for the primary signal without
memory, while the lower panel is for the total waveform
including memory. The major effect of including the memory
is decreasing the ðdL; ιÞ correlation.

TABLE I. Summary of the results shown in Fig. 3. The first two
columns correspond to the results coming from the primary signal
alone, whereas the last two correspond to the total (including the
memory) waveform. While the memory improves significantly
the estimation of the distance-inclination of the “light” binary, it
does not help much with the “heavy” binary parameters.

Light h0;DM h0;HM δhDM δhHM

SNR 20.5 20.6 1.9 2.3
h0;DM h0;HM hDM hHM

σdL=dL 0.56 0.55 0.20 0.18
σι ½rad� 0.75 0.73 0.27 0.23

Heavy h0;DM h0;HM δhDM δhHM

SNR 1001.4 1006.3 3.5 4.3
h0;DM h0;HM hDM hHM

σdL=dL 0.0116 0.0108 0.0115 0.0107
σι ½rad� 0.0158 0.0140 0.0157 0.0139

5Indeed, it has been shown that this is a reasonable criteria to
ensure the distinguishability of two waveforms that differ by δh,
over the detector noise [119,120]. It is equivalent to require that,
if we parametrize the model waveform as h ¼ h0 þ λδh with the
fudge parameter λ ∈ ½0; 1�, the statistical error of the fudge
parameter is σλ < 1 and, thus, distinguishable from zero.
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which happens for binary mergers with total redshifted
mass in the range ½104; 108�M⊙, thus confirming previous
results [57,70,72]. For lower masses, the memory strain is
too weak to be detected, whereas for larger masses the
turnover frequency at which the memory drops off falls
below the LISA band. Because of the dependence of the
memory characteristic strain on the binary mass, LISAwill
be most sensitive to the low-frequency plateau part of the
signal for light binaries, and to the subsequent high-
frequency features associated with the merger/ringdown
stage for more massive binaries (cf. Fig. 1).6 We found that
nearly all the SNR of the memory accumulates during the
merger and it is maximized forMz ∼ 106M⊙, in which case
the memory can be detectable up to redshift z ∼ 14.
For short/degraded primary signals (with fixed number

of cycles), we found that the memory is most helpful in
parameter estimation for binaries with total redshifted mass
Mz ≲ 105M⊙, in which case the memory falls in the most
sensitive part of the LISA sensitivity band, whereas the
merger covers only the high-frequency edge of the spec-
trum. For this reason, the hierarchy of the SNR between the
memory and the primary signals is less severe than for more
massive binariesMz ≳ 106M⊙, whose mergers occur in the
middle/low-frequency part of the LISA band.
The difference between “light” and “heavy” binaries is

clear from Fig. 3, which shows the effect of considering
short signals (in this case, the last 25 cycles) for two
different binary masses. In the left panel, for the “light”
binary, there is a manifest reduction in the parameter
uncertainties, which is due to the intersection of the primary
and memory confidence ellipses that results in the shrink-
ing of the total signal’s confidence ellipse. Such an effect is
not present in the right panel, for the “heavy” binary,
because, due to the large SNR of the primary signal, its
confidence ellipse is already entirely enclosed within the
memory’s confidence ellipse. The main factor controlling
the relative sizes of the confidence ellipses, and thus the
impact of the memory in parameter estimation, is the
ratio between the memory and the primary signal SNRs
(cf. Fig. 5).

B. Dependence on the signal duration

As just discussed, our results show that the most reliable
indicator for how much the memory contributes to con-
strain the binary parameters (for a fixed line of sight) is the
ratio between the SNR of the memory and of the primary
signal, ρm=ρ0. This ratio depends on the total mass of
the binary (cf. Table I), but it is also a function of the
inclination and the time duration of the data taken before
the merger. Decreasing the mass and the duration of the
signal prior to merger tends to increase this ratio. We
quantify the improvement in parameter estimation in terms

of the ratio between the standard deviation of the lumi-
nosity distance with memory σdL;wm and without σdL—the
memory contributes most when the ratio σdL;wm=σdL is
minimized.
Our results are presented in Fig. 5 for different masses in

the range ½104; 105�M⊙. In the upper panel, we show the
σ-ratio as a function of the number of cycles Ncycles

observed prior to merger. We note that for any given
number of observed cycles, the memory of more massive
binaries leads to a smaller improvement in distance
estimation as compared to lighter binaries (as explained
in Sec. IVA). In the lower panel, we show that there exists a
monotonic, one-to-one relationship between the σ-ratio and
the ρ-ratio, for a fixed inclination, which is approximately
insensitive to the mass of the binary. This observation will
allows us to determine, in the next section, the “critical”
ρ-ratio needed to achieve a given improvement in the
distance estimation as a function of the inclination.

C. Dependence on the inclination

Fixing the other parameters, the impact of the memory
depends strongly on the inclination of the binary, as we
show in the upper panel of Fig. 6. In this plot we present the
relative uncertainty in the luminosity distance at different
inclination angles, considering the “light” binary (dis-
cussed previously) with mass-ratio q ¼ 1.2 and fixing
the observed signal to 25 cycles prior to merger. We restrict
the plot to values of ι ∈ ½0; π=2�, since its behavior is
symmetric with respect to ι ¼ π=2. Note that, in the
absence of the memory and the HMs, the uncertainty
on the luminosity distance diverges for face-on ι → 0

FIG. 5. Effect of the memory on the luminosity distance
estimation when the primary signal is truncated at increasing
number of cycles prior to merger. The memory becomes less
important for more massive binaries, for which the merger occurs
before or close to the peak of LISA sensitivity and the memory
adds negligible contribution to the total SNR. The sources are
kept at redshift z ¼ 0.5 and line of sight ι ¼ 40 deg.

6See also Fig. 4 of Ref. [69].
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(and face-off ι → π) configurations. As we discuss in
Appendix B, this is due to the fact that the Fisher matrix
is singular at this inclination and, thus, the Fisher analysis
for the primary DM ceases to be valid in a neighborhood of
ι ¼ 0 (and of ι ¼ π). However, for unequal-mass binaries
the HMs regularize the Fisher matrix, and even a slightly
asymmetric binary as q ¼ 1.2 has a relative uncertainty in
the distance smaller than ∼0.8 for all inclination angles.
In the upper panel of Fig. 6 we compare the impact of

HMs on the distance estimation with that of the memory for
different inclination angles, keeping the mass-ratio q ¼ 1.2
fixed. However, we also verified that HMs become more
relevant the more asymmetric the binary is, whereas the
impact of the memory is larger for smaller q ∼ 1.7 The large
effect of the memory observed in the plot—improving the
distance estimation by more than a factor of 4 for some
inclinations—is partially related to the short duration of the
signal considered (truncated at 6 minutes prior to merger);
as discussed in Sec. IV B, for longer signals the information
in the primary (which accumulates over the inspiral)
eventually becomes dominant, with the memory contrib-
uting negligibly to parameter estimation (cf. Fig. 5).
In the lower panel of Fig. 6 we show the critical ρ-ratio

needed to achieve a 10% reduction in σdL (i.e., such that
σdL;wm=σdL ¼ 0.9) as function of the inclination, for two
different mass-ratios q ¼ f1.2; 3g. From the discussion in
Sec. IV B, these curves are approximately independent of
the binary’s total mass. Moreover, we see from this plot that
they are also only mildly dependent on the mass-ratio q.
Another important observation is that closer to face-on a
smaller ρ-ratio is needed to achieve a given improvement in
the distance estimation compared to edge-on. So, close to
face-on the memory can be relevant even if the primary is
observed for relatively long periods (∼few hours). For
example, if our “light” binary (with q ¼ 1.2) is seen close
to face-on, the inclusion of the memory information leads
to a 10% reduction in σdL if the inspiral is observed over
less than 6 hours prior to merger.

D. Impact of higher modes

Here we discuss the contribution of HMs to the SNR
of the primary and memory signals, and its consequent
influence on the estimation of the luminosity distance. We
consider the “light” and “heavy” binaries of Fig. 2, both of them with mass ratio q ¼ 1.2 and seen at an intermediate

inclination angle ι ¼ 40 deg. The outcomes are shown in
Fig. 3 and Table I. These results show that, for fixed mass-
ratio, the relative increase of the SNR due to the inclusion
of HMs is always larger for the memory than for the
primary signal. However, the overall SNR of the memory
decreases faster with increasing mass-ratio as compared to
the SNR of the primary. Regarding parameter estimation,
Table I shows that HMs have a greater impact for the
“heavy” binary than for the “light” one. This can be
understood from the fact that the HMs add information

FIG. 6. Upper panel: the effect of the memory on the estimation
of the luminosity distance as a function of the inclination. The
parameters of the source are those of the “light” binary of Fig. 3
with mass-ratio q ¼ 1.2, and the number of cycles before merger
is Ncycles ¼ 25. In green we show the relative uncertainties σdL
computed from the waveform without the memory h0, with only
the dominant mode DM and with higher modes HM. In purple the
same but for the total waveform h ¼ h0 þ δh; in the DM case the
memory is computed using only the dominant modes. Lower
panel: the ρ-ratio required to achieve a 10% improvement in the
luminosity distance estimation (i.e., such that σdL;wm=σdL ¼ 0.9)
as a function of inclination for two different values of the mass-
ratio q ¼ f1.2; 3g.

7The influence of the mass-ratio on the impact of the memory
can be understood from Eq. (6), δhð0PNÞ ∝ q=ð1þ qÞ2, which
results in the memory characteristic strain

ffδhð0PNÞ ∝ q=ð1þ qÞ2;
whereas the primary characteristic strain is [15]

fh̃ð0PNÞ0 ∝
ffiffiffi
q

p
=ð1þ qÞ:
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mostly close to merger (i.e., at high frequencies), which is
therefore masked for the “light” binary. This is opposed to
the memory which, as we have seen, contributes the most to
parameter estimation for the “light” binary. Moreover, we
confirmed that, although the overall SNR is suppressed
with increasing mass-ratio, the increase in power on HMs
for more asymmetric binaries can considerably improve the
distance-inclination estimation with the primary waveform,
reducing the impact of including the memory component;
thus, the equal-mass scenario presented in Table I corre-
sponds to the maximum impact of the memory in parameter
estimation over mass-ratio. For instance, for the parameters
of the “light” binary of Table I, but with q ¼ 4, the
uncertainty on the luminosity distance is σdL=dL ¼ 0.93
using only the DM of the primary waveform, which is
improved to σdL=dL ¼ 0.48 considering the HMs of the
primary, and to σdL=dL ¼ 0.38 by including the memory.
Interestingly, even though it has a smaller SNR ¼ 12.53,
this binary is better localized in space than the equal-mass
one. For the parameters of the “heavy” binary, but with
q ¼ 4, the uncertainty σdL=dL ¼ 0.017 is improved to
σdL=dL ¼ 0.008 with the inclusion of HMs in the primary
waveform, and, as for the close to equal-mass case, we do
not see further improvements by adding the memory.
Therefore we conclude that, in some cases, the infor-

mation contained in the memory and in the HMs is
complementary for parameter estimation, due to their
different dependence on the mass-ratio and total mass.

V. POPULATION FORECASTS

In this section we study the detectability of the non-
linear memory for realistic population models of massive
black holes, and assess its potential impact on parameter
estimation considering the presence of gaps in the data
stream. We update the previous forecasts of Refs. [70,72]
for the measurability of the memory in single events with
space-based detectors, by using the recent population
models described in Refs. [78,79] (and recently used
in Ref. [83]).

A. Framework

In our analysis we consider all 8 models described in
Refs. [78,79], each of those corresponding to different
assumptions about some of the main uncertainties in the
cosmological evolution of massive BHs. These involve
[78,79]: (i) the high-redshift mass function of the “seeds” of
the massive black hole population [“light seeds” (LS)
originating from population III stars, or “heavy seeds”
(HS) originating from direct collapse of protogalactic
gaseous disks], (ii) the time delay between the galaxy
merger and the corresponding BBH mergers (realistic
“delays,” or “short delays” neglecting the contribution
from scales of the order of hundreds of pc), and (iii) the
presence or not of supernova feedback (“SN” or “noSN”)

on the accretion disk of massive black holes. For each of
the 8 models we compute the memory random realizations
of mergers corresponding to 4 years of LISA mission, and
present average results over many such realizations.
We consider only the final 20 cycles prior tomerger,which

is enough to give us a reliable estimate of the SNR of the
memory (cf. Sec. II B). Due to the limited parameter space
covered by the waveforms NRHybSur3dq8, we restrict the
mass-ratio to q ≤ 8 (i.e., we artificially fix q ¼ 8 for every
merger with higher values of q). This assumption is stronger
for the LS case than for the HS one, since the two cases have
quite different mass-ratio distributions, with the latter having
a sharper peak close to equal mass (see Fig. 11 of Ref. [78]).
Since the waveforms NRHybSur3dq8 do not cover pre-
cessing BBHs, we consider only the spin components
orthogonal to the orbital plane and restrict them to
jχi;ẑj ≤ 0.8, i ∈ f1; 2g.8 We removed from the catalogs
the sources with Mz ≥ 108M⊙, because evaluating their
SNR is computationally very expensive and, as discussed in
Sec. IVA, they fall outside the parameter space of interest for
memory observation with LISA. We take the inclination
angle and the coalescence phase to be uniformly distributed
in cos ι ∈ ½−1; 1� and φc ∈ ½0; 2π�.

B. Detectability of memory in single events

In the different 4-year realizations, we looked for events
with SNR of the memory above the threshold value ρth ≡ 1.
Table II summarizes our results. For each population model
we denote by Ntot the total number of events considered in
the 4-year realization, and by Nth the number of those with
memory SNR above the threshold ρth ¼ 1 (inside paren-
theses ρth ¼ 5). We also indicate the average SNR of the
memory hρi and its maximum value ρmax in the particular
4-year realization of events.
The number of events with significant memory SNR

depends strongly on the astrophysical population model,
with clear differences between the LS and the HS models.
Our results are especially promising for the HS scenario, as
it suggests that about 75%–78% of events for the “delays”
model and 31%–33% for the “short-delays” model will
have observable memory with ρm > 1. The numbers inside
the parenthesis can be directly compared with the results
of Ref. [72], where the “Q3d” and “Q3nod” models
considered there (and presented in Ref. [121], based on
Refs. [80–82]) can be compared, respectively, with delays
and short-delays HS models. For those, we found that about
36%–40% and 25%, respectively, of the total events have
detectable memory with ρm > 5, as opposed to 3.7% and
1% for the “Q3d” and “Q3nod” models. The main reason

8Using the waveforms NrSur7dq2 which allow for precess-
ing BBHs, we found that introducing the spin components along
the orbital plane generally leads to an increase of the memory
SNR.
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for this large mismatch is that the new population models of
Refs. [78,79] that we used in this work have a different
(more realistic) delay model, which shifts the mergers to
lower redshift.

Figure 7 shows the distribution of the redshift and the
total mass of the events with ρm > 1 for the various HS
models. The distribution of models with delays peaks at
lower redshift, while that of short-delays models extends up
to z ∼ 13, which explains why the former have a bigger
fraction of events with memory SNR above the threshold
than the latter. Interestingly, we found some events with
particularly high SNR (ρm ≳ 50), as can be seen in Table II;
these belong to the low redshift tail of the distributions
(z≲ 1). The location of the peak of the total mass
distribution changes slightly for the various models, but
it is such that the total redshifted mass is about ∼106M⊙. In
Fig. 8 we show the mass-ratio distribution for the same
events of Fig. 7. Most of the events with detectable memory
have a mass-ratio close to unity with a sharp suppression at
higher values, so that the restriction to q < 8 turns out not
to affect our results for the HS models. The “noSN delays”
model is the only one presenting a mild accumulation of
events with q ¼ 8 due to this restriction.
The situation is quite different for the LS models, which

have a much broader distribution in the mass-ratio, result-
ing in a substantial (fictitious) accumulation of events at
q ¼ 8. So, we repeated our analysis removing directly the
binaries with q > 8 from the catalog. In this more
conservative approach, for “noSN-short delays” we noted
a reduction from 12 to 9 events with ρm > 1, but no change
in the number of events with ρm > 5. For “SN-short
delays” and “SN delays” models we found no events with
detectable memory, and for “noSN-short delays” a reduc-
tion from 6 to 4 events with ρm > 1, and no events at all
with ρm > 5. Therefore, for LS population models our
results indicate that the prospects of observing the memory
with LISA do not seem promising.
We repeated our analysis of LS population models also

for the future generation ground-based detectors Cosmic
Explorer (CE) [68] and Einstein Telescope (ET) [122],

TABLE II. SNR of the memory for the astrophysical models of
Refs. [78,79]. For each model we consider a random realization
of 4 years of events. We denote the total number of events by Ntot
and the number of those with SNR above the threshold value
ρm > 1ð5Þ by Nth. The hρi and ρmax are, respectively, the average
and the maximum ρm in the particular realization of events. For
the SN-delays models and the NoSN-delay HS model, the
reported values are the averages over 10 realizations of 4-year
events, since for these models the total number of mergers are
much smaller than for the others.

Astrophysical Catalogs

Light seeds Heavy seeds

SN-delays Ntot ¼ 47 Ntot ¼ 27.3
Nth ¼ 0.4ð0.1Þ Nth ¼ 21.2ð10Þ
hρi ¼ 0.04 hρi ¼ 6
ρmax ¼ 7 ρmax ¼ 97

noSN-delay Ntot ¼ 191 Ntot ¼ 10
Nth ¼ 6ð1Þ Nth ¼ 7.5ð4Þ
hρi ¼ 0.17 hρi ¼ 6.9
ρmax ¼ 11.64 ρmax ¼ 68.7

SN-short Ntot ¼ 149 Ntot ¼ 1245

Delays Nth ¼ 1ð1Þ Nth ¼ 418ð33Þ
hρi ¼ 0.04 hρi ¼ 1
ρmax ¼ 5.01 ρmax ¼ 43

noSN-short Ntot ¼ 1203 Ntot ¼ 1251

Delays Nth ¼ 12ð2Þ Nth ¼ 392ð29Þ
hρi ¼ 0.06 hρi ¼ 1.1
ρmax ¼ 17 ρmax ¼ 51

FIG. 7. The redshift and total mass distributions of mergers with observable memory ρm > 1 for the various HS population models.
The models with “delays” have mergers typically at lower redshift, explaining the corresponding higher fraction of events with
observable memory (cf. Table II). The different redshift distribution translates into slightly different peak locations in the total mass
distributions.
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which have better sensitivity at higher frequencies, and thus
to lower masses.9 We have found almost no events with
observable memory ρm > 1 in 4 years of observation (there
was just one event with ρm ≃ 2 for the SN short delaysmodel
with ET), and an average memory SNR within 10−1–10−3.

C. Impact of the memory on distance estimation

Given that HS models predict such a large number of
events with observable memory at LISA (which can be
almost up to 80% of the total number of events, in the most
optimistic scenario), we consider here the impact of the
memory on the luminosity distance estimation for these
sources. As we have shown in Sec. IV B the impact of
including the memory is highly dependent on the ratio of the
SNR of the memory and the primary signals, with the
memory helping substantially to constrain the distance when
the information (or the duration) of the primary signal is
somehow limited. Among other possibilities, this could
happen due to the presence of gaps in the data stream,
which causes a partial loss of signal.
Two kinds of gaps are expected at LISA: the scheduled

ones, related to the regular maintenance of the detector, and
the unscheduled ones, due to unexpected problems/events.
In Ref. [83] it was shown that the scheduled gaps have little
or no impact at all on the parameter estimation of massive
BBHs, but the unscheduled ones could degrade signifi-
cantly the parameter estimation. Thus, there is the in-
triguing possibility that, in the presence of unscheduled
gaps, the memory may add useful information to constrain
the binary parameters.10

To quantify this effect we consider the particular gap
model used in Ref. [83], which is consistent with a 75%
duty cycle, as expected for LISA [77]. We simulate the

presence of gaps by windowing the signals as in Ref. [83],
considering scheduled gaps with a typical duration of
3.5 hours every week and unscheduled gaps with a duration
of 3 days. The time interval between two unscheduled gaps
is treated as a random variable following an exponential
probability distribution pðΔTÞ ¼ λ exp ð−λΔTÞ with
1=λ ¼ 9 days. With these choices, we simulate the effective
data taking of the mission and we distribute the merger
times uniformly over the 4-year mission duration. From our
study in Sec. IV, we expect the memory to be helpful in
constraining the binary (extrinsic) parameters for a par-
ticular chunk of data if the merger happens within the first
few hours from the last gap.
For concreteness, let us compute the (average) total

number of mergers occurring within 6 hours from the last
gap. The number of unscheduled gaps can be estimated by
Ngap ∼ Tmission=Tgap, where Tgap is the sum of the average
time interval between gaps and the gap duration,
hΔTi þ 3 ≃ 12 days, thus Ngap ∼ 120. We focus on the
SN-short delays HS population model, the most optimistic
scenario with the highest number of events with observable
memory, Nth ¼ 418; note that due to the presence of gaps
this number is reduced by 75%. Thus, we can estimate the
number of mergers by multiplying the probability of having
at least one merger in 6 hours by 0.75NthNgap, which gives
∼6.4 events. We checked this result numerically by
simulating 50 times the distribution of mergers over the
gap realization and we found consistent results.
To find the number of events for which the inclusion of the

memory decreases by more than 5% the uncertainty on the
luminosity distance, we computed the ρ—ratio (i.e., ρm=ρ0)
for each event occurringwithin 6 hours from the last gap in50
numerical realisations, neglecting the information accumu-
lated in the inspiral before the gap. Subsequently, we
compared those ρ-ratios with the critical values needed to
achieve a 5% improvement on the luminosity distance
estimation, which depend on the particular binary inclination
(as in the lower panel of Fig. 6, but for σdLwm=σdL ¼ 0.95).
We found that, on average, only 0.14 events of the 6.4
occurring close after a gap have an improvement ofmore than

FIG. 8. Left panel: the mass-ratio distribution for the events of Fig. 7. Right panel: the inclination angle distribution of the events with
detectable memory of the “SN short delays” model (with Nth ¼ 418) as compared to the prior isotropic (cosine) distribution.

9We used the sensitivity curve of the configurations ET-D of
Ref. [123] and CE_40km_lf of https://cosmicexplorer.org/
sensitivity.html, which have the best sensitivity at low frequencies.

10Note that the LISA data analysis will be further complicated
by the presence of many overlapping signals [124].
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5% on the distance estimation from including the memory;
this corresponds to 0.04% of the total number of events with
observable memory in this population model.
We believe that this low value is due to the fact that most

of the BBH mergers with observable memory correspond to
configurations relatively close to edge-on (cf. right panel of
Fig. 8), where the critical ρ—ratio is much higher. Another
reason is that the majority of the BBHs with observable
memory in the population considered have a redshifted total
mass ≳106M⊙, whereas as discussed in Sec IVA the
memory is more helpful for lighter binaries Mz ≲ 105M⊙.
The noSN-short delays HS population model, which is the
second most optimistic in terms of number of events with
detectable memory, suffers from these same issues and is,
thus, expected to give a similarly small result. The other
population models have far fewer events with observable
memory, thus it is very unlikely that any of these mergers
will happen sufficiently close to a gap to have a sufficiently
large ρ—ratio.
In summary, applying our Fisher analysis to state-of-the-

art synthetic catalogs of massive BBHs indicates that the
memory will not help constraining further the binary
parameters at LISA, even in the presence of gaps in the
data stream. However, there is substantial uncertainty on
the assumptions adopted in this analysis, in particular,
regarding the population and gap models, and we cannot
exclude the possibility that there may exist additional
effects leading to a larger degradation of the primary signal
than those considered here.

VI. CONCLUSION

In this work we have investigated the prospects of using
the nonlinear GW memory to help infer the parameters of
merging BBHs. In particular, we have focused on massive
BBHs detections with the future space-based interferometer
LISA, as these are the most promising individual sources of
memory. Our motivation is to use the additional source of
information provided by the memory signal to break the
degeneracy between inclination ι and luminosity distance dL,
which is present in the leading-order GW signal. This is
especially important for attempts to use these BBHs as
standard sirens (either via statistical identification of the host
galaxy [125], or possibly using an electromagnetic counter-
part due to the merger taking place in a gas-rich environment
[21,24,25]), as the uncertainty on the Hubble constant H0

crucially depends on the uncertainty on dL.
We find that the memory can indeed play a significant

role in breaking this inclination-luminosity distance degen-
eracy. This occurs in cases where the redshifted total mass
is relatively small (≲105M⊙), the binary is seen not very
close to edge-on, and the observation time is limited to a
few hours prior to merger. The limitation on the observation
time could occur due to, e.g., gaps in the data stream caused
by interferometer downtime, or confusion noise from the

presence of many other simultaneous signals in the LISA
frequency band.
In order to understand the relevance of these results for

the LISA mission, we started by performing a population
study using new synthetic catalogs of massive BBHs to
forecast the number of BBH events with observable
memory (ρm > 1). While there are currently large theo-
retical uncertainties on the astrophysical processes leading
to these mergers, we find a substantially larger number of
events with significant memory as compared to previous
forecasts. The prospects are particularly bright for the
heavy seed model with short delays [78,79], which presents
about 400 memory events for a 4-year mission time. On the
other hand, most of the mergers coming from light seed
models [78,79] are undetectable by LISA (and so is their
memory).
Finally, we considered a commonly used gap model,

which includes both the scheduled and unscheduled types,
to quantify the benefit of the memory in the estimation of
the luminosity distance. For the most optimistic short
delays heavy seed models [78,79], we found that, out of
the ∼0.75 × 400 observable memory events in a 4-year
mission time, just 0.14 events will produce a larger than 5%
decrease in σdL . Thus, our analysis indicates that the
information in the memory signal will not help constraining
further the binary parameters at LISA, even in the presence
of gaps in the data stream. This is due to the fact that most
of the events with observable memory are seen close to
edge-on, in which case the luminosity distance and incli-
nation are only slightly correlated in the primary signal and,
thus, the information added by the memory is negligible for
parameter estimation.
Our study, based on a Fisher matrix analysis, could be

further improved by performing a full Bayesian analysis
and by investigating the effect of priors on the luminosity
distance estimation, which is especially important when the
parameters are not well constrained. Another interesting
extension of our work would be to consider the impact of
the memory on parameter estimation for binaries with
precession. However, we expect that our key finding—that
the memory signal can only play an important role in BBH
parameter estimation when there is limited information
from the inspiral—holds generically, due to the different
orders of magnitude of the primary and memory signal
characteristic strains. We also leave open the possibility
that some currently unforeseen effects may lead to a much
larger degradation of the primary signal than the one due to
the presence of gaps, which could make the memory
information more relevant to parameter estimation.
As a final remark, we note that even if the information in

the memory turns out not to be very useful in constraining
the binary parameters, the amount of events with detectable
memory we found for LISA (cf. Table II) suggests that it
may still play a significant role as a test of GR in the strong-
gravity nonlinear regime, since most of the memory is
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generated close to merger. We leave these questions for
future work.
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APPENDIX A: SIGNAL PROCESSING

In this section we provide more details about our choices
in manipulating the BBH waveforms. We first generate the
primary signal with a sampling time Δt ¼ 1=4 s, and we
subsequently generate its memory via the GWMemory pack-
age [93]. As explained in Sec. III, we compute the total
signal in frequency domain, summing the individual FFTs
of the primary waveform and of the memory. However, we
find that a spurious contribution of the primary waveform
at frequencies f < fin generates cross-terms between the
primary and the memory signal of orderOðhcÞ which affect
the computation of the SNR and the Fisher matrix. To
prevent these artefacts from affecting our results, we
removed the contribution from f < fin of the primary
signal before summing the individual FFTs.

We follow a standard procedure to manipulate the
primary waveform, namely, applying a window function,
padding the signal, and taking the FFT. We apply the
following window function to the primary signal:

zðtÞ ¼ 1

4

�
1þ tanh

�
t − t0
σ0=4

���
1 − tanh

�
t − th
σh=4

��
; ðA1Þ

with Mt0 ¼ 150 and Mth ¼ 110, respectively, at the
beginning and at the end of the time series. The duration
of the windowing is set by Mσ0 ¼ 50 and Mσh ¼ 20.
For the memory signal we follow a different procedure.

We first extend the generated δhðtÞ (evaluated numerically
for t0 ≤ t ≤ tf ) at the beginning and the endwith the constant
values δhðt0Þ and δhðtfÞ, respectively, using the same
padding length as for the primary signal. Subsequently,
we apply the following window (as in Ref. [129]):

wðtÞ ¼

8>><>>:
1; t − td < 0
1
2
ð1þ cos½2πfdðt − tdÞ�Þ; t − td ≥ 0

0; t − td ≥ 1
2fd

ðA2Þ

and chooseMtd ¼ 140. The choice of the decay frequency of
the window function fd greatly impacts the spectral shape of
the memory at low frequencies, as can be seen in Fig. 9,
wherewe show the characteristic strain hc of the memory for
different values of fd ∈ f10−2; 10−3; 10−4; 10−5g Hz. Note
that higher values of fd inject spurious power at the
frequencies for which LISA is most sensitive, thus leading
to an artificial increase of the respective memory SNR
ρm ¼ f7.37; 5.35; 5.13; 5.12g. Thus, while taking a lower
fd is more reliable, in the sense that it does not overestimate

FIG. 9. Characteristic strain hcðf; ι;ΦÞ of the memory for
different choices of decay frequency of the window function
(A2). The parameters of the binary are the same as those of the
“light” binary in Fig. 2, but with an inclination ι ¼ 90 deg.
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the memory SNR, it implies a corresponding longer
observation time of the memory, which can become
inconsistent with the maximum observation time consid-
ered for the primary signal. However, this does not pose a
real problem since most of our analysis applies to cases
where the primary signal is observed for a few hours,
whereas the SNR of the memory does not greatly change
as long as the memory is observed for more than
15 minutes (fd ≲ 10−3 Hz).
In computing the SNR and the Fisher matrix we take

fmin ¼ 1=T, where T is the total length of the signal, and
fmax ¼ minf1 Hz; f440g, since we find that the QNM
f440 ≡ ω440=2πMz is a good measure of the maximum
frequency present in the signal (note that our waveforms
include modes up to lmax ¼ 4). For total masses between
½104; 105�M⊙ we find that fixing the minimum frequency at
fmin ¼ 10−4 Hz does not change our SNR and Fisher
forecasts.

APPENDIX B: ANALYTIC CONSIDERATIONS
ON THE DISTANCE-INCLINATION

FISHER MATRIX

Here we review the Fisher matrix derivation of the ðdL; ιÞ
degeneracy by computing the relative 2 × 2 matrix ana-
lytically. Including other parameters have little effect close
to the degenerate points, since the main source of error
comes from this submatrix. Subsequently, we show that the
results represented in Fig. 3 can be understood by taken
into account simply the main angular dependence of the
primary and the memory signals. In order to estimate the
effect of the memory on this degeneracy it is enough to
focus on the part of the Fisher matrix regarding the extrinsic
parameters fdL; cosðιÞ;ϕ;φcg since, at linear order in
SNR−1, it is decoupled from the one associated to the
intrinsic parameters fMz; q; tc;ψ ; Spinsg [15], where ψ is
the polarization angle. Indeed, while the intrinsic param-
eters are mainly extracted from the phase evolution of the
waveform, the extrinsic parameters depend on the ampli-
tudes hþ and h× [16]. Here we ignore the dependence on
the coalescence phase φc, since (at leading order) it does
not affect the memory. At Newtonian (0 PN) order the
primary waveform is

hþ;0 ¼ 2
ηMz

dL
½MωðtÞ�23ð1þ cos2 ιÞ cos½2φðtÞ�; ðB1Þ

h×;0 ¼ 4
ηMz

dL
½MωðtÞ�23 cos ι sin½2φðtÞ�; ðB2Þ

using the polarization conventions of Ref. [91]. The GW
amplitude in the detector can be written in the frequency
domain as [109]

h̃ðfÞ ¼ FþðfÞh̃þðfÞ þ F×ðfÞh̃×ðfÞ; ðB3Þ

where Fþ;×ðι;ϕ;ψ ; fÞ are the frequency-dependent detec-
tor response functions, which also depend on the source
sky-location and polarization angle. Substituting the pri-
mary waveform FTs in the last expression we find

h̃0 ¼
κ0
dL

fFþð1þ cos2ιÞ − 2iF× cos ιg; ðB4Þ

where κ0 is independent of both the luminosity distance (for
fixed Mz) and the inclination angle. The sky- and polari-
zation-averaged Fisher matrix (8) has then the form11

Γ0
ij ¼

�
ρκ0
dL

�
2

Γ̂0
ij; ðB5Þ

with i; j ∈ flog dL; ιg, where ρ2κ0 ¼ ðκ0jκ0Þ and the matrix

Γ̂0 ¼
 
ð1þ cos2 ιÞ2 þ 4 cos2 ι ð3þ cos2 ιÞ sinð2ιÞ
ð3þ cos2 ιÞ sinð2ιÞ 4ð1þ cos2 ιÞ sin2 ι

!
;

depends only on the inclination. This matrix is clearly
singular for face-on/off binaries, and it is diagonal for
edge-on ones (implying that the two parameters are
uncorrelated),

Γ̂0ðι ∈ f0; πgÞ ¼
�
1 0

0 0

�
; Γ̂0

�
ι ¼ π

2

�
¼
�
1 0

0 1

�
:

It is easy to see that for inclination angles 0 < ι < π
2

(π
2
< ι < π) the distance and the inclination are negatively

(positively) correlated.
This result shows that the degeneracy we focused in in

this work is driven by the dependence of the (leading)
quadrupole waveform on the inclination, and the particular
combination of plus and cross polarizations measured by
the detector, which, in particular, lead to a singular Fisher
matrix for face-on/off configurations. This is a well-known
issue in the literature and special care must be taken close to
the singular points, where one should use a beyond-
Gaussian analysis [106,107]. However, for these face-on/
off configurations the memory is almost vanishing, so that
in this work our focus is on intermediate inclination angles
that are not too close to the singular points. Despite that,
in the main text our analysis includes higher modes, which
break the complete degeneracy (“regularizing” the Fisher
matrix) (cf. Fig. 6).
Now we repeat the above computation, but for the

memory signal. Using the 0 PN waveform in Eq. (6) we
find that (in the frequency domain) the GW memory at the
detector is

11Where we used hFþðfÞF×�ðfÞi ¼ 0 for the sky- and
polarization-averaging of the cross terms [109].
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fδh ¼ κmFþ

dL
sin2 ιð17þ cos2 ιÞ; ðB6Þ

with a factor κm independent of both the distance and the
inclination, and such that κ0=κm ∼Oð100Þ. The sky- and
polarization-averaged Fisher matrix of the memory is

Γm
ij ¼

�
ρκm
dL

�
2

Γ̂m
ij; ðB7Þ

where ρ2κm ¼ ðκmjκmÞ and the matrix elements

Γ̂m
log dL;log dL ¼

sin4 ι
2

ð17þ cos2 ιÞ2;
Γ̂m
log dL;ι ¼ − sinð2ιÞ sin2 ιð8þ cos2 ιÞð17þ cos2 ιÞ;
Γ̂m
ι;ι ¼ 2 sin2ð2ιÞð8þ cos2 ιÞ2;

depend only on the inclination. Because of the simple
structure of the memory signal (at leading order), its Fisher
matrix is singular for all inclination angles. This is not an
issue, since this singularity is cured through the inclusion of
(subleading) higher modes of the memory. Contrarily to
what happens with the primary signal, here the distance and
the inclination are positively (negatively) correlated for
inclination angles 0 < ι < π

2
(π
2
< ι < π). This opposite

behavior is nicely illustrated by the orthogonality of the
two confidence ellipses in Fig. 3. Note that although these
results were derived for the 0 PN waveforms, this picture
still holds generically, since it relies mostly on the leading
dependence on the inclination.
The Fisher matrix for the total (primaryþmemory)

waveform Γtot includes additional cross-terms,

Γtot
ij ¼ Γ0

ij þ Γm
ij þ ð∂ifδhj∂jh̃0Þ þ ð∂ih̃0j∂jfδhÞ: ðB8Þ

Above we focused on Γ0
ij and Γm

ij. This is because we
verified that, due to the rapid oscillations of the integrands
in the cross-terms, the individual Fisher matrices dominate
with respect to those.

APPENDIX C: NUMERICAL FISHER MATRIX

To calculate the Fisher matrix elements we need to
numerically compute derivatives of the waveform. We do
so using a second-order finite differences,

∂h̃
∂Θi

≈
∂h̃ðΘi þ ΔΘiÞ − ∂h̃ðΘi − ΔΘiÞ

2ΔΘi
; ðC1Þ

except for the luminosity distance, for which we have the
exact result

∂h̃
∂ logdL

¼ −h̃; ðC2Þ

since h̃ ∝ 1=dL (keeping Mz fixed). We checked that our
Fisher matrices are numerically stable in our region of
interest in the parameter space for the increments:
ΔΘMz

¼10−3M⊙, ΔΘq ¼ 10−4, ΔΘι;φc
¼ 10−6 rad. Varying

by an order of magnitude the finite increments gives just a
few per cent change in the final matrix elements. We also
checked that the Fisher matrices are stable by computing the
derivatives with a higher-order finite differences method.We
verified the reliability of our Fisher matrix inversion by
confirming that in all cases,

maxðjΓijΓ−1
ij − IijjÞ < 10−6; ðC3Þ

where Iij is the identity matrix.
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