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Abstract

In this work, we study an inverse problem of recovering a space-time dependent diffusion coefficient
in the subdiffusion model from the distributed observation, where the mathematical model involves a
Djrbashian-Caputo fractional derivative of order a € (0,1) in time. The main technical challenges of
both theoretical and numerical analysis lie in the limited smoothing properties due to the fractional
differential operator and high degree of nonlinearity of the forward map from the unknown diffusion
coefficient to the distributed observation. We establish two conditional stability results using a novel
test function, which leads to a stability bound in L*(0,T; L?(2)) under a suitable positivity condition.
The positivity condition is verified for a large class of problem data. Numerically, we develop a rigorous
procedure for recovering the diffusion coefficient based on a regularized least-squares formulation, which
is then discretized by the standard Galerkin method with continuous piecewise linear elements in space
and backward Euler convolution quadrature in time. We provide a complete error analysis of the fully
discrete formulation, by combining several new error estimates for the direct problem (optimal in terms
of data regularity), a discrete version of fractional maximal LP regularity, and a nonstandard energy
argument. Under the positivity condition, we obtain a standard £?(L*(Q)) error estimate consistent with
the conditional stability. Further, we illustrate the analysis with some numerical examples.

Keywords: parameter identification, subdiffusion, space-time dependent diffusion coefficient, stability,
fully discrete scheme, error estimate

1 Introduction

This work is concerned with a parameter identification problem for the subdiffusion model with a space-
time-dependent diffusion coefficient and its rigorous numerical analysis. Let Q C R? (d = 1,2, 3) be a convex
polyhedral domain with a boundary 9. Fix T > 0 the final time. Consider the following initial-boundary
value problem for the function u:

ofu—V-(qVu)=f, inQx(0,T],
u(+,0) = up, in Q, (1.1)
u=0, ondQx(0,T],

where the functions f and ug are the given source and initial condition, respectively, and the diffusion
coefficient ¢ is assumed to be space-time dependent. The notation Of'u denotes the Djrbashian-Caputo
fractional derivative in time ¢ of order a € (0, 1), defined by (see e.g., [33, p. 92] and [23], Section 2.3])

1

Ou(t) = m/o (t—s)"“d(s) ds,
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where I'(z) = fooo s*7le=%ds (for R(z) > 0) denotes Euler’s Gamma function. The fractional derivative
02w recovers the usual first order derivative u’ as the order a — 17 for sufficiently smooth functions w.
Thus the model is a fractional analogue of the classical diffusion model. Below we use the notation
u(q) to explicitly indicate the dependence of the solution u on ¢. The model has received enormous
attention in recent years in physics, engineering, biology and finance, due to their excellent capability for
describing anomalously slow diffusion processes, also known as subdiffusion, which displays local motion
occasionally interrupted by long sojourns and trapping effects. These transport processes are characterized
by a sublinear growth of the mean squared displacement of the particle with the time, as opposed to linear
growth for Brownian motion. The model has found many successful practical applications, e.g., diffusion
in fractal domains (see e.g., [44]), transport column experiments (see e.g., [19]), and subsurface flows (see
e.g., [1]); see [43] 2] for physical modeling and a long list of applications.

This work is concerned with recovering the space-time dependent diffusion coefficient ¢ (x,t) in the model
from the (noisy) distributed observation

z‘s(:z:,t) = u(qT)(x,t) +&(x,t), (x,t) € Qx][0,T], (1.2)

where (z,t) denotes the pointwise additive noise, with a noise level § = |lu(q") — 2°|| 12(0,7.12(0))- The exact
diffusion coefficient ¢! is sought in the following admissible set

A={qe L>®((0,T) xQ): cx<qg<e¢, ae in Qx(0,7)}, (1.3)

with 0 < ¢y < ¢1 < oco. The inverse problem is a fractional analogue of the inverse conductivity problem
for standard parabolic problems, which has been extensively studied both numerically and theoretically (see
[211 [6] O] and the references therein).

The inverse problem of recovering a space-time dependent diffusion coefficient ¢(z,t) is formally deter-
mined for uniqueness / identifiability. Despite its obvious practical relevance (see [14} [16]), to the best of our
knowledge, it has not been studied so far. In this work, we contribute to its mathematical and numerical
analysis. First, we establish two conditional stability results in Theorems[3.I]and [3.2] These estimates allow
deriving the standard L2(0,T; L?(Q2)) stability under a suitable positivity condition that can be verified for
a class of problem data. These results are proved using a novel test function (inspired by [7]) together with
refined regularity results for the direct problem. Second, we develop a numerical procedure for recovering
a space-time dependent diffusion coefficient, using an output least-squares formulation with a space-time
H'-seminorm penalty at both continuous and discrete levels, and discuss their well-posedness. Third, we
derive a weighted L?(f2) error estimate for discrete approximations under a mild regularity assumption on
the exact diffusion coefficient ¢ (z,t); see Theorem for the precise statement. The analysis is inspired by
the conditional stability analysis, assisted with several new nonsmooth data error estimates in the appendix.
Further, we provide several numerical experiments to complement the theoretical analysis. Due to the non-
locality of the operator 9§, the solution operator has only limited smoothing properties (see [35] 23] for the
solution theory) and the forward map is highly nonlinear, which represent the main technical challenges in
the analysis. To overcome these challenges, we employ the following powerful analytical tools for evolution
problems, e.g., maximal LP regularity, nonsmooth data estimates and novel test function ¢.

Now we briefly review existing works. Inverse problems for anomalous diffusion has attracted much
interest, and there is a vast literature (see, e.g., the reviews [27] and [38]). A number of works studied
recovering a spatially dependent diffusion coefficient (see e.g., [10, B0, 37, [49] [32]). [10] proved the unique
recovery of both diffusion coefficient and fractional order « from the lateral Cauchy data for the model
with a Dirac source in the one-dimensional case using Laplace transform and Sturm-Liouville theory. See
also [32] for recovering two coefficients from the Dirichlet-to-Neumann map. [49] proved the unique recovery
of ¢(t) from lateral Cauchy data; see also [39]. Nonetheless, there seems still no known stability result for the
inverse problem, and Theorems and [3:2]are first known stability results for the concerned inverse problem.
We also refer readers to [30, 50] for the closely related inverse potential problem, and [31] for recovering a
nonlinear reaction term in a fractional reaction-diffusion equation. [36] 7] discussed the numerical recovery
of the diffusion coefficient ¢(x) and fractional order «, but the numerical discretization was not analyzed.
See also [48] for further numerical results on recovering the diffusion coefficient from boundary data in the
one-dimensional case, using a space-time variational formulation, which allows only a zero initial condition.
In summary, existing works have not studied discretization schemes in a proper functional analytic setting,



and this represents one gap that this work aims to fill in. Previously [29] analyzed the inverse problem
of recovering a spatially-dependent diffusion coefficient ¢(x) from distributed observation, and provided a
convergence (rate) analysis of the discrete approximation; see also [47), 28] for the standard parabolic case.
This work substantially extends [29] in the following aspects: (1) we provide novel conditional stability
estimates; (2) the error analysis covers the one- to three-dimensional case, whereas that in [29] is restricted
to one- and two-dimensional cases, due to certain regularity lifting. This restriction is overcome by using
maximal LP regularity for the direct problem and maximal ¢? regularity for the time-stepping scheme. (3)
the presence of time-dependence of the diffusion coefficient ¢ poses significant challenge in the analysis and
numerics, for which we shall develop the requisite analytic tools below. Thus the extension requires new
technical developments that are still unavailable in the existing literature.

The rest of the paper is organized as follows. In Section [2] we give preliminary well-posedness results for
the direct problem, especially regularity. In Section [3| we present two conditional stability results. Then in
Section we describe the regularized formulation, and its numerical discretization for the recovery of g(x,t).
Next, in Section [ we present an error analysis of the fully discrete scheme. Finally, in Section [6] we present
illustrative numerical results to complement the analysis. Throughout, the notation ¢, with or without a
subscript, denotes a generic constant which may change at each occurrence, but it is always independent of
the following parameters: regularization parameter 7y, mesh size h, time stepsize 7 and noise level §. For a
bivariate function f(x,t), we often write f(¢t) = f(-,t) as a vector valued function.

2 Well-posedness of the forward problem

First we describe some regularity results for the direct problem . Since it involves the time-dependent
coefficient g(z,t), its well-posedness analysis requires extra care [35, Chapter 4] [23, Section 6.3]. Below we
revisit the regularity results, which is needed for the analysis in Sections [3 and [4

First we describe the functional analytic setting. For any r > 1, we denote by r* > 1 its conjugate
exponent, i.e., + + L =1. For any k > 0 and p > 1, the space W*?((2) denotes the standard Sobolev space
of the kth order, and we write H*(2), when p = 2. The dual spaces of Wy (Q) and H}(Q) are denoted
by (Wy?) = W= (Q) and (HL(Q)) = H~'(Q), respectively. The notation (-,-) denotes the L(2) inner
product and also the duality between W, *(2) and W 7" (). For a UMD space X (see [20, Section 4.2.c]
for the definition and examples of UMD spaces, which include Sobolev spaces W#P(Q) with 1 < p < o0
and s > 0), we denote by W*?(0,T; X) the space of vector-valued functions v : (0,7) — X, with the norm
| - llws.»(0,7;x) defined by complex interpolation:

ollwro.7:0) = 10f [0l wer oy = t0f [F7HA+ €2 FRUE 2o i)

where the infimum is taken over all possible functions v that extend v from (0,7T) to R, and F denotes
the Fourier transform. For any r € (1,00), we define a time-dependent elliptic operator A(t) = A(t;q) :

Wy () = (Wy™ () = W17(Q) by
(A(tyu, ¢) = (q(t)Vu, Vo), Yue Wy (Q),6€ Wy (). (2.1)

The dependence of A(t) on g will be suppressed whenever there is no confusion. Also we denote by A = —A,
the negative Dirichlet Laplacian, i.e., ¢(z,t) = 1. Throughout, for the convex polygonal domain Q C RY,
we assume that there exists r > min(d, 2) such that the full second-order elliptic regularity pickup in LP()
holds.

Now we can introduce the concept of a weak solution.

Definition 2.1. Forr > 2 and p > 2, a function u € L*(0,T; Wy () N C([0,T); L™(Q)) is said to be a
weak solution to problem (L.1)) if Ofu € LP(0,T; W=17(Q)) and it satisfies

(OFu(t), @) + (gO)Vult), Vo) = (f(1),0), Vo e Wy (Q),t e (0,T], (2.2)
with the initial condition u(0) = ug in L" ().

To study the well-posedness of problem (|1.1), we make the following assumption.



Assumption 2.1. The diffusion coefficient q, initial data ug and source f satisfy
(i) g€ A, ¢ € CLH[0,T];C(Q)) N C([0,T); CH(K2)), with some p € (0,1);
(i) up € Wy () and f € LP(0,T; W=17(Q)) with some p € (2,00) and r € [2,00).
Now we recall two preliminary results. The first is a perturbation estimate.
Lemma 2.1. If g € A and |q:(x,t)| < M, then the operator A(t) = A(t;q) satisfies
1(A(®) = Al < clt = slVullroy.
Proof. Tt follows directly from the definition and the condition |0;q| < M that

((A(t) = A(s))u, v)

[(A(t) — A(s))ullw-1r) = sup
vEWET (Q) ”v””LT*(Q)
q(t) —q(s))Vu, Vv
=y (O dOIVOTD) oy i ul
veWE T () IVl @)
This shows the desired estimate. O

The second is the maximal LP regularity for the model (1.1]) with a stationary diffusion coefficient.

Lemma 2.2. If q is independent of t and ¢ € C*(Q) N A with u € (0,1), then for up = 0 and f €
LP(0, T; WL () with r > 2 and p > 2, problem (L.1)) admits a unique weak solution u and
105 ul| oo, m;w -1 () + IVUll Lo 0,10 (2)) < Cllf e, mw =10 0))-

Proof. For r = 2 and p = 2, the estimate can be found in [23] Exercise 6.5], and the case p € (1,00)
follows similarly. Thus u € W*?(0,T; H~(2)) N LP(0,T; H} (1)), and since p > 2, the interpolation
between WP (0,T; H-1(Q)) and LP(0,T; H}(Q)) [5, Theorem 5.2] and Sobolev embedding theorem [2]
imply u € C([0,T]; L*(Q)). For r > 2, the condition ¢ € C*(Q) implies that the operator A is R-sectorial
on W~1r(Q) with an angle 5 [3, Lemma 8.5]. Then the maximal L? regularity follows as [23, Theorem
6.11]. 0

Now we can state the existence and uniqueness of a weak solution to problem (|1.1)) in the sense of
Definition See the appendix for the proof.

Theorem 2.1. Let Assumption be fulfilled. Then problem (1.1) admits a unique weak solution in the

sense of Definition . Further, if r > d and p > ﬁ, then w € L>((0,T) x Q).

Next, we derive several improved regularity estimates.
Assumption 2.2. The diffusion coefficient q, initial data ug and source f satisfy the following assumptions.

(i) ¢' € A and the following condition holds

10iq(@, )| + [Vaq(z, 1) + [VaOig(z, )] < M, V(z,t) € 2 x(0,T]. (2:3)

(i) uo € W2T(Q) N HE (), with some r > max(2,d), and f € L>=((0,T) x Q) N C([0,T]; L*(Q2)).

Under Assumption the operator A(t) := A(t;q) satisfies that for 8 € [0,1] and ¢,s € [0,7] [23,
Lemma 6.5]
IA®) (I = A®) " A(5)) @l 20 < et = 5| A%l L2y, Vo € D(A). (2.4)

The next result gives an improved regularity estimate.

Proposition 2.1. Under Assumption problem (L.1)) has a unique solution u € LP(0,T; W27 (Q)) N
WeP(0,T; L7(2)) for any p € (%, 00).



Proof. By Theorem it suffices to show the regularity. Let w = u — ug, which satisfies
Ofw— At)w = f + A(t)ug, Vt€ (0,7], with w(0)=0.

Since ¢ € A and satisfies condition (2.3)), and ug € W27 (Q) N H(Q), f + A(t)ug belongs to LP(0,T; L"(9)).
The standard maximal L? regularity and the argument in [23, Theorem 6.14] imply

we LP0,T;W2"(Q)) and 0%w € LP(0,T; L"(S)).

This and w(0) = 0 imply w € W*P(0,T; L"(Q)) [24, Lemma 2.4]. So u = w + ug € LP(0,T; W27(Q)) N

WeP(0,T; L™(£2)). ]
By Proposition interpolation theorem [5, Theorem 5.2] and Sobolev embedding theorem, we deduce
that for any 6 < % — 2% and p > ﬁ, there holds

we WP, T; W2=97(Q)) — C ([0, T]); W= (Q)). (2.5)
Further, by [23] Theorems 6.15 and 6.16] and the full elliptic regularity pickup, there holds

lu(®)llzz2(0) + 107 u(®)| 2 (@) + ¢~ 0cu(®) ] L2@) + HOu®) |2 (@) < e VE€ (0,T). (2.6)

The next result gives a weighted bound on «’(t). This estimate will play a role in the conditional stability
analysis in Section [3] and the error analysis in Section

Proposition 2.2. Let Assumption with r = 2 and ([2.3) hold. Then for f € C([0,T]; H1(2)) with
fg(t —8)2 Y| f'(5) || sr-1(0) ds < ¢, there holds for any small € > 0

_a_¢
<ces 270

L2 ()

| [e- 9w

Proof. Under the given data regularity assumption, we claim
lw' ()| 20y < et vt e (0,T]. (2.7)

Then for any € > 0, the desired assertion follows directly as

/ (€ — 5)~ [/ (©)l| 2 A€

S

| [€-oeviera

<
L2(Q)
¢ t
< C/ (§ - 5>_(1§%—1 df < CS_%—ﬁ/ (5 _ 8)—a§€+a—1 d§
s ) ) a
< 657576/ (E—s)tdé<celsT2e

It remains to prove the claim (2.7)). We fix ¢, € (0, 7], and represent the solution u by (with A, = A(t,))

u(t) = Fy(t)ug —|—/0 E.(s)f(t—s)ds +/O E.(t—s)(A(ts) — A(s))u(s)ds, (2.8)

where F,(t) = 5 Jr.s e 2271 (A, + 2%)71dz and E,(t) = 5+ Jr, , €A+ 2%)~!dz denote the solution

operators for the initial data and source, respectively, with the contour I'gs = {2z = reti? r > YUz =
6e' : |p| < 0}, with 6 € (5, 7). The following smoothing properties hold [23, Theorem 6.4]:

||F,:(t)v||L2(Q) < ct%71||Vv||Lz(Q) and HE*(t)U”LQ(Q) < Ctﬁa71||Aﬁ71’UHL2(Q).



Meanwhile, it follows from the representation ([2.8) of u that
i d
W (t) = Fl(uo + B(0F0) + [ B(9)57( = 9)ds + E.0)(A. ~ AO)u
0
d

t d
+/0 EL(5)((As = A(t = 8))oult = 8) + [ A — 9)u(t — ) ds.

Taking L?(2) norm on both sides, setting ¢ to t, and the perturbation estimate (2.4)) lead to

t
a_q
' (t)ll2) = et (IVuoll2) + 1 f(0) |l g-10) + C/O [/ (8)] L2 () ds

ta

Ty
ny / (b — ) F U/ (5) s gy ds + / (. — ) F 1| Vu(s)] 12y ds.
0 0

Given the regularity of ug and f, we have u € C([0,T]; L*(2)) N LP(0,T; H}(Q)) for any p € (2,00), cf.
Theorem which implies fot(t — )2 7| Vu(s)||2(0) ds < ¢, for t € (0,T]. Thus, we obtain

ts
a1
e (£l 2y < ct? 7+ / o (5)ll 2oy ds, V. € (0,7

Then the standard Gronwall’s inequality implies the desired claim (2.7]), completing the proof of the propo-
sition. 0

3 Conditional stability

In this section, we establish two novel conditional stability results for the concerned inverse problem, which
serve as a benchmark for the convergence rates of the numerical approximations. To the best of our knowl-
edge, they represent the first stability results for the concerned inverse problem, and are of independent
interest. We introduce a positivity condition, with dist(x,9Q) = inf,/cpq | — 2’|, which will be verified for
a class of problem data.

Definition 3.1. The solution u to problem (1.1)) is said to satisfy the B-positivity condition with 8 > 0, if
for any (z,t) € Q@ x (0,7T)

q(x, 6)|Vulg) (@, 6)* + (f (2,t) — O u(q)(x, t))u(q)(z, 1) > cdist(z, 02)".
Now we state the first conditional stability estimate for the inverse problem.

Theorem 3.1. Let ug, f and q;, i = 1,2, satisfy Assumption with v > d and p > ﬁ, and
IVaill 20,120y < ¢, i =1,2. Let u; = u(q;) be the solution to problem (L.1). Then there holds

T _ 2
/ / (u) (@1 |V |” + (f — 0 ur)uy) dadt
o Ja @

< C(||V(U1 - U2)HL2(0,T;L2(Q)) + 1107 (w1 — Uf2)||L2(O,T;H*1(Q)))-

Further, if the solution uy to problem (1.1) satisfies the 5-positivity condition, then

1
g1 — g2l 20,5222 <e(IV(ur — u2)llL20,1:02(2)) + 105 (w1 — u2)|l L2 0,751~ (02))) 277 -

Proof. Assumptionand Theorem imply that problem ([1.1]) has a weak solution u; € L>(Q x (0,7))N
L*(0,T; Hg(92)). This and the assumption ¢; € AN L*(0,T; Hy(Q) imply ¢ = “-2u; € L*(0,T; Hy ().

Indeed, the choice ¢ gives Vi = L2V + q1V(q1—q2)q—2(q1—q2)vq1ul_ Then by the triangle inequality,
1




Assumption and the condition ||Vg;||2(0,7;2(0)) < ¢, @ = 1,2, we have

T
q1 — q2
IVelZ20,m:22(0)) < c/o | m O (o IV ()72 0t

Vg1 — \Y%
n C/ I oV — @) — (@1 —@)Va
0 111

(ON1Z2 (@ llur ()7 (g dt

T
<e / IV ()220 dt + el 2w 0.1

Then by the regularity uy € L?(0,T; Hj (Q))NL>((0,T)x2) from Theorem|2.1] we deduce |V 2(0,7:12(0)) <
c. By taking o(t) = (q1 22 41)(t) and integration by parts,

2((q1 = q2)Vur, Vo) (t) = (H-Eq1Vur, Vo) (1) + (a1 — ¢2) Vur, Vo)(t)
= —(Q1V(qlq7f2) Vg, @) (t) = (L52)V - (1 Vur), 9)(2)
+ (@1 — @2)Vur, V) (2).

Using the identity —V - (¢1Vu;) = f — 0?u; and inserting the choice ¢ = q‘q;lq?ul in the third term gives

2((01 = 2)Vur, Vo) () = — (@ V(2 52) - Vg, 22 )(8) + (U522 (f — 0ua), ua) (8)
+ (@1 — q2) Vur, V(H8 Juy + LBV )(2).

Collecting the terms gives the following crucial identity

(0 =2V Vo) = 5 [ (2=20) (@@ITu@F + (70 - Fur@ @) dr. (31

Meanwhile, the variational formulation for w; implies that for any fixed ¢t € (0,7),
(@1 = @2)Vur, Vo)(t) = (1 Vur, Vo) (t) — (¢2Vur, Vo) (1)
= (f,9)(t) = (0 ur, ) (t) — (¢2Vur, V) (t)

= (0fuz, ©)(t) + (g2Vuz, V) (t) — (0f'u1, p)(t) — (¢2Vur, V) (t)
= —(q2V(u1 — u2), Vo)(t) — (97 (u1 — uz2), p)(t). (3.2)

By the Cauchy—Schwarz inequality, we have

(g1 — 2)Vu1, Vo) (1)
c(IV(u1 — u2) (8) || 2 la2l| oo () IVl L2y + 1105 (w1 — u2) )| -1 (o)1l 2 ()

<
<e(IV(ur = u2) ()l 20y + 107 (w1 — u2) (8) | -1(0)) IV ()| L2(0)

Since ||V(t)|| 22(0,7;22(0)) < ¢, we obtain

T
/ (@r — 22)Vun, V)0t < e[|V (ur — ) 22020y + 198 (i — )| 2011 ()
0

This and (3.1)) give the first estimate. Next, we decompose the domain © into two disjoint sets Q = Q,UQ7.
with Q, = {z € Q: dist(x,0Q) > p} and QF = Q\ Q,, with p > 0 to be chosen. On the subdomain €2, the
[B-positivity condition implies

T T
/ / (q1 — qo)*dadt = pfﬁf / (q1 — q2)%pPdadt
0 Q, 0 Q,

T
< pfﬁ/ /Q (q1 — q2)?dist(x, Q)P dxdt
0 P



T
<o [ [ @ -l OVl + (- o u)u)dade
o Ja,

<epPe(|V(ur — w2) |l 2052200 + 1105 (w1 — w2) || L2 0.7 -1(02)) ) -

By the box constraint of A, we have

T
/ / (@1 — Q2)2d$dt < CT|Q/CJ| < cp.
0 b

Then the desired result follows by balancing the last two estimates with p. O

Next we present an alternative conditional stability estimate without the term 9§ (u; — wuz), thereby
relaxing the temporal regularity assumption on u(q").

Theorem 3.2. Let ug, f, and q;, 1 = 1,2, satisfy the conditions in Assumptzon withr > d andp >

oz('r d)
and condition , and u; = u(q;) be the solution to problem (|1 . Then there holds

_ 2
/ / (B 26) 0T + (76) - () (s) drds i < el Vun — wa)lizorasn
Further, if the solution uy of problem (1.1)) satisfies the B-positivity condition, then

lar — a2l 20,1020 < cll V(w1 — )||£(21(Bﬁ:>r L2(Q))"

Proof. By the argument for Theorem it suffices to bound the term fOT f(f(ag(ul —us)(s), ¢(s))dsdt. By
applying integration by parts in time s, since u;(0) — u2(0) = 0, we obtain

[ @2 ua)(o). p(s)) ds = [ (1 = ua)(s), 05 () d
0 0
+ Ca / ((“1 —uz)(s), (t — 3)7’1(,0(25)) ds:=T1+1I,
0

with ¢, = m and 0% p(s —Cq, f ~%'(£)d¢ denoting the right-sided Djrbashian-Caputo frac-

tional derivative. Upon 1nsert1ng the test functlon @(t) = “—Luy(t) into the preceding identity, since

up € L*°((0,T) x ) (cf. Theorem , and [|gi| Lo (0,7;2¢()) < €1, by Proposition we deduce
t
508 ¢(s)ll L2 () Sc/ (€ =) (IOl e2@) + lur(E)llr2)) d§ < ces™2 7 +c(t — s),
for any small € > 0. Thus, choosing € € (0, 152) leads to
T
1< [ [ 190 = )07 5 -2y sl
T )
<Ce/ / [V (ur — u2)(s)|| L2y (5727 + (t — 5)) dsdt
o Jo

< l|V(ur — U2)||L2(0,T;L2(Q))-

Meanwhile, since ¢; € A and u € L>(0,T; L3()), cf. Theorem the bound [[¢]| Lo (0,7;22(2)) < ¢ holds.
Hence, by Poincaré’s inequality,

T ot
| < / / (w1 —u2)(s)|| L2y (t —8)"*dsdt < c||V(ur — u2)| 20,1502 ()
o Jo

The second assertion follows directly exactly as in Theorem [3.1] and hence the proof is omitted. O



Remark 3.1. Under a slightly stronger assumption on problem data, i.e. Assumption we can derive a
stability for u(q;) € L*(0,T; L3(2)) using the Gagliardo-Nirenberg interpolation inequality (e.g., [S])

1 1
lull @) < cllull ) llull f2 )

Under Assumption by Proposition we have the a priori regularity u(q;) € L?(0,T; H*(Q)). Then it
follows directly from Theorem[3.9 that

/ / [ (B—205)) (@0 Vaa(s) + (£(6) = 0us (9)us () dst < s = w1

Accordingly, if the B-positivity condition holds, then

HQI - q2HL2(O,T;L2( Q)) < C”ul - u2||z21(+06r1)ﬂ L2(Q))

The B-positivity condition plays a central role in deriving the standard L?(0,T; L?(2)) estimate in The-
orems and Thus it is important to verify this condition. Below we give sufficient conditions for the
[B-positivity condition, with § = 2 and 8 = 0, respectively, for a class of problem data. The main analytic
tool is the maximum principle (see e.g., [41] and [23, Section 6.5]). The next two results show the condition
for the case of a time-independent diffusion coefficient g.

Proposition 3.1. Let Q be a bounded Lipschitz domain, q € A be time-independent, ug € H(2) N H(Q),
and f € WeP(0,T; L2(Q)) with p > é Meanwhile, assume that f > c; >0 and 09 f <0 a.e. in Q x [0,T],
and ug > 0, f(0) + V- (¢Vug) < 0 a.e. in Q. Then the B-positivity condition holds with B = 2, with the
constant ¢ depending only on co,c1,cy and §L.

Proof. Since ug > 0 and f > ¢y, the maximum principle for subdiffusion (see [41]) implies u > 0 in Q x [0, T7.
Let w = 0f'u. Then it satisfies

Ofw —V - (¢Vw) = 07 f, in Q x (0,77,
w =0, on 90 x (0,77, (3.3)
w(0) = f(0) + V- (¢Vug), in Q.

Since f € W*P(0,T; L?(Q2)), we deduce 02 f € LP(0,T;L?*(2)). Thus, the system (3.3) admits a unique
solution w € C([0, T]; L?(Q2)). By assumption, 92 f < 0 in Q x [0, T] and w(0) < 0 in Q. Then the maximum
principle for subdiffusion (see [41]) implies 0fu = w < 0 in © x [0, T]. Therefore, there holds

q(z)|[Vu(z, ) > + (f(2,t) — 0 u(z, t))u(z, t) > min(co, cr)(Vu(z, )2 + u(z, t)). (3.4)

So it suffices to prove u(z,t) > cdist(z,dQ)* for (z,t) € Q x (0,7]. For any fixed t € (0,7], we have
fx,t) — 0fu(x,t) € L?(Q). Now consider the following boundary value problem

=V - (qVu(t)) = f(t) = Ofu(t), inQ,
{ u(t) =0, on ON. (8:5)

Let G(x,y) be Green’s function for the elliptic operator V - (¢V-) with a zero Dirichlet boundary condition.
Then G(z,y) is nonnegative (by maximum principle) and satisfies ([I8 Theorem 1.1] and [7, Lemma 3.7])
G(z,y) > clz — y|?>~ ¢ for |z — y| < p(z) := dist(z,dQ). Thus, for any (z,t) € Q x (0,T], there holds

ule,t) = /Q Gl y)(f(4.1) — O uly, 1)) dy > /Q G y) fly. 1) dy > 5 /Q Gl y) dy

> / Gla,y)dy > / o — P4 dy > epla)>.
le—yl< 25 le—yl< 25

This completes the proof of the proposition. O



The next result gives sufficient conditions for the [S-positivity condition with 8 = 0, under stronger
regularity assumptions on the problem data.

Proposition 3.2. For some uu € (0,1), let Q be a bounded C** domain, f € C1([0,T]; C(2))NC([0, T]; C*(£2))
with f > ¢; >0, 98f < 04in Q x [0,T)], and ug € CHH(Q) N HE(Q) with ug > 0 in Q. Moreover, let
q € AN CH(Q) be time-independent with lallcrngy < 2. and f(0) + V- (¢Vug) < 0 in Q. Then the
B-positivity condition holds with 8 = 0, with the constant ¢ only depending on cg, c1, c2,cy and Q.

Proof. By the Holder regularity estimate ([34, Theorem 2.1] and [23, Theorem 7.9]), we have u € C([0,T]; C**(Q))
and 99w € C([0,T); C*(2)). The argument of Propositionimplies 02w < 0 for all (z,¢) € Qx [0,T], and
the lower bound in (3.4) holds. Next we prove that for any ¢ € (0,7

IVu®)]* +u(t) > ¢>0, ae in Q. (3.6)

Note that for any ¢ € (0,7, u(t) solves the boundary value problem (3.5) with a C*(Q) source F(t) :=
f(t)—0gu(t) > f(t) > cy, and the given assumption ensures that equatio holds in a strong sense. Then
the proof of the assertion follows from Schauder estimates, Hopf’s lemma, and a standard compactness
argument [7, Lemma 3.3]. Next we sketch the proof of the estimate for completeness.

Assume the contrary of , i.e., for any fixed ¢t € (0,7, there exists a sequence {¢"}n>0 C A with
4" [ c1.0 @) < c2, such that, for each n > 0, there exists a point z,, € Q with [Vu(g")(zn, % +u(q™) (zp,t) <
n~!. The classical Schauder estimate [17, Theorem 6.6] implies [u(g™) ()l g2 (@) < ¢, for some constant ¢

is independent of n. Then by compactness, up to a subsequence, we have: (i) ¢" converges in C*(Q) to a
limit ¢*; (ii) u(¢g")(t) converges in C%(Q) to a limit w* and (iii) x,, converges to a limit z* € Q. Therefore,
upon passing to limit, —¢*Au* — V¢* - Vu* = F(t) holds on 2, with u* = 0 on 99, and we have u*(z*) =0
and Vu*(z*) = 0. By the strong maximum principle [I7, Theorem 3.5], z* lies on the boundary 92, and the
condition Vu*(z*) = 0 contradicts Hopf’s lemma [I7, Lemma 3.4]. O

For a space-time dependent coefficient ¢(z,t), the argument in Propositions and does not work any
more: applying the operator 95 to both sides of problem does not lead to a tractable identity for 07 u,
due to the nonlocality of d5u. Nonetheless, if ¢' is separable, i.e., ¢(x,t) = a(z)b(t), then the B-positivity
condition does hold with 8 = 2, under suitable conditions. Below the operator A : H2(Q) N H}(Q) — L?(Q)
is defined by Av = =V - (aVv).

Proposition 3.3. Let Q be a bounded Lipschitz domain, q € A, condition be fulfilled, and g(x,t) =
a(z)b(t) with smooth a and b such that b(t) > b(0) > 0 for all t € (0,T]. Suppose that ug € D(A?) with
ug > 0 a.e. in Q, and f € LP(0,T; D(A)) with p > é, with f > ¢y > 0 and 07 f < 0 a.e. in Q x (0,T).
Further, for F(t) := f(t) — b(t)Aug, there hold F <0 and AF >0 a.e. in Q x (0,T). Then the -positivity
condition holds with B = 2, with the constant c depending only on co,c1,cy and §.

Proof. Let w = u — ug. Then it satisfies
Ofw(t) + b(t)Aw(t) = F(t), Vte (0,T], with w(0)=0. (3.7)

Noting that F(t) € LP(0,T; H?(Q) N H}(Q)) and applying the operator A to (3.7), we derive that for
o(t) = Auw(?),
Oeu(t) + b(t) Av(t) = AF(t), Vi e (0,T], with v(0) = 0.

Since AF € L?(0,T; L?(Q)) with p > 1, there exists a unique weak solution v € LP(0,T; H*(Q) N H{(2))
[23, Theorem 6.14]. Moreover, the assumption AF > 0 a.e. in  x [0,7] and the maximum principle (cf.
[1]) imply Aw =v > 0 a.e. in Q x [0,T]. This and the assumption F' < 0 in  x [0,T] imply

Ofu(t) = O w(t) = F(t) — b(t)Aw(t) <0 a.e. in Q x (0,77.
Next, let the auxiliary function u be defined by

Ofu(t) + b(0)Au(t) = f(t), Vte (0,T], with u(0) = uo.
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Let ¢ = u — u. Then ¢ satisfied for all ¢ € (0, 7]
08 6(t) + b(0)AG(t) = (b(t) — b(0)) Au(t) = (b(t) — b(0)) (Aw(t) + Au).

with ¢(0) = 0. Since b(t) < b(0) and Aug, Aw > 0, we apply the maximum principle (see [41]) again to
derive ¢ < 0in Q x (0,7), i.e. u <win Q x (0,T). Therefore, there holds

q()|Vu(z, t) > + (f(z,t) — Ofu(w, t))u(z,t) > (co, cp) min(|Vu(z, )], u(z,t)).

Finally, repeating the argument for Proposition[3.1]on the function u leads to the -positivity condition with
B=2. O

4 Regularized problem and the numerical approximation

In this section, we propose the continuous formulation of the reconstruction approach based on the regularized
output least-squares method and develop a fully discrete scheme for practical implementation. The error
analysis of the discrete approximations is given in Section

4.1 Output least-square formulation

To recover the diffusion coefficient g(z,t), we employ an output least-squares formulation with an H!(Q x
(0,T")) seminorm penalty (with the notation V,; denoting the space and time gradient):

flfgﬁ J1(4;2°) = $llw(@) = 2’22 0,220 + $1VatalZ 20,1020 (4.1)

with u(q) satistying u(q)(0) = ug

(07 u(g)(),¢) + (a()Vu(a)(t), Vo) = (f,¢), Yo € Hy(Q), t € (0,T]. (4.2)

The admissible set A for ¢(z, t) is given in . The scalar v > 0 is the regularization parameter, controlling
the strength of the penalty [11, 22]. The H'(Q x (0,T)) seminorm penalty is suitable for recovering a
spatially-temporally smooth diffusion coefficient, and it is essential for the error analysis in Section [5 With
this penalty term, the numerically recovered diffusion coefficient admits a uniformly bounded (space and
time) gradient in the L?(0,T; L?(2)) norm, dependent of the regularization parameter v (cf. Lemma [5.1)),
which is needed in the proof of Theorem ﬂ The dependence of the functional .J, on 29 will be suppressed
whenever there is no confusion. To ensure the well-posedness of problem ([{4.1))-(4.2), we make the following
assumption on the given problem data.

Assumption 4.1. uy € L*(Q), and f € L*(0,T; H~1(Q)).

Note that Assumption [£.1] and the condition ¢ € A in the regularized formulation are weaker than that
in Theorem Nonetheless, problem does has a unique weak solution u, which can be proved using
the standard Galerkin procedure, where 0[,@6 denotes the Riemann-Liouville fractional integral of order .
For a detailed proof, see, e.g., [35, Chapter 4] and [23] Section 6.1].

Lemma 4.1. For any q € A, under Assumption problem (4.2) has a unique weak solution u(q) €
L2(0,T; H} (Q)) with oI}~ *(u — ug) € o H'(0,T; H-1(Q)) and
lw(@) 20,7512 (0)) < cllwollzz) + 1 fllL2 0,71 (02)))-
The following continuity result for the forward map u(q) is useful.

Lemma 4.2. Let Assumption be fulfilled, and the sequence {q"} C A converge to q € A in L*(2x (0,T))
and a.e., and let u(q™) and u(q) solve problem (4.2) with the diffusion coefficients q" and q, respectively.
Then

lim lu(q) — w(q™)|lz2(0,7;m1 (2)) = 0

n—roo
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Proof. Let v™ = u(q) — u(¢™). Then it satisfies v™(0) = 0 and
" =V - (¢"Vo") =V - ((¢ = ¢")Vulg), Vte (0,T].
Then by Lemma and the definition of the H~!()-norm, we obtain

10" | 20,1311 () < ellV - ((@ = ¢")Vul@)l 20,51 ) < cll(q = ¢")Vul@)| 20,702 9)) -

Let ¢" = |q — ¢"*|Vu(q)|?, then ¢™ — 0 almost everywhere (a.e.), since ¢" — ¢ a.e., and further, since
q,q" € A, we have 0 < ¢" < 4¢3 |Vu(q)|> € LY(0,T;L*(2)). Then, Lebesgue’s dominated convergence
theorem [I3, Theorem 1.9] implies

lim ||(¢ — ¢")Vu(g )HLQ(OTLQ (@) = lim / /¢" (z,t) dzdt = / /Q lim ¢™(z,t)dzdt =0,

n—00 n—00 n—00
which shows the desired estimate. O

Lemma implies that the forward map ¢ € H((0,T) x Q) — u(q) € L?(0,T; H(Q)) is weakly
sequential closed. Then a standard argument [45, Theorem 1] leads to the existence of a minimizer to
problem (4.1))—(4.2)), given in the next theorem.

Theorem 4.1. Under Assumption[{.d] there eists at least one minimizer to problem (4.1)~(4.2).
Using Lemma the following continuity results follow from a standard compactness argument [111 22].
Theorem 4.2. Under Assumption[].1] the following two statements hold.

(i) Let the sequence {z;}j>1 be convergent to z* in L*(0,T;L?*(?)), and q; € A the corresponding mini-
mizer to Jy(;;2;). Then {qj};>1 contains a subsequence convergent to a minimizer of J,(-;2*) over A
in HY(Q x (0,T)).

(ii) Let{d;};j>1 C Ry withd; — 0, {2%};51 C L(0,T; L3(Q)) be a sequence satisfying || 2% —2*|| L2 (0.1 12(02)) =
d; for some exact data z*, and q} be a minimizer to J.,, (+ 29) over A. If the sequence {v;};>1 C Ry
2

6% .
7]_ = 0, then the sequence {q;-‘}j>1 contains a convergent subse-
; >

quence and the limit of every convergent subsequence is a minimum-H?* (2 x (0,T)) seminorm solution.

satisfies limj_,oo v = 0 and lim;_,o

Remark 4.1. Under the B-positivity condition, the inverse problem has a unique solution, so the minimum-
seminorm solution is unique. Then the standard subsequence argument shows that in (ii), actually the whole
sequence converges.

4.2 Numerical approximation

Now we describe the discretization of problem 7, based on the Galerkin finite element method
(FEM) in space (cf. [46]) and backward Euler convolution quadrature (CQ) in time due to [40]. First we
recall the Galerkin FEM approximation. Let 7}, be a shape regular quasi-uniform triangulation of the domain
Q into d-simplexes, denoted by K, with a mesh size h. Over Tj, we define continuous piecewise linear finite
element spaces X}, and V},, respectively, by

Xy, = {vn, € Hy(Q) : vp|x is a linear function VK € T},
Vi, = {vn, € H'(Q) : vp|k is a linear function VK € Ty} .

The spaces X, and V}, will be employed to approximate the state v and the diffusion coefficient ¢, respectively.
Now we introduce useful operators on the spaces Xj, and Vj,. We define the L?(2) projection P, : L?(Q) —
Xh by

(Pov,x) = (v,x), Yve L*(Q),x € Xy,

It satisfies the following error estimate [46, p. 32]: for any s € [1, 2]

1P = ol 2@y + IV (Pro = )12 < W llollmeqey, Vo € H*(Q) 1 HY(Q). (4.3)
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Let Z,, be the Lagrange interpolation operator associated with the finite element space Vj. It satisfies the
following error estimates for s = 1,2 and 1 < p < co (with sp > d) [12, Theorem 1.103]:

||v — Ih’UHLp(Q) + h”’l} — IhUHWLp(Q) S ChSH’UHWs,p(Q), VU S Ws’p(Q).
Further, for any ¢ € A, we define a discrete operator A, (q(t)) : X, — X5, by

(An(q(t))vn, x) = (¢(t)Von, VX),  Von, x € Xn. (4.4)

Next we describe time discretization. We partition the interval [0, T'] uniformly, with grid points ¢,, = nr,
n =0,...,N, and a time step size 7 = T/N. The fully discrete scheme for problem (1.1} reads: Given
UE = Pyup € Xy, find U} € X}, such that

(57?([]]"7 - U}?)?X) + (Q(tn)VU;Z?VX) = (fn’x)7 vx 6 Xh? n= 1727' A 7N7 (4'5)

where f = f(t,) and 0%¢™ denotes the backward Euler CQ approximation (with ¢/ = p(t;)):

n oo

aeem =703 bl with (1- ) =Y bV, (4.6)

Jj=0 Jj=0

Note that the weights b;a) are given explicitly by bga) = (-1) %, and thus

b§_a) _ (—1)j(j!)_1a(a —1)(a—3j+1), 7=12,...,

from which it can be verified directly that béa) =1 and b;a) < 0 for j > 1. Using the operator Aj(q(t,)),
the fully discrete scheme (4.5 can be rewritten as

We use extensively the norm || - ||sp(x), 1 < p < oo, for a finite sequence (u™)N_, € X (for a Banach
space X equipped with the norm || - || x):

1
l@ N lleroey = (7l %)™

Now we are ready to give the fully discrete scheme for problem (&.1)-({@.2). Let 2 = 7! f:"ﬁl 20 (t)dt.
Then the fully discrete formulation for problem (4.1))—(4.2)) is given by

o Hgtlh Ty (@nr) = U (anr) = 20)n1 122 (120 (4.7)

+ 3 (Va1 2y + 10a) Rl w2 @)
subject to U = Ul (qn.r) € X}, satisfying UP = Ppug and
IXUP — U + An(g)UR = Pf™, n=1,2,...,N. (4.8)
The discrete admissible set Ay, - is taken to be
Anr ={an- = (@31 1 qh € Vi, co<qp <1, 1<n < N}

Note that we approximate the conductivity g by a finite element function in space and piecewise constant
function in time, and in the discrete objective function J, 5 ., we approximate the first-order time-derivative
in the penalty by backward difference. Problem f is a finite-dimensional nonlinear optimization
problem with PDE and box constraints, and can be solved efficiently, e.g., (projected) conjugate gradient
method. The existence of a discrete minimizer g;; . = (q,’}*)nNzl € A - is direct, in view of the norm
equivalence in finite-dimensional spaces.

Theorem 4.3. Under Assumption there exists at least one minimizer g;, . € Ap, - to problem (4.7)—(4.8).
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5 Error analysis

In this section, we derive an error bound for the approximations g; . € A - in terms of the noise level 9,
the regularization parameter -, and the discretization parameters h and 7. The delicate interplay between
different parameters and limited regularity of the solution and problem data represent the main challenges
in the analysis. The error estimate in Theorem [5.1|involves the weight involving qf(t,,)|Vu(t,)|? 4+ (f(tn) —
Ofu(ty))u(ty), which arises naturally in the stability analysis. The proof relies crucially on the choice of the

test function " = Mu which is inspired by the conditional stability analysis in Sectlon cf. the

proofs of Theorems [3.1] and B2
Assumption 5.1. ¢' € C([0,T]; H?(2)).

Theorem 5.1. Let ¢' be the exact diffusion coefficient, u = u(q') the solution to problem (.2)), and Ghr €
A,z the solution to problem ([L.7)-[@.8). Then under Assumptions[2.9 and[5.1], there holds

sy / _q” T Z Y (410, V()2 + (£ () — O u(tn)uta) da

m=1n=1
<c(hy ' +hy" % +h” 7‘§n+7‘%n)n,
with £y = In(N + 1) and

c(rmin(Li+a) 4 B2 4§ 4 ~43) o £ 1/2;
= 1
Tl + 12 4 02 44, a=1/2.

The proof of Theorem is technical and lengthy, and requires several technical estimates, especially non-
standard nonsmooth data estimates for the discrete scheme for problem . Due to the time-dependence
of the elliptic operator A(t), the requisite estimates are still unavailable, and we develop them in Section
in the appendix.

5.1 Basic estimates

The analysis requires two basic estimates (which in turn depend on nonsmooth data estimates in Section
. The first result gives an a priori bound on Vg;, . and ath of the discrete minimizer 4y, and an error
bound on the state approximation U} (g 7_) This result will play a crucial role in the proof of T heorem .

Lemma 5.1. Let ¢ be the exact coefficient and u = u(q') the solution to problem (&.2] . Let g;, . € Apr
be the solution to problem (|4.7] ., and {U}( h, 2) N_| the fully discrete solution to problem (4.8). Then

under Assumptions (2.4 and[5.1], with {x = In(N +1), there holds
107 (ar.7) = ultn))nmalle ey + M (Var) 0ol 22y + 71076001 e 22 o))

o(rmin(21420) L pd 4§24 ) o £ 1/2;
o(r?y + bt + 82 + ), a=1/2

Proof. First we bound ||(u(t,)—23)M_; H?g(Lz(Q)) Under the given assumption, we have the a priori regularity
u € C([0, T}'LQ(Q)), and thus u(t,) is well defined. Let w, = T_lft u(t)dt. Then u(t,) — un, =
1 ft . ft "u/(s)dsdt. For n > 2, the regularity estimate (2.6)) implies

a(tn) — tn| 2 Q)<T—1/ / o ()] 2y dsdt < 7 / / N dsdt < ert®L,

Similarly, we have [ju(7) — u1||r2(q) < c7®. Consequently, we deduce

N
I(utn) = n 2o raqany < (72 4 7 3 22 <
n=2

CTmin(2,1+2a)’ «a 7& 1/2,
el a=1/2.
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Meanwhile, by the Cauchy-Schwarz inequality, 7|u,|? < ft” u(t)?dt. This, the definition of § and the

stability estimate [|(un — 25)21 |le2(r2(0)) < u(t) — 22|l 20,1 12(0)) < 6 imply
min(2,142«) 4 52 «a ?é 1/2.
ultn) — 22N oo <4 ’ ’ 5.1
H( ( ) n)nleé (L%2(Q2)) = {CngN +62, o= 1/2 ( )
Next by the minimizing property of g . € Ap.r and G - = (Zng' (tn))Y_; € Ap.r, we deduce
v (G 2) < Jynr(Gnr)-
By the triangle inequality, we derive
(U (an,-) — U(tn))fydnzz(m(g)) < c[l(Uy(qn,-) — 22)2;1”?2@2(9)) + C||(ZZ - U(tn))rjyﬂ”?z(m(g))'
The preceding two inequalities imply
\I(U£<qZ,T) - U(tn))fyﬂ”?z(m(n)) + 7”(qu*)7]¥:1||52@2(9)) + V||(5TQZ*)7]¥:1||§2(L2(Q))
<c||(UR(Zng") - 22)5:1”?2@2(9)) + C”YH(VIth(tn))fzvﬂH§2(L2(Q))
+ [0 Tng" (ta))n=i 122 120y + oll(z) — w(tn))na 7222 )
Since |Vq'| + |0:¢"| < ¢ by Assumption the property of the interpolation operator Z; implies
I(VTng" (ta)) 2o 7222y + 10 Tngt (8)) 01 17212 () < -
Meanwhile, by the triangle inequality and Lemma we deduce
U7 (Zna") = 231720y < 21U (Zna") = ulta)ll720) + 2lultn) = 231172
< ety + 1)+ cllu(tn) — 2122
Consequently, combining the preceding estimates with (5.1)) we derive
min(2,14+2a) + hd + 52 + ’7) a 7& 1/2
UnIsz‘SN,Q < C(T s )
H( h( hq ) n)n_1||é2(L2(Q)) = C(TQZN + Rt g2 +'7), o= 1/2.
This completes the proof of the lemma. O

Next we give a bound on the backward FEuler CQ approximation of the discrete test function ¢.

Lemma 5.2. Let q' be the exact coefficient, and u = u(q") the solution to problem (L.1). Then for o™ =

%u( m), there hold for 1 < j < N

—1(,min(2,14+2a) + h4 + 52 + ’7) a 7& 1/2
Y b(a) Bu(o" — ™2 <l (7 ; ;
T Z IKa Z h( "Nz < ey T2y + B+ 82+ ), a=1/2.

Proof. By the associativity of backward Euler CQ, i.e., 0%¢™ = 09710,¢", if ¢ = 0, then there holds

n—j

7azb(0¢) Ph o m 7= azb(o‘ 1)M

Thus, the L?(Q)-stability of P, and the definition of ©™ imply
T HPu(™ =" D)2 < 7" — 0" L2 e
<l )8y TR ) (| TG (b 1) 220

qT(tn-%-l) qT(tn)
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5 ¢t (tni1)— tn
<)l e g 17 LT ) |G o) 1Bt 22

Since Assumption [2.2] holds, we have |[u(t,+1)||L=(q) < ¢ and it follows from gj, ., q € A that

m—1
—« 1 n41x A A
ol 22y < et~ ST (18048 Ml 22y + 1804 (s ) 22 () + 187 u(tns) z2e)
n=j
m—1 m—1 m—1
<er Yty T e Fer Dt T Y % ll0ru(tg) o)
n=j n=j n=j

where the last step follows from \b(a71)| < ¢(j +1)7 [23, Exercise 6.16]. Note that ey ltnaj+1 <

ctl o, < c. Then Young’s inequality implies

N m—1 B N 2 N B
3 (-5 i ) < (T R o) (3010 e
m=j n=j n=j
- C,Yfl(Tmln(Z,lJrZa) + hi + 52 + ,_Y), o 7& 1/27
T ey (TN + A+ 62+ ), a=1/2.

Meanwhile, the regularity estimate [|9;u(t)| r2(q) < ct*~! from (2.6) and the argument of [29, Lemma 4.6]
imply TZZ:; t;fj+1||5Tu(tn+1)HLz(Q) < ct; <, for any small € € (0, min(1,1 — «)). Consequently,

N m—1 2 N
T Z (7' Z tr_zajJrl||6Tu(tn+1)||L2(Q)> <er Z tj-_2€ <ec
m=j n=j m=j
This completes the proof of the lemma. O

5.2 The convergence rate

With the basic estimates in Lemmas and we can prove Theorem The proof relies on a novel
choice of the test function ™, directly inspired by the conditional stability analysis in Section [3] and maximal
regularity estimates. Hence, it is still lengthy, and is divided into several steps.

Proof of Theorem [5.1} The proof employs the following identity, analogous to (3.1)),

T %
(') = ") Fulta). 9" =5 [ (I (6 )Tt + (S 0) = O ulta)ult) o

with the test function " = %u( n) € HY(Q). By the box constraint of A, the assumption |Vq'| < ¢
and the regularity estimate [|u(t)| g2(q) < c from (2.6), we have

Vo™ l2) < c(1+[[Var™l|L2@)), (5.2)

Meanwhile, by integration by parts, we have the splitting

((q"(tn) = ap")Vultn), Vo™) = —=(V - ((¢" (tn) — i) Vu(tn)), ¢" — Pu™)
+ (an"V(UR(an,7) — u(tn)), VPe™)

+ (g (tn) Vultn) — ai" VU (g5, ), VPug™) ZI"

Below we bound the terms separately.
Step 1: bound the term If. Since ¢f,q;, € A, |Vq¢f| < ¢, and |[u(t)|| g2y < ¢ from (2.6) and
[Vu(t)|| Lo () < ¢ from (2.5)), we derive

IV - ((a" (tn) = @) Vulta))ll2() <NV ()o@ IVulta) lz2i@) + ' (ta) = @il @ | Au(ta)l 220
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V@R 2@ I Vulta) e @) < eI+ [[Vay™[lz2@))-
Then the Cauchy-Schwarz inequality and the approximation property of Py, in (4.3 imply
] < e+ V@™ 2@l = Pug"llr2(0) < ch(1+ [[Vap™ [l r2@)IVe" | L2(0)-

Thus, we can bound the term I} by

N N
7Y < chr Y (14 Ve llee@)? Sch+ chl(Vai il ee @y < c(h+hy™'n?). (5-3)

Step 2: bound the term I}. For the term I3, by the triangle inequality, inverse inequality for functions
in X}, the L?(2) stability of P, in (4.3)), we deduce

IV (ultn) = UR (g Dlc2c) < IV (ultn) = Pou(ta))llzz@) +h ™ | Phultn) — Up(ah )l 20
< c(h+ | Poults) = Up (g )l 2()-

Meanwhile, by the standard energy argument [29], Lemma 3.6], we deduce

I(VUR (ar)) a1 ll72 220y < Ul(FE))n=1llZe(r-1(ay) + [Vuollfaie) < ¢
This and the regularity estimate (2.6]) imply

1V (ultn) = Ui ar - N)n=1lltz Lo () < ¢
Thus, the Cauchy-Schwarz inequality, Lemma and (5.2)) imply

N N
TY (B[ <er > [V ultn) = U (gi ez IVe" |2 (@)
n=1 n=1

< el (V(ultn) = UR(ah, )= llez ez on | (V™ Rl 22 ()
< cemin (L h+ 07 [(u(tn) = Up (g - Dn=illez2)) (1 + 1(Var )z lle e ay)
< cmin(1,h + hiln)f}f%n.

Step 3: bound the term I}. The estimate of the term I5 is more technical. It follows directly from the
weak formulations (4.2)) and (4.8]) that

= (02 1(UR (g,+) = UR) — (u(tn) — uo)], Pre™)
+ (07 (u(tn) — uo) — OF (u(tn) — uo), Pa™) =: 13, + 15
Next we bound the two terms I3, and Iy, separately. By Lemma there holds
|15 o] <1107 u(tn) — O ultn) | 2(0) | Pag" 20y < er (8" +6a), n=1,2,...,N.

Consequently,
N m N m
LD WAL 3D B E TR
m=1n=1 =1n=1

Since Uy (q;, ) = Pruo and u(0) = ug, by summation by parts, we have

m m m m

Y T =T Y (02U ) — ulta)) Pag™) = 7Y (U} . —azb< Pag™)

n=1 n=0 7=0 n=

Next we appeal to the splitting

m

o Z b, Pug” Z b Pl — ™) T Z 0 Prp™ =114, + 112,

n=

17



For the weights b, we have > b = be™ and |7 > bY| < ct.%q [23) Exercise 6.16]. In view
of this and the estimate ||¢™ | 12(q) < ¢, the sum Him satisfies

m—j
I3, 220y < elle™ L2 (Tﬁa > bg{”) <t il @) <t
n=0

Then Lemma the Cauchy-Schwarz inequality and Young’s inequality for (discrete) convolution imply

N m N N
> UG ) = w1l e ) <er® Y Y UG -) = ulti) 2@yt 41

m=1j=1 j=1m=j
<cl|(U}(h,) — u(t;)) jCalleazace)) < en,

Similarly, by Lemma [5.2] and the Cauchy-Schwarz inequality, we have

N m
72 Z Z U (a5, ) — u@j)”m(n)HH},mHL?(Q)

m=1 j=1

<ct Z || UJ th (t ))] 1||€2(L2(Q))||( jnL)j 1H€2(L2(Q)

1
<ey” 2ﬂ||(Uj(qh ) = ulty) i ller2 (o)) < ev” 2.
These two estimates and the triangle inequality lead to

N m
7237 @R G 2) — ulta) Pag™)| < en ey, (5.4)
1n=

m=1n=1

The three estimates (5.2)), (5.3]), and (5.4)) together imply
N m
_ _1 11 _1
’ ZZ q" — g Vult ),Vw”)‘SC(h’v "ty hT iy 2+ T i),

Combining the preceding estimates gives the desired error estimate. O

Remark 5.1. Under the B-positivity condition in Deﬁmtzon E for any 6 >0, withn =7+ h?+6 + 7%
the argument of Theorem [3-]] gives

1
1(a" (ta) — )N lle2 20y < e((hy™ 'y 44~ % min(1, h~1e))n) 20 .

Theorem provides useful guidelines for choosing the reqularization parameter v and the discretization
parameters h and 7. Indeed, by suitably balancing the terms in the estimate, we should choose v ~ 62,
h ~ 6 and T ~ § in practical computation in order to effect optimal computational complexity. Under the
B-positivity condition, this choice of v, h and T gives

(g (tn) — G InZillez (2 (o)) < 6703

Note that this result is consistent with Theorem [3.9.

6 Numerical results and discussions

Now we present numerical experiments to illustrate the feasibility of recovering a space-time dependent
diffusion coefficient ¢'(z,t). Throughout, the corresponding discrete optimization problem is solved by the
conjugate gradient (CG) method (cf. [4]), with the gradient computed using the standard adjoint technique.
The lower and upper bounds in the admissible set A are taken to be ¢g = 0.5 and ¢; = 5, respectively, and
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are enforced by a projection step after each CG iteration. Generally, the algorithm converges within tens of
iterations, with the maximum number of iterations fixed at 100. The noisy data 2z’ is generated by

Zé(xat) = u(qT)(x,t) + EHU(QT)”LW(O,T;LW(Q))g(xvt)v (:E,t) €0 x (OvT)a

where £(z, t) follows the standard Gaussian distribution, and e > 0 denotes the (relative) noise level. The ref-
erence data u(q') is computed with a finer mesh. The noisy data 2° is first generated on a fine spatial-temporal
mesh and then interpolated to a coarse spatial/ temporal mesh for the inversion step. The regularization
parameter 7 in the functional J, is determined in a trial and error manner.

6.1 Numerical results in one spatial dimension

First we present numerical results for two examples on unit interval Q = (0,1). The first example has a
smooth exact coefficient ¢f, and the problem is homogeneous.

Example 6.1. ug = 2(1 —2), f =0, ¢ =2+ sin(rz)e ", T =0.1.

The numerical results for Example [6.1] with different level € of noises are shown in Table [I, where the
quantities e, and e,, respectively, defined by

eq = 1(ar* — a'(t) i llee o)) and  eq = (U7 (a5 ») — w(q") (ta))021 ez r2 )

are used to measure the convergence of the discrete approximations. The results are computed with a fixed
small time step size 7 = 1 x 1074, and v ~ O(6?) and h ~ O(v/9), cf. Remark It is observed that the
(2(L%(Q)) error e, of the reconstruction g, decreases steadily as the noise level € tends to zero with a rate
roughly O(6%4%). This convergence rate is consistently observed for all three fractional orders, and thus the
order « does not influence much the convergence rates, provided that the time step size 7 is sufficiently small.
The empirical rate is faster than the theoretical one in Theorem It remains an outstanding question to
obtain the optimal convergence of discrete approximations. Meanwhile, the quantity e,, converges also to zero
as the noise level € — 0, at a rate nearly O(6%?), which agrees well with the theoretical prediction O(4) from
Lemma We refer to Fig. [I] for exemplary reconstructions: the recoveries are qualitatively comparable
with each other and all reasonably accurate for both ¢ = 1.00e-2 and € = 5.00e-2, thereby concurring with
the errors in Table [Il

Table 1: The errors e, and e, for Example

€ 5.00e-2 3.00e-2 1.00e-2 5.00e-3 3.00e-3 1.00e-3

o vy 5.00e-10 | 1.80e-10  2.00e-11  5.00e-12  1.80e-12  2.00e-13 rate
0.25 | ¢4 1.26e-2 1.28e-2 5.57e-3 4.00e-3 3.27e-3 2.45e-3 0.467
ey 1.65e-5 1.14e-5 5.25e-6 3.31e-6 1.65e-6 4.84e-7 0.880
0.50 | eq4 1.07e-2 1.47e-2 6.86e-3 5.15e-3 4.04e-3 3.28e-3 0.375
€y 3.93e-5 2.83e-5 1.48e-5 6.80e-6 3.41e-6 1.22e-6 0.897
0.75 | ¢4 1.01e-2 9.09e-3 7.06e-3 4.77e-3 3.93e-3 2.50e-3 0.363
ey 6.40e-5 2.71e-5 1.70e-5 5.69e-6 4.37e-6 1.57e-6 0.916

The second example has a nonsmooth coefficient ¢t.
Example 6.2. ug(z) =2(1 —z), f =0, ¢' =2+ min(z,1 —2)(1 —t), T =0.1.

The numerical results for Example with different levels of noise are given in Table 2l Note that the
exact coefficient ¢ does not satisfy the regularity condition in Assumption and thus one expects the
convergence rates of e, and e, suffer from a loss. Indeed, the error e, converges at a slower rate O(6°-3),
which, however, is still higher than that predicted by Remark [5.1] Interestingly, the error e, converges
roughly at the rate O(J), confirming the estimate in Lemma This observation holds for all three
fractional orders. Exemplary reconstructions are shown in Fig. which shows clearly the convergence of
the discrete approximations as the noise level e decreases.
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Figure 1: Numerical reconstructions and the corresponding pointwise error e = Ghr — q" for Example
with a = 0.5, at two noise levels € = 1.00e-2 and 5.00e-2.

Table 2: The errors e, and e, for Example

€ | 5.00e-2 | 3.00e-2 1.00e-2 5.00e-3 3.00e-3 1.00e-3

! v | 1.00e-9 | 3.60e-10  4.00e-11  1.00e-11  3.60e-12  4.00e-13  rate
0.25 | eq | 9.58e-3 | 7.59%e-3 5.77e-3 5.10e-3 4.55e-3 3.71le-3  0.234
ey | 1.85e-5 | 1.15e-5 5.02e-6 3.14e-6 1.51e-6 4.82e-7  0.910
0.50 | eq | 1.28e-2 | 8.17e-3 6.39e-3 4.70e-3 4.11e-3 3.94e-3  0.297
€y | 5.44e-5 | 2.88e-5 1.05e-5 7.79¢-6 3.39e-6 1.02e-6 0977
0.75 | eq | 1.17e-2 | 8.41e-3 6.02e-3 4.07e-3 4.05e-3 3.75e-3  0.301
ey | 593e-5 | 3.32e-5 1.44e-5 7.31e-6 4.14e-6 1.33e-6  0.951

0.05 24
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22
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~ . 01
~ 005
00

x t

e = 1.00e-2 € = 5.00e-2

05

Figure 2: Numerical reconstructions and the corresponding pointwise error e = Thr — gt for Example
with a = 0.5, at two noise levels € = 1.00e-2 and 5.00e-2.

6.2 Numerical results in two spatial dimension

Now we present numerical results for the following example on the unit square = (0,1)2. The domain {2 is
first uniformly divided into M? small squares, each with side length 1/M, and then a uniform triangulation
is obtained by connecting the low-left and upper-right vertices of each small square. The reference data is
first computed on a finer mesh with M = 100 and a time step size 7 = 1/2000. The inversion step is carried
out with a mesh M = 40 and 7 = 1/500.

Example 6.3. ug(z1,72) = 21(1—21) sin(nzs), f = sin(rzy) sin(mze)(1+1), ¢ (z1,22) = 1+sin(rzy )z (1—
x2), and T = 1.

The numerical results for the example with different noise levels are presented in Fig. The empirical
observations are in excellent agreement with that for the one-dimensional problem in Example [6.1} we
observe a steady convergence as the noise level € decreases to zero. The plots also indicate that for the
pointwise error e = ¢, — q', the error in recovering the peak is dominating, however, the overall shape is well
resolved.
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A Proof of Theorem [2.1]

We give the proof of Theorem The argument follows largely that of [23] Theorem 6.14]. It is provided
only for completeness.

Proof. Let w = u — ug. Then it suffices to show that there exists a unique solution w € L?(0,T; Wy (€2)) N
C([0,T); L™(2)) and 0w € LP(0,T; W~=17(Q)), where w satisfies in W~17(Q)

Ofw(t) + A w(t) = f(t) — A(t)ug, t€(0,T], with w(0)=0. (A1)

For any 6 € [0, 1], consider the auxiliary problem
Ofw(t) + A(Gt)w(t) = f(t) — A(t)uo, t € (0,T], with w(0) =0, (A.2)
and let D = {6 € [0,1] : has a solution u € LP(0,T; W, " (Q)) such that 92w € LP(0,T; W~17(Q))}.
S

Next we prove that the set D is a closed subset of [0,1]. Since ug € W, (), we have f — A(t)uo
LP(0,T; W=L7(£2)), and by Lemma we deduce 0 € D and D # (). Then for any § € D and ¢, € (0,7],

we rewrite (A.2)) as
Ot w(t) + A(Oto)w(t) = f(t) — A(t)ug + (A(Oty) — A(Ot))w(t), te€ (0,T], with w(0)=0.
By the maximal L? regularity in Lemma [2.2] and the perturbation estimate in Lemma [2.1I} we obtain

195 wl| Lo (0,00;w ~1m()) + VWL (0,10;27 ()
<c||f = A(t)uollLr(0,t0;w-1.m()) + cl (A(Oto) — A(O))w ()| e (0,10 -1 ()
Zc|lf — A(t)uol| Lr(0,t0;w 1 m()) + cll(to — )VW| L (0,t0;27(02))- (A.3)
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Let g(t) = ||Vw|\’£p(0,t;u(g)). Since ¢'(t) = ||Vw(t)||p7‘(m and g(0) = 0, (A.3) and integration by parts gives

to
olt0) < ellf = A0l -1y ¢ | (10 =070 ()

t
= cllf = A®)uollT (o 1w -1r ) T cp/o O(to — )P g(t)dt.
Then the standard Gronwall’s inequality implies
IVwl| Lo 0,t0:7(02)) < ellf — A()uoll L 0,t0;w 17 (02))-
This inequality and yield
107wl o (0.t0;w =17 () + IVWlLr(0,20:L7(2)) < €llf = A)uollLr(0,t05w-17(02))- (A.4)

Since this estimate is independent of § € D, D is a closed subset of [0, 1]. Next we show that D is open with
respect to the subset topology of [0,1]. In fact, for any 6y € D and 6 € [0, 1] close to 8y, we rewrite problem

as
O w(t) + ABotyult) + (A(B) — A(Bot))w(t) = F(t) — Altyuo, te (0,T], with w(0) =0,
which is equivalent to
[1+ (95 + A(6ot)) 1 (A(61) — A(fot)]w(t) = (97 + A(6ot)) " (f(t) — A(t)uo)-
The estimate and Lemma [2.1] imply that for any v € Wy ()
10 + A(fot)) " (A(0t) — A(Bot))v| Lo 0. 73w 17 (02))
Zcl[(A(0t) — A(Oot))vl| Lo 0, 0;w —1m()) < €l@ — 0ol VOl Le0,7;07 ()

Thus for 6 sufficiently close to 6y, the operator 1 + (9 + A(6ot))~'(A(0t) — A(Oot)) is invertible on
LP(0,T; W, " (Q)), which implies # € D. Thus D is open with respect to the subset topology of [0,1].
Since D is both closed and open respect to the subset topology of [0, 1], we deduce D = [0,1]. In sum, prob-
lem has a solution w such that w € L?(0,T; Wg" () and 82w € LP(0,T; W=7 (€2)). Since W~17(Q)
is UMD [20, Proposition 4.2.17], and w(0) = 0, we deduce w € W*P(0,T; W~17(Q)). By interpolation be-
tween WP (0, T; W17 (Q)) and LP(0, T; Wy " (Q)) [5, Theorem 5.2], we derive u € W%*(0,T; L"(2)). This,
Sobolev embedding theorem and the condition p > % imply w € C([0,T]; L"(€2)). Similarly, if » > d and

p > ﬁv interpolation [5, Theorem 5.2] and Sobolev embedding theorem imply that for o%p <0< (3-3)
u € WP(0,T; W1 () N LP(0,T; Wy () (A.5)

s WP (0, T5 W20 () 5 L(0,T) x ). |
This completes the proof of the theorem. =

B Nonsmooth data estimates

In this appendix, we collect several nonsmooth data estimates for the numerical approximations of the direct
problem , which are central for deriving the basic estimates in Section First, we provide two useful
results, i.e., error estimate and maximal /P regularity, for the following fully discrete scheme for problem
(L3): find UP(¢") € X, satisfying U = Pyuo and

°UMq") + An(¢ () U (") = Puf(tn) = f*, n=1,2,...,N. (B.1)

Lemma B.1. Let ¢' be the exact coefficient and u = u(q') the solution to problem [&.2)), and {U}*(q")} the
solution to problem (B.1)). Then under Assumption the following error estimate holds

lu(ts) — U;Ll(qT)||L2(Q) < c(Tf%fl + hz), n=1,...,N.
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Proof. The error estimate improves upon a known result from [26], by removing the log factor ¢, = |Inh|,
under Assumption It suffices to show that for ug = 0 and f € C1([0,T]; L*(9))

(un = w)(8) |20y < ch2, Wt € [0,T], (B2)
where wuy, is the solution to the semidiscrete scheme:
O%up(t) + An(q'()un(t) = Pof(t), Vte (0,T], with wuy,(0)=0. (B.3)

For any t. € (0,7], let Ap. = An(q'(t.)) and Ap(t) = An(gf(t)), and further we define the solution operators
Fh. and Ej,.(t) by

1 1
F(t) = — e Py | d Ep.(t) = — (2 4+ Apa) "tz
e (1) 27Ti/r6,56 22712 + Apy) "t dz  an s () 5 FMe (2% + Apy) " dz

Then the solution uy, is given by
up(t) = /ot Epi(t — ) (Puf(s) + (Aps — Ap(s))un(s))ds,
Let e, = Pyu — up. Then by , ep, is given by
en(t) = /Ot(PhE*(t 8) — Epu(t — 5)Py)f(s)ds

+ /0 (PrE.(t —8) — Ep(t — s)Pp)(Asx — A(s))u(s)ds

t 3

+ / Ena(t = 8)(Pa(As — A(s))u(s) — (Ane — An(s))un(s))ds = S Li(e). (B.4)

0 =1
The argument in [26, Theorem 3.3] gives
Mo (t)llL2) < ch®[| 1L (0,t.:L2(0)) (B.5)
t.
s (t)lL2) < ch®[| 1l (0,t.:L2(0)) +C/ llen(s)2(a)ds, (B.6)
0

Now we bound the term I in (B4). The identities E.(t) = —A7'F/(t) and Ep.(t) = —A; ' F (t) [23,
Lemma 6.1] and integration by parts imply

t
L) = (B (OAT ~ DA SO — [ (E = 947 = Bt - 47 PS5 ds
0
For any v € L?(Q), we derive

1 1
Fr() A Ppv = — e 22 + Apy) A Poodz = — ez AL ) = (2% 4 Apy) T Prode.
27'('1 To.s 1 T'ygs

Similarly, Fi.(t)A;'v can be represented as

F.(t)A;'v ! eyt [Afl (2% + A*)fl]v dz.

* = . .
2mi To.s

Then the standard finite element approximation yields that for any 2 € Ty [I5, p. 819-820] (A, Py —
A7 L2y < eh?||v]| 2y and [[((2% + Ape) T Py — (2% + A) "Ml 220y < ch?|v]|L2(q)- Consequently, we
arrive at

(PP ()AL = Fre (D) A5 Pr)vll 2y < eh?||v]l2), Yo € L*(9).

hx
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Therefore, we obtain

t
1T ()]l z2(e) < k(| £(0)]|z2q) + Ch2/ 1" (s)l L2 ds,
0

which together with (B.5)—(B.6) implies

T
len(t) 2y < ch? + / len (sl ds.
0

The desired result follows from Gronwall’s inequality and the triangle inequality. O

The next result gives the maximal /P regularity for the scheme (B.1l|), where A, denotes the discrete
negative Dirichlet Laplacian.

Lemma B.2. Let {U}N_| be the solution to the scheme with ug = 0. Then for any p € (1,00),
1O2UM A llerz2(y) + I(ARUR) N llen 22 (0)) < ell(f™) A1 e (z2(0y)-
Proof. For any m =1,2,..., N, the scheme can be recast into
02U + An(q (ta)) UL = Puf™ + (An(g' () — An(g" () U7
Since Ay, (q(t;)) is independent of n, there holds the discrete maximal ¢7 regularity [25]

H(éﬁ‘U{f)T:l H]ggp(Lz(Q)) + ||(AhU£);?:1H?p(L2(Q))
< (1™ m o gy + 1A () = An(a! (E))URTEZ 20y -

Note that under condition ([2.3)), there holds [26], Remark 3.1]
[(An(t) = An(s))vnl < clt = s|[Apvnll,  Von € Xi.
Consequently,

N@URY I W0 ey + ICARTRY 1 B

m
< f|(f" ) ||§P(L2(Q)) +er Z [t — tn|pHAhU}?||i2(Q)-
n=1

Let g™ = ||(AhUﬁ):l”=1||§p(L2(Q)). Then the above estimate implies

m gn _ gn—l
g™ < C”(fn);n:l”i?p(p(g)) +er Z [tm — tnPf
n=1

- (tm B tn+1)pgn

m—1
< e ey 7 2 -

m—1
nym -1 n
<c|(f )n:l”zl)p([ﬂ(ﬂ)) +er Z:l tr—ng"
Then the standard discrete Gronwall’s inequality leads to
[(AnUR ) pen H?p(p(g)) < cll(f")n= ||§P(L2(Q))'

and the desired result follows immediately by the triangle’s inequality. O

The next lemma provides an error estimate of the scheme (B.1)) with the (perturbed) coefficient Ing'.
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Lemma B.3. Let ¢ be the exact diffusion coefficient, u = u(q') the solution to problem (@.2)), and
{UMZng")} € Xy the numerical solutions to the scheme (B.1) with Tnq' in place of ¢'. Then under As-

sumptions [2.3 and

(P ) o 12;

n T\\NV 2
I(ulta) = U7 (T a0 < {( TN

Proof. Note that U*(¢") and U (Zq") satisfy UP(¢") = U (Zng") = Pyuo and
U (") + An(d" (t))UR (¢") = Puf(tn), n=1,2...,N,
UL (Tng") + An(Tng' (t.)) U (Tng") = Puf(tn), n=1,2,...,N.
By subtracting the two identities, we deduce that p} := U,fb‘(qT) -Up (Z1,q") satisfies pg =0 and
02 o + An(a" (tn) ol = (An(Tnd' (¢2)) = An(a"(t)))UR (Zng'), n=1,...,N. (B.7)
The the maximal #P regularity in Lemma implies
(o) Rl (r2ay) < el (An(g" () (An(Tng" (tn)) — An(a' (62))) U (Tng )R 172 22 )
< ell((An(Zng" (t2) " = Anla" () ™) An(Zng" (L)) UR (Zna ")) =1 1o 120
By [28, Lemma A.1], we have for any € > 0 and p > max(d + ¢, 2),
A (Zng") ™" = Ah(qT)ilnLl’(Q)eL?(Q) < ch®.
Consequently,
() =122y < b I(AR(Zng" (ta)) Uk (Tng")nZa I (Logey)-
Then the maximal ¢? regularity for the backward Euler CQ in Lemma [B:2] implies
(AR (Zng" () UR (Tng )R 22 s)) < Ul )zt 122 (mo ) + VU0l Zo(0y)-
Finally, the desired estimate follows from Lemma and the triangle inequality. O
Last, we give an estimate on the backward Euler CQ approximation of 0fu(t,).

Lemma B.4. Let q' be the exact diffusion coefficient and u = u(q") be the solution to problem (4.2). Then
under Assumption with £, =In(1+ %) =1In(n + 1), there holds

0% u(ty) — O ulty)llr2(0) < er(tyt + o).

Proof. The proof employs a (different) perturbation argument. Let Ag = A(0). Let F(t) = (Ao — A(t))u(t)+
f(t) and y(t) = u(t) — ug. Then y(t) satisfies

ofy(t) + Aoy(t) = F(t) — Agug, Vt € (0,T], with y(0) =0.
Using the identity F'(t) = F(0) + fot F’(s)ds, then Laplace transform gives
2°G(2) + Aofi(=) = 271 (F(0) = Aguo) + 27 F(2),

ie.,

G(2) = (2% + Ag) " (z7H(E(0) — Agug) + 2 F/(2)).

Similarly, one can derive a representation for the discrete approximation. By inverse Laplace transform,
w" = Opy(t,) — 07y(t,) is given by

w = [ () (FO) - Agug) + 2 F(2)) dz
271'1 Fg,(;
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1 —
— e’ K (2)(z7H(F(0) — Aoug) + 2~ ' F'(2)) d=.
27 Fe,a\l“g,(;

with T 5 = {z € T, |Im(2)| < Z} and
K(2) = (2% = 6. )) (2 + Ag) 7,

with 0, (&) = 771(1 — £) being characteristic polynomial of the backward Euler method. Simple computation
shows that the following estimates hold

crlz] < 16-(e777)] < ealz|, 6-(e7*T)* — 2%| < erz'TY, Vz ey, (B.8)
—ZT - |ZT|k_1 ‘zl‘r
|0+ (e )|§|Z|ZT§|Z|6 , Vze¥y={2€C:z#0,|arg(z)| <6}, (B.9)
k=1 ’
and the resolvent estimate
(2 + Ag) 7Y < ¢clz]™!, Vze . (B.10)

We first treat the error involving (Agug — F'(0)), and let

1
L= o e*" K (2)27 (Agug — F(0))dz and Iy = — e*" K (2)2 1 (F(0) — Agug)dz.
g,

By choosing 6 = ¢/t,, in T'yp 5 and applying (B.10]), the term I; is bounded by

7 sin 6

Mz < erlP(0) = Avuol oo ([

0
e Pt dp + / et ! d9) < ert M|F(0) — Aguol 22 (a)-
—0

Further, by (B.9), for any z = pe®? € Ty 5 \ I'7 s and choosing 6 € (7/2, ) close to m,
|€zt"(5.,-(6_ZT)a _Zoc)z—1| S etnpcose(c|z|ozeozp‘r + |Z|a)|2|_l S C|z|a_16_0pt".

Then the term I5 is bounded by

o
||12HL2(Q) < CHF(O) - AOUOHL2(Q)/ o e—cptnp—l dp < CTtT_LlHF((D — AououLz(Q).

-

This argument also bounds for the term involving I/*"\’(z) Finally, we obtain

tn
lw™ L2y < erty [F(0) — Aquol|2(e) +/ (tn =5+ 7) T F' () L2 ds.

Then the solution regularity (2.6) and the perturbation estimate (2.4)) immediately imply
IF ()l z2(0) < 1/ (9)llz2() + 1A (s)uls)llz2 (o) + (Ao — A())u'(s)ll L2()
< c(lf ()l r2@) + lu(s)ll 20y + sllv' () n2() < c.
This bound and the estimate || f(0) — Aouo| z2(0) < ¢ imply
t’”.

[w™]| 12 (0) < CTtgl + c/ (tn1 — s)*1 ds < CT(t;I +4,).

T

This completes the proof of the lemma. O
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