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Abstract—Fluid antenna system (FAS) facilitating a position-
switchable antenna, enables a mobile receiver to exploit the deep
fade opportunity of its interference for multiple access. Slow fluid
antenna multiple access (s-FAMA) is such an emerging proposal
that lets multiple users share the same time-frequency channel
while each user adopts a fluid antenna to resolve the interference.
Previous performance analysis is limited to the case when noise is
neglected. In this letter, we remove this limitation and derive new
closed-form expressions for the outage probability of s-FAMA
by using Gauss-Laguerre and Gauss-Hermite Quadratures. The
analysis reveals the impact of noise on the outage probability for
different numbers of users and ports in s-FAMA networks.

Index Terms—Fluid antenna, Gaussian approximation, Gauss-
Laguerre quadrature, Multiple Access, Outage probability.

I. INTRODUCTION

ULTIPLE access is the backbone of mobile communi-
cations, which aims to allocate the spectrum to multiple
mobile users in the most efficient manner for communications.
With the ever-increasing demand on massive connectivity in
the fifth generation (5G) and beyond, it is strongly desirable
to have a multiple access technology that can accommodate a
large number of users on a single channel. Conventionally, this
is largely achieved by using multiuser multiple-input multiple-
output (MIMO) precoding [|]. Non-orthogonal multiple access
(NOMA) is another technology that is widely tipped to shine
in conjunction with MIMO for greater capacity [2]. While the
merits of MIMO and NOMA are recognized, their complexi-
ties are constantly questioned. To name just a few, the channel
state information (CSI) acquisition for the base station (BS),
the complex optimization for MIMO precoding matrices and
power allocation, and for NOMA the interference cancellers,
are some of the obstacles that hinder their scalability.
Recently, a new multiple access technique, which is referred
to as fluid antenna multiple access (FAMA), emerges [3]. This
scheme employs a fluid antenna system (FAS) at each mobile
user which is equipped with the ability to access the null of its
interference, created naturally by fading, for multiple access.
FAS uses either a liquid-based antenna [4] or reconfigurable
pixel-based antenna [5], [6] that facilitates mobilization of the
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radiating element to access fading at different locations. Before
reviewing the latest FAMA work, it is worth mentioning that
research in single-user FAS only began a few years ago and
it was first introduced by Wong et al. in [7]. Since then, [8]
looked to improve the channel correlation model for a more
accurate performance analysis of FAS while [9] attempted to
design coded modulation schemes for a FAS. The performance
of FAS in Nakagami fading channels was also studied in [10].
Later, [11] tackled the CSI estimation problem for FAS.

However, FAMA utilizing FAS at each mobile user is much
less understood. It has two types: fast FAMA (f-FAMA) [12],
[13] and slow FAMA (s-FAMA) [14], [15]. In f-FAMA, the
fluid antenna at each user is switched to the location (referred
to as ‘port’) that achieves the maximum instantaneous channel
energy to the energy of the sum-interference plus noise ratio on
a symbol-by-symbol basis. By contrast, s-FAMA represents a
practical alternative where each user switches its fluid antenna
port only if the channel changes. Unlike multiuser MIMO and
NOMA, both FAMA approaches do not require CSI at the BS,
no complex optimization for precoding and power allocation,
nor multiuser detector at the mobile user. Interference in the
FAMA network is dealt with entirely by each user activating
its antenna port where its interference naturally vanishes due to
fading. It was found in [12], [14] that with enough resolution
and size of the fluid antenna, FAMA could support a massive
number of users on a single time-frequency channel.

Though [14] presented the outage probability analysis, noise
was excluded. Noting that 5G is heading to a ultra low-power
regime [16], the high signal-to-noise ratio (SNR) assumption is
increasingly doubtful. Motivated by this, this letter revisits the
performance analysis of the s-FAMA network by considering
the presence of noise.! For mathematical tractability, we adopt
Gaussian approximation to model the distribution of the sum
of interference and noise power at each fluid antenna port, and
then derive a closed-form expression for the outage probability
using Gauss-Laguerre and Gauss-Hermite quadratures.

II. SYSTEM MODEL

We consider a downlink system where a BS with U fixed
antennas is communicating to U mobile users each equipped
with an N-port fluid antenna of size WA in which A denotes
the wavelength and W denotes the normalized size of the fluid
antenna. For simplicity, we assume that each fluid antenna has

IThe objective of this work is to improve the outage performance analysis
of s-FAMA with noise. Therefore, we will not attempt to compare s-FAMA
with other multiple access schemes. It is also not meaningful to use outage
probability for performance comparison between different multiple access
schemes as they treat interference differently. For example, with CSI at the BS,
multiuser MIMO ensures no interference at the users while NOMA subtracts
interference iteratively at the users. By contrast, s-FAMA is a much simpler
approach, does not need CSI at the BS and treats interference as noise.
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a line shape and takes up only a one-dimensional space. The
U antennas at the BS are assumed to be situated far apart so
that their channels are independent. Each of the BS antennas is
dedicated to transmit to one mobile user. All communications
takes place on the same time-frequency channel. For the u-th
mobile user, each port represents a physical location at which
the signal can be received. At the k-th port, we have

PTG o ) ()

a=1

aFtu
where s, represents the transmitted symbol for the u-th user,
g,(cu ) is the complex channel from the u-th BS antenna to the
k-th port of the fluid antenna at the u-th user, and n,i ") is the
complex additive white Gaussian noise (AWGN) at the k-th
port of the u-th user with zero mean and variance of 2. The
average symbol energy is assumed to be E[|s,|?] = 2.

As W is finite but V can be very large, the channels at the
ports, { g,iu’u)}Vk, are correlated. To model this, the channel is

parametrized via the correlation parameter p as [17]

g](cﬁ’U) _ O_g m (,u) + pa (a, u))
+jog(V1— 12y + s, @

where zq,...,Tx,Yo,--.,YK are all independent and identi-
cally distributed (i.i.d.) Gaussian random variables each with
zero mean and a variance of 0.5. With a linear size of W\,
the correlation parameter, u, can be set by

p= \/5\/1F2 <1 —7r2W2> J1(27W)

2rW 7
in which 1 F5 is the generalized hypergeometric function and
J1(+) is the first-order Bessel function of the first kind [17].
Instead of this model (2), it is also possible to use the finite-
scatterer model which is popularly applied for millimeter-wave
channels [18]. However, it was found in [14] that both models
will generate similar results especially when the target signal-
to-interference plus noise ratio (SINR) is not too large; yet the
model (2) is preferred for its mathematical tractability.
In this letter, s-FAMA is considered. Hence, user « chooses
the antenna port that maximizes the SINR, i.e.,”

3)

k* = arg mgx SINRfcu) (4a)
2, (u,u) |2 x @
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(4b)

The performance of the s-FAMA network can be characterized
by the outage probability

p=E [Prob (SINRI(:*) < 7)} @ prob (SINRy- < 7), (5)

where (a) is obtained by dropping the user index because the
users are assumed i.i.d., and v is the SINR threshold.

2If oy = 0 in (4b), then the outage probability analysis is proved possible
in the form of the integral of the generalized Marcum-) function [14, (21)].
However, in this work, o5 # 0 and the analysis in [14] is no longer possible.

III. NEW OUTAGE PROBABILITY EXPRESSIONS

Before we proceed to present our main results, it is worth
pointing out that [14] attempted to derive the outage probabil-
ity (5). However, this was only achieved if U% in (4) was set
to 0 so that the denominator of the SINR, Y}, was noncentral
Chi-square distributed and the outage probability involving the
integral could be evaluated. With J% # 0, this is no longer true.
To overcome this, we resort to Gaussian approximation [19]
to model the distribution of Y}, which would be accurate when
U is large. In this section, our objective is to evaluate:

p = Prob(SINRy« < 7)
:PI‘Ob(Xl <Y1, Xo <YYo, ..., XN <’}/YN), (6)

which can further be evaluated as

p:/”./FX17'~~;XN|Y17~~~7YN

X fY17Y2,~-7YN (yla Ya,. ..

(YY1, vYN)

dyn, (7)

where fy, .y, (---) is the joint probability density function
(PDF) of Y1,...,Yy and Fyx, xy|vi,.,vy( ") represents
the cumulative density function (CDF) of Xq,..., Xy condi-
tioned on the random variables Y7, Y5, ..., Yn.

Lemma 1: The conditional CDF in (6) can be obtained as

YN )dyidys - - -

Fx, . xxVi,va (YY1, YN) =

1 [ _: N u? o -
5/0 € 2}};[1 1-Q mrvx/ﬂlk dr, (8)

where Q)1 (a, b) is the first-order Marcum Q-function.
Proof: The conditional CDF can be readily obtained using
[14, (60)] by substituting t; = yy1,...,tN = YYN. |
Theorem 1: The joint PDF of Y3,..., Yy for the s-FAMA
system can be approximated by

v ve,..., (Y1,92, .-, YN) =
0o 7% N —Ayr—py)?
e 2 ] 1 ~ (uk ur iy
e 207 dr, (9)
/—00 V2moy 2m(1 — )‘;%/)ay
where 5 o )
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2 2
O'y:O'SO'g U—L (10)
VR
1+ 2u2 —2ut
Proof: See Appendix A. [ ]

While the use of Gaussian approximation may be seen as a
straightforward approach that greatly simplifies the derivation
of the joint PDF, the overall approach is not trivial because of
the introduction of )\, that reinstates the correlation amongst
the random variables Y7,Ys, ..., Y.

Theorem 2: The outage probability of the s-FAMA system,
p, is given by (11) (see top of next page).

Proof: Substituting (9) and (8) into (7) and after some
simplification, (11) is obtained, which completes the proof. B

In the next theorem, we present a new closed-form expres-

sion for the outage probability of s-FAMA where both noise
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and interference are present. The result uses Gauss-Laguerre
and Gauss-Hermite quadratures in the following lemmas.
Lemma 2: The Gauss-Laguerre quadrature is given by [20,

p. 923]
/ g(z)dx = Z wie“ g(ay),
0 i=1

where «; is the i-th root of Laguerre polynomial L, (), and

12)

w; = i . (13)
(n +1)2 (Ln 1 (ai))
Lemma 3: The Gauss-Hermite quadrature is given by [20,
p- 924]

/ g(x)dr =~ Z vieﬁfg(ﬁi), (14)
- i=1

where (; is the i-th root of Hermite polynomial H,,(z), and
n—1
v; = 2—71'\/%2 (15)
n? (Hn—1(6))

Theorem 3: The outage probability of the s-FAMA system,
p, can be approximated in closed form as (16) (see next page)
in which w; and v; are defined, respectively, in (13) and (15),
and also «; and [3; are, respectively, the i-th root of Laguerre
polynomial L,,(z) and Hermite polynomial H, (z).

Proof: See Appendix B. ]

The advantage of Theorem 3 is that a closed-form expres-
sion can be found, which is not possible otherwise. However,
the parameter, n, needs to be selected carefully to result in an
accurate approximation. In terms of computational complexity,
(16) results in an overall complexity of O(n?).

IV. NUMERICAL RESULTS

Here, we provide the numerical results to check the accuracy
of the proposed expressions, (11) and (16). We do so by in-
cluding Monte-Carlo simulation results averaging over a large
number of independent channel realizations for comparison.
In particular, the following results are provided:

o Monte-Carlo—It runs a large of independent simulations

and computes the outage probability based on the chan-
nel, modelled statistically by (2) and (3).

o Non-closed form (11)—This is the exact expression for

the outage probability of a typical s-FAMA user.

¢ Closed-form (16) with a given n—This is the proposed

closed-form analytical expression for approximating the
outage probability where the parameter n in (16) controls
the level of accuracy as well as complexity. In the figures,
we consider the cases n = 20, 30, 40.

We will use the numerical results to understand how the s-
FAMA network performs in noisy channels under a wide range
of system conditions, e.g., varying the average SNR at each
user, the SINR threshold for an outage event, v, the number

of users, U, the normalized size of the fluid antenna at each
user, W and the number of ports of each fluid antenna, N.

First and foremost, all the results in the figures show that
the non-closed form expression (11) is correct, matching the
Monte-Carlo simulation results in all the cases. A quick glance
of the results further suggests that the proposed closed-form
expression (16) is accurate although we will analyze later the
impact of n in the accuracy later. Fig. 1 demonstrates how
the outage probability changes as the average SNR increases
considering W = 1 and v = 10dB. The results reveal that
the outage probability reduces if SNR increases, as expected.
Also, the outage probability reduction can be considerable,
especially when U is small or N is large, which confirms the
importance of analysis considering the presence of noise.

In terms of accuracy for (16), we see that as expected, the
accuracy improves if n increases. That said, (16) with n = 20
can be sufficiently accurate if the outage probability value is
not extremely small such as in the cases (U, N) = (10,50)
and (U, N) = (10,100). A different phenomenon is, however,
observed in the results of Fig. 2 where the outage probability
results are plotted against the SINR threshold, v, assuming
the average SNR is 10dB. The results show that (16) is very
accurate except when v becomes very large, say > 20dB.

With the accuracy of (16) confirmed, we now make inter-
esting observations from the results obtained. First, from the
results in Fig. 1, it can be observed that as large as U = 10
users can be supported with an acceptable outage probability
if the number of ports, N, is large enough. Additionally, the
systems, (U, N) = (5,50) and (U, N) = (10, 500), perform
very similarly. Hence, supporting more users comes with an
increase in the number of ports for resolving the interference.
On the other hand, Fig. 2 illustrates that if v > 10dB, the
outage probability can shoot up quickly if (U, N) = (10, 50)
or (U, N) = (10,100). If N increases or U reduces, the same
phenomenon still occurs but it just happens at a larger ~.

Finally, the results of Figs. 3 and 4 investigate the impact of
U, N and W on the outage probability performance assuming
I' = v = 10dB. Apparently, the performance improves if N
and/or W increases while the outage probability rises if more
users, U, are accommodated. Again, the proposed closed-form
expression (16) is accurate in the entire range of settings.

V. CONCLUSION

In this letter, we revisited the outage probability analysis for
the s-FAMA system where the spectral resource was shared
aggressively and each user utilized an N-port fluid antenna to
resolve the interference. Different from existing studies, noise
was considered. To overcome the mathematical challenge, we
first utilized Gaussian approximation to work out the joint PDF
of the sum-interference plus noise power at all the ports. One
major contribution was the derivation of the cross-correlation
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Fig. 1. Outage probability against the average SNR, I' = Ug;s. Fig. 4. Outage probability against the number of ports, N
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10%f (U, N) = (10,50) that the proposed closed-form expression was accurate in the
W N)’ — (10 10’0) % entire range of settings if the SINR threshold, v, was not too
) et ] large. The results also revealed the capability of s-FAMA.
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f [ . . !
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Fig. 2. Outage probability against the SINR threshold, .
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A ables. With (17), we compute the conditional statistics as
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E[Yk|UyZO] = O’y>\yZ0 + My (18)
Var[Y|oyZo] = (1 — \})o

%‘10'2; (VV, N) = (0.5, 100)
< (W, N) = (0.5, 50) Note that conditioned on ¢, Z, all {Y}} will be independent.
R N E Therefore, the joint PDF can be obtained by multiplying all
° the conditional marginal PDFs and then integrating over the
| PDF of o, Zj, which gives rise to (9).
The remaining task is to derive A, in terms of p that can
y: capture the correlation structure of {Y} }. To do so, we consider
10°, 8 the correlation coefficient between Y3 and Y, given by
Number of Users COV(Y]W Y,Z)
| N p(Y, V) = o (19)
Fig. 3. Outage probability against the number of users, U. Var(Yy)Var(Yy)
o . Using (17), it can be easily shown that
parameter of the joint PDF. Afterwards, we derived the outage )
p(Yi, Ye) = —5. (20)
Ty

probability expression in closed form by using Gauss-Laguerre
and Gauss-Hermite quadratures. Our numerical results showed
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Now, we compute Yj, based on (2) and (4b) which gives
_ 2
Yk(u) = J?U; ,u2 Z (:C(()u’u)>
UFu

) (@ N
+2p/1— pi2 Z xéu’u)x;u’u) + (1 —p?) Z (x,({u“))
aFu aFu
iu)) a,u) (4u
23 () o/ T 3

aFtu aFtu

T D (i Il R AeY)
aFu

where the user index w is reinstated for clarity. Then we get
Cov(Yy, Ye) = 0303 [u‘lCov (Z x, Z xﬁ)
+2u3 mCov (Z x2, Z :ong)
+ 2u3m Cov (Z ToTk, Z x%)
+ 4u2(1 - ,uQ)Cov (Z ToTk, Zxoﬂfz)

+ u*Cov (Z v Zyﬁ)
+24%/1 — p2Cov (Z Yo, Z yoye)
+2u%/1— 12 Cov (Z Yok Y y%)

421 = 12)Cov (3 wous > wowe)] - @2
Noting that

Cov (Z ag,Zag) =0.25(U — 1),

Cov (Z a?h Z aoak) =0, (23)
Cov (Z oG, Z a0a5> =0,
it can then be derived that
Cov(Ys,Yy) = 0.250% 02 12(U — 1),
(Yi, Ye) 5Tt ( ) 24)

Var(Y;,) = 0.5050,(U — 1) (1 + 2p> — 2u*) .
Substituting (24) into (19) to obtain p(Yy, ) and equating it
to (20), we obtain the following condition

2 4 4,2
Ay _ 0.25050,u°(U — 1) .
o5 [050%04(U — 1) (1 + 22 — 2u%)]?

Finally, substituting the expression of o, in (10) into the above
and after some simplifications, A, in (10) is obtained.

(25)

B. Proof of Theorem 3
We begin by expressing the outage probability in (11) as
13

= 26
P 2V27moy, (26)
where Z3 2 [ ¢~ 51,(7)d7, in which
N
> Th (z,V20,t
Io(z) = \/Eo‘y/ e—tz 1— 1(—\”9) dt, (27)
— 00

\/2m(1 = A2)o,

where

(y=Ayr—py)?
2(17%):@ dy.

Ii(z,7) = / e YQ 1#7%, VY e
o _

(28)
After that, we apply Gauss-Laguerre quadrature in Lemma
2 to evaluate (28) and use it in (27). Then we employ
Gauss-Hermite quadrature in Lemma 3 to obtain (27) that is
substituted back to compute Z3. A closed-form expression for
T3 is then derived using Gauss-Laguerre quadrature again.
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