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Abstract

Two of the fundamental components of the Universe are still poorly under-

stood: dark energy and dark matter. Collectively, these constitute around 95%

of the Universe according to our current best measurements. This stresses the

need to accurately model them. A particularly powerful probe of these quanti-

ties is the effect of weak gravitational lensing. This is the distortion of images

of distant galaxies due to the gravitational effects of the large-scale structure

of the Universe.

Upcoming weak lensing surveys, known as Stage IV experiments, are poised

for more than an order-of-magnitude improvement in cosmological parameter

constraining ability. Accordingly, it is paramount that the accuracy of our

theoretical models keeps in step. In this thesis, I examine four previously

neglected systematic effects, and report on their importance for upcoming ex-

periments, particularly focusing on the most imminent of the Stage IV surveys,

the Euclid space telescope. I also discuss a potential mitigation strategy for

them.

Within this work, I first examine the impact of the reduced shear approx-

imation and magnification bias. Specifically, I evaluate the biases in cosmo-

logical inference from neglecting these effects. For these terms, assuming a

w0waCDM cosmology, I find significant biases in Ωm, σ8, ns, ΩDE, w0, and

wa. I then describe how these two corrections depend on another common

approximation; the Limber approximation. I find that the Limber approxima-

tion can be safely used when evaluating the reduced shear and magnification

bias corrections for Stage IV. Another neglected effect I study is the Doppler-

shift of galaxies towards their local over-density. I again find this effect is

not significant for a Euclid -like experiment. Finally, I report on how a scale-

cutting technique, k-cut cosmic shear, can be used to bypass the need for these

corrections, without significantly weakening cosmological constraints.
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Impact Statement

Over the last three decades, considerable investment has been made at a global

level in the Euclid and Nancy Grace Roman space telescopes, as well as the

ground-based Vera Rubin Observatory. These cosmological experiments will

begin imminently, and will help model dark energy and dark matter with

unprecedented precision. These two phenomena make up approximately 95%

of our Universe, and are currently poorly understood.

One of the primary probes that these surveys will use to perform cosmology

is weak gravitational lensing. However, the existing theoretical formalism used

to model this effect relies on making a plethora of assumptions and neglecting

systematic effects. This thesis examines systematic effects which are of concern

for these upcoming experiments.

This work studies how four key systematic effects will affect the ability of

upcoming weak lensing experiments to perform cosmology: the reduced shear

approximation, magnification bias, post-Limber reduced shear and magnifica-

tion, and Doppler-shifted cosmic shear. By identifying that the reduced shear

and magnification bias effects will significantly bias cosmological inference from

forthcoming surveys, this work has significant impact on them. It serves to in-

form the modelling and inference strategy for them, and prevents their results

from being significantly biased. It also helps manage resources for these mis-

sions, as without the findings of this work, the eventual biased inference would

necessitate investigation and a revision of the already constructed inference

pipeline to include these effects. Additionally, I present a potential mitigation

strategy to deal with these higher-order corrections that could bypass the need

to compute them explicitly, further reducing the resources required by these

experiments. In this manner, the following investigation could be a strong

influence on how imminent weak lensing surveys perform their cosmological

inference, and accordingly this work could contribute to better constraining

the nature of dark matter and dark energy; one of the most fundamental ques-

tions in Physics today.
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Chapter 1

Introduction and Background

The idea that light could be deflected by matter was first formally broached

by Sir Isaac Newton, following his establishment of a theory of gravity. He

posed the question: “Do not Bodies act upon Light at a distance, and by their

action bend its Rays; and is not this action (caeteris paribus) strongest at the

least distance?” (Newton 1704). Answering this question proved a challenge,

as light was thought to be made up of electromagnetic waves, unaffected by

gravitation. A century later, it was suggested that, contrary to being massless,

light could be assigned mass (von Soldner 1804). Accordingly, its deflection

by massive objects could be calculated using Newtonian mechanics.

However, a more physically motivated solution to the question came with

the theory of General Relativity (Einstein 1916). Gravity was now described

as a geometric property of spacetime, which also accordingly influenced mass-

less light particles. This phenomenon was dubbed gravitational lensing. The

theory’s first successful test came three years later, when a solar eclipse al-

lowed the measurement of the deflection of light rays from distant stars by the

Sun (Dyson et al. 1920). In 1979, the first extra-galactic observation of this

effect was made when a doubly-imaged quasar being lensed by a galaxy was

identified (Walsh et al. 1979). Lensing of this type, where the effect is strong

enough to produce multiple images or arcs, came to be known as strong lens-

ing. On the other hand, weak gravitational lensing, which must be measured

statistically, was first detected in 1990; as statistical tangential alignments of

17



18 Chapter 1. Introduction and Background

galaxies behind clusters (Tyson et al. 1990).

In the following decade, cosmic shear, which is weak lensing by the large-

scale structure (LSS) of the universe, was first detected as coherent galaxy

distortions in non-cluster fields (Bacon et al. 2000; Kaiser et al. 2000; Van

Waerbeke et al. 2000; Wittman et al. 2000). Measuring these distortions al-

lowed for exploration of the nature of the LSS. Cosmic shear as a cosmological

probe had arrived. Since its first observations, cosmic shear has become one of

the premier tools to study the universe on cosmological scales. Surveys such as

CFHTLenS (Heymans et al. 2012), DES (Dark Energy Survey Collaboration

2005), and KiDS (de Jong et al. 2013) have helped us model the geometry of

the universe, and the distribution of matter within it, with great precision.

The advent of the next generation of experiments, known as Stage IV

(Albrecht et al. 2006), such as Euclid (Laureijs et al. 2011), Roman (Akeson

et al. 2019), and the Rubin Observatory (LSST Science Collaboration et al.

2009) will bring a leap in the precision of our knowledge. For example, even

a pessimistic analysis of Euclid weak lensing data is projected to increase

precision by a factor of ∼25 over current surveys (Sellentin & Starck 2019).

It must be ensured that the accuracy of our cosmic shear analysis keeps up

accordingly. To do so, we must ensure we have a robust understanding of the

impact of systematic effects on upcoming surveys. This will be the focus of the

thesis. In particular, I will examine four closely related effects that all rely on

the three-point angular statistic, the bispectrum, and demonstrate a potential

mitigation method. In general, I will quantify these effects in relation to the

Euclid telescope, or a Euclid -like survey, as forecasting specifications for this

are readily available (Euclid Collaboration: Blanchard et al. 2020).

For the remainder of this introductory chapter, I describe the cosmological

formalism necessary to understand this thesis, as well as how it is used within

it. The following four chapters describe the main scientific contributions of this
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work. Chapter 2 details the reduced shear approximation and magnification

bias; two currently neglected systematic effects that I demonstrate will play

an important role in Stage IV experiments. This chapter also details their

previously unexplored interaction with the intrinsic alignment of galaxies.

Next, in chapter 3, I show how the corrections for reduced shear and mag-

nification bias are reliant on the Limber approximation, and relax this further.

Then, in chapter 4, I present another systematic effect closely related to the

reduced shear approximation; the Doppler-shift of galaxies’ observed redshifts

and the resulting impact on the observed galaxy distributions.

A mitigation strategy that bypasses the need for full computation of these

corrections by using the k-cut technique will be discussed in chapter 5; where

it is applied to reduced shear. Finally, in chapter 6, I will summarise the main

conclusions of this thesis, and discuss future work arising from it.

1.1 Geometry and Contents of the Universe

One of the most important conclusions of General Relativity was that light

was subject to gravitation. In this theory, gravity is a geometric property

of spacetime. Within this section, I will summarise the basic principles of

General Relativity and Universal geometry, and explain how the constituents

of the Universe influence this geometry.

1.1.1 Fundamentals of General Relativity

Within the framework of General Relativity, gravity is described by the Ein-

stein field equations. These equations describe how the curvature of spacetime,

which is represented by the Einstein tensor Gµν , is affected by the matter

within it, which is represented by the energy-momentum tensor Tµν :

Gµν =
8πG

c4
Tµν , (1.1)
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where G is Newton’s constant of gravitation, c is the speed of light in a vacuum,

and:

Gµν = Rµν −
1

2
Rgµν , (1.2)

where Rµν is the Ricci curvature tensor, R is the Ricci scalar, gµν is the metric

tensor. The Ricci tensor and scalar are both constructed from the metric

tensor; which is the fundamental object that defines the geometric structure of

spacetime. Consequently, when there is no matter in the Universe (Tµν = 0),

the curvature of the Universe also vanishes.

An additional condition in General Relativity is that, analogous to the con-

servation of energy in Newtonian mechanics, energy-momentum is conserved.

Accordingly:

∇µTµν = 0, (1.3)

where ∇µ is the covariant derivative.

Generally, in the weak-field limit (when the metric can be considered a

perturbation from flat space) the equations of General Relativity simplify to

their Newtonian counterparts. A notable exception is the case of gravitational

lensing, which will be explored in Section 1.2.1.

1.1.2 The Expansion of the Universe and the Cosmo-

logical Constant

A plethora of observational evidence from Type Ia supernovae (Riess et al.

1998; Freedman et al. 2019, and many others) indicates that the Universe is

expanding. These supernovae behave as standard candles; meaning that they

emit the same intensity of light in their rest frame. Using this information, their

distances from us can be calculated. Additionally, observations of their spectra

reveal their recession velocities. Through combining these, the expansion of

the Universe can be estimated.
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Recently, observational evidence has revealed that the expansion of the

Universe is, in fact, accelerating (Riess et al. 1998; Perlmutter et al. 1999). The

expansion of the Universe can be described via a dimensionless scale factor,

a(t), that increases with time; relating a physical distance, d, to a comoving

one, r:

d = a(t)r. (1.4)

Taking the derivative of Equation (1.4), with respect to proper time, produces

an expression for the velocity, v at which objects separated by distance d recede

from each other:

v = H(t)d, (1.5)

where H(t) = ȧ/a. This expression is known as the Hubble-Lemâıtre law, after

two of its first proposers: Edwin Hubble (Hubble 1929), and Georges Lemâıtre

(Lemâıtre 1927).

An important parameter in cosmology is the present-day value of H, which

is known as the Hubble constant and denoted by H0. The value of the Hubble

constant is a contentious issue, with contemporary observations of the late

and early Universe providing inconsistent values. For an in-depth review of

the tension, see Mörtsell & Dhawan (2018). In general, the value is observed

to lie between 67−75 kms-1Mpc-1 (Planck Collaboration et al. 2020; Freedman

et al. 2019; Riess et al. 2019). The Hubble constant is also sometimes expressed

as the dimensionless quantity h, where H0 = 100h kms-1Mpc-1.

The culprit behind the accelerating expansion of the Universe is typically

identified as dark energy ; owing to how little is known about it. One way of

expressing this is as a repulsive vacuum energy term added into the Einstein

field equations of Equation (1.1):

Gµν =
8πG

c4
Tµν − Λ gµν , (1.6)
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where Λ is the cosmological constant, which determines the strength of the

repulsion.

The nature of dark energy and the cosmological constant is one of the

major open questions in cosmology, and it is one where cosmic shear proves to

be a particularly powerful probe (Albrecht et al. 2006).

1.1.3 Cosmological Redshift and the FLRW Metric

In an expanding Universe, the wavelength of light emitted by a source, λe,

receding away from an observer is stretched. The wavelength seen by the

observer, λo, is given by:

λo =
a(to)

a(te)
λe, (1.7)

where a(to) and a(te) are the scale factors of the Universe at the observer and

the emitter, respectively. This change in the wavelength of emitted light is

known as redshift. Specifically, redshift as a quantity, z, is:

z =
λo − λe
λe

. (1.8)

Substituting Equation (1.8) into Equation (1.7), and rearranging, then pro-

vides a conversion between scale factor and redshift:

1 + z =
a(to)

a(te)
. (1.9)

Conventionally, a(to) is normalised to 1 at present-day.

In order to formulate a description for the fundamental metric of the Uni-

verse, one begins with the assumption of the cosmological principle. Under

this assumption, the Universe is observed to be, on large scales, homogeneous

(statistically the same at all points in space) and isotropic (the same in ev-

ery direction). Then, the underlying metric of the Universe can be expressed

in terms of a set of spatial, comoving, spherical coordinates (r, θ, ϕ), a time
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coordinate t, and the scale factor:

ds2 = −c2dt2 + a2(t)[dr2 + S2
K(r)(dθ

2 + sin2 θdϕ2)], (1.10)

where SK(r) is a function that encodes the dependence of the comoving dis-

tance on the curvature of the Universe, K, such that:

SK(r) =


|K|−1/2 sin(|K|−1/2 r) K > 0

r K = 0

|K|−1/2 sinh(|K|−1/2 r) K < 0.

(1.11)

The three scenarios describe the effect of curvature in a closed (K > 0),

flat (K = 0), and open (K < 0) Universe. Observational evidence gener-

ally indicates that our Universe is flat (see e.g. Planck Collaboration et al.

2020). Equation (1.10) is known as the Friedmann-Lemâıtre-Robertson-Walker

(FLRW) metric. Using this metric, one can formulate an expression for the

comoving distance, in terms of redshift; by considering a null geodesic. A

geodesic is the shortest path between two points in a given geometry, and a

null geodesic is the path taken by a massless photon. For a radial null geodesic

in the FLRW metric:

0 = −c2dt2 + a2(t)dr2. (1.12)

This can be integrated, and one can apply a change of variables determined

from differentiating Equation (1.9) with respect to time, to obtain an expres-

sion for the comoving distance:

r(z) =

∫ z

0

c

a(to)

dz′

H(z′)
. (1.13)

Another distance commonly used in cosmology that also depends on the metric

is angular diameter distance, dA. This is the ratio of the true physical size of
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an object, rphys, to the angle which it subtends on the sky, θ, so that:

dA =
rphys
θ

=
SK [r(z)]a(z)θ

θ
= SK [r(z)]a(z). (1.14)

For a flat universe with a present-day scale factor of 1, the angular diameter

distance is equal to the comoving distance.

1.1.4 The Contents and Evolution of the Universe

In the framework of General Relativity, one can describe the constituents of

the Universe as cosmological fluids. For a perfect fluid, in thermodynamic

equilibrium, the energy-momentum tensor can be written as:

Tµν =

(
ρ+

p

c2

)
uαuβ + p gµν , (1.15)

where ρ is the mass-energy density of the fluid, p is its pressure, and uα is its

four-velocity. Applying the conservation of energy-momentum Equation (1.3)

to this tensor leads to the conservation equation:

∂ρ

∂t
+ 3H(ρ+ p) = 0. (1.16)

In order to describe the relationship between the pressure and density of a

cosmological fluid, one can define an equation of state:

p = wρ c2. (1.17)

Substituting this into Equation (1.16), and rearranging, gives an expression

describing the evolution of the density of a fluid with redshift:

ρ ∝ a−3(1+w). (1.18)
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The Universe is typically divided into three such fluids: matter, radiation, and

vacuum energy. Each of these components behaves differently, and accordingly

has a different equation of state and redshift-evolution.

Matter

The term matter here encompasses both regular baryonic matter, and dark

matter. In cosmology, baryonic matter refers broadly to all ‘ordinary’, visi-

ble, directly observable matter; including leptons. Meanwhile, dark matter is

matter which cannot be observed directly; instead it interacts with light only

via gravity. It is theorised to be a particle beyond the standard model of par-

ticle physics. In the conventional cosmological model, the cold dark matter

(CDM) model, both of these species are taken to be non-relativistic. On cos-

mological scales, this non-relativistic matter can be treated as collisionless and

hence having p = 0. Accordingly, the density of matter evolves as: ρm ∝ a−3.

Contemporary measurements place the percentage of the Universe made up of

matter at 32%, with 5% being baryonic matter and 27% being dark matter

(Planck Collaboration et al. 2020).

Radiation

In this case, radiation refers to ultra-relativistic particles with no rest mass;

namely, neutrinos1 and photons. For these particles, radiation pressure leads to

an equation of state parameter of wr = 1/3. The density of these species then

changes as: ρr ∝ a−4. Because the density of radiation falls more rapidly than

that of matter, radiation is only an important component when considering

the early Universe, and recent observations place its present-day contribution

at 0.01% (Planck Collaboration et al. 2020).

Vacuum Energy

1In actuality, recent observations have shown neutrinos have a non-zero, but still very
small, mass (Battye & Moss 2014). Accordingly, they are not necessarily relativistic. For a
detailed review of the treatment of massive neutrinos, see Lesgourgues & Pastor (2006).
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The third component of the Universe is the vacuum energy (or dark energy) of

the cosmological constant, as described in Section 1.1.2. Being a constant, it

is time-invariant which means that ∂ρΛ/∂t = 0. Equation (1.16) then dictates

that wΛ = −1. Consequently, ρΛ ∝ a0 and vacuum energy dominates in the

Universe at late times. In fact, the latest results place this dark energy as

making up 68% of the Universe today (Planck Collaboration et al. 2020).

1.1.5 The Friedmann Equations

One can now construct expressions for the evolution of the scale factor of the

Universe with relation to the density of its constituents. To do so, the FLRW

metric of Equation (1.10), and the energy-momentum tensor of cosmological

fluids of Equation (1.15), are substituted into the Einstein field equations,

described by Equation (1.1). The results of this procedure are the Friedmann

equations :

H2 =
8πG

3
ρ− Kc2

a2
(1.19)

ä

a
= −4πG

c2
(ρ+ 3p), (1.20)

where ¨ represents the second-derivative with respect to proper time. Then,

using Equation (1.19) one can define a critical density, ρcrit, when the Universe

is flat (K = 0). Since this is the case in the present-day, the critical density is:

ρcrit =
3H2

0

8πG
. (1.21)

In cosmology, the three fluid densities are often reported in terms of this value.

The following dimensionless densities are typically used: Ωi;0 = ρi/ρcrit, where

i ∈{m, r, Λ}. The 0 in the subscript signifies that it is the present-day value.

However, it is convention to drop this. Accordingly, throughout the remain-

der of this thesis, the present-day dimensionless densities are represented by
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Figure 1.1: Evolution of the dimensionless density parameters of the three
cosmological fluids with scale factor. The Universe can be divided into three
eras: a period of radiation dominance, followed by matter dominance, and
finally our current era of vacuum energy dominance.

Ωi. The first Friedmann equation can then be expressed in terms of these

dimensionless quantities, so that Equation (1.19) becomes:

H2 = H2
0 (Ωma

−3 + Ωra
−4 + ΩΛ + ΩKa

−2), (1.22)

where ΩK = −K(c/H0)
2. Using the present-day values of these parameters,

the evolution of the Universe can be charted. The changing densities of the

Universe’s individual components are shown in Figure 1.1. Three distinct

eras become apparent: the early universe where radiation dominates, then an

extended period of matter dominance, followed finally by our current era where

the cosmological constant makes up most of the Universe.
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1.1.6 The Dark Energy Equation of State

Given how little is known about dark energy, in cosmology we also investigate

the possibility that dark energy deviates from simply being a cosmological

constant. In order to do so, the Chevallier-Polarski-Linder (CPL) parame-

terisation for the dark energy equation of state parameter (Linder 2005) is

typically adopted:

wDE(a) = w0 + wa(1− a), (1.23)

where wa modifies the equation of state at early times. This parameterisation

is the result of a Taylor expansion around a = 1, and accordingly is not

theoretically or observationally motivated. If either w0 ̸= −1 or wa ̸= 0, then

dark energy cannot be explained by a cosmological constant.

When dark energy is represented by the CPL equation, then the expansion

history of the Universe is different. In this case, Equation (1.16) becomes:

d ln(ρDE)

d ln(a)
= −3(1 + wDE). (1.24)

Solving this equation leads to:

ρDE ∝ exp

[
− 3

∫ a

1

(1 + wDE)d ln(a
′)

]
(1.25)

This expression for density then leads to a changed first Friedmann equation,

replacing Equation (1.22) with:

H2 = H2
0

(
Ωma

−3 + Ωra
−4 + ΩΛ exp

[
− 3

∫ a

1

(1 + wDE)d ln(a
′)

])
, (1.26)

where ΩK has been set to 0 for compactness.
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Figure 1.2: Simulation of the cosmic web, showing filaments of galaxies with
voids in between. At the centre is a galaxy cluster. Adapted from Springel
et al. (2005).

1.1.7 Structure Formation

On cosmological scales, it is assumed that the Universe is homogeneous. How-

ever, this is demonstrably untrue on smaller scales, as the Universe is full of

structures such as galaxies, stars, and planets. In fact, the Universe itself has

structure on large scales. Mass-energy in the Universe tends to cluster together

in a ‘cosmic web’ of filaments and voids. Figure 1.2 shows a simulation of this

LSS.

This structure begins as inhomogeneities in the initial mass-energy distri-

bution at the time of the Big Bang resulting from quantum fluctuations. These

perturbations can be written as a fractional overdensity, δ, at some point in

space, x:

δ(x) =
ρ(x)− ρ̄

ρ̄
, (1.27)

where ρ̄ is the mean density of the Universe. These perturbations then grow

into the LSS we see today through gravitational collapse. One can model this

structure growth using linear perturbation theory. The discussion here follows
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Weinberg (2007). For large scales, one can operate in the Newtonian limit. In

this case, the following equations govern the density and velocity of an ideal

fluid:

Continuity equation:

(
∂ρ

∂t

)
x

+∇x · (ρu) = 0, (1.28)

Euler equation:

(
∂u

∂t

)
x

+ (u · ∇x)u = −∇xΦ, (1.29)

where Φ is the Newtonian gravitational potential, and I ignore pressure gradi-

ents in the Euler equation, since in a dark matter dominated Universe, there

is no pressure. The other relevant equation is the Poisson equation for gravity:

∇2
xΦ = 4πGρ. (1.30)

I now perform a transformation of variables to comoving distance r = x/a,

and peculiar velocity v = u − (ȧ/a)x = ˙(ar) − ȧr = aṙ. A mathematical

identity to note at this stage is the time derivative of some function, f , at a

given comoving distance. From the chain rule:

(
∂f

∂t

)
r

=

(
∂f

∂t

)
x

+

(
∂x

∂t

)
r

· ∇xf =

(
∂f

∂t

)
x

+
ȧ

a

x

a
· (a∇xf). (1.31)

Rearranging yields:

(
∂f

∂t

)
x

=

(
∂f

∂t

)
r

− ȧ

a
r · ∇f, (1.32)

where ∇ ≡ a∇r. Now, making the necessary substitutions leads to:

Continuity equation:
∂δ

∂t
+

1

a
∇ · [(1 + δ)v] = 0, (1.33)

Euler equation:
∂v

∂t
+

1

a
(v · ∇)v +

ȧ

a
v = −1

a
∇ϕ, (1.34)

Poisson equation: ∇2ϕ = 4πGρ̄a2δ, (1.35)
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where ϕ = Φ− 2/3πGρ̄a2x2. I then keep only the terms that are first-order in

δ or v, as the linear approximation is being made here:

Continuity equation:
∂δ

∂t
+

1

a
∇ · v = 0, (1.36)

Euler equation:
∂v

∂t
+
ȧ

a
v +

1

a
∇ϕ = 0. (1.37)

Taking the time derivative of Equation (1.36), 1/a × the divergence of Equa-

tion (1.37), subtracting, and using the Poisson equation gives:

δ̈ + 2
ȧ

a
δ̇ = 4πGρ̄δ. (1.38)

For the pressure-less dark matter dominated Universe, structure therefore

grows as:

δ ∝ a, (1.39)

while in cosmological constant dominated times:

δ ∝ constant. (1.40)

Equation (1.39) and Equation (1.40) characterise growth on large and linear

scales for the majority of the history of the Universe. In the matter dominated

era, structure will grow with the scale factor, but after dark energy domi-

nance, this LSS growth will be ‘frozen out’. Once in the non-linear regime,

on small scales, structure growth becomes difficult to describe. Large N-body

simulations become necessary to model this.

1.2 Cosmic Shear

When light from distant galaxies travels towards us, it experiences weak grav-

itational lensing from all of the LSS along the line-of-sight. Accordingly, the

images that we observe for these sources are distorted. This distortion is known



32 Chapter 1. Introduction and Background

as cosmic shear. By measuring the distortion we can map the LSS, and accord-

ingly interpret fundamental properties of the Universe. In this section, I will

review the theory behind cosmic shear and how we can use it as a cosmological

probe.

1.2.1 Light Deflection in General Relativity

In General Relativity, gravity is a geometric property of spacetime. As a

consequence, it also affects light. Using Fermat’s principle, the metric for the

Universe, and Lagrangian mechanics, the deflection angle of a photon under

the gravitational force of some mass-energy can be calculated. Here, I follow

Meneghetti (2016) in my derivation.

According to Fermat’s principle, the travel time of light through some

medium with refractive index, n, is:

t =
1

c

∫
n[x(l)]dl, (1.41)

where c is the speed of light in a vacuum. This is extremised along the path

x(l) between fixed points A and B such that:

δt = δ

[
1

c

∫ B

A

n[x(l)]dl

]
= 0. (1.42)

Now, one can consider what happens to the path of the light in the presence

of a gravitational lens with Newtonian potential Φ. The metric for a static

potential is:

ds2 =

(
1 +

2Φ

c2

)
c2dt2 −

(
1− 2Φ

c2

)
dx2. (1.43)

Since a photon experiences zero proper time, ds = 0, and Equation (1.43) can

be rearranged to give the effective speed of light in the gravitational field, c′:

c′ =
|dx|
dt

= c

√
1 + 2Φ

c2

1− 2Φ
c2

≈ c

(
1 +

2Φ

c2

)
, (1.44)
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where the ‘weak-lens approximation’ has been made, under which Φ ≪ c2; an

assumption that is valid in virtually all astrophysical cases. Accordingly, the

refractive index is:

n =
c

c′
=

1

1 + 2Φ
c2

≈ 1− 2Φ

c2
. (1.45)

This can now be treated as a variational problem, as in conventional optics.

In this case, I recast the path of light in terms of an arbitrary parameter, λ,

so that:

dl =

∣∣∣∣dxdλ
∣∣∣∣dλ = |ẋ|dλ. (1.46)

With this, Equation (1.42) can be rewritten:

δ

[
1

c

∫ λB

λA

n[x(l)]|ẋ|dλ
]
= 0, (1.47)

where the Lagrangian of the variational problem is L = n[x(l)]|ẋ|. Now, I

consider the equations of motion given by the Euler-Lagrange equations :

d

dλ

(
∂L
∂ẋ

)
− ∂L
∂x

= 0, (1.48)

where:

∂L
∂ẋ

= n
ẋ

|ẋ| (1.49)

∂L
∂x

= |ẋ|∂n
∂x

= |ẋ|∇n. (1.50)

The vector ẋ is tangential to the light path, and it can be normalised by

choosing a value for λ such that |ẋ| = 1. In this case, the unit tangent vector

e ≡ ẋ. Equation (1.48) then becomes:

d

dλ
(ne)−∇n = 0, (1.51)
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which can be expanded, and rearranged to give:

nė = ∇n− e(∇n · e). (1.52)

The second term on the right-hand side of this equation is ∇∥n which means

that the entire right-hand side is ∇⊥n. This leads to:

ė =
1

n
∇⊥n = ∇⊥ lnn. (1.53)

As I am operating in the weak-lens limit, I can Taylor expand the natural

logarithm to the first-order, lnn ≈ −2Φ/c2, so that:

ė ≈ − 2

c2
∇⊥Φ. (1.54)

By integrating this expression over the light path, the total deflection angle of

the light, α, can be determined:

α = − 2

c2

∫ λB

λA

∇⊥Φdλ. (1.55)

Using this expression still proves difficult, as it requires knowledge of the light’s

true path.

However, the weak-lens approximation means that one would expect the

deflection angle to be small. Accordingly, I can make the Born approxima-

tion, within which one integrates the potential in Equation (1.55) along the

unperturbed path. Now, if one considers a photon traveling parallel to the z

direction, this expression becomes:

α = − 2

c2

∫ ∞

0

∇⊥Φdz. (1.56)

In the study of cosmic shear, this approximated expression is used to calculate
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the gravitational deflection caused by the LSS.

1.2.2 The Lens Equation

To consider gravitational lensing of galaxy images on cosmological scales, I

begin by examining the difference between two neighbouring geodesics. In this

section, the standard derivations from the review articles of Kilbinger (2015),

and Bartelmann & Schneider (2001) are followed.

Assuming the FLRW metric and the small angle approximation, the co-

moving separation between two rays, x0, seen by an observer over angle, θ, as

a function of the comoving distance to them, χ, is:

x0(χ) = SK(χ)θ. (1.57)

Now, when these light rays from a source at comoving distance χ encounter

a source of gravity at comoving distance χ′, their separation changes by dx.

This scenario is illustrated in Figure 1.3. The change in separation is given by:

dx = SK(χ− χ′)dα. (1.58)

Integrating over the line-of-sight along χ′ then provides the total separation.

Under the Born approximation, the separation is:

x(χ) = SK(χ)θ − 2

c2

∫ χ

0

SK(χ− χ′)∇⊥Φ(SK(χ
′)θ, χ′)dχ′. (1.59)

Additionally, in the absence of lensing, if x was some unperturbed separation,

the observer would view it over angle β:

β =
x(χ)

SK(χ)
. (1.60)
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χ′

~θ

~x(χ)

d~x(χ)
∇⊥φ(χ

′ )
d~α

~β

χ
χ − χ′

Figure 1.3: Illustration of the propagation of two light rays (solid, red lines)
originating at comoving distance χ, experiencing a gravitational potential, ϕ,
of a deflector at comoving distance, χ′, and being deflected to converge at
the observer. The dotted lines are the unperturbed geodesics that the light
would take in the absence of a deflector, and they define the angle, β⃗ under
which the observer would have seen the unperturbed comoving separation, x⃗.
Meanwhile, the dashed lines show the apparent direction of the light rays to
the observer, defining the angle θ⃗. Adapted from Kilbinger (2015).

This angle can be defined by the lens equation:

β = θ −α, (1.61)

where:

α =
2

c2

∫ χ

0

SK(χ− χ′)

SK(χ)
∇⊥Φ[SK(χ

′)θ, χ′]dχ′. (1.62)

Equation (1.61) is analogous to the lens equation from conventional optics for

a single, thin lens.

1.2.3 Shear and Convergence

To obtain the quantities of interest in cosmic shear, shear and convergence, one

begins by linearising Equation (1.61). Next, I define the amplification matrix
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as the Jacobian A = ∂β/∂θ which has the components:

Aij =
∂βi
∂θj

= δij −
∂αi

∂θj

= δij −
2

c2

∫ χ

0

SK(χ− χ′)SK(χ
′)

SK(χ)

∂2

∂xi∂xj
Φ[SK(χ

′)θ, χ′]dχ′. (1.63)

The amplification matrix gives the linear mapping from lensed coordinates, θ,

to unlensed coordinates, β. Under the approximations made, the deflection

angle can be written as the gradient of a two-dimensional lensing potential, ψ:

ψ(θ, χ) =
2

c2

∫ χ

0

SK(χ− χ′)

SK(χ)SK(χ′)
Φ[SK(χ

′)θ, χ′]dχ′. (1.64)

In this case, the amplification matrix can be written:

Aij = δij − ∂i∂jψ, (1.65)

where the ∂i are the partial derivatives with respect to θ.

Now, the individual elements of the amplification matrix can be written in

terms of the convergence, κ, and the spin-two shear, γ = γ1+iγ2 = |γ| exp(2iϑ),

where ϑ is the polar angle between the two components. In this framing, the

matrix is written:

A =

1− κ− γ1 −γ2
−γ2 1− κ+ γ1

 . (1.66)

Accordingly, the convergence and shear can be defined in terms of derivatives

of the lensing potential:

κ =
1

2
(∂1∂1 + ∂2∂2)ψ =

1

2
∇2ψ (1.67)

γ1 =
1

2
(∂1∂1 − ∂2∂2)ψ (1.68)

γ2 = ∂1∂2ψ. (1.69)
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Figure 1.4: Illustrations of the two manifestations of weak lensing from the
LSS; convergence (left) and shear (right). The observed shape of an initially
circular source, after undergoing these effects, is shown.

The convergence and shear correspond to two different types of changes in the

shape of an observed distribution of light. The shear, being the trace-free part

of the matrix, represents an anisotropic stretching that would turn a circular

distribution of light elliptical, whereas the convergence, which is the diagonal

of the matrix, is an isotropic increase or decrease in the size of the image. The

difference between these two components is illustrated in Figure 1.4.

The inverse amplification matrix, A−1, gives the local mapping from the

source plane to image coordinates, and is given by:

A−1 = µ(1− κ)

I2 + g

cos 2ϑ sin 2ϑ

sin 2ϑ − cos 2ϑ


 , (1.70)

where I2 is the two-dimensional identity matrix, µ = 1/detA is the magnifica-

tion which is the size of the of the image at the observer relative to its size at

the source, and g is a quantity known as reduced shear :

g =
γ

1− κ
. (1.71)

Each source is mapped uniquely onto one image, and there are no multiple

images as is the case in strong lensing.
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The convergence and shear encode cosmological information about the Uni-

verse, because they are projections of the fractional overdensity of the Universe

as given by Equation (1.27). Applying the Laplacian in the definition of con-

vergence, Equation (1.67), to the lensing potential, and recalling the Poisson

equation relating the gravitational potential and the fractional overdensity,

Equation (1.35), leads to:

κ(θ, χ) =
3H2

0Ωm

2c2

∫ χ

0

1

a(χ′)

SK(χ− χ′)SK(χ
′)

SK(χ)
δ(SK(χ

′)θ, χ′)dχ′. (1.72)

To obtain the mean convergence from a population of galaxies, I weight Equa-

tion (1.72) with the galaxy probability distribution, n(χ), so that:

κ(θ) =

∫ χlim

0

n(χ)κ(θ, χ)dχ =

∫ χlim

0

W (χ)δ(SK(χ)θ, χ)dχ, (1.73)

where χlim is the limiting comoving distance of the galaxy survey, and W (χ) is

the lensing kernel ; which dictates the strength of the lensing by the combined

background galaxy distribution at a comoving distance χ according to:

W (χ) =
3H2

0Ωm

2c2
SK(χ)

a(χ)

∫ χlim

χ

n(χ′)
SK(χ

′ − χ)

SK(χ′)
dχ′. (1.74)

1.2.4 Measuring the Shear

In practice, the shear is the directly probed quantity, from which the conver-

gence is calculated. In order to measure the shear, the change in the ellipticity

of galaxies must be measured. To this end, the observed ellipticity of a galaxy,

εobs, can be related to its source ellipticity, εsrc, by:

εobs =
εsrc + g

1 + g∗εsrc
, (1.75)
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where ∗ denotes the complex conjugate. Images are very weakly lensed by the

LSS, and consequently |κ|, |γ| ≪ 1 for individual sources.

Accordingly, it is standard procedure to make the reduced shear approxi-

mation, where g ≈ γ. Then, Equation (1.75) becomes:

εobs ≈ εsrc + γ. (1.76)

A complication arises, however, from the fact that the shear of individual

sources is beyond the realm of detection. The cosmic shear distortion for

an individual source is typically γ ∼ 0.03, while the intrinsic ellipticity RMS

uncertainty is σε ∼ 0.3 (Kilbinger 2015). Therefore, to achieve a signal-to-noise

ratio above one, the ensemble average of the ellipticity of the source must be

taken. Naturally, we do not have an ensemble of universes readily available

with which to carry out this operation. Fortunately, it can be safely assumed

that the Universe is ergodic; meaning that the ensemble average is equivalent

to averaging over a large number of sources in a sufficiently large volume.

Now, in the absence of any preferred intrinsic orientation for galaxies, the

average source ellipticity will be zero, and so:

⟨εobs⟩ ≈ ⟨γ⟩. (1.77)

However, the shear is a projection of the fractional overdensity, and accordingly

⟨γ⟩ ∝ ⟨δ⟩ = 0. In fact, the first non-trivial statistics of shear are its second-

order statistics.

1.2.5 E-modes and B-modes

Because the two shear components, as defined in Equation (1.68) and Equation

(1.69), are functions of a single scalar potential, they are not independent.

Accordingly, the shear field is limited in the forms it can take.
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To explore the available configurations, one can begin by defining a new

vector field, u:

u = ∇κ. (1.78)

Then, by definition, the curl of u, ∇ × u = 0. Now, substituting Equation

(1.67), Equation (1.68), and Equation (1.69) into the curl yields a constraint

on the shear field:

∂1γ2 − ∂2γ2 = ∂1∂2γ1 = 0. (1.79)

A shear field that satisfies this constraint is curl-free, and is known as an E-

mode field, by analogy to the electric field in electromagnetism. However, in

reality, the observed shear field generally has a curl component. This compo-

nent is labelled the B-mode field, and occurs due to unaccounted for, higher-

order systematic effects within the data. Detection of B-modes can be used

as a measure of the quality of instrumentation and data analysis. However,

it is important to note that this will only account for systematic effects that

produce B-modes, and does not preclude the presence of systematic effects

that do not produce these modes. Additionally, in spherical harmonic space,

the two shear components, γα, can be trivially related to the convergence via:

γ̃α(ℓ) = Tα(ℓ) κ̃(ℓ), (1.80)

where ℓ is the spherical harmonic conjugate of θ with magnitude ℓ and polar

angle ϕℓ. In this expression, the flat-sky approximation is made; meaning the

impact of the curvature of the sky is neglected. This has a negligible impact on

inference (Kitching et al. 2017). The Tα are trigonometric weighting functions:

T 1(ℓ) = cos(2ϕℓ), (1.81)

T 2(ℓ) = sin(2ϕℓ). (1.82)
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This now allows for the mathematical definition of E-modes and B-modes.

For an arbitrary shear field (for example one estimated from data), these are

expressed as linear combinations of the shear components:

Ẽ(ℓ) =
∑
α

Tα γ̃α(ℓ), (1.83)

B̃(ℓ) =
∑
α

∑
β

εαβ Tα(ℓ) γ̃β(ℓ), (1.84)

where εαβ is the Levi-Civita symbol (i.e. ε12 = −ε21 = 1 and ε11 = ε22 = 0).

1.2.6 Weak Lensing Power Spectra

In the study of cosmic shear, we typically utilise the second-order statistic of

shear in spherical harmonic space for inference. This is the angular power

spectrum of convergence, Cℓ, and is defined:

⟨Ẽ(ℓ)Ẽ(ℓ′)⟩ = (2π)2δD(ℓ− ℓ′)Cℓ(ℓ), (1.85)

where δD is the Dirac delta.

One can obtain an expression for the angular power spectrum, in terms of

the underlying cosmology, by taking the square of Equation (1.73) in spherical

harmonic space, substituting the result into Equation (1.85), and using the

Limber approximation (Limber 1953; LoVerde & Afshordi 2008). This approx-

imation is a mathematical convenience that involves replacing computationally

intensive integrals of spherical Bessel functions with delta functions at their

peak. Then, the convergence angular power spectrum is:

Cℓ =

∫ χlim

0

W (χ)2

S2
K

Pδ[k = (ℓ+ 1/2)/SK , χ] dχ, (1.86)

where Pδ is the three-dimensional matter power spectrum, and k = (ℓ +

1/2)/SK(χ) under the Limber approximation (LoVerde & Afshordi 2008). Ad-
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ditionally, Equation (1.80) leads to the fact that, under the flat-sky approxi-

mation, the convergence angular power spectrum is equal to the shear angular

power spectrum.

Equation (1.86) provides only two-dimensional information, as it integrates

over comoving distance. However, it is possible to retain three-dimensional in-

formation through a technique known as tomography. In this framework, the

galaxies observed in a survey are divided into tomographic bins in redshift.

Then for each of the bins and bin combinations, auto and cross-correlation an-

gular power spectra are calculated. In this way, a three-dimensional, redshift-

dependent picture is obtained. The auto and cross-correlation spectra for two

bins, i and j, are given by:

Cℓ;ij =

∫ χlim

0

Wi(χ)Wj(χ)

SK(χ)2
Pδδ(k, χ) dχ, (1.87)

where Wi is the lensing kernel for bin i, with definition:

Wi(χ) =
3H2

0Ωm

2c2
SK(χ)

a(χ)

∫ χlim

χ

ni(χ
′)
SK(χ

′ − χ)

SK(χ′)
dχ′, (1.88)

where now ni is the probability distribution of galaxies within bin i. In practice,

the observed angular power spectra also consist of additional terms resulting

from astrophysical effects. These signals must be carefully accounted for to

properly extract the cosmological information.

1.2.7 Shot Noise

The dominant portion of the observed lensing power spectrum consists of shot

noise. This signal is the result of the intrinsic dispersion of the ellipticities of

galaxies. For cross-correlation spectra this term is zero, because the ellipticities

of galaxies at different comoving distances should be uncorrelated. However,

it is non-zero for auto-correlation spectra. As the shot noise is the result of
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the shear field being Poisson sampled at the positions of observed galaxies, it

scales inversely with the number of galaxies in the survey.

In the case of a tomographic galaxy survey utilising equi-populated redshift

bins, the shot noise, Nl;ij, is (Euclid Collaboration: Blanchard et al. 2020):

N ϵ
l;ij =

σ2
ϵ

n̄g/Nbin

δKij , (1.89)

where σ2
ϵ is the variance of the observed ellipticities in the galaxy sample, n̄g

is the galaxy surface density of the survey, Nbin is the number of tomographic

bins used, and δKij is the Kronecker delta. Typically, σϵ ≈ 0.3. For a detailed

derivation of shot-noise, see Appendix A.

1.2.8 Intrinsic Alignments

Another astrophysical signal that must be disentangled from the cosmic shear

signal comes from the intrinsic alignments (IA) of galaxies. When galaxies

form near each other, they do so in a similar tidal environment. These tidal

processes can induce a preferred, intrinsically correlated, alignment of galaxy

shapes (Joachimi et al. 2015; Kirk et al. 2015; Kiessling et al. 2015).

To first-order, this acts as an additional contribution to the observed ellip-

ticity of a galaxy, εobs. Under the reduced shear approximation, this can be

written as:

εobs = γ + γI + εsrc, (1.90)

where γ is the gravitational lensing shear, γI is the contribution to the observed

shape resulting from IAs, and εsrc is the source ellipticity that the galaxy would

have in the absence of the process causing the IA.

Now the theoretical two-point statistic consists of three types of terms:

⟨γγ⟩ , ⟨γIγ⟩, and ⟨γIγI⟩. The first of these terms leads to the standard lensing

power spectra of Equation (1.87), while the other two terms lead to additional
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contributions to the observed power spectra, Cϵϵ
ℓ;ij, so that:

Cϵϵ
ℓ;ij = Cγγ

ℓ;ij + CIγ
ℓ;ij + CγI

ℓ;ij + CII
ℓ;ij +N ϵ

ℓ;ij, (1.91)

where the CIγ
ℓ;ij spectra represent the correlation between the background shear

and the foreground IA, the CγI
ℓ;ij spectra correspond to the opposite case, CII

ℓ;ij

are the auto-correlation spectra of the IAs, and N ϵ
ℓ;ij is a shot noise term.

The additional spectra can be described in a similar manner to the shear

power spectra, by way of the ‘non-linear alignment’ (NLA) model (Bridle &

King 2007). In this model, the IA contribution to the ellipticity can be written:

γI1 = −AIACIA
4πG

(∂21 − ∂22)Φp, (1.92)

γI2 = −AIACIA
4πG

(2∂1∂2)Φp, (1.93)

where γI = γI1 + iγI2, AIA and CIA are free model parameters to be determined

by fitting to data or simulations, the partial derivatives are with respect to

position on the sky θ and Φp is the gravitational potential at the time of

galaxy formation.

Now, by carrying out a process analogous to the derivation of the shear

auto and cross-correlation spectra, the two contributions to the observed shear

spectrum that are the result of IAs can be obtained:

CIγ
ℓ;ij =

∫ χlim

0

dχ

S 2
K(χ)

[Wi(χ)nj(χ) + ni(χ)Wj(χ)]PδI(k, χ), (1.94)

CII
ℓ;ij =

∫ χlim

0

dχ

S 2
K(χ)

ni(χ)nj(χ)PII(k, χ), (1.95)

where the intrinsic alignment power spectra, PδI(k, χ) and PII(k, χ), are ex-
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pressed as functions of the matter power spectra:

PδI(k, χ) =
−AIACIAΩm

D(χ)
Pδδ(k, χ), (1.96)

PII(k, χ) =

(−AIACIAΩm

D(χ)

)2

Pδδ(k, χ), (1.97)

in which D(χ) is the growth factor of density perturbations in the Universe,

as a function of comoving distance.

1.2.9 The State of Weak Lensing

Cosmic shear experiments are currently well into a phase known as Stage III

(Albrecht et al. 2006). They are able to carry out precision cosmology com-

petitive with other cosmological probes such as supernovae, and the cosmic

microwave background (CMB). However, there is a complication. Measure-

ments of the comological parameters Ωm, which is the dimensionless mass

density of the Universe, and σ8, the RMS value of density fluctuations on 8

h−1Mpc scales, from the CMB (Planck Collaboration et al. 2020) are poten-

tially in tension with those from cosmic shear surveys (Hildebrandt et al. 2020).

At the current level of precision, one of the Stage III experiments, the Kilo-

Degree Survey (KiDS), is inconsistent with the CMB measurements of Planck

Collaboration et al. (2020). In addition, while other Stage III weak lensing

experiments are consistent with CMB analysis, the Planck Collaboration et al.

(2020) constraints of Ωm and σ8 are systematically higher. This discrepancy is

shown in Figure 1.5. Stage III cosmic shear experiments also do not currently

have the constraining power on the Hubble constant that is needed in order to

address the Hubble tension.

We are now on the verge of Stage IV cosmic shear, with experiments like

Euclid (Laureijs et al. 2011), Roman (Akeson et al. 2019), and the Rubin

Observatory (LSST Science Collaboration et al. 2009) on the horizon. These

experiments will offer more than an order of magnitude leap in precision, that
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Figure 1.5: Comparison of the marginalised 1 − σ and 2 − σ contours on the
cosmological parameters Ωm and σ8 between Stage III cosmic shear experi-
ments and the CMB. The CMB experiment is Planck (Planck Collaboration
et al. 2020), whereas the weak lensing experiments are KiDS-450 (de Jong
et al. 2013), the Dark Energy Survey (DES)(Dark Energy Survey Collabora-
tion 2005), and HyperSuprime-Cam (HSC) (Hikage et al. 2019). Adapted from
Hildebrandt et al. (2020).

will enable us to begin to address discrepancies like the Hubble tension and

the Ωm–σ8 tension. They will also be effective probes of dark energy (Albrecht

et al. 2006).

But, in order to use this newfound precision effectively, we must also ensure

that the accuracy of our methods keeps up. Hitherto ignored systematic effects

must be understood well, and assumptions in the theoretical framework must

be relaxed. The focus of this thesis is the forecasting of the impact of such

effects on Stage IV experiments, and the mitigation of such biases and errors

that would compromise their accuracy.
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1.3 Forecasting for Stage IV Surveys

This section adapts Sections 2.7 and 3 of Deshpande et al. (2020a).

Typically, once data is obtained from a given survey, Bayesian inference tech-

niques are used to fit theoretical models to it and obtain constraints on cosmo-

logical parameters. The preferred tools for this are Markov–Chain Monte Carlo

techniques, and variants thereof. For detailed overviews of these methods, see

Verde (2007, 2010).

However, in advance of obtaining data, it is often necessary to forecast

the constraining ability of experiments. This can be accomplished through

employing the Fisher matrix formalism (Tegmark et al. 1997). Given a model

for the likelihood and covariance of the survey, this allows the prediction of

uncertainty constraints on parameters of interest.

In this section, I will review the mathematical formalism behind the use

of Fisher matrices for forecasting parameter constraints. I will also show how

this formalism can be extended to predict biases from neglecting systematic

effects. Additionally, modelling specifics that are used throughout this work to

represent Stage IV experiments will be detailed. In particular, the specifica-

tions of Euclid will be used, as these are readily available and well-established

(Euclid Collaboration: Blanchard et al. 2020). Furthermore, I will present the

choice of fiducial cosmology used throughout.

1.3.1 Fisher Matrices

The Fisher matrix, F , is explicitly defined as the Hessian of the log-likelihood:

Fαβ =

〈−∂2 lnL
∂θα∂θβ

〉
, (1.98)
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where α and β index the matrix such that the corresponding entry relates to

parameters of interest θα and θβ respectively, and L is the likelihood.

For Stage IV cosmic shear experiments, the likelihood can be safely as-

sumed to be Gaussian (Lin et al. 2020; Taylor et al. 2019); though I note

that in reality it is non-Gaussian (see e.g. Sellentin et al. 2018). Generically,

the Fisher matrix for a Gaussian likelihood can be written in terms of the

covariance of the data, C, and the mean of the data vector, µ. It takes the

form:

Fαβ =
1

2
tr

[
∂C

∂θα
C−1 ∂C

∂θβ
C−1

]
+
∑
pq

∂µp

∂θα
(C−1)pq

∂µq

∂θβ
, (1.99)

with the summations over p and q representing sums over the variables of the

data vector. Now, considering the case of cosmic shear specifically, the actual

signal is the mean of the angular power spectrum. Accordingly the first term

in the above vanishes. This means that the corresponding Fisher matrix is

expressed as:

Fαβ =
ℓmax∑

ℓ′=ℓmin

ℓmax∑
ℓ=ℓmin

∑
ij,mn

∂Cϵϵ
ℓ;ij

∂θα
Cov−1

[
C ϵϵ

ℓ;ij, C
ϵϵ
ℓ′;mn

] ∂Cϵϵ
ℓ′;mn

∂θβ
, (1.100)

where Cov−1
[
C ϵϵ

ℓ;ij, C
ϵϵ
ℓ′;mn

]
is the covariance of the signal, {ℓmin, ℓmax} bound

the angular wavenumber range of the survey, and the sums are over the ℓ-

blocks.

The uncertainties can then be predicted for parameters of interest by exam-

ining the diagonal of the inverse of the matrix. For parameter θα, the predicted

1σ uncertainty, σα is given by:

σα =
√
Fαα

−1. (1.101)

Another aspect of this formalism that makes it particularly useful in this work,
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is that it can readily be extended to predict any biases in the parameters of

interest that would result from neglecting systematic effects during inference

(Taylor et al. 2007). Modelling a particular systematic effect as an additive

term to the shear angular power spectra, δCℓ;ij, the predicted bias, bα, on

parameter of interest θα depends on the Fisher matrix thusly:

bα =
∑
β

(F−1)αβ Bβ, (1.102)

with:

Bβ =
ℓmax∑

ℓ′=ℓmin

ℓmax∑
ℓ=ℓmin

∑
ij,mn

δCℓ;ij Cov
−1

[
C ϵϵ

ℓ;ij, C
ϵϵ
ℓ′;mn

] ∂Cℓ′;mn

∂θβ
. (1.103)

This formalism is used throughout this thesis to quantify the biases on inferred

cosmological parameters, if various systematic effects are neglected at the shear

angular power spectrum level.

1.3.2 Modelling a Euclid-like Survey

In order to quantify the impact of the studied effects on a Euclid -like survey,

I adopted the forecasting specifications of Euclid Collaboration: Blanchard

et al. (2020). Accordingly, I took there to be ten equi-populated tomographic

bins, with bin edges: {0.001, 0.418, 0.560, 0.678, 0.789, 0.900, 1.019, 1.155,

1.324, 1.576, 2.50}.

I primarily investigated the impact on the ‘optimistic’ case for such a sur-

vey, in which ℓ-modes of up to 5000 are probed, because this is necessary for

Euclid to reach its required figure of merit using cosmic shear (Euclid Collab-

oration: Blanchard et al. 2020). I considered the intrinsic variance of observed

ellipticities to have two components, each with a value of 0.21, so that the

intrinsic ellipticity root-mean-square value σϵ =
√
2× 0.21 ≈ 0.3. For Euclid,

I took the surface density of galaxies to be n̄g = 30 arcmin−2, and the fraction
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Table 1.1: Choice of parameter values used to define the probability distribu-
tion function of the photometric redshift distribution of sources, in Equation
(1.106). I did not consider how variation in the quality of photometric red-
shifts impacts the Fisher matrix predictions. Adapted from Deshpande et al.
(2020a). Reproduced with permission from Astronomy & Astrophysics, ©
ESO.

Model Parameter Fiducial Value
cb 1.0
zb 0.0
σb 0.05
co 1.0
zo 0.1
σo 0.05
fout 0.1

of sky covered to be fsky = 0.36.

As in Euclid Collaboration: Blanchard et al. (2020), I defined the distribu-

tions of galaxies in the tomographic bins, for photometric redshift estimates,

as:

Ni(z) =

∫ z+i
z−i

dzp n(z)pph(zp|z)∫ zmax

zmin
dz

∫ z+i
z−i

dzp n(z)pph(zp|z)
, (1.104)

where zp is measured photometric redshift, z−i and z+i are edges of the i-th

redshift bin, and zmin and zmax define the range of redshifts covered by the

survey. Then, ni(χ) = Ni(z)dz/dχ.

In Equation (1.104), n(z) is the true distribution of galaxies with redshift,

z; defined as in the Euclid Red Book (Laureijs et al. 2011):

n(z) ∝
(
z

z0

)2

exp

[
−
(
z

z0

)3/2]
, (1.105)

where z0 = zm/
√
2, with zm = 0.9 as the median redshift of the survey. Mean-

while, the function pph(zp|z) describes the probability that a galaxy at redshift
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z is measured to have a redshift zp:

pph(zp|z) =
1− fout√
2πσb(1 + z)

exp

{
− 1

2

[
z − cbzp − zb
σb(1 + z)

]2}

+
fout√

2πσo(1 + z)
exp

{
− 1

2

[
z − cozp − zo
σo(1 + z)

]2}
. (1.106)

In this parameterisation, the first term describes the multiplicative and ad-

ditive bias in redshift determination for the fraction of sources with a well

measured redshift, whereas the second term accounts for the effect of a frac-

tion of catastrophic outliers, fout. The values of these parameters, chosen to

match the selection of Euclid Collaboration: Blanchard et al. (2020), are stated

in Table 1.1. By using this formalism, the impact of the photometric redshift

uncertainties was also included in the derivatives of the shear power spectra.

1.3.3 Choice of Fiducial Cosmology

I considered the w0waCDM model case in my calculations. This extension of

the lambda cold dark matter (ΛCDM) model accounts for a time-varying dark

energy equation of state. This model consists of the following parameters:

• Ωm - the present-day matter density parameter,

• Ωb - the present-day baryonic matter density parameter,

• h = H0/100km s−1Mpc−1 - the Hubble parameter,

• ns - the spectral index,

• σ8 - the RMS value of density fluctuations on 8h−1Mpc scales,

• ΩDE - the present-day dark energy density parameter,

• w0 - the present-day value of the dark energy equation of state,

• wa - the high redshift value of the dark energy equation of state.
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Table 1.2: Fiducial values of w0waCDM cosmological parameters used through-
out this thesis. These values were selected in accordance with Euclid Collab-
oration forecasting choices (Euclid Collaboration: Blanchard et al. 2020); to
facilitate consistent comparisons. Note that the value of the neutrino mass
was kept fixed in the Fisher matrix calculations. Adapted from Deshpande
et al. (2020a). Reproduced with permission from Astronomy & Astrophysics,
© ESO.

Cosmological Parameter Fiducial Value
Ωm 0.32
Ωb 0.05
h 0.67
ns 0.96
σ8 0.816∑

mν (eV) 0.06
ΩDE 0.68
w0 −1
wa 0

Additionally, I assumed neutrinos to have masses. I denote the sum of

neutrino masses by
∑
mν ̸= 0. This quantity was kept fixed, and I did not

generate confidence contours for it, in concordance with Euclid Collaboration:

Blanchard et al. (2020). The fiducial values chosen for these parameters are

given in Table 1.2. These values were chosen to allow for a direct and consis-

tent comparison of the studied corrections with the forecast precision of Euclid.

They are also our current best estimates of these parameters (Planck Collab-

oration et al. 2020). The values provided in the forecasting specifications for

the free parameters of the NLA model were also used in this work, in Equation

(1.96) and Equation (1.97). These are: AIA = 1.72 and CIA = 0.0134.

My Fisher matrices included the parameters Ωm,Ωb, h, ns, σ8,ΩDE, w0, wa,

and AIA. I did not include any additional nuisance parameters. However,

I do not expect this to affect the significance of any studied corrections, as

Euclid Collaboration: Blanchard et al. (2020) find that the inclusion of various

nuisance parameters typically alters the predicted relative uncertainties on

cosmological parameters by less than 10%.
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1.4 Utilisation of Foundational Theory

The weak lensing formalism and forecasting specifications discussed in this

chapter are used throughout this thesis. Here, I describe how these concepts

are utilised and built upon. The research chapters that follow aim to refine the

theoretical calculation of the cosmic shear observable, as detailed in Section

1.2, to match the increased precision of upcoming experiments.

Specifically, Chapter 2 relaxes the reduced shear approximation, described

in Section 1.2.4 and accounts for the effects of the magnification effect identified

in Section 1.2.3. Following on from this, Chapter 3 discusses the implications

of the Limber approximation, mentioned in Section 1.2.6, on the reduced shear

and magnification bias corrections. Similarly, Chapter 4, extends the cosmic

shear observable to account for the effects of the peculiar velocities of galaxies.

Finally, a strategy to mitigate the effects of the discussed corrections is pre-

sented in Chapter 5; involving re-weighting the projection kernels described

in Section 1.2.6. To accurately forecast the impact of these terms, all of the

research chapters use the survey specifications and Fisher matrices given in

Section 1.3.



Chapter 2

Reduced Shear Approximation &

Magnification Bias

This chapter adapts Deshpande et al. (2020a).

In this chapter, I evaluate the impact of the reduced shear approximation and

magnification bias on the information that will be obtained from the angular

power spectrum observed by a Stage IV cosmic shear survey. Specifically, I

focus on the impact on inference from the Euclid space telescope.

2.1 Motivation and Outline

The constituent parts of the ΛCDM model, and its extensions, are not all

fully understood. In the current framework, there is no definitive explanation

for the physical natures of dark matter and dark energy. Cosmic shear is a

powerful cosmological probe that can help improve our knowledge of these.

With the impending arrival of Stage IV dark energy experiments, such as

Euclid, Roman, and the Rubin Observatory, we are poised for a leap in preci-

sion. To ensure that the accuracy of the analysis keeps up with the increasing

precision of the measurements, the impact of previously neglected physical ef-

fects must be evaluated, and assumptions in the theoretical formalism must

also be relaxed.

55
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One such, currently ubiquitous, assumption is the reduced shear approxi-

mation. Demonstrated in Equation (1.75) and Equation (1.76), this approxi-

mation takes the statistics of the reduced shear, the quantity that is actually

observed, to be equal to those of the shear. The formalism to correct for the

effect of measuring reduced shear, rather than shear itself, is known (Shapiro

2009; Krause & Hirata 2010). However, its impact on impending surveys has

not yet been quantified.

Another effect that is not typically taken into consideration for probes of

cosmic shear is magnification bias. This refers to a change in the observed

galaxy distribution for a particular survey due to the magnification (or de-

magnification) of individual sources close to the survey’s flux limit. While

simple models have been proposed to quantify the impact on Stage IV exper-

iments (specifically for observations from the Rubin Observatory; Liu et al.

2014), this approach risks underestimating the bias for surveys covering the

redshift range of Euclid ’s cosmic shear probe.

Specifically, rather than assuming that the magnification bias at the sur-

vey’s mean redshift is representative of the bias at all covered redshifts, a

tomographic approach is required. Magnification bias also affects measure-

ments of galaxy clustering; which is the other of Euclid ’s major probes. Thiele

et al. (2020); Lorenz et al. (2018); Duncan et al. (2014) study the impact of

magnification on the clustering sample, and as such complement this work in

forming a holistic picture of the effect on Euclid.

Conveniently, the magnification bias correction takes a mathematically sim-

ilar form to that of reduced shear; meaning these corrections can be treated

together (Schmidt et al. 2009). Accordingly, I consider them both within this

chapter. Here, I calculate the bias on the predicted cosmological parameters

obtained from Euclid, when these two effects are neglected. I also show how

the uncertainty constraints on the cosmological parameters would change if the
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corrections were taken into account. I further extend the existing correction

formalism to the calculation of IAs, which has not been considered to-date.

This chapter is organised as follows: I begin by detailing the formalism for

relaxing the reduced shear approximation, as established in Shapiro (2009), in

Section 2.2. Next, in Section 2.3, I describe magnification bias, and present

the mathematical expression to correct for it. Then, Section 2.4 extends both

the reduced shear and magnification bias corrections to the calculation of IAs.

Following on, Section 2.5 describes the modelling specifics used to quantify

the impact on Euclid of these effects, while Section 2.6 presents my results.

Finally, a summary of the work reported in this chapter is given in Section 2.7,

alongside future prospects.

2.2 The Reduced Shear Correction

I account for the effects of the reduced shear approximation by means of a

second-order correction to Equation (1.86) (Shapiro 2009; Krause & Hirata

2010; Dodelson et al. 2006). This can be done by taking the Taylor expansion

of Equation (1.71) around κ = 0, and keeping terms up to second-order:

gα(θ) = γα(θ) + (γακ)(θ) +O(κ3). (2.1)

By substituting this expanded form of gα for γα in Equation (1.83) and then

recomputing the E-mode ensemble average for each tomographic combination,

I obtain the tomographic version of the original result of Equation (1.85), plus

a correction:

δ ⟨Ẽi(ℓ)Ẽj(ℓ
′)⟩ = (2π)2 δ2D(ℓ+ ℓ′) δCRS

ℓ;ij

=
∑
α

∑
β

Tα(ℓ)T β(ℓ′) ⟨(̃γακ)i(ℓ) γ̃βj (ℓ′)⟩

+ Tα(ℓ′)T β(ℓ) ⟨(̃γακ)j(ℓ′) γ̃βi (ℓ)⟩ , (2.2)
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where δCRS
ℓ;ij are the resulting corrections to the angular spectra. Applying the

Limber approximation once more, I obtain an expression for these:

δCRS
ℓ;ij = ℓ(ℓ+ 1)

(ℓ+ 2)!

(ℓ− 2)!

1

(ℓ+ 1/2)6

∫ ∞

0

d2ℓ′

(2π)2
cos(2ϕℓ′ − 2ϕℓ)

×Bκκκ
ij (ℓ, ℓ′,−ℓ− ℓ′). (2.3)

The factors of ℓ(ℓ+1)(ℓ+2)!/(ℓ−2)! and 1/(ℓ+1/2)6 arise from foregoing the

three-point equivalent of the pre-factor unity approximation (Kitching et al.

2017). As in the two-point case, the product of these factors can be well ap-

proximated by one. However, I do not make this approximation for the sake

of completeness, and as the additional factors do not add any significant com-

putational expense. Here, Bκκκ
ij is the two-redshift convergence bispectrum,

which takes the following form:

Bκκκ
ij (ℓ1, ℓ2, ℓ3) = Bκκκ

iij (ℓ1, ℓ2, ℓ3) +Bκκκ
ijj (ℓ1, ℓ2, ℓ3)

=

∫ χlim

0

dχ

S 4
K(χ)

Wi(χ)Wj(χ)[Wi(χ) +Wj(χ)]

×Bδδδ(k1,k2,k3, χ), (2.4)

where Bκκκ
iij and Bκκκ

ijj are the three-redshift bispectra, kx is the magnitude and

ϕℓ;x is the angular component of kx (for x ∈ {1, 2, 3}). Under the Limber ap-

proximation, kx = (ℓx+1/2)/SK(χ). Here, I also approximate the photometric

redshift bins to be infinitesimally narrow. In reality, because these bins would

have a finite width, the product of lensing kernels in Equation (2.4) would be

replaced by a single integral over the products of the contents of the integral in

Equation (1.88). Accordingly, the values of the bispectrum would be slightly

higher. However, given that Euclid will have high quality photometric redshift

measurement, I expect this difference to be negligible. Consequently, in my

calculations I proceeded with the narrow-bin approximation here.



2.3. The Magnification Bias Correction 59

Analogous to the convergence angular power spectra being projections of

the three-dimensional matter power spectrum, the two-dimensional conver-

gence bispectra are a projection of the three-dimensional matter bispectrum,

Bδδδ(k1,k2,k3, χ). The matter bispectrum is not well-described analytically.

Instead, a semi-analytic approach starting with second-order perturbation the-

ory (2PT) (Fry 1984), and then fitting its result to N-body simulations, is

employed. At this initial stage, I used the fitting formula of Scoccimarro &

Couchman (2001). Accordingly, the matter bispectrum can be written:

Bδδδ(k1,k2,k3, χ) = 2F eff
2 (k1,k2)Pδδ(k1, χ)Pδδ(k2, χ) + cyc., (2.5)

where F eff
2 encapsulates the simulation fitting aspect, and is defined as:

F eff
2 (k1,k2) =

5

7
a(ns, k1) a(ns, k2)

+
1

2

k1 · k2

k1k2

(
k1
k2

+
k2
k1

)
b(ns, k1) b(ns, k2)

+
2

7

(
k1 · k2

k1k2

)2

c(ns, k1) c(ns, k2), (2.6)

where ns is the scalar spectral index, which indicates the deviation of the

primordial matter power spectrum from scale invariance (ns = 1), and the

functions a, b, and c are fitting functions, defined in Scoccimarro & Couch-

man (2001). There are no additional correction terms of form ẼB̃ or B̃B̃,

and it has been shown that higher-order terms from the Taylor expansion of

Equation (2.1) are sub-dominant (Dodelson et al. 2006; Krause & Hirata 2010;

Deshpande et al. 2020a), so further terms in Equation (2.1) can be neglected

for now.

2.3 The Magnification Bias Correction

The observed overdensity of galaxies on the sky is affected by gravitational lens-

ing in two competing ways (Turner et al. 1984). Firstly, individual galaxies can
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be magnified (or demagnified), which results in their flux being increased (or

decreased). At the flux limit of a survey, this can cause fainter sources (which

in the absence of lensing would be excluded) to be included in the observed

sample. Conversely, the density of galaxies in the patch of sky around this

source appears reduced (or increased) due to the patch of sky being magnified

(or demagnified) similarly to the source. Accordingly, the net effect of these

depends on the slope of the intrinsic, unlensed, galaxy luminosity function, at

the survey’s flux limit. This net effect is known as magnification bias.

Additionally, galaxies can also be pulled into a sample because their effec-

tive radius is increased as a consequence of magnification, such that they pass

a resolution factor cut. In this work, I do not consider this effect as it is more

important for ground-based surveys than space-based ones such as Euclid.

In the case of weak lensing, where |κ| ≪ 1, and assuming that fluctuations

in the intrinsic galaxy overdensity are small on the scales of interest, the ob-

served galaxy overdensity in tomographic bin i is (Hui et al. 2007; Turner et al.

1984):

δgobs;i(θ) = δgi (θ) + (5si − 2)κi(θ), (2.7)

where δgi (θ) is the intrinsic, unlensed, galaxy overdensity in bin i, and si is

the slope of the cumulative galaxy number counts brighter than the survey’s

limiting magnitude, mlim, in redshift bin i. This slope is defined as:

si =
∂log10 n(z̄i,m)

∂m

∣∣∣∣
mlim

, (2.8)

where n(z̄i,m) is the true distribution of galaxies, evaluated at the central

redshift of bin i, z̄i. It is important to note that, in practice, this slope is de-

termined from observations, and accordingly depends on the wavelength band

within which the galaxy is observed in addition to its redshift. Operationally,

magnification bias causes the true shear, γαi , to be replaced, within the es-
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timator used to determine the power spectrum from data, by an ‘observed’

shear:

γαobs;i −→ γαi + γαi δ
g
obs;i = γαi + γαi δ

g
i + (5si − 2)γαi κi. (2.9)

Now, one can evaluate the impact of magnification bias on the two-point statis-

tic by substituting γ̃αobs;i for γ̃
α
i in Equation (1.83), and recomputing. As source-

lens clustering terms of the form γαi δ
g
i are negligible (Schmidt et al. 2009), one

recovers the standard result of Equation (1.85), with an additional correction

term:

δ⟨Ẽi(ℓ)Ẽj(ℓ
′)⟩ =

∑
α

∑
β

Tα(ℓ)T β(ℓ′)(5si − 2) ⟨(̃γακ)i(ℓ) γ̃βj (ℓ′)⟩

+ Tα(ℓ′)T β(ℓ)(5sj − 2) ⟨(̃γακ)j(ℓ′) γ̃βi (ℓ)⟩ . (2.10)

Analogously to the reduced shear case, one then obtains corrections to the

auto and cross-correlation angular spectra of the form:

δCMB
ℓ;ij = ℓ(ℓ+ 1)

(ℓ+ 2)!

(ℓ− 2)!

1

(ℓ+ 1/2)6

∫ ∞

0

d2ℓ′

(2π)2
cos(2ϕℓ′ − 2ϕℓ)

× [(5si − 2)Bκκκ
iij (ℓ, ℓ′,−ℓ− ℓ′)

+ (5sj − 2)Bκκκ
ijj (ℓ, ℓ′,−ℓ− ℓ′)]. (2.11)

I note that the mathematical form of Equation (2.11) is simply Equation (2.3)

with factors of (5si − 2) and (5sj − 2) applied to the corresponding bispectra.

These additional pre-factors are due to the magnification bias contribution

from each bin depending on the slope of the luminosity function in that bin.

Accordingly, both effects can be computed for the cost of one.

2.4 IA-enhanced Lensing Bias

The reduced shear approximation is typically also employed when computing

the contribution of IAs to the lensing signal, and the role magnification bias
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plays here is usually neglected too. I account for these by substituting the

appropriate second-order expansions of the shear, Equation (2.1) and Equation

(2.9), in place of γ within Equation (1.90). Neglecting source-lens clustering,

the ellipticity now becomes:

εobs ≃ γ + (1 + 5s− 2)γκ+ γI + εsrc. (2.12)

Constructing a theoretical expression for the two-point statistic from this re-

vised expression for the ellipticity now gives six types of terms: ⟨γγ⟩, ⟨γIγ⟩,

⟨γIγI⟩, ⟨(γκ)γ⟩, ⟨(γκ)(γκ)⟩, and ⟨(γκ)γI⟩. The first three terms remain un-

changed from the first-order case. The fourth term encompasses the basic re-

duced shear and magnification bias corrections, and results in the shear power

spectrum corrections defined by Equation (2.3) and Equation (2.11). The fifth

of these terms can be neglected, as it is a fourth-order term. The final term

creates an additional correction, δCI
ℓ;ij, to the observed spectra that takes a

form analogous to the basic reduced shear and magnification bias corrections:

δCI
ℓ;ij = ℓ(ℓ+ 1)

(ℓ+ 2)!

(ℓ− 2)!

1

(ℓ+ 1/2)6

∫ ∞

0

d2ℓ′

(2π)2
cos(2ϕℓ′)

× [(1 + 5si − 2)BκκI
iij (ℓ, ℓ

′,−ℓ− ℓ′)

+ (1 + 5sj − 2)BκκI
jji (ℓ, ℓ

′,−ℓ− ℓ′)], (2.13)

where the convergence-IA bispectra, BκκI
iij and BκκI

jji , are given by:

BκκI
iij (ℓ1, ℓ2, ℓ3) =

∫ χlim

0

dχ

S 4
K(χ)

W 2
i (χ)nj(χ)BδδI(k1,k2,k3, χ), (2.14)

BκκI
jji (ℓ1, ℓ2, ℓ3) =

∫ χlim

0

dχ

S 4
K(χ)

W 2
j (χ)ni(χ)BδδI(k1,k2,k3, χ). (2.15)

The density perturbation-IA bispectrum, BδδI(k1,k2,k3, χ), can be calculated

in a similar way to the matter density perturbation bispectrum, using per-
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turbation theory and the Scoccimarro & Couchman (2001) fitting formula.

Accordingly:

BδδI(k1,k2,k3, χ) = 2F eff
2 (k1,k2)PIδ(k1, χ)Pδδ(k2, χ)

+ 2F eff
2 (k2,k3)Pδδ(k2, χ)PδI(k3, χ)

+ 2F eff
2 (k1,k3)PδI(k1, χ)Pδδ(k3, χ), (2.16)

with PIδ(k1, χ) = PδI(k1, χ). This equation is an ansatz for how IAs behave in

the non-linear regime, analogous to the NLA model. The described approach,

and in particular the fitting functions, remain valid because, in the NLA model,

one can treat IAs as a field proportional, by some redshift-dependent weighting,

to the matter density contrast. Since the fitting functions, F eff
2 , do not depend

on the comoving distance, they remain unchanged. For the full derivation of

this bispectrum term, and a generalisation for similar terms, see Appendix B.

2.5 Modelling Methodology

The matter density power spectrum and growth factor used in my analysis

were computed using the publicly available CLASS1 cosmology package (Blas

et al. 2011). Within the framework of CLASS, I included non-linear corrections

to the matter density power spectrum, using the Halofit model (Takahashi

et al. 2012), as well as the additional corrections of Mead et al. (2015).

In practice, the covariance of the data itself is non-Gaussian. Generally,

when performing inference or calculating Fisher matrices for Stage IV cosmic

shear, non-Gaussian contributions should be accounted for (see e.g. Barreira

et al. 2018; Takada & Hu 2013). The dominant contribution to the non-

Gaussian part of the covariance is the super-sample covariance (SSC) (Hu &

Kravtsov 2003). This additional component arises from the fact that, in any

1https://class-code.net/

https://class-code.net/
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galaxy survey, a limited fraction of the Universe is observed. Density fluctu-

ations with wavelengths larger than the size of the survey can then cause the

background density measured by the survey to no longer be representative of

the true average density of the Universe. Additional non-Gaussian contribu-

tions, such as connected trispectrum terms, can be safely neglected for Euclid

(Barreira et al. 2018).

For weak lensing, the covariance can then be expressed as the sum of the

Gaussian, CovG, and SSC, CovSSC, parts:

Cov
[
Cϵϵ

ℓ;ij, C
ϵϵ
ℓ′;mn

]
= CovG

[
Cϵϵ

ℓ;ij, C
ϵϵ
ℓ′;mn

]
+ CovSSC

[
Cϵϵ

ℓ;ij, C
ϵϵ
ℓ′;mn

]
, (2.17)

where (i, j) and (m,n) are redshift bin pairs. The Gaussian covariance is given

by:

CovG
[
Cϵϵ

ℓ;ij, C
ϵϵ
ℓ′;mn

]
=
Cϵϵ

ℓ;imC
ϵϵ
ℓ′;jn + Cϵϵ

ℓ;inC
ϵϵ

ℓ′;jm

(2ℓ+ 1)fsky∆ℓ
δKℓℓ′ , (2.18)

where δK is the Kronecker delta, ∆ℓ is the bandwidth of ℓ-modes sampled,

and fsky is the fraction of the sky surveyed.The contribution from SSC can be

approximated as (Lacasa & Grain 2019):

CovSSC
[
Cϵϵ

ℓ;ij, C
ϵϵ
ℓ′;mn

]
≈ RℓC

ϵϵ
ℓ;ij Rℓ′ C

ϵϵ
ℓ′;mn Sijmn, (2.19)

where Sijmn is the dimensionless volume-averaged covariance of the background

matter density contrast, and Rℓ is the effective relative response of the observed

power spectrum, which can safely be taken as a constant for a given probe.

Using these modelling specifics, together with those specified in Section

1.3, I first calculated the basic reduced shear correction of Equation (2.3),

and then the resulting biases in the w0waCDM parameters using the Fisher
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matrix formalism. To do so, I computed the derivatives of my tomographic

matrices, at each sampled ℓ-mode, using the numerical method described in

Euclid Collaboration: Blanchard et al. (2020). Additionally, to include the

impact of SSC during this process, I calculated the dimensionless volume-

averaged covariance of the background matter density contrast of Equation

(2.19) using the publicly available PySSC2 code (Lacasa & Grain 2019). With

this, I computed the full-sky value, and divided by the Euclid value of fsky.

Additionally, I set Rℓ ≈ 4 for weak lensing3.

Furthermore, to predict what the cosmological parameter uncertainties

would look like in the scenario where the reduced shear correction has al-

ready been made, I added the relevant partial derivatives of the correction

term, with respect to each cosmological parameter, to the relevant derivative

of the angular power spectra within the Fisher matrix calculation.

The correction for magnification bias, the resulting biases in the cosmo-

logical parameters, and the change in cosmological parameter uncertainty if

magnification bias was already accounted for, were then calculated in the same

way as above. The slope of the luminosity function, as defined in Equation

(2.8), was calculated for each redshift bin using the approach described in Ap-

pendix C of Joachimi & Bridle (2010). I applied a finite-difference method to

the fitting formula for galaxy number density as a function of limiting mag-

nitude stated here, in order to calculate the slope of the luminosity function

at the limiting magnitude of Euclid, 24.5 (Laureijs et al. 2011); or AB in the

Euclid VIS band (Cropper et al. 2012). This technique produces slope values

consistent with those generated from the Schechter function approach of Liu

et al. (2014). The calculated slopes for each redshift bin are given in Table 2.1.

However, I emphasise that while this method allows the investigation of the

2https://github.com/fabienlacasa/PySSC
3Private communications with F. Lacasa.

https://github.com/fabienlacasa/PySSC
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Table 2.1: Slope of the luminosity function for each redshift bin, calculated at
the central redshifts of each bin. These are evaluated at the limiting magni-
tude 24.5 (AB in the Euclid VIS band; Cropper et al. 2012). The slopes are
determined using finite difference methods with the fitting formula of Joachimi
& Bridle (2010), which is based on fitting to COMBO-17 and SDSS r-band
results (Blake & Bridle 2005). Adapted from Deshpande et al. (2020a). Re-
produced with permission from Astronomy & Astrophysics, © ESO.

Bin i Central Redshift Slope si
1 0.2095 0.196
2 0.489 0.274
3 0.619 0.320
4 0.7335 0.365
5 0.8445 0.412
6 0.9595 0.464
7 1.087 0.525
8 1.2395 0.603
9 1.45 0.720
10 2.038 1.089

impact of magnification bias at this stage, when the correction is computed

for the true Euclid data, updated galaxy number counts determined directly

from Euclid observations should be used to ensure accuracy.

I then combined the two corrections, and calculated the resulting biases as

well as the resulting confidence contours for parameter combinations. In addi-

tion to the biases, the modified parameter uncertainties in the scenario where

the corrections are accounted for were also determined. Next, the additional

IA-lensing bias interaction term from Equation (2.13) was included, and the

biases and uncertainties were recomputed.

2.6 Results and Discussion

In this section, I report the impact of the various effects studied on Euclid.

I first present the individual and combined impacts of the reduced shear and

magnification bias corrections. The impact of IA-enhanced lensing bias is then

discussed.
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Figure 2.1: The reduced shear correction relative to the observed angular
shear auto-correlation spectra (excluding shot noise), for four different redshift
bins. For the basic reduced shear correction, the relative size of the correction
increases alongside redshift, as the correction term has an additional factor
of the lensing kernel compared to the power spectra. The correction plateaus
at higher redshifts, because the lensed light encounters the most non-linearity
and clustering at lower redshifts. It also increases with ℓ, as convergence tends
to be higher on smaller physical scales. The corrections seen here are in the
case of the w0waCDM cosmology of Table 1.2. Adapted from Deshpande et al.
(2020a). Reproduced with permission from Astronomy & Astrophysics, ©
ESO.

2.6.1 Reduced Shear Correction Results

The relative magnitude of the basic reduced shear correction described by

Equation (2.3), to the observed shear auto-correlation spectra (excluding shot

noise), at various redshifts, is shown in Figure 2.1. The correction increases

with ℓ, and becomes particularly pronounced at scales above ℓ ∼ 100. This is

expected, as small-scale modes grow faster in high-density regions, where the

convergence tends to be greater, so there is more power in these regions. One
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can also see, from Figure 2.1, that the relative magnitude of the correction in-

creases with redshift, as the reduced shear correction has an extra factor of the

lensing kernel, Wi(χ), in comparison to the angular shear spectra. The lens-

ing kernel increases with comoving distance and, accordingly, redshift. While

only a selection of auto-correlation spectra are presented in Figure 2.1 for il-

lustration purposes, the remaining auto and cross-correlation spectra exhibit

the same trends.

The uncertainties on the w0waCDM cosmological parameters that are pre-

dicted for Euclid, are stated in Table 2.2. Correspondingly, Table 2.3 shows

the biases that are induced in the predicted cosmological parameters from

neglecting the basic reduced shear correction.

Biases are typically considered acceptable when the biased and unbiased

confidence regions have an overlap of at least 90%; corresponding to the magni-

tude of the bias being < 0.25σ (Massey et al. 2013). The majority of the biases

are not significant, with Ωm, Ωb, h, ns, and σ8 remaining strongly consistent

pre- and post-correction. However, ΩDE, w0, and wa, all exhibit significant

biases of 0.31σ, −0.32σ, and 0.39σ, respectively. Since one of the chief goals

of upcoming weak lensing surveys is the inference of dark energy parameters,

these biases, which can be readily dealt with, indicate that the reduced shear

correction must be included when constraining cosmological parameters from

the surveys.

Also shown in Table 2.2 is the change in the uncertainty itself, when the

reduced shear correction and its derivatives are included in the Fisher matrix

used for prediction. In general, the change is negligible, because the reduced

shear correction and its derivatives are relatively small in comparison to the

shear spectra and derivatives. In the absence of any corrections, there are near-

exact degeneracies which result in large uncertainties when the Fisher matrix

is inverted. However, because we are dealing with near-zero eigenvalues in the
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Fisher matrix, even subtle changes to the models that encode information can

significantly change the resulting parameter constraints.

Since the reduced shear correction depends on the observed density of bary-

onic matter, including it slightly improves the constraint on Ωb. Also, the

predicted uncertainties on h are also reduced, as the correction term has an

additional factor of the lensing kernel relative to the angular power spectrum;

increasing sensitivity to h by a power of two. The fitting formulae used to

describe the matter bispectrum, as part of the correction term, also have a

non-trivial dependence on ns. This means that the sensitivity to ns is also

increased, when the correction is made.

On the other hand, the uncertainty on ΩDE worsens upon correcting for

the reduced shear approximation. This stems from the fact that the deriva-

tive of the correction term with respect to ΩDE is negative, as a higher dark

energy density results in a Universe that has experienced a greater rate of

expansion, and accordingly is more sparsely populated with matter. Then,

convergence in general is lower, and the magnitude of the correction drops as

the approximation is more accurate. Therefore, the magnitude of the reduced

shear correction and the strength of the ΩDE signal are inversely correlated.

This means that in the case where the reduced shear correction is made, ΩDE

is less well constrained than in the case where there is no correction.

Conversely, increasing w0 and wa decreases the rate of expansion of the Uni-

verse. Then, sensitivity to w0 and wa increases in the case when the correction

is made.

2.6.2 Magnification Bias Correction Results

Figure 2.2 shows the magnitude of the basic magnification bias correction,

relative to the shear auto-correlation spectra (again excluding shot noise). In

this case, the relative magnitude of the correction again increases with redshift.
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Figure 2.2: The magnification bias correction relative to the observed angular
shear auto-correlation spectra (excluding shot noise), for four different redshift
bins. The relative size of the correction also increases with redshift. At lower
redshifts, the term is subtractive, as the magnification of individual galaxies
dominates, leading to an overestimation of the galaxy density. Whereas, at
higher redshifts, the dilution of galaxy density dominates, leading to an un-
derestimation if the correction is not made. The corrections seen here are in
the case of the w0waCDM cosmology of Table 1.2. Adapted from Deshpande
et al. (2020a). Reproduced with permission from Astronomy & Astrophysics,
© ESO.

However, in the two lowest redshift bins shown, the correction is subtractive.

This is the case for the five lowest redshift bins, of the ten that I consider. This

is due to the dilution of galaxy density dominating over the magnification of

individual galaxies, as there are fewer intrinsically fainter galaxies at lower

redshifts. Conversely, at higher redshifts, there are more fainter sources which

lie on the threshold of the survey’s magnitude cut, that are then magnified to

be included in the sample.

The change in the uncertainty of the cosmological parameters if magnifica-
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tion bias is corrected for, and the bias in these parameters if magnification bias

is neglected, are given in Table 2.2 and Table 2.3, respectively. Accordingly,

correcting for the magnification bias has a noticeable effect on the uncertain-

ties of the parameters Ωb, h, ns, ΩDE, w0, and wa. These changes follow the

same trends as those seen from the reduced shear correction. I note, however,

that the changes in uncertainty induced by the inclusion of these corrections

will likely be dwarfed by those resulting from the combination of Euclid weak

lensing data with other probes; both internal and external. For example, the

combination of weak lensing with other Euclid probes alone, such as photomet-

ric and spectroscopic galaxy clustering as well as the cross-correlation between

weak lensing and photometric galaxy clustering, will significantly improve pa-

rameter constraints (Euclid Collaboration: Blanchard et al. 2020).

If magnification bias is not corrected for, the values determined for the

parameters Ωm, σ8, ΩDE, w0, and wa are significantly biased at −0.43σ, 0.36σ,

1.05σ, −0.35σ, and 0.81σ, respectively. All of these biases are higher than the

corresponding bias from making the reduced shear approximation. Given that

half of the cosmological parameters are significantly biased if magnification

bias is neglected, this correction is necessary for Euclid.

2.6.3 Combined Correction Results

The relative magnitude of the combined reduced shear and magnification bias

correction is shown in Figure 2.3. At the lowest redshifts considered, the sub-

tractive magnification bias correction essentially cancels out the reduced shear

correction. Then, at intermediate redshifts, the magnification bias is additive

and comparable to the reduced shear correction. However, the dominant part

of combined corrections is found at the highest redshifts, where the magnifica-

tion bias correction is particularly strong. Therefore, the combined correction

term is predominantly additive across the survey’s redshift bins. The effects of

the combined corrections, on the predicted cosmological parameter constraints,
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Figure 2.3: The combined corrections relative to the observed angular shear
auto-correlation spectra (excluding shot noise), for four different redshift bins.
Now, the magnification bias correction effectively cancels out the reduced shear
correction at the lowest redshifts. Meanwhile, at intermediate redshifts, the
magnification bias is small, but additive; slightly enhancing the reduced shear
correction. However, at the highest redshifts, the magnification bias is par-
ticularly strong, and the combined correction is significantly greater than at
lower redshifts. The corrections seen here are in the case of the w0waCDM
cosmology of Table 1.2. Adapted from Deshpande et al. (2020a). Reproduced
with permission from Astronomy & Astrophysics, © ESO.

are stated in Table 2.2 and shown in Figure 2.4. The constraints largely re-

main affected as they were before. The constraints on h worsen slightly when

the two corrections are considered together, due to their differing behaviour at

lower redshifts. The uncertainty on ΩDE also increases further.

Additionally, Figure 2.5 and Table 2.3 show the biases induced in the cos-

mological parameters if these corrections are neglected. As expected, the biases

add together linearly, and when combined the bias on ns also becomes signifi-

cant. Now, all but two of the cosmological parameters are significantly biased,
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Table 2.2: Predicted uncertainties for the w0waCDM parameters from Table
1.2, for Euclid, in the various cases studied. The ‘with correction’ uncertain-
ties are for the cases when the stated corrections are included Fisher matrix
calculation. ‘RS’ denotes reduced shear, and ‘MB’ denotes magnification bias.
The combined contribution to the uncertainty from both corrections is labelled
‘RS+MB’. Adapted from Deshpande et al. (2020a). Reproduced with permis-
sion from Astronomy & Astrophysics, © ESO.

Cosmological W/o Corr. With RS With MB With RS+MB
Parameter 1-σ 1-σ 1-σ 1-σ

Ωm 0.012 0.012 0.012 0.013
Ωb 0.021 0.019 0.017 0.017
h 0.13 0.092 0.081 0.082
ns 0.032 0.019 0.018 0.018
σ8 0.012 0.011 0.012 0.012
ΩDE 0.050 0.063 0.059 0.068
w0 0.17 0.15 0.14 0.17
wa 0.95 0.91 0.84 1.01

emphasising the need for these two corrections to be applied to the angular

power spectra that will be obtained from Euclid.

Furthermore, the combination of weak lensing with other probes will im-

prove parameter constraints, whilst leaving the biases resulting from reduced

shear and magnification bias unchanged; meaning that the relative biases in

this scenario will be even higher. This further stresses the importance of these

corrections.

2.6.4 IA-enhanced Lensing Bias Correction Results

When the IA-lensing bias interaction term, from Equation (2.13), is also ac-

counted for, the biases are minimally altered. These are displayed in Table

2.3. From these, one can see that the additional term is non-trivial, but does

not induce significant biases in the cosmological parameters obtained at our

current level of precision by itself. However, when combined with the basic

reduced shear and magnification terms, it leads to the total bias in Ωb be-

coming significant, while the total bias in ns is suppressed to now only be on

the threshold of significance. The nature of this additional correction, and its
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Table 2.3: Biases induced in the w0waCDM parameters of Table 1.2, from
neglecting the various corrections, for Euclid. ‘RS’ denotes the bias from only
the reduced shear correction, ‘MB’ denotes only the magnification bias part,
and the combined effect is labelled ‘RS+MB’. The impact of the IA-enhanced
lensing bias correction is also given. Adapted from Deshpande et al. (2020a).
Reproduced with permission from Astronomy & Astrophysics, © ESO.

Cosmological RS MB Combined RS+MB IA-enhanced
Parameter Bias/σ Bias/σ Bias/σ Bias/σ

Ωm −0.11 −0.43 −0.53 −0.62
Ωb 0.016 −0.22 −0.20 −0.25
h 0.069 −0.029 0.040 −0.007
ns −0.093 −0.24 −0.34 −0.27
σ8 0.068 0.36 0.43 0.52
ΩDE 0.31 1.05 1.36 1.32
w0 −0.32 −0.35 −0.68 −0.67
wa 0.39 0.81 1.21 1.14

relatively minor impact, is explained by Figure 2.6. This charts the change

with ℓ and redshift, of the two components of the IA-enhanced lensing bias,

δCRS+MB
ℓ;ij and δCI

ℓ;ij.

From this, it is seen that for the lowest redshift bins, the two already

small terms cancel each other out and at higher redshifts, the latter term

is evidently sub-dominant. Accordingly, while upcoming surveys must make

the basic reduced shear and magnification bias corrections to extract accurate

information, the IA-enhanced correction is not strictly necessary.

2.7 Summary and Outlook

In this chapter, I quantified the impact that making the reduced shear ap-

proximation and neglecting magnification bias will have on the angular power

spectra of upcoming weak lensing surveys and the resulting cosmological in-

ference. Specifically, I calculated the biases that would be expected in the

cosmological parameters obtained from Euclid.

By doing so, significant biases were found for Ωm, σ8, ns, ΩDE, w0, and

wa of −0.53σ, 0.43σ, −0.34σ, 1.36σ, −0.68σ, and 1.21σ, respectively. I also
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Figure 2.4: The change in the predicted 2-parameter projected 1-σ and 2-σ
contours on the w0waCDM cosmological parameters from Table 1.2 for Euclid,
when including the reduced shear and magnification bias corrections, and their
derivatives, in the Fisher matrix calculation. The contours decrease in size for
the parameters Ωb, h, ns, w0, and wa. However, in the case of ΩDE, the contours
increase in size. Adapted from Deshpande et al. (2020a). Reproduced with
permission from Astronomy & Astrophysics, © ESO.

built the formalism for an IA-enhanced correction. This was discovered to be

sub-dominant. Given the severity of the calculated biases, I conclude that it is

necessary to make both the reduced shear and magnification bias corrections

for Stage IV experiments.

However, there are important limitations to consider in the approach de-

scribed here. In calculating these corrections, the Limber approximation was
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Figure 2.5: Predicted 2-parameter projected 1-σ and 2-σ contours on the
w0waCDM cosmological parameters from Table 1.2, for Euclid. The optimistic
case, probing ℓ-modes up to 5000, is considered here. The biases in the pre-
dicted values of the cosmological parameters, that arise from neglecting the
basic reduced shear and magnification bias corrections, are shown here. The
additional IA-lensing bias terms are not included. Of these, Ωm, σ8, ns, ΩDE,
w0, and wa have significant biases of −0.53σ, 0.43σ, −0.34σ, 1.36σ, −0.68σ,
and 1.21σ, respectively. Adapted from Deshpande et al. (2020a). Reproduced
with permission from Astronomy & Astrophysics, © ESO.

still made. This approximation is typically valid above ℓ ∼ 100. But, for Euclid

we expect to reach ℓ-modes of ten. Therefore, the impact of this simplification

at the correction level must be evaluated.

Given that the dominant contributions to the reduced shear and magnifi-

cation bias corrections come from ℓ-modes above 100, I would not expect the



2.7. Summary and Outlook 77

101 102 103

`

−10−14

−10−16
0

10−16

10−14

10−12

10−10

δC
`

δCRS+MB
`;10−10

δCRS+MB
`;1−1

δCI
`;10−10

δCI
`;1−1

Figure 2.6: The IA-enhanced lensing bias correction of Equation (2.13) com-
pared with the combined reduced shear and magnification bias corrections.
The cross-spectra of the first (0.001≤ z ≤0.418) and tenth bins (1.576≤
z ≤2.50) are shown. For the first bin, the basic correction is already sub-
dominant, and the additional IA-enhanced term cancels it out. In the higher
redshift bin, the second term is sub-dominant. This trend persists across all
bins. Adapted from Deshpande et al. (2020a). Reproduced with permission
from Astronomy & Astrophysics, © ESO.

Limber approximation to significantly affect the resulting cosmological biases.

However, an explicit calculation is still warranted. Furthermore, the various

correction terms depend on bispectra which are not well understood: they both

involve making a plethora of assumptions, and using fitting formulae that have

accuracies of only 30-50% on small scales.

In addition, this work does not consider the impact of baryonic feedback on

the corrections. We would expect that baryonic feedback behaves in a similar

way to lowering the fiducial value σ8 (see Appendix C of Deshpande et al.

2020a), that is, they both suppress structure growth in high density regions.
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Accordingly, it is likely that the inclusion of baryonic feedback would have

an effect on these corrections. If the matter power spectrum is suppressed by

a greater fraction than the matter bispectrum, then the biases will increase.

However, it is not currently clear to what degree the matter bispectrum is

suppressed relative to the matter power spectrum, and existing numerical sim-

ulations propose seemingly inconsistent answers (see e.g. Barreira et al. 2019;

Semboloni et al. 2013). For this reason, I cannot robustly quantify the impact

of baryonic feedback on the biases. As knowledge of the impact of baryons on

the bispectrum improves, the reduced shear and magnification bias corrections

should be modified accordingly.

An additional hurdle is the large computational expense of these terms;

arising from the multiple nested integrals needing numerical computation.

Computing the reduced shear and magnification bias corrections for this work

took on the order of 24 hours when multiprocessing across 100 CPU threads.

Including the IA-enhanced correction term increases this to ∼ 48 hours. This

expense can be prohibitive if the correction is to be included in inference meth-

ods. Accordingly, there is also merit in exploring whether the existing processes

can be optimised, as well as if these corrections can be forward modelled. An-

other recent approach that has shown promise in reducing modelling time

at inference is the use of machine learning-based emulation (see e.g. Spurio

Mancini et al. 2022).



Chapter 3

Post-Limber Reduced Shear &

Magnification Bias

This chapter adapts Deshpande & Kitching (2020).

In the following chapter, I discuss the dependency of the corrections for the

reduced shear approximation and magnification bias on another common as-

sumption; the Limber approximation. In particular, I demonstrate how the

Limber approximation can be relaxed during the calculation of the conver-

gence bispectrum, and the corresponding effect on the two corrections. These

calculations are performed in the context of a Euclid -like survey.

3.1 Motivation and Outline

Weak gravitational lensing can be a powerful tool to refine our knowledge of

the currently favoured standard model for the Universe, the ΛCDM model.

A useful manifestation of this effect is cosmic shear: the distortion of the

observed shapes of distant galaxies due to weak gravitational lensing by the

LSS. Impending Stage IV cosmic shear surveys necessitate a reevaluation of

approximations made in our theoretical analyses, owing to their significantly

increased precision.

One such approximation, that is regularly made, is the Limber approxi-

mation. In this, computationally challenging integrals over highly oscillatory

79
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spherical Bessel functions are replaced with delta functions at their peaks. The

impact of relaxing this approximation, together with the Hankel transform

and flat-sky approximations, for a Euclid -like experiment has been evaluated

(Kitching et al. 2017). As demonstrated in Chapter 2, two further effects that

have recently been shown to be important for Stage IV experiments are the

reduced shear approximation and magnification bias. Compounding the com-

plexity of correcting for any one such approximation is that the procedure for

doing so often involves making one of the others.

In this chapter, I focus on the reduced shear approximation and magnifica-

tion bias, and their inter-dependency with the Limber approximation. When

cosmic shear is probed, the quantity measured is reduced shear, rather than

shear itself. Under the reduced shear approximation, the statistics of one are

taken to equal those of the other. On the other hand, magnification bias refers

to the change of the observed galaxy number density due to individual sources

or patches of the sky being magnified. These two effects are treated together

because their corrections take mathematically similar forms. However, these

corrections depend on the convergence bispectrum, and one typically evaluates

this quantity under the Limber approximation.

Here, I forgo the Limber approximation when calculating the convergence

bispectrum. Subsequently, I measure the resulting change in the magnification

bias and reduced shear corrections for a Euclid -like survey, and compare it

to the sample variance of the survey. I also demonstrate that the resulting

change does not induce significant biases in inferred w0waCDM cosmological

parameters if neglected.

The remainder of this chapter is structured thusly: Section 3.2 first con-

textualises the Limber approximation by reviewing its implementation at the

angular power spectrum level. Then, in Section 3.3, I describe its implementa-

tion at the bispectrum level, as well as how it can be relaxed. The modelling
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specifics used in this investigation are detailed in Section 3.4. The results of the

investigation are then reported and discussed in Section 3.5, before I conclude

the chapter with a summary in Section 3.6.

3.2 Shear on a Sphere and the Limber Ap-

proximation

The derivation of the shear angular power spectra in Section 1.2.6 is predicated

on the Limber approximation. Here, I describe the general case, and how the

Limber approximation is applied to it.

In practice, shear is observed on the sphere of the sky. For a given tomo-

graphic redshift bin, i, the spin-2 cosmic shear, in spherical-harmonic space,

can be represented as:

γ̃i;ℓm =

√
2

π

∑
g

γg (θg, χg) jℓ (kχg) 2Y
∗
ℓm(k̂), (3.1)

where m is the magnitude of angular wavevector m analogous to ℓ, k is a

spatial momentum vector with magnitude k = |k|, jℓ are spherical Bessel

functions, 2Y
∗
ℓm are spin-weighted with spin= 2 spherical harmonics, ∗ denotes

the complex conjugate, and γg is the shear of individual galaxies in the bin,

denoted by subscript g, which are then summed over. Generalised to a shear

field in real-space, rather than a sum over galaxies, this becomes:

γ̃i;ℓm =

√
2

π

∫
d3r γi(r) jℓ (kχ) 2Y

∗
ℓm(k̂), (3.2)

where r are the spatial coordinates (θ, χ). The inverse transform is:

γi(r) =

√
2

π

∫
dk k

∞∑
ℓ=0

ℓ∑
m=−ℓ

γ̃i;ℓm jℓ (kχ) 2Yℓm(r̂). (3.3)

Now, under the flat-sky approximation (Kitching et al. 2017), one can as-
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sume that the angular coverage of the observed field is small, and therefore

that the angular component can be treated with planar geometry. The three-

dimensional spherical expansion can then be represented as a three-dimensional

Fourier expansion:

γi(r) =
1

(2π)3

∫
d3k γ̃i(k, χ) e

ik·r, (3.4)

where the i in the exponential is the imaginary unit, not the bin index as used

to subscript the observables. Then, using the identity:

eik·r = 4π
∞∑
ℓ=0

m=ℓ∑
m=−ℓ

iℓ jℓ (kχ)2Y
∗
ℓm(k̂) 2Yℓm(r̂), (3.5)

as well as trivially taking the Fourier-space equivalent of the results of Section

1.2 (implicitly under the pre-factor unity and Born approximations), the shear

on a sphere can be expressed as:

γ̃i;ℓm = 4πiℓ
∫ χlim

0

dχWi(χ)

∫ ∞

0

d3k

(2π)3
jℓ(kχ) 2Y

∗
ℓm(k̂) δ̃(k, χ), (3.6)

where δ̃ is the density contrast of the Universe in Fourier-space. The three-

dimensional, spherical angular power spectrum is then:

Cℓ;ij =

[
3H2

0Ωm

2c2

]2 ∫ χlim

0

dχ

SK(χ)2

[
Sk(χ)

a(χ)

]2 ∫ χlim

χ

dχ′ ni (χ
′)nj (χ

′)

×
[
Sk (χ

′ − χ)

Sk (χ′)

]2 ∫ ∞

0

dk

k2
jℓ(kχ) jℓ(kχ

′)Pδδ(k, χ), (3.7)

under the equal-time correlators assumption (Kitching & Heavens 2017). The

Limber approximation is then made by noticing that the integral over k will

peak when χ ≃ χ′ (specifically when k = (ℓ+1/2)/χ, see LoVerde & Afshordi

2008), and replacing the spherical Bessel functions with a Dirac delta function.

This recovers Equation (1.87).
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For a Euclid -like experiment, it has been shown that making this approx-

imation produces an error that makes up less than 10% of the error budget

(Kitching et al. 2017). Accordingly at the power spectrum level this approx-

imation can safely be made. However, until this investigation, its impact on

the bispectrum, and dependent quantities, remained unknown.

3.3 The Convergence Bispectrum

The reduced shear and magnification bias corrections, encompassed by Equa-

tion (2.3) and Equation (2.11) respectively, both rely on calculating the con-

vergence bispectrum. Until now, this has been done under the assumption of

the Limber approximation, leading to Equation (2.4). From Equation (3.6),

the trigonometric relationship between convergence and shear, and by not-

ing that one is always free to choose a set of coordinates such that ϕℓ = 0,

the equivalent expression for the convergence is obtained. Accordingly, the

observed convergence in spherical harmonic space on a sphere is written as:

κ̃i;ℓm = 4πiℓ
∫ χlim

0

dχWi(χ)

∫ ∞

0

d3k

(2π)3
jℓ(kχ)2Yℓm(k̂)δ̃(k, χ). (3.8)

The bispectrum is defined on the sphere as (Assassi et al. 2017):

⟨κ̃i;ℓ1m1κ̃j;ℓ2m2κ̃q;ℓ3m3⟩ = Gℓ1ℓ2ℓ3
m1m2m3

Bκκκ
ijq (ℓ1, ℓ2, ℓ3), (3.9)

where Gℓ1ℓ2ℓ3
m1m2m3

is the Gaunt integral:

Gℓ1ℓ2ℓ3
m1m2m3

=

√
(2ℓ1 + 1)(2ℓ2 + 1)(2ℓ3 + 1)

4π

×

ℓ1 ℓ2 ℓ3

0 0 0


 ℓ1 ℓ2 ℓ3

m1 m2 m3

 , (3.10)

in which the final matrix on the R.H.S. is the Wigner 3j-symbol.
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However, Equation (3.9) is highly challenging computationally, due to the

multiple nested-integrals present. Fortunately, this calculation can be sim-

plified by recognizing that, given that the convergence is a projection of the

density contrast, the convergence bispectrum is a projection of the matter bis-

pectrum, Bδδδ, and the matter bispectrum is separable. This means that it

can be expressed as the linear sum of products of functions of momenta:

Bδδδ(k1,k2,k3;χ1, χ2, χ3) =
∑

n1,n2,n3

f1;n1(k1, χ1)f2;n2(k2, χ2)

× f3;n3(k3, χ3), (3.11)

where n1, n2, n3 are power-law indices in their respective functions. For a

review of why this holds true, see Lee & Dvorkin (2020). This can be seen

directly by considering the 2PT linear bispectrum (Fry 1984):

Bδδδ(k1,k2,k3;χ1, χ2, χ3) = 2F2 (k1,k2)P
lin
δδ (k1, χ1)P

lin
δδ (k2, χ2)

+ cyc., (3.12)

where P lin
δδ , is the linear matter power spectrum, and:

F2(k1,k2) =
5

7
+

1

2

k1 · k2

k1k2

(
k1
k2

+
k2
k1

)
+

2

7

(
k1 · k2

k1k2

)2

. (3.13)

The full non-linear bispectrum described by Equation (2.5) is then recovered

by multiplying this expression by fitting functions determined from N-body

simulations. Now, the separability of the matter bispectrum can be leveraged

to express the convergence bispectrum as:

Bκκκ
ijq (ℓ1, ℓ2, ℓ3) =

1

(2π2)3

∫ χlim

0

dr r2[I
(1,n1)
ℓ1;i

(r)

× I
(2,n2)
ℓ2;j

(r)I
(3,n3)
ℓ3;q

(r) + perms.], (3.14)
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within which:

I
(a,na)
ℓn

(r) = 4π

∫ χlim

0

dχW (χ)

∫ ∞

0

dk jℓ(kχ)jℓ(kr) k
2fa;na(k, χ). (3.15)

Spherical Bessel functions are highly oscillatory, making the integrals in Equa-

tion (3.15) a significant computational challenge. To bypass this, one can

realize that the integral in k will peak when χ ≃ r, and replace the k-integral

with a Dirac delta function, δD :

I
(a,na)
ℓn

(r) ≈ 4π

∫ χlim

0

dχW (χ)
π

2r2
fa;na(k = ℓ/r, χ)δD(χ− r)

≈ 2π2

r2
W (r) fa;na(k = (ℓ+ 1/2)/r, r). (3.16)

This is the application of the Limber approximation for the convergence bis-

pectrum. In this investigation, I evaluated the impact of making this approx-

imation on both the bispectrum itself and the two correction terms.

3.4 Modelling Methodology

As in Chapter 2, I used the Euclid -like modelling specifics of Section 1.3.2, and

the w0waCDM fiducial cosmology described in Section 1.3.3. A Euclid -like sur-

vey would be expected to have ten equi-populated redshift bins, covering the

range 0 – 2.5. However, in this chapter, I only computed the bispectra and

correction terms for the auto-correlation of four redshift bins: [0.001, 0.418],

[0.678, 0.789], [1.019, 1.155], and [1.576, 2.50]. These serve to sufficiently il-

lustrate the impact of the Limber approximation across the survey’s redshift

range, while avoiding the significant computational expense of computing the

55 total bin combinations. Furthermore, I once again used the CLASS cosmol-

ogy package to compute the matter power spectrum, as well as cosmological

distances. The matter power spectrum was again calculated using the non-

linear corrections of Takahashi et al. (2012) and Mead et al. (2015).
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One important distinction in the methodology of this investigation, relative

to Chapter 2, is that only the Gaussian covariance of Equation (2.18) is used

in Fisher matrix calculations, and SSC terms are neglected. This is done in

order to reduce the already significant computational load. Additionally, the

SSC terms are not involved in the calculation of the corrections, and accord-

ingly their exclusion should not significantly change the relative magnitudes

of any biases as a fraction of the predicted cosmological parameter uncertain-

ties, particularly given that the inclusion of SSC terms changes the projected

parameter contours by on the order of a few percent (Barreira et al. 2018).

Using the discussed modelling specifications, I computed the convergence

bispectrum, both with and without making the Limber approximation. I com-

puted the bispectra for equilateral configurations where ℓ1 = ℓ2 = ℓ3, and

isosceles configurations where ℓ1 = ℓ2 ̸= ℓ3. I studied two different isosceles

configurations, one where ℓ3 = 20, and another where ℓ3 = 100.

The separability of the bispectrum was used to reduce some of the com-

putational complexity of the post-Limber case. The 2PT expression for the

bispectrum stated in Equation (3.12) is valid when ℓ1, ℓ2, ℓ3 < 100. Accord-

ingly, it is also true that the bispectrum’s individual separated components

Ia,na

ℓn
, as defined in Equation (3.15), will match sufficiently well whether only

the 2PT expression or the non-linear fitting function expression of Equation

(2.6) is used in their computation, when ℓn < 100. Therefore, using the 2PT

expression for a particular Ia,na

ℓn
when the corresponding ℓn < 100, avoids the

laborious numerical integration over the fitting functions of Equation (2.6) in

that case; reducing the overall total computation time.

I then computed the reduced shear and magnification bias corrections.

However, the integration over the bispectrum necessitated by these terms is an

intractable computation to perform directly for the post-Limber case, given the

number of steps in ℓ-space required. It would take on the order of ∼ 50 weeks
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for just one bin auto-correlation1. To bypass this hurdle, I first computed the

post-Limber and Limber approximated bispectra on a grid of 1331 points in

ℓ-space, with each ℓi sampled logarithmically in the range 10 ≤ ℓi ≤ 5000,

for each bin. The ratio of these quantities at each point was then taken, and

these ratios were interpolated over, using linear 3D interpolation. This gave

a function which maps the Limber approximated bispectrum onto the post-

Limber case. In computing the post-Limber reduced shear and magnification

bias corrections, I calculated the required bispectra as in the Limber approx-

imated case, and used the previously interpolated function to scale these to

their post-Limber counterparts.

I compared these corrections to the sample variance of a Euclid -like survey.

The sample variance from LSS for a weak lensing galaxy survey is given by:

δCSV
ℓ;ij /C

γγ
ℓ;ij =

√
2 [fsky(2ℓ+ 1)]−1/2, (3.17)

where fsky is the fraction of surveyed (Weinberg 2008).

Then, I defined a worst-case scenario where the difference between post-

Limber and Limber approximated corrections, ∆Cℓ;ij ≈ 0.01Cγγ
ℓ;ij for all bin

combinations and ℓ-modes. This corresponds to the largest difference seen

for these survey specifications, at ℓ ≈ 5000 for the auto-correlation of bin

1.56 − 2.50. I then calculated the cosmological parameter biases resulting

from ∆Cℓ;ij. For this calculation, I considered the auto- and cross-correlation

spectra for all ten redshift bins specified in Section 1.3.2.

3.5 Results and Discussion

Here, I present the effect of relaxing the Limber approximation on the quanti-

ties examined. Firstly, I report the impact on the convergence bispectrum in

1For a Python script multi-processed across 100 CPU threads.
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the four studied redshift bins. Then, I do the same for the reduced shear and

magnification bias corrections to the angular power spectrum.

3.5.1 The Post-Limber Convergence Bispectrum

The effect of relaxing the Limber approximation for the equilateral configu-

ration of the convergence bispectrum is shown in Figure 3.1, for all of the

examined redshift bins. From this, I find that for all redshift bins, the Limber

approximation over-predicts the bispectrum for ℓ-modes below ℓ ∼ 60. Addi-

tionally, the over-prediction worsens at lower ℓ-modes, and for higher redshift

bins.

Furthermore, Figures 3.2 and 3.3 show the bispectra of the four bins for two

different isosceles configurations. The configurations shown are when ℓ1 = ℓ2

and ℓ3 = 20, and when ℓ1 = ℓ2 and ℓ3 = 100, respectively. For the former

of these cases, I note that the bispectrum is over-predicted by the Limber

approximation for all ℓ-modes.

On the other hand, when in an isosceles configuration with ℓ3 = 100, one

sees much the same trends as in Figure 3.1. This implies that the Limber

approximation fails for the convergence bispectrum when any one of its sides

ℓi < 60. Similar discrepancies at low ℓ-modes are seen for both the equilat-

eral and isosceles configurations in Munshi et al. (2020), where the Limber-

approximated theoretical expression for the bispectrum is compared to the

bispectrum measured from full-sky simulations.

Accordingly, if ℓ-modes below 60 are probed, as will be the case for Stage

IV experiments, the Limber approximation cannot be used to compute the bis-

petrum in this regime. This presents a computational challenge, as computing

the post-Limber bispectrum is two orders-of-magnitude slower than using the

Limber approximation.

However, the separability of the bispectrum, discussed in Section 3.3, offers
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Figure 3.1: Comparison of the equilateral configuration convergence bispec-
trum with and without making the Limber approximation, for the auto-
correlation of four redshift bins across the redshift range of a Euclid -like survey.
The Limber approximation fails when ℓ < 60, and overestimates the bispec-
trum. This over-prediction is worse at higher redshifts and lower ℓ-modes.
Adapted from Deshpande & Kitching (2020).
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Figure 3.2: Isosceles configuration bispectra with ℓ3 = 20, for four tomographic
bins across the redshift range of a Euclid -like survey. The values of the bispec-
tra with and without making the Limber approximation are shown. Here, the
Limber approximation over-predicts the bispectrum for all values of ℓ1 and ℓ2.
However, when ℓ3 = 100, as shown in Figure 3.3 one sees similar behaviour
to the equilateral case shown in Figure 3.1, in that the Limber approximation
only results in over-prediction for ℓ1 = ℓ2 < 60. This suggests the Limber ap-
proximation fails when any one of the sides of the bispectrum triangle ℓi < 60.
Otherwise, the trends match those seen for the equilateral configuration, with
over-prediction worsening at higher redshift, and lower ℓ. Adapted from Desh-
pande & Kitching (2020).
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Figure 3.3: Isosceles configuration bispectra with ℓ3 = 100, for four tomo-
graphic bins across the redshift range of a Euclid -like survey. The values of
the bispectra with and without making the Limber approximation are shown.
Here, one sees similar behaviour to the equilateral case shown in Figure 3.1, in
that the Limber approximation only results in over-prediction for ℓ1 = ℓ2 < 60.
However, when ℓ3 = 20 as in Figure 3.2, the Limber approximation over-
predicts the bispectrum for all values of ℓ1 and ℓ2. This suggests the Lim-
ber approximation fails when any one of the sides of the bispectrum triangle
ℓi < 60. Otherwise, the trends match those seen for the equilateral configura-
tion, with over-prediction worsening at higher redshift, and lower ℓ. Adapted
from Deshpande & Kitching (2020).
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a solution. For a given configuration, if one of the sides of the bispectrum

ℓi < 60, only the instances of Equation (3.15) corresponding to that side need

to be computed without the Limber approximation. Furthermore, there has

recently been great success in using the FFTLog decomposition technique to

significantly speed up the computation of higher-order statistics without the

Limber approximation (Assassi et al. 2017; Lee & Dvorkin 2020).

3.5.2 The Post-Limber Lensing Bias Corrections

Figure 3.4 shows the impact of relaxing the Limber approximation on the

combined corrections to the cosmic shear angular power spectra for the reduced

shear approximation and magnification bias. Now, it can be seen that the

magnitude of these corrections is over-estimated slightly throughout the entire

probed range when the Limber approximation is made. This is due to the fact

that the mathematical forms of these corrections, Equation (2.3) and Equation

(2.11), involve integrating over two of the sides of the bispectrum triangle.

Accordingly, mode-mixing results in bispectra with at least one ℓ-mode

less than 60 being involved in corrections for all ℓ values. One also sees that,

once again, the over-estimation is worse for the higher redshift bins. This is

expected, given that these trends are carried across from the bins’ respective

bispectra. The correction terms themselves are highest at higher redshift;

meaning that they are the dominant contribution to the induced cosmological

biases (see Figures 2.1, 2.2, and 2.3).

In fact, for all bins, the difference between the Limber approximated and

post-Limber cases is below sample variance, as seen in Figure 3.5. The worst-

case scenario cosmological parameter biases, when ∆Cℓ;ij ≈ 0.01Cγγ
ℓ;ij, are

stated in Table 3.1. Also reproduced here, from Chapter 2, are the biases

if the reduced shear and magnification bias corrections are neglected entirely.

The bias on a parameter is considered significant when it exceeds 0.25σ, as
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Figure 3.4: Combined reduced shear and magnification bias corrections, with
and without the Limber approximation. Corrections for the auto-correlation
of four bins across the redshift range of a Euclid -like survey, 0 – 2.5. Now,
due to mode-mixing, the Limber approximation overestimates the correction
terms at all ℓ-modes. As with the convergence bispectra, the over-prediction
worsens at higher redshift. Adapted from Deshpande & Kitching (2020).
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Figure 3.5: Difference between Limber and post-Limber reduced shear and
magnification bias corrections, relative to the auto-correlation power spectrum
for four bins in redshift range 0 – 2.5. The sample variance of the galaxy survey
is also shown for comparison. The overestimation of the Limber approximation
worsens at higher redshifts. However, it is below sample variance across the
probed redshift range; meaning that the Limber approximation is sufficient
when calculating these correction terms for Stage IV experiments. Adapted
from Deshpande & Kitching (2020).

at this point the confidence contours of the parameters with and without the

systematic effect overlap less than 90% (Massey et al. 2013). From Table 3.1,

I note that none of the biases are significant. In fact, all but one of the biases

have a magnitude less than 0.20σ which means that the confidence regions

of those parameters when having neglected the bias have an overlap of more

than 95% with the parameters’ confidence regions when the bias is taken into

account.

I note that the bias in the inferred value of wa sits on the threshold of
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Table 3.1: Worst-case scenario biases in w0waCDM cosmological parameters
from the difference in the post-Limber and Limber approximated (labelled ‘PL-
L’) reduced shear and magnification bias corrections, relative to the predicted
1σ uncertainty on those parameters (Euclid Collaboration: Blanchard et al.
2020) for a Euclid -like survey. The biases resulting from neglecting the re-
duced shear and magnification bias corrections altogether are also reproduced
from Chapter 2, in the column labelled ‘AD19’. Adapted from Deshpande &
Kitching (2020).

Cosmological Worst-case PL-L AD19
Parameter Bias/σ Bias/σ

Ωm 0.073 −0.53
Ωb 0.065 −0.20
h 0.090 0.040
ns −0.16 −0.34
σ8 −0.020 0.43
ΩDE 0.13 1.36
w0 −0.18 −0.68
wa 0.25 1.21

significance. However, for ℓ ≲ 5000 and all bin correlations other than the

auto-correlation of bin 1.576−2.50, ∆Cℓ;ij < 0.01Cγγ
ℓ;ij. Given that these modes

and bins will make up the majority of observations for a Euclid -like survey,

one can safely conclude that the cosmological biases induced from neglecting

the reduced shear and magnification bias corrections will not be significantly

altered by whether they make the Limber approximation or not.

Furthermore, biases from the difference between the post-Limber and Lim-

ber approximated corrections are significantly smaller in magnitude than those

resulting from simply neglecting the Limber approximated corrections entirely.

Accordingly, these correction terms can be safely calculated under the Limber

approximation for Stage IV experiments.

3.6 Summary and Outlook

Within this chapter, I have considered how the Limber approximation will

affect the convergence bispectrum calculated for Stage IV weak lensing exper-

iments. Additionally, I also calculated the resulting impact on the reduced
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shear and magnification bias corrections to the cosmic shear angular power

spectrum, as these quantities depend on the bispectrum. I found that the

Limber approximation significantly over-predicts the bispectrum at ℓ-modes

below 60, throughout the redshift range of a Euclid -like survey.

Furthermore, I found that this discrepancy worsens at higher redshifts and

lower ℓ scales. Accordingly, I found that the reduced shear and magnifica-

tion bias corrections are also over-estimated by the Limber approximation,

although the difference is well below the sample variance of a Stage IV weak

lensing experiment. Finally, I calculated the worst-case scenario cosmologi-

cal parameter biases that result from the difference between the post-Limber

and Limber approximated corrections. These were found not to be significant.

Hence, I conclude that the Limber approximation is sufficient for these terms,

at this level of precision.



Chapter 4

Doppler-shifted Weak Lensing

This chapter adapts Deshpande & Kitching (2021).

The focus of this chapter is another commonly neglected effect that modi-

fies the expression for the observed reduced shear. Specifically, this chapter

describes the impact of the Doppler-shift of the measured source comoving

distances, on the cosmology performed by a Euclid -like survey. The code used

in this investigation was made publicly available.1

4.1 Motivation and Outline

The change in the observed shape of distant galaxies due to weak gravitational

lensing by the LSS, known as cosmic shear, is a powerful tool for performing

precision cosmology. It is a particularly strong probe of dark energy (Albrecht

et al. 2006). Existing cosmic shear surveys are able to carry out cosmology

competitive with modern CMB surveys. The advent of Stage IV weak lensing

surveys will mean more than an order-of-magnitude increase in precision over

the present generation of surveys.

In order to match this increased precision in the data, we must ensure that

our theoretical analyses are sufficiently accurate. Accordingly, the impact of

neglecting higher–order systematic effects on Stage IV experiments must be

explicitly evaluated. In this chapter, I use the Fisher matrix formalism to

1https://github.com/desh1701/k-cut_reduced_shear

97

https://github.com/desh1701/k-cut_reduced_shear


98 Chapter 4. Doppler-shifted Weak Lensing

predict the cosmological parameter biases from a Euclid -like survey, when one

such effect is neglected: the Doppler-shift of measured source redshifts due

to their peculiar velocities and the inhomogeniety of the Universe. While the

theoretical formalism for this effect has been formulated (as a second-order

correction to the shear; Bernardeau et al. 2010; Cuesta-Lazaro et al. 2018), its

impact at the angular power spectrum level, on IAs, on cosmological parameter

inference for the specifications of a Euclid -like survey, and under the Limber

approximation, has not been explicitly evaluated.

This chapter is organised in the following manner: Section 4.2 details how

the reduced shear approximation is modified by the presence of Doppler-shift,

and how this results in another three-point correction term to any computed

two-point statistics. Then, in Section 4.3, I detail how the Limber approxima-

tion must also be modified when quantities related to this Doppler-shift are

computed. Following on, I describe the corrections to the modelled shear angu-

lar power spectra that result from the Doppler-shift, in Section 4.4. Next, the

modelling specifications followed in this investigation are given in Section 4.5.

The impact of making these corrections for a Euclid -like survey is then explic-

itly reported and discussed in Section 4.6. Lastly, I summarise the conclusions

of the chapter in Section 4.7.

4.2 Doppler-shifted Cosmic Shear

When measuring the effect of weak lensing on a given source galaxy, one ob-

serves its redshift. However, the inhomogeneity of the Universe and the pres-

ence of the LSS mean that the source will have a peculiar velocity towards its

local overdensity. Consequently, the measured redshift will be perturbed by

Doppler-shift. At second-order, this will result in a correction to the observed

reduced shear due to the coupling between this redshift perturbation and the

lenses. Under the reduced shear approximation, this is given by (Bernardeau
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et al. 2010):

gα(θ, χ) = γα(θ, χ) + δgz(θ, χ), (4.1)

where δgz accounts for the perturbation of the observed redshift according to:

δgz(θ, χ) = −dγα

dχ

dχ

dz
δz. (4.2)

Now, δz is the perturbation of the source redshift due to Doppler-shift. Ex-

panding this expression explicitly, and neglecting the sub-dominant Sachs-

Wolfe and integrated Sachs-Wolfe effects results in:

δgz(θ, χ) =
c

χ2H(χ)a(χ)
n · v

∫ χ

0

dχ∂2Φ(θ, χ), (4.3)

where H(χ) is the value of the Hubble function at source comoving distance χ,

n is the unit direction vector pointing from the source to the observer, v is the

peculiar velocity of the source, and Φ is the gravitational potential. In fact,

δgz is a two-point term, as n · v also depends on the matter density contrast

(see e.g. Appendix B of Bacon et al. 2014). Accordingly, I write Equation

(4.3) as a combination of κlike and γlike terms:

δgz(θ, χ) = κlike(θ, χ) γlike(θ, χ), (4.4)

within which:

κlike(θ, χ) =
c

χ2H(χ)a(χ)
n · v, (4.5)

γlike(θ, χ) =

∫ χ

0

dχ∂2Φ(θ, χ). (4.6)

The Doppler correction is now expressed as a product between a shear-like

term, γlike, and a convergence-like term, κlike, analogous to the way in which

other three-point correction terms (e.g. the reduced shear and magnification
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bias corrections) are typically formulated.

When expanded fully, in spherical harmonic space, and for a given tomo-

graphic redshift bin i, these terms take the form:

κ̃likei;ℓm = 4πiℓc

∫ χlim

0

dχ

χ2H(χ)a(χ)
ni(χ)∫ ∞

0

d3k

(2π)3
j′ℓ(kχ)

k
2Y

∗
ℓm(k̂)δ̃(k, χ), (4.7)

γ̃likei;ℓm = 4πiℓ
3ΩmH

2
0

2c2

∫ χlim

0

dχni(χ)∫ ∞

0

d3k

(2π)3
jℓ(kχ) 2Y

∗
ℓm(k̂)δ̃(k, χ), (4.8)

where j′ℓ is the derivative of the spherical-Bessel function jℓ with respect to

kχ.

Propagating Equation (4.4) through to the computation of the E-mode

angular power spectra of Equation (1.85) leads to a three-point correction for

the Doppler-shift. However, applying the Limber approximation as part of this

process poses a unique challenge.

4.3 Adapting the Limber Approximation

While the extended Limber approximation (LoVerde & Afshordi 2008) can be

readily applied to the γ̃likei;ℓm Doppler term of Equation (4.8), the κ̃likei;ℓm term from

Equation (4.7) presents complications. This is due to the additional factor of

k, and the presence of the derivative of a spherical Bessel function.

In order to apply the Limber approximation for this case, I begin by rec-

ognizing that:

j′ℓ(kχ) =
ℓ

kχ
jℓ(kχ)− jℓ+1(kχ). (4.9)

Now, I follow the derivation of LoVerde & Afshordi (2008), referred to as LA

for the remainder of this chapter, for an angular power spectrum where one of
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the fields probed is κ̃likei;ℓm. Here I only detail the two-point case for simplicity

and brevity, however it is straightforward to generalise this to the three-point

case; particularly given that a bispectrum can typically be expressed as a linear

combination of power spectra (Fry 1984; Scoccimarro & Couchman 2001; Gil-

Maŕın et al. 2012; Takahashi et al. 2020). Equation (5) of LA, for this scenario,

would then read:

CAκlike =

∫
dkPAδ

∫
dχ1

FA√
χ1

Jℓ+1/2(kχ1)

∫
dχ2

Fκlike√
χ2

×
[
ℓ

kχ
Jℓ+1/2(kχ2)− Jℓ+3/2(kχ2)

]
, (4.10)

where Jℓ is the Bessel function of the ℓ-th order, FA is the projection kernel

for field A, and:

Fκlike(χ) =
c

χ2H(χ)a(χ)
n(χ). (4.11)

Now, following LA through to their Equation (13), I obtain:

CAκlike =

∫
dχ

χ2

χ

(ℓ+ 1/2)

[
ℓ

(ℓ+ 1/2)
− (ℓ+ 1/2)

(ℓ+ 3/2)

]
× Fκlike(χ)FA(χ)PAδ

(
(ℓ+ 1/2)

χ

)
=

∫
dχ

χ2
W κν

i (χ, ℓ)FA(χ)PAδ

(
(ℓ+ 1/2)

χ

)
, (4.12)

where only terms to the first-order have been retained. When performed at the

three-point level, this calculation allows for the computation of the necessary

Limber approximated bispectra.

4.4 Corrections for Doppler-shift

Constructing an expression for the angular power spectrum which takes into ac-

count the additional Doppler correction term, under the flat-sky, flat-Universe,
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and Limber approximations, recovers Equation (1.87), plus an additional term:

δCDoppler
ℓ;ij =

∫ ∞

0

d2ℓ′

(2π)2
cos(2ϕℓ′ − 2ϕℓ)B

Doppler
ij (ℓ, ℓ′,−ℓ − ℓ′), (4.13)

where:

BDoppler
ij (ℓ, ℓ′,−ℓ − ℓ′) =

∫ χlim

0

dχ

χ4
[W κν

i (χ, ℓ′)W γν
i (χ)Wj(χ)

+W κν
j (χ, ℓ′)W γν

j (χ)Wi(χ)]

×Bδδδ(k,k
′,−k − k′, χ) (4.14)

Here, W κν
i and W γν

i are weight functions, analogous to the lensing kernel of

Equation (1.88), corresponding to κ̃likei;ℓm and γ̃likei;ℓm, respectively. I define these

weight functions as:

W κν
i (χ, ℓ) =

[
ℓ

(ℓ+ 1/2)2
− 1

(ℓ+ 3/2)

]
× c

χH(χ) a(χ)
ni(χ), (4.15)

W γν
i (χ) =

3ΩmH
2
0

2c2
ni(χ). (4.16)

If one now also considers contributions from IAs, there will be another cor-

rection term to the angular power spectrum resulting from the correlation

between the Doppler-shift and IA terms. This new term takes the form:

δCDoppler−IA
ℓ;ij =

∫ ∞

0

d2ℓ′

(2π)2
cos(2ϕℓ′ − 2ϕℓ)

×BνI
ij (ℓ, ℓ

′,−ℓ − ℓ′), (4.17)
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where now I define:

BνI
ij (ℓ, ℓ

′,−ℓ − ℓ′) =

∫ χlim

0

dχ

χ4
[W κν

i (χ, ℓ′)W γν
i (χ)nj(χ)

+W κν
j (χ, ℓ′)W γν

j (χ)ni(χ)]

×BδδI(k,k
′,−k − k′, χ). (4.18)

4.5 Modelling Methodology

To model a Euclid -like survey, I used the specifications detailed in Section

1.3.2. Additionally, as with the previous chapters, the fiducial cosmology and

IA parameters selected in Section 1.3.3 were used, to facilitate self-consistent

comparisons.

Furthermore, in this chapter, I used the publicly available CAMB2 cosmology

software package (Lewis et al. 2000) to compute the matter power spectrum

and growth factor. This has been shown to be consistent with the hitherto

used CLASS package (Blas et al. 2011) meaning the results of this thesis are

self-consistent. Once again, the non-linear part of the matter power spectrum

was calculated using the Halofit paradigm (Takahashi et al. 2012), and the

additional corrections of Mead et al. (2015). In order to calculate comoving

distances, I additionally made use of the Astropy package3 (Astropy Collabo-

ration et al. 2013, 2018). Now, the matter bispectrum model of Scoccimarro

& Couchman (2001) was replaced by the updated BiHalofit model of Taka-

hashi et al. (2020). It was computed using the corresponding publicly available

software package4. For a comparison of how this change in model affects three-

point corrections, see Section 5.4.1.

With these tools and specifications, I first computed the Doppler-shift cor-

2https://camb.info/
3http://www.astropy.org
4http://cosmo.phys.hirosaki-u.ac.jp/takahasi/codes_e.htm

https://camb.info/
http://www.astropy.org
http://cosmo.phys.hirosaki-u.ac.jp/takahasi/codes_e.htm
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rections described by Equations (4.13) and (4.17). These were compared to the

sample variance for a Euclid -like survey. Next, I propagated these corrections

through the Fisher matrix formalism; estimating the cosmological parameter

biases that would result from ignoring the Doppler-shift effect.

Additionally, as is the case in Chapter 3, the Fisher matrices used here

assumed a Gaussian covariance; meaning that the SSC contribution was again

neglected. This was again done in order to reduce computational load.

4.6 Results and Discussion

Within this section, I present the effect of neglecting Doppler-shift on the

cosmology that will be carried out with a Euclid -like survey. Firstly, I show the

magnitude of the Doppler and Doppler-IA corrections relative to the predicted

cosmic shear power spectra for such a survey. I then report the resulting biases

on the inferred cosmological parameters that would result from ignoring these

corrections.

In Figure 4.1, I show the magnitude of the Doppler and Doppler-IA correc-

tion terms, relative to the cosmic shear angular power spectra, for the auto-

correlation spectra of all tomographic bins for a Euclid -like survey. Here, the

two corrections are shown both separately and when combined. Additionally,

the sample variance, given by Equation (3.17), is also shown for reference.

From this graph, one sees that the impact of Doppler-shift decreases as

the redshift of the tomographic bin probed increases. This is a consequence of

the accelerating expansion of the Universe (Planck Collaboration et al. 2020),

as accordingly one expects the relative Doppler-shift to be greater at lower

redshifts. However, across the entire redshift and ℓ range of the survey, I

observe that both correction terms remain several orders-of-magnitude below

sample variance; consistent with the findings of (Cuesta-Lazaro et al. 2018).

This suggests that these corrections may be able to be safely neglected for
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Figure 4.1: Relative magnitude of Doppler-shift corrections as a proportion
of shear angular power spectra, for the auto-correlations of 10 equi-populated
tomographic redshift bins for a Euclid -like survey. The bin edges are: {0.001,
0.418, 0.560, 0.678, 0.789, 0.900, 1.019, 1.155, 1.324, 1.576, 2.50}. The top
panel shows the Doppler-shear correction, while the middle panel shows the
Doppler-IA term, and the bottom panel displays the combined corrections.
The sample variance is also shown, for comparison. As would be expected,
the effect of Doppler-shift is greatest at low redshift, and decreases as redshift
increases. In all cases, both corrections are several orders-of-magnitude below
sample variance, suggesting these terms are unlikely to be significant for Stage
IV surveys. Adapted from Deshpande & Kitching (2021).
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Table 4.1: Predicted 1σ cosmological parameter constraints obtained from cos-
mic shear power spectra for a Euclid -like survey, together with the biases in the
inferred parameter values resulting from neglecting the Doppler-shift correc-
tion. Constraints and biases are obtained using the Fisher matrix formalism,
and the choice of fiducial cosmology is stated in Table 1.2. Biases are only
considered significant if they exceed 0.25σ, as at this point the 2σ parameter
constraints would overlap by less than 90%. All biases reported here are well
below that threshold, suggesting these corrections can be safely neglected for
Stage IV experiments. Adapted from Deshpande & Kitching (2021).

Cosmological Uncertainty Doppler Doppler-IA
Parameter (1σ) Bias/1σ Bias/1σ

Ωm 0.0089 1.4× 10−3 3.4× 10−6

Ωb 0.020 −1.8× 10−4 −4.0× 10−7

h 0.12 −2.8× 10−4 −1.2× 10−6

ns 0.028 −1.3× 10−4 5.2× 10−7

σ8 0.0094 −1.1× 10−3 −2.6× 10−6

w0 0.11 1.2× 10−3 2.9× 10−6

wa 0.32 −5.6× 10−4 −1.9× 10−6

upcoming surveys.

To provide more in-depth insight into whether these terms can be neglected

for Stage IV surveys, Table 4.1 shows the biases that would result in the

inferred cosmological parameter values, if the two Doppler-shift effects were to

be neglected. Also shown here are the predicted parameter constraints for a

Euclid -like survey. Both the predicted constraints and biases were calculated

using the Fisher formalism. From this table, one sees that all of the resulting

biases are at sub-percent level. Given that a bias must exceed 0.25σ, in order

to typically be considered significant – as at this point the biased and unbiased

parameter constraints would overlap by less than 90% – one can safely conclude

that these effects can be neglected for Stage IV experiments.

4.7 Summary and Outlook

Within this chapter, I have explored the impact of Doppler-shift on Stage IV

cosmic shear surveys. Adopting modelling specifics for a Euclid -like survey, I

calculated the three-point corrections to the shear angular power spectra that
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result from the perturbation of the observed shear by Doppler-shift. Addi-

tionally, I demonstrated how this perturbation interacts with IA terms, and

calculated the resulting Doppler-IA correction for the shear angular power

spectrum. Both of these additional corrections were shown to be several orders-

of-magnitude smaller than sample variance, suggesting these corrections could

be safely neglected.

In order to explicitly check whether these corrections resulted in any sig-

nificant biases at the cosmological parameter level, I propagated these through

a Fisher matrix calculation. I found that all resulting biases were of the sub-

percent level, confirming that, in isolation, Doppler-shift does not need to be

taken into account for cosmic shear analyses in Stage IV weak lensing surveys.

However, I note that it is possible that when combined with multiple other

neglected approximations, the total magnitude of the corrections may result

in significant biases. A comprehensive investigation of all weak lensing ap-

proximations is necessary to test this. Additionally, while this effect does not

significantly affect the cosmic shear power spectrum, it can be detected in other

forms in Stage IV surveys. If the convergence is directly probed, a significant

contribution to the observed convergence signal from this Doppler-shift can be

detected (Bacon et al. 2014). Furthermore, this Doppler-shift of source red-

shifts could also result in detectable contributions in cross-correlations with

other probes that depend on the peculiar velocity of overdensities, for example

the Kinematic Sunyaev–Zeldovich effect (see e.g. Shao et al. 2011; Sugiyama

et al. 2017).
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Chapter 5

Mitigating Biases with k-cut

Cosmic Shear

This chapter adapts Deshpande et al. (2020b).

One of the major challenges identified by the preceding chapters is the com-

putational complexity of computing three-point correction terms to the com-

monly observed two-point statistics of cosmic shear. The k-cut method –

making the Bernardeau-Nishimichi-Taruya transform, and then applying a

redshift-dependent ℓ-cut – can reduce sensitivity to baryonic physics; allow-

ing Stage IV surveys to include information from increasingly higher ℓ-modes.

This chapter addresses the question of whether it can also mitigate the im-

pact of making the reduced shear approximation; which is also important in

the high-κ, small-scale regime. The following investigation focuses primarily

on a Euclid -like survey as a representation of a typical Stage IV weak lensing

survey, but also considers a Stage III kinematic weak lensing survey. I have

also made the key parts of code utilised for this analysis publicly available1.

5.1 Motivation and Outline

As a result of the improvement in precision that Stage IV weak lensing surveys

will deliver over existing experiments, we face new challenges. One such issue is

the small scale sensitivity problem. This refers to the fact that the cosmic shear

1https://github.com/desh1701/k-cut_reduced_shear
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signal is sensitive to poorly understood physics at scales below k = 7hMpc−1

(Taylor et al. 2018b). Nulling has previously been suggested as a potential

solution (Huterer & White 2005). An approach that has shown promise in

addressing this issue is to first apply the Bernardeau-Nishimichi-Taruya (BNT)

nulling scheme (Bernardeau et al. 2014), and then take a redshift-dependent

angular scale cut. This technique is known as k-cut cosmic shear (Taylor et al.

2018a).

Using k-cut shear to alleviate the small scale sensitivity problem, we can

push our analyses to include increasingly smaller angular scales. For example,

an appropriate k-cut would allow us to readily achieve the ‘optimistic’ case

for a Euclid -like survey; where e.g. the inclusion of angular wave numbers

of up to ℓ = 5000 would be attainable. However, at these scales, two theo-

retical assumptions cease to be valid; the reduced shear approximation, and

the assumption that magnification bias can be neglected (see Chapter 2). Re-

laxing these requires the explicit calculation of the convergence bispectrum,

which could be prohibitively computationally expensive for Stage IV experi-

ments and requires a theoretical expression for the poorly understood matter

bispectrum, including baryonic feedback.

In this chapter, I demonstrate how the k-cut method preserves the reduced

shear approximation for a Stage IV survey even at high-ℓ, as an example of how

the k-cut technique could help forego the need to explicitly evaluate higher-

order corrections. Specifically, I examine the case of a Euclid -like experiment,

as forecasting specifications for such a survey are readily available (Euclid

Collaboration: Blanchard et al. 2020). This procedure bypasses the need for

the expensive computation of three-point terms, at the price of weakening

cosmological parameter constraints. I also repeat this analysis for a hypothet-

ical Tully-Fisher kinematic weak lensing survey (Huff et al. 2013; Gurri et al.

2020). Kinematic lensing has been proposed as a method to reduce shape noise
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in weak lensing by an order of magnitude. It is predicated on spectroscopic

measurements of disk galaxy rotation, and use of the Tully-Fisher relation in

order to control for the intrinsic orientations of galaxy disks. For a detailed

overview of kinematic weak lensing, see Huff et al. (2013). By also considering

the kinematic survey set-up, I demonstrate that the reduced shear approxi-

mation (and therefore other similar systematic effects) will remain a problem

for this other configuration of surveys, and that k-cut cosmic shear can help

mitigate these effects here too.

I continue this chapter by describing the theoretical formalism behind k-

cut cosmic shear in Section 5.2. Then, in Section 5.3, I review the modelling

specifics used in this investigation. Section 5.4 then presents the key findings of

this chapter. The last section of this chapter, Section 5.5, contains a summary

of the investigation, as well as a discussion of future prospects.

5.2 k-cut Cosmic Shear

Given that the shear angular power spectrum is a projection of the matter

power spectrum, to remove sensitivity to physical scales below a certain k-

mode one must remove angular scales above the corresponding ℓ-mode. One

may imagine that, in the regime of the Limber approximation, this could

simply involve removing information where ℓ > kχ. However, in reality lensing

kernels are broad; meaning that lenses across a range of distances and scales

contribute power to the same ℓ-mode. Consequently, simply removing scales

is not effective on its own (Taylor et al. 2018b).

A solution comes in the form of the BNT nulling scheme (Bernardeau et al.

2014). In this formalism, the observed tomographic angular power spectrum

can be re-weighted in such a way that each redshift bin retains only the in-

formation about lenses within a small redshift range. This procedure can be

illustrated by first considering three discrete source planes. Then, the BNT
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weighted convergence, assuming flatness, can be written as:

κBNT =
3ΩmH

2
0

2c2

∫ χβ

0

dr
δ(χ)

a(χ)
w(χ), (5.1)

where χβ is the comoving distance to source plane i, and:

w(χ) =
∑

β,χβ>χ

pβ
χβ − χ

χβ

, (5.2)

where pβ are the weights for planes β = {1, 2, 3} with χ1 < χ2 < χ3, for

the three bin case. In the BNT scheme, weights are then chosen such that

w(χ < χ1) = 0. This coupled with the fact that lenses with χ > χ3 will

not contribute to the re-weighted convergence, means that κBNT will only be

sensitive to lenses with comoving distances in the range χ1 ≤ χ < χ3. This

argument can be generalized (Taylor et al. 2021) for an arbitrary number of

continuous source bins; leading to the construction of a weighting matrix, M ,

that is applied to the observed angular spectra:

CBNT
ℓ = MCℓM

T , (5.3)

where Cℓ is a matrix of the Cℓ;ij for all tomographic bin combinations, at the

given ℓ-mode, and CBNT
ℓ is its BNT-nulled counterpart. For a given k-cut, I

remove information where ℓ > kcutχ
mean
i from the BNT-nulled power spectrum

of bin i. Here, I use the mean comoving distance of the bin rather than the

minimum distance to the bin, to avoid removing the first bin entirely. This

has negligible impact on sensitivity to small scales (Taylor et al. 2018a).

5.3 Modelling Methodology

In order to examine whether k-cut cosmic shear can be used to minimise the

impact of the reduced shear approximation on Stage IV surveys, I adopted
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the forecasting specifications described in Section 1.3.2. The k-cut technique

enables the inclusion of information from smaller angular scales, making the

‘optimistic’ scenario for such a survey, where ℓ-modes up to 5000 are studied,

more achievable. Accordingly, I computed the reduced shear correction, and

carried out the corresponding k-cut analysis, up to this maximum ℓ.

This process consisted of computing the predicted cosmological parame-

ter uncertainties using the Fisher matrix formalism described in Section 1.3.1,

and then computing the reduced shear correction and calculating the result-

ing biases. Next, I applied the BNT transform, and applied gradually lower

k-cuts, monitoring the change in the parameter uncertainties and biases. I

then noted the optimum k-cut that suppresses biases to below the significance

threshold, without significantly compromising parameter constraints. This was

also compared to the predicted cosmological parameter uncertainties from the

‘pessimistic’ case for such an experiment where only ℓ-modes up to 1500 are

included, and no k-cut is necessary (Euclid Collaboration: Blanchard et al.

2020).

This process was repeated for a theoretical kinematic weak lensing survey.

Here, I studied the effect of k-cut cosmic shear on the hypothetical TF-Stage

III survey described in Huff et al. (2013). This survey includes ℓ-modes up to

5000, has fsky = 0.12, with an intrinsic ellipticity of σϵ = 0.021, and a surface

density of galaxies of n̄g = 1.1 arcmin−2. I considered the survey to have ten

equi-populated redshift bins with limits: {0.001, 0.568, 0.654, 0.723, 0.788,

0.851, 0.921, 0.999, 1.097, 1.243, 1.68}. A kinematic survey will not have IA

contributions. The galaxy distribution for such a survey is modelled by:

Ni(z) ∝ zαe
−
(

z
z0

)β

, (5.4)

with α = 29.98, z0 = 1.10× 10−6, and β = 0.33.
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For all computations in this chapter, I used the choice of cosmology speci-

fied in Section 1.3.3, with one key difference. In this investigation, I considered

a flat w0waCDM cosmology, so that ΩDE was also kept fixed and not treated

as an inferred parameter. Given the strong constraints on flatness provided

by contemporary cosmological surveys (Planck Collaboration et al. 2020), this

does not compromise the validity of my findings. Additionally, as in Chapters

3 and 4, the Fisher matrices assumed a Gaussian covariance; neglecting the

SSC contribution. The BNT matrices were calculated using the code2 of Tay-

lor et al. (2021). Additionally, to calculate the matter power spectrum, I again

used the publicly available CAMB cosmology package, with Halofit and correc-

tions from Mead et al. (2015) used to compute the non-linear contributions.

Comoving distances were computed with Astropy.

Here, the matter bispectrum was computed again using the BiHalofit for-

malism and code. To verify that this would not significantly affect comparisons

with previous chapters and works, I also performed a comparison of the re-

duced shear correction computed with the model of Scoccimarro & Couchman

(2001), described by Equation (2.5) and denoted by ‘SC’, and the BiHalofit

model, denoted by ‘BH’.

5.4 Results and Discussion

In this section, I demonstrate the effect k-cut cosmic shear has on addressing

the biases resulting from the reduced shear approximation, for a Euclid -like

experiment and a hypothetical kinematic survey. I begin by comparing the

cosmological parameter biases, for the standard calculation with no k-cut,

found when the reduced shear approximation is relaxed with either the SC or

BH bispectrum models. Next, the change in parameter constraints and biases

for the BNT transformed power spectra with a range of k-cuts are shown; first

for a Euclid -like survey, and then a kinematic lensing survey.

2https://github.com/pltaylor16/x-cut

https://github.com/pltaylor16/x-cut
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Table 5.1: Cosmological parameter biases predicted if the reduced shear cor-
rection is neglected for two different matter bispectrum models. The SC model
uses the fitting formulae of Scoccimarro & Couchman (2001), while BH is the
Bihalofit model (Takahashi et al. 2020). The difference between the two
approaches is also stated, and is not significant. Here σ denotes the 1σ uncer-
tainty. Adapted from Deshpande et al. (2020b).

Cosmological SC Model BH Model Absolute Difference in
Parameter Bias/σ Bias/σ Biases/σ

Ωm -0.32 -0.28 0.04
Ωb -0.011 -0.0056 0.0044
h 0.025 0.027 0.002
ns 0.14 0.11 0.03
σ8 0.27 0.24 0.03
w0 -0.40 -0.33 0.07
wa 0.28 0.23 0.05

5.4.1 Comparing Matter Bispectrum Models

The ratio of the reduced shear correction of Equation (2.3) calculated using the

BH bispectrum, relative to the correction calculated using the SC bispectrum

is shown in Figure 5.1. Here, the correction terms for the auto-correlation

of four bins, with redshift-limits: 0.001 – 0.418, 0.678 – 0.789, 1.019 – 1.155,

and 1.576 – 2.50, are shown in order to illustrate the difference between the

two models. The consequent difference in the predicted parameter biases from

using the two models is stated in Table 5.1.

From Figure 5.1, one sees that the two approaches produce correction terms

that differ at most by 27%. At low-ℓ and at all but the highest redshifts, the BH

model produces a correction smaller than the SC one. The BH correction then

increases until the two models produce comparable results at ℓ ∼ 100. Beyond

this ℓ-mode, the BH model once again produces a smaller correction value

than the SC approach. For the highest redshift bins, the same trend persists.

However, in this case the corrections start off being comparable, before the

BH term becomes greater than the SC correction. After peaking at scales of

ℓ ∼ 100, the BH correction reduces again. The greatest differences between
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Figure 5.1: Ratio of reduced shear corrections calculated with two different
matter bispectrum models. The first of these uses the approach of Scocci-
marro & Couchman (2001) and is labelled by SC, whereas the second is the
BiHalofit model (Takahashi et al. 2020) and is denoted by BH. The correc-
tion terms for four different auto-correlation spectra across the survey’s antic-
ipated redshift range are presented, and are representative of all the spectra.
The most extreme disagreement between the models occurs at ℓ = 89, where
they disagree by 27%. I note that the reduced shear correction is negligible
at these scales, and only becomes significant at scales above ℓ ∼ 1000 (see
Chapter 2), at which point the two models are in closer agreement. Adapted
from Deshpande et al. (2020b).

the two models occur at lower ℓ-modes, where the reduced shear correction is

typically negligible (see Chapter 2). Additionally, these differences are likely

to be dwarfed by baryonic model uncertainties.

Despite these differences, Table 5.1 shows that the resulting cosmological

parameter biases from the two models are not significantly different. Accord-

ingly, although the BH and SC models can differ significantly at calculating

the matter bispectrum for certain scales and configurations (Takahashi et al.
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2020), the reduced shear correction calculation can be considered robust to the

choice of matter bispectrum model. For all results that follow, I use the BH

matter bispectrum model.

5.4.2 k-cut for Stage IV Surveys

I calculated the cosmological parameter constraints, and the biases resulting

from neglecting the reduced shear approximation, for a range of k-cut values.

The changing constraints are shown in Figure 5.2, whilst the biases are shown

in Figure 5.3. As expected, taking lower k-cuts results in weaker constraints.

In general, biases reduce as a lower k-cut is taken. The behaviour of the

bias in Ωb is non-trivial, due to the complex way in which this parameter

interacts with the non-linear component of the matter power spectrum. A

bias is considered significant if its magnitude is greater than 0.25σ, as beyond

this the confidence contours of the biased and unbiased parameter estimates

overlap by less than 90%. The maximum k-cut required in order to ensure that

no parameter biases are significant is 5.37 hMpc−1. Tables 5.2 and 5.3 show

the constraints and biases at this k-cut respectively, as well as the constraints

and biases when no k-cut is taken for both the ‘optimistic’ (ℓmax=5000), and

‘pessimistic’ (ℓmax=1500) scenarios for a Euclid -like survey. From this, I note

that the optimum k-cut increases the size of all of the parameter constraints

by less than 10%. This is a marked improvement over the ‘pessimistic’ case in

which all but two of the parameters have their constraints increased by more

than 10% compared to the ‘optimistic’ case.

These findings support the idea that k-cut cosmic shear can be successfully

used to access smaller angular scales for upcoming Stage IV weak lensing sur-

veys. It has already been shown that this technique can bypass the need to

model baryonic physics (Taylor et al. 2018a), while allowing access to small

physical scales. Now, these results indicate that k-cut cosmic shear can also

address the impact of the reduced shear approximation. While explicit cal-
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Figure 5.2: Change in the 1σ cosmological parameter constraints predicted
for a Euclid -like survey, when a range of k-cuts are applied. These results
are for the ‘optimistic’ case for such a survey, where ℓ-modes up to 5000 are
included. Unsurprisingly, the constraints weaken as lower k-cuts are taken;
corresponding to more information being removed. The black dashed line
at k = 5.37hMpc−1 marks the maximum k-cut required for biases from the
reduced shear correction to not be significant. Adapted from Deshpande et al.
(2020b).

culation of the reduced shear correction yields the most precise cosmological

parameter constraints, it is prohibitively computationally expensive. The k-cut

approach bypasses this cost while only marginally weakening the constraints.
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Figure 5.3: Change in cosmological parameter biases with changing k-cuts,
when the reduced shear correction is neglected, for a Euclid -like survey. The
values are reported as a fraction of the 1σ uncertainty of the respective param-
eter. A parameter is considered to be significantly biased if the bias is greater
than 0.25σ. Beyond this point, the biased and unbiased confidence regions
overlap less than 90%. These results are for the ‘optimistic’ case for a Euclid -
like survey, where ℓ-modes up to 5000 are included. The black dashed line
at k = 5.37hMpc−1 marks the maximum k-cut required for biases from the
reduced shear correction to not be significant. The brown dotted line denotes
the threshold for a bias to be significant. Generally, a lower k-cut corresponds
to smaller biases, as sensitivity is reduced to regions where the reduced shear
correction is largest. Adapted from Deshpande et al. (2020b).

I note that if the photometric redshifts are systematically mis-calibrated,

the BNT transform I have computed would be inaccurate. In fact, given
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Table 5.2: Predicted parameter uncertainties for a Euclid -like survey for three
different cases. The ‘optimistic’ case is when ℓ-modes up to 5000 are included,
and no k-cut is made, while the ‘maximum k-cut’ columns denote the situa-
tion where ℓ-modes up to 5000 are included, but a k-cut is taken at k = 5.37
hMpc−1, as this is the maximum k-cut to achieve non-significant biases. Fi-
nally, the ‘pessimistic’ case is when only ℓ-modes up to 1500 are included, and
no k-cut is taken. Adapted from Deshpande et al. (2020b).

Cosmological Optimistic Maximum k-cut Pessimistic
Parameter 1σ 1σ 1σ

Ωm 0.0089 0.0094 0.013
Ωb 0.020 0.021 0.022
h 0.12 0.13 0.13
ns 0.028 0.029 0.035
σ8 0.0094 0.010 0.015
w0 0.11 0.12 0.14
wa 0.32 0.33 0.44

that the lensing kernels have some width, using the peak of the kernel as

a representative comoving distance value for the k-cut is already technically

inaccurate. Despite this, the k-cut technique proves successful (Taylor et al.

2018a). Given that one would expect any biases in the photometric redshifts to

be narrower than the width of the kernel, I do not anticipate that these biases

would significantly affect the validity of the k-cut method. In addition, if there

is no mis-calibration, the BNT transformed cross-spectra should be small, and

dominated by shot-noise, which is well known and cosmology-independent. If

there is significant photometric redshift calibration bias, these cross-spectra

will no longer be small. Accordingly, the BNT transform can also serve as a

null-test for mis-calibration.

Furthermore, another consideration is my choice of IA model. The NLA

model used here can be overly restrictive, and artificially improve constraining

power. This could lead to an overestimate of the biases, and accordingly the

determination of a lower than needed k-cut. However, in any case the limiting

k-cut value will be determined by baryonic physics modelling.
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Table 5.3: Expected cosmological parameter biases from neglecting the reduced
shear approximation, for a Euclid -like survey under three different scenarios.
The ‘optimistic’ scenario is when ℓ-modes up to 5000 are included, and no k-cut
is made. The ‘maximum k-cut’ case is when ℓ-modes up to 5000 are included,
but a k-cut is taken at k = 5.37 hMpc−1; the maximum k-cut required to
achieve non-significant biases. Lastly, the ‘pessimistic’ case is when only ℓ-
modes up to 1500 are included, and no k-cut is taken. The ‘maximum k-cut’
option is able to suppress the biases to the point of not being significant, while
still achieving more precise constraints than the ‘pessimistic’ option as seen in
Table 5.2. Here σ denotes the 1σ uncertainty. Adapted from Deshpande et al.
(2020b).

Cosmological Optimistic Maximum k-cut Pessimistic
Parameter Bias/σ Bias/σ Bias/σ

Ωm -0.28 -0.22 -0.076
Ωb -0.0056 -0.020 -0.012
h 0.027 0.0043 -0.001
ns 0.11 0.10 0.040
σ8 0.24 0.19 0.083
w0 -0.33 -0.24 -0.064
wa 0.23 0.15 0.024

5.4.3 k-cut for Kinematic Weak Lensing Surveys

The predicted cosmological parameter constraints for a hypothetical kinematic

lensing survey which includes ℓ-modes up to 5000, together with the expected

biases in those constraints from neglecting the reduced shear approximation,

are stated in Tables 5.4 and 5.5, respectively. From this, one sees that the

reduced shear correction is also necessary for potential future kinematic lensing

surveys, as the bias in ns is significant. This is due to the fact that constraint

on ns is improved, compared to the standard Stage IV case. The spectral

index is most sensitive to high-ℓ modes (Copeland et al. 2018), and this is

where the hypothetical kinematic survey performs better than the standard

survey. The kinematic survey has a higher signal-to-noise ratio at high-ℓ, and

a lower signal-to-noise ratio at low-ℓ, as the shot-noise is low by construction,

and because it covers a smaller area than the Stage IV survey which means

sample variance is relatively more important.
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Table 5.4: Predicted cosmological parameter constraints for a TF-Stage III
(Huff et al. 2013) kinematic lensing survey. Three different scenarios are pre-
sented here. The ‘optimistic’ scenario is when ℓ-modes up to 5000 are included,
and no k-cut is made, while the ‘maximum k-cut’ columns denote the situa-
tion where ℓ-modes up to 5000 are included, but a k-cut is taken at k = 5.82
hMpc−1, as this is the maximum k-cut to achieve non-significant biases. Fi-
nally, the ‘pessimistic’ case is when only ℓ-modes up to 1500 are included, and
no k-cut is taken. Adapted from Deshpande et al. (2020b).

Cosmological Optimistic Maximum k-cut Pessimistic
Parameter 1σ 1σ 1σ

Ωm 0.0083 0.0093 0.016
Ωb 0.0089 0.0094 0.013
h 0.022 0.027 0.058
ns 0.015 0.017 0.041
σ8 0.031 0.032 0.047
w0 0.17 0.19 0.33
wa 0.59 0.68 1.18

For such a survey, I find that the maximum k-cut required for the biases

from the reduced shear correction to no longer be significant is 5.82 hMpc−1.

This is higher than the value in the Stage IV survey case, because the kinematic

survey is less deep in redshift. Consequently, the same ℓ-mode corresponds to

a higher k-mode for the kinematic survey than in the Stage IV experiment

case. Since the reduced shear correction is only non-negligible at the highest

ℓ-modes, this is where a cut will alleviate biases, and shallower surveys can

include higher k-modes before reaching this regime.

Tables 5.4 and 5.5 show the predicted parameter constraints and reduced

shear biases at this k-cut, respectively. For comparison, the constraints and

biases for the pessimistic case of the kinematic survey, where only ℓ-modes up

to 1500 are probed, are also shown here. As with the Stage IV cosmic shear

survey, the k-cut technique degrades the predicted cosmological constraints for

a kinematic lensing survey less than the exclusion of ℓ-modes above 1500. With

the k-cut, the largest increase is on the constraint on h, which increases by

27%. In comparison, in the pessimistic case, the lowest increase in constraints
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Table 5.5: Predicted cosmological parameter biases from neglecting the re-
duced shear approximation for a TF-Stage III (Huff et al. 2013) kinematic
lensing survey. Three different regimes are stated in this table. The ‘opti-
mistic’ case when ℓ-modes up to 5000 are included, and no k-cut is made, the
‘maximum k-cut’ case where ℓ-modes up to 5000 are included, but a k-cut
is taken at k = 5.82 hMpc−1, as this is the maximum k-cut to achieve non-
significant biases, and the ‘pessimistic’ case is when only ℓ-modes up to 1500
are included, and no k-cut is taken. The ‘maximum k-cut’ option is able to
suppress the biases to the point of not being significant, while still achieving
more precise constraints than the ‘pessimistic’ option (as seen in Table 5.4).
Here σ denotes the 1σ uncertainty. Adapted from Deshpande et al. (2020b).

Cosmological Optimistic Maximum k-cut Pessimistic
Parameter Bias/σ Bias/σ Bias/σ

Ωm -0.035 -0.032 -0.0056
Ωb 0.079 0.068 0.022
h -0.053 -0.0044 -0.00077
ns 0.28 0.24 0.036
σ8 0.083 0.082 0.017
w0 0.059 0.046 0.024
wa -0.081 -0.064 -0.021

is of 44%, for Ωb.

5.5 Summary and Outlook

In this chapter, I have examined the validity of the reduced shear approxi-

mation when applying the k-cut technique to Stage IV cosmic shear exper-

iments, and a hypothetical kinematic lensing survey. I first compared the

reduced shear correction calculated using two different models for the matter

bispectrum: the fitting formulae of Scoccimarro & Couchman (2001), and the

BiHalofitmodel. Despite the differences between the two approaches, I found

that their resulting reduced shear corrections were not significantly different,

and that accordingly the reduced shear correction was robust to the choice of

bispectrum model.

The k-cut cosmic shear technique is used to remove sensitivity to baryonic

physics, while allowing access to small physical scales. I examined whether it

would also affect the impact of the reduced shear approximation. A variety of



124 Chapter 5. Mitigating Biases with k-cutCosmic Shear

k-cuts were applied to the BNT transformed theoretical shear power spectra

and reduced shear corrections for the ‘optimistic’ case of a Euclid -like survey.

This scenario assumes ℓ-modes up to 5000 are probed. I demonstrated that,

in this case, k-cut cosmic shear preferentially removes scales sensitive to the

reduced shear approximation, reducing its inaccuracy. This technique makes

this ‘optimistic’ scenario more achievable, while bypassing the significant com-

putational expense posed by having to explicitly calculate the reduced shear

correction. The disadvantage is that the inferred cosmological parameter con-

straints are weakened. However, with k-cut cosmic shear applied to the ‘op-

timistic’ case, the parameter constraints are weakened significantly less than

those found in the ‘pessimistic’ case for such a survey; where only ℓ-modes up

to 1500 are included. I also repeated this analysis for a theoretical kinematic

lensing survey; finding similarly that the k-cut technique reduced sensitivity

to the reduced shear approximation.
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Conclusion

We stand on the precipice of a new generation of high-precision weak grav-

itational lensing cosmological surveys. Experiments such as Euclid, Roman,

and Rubin will lead to more than an order-of-magnitude improvement in our

ability to constrain the values of cosmological parameters. The primary focus

of this thesis has been to ensure that the accuracy of our theoretical formal-

ism for cosmic shear keeps up with this significant increase in precision. To

accomplish this, I have primarily focused on a Euclid -like experiment.

First, I reviewed two commonly neglected systematic effects in current

surveys: the impact of making the reduced shear approximation, and magni-

fication bias. Accounting for these effects results in higher-order corrections

to the cosmic shear angular power spectra, that depend on bispectra. I cal-

culated these corrections and, using the Fisher matrix formalism, predicted

the biases in w0waCDM cosmological parameters that would result from ne-

glecting them. This revealed that not taking into account these terms would

result in significant biases in all but two cosmological parameters for Euclid ;

making these corrections essential for Stage IV surveys. I also demonstrated

how these systematic effects affect IA spectra as well, and showed that their

effect on parameter inference is not significant.

I then examined the dependency of the corrections for the reduced shear

approximation and magnification bias on another common theoretical assump-

tion; the Limber approximation. The Limber approximation replaces spherical

125
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Bessel functions with delta functions in order to simplify projection integrals

in the calculation of the shear and convergence power spectra and bispectra.

Whilst its impact has been shown to not be of concern at the power spec-

tra level for Stage IV surveys, its impact on the bispectra (and therefore on

correction terms dependent on the bispectra) had not previously been consid-

ered. I showed that while the Limber approximation must be relaxed if one

is concerned with directly observing the bispectra with Stage IV experiments,

the approximation is safe to make when calculating the reduced shear and

magnification bias corrections.

Next, I considered another systematic effect neglected for the current gen-

eration of weak lensing surveys; the Doppler-shift of source redshifts due to

the presence of over-dense spatial regions. I showed that this effect, which is

closely related to the reduced shear approximation, also depends on the matter

bispectrum. Using the Fisher matrix formalism again, I computed the impact

of this correction on cosmological parameter inference for a Euclid -like sur-

vey; finding that it was safely negligible even for this upcoming generation of

surveys.

A recurring concern from the investigations of the various higher-order

corrections was that they posed a major computational challenge, with the

corrections for a single cosmology taking on the order of multiple days to cal-

culate. This would make Bayesian inference using techniques such as MCMCs

intractable, as this computation would have to be repeated for potentially thou-

sands of cosmologies. In the final research chapter of this thesis, I demonstrated

a potential solution to this challenge; k-cut cosmic shear. This technique of

making scale cuts after re-weighting observed spectra had previously proved

effective in reducing sensitivity to non-linear modelling. Here, I demonstrated

that applying the k-cut technique allows one to bypass the need to make the

reduced shear correction, without significantly compromising the constraining
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power of a Euclid -like experiment.

While the k-cut technique is one potential solution to the computational

challenge posed by the requirement of higher-order corrections, alternative

strategies may also be required. For any potential corrections significantly

larger than the reduced shear correction, or ones that act at different scales,

the k-cut technique may prove less effective. In this scenario, future work may

be required to better optimise the computation of these higher-order terms.

Alternatively, machine learning-based emulators have recently proved an ef-

ficient way of reducing computation time during the inference stage. Recent

work on emulating the matter power spectrum has demonstrated the effec-

tiveness of this strategy (Spurio Mancini et al. 2022). This could potentially

be extended to modelling either the matter or convergence bispectra, or the

corrections themselves directly.

Furthermore, while this thesis focuses on corrections that have not been

studied before, or corrections that have not been applied to Stage IV ex-

periments previously, the literature contains investigations of multiple other

potential neglected systematic effects. A comprehensive review was required

which gathers and evaluates them under a consistent framework. This is nec-

essary to identify how these terms interact with each other, and what their

cumulative impact will be on Stage IV cosmic shear surveys.

To this end, the work carried out within this thesis has a significant impact

on Euclid, and other upcoming cosmic shear surveys. In particular, the impor-

tance of terms identified in this work has led to a concerted effort by the Euclid

Consortium to evaluate higher-order corrections to the shear power spectrum.

Euclid Collaboration: Deshpande et al. (2023) identifies 24 theoretical effects,

including those evaluated in this work, and determines which are of concern

for Euclid ; explicitly modelling them. By adapting many of the techniques

demonstrated in this thesis, particularly the expression of effects corrections as
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projections of the matter bispectrum, Euclid Collaboration: Deshpande et al.

(2023) finds multiple important terms for upcoming surveys, in addition to

those identified in this thesis. In particular, neglecting source-lens clustering,

the overlap of sources with each other, and the effects of the local over-density

of the Universe leads to significantly biased cosmological inference. Account-

ing for these corrections entails many of the same challenges as those raised

in this work. Accordingly, the k-cut technique demonstrated here also has

increased applicability. From this thesis and the work that has sprung from

it, it is evident that the existing cosmic shear formalism is no longer sufficient

in the new era of surveys. As demonstrated here, a considerable number of

refinements must be made to the theory, to enable these new experiments to

advance the frontiers of cosmology.
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Deriving Shot-noise

The shot (or shape) noise is the name given to the contribution to the observed

lensing angular power spectra from the intrinsic, unlensed component of a

galaxy’s ellipticity. In spherical-harmonic space, the signal corresponding to

the intrinsic ellipticity of a galaxy, εsrc, and for a tomographic redshift bin, i,

is given by:

ε̃i;ℓm =

√
2

π

∑
g

εsrc;g (θg, χg) 2Y
∗
ℓm(k̂), (A.1)

where the subscript g denotes an individual galaxy, and the sum is over all

galaxies in the survey.

Specifically, this signal arises because the shear field is being Poisson sam-

pled at the locations of the galaxies. This additionally means that the term

scales with inversely with the number of galaxies in the survey or in the to-

mographic case, the number of galaxies per bin, Ngal;i. This quantity itself

can be expressed as the product of the surface-area of the survey, Asurv, and

the surface galaxy density of the bin, n̄g;i. If equi-populated bins are used,

as in the case of a Euclid -like survey, this is simply n̄g/Nbin. Its two-point

contribution to the observed angular power spectrum is then given by:

N ϵ
ij;lm =

1

Asurv n̄g/Nbin

〈
ε̃i;ℓmε̃

∗
j;ℓ′m′

〉
δKℓℓ′ δ

K
mm′ δKij , (A.2)
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where the final Kronecker delta accounts for the fact that ellipticies at different

redshifts are intrinsically uncorrelated. This can then be expanded as:

N ϵ
ij;lm =

1

Asurv n̄g/Nbin

∫
d3rd3r′ 〈εsrc;iε′src;j〉 δ3 (r − r′)

× δℓℓ′δ
K
mm′ δKij 2Yℓm(r̂) 2Y

∗
ℓm(r̂

′). (A.3)

Now, one can recognise that
〈
εsrc;iε

′
src;i

〉
is simply the variance of observed

ellipticities in the bin, which is taken to be the variance of observed ellipticities

in the sample, σ2
ϵ , which can then be taken out of the integral. Then, using

the identity:

∫
d2r′

2Yℓm(r̂) 2Y
∗
ℓm(r̂

′) = δKmm′ δKℓℓ′ , (A.4)

one can recognise that the integration results in the area of the survey, so that

I am finally left with Equation (1.89), which is reproduced here:

N ϵ
l;ij =

σ2
ϵ

n̄g/Nbin

δKij . (A.5)



Appendix B

Generalised Lensing Bispectra

This chapter adapts Appendix A of Deshpande et al. (2020a).

Here, I extend the methodology used to describe the matter bispectrum, Bδδδ,

in order to describe the bispectrum of three related quantities, Bµνη. The three

fields µ, ν, and η are proportional to the matter density contrast, δ, by some

redshift-dependent weightings. This means they behave as δ would, under a

small change in the fiducial cosmology. In this way, the second-order pertur-

bation theory approach of Fry (1984) remains valid. I also assume Gaussian

random initial conditions. Accordingly, the bispectrum is defined by first and

second-order terms:

Bµνη(k1,k2,k3) = ⟨[µ̃(1)(k1) + µ̃(2)(k1)]

× [ν̃(1)(k2) + ν̃(2)(k2)]

× [η̃(1)(k3) + η̃(2)(k3)]⟩, (B.1)

where the superscripts (2) and (1) denote the second and first-order terms

respectively. But because I have taken Gaussian random initial conditions,

the value of the three-point correlation vanishes at the lowest-order. Addition-

ally, I neglect products of second-order terms, as these are fourth-order terms.
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Equation (B.1) now becomes:

Bµνη(k1,k2,k3) = ⟨µ̃(2)(k1)ν̃
(1)(k2)η̃

(1)(k3)⟩

+ ⟨ν̃(2)(k2)µ̃
(1)(k1)η̃

(1)(k3)⟩

+ ⟨η̃(2)(k3)µ̃
(1)(k1)ν̃

(1)(k2)⟩ . (B.2)

The above assumption relating the three fields to δ, also leads one to concluding

that δ(1) is related to δ(2) in the same way that µ(1), ν(1), and η(1) are related to

µ(2), ν(2), and η(2) respectively. In which case, one can directly adapt Equation

(40) of Fry (1984), to read:

Bµνη(k1,k2,k3) = 2F2(k2,k3)Pµν(k2)Pµη(k3)

+ 2F2(k1,k3)Pνµ(k1)Pνη(k3)

+ 2F2(k1,k2)Pηµ(k1)Pην(k2), (B.3)

where Pµν are the two-point power spectra for fields µ and ν, analogous to the

matter power spectrum, and:

F2(k1,k2) =
5

7
+

1

2

k1 · k2

k1k2

(
k1
k2

+
k2
k1

)
+

2

7

(
k1 · k2

k1k2

)2

. (B.4)

As in Scoccimarro & Couchman (2001), this can then be modified to include

numerical fitting to N-body simulations by exchanging F2 for F
eff
2 , as defined in

Equation (2.6). The fitting formula determined in Scoccimarro & Couchman

(2001) still remains valid, because it does not have any redshift dependence

and does not depend on the fiducial cosmology. The density perturbation-IA

bispectrum, used in the IA-enhanced lensing bias correction, is then a specific

case of this formula, where µ = ν = δ, and η = I.
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