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ABSTRACT

In this thesis, the author defines an invariant of rational homology 3-spheres
equipped with a contact structure as an element of a cohomotopy set of the Seiberg-
Witten Floer spectrum as defined in Manolescu (2003). Furthermore, in light of the
equivalence established in Lidman & Manolescu (2018a) between the Borel equiv-
ariant homology of said spectrum and the Seiberg-Witten Floer homology of Kro-
nheimer & Mrowka (2007), the author shall show that this homotopy theoretic
invariant recovers the already well known contact element in the Seiberg-Witten
Floer cohomology (vid. e.g. Kronheimer, Mrowka, Ozsvath & Szab6 2007) in a nat-
ural fashion. Next, the behaviour of the cohomotopical invariant is considered in
the presence of a finite covering. This setting naturally asks for the use of Borel
cohomology equivariant with respect to the group of deck transformations. Hence,
a new equivariant contact invariant is defined and its properties studied. The in-
variant is then computed in one concrete example, wherein the author demonstrates

that it opens the possibility of considering scenarios hitherto inaccessible.
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IMPACT STATEMENT

This thesis has impacted the knowledge on a well known and powerful invari-
ant used in numerous results of the past two decades in the field of contact topology.
This was achieved by refining it via a homotopy theoretic approach whilst showing
that it recovers the classical one in a natural fashion. As an application, the au-
thor developed a criterion to solve a concrete class of problems which had proven
difficult to study in the past. Moreover, there is great potential for exploring fur-
ther implications of the work presented in this thesis via use of different topological

methods.
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1. INTRODUCTION

It is well known from the work of Taubes (1994) that symplectic 4-manifolds
with b > 1 have non-trivial Seiberg-Witten invariants. This is accomplished by
perturbing the Seiberg-Witten equations in a manner dictated by the symplectic
form multiplied by a large positive real number. The effect of doing so is that the
Seiberg-Witten equations gain an obvious canonical solution, which turns out to be

unique and non-degenerate.

Perhaps a little less well known is that one can do something similar for con-
tact 3-manifolds. This was pursued in Taubes (2007) and was ultimately crucial
for the proof of the Weinstein conjecture. In the 3-dimensional case, one adds, as
a perturbation, the contact form multiplied, again, by a positive real number. A
canonical solution to the Seiberg-Witten equations immediately becomes apparent,
and, if the real number be made large enough, one finds that this solution is au-
tomatically non-degenerate. Uniqueness does not hold in the 3-dimensional case in
the same form as it does in the 4-dimensional case; if it did, all contact rational ho-
mology 3-spheres would be L-spaces. Nonetheless, another sort of uniqueness does
hold but one which concerns Seiberg-Witten trajectories. The distinguished contact
monopole does not admit any non trivial Seiberg-Witten trajectories coming into
it in the forward time limit. This implies that this solution defines a cocycle and
therefore a class in monopole Floer cohomology. As it turns out, this class is the well
known contact invariant studied in Kronheimer, Mrowka, Ozsvath & Szabd (2007)
and is equivalent to the contact invariants in Heegaard Floer and embedded contact

homologies.

In Manolescu (2003), a Seiberg-Witten Floer spectrum was defined, which was
later shown to recover the monopole Floer cohomologies through its Borel U(1)-
equivariant cohomology. An important detail here is that the construction of the
spectrum avoids altogether the use of any generic perturbations. Taubes’ approach
to defining the contact invariant, despite requiring a generic perturbation in order
to work in a Morse theoretic setting, has the property that the contact monopole
is already non-degenerate before the addition of the generic perturbation. In the
present thesis, the author applies Taubes’ approach to the contact invariant in the
context of the Seiberg-Witten Floer spectrum in order to conveniently avoid the use

of generic perturbations altogether.
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Theorem 1.1: Given a contact rational homology 3-sphere (Y, \) there exists a

cohomotopical contact invariant,
SWE(Y,s)) — T(N),

where s is the Spin® structure on Y defined by the contact form A and 7()\) is a
(de)suspension of a U(1)-equivariant Thom space of a vector bundle over the U(1)-
orbit of the contact monopole in global Coulomb gauge. Moreover, the classical
cohomological contact invariant is recovered by pulling back via this map a class in

the Borel U(1)-equivariant cohomology of 7 ().

A similar invariant is constructed in Iida & Taniguchi (2021); however, the
work in the present thesis is entirely independent and differs in significant ways.
Firstly, the author uses a different set of analytical results to ensure the existence
of his invariant and also relies more heavily on certain aspects of Conley theory
to define it. Secondly, here, U(1)-equivariance is kept manifest throughout, which
means one can consider implications in Borel equivariant cohomology; indeed, the
author was able to prove, via the techniques developed in Lidman & Manolescu
(2018a), how the cohomotopical invariant recovers the well known cohomological
invariant by passing to Borel equivariant cohomology. It should also be noted that
the construction presented in the present thesis and the one of lida & Taniguchi
(2021) are sufficiently different that it is not clear if the two invariants are indeed
equivalent or not. Of course, one would be inclined to think that two such invariants
should really be holding the same information. However, proving their equivalence
might be a difficult task due to the different analytical foundations used, so this goal

is not pursued in the present thesis.

The author’s main goal, after arming himself with the cohomotopical invariant,
was to study covering spaces. The avoidance of generic perturbations is important
in this context, as demonstrated in Lidman & Manolescu (2018b), due to the im-
possibility of producing sufficiently generic equivariant perturbations. The author’s
cohomotopical contact invariant can also be made G-equivariant for G the group of
deck transformations of a finite regular covering. This allows him to consider Borel
G-equivariant cohomology and deduce certain vanishing and non-vanishing results

via the use of the localization theorem.

The central question one considers is whether the lift of a tight contact struc-

ture remains tight or becomes overtwisted in the covering. The results derived via
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use of the contact invariant shed light on this problem. In the work of Lin & Lip-
nowski (2022), the term minimal L-space is introduced to refer to rational homology
3-spheres having a single solution to the Seiberg-Witten equations for any Spin©
structure. For such a manifold, the Seiberg-Witten Floer spectrum is always the
sphere spectrum. Moreover, in the case of a finite covering, the Seiberg-Witten Floer
G-spectrum is the sphere G-spectrum. In this context, the author shall establish the

following theorem.

Theorem 1.2: Let 7 : Y — Y/G be a reqular prime order covering of minimal L-
spaces and suppose that A be a tight contact form on Y/G with non-vanishing
cohomological contact invariant. Then, the lifted contact form, 7*\, has non-
vanishing cohomological contact invariant (and, therefore, is tight) provided that
ds(Ker m*\)+1/2 = d(Y, 7*sy), where d3 denotes Gompf’s three-dimensional invari-

ant of hyperplane fields and d denotes the Ozsvath-Szabé invariant.

Examples of minimal L-spaces include all sol rational homology 3-spheres due
to the work of Lin (2020). Another example is the Hantzsche-Wendt manifold,
the unique flat rational homology 3-sphere. A few more examples exist amongst
the hyperbolic manifolds as shown in Lin & Lipnowski (2022). However, the most
evident class of examples of minimal L-spaces is that of the elliptic manifolds. In
this case, increased knowledge of the contact topology, in particular the fact that
the cohomological contact invariant never vanishes for tight contact structures and
no two distinct contact structures have the same Spin® structure, allows the author

to prove the following stronger theorem.

Theorem 1.3: Let 7 : Y — Y/G be a prime order regular covering of elliptic
manifolds and suppose that A be a tight contact form on Y/G. Then, the lifted
contact form, 7\, is isotopic to a tight contact form X on Y if and only if it be

homotopic to X.

This result leads to a scheme for determining tightness of the lift of a tight
contact structure on an elliptic manifold based purely on the homotopy theoretic
obstruction classes of the contact structures involved. This reduces significantly the
complexity of the problem and can be used in concrete calculations. The rationale
is to try to determine the obstruction theoretic invariants of hyperplane fields — that
is, the ds invariant and the Spin© structure — for the lifted contact structure, T\,

from those of A. If those be seen to match the values for a known tight contact
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structure on Y, then one shall know that 7*\ is isotopic to it. The issue that arises
is that it is non trivial to determine the lifting behaviour of the obstruction theoretic

invariants, especially of the d3 invariant.

In order to solve this problem, the author found himself having to develop
techniques which seem not be discussed in the literature in a particularly well de-
tailed manner. These shall be detailed in the present thesis and rely mostly on use
of the Kirby calculus. As an example, the author shall study the case a certain
tight contact structure on the (—8)-surgery on the left-handed trefoil which shall be
shown to lift to a virtually overtwisted contact structure on the lens space L(12,7)

via the double covering.

The main ingredient needed to perform these calculations is a form of G-
equivariant almost-complex filling for the given covering of contact manifolds, which
consists of an almost complex 4-manifold-with-boundary extending the given G-
action on its contact boundary and potentially having a branching surface in its
interior. Such a filling can often be produced by appealing to the notion of equiv-
ariant handle attachments in the context of the Kirby calculus. With such a filling
at hand, one can apply the G-signature theorem, as was done by Khuzam (2012),

to deduce the lifting behaviour of d3 invariants.

The other matter that one must understand carefully is the lifting behaviour
of Spin€ structures. This is more elementary, albeit still difficult in practice, and
can be tackled in different manners. The method pursued here shall follow a similar
approach to the lifting of d3 invariants by using Kirby calculus to express Spin
structures in terms of obstruction theory and then studying the lifting behaviour of

Spin structures. The behaviour of Spin® structures follows easily thence.
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2. SEIBERG-WITTEN EQUATIONS AND CONTACT STRUCTURES

This section shall introduce the basic definitions and analytical results required
from Seiberg-Witten theory. Throughout this thesis, the author shall use a version
of the Seiberg-Witten equations adapted to the presence of a contact form which
was first introduced in Taubes (2007) and Taubes (2009) and was subsequently
used in Taubes’ work in the correspondence between monopole Floer homology and

embedded contact homology.

Consider an oriented 3-manifold Y satisfying b1(Y) = 0. A contact form \ is a
1-form on Y satisfying A A d\ > 0. The subbundle of TY given by Ker A is called a
coorientable contact structure. In this thesis, all contact structures shall be assumed
coorientable. As shall be seen, the version of the Seiberg-Witten equations which
shall be used always admits a canonical solution, C'\, which, provided a certain
parameter r > 0 be made large enough, is nicely behaved in two fundamental ways.
It is non-degenerate irrespective of any genericity requirements, and it is not the
forward time limit of any Seiberg-Witten trajectory. These two properties shall be
instrumental later in the present thesis. The solution C) is essentially defined in a
manner that make its spinor component bounded away from zero; a feature which

is unique to this solution provided r be made large enough.

In what follows, agree to fix a metric g on Y with the property that A A d\ =
Vol,. Use £ := KerA. Fix a complex structure J € End(§) on the bundle ¢
compatible with ¢ in the sense that g(—,—) = dA|¢(—,J—). Use R € I'TY to
denote the Reeb vector field; that is, the vector field satisfying tgd\ = 0, tgA = 1.
Write £ @ C = ALY @ A% where ALO¢ and A%L¢ are, respectively, the (&i)-
eigenbundles of J. Likewise, for the dual, write £* ® C = AM0¢* @ A%1¢*. Denote
APIg* = NLANOE* @ ALA% e There is canonical Spin© structure on Y defined via

the specification of its spinor representation bundle in the following way.

Definition 2.1: Define the spinor bundle
S)\ — @Ao,qg* _ AO’OS* ® AO,lg*
q

with Clifford multiplication ¢/ : TY — Endc(Sy) defined so as to satisfy, for a €
A%9¢* and X € ¢,

cA(R)a = (=1 ia, cl(X)a =2 (XN AN — Lx0H) .
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Remark 2.2: The notation (X — X*) : TY ® C — T*Y ® C denotes the C-

antilinear isomorphism induced by the metric.

Remark 2.3: Note that this fully determines the Clifford action due to the fact that
TY = (R)r ® £. This map can be checked to indeed define an irreducible Clifford
module; vid. Petit (2005) for a proof and more details about this matter.

Definition 2.4: Denote the underlying Spin®

Spin®(3)-bundle, by sy — Y.

structure, that is, the principal

Remark 2.5: Notice that the determinant line bundle is simply det 5, = A%1¢* = ¢*

where £* is equipped with the complex structure induced by J.

Definition 2.6: Use A(E) to denote the affine space of Hermitian connexions on a

Hermitian vector bundle £ — Y.

Definition 2.7: Define the configuration space by C(Y,sy) := A(detsy) x I'(S»).
Use C(Y, 8))x to denote its completion in the topology induced by the Sobolev norm
L

Definition 2.8: The tangent bundle TC(Y,s)) — C(Y,s)) is the bundle having as
fibre over C' € C(Y,s,) the space TC(Y,s))|c = T'(iT*Y @ S)). Use TC(Y,s,) for

its Sobolev L completion.

Definition 2.9: Use 7 : S\, — ¢T*Y to denote the quadratic map defined by sending
—1 * 1 2:
el w®w—§|w\ id ) .
Definition 2.10: Denote D 4 : 'Sy — 'Sy the Dirac operator defined by a connex-

ion A on det S,.

Definition 2.11: Define the contact configuration, C\ = (Ax,¥y) € A(detsy) ® Sy
by setting its spinor component to be the constant function ¢y :=1 € I'{f , =Y xC

and by requiring its connexion component Ay to solve the Dirac equation ® 4,9y =

0.
Remark 2.12: This canonical configuration shall play a pivotal role in this thesis.

Definition 2.13: Let » > 0. The canonically perturbed Seiberg- Witten vector field
of (Y, ) is the vector field X'y, : C(Y,s)) — TC(Y,s,) given by

Xar(4,0) = (x5 (Fa = Fa) +170) = 50 D).
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Remark 2.14: Notice that, for any value of » > 0, the contact configuration solves

the Seiberg-Witten equation
X (Cy) =0.

That is, C is a fized point of the Seiberg-Witten vector field.

Definition 2.15: Denote the gauge group by G(Y) := C*(Y,U(1)). Use G(Y), for

its completion in the Sobolev L2 norm.

Definition 2.16: For (A,v) € C(Y,s,), define the linearized gauge action by
Law)  CO(YiR) = TC(Y, 8))|(a), u > (—du,ur).

Use 2?1471/)) for its formal L2-adjoint.

Definition 2.17: The local Coulomb gauge is the subspace
Ko :=Ker £ C TC(Y, 5))|c-

Denote by K — C(Y,sy) the vector bundle with fibres the local Coulomb gauges.

Use K¢ and K, to denote the Li Sobolev completions.
Definition 2.18: Denote by I1X° : TC(Y, s))|c — K¢ the L2-orthogonal projection.

Definition 2.19: A configuration (A, ) € C(Y,s,) is said to be irreducible if ¢ is

not identically zero.

Definition 2.20: An irreducible solution C' € X;}«(O) is said to be non-degenerate

if the derivative

MEC o Do Xy, : Ko — Ko

be surjective.

Remark 2.21: It is customary in Seiberg-Witten theory to ensure non-degeneracy
of all solutions through the addition of a generic perturbation; however, often, doing
so has its downside. One of the key advantages of the Seiberg-Witten Floer spectrum
construction (Manolescu 2003) is that it avoids the need for such a perturbation al-
together. This was crucial in the results of Lidman & Manolescu (2018b) concerning
the Smith-type inequality of Seiberg-Witten Floer homology. Avoiding the use of a
generic perturbation shall also be exploited in the present thesis; however, as will be
seen, it is still necessary to make sure that C'\ be non-degenerate. This is ensured

by the following theorem of Taubes.
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Remark 2.22: For ease of reference, the author shall make use of the following
convention. When a proposition state the existence of a certain constant which
shall be of use later in the text, that constant shall be labelled with the number of

the proposition.

Theorem 2.23: (Taubes 2007) There exists 7323 > 0 such that, for r > 7993, the

contact configuration is non-degenerate.

Proof: Prior to coming across this result in Taubes (2007), the author wrote an
independent proof for it, which turns out to consist of a significantly different argu-

ment. This alternative proof can be found in §11 of the present thesis. QED

Besides the non-degeneracy property, the configuration C enjoys two unique-

ness properties that shall prove important.

Theorem 2.24: (Taubes 2009) There exists 1994 > 0 and dg.94 > 0 such that, for

T > T9.94, the only configuration C' = (a, 1), up to a gauge transformation, satisfying
Xar(C) =0, [$]=1—0224

is the contact configuration C' = C'y.

Proof: Vid. Taubes (2009), Proposition 2.8. QED
Theorem 2.25: There exists 7995 > 0 such that, for » > 7995, any trajectory
v:R = C(Y, s,) satisfying

d

) =~ 000),  dim y(t) =C, lim y(t) = C,

where the limits are with respect to the Sobolev norm L for any k > 5, must satisfy
~(t) = C) for all t € R.

Proof: This is nearly what is stated by Taubes (2009), Proposition 5.15, but not
quite. Please find an adaptation of Taubes’ proof in §12 of the present thesis.
QED
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3. REVIEW OF SEIBERG-WITTEN FLOER SPECTRA

Armed with the analytic results from the previous section, the first goal of
the present thesis shall be to define a homotopy theoretic invariant emerging from
the contact configuration. This invariant shall live in an equivariant cohomotopy
set of the Seiberg-Witten Floer Spectrum SWEF (Y, s,) defined by Manolescu (2003).
This section shall review that construction with a slight adaptation; the Seiberg-
Witten flow used shall be the one canonically perturbed by the contact form as was
described in the previous section. This shall allow for the definition of the contact

invariant in the next section.
Let Y, A and g be as in the previous section.

Definition 3.1: The unperturbed Seiberg- Witten vector field is
1
XiClim) > T m), X(A) = (JFa = r(w). Dav)

Remark 3.2: The construction in Manolescu (2003) uses X as the Seiberg-Witten
vector field. The version of the Seiberg-Witten vector field used in the present thesis
is Xy, and it differs from X in two ways. Firstly, the spinor component of Xy ,
is scaled by r'/2 compared to X’; this distinction shall be evidently immaterial in
the construction. Secondly, X'y, contains the constant term (%)\ — *%F 4,,0) added
on. In the language of Lidman & Manolescu (2018a), this amounts to the addition

¢

of a “very tame” perturbation (vid. Lidman & Manolescu 2018a, Definition 4.4.2),
which, as demonstrated there (vid. Lidman & Manolescu 2018a, Proposition 6.1.6),
does not affect the construction of the spectrum. Hence, the spectra defined with

X, and X shall be the same.

Definition 3.3: The normalized Gauge group is the subgroup G°(Y) C G(Y) con-
sisting of those u € G(Y') which can be written as u = €'/ such that [, =f = 0.

Definition 3.4: By the global Coulomb gauge with respect to the connexion Ay, one
means

W= (Ay + Ker(d* : iQ'(Y) = iQ°(Y))) @ I(Sx) C C(Y, 5).

Remark 3.5: The affine space W shall be thought of as a vector space with zero

being (Ay,0); that is, connexions shall be thought of as purely imaginary 1-forms

by subtracting Ajy.

Remark 3.6: Any G°(Y)-equivalance class [(Ax + a,v)] € C(Y,5,)/G°(Y) has a
18



unique representative in global Coulomb gauge; that is, there is a unique (A +
a’, ') € W such that [(Ay + d’,¢")] = [(Ax + a,v)] € C(Y,5,)/G°(Y).
Definition 3.7: The global Coulomb projection, T15€ : C(Y,s,) — W, is given by
sending a configuration (Ay + a,) € C(Y,s)) to its unique G°(Y)-equivalent in
global Coulomb gauge.
Remark 3.8: The map 1 may be computed as follows. Let G : L2(Y) —
L2,.5(Y) denote the Green’s operator of the Laplacian A : Q%(Y) — Q°(Y). One
can show that

MM9C(Ay + a,v) = (Ax + a — dGd*a, %)),

HGC

As a consequence, note that maps bounded sets to bounded sets.

Definition 3.9: The enlarged local Coulomb slice is the subspace
/CN(EAW) C TC(Y, 5)\)|(A,1/;)

defined as the L2-orthogonal complement to the orbits of G°(Y).
Definition 3.10: Denote by &°(Y') the Lie algebra of G°(Y).

Remark 3.11: Any equivalence class [(b, ¢)] € TC(Y, $x)|(a,)/®°(Y) has a unique

representative in enlarged local Coulomb gauge.
Definition 3.12: By the enlarged local Coulomb projection, one means

H(Ej"i) : TC(Y, 5)\)|(A,1/;) — /CN(EAM)

defined by sending a vector to the unique representative in enlarged local Coulomb
gauge of its equivalence class in the quotient TC(Y, sx)[(a,4)/B°(Y).

Remark 3.13: Note that IT"C and II*'C are maps defined on the tangent bundle
TC(Y,sy), whereas I16C is defined on C(Y,sy). Of course, IIC induces a map
TC(Y,sy) — TW via the pushforward I1G€.

Definition 3.14: Set ng = [1G¢ X

Remark 3.15: Fix some integer £ > 5 and consider, henceforth, X Sg as a map

Wi — Wi_1 where W,,, denotes the completion of W in the Sobolev norm L?n.

Definition 3.16: Define the Fredholm linear operator ¢ : Wy — Wjy_1 by the

formula

1
AN+ a,) = (A)\ + §*da, @A/\Q/J) .
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Definition 3.17: Define the (non-linear) operator ¢ : Wi, — Wjy_q by ¢ := XEE? — L.

Remark 3.18: Note that X?g = { + ¢ where c is a compact operator as explained

in Manolescu (2003), §4.

Definition 3.19: For p > 1, denote by W#* C W}, the subspace consisting of
the span of the eigenvectors of ¢ with eigenvalues in the interval (—pu,u). Use

p* . Wy — WH to denote the L2-orthogonal projection.

The family of operators p* must now be smoothed out in a particular way.
For that end, fix a smooth function 5 : R — R satisfying supp 5 = [0, 1] and

Jg B(z)dz = 1. A preliminary version of the smoothed out family is as follows.

Definition 3.20: Define a family of operators pgrel Wy — WH by
1
Pha = [ BlOF 1
0

Remark 3.21: This preliminary version could well be used to define the Seiberg-
Witten Floer spectrum and, indeed, is essentially the operator family which appears
in the original definition in Manolescu (2003). However, in Lidman & Manolescu
(2018a), the authors use a slightly modified version which turns out to be needed
in proving some technical results. Some of those technical results shall be used in
the present thesis. To define the final version of the operator family, a few more
data need to be fixed. Firstly, choose an unbounded strictly increasing sequence
{p;} C R such that, for no i, be u; an eigenvalue of /. Next, fix a sequence of small
real numbers {¢;} C R such that the intervals [p; — &;, u; + &;] be disjoint and not
contain any eigenvalue of /. At last, pick smooth bump functions {3; : R — [0, 1]}

such that supp 5; C [wi — €i, i + &4

Definition 3.22: Define the family of operators p* : W — W# by
o S+ (12300

Remark 3.23: The family of operators p* is smooth in u but still has the property
that, for all 4, pt = phi.

Definition 3.24: By the canonically perturbed Chern-Simons-Dirac functional, one

means

CSD)\7T : C(Y,ﬁ)\) — R,

C8D(Ar +a.0) = [ (Do) - |

a/\da—ﬂ/)\/\da.
Y Y 2 Jy
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Definition 3.25: A finite type curve v : R — C(Y,sy), 7 = (A, ), is a curve such
that the maps ¢t — CSD) ,(v(t)) and ¢t — ||1)(¢)||co be bounded as functions R — R.

Definition 3.26: A curve v : R — W, is said to be a Seiberg- Witten trajectory in

global Coulomb gauge if

d

Sy = = X5 0))

Definition 3.27: For R > 0, and a normed vector space V', use B(V, R) C D(V, R) C
V' to denote, respectively, the open and closed balls of radius R. Use S(V, R) =
D(V, R) \ B(V, R) to denote the sphere of radius R.

Theorem 3.28: (cf. Manolescu 2003, Proposition 1) There exists R > 0 such that
all finite type trajectories of X SS are contained in the ball B(Wy, R) C Wj.

Proof: Firstly, note that the proof in Manolescu (2003) can be easily adapted to the
present case of the perturbed Seiberg-Witten flow. That result provides a constant
R’ > 0 such that, up to a gauge transformation, all Seiberg-Witten trajectories of
finite type sit inside the ball B(Wy, R') C C(Y,s))r. Therefore, a Seiberg-Witten
trajectory in global Coulomb gauge is, locally, the global Coulomb projection of a
Seiberg-Witten trajectory residing in the ball B(W, R') C C(Y, s))x. But the global
Coulomb projection map IS¢ : C(Y,s))r — W} maps bounded sets to bounded
sets. QED

Remark 3.29: Henceforth, assume R > 0 to be such that all finite type Seiberg-
Witten trajectories in Coulomb gauge fit in B(Wy, R).

Remark 3.30: Also, fix a family of U(1)-equivariant bump functions v* : W#* — R
satisfying
u|pewnory =1, wlwmwesr) =0

and, u* constant on the sphere S(W*,t)) C W of radius ¢ for all ¢t € [0, 00). Note
that the norm on W# C Wy, is defined by the Sobolev norm Li of Wy..

Definition 3.31: Define the finite dimensional approzimation to the Seiberg- Witten

vector field as

XN, =ut - (L4 pho).
Furthermore, use ‘pﬁ,r : WH xR — WH to denote the flow given by the O.D.E.

d

I H)7(75) ==X\, (1))
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The flow lines of % = are called approzimate Seiberg-Witten trajectories in global

Coulomb gauge.

Definition 3.32: Use Sé\jl,’f’ C B(WH#  R) to denote the union of all flow lines of gp’ir
which remain inside of B(W*, R) for all time.

Theorem 3.33: (Manolescu 2003, Proposition 3) For p > 0 sufficiently large com-
pared to R, any flow line of gpﬁfﬂ« which be contained in the disk D(W*#, 2R) is, in
fact, contained in the open ball B(W*, R).

Proof: The proof in Manolescu (2003) of the non-perturbed case of this theorem
can be trivially adapted to the case at hand. Alternatively, this result is a special
case of Lidman & Manolescu (2018a), Proposition 6.1.2(i) and Proposition 6.1.5,
noting that the perturbation used in this thesis is “very tame”. QED

The author shall now recall the pertinent definitions from Conley theory. For
a reference, the reader is directed to Conley (1978), Floer (1987) and Mischaikow
(1995). In what follows, suppose that G be a compact Lie group, I' be a locally
compact Hausdorff space with a continuous G-action and ¢ : ' xR — I' a continuous

and equivariant flow.
Definition 3.34: Let U C I' be a G-invariant subset, the maximal invariant set of
U is

Inv(U) :={ueU]| (vt € R)(¢(u,t) € U)}.

Definition 3.35: Let S C I' be a G-invariant compact subset. S is called an isolated

invariant set if there be a compact neighbourhood U O S such that Inv(U) = S.

Definition 3.36: Let S C I' be an isolated invariant set. A pair of G-invariant

compact sets (M, N) satisfying N C M C I is called an index pair for S when:
(i) M \ N be an isolating neighbourhood for S;
(i) for allt > 0 and = € N, if p({z} x [0,t]) C M, then p({z} x [0,t]) C N;
(iii) for all ¢ > 0 and z € M, if (x,t) ¢ M, then p({z} x [0,¢]) N N # 0.

Theorem 3.37: (Conley 1978, non-equivariant; Floer 1987 and Floer & Zehnder

1988, equivariant) For any isolated invariant set S C I', there exists an index pair

(M, N) and the G-equivariant pointed homotopy type M /N is independent of the

choice of (M, N).

Definition 3.38: The G-equivariant homotopy type of M/N where (M, N) is an
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index pair for an isolated invariant set .S is called the Conley index of S and denoted
IG(Sa ¢) :
Theorem 3.33 can now be reinterpreted in this language.

Corollary 3.39: S{  is a U(1)-invariant isolated invariant set with isolating neigh-

bourhood D(W*,2R) for the U(1)-equivariant flow ¢ .

The author shall now introduce the relevant definitions from equivariant stable
homotopy theory. Here, the author shall deviate slightly from the route taken in
Manolescu (2003); this is done in the interests of later sections that shall deal with
Seiberg-Witten Floer spectra equivariant with respect to the deck transformations
of a covering. In Manolescu (2003), in order to perform the required desuspensions,
an ad hod version of the Spanier-Whitehead category is used. In the present thesis,
instead, the author shall use the, by now, more standard category of spectra. This
increases slightly the complexity of the definitions, but nothing new is gained as the
Spanier-Whitehead category embeds into the category of spectra in a simple way.
For more details, the reader is directed to May & al. (1996). In what follows, let G
be a compact Lie group. Whenever the author say G-space, he means in fact pointed

G-space.

Definition 3.40: A G-universe U is an orthogonal G-representation of countable

dimension having the following two properties:

(i) For each finite dimensional subrepresentation V' C U, the direct sum of V' with

itself countably many times, V°°, also occurs as a subrepresentation in U.

(ii) The trivial representation R, therefore also R, occurs as a subrepresentation
inl.
Definition 3.41: For V' a G-representation, denote by V' its one-point compacti-
fication; note that V' is a G-space and call it a representation sphere of G. For X
a G-space, the V™ suspension of X is the smash product VX := Vt A X. The
V't loop space of X is the G-space Q¥ X of all maps V¥ — X with G acting by

conjugation.

Remark 3.42: There is an adjunction between the suspension functor ¥V and the
loop space functor QY on G-spaces. That is to say that, for G-spaces X; and Xo,
there is a natural bijection between the space of maps ¥V X; — X, and the space

of maps X1 — QV Xs.
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Definition 3.43: A G-prespectrum E indexed on the G-universe U consists of the

following data.

(i) A set of G-spaces, Ey, one for each finite dimensional subrepresentation V' in

U.

(ii) A set of G-equivariant structure maps, oy : 2~V Ey — Ey, one for each
pair of nested finite dimensional subrepresentations, V- C W C U, where W -V

denotes the orthogonal complement of V' in W.

Definition 3.44: A map of G-prespectra f from a G-prespectrum F to a G-
prespectrum F', both indexed on the same universe U, consists of a set of G-
equivariant maps of G-spaces fy : By — Fy, one for each finite dimensional sub-

representation V' C U, such that the evident diagrams

ZW_VEV — By

l l

VR, — Fwy
all commute for any pair of nested representations V- C W C U. A homotopy
between two maps of prespectra f,g: F — F is a map of prespectra h : EAI; — F
where I, denotes the interval [0, 1] with a disjoint base point added; here, the smash
E A I, between a prespectrum and a space is simply to be interpreted spacewise.
A map of prespectra f is called a weak equivalence if all of its constituent maps of

spaces, fy, be weak equivalences.

Definition 3.45: The suspension prespectrum functor, ¥, from G-spaces to G-
prespectra indexed on the universe U is defined by assigning to a G-space X the
prespectrum Y97 X consisting of (X5°X)y := £V X and structure maps the identity

maps.

Definition 3.46: Given a G-representation V' in the universe ¢/ and X a G-space,
the V% desuspension of X, denoted E_VEZOjX , is a G-prespectrum indexed on U
defined as follows. For W C U, the W' space of Z_VZZZOX is either a single point,
in the event that V not be contained in W, or it is the G-space X"~V X, in the
event that V' be contained in W. Meanwhile, the structure maps SV-"WVEW-Vx —

YU=V X are the evident ones.

Definition 3.47: A G-prespectrum F indexed on the G-universe U is called a

spectrum whenever all the adjoints, By — QW =V Ey, to the structure maps be
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homeomorphisms. The category of G-spectra and maps as defined above for pre-
spectra is denoted GSU. The homotopy category of G-spectra is defined as the
category with the same objects as GSU but with morphisms being the homotopy
classes of maps of prespectra; this category is denoted hGSU. The stable homotopy
category of G-spectra consists of the category hGSU together with formal inverses
for all the weak equivalences; this category is denoted hGSU.

Theorem 3.48: The forgetful functor from spectra to prespectra has a right adjoint

called the spectrification functor.
Proof: Vid. May & al. (1996), §XI1.2. QED

Definition 3.49: By composing the suspension prespectrum functor, 357, with the
spectrification functor, one obtains a functor from G-spaces to GSU. This functor
shall be called the suspension spectrum functor and shall also be denoted by >77.
Likewise, the desuspension of a G-space X, Z_VE;}OX can be regarded as being in

hGSU.

Remark 3.50: As the notation suggests, there is a desuspension functor, ¥V,
defined for all spectra, not just for suspension spectra. However, it is somewhat

more subtle to define and the author shall not require it in the present thesis.

Remark 3.51: The stronger notion of spectra as opposed to prespectra is not
so important in the present thesis because the main desire is simply to be able to
perform desuspensions. Nonetheless, it has become standard in the literature to work
with spectra because of their ability to classify homology and cohomology theories
and also the superior properties that the category of spectra enjoys. Therefore, the

author decided to phrase everything in terms of spectra for ease of reference.

Remark 3.52: Notice that the Coulomb gauge W is a U(1)-universe isomorphic to
R> @ C*°. Such an isomorphism can be defined by picking a basis of eigenvectors
of ¢. Note that this universe does not contain all representations of U(1). Indeed, if
C denote the standard representation, where U(1) < C is the unit circle, then the
tensor product C ®¢ C is not in the universe. This choice of universe is compatible
with what is done in Manolescu (2003), where desuspensions are only allowed with

respect to R and C.
Definition 3.53: When thinking of W as a universe, denote it by W.

Definition 3.54: Given an interval I C R, use W/ to denote the span of the
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eigenvectors of ¢ with eigenvalues in the interval I. Hence, e.g., WH = W (=#H),

Theorem 3.55: (Manolescu 2003, §7) Up to canonical isomorphism in AU(1)SW,
the spectrum

Wm0
SRR Ty (SY,- 94,
only depends on Y, the Spin® structure s, and the metric g.

A disadvantage of working with the category hU(1)SW is that the universe W
depends, at least superficially, on the metric g. This can be addressed by applying
a change of universe to pass over to a standard choice of universe isomorphic to W.
In order to demonstrate that the choices involved are immaterial to the final result,

the author shall invoke one more concept from stable homotopy theory.

Definition 3.56: Given two G-universes Uy and U/, and a linear isometry f : Uy —

U, define the associated (restrictive) change of universe functor,
f*: hGSU; — hGSUy,

by defining it on prespectra as the functor that sends a prespectrum F with structure

maps o to the prespectrum f*FE with structure maps f*o such that

(f*E)v = Eyvy,  (ffo)viw = opwy,som)-
Likewise, define the associated (inductive) change of universe functor,
fe - RGSUy — hGSU,,

by defining it on a prespectrum E with structure maps o to be the prespectrum
f« ¥ with structure maps f,o satisfying the following. For finite dimensional sub-
representations V- C W C Uy, denote V' :=V N f(Uy) and W' := W N f(Up). Then,
set
(feB)y == Epaqny A (V = V)T,

and define the structure map (f.o)yw to be the composite

Epagn ANV =V )EAW =V)*

= Epaqny A(W =V AW =W')*

S B AW = VAW W

Uf—l(vl)’f—l(w/)/\id

Ep1wny A (W = W),
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Proposition 3.57: (Lewis Jr., May & Steinberger 1986, Proposition 1.2) f, is left
adjoint to f*.

Theorem 3.58: (Lewis Jr., May & Steinberger 1986, Theorem 1.7 and Corollary
1.8) The functors f* : hGSU; — hGSUy defined by different choices of linear isom-
etry f are canonically and coherently isomorphic. The same holds for the functors
f«. Moreover, if f be an isomorphism, f* is an equivalence of categories with its

inverse being f,.

Remark 3.59: The author shall not expand on the precise meaning of canonical nor
coherent in the present thesis; for that, the reader is directed to the proof of Lewis
Jr., May & Steinberger (1986), Theorem 1.7. Suffice it to say that, by canonical, one
means that the choices which appear in the proof are immaterial, and, by coherent,

one means that certain diagrams that should commute do indeed commute.
Definition 3.60: Define U to be the U(1)-universe R> @ C°.

The essential point to be taken from Theorem 3.58 is that, since one may pass
between the categories AU(1)SU and hU(1)SW in a natural fashion, one can think
of the desuspension functor ="' ™ as being defined on hU(1)SU by intertwining

with the changes of universe.

Definition 3.61: Given a finite dimensional subrepresentation V' C W, define the

desuspension functor

>V AU(1)SU — hU(1)SU

as the composite
RU()SU L5 rusw 25 rusw L hunsu,

where f : U — W is any isometric isomorphism defined by a choosing a basis of

eigenvectors for £.

Proposition 3.62: The endofunctor X~V on hU(1)SU is well defined up to canon-

ical isomorphism.
Proof: Immediate from Theorem 3.58. QED

With this understood, henceforth, the author shall often drop f* and f, from

the notation.
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Definition 3.63: Define the metric dependent Seiberg- Witten Floer spectrum as
W0 Gqoo
SWE(Y, 55, 9) =% "5 Ty (S5, ¢4,
WSS Ty (SK,. k) € hU(1)SU
where f : U — W denotes any isometric isomorphism defined by a basis of eigen-

vectors for £.

Corollary 3.64: The spectrum SWF(Y, sy, g) is well defined up to canonical iso-
morphism in hU(1)SU.

Proof: Corollary of Theorem 3.55 and Theorem 3.58. QED

Next, the author proceeds to explain how to (de)suspend away the metric

dependence.

Definition 3.65: Let X be an oriented 4-manifold-with-boundary such that 0X =
Y. Given a class ¢ € H?(X,Z) define its square, ¢*> € Q, as follows. Let ¢ €
H2(X; Q) be the image of ¢ under the change of coefficients H3(X; Z) — H%(X; Q).

Since by(Y') = 0, there is an exact sequence
HX(X,Y;Q) — H*(X;Q) — 0.
Pick any preimage ¢ € H%(X,Y; Q) for ¢. Define

= (E—dX,Y]€Q.

Definition 3.66: Define a number n(Y, sy, g) € Q as follows. Choose some simply-
connected 4-manifold-with-boundary X with Spin®© structure t such that 0X =Y
and such that t agree with sy on Y. Assume further that X have a neighbourhood
of its boundary which be isometric to [0,1] x Y. Fixing some connexion B on
det t extending arbitrarily the connexion Ay on det sy, use ’ng to denote the Dirac
operators of (X, t). Denote the signature of X by (X ). With this notation in place,
let
n(Y, sy, g) == indec @} — é(cl(det )2 — o(X)).

Proposition 3.67: (Manolescu 2003, §6) The number n(Y, sy, g) does not depend

on the choices involved in its definition. Indeed,

1 1
n(Y, sz, g) = 5 (n(@AM 0) — dimg Ker D 4, — Zn(Sign, O))
where 7(D, z) denotes the 1 function of an operator D (vid. Atiyah, Patodi & Singer
1975), and Sign is the operator on QYY) & Q°(Y) given by

xd —d
a0 )

28



Proposition 3.68: (Manolescu 2003, §7) If N denote the cardinality of the finite
set Hi(Y;Z), then 8Nn(Y,s,g) is an integer and its residue modulo 8N does not

depend on g.

Definition 3.69: Let n(Y,s) € Q be such that 8Nn(Y,s) € {0,...,8N — 1} be the
residue modulo 8N of 8Nn(Y,s, g).

Theorem 3.70: (Manolescu 2003, §7) Up canonical to isomorphism in AU(1)SU,
the spectrum

SWE(Y, 5y) := £ 7" SWE (Y, sy, g)
only depends on Y and the Spin€ structure sy.

Remark 3.71: The author is deviating from what is stated in Manolescu (2003)
slightly in using the (de)suspension by Cr(Yo9)—n(Y:50.9) ingtead of by C—™Y:5n.9),
The reason being his desire to operate in the standard category of spectra, U(1)SU,
which does not allow for a desuspension by a “rational” dimensional representation
in any obvious manner. In Manolescu (2003), a variant of the Spanier-Whitehead

category is used, which can easily be made to formally admit such (de)suspensions.

The main result of Lidman & Manolescu (2018a) is that the U(1)-equivariant
Borel cohomology of the SWF spectrum corresponds to the classical monopole Floer
cohomology. In order to state this theorem, the author should firstly clarify what is
meant by the cohomology of a spectrum in the present context. The rightful sort of
G-equivariant cohomology theory to consider for G-spectra indexed on a universe
V is that of RO(G; V)-graded cohomology (vid. May & al. 1996, §XIII). In order to
avoid having to deal with such complexities, the author decided to introduce the

following language which shall simplify considerably the treatment.

Definition 3.72: Let hf, denote a Z-graded G-equivariant (reduced) cohomology
theory on G-spaces. The author shall say that hf, satisfies the suspension aziom
with respect to the universe } when, for any G-space X and any finite dimensional

subrepresentation V' C V), there be a natural isomorphism

hZ(X) o~ hg"dimv(ZVX),

Definition 3.73: Given a G-prespectrum FE indexed on a universe V and G-
equivariant cohomology theory hf, on G-spaces satisfying the suspension axiom with

respect to the universe V), define the cohomology of E as

hig(E) := Colim himY (B,
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Remark 3.74: It is easy to see from this definition that, for a desuspension spectrum
Z_VZ%OX , the cohomology is simply given by the cohomology of the space X but
with a grading shift.

h(STVEFX) = hgt V(X))

Definition 3.75: The Borel G-equivariant cohomology theory for G-spaces with co-
efficients in an abelian ring R is defined as follows. Denote by EG a free contractible

G-space and by BG the quotient EG/G. Then, for a G-space X,

cH%(X; R) := H*((EG x X)/G; R).

Remark 3.76: Following May & al. (1996), the notation ¢ indicates the “geomet-
ric completion” involved in obtaining the underlying spectrum from the equivariant
Eilenberg-MacLane spectrum and helps one distinguish Borel from Bredon coho-

mology.

Proposition 3.77: For a G-universe V containing only finite dimensional subrep-
resentations V' such that the vector bundle (V x EG)/G over BG be R-orientable,
the Borel cohomology theory with R-coefficients satisfies the suspension axiom for

V.
Proof: This follows directly from the Thom isomorphism theorem. QED

Remark 3.78: In the case at hand of G = U(1) and universe Y = R>® & C*,
it is clear, therefore, that the Borel cohomology theory with Z-coefficients satisfies
the suspension axiom for U because a direct sum of a complex representation and a
trivial real representation always define Z-orientable vector bundles over BG. Hence,

one can speak of the Borel cohomology of the SWF spectrum.

Theorem 3.79: (Lidman & Manolescu 2018a, Theorem 1.2.1) Letting ﬁl\\/[*(Y,s)
denote the Q-graded “from” monopole Floer cohomology of Kronheimer & Mrowka

(2007), there is an isomorphism

HMY(Y, 5) = cHY [0 (SWF(Y, 5); Z).

In particular, letting the “tilde” monopole Floer cohomology, Ifﬂ\//[*(Y, 5), be the

mapping cone of the U-map on ﬁl\\/[*(Y,s), there is an isomorphism

HM(Y, s) = H "9 (SWF(Y, s): Z).
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Definition 3.80: For future reference, define the metric dependent tilde monopole

Floer cohomology to be

HM*(X, s, g) := H*(SWF(X, s, g); Z).
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4. THE COHOMOTOPICAL CONTACT INVARIANT

This section shall fulfil the first goal of the present thesis. The analytic results
concerning the contact monopole C), shall allow the author to define a cohomotopical
contact invariant in a manner that can be roughly outlined in the following way.
Given a top dimensional cell in a CW-complex, if one were to quotient the complex
by all other cells, one obtains a map to a sphere; this is an element of the cohomotopy
of the complex. In the event that the cell not be top dimensional, but, instead, all
the higher dimensional cells attach null-homotopically onto the given cell, one can
still perform the same quotient and obtain an element in the cohomotopy set of the
complex. In the case of a G-CW-complex, a similar story can be told about a G-cell;
here, one needs to be more careful with what is meant by cohomotopy. In any event,
one obtains a map from the G-CW-complex to the Thom space of a vector bundle
over a G-orbit; analogously to how, in the non-equivariant setting, the sphere is the

Thom space of a bundle over the orbit of the trivial group; that is, the point.

To achieve this in the present context, the author shall make use of a funda-
mental construction in the Conley theory; namely, the notion of attractor-repeller
pairs. What has already been said about the contact configuration shall be sum-
marised as saying that the orbit of the contact configuration defines a repeller in
the isolated invariant set defining the Seiberg-Witten Floer spectrum. Well known
results on Conley theory then provide a cofibration involving Conley indices. Due
to the non-degeneracy of the contact configuration, the cofibre map of this cofibra-
tion can be interpreted, in the presence of a choice of U(1)-CW-structure on the
Seiberg-Witten Floer spectrum, exactly as the quotient of all but one special U(1)-
cell defined by the orbit of the contact monopole. This cofibre map shall be declared

the contact invariant.

Lastly, one must take care to stabilize everything so as to make the cofibre
map really an invariant with respect to the spectral cut-off parameter p and the
metric g. As it turns out, this does not provide any difficulty beyond what was
already encountered in Manolescu (2003), and the proofs shall follow closely what is
said there only with a few extra Conley theoretic inputs concerning the naturality

of attractor-repeller pair cofibrations.
Let Y, XA and ¢ be as in the preceding sections.

Remark 4.1: Notice that C) is, by definition, in the global Coulomb slice with
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respect to Ay; that is, C, € W. Moreover, since ® 4,1, = 0, it is also true that
Cy € Ker /(. Therefore, for R > 0 sufficiently large, C\ € B(W*#*, R) for all u > 0.

Henceforth, agree to set R > 0 large enough so that this last inclusion hold.

Remark 4.2: It is worth emphasising that the global Coulomb gauge does not fix a
gauge with respect to the entire gauge group G(Y') but, rather, with respect to the
normed gauge group G°(Y'). Hence, there is a circle’s worth of fixed points of X SS

in Wy, which are gauge equivalent to C).

Definition 4.3: Denote by Uy C W} the circle of configurations gauge equivalent

to C'y and call it the contact circle.

Definition 4.4: Use J§° to denote the tangent space to the U(1)-orbit at C' € Wj.
Definition 4.5: Let ¢ denote the metric on W}, defined by assigning to tangent
vectors (a, ), (b,¢) € TcWy, = Wy the value R (IIEF(a, v), TIEFC(b, ¢) ), where
HELC is the projection to the enlarged local Coulomb gauge defined in Definition

3.12.

Remark 4.6: The metric g is the one used in many of the technical results of Lidman
& Manolescu (2018a). It is notable because it turns the Seiberg-Witten vector field
XSC in global Coulomb gauge into the g-gradient of the CSD, , functional restricted
to Wi. In the present situation, it shall be necessary to invoke some of those results
of Lidman & Manolescu (2018a) which make reference to this metric. The § metric

leads to the following definition.

Definition 4.7: Define the local anticircular slice in the global Coulomb gauge at
C € W, denoted ICéGC, as the g-orthogonal complement to jgc in Wp. Use Kﬁgc
for its Sobolev completion of regularity j € Z and use II3%C : W}, — KA%C to denote

the g-orthogonal projection.

Proposition 4.8: For sufficiently large » > 0, at any C' € Uy, the derivative
E%C 0 Do Xy, oIIEHC - Kp© — KpSe

is surjective.

Proof: By gauge equivariance, it suffices to prove the result for C' = C'y. Theorem

2.23 has established that, for sufficiently large r > 0, the map
HI{S o DC’A X ’CC’A — ICX,\,T(C,\)

is surjective. Hence, the result follows directly from Lidman & Manolescu (2018a),
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Lemma 5.6.1, “(ii) = (iv)”; cf. Lidman & Manolescu (2018a), Forumulae (97) and
(94). QED
Remark 4.9: Henceforth, fix r > 0 so as to make Proposition 4.8 hold.

Remark 4.10: Bear in mind that the vector space W* is the direct sum of a real

vector space and a complex vector space, whence comes its U(1)-action. Note that

Uy — WH is the U(1)-equivariant embedding of a U(1)-manifold.

Definition 4.11: Let E{ — U, denote the U(1)-equivariant normal bundle of Uy

as a submanifold of WH.

Proposition 4.12: For sufficiently large p > 0, U, is a hyperbolic fixed set of the

flow & in W, In other words, for any C' € Uy, the derivative
DC Xﬁ,r : Eéﬂc — Eéﬂc

has no eigenvalue with vanishing real part. In particular, U, is a non-degenerate

fixed set.

Proof: By Proposition 4.8, Uy consists of non-degenerate irreducible fixed points of
the flow X ES on Wy. Hence, apply the same argument used in the proof of Lidman
& Manolescu (2018a), Proposition 7.3.1, to find that the same remains true when

passing to a finite dimensional approximation provided one choose a sufficiently
large . QED
Remark 4.13: Fix p > 0 large enough so as to make Proposition 4.12 hold.

Remark 4.14: Identify EY with a sufficiently small tubular neighbourhood of Uy
so as to not contain any other fixed points of the flow goﬁfvr. This is possible due to

the non-degeneracy ensured by Proposition 4.12. Now, as a vector bundle, one can

split £ into stable and unstable subbundles as EY" @& E\*, where

Vv e EVH, <v,Dc Xﬁvr(v)> > mlv|?,

Vv e BV, <v,Dc Xﬁvr(v)> < —mjlv|?

for some constant m > 0. Moreover, this splitting is preserved by D¢ XY = and,
hence, U, is an isolated invariant set with index pair (D(EY), S(E\*)) where D and

S denote the unit disk and unit sphere bundles.

Definition 4.15: For E a vector G-bundle over a compact Hausdorff space, denote
its G-equivariant Thom space by ©¢(F) := DE/SE.
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Corollary 4.16: The Conley index Iyq)(Ux, ¢4 ) is U(1)-equivariantly homotopy
equivalent to the U(1)-equivariant Thom space Oy1)(E\*) of the bundle EY* — Uy.

As a direct consequence, by using a Morse decomposition, one finds that the
contact circle Uy defines a U(1)-cell in some U(1)-CW-complex decomposition of
the space [U(1)<S§ira ng,r)' If one were to add a generic perturbation on top of the
canonical perturbation in use, as shall be done in §5, one would find that a possible
choice of U(1)-CW-decomposition would have a one to one correspondence between
its U(1)-cells and the set of fixed points and fixed circles of the Seiberg-Witten
flow. It is preferable, of course, to avoid using such a generic perturbation. In order
to derive a cohomotopical invariant from a given cell, it is necessary to establish
something about the attaching maps of the higher dimensional cells. In particular,
if the given cell be itself top dimensional or, more generally, if one find that all higher
dimensional cells attach null-homotopically onto the given cell, then it follows that
one can quotient all but the given cell in the U(1)-CW-complex and obtain a map to
the quotient of the contact cell by its boundary. This is morally the strategy which

shall be pursued next.

Theorem 4.17: For sufficiently large » > 0 and p > 0, there are no non-constant
approximate Seiberg-Witten trajectories in the set S§ which have plus infinity limit

in the contact circle Uy.

Proof: The author starts with the argument in Step 1 of the proof of Proposition 3
in Manolescu (2003). Suppose the result not hold. Then, there exists an increasing
sequence i, — 0o and a sequence of non-constant trajectories v, : R — D(W# 2R)
satisfying
%%(t) = = X0 0m(0), - Jim ya(t) = O
Notice that there is a bound
|5

o M
5@ <@l + P enm@ll | < KR

2
kal

where K > 0 is a constant independent of both n and ¢. This implies that the set
of functions

{%n : R = D(Wy_1,2R)}

is equicontinuous. By use of the Arzela-Ascoli theorem, one can replace this sequence
by a subsequence which converge to some v : R — D(Wj;_1,2R) in the compact-

open topology. Now, due to compactness of ¢, the sequence of operators (1 — pt)c :
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Wy — Wi_1 converges to zero weakly. Given this, observe that

0
3= =+ )+ (1 =p)ern —— = ((+0)y.

ot
uniformly as functions from compact subsets of R to Wj_;1. Hence,
t a t
1(®) = 0) = [ Zanlhds — = [+ ens)ds
o 0Os n—00 0

Together, these two last assertions imply that

9ty = ~(t+ ).

Moreover, observe that () P Uy. Therefore, v is the Coulomb projection of a
Seiberg-Witten trajectory with positive infinity limit gauge equivalent to the con-
tact configuration. By Theorem 2.25, such a trajectory must be constant. Let
Cy := limy_,_ o 7, (t). By assumption, these cannot be equal to C. Note also that
lim;, 00 Cy, = limy_, o ¥(t) = C\. However, Proposition 4.8 combined with Lidman
& Manolescu (2018a), Proposition 7.2.2, guarantee that, for sufficiently large n and
some small neighbourhood N O Wy of C), there cannot be any solution to X l;,r =0
inside of NV other than C) itself, thereby contradicting convergence of the sequence

{C.} to Ch. QED

A few more concepts from Conley theory shall be needed next. In what follows,
suppose that G be a compact Lie group, I' be a locally compact Hausdorff space

with a continuous G-action and ¢ : I' x R — I' a continuous and equivariant flow.

Definition 4.18: For a G-invariant subset T C I', define its w-limit, w(7T), as the
maximal invariant set of the closure of (T x [0,00)). Likewise, define its w*-limit,

w*(T), as the maximal invariant set of the closure of (T x (—o0,0]).

Definition 4.19: A G-invariant subset A C S is an attractor when there is a
neighbourhood U C S of A as a subspace of S such that A = w(U). Likewise, a
G-invariant subset R C S of an isolated invariant set S C I' is called an repeller

when there is a neighbourhood U C S of R as a subspace of S such that R = w*(U).

Definition 4.20: Given an attractor A C S in the isolated invariant set S C I, one
defines its complementary repeller, A* C S, as the set {x € S | w({z}) N A = 0}.

Given a repeller R C S, one defines its complementary attractor, R* C S, similarly.

Definition 4.21: An attractor-repeller pair (A, R) of an isolated invariant set S C I'
consists of an attractor A and a repeller R in S such that A = R*, or, equivalently,
R = A"
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Definition 4.22: Let (A, R) be an attractor-repeller pair for of an isolated invariant
set S C I'. A triple of G-invariant compact sets (L, M,N), N C M C L C T, is
called an index triple for (A, R) when (L, M) is an index pair for R, (L,N) is an
index pair for S and (M, N) is an index pair for A.

Theorem 4.23: (Conley 1978, §1.7, albeit non-equivariantly) For any attractor-
repeller pair (A, R) of an isolated invariant set S C I, there exists an index triple

(L, M, N) for it and the induced cofibration,

]G(Aa ¢) — ]G(Sa ¢) — IG(R7 ¢)7

is independent of the choice of (L, M, N) up to G-equivariant homotopy.

Now, one can reinterpret the analytic results concerning the contact circle in

the Conley theoretic language.

Theorem 4.24: The contact circle Uy C SY, is a repeller in S¥ . Hence, there

exists a cofibration
[U(l)(U)fa (’Oi"') - [U(l) (Séf,'r" Spl)f,r) — [U(1)<U)" (‘Oi")'

Proof: Follows from Theorem 4.17 and Theorem 4.23. QED

Definition 4.25: Define the spectral cut-off and metric dependent cohomotopical

contact invariant as the cofibre map

WA, g, 1) : Tuy (S, #x,) = Loy (Ux, 4 )
of Theorem 4.24.
Proposition 4.26: V() g, 1) does not depend on the choice of r > 0.

Proof: Suppose one chose two sufficiently large values for r, call them rq < ry.
Without loss of generality, assume |ro—71| to be small. Pick the value of R > 0 large
enough so that it satisfy Theorem 3.28 for both r = 79 and r = r;. Then, D(W# 2R)
serves as an isolating neighbourhood for all the isolated invariant sets Séf,r under the
parametrised family of flows gp’)f’r as r varies in [rg,r1]. The continuation properties

of Conley theory then provide a diagram of the form

[U(l)(Séirmgpl)iTO) — [U(1)<U)\790l)f77no>

! J

[U(l)(SéirNSOl)im) — [U(1)<U)\780l;7r1>
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which commutes up to homotopy and where the vertical arrows are homotopy equiv-
alences (cf. Conley 1978, §I11.3.1 and Kurland 1982 for the non-equivariant case).
QED

Definition 4.27: The metric dependent contact Thom space is the desuspension

TN g) == S"V"8% Iuy (Un, ¢,) € hUL)SU.

Definition 4.28: The metric dependent cohomotopical contact invariant,

\II()‘ag) : SWF(Y,E)\,Q) — T(Avg)

W (=r,0) \I[<

is the desuspension ¥~ A, g, i) as a morphism in AU(1)SU.

Proposition 4.29: ¥()\, g) does not depend on the choice of x> 0.

Proof: This proof shall start by recalling the setup of the first half of the proof
of Theorem 1 of Manolescu (2003). Assume two values for u be given; call them
0 < po < p1 and assume both be large enough so as to satisfy Theorem 3.33.
Consider p € [po, p11]. Denote @4 - the flow of the vector field —ut - (¢ + ptcpt)
on WH . Tt is easy to check that, for any p € [uo, p1], all finite type trajectories
of —(¢ + ptep*) on WH are, in fact, contained in WH C WH. As a consequence,
notice that the set Sﬁir C WH can be identified with the union of the finite type
trajectories of cﬁir contained in B(W#', R). Hence, abuse notation and write S ir C
W for all p € [ug, u1]. Moreover, in this description, D(WW#* 2R) is an isolating
neighbourhood for Sﬁir for all u € [pg, 1]. By the continuation properties of the

Conley index,
Ty (8", ¢ ) = Tua)(S*, &5 ,.)-

Write WH = WHo @ W', where W' is L2-orthogonal to W#*o. Of course, W’ is
simply the span of the eigenvectors of ¢ with eigenvalues in (—pq, —puo] U [po, f11)-
Use D C W’ to denote a small disk around the origin. Then, if one care to check,
one finds that

D(WH 3R/2) x D C WH

is also an isolating neighbourhood for S{°.. Furthermore, with respect to this prod-
uct, one can show that the flow @4 is homotopic to a product flow ¢#° x F, where

F is the flow on D induced by —/. Notice that

J’_
Tvy({0},F) = (W(_““_“O]) :
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By the behaviour of the Conley index under product flows, it follows that

+
To (S5 #4) 2= TS5, o) A (Wl

Now, focus is turned to the contact circle. Recall the assumption from Remark
4.1 that o, 1 be large enough so that Uy, C B(WH R) C B(W#"' R). As above,

observe that
Tuay(Ux, 955 = Ty (Ux, 245,)-

On the other hand, considering again the product flow go’;?r x f, one finds

J’_
Ty () (Un, ‘Pﬁ,lr) ~ Ty)(Ux, @ﬁf}) A (W(‘“lv—/‘d)

This leads to a diagram of the form

Tuqy(Sho, @) A (W=l ™ Ty (U, ) A (W mmml)
[U(l) (Sﬁilr, QOI;}T) — [U(1)<U)\7 (pi,l'r')
which, due to the naturality of the attractor-repeller cofibration under continua-

tion, commutes up to homotopy. Desuspending everything as needed provides the

required invariance. QED

Definition 4.30: Define the contact Thom space as the (de)suspension

T () i= SC VTN g) € RU(1)SU.

Definition 4.31: Define the cohomotopical contact invariant of the contact rational

homology sphere (Y, \),
U(A) : SWFE(Y,s)) = T(N),

to be the (de)suspension RC" NV g () ) as a morphism of AU(1)SU.
Proposition 4.32: ¥(\) does not depend on the choice of metric g.

Proof: Again, the proof shall start by recalling what is said by Manolescu (2003)
and then extending the argument to deal with the contact circle. Since the space of
compatible metrics is connected, it suffices to prove the result for nearby metrics, so
consider two such metrics gg, g1 and a smooth path ¢ — ¢, interpolating them. One
can choose p > 0 and R > 0 large enough so as to satisfy the usual requirements

for all metrics along the path ¢g;. The author shall use a subscripted ¢ to denote
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the versions of objects constructed with the metric g¢; for example, W/* denotes the
version of W# constructed with g,. Notice that, perhaps after increasing p slightly,
one can assume that p not be an eigenvalue of ¢; for any ¢ € [0, 1]. As a consequence,
the spaces W/}' have constant dimension as ¢ varies. This means the spaces W}' form
a vector bundle over [0, 1] and, therefore, the vector spaces W} for different values
of t may be identified via a trivialisation of this bundle; hence, use W* to denote
any of the spaces W/}'. For different values of ¢, consider the balls B(W*, R), all as
subsets of this same W#. By assuming the metrics gy, g1 sufficiently close to one
another, one also finds that, for any ¢, ¢, € [0, 1], B(W*, R);, € B(W# 2R);,. From
this, it follows that

(] D(W*".2R),
te(0,1]

is an isolating neighbourhood for (SY,); with respect to the flow (¢ ); for all
t € [0,1]. The flow (¢, ); varies continuously with ¢ € [0, 1]; hence, by Conley
theory,
Ty ((S5,)o, (€, )o) = Tua) ((S,)1, (4 ,)1)- (%)
Consider now the contact circle. One easily checks that, under the change of metric,
the contact circle, (Uy)¢, moves smoothly in W# (it is not fixed under changes of
metric because it depends on the global Coulomb projection). By assuming the
metrics to be sufficiently close, one also sees that
) DED)
te(0,1]
is an isolating neighbourhood for all (Uy);, where (EX); — (Ux)¢ is the g; version of

the tubular neighbourhood introduced in Remark 4.14. Therefore,

Tyy ((Ux)o, (¥4, )0) = Tuay (U1, (@) ,)1),

which is not much to say due to the characterisation of these as Thom spaces in
Corollary 4.16; however, the fact that both this homotopy equivalence and the one
of (%) come from the same deformation of the flow allows one to use the naturality
of the attractor-repeller cofibration sequence so as to have the following diagram

commute up to homotopy.

Ty ((SX,)os (P ,)o)  — Tuay (Ux)o, (#4,,)0)

J |

Tuay ((SX )1 (Ph, 1) — Tuay (U1, (05, )1)-
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Now, the effect of the desuspensions shall be addressed. Consider the subspace
(Wm0, WH. Note that, despite all the (WH), = W* being identified, the
subspaces (W(=#0)), shall still vary with ¢ € [0, 1]. Recall that W is defined as the
direct sum of a real and a complex space; use n,; to denote the complex dimension
of this complex summand appearing in (W(#9),. Notice that Nyl — N0 is the
spectral flow of the family of Dirac operators (D 4, ); defined as the metric g, varies.

One can then check with Proposition 3.67 that

n<Ya 5X, 90) - n(Y, 5, 91) =MNx1 — Nxo-

Without loss of generality, suppose n(Y,sx,g90) < n(Y,sx,g1). Together with the
fact that the operator family *;d : Q}(Y) — QYY) has zero spectral flow due to
H;(Y;R) = 0, the above implies that

(W(_“’O))o ~ (W(_“’O))l @ Cn(Ysx,91)—n(Yisn.go)

The result follows by combining this with the commuting diagram above. QED

Remark 4.33: In the same vein as in Manolescu (2003), the metric invariance can
be strengthened to invariance up to canonical isomorphism, which is to say, in this
context, that the isomorphism does not depend on the path of metrics interpolating

the given two metrics, but the details shall be left out.
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5. RECOVERY OF THE COHOMOLOGICAL INVARIANT

In light of the equivalence, proved by Lidman & Manolescu (2018a), between
the Borel U(1)-equivariant cohomology of the Seiberg-Witten Floer spectrum and
the monopole Floer “from” cohomology, this section shall discuss the relation be-
tween the cohomotopical contact invariant defined in the previous section and the

well known contact invariants in Floer cohomology.

In Kronheimer, Mrowka, Ozsvath & Szabd (2007), §6.3, a distinguished ele-
ment of the monopole Floer cohomology group ﬁl\\/[*(Y, s)), therein denoted Y, is
defined (up to sign) from the datum of a contact structure Ker . Here, this class
shall be denoted ¥(A). In fact, most of the groundwork for the definition of this
invariant was done a decade earlier in Kronheimer & Mrowka (1997), except that the
machinery of monopole Floer homology had not yet been developed. This same in-
variant was studied in Taubes (2009), §4, therein denoted t,., and was shown (Taubes
2009, Proposition 4.3) to be generated by a single generator of the monopole Floer
cochain complex. This generator is essentially the contact configuration, herein de-
noted C'y, with the caveat that a generic perturbation must be used in that context,

else the monopole Floer cohomology groups cannot be defined.

By work of Taubes (2010a, 2010b, 2010c, 2010d & 2010e), it was estab-
lished that there is a natural equivalence between the monopole Floer cohomology
ﬁl\\/[*(Y, s)) and the embedded contact homology ECH, (Y, A; 0) of M. Hutchings (vid.
Hutchings & Taubes 2007). Furthermore, in ECH, there is a very simply defined
contact invariant, which is the class generated by the empty set of Reeb orbits. In
Taubes (2010e), Taubes established that, under his isomorphism, the ECH contact

invariant corresponds to ¥ (\).

There is yet another guise under which ¥ () appears. In Kutluhan, Lee &
Taubes (2020a, 2020b, 2020c, 2021a & 2021b), the authors construct isomorphisms
between a variant of the monopole Floer homologies, called the balanced monopole
Floer homologies, and the Heegaard Floer homologies of Ozsvath & Szabd (2004);
in case by = 0, these balanced monopole Floer homologies agree with the usual
monopole Floer homologies. In Ozsvath & Szabé (2005), an invariant of contact
structures is defined (up to sign) which lives in the group HF'(=Y,s)); this is
usually denoted ¢t (Y, \). This invariant was identified with the ECH version of the
contact invariant in Colin, Ghiggini & Honda (2012a & 2012b).
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The manner via which the cohomotopical contact invariant W(\) recovers the
cohomological invariant ¢(\) is fundamentally rather simple. Returning to the motif
of the collapse of all but a single cell in a CW-complex, one can obtain a class in
the cohomology of that complex by pulling back the generator of the cohomology
of the sphere. In the case of a U(1)-CW-complex, as has been said in the preceding
section, the same construction leads to a map from the complex to the Thom space
of a vector bundle over an orbit space. One then proceeds by understanding the
Borel cohomology of the Thom space as being generated by an equivariant Thom

class and the pullback of this Thom class provides a cohomological invariant.

Since the classical cohomological contact invariant is the class in monopole
Floer cohomology defined by the cochain consisting only of the generator associated
to the contact monopole, it is not at all surprising that this approach shall work.
However, some complexity emerges in that the author must make use of the appro-
priate sort of generic perturbation in line with what is done in Lidman & Manolescu
(2018a). Therefore, this section shall inevitably assume a certain degree of famil-

iarity on the reader’s part with the technical apparatus of the canonical reference

which is Kronheimer & Mrowka (2007).

The author starts this section by demonstrating that the construction of the

invariant W(\) is not affected by the addition of a small generic perturbation.

Definition 5.1: By an (abstract) perturbation, one means a gauge equivariant sec-

tion q: C(Y) — TC(Y). The Seiberg- Witten vector field perturbed by q is defined as
X)\,r;q = X)\,T +q.

Definition 5.2: Let C7(Y, s, ) denote the real blow-up of C(Y,sy) along the reducibles

with respect to the L2 norm; that is,
C7(Y,sx) = {(4,s,¢) € A(detsy) x Rxo x I'(Sy) | ||#|l 2 = 1}

Use C?(Y, 55y for the completion in the Sobolev norm L2.

Definition 5.3: Noting that G(Y') acts freely on C?(Y,s)), denote its quotient by
BO<Y,5)\) = C"(Y,sA)/Q(Y).
Use B?(Y, sy )k for the quotient

BO<Y, 5)\)k = CO<Y, 5>\)k/g(Y)k+1.
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Definition 5.4: Given a perturbation g, one can obtain the G(Y)-equivariant vector
field X5 ,.; on the blow-up C?(Y,s,). Also, this vector field descends to the quotient
B?(Y,sy) to define a vector field [X'y 4]

Recall that one defines the monopole Floer cohomology ﬁl\\/[*(Y, s)) (Kron-
heimer & Mrowka 2007, Definition 22.3.4) as the cohomology of a cochain complex
C* (cf. Kronheimer & Mrowka 2007, Formula (22.2)) whose generators are the fixed
points of the Seiberg-Witten vector field [X) ;4] on the space B7(Y, 55 )i and whose
differentials are defined by counting Seiberg-Witten trajectories in a suitable way
(cf. Kronheimer & Mrowka 2007, Definition 22.1.3). For this to be well defined, it
is necessary to require non-degeneracy of the fixed points (Definition 2.20; cf. Kro-
nheimer & Mrowka 2007, Definition 12.1.1) and to impose a certain Morse-Smale
condition on the moduli spaces of trajectories between fixed points (Kronheimer
& Mrowka 2007, Definition 14.5.6). This is achieved through a judicious choice of
perturbation called an admissible perturbation (Kronheimer & Mrowka 2007, Defi-
nition 22.1.1), which will cause the perturbed Seiberg-Witten vector field [X) ;.q]”

to satisfy these requirements.

To certify that there be enough perturbations to always achieve the required
transversality, one produces a large Banach space of tame perturbations (Kronheimer
& Mrowka 2007, Definition 11.6.3), which exists according to Kronheimer & Mrowka
(2007), Theorem 11.6.1. Denote such a Banach space by P. Then, according to
Kronheimer & Mrowka (2007), Theorem 15.1.1, there always is some admissible
perturbation in P. However, the proof of this theorem achieves somewhat more
than that. Indeed, it follows from Kronheimer & Mrowka (2007), Proposition 15.1.3,
that there is a sequence q,, of admissible perturbations converging to zero; hence,

admissible perturbations may be assumed to have norm as small as desired.

Proposition 5.5: Given a large Banach space of tame perturbations P, there exists

a ball B(P,¢) of radius € > 0 centred at zero and smooth map
B(P, E) — C(Y,ﬁ)\)k,

which shall be denoted q — Cy(q), satisfying C\(0) = C\ and X ,(Cx(q)) = 0.
Proof: This follows from the implicit function theorem of Banach manifolds applied
to the map
CY,s))r xP =K, (C,q)— Xy,q(C),
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where transversality is ensured via Kronheimer & Mrowka (2007), Lemma 12.5.2.

QED

What this proposition is saying, morally, is that, if one make a small enough
perturbation, it is possible to “track” the contact configuration to a nearby config-
uration, which shall still solve the perturbed Seiberg-Witten equations. Next, one
desires to see that this perturbed contact configuration C(q) still satisfies all the

required theorems of §2 provided q be made small enough.

Proposition 5.6: Given a large Banach space of tame perturbations P there exists
some € > 0 lower than that of Proposition 5.5 such that, for any ¢ € P with norm
less than e, the monopole C)(q) satisfies the same conclusions of Theorem 2.23,

Theorem 2.24 and Theorem 2.25, where C) is traded for Cy(q) and X'y, is traded

for Xy g

Proof: Assume the contrary. Then, there is some sequence ¢, C P converging
to zero such that each g, violate one of Theorem 2.23, Theorem 2.24 or Theorem
2.25. Now, invoke Kronheimer & Mrowka (2007), Proposition 11.6.4, to produce
a sequence of gauge transformations u; € G(Y') such that u; - C(q;) converge to a
solution C' of

X (C)=0.

But then it must be the case that C' is gauge equivalent to C'y, which implies that
C\ would violate one Theorem 2.23, Theorem 2.24 or Theorem 2.25. QED

The consequence of the last two propositions is that one can repeat the con-
struction of the cohomotopical contact invariant from §4 using the perturbed setup
provided by X'y ,.q and Cx(q), where q be any sufficiently small admissible pertur-

bation in the Banach space P.

Definition 5.7: Given a perturbation q, denote by SWF(Y, s; q) the version of the
Seiberg-Witten Floer spectrum constructed just as SWF(Y,s) was in §3 but using

the finite dimensional approximations to the perturbed Seiberg-Witten vector field

GC ._ pGC GC
X)\,r;q T X)\,T _'_H* q

instead of X SS
Definition 5.8: Given a perturbation q with norm less than the ¢ provided by
Proposition 5.6, denote by
U(Asq) : SWE(Y, sx59) = T(A;q)
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the version of the cohomotopical invariant constructed just as was done in §4 but

by using X' ,.q and Cy(q) instead of X, and C).

Proposition 5.9: (Lidman & Manolescu 2018a, Proposition 6.1.6) There exists a
large Banach space of tame perturbations, P called a large Banach space of very
tame perturbations such that, for any q € P, SWF(Y,s);q) is U(1)-equivariantly
stably homotopy equivalent to SWF (Y] s)).

Proposition 5.10: For P a large Banach space of very tame perturbations just as
in Proposition 5.9, and q € P with norm less than the £ provided by Proposition

5.6, there is a commuting square

SWF(Y,s,) — T\

| !

SWE(Y,sx,9) — T(\aq),

where the horizontal arrows are W(\) and W(J; q), the left vertical arrow is the one
provided by Proposition 5.9 and the right vertical arrow is a U(1)-equivariant stable

homotopy equivalence.

Proof: The result follows by arguing similarly to Proposition 4.32, where W(\) was
shown not to depend on the metric, but, instead of interpolating between metrics,
interpolating with tq, ¢ € [0, 1], between the perturbation ¢ and zero and using
Lidman & Manolescu (2018a), Proposition 6.1.2, to ensure the Conley indices remain

unchanged. QED
Definition 5.11: Let Uy(q) denote the U(1)-orbit of Cy(q).

Definition 5.12: Given an admissible perturbation q denote by C’*(q) the cochain
complex defining the monopole Floer cohomology ﬁl\\/[*(Y, s)) (cf. Kronheimer &
Mrowka 2007, Formula (22.2)).

At this point, it is also possible to identify a very simple form for the cohomo-
logical contact invariant. Firstly, notice that there is a class in the cochain complex
C*(q) corresponding to the orbit Ux(q) of the monopole Cy(q). This class is in fact

a cocycle due to Theorem 2.25.

Proposition 5.13: (Taubes 2009, Proposition 4.3; cf. Taubes 2010d) For sufficiently
large parameter r > 0 and a perturbation q with norm less than the € provided by
Proposition 5.6, the contact invariant ¢(\), as defined in Kronheimer, Mrowka,

Ozsvath & Szabd 2007, is, up to sign, the cohomology class of the cocyle Uy(q) in
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the cochain complex C*(q).

Remark 5.14: Henceforth, assume r > 0 to be large enough to make the preceding

hold.

Now, the author begins to recall the setup used in Lidman & Manolescu (2018a)
to equate ﬁl\\/[*(Y, s)) and the Borel cohomology of SWF(Y,sy). The reader is cau-
tioned that, therein, the letter A is used for the spectral cut-off parameter, herein
denoted p. Moreover, because of the author’s attempt to keep the notation as close
to Lidman & Manolescu (2018a) as possible, the present need to emphasize the con-
tact form A\ and the parameter r shall, unfortunately, lead to a certain saturation of

decorations on the symbols used.
Definition 5.15: Denote by W7 the real blow-up of W along the reducibles; that
is,
W :={(Ax+a,s,v¢) € A(detsy) x R>g x I'(Sy) | d*a =0, ||¢||. = 1}.
Use (W) to denote the L7 completion.

Definition 5.16: Define the finite dimensional approximation to the perturbed

Seiberg- Witten vector field by

XY g = (L p (e + TIECq))

Definition 5.17: For a finite dimensional approximation W* C W), denote the

blow-up along the reducibles by (W#)7.

Definition 5.18: The blown-up finite dimensional approzimation to the perturbed
Seiberg- Witten vector field, X7 g 18 the vector field on (WH#)? uniquely determined
by the U(1)-equivariant vector field X% . .
Definition 5.19: Denote by X iﬁ%“ ' the vector field uniquely determined by X7
on the quotient (W#)7/U(1).

Remark 5.20: The notation “AGC” here (cf. Definition 4.7) is in agreement with

Lidman & Manolescu (2018a), §6.2.

Using the flow of Xiig’“’a on (W#)?/U(1), Lidman & Manolescu (2018a)
proceed to define a Morse complex out of its fixed points and trajectories. For that,
one needs to select a suitable perturbation q to ensure that this vector field be a
Morse-Smale vector field in a sense similar to that of Palis (1969); cf. Melo & Palis
(1982).
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The only difference is that, here, just as in Kronheimer & Mrowka (2007),
special care must be taken with the fact that (W#*)? is a manifold-with-boundary
and trajectories can converge to or emanate from the boundary. The Morse-Smale
condition in such a scenario is developed in detail in Kronheimer & Mrowka (2007),
§2.4, for the case in which the flow be a gradient flow. In the case at hand, the flow
is not a gradient flow, but, nonetheless, the Morse-Smale condition can be stated as

follows.

Definition 5.21: A smooth flow ¢ : R x I' — I' on a manifold-with-boundary I"
induced by a vector field v tangent to JI' is said to be a Morse-Smale flow with no

closed trajectories whenever

(i) it has finitely many fixed points all of which are hyperbolic (that is, the deriva-

tive D v has no purely imaginary eigenvalues at that point);

(ii) given any two fixed points x,y for which one of x or y not be in 9T, the stable

manifold of z intersects the unstable manifold of y transversely in I’

(iii) given any two fixed points x,y in OI', the stable manifold of x intersects the

unstable manifold of y transversely in 0T
(iv) it has no closed trajectories.

Given a Morse-Smale vector field with no closed trajectories, one can define its
Morse complex, in just the same manner as is done in Kronheimer & Mrowka (2007),
§2.4, by generating the abelian group from the fixed points and defining the differ-
entials by counting trajectories. This is detailed in Lidman & Manolescu (2018a),
§2.5. In fact, there is a stronger condition satisfied by the flow of X ffg’“ 7 which

Lidman & Manolescu (2018a) call a “quasi-gradient”. However, for the purposes

being pursued here, such details need not concern the reader.

With an eye towards establishing an isomorphism with ﬁl\\/I*(Y, $)), one must
also ensure this perturbation to be admissible in the sense of Kronheimer & Mrowka
(2007). The existence of such a perturbation can only be guaranteed if the spectral
cut-off parameter be chosen in appropriate fashion. For that, recall from Remark
3.21 that there was a condition imposed on the definition of the spectral cut-off
projections p* : Wi, — W*# (vid. Definition 3.22), which consisted of requiring that,
for an unbounded strictly increasing sequence {u;} C Rsg, one have pti = pHi

where p# : W, — WH are the L2-orthogonal projections (vid. Definition 3.19).

48



Proposition 5.22: (Lidman & Manolescu 2018a, Propositions 7.4.1, 8.0.1 and
10.0.2) Let P be a large Banach space of very tame perturbations in sense of Propo-
sition 5.9. There exists an integer L > 0 such that, for ¢« > L, there exists an
admissible perturbation q € P for which Xi?;(;’““a is a Morse-Smale vector field

with no closed trajectories in the sense of Definition 5.21.

Remark 5.23: As was the case with Kronheimer & Mrowka (2007), Theorem 15.1.1,
the proof of this proposition actually establishes something slightly stronger. If the
reader care to check, in fact, the proof establishes that one can require that the
perturbation have norm as small as desired.

Definition 5.24: Given L and q as asserted to exist by Proposition 5.22 and ¢ > L,

AGC?Mivo-

use C’*(ui, q) to denote the Morse complex defined by the vector field X A

Note that this cochain complex receives a Q-grading instead of a Z-grading defined

according to Lidman & Manolescu (2018a), Formula (231).

Remark 5.25: Likewise, whenever dealing with gradings of C*(q) and ﬁl\\/[*(Y, $)),
the author means the Q-grading according to Kronheimer & Mrowka (2007), Defi-
nition 28.3.1.

Given this grading, by compactness of the moduli space of solutions to the
Seiberg-Witten equations (Kronheimer & Mrowka 2007, Theorem 12.1.2), there is
a finite range of gradings of C’*(q) for which there be classes corresponding to irre-

ducible monopoles.

Definition 5.26: Let Iireq € Q denote the maximum value of |i| for which C'(q)

admit a generator defined by an irreducible monopole.

Proposition 5.27: (Lidman & Manolescu 2018a, Propositions 9.3.1, 13.1.1, 13.1.4
and 13.3.1) For L and q as in Proposition 5.22, there exists a constant N € Qxg
such that N > [eq and, for any ¢ > L there is a chain homomorphism f : C’*(q) —

C* (114, q) satisfying the following properties.

(i) For any j € [N, N|, f induces an isomorphism in homology
H(C*(q)) = B (C* (13, 9));

(i) for any j € [N, N|, f restricted to degree j is defined by a 1-to-1 correspon-
dence between the generators of C7(q) (that is, monopoles) and the generators

of C9(p;,q) (that is, fixed points of Xii(;’“’g).
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Proposition 5.28: (Lidman & Manolescu 2018a, Formulae (273) and (274)) For g
and L as provided by Proposition 5.22 and ¢ > L, there exists a constant M; € Qg
such that, for any j € [—M;, M,],

CHI Y (SWE(Y, 51:)) = B (Clpi, ).
Moreover, as ¢ — 00, so does M; — oc.

Remark 5.29: The grading of CICI%_(?)(Y’EX)(SWF(Y, sy;q)) is off by n(Y, s)) because

of the different conventions being used by the author (vid. Remark 3.71).

Before the author proceed to determine how the contact invariant shall recover
the class ¥()), the author should say something about how Proposition 5.28 is
achieved. He also hopes to add some more detail to what is said in Lidman &
Manolescu (2018a), §2.8. For that to be done, a review of some more concepts
from Conley theory is needed. In what follows suppose I' to be a manifold-with-
boundary and ¢ : R x I' = I" a smooth flow. Assume further that dI' be preserved
by ¢. In Hell (2009), §3.1.2, it is shown to be straightforward to extend the Conley
theory to manifolds-with-boundary, such as I, provided that the flow be tangent to
the boundary. The definitions of maximal invariant set and isolated invariant set
(Definition 3.34 and Definition 3.35) are left unchanged. The only point that should
be emphasized is that the notion of neighbourhood is, of course, in the point-set-
topological sense. That is, for S C I' to be an isolated invariant subset, one asks for
a compact set U C I' such that S = InvU and that S C int U, where int U is the
union of all opens sets contained in U; no mention is made of OI'. This means that,
for example, if U C I" be a properly embedded manifold, it is perfectly permissible
for S to intersect OU C OI'. This understood, the definitions of index pair (Definition
3.36), attractor-repeller pair (Definition 4.21) and index triple (Definition 4.22) also
remain unchanged; likewise for the existence theorems of index pairs (Theorem 3.37)
and index triples (Theorem 4.23). Moreover, by arguing as in Floer (1987) or Floer
& Zehnder (1988), all of this can be accomplished in the equivariant setting with
little difficulty; hence, assume G to be a compact Lie group acting on I' and let ¢
be G-equivariant. The notion of the Conley index I5(S, ¢) is still defined as above;
however, one can also define a version of the Conley index relative to the boundary

of T.

Definition 5.30: Let S C I' be an isolated invariant set with index pair (M, N).

Define the Conley index relative to the boundary, Ig(S, ¢), as the G-equivariant
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homotopy type of the space M /(N U (M NoT)).

Concepts of equivariant Conley theory generally remain true for I%(S, ¢) in
analogous forms to how they hold in the case without boundary; therefore, the

author shall refrain from listing all here.

Definition 5.31: Given an isolated invariant set S C I', by a Morse decomposition
of S, one means a sequence {Sp, ..., S,} of pairwise disjoint subsets of S where each
S; be an isolated invariant set in I' and such that, for each z € S\ (|, Si), there
exist a pair of indices i < j for which w(z) € S; and w*(z) € S; (vid. Definition
4.18).

Definition 5.32: Given an isolated invariant set S C I' and a Morse decomposition

{So,...,Sp} of S define the associated Morse filtration to be {S<o, ..., S<,} where

S<p :=Sp and each S<; is defined successively by

Sgi = {37 €S | w(:z:) € Sgi_l, w*(:c) € Sl}

Remark 5.33: Notice that, for each i, (S<;—1,.5;) is an attractor-repeller pair de-

composition of S<;.

Now, the author specializes to the case in which the flow be Morse-Smale with

no closed trajectories but he should clarify what that means in the equivariant case.

Definition 5.34: A ¢-fixed G-orbit O C T is said to be hyperbolic whenever the
derivative of the vector field %(b(t, —) restrict to the normal bundle of O as a bundle

endomorphism with no purely imaginary eigenvalues.

For hyperbolic fixed orbits, it makes sense to speak of their stable and unstable
manifolds defined in the same manner and seen to be manifolds as in the non-
equivariant case. Note that, in this case, they have the structure of a vector bundle

over the orbit.

Definition 5.35: A G-equivariant smooth flow ¢ : R x I' — I" over a manifold-

with-boundary I is said to be a Morse-Smale flow with no closed trajectories when
(i) there are finitely many ¢-fixed G-orbits, all of which are hyperbolic;

(ii) given any two ¢-fixed G-orbits Oy,0,, for which one of O; or Oy not be in JT',
the stable manifold of O intersects the unstable manifold of O, transversely

in I

(iii) given any two ¢-fixed G-orbits 01,09, in OI', the stable manifold of O; inter-
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sects the unstable manifold of Oy transversely in JI';
(iv) it has no closed trajectories.

Remark 5.36: Note that, for O C I a hyperbolic ¢-fixed G-orbit, the Conley index
I(0) is of the form (D(V) x O)/(S(V') x O) where V is some G-representation and

D(V),S(V) are the unit disk and sphere in a G-invariant inner product. The pair
(D(V) x O,S(V) x O) is what is called a G-cell; cf. May & al. (1996), §1.3 and §X.

Henceforth, add the assumption that ¢ be a G-equivariant Morse-Smale flow
with no closed trajectories. Then, for any isolated invariant set .S, one can obtain a
Morse decomposition {Sy, ..., S,} where each S; is a ¢-fixed G-orbit. In this case,
the induced Morse filtration of (S, ¢) is simply a G-cell decomposition of S with

a 1-to-1 correspondence between cells and elements of {Sy,...,S,}.

At this point, it becomes convenient to introduce the functoriality property of

the Conley index. This theory has been developed by McCord (1986, 1991).

Definition 5.37: Given a pair of G-equivariant flow spaces (I'1, ¢1), (I'2, ¢2), a
G-equivariant mapping f : I'y — 'y satisfying f(0I'1) C 9I'y is called a flow map
whenever it be equivariant with respect to the flows; that is, for all ¢ € R and
zeTy, ¢oft, f(z)) = f(du(t, x)).

Proposition 5.38: (McCord 1986, Theorem 2.2) Given a flow map f : (I'1,¢1) —
(I3, ¢2) and an isolated invariant set Sp in I'y with index pair (Ms, No), it fol-
lows that S; := f~1(S3) is isolated invariant in I'y with index pair (My, Ny) =
(fH(Mz), fH(N2)).

Remark 5.39: While this is proven in the non-equivariant case and without bound-
ary, it is straightforward to extend it to these generalizations. In any event, for the
purposes of the present thesis, in the only occasions in which this shall be used, it
shall be evident that (M;, N1) shall define an index pair without recourse to this

result.

Definition 5.40: Given a flow map f : (I'1, ¢1) — (I'2, ¢2) and index pairs (M, Ny),
(My, No) for isolated invariant sets S7, Sy as in Proposition 5.38, define the induced

maps on the Conley indices

I6(f) - I6(S1,¢1) = Ta(S2, ¢2),  TG(f) : 1E(S1,61) = 12(Ss, ¢a),
respectively, by sending [x] € M7 /Ny to [f(x)] € Ma/Ny and [z] € My /(Ny U (MiN
8F1) to [f(ZL‘)] € MQ/(NQ U (MQ N 8F2)
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Specialize now to the case G = U(1).

Definition 5.41: A U(1)-action on I' is said to be semifree when all U(1)-orbits be

either fixed points or free.
Remark 5.42: The U(1)-action on W* is semifree as it is of the form R™ & C".

Now, suppose (I', ¢) be a semifree U(1)-equivariant Morse-Smale flow space
with no closed trajectories and 0" = (). Denote by I'? the real blow-up of I' along
the fixed point set TV, Then, it is easy to see that the induced U(1)-action on I'?
is free. It is also easy to see that the flow ¢ then defines a U(1)-equivariant flow ¢”
on I'?. The isolated invariant set S also lifts to an isolated invariant set S? in the
blow-up. Furthermore, It can be checked that the flow of ¢? is Morse-Smale with
no closed trajectories. The blow-down map b : ' — I defines a flow map. Now,
given an index pair (M, N) for S, one can check directly that these define an index
pair (M7, N9) for S? in the blow-up. Hence, without recourse to Proposition 5.38,

it becomes clear that the induced map

I3y () I1y(S7,6%) = 151y(S, 0) = Tu)(S, ¢)
is well defined.

Next, note that, because the action of U(1) is free on I'?, it follows that the

action of U(1) is free away from the base point on I‘%(l)(S", ¢?); hence,
cHy gy (191 (57, 07)) =2 H* (174, (57, ¢7) /U(1)).

Because of this, it becomes desirable to compute the cohomology of the homotopy
type Ty (S, ¢7)/U(1) via a Morse complex approach. To understand how that is
done, introduce yet another flow space: T' := I'?/U(1) with the flow ¢ as induced
by ¢?. Denote the quotient map by ¢ : ['Y — I['; note that ¢ is a flow map and
that the isolated invariant set S? descends via ¢ to an isolated invariant set S on T

Therefore, one has a map
ITy(@) = 150y (57,67) = Iy (S, 0) = 1°(S, 9)

where the U(1)-action on T is being taken to be trivial. It is not difficult to see that

this map is nothing more than the quotient map

I50)(S7,¢%) = I%3,(S7,¢°)/U(1).

Now, note that the maps induced by flow maps respect Morse decompositions in the

following sense.
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Proposition 5.43: (McCord 1991, Proposition 3.3) If f : (I'1,¢1) — (I'2, ¢2) be
a flow map, S C I'y; be an isolated invariant set and {Sp,...,S,} be a Morse
decomposition for S, then {f~1(Sp),...,f 1(Sn)} is a Morse decomposition for
fH9).

Remark 5.44: As in the other result of McCord (1986) cited above, this was proven
in the non-equivariant case and without boundary. Again, it is straightforward to
apply McCord’s argument with these generalizations in place; however, in the cases

in which this result shall be used, it shall be clear that it holds in a direct way.

Remark 5.45: Given the assumption that the flow ¢ on I' be Morse-Smale without
closed trajectories, then it follows that there is a Morse decomposition {Sp, ..., Sy}
for S in which each S; is simply a ¢-fixed hyperbolic U(1)-orbit; by the semifree as-
sumption, this means it is either a point or a free circle. Lifting this to the blow-up,
one gets {S7,...,S7}, which is easily seen, directly, to be a Morse decomposition
for S. It is no longer true, however, that each SY is a U(1)-orbit; when S; be
a U(1)-fixed point, S¢ may consist of multiple U(1)-orbits and trajectories joining
them. Hence, one can perform further Morse decompositions for each SY. Let them
be denoted {Sgo, cee Sfm} Note that, by concatenating them, these Morse decom-
positions define a combined Morse decomposition of S7 in which each set is indeed
a single ¢-fixed hyperbolic U(1)-orbit. Now, one can descend each of these Morse
decompositions to the quotient I' to obtain Morse decompositions {Sio, . .., Sim,}-
These Morse decompositions consist of hyperbolic fixed points of the flow ¢ and,
it is standard to compute the cohomology of I 6(5 , qg) by building a Morse complex
generated by {S;;} with differentials defined by a careful count of trajectories as
defined in Kronheimer & Mrowka (2007), §2.4. The fact that this complex computes
the claimed cohomology is the content of Floer (1989), albeit not for the Conley in-
dices with boundary as is the case here, but Floer’s proof can be generalized to this
case as is argued in Lidman & Manolescu (2018a), §2.8. Let this cochain complex
be denoted by C*. Now, if n denote the codimension of the submanifold T'V() in T,

it follows that, for any 7 € {0,...,n — 2},
cHiyy (Tuy (S, ) = cHyyy (151 (87, 07)) = H(CY),
cf. Kronheimer & Mrowka (2007), §2.6.

Remark 5.46: If one care to check (vid. Lidman & Manolescu 2018a, Formula
(272)), this is how the proof of Proposition 5.28 above is obtained; here, I' is the
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flow space WH#i with the flow ¢ being that of the vector field — Xﬁir.q. Note that,
the codimension of the U(1)-fixed point set can be made as large as desired simply
by increasing the spectral cut-off parameter ;. Therefore, the isomorphism above

can be obtained between arbitrarily large degrees as is claimed.

Bearing this discussion in mind, it becomes possible to determine how the

contact invariant comes into picture.

Definition 5.47: Suppose a G-equivariant (reduced) cohomology theory Ay, be
given. By a G-equivariant Thom class, one means, for a G-vector bundle V' — X
a class 0q(V) € hi(©¢(V)), where ©¢ (V) denotes the Thom space, subject to the
requirement that, given the inclusion of any G-orbit ¢ : O — X, the restriction
i*0c(V) generate hi(©q(1*V)) as a free h,(O4)-module, where O, denotes the

orbit space O with a disjoint base point added.

Remark 5.48: Specialising this definition to when G act trivially on the base space
X, the only type of orbit is i : G/G — X, so the requirement is that i*0g (V)
generate h,(Og(V],)) as a free h%(S°)-module.

Remark 5.49: In the other extreme, specialising to when G act freely on X, the
only type of orbit is i : G/1 — X, so the requirement is that 65(V) generate
h,(©c(V)) as a free hf (X )-module.

Remark 5.50: It is not at all certain if, given a bundle, such an equivariant Thom
class exists, or even if the prerequisite that hf,(O¢g(i*V)) be a free hf((G/H)4)-
module with a single generator is satisfied. In the event that it exist, one shall say

that V' is h{,-orientable.

Remark 5.51: Note that, for G = U(1) acting on X = U(1) freely, there always
exists a Thom class for any U(1)-bundle £ — X

Lemma 5.52: Suppose (I, ¢) to be a semifree U(1)-equivariant Morse-Smale flow
space with no closed trajectories such that OI' = (). Suppose S C I' to be an isolated
invariant set admitting a Morse decomposition {Sy,...,S,} in which each S; be a
hyperbolic ¢-fixed U(1)-orbit. Suppose that the last set, S,,, be a free U(1)-orbit
whose unstable manifold be of dimension strictly less than the codimension of the
fixed point set TU(Y) € T'. Consider the associated Morse filtration {S<, ..., S<pn}.

Denote by

p:Tua)(S, ¢) = Tua)(Sn, @)
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the cofibre map of the attractor-repeller pair cofibration

Ty (S<n—1,0) = Tyw)(S, @) = Ty@)(Sn, @)

associated to the last level of the Morse filtration. Denote by E — S,, the unstable
normal bundle of S, in I'. Let

o, T, {mi|i=0,....,n}, {Si;|i=0,....n;5=0,....m;}, C*

be as defined in Remark 5.45. Then, it follows that the following are true.
(i) my =0;
(ii) the associated generator S, ¢ of the cochain complex C* is a cocycle;
(iii) the cohomology class [Sy o] of this cocyle corresponds to £p*(6y(1)(E)) under

the isomorphism

cHYR (Tu) (S, ¢)) = HI™F(C),
described in Remark 5.45.

Proof: For the first assertion, note that the assumption that S,, be U(1)-free means
that it lifts to a single U(1)-free orbit, S7, in I'?. Hence, the Morse decomposition

of S7 must consist of a single entry {S;, o}

The second assertion is true because Sn,() is the descent to the quotient of
the free U(1)-orbit Sy which, in turn, comes, via the blow-up, from S,. But, by
assumption, .S, is the last entry of a Morse decomposition; therefore, there cannot be
any trajectories coming into it. Hence, by Kronheimer & Mrowka (2007), Definition
2.4.4, this class is a cocycle, as the differential map of the cochain complex is defined

by counting trajectories coming into the generator.

For the last assertion, consider firstly the combined Morse decomposition on
T for S given by the sets {S;;}. Denote the resulting Morse filtration by {S’S(i,j)}.

Associated to the last level of the filtration, is the attractor-repeller pair cofibration
I(S<tntma 1) @) = 1°(5,9) = 1°(Sn0, 9).
Denote the cofibre map of this sequence by
B:1°(S,6) = I°(Sn0,9)-

Also, as S’n,O is a hyperbolic fixed point of qg, denote by E — Sn,o its unstable normal
bundle in T'; this is simply a bundle over a point. It is therefore evident that ﬁ*@(E)
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is, up to a sign, precisely the class of the cocycle gn,O under the isomorphism

BB (18, 9)) = B (C),

Now, consider the corresponding Morse decomposition {S7 j} of S? and denote by
{Sz(ij)} the associated Morse filtration. As above, for the cofibre map of the last

level of this filtration, write

P [%(1)<507 97) — [%(1)( 00 7).

Let E° — S7, be the the unstable normal bundle of Sy, in I'; this bundle is
cﬁU(l)-orientable by Remark 5.51. If ¢ : I'Y — T denote the quotient map, then one

obtains a map between Conley indices

Iy(a) : 15y (S7,67) = I1%4)(5%,67)/U(1) = 19(5, 9).

Now, because this map preserves Morse decompositions (Proposition 5.43), there is

a commuting diagram of the form

U(1 ) (57,907) — [%(1)(55,07¢0)

! !

1°(5,9)  —  1%(5n0.9).
where the horizontal maps are p° and p respectively, and the vertical maps are
induced by [ %(1)((]). Hence, it is not difficult to see that, under the isomorphism

cHYR (11 (87, ¢7)) = HE™ P (1°(S, ?)),

induced by I‘%(l)(q), the class §*(0(E)) corresponds to =£(p”)*(fy1y(E7)). Finally,
reintroduce b : I' — I" to denote the blow-down map. One then has a commuting

diagram of the form

U(1 (SO 7)) — [%(1)(55,07¢0)

! !

Tua)(S,9)  —  Tyw)(Sn, 9),
where the horizontal maps are, respectively, p° and p and the vertical maps are

induced by [ %(1)(1)). Hence, it is not difficult to see that, under the isomorphism

CHU(1) (Lu)(S,9)) = Cﬁdl(m) (19 v (57, 9%)
induced by I%(l)(b), the class (p?)*(0(E7)) gets sent to +p*0(E). QED
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Definition 5.53: Use 0, € CICI’[‘}(D(T()\)) to denote the desuspension of the Thom
class QU(D(E;’“ ) suitably suspended or desuspended according to Definition 4.31,
where EY'* — Uy is the unstable bundle of Uy in W*. Likewise, in the generically

perturbed case, one defines a Thom class 6,(q) € CI:I’[‘}(D(T()\; q))-

Remark 5.54: Of course, this is only defined up to sign which shall be consis-
tent with the familiar sign ambiguity of the contact invariant in monopole Floer

cohomology (cf. Lin, Ruberman & Saveliev 2018).

Theorem 5.55: The cohomological contact invariant is recovered by the cohomo-

topical invariant via

FP(A) = W(A)*(0r).

Proof: Let L and q be as in Proposition 5.22. Let ¢ > L and assume also that
the norm of q be less than the ¢ of Proposition 5.10; this is permitted according to
Remark 5.23. Then, according to Proposition 5.10 and Proposition 5.13 it suffices
to prove that, under the isomorphisms of Proposition 5.28 and Proposition 5.27 one

of the cohomology classes
£V (A5 9)"(0x(a)),

corresponds to the class in Morse cohomology expressed by the generator Uy(q) of

the complex C* (14, q).

Now, recalling from Remark 5.46 how Proposition 5.28 is proven in Lidman &
Manolescu (2018a), it becomes clear that Lemma 5.52 can be applied in the case at

hand with I' = W#i, ¢ the flow of the vector field — X%

\riq and the isolated invariant

set S = Sﬁf"’r; q defined just as in Definition 3.32 but using the generically perturbed
Seiberg-Witten vector field. The Morse decomposition {Sp,...,S,} is chosen to be
any one whose entries consist of single hyperbolic ¢-fixed U(1)-orbits while requiring
that the last entry, S, be Ux(q). This is permitted because, according to Proposition
5.6, Ux(q) is a repeller. QED

Given Theorem 5.55, the author intends to use the newly constructed invariant
to deduce results about 1 (\) in contexts in which it has proven difficult to do so
while relying solely on the machinery of monopole Floer homology, Heegaard Floer
homology and embedded contact homology. Note that it is not clear, at the moment,
if there is any case in which W(\) may hold any more information than t(\) does.

The key advantage of W(\) that the author wishes to emphasise is that it does not
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require a generic perturbation for its definition. This shall be exploited in the next

section.
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6. FINITE COVERINGS

In Lidman & Manolescu (2018b), the authors studied the Seiberg-Witten Floer
spectrum in the presence of a finite regular covering. The key to their results was
the observation that the spectrum of the manifold upstairs in the covering acquires
an action of the deck transformation group G and, upon taking appropriate fixed
points of this action, one obtains the downstairs spectrum. A Smith-type inequality

is then derived through actual application of Smith theory.

In this section, the author’s goal is to formulate the contact invariant in this
same scenario of a finite regular covering. This shall involve studying the attractor-
repeller pair cofibration used to define the contact invariant in the G-equivariant
setting. In doing so, one encounters no real difficulty and it is straightforward to

obtain a G-equivariant cohomotopical contact invariant.

Consider a finite group GG and a rational homology sphere Y equipped with a
free G-action. Use m : Y — Y/G to denote the quotient map. Agree to fix a metric g
on Y/G and use, on Y, the induced G-invariant metric 7*g. Suppose A be a contact
form on Y/G so that 7*\ be a G-equivariant contact form on Y. Notice that the
canonical Spin®© structure defined by \ on Y /G naturally lifts to Y as the canonical
SpinC structure defined by 7*\; that is, 7*s) = s,+). Likewise, the connexion A«
on det s,y is the lift 7 Ay of the connexion Ay on detsy. Denote by W the global
Coulomb slice with respect to A<y on Y and by W’ the global Coulomb slice with
respect to Ay on Y/G.

It is difficult to study this scenario in the classical setting of monopole Floer
homology due to the need for generic perturbations in order to achieve the required
Morse-Smale condition of Morse theory. Indeed, there is no guarantee that a suffi-
ciently generic perturbation chosen for Y in order to satisfy the conditions for the
construction of the group ﬁl\\/[*(Y, 7m*s) can be made G-equivariant so that it de-
fine a valid perturbation for the construction of ﬁl\\/I*(Y/ G,s). As a consequence,
the behaviour of the monopole Floer homology groups under coverings has proven
elusive to study via the classical Morse theoretic approach. As the construction
of the SWF spectrum avoids the addition of a generic perturbation, one can say
something significant using this machinery. The author starts by recalling the main

observations of Lidman & Manolescu (2018b).

Remark 6.1: Note that G acts linearly on the Coulomb slice W. Moreover, the quo-
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tient map 7 : Y — Y/G induces an inclusion W’ < W which identifies W’ with the
fixed point space W¢. This inclusion is not, however, an isometry in the L2-norm.
Nonetheless, the L2 ball B(W’, R') is identified with the L? ball B(W, |G|R")¢ c W,
which allows one to construct the Sobolev norm on W so as to have it be G-invariant.

As a consequence, in the Sobolev completions, one still has W, = WkG .

Remark 6.2: The Fredholm operator ¢ on Y is G-equivariant. Hence, its restric-
tion to W& agrees with the analogous operator defined on Y/G. Therefore, use £ to
denote both these operators. Furthermore, note that (W’)* = (W#)%. The map c
is also G-equivariant, so a finite-type Seiberg-Witten trajectory in W) is the same
thing as a G-fixed finite-type Seiberg-Witten trajectory in Wj. The same identifica-
tion can be made between the Seiberg-Witten trajectories in the finite dimensional

approximations.

Use R > 0 to denote the constant provided by Theorem 3.28 for the case of
the manifold Y and R’ > 0 to denote this constant for the quotient manifold Y/G.
By perhaps increasing R or R, one can ensure that R = R/|G|. This means that
R will also satisfy the conclusions of Theorem 3.28 for Y/G.

Next, recall from Remark 3.30 that the choice of bump functions u* for Y
was made so as to have it constant on the spheres centred at zero in the Sobolev
norm; therefore, the u* are automatically G-invariant. Therefore, their restrictions
to (WH)% can be used to define the bump functions required for Y/G. With these
conditions, the finite dimensional Seiberg-Witten flow ¢, A OF Y is G-equivariant
and restricts to (W#)% as the finite dimensional Seiberg-Witten flow of Y/G. Now,
if the reader agree to fix 4 > 0 large enough so as to have Theorem 3.33 hold for both
Y and Y/G, then, it follows that the isolated invariant set S, A 18 G-invariant and
its G-fixed subset, (S, M)G, is precisely the isolated invariant set used to define the
SWEF spectrum of Y/G. Moreover, since the G-action is linear on W*#, the isolating
neighbourhood D(W*#,2R) of SI., | is G-invariant and D(W*, R)Y =D((WHY R)
serves as an isolating neighbourhood for the construction of the SWF spectrum on

Y/G.

A few more notions from equivariant stable homotopy theory shall be required.
In what follows, use H to denote an arbitrary compact Lie group. As before, the

reader is directed to May & al. (1996) for further details.

Theorem 6.3: Given a closed normal subgroup K C H, there exists a functor,
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called the geometric fived points functor, from H-spectra indexed over a universe V

to (H/K)-spectra indexed over the universe VX,
oK . HSY — (H/K)SV",

satisfying the properties that
(i) PEEFPX = % XK,
(i) PEEANPEF 2 dK(EAF).
Proof: Vid. May & al. (1996), §XVL.3. QED

Remark 6.4: Since the author is simply dealing with suspension spectra, these two
properties suffice in understanding the geometric fixed points of the spectra at hand.
In particular, note that, for an H-space X and an H-representation V', it follows

that

PEY Ve x = n Ve XK

Definition 6.5: An H-universe is called complete if one can find, for any finite

dimensional H-representation V', a sub-representation in V isomorphic to V.

Remark 6.6: For GG the group of deck transformations of the covering 7 : ¥ —
Y/G, notice that the universe W defined by the Coulomb gauge of Y is naturally
a G x U(1)-universe and its G-fixed point space, WY is the U(1)-universe defined
by the Coulomb gauge of Y/G. Let U’ denote a complete U(1) x G-universe. By
intertwining with change of universe functors defined by an isometry W — U’, as

E_W(*u’o)

was done in Definition 3.61, one can consider the functor as an endofunctor

of the category h(U(1) x G)SU'.

Definition 6.7: Define the metric dependent G-equivariant Seiberg- Witten Floer

spectrum as

SWFG(Y, msy, 7°9) 1= S~V 598 Ty (St o ¢hen,) € BUQL) x G)SU'.

Remark 6.8: The author believes it to be possible to (de)suspend away the metric
dependence in an analogous fashion to the non-equivariant case; however, it seems
the details are somewhat subtle, so he chose not to pursue that goal in this thesis.
This would involve considering a localization of the representation ring RO(U(1) x

(), equivariant spectral flow and equivariant eta invariants.
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Theorem 6.9: (Lidman & Manolescu 2018b) The Seiberg-Witten Floer spectra for
Y and Y/G are related by

dY SWF (Y, 7%s, 7%g) = SWF(Y/G, s, g).

Proof: Although the statement in Lidman & Manolescu (2018b) is made in terms
of U(1) x G-spaces instead of spectra, the properties of the geometric fixed points

functor mentioned above make clear that this is the correct statement for spectra.

QED

Now, the contact invariant construction shall be considered in this setting. If
necessary, increase R, p and the parameter r used in the Seiberg-Witten equations
so that Remark 4.1, Proposition 4.8 and Theorem 4.17 be satisfied for both Y and
Y/G.

Notice that the upstairs contact circle, Uy-y C (WH)¢ C WH, is naturally
identified with the downstairs contact circle, Uy. Beware, however, that the dual

attractors to Uy-x in Sk., . and in (S%., )< are, of course, not the same.
Definition 6.10: Let
Ta(mA, ) = SV 7558 Ty (Unns ey ,) € R(U(L) x G)SU'
denote the Thom space appearing in the codomain of the cohomotopical contact
invariant but now seen as a (U(1) x G)-spectrum (cf. Definition 4.27).
The attractor-repeller cofibration
Tuyxa (Una)™s #hens) = Tu@yxa (Spex Poerr) = Luyxa (Uner, Ohey )
can be formed G-equivariantly as well. This is done by constructing a (U(1) x G)-

invariant index triple (L, M, N) according to Theorem 4.23. The consequence is

that the contact invariant gains a G-equivariant version.

Definition 6.11: Define the G-equivariant metric dependent contact invariant as
the map

Ua(m*\,7%g) : SWEg(Y, 7"\, 7%g) — Ta(m* A\, 7%g)
given by desuspending the above cofibre map by the (U(1) x G)-representation
W (=,0)
Theorem 6.12: The cohomotopical contact invariants of (Y, 7*\) and (Y/G, \) are

related by
(I)G\I/G(W*Av 77*9) = \P(Av g)
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Proof: If (L, M, N) be a U(1) x G-invariant index triple for S¥,,  then the triple of
fixed point sets (LY, M“ N%) is a U(1)-invariant index triple for (Sﬁ*)\vT)G =55,
The result follows at once. QED

The extra data available due to the G-action allows one to define a G-equivari-
ant (or (U(1) x G)-equivariant) version of the monopole Floer cohomologies via the
G-equivariant cohomology of the SWF spectrum since the spectrum has naturally
acquired a G-action. There are three choices of equivariant cohomology theory which
spring to mind in this context: Borel cohomology, equivariant K-theory and Bredon
cohomology. In the present thesis, the author shall mainly pursue the use of Borel
cohomology as that turned out to be the most readily applicable. A few minor
remarks shall be made about Bredon cohomology as well, but no deep results have

followed from that.
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7. BOREL COHOMOLOGY

This section shall deal with the Borel G-equivariant cohomology of the spec-
trum SWF and consider the resulting equivariant contact class. Despite the spec-
trum SWF¢g being a U(1) x G-spectrum, in the interests of simplicity, the author
shall ignore the U(1)-action and only consider cohomologies equivariant with respect
to the G-action. Application of Borel cohomology to the cohomotopical contact in-
variant leads to a G-equivariant cohomological contact invariant 1, which, as shall
be seen, holds information about both the upstairs and downstairs contact struc-
tures of the covering. Verily, if one know the value of 1, one can recover the value

of both cohomological contact invariants of the covering.

Ideally, what one really wishes is to infer something about the upstairs contact
invariant from knowledge about the downstairs contact invariant; the new equivari-
ant contact invariant, therefore, may seem not to be leading in that direction. How-
ever, Borel cohomology, under appropriate circumstances, enjoys the very powerful
property that the cohomology of the fixed points of a G-space conditions significantly
the Borel cohomology of the whole space; this is the content of the localization theo-
rem. As a consequence of localization, one sometimes can determine the equivariant
contact invariant from knowledge of the downstairs contact invariant. And, as the
equivariant contact invariant recovers the non-equivariant upstairs contact invariant,
this allows one to infer the upstairs contact invariant starting only from knowledge

of the downstairs contact invariant.

The applicability of localization, however, is limited to scenarios where one
know precisely what the SWF¢ spectrum is. This happens, for instance, in the
event that there be a unique solution to the Seiberg-Witten equations, which implies
that SWF¢ is an equivariant sphere spectrum. Nonetheless, such manifolds are
sufficiently abundant that the results derived say something quite non-trivial. A
special case of interest shall be that of elliptic manifolds, where a very general
theorem may be stated which aids greatly in determining whether the lift of a tight

contact structure remains tight or becomes overtwisted.

For further simplicity, the author shall avoid the language of G-spectra and
work instead at the level of G-spaces as much as possible in this section. This is
similar to what is done in Lidman & Manolescu (2018b). The main reason being

that the appropriate form of the localization theorem is more difficult to describe
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for spectra as questions about the various forms of fixed points functors come into
play.
Let Y, G, w, g and A be as in the previous section.

Definition 7.1: Define the G-equivariant Borel metric dependent monopole Floer

cohomology as
cﬁi\//[E(Y, s, 7%g; R) := cHL(SWFq(Y, 7%s, m%9); R)

where R is some commutative ring, which will be left implicit in the notation hence-

forth.

Remark 7.2: In order to make the best out of Borel cohomology, it is best to focus
on the case G = Z/pZ for a prime p. In this case, the coefficient ring R shall be
chosen to be Z/pZ. For the remainder of this section, these choices shall be implicit

lest the notation become overloaded.

Remark 7.3: Since SWFq(Y, 7%s, 7*¢) depends on g only up to suspension by G-
representations, it follows that CITII\//IE(Y, s, m*¢g) depends on g only up to shifts in

grading, which, although cosmetically unpleasant, is not a major issue in practice.

Definition 7.4: Given a G-representation V and a ring R, one says that V is
G-equivariantly R-orientable if the vector bundle Vi := (V x EG)/G over BG be

R-orientable. In which case, one writes eq(V) € cHg(S%; R) for its Euler class.

Remark 7.5: Since the author is using coefficients R = Z/pZ for the group G =
Z/pZ and p is a prime, it follows that all G-representations are G-equivariantly R-
orientable. In the case p = 2, all vector bundles are R-orientable anyway. Otherwise,
if p be an odd prime, then any non-trivial representation of G is complex and,
therefore, the vector bundle defined over BG shall also be complex and therefore
orientable over any field. So, in any event, an equivariant Euler class always exists

for the purposes being pursued here.

Remark 7.6: Note that, due to the Thom isomorphism, for an orientable G-
representation V', the ring CI:I*GO/JF) is isomorphic to CI:IE(SO) with its grading
shifted by dim V. Moreover, under this isomorphism, notice that the Thom class
0c(Vg) of the bundle Vi — BG gets sent to 1 € H(SY). In other words, one can

think of 05(Vg) as a G-equivariant fundamental class of the G-manifold V.

Theorem 7.7: (Localization Theorem) Let I' be a finite G-CW-complex and S C

H*(BG; Z/pZ) consist of those elements which be Euler classes of G-representations
66



having no trivial summand. The inclusion of fixed points I'® < T' induces an iso-

morphism between cohomologies localized with respect to S,

STYcHE (T, Z/pZ) = S~ cHE (Y, Z/pZ).

Proof: Vid. tom Dieck 1987, Theorem 3.13. QED

Example 7.8: Consider the inclusion of fixed points
(VHE— v+

of a G-representation sphere coming from a G-representation V potentially having
VG £ 0. In this example, assume p > 2. Firstly, recall that, in this case, the
cohomology of BG is the ring

cHg(S%) = (Z/pZ)[u, 0]/ (v?)

where degu = 2, degv = 1. It is worth paying close attention to this ring. In the
following diagram, the top row indicates the abelian subgroups at each degree, the
middle row indicates the generator with the corresponding degree and the bottom
row indicates the numerical value of the degree.

0 0 Z/pZ Z/pZ Z/pZ Z/pZ Z]pZ

1 W W () (u?)
-2 -1 © O @ 6 @
Now, because p > 2 is an odd prime, all representations of G are complex and
therefore define orientable bundles over BG. It follows from the Thom isomorphism
that
ClIy (V') = el Y (57)

and likewise for (V)¢ Hence, before localization, the inclusion of fixed points

(VH)¥ < V+ induces a map
Cﬁg—dimV(SO) N Cﬁé_dim VG(SO)

which, in the notation above, is depicted as

0 0 - 0 Z/pZ
VB \J \:

where all the Z/pZ — Z/pZ maps are isomorphisms. Now, consider the effect of

localization. The set S with respect to which one must perform localization is the
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set {u™ | n > 0}; this can be seen from looking at the representation theory of G.

The localized Borel cohomology therefore is
STICHE(S) = (Z/pZ)[u, u™", 0]/ (v?).
Schematically,
Z/pZ Z/pZ Z/pZ 1Z/pZ Z/pZ Z/pZ Z/pZ
™) (W) (1) () (@) (w) (W)
(=2) =1 (O @O 2 ) @

After localization, the map induced by the inclusion of fixed points takes the form

Z/pZ Z/pZ --- Z[pZ Z[pZ
{ { { {
Z/pZ Z/pZ --- Z/pZ Z/pZ ---,

where all maps are isomorphisms.

Example 7.9: Now, consider the same scenario but with p = 2. In this case, recall

that the cohomology of BG is the ring
cH;(S%) = (Z/22)[u]

where degu = 1. In particular, as an abelian group, this is the same as in the case
p > 2; only the ring structures differ. Again, draw the same sort of diagram as

before.
0 0 Z/27 7/27Z 1Z7)27 Z7/27Z Z/27Z

L () @) W) ()
=2 = ©O© @O @ 6 @

Unlike in the p > 2 case, here, there are non-trivial real representations of G which
define non-orientable bundles over BG. No matter; in this case, the coefficient
ring being used for cohomology theories is Z/2Z, and all vector bundles are Z/2Z-

orientable. Hence, again by the Thom isomorphism,
CI:IE(V+) ~ Cﬁg—dimV(SO)
and likewise for (V). As before, the inclusion of fixed points (V)¢ < V* induces
a map
Cﬁg—dimV(gO) . Cﬁg—dim Ve (SO)

which one depicts as

o 0 - 0 Z)2Z
NS 1 1
0 Z/2Z --- Z/2Z 7)27 ---,
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where all the Z/2Z — 7Z/27Z maps are 1 — 1. Localization, in this case, is with

respect to the set S = {u” | n > 0}. Therefore,
STLCHE(SY) = (Z/2Z)[u, u™Y].
Schematically,
7/27 7)27 7)27 7)2Z 7/2Z Z7)2Z 7.)2Z
@32 (W) (1) () (W) (W) (W)
-2 1) 0 @O (@2 @) @

The end result is effectively the same as in the p > 2 case; the map induced by the

inclusion of fixed points is

7/27 7)2Z - Z)2Z 7.)2Z
\: \: \ \
7/27 7)2Z --- Z)2Z 7)2Z ---,

where all maps are isomorphisms.

Remark 7.10: Recall the unstable normal bundle E '\ — Uy« from Remark 4.14.
As was seen earlier, the G-equivariant Conley index of U, is the Thom space of

this bundle,

16(Unx, Pen ) = Oc(ELL).
Let M<— EX denote a fibre of the bundle. Note that M is a G-representation and
decompose it as M @ F where F is a G-representation with trivial fixed points,
F& = 0. Next, consider the unstable normal bundle EV" — Uy. The Conley index

is again computed as

I(Ux, ¢4 ,) = ©(EXY).

One can ensure that the unstable normal bundles be related as
B = (BY)C.
Hence, the Conley indices of U) in (W“)G and of Uy«) in W*# are related by
[G<UTI'*)\7 (pﬁ*)\;r') = [<U)\7 (pl)ir) /\ F+
Since I(Uy, ¢ ,.) is G-trivial, one has that
cHG(I(Ux, ¢h,) = H (I(Ux, ¢4,)) © cHE(S)

’ T Z/pZ

and, similarly,

(I (Us, ¢h,) AT 2 B ) cii(r).
p
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Remark 7.11: Next, consider a non-equivariant Thom class
6(E}) € B (1(Ux. ¢4.,)

for the bundle EY"* — U,. Bearing in mind the isomorphisms outlined in the

previous remark, define a class
Oc(E) = 0(BEY") @ 06(F o) € HY(O(EY")) @z/pz cHE(FY) = cHg (06 (E}Y)).

It is easy to verify that the class 0g(E /) serves as a G-equivariant Thom class for

the G-bundle EH — Uy-y.

Remark 7.12: Due to the difficulties of working with localization in the context
of spectra, the author decided to proceed with certain arguments applied prior to
desuspension. For that end, it becomes useful to define contact invariants dependent
on the sufficiently large spectral cut-off parameter. In what follows, let © > 0 again

be large enough to satisfy what is said in Theorem 3.33 and Proposition 4.12.

Definition 7.13: Let the cohomological contact invariant in finite dimensional ap-

proximation be the class
(N g, 1) € HY(I(SK,, &5,))
given as the pullback of §(E\*) via the cofibre map

I(SY . ) ) = O(EY").

Definition 7.14: Let the equivariant cohomological contact invariant in finite di-

menstonal approximation be the class
Ya (TN, 19, 1) € cHE(TG (S 1 o)
given as the pullback of 6¢(E ) via the cofibre map
1G(Shonr Proar) = Oc(ERY).
Proposition 7.15: Under the map induced by inclusion of fixed points
cHE(Ia (S Phon,)) = cHGU(SY, 04,) = HA(I(SY, ©4,) @ g (S°)

the class ¥ (m* A\, 7" g, ) gets sent to (A, g, u) ® eq(F).
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Proof: Consider the commuting diagram
cHE(IG(Sfay s Phenr))  +—  cHG(Oc(EY))

us

J J

cHL(I(SY,,¢h,))  «— cHL(O(EY)),
where the horizontal arrows come from the cofibre maps and the vertical from the

inclusion of fixed points. By the isomorphisms discussed in Remark 7.10, one can

rewrite the right vertical map as
H*(O(EY") @ cH(FT) — H*(O(EY")) @ cHE(S?).
Moreover, with respect to these tensor products, this map is simply id ® ¢* where ¢

is the inclusion of fixed points i : S® < FT. But note that i*0g(F¢) is, by definition,

the Euler class eg(F). The result then follows by commutativity of the diagram.
QED
Proposition 7.16: If ¢g(7*\, 7*g, u) = 0, then (A, g, u) = 0.

Proof: Since the representation F has no trivial summand, the Euler class eg(F) is

never zero. The result then follows immediately from Proposition 7.15. QED

One can now desuspend appropriately to obtain a result that is not dependent

on the spectral cut-off p.

Definition 7.17: Define the metric dependent equivariant cohomological contact

mvariant
va(m*\ m%g) € cI/{\l\//[g(Y, T8y, T°g)

as the desuspension of the class ¢g(m*\, 7*g, ) by the G-representation W (=09,
Theorem 7.18: If g (m*\, 7*g) = 0, then ¢(A, g) = 0.
Proof: Follows directly from Proposition 7.16 after desuspension. QED
Remark 7.19: Recall that there is a natural transformation CI:IE — H* induced
by the inclusion of the fibre of the Borel construction. That is, if ' be a G-space,
{p} xI'— T'¢:= (EG xI")/G. In the present context, this translates to a forgetful
map

C@E(Y, TS\, T g) — ﬁ\l\//[*(Y, TS\, T g).
Theorem 7.20: Under the map

cﬁ\l\//[g(Y, Ty, T5g) — HM*(Y, sy, 7 9),
the class Vg (m*\, 7% g) gets sent to Y (m*\, 1*g).
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Proof: This follows simply from the fact that the equivariant Thom class
O (E) € cHG(16(Ur))

is sent to a non-equivariant Thom class for the bundle E;”f\ — Up+y via the map

CHE(I(Uger)) = H*(I(Ugy)).
QED

Corollary 7.21: If the equivariant contact invariant ¥ (7*\, 7*¢g) vanish, then the

non-equivariant contact invariants of both Y and Y /G shall also vanish,
(A1) =0, ¥\ g)=0.

Proof: Corollary of Theorem 7.18 and Theorem 7.20. QED

In order to seek computable examples, the author shall make use of the fol-

lowing definition first used in the work of Lin & Lipnowski (2022).

Definition 7.22: By saying that Y is a minimal L-space, one means that the
perturbed Seiberg-Witten equations admit no irreducible solutions for some pertur-

bation of arbitrarily small norm.

Example 7.23: Perhaps the best known examples of minimal L-spaces are the
elliptic manifolds due to their metrics of positive scalar curvature (cf. Kronheimer

& Mrowka (2007), §22.7).

Example 7.24: Another well known example of a minimal L-space is the Hantzsche-
Wendt manifold, that is, the unique flat rational homology 3-sphere (cf. Kronheimer
& Mrowka (2007), §37.4).

Example 7.25: By recent work of Lin (2020), it is known that all rational homology

3-spheres which have sol geometry are minimal L-spaces.

Example 7.26: According to the surprising work of Lin & Lipnowski (2022), it
is known that certain well known hAyperbolic rational homology 3-spheres are also

minimal L-spaces.

Remark 7.27: Assume that X be a minimal L-space. In this case, it is easy to see
that
SWF(X,s,9) =2 V"5

where S € SR™ is the sphere spectrum (cf. Manolescu 2003, §10, example about

the Poincaré homology sphere). Likewise, supposing Y to be a minimal L-space
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upon which G freely act, it is just as easy to see that
SWF(Y,m%s,7°g) = £ " 56,

where Sg € GSU' is the G-equivariant sphere spectrum for the universe U’ seen as
a complete G-universe; this is because, there being a unique solution to the Seiberg-
Witten equations, G can only act trivially on it and, therefore, the action on the

Conley index will come entirely from the linear action on W*.

Remark 7.28: In order to apply the localization theorem, it is easiest to work at
the level of spaces instead of spectra and consider the inclusion of fixed points (cf.

Theorem 6.9)

I(Séf,r’ (pi,r) - IG(S;LTL*)\,T’ wﬁ*)\,r)’

This is simply the inclusion of fixed points of a G-representation sphere, exactly as
was studied in Example 7.8 and Example 7.9. The crux of the matter is to deduce
what this says about the contact invariants at play. The first observation is the

following.

Proposition 7.29: Let S C H*(BG;Z/pZ) be the set of Euler classes of G-

representations having no trivial summands. The map
STICHG(16(S)e o hen,)) = STIHG(I(SY . ¢4,)

on localized Borel cohomology induced by the inclusion of fixed points maps g (7*\,
™™g, 1) to V(A g, 1) ® eq(F), where these classes are being seen now as classes in

localized Borel cohomology.
Proof: Follows from Proposition 7.15 after localizing. QED

Theorem 7.30: Suppose 7 : Y — Y/G be a regular p-fold covering of minimal
L-spaces where p be prime and let A be a contact form on Y/G. It follows that
Ya(m*A, 7*g) = 0 if and only if ¥(\, g) = 0.

Proof: It suffices to work with the invariants g (7*\, 7*¢g, 1) and (A, g, ) depen-
dent on the spectral cut-off parameter as g(7*\, 7*¢) and (), g) are just grading-

shifted versions of those. The localization theorem asserts that
STl eHE(Ia(SEy o ot ) = STHHE(I(SE,, €4,))

is an isomorphism. Since I¢(S%,, ., ¢%., ) is a G-representation sphere, its Borel co-

homology is a free one-dimensional cH,(S°)-module; hence, tq(7*\, 7*g, 1) cannot
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be a torsion element (with respect to the cI% (S°)-module structure) of

CﬁE(IG(Sﬁ*A,w QOZ*A,r))'

The result then follows from Proposition 7.29 and, again, the observation that

ec(F) # 0 since F& = 0. QED

Theorem 7.31: Suppose 7 : Y — Y/G be a regular p-fold covering of minimal
L-spaces where p be prime and let A\ be a contact form on Y/G. If the contact
invariant ¢ (\) with Z/pZ coefficients on Y/G vanish, the contact invariant ¢(7*\)

with Z/pZ coefficients on Y shall also vanish.

Proof: Noting, again, that it suffices to work with the analogous invariants depen-
dent on the metric and the spectral cut-off parameter, combine Theorem 7.30 and

Theorem 7.20. QED

Definition 7.32: For a rational homology 3-sphere Y with Spin€ structure s, the
Froyshov invariant, h(Y,s), is defined as follows. Recall firstly that, as a Z[U]-
module, ﬁl\\/[*(Y,s) splits as a rank one free summand and a torsion summand.
Let h(Y,s) be minus one half of the minimal degree, with respect to the absolute

Q-grading, in which the free summand be non-zero.

Remark 7.33: There is another well known invariant extracted from the Q-grading
of a Floer theory; in this case, from the Heegaard Floer theory. This one is de-
noted d(Y,s) and was first defined by Ozsvath & Szabé (2003) in a similar fashion
but referencing HF; (Y, s) instead of HM* (Y,s). According to the corpus that has
equated Heegaard Floer homology, monopole Floer cohomology and embedded con-
tact homology, the invariants h and d, in fact, hold the same information but, for
historical reasons, they are related by —2d(Y,s) = h(Y,s). This is achieved via the
isomorphisms that preserve the absolute grading of the Floer theories by hyperplane
fields (vid. Cristofaro-Gardiner 2013, Ramos 2018) and the observation that the Q-
grading, in each case, is recovered through Gompf’s d3 invariant of the hyperplane
fields, perhaps plus one half depending on one’s conventions. The advantage of
working with the Ozsvath-Szabd invariant is that it is readily computable for many

important classes of manifolds.

Theorem 7.34: Suppose 7 : Y — Y/G be a regular p-fold covering of minimal
L-spaces where p be prime and let A be a contact form on Y/G. If ¢¥)(\) # 0 and
deg(m*A) = —2h(Y, 7*s)), it follows that ¢ (7*\) # 0.
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Proof: As before, work with the metric and spectral cut-off dependent versions.
Then, (A, g, 1) # 0 implies g (7*\, 7*¢g, 1) # 0 by localization. Meanwhile, the
map
CI:IE(IG(S::*A,T’ 90/;,7«)) — I:I*(I(S::*A,rv ‘Pﬁ,r)%

which occurs in Theorem 7.20, can be written in terms of each degree as

0 Z/pZ Z/pZ

ol \J

0 Z/pZ 0 e
where the central map Z/pZ — Z/pZ is an isomorphism. Hence, the invariant

W(m* A, m*g, p) is non-zero precisely when
ﬁdegw(mx,w*g,u)([(Sﬁﬂw SOI;,T)) =7Z/pZ.
Or, equivalently, after desuspensions,

HMe (TN (Y, 7*s) = Z/pZ.

Now, to relate this to the Frgyshov invariant, recall that, for an L-space, the
value of —2h(Y,7*sy) is the grading of the only degree in which Ifﬂ\//[*(Y, 7*sy) is
non-trivial. QED

Remark 7.35: Note that deg)(7*\) = —2h(Y,7%s,) is also an obvious necessary
condition for ¢)(7*\) # 0. Therefore, the above theorem can be seen as strengthening

this to a necessary and sufficient condition.

Theorem 7.36: Suppose 7 : Y — Y/G be a regular p-fold covering of minimal
L-spaces where p be prime and let A be a contact form on Y/G. If degy(m*)) <
—2h(Y, 7*s)), then ¢ (\) = 0.

Proof: Note deg g (m*\, 7*g) = deg (7 A, m*g), so, if deg (m*\) < —2h(Y, 7*s\),
then g (m*\, 7*g) = 0 because (:ﬁ\l\//[dGeg vo(mAmg) (Y, 7*sy, 7*g) = 0. The result now

follows from Theorem 7.18. QED

Remark 7.37: Recall that the grading of the contact invariant is given simply by

the 3-dimensional obstruction theoretic invariant of hyperplane fields as
1
deg (A) = ds(Ker \) + 5

The reader can find a precise definition of ds, originally due to Gompf (1998), in
the following section, which shall de dedicated to understanding its behaviour under

coverings.
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Theorem 7.38: (Matkovi¢ 2018; Ghiggini 2008; Ghiggini, Lisca & Stipsicz 2006;
Wu 2006) The tight contact structures on a small Seifert fibred L-space all have
non-vanishing contact invariant and no pair of non-isotopic tight contact structures

share the same Spin® structure.

Remark 7.39: Elliptic manifolds are small Seifert fibred L-spaces, and this theorem

allows one to state a stronger version of the above results.

Corollary 7.40: Suppose 7 : Y — Y/G be a regular p-fold covering of elliptic
manifolds where p be prime and let A\ be a tight contact form on Y/G. It follows
that 7%\ is tight if and only if d3(7*)A) 4+ 3 = —2h(Y, 7*s)).

Remark 7.41: One can avoid computing the Frgyshov invariant here if one know
precisely the list of tight contact structures on Y together with their corresponding
Spin® structures and ds invariants. In that event, it suffices for one to compute
sy and ds(m* Ker\) and compare with the entries of that list. If there be a
match, 7%\ must be tight, if not, 7*\ must be overtwisted. This may be useful in
some cases where computing Frgyshov invariants is difficult and the classification of
tight contact structures is known by other methods, but it should be noted that, in
many cases of interest, the calculations required to classify tight contact structures
on small Seifert fibred L-spaces require comprehensive knowledge of the Frgyshov

invariants (cf. Matkovi¢ 2018). In summary, this can be phrased as follows.

Corollary 7.42: Suppose 7 : Y — Y/G be a regular p-fold covering of elliptic
manifolds where p be prime and let A\ be a tight contact form on Y/G. It follows
that 7%\ is isotopic to a given tight contact structure — and therefore is also tight —

if and only if it is homotopic to said tight contact structure.

Use Yaw to denote the Hantzsche- Wendt manifold, that is, the unique rational
homology 3-sphere with Euclidean geometry. A curious fact about Yy is that there
are cyclic self-coverings Yaw — Ynw of any odd degree (vid. Chelnokov & Mednykh
2020). As Yyw is also known to be a minimal L-space, one could hope to apply the
above methods here. Unfortunately, this fails because these self-coverings are never
reqular due to the first homology of Yyw having even order whilst the coverings odd

order.

The case of the rational homology spheres admitting Sol geometry may be
one where the methods developed here can work. The problem, however, lies in

the limited knowledge available about the contact topology of such manifolds; there
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is no known classification of the isotopy classes of tight contact structures. Hence,
before being able to apply Theorem 7.34 in this case, one would have to produce tight
contact structures and develop a way to compute the respective Frgyshov invariants.

The author intends to pursue that route in later work.

A similar story can be told of the few hyperbolic manifolds known to be mini-
mal L-spaces; although the methods above make non-trivial statements about lifting
tight contact structures, one hardly has the ability to apply them due to lack of infor-
mation about the contact topology of those manifolds. One case where the methods
developed here can be applied is the double covering of the hyperbolic manifold
m007(3, 1) by m036(—3,2), where the notation being used is that of the Hodgeson-
Weeks census of small volume closed hyperbolic 3-manifolds from the well known
Snap Py software of Culler, Dunfield, Goerner & Weeks. That both these manifolds
are minimal L-spaces is the consequence of the work of Lin & Lipnowski (2022),

Theorem 1.

This leaves the elliptic manifolds currently as the best place in which to seek to
perform concrete computations. In the next few sections, the author shall proceed to
develop certain topological techniques which shall be required for these calculations.
The goal shall be to apply Corollary 7.42 to find certain tight contact structures
which lift to tight contact structures by showing simply that the lift have the same
homotopy theoretic invariants as a known tight contact structure. In order to do
that, one must address the problem of computing the obstruction theoretic invariants
of the lifted contact structure. There are two obstruction theoretic invariants: the
Spin® structure and the ds invariant of Gompf. Lifting either of them provides a
challenge of its own that must be overcome. The next two sections shall deal with

these two problems.
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8. THE D3 INVARIANT AND FINITE COVERINGS

Consider the following problem. Say A be a contact form on a rational ho-
mology 3-sphere Y/G regularly and finitely covered by 7 : Y — Y/G. Given the
value of ds(Ker \) is it possible to say something about the value of ds(7* Ker \)?
This problem was studied by Khuzam (2012) via use of the G-signature theorem. In
summary, one can solve the problem by seeking an almost complex 4-manifold-with-
boundary having the contact manifold (Y, 7*)\) as its almost complex boundary and
extending the G-action into its interior. The action need not remain free inside the
4-manifold-with-boundary; it need only have a properly embedded closed surface as
its G-fixed points. Having such an equivariant almost complex filling, one can infer

the lifting behaviour of the ds invariant of the contact form .

Producing such a 4-manifold-with-boundary is typically a difficult task. The
goal of this section is to describe a method that the author devised by use of Kirby
calculus to construct such a filling. The method consists, in essence, of the following.
One starts with a Kirby diagram of Y/G, which also defines a 4-dimensional 2-
handlebody having Y/G as its boundary. Then, one removes a set of 2-handles
judiciously so that the resulting handlebody evidently have a branched covering
with branching locus a properly embedded surface with boundary at the curves
along which the removed 2-handles were originally attached. Next, one computes
this branched covering, and proceeds to equivariantly attach 2-handles in the hope
that, in the quotient, these 2-handles be precisely the 2-handles that were removed
initially. This procedure is not always easy to carry out, but, in simple cases such as
when Y/G be a surgery on a knot, it can be readily done. One must also be careful
with the almost complex structure on the filling. To achieve that, one considers

Legendrian Kirby diagrams for the contact manifold (Y/G, \).

As an application of the method, the author shall calculate the dz invariant
of the lift of a tight contact structure of the (—8)-surgery on the left-handed trefoil
via a double covering. This is an example of a prism manifold, therefore elliptic, so
one can apply the results of the preceding section to try and determine if the lifted
contact structure remains tight. Recall that, for the lift to be tight, one needs the lift
to have an appropriate pair of ds invariant and Spin® structure. It shall be shown
that it does indeed have the appropriate dg invariant, whereas, understanding the

behaviour of the Spin€ structures under coverings is the content of the next section.
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To begin, the author shall recall the relevant definitions and the standard
results that shall be needed. Let Y, GG, m, g and A be as in the previous section.

Definition 8.1: A contact 3-manifold (Y, \) is called the almost complex boundary
of an almost complex 4-manifold-with-boundary (M, J) if OM =Y and Ker A =
TY NJTY.

Definition 8.2: (Gompf 1998) Given a contact structure Ker A on a rational ho-
mology 3-sphere Y, the ds invariant is defined as follows. Choose some almost com-
plex 4-manifold-with-boundary (M, J) such that Y be its almost complex boundary.
Then, define

ds(Ker \) := i (cr (M, J)? —2x(M) — 30(M))

where the notation ¢? € Q, for a class ¢ € H?(X; Z), is defined in Definition 3.65.

Remark 8.3: The author shall sometimes write d3(\) instead of ds(Ker \) as that

is more convenient in the present context.

Remark 8.4: Gompf originally called this invariant 6 and the factor of 1/4 was
not present in his definition. There is another convention sometimes found in the
literature, particularly in the context of Heegaard Floer theory, wherein the value
of d3 has 1/2 added to what was defined above. The appeal of doing so is that the

grading of the contact invariant becomes ds instead of ds + 1/2.

Now, consider again the case of finite coverings. The following result of
Khuzam summarizes what can be said by means of the G-signature theorem about

the lifting behaviour of ds.

Theorem 8.5: (Khuzam 2012, Theorem 2) Suppose 7 : Y — Y/G be an m-fold
regular cyclic covering. Let A be a contact form on Y/G and 7*\ its lift to Y.
Suppose further that one have I1 : M — M /G an m-fold cyclic branched covering of
almost complex 4-manifolds-with-boundary where the branching locus be a closed
surface S C M satisfying S N OM = () and where (Y, 7*\) be the almost complex

boundary of M. Then, the dz invariants of A and 7*\ are related by

ds(r°N) = mds()) + %ma(M/G) _ %a(M) - % (S - S) esc (/)
k=1

where v denotes the angle of rotation given by the action of the element k € Z/mZ
on the normal planes to the surface S when X be equipped with a Z/mZ-invariant

metric. In fact, this metric can always be chosen so that v, = 27k /m.
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Remark 8.6: In the present thesis, the author follows the convention that the lens

space L(p, 1) is the one given by (—p)-surgery on the unknot in S3.

Example 8.7: In Khuzam (2012), the only example studied is that of the universal
covering S® — L(p, 1) of the lens space L(p,1). As a first example here, the author
shall extend that to the lens covering L(p,1) — L(mp,1). One can construct the
branched covering I1 : M — M/G as follows. Let M be the disk bundle over S* of
Euler class —p so that OM = L(p, 1). Note, G := Z/mZ acts on M by rotating the
disk fibres. The action is free away from the zero section, which is fixed; therefore,
S := MY = 8% The manifold M/G is no other than the disk bundle of Euler class
—mp over S?, so its boundary is L(mp, 1). Both M and M /G have almost complex
structures coming from their disk bundle structures and II is pseudoholomorphic
with respect to these. Clearly, this is precisely the scenario of Theorem 8.5 and
it becomes possible to compute d3(7*\) from the value of d3(\). The lens space
L(mp,1) admits precisely mp — 1 tight contact forms Ay,..., App—1 (vid. Honda
1999 or Giroux 2000) satisfying

dg()\k):i( mp—1+4k—fn—k;).
Noting that S - S = —p, one computes
ds(m* \k)
:T( mp—1+4k—mi;)+gm(—1)—g— —Zm_ ) esc?(jm/m)
:—m+km—]§+%—'§
:i (—p+3+4m(k:—1)—471j2),

where the author used the well known identity 3 7" Yesc2(jm/m) = (m? —1)/3, cf.
Cauchy (1821), Note VIII. Comparing this with the possible values of the ds invari-
ants for the tight contact structures on L(p, 1), one easily sees that the only values
of k for which ds(7*\x) matches the value of the d3 invariant of some tight contact
structure on L(p,1) are k = 1 and k = mp — 1. These are the universally tight
contact structures of L(mp,1) and, in any event, one knows that they lift to the
universally tight contact structures on L(p, 1), so there is nothing interesting hap-
pening in this family of examples; that is, all virtually overtwisted contact structures

immediately lift to overtwisted contact structures.
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Remark 8.8: As the reader may have foreseen, finding the equivariant almost
complex filling of the contact G-manifold (Y, 7*\) in order to apply Theorem 8.5, is
not typically an easy task. The remainder of this section, shall introduce a method
for producing examples of such fillings by use of Kirby calculus. The rationale is the
following. Firstly, one constructs a branched covering of 4-manifolds-with-boundary
where the branching locus is allowed to intersect the boundary; secondly, a set of 2-
handles is equivariantly glued in order to cap off the branching locus thereby making

the boundary freely acted by the deck transformations.

Remark 8.9: Such matters shall require working with knot diagrams. The author
prefers to draw what are called grid diagrams. These are knot diagrams where only
vertical and horizontal lines occur, and apparent corners should be understood as
being arcs with of a very small radius. This style of diagram has the advantage of
bringing isotopies and Reidemeister moves more evidently into the realm of combi-
natorics. The following figure shows the example of the left-handed trefoil as a grid

diagram.

Figure 8.10

Remark 8.11: Now, follows a series of standard definitions and propositions which

shall be needed in pursuing the goal of the remainder of this section.

Definition 8.12: By a Legendrian knot or link in a contact 3-manifold (Y, \), one

means a knot or link everywhere tangent to the contact structure Ker \.

Remark 8.13: It is standard to represent Legendrian knots in S3 = (R3)", with
its standard contact form A = dz + xdy, via their front projection diagrams. Those
are the knot diagrams one obtains when projecting a knot to the yz-plane. This
leads to a diagram that possesses no tangencies parallel to the y-axis but may have
cusps pointing in directions parallel to the z-axis and whose transverse crossings
must always have the strand passing underneath be the one for which the slope

dz/dy be highest. Conversely, any such diagram where all crossings be transverse
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is the front projection of a Legendrian knot. The grid knot diagrams, which the
author favours, can readily be used to represent front projection diagrams if the
following convention be agreed: the y-axis is understood to point in the southeast
direction and the z-axis in the northeast direction. Here, the corners of the curve
pointing in the southwest and northeast directions are understood to be smoothed
as before whereas those pointing in the northwest and southeast are understood
to be cusps. Note that the diagram in Figure 8.10 can be reinterpreted as a front
projection diagram as it satisfies the required conditions. The following figure shows
another inequivalent example of a Legendrian left-handed trefoil. When the author
desire for the reader to interpret a particular diagram as Legendrian, he shall make
it clear from the context; otherwise, the diagrams are to be understood simply as

representing smooth links.

Figure 8.14

Definition 8.15: The contact framing of a Legendrian knot K in (Y, \) is the

framing induced by the contact structure Ker \.

Definition 8.16: The Thurston-Bennequin invariant, tb(K) € Z, of a Legendrian
knot K C S? is the value of the contact framing relative to the 0-framing; that is,

relative to the framing induced by a Seifert surface.

Proposition 8.17: For a Legendrian knot K C S3, if w(K) denote its writhe and

¢(K) denote the number of cusps in one of its front projection diagrams, then

1
th(K) = w(K) — §C(K).
Proof: Vid. e.g. Geiges (2008), Proposition 3.5.9. QED

Example 8.18: The Legendrian left-handed trefoil K in Figure 8.14 has th(K) =
—T.

Definition 8.19: The rotation number, r(K), of an oriented Legendrian knot in S®
is the degree of the map f : S — S! defined as follows. Take some parametrization
v St — S3 of K. Let ¥ C S3 denote a Seifert surface for K. Trivialize the
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standard contact structure of S% over ¥ yielding a bundle isomorphic to ¥ x R2.
Since K is Legendrian, the derivative 7' together with this trivialization defines a
map S! — R?\ {0}. Given a deformation retraction R?\ {0} — S!, this defines
the desired map f: S' — St

Definition 8.20: For an oriented Legendrian knot K C S3, denote, respectively, by
c+(K) and c_(K) the number upwardly and downwardly oriented cusps of a front
projection diagram of K. In a Legendrian grid diagram of the sort being used by
the author, ¢y (K) is the number of corners which start by pointing east and finish
by pointing north as one traverses it along the orientation of K, while ¢_(K) is the

number of corners which start by pointing south and finish by pointing west.

Proposition 8.21: For an oriented Legendrian knot K C S3, the rotation number
can be computed by

r(K) = 5 (e (K) = e (K)).

N | —

Proof: Vid. e.g. Geiges (2008), Proposition 3.5.19. QED
Example 8.22: The Legendrian left-handed trefoil K in Figure 8.14 has r(K) = 0.

Definition 8.23: A 3-manifold Y given as surgery on a Legendrian link in S3 where
the framing of a link component K is precisely the contact framing minus 1 is called

a Legendrian surgery.

A Legendrian surgery naturally inherits a tight contact structure from S3.
Moreover, the 4-manifold-with-boundary obtained from the corresponding Kirby
diagram has a natural complex structure; indeed, it is a Stein surface. For a reference,
vid. Gompf (1998). This means that d3 invariants can be read off this Kirby diagram

as follows.

Proposition 8.24: (Gompf 1998) Let (Y,)\) be a contact rational homology 3-
sphere given as Legendrian surgery on a Legendrian link | | | K; in S®. Use L to
denote the linking matrix of the link and o (L) its signature as a symmetric bilinear

form. Then,

I _
ds(A) = 5 > (I (LY (KG) = 2(n+ 1) — 30(L)
ij=1
Remark 8.25: Let (X, \) be a contact rational homology 3-sphere. Suppose one
have a Kirby diagram for an almost complex 4-manifold-with-boundary (N, J) con-

sisting entirely of 2-handles with its almost complex boundary being (N, J) =
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(X, A). Label the 2-handles of N as {h; | ¢ € I} and their respective attaching
knots in S% as {K; | i € I'}. Now, consider a subset of these 2-handles, denote it
{h; | i € I'}, and remove them from the Kirby diagram. This yields another almost
complex 4-manifold-with-boundary, call it (N’,J’), having as its 2-handles the set
{h; | i € I\ I'}; denote its almost complex boundary by (X', \') := 9(N',J).
Consider the link L := LepK; as a link in X’. Fix some pseudoholomorphic
curve " € N’ with 95" = L and intS” C int N'. Now, the p-fold branched
covering of N’ with branching locus S’ exists precisely when the homology class
[S’] € Ho(N',ON'; Z) be divisible by p. Assume that this be indeed the case. Then,
in fact, the branched cover, call it M’, can be made to come with an almost complex
structure and the covering map II' : M’ — N’ can be made to respect the almost
complex structures. Write Y’ := 9M’; this is a contact manifold. The restriction
to the boundaries gives a branched covering of 3-manifolds 7’ : Y/ — X’ having
branching locus the link L C X’. Required now is the concept of equivariant handle

attachment.

Definition 8.26: Consider a 2-handle h as a copy of D? x D? to be attached
along S' x D?. Regard D? x D? as having the action of G := Z/pZ defined by
e>m/P (21, z) = (21, €2™/Pzy). This action defines a g-fold branched covering D? x
D? — D? x D? with branching locus the core disk D? x {0}. Think of this as the
G-2-handle. When one be in possession of a G-4-manifold-with-boundary M with a
G-fixed surface S having int S C int M and 05 C M, define the equivariant handle
attachment of h along a component K of S to be the G-4-manifold-with-boundary
M U, h given by gluing h to M via an equivariant framing ¢ of K; that is, an
equivariant diffeomorphism onto its image ¢ : S' x D? — M such that its image be

a tubular neighbourhood of K.

Remark 8.27: Notice that the resulting manifold M U, h has one of the boundary
components of the G-fixed surface S capped by the G-fixed core disk of h. Hence,

M U, h has one less G-fixed circle on its boundary compared to M.

Remark 8.28: Returning now to the context of Remark 8.25, one desires to equivari-
antly attach 2-handles to the manifold M’ in order to convert the branched covering
of 3-manifolds 7 : Y/ — X’ to a genuine covering m : ¥ — X, where X be the
3-manifold with which one has started. Whether this is possible or not is a matter

about the framings of the handles {h; | i € I’} which were initially removed from N
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resulting in the manifold N’. Consider a fixed i € I'. Now, equivariantly attach a 2-
handle h; along the knot (IT')~'(K;) with framing determined by an integer m; € Z.
One hopes to be able to choose m; so that the corresponding quotient handle hi /G
have the same framing as the handle h; of N; thereby allowing one to identify them.
The main issue is that determining the behaviour of framings under the quotient

turns out to be a subtle matter.

Instead of considering this general case, simplify the scenario as follows. Con-
sider instead a manifold N as above but consisting of a single 2-handle h attached
along a knot K C S® with framing n. Then, one forms N’ by removing h to obtain,
of course, the disk D*. The manifold M’ therefore, is a familiar sort of manifold;
it is the branched covering of D* branched over the Seifert surface of K with its
interior pushed into the interior of D*. In this case, it is an easy matter to determine
the behaviour of framings under the quotient. If one equivariantly attach a 2-handle
h to M’ along (IT')~*(K) with framing m, the framing of the quotient handle h/G

shall be mp. Hence, for the procedure to work, one needed n to be a multiple of p.

The process of computing branched coverings in Kirby calculus is outlined in
Gompf & Stipsicz (1999), §6.3. In general, it can be a difficult procedure where
one obtains a Kirby diagram for the complement of a tubular neighbourhood of the
branching surface, computes the genuine covering of the resulting manifold and then
glues handles to fill in the hole left by the removal of the branching surface. There
is a simpler approach, discussed in Rolfsen (2003), which has the disadvantage of
requiring blow-ups to be performed. By a blow-up the author means the formation
of the connected sum with a copy of CP? or CP?. In the case of CP2, almost
complex complex structures can be naturally carried to the blow-up; in the case of
CP?2, this is not the case. Hence, for the purposes being pursued in this section,
one may only perform blow-ups of the type where one takes the connected sum with
a copy CP2. The procedure is as follows. Starting with the Kirby diagram of N
consisting of a single 2-handle h attached along a knot K, perform a sequence of
blow-ups in order to untie K without changing the framing n of the handle h. Now,
the branched covering that one needs to compute is simply branched over a disk
since K has become the unknot. This is a significantly easier task than the general

case.
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Figure 8.29

Consider now a concrete example in which to apply this procedure. Start
with the manifold X given as (—8)-surgery on the left handed trefoil knot K. This
manifold admits a double covering, which is the one that shall be studied here. One
can perform a single blow-up to untie K as depicted in Figure 8.29. Hence, the
manifold /N shall be the 2-handlebody defined by the right hand side Kirby diagram
of Figure 8.29. After a series of isotopies, one can achieve the form on the left hand

side of the following figure.

Figure 8.30

After another isotopy, one obtains the diagram in right hand side of Figure
8.30. What one desires to do now is to remove the (—8)-framed handle in order
to form the manifold N’ as depicted in the left hand side of the following figure.
Once that be done, one can read off the double branched covering branched over
the obvious Seifert disk for the knot K. The resulting manifold, M’, is depicted on
the right hand side of the following figure. The more lightly stroked curve indicates
the handle which has been removed, which is, therefore, also the boundary of the

branching locus.
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Figure 8.31

Remark 8.32: Notice that the framings behave under the branched covering in
such a manner that the blackboard framing be preserved irrespective of the change
in the writhes. This is why the (—1)-framed handle lifts to a pair of (41)-framed
handles.

Next, one equivariantly attaches a 2-handle along (II')~!(K) in order to cap
off the branching surface S leading to the branched covering of 4-manifolds-with-
boundary seen in the following figure where the branching locus no longer intersects

the boundary.

+1

—4
|

+1

Figure 8.33

Proposition 8.34: The manifold X defined by (—8)-surgery on the left handed
trefoil admits a contact form A which lifts via a double covering ¥ — X to a

contact form 7*\ having ds(7*\) = 1/4.

Proof: Define N and M to be the 4-manifolds-with-boundary on the left and right
hand side of Figure 8.33 respectively. Here, the branching locus no longer intersects

the boundaries X = ON and Y := OM; therefore, one can apply Theorem 8.5 but
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only to the subset — and this subset may be proper — of the contact structures
on X which occur as almost complex boundaries of N. The author shall focus
on a particular contact structure. Let A be the contact structure on X defined
as the Legendrian surgery according to the Legendrian representative of K seen in
Figure 8.14. Recall, from Example 8.18, that the Thurston-Bennequin invariant of
this Legendrian knot is —7; hence, the Legendrian surgery is indeed the topological
(—8)-surgery. Since, in defining the 4-manifold-with-boundary N, only a (—1)-blow-
up was performed, this contact structure is still an almost complex boundary of N.
From Example 8.22, one knows that the rotation number is 0. With these data, one

applies Proposition 8.24 to find that
1 1
d3(m*A\) == (0—4+3)=—-.
(TN = 1 (0-4+3) = —

Now, using Theorem 8.5, one computes

d3 (71'*)\)
-4 0 0
1 3 -8 0 2
=3 + 1 +20 —o| 0 1 =2 =) (~4)csc?(nk/m)
0 -1 _

0 -2 1 =

1

=7

where the matrices are read off from Figure 8.33. QED

Proposition 8.35: The manifold X defined by (—8)-surgery on the left handed
trefoil is the prism manifold having Seifert fibration (S?; (1, —1),(3,2),(2,1),(2,1)).

Proof: The left-handed trefoil is a torus knot; hence, one can establish the Seifert

invariants of X from a well known theorem of Moser (1971). QED
Corollary 8.36: The double cover Y of X is the lens space L(12,7).

Proof: One can compute coverings directly from the Seifert invariants. The Seifert
manifold (S?%; (1, —1),(3,2),(2,1),(2,1)) has a horizontal double covering (meaning
it lifts Seifert fibres to Seifert fibres 1-to-1) with invariants

(‘92; (17 _1)7 (17 _1>7 (37 2>7 (37 2>7 (17 1>7 (17 1))
and this is one of the Seifert structures on the lens space L(12,7). QED

Remark 8.37: The lens space L(12,7) can be obtained as surgery on a chain
of three unknots with framings respectively —2, —4 and —2. According to the

classification of tight contact structures on lens spaces due, independently, to Honda
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(1999) and Giroux (2000), the manifold Y has precisely 3 isotopy classes of tight
contact structures. Each of these contact structures comes from Legendrian surgery
on the three possible Legendrian stabilizations of this chain of unknots having the
appropriate Thurston-Bennequin invariants. The three Legendrian surgery diagrams

are depicted in the following figure.

e

Figure 8.38

Proposition 8.39: The three tight contact structures on Y = L(12,7) depicted in

Figure 8.38 have d3 invariants, respectively, equal to —1/12, 1/4 and —1/12.
Proof: Compute using Proposition 8.24. QED

Remark 8.40: In light of Proposition 8.34, the contact structure depicted in the
middle of Figure 8.38 is the one that shall receive special attention as its d3 invariant
matches that of the lift of the tight contact structure on X via the double cover.
In order to apply Corollary 7.42 and see that these two contact structure are one
and the same, what remains to be shown is whether the Spin® structures also agree.

This problem shall be studied in the next section.
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9. THE SPIN-C STRUCTURE AND FINITE COVERINGS

This section shall deal with a fairly elementary problem but one that turns
out to be quite difficult to solve in practice. The problem is that of lifting Spin®
structures across finite coverings. There are various methods which one might try
to use in approaching this problem. For instance, in the case of Seifert manifolds,
there is a certain canonical Spin© structure defined by the Seifert fibration. This
canonical Spin© structure is pulled back naturally via coverings and, therefore, it
suffices to have a good description of it upstairs and downstairs in the covering
in order to understand how every other Spin€ structure lifts. This is so because
the set of Spin® structures on a manifold Y is a H2(Y; Z)-torsor, and, under the
map induced by a covering, this torsor structure is preserved; hence, it suffices to
understand the induced map in the second cohomology together with how one single
Spin® structure lifts in order to deduce the action on every other. Another approach
is to use contact topology. Suppose one know of a certain universally tight contact
structure A on Y, then, its lift must always be universally tight via any covering.
If there not be many of these upstairs, this reveals information about what the lift
of the Spin® structure associated with X is. This strategy is particularly useful in
the case of lens spaces. Another method is to turn to Spin structures. To any Spin
structure is associated a Spin® structure in a natural way. Hence, it is suffices to
know how a Spin structure lifts via a covering to deduce how the Spin€ structures

lift as well.

This last approach shall be the one pursued in the present section. Spin
structures can be studied with the aid of the Kirby calculus and this fits well into the
picture of lifting d3 invariants of the preceding section. Indeed, Gompf & Stipsicz
(1999) describe not only how to express Spin structures on a 3-manifold given by
a Kirby diagram by ascribing extra decorations to it, but also how this description
changes under Kirby moves. The main feat of the current section is to describe the

manner in which this description of Spin structures behaves under finite coverings.

The double covering of the (—8)-surgery on the left-handed trefoil considered
in the previous section shall continue to furnish examples in this section. By the end,
it shall be established that the tight contact structure whose lift was postulated to
be tight indeed has its Spin® structure lift to the correct one, so that the theorems

concerning the equivariant contact invariant assert that the lift be tight.
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Definition 9.1: Let M be an n-manifold with n > 3 and use M} to denote the
k-skeleton of M in some cellular decomposition of M. By a Spin structure on M

one means a trivialization of TM |, which extend to TM |y, .

According to Gompf & Stipsicz (1999), Spin structures can be understood in
terms of Kirby calculus in a rather convenient fashion which shall be recalled next.
Consider a 3-manifold Y given as the boundary of a 2-handlebody M. Denote by
{K; C S?|i € I} the set of knots onto which the 2-handles of M are attached and
by {h; | i € I} the corresponding 2-handles.

Definition 9.2: Given a Spin structure S on Y, define the class wy(M,S) €
H%(M,Y;Z/2Z) as the obstruction to extending S from Y to M.

Remark 9.3: By standard obstruction theory, this class can be characterized in
terms of the its evaluations on each of the classes [D;,0D;] € Ho(M,Y;Z/27)
associated to the cocores {D;} of the 2-handles {h;}. One can ask whether S
extends across h; to a Spin structure on h; & D? x D?. Tt follows that wy(M,S)
evaluates on the class [D;, dD;] as 0 when S extends across h; and as 1 when it does

not.

Definition 9.4: An element w of H*(M,Y;Z/2Z) is called characteristic when it
gets mapped to the second Stiefel-Whitney class wy(M) € H2(M;Z/2Z) via the
map H2(M,Y;Z/2Z) — H?(M;Z/27Z).

For each i, suppose F; C M to be a closed surface constructed by taking a
Seifert surface for the knot in S3 along which the 2-handle h; was attached, pushing
the interior of this Seifert surface into the interior of D* and capping it by gluing it
to the core disk of the handle h;. Orient the closed surface F; in a manner compatible

to the orientation of the knot along which h; was attached. Notice that the classes
[F;] span Ho(M;Z) as a Z-module.

Proposition 9.5: A class w € H?(M,Y;Z/2Z) is characteristic if and only if, for
all 1 € 1,

w([D;,dD;]) = [F}] - [F}] mod 2.

Proof: Follows from Wu’s formula. Vid. Gompf & Stipsicz (1999), Exercise 5.7.3.

QED
Proposition 9.6: (Gompf & Stipsicz 1999) The class wo(M,S) € H2(M,Y;Z/27Z)
completely characterizes the Spin structure S on Y. Conversely, given any charac-
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teristic element w € H?(M,Y'; Z/27Z) there is some Spin structure S on Y such that
wy(M,S) = w.

Remark 9.7: In a Kirby diagram, the author shall denote a Spin structure S by
writing a 0 or a 1 following the framing coefficient separated from it by a comma
next to each 2-handle. This signifies the value of the evaluation of wq(Y,S) on the
class in Hy(M,Y';Z/27Z) corresponding to the respective 2-handle. The following

figure shows this notation in the main example from the preceding section.

-8,0
Figure 9.8

Remark 9.9: It is then possible to keep track of the Spin structure during the
performance of Kirby moves. The rule when performing a handle slide of h; over
h;, where the respective components of wq(M,S) be n; and n;, is that n; changes
precisely when n; = 1, whereas n; always stays unchanged. For a blow-up, the
component of wy(M,S) associated to the newly attached (£1)-framed 2-handle is

always 1. The next figure illustrates the result of both these operations.

~1,1

—

=il

~8.0

Figure 9.10

The matter is now to consider how a Spin structure lifts via a finite covering in
the Kirby calculus setting. As in the previous section, the procedure shall be carried
out in two parts. Firstly, one performs a branched covering over a 4-manifold-with-

boundary obtained by judiciously removing 2-handles and then one equivariantly
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glues 2-handles in the branched covering to cap the branching locus. In the first
part, one needs to take care of how a Spin structure behaves near the free 2-handles;
in the second part, one needs to take care of how it behaves near the non-free

2-handles.

Consider a 3-manifold X, the boundary of a 4-manifold-with-boundary N hav-
ing only a 0-handle and a set of 2-handles {h; | i € I}. Let S be a Spin structure on
X. Denote by {K; C S3} the set of attaching knots of the 2-handles and by {D;}
the cocores. Given a subset of 2-handles {h; | i € I'}, denote by N’ the 4-manifold-
with-boundary given by removing this set of 2-handles from N; denote by X' its
boundary. Now, assume that there exist the p-fold branched covering 11" : M’ — N’

branched at a Seifert surface S’ for the link L := | |._,, K; with its interior pushed

il
into the interior of D*. Let Y’ := M’ and 7’ : Y’ — X' be the restriction of IT'.
For each 2-handle h; of N’, the lift (II')~!(h;) consists of p 2-handles of M’ freely

permuted by the deck transformations.

Proposition 9.11: For each handle h in (II")~*(h;) with cocore D,
wa (Y, ()" S)([D, 0D]) = wa(X', S)([Di, OD]).

Proof: Recall that wo(X', S)([D;, 0D;]) is characterized by whether the Spin struc-
ture S extends to the whole interior of the 2-handle h;. That extension existing, the
lifted Spin structure (7')*S shall also extend over each of the preimage 2-handles
h of h;. Conversely, should the extension not exist downstairs, it cannot extend

upstairs over any h either. QED

Example 9.12: The next figure exemplifies Proposition 9.11 in the already famil-
iar setting of the branched double cover over the left-handed trefoil K from the
preceding section (cf. Figure 8.31).

~1,1 111

Figure 9.13
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Now, one needs to understand what happens to the non-free 2-handles. Pro-
ceeding as in Remark 8.28, one equivariantly attaches a 2-handle h; along (II') ! (K;)
for each i € I’ in order to cap the branching locus thereby defining the manifolds
M = M UU,cp h; and N := M/G. Let m; denote the framing coefficient of the
equivariant handle hi. As before, one hopes to be able to choose m; so that the
original manifold Y be ON. Assume that this be the case. The question then be-
comes: given the value of wo(X,S)([D;,0D;]) for an i € I', what is the value of
wy (Y, 7*8)([D;, dD;]) where D; denotes the cocore of h;?

Proposition 9.14: For each i € I', if it be case that wy(X,S)([D;,0D;]) = 1 then
it follows wy (Y, 7*S)([Di, dD;]) = 1. Conversely, if wy(X,S)([D;, dD;]) = 0, then
wy(Y, 7*S)([Ds, dD;]) is 1 if the covering multiplicity p be even and 0 otherwise.

Proof: Firstly, consider the 2-handle D? x D? having the Spin structure Sy defined
along D? x S! which does not extend across D? x D?. Consider the p-fold branched
cover D?x D? — D?x D? given by rotating the second D? factor and keeping the first
one fixed. One can trivialize the bundle T(D?x D?)| p2ys1 by splitting it as R3@TS™.
It is clear now that this trivialization is pulled back to itself along the restriction of
the covering to D?x S*. This means that the Spin structure S is pulled back to itself
and the lift also does not extend across D? x D%. Secondly, consider instead the Spin
structure S which extend across D? x D?. Then, to understand the lifting behaviour,
make use of the other Spin structure already considered, that is Sy, which does not
extend across the covering. The obstruction class to a homotopy between S and Sy
can be seen as a non-trivial class in the cohomology H!(S?; 1 (SO(4))) = m1(SO(4)).
One now easily sees that, under the p-fold covering, this class in m1(SO(4)) gets
traversed p times. Since m(SO(4)) is the cyclic group in two elements, the result

follows. QED

Example 9.15: The next figure continues the line of examples coming from the
(—8)-surgery on the left-handed trefoil and shows the perhaps slightly unexpected
behaviour in this case: the Spin structure does extend across the (—8)-framed handle
downstairs but, upstairs, its lift does not extend across the lifted 2-handle because

the cover is a double cover.
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—1,1 ‘ 1,1 1,1
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—8,0 ‘ —41 [ ]
|
Figure 9.16

Proposition 9.17: Let X be the (—8)-surgery on the left-handed trefoil. Let S be
the Spin structure on X as defined by the Kirby diagram in Figure 9.8. Let Y be
the lens space L(12,7). Denote by 7 : Y — X the double covering. Let M be the
standard linearly plumbed 4-manifold-with-boundary whose boundary is L(12,7).
Then, the Spin structure 7*S on Y is the one for which wy(M, 7*S) = 0.

Proof: Start from the right hand side of Figure 9.16, and compute

1,1 1,1 —3,1

T - h ‘B

—4,1

—4.1 ‘

-1,1

2,1 J ™

A 1,1 1,1

“9-E5-

2.1

2,1

Y

Here, the first step blew down of one of the +1-framed unknots; the second step
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blew up twice by +1-framed unknots, and the third step blew down the —1-framed

unknot.

Now, if one pay careful attention at the signs of the crossings on the last
diagram, one sees that one can perform a handle slide of any one of the 2-framed
handles over the (—2)-framed handle in order to obtain a linear chain of unknots.
Thence, it is a straightforward matter to perform blow-ups and blow-downs to reach
the standard plumbing diagram of the lens space L(12,7). The procedure is outlined

in the following diagrams.

‘ 20 | ‘ —40 ]
2.1 | 2.1 —2,0 | —2.0

N\ S

-1,0 | —1,0

LU

|
| —40 | 1,1

QED

Proposition 9.18: A Spin® structure on a 3-manifold Y consists of precisely the
same data as a complex trivialization of TY @ R over the 2-skeleton of Y which

extend across its 3-skeleton.

Proof: Follows from obstruction theory. Cf. Gompf & Stipsicz (1999), Remark
5.6.9(a), for the case of Spin structures. Also vid. Gompf (1998). QED

Remark 9.19: From this characterization of Spin€ structures on Y, it is easy to
see that a Spin structure S defines a Spin® structure by taking the trivialization of
TY |y, defined by S and picking the trivial complex structure on TY |y, & R. One

can then check that this trivialization extends to TY|y.

Definition 9.20: Given a Spin structure S, denote its induced Spin® structure by
S€.

Proposition 9.21: (Gompf 1998, Theorem 4.12) Let (Y, A) be a contact 3-manifold
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given as Legendrian surgery on a Legendrian link L := | |..; K; in S3. Let M be

el
the 4-manifold-with-boundary defined by the same Kirby diagram. Suppose S be a

Spin structure on Y and use L' = | |._;, K; C L to denote the sublink of L consisting

el’
of those components K; for which wo(Y,S)([D;,0D;]) # 0, where D; denotes the
cocore of the handle attached along K;. Recall that the author uses s, to denote

the Spin® structure defined by the contact form . Then, the difference class
sy —SC e HA(Y; Z)
of Spin® structures is determined by the restriction to Y of a class p € H?(M;Z)
defined by its evaluations on the classes [F;] € Hy(M; Z), according to the formula
(sx = SOV = 5 [ () + SIFI - 115
JET
Example 9.22: In the case of the Spin 3-manifold X defined by Figure 9.8 and
studied in Proposition 9.17, consider the Spin€ structure sy defined by the contact
structure Ker A produced by Legendrian surgery on the Legendrian left-trefoil de-
picted in Figure 8.14, that is, having Thurston-Bennequin invariant —7 and rotation

number zero. Computing using Proposition 9.21, one readily finds that s — S€ = 0.

Remark 9.23: Using Proposition 9.21 and the Kirby calculus techniques developed
above, one can compute the lift of a SpinC-structure s via a finite covering by
computing the lift of a Spin structure S and then computing the lift of the second

cohomology class s — S€.

Theorem 9.24: Consider the manifold X given by (—8)-surgery on the left-handed
trefoil with tight contact structure Ker A given by Legendrian surgery according to
Figure 8.14. The lift of Ker A via the double cover 7 : ¥ — X is the tight contact
structure A on Y L(12,7) given by Legendrian surgery on the middle diagram of
Figure 8.38.

Proof: By Remark 8.40, ds(7*\) = d3(\). Meanwhile, Proposition 9.17 and Exam-
ple 9.22 combine to assert that the Spin® structures also match; that is, 7*sy = 55
Since the ds invariant and the Spin€ structure completely characterize the homotopy
class of a hyperplane field, 7*\ and \ are homotopic. Now, according to Corollary

7.42, this is a sufficient condition for 7*\ and A to be isotopic. QED

Remark 9.25: To the best of the author’s knowledge, there is no other way to
obtain this result short of working in coordinates, which would probably prove itself

to be untenable.
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10. BREDON COHOMOLOGY

In this short section, the author shall apply the cohomotopical contact invari-
ant to a different cohomology theory. The G-equivariant cohomology theory that
shall be used is the RO(G)-graded Bredon cohomology with coefficients in the Burn-
side Mackey functor A(G) (vid. May & al. 1996, Chapter X). Bredon cohomology
is the equivariant analogue of ordinary cohomology and is what is required for the

formulation of equivariant obstruction theory.

This cohomology theory shall be denoted herein by Hf,(—; A(G)). The main
reason to consider Bredon cohomology is its elegant behaviour with respect to pass-
ing to fixed points, which allows one to extend certain results obtained with Borel
cohomology to more general coverings. The results derived herein are mostly of
theoretical interest due to the difficulty in performing concrete computations with
Bredon cohomology. Indeed, the Bredon cohomology of a point is known only for a

select few finite groups and not even for all cyclic groups.
Definition 10.1: Define the G-equivariant Bredon metric dependent Monopole Floer

cohomology as

HME (Y, 755, m°g) == H5(SWFg(Y, 755, 7 9): A(G))).

Remark 10.2: Note that the grading of ﬁ\l\//[*G is over the representation ring RO(G).
As a consequence, the dependence of ﬁ/[g on the metric ¢ is only up to a shift of

the grading; this is not entirely obvious, but shall not be proved in this thesis.

Let M— EV* denote a fibre of the unstable normal bundle E\* — Ugsy.
Then, M is naturally a representation of G. Since Ug«) is a connected trivial G-
manifold, it follows that there exists a G-equivariant Thom class for the G-vector
bundle EY* (vid. May & al. 1996, §XVL.9 or Lewis Jr., May & Steinberger 1986,
§I11.6). Denote this class by

Orrc € Ho(Ta(m* A, 7).

Notice that the grading in which this class lives may not be in Z.

Definition 10.3: Define the metric dependent G-equivariant Bredon cohomological

contact invariant as

* * * * * NN * *
Ya(m* N\, 1 g) = Ve (m" A\, 1°9)" (Oraaq) € HMg (Y, 7755, 7%g)).
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Next, the author shall consider how to recover the downstairs contact invariant.

Definition 10.4: For an element o € RO(G) and a G-space X, denote the natural
map

HE(X; A(G)) — HIma% (X €, Z)

by  + 1% where the cohomology theory on the right is ordinary (i.e. Eilenberg-
MacLane) cohomology, which is given by applying the functor ® to the representing
map X*°X — Y*HA(G) where HA(G) denotes the Eilenberg-MacLane G-spectrum
which represents the cohomology theory Hf (—; A(G)).

Theorem 10.5: (), g) = (o (m*\, 7%g))°.

Proof: Consider the commuting diagram

HML(Y, 7%y, m%g)  «— Ho(T (7", 7%g))

J J

MM (Y/G 5y, 9) «—  HImT(T() g))
where the vertical arrows are the natural restrictions to fixed points discussed above
and the horizontal arrows are the pullbacks by Wg(7m*A\, 7*g) and W(\, g) respec-
tively. The result follows immediately after noting that, under the right vertical

map, the Thom class 6.+ ¢ gets sent to the Thom class 6, (cf. Costenoble & Waner
1992, Theorem C). QED

Definition 10.6: For an element o € RO(G), denote the natural map
ITII\//I%(Y, TS\, T g) — }/ﬁ\//[dimo‘(Y, T\, T G).
given by passage to the subgroup 1 C G by z — z|1 (vid. Costenoble & Waner
2016, §1.10.1).
Theorem 10.7: g (m*\, 7%g)|1 = Y(7*\, 7*g).

Proof: This is immediate from the chain level description of passage to subgroups.

QED

Corollary 10.8: If )g(7*sy, 7*g) = 0 then both ¥(7*\, 7*g) = 0 and (A, g) = 0.
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11. NON-DEGENERACY

This section shall present the author’s original proof for Theorem 2.23; that
is, the theorem which asserted that the contact monopole C) is non-degenerate
for sufficiently large r > 0. As the author said in the beginning of the present
thesis, unbeknownst to him, this result was originally proven in Taubes (2007).
The proof presented here is in fact significantly different and uses a simpler sort of
argument. The idea is to reformulate the linearized Seiberg-Witten equations as a
pair of coupled Dirac equations for the connexion and the spinor and square them
to obtain Laplace equations, which then, when the parameter r» > 0 be made large,
shall not admit any solutions. It shall prove necessary to rewrite the Seiberg-Witten
equations in the language of strictly pseudoconvex CR-geometry — an analogue of

sorts, in odd dimensions, to almost Kahler geometry.

Asin §2, let Y be an oriented 3-manifold, A € Q!(Y) a contact form, £ := Ker A
and g a metric such that A Ad\ = Vol,. Fix a complex structure J : £ — £ so as to
have g(—, —) = dA\(—, J—). Use R € I'(TY) to denote the Reeb field defined with
respect to g. Extend J to a map TY — TY by setting JR = 0.

Remark 11.1: Notice that

AG(E x C) = @ Arige.

pt+q=Fk

Moreover, one has T*Y @ C = (\)¢ @ AY0¢* @ A%L¢* ) whence it follows that

AIE(T*Y ® C) o~ @ Ap,qg* o) )\ A @ ApyCIg*
p+q=k p+qg=k—1

Remark 11.2: Note that, since dimg AY%¢ = 1, it is trivially true that
[PAYOE, TAYOE]  TAMO¢.

This is a formal integrability condition that may not hold in higher dimensions;
when it does, (Y,&, J) is called a Cauchy-Riemann, or CR, manifold. If, further, as
is the case here, one has € = Ker A for A a contact form with dA\(—, J—) positive

definite on ¢, the tuple (Y, &, J, \) is called a strictly pseudoconvex CR-manifold.

Now, recall the definition of the spinor bundle &) and the Clifford multipli-
cation map ¢/ : TY — Endc(Sy) from Definition 2.1. Here, the author shall be
considering the extension of the map ¢/ to the complexification TY ® C by im-

posing C-linearity. Meanwhile, by precomposing with the duality map w +— w* one
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obtains a map T*Y ® C — End¢(S)y), which shall still be denoted ¢f. It is important
to note that this last map is therefore C-antilinear, because the duality w — w* is
C-antilinear. As a consequence of this convention, note that the difference of Dirac

operators is given by
(Dacta =Da) =—a-¢.
The Clifford multiplication map can then be extended further to all complex k-forms

according to the rule

cllwAn) = %[cﬂ(w), cl(n)].
The resulting map AGT*Y ® C — End¢(Sy) shall also be denoted /.
Definition 11.3: Define the Cauchy-Riemann operators
O : TAPIE* 5 TAPTLag 9 TAPIEr — TAPITIEr
by composing the exterior derivative d : TAP9¢* — FAngH(T*Y ® C) with the
appropriate projection according to the direct sum decomposition in Remark 11.1.

Remark 11.4: The exterior derivative decomposes as

d=04+04+\NLg.

Remark 11.5: The goal shall be now to express the Dirac operator in terms of
the Cauchy-Riemann operators. For that end, it shall prove necessary to work in a

connexion on Y other than the one of Levi-Civita.

Definition 11.6: The Tanaka- Webster connexion is the connexion on TY defined

so as to have the covariant derivative satisfy
VrwA=0, Vrwg=0, VrwJ=0,
1
T™We=d @R, T™W(R)= —5J o (L),

where TTW € Q2(Y;TY) = QYY;End(TY)) signifies the torsion of the Tanaka-

Webster connexion.

Remark 11.7: Recall that a connexion on TY together with a connexion on det sy
precisely define a connexion on Sy. Given a connexion A on det sy, use TW x A to

denote the induced connexion on 8.

Definition 11.8: By the Tanaka- Webster-Dirac operator, one means D 4" : 'Sy —

I'S) defined as the composite

'S, M F(T*Y (29 8)\) i) I'S,.

101



Remark 11.9: On a CR-manifold, there is a notion of Chern connexion defined
formally in the same manner as for a complex manifold using the operator d defined

above. Let A, denote the Chern connexion on det s,.
Proposition 11.10: (Petit 2005) For a € TA%9¢*) one has
o4 a=v20+d )a +i(—1)"" Vrw(a)(R).

Proposition 11.11: (Petit 2005, Proposition 3.4) The Tanaka-Webster-Dirac and

the Levi-Civita-Dirac operators are related by

1 1
DR Dy = 7O AdN) = -7

Now, consider a Seiberg-Witten configuration (A4,1) € C(Y,sy). Write the
spinor as ¢ = r~1/2(a + B) where o € TA%¢* and 8 € TA%1¢*. Likewise, consider
the connexion A = A.+2a by writing a = —f)\+\/L§(n+ﬁ) where f € A®9¢* Rf =0
and n € TA%'¢*. The goal shall be to write the Seiberg-Witten equations in terms
of a, B, f,n and the operators 0, d. The Dirac equation can easily be translated

using the above facts.

Corollary 11.12: The Dirac equation ® 4,4,% = 0 is equivalent to the equations

V3T B i(Vrw a)(R) + (i +if) o — i (8) = 0

V2 +i(Vrw B)(R) + G - if) B+ ina =0,

The curvature equation requires more careful consideration. It is in line to
understand how the Hodge operator interacts with the present structure. Use % :
AETY @ C = AET*Y to denote the C-antilinear Hodge operator; that is, its

defining property is that *(«a, 8) = a A *0.

Definition 11.13: Let *¢ : §; — &, ,_;, (where, in the present case, n = 1) be

the C-antilinear Hodge operator on the bundle £* ® C defined by the Hermitian

inner product induced by d\ and J.

Remark 11.14: The formal adjoints of the Cauchy-Riemann operators are given

by

%k

O* = —%¢0%e, 0 = —F¢ 0%
Remark 11.15: The Hodge operator of Y restricts as

F AW AN
where, in the present case, n = 1, and is given by § — A A *¢0.
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Remark 11.16: Since d\ € TAY1E% is the orientation form of ¢, it follows ¥\ = %d)\.

Remark 11.17: % acts on AM0¢* @ A% as a — —Ja.

Proposition 11.18: The Seiberg-Witten curvature equation (vid. Definition 2.13)
is equivalent to the equations
7
V2
a* *— — i 2 2
(8"n—07) = (F(Fa. = Fa) N + £ + 5 (Jaf* = |82) = 0

V20 f +iVrwn(R) — —=%(Fy' — Fp!) +mi+ @8 =0
1

V2

Proof: Consider the term

*da = *d (—f/\ + %(rﬁﬁ)) .
The first term can be expanded as
*d(—fA) = =%(=AAdf + fd))
—i@f —af) - fA
Whilst the second term can be computed as
(Lot +m) = i+ n
V2 V2

= 5 (0+0)(n-+7) + A A Laln+7)

— =5 (FAN@ 0= 0'0) = Vrwln = W)R) + i — i)
where m : Y — C is certain a function dependent on the torsion of the Tanaka-
Webster connexion, which shall be described now. Firstly, note that TTW(R) =
—%J LgJ is self-adjoint and anticommutes with J. As a consequence, one checks

that

Lrn+7) = Vow(n+0)(R) + T (R)(n +7)
where TTW(R) is acting on T*Y by precomposition. Moreover, another consequence
of TTW(R) anticommuting with J is that it maps §o.1 to &7 ¢ and vice versa; so, due
to these bundles being one complex dimensional, one sees that ¥ TTW (R)(n) is given

by a complex valued function multiplying 7; hence, define m so as to have
mij = iTTY (R)(7).

Now, consider the quadratic term
(%(\042— 181%) af*
ap (18P = laf?)
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By working directly with Definition 2.1, one shows that, under the isomorphism
iT*Y = isu(S)), this becomes

1

\/5 (aﬁ - O‘B) :

rr) = 2\l ~ 16])
QED

Proposition 11.19: The local Coulomb gauge condition (vid. Definition 2.17) is

equivalent to the equation

i Vrw(F)(R) + (0 H +0T) = 3(A"(0) + B'(5) = " (4) = '(5)) = .

where (F, H, A, B) is a tangent vector at (f,n, a, ().

Proof: Consider the coexterior derivative term

—d (—F)\ + %(H +ﬁ)) = 0.

The first term reduces to
—d*(—F\) =%d*%(—F)\) = —Lr F = —Vrw(F)(R),

and the second to

QED

Corollary 11.20: The linearization of the Seiberg-Witten equations at (f,n, a, f)

in the local Coulomb gauge is given by
V29" H —ivrw(F)(R) + F —iB*(8) + ia*A =0
V20 F +ivrw(H)(R) +mH +iAf +iaB =0
— 1
V29 B —iVrw(A)(R) + A <Z +if) +iaF —iH*(B) —in*(B) =0
_ 1
V20A+iVrw(B)(R)+ B (Z —z’f) —iBF +iAn +iaH =0,

where (F, H, A, B) is a tangent vector at (f,n, a, ().
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Remark 11.21: The key observation to make is that these are a pair of Dirac

equations.

Theorem 11.22: For sufficiently large r, the map
g Dey, Xy Koy — Ke,

is an isomorphism.

Proof: Note that this map is Fredholm and has index zero; therefore, it suffices to
prove that its kernel vanishes. For that end, what one must do is to input C) as
(f,n,«, B) into the equations of Corollary 11.20 and solve for (F, H, A, B) showing
that the only solution is zero. Observe that, since the spinor part of the contact
configuration is given by a = /2 and § = 0, Corollary 11.12 implies ir'/?n = 0
and (i + if)r = 0; hence, the connexion part of the contact configuration is given
by n=0and f = %. Plugging these into Corollary 11.20 yields
V20 F 4+ ivrw(H)(R) +mH + ir'/2B =0
V20 'H —iVrw(F)(R)+ F +ir'/?A=0
V20 A+iVrw(B)(R) + %B +airl2H =0
V28" B —ivrw(A)(R) +ir'?F = 0.
With respect to the connexion [ := A, + ﬁ)\, one can conveniently pack most terms
together into Dirac operators as
OF + H)+ L(F+ H) +ir'/*(A+ B) =0
Oi(A+ B)+ir'/?(H+ F) =0,
where L(F + H) := —%H +mH + F. Applying the Dirac operator to the first

equation and substituting in the second gives
DNF +H)+DyoL(F+ H)+r(F+H)=0.

Notice that the elliptic second-order differential operator #4910 L+ has the same
symbol as the Laplacian. As a consequence, choosing r sufficiently large ensures that
it be an isomorphism between appropriate Sobolev spaces. To see why this is, think
of this operator as an elliptic operator with parameter where the parameter is r
taking values on the ray (0,00) C C (vid. Shubin (2000), §9); elliptic theory then
implies that, for large r, the resulting operator is invertible. As a consequence, F

and H must be zero, and, then, A and B must be zero as well. QED
Remark 11.23: Hereby the author concludes the proof of Theorem 11.22.
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12. UNIQUENESS OF TRAJECTORIES

This section shall deal with the proof of Theorem 2.25, where it was claimed
that there are no non-trivial Seiberg-Witten trajectories with positive infinity limit
the contact configuration. A very similar assertion is made by Taubes (2009), Propo-
sition 5.15. The key difference is that Taubes deals with the case of a non-torsion
det s, which is not the case here. The fact that det s, is non-torsion in Taubes
(2009), Proposition 5.15, also causes its conclusion to be somewhat weaker than
what is proved here. Another minor difference is that, in the present thesis, the
author must not assume that the negative infinity limit of the trajectory be non-
degenerate. These differences require only significant modifications to the final part
of the proof; therefore, the proof presented here shall be very similar to what one
can find in Taubes (2009) and other works of Taubes that have drawn significantly
from it. However, Taubes’ proof is difficult to follow for someone who has not read
Taubes (2007) and Taubes (2009) in their entirety; therefore, the author felt that it

was necessary to include all the details here for the sake of completeness.

The overall strategy shall consist of the following. On the one hand, it shall be
shown that only the contact configuration and its gauge equivalent configurations
have the property that the spinor component be bounded away from zero in a
certain way. On the other, it shall be shown that the trajectory necessarily satisfies
the same sort of bound on its spinor component for all time. As a consequence,

both endpoints shall have to be gauge equivalent.

The author shall use the symbol V4 to denote the Spin® covariant derivative
on Sy induced by the connexion A on detsy. This is to say that Clifford multi-
plication is covariantly constant for V4. It shall also be necessary to work with
covariant derivatives defined on each of the summands Sy = A%%¢* @ A%L¢*. Both

these derivatives shall be denoted by the same symbol as
V') i D(AYF¢*) — T(AYF¢ @ T*Y)

and shall be defined by projecting V 4 to the respective summand of Sy. This can

be conveniently expressed in terms of Clifford multiplication by the formula

V= % (L+i(=1)Fc(N)) Va.

Hence, the difference to V4 is given by
Va—Vy=i(=DFecl(Vich),
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where V¢ denotes the Levi-Civita connexion.

Henceforth, the author shall deal with Seiberg-Witten trajectories. Suppose

~v: R — C to be a finite type trajectory satisfying

Colt) = — X (1(0)).

Assume that both limits lim; 1o, v(t) be well defined in the 1.2 topology. Note
that, by Sobolev embedding, the limits are also well defined in 2. The author shall
not yet be assuming that the positive time limit be the contact configuration Cl};
that assumption shall be added later. Write v(t) = (A(t),1(t)) € C(Y,s)y) for its
connexion and spinor components respectively. Write A(t) := Ax(t) + a(t) where
a(t) is a purely imaginary 1-form on Y. Decompose the spinor as 1 (t) = (a(t), 5(t))
according to the direct sum Sy = A%0¢* @ A%Le*,

Remark 12.1: In what follows, a sequence of bounds on various quantities shall
be established. These shall involve constants K, and bundle endomorphisms F,,
labelled by n the number of the lemma in which they appear. These quantities may
depend on the metric of Y and the contact form A, but they shall not depend on
the particular solution (A, ) to the Seiberg-Witten equations nor shall they shall

not depend on the value of the parameter r > 0.

Lemma 12.2: The spinor 1 satisfies the second order equation
2

0 . 1 i s
_ﬁw -+ VAVA’QD — cﬁ (5*}7,4A —|—TT<’§D) — 5)\) w + Zw = O,
where s : Y — R denotes the scalar curvature of Y.

Proof: The Dirac equation
=Dy

implies the second order equation

ot 0
Now, apply the the well known Weitzenbock formula (cf. Nicolaescu 2000, (1.3.11)),

tw— 8@A¢——©Aa¢—ce(a )¢ @¢_Ce<8A)¢

. . 1 S
DD 4 =V Vary — 3 cl(xFp) + Zi/},

to find that

0? 0 1 s

-—— P —cl | =A+ =xF -1 =0.

8t21/1+VAVA1/1 c (815 +2* A)w+41/1
The result then follows by applying the curvature component of the Seiberg-Witten
trajectory equations. QED
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Lemma 12.3: The norm squared of the spinor v satisfies the second order equation

2

IVl + 5 (0l =R (i e\, )
+R (cl(Fa, )0, v) + s = 0

where the inner product is the pointwise inner product of the Hermitian bundle S).

1 . 1. o |0
—5@\¢| +§d d|y|* + 51/1

Proof: Follows by taking the pointwise inner product with 1 of both sides in the
equation asserted by Lemma 12.2. QED

Lemma 12.4: There is a constant /K794 > 0 such that

2

1, r 0
W+ Zd A+ 5 W (W = 1) < = | 5] = [Vl + Kraa [

2082
Proof: Define the constant to be

K24 := max {sup |Fa,|,sup |s|} :
Y Y

The equation of Lemma 12.3 implies that

2

1 2 1, 2 T 2 2 0 2 2
S P+ Sd PP + S P (W = 1) + | 50|+ [Vavf < (1Fay| + Jsl) [0

< Ko |0
QED

Lemma 12.5: There is a constant Ki55 > 0 such that

‘Oz|2 —+ ‘6|2 S 1 + K12.57’_1.

Proof: This is analogous to the first statement of Taubes (2009), Lemma 5.1. Start
by setting the constant to be
Kz 1= Ki24

Consider the function u : R x Y — R defined as u := |[¢)|> — 1 — Kja57~ L. The

following differential inequality is implied by Lemma 12.4.

—%5—;u + %d*du +rlYfu <0.
Consequently, the function v cannot admit a positive local maximum anywhere in
R x Y. Consider now two cases. Firstly, suppose that the trajectory be constant;
that is, that ¢ be constant in the parameter t. Because Y is compact, not admitting a
positive local maximum implies that v < 0 everywhere in Y. Secondly, suppose that

the trajectory not be constant. Here, the limits lim; ,4., % are constant trajectories
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as in the previous case, which implies that the limits lim; 4., u are everywhere
non-positive on Y. Since u does not admit positive local maxima, it follows that

u < 0 everywhere on R x Y. In other words,
lal? + 1817 = [¢]* <1+ Kiasr™

QED

Lemma 12.6: The norm squared of the component « of the spinor ¢ satisfies the
second order equation

1 0?

———\ %+ d*d|04\2 '—Oz + |V 20|? —

S(1—laf? = |8*)|af?
+E126(, B) + By (e, Vi 8) + By (e, a) = 0.

For bilinear forms Ei9¢, Efy ¢ and EY, s dependent only on Y, A and the metric g.

Proof: This is analogous to the first equation in Taubes (2009), (5-9). The proof is
similar to Lemma 12.3 but the author feels that certain points are worth clarifying
here. Start with the equation of Lemma 12.2 and take the pointwise inner product

of both sides with «.
0? . 1
—R ﬁd}a o)+ e <VAVA’(/J, a> - R 5 CE(FAA)¢> Q
R (rel(r ()b, @) = R (S clliA)p,a) + Flal* = 0. (%)
Now, consider each term in turn. For the first term, one notes

92 92 162, , o |2
%<ﬁw,a>—%<?a,a>—§ﬁ|a\ —‘aa

For the second term of (x), consider the following.

d*d|a)* = d*dR (¥, a) = R (Vi Va0, a) — 2R (Va1h, V 40) + R (), ViV 40)

= 2R (Vi Va,a) = 2R (Va, Vaa) — R{a, ViV aB) + R (5, ViVaa)

Meanwhile, one also has
0=d"dR («, 8) = R(ViVaa,p) — 2R (Vaa,VaB) + R{a, ViV as).
Combining the two yields
d*d |al® = 2R (VA VA, @) — 2|Vaal? — 2R (a, ViV 45) .

To understand this last term in more detail, recall the relation between the covariant
derivatives V4 and V4 from above. One readily finds
VaVap = (Vi —icl(Vich)) o (V) —icl(Vich)) B
= (VA)"ViuB + [1(ViaB) + f2(B),
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where f; and fy; are two bundle endomorphisms of Sy dependent on A, V¢ and
VicVicA but certainly not on r. When one take the pointwise inner product of
this equation with «, one shall note that the term involving second derivatives of (8

vanishes.
R(VAVaB,a) = R(fi(VyB), ) + R (f2(B), o) .
Applying this to the above formula for d*d |a|2, one finds
1
R(VaVav,a) = sd'djaf* + |Vaal* + fi(a, B) + fi(e, V45

for two bilinear forms f5 and f4 on Sy independent of r. Next, the third term of (x)

can be simply written as

1
~ (Get(Fa)ina) = e 5)+ flaa).
where f5 and fg are two bilinear forms on Sy independent of r. For the fourth term

of (%), start by considering the endomorphism v ® 1* — %|1/1|2id of S). According to

the direct sum Sy = A%0¢* @ A%1¢* | one writes this endomorphism as a matrix

(%(\al2—|ﬁ\2) af’ )
as B~ 1a?) )

where 3* here denotes the dual section to 3 of the dual bundle ALO¢. Since cf(7(v)))

is defined to be this endomorphism, it follows that
r
R (ret(r(@)e,a) = 5 (al* + 1ol 15])
Meanwhile, the fifth term of (x) can be resolved as
—R <£ cl(iN), a> = —g laf® .
At last, for the sixth term of (x), one can write
~laf* = fr(a.a)
for f; a bilinear form on Sy independent of r. The result is then proven by declaring
Bie = f3+fs, Elag=f1, Elre:=fo+ fr.
QED

Lemma 12.7: The squared norm of the component [ of the spinor 1 satisfies the

second order equation
192, 1 o | r
Lt 2ardial . |2 2, "y 2 211 3|2
5ol + B + | 28] +1VaBP + 51 +laf + 118
+E7(q, B) + Bl 7 (Via, B) + Efy7(8, 8) = 0.
For bilinear forms FEy97, Ely, and Ef,, on Sy dependent only on Y, A and the

metric g.
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Proof: The proof is analogous to that of Lemma 12.6. QED

Lemma 12.8: There exists a constant K58 > 0 such that, for any K > Kjog, the

function

v:RXY 3R, vi=1-l|a?+r 'K

satisfy the differential inequality

2

1 62 B K —Kps) .
g+ ot TlaP oz | ol Vaal + laP ol + (£ o
— 181" = ¥4I

Proof: Since the bilinear forms Eya6, Fiys and Efy 4, from Lemma 12.6 are all
independent of ¢, one can take their supremum norms and define the desired constant
to be
K L 2 ! "
12.8 i= max{|E12_6| ; |E12.6|} +2[Ey gl

To see that this constant satisfies the stated result, start with the following differ-

ential equation for the function v implied by Lemma 12.6.

L * ; 5 |2 o T 9.0 K-—Kpg o
T e I e
K
— ;2-8 |0 + Erzg(a, B) + Elg (e, ViaB) + Efy 4(ar, ).

Now, using the supremum norms, bound the right hand side as follows.

Kias
> (2 < 18taol ) ol = Braal ol 18] - |l lol 191

By applying the arithmetic-geometric mean inequality twice, one then finds

|Era.6]° 182 - Bl V', B[
- Kins — 2B, Kizs —2|Efy 6
max{\Euﬁ\ | Ea6l } 9 o2
= Kios — 2 |Efy ) <|6| HIVag )
— 18P = V48[

QED

Lemma 12.9: There exist constants rio9 > 0 and Kis9 > 0 such that, for all

r > T12.9, the component [ of the spinor satisfy

2

r 4 T 2
181 =2 18]

K
+—}f-9 (W n |v'Ao42).

T B daraipr 4 Ll 197 < 19402 - | 2
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Proof: Start off by defining the desired constants as

r max {|E12.7|2 ; |Ei2.7|2}
T12.9 = 4 |E12.7‘ y K12.9 ‘= Inax

r>712.9 % — 2Ei’2.7

Now, assuming r > rq9.9, consider the equation asserted by Lemma 12.7. By bound-
ing with the supremum norms the terms involving the bilinear forms, one can state
that
102, o 1 2 0
_ -7 ~d%d el
a2 2
< - 1 8" + | Brar| o] [B] + | Blaq] [Vaal [B] + [Efyq] 1B

2
r r r
+ VB + 3 af® 18 + 5 18" + 1 18/

Now, apply the arithmetic-geometric mean inequality twice to assert

r
<- (Z ~ 1Byl 18P + [Exarllal 18] + | Blosl [Vaal 18

|Eraq|’ 9 By ;2
<\ 5= | lal" + | 77— | [Vaql
(5 —2 ‘Ei/z? 2 2 |Ei/2.7

K
<=2 (Jof* +[Vhof).

QED

Lemma 12.10: There are constants Kis19 > 0 and 712,19 > 0 such that for any

r > r19.19 the following inequality hold.
18] < Ki2.10 (7“_1(1 — |af?) + 7’_2) .

Proof: This is analogous to the second statement of Taubes (2009), Lemma 5.1.

The details in this case are as follows. Start by declaring the constants to be

T12.10 ‘= INax {K12.97 2 K12.9} K210 == K12.9(K12.8 + 2)-
Define the following functions.

K 2
u:RxY — R, u::1—|a|2+£
r

K
w:RxY =R, w::|ﬁ|2—<ﬂ)u.
r

Combine Lemma 12.8 and Lemma 12.9 to assert a differential inequality for w of

the form

102 1
~ 352" + §d*dw +rla)?w

o r r K
e I Y ()

Kis9 0
—+ - <— 'a()é

2
.
= [Vaal* =5 [a* |8 —|a* + 8] + |V’A/3|2> -
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Neglecting some of the negative terms, one finds
Kia9 2
— VB = S 18P + =22 (|af + [Vjaf?)

K
- (—|vAa| —|a| + 18P + IVa81)

Notice the key cancellation of the terms involving |a|?.

K129 2 Kiaog

— VBl = 5 Iﬁl +

(= 1Vaal + 187 + V481°)

Since |V/y|a < |V aal and \V Bl < |Vap|, one finds

_ (1 B 129) V482 — <7” K129) 8.

From the definition of 715 19, it follows that both of these terms are negative. There-

fore, the following differential inequality has been established.

10? 1
2882w—|— “d*dw + - |oz\ w < 0. (%)

This implies that the function w cannot admit a positive local maximum anywhere
in R x Y. Consider two cases. Firstly, suppose that the trajectory be constant; that
is, that o and [ be constant in the parameter t. Because Y is compact, it follows
that w < 0 everywhere in Y. Secondly, suppose that the trajectory not be constant;
that is, o and 8 may depend on the parameter ¢. Here, the limits lim; 4 (v, 5)
define constant trajectories as in the previous case; hence, the limits lim; 4., w
are everywhere non-positive, and, combined with the fact that w does not admit
positive local maxima, this implies that w < 0 everywhere in R x Y. Expanding

the definition of w, one finds
18] < K197 X1+ |a)?) + 7 2K129(K128 + 2) < Ki2.10 (7”_1(1 +laf®) + 7”_2) :
QED

The next goal is to derive a similar sort of bound for the curvature F4 and the
derivative 6tA It shall prove advantageous to work with objects over R x Y rather
than time dependent objects over Y. For that end, introduce d and % to denote,
respectively, the exterior derivative and the Hodge operator over R x Y. The Spin©
structure s, over Y also defines a Spin® structure over R x Y, which shall be
denoted s, and shall be described next. Let 7 : R x Y — Y be the projection.
The spinor bundles of 5, are both defined as S}\t = 1*S)\. Meanwhile, the Clifford
multiplication map ¢/ : T(R x Y) — End¢ (3;\“ ® S’; ) is defined by requiring

(9 0 —id
“(&)-
ot id 0
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and, for v € TY, requiring

. 0 —cl(v)*
o) = (cﬁ(v) 0 ) '

The time dependent connexion A over det s, also defines a connexion on the
bundle detsy; denote this connexion by A and note that it is characterized by

requiring its induced covariant derivative to be

0
VA ::dt®§+vA.

Hence, one sees that its curvature is given by

0
Fi,=dt A=A+ Fy.
A g A

One can then define the pair of Dirac operators
DL TSy - TSF, D% =cloVy

Next, let AT*(R x Y) C A?’T*(R x Y) denote the +1-eigenbundle of %, and

introduce the quadratic map
7. 8F — iIANTTHR x Y),
defined by requiring

H(#6)) = 0© 6" — 5 {6,6)id € Endo(8).

That this uniquely defines 7 is a standard fact; vid. e.g. Kronheimer & Mrowka

(2007), §1.1.

Proposition 12.11: The four dimensional connexion A and the spinor Y seen as a

spinor over R x Y obey the four-dimensional Seiberg-Witten equations

1 ) .
5 (F;; _ F}) — () +irdA =0, Dt =0,

Proof: This is standard; vid. e.g. Kronheimer & Mrowka (2007), §4.3. QED

The bounds on the curvature shall be obtained in two steps. Firstly, one
can read off a bound for the self-dual part, FZ, by simply using the Seiberg-Witten
equations as noted in the next lemma. Secondly, one must work considerably harder

to obtain a bound on the anti-self-dual part, FA_'
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Lemma 12.12: There exist constants 71919 > 0 and Kj912 > 0 such that, for

r > T12.12,

|F:ﬂ < rKizi2.

Proof: By the four-dimensional Seiberg-Witten equations (Proposition 12.11), one
has
+ - +
[FE<2r |7 ()] + ‘FAJ + 2 |d)|.

Hence, the result follows by applying Lemma 12.5. QED

The strategy to obtain the bound on the anti-self-dual part of the curvature
shall start by seeking a second order differential inequality in a manner similar to

what was done for the spinor.

Lemma 12.13: The anti-self-dual part of the curvature satisfies the following second

order equation.

ViViaF] + Braas(Fy) = —117 (2rsdd*#(v))

where Fj513 is some bundle endomorphism of iA~T*(R x Y) independent of r and
the ¢ coordinate function; [T~ : A2°T*(RxY) — A~T*(RxY') denotes the projection
with respect to the splitting A°’T*(R x V) X ATT*(R x Y)® A" T*(R x Y), and

Vfa denotes the Levi-Civita connexion of R x Y.

Proof: By the second Bianchi identity and the fact that 7(¢) is self-dual, one has
- 30— —*30+ — [ 233%~
I-d"dF; = -~ d"dFt = I (*dd T(¢)), (%)

Also note that
Ind ng = (d"d+dd )F;
The well known Weitzenbock formula relating the connexion Laplacian and the

Beltrami Laplacian provides a bundle homomorphism FEjs513 depending solely on

the curvature of R x Y such that

Combining this with (x) and the four-dimensional Seiberg-Witten curvature equa-

tion (Proposition 12.11) finishes the proof. QED

In order to make use of this equation, it is necessary to understand what the
right-hand side says. For that end, the next two lemmata consider the quadratic

map 7 in more detail.
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Lemma 12.14: The differential 2-form 7(¢)) may be alternatively described as

1

F)(v,w) = £ (@, ), clw)]i).

Proof: The proof shall be omitted as it is a tedious but straightforward calculation
using the generators and relations of the Clifford algebra of C* Cf. Nicolaescu

(2000), Example 1.3.3 and Exercise 1.3.2. QED
Remark 12.15: Recall that @Elp = 0.

Lemma 12.16: The following holds.
. 7

Proof: Let [ : A*T*(R x V) ® T*(R x Y) — A*1T*(R x Y) be the trace map
induced by the metric. Hence, one can express adjoint of the exterior the derivative

d*r(p)=1Io ViaT(lp).
Next, use the expression of 7(v) given by Lemma 12.14 to assert
8 (Viar(®)) (w,0)(w)
= ((V 30 (w), [ct(w), b)) + (v, [ct(w), ct()](V 3) (w))

Fix an orthonormal basis {ej,...,es4} of T(R x Y) at a point p in order to compute

the trace. Using the assumption that @ZQ/J = 0, one computes
8 (1 0 Vi (®)) ()
- Z ({400, 6tte), b)) + (o [et(er), bV 1))

A~

Z < (V 49)(es), cf(ez) Aﬂ(v) + (v, ei>)¢)>

=1

= 3 (b 20)ct) + e (T )

=1

4
<c€ ei)(V 10)(es), 206 >+ 2 <VA@/) 1/)>

=1
- <w, 26(0)(DFv) ) = 2 (¥, V 4)
<©+¢ 260(v >+2<VA2/) ¥) =2,V 40)
=2(V 10, 9) = 2(4,V 39)
QED
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Lemma 12.17: There exists a constant K197 > 0 such that
AT+ P IF| < Ko (1F71 4+ (190 + 1))

Proof: Use d 4 to denote the exterior covariant derivative on Sy induced by V i
Then, one has that
A 1
2
dA = §FA + f17
where f; is some End(SA)—Valued 2-form dependent only on the curvature of Y.

Hence, Lemma 12.16 implies that

A Aka 1
*dd*7(v) = gl WP+ f2(Vath, Vah) + f3(h, ),
where fo, f3: Sy @ Sy — A?T*(R x Y) are bundle homomorphisms dependent only

on the metric of Y and the inner product of S\. Now, incorporating this into the

equation of Lemma 12.13, yields an equation of the form

V;CVEGFA + - F |° = = —Eas(F}) + fa(Vay, Vad) + f5(¥, ),

where f; and f5 are again bundle homomorphisms dependent only on the metric of
Y, and the inner product of S). The result then follows by taking the inner product
of both sides with Fg, dividing by \FA_\ and neglecting a variety of positive terms
from the left hand side in order to obtain the claimed inequality. QED

Lemma 12.18: There exist constants Kis18 > 0, and ri9.18 > 0 such that, for

r > ri2.18, the function
o
¢:RxY >R, ¢:=|F[+ 1K12.17(W|2 —1) = K218
satisfy the second order inequality

—d*dq+ |@/)| q < Kiaa7|F|

Proof: Define the constants to be
Kizas == (1+ Ki217)%, 711218 := 1.
Combining Lemma 12.17 with Lemma 12.4, one finds that
S+ L0 g <Kuoar (17 ]+ (19 30] + o))
—rKi217 ‘VAQ/J‘ + 7Ky [U]? — 1 K128
<Ki217 <|Fg| +r(1+ Ki2.17) |¢|2> —rKi21s.

Invoke Lemma 12.5 to bound ||* and assert that

<Kj2.17 (|Fg| + (1 + Ki2.18) (1 + K12.57”_1)> —rKias

§K12.17|Fg|-
QED
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Given just this differential inequality, it is not possible to directly obtain the
pointwise bounds desired. It shall also be needed to obtain an L? bound for the

curvature as shall be described next.

Lemma 12.19:

0
x[|=A
/R><Y (’8t

:CSDAJ( lim (A,@Z))) - CSDM< lim (A,@Z))) .

t——o00 t—~+o0

2
+

2
+ 2r

2

0
=0

1 i
—*(FA—FAA)%»TT(’(/))—?)\ BN

2

+2r|@A@/}|2>

Proof: Follows from the well known fact that the Seiberg-Witten equations are the
equations of the downward gradient flow of the Chern-Simons-Dirac functional (vid.
Kronheimer & Mrowka 2007, §4.3). In the present context, with the canonical per-
turbations at use, it is easy to check that the flow induced by X', is the downward

gradient flow of CSD,.. QED

In view of this last lemma, the goal shall be to bound the value of the Chern-
Simons-Dirac functional for the end points of the trajectory. This shall be done by

bounding all of its terms in turn; cf. Definition 3.24.

Lemma 12.20: There exist constants K299 > 0 and 71299 > 0 such that, for any
T > T12.20,

< rKi2.20.

/Y AA lim (Fy)

t—Foo

Proof: Since the limit configurations lim;_ .4, v satisfy the three dimensional Sei-

berg-Witten equations, one has

lim F
t—+oo A

< ‘FA/\|—|—2T

T (tllgloo w) ' tr

The result then follows by applying Lemma 12.5 to bound the term involving the
spinor and integrating. QED

Lemma 12.21: There exists a constant Kq29; > 0 such that

/tliin (a A da)
Y—) o0

Proof: Without loss of generality, suppose the limit to be t — +o00. Let B = Ayx+b

2
< Kigo17°.

be a connexion on det sy which be gauge equivalent to lim; ., A and also satisfy
d*b = 0. Likewise, let ¢ = lim;ot and write n := —2x7(¢) + ix\. By the
three-dimensional Seiberg-Witten equations, one sees that b satisfies
db=rn, d*b=0.
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Since the operator d + d* is elliptic, the following standard elliptic estimate holds
(vid. Nicolaescu 2000, Theorem 1.2.18 (v)).

[b— Pbl2 < K [l

where P denotes the projection onto the kernel of d : Q'(Y) N Kerd* — Q*(Y).
Recall also that by(Y') = 0; hence, by the Hodge theorem, Pb is a harmonic 1-form,
which must vanish. Meanwhile, by Lemma 12.5, one can bound the norm of 5 to

assert

!/
Ibll,2 < K'r

for some constant K’ > 0. This last inequality then implies that

/ b A db' < K"r?,
Y

Setting K191 := K", the stated result follows from the fact that the Chern-Simons
functional is gauge invariant when b;(Y) = 0 (cf. Kronheimer & Mrowka 2007,
Lemma 4.1.3). QED

Lemma 12.22: There exists a constant Ki599 > 0 such that

CSDy,» ( (A,¢)) < Kigor”.

lim
t—+o0
Proof: Vid. Definition 3.24; cf. Lemma 12.20 and Lemma 12.21. QED

Lemma 12.23: There exist constants K903 > 0 and ri293 > 0 such that, for

r > ri2.93 and any t € R,

/ %IQA
[t,t4+1]XY ot

Proof: Combining Lemma 12.19 with Lemma 12.22 and ignoring a few positive
terms on the left hand side, one asserts that

/ o ‘QA : < Kyg997°
Ry 615 >~ 12.221 -

Meanwhile, using the triangle inequality, the arithmetic-geometric mean inequality

2
+ |FA\2> < Kigo3r%

2

+ ‘5*(FA — Fa,) +r7(¢) — %)\

and Lemma 12.5, one finds that there exists a constant K > 0 such that, for » >

r12.23 := 1,
2

1 ' 1
S#(Fa— Fa,) +17() - %)\ > < |Faf* — K7

The result then follows by combining these two inequalities and setting Kis.03 1=
8 maX{K, Klg_gg}. QED
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Lemma 12.24: There exist constants K904 > 0 and ri294 > 0 such that, for

> T12.24,

\F;\ < Kig.947.

Proof: Let p be any point of R x Y. Recall the function ¢ from Lemma 12.18.
The goal shall be to establish a bound on ¢ and thence derive the bound on \F;\
Assume firstly that ¢(p) > 0. Use G, to denote the Green’s function with pole at
p of the operator d*d acting on Q°(R x Y). Usedist, : R x Y — R to denote the
function whose value at x is the geodesic distance between p and x. Note that there

exists some constant Cy > 0, independent of p, such that,

0 < G, < Codist;)?, )aGp

< Codist];?’.

Let p > 0 be some number smaller than the injectivity radius of Y and small enough
so that ¢ be positive on a ball of radius p centred at p. Let x : [0,00) — [0, 1] denote
some smooth monotonic function satisfying x|, /4y = 1 and x|[,/2,00) = 0; one must
make sure to use the same function x for all p. Then, set x, : R xY — R to be
Xp := x odist,. Let to € R be such that the ¢ coordinate of the point p be to + 1/2.
Use I to denote the interval [to, to + 1]. Now, multiply both sides of the inequality
asserted in Lemma 12.18 by x, G}, and integrate to find that

L[ ) _ ol
5/ fxpGpd dg < K12.17/ *XpGplF; | _/ *XpGpi 1 q. (%)
IxXY IxXY IxXY

Consider firstly the left-hand side of this inequality. Integration by parts and two
applications of the Cauchy-Schwarz inequality yield

1 1 e 1
=q(p) + = / * <d><p, de> q+ = / *d*dx,Gpg.
2 2 IxXY 2 IxXY

1 \:?
>54(p) = G </ *q2) :
IxY

where C; > 0 is a constant dependent only on Cp, p and the L3 norm of y,. Since y
was chosen to be the same for all p, the constant C; may also be chosen independently
of p. Next, consider the first term on the right-hand side of (x). By applying the
Cauchy-Schwarz inequality and Lemma 12.23, one finds

1
2
K12.17/ >T<XpGp|Fg| < Ki2.1705 (/ |F2|2> < rKi2.1702v Ki2.23,
IxXY IxXY

where Cy > 0 is again a constant dependent only on Cy, p and || x, Now, consider

HL%

the second term on the right-hand side of (x). Note that, by the assumptions made
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above, one has ¢ > 0 everywhere on the support of x,; hence,

. r
—/ Gy 4P g <0.
IXY
At last, notice that by virtue of Lemma 12.23 and Lemma 12.5, one can bound the

L? norm of ¢ as

2
</ >T<q2) S TC47
IxXY

for some constant Cy depending only on Kis93 and Kio5. Incorporating all that

has been said so far into () reveals

q(p) <7rCs.

where C5 := max{C1, K12.17C2v/ K12.23, C4}. Recall that, initially, it was assumed
that ¢(p) > 0; however, in the event that ¢(p) < 0, one of course also has ¢(p) < rCs.
Therefore, by expanding the definition of ¢ (vid. Lemma 12.18), one finds

[F7 1 < rCs + Kigas + rKi2a(1 — W%).
The result is herefore proven if one apply Lemma 12.5 and set the constants to be

r12.04 =1, Kjo94 := max{Cs, Ki2.4, K1218}.

QED
Lemma 12.25: There is a constant /1295 > 0 such that
0 Al + |Fa| < K
— T,
o Al S K295
Proof: Recall that )
0 9 _
54| +IFal” = [FEP2+ |F L1
Hence, the result follows directly by combining Lemma 12.12 and Lemma 12.24.
QED

Henceforth, add the assumption that

lim v = C).

t—+o0
The goal shall be bound |0z|2 away from zero in the same manner as is the case for

C) but for the entirety of the trajectory.

For that end, start by introducing the symplectic form w := e2!(dt A X + *)),
on R x Y and fixing some almost complex structure J compatible with w. Also
fix a non-decreasing C* function o : [0,00) — [0, 1] satisfying o|p1/2) = 0 and

g

[,00) = 1. Use ¢’ to denote its derivative. Assume further that ¢’ : R — [0, 3].
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Definition 12.26: Given § > 0, denote o5 : R x Y — [0, 1] the function
(t,y) — o (5_1 (1 — |0z|2)) )
Definition 12.27: Given § > 0, denote o5 : R x Y — [0, 1] the function
(ty)—=o (67" (1—]al?)).
In what follows, recall the covariant derivative, which was used earlier,
/ 1 .
VA = 5(1 + ZCE()\))VA

defined on the summand A%T*Y of the spinor bundle Sy This induces a covariant

derivative on the trivial complex line bundle over R x Y defined by

0
V’A Z:dt®§+v;‘.

This covariant derivative can then be extended to a covariant exterior derivative on

complex differential forms, which shall be denoted

di: FRxY)®C - QR xY)®C.

Definition 12.28: Given § > 0, define a 2-form ps € Q?(R x Y') by the formula

1 . .
Q5 = ga(';~dAa/\dA@+05-FA.

Remark 12.29: Notice that the form ps is closed.

Lemma 12.30: For all 6 € (0,02.94), there exists ss € R, such that, the 2-form s

vanishes identically on [s5,00) X Y C R x Y.

Proof: By Theorem 2.24 and the fact that lim;_.. v = C in the C° topology, it
follows that there exists s5 € R such that, for ¢t > sg, [10(t)| > 1 — d2.94. Since the

function o is supported on [1/2, 00), the claimed result follows. QED
Lemma 12.31: For 7 > ry94 and § € (0, 02.94), w A s is integrable over all of R x Y.

Proof: Notice that there is some K > 0, which may well depend on r, A or v here,
such that, for sufficiently negative s < 0, |w A ps| restricted to (—oo, s) is no greater
than Ke®. This is a consequence of the fact that the limit lim;, o y(f) is well
defined in the Sobolev norm L% and, therefore, also in C? by Sobolev embedding.

Together with Lemma 12.30, this implies integrability. QED
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Lemma 12.32: Provided 7 > 7324 and 6 € (0, d2.24), it follows [; , w A ps = 0.
Proof: Note that w is exact and g; is closed and integrate by parts. QED

Introduce the notation
0 : T RxY) = QTR xY), 9;: Q7 RxY),— QTR xY),

for the covariant Cauchy-Riemann operators associated to the connexion A and the
almost complex structure J. It can be verified that, for n € Q"°(R x Y), they take

the form

1 /- P - — 1 /- P A
din :zé(dAnJrze 2t>x<(w/\dAn)>, aAn::§<dA77—ze 225*(u;/\d1477)).

Lemma 12.33: Vanishing of the integral in Lemma 12.32 amounts to saying
/ x® (67105 (1040 — |04 af?) +ros (1 — |a)* + |B]7)) = 0.
RxY

Proof: Can be checked directly by expanding with the expressions given above
for 0; and 0 4 acting on O-forms and by using the four-dimensional Seiberg-Witten

curvature equation (Proposition 12.11). QED

Lemma 12.34: (cf. Taubes 2009, Lemma 5.13) For a given d € (0, d2.24), there exist

r12.34 > 0 and Ki9.34 > 0 such that, for all r > rq5.34,

10 o] < Kigsa.

Proof: It is well known (cf. Nicolaescu 2000, §1.4.3), that, in terms of the notation

above, the Dirac equation,

+,, —
QA’I/}_Ou

takes the more familiar form
dia+048=fiv),

where f; is some bundle homomorphism independent of . Hence, a bound on 0 e
of the variety required follows from a bound on % B, Vap and [1|. The bound on
|| was already provided by Lemma 12.5. The rest of the proof shall concern itself
with the other two bounds.

Let r12.34 be large enough so that the injectivity radius of Y be strictly larger

than (r12.34)”"/? and so that the bundle A®?T*(R x Y) be trivial when restricted
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to any ball of radius (T12_34)_1/2 in R x Y. Then, let » > ri534, and fix a point
p € R x Y. Introduce ¢,, to denote the Gaussian chart centred at p rescaled so
that the ball of radius 1 of R* be mapped to the geodesic ball of radius r—/2.
Now, let 3 : B(R* 1) — C denote the pullback of 3 via this chart seen as a complex
valued function by trivialising the bundle A>T*(R xY") on this chart via the parallel
transport map of the connexion A. One can check that Lemma 12.2 implies a certain

second order equation for 3 of the form
- 9
AB+Y  finng—B+ feB+r " fz=0
5+j_1fg+18xj5+f65+7” fr=0,

where fs,..., f7 are complex valued functions with norms bounded above by some
constant K7 > 0 independent of r and the point p. Recall Lemma 12.10; it implies
that, for some constant Ko > K7, also independent of r and p, that |5]| < Kr~1/2,

Standard elliptic theory then provides a bound of the form

ox j

9 B<O>' < Kar™1/?

where K3 > K5 is some potentially larger constant independent of r and p. Since
the chart at hand was scaled so that the ball of radius 1 be mapped to the geodesic
ball of radius 7~'/2, and A»2T*(R x Y) was trivialized by the parallel transport of
the connexion fl, whose curvature satisfies the bound of Lemma 12.25, if the reader

care to check, it follows that, for some constant K4 > K3 independent of r and p,
9 8|+ 1481 < K
ot AP = T
QED

The next few results needed shall require mention of a variant of the vortex
equations on R* = C2. These are defined next. In what follows, use wy to denote
the standard symplectic form on R*.

Definition 12.35: Consider a pair (ag, ag), where ag € iQ}(R?) and oy € Q"°(R?).

Then, (ag, ap) satisfy the vortex equations with bound K > 0 when

= 1
dag=0, |l <1, dfa= 5(1 — JagPwo, |d7a| < K.

Lemma 12.36: (Taubes 2009, Lemma 5.14) For any K > 0 and § € (0,1), there
exist Rio36 > 2 and Kya.36 > 1 such that, for any vortex (ag, ag) with bound K, if

one use V to denote the volume of the set

{ze B(R*, Ri2.36) | (1= Jao(2)[?) > 6}
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and V' denote the volume of the set
{37 € B(R", %312.36) ‘ §>(1—|agl?) > %5} :

then it follows that V' < Ki936V.

Remark 12.37: The proof shall be omitted, because, unlike other results above,

this one is exactly as stated in Taubes (2009) and its proof therein is self contained.

Remark 12.38: The ability to apply this lemma in the present context comes from

the following.

Lemma 12.39: There exists K239 > 0 such that, for any R > 1 and € > 0, there
exists r12.39 > 0 such that, for all p € R X Y and r > r9.39, it follows that there

exists a vortex (ag, ap) bounded by K939 and a gauge transformation u such that

I(ao, (@0, 0)) = (¢p,r,r) w - (@, (@, B)) | cop(ra,ry) < &

where ¢, r denotes the rescaled Gaussian chart centred at p so that the geodesic

ball of radius Rr—2 be mapped to the ball of radius R of R*.

Proof: According to Taubes (2009), the proof is an adaptation of a similar statement
made in Taubes (1996). The idea is as follows. Assume the contrary. Then, for any
K239 > 0, there exists R > 1, € > 0, an increasing unbounded sequence {r,},
a sequence of points p, € R x Y and a sequence of Seiberg-Witten trajectories
(Ax + Gn, (0, Bn)) With parameter r = r,, such that, if one define (G, (G, Bn)) to
mean the pullback of (a,, (on, 5,,)) via the chart ¢, , g seen as functions of the ball
of radius R of R*, then (éy,, (@, n)) do not lie in a ball of radius € around any vortex
bounded by Kia39 in the CO(D(R?, R)) norm. Now, the Seiberg-Witten equations
imply that, after redefining (dn, (G, 8,)) by applying some gauge transformation

up, these functions obey elliptic equations of the form
d+a’7’b = f1<lﬁn71;n>+f27 d*a’n 207 5&n+5*3n :f3<&n7’l/;n>7

for certain polynomial functions fi, fo and f3. On the other hand, by using Lemma
12.5, Lemma 12.10, Lemma 12.25 and standard elliptic theory arguments, one can
conclude that there must be a subsequence uniformly convergent on the disk of
radius R. Let the limit of this convergent subsequence be denoted (iiso, (Gsos Boc))-
The point now is that, by Lemma 12.10, one can see further that S, = 0. Hence, if

one care to check, it follows, by examining carefully the terms fi, fo and f3, that the
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equations above reduce to the vortex equations in the limit n — oo. Consequently,
(aoo, oo) satisfies the vortex equations. But then note that, if Kjs39 be large
enough relative to the constant Kjg95 provided by Lemma 12.25, (G0, o) is a

vortex bounded by K239, which is a contradiction. QED

Set the following notation

Qs ::/ ko, :5::/ %62150('5.
RxY RXY

Lemma 12.40: (cf. Taubes 2009, Lemma 5.17) Given § € (0,d2.24), there exist

r12.40 > 0 and K940 > 0 such that, for all r > 71940,

Qf < K12.409s5.

Proof: The analogous statement in Taubes (2009) lacks a proof as it is claimed to
be similar to a previous lemma; therefore, the author shall furnish the details here.
Firstly, notice that the function o4 is non-zero only at points where (1 — |a|?) > 6;
meanwhile, ¢} is non-zero only at points where § > (1 — |a|?) > 15. Now, If g be
the product metric of R x Y consider instead the metric e?*¢. Since the set of points
where (1 — |a|?) > § has t coordinate bounded above, the volume of this set in the
metric e?!g is, in fact, finite. Hence, note that, in order to prove the claimed result,
it suffices to bound the volume of points where § > (1—|a|?) > 14 by some constant
times the volume of the set of points where (1 — |a|?) > d; both volumes being with
respect to the metric e2'g. For the rest of this proof, the metric at use shall be e?'g
whenever the author talk of volumes or geodesy. For brevity, use R := Rjs36 to
denote the constant from Lemma 12.36. Consider a set A of disjoint geodesic balls
in Y centred at points p where § > (1—|a(p)[?) > 46 and all having radius 1 Rr—1/2.
Due to compactness of Y, one can also assume A to be maximal with respect to
inclusion. For each ball B € A, let B” D B’ D B denote the concentric geodesic
balls having radii Rr—'/2 and %R’r’_l/ 2 respectively. Now, suppose that some point
p € R xY at which § > (1 — |a(p)|?) > 16 not be in the set |Jp., B’ Then,
if r be sufficiently large compared to R, say larger than some 71549 > 0, the ball
of radius iR’r’_l/ 2 centred at p would not intersect any of the balls in the set A;
so, if this were the case, A could not be maximal. Therefore, | Jgz., B’ covers the
set of points where § > (1 — |a|?*) > 38. Moreover, perhaps after an increase to
r12.40 > 0, Riemannian geometry provides an upper bound for the maximal number

n such that there be a set of balls {B;} C A satisfying BY N ---N B # (; this
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upper bound is independent of § and r except that one must ensure r > 119 49. The
consequence of all of this is that it suffices to provide the desired sort of bound for
each of the balls B. For that end, given a ball B € A, denote by Vp the volume of
the subset of B” where § > (1— |a(p)|?) > 20; likewise, denote by V} the volume of
the subset of B’ where (1—|a|?) > 6. Now, apply Lemma 12.36 in combination with
Lemma 12.39 in order to obtain a constant Kis 49 > 0 independent of B, satisfying

Vi < K1240VB. QED

Lemma 12.41: Given § € (0, d2.04), there exists ri9.41 such that for all r > ryg.41,

Qs = 0.

Proof: To start, let r1241 = max{ri2.40,712.34}. Recall that Lemma 12.33 asserted

that
/ ke (67105 (10401 = 105af) +ras (1= |a? +[5]%)) = 0.
RXxY

Neglecting some positive terms yields the inequality
/ %e® (=67 10510 4a? +ros(1 — |af?)) < 0.
RxY

Focusing on the second term of the integrand, note that, at a point where o5 # 0,

it is necessarily the case that (1 — |a|?) > §; hence,
/ %’ (=67 1051 04 + rosd) < 0.
RxY
By applying Lemma 12.40 and Lemma 12.34, one finds
( — K12.40K122.345_1 + 7’(5)95 S O
But €25 > 0. Hence, perhaps after increasing 15471, it follows that, for » > r9.41,
Qs =0. QED

Theorem 12.42: Given ¢ € (0,d2.94), for all r > 71941, it follows that, pointwise
onallof R xY,
1—]a* <.

Proof: (s is the integral of e*!o5, which is non-negative and strictly positive wher-
ever (1 —|al?) > 4. QED
Corollary 12.43: C' = lim;, _, 7 is gauge equivalent to C).

Proof: C is a solution to the Seiberg-Witten equations on Y. Its A®¢* component
is lim;_, ., . Therefore, it also satisfies the bound in Theorem 12.42. Theorem

2.24 then guarantees that C' must be gauge equivalent to C). QED
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Corollary 12.44: ~ is the constant trajectory at C).

Proof: Assume the contrary. Because the Seiberg-Witten vector field X'y , is minus
the gradient of the functional CSD) ,, the value of CSD,, never increases along
the trajectory . Moreover, the contact configuration C)y is a non-degenerate fixed
point of the downward gradient flow of CSD),, by Theorem 11.22, which means
that the value of CSD) , certainly decreases along 7 for sufficiently large time as
one approaches C'y. But since both endpoints of v are gauge equivalent and b; = 0,

the values of CSD, , are the same for gauge equivalent configurations. This cannot

be. QED

Remark 12.45: Hereby, the author concludes the proof of Theorem 2.25.
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