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Highlights: 

 

• Time-invariant state space model of wind turbine allows modal analysis in op-

eration 

• Model combining aerodynamic decoupling and multi-blade coordinate transfor-

mation 

• Complex-valued modal model shows modal coupling and influence of mean 

wind speed 

• Tower and blade dynamic responses match fully coupled model in time and 

frequency domain 

• Modal reduction significantly reduces computation cost, allowing fast fatigue 

analysis 
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Simplified complex-valued modal model for operating wind tur-

bines through aerodynamic decoupling and multi-blade coordi-

nate transformation 

 

Abstract 

An efficient modelling methodology for steady-state operating wind turbines is pro-

posed, combining aerodynamic decoupling, multi-blade coordinate transformation, and 

modal reduction. This leads to a complex-valued, reduced-order modal model for pre-

diction of dynamic responses of the tower-rotor-blade wind turbine system, considering 

rotor rotation, blade flexibility, and vibration coupling between rotor and tower. A fully 

coupled finite element model was first developed, with aerodynamic forces linearised 

and expressed as a viscous aerodynamic damping matrix. A time-invariant state space 

model is formed using multi-blade coordinate transformation, allowing standard modal 

analysis. The complex-valued eigenvalues and mode shapes were obtained, and it is 

shown that the operating wind turbine modes exhibit a combination of tower and blade 

vibrations. Various degrees of modal reduction are applied to the state space model to 

obtain a modal model with fewer degrees of freedom, whose performance was evalu-

ated in the time and frequency domain for operating wind turbines in normal condition. 

The displacement and stress responses are in close agreement with those of the fully 

coupled model with the first 21 modes included. The model already performs well with 

8 modes considered to capture relevant fundamental frequency peaks. This allows sig-

nificantly reduced computational effort and can be particularly beneficial for fatigue 

prediction, reliability analysis, and structural identification. 

 

Keywords: Wind turbines; aerodynamic damping; multi-blade coordinate transfor-

mation; complex modal analysis.  

  



 

4 

 
 

1 Introduction 

Wind turbine modelling is usually based on multibody dynamics, in which the motions 

of rigid bodies (e.g., nacelle, hub) and flexible bodies (e.g., tower, blades) are coupled 

at every time step. Given the instantaneous blade vibration velocities, the aerodynamic 

loading on the rotor is calculated at every time step using the unsteady blade element 

momentum (BEM) theory [1]. Fully coupled models have been developed using multi-

body-dynamics-based modelling techniques in wind turbine modelling packages such 

as FAST [2] and HAWC2 [3]. This modelling approach is beneficial to take into ac-

count the complex interaction between different components, the wind-structure inter-

action, and the influence of the control system. However, such fully coupled models 

are usually numerically demanding and thus require significant computation time which 

may be excessive for fatigue or reliability analyses where a large number of simulations 

are required. In order to obtain exact dynamic responses, more complex finite element 

analyses for wind turbines can be employed [4, 5].  

 

Simplified wind turbine models have been developed (e.g., [6ï8]) to improve compu-

tational speed. In these studies, aerodynamic decoupling between tower and rotor is 

used to simplify wind turbine models. It is usually implemented by applying the result-

ant rotor thrust at the tower top as a point load, with aerodynamic damping ratios rep-

resenting the aerodynamic damping, and the rotor-nacelle assembly (RNA) mass 

lumped at the tower top ([6, 8]). However, aerodynamic damping ratios cannot accu-

rately capture the complex aerodynamic wind-rotor interaction. Chen et al. ([9, 10]) 

developed an aerodynamic damping matrix to model the aerodynamic damping cou-

pling between the fore-aft (FA) and side-side (SS) directions to better capture the wind-

rotor interaction, considering the influence of tower motions. The blades were assumed 

to be rigid, so the blade vibration was not included, and the aerodynamic damping ma-

trix describes the overall aerodynamic damping caused by the wind-rotor interaction to 

the tower, but not the aerodynamic damping of individual blades. To quantify the aer-

odynamic damping associated with blade bending, studies focussed on linearising the 

aerodynamic forces in the blade sections. For example, Rasmussen et al. [11] and Pe-

tersen et al. [12] presented the linearisation of aerodynamic forces applied to blade el-

ements, in which the blade aerodynamic damping is represented by a 2 by 2 aerody-

namic damping matrix. Linearisation is also employed in FAST [13] by combining all 
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linearised matrices together to form the full-system linear state-space model at an op-

erating point. Wind turbine models have also been linearised in the frequency domain 

[14]. 

 

For fully coupled models, system matrices are usually time-varying for operating wind 

turbines due to the rotor rotation [15]. This prevents the use of conventional modal 

analysis of the wind turbine dynamic system. Modal analysis can be a powerful tool to 

simplify dynamic systems, as it allows the behaviour of systems with a large number 

of degrees of freedom to be captured by a limited number of dominant modes. Con-

ducting a modal analysis on an operating wind turbine first requires converting the wind 

turbine system into a time-invariant one. Different methods are available to do this, 

such as multi-blade coordinate (MBC) transformation [16] (or Coleman transfor-

mation) and LyapunovïFloquet (L-F) transformation [17]. Skjoldan and Hansen [17] 

showed that MBC transformation is a special case of L-F transformation, and that L-F 

transformation introduces an indeterminacy on the system frequencies. Hansen [18] 

stated that MBC transformation is a more physically consistent way to set up an eigen-

value problem for operating wind turbines compared to Floquet theory. MBC transfor-

mation has been used for modal analysis and modal identification of wind turbines. For 

example, Hansen ([18ï20]) implemented MBC transformation and modal analysis to 

study the stall-induced edgewise blade vibrations and aeroelastic stability of wind tur-

bines. Skjoldan and Hansen [21] investigated the effect of wind shear on modal damp-

ing based on a linearised model of a wind turbine and MBC transformation.  

 

Operational modal analysis (OMA) is often used to identify the modal parameters of 

the system such as natural frequencies, modal damping ratios, and mode shapes from 

dynamic responses caused by ambient loads. This is partially due to a smaller number 

of parameters needed to be identified for a modal model. A time-varying system needs 

to be converted into a time-invariant one so that traditional OMA methods can be used. 

Alternatively, specific identification techniques need to be implemented to identify 

time-varying systems. For instance, Allen et al. [22] developed an output-only identifi-

cation method based on the harmonic transfer function concept to identify modal pa-

rameters of a linear time-periodic wind turbine model. Yang, Tcherniak, and Allen [23] 

compared two modal identification methods applicable to operating wind turbines. The 
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first method used a conventional modal analysis (stochastic subspace identification al-

gorithm) to identify the modal parameters after an MBC transformation. The second 

method utilised the harmonic power spectrum to identify a periodic model for the wind 

turbine. 

 

Although aerodynamic decoupling and MBC transformation have been implemented to 

develop simplified wind turbine models and form the basis of wind turbine system iden-

tification, combining advanced aerodynamic decoupling, MBC transformation, and 

modal reduction has not been investigated for dynamic response calculation of wind 

turbines. This paper shows that combining the above techniques results in a complex-

valued modal model (CMM) that has a significantly reduced number of degrees of free-

dom (DOFs) and can capture the main low-order dynamic characteristics of wind tur-

bines. Thus, the CMM developed here provides some insight into the underlying dy-

namic features of the wind turbine system. As the number of DOFs considered can be 

significantly reduced compared to a fully coupled Finite Element (FE) model, the com-

putational effort needed for this model is much lower. This paper is organised as fol-

lows. Section 2 describes the fully coupled model used as reference. Section 3 proposes 

the methodology to derive the CMM from the fully coupled model. Section 4 shows 

the modal analysis results and section 5 presents dynamic response analysis. Conclu-

sions are provided in Section 6. 

   

2 Reference model and load description 

2.1 Fully coupled aeroelastic reference model 

In the present study, a fully coupled aeroelastic model of an onshore wind turbine, in-

cluding a flexible tower supporting a rotor with flexible blades, was implemented in 

Matlab as a reference model [24]. The schematic of this model is shown in Fig. 1(a). 

The derivation of the reduced CMM presented subsequently is based on this model. As 

this study concentrates on the wind-rotor-tower interaction, the wind turbine demon-

strated in this study is onshore and only contains a rotor with three blades, a nacelle and 

a tower fixed at the bottom. Soil-structure interaction (SSI) is not considered in the 

present model for simplicity. Simplified SSI can be included by introducing linear soil 

springs and dashpots at the tower bottom [24]. However, the nonlinearity introduced by 

SSI cannot be considered in the development of the linear CMM. The fully coupled 
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model is a three-dimensional FE model and the aerodynamic forces are computed using 

unsteady BEM theory. The wind turbine model is based on the widely used 5MW ref-

erence onshore wind turbine published by NREL [25]. The basic properties of this wind 

turbine are listed in Table 1.  

 

 

Fig. 1. Schematic of wind turbine. Side view of the system (a), front view of the 

rotor (b), and blade cross-section at radius ὶ showing elemental aerodynamic forces. 

 

Table 1 Properties of the NREL 5MW reference onshore wind turbine, based on [25]. 

Rotor Diameter, Ὑ 126 m 

Hub Height  87.6 m 

Tower Diameter, Ὀ 3.87-6.00 m 

Tower Thickness, ὸ 19-27 mm 

Lumped Nacelle and Hub Mass 296780 kg 

Rated Wind Speed 12.1 m/s 

 

(a) 

(b) 

(c) 
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In the FE model, the tower and blades were modelled using three-dimensional Euler-

Bernoulli beam elements. The numbers of beam elements for a single blade and the 

tower are 17 and 11 respectively, so the total number of beam elements in the fully 

coupled model is 62. For each node, there are six DOFs corresponding to three transla-

tional motions and three rotational motions, resulting in 378 DOFs overall for the fully 

coupled model. A convergence study confirmed that the beam element number is suf-

ficient, as the eigenfrequency of the first mode changed by less than 1% when the num-

ber of DOFs are doubled. The finite element division of the blades is also used for the 

aerodynamic loading calculation using BEM so the term óelementô takes both meanings 

throughout the paper. Given the material and geometrical properties of the beam ele-

ments, the equations of motion of the fully coupled wind turbine model can be formu-

lated by: 

where Ἑ, Ἅ , ἕ are the mass, structural damping, and stiffness matrices respec-

tively, ἐ  is the external force vector containing aerodynamic forces applied to the 

blades. Ἵ is the displacement vector in the following form: 

where ὔὸ and ὔὦ are the node numbers of the tower and a single blade, Ἵ  con-

tains the three translational displacements and three rotations of the Ὥ  tower node 

and Ἵ  is a vector collecting the DOFs associated with the Ὥ  node in the ὄὮ  

blade.   denotes the transpose of a matrix/vector.  

 

In this model, the tower DOFs are referenced to a fixed inertial frame denoted by 

ὼȟ ώȟ ᾀ , while the blade DOFs are expressed in local rotating frames with the rotor 

rotational speed denoted by ὼӶȟ ‫ ώȟ ᾀӶ  as shown in Fig. 1. The coordinate systems 

used in the above two frames are regarded as ñphysical coordinate systemsò. Ἑ and 

ἕ are time-dependent matrices [26] when the wind turbine is operating. The structural 

damping is assumed to be proportional Rayleigh damping using the relationship Ἅ

‌Ἑ ‍ἕ, where ‌ and ‍ are Rayleigh coefficients. These were determined such 

that the total damping ratios due to the structural damping are around 1% for the first 

tower FA and SS bending modes according to [27]. The structural damping of a single 

blade fixed at the hub was selected as 0.48%, following the default FAST setting. Note 

 ἙἽ Ἅ Ἵ ἕἽ ἐ ȟ (1) 

 Ἵ

Ἵ ȟ Ἵ ȟ ȣ ȟ Ἵ ȟ Ἵ ȟ Ἵ ȟ ȣ ȟ Ἵ ȟ ȣ ȟ Ἵ ȟ ȣ Ἵ ȟ Ἵ ȟ ȣ ȟ Ἵ   ȟ 
(2) 
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that the structural damping matrix is also time-dependent, since mass and stiff matrices 

are. The nacelle was modelled using a concentrated mass at the tower top for simplicity, 

added to the mass matrix, assuming that the centre of gravity of the nacelle was located 

at the tower top and the nacelleôs moments of inertia about all axes are zero. Time 

domain analyses were conducted by implementing the numerical integration scheme 

HHT-‌ [28], which is a generalised version of the Newmark-‍ method, as integrating 

the full model using a standard ODE solver (e.g. ñode45ò in Matlab) proved too time-

consuming.  

 

2.2 Wind loading 

The wind loading calculation in the fully coupled model is based on classic unsteady 

BEM theory ([1, 29]) with corrections. The iteration loop in a steady BEM code is 

neglected in the unsteady BEM code since the iteration is replaced by a time evolution, 

assuming that the time step chosen is sufficiently small. The corrections adopted in the 

unsteady BEM code include Prandtl and Glauert corrections [1]. To be consistent with 

the derivation leading to the aerodynamic damping matrix (described in Section 3), 

other corrections such as skew wake and dynamic wake corrections were not included 

in the unsteady BEM code.  

 

A non-uniform turbulent inflow wind field was used as the input to the unsteady BEM 

code to calculate the aerodynamic forces acting on the blade elements. It was generated 

by a customised turbulent wind field generator coded in Matlab, producing similar wind 

time series compared to the wind field generator in FAST, TurbSim [30]. Kaimal spec-

trum was used to generate the turbulent wind field, and its relevant parameters (e.g., 

coherence length parameters) were selected as recommended by IEC 61400-3 [31]. The 

relationship between turbulence intensities and mean wind speeds at hub height was 

defined according to the normal turbulence model (NTM). Medium turbulence intensity 

(Category B) was assumed. The inflow wind velocities, the velocity caused by rotor 

rotation and the velocities caused by blade vibration were used as input to the unsteady 

BEM code. The unsteady BEM code calculates the instantaneous local aerodynamic 

forces for all blade elements at every time step in the time integration.  
































