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Neutrinoless double beta decay is a crucial test for lepton number violation in particle physics.
Observation of this process would have fundamental implications for neutrino physics, theories be-
yond the Standard Model and cosmology. Within this mindset, using the IBM-2 framework and
previously achieved constraints between single short-ranged contributions at a time as well as be-
tween standard light neutrino mass and with one short-range contribution leading to interference
among them, we extend the work to multi-contributions without assuming any form of restriction
on the parameter space. It is shown that such contributions are achieved upon constructing ef-
fective normalised couplings written in a 3×3 symmetric and real matrix, for which bounds on
the quadratic form defined by the neutrinoless double-beta decay inverse half-life formula, leads to
ellipsoid constraints on these effective parameters.

I. INTRODUCTION

While the Standard Model (SM) explains very accu-
rately the interactions observed during high-energy ex-
periments, the spontaneous symmetry breaking of the
gauge group SU(3)× SU(2)× U(1) yields masses to the
charged fermions via the Higgs mechanism. Albeit this
explains why charged fermions do have mass, neutrinos
seems to evade from this mechanism, as only left-handed
neutrinos have been detected so far. This puts neutri-
nos to a special position, as they cannot acquire a Dirac
mass, as most charged fermions of the SM do. It is also
well known that neutrinos due possess a small mass and
can oscillate between generations, known as neutrino os-
cillation. In order to incorporate this tiny neutrino mass
within the SM, it would either require the presence of
sterile neutrino states which would assume that neutri-
nos are Majorana particles, namely their antiparticle and
particle states coincide; or effective lepton number violat-
ing interactions (LNV). Concerning the first scenario, the
generation of Dirac neutrino masses analogous to those
of the charged fermions are allowed, this nevertheless re-
quires very small Higgs-Yukawa couplings and that the
total lepton number will no longer be an accidental sym-
metry as the sterile neutrinos would acquire a LNV Ma-
jorana mass. The seesaw mechanism is among scenarios
where sterile neutrinos do exist and possess Majorana
masses of order 1014 GeV with light neutrino masses of
order 0.1 eV [1]. The seesaw mechanism is also one
among scenarios where the lepton number is violated.
These type of models are not the only scenarios gener-
ating light-neutrino masses: there also exists the possi-
bility to include LNV interactions at low scales, higher
loop orders and higher-dimensional effective interactions.
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Such lepton number breaking occurring close to the elec-
troweak scale would force higher-dimensional LNV oper-
ators to be taken seriously into account. We here focus
on the search for 0νββ decay as the most sensitive ap-
proach to probe Majorana neutrino masses and explore
possibilities for beyond the SM physics (BSM).
Currently, the lower limit on the neutrinoless double-

beta decay half-life is set by the Germanium isotope 76
32Ge

[1, 2]

T1/2(
76
32Ge) > 1.8× 1026 yr. (1)

There exist two possible mechanisms for 0νββ decay.
The first one is the so-called long-range transitions via
exchange of a light neutrino which includes the standard
mass mechanism, where the exchanged neutrinos are Ma-
jorana. This mass mechanism is sensitive to the effective
neutrino mass mββ :=

∑
i U

2
eimνi

, where the sum is over
light Majorana neutrino masses and Uei is the charged-
current leptonic mixing matrix elements. One can calcu-
late the inverse decay half-life given an isotope by

T−1
1/2 :=

 |mββ |
me︸ ︷︷ ︸
|ϵν |


2

Gν |Mν |2, (2)

with the phase space factor (PSF) Gν and the nuclear
matrix element (NME) Mν . The dimensionless param-
eter ϵν is made of the electron mass and the light Ma-
jorana neutrino mass, which is taken to be very small.
With the bound in Eq. (1) the limit set on the effective
neutrino mass is |mββ | ≤ 79−180 meV at 90% confidence
level for an unquenced axial coupling gA = 1.27 [2] and
with the uncertainty due to the NMEs arising from dif-
ferent nuclear models. This mass mechanism creates a
dim-5 operator. However, in BSM scenarios, the inser-
tion of a neutrino mass is not necessarily a requirement.
For such a case, we talk about dim-7 operators, where
SM vertices in the 0νββ decay Feynman diagram are re-
placed with effective operator vertices. However, due to
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the neutrino helicity-flip intrinsic in the operator, typical
mechanisms are suppressed by the light neutrino masses.
It is difficult to have a dim-7 operator with exotic long-
range contributions dominating over the standard mass
mechanism [3, 4], although it can be achieved in UV-
complete theories with a modestly suppressed standard
contribution [5–8]. The second mechanism is the more
complicated short-range contributions where all mediat-
ing particles are heavier than 100 Mev and represented
as contact interactions with six external fermions. This
process probes LNV physics around the TeV scale. A
similar expression to Eq. (2) is given by

T−1
1/2 := |ϵI |2GI |MI |2. (3)

Albeit such light-neutrino exchanges are not involved
with short-range contributions, lepton number breaking
and Majorana type SM neutrinos are required. The
short-range and standard mass mechanisms are thus ex-
pected to compete but the relative strength is highly de-
pendent on the underlying model.

In previous papers [1, 4], NMEs and PSFs have
been calculated according to the interacting boson model
(IBM-2) framework. Using them will allow to set upper
limits on the effective short-range couplings ϵI and look
for various interference effects between standard light-
neutrino exchange and short-range mechanisms.

The paper is organised as follows. In Section II we

start by reviewing the short-range effective lepton num-
ber violating interactions Lagrangian density and various
neutrino mass models available throughout the literature.
We then move in Section III in reviewing the calcula-
tions for the NMEs and PSFs using previous work [1]
and data provided by the IBM-2 framework. Using the
decay inverse half-life, we put in Section IV numerical
constraints on single coupling contributions, in the pres-
ence of interference between light neutrino and short-
range mechanisms and finally we deal with multiple con-
tributions with interference terms by considering a 3×3
matrix model. Section V concludes our discussion with
a summary and an outlook.

II. SHORT-RANGE EFFECTIVE LNV
LAGRANGIAN AND NEUTRINO MASS

MODELS

In this work, we start by reviewing short-range effec-
tive LNV operators that are considered within the 0νββ
decay process and then look at the various potential in-
terplay with standard mass mechanisms.

A. LNV effective Lagrangian for short-range
contributions

The LNV effective Lagrangian for short-range con-
tributions consists of five different Lorentz-invariant
fermion current products summed over different chiral-
ities, namely

LSR :=
G2

F cos
2θC

2mp

∑
C1,C2,c

(
ϵC1,C2,c
1 JC1JC2jc + ϵC1,C2,c

2 Jµν
C1

Jµν,C2jc

+ϵC1,C2,c
3 Jµ

C1
Jµ,C2

jc + ϵC1,C2,c
4 Jµ

C1
Jµν,C2

jν + ϵC1,C2,c
5 Jµ

C1
JC2

jµ

)
(4)

The effective operators are given by:

OR/L ≡ OS±P := 1± γ5,

Oµ
R/L ≡ Oµ

V±A := γµOS±P,

Oµν
R/L ≡ Oµν

TL/R
:= σµνOTL/R

,

where σµν = i
1 [γ

µ, γν ]. The corresponding effective
hadronic and leptonic currents given in Eq. (4) are re-
spectively

JR/L ≡ JS±P := uaOR/Lda,

Jµ
R/L ≡ Jµ

V±A := uaOµ
R/Lda,

Jµν
R/L ≡ Jµν

TR/L
:= uaOµν

R/Lda,

jR/L ≡ jS±P := eOR/Le
c,

jµ := eγµγ5e
c,

with ec = Ce the charge conjugation operator. With
these nine-dimensional operators, one can construct the
corresponding twenty-four basis components all invariant
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under the gauge group SU(3)C × U(1)Q:

ϵRRR
1 ∼ JRJRjR,

ϵRRL
1 ∼ JRJRjL,

ϵLRR
1 ≡ ϵRLR

1 ∼ JLJRjR,

ϵLRL
1 ≡ ϵRLL

1 ∼ JLJRjL,

ϵLLR
1 ∼ JLJLjR,

ϵLLL
1 ∼ JLJLjL,

ϵRRR
2 ∼ Jµν

R Jµν,RjR,

ϵRRL
2 ∼ Jµν

R Jµν,RjL,

ϵLLR
2 ∼ Jµν

L Jµν,LjR,

ϵLLL
2 ∼ Jµν

L Jµν,LjL,

ϵRRR
3 ∼ Jµ

RJµ,RjR,

ϵRRL
3 ∼ Jµ

RJµ,RjL,

ϵLRR
3 ≡ ϵRLR

3 ∼ Jµ
LJµ,RjR,

ϵLRL
3 ≡ ϵRLL

3 ∼ Jµ
LJµ,RjL,

ϵLLR
3 ∼ Jµ

LJµ,LjR,

ϵLLL
3 ∼ Jµ

LJµ,LjL,

ϵRR
4 ∼ Jµ

RJµν,Rj
ν ,

ϵRL4 ∼ Jµ
RJµν,Lj

ν ,

ϵLR
4 ∼ Jµ

LJµν,Rj
ν ,

ϵLL
4 ∼ Jµ

LJµν,Lj
ν ,

ϵRR
5 ∼ Jµ

RJRjν ,

ϵRL
5 ∼ Jµ

RJLjν ,

ϵLR
5 ∼ Jµ

LJRjν ,

ϵLL
5 ∼ Jµ

LJLjν .

All other terms are identically zero due to particular iden-
tities and the Pauli exclusion principle.

B. New physics scenarios with short-range
mechanisms

Concerning the leading explanation for the 0νββ de-
cay, the exchange of light Majorana neutrinos are to be
considered. However, being a long-ranged mechanism, it
arises from a different Lagrangian than that of Eq. (4)
[1]. This gives rise to the mass mechanism sensitive to
the effective Majorana neutrino mass, namely

mββ =

3∑
i=1

U2
eimνi

, (5)

which leads to the half-life decay formula given by
Eq. (2). To extend such a contribution would be to
include sterile fermionic states under the SM gauge in-
teractions which acquires mass without spoiling the SM
gauge invariance and mix with the SM neutrinos af-
ter electroweak symmetry breaking. In fact, for sterile

neutrinos much lighter than the nuclear physics scale,
their contributions are analogous to that the previous
approach. An interesting scenario arises if the Majorana
states are in charge for the light neutrino masses in a
seesaw mechanism, in which both contributions cancel
out. On the other hand, for sterile neutrinos much heav-
ier than the nuclear physics scale, they can be integrated
out which results in a contribution involving the opera-
tors Oµ

LOL,µOL with coupling ϵLLL
3 given by

ϵLLL
3 =

nN∑
i=1

V 2
eNi

mp

mNi

. (6)

One could also look for non-trivial extensions of the
SM, such as the minimal left-right symmetric model
(LRSM) which is based on the gauge group SU(3)C ×
SU(2)L × SU(2)R × U(1)B-L. This model contains as a
requirement right-handed Majorana neutrinos, forming
a doublet together with the right-handed leptons, where
the charged currents are being mediated via a right-
handed W-boson. The LRSM gauge group is understood
to be spontaneously broken to that of the SM at a high
scale giving masses to the right-handed W-boson and
Majorana neutrinos. The SM neutrino acquire masses
through mixing with the heavy neutrinos and the vacuum
expectation value of an electroweak triplet Higgs scalar.
The above mentioned trivial mechanisms are thus appar-
ent features of the LRSM. In addition, contributions from
a heavy neutrino and two right-handed W-bosons gives
rise to short-ranged operators with coupling ϵRRR

3 given
by

ϵRRR
3 =

(
g2R
g2

cos(θRC)

cos(θC)

m2
W

m2
WR

)2 3∑
i=1

(UR
ei)

2 mp

mNi

. (7)

Another important contribution comes from the mixing
of the W and WR bosons which leads to couplings

ϵLRR
3 = sin(θWLR)

g

gR

cos(θC)

cos(θRC)

m2
WR

m2
W

ϵRRR
3 ,

ϵLLR
3 = sin2(θWLR)

(
g

gR

cos(θC)

cos(θRC)

m2
WR

m2
W

)2

ϵRRR
3 . (8)

All other type 3 contributions are cancelled out by mixing
between the light-heavy neutrinos and large WR boson
masses. Finally, the last contribution is like mentioned
above due to the electroweak triplet Higgs scalars with
couplings analogous to Eq. (7-8).

III. NUCLEAR MATRIX ELEMENTS AND
PHASE SPACE FACTORS

The NMEs for short-range mechanisms have been an-
alytically derived in [1, 4]. We follow the approach
therein.
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A. Nuclear form factors and their corresponding
NMEs

The form factors with their corresponding
parametrizations and charges are given by

FS(q
2) =

gS
(1 + q2/m2

V )
2
,

FP ′(q2) =
gP ′

(1 + q2/m2
V )

2

1

1 + q2/m2
π

,

FV (q
2) =

gV
(1 + q2/m2

V )
2
,

FW (q2) =
gW

(1 + q2/m2
V )

2
,

FA(q
2) =

gA
(1 + q2/m2

V )
2
,

FP (q
2) =

gP
(1 + q2/m2

V )
2

1

1 + q2/m2
π

,

FTi
(q2) =

gTi

(1 + q2/m2
V )

2
, (9)

with gS = gV = 1.0, gP ′ = 349, gW = 3.7, gA =
1.269, gP = 231 and gTi

= 1.0,−3.3, 1.34, respectively;
and with shape parameters given by mV = 0.84 GeV,
mA = 1.09 GeV and the pion mass mπ = 138 MeV.
The form factors FV (q

2), FW (q2) and FA(q
2) are de-

termined experimentally and the parametrizations above
provide a decent description below 200 MeV. On the
other hand, as it is not possible to directly obtain the
induced pseudo-scalar form factor from experiment, we
use the parametrization suggested in [9], which is based
on the partially conserved axial-vector current hypothe-
sis.

The NMEs for the five short-range operators will gen-
erally depend on the chiralities of the two quark currents
involved. These are

M1 := g2SMF ± g2P ′

12
(M

′P
′
P

′

GT +M
′P

′
P

′

T ),

M2 := −2g2T1
MT1T1

GT ,

M3 := g2V MF ± (gV + gW )2

12
(−2M

′AP
GT +M

′WW
T )

∓
[
g2AMAA

GT − gAgP
6

(M
′AP
GT +M

′AP
T )

+
g2P
48

(M
′′AP
GT +M

′′PP
T )

]
,

M4 := ∓i

[
gAgT1

MAT1

GT − gP gT1

12
(M

′PT1

GT +M
′PT1

T )

]
,

M5 := gV gSMF ±
[
gAgP ′

12
(M̃AP ′

GT + M̃AP ′

T )

−gP gP ′

24
(M

′q0PP ′

GT +M
′q0PP ′

T )

]
. (10)

In addition, we also consider the standard light neutrino
exchange mechanism with the NME given as

Mν := g2V MF − g2AMAA
GT +

gAgP
6

(M
′AP
GT +M

′AP
T )

+
(gV + gW )2

12
(−2M−WW

GT +M
′WW
T )

−g2P
48

(M
′′PP
GT +M

′′PP
T ). (11)

In order to evaluate Eqs. (10-11), we use the numerical
values of the NMEs calculated within the IBM-2 model
for various isotopes are given according to Table I for the
first five Mi and Table II for the standard light neutrino
exchange.

The corresponding compound NMEs M1 to M5 ac-
cording to the IBM-2 model and the values given in Ta-
ble I and Table II are given in Table III. They are listed
for all distinct combinations of quark chiralities and cal-
culated using the quenched value gA = 1.0.

B. Leptonic PSFs and decay rates

Now that the NMEs are known, we have to also con-
sider decay rates for the neutrinoless double-beta decay.
This is achieved via the calculation of the so-called lep-
tonic phase space factors. The numerical results are fol-
lowed from [1]. The leptonic matrix elements are given
by

f
(0)
11± := ±|f−1−1|2 ± |f11|2 + |f−1

1 |2 + |f−1
1 |2,

f
(1)
11± := −2(f−1

1 f−1
1 ± f−1−1f11),

f
(0)
66 := 16(|f−1−1|2 + |f11|2),

f
(1)
66 := 32f−1−1f11,

f
(0)
16 := 4(|f11|2 − |f−1−1|2),

f
(1)
16 := 0. (12)

With the NMEs calculated in the previous subsection and
the values of the squared leptonic matrix elements given
in Eq. (12), the full differential rate of 0+ → 0+0νββ is
expressed as

d2Γ

dE1dcosθ
:= Cw(E1)(a(E1 + b(E1)cosθ)), (13)

where C is a constant given in terms of the SM Fermi cou-
pling, Cabibbo angle and electrons mass; and w(E1) =
E1E2p1p2. The coefficients a(E1) and b(E2) are more
involved, namely
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TABLE I: NMEs for short-range neutrinoless double-beta decay mechanisms evaluated in the IBM-2.

Isotope MF MAA
GT MAT1

GT MT1T1
GT M

′WW
GT M

′WW
T M

′AP
GT M

′AP
T M

′PT1
GT M

′PT1
T M

′P
′
P

′

GT M
′P

′
P

′

T M
′′PP
GT M

′′PP
T

76Ge -48.89 170.0 174.3 173.5 2.945 6.541 2.110 1.310 2.255 1.183 0.798 0.271 0.028 0.022
82Se 41.22 140.7 144.3 143.6 2.456 6.206 1.758 1.249 1.878 1.183 0.660 0.259 0.024 0.021

100Mo 51.96 181.9 188.1 188.6 4.590 8.055 2.273 1.590 2.464 1.128 0.910 0.317 0.029 0.027
110Pd 43.52 151.2 156.5 157.0 3.945 6.816 1.892 1.356 2.055 1.223 0.762 0.271 0.024 0.023
124Sn 33.19 104.2 106.7 106.1 1.701 3.655 1.321 0.723 1.407 0.651 0.489 0.146 0.018 0.012
134Xe 39.45 124.7 127.8 127.2 2.111 4.191 1.564 0.823 1.669 0.741 0.585 0.163 0.021 0.014

TABLE II: NMEs for the standard light neutrino exchange neutrinoless double-beta decay mechanism evaluated in
the IBM-2.

Isotope MF MAA
GT M

′AP
GT M

′AP
T M

′WW
GT M

′WW
T M

′′PP
GT M

′′PP
T

76Ge 0.780 6.062 0.036 0.010 0.089 0.035 3.4× 104 1.4× 104
82Se 0.667 4.928 0.030 0.010 0.073 0.034 4.1× 104 1.3× 104

100Mo 0.511 5.553 0.038 0.012 0.096 0.041 4.7× 104 1.6× 104
110Pd 0.425 4.432 0.032 0.009 0.080 0.036 3.9× 104 1.4× 104
124Sn 0.572 3.370 0.021 0.005 0.053 0.018 2.5× 104 7.5× 105
134Xe 0.686 4.211 0.026 0.005 0.064 0.023 3.0× 104 8.3× 105

a(E1) := f
(0)
11+

∣∣∣∣ 3∑
i=1

ϵLi Mi +
mββ

me
Mν

∣∣∣∣2 + f
(0)
11+

∣∣∣∣ 3∑
i=1

ϵRi Mi

∣∣∣∣2 + f
(0)
66

16

∣∣∣∣ 5∑
i=4

ϵiMi

∣∣∣∣2

+f
(0)
11− × 2Re

[( 3∑
i=1

ϵLi Mi +
mββ

me
Mν

)( 3∑
i=1

ϵRi Mi

)∗]

+
f
(0)
16

4
× 2Re

[( 3∑
i=1

ϵLi Mi +
mββ

me
Mν −

3∑
i=1

ϵRi Mi

)( 5∑
i=4

ϵiMi

)∗]
(14)

b(E1) := f
(1)
11+

∣∣∣∣ 3∑
i=1

ϵLi Mi +
mββ

me
Mν

∣∣∣∣2 + f
(1)
11+

∣∣∣∣ 3∑
i=1

ϵRi Mi

∣∣∣∣2 + f
(0)
66

16

∣∣∣∣ 5∑
i=4

ϵiMi

∣∣∣∣2. (15)

These expressions are valid under the presence of any
combination of short-range mechanisms and the NMEs
are defined over the different short-range current types 1
through 5 including different chiralities. One should also
keep in mind that a distinction is made for the short-
range mechanism ranging from 1 to 3 as the scalar current
is either left-handed or right-handed, indicated by the
chirality notation R/L. This distinction represents the
interference behaviour between terms of different elec-
tron chiralities. For instance, the first term on the right-
hand side of Eq. (14) describes the contributions of and
interference among the short range mechanisms ranging
from 1 to 3 with left-handed electron chiralities and that
of the light-neutrino mechanism. All other terms are un-
derstood in a similar fashion.

Despite the completeness of the fully differential decay
rate given by Eq. (13) which contains the complete kine-
matic information and integration over the whole electron
phase space will yield the total rate, of experimental in-
terest are the distribution over the single-electron energy

and the angular correlation. The single electron energy
distribution is simply given by

dΓ

dE1
:= 2Cw(E1)a(E1), (16)

and the angular distribution reads

dΓ

dcosθ
:=

Γ

2
(1 +Kcosθ), (17)

where

K :=

∫ Qββ+me

me
dE1w(E1)b(E1)∫ Qββ+me

me
dE1w(E1)a(E1)

. (18)

One can also integrate the total differential rate over
the whole electron phase space to determine the total
decay rate and the decay half-life. This results in the
total decay rate being given by

Γ =
ln2

T1/2
, (19)
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TABLE III: Compound NMEs for all distinct quark current chirality combinations, calculated using the quenched
value gA = 1.0.

Isotope MXX
1 MXY

1 MXX
2 MXx

3 MXY
3 MXX

4 MXX
5 MXY

5 Mν
76Ge 5300 −5400 −174 −200 99.8 −158 202 −301 -6.64
82Se 4030 -4110 -144 -171 83.3 -134 114 -199 -5.46

100Mo 12400 -12500 -189 124 83.9 134 1230 -1340 -5.27
110Pd 10400 -10500 -157 -102 69.3 -107 1030 -1120 -4.21
124Sn 3450 -3520 -106 -124 56.2 -95.3 157 -224 -3.79
134Xe 4240 -4320 -127 -146 67.6 -114 196 -277 -4.67

where the inverse half-life is given by

T−1
1/2 := G

(0)
11+

∣∣∣∣ 3∑
i=1

ϵLi Mi +
mββ

me
Mν

∣∣∣∣2 +G
(0)
11+

∣∣∣∣ 3∑
i=1

ϵRi Mi

∣∣∣∣2 +G
(0)
66

∣∣∣∣ 5∑
i=4

ϵiMi

∣∣∣∣2

+G
(0)
11− × 2Re

[( 3∑
i=1

ϵLi Mi +
mββ

me
Mν

)( 3∑
i=1

ϵRi Mi

)∗]

+G
(0)
16 × 2Re

[( 3∑
i=1

ϵLi Mi +
mββ

me
Mν −

3∑
i=1

ϵRi Mi

)( 5∑
i=4

ϵiMi

)∗]
. (20)

The coefficients G
(0)
IJ are the integrated PSFs defined

by [1]

G
(0,1)
IJ :=

2Cg
(0,1)
IJ

4ln2R2
A

∫ Qββ+me

me

dE1w(E1)

×f
(0,1)
IJ (E1, Qββ + 2me − E1), (21)

where g
(0,1)
11± = 1, g

(0,1)
66 = 1/16 and g

(0,1)
16 = 1/4. These

integrated PSFs for the different isotopes we considered
are given in Table IV.

IV. NUMERICAL RESULTS

With the NMEs and integrated PSFs defined in the
previous section, we can now construct numerical bounds
on the short-ranged couplings and effective neutrino
mass.

A. Numerical bounds on single-coupling
contributions

For the case of the effective neutrino mass, with ϵν =
mββ/me and all other couplings set identically to zero,
the inverse half-life formula simplifies to

T−1
1/2 = G

(0)
11+

(
|mββ |
me

|Mν |
)2

. (22)

TABLE IV: Integrated PSFs used in calculating the
total decay rate for the light neutrino and short-range

mechanisms.

Isotope G
(0)
11+ G

(0)
11− G

(0)
66 G

(0)
16 G

(1)
11 G

(1)
66

[10−15 yr−1]
76Ge 2.360 -0.280 1.320 0.870 -1.954 0.977

82Se 10.19 -0.712 5.450 2.925 -9.079 4.539

100Mo 15.91 -1.053 8.482 4.456 -14.25 7.125

110Pd 4.807 -0.541 2.674 1.730 -4.014 2.007

124Sn 9.028 -0.843 4.935 2.976 -7.760 3.880

134Xe 0.597 -0.164 0.380 0.323 -0.394 0.197

Likewise, assuming one short-ranged coupling at a time
and setting everything else, including light neutrino cou-
pling identically to zero leads to

T−1
1/2 = G

(0)
i |ϵiMi|2. (23)

The numerical values for upper limits on the effective
neutrinoless double-beta decay mass and short-range
couplings are given in Table V with the resulting lim-
its at 90% confidence level.
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TABLE V: Upper limits on the effective mass and the short-range couplings from current experimental bounds T exp
1/2

at 90% C.L., assuming a single contribution at a time and gA = 1.0. These also include quark chirality combinations.

Isotope Texp
1/2[yr] |mββ | |ϵXX

1 | |ϵXY
1 | |ϵXX

2 | |ϵXX
3 | |ϵXY

3 | |ϵ4| |ϵXX
5 | |ϵXY

5 |
[meV] [10−10]

76Ge 1.8× 1026 118 2.90 2.84 88.4 77.1 154 130 102 68.1
82Se 2.4× 1024 599 15.9 15.5 445 375 768 654 764 440

100Mo 1.1× 1024 733 6.10 6.04 401 608 901 774 84.1 77.5

B. Numerical bounds in the presence of
interference between light neutrino and short-range

mechanisms

In the previous subsection, we looked at the different
single contributions at a time, i.e. we obtained numerical
bounds upon considering one mechanism (which corre-
sponds to a single operator) at a time. We would like
to expand this to many contributions which results in
interference terms. A large number of possibilities are
plausible to investigate, but what we really need is the
combination of at least the light neutrino with any other
mechanism is expected to show at all levels. This is due
to the fact that any new physics scenario with a short-
ranged operator is expected to generate Majorana neu-
trino masses at a level to explain neutrino oscillation.

The first scenario of interest is the interference be-
tween light neutrino exchange and the short-range op-
erator ϵLLL

3 . We have seen in Section II B that such an
operator is being set off by heavy sterile neutrinos. In
such a case, the decay inverse half-life given by Eq. (20)
is

T−1
1/2 = G

(0)
11+

∣∣∣∣mββ

me
Mν + ϵLLL

3 MLLL
3

∣∣∣∣2. (24)

Since light neutrino exchange and the operator associ-
ated with the short-range coupling given above have the
same leptonic structure, the two contributions add coher-
ently. The same observation is made for any left-handed
leptonic current associated to ϵ1,2,3. Taking the physi-
cal parameters to be real as they should be, and using
the fact that the NMEs above are all negative, one can
have destructive interference for ϵLLL

3 real and negative,
and constructive interference for ϵLLL

3 real and positive,
where mββ is always taken to be positive. The general
constraints on both couplings are depicted within Fig. 1a.

In the case of the interference between the standard
light neutrino contribution with the coupling ϵRR

5 , the
overlap is suppressed by the interference between the dif-
ferent lepton currents involved. In that case, Eq. (20)

reads

T−1
1/2 = G

(0)
11+

|mββ |2

m2
e

∣∣Mν

∣∣2 +G
(0)
66

∣∣ϵRR
5

∣∣2∣∣MRR
5

∣∣2
+2G

(0)
16 Re

[(
mββ

m2
e

Mν

)(
ϵRR
5 MRR

5

)∗]
= A

∣∣mββ

∣∣2 +B|ϵRR
5

∣∣2 + 2C|mββ

∣∣|ϵRR
5

∣∣cos(α− β),

(25)

where A = G
(0)
11+

∣∣Mν

∣∣2/m2
e, B = G

(0)
66

∣∣MRR
5

∣∣2 and

C = G
(0)
16

∣∣Mν

∣∣∣∣MRR
5

∣∣/me are positive coefficients such
that all coefficients are taken to real numbers. The an-
gle α − β is the relative complex phase between mββ

and ϵRR
5 , which is taken to be 0 or π, so that we get

a quadratic polynomial in mββ and ϵRR
5 . With such a

polynomial being constrained by the inverse half-life de-
cay, one gets elliptical shapes with the tilting determined

by the size of G
(0)
16 relative to G

(0)
11+ and G

(0)
66 . These el-

liptic shapes are given in Fig. 1b for the 76-Germanium
and 100-Molybdenum isotopes with two different half-life
precision for each.

C. Numerical bounds in the presence of non-trivial
interference between all couplings

We have discussed in subsections IVA and IVB that
there can be single contributions with no interaction be-
tween different couplings, but also interference between
two couplings, which for inverse half-lives being polyno-
mials in those couplings could lead to elliptical shapes,
with the tildes being determined by the PSFs. We would
like to continue towards that path by including not just
two but all the couplings. This process being too com-
plicated, we propose to reduce the problem by writing
the inverse-half life formula given in Eq. (20) in matrix
form. The reason for doing this is related to the fact that
interference terms describes geometrically conic sections,
as seen from the previous subsection. The generalisation
of these sections would involve the theory of matrix rep-
resentation of conic sections, which combines the tools
of linear algebra and that of geometry into one. For our
purpose, this construction can be achieved by defining a
set of vectors corresponding to each coupling which span
a vector space formed by these couplings. However, this
can be further simplified by defining various normalised
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(a) Constraints on the effective 0νββ decay mass |mββ | and
the short-range operators coupling ϵLLL

3

(b) Constraints on the effective 0νββ decay mass |mββ | and
the short-range operators coupling ϵRR

5

FIG. 1: All other couplings are set identically to zero. The highlighted regions denote the allowed parameter space
from the current limit on the decay half-life for different isotopes. The blue and green regions are for inverse

half-lives for 76Ge with bounds (1.8× 1026)−1 yr−1 and (1.1× 1028)−1 yr−1, respectively, whereas the orange and
red regions are for inverse half-lives for 100Mo with bounds (1.1× 1024)−1 yr−1

and (1.0× 1027)−1 yr−1, respectively.

effective couplings, which are three in total, thus bring-
ing the dimensionality of the problem to three dimension.
We are thus expecting to deal with quadratic surfaces
such as the three dimensional ellipsoid. Such effective
couplings are defined as follows:

ϵL,ν
1→3 :=

1

ML,ν
1→3

( 3∑
i=1

ϵLi Mi +
mββ

me
Mν

)
,

ϵR1→3 :=
1

MR
1→3

×
3∑

i=1

ϵRi Mi,

ϵL,R
4→5 :=

1

ML,R
4→5

×
5∑

i=4

ϵiMi. (26)

Here, the three normalisations factors are given in terms
of effective NMEs given by

MR
1→3 :=

√√√√ 3∑
i=1

M2
i ,

ML,ν
1→3 :=

√(
MR

1→3

)2

+M2
ν ,

ML,R
4→5 :=

√√√√ 5∑
i=4

M2
i . (27)

One can see that the averages MR
1→3 and ML,ν

1→3 being

related upon the neutrino NME term, ML,ν
1→3 must be

greater than MR
1→3. This would result in the strength

of contribution of ϵL,ν
1→3 being much stronger than that of

the contribution due to ϵR1→3.
Assuming that everything is real and together with the

three effective couplings defined above, the decay inverse
half-life equation can be brought to the following poly-
nomial equation of degree two and with three variables

T−1
1/2 := G

(0)
11+

(
ML,ν

1→3

)2(
ϵL,ν
1→3

)2

+G
(0)
11+

(
MR

1→3

)2(
ϵR1→3

)2

+G
(0)
66

(
ML,R

4→5

)2(
ϵL,R
4→5

)2

+2G
(0)
11−M

L,ν
1→3MR

1→3ϵ
L,ν
1→3ϵ

R
1→3

+2G
(0)
16 M

L,ν
1→3M

L,R
4→5ϵ

L,ν
1→3ϵ

L,R
4→5

−2G
(0)
16 MR

1→3M
L,R
4→5ϵ

R
1→3ϵ

L,R
4→5. (28)

As can be seen from this equation, the first three terms
are independent of each other, leading to single contri-
butions for the effective couplings. The last three terms
being cross-terms give rise to various interference terms

between the couplings ϵL,ν
1→3, ϵ

R
1→3 and ϵL,R

4→5. These terms
mix-up non-trivially each of these couplings, as indicated
by the matrix form given by Eq. (29). Notice that each
element of the matrix are purely in terms of the PSFs
and effective NMEs. In addition, the effective NMEs all
being defined as square roots makes them positive real
numbers. The PSFs being both negative and positive
real numbers, they will carry the information about the
shape and orientation of the ellipsoids. In fact, bringing
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Eq. (28) in matrix form will help us understand better these various shapes. The quadratic form corresponding
to the inverse half-life for the 0νββ decay reads:

T−1
1/2 =


ϵL,ν
1→3

ϵR1→3

ϵL,R
4→5


T



G
(0)
11+

(
ML,ν

1→3

)2

G
(0)
11−M

L,ν
1→3MR

1→3 G
(0)
16 M

L,ν
1→3M

L,R
4→5

G
(0)
11−M

L,ν
1→3MR

1→3 G
(0)
11+

(
MR

1→3

)2

−G
(0)
16 MR

1→3M
L,R
4→5

G
(0)
16 M

L,ν
1→3M

L,R
4→5 −G

(0)
16 MR

1→3M
L,R
4→5 G

(0)
66

(
ML,R

4→5

)2




ϵL,ν
1→3

ϵR1→3

ϵL,R
4→5

 . (29)

The matrix equation given by Eq. (29) is written in terms
of homogeneous coordinates, here represented by the ef-
fective couplings. These are coordinates on the projective
space of couplings such that the coordinates of points,
including points at infinity, can be represented using fi-
nite coordinates. The (not most) general equation for
a quadratic section in homogeneous coordinates (x, y, z)
can be written as

Ax2+By2+Cz2+2Dxy+2Exz+2Fyz+G = 0, (30)

where the matrix equation of this quadric then takes the
simple form

x

y

z


T 

A D E

D B F

E F C



x

y

z

+G = 0. (31)

Thinking of this equation in terms of Eq. (29), we do
not yet know whether we have ellipsoids, just like we
have ellipses in our interference expression given through
Eq. (25). This can be achieved by constructing a diagonal
matrix through finding the eigenvalues and eigenvectors
of this matrix. First looking at our matrix, we see that
it is symmetric, i.e. by the spectral theorem, it has real
eigenvalues and is thus orthogonally diagonalizable. Cal-
culating the eigenvalues of this matrix gives:

λ1 = 1.52× 10−7 yr−1

λ2 = 1.19× 10−7 yr−1

λ3 = 1.17× 10−10 yr−1. (32)

The associated normalised eigenvectors are

v1 =

 0.71
−0.71
0.02

 v2 =

 0.71
0.71

−4.40× 10−8


v3 =

−0.02
0.02
1.00

 (33)

We therefore can rewrite the inverse half-life in terms of
the sum of eigenvalues multiplied by these new effective

FIG. 2: Ellipsoidal constraint on the effective couplings
for 76Ge isotope with inverse half-life bounded to be

(1.8× 1026)−1 yr−1.

couplings squared, namely

T−1
1/2 = λ1ϵ

2
eff,1 + λ2ϵ

2
eff,2 + λ3ϵ

2
eff,3

= 1.52× 10−7
(
0.71ϵL,ν

1→3 − 0.71ϵR1→3 + 0.02ϵL,R
4→5

)2

+1.19× 10−7
(
0.71ϵL,ν

1→3 + 0.71ϵR1→3 − 4.40× 10−8ϵL,R
4→5

)2

+1.17× 10−10
(
−0.02ϵL,ν

1→3 + 0.02ϵR1→3 + ϵL,R
4→5

)2

.

(34)

As noted, this quadratic form does not contain any cross-
terms of the form ϵeff,iϵeff,j . Notice that all terms have
the positive sign which indicates that a section of the
quadratic surface in the plane ϵeff,i = 0 for any i ∈ 1, 2, 3,
is an ellipse with semi-axes given by the square roots of
the eigenvalues. These are depicted in Fig. 3 for the 76Ge
and 100Mo isotopes with two decay half-life bounds.The
positive signature of all three eigenvalues also indicate
that we have an ellipsoid. This is depicted in Fig. 2.
As one can see, the values for the couplings are bounded
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(a) Constraints on ϵL,ν
1→3 and ϵR1→3. (b) Constraints on ϵL,ν

1→3 and ϵL,R
4→5.

(c) Constraints on ϵR1→3 and ϵL,R
4→5. (d)

FIG. 3: These constraints are to be interpreted as cross-sections of the ellipsoid described by the effective couplings
ϵeff,i.

to specific values, namely are allowed to exist within the
boundary and interior of the ellipsoid. Just like the previ-
ous models, we have constraints due to interference terms
between each effective coupling. From the plots, we see

that the effective couplings ϵL,ν
1→3 and ϵR1→3 rotates the el-

lipse by 45o degrees and ϵL,R
4→5 stretches it. It can also be

seen that the elliptic section formed by ϵL,ν
1→3 and ϵR1→3

are tilted by G
(0)
11+ relative to G

(0)
11−.

As discussed above, the eigenvalues are very important
not just to discuss about the shapes of the constraints,
but as well as the sensitivity. Upon looking at the first
two eigenvalues λ1 and λ2, they are of the same order of
magnitude but differ by their multiplicative factors. The
third eigenvalue λ3 is way smaller than the two other

eigenvalues. We know that the higher the sensitivity, the
larger the PSFs are to be expected, and hence a larger
matrix. We thus want to probe small values of couplings,

i.e. λ3 being very small means the sensitivity in ϵL,R
4→5 is

not very good, whereas for the other two being of the
same order of magnitude, can both be sensitive, yet one
can choose the first one to be the most sensitive, which

means that ϵL,ν
1→3 and ϵR1→3 are going to be very sensitive.

V. SUMMARY AND CONCLUSION

An understanding of the origin of neutrino masses
might be observed through signatures of total lepton
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number violation, which is a key open issue in parti-
cle physics. Neutrinoless double-beta decay has so far
been the only practical means to probe light Majorana
neutrino masses at scales indicated by neutrino oscilla-
tions. In addition it is sensitive to new physics contribu-
tions from exotic particles and interactions coupling to
first-generation quarks and electrons. Within an effec-
tive field theoretic framework, neutrinoless double-beta
decay searches strongly constrain contributions of that
form. Within this paper, we looked at short-range con-
tributions which result from integrating out exotic parti-
cles much heavier than the energy scale mF ≈ 100 MeV
of double beta decay, leading to effective dimension-nine
operators which is in total twenty-four. Additionally, we
use the updated calculations for the standard light neu-
trino exchange mechanism in [1] to analyse its interaction
with short-range contributions.

Using the first complete numerical evaluation of the
PSFs and NMEs needed for the description of short-range
mechanisms of neutrinoless double-beta decay within the
framework of IBM-2 with restoration of the isospin prop-
erties of the Fermi transition operator given in [1], we
estimated numerical constraints on single and multi-
contributions to couplings, given bounds on the decay in-
verse half-life for various isotopes. These numerical con-
straints seem to indicate elliptic shapes in the presence of
interference terms. Considering one operator at a time,
the current limits correspond to operator scales ranging
between 3 to 10 TeV, where the strongest sensitivity is
achieved for operators enhanced by pion-mediated cor-
rections, in agreement with previous analyses [7, 10–12],
in our case arising from enhanced pseudoscalar form fac-
tors.

We also looked at multiple couplings all contributing
at the same time. In that case, by rewriting the inverse
half-life equation as a 3×3 real and symmetric matrix,
the quadric surfaces are to be that of an ellipsoid, with
its conic sections being elliptical. This is in agreement
with our previous standard light-neutrino and one short-
range coupling constraint shapes, which were also ellip-
tical. The shapes are highly being affected by the PSFs
sign, and the magnitude of the effective NMEs. In fact,
this method is very broadly applicable as it can be used
to calculate the volume of these different ellipsoids for
various isotopes and hence identify the best constraining
isotope with the largest volume. Another possibility is to
apply the algorithmic setting we developed in this paper
to construct a similar approach for long-range contribu-
tions to the neutrinoless double-beta decay. This would
result in higher dimensional matrices, hence higher di-
mensional ellipsoids, but the idea should carry on. This
is a work left to be done in the future.

These constraints on the effective neutrino mass, short-
range operator couplings as well as the normalised effec-
tive couplings can be interpreted in terms of new physics
scenarios. For instance, in the sterile neutrino case, the
most stringent limit as indicated in Table V on 0νββ de-
cay contributions of heavy sterile neutrinos is set in 136Xe
which means that( nN∑

i=1

V 2
eNi

mNi

)−1

> 1.3× 108GeV,

assuming contributions from the light Standard Model
neutrinos are negligible. This can then be compared with
other searches which rules out portions of theoretically al-
lowed values. This method can then be extended to other
BSM models and compared with the parameter spaces.
A very plausible scenario would be to use the constraints
put on the effective operator couplings discussed in this
paper to rule out not allowed parameter spaces coming
from searches, left to be explored within future papers.

Searches for LNV signatures, with neutrinoless double-
beta decay as the most prominent example, are essen-
tial in understanding neutrinos and BSM physics. With
no clear sign of new physics been observed to the writ-
ing of this paper, short-range operators as those consid-
ered in this work provide model-independent means to
explore the presence of LNV physics. If an exotic short-
range contribution were to be observed, it would indicate
that light neutrino masses have their origin around the
TeV scale. It would also have profound consequences
on possible explanations of the matter-antimatter asym-
metry of the Universe, with the observation of nonstan-
dard neutrinoless double-beta decay contributions disap-
proving baryogenesis taking place above the electroweak
scale [13].
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