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Abstract

Over the last two decades, Quantum Annealing (QA) has grown to be a

commercial technology with machines reaching the scale of 5000 intercon-

nected qubits. Two reasons for this progress are the relative ease of imple-

menting adiabatic Hamiltonian control and QA’s partial robustness against

errors caused by decoherence.

Despite the success of this approach to quantum computation, proving

a scaling advantage over classical computation remains an elusive goal to

this date. Different strategies are therefore being considered to boost the

performance of quantum annealing. These include using more coherent qu-

bit architectures and error-suppression to limit the effect of environmen-

tal noise, implementing non-stoquastic driver terms and tailored annealing

schedules to enhance the success probability of the algorithm, and using

many-body couplers to embed higher-order binary optimisation problems

with less resource overhead.

This thesis contributes to these efforts in two different ways. The first

part provides a detailed numerical analysis and a physical layout for a three-

body coupler for flux qubits based on ancillary spins. The application of the

coupler in a coherence-signature QA Hamiltonian is also considered and

the results of the simulated quantum evolution are compared to the out-

comes of classical optimisation on the problem Hamiltonian showing that

the classical algorithms cannot correctly reproduce the state distribution at

the end of QA. In the second part of the thesis, we develop a numerical

method for mapping the Hamiltonian of a composite superconducting cir-
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cuit to an effective many-qubit Hamiltonian. By overcoming drawbacks of

standard reduction methods, this protocol can be used to guide the design

of non-stoquastic and many-body Hamiltonian terms, as well as to get a

more precise evaluation of the QA schedule parameters, which can greatly

improve the outcomes of the optimisation. This numerical work is accom-

panied by a proposal for an experimental verification of the predictions of

the reduction protocol and by some preliminary experimental results.



Impact statement

This thesis is an investigation of two different tools for further developing

quantum annealing technology. The first one is a coupler system introduc-

ing many-body interactions in quantum annealing and the second is a nu-

merical Hamiltonian reduction method useful for the design and analysis

of quantum annealing circuits.

The coupler system is based on superconducting circuits routinely used

in commercial quantum annealers and would improve their performance

by allowing the native embedding of more complex optimisation problems.

The numerical reduction protocol can produce more accurate results than

standard approaches, particularly when simulating superconducting qubits

of more recent design and with improved coherence metrics such as the

capacitively-shunted flux qubit, and allows the seamless analysis of rela-

tively complex multi-qubit systems.

The immediate impact of this work is academic, in that it opens oppor-

tunities of further scientific and experimental investigation. For instance,

the study of the many-body coupler circuit is completely numerical and is

accompanied by a detailed circuit design, which would allow its fabrication

and experimental test. Additionally, the Hamiltonian reduction method fa-

cilitates the study of arbitrary superconducting circuits for quantum anneal-

ing and gives better insights into their effective qubit dynamics.

The numerical Hamiltonian reduction method can also find an immedi-

ate commercial application if used to design circuit primitives and to inves-

tigate new hardware capabilities for commercial quantum annealers. The
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main benefits of this method would be its relative numerical efficiency, its

flexibility, which allows it to be applied to very different circuit designs, and

its improved accuracy over standard approaches including perturbative re-

duction and Born-Oppenheimer approximation. These applications should

follow an initial experimental validation of the performance of the protocol.

Upon further development of the design, the coupler circuit could also

find application in commercial quantum annealers, making them more ef-

ficient when dealing with more complex optimisation functions, and there-

fore more competitive against classical optimisers.
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Chapter 1

Introduction

1.1 Quantum Computation and Quantum An-

nealing

Quantum technologies bear the promise of having a transformational im-

pact on many areas of our society. Harnessing some of the peculiar prop-

erties of quantum mechanics, such as entanglement, can in fact bring about

an improvement in the performance of many processes far beyond what is

allowed by classical means, with applications ranging from cryptography,

metrology and sensing, to drug discovery, computational and generative

chemistry, statistics and finance[1, 2].

One of the most interesting domains of quantum technologies is quan-

tum computation, that is the study of the information processing tasks that can

be accomplished using quantum mechanical systems (cit. [3]). In fact, quan-

tum computation both represents an ideal platform for observing the basic

principles of quantum mechanics at play and promises to offer a substantial

advantage over the performances of classical computation.

The concept of quantum computation is often considered to have first

appeared in a famous seminal lecture given by Richard P. Feynman in 1981,

Simulating Physics with Computers [4]. In this lecture, Feynman noted how

the computational power required for a classical computer to simulate the

dynamics of a quantum many-body system scales exponentially with the
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size of this system. For instance, the state of an ensemble of N spin-1
2 par-

ticles is specified by 2N coefficients and the space required to store them,

as well as the time required to process them, quickly makes the problem

intractable with available classical computers, as N increases. Conversely,

Feynman argued, a computer displaying the same quantum mechanical be-

haviour, could simulate such a system efficiently, that is with an amount

of time and resources that scales at most polynomially with the size of the

system[4]. David Deutsch further developed this idea in 1985, imagining a

universal quantum computer capable of simulating an arbitrary physical sys-

tem[5]. In the same work, he presented an algorithm which allowed to si-

multaneously calculate the value of a binary function at its two inputs, an

operation which is impossible with a classical computer.

In 1994, Peter Shor demonstrated that two major mathematical prob-

lems, the discrete logarithm problem and the search for the prime factors

of an integer, could be solved efficiently by a quantum computer[6]. Al-

though no fundamental proof that the class of problems that can be solved

efficiently with a quantum computer extends beyond the class of problems

that a classical computer can solve efficiently has been found to date, the

results of Deutsch and Shor are a powerful hint that this might be the case

and are motivating the enduring effort that the international scientific com-

munity is making in the field of quantum computation.

A further stimulus to quantum computation comes from the fact that

the miniaturisation of silicon electronics, which has sustained the exponen-

tial growth in the classical computers’ performance in the last fifty years,

has now finally come to a halt. In fact, although semiconductor technology

may be able to produce transistors as small as two nanometers (i.e. about

twenty times the typical size of a single atom), before quantum mechanical

effects ultimately interfere with their functioning, silicon chip foundries are

already seeing steeply rising costs and diminishing economic returns at the

5 nm scale[7].
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Therefore, rephrasing the title of another forward-thinking talk given

by Feynman, there is no more room at the bottom1, and exploring a funda-

mentally different approach to computation such as quantum computation

is one possible way of meeting a demand for computational power that is

constantly increasing[3, 9].

In the original model of quantum computation, in analogy to what hap-

pens in classical computation, any algorithm begins with an initialisation

stage, in which a quantum system, the quantum computer, is prepared in

some initial physical state. A sequence of evolution steps (called gates) is

then applied, which transform the initial state into the final one; this is

where the computation actually takes place. The final state of the system

encodes the solution to the computational problem, which is eventually con-

verted into classical information by means of a measurement. This protocol

goes under the name of gate-based quantum computation.

Around the year 2000, quantum annealing was formulated as a special

purpose quantum algorithm for solving hard optimisation problems. In this

case, the computation is performed by slowly evolving the Hamiltonian of

the quantum computer (or quantum annealer in this case) over time, between

an initial Hamiltonian Ĥi and a final Hamiltonian Ĥp, whose ground state

encodes the solution to the optimisation problem. If the quantum annealer

is initially prepared in the ground state of Ĥi and if the rate of change of

the Hamiltonian is sufficiently slow, the Adiabatic Theorem guarantees that

the system remains in the ground state of the instantaneous Hamiltonian

throughout this process and therefore that the desired ground state of Ĥp

can be measured at the end of the protocol[10].

The fact that quantum annealing does not require the complex se-

quence of fast quantum gates required by gate-based quantum computa-

tion, together with an intrinsic degree of robustness of ground-state adia-

batic evolution against the decoherence processes affecting the quantum an-

1The address, There is plenty of room at the bottom, was given to the American Physical
Society in 1959 and correctly foresaw the upcoming success of microelectronics[8].



1.1. Quantum Computation and Quantum Annealing 21

nealer have allowed quantum annealing to fully profit from the phenomenal

progress of the superconducting circuit technology in the last two decades

and to grow to a stage of early commercial applications involving quantum

annealers featuring a few thousands of qubits, the unit of information of

quantum computing[11, 12].

Despite this tantalising progress, the promise of a scaling advantage

of quantum annealing over classical algorithms2 remains as yet unfulfilled.

The reasons for this can be multifold, including poor coherence properties

of the individual superconducting qubits, the absence of experimentally

demonstrated quantum error suppression protocols for quantum annealing,

the limited connectivity of the hardware graph, which can lead to large re-

source overheads when embedding an arbitrary optimisation problem, and

the additional restriction of the system Hamiltonian to the remit of two-local

stoquastic Hamiltonians[11]. (The role of stoquasticity in quantum anneal-

ing will be discussed in section 2.1.9.)

This work forms part of the current active research effort to tackle some

of these issues. In particular, the first part of this thesis focuses on the prop-

erties of a gadget construction for implementing many-body interactions

in a quantum annealing Hamiltonian first introduced by N. Chancellor, S.

Zohren and Paul A. Warburton[13]. This gadget would allow the native

embedding of higher-order objective functions, reducing the resource over-

head necessary to solve some classes of optimisation problems and therefore

making the quantum annealer more competitive against classical heuristics.

We consider a physical layout realising the three-local version of the cou-

pler with capacitively-shunted flux qubits and the potential application of

this coupler to a coherence-signature Hamiltonian, useful for benchmarking

the performance of high-coherence qubits in a quantum annealer.

The second part of this thesis is dedicated to the development of a novel

2i.e. a qualitatively slower increase of the amount of resources required by a quantum
annealer to solve an optimisation problem, as a function of problem size, compared to the
best classical heuristic
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numerical method of Hamiltonian reduction, mapping the Hamiltonian of

the quantum annealer’s underlying superconducting circuit to the effective

many-qubit Hamiltonian describing the computation process. This reduc-

tion method can facilitate the development of superconducting circuits in-

tegrating new capabilities, such as non-stoquastic interactions, in quantum

annealers, as well as improve our understanding of the performance of ar-

bitrary superconducting circuits as qubits in quantum annealing. We also

include a proposal and some preliminary results of an experimental test of

the reduction protocol on a single capacitively-shunted flux qubit system.

1.2 Thesis outline

The thesis is structured as follows. In chapter 2 we review some of the rel-

evant background information for this project, starting from a formal intro-

duction to binary optimisation problems and quantum annealing. We then

consider the results supporting the efficiency of different variations of quan-

tum annealing and examine the factors which can limit the performance of

current quantum annealers.

In section 2.2 we explore more in detail the consequences of the inter-

action of the quantum annealer with its microscopic environment and con-

sider how decoherence can impact the performance of the machine. We also

briefly introduce some results of quantum errors suppression for quantum

annealing.

Section 2.3 focuses on the description and properties of superconduct-

ing circuits, which are the leading platform for the development of quantum

annealers. We consider how the effective Ising Hamiltonian of the quantum

annealer is implemented with flux qubits and some of the known physical

sources of decoherence for these qubits.

Chapter 3 introduces the numerical and experimental methods used in

this project. In particular, we describe methods for quantum circuit analysis

and for simulating the dynamics of interacting qubits in the presence of a
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noisy environment, we introduce the fabrication process used to manufac-

ture the device characterised in chapter 6, the measurement apparatus and

the principles of circuit quantum electrodynamics readout.

Chapter 4 presents the many-body interaction gadget. We discuss its

advantages and limitations in detail and then consider a test-of-coherence

Hamiltonian for quantum annealing which exploits an emulated three-local

interaction.

Chapter 5 introduces our novel numerical effective Hamiltonian reduc-

tion method. We compare this protocol with existing approaches by testing

their performance on a number of example circuits from the recent litera-

ture. With these tests, we demonstrate how our reduction method improves

the accuracy of the analysis of qubit designs with reduced non-linearity and

enhanced coherence, and applies more seamlessly to circuits featuring non-

Ising effective Hamiltonian terms, such as non-stoquastic and many-body

interaction terms. The material discussed in this chapter has also been pub-

lished in [14].

Finally, in chapter 6 we consider some preliminary experimental results

building towards a test of the reduction protocol on an actual single flux-

qubit device and in chapter 7 we summarise the conclusions of our work

and give an outlook for potential further scientific exploration.



Chapter 2

Quantum annealing with

superconducting qubits

2.1 Quantum Annealing

Quantum annealing (QA) is a heuristic approach to the solution of hard bi-

nary optimisation problems which exploits quantum fluctuations in a phys-

ical device to promote tunnelling between local minima and towards the

global minimum of the problem cost function[11, 15]. The idea first ap-

peared in the literature in 1988 under the name of quantum stochastic opti-

misation, a variation of the popular simulated annealing stochastic algorithm

in which simulated thermal fluctuations were replaced by simulated quan-

tum fluctuations[16, 17]. It was then Farhi who first thought about using

an actual quantum machine to implement the algorithm, thus marking the

beginning of QA[18].

In the following sections we are going to firstly set the stage for quan-

tum annealing by introducing some basic concepts of classical binary opti-

misation and the classical heuristic solver simulated annealing. Then, we

will consider the implementation of quantum annealing and its foundation

on the adiabatic theorem. Finally, we will look at the expected advantages

of QA over classical methods, at potential reasons why some of these expec-

tations still remain unfulfilled with current practical implementations and
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at some of the strategies proposed to boost QA performance and to move

the field forward.

2.1.1 Optimisation problems

Let us start by briefly reviewing the concept of binary optimisation. A generic

binary optimisation problem consists in finding the set of binary variables

~xsol = (x1,sol, . . . , xN,sol) ∈ {0, 1}N that minimises an objective function H(~x) :

{0, 1}N → R, i.e.

~xsol := argmin [H(~x)] . (2.1)

Since any such function H(~x) can be uniquely expressed as a multilinear

polynomial in its variables, the most general binary optimisation problem

is a polynomial unconstrained binary optimisation (PUBO) problem associated

with an objective function of the form:

Hk(~x) =
N

∑
i=1

Jixi +
N

∑
i1,i2=1

Ji1i2 xi1 xi2 + · · ·+
N

∑
i1,...,ik=1

Ji1i2···ik xi1 xi2 · · · xik , (2.2)

where k ∈N is the polynomial degree and the J’s are real numbers[19].

Many real-world problems can be cast in the PUBO form, with applica-

tions including job shop scheduling, circuit fault diagnosis, financial trad-

ing, quantum chemistry, protein folding, classification and general machine

learning[11, 20–23]. For instance, the famously important travelling sales-

person problem, i.e. the problem of finding the shortest route connecting a

number N of sites S such that every site, except the origin, is only crossed

exactly once, corresponds the PUBO problem with objective function

H(~x) =A ∑
α,β∈S

N

∑
i=1

wαβxα,ixβ,i+1 + B
N

∑
i=1

(
1− ∑

α∈S
xα,i

)2

+ B ∑
α∈S

(
1−

N

∑
i=1

xα,i

)2

,

(2.3)

where A, B ∈ R, xα,i is 1 if the site α appears i-th in the path and 0 oth-
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erwise and wαβ is the spatial distance between the sites α and β[24]. By

inspecting the expression above, we can see that the first term is simply

proportional to the path length, whereas the last two terms enforce the re-

quirement that every site in S appears in the path and no site is visited more

than once, respectively. The coefficient B should be large enough that it is

never favourable to break the two constraints. More specifically, B should

satisfy B > A ·max(wαβ)[24]. Note that the objective function 2.3 is poly-

nomial of order two in N2 binary variables and thus this problem is an ex-

ample of Quadratic unconstrained binary optimisation (QUBO) problem. Like

other known QUBO problems, the (decision problem form of the) travel-

ling salesperson problem belongs to the complexity class NP-complete. This

means that the time required by the best known deterministic classical algo-

rithm to solve this problem is, in the worst case, exponentially large in the

problem size1 and that any other problem in NP can be mapped to it with

an overhead at most polynomial in problem size2[24, 27].

2.1.2 Simulated Annealing

The exponential scaling of the solution time with problem size for many bi-

nary optimisation problems of practical importance means that it necessary

to devise algorithms providing good approximate solutions efficiently[15].

One such general purpose classical algorithm is simulated annealing, in

which the problem objective function H(~x) is identified with the energy of

a fictitious system in equilibrium with a thermal bath[28]. By starting with

a relatively high temperature and by progressively bringing it down to zero

1We can easily see that the naive brute-force solution takes exponential time. In fact,
the total number of possible closed paths crossing N sites is, fixing the starting point and
counting only once the two possible directions of travel for a given path, (N− 1)!/2, so that
(N − 1)!/4 attempts are required on average, which is asymptotically larger than eN[25].

2Informally, we can define the complexity class NP (nondeterministic polynomial time) as
the set of decision problems whose verification can be done efficiently, namely in a time
growing polynomially with problem size[10]. The NP-complete subset consists of the hard-
est problems in NP. It is conjectured that all NP-complete problems can only be solved by
classical deterministic algorithms in a time that grows, in the worst case, superpolinomially
with the problem size (i.e. that the complexity classes P of the efficiently solvable problems
and NP are distinct, P 6=NP)[10, 26].
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while allowing the system to re-equilibrate at every step, one can prepare

the system in its zero-temperature equilibrium state, which corresponds to

the lowest energy state and to the problem solution[15]. The algorithm con-

sists of a variation of the Metropolis-Hastings algorithm and can be broken

down in the following steps[29, 30]:

1. Set i = 0, select the initial fictitious temperature T0 and choose a ran-

dom initial system configuration ~x0.

2. With the system in the configuration ~xi, choose a new random con-

figuration ~xi+1 (typically by flipping one or more binary variables

at random) and evaluate the change in objective function ∆Hi =

H(~xi+1)− H(~xi). With probability

p = min
[

1, exp
(
−∆Hi

kTi

)]
, (2.4)

where k is some constant playing the role of Boltzmann constant, ac-

cept the new configuration, otherwise maintain the current one by set-

ting ~xi+1 = ~xi.

3. Update i = i + 1, then go back to step 2 while keeping the temperature

constant, Ti+1 = Ti, until a sufficient number of full spin updates has

been performed (ensuring thermalisation at Ti), otherwise proceed to

step 4

4. Decrease the temperature Ti+1 = Ti − ∆T and, if Ti+1 > Tf , where Tf

is the final temperature go back to step 2, otherwise exit the algorithm

and take the final binary string to be the solution.

The algorithm generates a Markov chain in which progressively lower en-

ergy states are sampled and can be shown to converge to the lowest energy

state if the temperature is decreased sufficiently slowly[15]. Note that we

have considered a linear temperature schedule, but more general schedules

can be implemented. The specific choice of temperature schedule, the total
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number of steps of the algorithm and the number of spin updates at each

step are all parameters of the algorithm which have an important effect on

the quality of the solution[28].

2.1.3 QA protocol

In quantum annealing, the simulated thermal fluctuations used in simu-

lated annealing are replaced by quantum fluctuations implemented in a

quantum processor[11, 31]. In order to perform the algorithm, the objec-

tive function needs first to be recast in a form suitable for the quantum an-

nealer[11].

Firstly, every binary variable xi is converted into an Ising spin variable

si = ±1 using the relationship

xi =
1− si

2
. (2.5)

This gives the general order-k PUBO problem objective function of eq. 2.2

the following similar new expression:

H(~s) =
N

∑
i=1

Jisi +
N

∑
i1,i2=1

Ji1i2si1si2

+ · · ·+
N

∑
i1,i2,...,ik=1

Ji1i2···ik si1si2 · · · sik ,

(2.6)

up to an irrelevant additive constant. Here the Ji1i2···in ∈ R are the resulting

new problem coefficients[11].

Then, the binary variables are replaced by quantum degrees of free-

dom: for each si, i ∈ 1, . . . , N, we introduce an independent quantum

spin-1/2 system, or qubit, and replace si in the expression of Ĥ(~s) by σ̂z
i ,

the z-component of the spin operator acting on this qubit[18]. According to

the postulates of quantum mechanics, the state of every qubit is completely

defined by a ray (i.e. a vector, up to a non-zero multiplication factor) in a

Hilbert space of dimension two[32]. The two eigenstates of σ̂z, |0〉 and |1〉
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such that σ̂z|0〉 = |0〉 and σ̂z|1〉 = −|1〉, form a basis set for the single qubit

Hilbert space, which is usually referred to as the computational basis. In this

basis, the three spatial components of the spin-1/2 operator are represented

by the Pauli matrices:

σσσx =


0 1

1 0


, σσσy =


0 −i

i 0


, σσσz =


1 0

0 −1


, (2.7)

where i is the imaginary unit.

After quantisation, the objective function becomes the Hermitian oper-

ator

Ĥl,k =
N

∑
i=1

hiσ̂
z
i +

N

∑
i1,i2=1

Ji1i2 σ̂z
i1 ⊗ σ̂z

i2

+ · · ·+
N

∑
i1,i2,...,ik=1

Ji1i2···ik σ̂z
i1 ⊗ σ̂z

i2 ⊗ · · · ⊗ σ̂z
ik ,

(2.8)

where ⊗ represents the Cartesian product. Here the coefficient hi ≡ Ji can

be interpreted as the effective local field applied to the i-th spin, while Ji1i2···ik
represents the strength of the k-body interaction between qubits i1, i2, · · · , ik.

The subscript l in Ĥl,k stands for longitudinal, with reference to the fact that

the operator is diagonal in the N-qubit computational basis {|0〉, |1〉}⊗N,

whereas k refers once again to the polynomial degree of the objective func-

tion and equivalently to the locality of Ĥl,k, i.e. the largest number of qubits

on which the terms of the Hamiltonian act non-trivially.

After assigning an appropriate energy scale to the coefficients Ji1i2···in ,

Ĥl,k can be implemented as the Hamiltonian of a physical N-qubit system.

The energy spectrum of Ĥl,k, which is often called the problem Hamiltonian,

corresponds to the range of values of H(~s) and, since Ĥl,k is diagonal in

the computational basis, its eigenstates are also simultaneous eigenstates of

the σ̂z
i ’s and can be identified by a set of single qubit measurements in the

computational basis[10].

With the previous steps, we have reduced our polynomial uncon-

strained optimisation problem to the problem of finding the ground state
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of the Hamiltonian Ĥl (from now on, when not interested in the locality,

or when this is clear from the context, we are going to drop the subscript

k). In analogy to simulated annealing, QA achieves this goal by initialising

the physical qubit system in a state with large quantum fluctuations and by

then slowly introducing the longitudinal Hamiltonian, while decreasing the

fluctuations over time[11, 15]. Quantum fluctuations can be introduced in

the eigenstates of Ĥl by including an additional term Ĥt (t for transverse) to

the Hamiltonian which does not commute with Ĥl, i.e. such that

[
Ĥt, Ĥl

]
≡ ĤtĤl − Ĥl Ĥt 6= 0. (2.9)

This is analogous to what happens in any mechanical system, where the ki-

netic term, proportional to the square of the momentum, induces a dynam-

ics in the conjugate variable, the position[15]. We therefore require the total

time-dependent Hamiltonian of the quantum annealer to be of the general

form[11]:

Ĥ(s) = A(s)Ĥt + B(s)Ĥl, (2.10)

where s = t/t f ∈ [0, 1], with t f the duration of the annealing protocol, and

where A(s) and B(s) are two functions (or schedules) that are continuous

and monotonic in the interval [0, 1] and such that A(0) � B(0) = 0 and
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FIG. 1. The A(t) and B(t) functions in Eq. (64a). A(0) = 33.7GHz.

Recall that our analysis assumed that the bath is in thermal equilibrium at inverse temperature β = 1/(kBT ), and hence is
described by a thermal Gibbs state ρB = exp (−βHB) /Z . We show in Appendix H that this yields

γij(ω) =
2πJ(|ω|)

1− e−β|ω| g
i
|ω|g

j
|ω|

(
Θ(ω) + e−β|ω|Θ(−ω)

)
(67a)

Sij(ωba(t)) =

∫ ∞

0

dω
J(ω)

1− e−βω g
i
ωg

j
ω

(
P
(

1

ωba(t)− ω

)
+ e−βωP

(
1

ωba(t) + ω

))
, (67b)

where only one of the Heaviside functions is non-zero at ω = 0. To complete the model specification, we assume an Ohmic bath
spectral function

J(ω) = ηωe−ω/ωc , (68)

where ωc is a high-frequency cut-off and η is a positive constant with dimensions of time squared.
It is often stated that the terms associated with the Lamb shift HLS [Eq. (56)], i.e., Eq. (67b), can be neglected, since the

relative order of S and HS is g2τB/∆, and indeed we have assumed g2τB/∆ � 1 [Eq. (31)]. However, this argument is
misleading for two reasons. First, S can be divergent, as is easy to see in the limit ωc = ∞ for the Ohmic model (68), where
for ω � maxba ωba(t), the integrand tends to a constant. Second, S should be compared to γ, as both are of the same order
g2τB , and both result in changes to the system relative to its unperturbed state. Indeed, in the interaction picture with respect to
HS +HLS [recall Eq. (55)], the overall transition rates between states with quantum numbers a and b will depend on the dressed
(i.e., shifted) energy gaps ωba + ωLS

ba . The importance of this Lamb shift effect was also stressed by de Vega et al. [32]. We
analyze the Lamb shift effect in subsection V C.

Finally, we note that although the harmonic oscillators bath with linear coupling to the system provides a γ matrix that
satisfies the KMS condition, it is important to note that this model has infrared singularities that destroy the ground state of the
total system [38]. The KMS condition assumes a stable ground state and stable thermal states, which our underlying spin-boson
model violates. However, for the purposes of our work, a γ matrix that satisfies the KMS condition will suffice without too much
concern about how it is derived.

B. Correlation function analysis

In light of the subtleties alluded to in subsection II C associated with satisfying the KMS condition, we analyze the different
timescales determining the behavior of the Ohmic correlation function in this subsection. Removing the ω dependence from the
g’s in Eq. (67a) and substituting J(ω) from Eq. (68), it is possible to compute the bath correlation function analytically for the
resulting

γab(ω) =
2πωe−|ω|/ωc

1− e−βω gagb , (69)

by inverse Fourier transform of Eq. (16a). The result is

Bab(τ) =
η

β2
gagb

(
(1)

(
1

βωc
+
iτ

β

)
+ (1)

(
1 +

1

βωc
− iτ

β

))
, (70)

FIGURE 2.1: Functional form of the two schedules A(s) and B(s) used in the D-
Wave Rainier chip. From [33].
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B(1) � A(1) = 0[31]. An example of a typical pair of schedules A(s) and

B(s) for the D-Wave Rainier chip is shown in figure 2.1.

2.1.4 Transverse Field Ising Model

Most theoretical and experimental studies of QA consider a quite specific

class of time-dependent Hamiltonians, corresponding to the Transverse-field

Ising Model (TIM). The general expression of these Hamiltonians is the fol-

lowing:

ĤTIM(s) = A(s)Ĥt + B(s)Ĥl,2

= −A(s)
N

∑
i=1

σ̂x
i + B(s)




N

∑
i=1

hiσ̂
z
i + ∑

〈i,j〉
Jijσ̂

z
i σ̂z

j


 ,

(2.11)

where we have omitted the outer product sign. Here the notation 〈i, j〉 rep-

resents a sum over all pairs of qubits that are connected by a physical two-

local interaction in the specific hardware graph (for instance, in the Pegasus

architecture of the most recent D-Wave quantum annealers, every qubit in-

teracts with at most 15 other qubits[34])[11, 18].

As we can see, the transverse Hamiltonian simply contains an effective

uniform field along x on all qubits. The advantage of the uniform transverse

field Hamiltonian is that its ground state, which is also the ground state of

Ĥ(0) = A(0)Ĥt, is the simple separable state

|E0(0)〉 =
N⊗

i=1

|+〉i =
1

2N/2

2N−1

∑
i=0
|bi〉, (2.12)

where |+〉 := (|0〉 + |1〉)/
√

2 and bi is the n-bit binary representation of

the integer i. This state can be easily prepared by setting s = 0 and al-

lowing the system to relax to the thermal equilibrium state while ensuring

that A(0) � kBT, where kB is the Boltzmann constant and T is the system

absolute temperature[31]. Note that |E0(0)〉 is a uniform linear superposi-

tion of all 2n computational basis states which, as required, maximises the
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fluctuations of σ̂z
i .

The longitudinal part of the TIM Hamiltonian is a two-local Ising

Hamiltonian with local fields. This, as well as being relatively easy to im-

plement experimentally (we are going to see how ĤTIM(s) is implemented

as an effective Hamiltonian with superconducting qubits in section 2.3), has

the key property that the associated classical Ising problem is NP-hard, i.e.

at least as hard as any NP-complete problem, when the connectivity graph

is two-dimensional (meaning that the spins and their interactions can only

be drawn as the vertices and the edges of a graph with dimension at least

two)[35]. By arranging the physical qubits and couplers in a 2D graph, we

can therefore guarantee that the quantum annealer can at least embed gen-

uinely hard problems[36].

Note finally that the TIM Hamiltonian is stoquastic in the computational

basis, meaning that all of its off-diagonal matrix elements in this basis are

negative or zero3[10]. This property will turn out to be quite important later

(see subsection 2.1.9).

2.1.5 Adiabatic Theorem

In the limit of closed system dynamics, in which the qubit system is isolated

from the rest of the world and its quantum state undergoes a unitary evolu-

tion, the convergence of the QA optimisation protocol is guaranteed, under

appropriate assumptions, by the Adiabatic Theorem. This theorem states

that, if a closed quantum system, described by the time-dependent Hamiltonian

Ĥ(s) = Ĥ(t/t f ), is initially prepared in the ground state of the Hamiltonian

Ĥ(0), then it remains in the ground state of the instantaneous Hamiltonian Ĥ(s)

for all times 0 < s ≤ 1, as long as the rate of change of the Hamiltonian is suf-

ficiently slow, namely t f � t f ,ad (Adiabatic condition)[37]. In particular, if at

time s = 0 we can initialise the quantum annealer in the ground state of

Ĥ(0) = A(0)Ĥt, then, under the adiabatic condition, the final state of the

3The sign in front of the transverse field term can always be made negative by apply-
ing a local change of basis on each qubit, namely the unitary operation Û =

⊗N
i=1 σ̂z

i :
Û† ∑N

i=1 σ̂x
i Û = ∑N

i=1 σ̂z
i σ̂x

i σ̂z
i = −∑N

i=1 σ̂x
i .
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evolution is going to be |E0(1)〉, which correctly encodes the solution of the

optimisation problem.

A more specific term for quantum annealing in the closed-system and

adiabatic limit is adiabatic quantum computation, or AQC[18]. From now on,

we will therefore use the term QA specifically for the open-system variation

of AQC. Additionally, we will use the name diabatic quantum computation

(DQC) (diabatic quantum annealing, or DQA, respectively), if we want to in-

clude the possibility of diabatic transitions out of the instantaneous ground

state during AQC (QA, respectively).

Several slightly different formulations of the adiabatic condition have

been found, depending on the type of assumptions made for the Hamilto-

nian time dependence. In our case, the following expression of t f ,ad, derived

by Amin in [38], holds:

t f ,ad = max
s∈[0,1]

‖Ĥ(1)(s)‖
∆2(s)

, (2.13)

where ‖·‖ is the operator norm:

‖Ô‖ = max
|ψ〉,〈ψ|ψ〉=1

‖Ô|ψ〉‖2, (2.14)

Ĥ(1)(s) := ∂Ĥ(s)/∂s and ∆(s) := E1(s) − E0(s) > 0 is the instantaneous

energy gap. Intuitively, the term at the numerator of t f ,ad is a measure of

the smoothness of the adiabatic schedule. For the ratio to be maximised, the

denominator must be minimised, so that the solution time t f has to grow

with the inverse squared of the minimum spectral gap.

This result implies that the algorithmic (time) efficiency of AQC, i.e. the

scaling (be it polynomial or super-polynomial) of the solution time with the

problem size, can be traced back to the dependency of the minimum spectral

gap on the problem size[10]. Of course, calculating the instantaneous energy

gap of an arbitrary Hamiltonian is at least as difficult as finding the ground

state of the final Hamiltonian B(1)Ĥl, so that the adiabaticity condition for



2.1. Quantum Annealing 34

a given problem cannot in general be know a priori[39]. Nevertheless, a gap

scaling analysis has been possible for a small number of problems, some of

which, such as the adiabatic Grover search algorithm and the glued-trees

problem, show a sub-exponential scaling advantage over classical compu-

tation, but always in an oracular setting (cf. subsection 2.1.8)[10].

2.1.6 Advantages of QA over Gate-Based Quantum Compu-

tation

Let us now briefly consider three of the key advantages of QA over the stan-

dard gate-based approach to quantum computation (GBQC), which have

allowed its fast development in the past two decades[11, 12].

The first advantage is undoubtedly that QA is much easier to imple-

ment in practice. In fact, a slowly-evolving qubit system Hamiltonian with

only two time-dependent parameters (A(s) and B(s)) is relatively straight-

forward to achieve (see section 2.3), compared to the long sequence of accu-

rate and precisely-timed single and two-qubit unitary operations required

by GBQC[11, 42]. For instance, typical quantum gates (single or two-qubit

unitary operations) with superconducting qubits are implemented with

(A) (B)

FIGURE 2.2: A) External enclosure of D-Wave’s Advantage system, equipped with
more than 5000 rf-SQUID qubits and 35000 superconducting couplers
in a Pegasus architecture. From [40]. B) Google’s Sycamore 53 qubit
quantum processor chip. From [41]
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∼ 10 − 100ns long pulses, whereas on the same platform the duration of

a typical quantum annealing protocol is 1− 10µs, which poses a much less

strict requirement on control hardware and timing errors[43, 44].

A second advantage of QA over GBQC is that, due to decoherence af-

fecting the physical qubits and the finite fidelity of quantum gates, gate-

based quantum computation requires the application of error correction

protocols and fault tolerant quantum logic[3]. These determine an impor-

tant overhead on the physical requirements for GBQC. For instance, the sur-

face code for quantum error correction requires of the order of 1000 physical

qubits per logical qubit with the typical decoherence rates of superconduct-

ing qubits[45]. In the case of QA, on the other hand, the computation bene-

fits from a good degree of intrinsic protection from decoherence, as we are

going to show more in detail in section 2.3[46, 47].

The third notable advantage of QA lies in the fact that it aims to be a

generic solver for hard optimisation problems and, by extension, for any

NP problem, whereas the power of gate-based quantum computation relies

completely on a small number of specialised quantum algorithms that have

been discovered in the past 30 or so years[12].

As a final necessary remark, although there are still important chal-

lenges ahead for building large scale fault-tolerant gate-based quantum

computers, devices on the scale of a few tens of qubits, such as Google’s

53-qubit Sycamore and IBM’s 127-qubit Eagle quantum processors are al-

ready available today. Even without quantum error correction, with their

sufficiently high coherence and gate-fidelity metrics, they are able to imple-

ment relatively short-depth noise-resilient quantum circuits4 that are beyond

the simulation capacity of even the largest classical computers (Quantum

supremacy)[41, 48]. This type of device is going to be developed further in

the next few years, finding applications in specific tasks such as quantum

simulation, hybrid quantum-classical optimisation, quantum matrix inver-

4i.e. relatively short sequences of quantum gates, performed in a time that is much
shorter than the qubit decoherence time.
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sion and quantum recommendation systems[48].

2.1.7 Quantum tunnelling and limited quantum speedup

But why is quantum annealing considered capable of a quantum advantage

over classical computation in the first place? The first, more intuitive, reason

is that quantum tunnelling is expected to provide a better chance for the sys-

tem to escape from a local minimum in a rugged energy landscape than the

classical thermally activated processes governing simulated annealing[12,

49]. We can easily see this by considering a particle trying to escape from

a local minimum V(x0) = 0 of a one-dimensional potential energy V(x)

through a rectangular energy barrier of height ∆V and thickness w (see fig.

2.3). If the particle is classical, then it can only escape the minimum by ac-

quiring an energy ∆V as a result of a thermal fluctuation, so as to reach the

top of the barrier. In this case the probability of escape per unit time is given

by

pc = rae−
∆V
kBT , (2.15)

where ra is the (escape) attempt rate and exp(−∆V/kBT), with T the sys-

tem temperature, is the Arrhenius factor[12]. On the other hand, if the par-

ticle is quantum, then it can also tunnel directly across the barrier. In this

case, the rate of escape, in the Wentzel–Kramers–Brillouin (WKB) approxima-

tion, reads[50]:

pq ' rae−w
√

m∆V/2, (2.16)

where w is the barrier thickness. Assuming that w is independent of ∆V,

the escape by quantum tunnelling is exponentially more likely than the

thermal escape (i.e. pq/pc ∼ exp
(

β∆V − γ
√

∆V
)

, with β = (kBT)−1 and

γ = w
√

m/2 )[12].

In fact, this principle has guided the discovery of optimisation prob-

lems, associated with one-dimensional effective potentials, that can be

solved, in the worst case, in polynomial time by AQC, but only in expo-

nential time by SA (see, for instance, [49]). This form of speedup, relative to
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V(x)

xx0

ΔV

0

w

FIGURE 2.3: Schematic representation of a particle escaping from a 1-D potential
minimum by 1) a thermal fluctuation (red solid arrow), followed by a
fall from the top of the potential barrier (red dashed arrow) and 2) a
quantum tunnelling event (blue solid arrow). The expressions indicate
the scaling of the associated tunnelling rate.

the specific class of classical algorithms that, like SA, implement the same

heuristic approach of QA, has been called limited quantum speedup[44, 51].

The majority of the problems of practical interest, however, are not prone to

being described with low-dimensional effective energy landscapes, which

makes the intuition of a limited speedup from quantum tunnelling at best

heuristic[12]. Nevertheless, in 2018 Albash and Lidar found the first sound

experimental evidence of a limited quantum speedup with a practical quan-

tum annealer, the D-Wave machine[44].

2.1.8 Equivalence with GBQC and provable quantum

speedup

In 2004, Aharonov et al. published a proof that adiabatic quantum compu-

tation is equivalent to gate-based quantum computation[52]. More specif-

ically, they proved that, as long as the energy gap of the time-dependent

Hamiltonian is bounded from below by an inverse polynomial in the num-

ber of qubits N, such that the AQC protocol can run efficiently, AQC can

emulate any gate-based quantum computation and solve any problem in

BQP5[53, 54]. Biamonte and Love later showed that the most general two-

local Hamiltonian in two spatial dimensions (i.e. with a 2D connectivity

5Bounded-Error Quantum Polynomial Time, the quantum computation equivalent of P.
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graph) with that property can be written as[36]:

ĤZZXX =
N

∑
i=1

hx
i σ̂x

i +
N

∑
i=1

hz
i σ̂z

i +
N

∑
i,j=1

Jx
ijσ̂

x
i σ̂x

j +
N

∑
i,j=1

Jz
ijσ̂

z
i σ̂z

j , (2.17)

where hx
i , hz

i , Jx
ij, Jz

ij are real time-dependent parameters for all i, j ∈
{1, 2, . . . , N}. Note that, in general, this Hamiltonian can be non-stoquastic

(some positive off-diagonal matrix elements in the computational basis);

however, if we restrict ĤZZXX to being stoquastic, its Hamiltonian dynam-

ics is again universal, if we allow the system to evolve outside of the ground

state[55].

In other words, non-stoquastic AQC and stoquastic DQC are both uni-

versal for quantum computation. This means that all the GBQC algorithms

can in principle be implemented with Hamiltonian evolution with at most a

polynomial runtime overhead and that a provable adiabatic quantum speedup

(i.e. a speedup over the best possible classical algorithm, assuming P⊂NP

and NP∩BQP 6= ∅) is possible through this mapping[10].

In practice, however, the situation is a bit more complicated. In fact, the

formal result of [36] is based on the use of perturbative gadgets and requires

a substantial overhead in the number of qubits and a high degree of control

of coupling strengths across orders of magnitude, both of which currently

make practical implementations of the construction unfeasible[42].

The only theoretical tool for proving an adiabatic quantum advantage

which can be verified in the short term therefore remains the Hamiltonian

gap analysis, which has not yet produced a practical (non-oracular) AQC

algorithm with a provable quantum speedup[10].

2.1.9 Classical simulability by Path-Integral Quantum

Monte Carlo

A very important role in the discussion about adiabatic quantum advantage

is played by classical Monte Carlo simulations of QA with path-integrals.

Path-Integral Quantum Monte Carlo (PIQMC) - or Simulated Quantum Anneal-



2.1. Quantum Annealing 39

ing (SQA), in the context of QA emulation - is a method of calculating the

thermal equilibrium properties of a quantum system, based on the observa-

tion that the equilibrium statistics of a stoquastic quantum Hamiltonian in

D spatial dimensions are equivalent to those of a classical Hamiltonian in

dimension D + 1[56, 57]. In particular, one can prove that sampling from

the thermal state of a quantum TIM with Hamiltonian given by 2.11 and

temperature T = 1/(kBβ) is equivalent to sampling from the classical Ising

spin system with Hamiltonian

HD+1(s) = −J⊥(s)
N

∑
i=1

M

∑
k=1

si,ksi,k+1 + B(s)
M

∑
k=1




N

∑
i=1

hisi,k + ∑
〈i,j〉

Jijsi,ksj,k


 ,

(2.18)

with boundary conditions si,M+1 = si,1, and temperature MT. Here, s =

t/t f is again the normalised time and

J⊥(s) = −
M
2β

ln
[

tanh
(

βA(s)
M

)]
. (2.19)

The error associated with this quantum-to-classical mapping is proportional

to the square of the Trotter breakup time ∆t = β/M ∝ (MT)−1[56].

As we can see, HD+1(s) effectively describes M copies (Trotter slices)

of the classical Ising problem of interest. The thermal state of each of these

problems can be explored using the Metropolis-Hastings algorithm. The in-

teraction with strength J⊥(s), which must now be taken into account when

calculating the probability of accepting a new set of spin configurations,

induces correlations between nearest neighbouring Trotter slices, mimick-

ing the effect of tunnelling in QA (note that J⊥(s) decreases with increasing

A(s), so that a large transverse field A(s) implies uncorrelated slices explor-

ing a wide region of the state space and vice-versa). By slowly varying the

parameters A(s) and B(s) from A(0) � B(0) ≈ 0 to B(1) � A(1) ≈ 0

between iterations, we progressively decrease the effect of the fictitious tun-

nelling and end up with highly-correlated Trotter slices sampling from the
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thermal state of the Ising problem Hamiltonian ĤTIM(1)[56].

As we are going to see in section 2.2, an ideal finite-temperature quan-

tum annealer also prepares the thermal state, or Gibbs state, associated with

the problem Hamiltonian, so that PIQMC offers a resource efficient way of

achieving the same result on a classical computer. In fact, instead of the 2N

complex variables needed to classically encode the full quantum state of the

system, we only need N×M binary variables, which in principle allows the

study of the equilibrium properties of systems with thousands of qubits[56].

A different question is whether PIQMC can also sample from the out-

put of a stoquastic QA process efficiently in time. If this was the case, then

stoquastic quantum annealing would not be universal for quantum com-

putation and an exponential advantage over classical computation would

be impossible[58]. However, the dynamics of QA is regarded as being sub-

stantially different from that of SQA. More precisely, although the rate of

simulated tunnelling in PIQMC has been shown to have the same scaling

with number of co-tunnelling spins as incoherent tunnelling in QA, quantum

adiabatic optimisation can also take advantage of coherent tunnelling and

large-scale entanglement, which cannot be encoded by PIQMC[57, 59–61].

In fact, theretical examples have been found where SQA encounters ex-

ponential slowdowns compared to stoquastic QA, as a consequence of topo-

logical and non-topological obstructions[53, 57, 58]. Despite these results,

some complexity theoretic properties of stoquastic Hamiltonians, such as

the fact that their ground state can always be written as a linear combina-

tion of basis states (from the basis making the Hamiltonian stoquastic) with

positive coefficients6, make stoquastic QA more likely to be efficiently sim-

ulated by future improved SQA algorithms[42].

In the case of non-stoquastic QA Hamiltonians, on the other hand,

PIQMC is fundamentally inefficient. In fact, the application of the quantum-

to-classical mapping in this case leads to the presence of classical paths as-

6This is a consequence of the Perron-Frobenius theorem and allows the state amplitudes
to be regarded as classical probabilities, excluding interference processes[11]
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sociated with negative amplitudes (the so-called sign problem). Such ampli-

tudes make up a quasi-probability distribution (normalised, but not always

positive) that cannot be sampled directly with Monte Carlo techniques. In-

stead, a suitable (positive) probability distribution generating the same sam-

ples has to be found, which usually results in an exponential runtime over-

head[62].

2.1.10 Limitations of current practical annealers and strate-

gies to overcome them

The other side of the coin of the absence of any explicit adiabatic problem

with a provable quantum advantage is the fact that, to date, the empirical

evidence of an adiabatic quantum speedup remains very limited, particu-

larly in the original setting of binary optimisation. In fact, only [64] demon-

strated with a synthetic benchmark a constant speedup over the best known
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FIGURE 2.4: Two examples from the literature displaying a constant speedup of
QA with a D-Wave machine over classical solvers, but with a scal-
ing comparable with, or worse than SQA: A) Time-to-solution scal-
ing against problem size with D-Wave 2X, SA and PIQMC for ran-
dom problems built on weak-strong cluster pairs of Chimera unit cells
(as defined in [63]). D-Wave and PIQMC present a statistically indis-
tinguishable scaling. From [63]. B) Time-to-solution scaling with D-
Wave Two and three classical solvers for average instances of ”logical-
planted” problems (as defined in [44]) with instance size L (corre-
sponding to 8L2 qubits). The dashed (dotted) lines represent expo-
nential (polynomial) fits to the experimental data respectively. SQA
has the best scaling overall. From [44].
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classical heuristic and SQA has consistently demonstrated an equivalent or

superior scaling over QA (see figure 2.4)[44, 63]. In this final subsection, we

therefore list some of the potential causes for the lack of more encouraging

results with the current generation of quantum annealers, and the relative

strategies to overcome them, as they have been suggested in the literature.

We will explicitly highlight the ones that are specifically relevant to the re-

sults of this work.

• Decoherence: Most of the results that we have shown so far are essen-

tially based on the assumption of a closed-system dynamics. How-

ever, they are broadly expected to remain valid in the presence of an

interaction with a finite temperature environment, as long as this in-

teraction is sufficiently weak. We will consider the problem of deco-

herence in detail in the next section, but we mention here that it is

controversial whether current quantum annealers really work in the

regime of weak interaction with the environment[42, 65, 66]. This has

recently prompted the study of QA with more coherent superconduct-

ing qubits[66–68]. The analysis of these new qubit designs in terms of

their effective qubit Hamiltonian has been one of the main reasons to

develop the Hamiltonian reduction protocol introduced in chapter 5 of

this work. Additionally, in chapter 4 we describe a qubit gadget that

is designed to test the level of coherence in an experimental quantum

annealing process.

• (Non-)stoquasticity: We have previously pointed out that the trans-

verse Ising model implemented in all current quantum annealers is

described by a stoquastic two-local Hamiltonian. These Hamiltoni-

ans are considered likely not to be universal for AQC, although this

would not completely rule out the possibility of a speedup of Stoq-

AQC over classical computation[10]. In general, the effect of non-

stoquastic terms on the algorithmic scaling of AQC is not fully un-

derstood. Although there are problems where the addition of non-
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stoquastic terms is known to exponentially enhance the energy gap, it

has also recently been discovered that stoquastic Hamiltonians have

much larger spectral gaps between the ground state and first excited

state with high probability[42, 69, 70]. As we have seen in detail in

the previous subsection, non-stoquasticity is generally considered es-

sential for avoiding the curse of efficient classical simulability by cur-

rent and future SQA algorithims. Additionally, non-stoquastic inter-

actions are necessary to implement quantum error suppression us-

ing stabiliser subsystem codes and there is evidence that they might

be beneficial in DQA (see, for instance, [71])[42]. The study of non-

stoquastic couplings is another direct application of the Hamiltonian

reduction method developed here (see chapter 5).

• Locality and connectivity: Another known issue of practical quantum

annealers is their limited connectivity (i.e. number and topology of

available two-local interactions) and two-body nature of the interac-

tions. Many practical optimisation problems, however, are naturally

expressed with Hamiltonians with all-to-all connectivity (the traveling

salesperson being an example), or with interactions of locality k > 2,

such as for the 3-XORSAT problem and protein-folding problems[22,

72]. In order to map such problems to the QA hardware, k-local terms

have to firstly be reduced to 2-local terms using ancillary qubits, then

the problem has to be embedded on the annealer graph by replacing

missing edges with chains of ferromagnetically coupled qubits. The

embedding procedure adds a polynomial time to the solution of the

problem, as well as a potentially substantial overhead in the num-

ber of qubits and can result in the issue of invalid solutions with bro-

ken ferromagnetic chains[73]. Different ways have been suggested to

improve the connectivity, including coupler trees for superconduct-

ing qubits and architectures with all-to-all connectivity with Rydberg

atoms, and gadget and perturbative-based approaches have been ex-
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plored to physically implement many-body interactions[74]. We are

going to consider two proposals of gadgets for 3-local interaction with

superconducting qubits in chapters 4 and 5.

• (A)diabaticity: Another promising avenue for improving QA is to do

away with the restriction of ground-state evolution, therefore moving

to the space of DQA. The first justification is formal, in that, as we

mentioned previously, stoquastic DQA is universal for quantum com-

putation. A second advantage is that its out-of-equilibrium dynamics

cannot be simulated efficiently by PIQMC. Thirdly, heuristically one

can think that a fast sequence of diabatic transitions reaching the final

Hamiltonian ground state can outperform the slow adiabatic protocol

achieving the same result. This expectation is formalised by the idea

of counter-diabatic driving[75–77]. In this context, the use of the Hamil-

tonian reduction method developed here can be useful in determining

the annealing schedules with better accuracy[78].

• Reverse-annealing, annealing with a pause and inhomogeneous transverse

field: Another related idea is to explore more general annealing sched-

ules, including reverse annealing from an initial longitudinal Hamil-

tonian for local search, the use of pauses during the annealing to pro-

mote thermal relaxation and the implementation of inhomogeneous

transverse field schedules, which can exponentially enhance the en-

ergy gap, at least for some problem classes[79–81]. In this context,

the Hamiltonian reduction method presented in chapter 5 can again

be applied to determine the customised annealing schedules from the

superconducting circuit model with better accuracy[78].

• Control errors: One last crucial issue which is thought to have a severe

impact over the performance of quantum annealers is represented by

analog control errors, in the form of random uncontrolled variations of

the Ising Hamiltonian parameters between runs of QA. Recent stud-
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ies have demonstrated the possibility of mitigating the effect of this

so-called J-chaos by implementing quantum annealing correction pro-

tocols, which can also benefit from the implementation of many-body

interactions[82, 83].

Let us conclude this section by mentioning that quantum annealers

have the potential to offer an advantage over classical tools outside the

realm of optimisation, for instance by working as samplers or quantum

simulators[42, 84, 85]. Very recently in fact, in [86] Andrew D. King et al.

demonstrated a quantum advantage of the D-Wave quantum annealer over

PIQMC in a quantum simulation task.

2.2 Decoherence in Quantum Annealing
Most of our analysis of QA and the results that we presented in the first

section were based on the assumption that the quantum annealer is a closed,

isolated system and that, as a consequence, its quantum state |Ψ〉 evolves in

time in accordance to the Schrödinger equation:

∂

∂t
|Ψ(t)〉 = − i

h̄
Ĥ(t)|Ψ(t)〉, (2.20)

where h̄ is the reduced Planck constant. The dynamics described by this

equation is unitary, i.e., the state of the system at time t is related to the state

of the system at a different time t′ by a unitary operator. In fact, the formal

solution of the Schrödinger equation reads:

|Ψ(t)〉 = Û(t, t′)|Ψ(t′)〉 = T← exp
[
− i

h̄

∫ t

t′
Ĥ(s)ds

]
|Ψ(t′)〉, (2.21)

where Û(t, t′) is unitary (i.e. Û†(t, t′) = Û−1(t, t′) = Û(t′, t)) and where T←

is the time-ordering operator. The unitarity ensures, amongst other things,

conservation of the energy in the system[87].

Any realistic implementation of an artificial quantum system, however,

interacts, to some extent, with an external environment; this is especially true



2.2. Decoherence in Quantum Annealing 46

for a quantum annealer (or computer), which is meant to allow for exter-

nal control[88]. For example, in a system of superconducting flux qubits,

each qubit interacts electrically, through the charges on its superconducting

islands, and magnetically, through the magnetic dipoles associated with its

superconducting loops, with a number of randomly fluctuating electromag-

netic fields[88]. We defer the discussion about the main sources of this noise

to section 2.3.

As we are going to see, under appropriate assumptions, the interaction

with a noisy environment does not affect the performance of quantum an-

nealing. Let us however start by briefly considering the general situation,

where the interaction between an open system and its environment is respon-

sible for two distinct but related processes.

Firstly, energy can be transferred between the system and the environ-

ment, so that an excited energy eigenstate of the system can relax by re-

leasing energy into the environment and, conversely, the environment can

provide energy to the open system and excite it out of its ground state. The

characteristic time scale of this process, called relaxation, is usually indicated

by T1, a term borrowed from Nuclear Magnetic Resonance.

Secondly, the interaction establishes correlations between the state of

the system and of the environment. The emergence of these correlations

is then usually followed by a sort of measurement process: a set of states

of the open system are selected which exhibit strong stability properties,

while superpositions of these states are destroyed, often rapidly, or almost

instantaneously. This mechanism is called decoherence and is associated with

a characteristic time scale T2[87]. Under the fairly general assumption of an

ensemble of uncorrelated white noise sources, T2 has two contributions (cf.

equation 2.133 for a counter example):

1
T2

=
1

2T1
+

1
Tφ

, (2.22)

the first is the relaxation time that we just encountered, while the second is
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sometimes called pure dephasing time Tφ[89]. Note how, from this equation,

it follows that T2 ≤ 2T1.

In order to study decoherence, one can start by observing that system

and environment together form a closed system (this is true in general, since

one can always extend the environment until every remaining interaction

with the rest of the world is negligible). The dynamics of this new extended

system, let us call it SE, is therefore unitary. As it turns out, in order to

recover the reduced dynamics of the open system, it is better to describe the

evolution of SE in terms of its density operator ρ̂SE(t) = |Ψ(t)〉〈Ψ(t)|SE. This

is determined by the von Neumann equation:

∂

∂t
ρ̂SE(t) = −

i
h̄
[
ĤSE(t), ρ̂SE(t)

]
, (2.23)

which is equivalent to the Schrödinger equation. Using equation 2.21 and

the definition of the density operator, we can easily find the solution to the

von Neumann equation, i.e.

ρ̂SE(t) = Û(t, t′)ρ̂SE(t′)Û†(t, t′), (2.24)

where now

Û(t, t′) = T← exp
[
− i

h̄

∫ t

t′
ĤSE(s)ds

]
. (2.25)

FIGURE 2.5: Schematic representation of the evolution of an open system S and
its environment E. For all i = S, E, SE, the density operator ρ̂i is a
Hermitian operator acting on the Hilbert spaceHi.
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The state of the open system at any time t can then be determined from ρ̂SE

by tracing out the environment degree of freedom, i.e.

ρ̂S(t) = TrE
[
ρ̂SE(t)

]
= ∑

n
E〈n|ρ̂SE(t)|n〉E, (2.26)

where {|n〉E} is an orthonormal basis for the environment Hilbert space,HE

(see figure 2.5 for a diagram representing the evolution of S, E and SE)[87].

2.2.1 Example: A pure decoherence process

Let us briefly consider the following example, which illustrates the different

steps of decoherence. Suppose that the complete Hamiltonian for the SE

system is:

ĤSE = ĤS + ĤE + ĤI = Ĥ0 + ĤI , (2.27)

where ĤS and ĤE describe the self-energies of the system and the environ-

ment, respectively, while ĤI describes the interaction. Let, then, ĤS have

spectral decomposition

ĤS = ∑
n

En|n〉〈n|, (2.28)

and let us assume that

ĤI = ∑
n
|n〉〈n| ⊗ B̂n, (2.29)

where the B̂n’s are environment operators. From these definitions, it im-

mediately follows that [ĤS, ĤSE
]
= [|n〉〈n|, ĤSE

]
= 0. Then, recalling the

Ehrenfest Theorem, we find that

∂

∂t
〈ĤS〉 =

1
ih̄
〈
[
ĤS, ĤSE

]
〉 = 0, (2.30)

where 〈·〉 indicates the expectation value over an arbitrary state of SE, and

∂

∂t
〈n|ρ̂S(t)|n〉 =

∂

∂t
〈|n〉〈n|〉 = 1

ih̄
〈
[
|n〉〈n|, ĤSE

]
〉 = 0, (2.31)
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i.e., the energy of the open system is preserved, and so are the diagonal

elements of the density matrix in the energy eigenbasis, which means that

the process is relaxation-free[87].

Assume now, that the global system SE is initially in the separable state

|Ψ(0)〉 = ∑
n

cn|n〉 ⊗ |ψ〉. (2.32)

In the interaction picture, defined by

|ΨI(t)〉 = ei Ĥ0t
h̄ |Ψ(t)〉, (2.33)

the system evolves, at time t, into

|ΨI(t)〉 = ∑
n

cn|n〉 ⊗ |ψn(t)〉, (2.34)

where

|ψn(t)〉 = T← exp
[
− i

h̄

∫ t

0
B̂n,I(s)ds

]
|ψ〉 = V̂n(t)|ψ〉, (2.35)

and

B̂n,I(t) = ei Ĥ0t
h̄ B̂ne−i Ĥ0t

h̄ . (2.36)

As we expected, the system-environment interaction has generated entan-

glement between the open system and the environment and selected a par-

ticular basis, often called the pointer basis, in which the decoherence process

occurs, in this case the energy eigenbasis of the open system[87]. The states

in the pointer basis, the pointer states, are stable against the interaction with

the environment. We can see, in fact, that, if the system is initially in one

of these states, say |n0〉 (cn = δnn0), then |ΨI(t)〉 = |n0〉 ⊗ |ψn0(t)〉. Super-

positions between pointer states, on the other hand, are quickly destroyed,

in that the phase relation between the different components in the superpo-

sition, which is encoded in the off-diagonal terms of the density matrix, is



2.2. Decoherence in Quantum Annealing 50

progressively lost:

cm(t)c∗n(t) :=〈m|ρ̂S,I(t)|n〉 = 〈m|TrE
[
|ΨI(t)〉〈ΨI(t)|

]
|n〉 =

= ∑
n′,m′,l

cm′(0)c∗n′(0)〈m|m′〉〈n′|n〉E〈l|ψm′(t)〉〈ψn′(t)|l〉E =

= ∑
n′,m′

cm′(0)c∗n′(0)δmm′δnn′〈ψn′(t)|ψm′(t)〉 =

=cm(0)c∗n(0)〈ψn(t)|ψm(t)〉 ∝ exp
[
Γmn(t)

]
,

(2.37)

where we used eq. 2.34 and the completeness relation ∑l|l〉〈l|E = ÎE, and

where

exp
[
Γmn(t)

]
:= |〈ψm(t)|ψn(t)〉|, (2.38)

with Γmn(t) ≤ 0 the so-called decoherence function. Notice that, due to the

unitarity of V̂n(t), 〈ψn(t)|ψn(t)〉 ≡ 〈ψ|ψ〉 = 1, so that the diagonal elements

of the density matrix are constant, as we had already found before. As it

turns out, for many physical systems, the overlap |〈ψm(t)|ψn(t)〉|, and there-

fore the off-diagonal terms of the open system density matrix, decay very

rapidly over time, i.e.

Γmn(t) ∼ −
t

Tφ
, (2.39)

Tφ being again the pure dephasing time[87].

In QA, since the quantum system evolves while constantly remaining

in the ground state of the instantaneous Hamiltonian, coherence between

different energy eigenstates is irrelevant and decoherence does not affect

the dynamics, as long as it occurs in the instantaneous energy eigenbasis (in

this case, in fact, the instantaneous ground state is a pointer state)[47]. In

this case, the outcome of the computation might still be affected by relax-

ation. In fact, although the adiabatic condition requires that t f � t f ,ad, for

the ground state to be measured with high probability at the end of QA, as

t f keeps increasing, the ground state can start becoming depleted again due

to thermal excitations. In general, the interplay between t f , t f ,ad and T1 is
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non-monotonic and depends on the specific Hamiltonian and noise prop-

erties[47]. On the other hand, if decoherence does not occur in the instan-

taneous energy eigenbasis, the coherent superposition of the ground state

is quickly destroyed and QA becomes impossible, as much as circuit-based

QC.

2.2.2 The Adiabatic Master Equation

Understanding the mechanism behind the super-selection of the pointer ba-

sis is then fundamental to predict the effectiveness of QA. A description of

the process by means of master equations (ME) in the adiabatic limit shows

that the effective pointer basis crucially depends on the strength of the in-

teraction between the system and the environment. In the following, we

briefly show how to formally state the problem and present the final result,

derived in reference [47].

Consider the generic system-environment Hamiltonian

ĤSE = ĤS(t) + ĤE + ĤI = Ĥ0 + ĤI , (2.40)

where now ĤS is explicitly time-dependent, and let

ĤI = g ∑
α

Âα ⊗ B̂α, (2.41)

where g is some constant and the Âα’s and B̂α’s act on HS and HE, respec-

tively. Consider now the environment correlation functions (h̄ = 1 in the

following)

B̂αβ(t) := B̂α,I(t)B̂β,I(0) = eiĤEtB̂αe−iĤEtB̂β, (2.42)

and assume that, ∀α, β,

|〈B̂αβ(t)〉| = |Tr
[
ρ̂E(0)B̂αβ(t)

]
| ∼ e−t/τE , (2.43)

where τE is the environment correlation time. The von Neumann equation 2.23
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can now be turned into a ME for ρ̂S(t) in Lindblad form, assuming that the

following three conditions hold:

g2τE � ∆min (weak coupling) (2.44)

gτE � 1 (Markov approximation) (2.45)

h
t f
�min

{
∆2

min, τ−2
E
}

, (2.46)

where ∆min = mins∈[0,1]
(
E1(s) − E0(s)

)
> 0 is the minimum spectral gap

of ĤS(s) ≡ ĤS(t(s)) (with s = t/t f , as usual) and h = maxs∈[0,1]‖Ĥ(1)
S (s)‖.

The first inequality formalises the request that the interaction with the envi-

ronment (i.e. g) should be small compared to the characteristic energy of the

system, the second one states that the correlations of the environmental de-

grees of freedom should quickly decay over time, while the last inequality

combines the adiabatic condition 2.13 with the condition that the instanta-

neous energy eigenbasis should be slowly varying on the time scale of the

bath. The general ME for ρ̂S(t) now reads:

d
dt

ρ̂S(t) = −i
[
ĤS(t) + ĤLS(t), ρ̂S(t)

]
+ LWCL

[
ρ̂S(t)

]
, (2.47)

where the dissipator part is:

LWCL
[
ρ̂S(t)

]
≡∑

α,β
∑
ω

γαβ(ω)

[
L̂β,ω(t)ρ̂S(t)L̂†

α,ω(t)+

− 1
2
(

L̂†
α,ω(t)L̂β,ω(t)ρ̂S(t) + ρ̂S(t)L̂†

α,ω(t)L̂β,ω(t)
)]

, (2.48)

with the time-dependent Lindblad operators given by

L̂α,ω(t) = ∑
a, b : ω =

|Ea(t)− Eb(t)|

〈a(t)|Âα|b(t)〉|a(t)〉〈b(t)|, (2.49)

where |a(t)〉 is the time-dependent eigenstate of ĤS(t) with energy Ea(t),
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and with

γαβ(ω) = g2
∫ +∞

−∞
dteiωt〈B̂αβ(t)〉 (2.50)

the frequency spectrum of the environment correlations. For an environ-

ment in thermal equilibrium at a temperature T, the spectrum of correla-

tions satisfies the Kubo-Martin-Schwinger condition[87]:

γαβ(−ω) = e−
ω

kBT γβα(ω). (2.51)

The term ĤLS(t) in the ME 2.47 is called the Lamb shift term and here takes

the form

ĤLS(t) = ∑
α,β

∑
ω

Sαβ(ω)L̂†
α,ω(t)L̂β,ω(t), (2.52)

with

Sαβ(ω) = P
∫ +∞

−∞

γαβ(ω
′)

ω−ω′
dω′, (2.53)

where P represents the Cauchy principal value.

As it turns out, the form of the Lindblad operators in the weak coupling

limit (WCL) ensures that the decoherence process occurs in the instanta-

neous energy eigenbasis of the system[47]. Then, if the adiabatic limit is

well satisfied, the system evolves towards the Gibbs state associated with

the final Hamiltonian ĤS(t f ):

ρ̂S(t f ) ∝ e−
ĤS(t f )

kBT , (2.54)

irrespective of the single-qubit decoherence timescale. As we already antici-

pated, thermal excitation out of the instantaneous ground state can still play

a role, especially near the minimum spectral gap and, in general, the final

ground state population is going to be non-monotonic in t f bacause of the

interplay between the thermalisation and the adiabatic timescales. How-

ever, as long as the system temperature is sufficiently low, QA will succeed

with high probability in the large t f limit[47].
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If we now revert the condition 2.44, we find ourselves in the opposite

regime called singular coupling limit (SCL):

g2τE � ∆min (singular coupling), (2.55)

which again leads to an ME in Lindblad form. This is formally identical to

that in eq. 2.47, except that now the dissipator part takes the expression

LSCL
[
ρ̂S(t)

]
≡∑

α,β
γαβ(0)

[
Âβρ̂S(t)Â†

α −
1
2
(

Â†
α Âβρ̂S(t) + ρ̂S(t)Â†

α Âβ

)]
,

(2.56)

while the Lamb shift term reads ĤLS ≡ ∑α,β Sαβ(0)Â†
α Âβ. As we can

see, in this regime of singular coupling, the Lindblad operators are time-

independent and coincide with the bare system operators Âα, as is often

written in phenomenological treatments of the ME[47]. In this case, the

master equation leads to a dynamics where decoherence happens in the ba-

sis that diagonalises the operators {Âα}, typically the computational basis.

The system therefore converges to a completely mixed state, at a rate that

(A) (B)

FIGURE 2.6: Population of the state |0〉 during the evolution, in the singular cou-
pling limit, of a single qubit subject to the time-dependent Hamilto-
nian Ĥ(s) = − 1

2 ωx(1 − s)σ̂x − 1
2 ωzsσ̂z, coupled to the environment

through the σ̂z operator. Note that |0〉 is the final Hamiltonian ground
state. A) t f ,ad � t f � T2 = 1/2γ(0), the annealing is faster than the
decoherence in the computational basis and the state |0〉 is found with
high probability at the end of the annealing. B) t f � T2, the final state
is completely mixed, and the probability of finding the state |0〉 is 50%.
From [47].
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typically scales linearly with the number of qubits, therefore making QA

unviable beyond the scale of a few coherent qubits (cf. fig. 2.6)[47].

The adiabatic master equations can be used to derive a generalisation

of the adiabatic theorem, valid for open quantum systems in the weak cou-

pling limit. This provides a formal proof of the convergence towards the

Gibbs state 2.54 and the relevant lower bound for evolution time, i.e. the adi-

abatic limit. As it turns out, the adiabatic timescale is inversely proportional

to the square of the minimum spectral gap of the Liouvillian super-operator

L(s) defining the ME as dρ̂(s)/ds = L(s) [ρ̂][90].

2.2.3 Noise models for real quantum annealers

The question whether commercial quantum annealers at the scale of hun-

dreds and now thousands of qubits could actually implement quantum an-

nealing, or whether their dynamics are essentially dominated by classical ef-

fects, effectively making them thermal samplers, has been actively debated

for a long time[91, 92]. Today, a number of experiments have established the

presence of genuine quantum effects in D-Wave’s machines, including en-

tanglement and coherent multi-qubit tunnelling with relatively small sub-

sets of qubits[60, 61, 65].

From the point of view of the final users, D-Wave’s quantum annealers

operate like a black box which takes in a classical Ising problem instance

and returns a bit-string corresponding to the output state of the QA process,

measured in the computational basis, with only limited control over the

annealing time. For this reason, most of these experiments amounted to

comparing the distribution of the results with the predictions of different

numerical models[65].

The adiabatic ME, for instance, gives the most general and complete

quantum description of the problem but, in practice, it can only be used to

describe fairly small systems. In fact, it is a system of ordinary differential

equations whose size scales with the square of the Hilbert space dimension,

therefore making it only possible to simulate up to ∼ 15 qubits on ordinary
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computers7[47].

For these reasons, few-qubit quantumness signature QA Hamiltonians,

producing different final state distributions when run on coherent quantum

annealers, versus classical thermal optimisers, are important as a bench-

marking tool for practical quantum annealers. Experiments with a quan-

tumness signature Hamiltonian with between 8 and 20 qubits were carried

out on the 128-qubit D-Wave One in [94] and on the 512-qubit D-Wave Two

in [91]. These experiments demonstrated that the distributions of output

states generated by the two machines could be reproduced by the adiabatic

master-equation model and were not in agreement with the predictions of

simulated annealing and spin-vector Monte Carlo models (see figures 2.7A

and B), representing two classical limits of the device: thermal sampling of

the classical energy associated with the longitudinal Ising Hamiltonian for

SA, and thermal sampling of the spin coherent-state semiclassical potential

for SVMC[91].

Although these studies do not present a no-go result for classicality,

they represent an additional piece in the puzzle supporting the ability of

the D-Wave machines to perform quantum annealing in the weak coupling

limit at the few-qubit scale.

However, it is still unknown how well these results scale with the num-

ber of qubits[44]. In fact, we have seen before that the singular coupling

limit is defined by the inequality g2τE � ∆min; therefore, for hard problems

that see a rapid closing of the minimum gap ∆min with the problem size

N, the quantum annealer cannot continue to work in the WCL as the num-

ber of qubits increases. Another related theoretical result shows that, in the

absence of error suppression (see below), the temperature of a quantum an-

nealer must scale down at least logarithmically with the number of qubits,

in order to sample from the problem ground state with high probability[95].

7Roughly twice the number of qubits can be simulated by using quantum trajectories
to unravel the master equations and running the different trajectories on parallel proces-
sors[93].
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FIGURE 2.7: A) Quantumness signature Ising problem used in [94]. The local fields
are equal to±1, according to the sign shown in the figure, while all in-
teractions are ferromagnetic with value +1, inducing frustration. The
problem ground state is 17-fold degenerate, with an isolated state with
all qubits down |11111111〉 and a cluster of 16 states with the core
qubits (aquamarine in the figure) in the state up and the outer (red)
qubits in any of their 16 possible classical configurations. B) Proba-
bility p of measuring a state (H, M) with Hamming distance8H from
the isolated state and multiplicity M, divided by M and the overall
ground state probability pGS = pGS(t f ), as a function of the prefactor
α which multiplies the problem Hamiltonian and is used to control
the effective amount of thermal fluctuations (the lower α, the higher
the fluctuations). Comparison between the DW2 results and the mod-
els showing the agreement with ME. Figures from [94].

Currently, the absence of a demonstrated scaling advantage of QA on

D-Wave’s machines, particularly over path-integral quantum Monte Carlo,

is regarded as a possible indication that, in fact, the weak coupling limit is

not maintained to large instances and that therefore the interaction with the

environment and its temperature are not sufficiently low[44, 95].

Since the scale of the interactions between the qubits and the environ-

ment in the D-Wave machines is fundamentally determined by the mate-

rials used (i.e. niobium for the superconducting circuit) and by the de-

signed large persistent currents (∼ 1µA) in the flux qubits, alternative ap-

proaches that use more coherent superconducting qubits are actively being

8The Hamming distance between two bit-strings is the minimum number of bit flips
necessary to go from one string to the other.



2.2. Decoherence in Quantum Annealing 58

pursued[66, 96]. New superconducting architectures of this kind, together

with Hamiltonian error suppression schemes are going to be essential for

the future progress of quantum annealing. Coherence signature gadget cir-

cuits, such as the one outlined in chapter 4, are going to be of great impor-

tance for the benchmarking of these new QA platforms[66].

2.2.4 Quantum error suppression for QA

In this final subsection, we are briefly going to consider the state of the art

of error correction for adiabatic quantum computation by looking at two

specific implementations of it and the insight they offer into their benefit in

terms of reducing thermal excitations and the detrimental effect of analogue

control errors.

The idea of quantum error correction was initially developed for gate-

based quantum computation. The rationale behind it is that, since typically

environmental noise acts independently on single, or at most a few individ-

ual qubits, quantum computation can be made robust against its effect by

distributing the information across multiple qubits, i.e. by logical qubit en-

coding[83, 97]. In GBQC, this idea is formalised in the threshold theorem for

quantum computation, which ensures that fault tolerant quantum compu-

tation can be achieved with arbitrary success probability with faulty qubits

and gates using error correction, as long as the probability that each element

fails is below some threshold[3]. In AQC, a similar result is not yet know.

However, even if errors should not be reduced to an arbitrary degree, they

may well be suppressed sufficiently to allow quantum annealers to outper-

form classical computers in application scale problems[42].

As we have seen previously, the fast closure of the minimum energy

gap with problem size for hard problems represents the main limitation for

the up-scaling of a finite-temperature quantum annealer. Although diabatic

transitions outside the ground state may be effectively avoided by imposing

suitable smoothness conditions to the schedules A(s) and B(s) (counter-

diabatic driving), thermal excitations can still cause transitions to the first
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and the higher excited levels[75]. In order to protect the computation from

this effect, in the usual case of independent uncorrelated noise on the qubits,

we can consider encoding the time-dependent Hamiltonian in such a way

that the system can only be excited by the coherent tunnelling of multiple

qubits[97].

Let us consider two different encoding strategies that achieve this effect.

Note that we are going to be using error correction theory notation where

I = Î, X = σ̂x, Y = σ̂y and Z = σ̂z for the rest of this subsection.

Firstly, we consider the classical n-qubit repetition code introduced in

[83]. In this case, the state of every logical qubit in the problem is iden-

tified with the state of n physical qubits and a majority vote is made at

the end of QA to detect and correct up to bn/2c X (or bit-flip, consisting

of the application of σ̂x to the qubit state) errors. For instance, if n = 3

and the state |001〉i is measured for the qubits encoding the i-th logical qu-

bit, then an X error on the third qubit of the triplet can be identified with

probability 1/(1 + p) ' 1− p, where p is the X error probability (such that

0 < p � 1/2), and the correct logical state |0〉i ≡ |000〉i can be recovered.

Since this is a classical repetition code, only X errors, and not Z (phase)

errors are suppressed and can be detected.

The result of the encoding on the TIM Hamiltonian is to replace the

isolated logical Z operators (local field terms) by the sum of the equivalent

operators acting on the n encoding qubits, i.e.

σ̂z
i → σ̂z

i =
n

∑
k=1

σ̂z
i,k, (2.57)

and the logical two-local terms ZiZj by sums of n two-body interactions

between pairs of equivalent encoding qubits, that is

σ̂z
i σ̂z

j → σ̂z
i σ̂z

j =
n

∑
k=1

σ̂z
i,kσ̂z

j,k. (2.58)

This effectively corresponds to having n copies of the same Ising problem.
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Then, to ensure that all the encoding qubits evolve as one, a penalty term of

the form

ĤP,i = −γσ̂z
i σ̂z

ai
= −γ

n

∑
k=1

σ̂z
i,kσ̂z

ai
(2.59)

is added for each logical qubit i, describing a ferromagnetic coupling be-

tween each encoding qubit and an ancillary qubit ai. Finally, the transverse

field terms remain unencoded, with a σ̂x operator acting on all sets of n en-

coding qubits and the ancillary qubit. The total encoded TIM Hamiltonian

therefore reads[83]:

ĤTIM(s) = −A(s)
N

∑
i=1

(
n

∑
k=1

σ̂x
i,k + σ̂x

ai

)

+ B(s)

[
N

∑
i=1

hiσ̂
z
i +

N

∑
i,j=1

Jijσ̂
z
i σ̂z

j +
N

∑
i=1

ĤP,i

]
, (2.60)

requiring (n + 1)N physical qubits.

This repetition code has three main useful effects. Firstly, the penalty

term suppresses excitations from the ground space by single-qubit flips, by

making them energetically unfavourable. Secondly, it allows a majority vot-

ing at the end of QA, which allows to recover the solution some of the time

from the excited states (error detection and correction). Note that the ma-

jority voting over the encoding qubits only works as long as the states with

undetectable errors (undecodable) obtain an energy penalty higher than those

with detectable errors (decodable) in the final Hamiltonian. In this construc-

tion this is not guaranteed and will depend on the strength γ of the penalty

term, which therefore has to be optimised to the problem[83]. Thirdly, the

encoding increases the energy scale of the problem Hamiltonian by a factor

n, which reduces the relative amount of analog control noise (J-chaos) by a

factor 1/
√

n. In fact, the random control noise adds incoherently, producing

energy shifts that scale with
√

n[82].

This simple error suppression scheme has the final important advan-

tage that, by only requiring standard local terms and ZZ interactions, it can
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FIGURE 2.8: Probability of measuring the ground state of an Ising chain at the
end of QA on D-Wave Two, as a function of chain length. Compar-
ison between different implementations of error suppression with the
3-qubit repetition code introduced in [83]: U=no error suppression,
C=classical repetition, encoding 4 copies of the unprotected problem
at each run and and treating them as independent, NP=running 4 in-
dependent copies of the problem and performing a qubit-by-qubit ma-
jority vote, EP=error suppression with penalty Hamiltonian, but no
majority voting, QAC=full scheme with error suppression and major-
ity voting. Adapted from [83].

readily be implemented on existing quantum annealers. Experiments per-

formed with the D-Wave Two machine demonstrated an enhancement in

the probability of solving large antiferromagnetic chains and random spin

glass problems (see fig. 2.8). This boost in performance could be attributed

to both the suppression of X errors exciting the system near the minimum

gap and to the compensation of J-chaos[82, 83].

In order to overcome the issues of the classical repetition code, namely

the vulnerability to any error other than X errors and the need to optimise

the penalty term strength to suppress undecodable state counts, an actual

quantum error correction code has to be invoked, which brings us to our

second example: the code developed by Jiang and Rieffel in [98]. This is

a [[4, 1, 2]] stabiliser subsystem code, encoding 1 logical qubit with 4 physical

qubits and with a Hamming distance 2 between codewords. The code is
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defined by three sets of 4-qubit Pauli operators:

S = {SX = XXXX, SZ = ZZZZ},

L = {X = XIXI, Z = ZZII},

A = {XA = XXII, ZA = ZIZI},

(2.61)

where we have omitted the outer product operations. S is the set of gener-

ators of the stabiliser group S , comprising all the operators that act trivially

on the code space C, i.e.:

C := {|c〉 ∈ H : Si|c〉 = |c〉 ∀Si ∈ S}, (2.62)

whereH is the full four-qubit Hilbert space, L is the set generating all logical

operators L on the code space and A is a set of generators of the auxiliary

operators group A.

By construction, operators belonging to different groups commute,

which implies that the result of the application of a logical or auxiliary op-

erator to a state of the code space is another state in the code space (for

instance, given |c〉 ∈ C, SXX|c〉 = XSX|c〉 = X|c〉, meaning that X|c〉 ∈ C).

On the contrary, any single qubit Pauli error anti-commutes with at least one

of the stabiliser generators, which means that any single-qubit error takes a

state |c〉 ∈ C outside the codespace.

Now, given a QA Hamiltonian, say the TIM Hamiltonian ĤTIM(s), we

can obtained its error protected version by replacing all the Pauli operators

appearing in it by their encoded versions (therefore introducing four phys-

ical qubits for every logical qubit in the problem), which results in a new

Hamiltonian ĤTIM(s) with the same eigenvalues of ĤTIM(s) (where each

eigenvalue is now 23N-fold degenerate), and by adding the following con-
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stant penalty term for each logical qubit:

ĤP =− EP · [XA + ZA + SXXA + SZZA]

=− EP · [XXII + ZIZI + I IXX + IZIZ] .
(2.63)

By construction, ĤP commutes with ĤTIM(s), so that these two oper-

ators have a common set of eigenvectors, say {|E(s)〉|P〉}, such that(
ĤTIM(s) + ĤP

)
{|E(s)〉|P〉} = (E(s) + P){|E(s)〉|P〉}). Since one can eas-

ily find that ĤP has eigenvalue −2
√

2EP for all states in the codespace and

at least −2EP for states not in the codespace, the states outside the code

space are at least 2(
√

2− 1)EP above the ground state. In other words, any

single qubit error has an energy cost of at least 2(
√

2− 1)EP and is therefore

suppressed.

Under the reasonable assumption that the environment interacts inde-

pendently with individual qubits, the adiabatic master equations can be

used to prove that the energy penalty EP results in an exponential suppres-

sion of the excitation rate R, so that in the ideal limit of an infinite penalty

the closed-system dynamics is recovered[99]. The same formalism can be

used to show that R scales at the same time polynomially with the number

of qubits N, namely:

|R| ≤ exp (−βgEP)poly(EP)poly(N), (2.64)

where g is the energy gap from the ground state of ĤP/EP (2(
√

2− 1) in our

case) and β is the inverse temperature[99]. Therefore, in the limit of constant

temperature quantum annealers, the energy penalty has to increase only

logarithmically with system size[97, 99].

Note that although the penalty Hamiltonian for the [[4, 1, 2]] code is

two-local, which is important, since the penalty has to be large and scalable,

the encoded logical operators can have higher locality. For instance any ZZ

term in ĤTIM(s) becomes a four-local ZZZZ term in ĤTIM(s)[98]. This fact
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represents the main drive for the development of physical many-body in-

teractions between qubits for QA[42]. Although it has been proven that a

universal Hamiltonian for AQC with commuting terms and a ground-state

protected by single-qubit errors cannot be achieved with two-local interac-

tions, recently fully two-local Hamiltonian error suppression schemes with

non-commuting penalty terms have appeared in the literature[100]. These,

on the other hand, require non-stoquasticity and a modification of the logi-

cal Hamiltonian to compensate for the effects of the non-commuting penalty

term on the system spectrum[42, 100].

We conclude this introductory section on adiabatic quantum computa-

tion and its finite temperature counter-part quantum annealing by includ-

ing a table (fig. 2.9) from the recent work [42] by Crosson and Lidar, which

nicely summarises the current prospects of different variations of the algo-

rithm, all of which have been touched at least briefly in this introduction.

Forward Adiabatic Forward Diabatic Reverse Adiabatic Reverse Diabatic

Coherent or 
-coherent

(unitary, closed 
system dynamics
in a low-energy 

subspace ); 
enabled by 

quantum error 
suppression

𝒞

𝒞

State remains close to 
instantaneous ground 
state. 
Provable oracular
speedups, but otherwise 
generally efficiently 
simulable by QMC. 
Questionable promise.

Enables universality. 
No known efficient classical 
simulation methods. 
Numerical examples of
speedup over adiabatic-
coherent case, including in a 
quantum walks framework. 
Promising.

Enables a superpolynomial
quantum-classical separation 
in an oracular setting.
Promising.

Enables an exponential 
quantum speedup in an 
oracular setting.
Promising.

Weakly-
Decoherent

(open system in 
the weak-coupling 

limit sense: 
decoherence in 

the energy 
eigenbasis)

State remains close to 
instantaneous Gibbs 
state. 
No known examples of 
speedups.
Also generally efficiently 
simulable by QMC. 
Questionable promise.

Correlates well with QMC and 
SVMC in experimental 
studies.
Questionable promise.

Examples known of 
exponential improvement 
over forward adiabatic, but
remains generally efficiently 
simulable by QMC.
Questionable promise.

Simulating full open system 
dynamics is classically 
intractable. 
Enables an exponential 
quantum speedup in an 
oracular setting at sufficiently 
low temperatures.
Promising.

FIGURE 2.9: This table summarises the analysis done by Crosson and Lidar on the
prospects of different flavours of QA and DQA. Note that C-coherent
here defines a type of implementation of adiabatic quantum optimi-
sation where a low energy subspace including some levels above the
ground state are protected by decoherence. This type of application is
allowed in a scalable way by quantum error suppression. From [42].
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2.3 Superconducting Qubits

In this last section of the research background chapter, we are going to

consider superconducting (SC) qubits. These are the most popular and so

far successful physical platform for Quantum Annealing. We will start by

quickly introducing some key concepts of superconductivity, including the

key element of non-linear SC circuits, the Josephson junction. Then we are

going to restrict our focus to flux qubits by introducing the rf-SQUID qu-

bit, which is at the core of D-Wave chips, and the derivation of its effective

qubit Hamiltonian with perturbation theory. We will then consider the im-

plementation of ZZ interactions with flux qubits. Finally, we will discuss

more recent implementations of the flux qubit that are more robust to deco-

herence, also looking at the physical sources of noise in SC circuits.

Since their first appearance, superconducting circuits including Joseph-

son junctions (JJs) have proved to be one of the most promising platforms

for quantum information processing applications[101–105]. Their fabrica-

tion technique, in fact, which relies on well-established optical and electron-

beam-lithographic processes, allows to finely tune the qubit spectrum and

dipole moments in a wide range of values in order to meet the require-

ments of different application platforms[104]. This control is achieved, for

instance, by changing the geometry of the circuit and the composition of the

JJs’ insulating barriers, which determine the linear and non-linear terms in

their electromagnetic potentials, respectively.

The same lithographic fabrication process allows superconducting

qubits to be manufactured in large arrays, with electrostatic and magnetic

interactions coupling pairs of them. These properties, together with the

possibility of dynamically adjusting the strength of the effective qubit lo-

cal fields and qubit-qubit interactions by applying external electrostatic

and magnetic fields, and of manipulating and probing the qubit state with

commercially available microwave-frequency sources, arbitrary waveform

generators and microwave detectors make for a scalable architecture for
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both GBQC and QA[11, 41, 101, 102, 106].

Two decades of advancements of the SC qubit technology already led,

in 2019, to the first demonstration of quantum computational supremacy

by the team working on Google’s 53-qubit gate-based quantum processor,

named Sycamore[41]. As we have seen previously, in the field of QA the

hardware advancement has progressed even more steadily, with the lat-

est quantum processing units by D-Wave featuring more than 5000 qubits,

35000 couplers and 1 million JJs.

2.3.1 Quantum states in a superconductor

At the root of this success is the collective quantum behaviour of electrons

in a superconductor, which allows quantum mechanics and electromagnetic

circuit theory to meet in the description of superconducting circuits. The es-

sential physical mechanism which defines ordinary superconductors below

their critical temperature is that an attractive interaction mediated by virtual

phonons leads to the pairing of electrons with opposite spin angular mo-

mentum into so-called Cooper pairs (CPs). The state in which all electrons

in the material are paired-up defines the ground state of the superconduct-

ing condensate, which is separated from a continuum of higher energy states

by a finite gap 2∆, corresponding to the energy required to break a CP into

single-particle excitations (called quasiparticles)[107, 108].

Let us then consider an isolated piece of superconducting material, in

the ground state of its superconducting phase (i.e. in the absence of quasi-

particles). Because of it being isolated, this electrode contains a well defined

number, say N, of CPs, which represents the unique degree of freedom of

the system. In other words, the enormous number of degrees of freedom

possessed by the electrons in the metal is reduced by the superconducting

transition to a single quantum state, |N〉[107].

From this very simple configuration, we can start adding new elements

into the system until we obtain our first superconducting qubit circuit, the

rf-SQUID qubit. Firstly, we introduce a superconducting ground plane, which
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acts as reservoir of Cooper pairs, separated from the electrode by an insulat-

ing layer. The two superconductors now form the two plates of a capacitor

and individual CPs can tunnel from one to the other through the insulator.

Given the operator n̂, representing the number of CPs that have tunneled

across the capacitor, starting from a condition where the two electrodes are

electrically neutral, the Hamiltonian of the system is written as

ĤC =
(2e)2

2C
n̂2, (2.65)

where 2e is the charge of a Cooper pair, with e ' 1.6 · 10−19C the electron

charge, and C is the system capacitance. Since n̂ can only take integer val-

ues, we can write its spectral decomposition as:

n̂ =
+∞

∑
n=−∞

n|n〉〈n|, (2.66)

as well as the following for ĤC[108]:

ĤC =
(2e)2

2C

+∞

∑
n=−∞

n2|n〉〈n|. (2.67)

If the barrier between the two electrodes is sufficiently thin, in particu-

lar if its thickness is smaller than the coherence length ξ of the superconductor

(for instance, ξ = 1.6µm for Aluminium), the Cooper pair tunnelling be-

comes a coherent process and superpositions of states with a different num-

ber of tunneled CPs n can occur. In this case the superconductor-insulator-

superconductor system is called a Josephson junction and the Hamiltonian

acquires an additional term describing the hopping of CPs between the two

sides of the junction: Ĥ = ĤC + ĤJ , with

ĤJ = −
EJ

2

+∞

∑
n=−∞

[
|n〉〈n + 1|+ |n + 1〉〈n|

]
, (2.68)

where EJ is called Josephson energy and expresses the CP tunnelling rate[107,
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108].

The eigenstates of ĤJ are (up to a normalisation constant) wavepackets

of the form

|φ〉 =
+∞

∑
n=−∞

eiφn|n〉. (2.69)

φ in this definition physically represents the difference between the gauge-

invariant phases of the superconductors on each side of the junction: φ =

φ1 − φ2[107]. In fact, one can easily verify that

ĤJ |φ〉 = −EJ cos(φ)|φ〉. (2.70)

Therefore, ĤJ can be written alternatively as:

ĤJ = −
EJ

2π

∫ π

−π
cos φ′|φ′〉〈φ′|dφ′ = −EJ cos φ̂, (2.71)

where we have introduced the phase operator

φ̂ :=
1

2π

∫ π

−π
φ′|φ′〉〈φ′|dφ′. (2.72)

The wavepackets |φ〉 are associated with a flowing electrical current.

In order to see this, we first note that a natural definition for the operator

associated with the current through the JJ is[107]:

ÎJ =2e
∂n̂
∂t

=
2e
ih̄
[
n̂, ĤJ

]

=− i
eEJ

h̄

+∞

∑
n=−∞

[
|n〉〈n + 1| − |n + 1〉〈n|

] (2.73)

where for the second equality we used the Ehrenfest theorem. Then, using

the definition 2.69, we can easily find that |φ〉 is also an eigenstate of ÎJ with

eigenvalue

I(φ) = Ic sin(φ), (2.74)

where Ic = 2eEJ/h̄ is the critical current of the junction. (Also note that
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ÎJ = Ic sin φ̂, in analogy with eq. 2.71.) Equation 2.74 represents the first

of two very famous classical equations formulated by B. D. Josephson in

1962 to describe JJs[109]. The second Josephson equation relates the electric

potential V across the JJ to the gauge-invariant phase different across the

junction φ and reads:

V =
h̄
2e

φ̇. (2.75)

We can get one final important insight by applying the operator n̂ to the

wavepacket in eq. 2.69. In fact, from the following chain of equalities

n̂|φ〉 =
+∞

∑
m=−∞

eiφmn̂|m〉 =
+∞

∑
m=−∞

meiφm|m〉

=− i
+∞

∑
m=−∞

(
d

dφ
eiφm

)
|m〉 = −i

d
dφ̂
|φ〉,

(2.76)

we recognise that n̂ is the momentum conjugate to φ̂. φ̂ and n̂ therefore

satisfy a canonical commutation relation, namely[110]:

[
φ̂, n̂

]
= i. (2.77)

2.3.2 The rf-SQUID qubit

A standard rf-SQUID qubit consists of a superconducting loop with self-

inductance L interrupted by a single Josephson junction, shunted by its in-

trinsic capacitance CJ , as shown in figure 2.10B. What we have got so far in

our analysis is the circuit in fig. 2.10A.

An inductor L is associated with a classical energy term (Φ−Φext)2/2L,

where Φ is the total magnetic-field flux linked with the loop and Φext is

the magnetic flux externally applied to it. Therefore, introducing the total

magnetic flux operator Φ̂ and the charge Q̂ := 2en̂, we can write the rf-

SQUID Hamiltonian Ĥ as:

Ĥ = ĤC + ĤL + ĤJ =
Q̂2

2CJ
+

(
Φ̂−Φext

)2

2L
− EJ cos φ̂. (2.78)
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(A) (B)

FIGURE 2.10: A) Circuit diagram of a superconducting electrode connected to the
ground plane by a JJ shunted by its intrinsic capacitance. B) Circuit
diagram of an rf-SQUID circuit.

According to the Ginzburg-Landau theory of superconductivity, the al-

gebraic sum of the gauge-invariant phase differences across the Josephson

junctions in a closed loop ` satisfies the following equation (fluxoid quantisa-

tion rule):

∑
i∈`

φi = −2π
Φ
Φ0

+ 2πm, (2.79)

where m ∈ Z, Φ is the total magnetic flux through the loop and Φ0 = h/(2e)

is the magnetic flux quantum[111]. In the case of the rf-SQUID circuit, the

fluxoid quantisation rule for its single superconducting loop reads:

φ̂ = −2π
Φ̂
Φ0

+ 2mπ. (2.80)

Since the Josephson energy term is independent of the choice of m, we can

set m = 0 to get Φ̂ = −Φ0φ̂/(2π), which explicitly shows that Φ̂ and Q̂

are canonically conjugate variables. For the rf-SQUID Hamiltonian we now

have:

Ĥ =
Q̂2

2CJ
+

(
Φ̂−Φext

)2

2L
− EJ cos

(
2π

Φ̂
Φ0

)

= 4ECn̂2 + EL

[(
φ̂− φext

)2

2
− βL cos φ̂

]
,

(2.81)

where EC = e2/(2CJ) is the single-electron charging energy, EL =
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Φ2
0/(4π2L) is the inductive energy of the flux quantum, βL = EJ/EL =

2πLIc/Φ0 is the so-called screening parameter9 and φext = 2π fext =

2πΦext/Φ0[108].

The second row of 2.81 gives us a good insight into the properties of the

circuit. In fact, in the semi-classical approximation, the ground state of the

circuit is found by minimising the classical potential energy

U(φ) = EL

[
(φ− φext)

2

2
− βL cos φ

]
. (2.82)

The minima of U(φ) are given by the solutions of the transcendental equa-

tion
dU(φ)

dφ
= EL [φ− φext + βL sin φ)] = 0

⇒ φ− φext = −βL sin φ.
(2.83)

When βL ≤ 1 the equation only admits one solution and U(φ) is a concave

function with a single global minimum (monostable regime see fig. 2.11A).

When βL > 1, instead, there are at least three solutions. In particular, if

φext ≈ π, U(φ) presents two local minima, or potential wells, separated

by a potential barrier at φ ' π (bistable regime, see fig. 2.11B and C). The

difference δφext := φext − π = 2π( fext − 0.5) = 2πδ fext sets the relative

9which can also be seen as the ratio between the geometric inductance of the supercon-
ducting loop and the Josephson inductance LJ = Φ0/(2π Ic) associated with the JJ[108]
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FIGURE 2.11: Classical potential U(φ)/EL of an rf-SQUID for different values of βL
and φext: A) βL = 1 and φext = π. B) βL = 2 and φext = π. C) βL = 2
and φext = 1.1π.
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height of the minima in the two wells. δ fext = 0 corresponds to a perfectly

symmetric double well (and is therefore called symmetry bias point, cf. fig.

2.11B), whereas 0 < |δ fext| � 1 results in a tilt between the two wells (see

fig. 2.11C)[108]. In this second case, the minimum of the lower well φ is the

global minimum of U(φ) and the system is localised here, i.e. its state |g〉 is

given by

|g〉 =
∫ +∞

−∞
Ψφ(φ)|φ〉, (2.84)

where Ψφ(φ) is a function peaked around φ = φ. Note that, since the poten-

tial wells are on either side of φ = π, the state |g〉 is associated with a finite

persistent current:

〈g| ÎJ |g〉 = 〈g| ÎL|g〉 =
Φ0

2πL
〈g|
(
φ̂− φext

)
|g〉 = Φ0

2πL
(
φ− φext

)
, (2.85)

where we used Kirchhoff’s current law and the constitutive relation of the

inductor. The states localised in the left and right well have circulating cur-

rents of opposite sign and, like with any other implementation of a flux

qubit, they represent the computational basis states, i.e. the states used in

practice to encode the information of a quantum computation process (be it

GBQC or QA)[88, 103, 108, 112].

The semi-classical approximation fails to predict the behaviour of the

system when δ fext is very close to 0 and the states localised in the left and

right wells become hybridised as a result of tunnelling across the energy

barrier. Let us therefore go back to the quantum mechanical description of

the system and let Ei( fext) be the i-th eigenvalue of the circuit Hamiltonian

Ĥ( fext). It is easy to show that, when fext = 0.5, the two lowest energy

eigenstates of the Hamiltonian Ĥ0 ≡ Ĥ(0.5), |E(0)
0 〉 ≡ |E0(0.5)〉 and |E(0)

1 〉 ≡
|E1(0.5)〉 have a zero expectation value of the persistent current Î = ÎJ = ÎL.

In fact, using the Hellmann–Feynman theorem and the symmetry of the circuit

Hamiltonian and of its eigenvalues under magnetic field inversion about the
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point fext = 0.5, we get[32, 108]:

〈E(0)
i | Î|E

(0)
i 〉 := −

〈
E(0)

i

∣∣∣∣
∂Ĥ

∂Φext

∣∣∣∣E
(0)
i

〉
= −∂Ei(Φext)

∂Φext

∣∣∣∣
Φext=Φ0/2

= 0, (2.86)

for i = 0, 1.

This is consistent with the expectation that, when the double-well clas-

sical potential is symmetric, the eigenstates of the system become uniform

superpositions of the opposite persistent current states localised in the two

wells and the energy separation between them E(0)
1 − E(0)

0 is equal to the

tunnelling rate. In particular, we can write the two persistent current states

(or computational states) in terms of the low-energy eigenstates of Ĥ0 as:

|0〉 = |E
(0)
0 〉+ |E

(0)
1 〉√

2
, |1〉 = |E

(0)
0 〉 − |E

(0)
1 〉√

2
. (2.87)

In fact, it easy to show that |0〉 and |1〉 are eigenstates of Î with eigenvalues

±Ip, where Ip := 〈E(0)
0 | Î|E

(0)
1 〉 = 〈E

(0)
1 | Î|E

(0)
0 〉 > 0[14, 108]10.

When the rf-SQUID qubit is biased away from the symmetry point, 0 <

|δ fext| � 1, we can approximate the circuit Hamiltonian by its first order

expansion around fext = 0.5. We have:

Ĥ( fext) =Ĥ(0.5 + δ fext) ' Ĥ0 + δĤ = Ĥ0 + δ fext ·
∂Ĥ( fext)

∂ fext

∣∣∣∣
fext=0.5

=Ĥ0 − δ fextΦ0 Î.

(2.88)

Then, we can treat δĤ as a small perturbation to Ĥ0 and invoke stationary

perturbation theory to write the n-th eigenstate of Ĥ( fext), to first order in

δ fext (and up to a normalisation constant), as [113]:

|En〉 = |E(0)
n 〉+ ∑

m 6=n

〈E(0)
m |δĤ|E(0)

n 〉
E(0)

n − E(0)
m

|E(0)
m 〉, (2.89)

10Note that the conditions 〈E(0)
0 | Î|E

(0)
1 〉 = 〈E

(0)
1 | Î|E

(0)
0 〉 > 0 can always be ensured by

multiplying |E(0)
0 〉 and |E(0)

1 〉 by appropriate phase factors.
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where |E(0)
n 〉 : Ĥ0|E(0)

n 〉 = E(0)
n |E(0)

n 〉 is the n-th eigenstate of Ĥ0. Since the

rf-SQUID qubit has a large anharmonicity at fext = 0.5 (cf. figure 2.12A),

i.e. E(0)
2 � E(0)

1 , we can neglect all terms in the expansion 2.89 except the

ones with m, n ∈ {0, 1}, which tells us that two states |E0〉 and |E1〉 are well

approximated by linear combinations of the unperturbed states |E(0)
0 〉 and

|E(0)
1 〉, as long as |δ fext| � 1.

2.3.3 Effective Hamiltonian (Perturbative Reduction)

We are now ready to determine the effective qubit Hamiltonian of the rf-

SQUID circuit. This can be defined as a 2× 2 Hermitian matrix whose spec-

trum matches the two lowest energy eigenvalues of the circuit Hamiltonian Ĥ[14].

This definition is clearly satisfied by the projection of Ĥ( fext) on the space

Span{|E0( fext)〉, |E1( fext)〉} ∼= Span{|E(0)
0 〉, |E

(0)
1 〉}, i.e.

H(e)
q =


〈E

(0)
0 |Ĥ|E

(0)
0 〉 〈E

(0)
0 |Ĥ|E

(0)
1 〉

〈E(0)
1 |Ĥ|E

(0)
0 〉 〈E

(0)
1 |Ĥ|E

(0)
1 〉


. (2.90)

More relevant to the description of the quantum computation process is the

expression of the effective qubit Hamiltonian in the computational (persis-

tent current) basis:

H(c)
q =


〈0|Ĥ|0〉 〈0|Ĥ|1〉
〈1|Ĥ|0〉 〈1|Ĥ|1〉


, (2.91)

where |0〉 and |1〉 are defined in 2.87. Using equation 2.88, we can obtain

the following expression for H(c)
q [61]:

H(c)
q ( fext) = H(c)

q (0.5 + δ fext) '
E(0)

1 + E(0)
0

2
σσσI − E(0)

0 − E(0)
1

2
σσσx+

−δ fextΦ0 Ipσσσz,

(2.92)
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or, defining the tunnelling rate ∆ = E(0)
1 − E(0)

0 and ε( fext) = 2( fext −
0.5)Φ0 Ip = 2δ fextΦ0 Ip,

Hq( fext) = −
∆
2

σσσx − ε( fext)

2
σσσz + const. (2.93)

The effective qubit Hamiltonian is readily diagonalised to find the low-

est two energy levels of the circuit and the corresponding eigenstates. For

the eigenvalues, we have

E0,1( fext) =
E(0)

1 + E(0)
0

2
∓ 1

2

√
∆2 + ε2( fext)

=
E(0)

1 + E(0)
0

2
∓ 1

2

√
∆2 + 4(Φ0 Ipδ fext)2,

(2.94)

i.e. the energy levels vary linearly with δ fext, following the displacement

of the two potential wells, when ε � ∆, but the level crossing at the

symmetry point ε = δ fext = 0 is removed by tunnelling and the forma-

tion of hybridised states. The associated eigenvectors of H(c)
q are ~v0 =

(cos(θ/2),− sin(θ/2)) and ~v1 = (sin(θ/2), cos(θ/2)), where θ ≡ θ( fext) :=

arctan[∆/ε( fext)], corresponding to the circuit Hamiltonian eigenstates[61,

114]

|E0( fext)〉 = cos
θ

2
|0〉 − sin

θ

2
|1〉,

|E1( fext)〉 = sin
θ

2
|0〉+ cos

θ

2
|1〉.

(2.95)

Figure 2.12A shows an example of the energy spectrum of the rf-SQUID

circuit Hamiltonian 2.81, as a function of the applied magnetic flux. The

spectrum was calculated numerically (the details of the procedure will be

given in chapter 3), using the circuit parameters EJ = 125GHz, L = 2.5nH,

CJ = 5fF. Figure 2.12B compares the two lowest circuit energy levels to the

eigenvalues of the corresponding effective Hamiltonian 2.92, where, in this

case ∆ ' 3.04GHz and Ip ' 208nA ' 0.32GHz/mΦ0. The small discrep-

ancy between the two results, which we can see for larger values of δ fext,
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(A) (B)

FIGURE 2.12: A) First 10 eigenvalues of the circuit Hamiltonian in eq. 2.81, as a
function on the externally applied magnetic flux, calculated numer-
ically using the parameters EJ = 125GHz, L = 2.5nH, CJ = 5fF.
B) Lowest two energy levels in a narrow range of fluxes around
fext = 0.5, comparison between the spectrum of the circuit Hamil-
tonian (lines) and of the effective Hamiltonian (circles). Note that a
constant energy shift of −(E(0)

0 + E(0)
1 )/2 was applied.

is due to the breakdown of the first-order perturbation theory approxima-

tion[14]. The relative energy error in this example remains below < 5 · 10−4

in the whole range.

Any SC qubit must be operated in a regime where kBT � E01, E12,

where Eij = Ej − Ei is the transition energy between levels i and j, in order

to suppress thermal excitation processes within and outside the qubit sub-

space Hq = Span{|E0〉, |E1〉}. Additionally, resonant or diabatic excitations

outside Hq must be avoided by appropriately choosing the control sched-

ules for QA or pulse frequencies for GBQC. If these two conditions are met,

the dynamics of the circuit are effectively restricted to the qubit subspace

and can be completely described in terms of the (instantaneous) effective

qubit Hamiltonian[14, 88].

2.3.4 Compound-Josephson-junction rf-SQUID

The effective Hamiltonian of an rf-SQUID has clearly the form of a

transverse-field Ising model Hamiltonian for a single qubit. Although the

effective longitudinal field can be varied by changing the magnetic flux

applied to the circuit, i.e. ε ∝ −δ fext, the transverse field ∆ is set by the
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materials and fabrication parameters. Its value can be estimated using the

WKB approximation to describe the tunnelling process across the potential

barrier. Given the height of the barrier at the symmetry bias point, which

for 0 < βL − 1� 1 is approximately expressed as

EB '
3
2

EJ

(
1− 1

βL

)2

, (2.96)

the WKB tunnelling rate decays exponentially with EB according to the fol-

lowing relation:

∆ ∝
√

EB/EC exp(−η
√

EB/EC), (2.97)

where η is a numerical constant[108].

If we were able to dynamically adjust the height of the energy barrier,

we would then achieve full tuneability of the effective transverse field Ising

Hamiltonian. This can actually be done with a simple modification of the

rf-SQUID circuit, i.e. by replacing the single Josephson junction with two JJs

in parallel to form a dc-SQUID loop. As we will show now, the dc-SQUID

effectively acts as a single junction whose critical current is dependent on

the magnetic flux applied to its loop.

The resulting new circuit, called compound-Josephson-junction rf-SQUID

(or CJJ rf-SQUID), is shown schematically in figure 2.13. Given the flux

FIGURE 2.13: Schematic representation of a compound-JJ rf-SQUID. We define Φext
z

the externally applied flux threading the loop containing the main
inductor Lq and Φext

x the one threading the dc-SQUID loop.
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operators Φ̂x = Φ0φ̂x/(2π) and Φ̂z = Φ0φ̂z/(2π) associated with the dc-

SQUID and main loops respectively, and their conjugate charges Q̂x and Q̂z,

we can write the circuit Hamiltonian by summing all the charging, inductive

and Josephson energy terms to get[115]:

Ĥ(~̂Φ, ~̂Q) =
Q̂2

z
2Cz

+
Q̂2

x
2Cx

+

(
Φ0

2π

)2

· (φ̂z − φext
z )2

2Lz
+

(
Φ0

2π

)2

· (φ̂x − φext
x )2

2Lx

−EJ1 cos
(

φ̂z +
φ̂x

2

)
− EJ2 cos

(
φ̂z −

φ̂x

2

)
,

(2.98)

where (with reference to the symbols in figure 2.13) Cz = CJ1 + CJ2, Cx =

CJ1CJ2/(CJ1 + CJ2), Lz = Lq + Lco/4, Lx = Lco, and where φext
x and φext

z are

external flux biases applied to the x (dc-SQUID) and z (main) loops (cf. fig-

ure 2.13). Finally, EJi = h̄Ici/2e is the Josephson energy of the i-th junction.

If we now consider the limit Lco � Lq (and hence Lx � Lz), in which

the plasma frequency of the X-loop 1/
√

CxLx is much larger than that of the

Z-loop, we can assume that the X-loop always remains in its ground state,

which corresponds to a flux eigenstate with 〈φ̂x〉 = φext
x . We can therefore

replace the operator φ̂x in the Hamiltonian with the c-number φext
x and then

use some trigonometry to rewrite the Hamiltonian as[115]:

Ĥ =
Q̂2

z
2Cz

+
(Φ̂z −Φext

z )2

2Lz
− Ee f f

J (φext
x ) cos

(
2π

Φ0
Φ̂z − φ0

z

)
, (2.99)

where

Ee f f
J (φext

x ) = EJ+ cos
(

φext
x
2

)√
1 +

[
EJ−
EJ+

tan
(

φext
x
2

)]2

, (2.100)

with EJ± = EJ1 ± EJ2, and where we have defined the angle:

φ0
z = − arctan

[
EJ−
EJ+

tan
(

φext
x
2

)]
. (2.101)

This Hamiltonian clearly corresponds to that of an rf-SQUID flux qubit

in which:
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• The Josephson energy (and hence the height of the semiclassical po-

tential barrier and the tunnelling energy ∆) is modulated by the co-

sine of φext
x /2, so that when, for instance, the externally applied flux is

Φext
x = Φ0/2, then Ee f f

J = 0 (and ∆ is maximised).

• The external flux through the Z-loop is replaced by the effective flux

φext
z − φ0

z (where the non-linear crosstalk term φ0
z is zero for a symmet-

ric CJJ in which Ic1 = Ic2).

The CJJ rf-SQUID can therefore be operated as a flux qubit implementing a

fully flux-tuneable transverse-field Ising Hamiltonian. Note that the exter-

nal flux applied to the dc-SQUID φext
x , by periodically tuning the effective

Josephson energy, changes not only the transverse field, but also the longi-

tudinal field, through the persistent current term Ip = Ip(φext
x ).

2.3.5 ZZ interactions with flux qubits

In order to implement a transverse-field Ising Hamiltonian with multiple

qubits, which is the standard model implemented by commercial quantum

annealers, we now only need to find a way of incorporating the ZZ two-

body interaction terms. Since, as we have seen above, the σ̂z operator is

associated with the flux qubit persistent current, it is natural to consider a

mutual inductive interaction approach[88, 116].

For instance, let us consider the two mutually-inductively coupled rf-

SQUID qubits schematically shown in figure 2.14. With reference to the

symbols in the figure, given the circuit inductance matrix:

L =


 L1 −M

−M L2


, (2.102)

the total inductive part of the system Hamiltonian can be written as:



2.3. Superconducting Qubits 80

L1 L2

2

FIGURE 2.14: Circuit diagram of two mutually-inductively coupled rf-SQUID
qubits.

Ĥind =
1
2

2

∑
i,j=1

(L−1)ij
(
Φ̂i −Φext

i
)(

Φ̂j −Φext
j
)
=

(
Φ̂1 −Φext

1
)2

2L̃1

+

(
Φ̂2 −Φext

2
)2

2L̃2
+

M
L1L2[1−M2/(L1L2)]

(
Φ̂1 −Φext

1
) (

Φ̂2 −Φext
2
)

,

(2.103)

where L̃1 = L1 −M2/L2 and L̃2 = L2 −M2/L1 are the inductively-loaded

self-inductances of the two qubit loops[117]. Assuming that the mutual in-

ductance M is sufficiently small, we can neglect the term M2/(L1L2) and

rewrite the interaction term as

Ĥint ' MÎ1 Î2, (2.104)

where Îi '
(
Φ̂i−Φext

i
)
/Li is the persistent current operator associated with

qubit i.

We can now determine the effective two-qubit Hamiltonian of the sys-

tem by projecting the full circuit Hamiltonian into the qubit subspace,

defined as the outer product of the local qubit subspaces, i.e. Hq =

Span{|0〉1, |1〉1} ⊗ Span{|0〉2, |1〉2}[118]. The computational states for the

two qubits are found in the same way as for an isolated qubit, using the

terms in the total circuit Hamiltonian that are local to the two qubits. Note

that these unperturbed qubit Hamiltonians still account for the static induc-

tive loading which changes the self-inductive terms (by taking Li into L̃i).
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After the projection, the interaction Hamiltonian becomes

Hint = MIp1 Ip2σσσz
1σσσz

2, (2.105)

which is the expected ZZ interaction term. Note that this expression is only

valid to first order in the mutual inductance M. In general, in fact, the in-

teraction term in the circuit Hamiltonian connects the qubit subspace with

its complement, so that projecting the total Hamiltonian directly into the qu-

bit subspace does not preserve the low-energy spectrum, therefore resulting

in an invalid effective qubit Hamiltonian[118]. The effect of higher excited

(non-qubit) states on the effective Hamiltonian can be accounted for by using

the Schrieffer-Wolff transformation theory, as will be shown in chapter 5[14,

119]. It is then easy to show that the error associated with the direct pro-

jection on Hq is in this case proportional to M2 and inversely proportional

to the minimum energy gap between the qubit subspace and its comple-

ment[120].

In order to tune the strength of the ZZ interaction between pairs of

qubits without acting on their persistent currents (and therefore also chang-

ing the longitudinal and transverse field), a CJJ rf-SQUID can be used to

change the effective mutual inductance between their current loops. In this

case, the two qubits both share a mutual inductance with the same CJJ rf-

FIGURE 2.15: Circuit diagram of two rf-SQUID qubits mutually inductively cou-
pled to a CJJ rf-SQUID acting as a tuneable ZZ coupler.
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SQUID inductive coupler, as shown in figure 2.15[115, 116]. If its physical

properties are chosen in such a way that its first excitation energy Ec,1− Ec,0

is much larger than those of the two qubits, the coupler can be regarded

as a classical passive element, which always remains in its ground state,

while adiabatically following the dynamics of the two qubits (adiabatic cou-

pler)[121]. In particular, the coupler CJJ rf-SQUID should be operated so

that its effective screening parameter is less than 1, in order to avoid bista-

bility[115, 116].

Using the symbols in figure 2.15, the resulting effective inductance be-

tween the two qubits can be approximated, to second order in M, as:

Me f f (Φ
ext
c,x , Φext

c,z ) = M2χ(1)(Φext
c,x , Φext

c,z ), (2.106)

where

χ(1)(Φext
c,x , Φext

c,z ) =
∂2Ec,0(Φext

c,x , Φext
c,z )

∂(Φext
c,z )

2 , (2.107)

is the coupler main loop first-order magnetic susceptibility, with Ec,0(Φext
c,x , Φext

c,x )

the coupler ground state energy. In the semiclassical approximation we ob-

tain[115, 116]:

χ(1)(φext
c,x , φext

c,z ) =
1
Lc
·

β
e f f
L (φext

c,x ) cos(φc,z − φ0
z)

1 + β
e f f
L (φext

c,x ) cos(φc,z − φ0
z)

, (2.108)

where β
e f f
L = Ee f f

J /ELc = 4π2LcEe f f
J /Φ2

0, Ee f f
J and φ0

z are defined as in

equations 2.100 and 2.101 and where φc,z is the expectation value of φ̂c,z

over the coupler ground state.

Typically, the CJJ rf-SQUID coupler is operated at Φext
c,z = 0, which re-

sults in an anti-ferromagnetic coupling between the qubits for φext
c,x < π

and φext
c,x > 3π and in a (larger in magnitude) ferromagnetic coupling for

π < φext
c,x < 3π (see figure 3.3)[116].
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2.3.6 The flux qubit improved: capacitively-shunted flux

qubit

Compound-junction rf-SQUID qubits have been widely predominant in the

implementation of QA until now, due to their natural low-energy descrip-

tion as spins in a transverse-field Ising model[122]. However, due to their

need for a relatively large geometric inductance (βL > 1), they display a

large coupling to flux noise sources, primarily two-level fluctuators in their

standard Nb/AlOx/Nb trilayer JJs. This typically limits their T1 and T2

times to the scale of ∼ 20ns[101, 123].

For this reason, the persistent-current qubit was introduced, where the

large loop geometric inductance is replaced by the Josephson inductance of

two larger Josephson junctions in series[106, 124]. This qubit design trades

the lower flux noise sensitivity with an increased sensitivity to environmen-

tal charge fluctuations and has the important drawback of a limited repro-

ducibility, due to the large fabrication variability of the EJ/EC ratio[67, 122].

The capacitively-shunted flux qubit (CSFQ) further improves over the per-

sistent current qubit, by mitigating its limitations. This is achieved with

three design changes[125]:

1. Decrease in the junction sizes and therefore in the qubit persistent cur-

rent. This reduces the qubit magnetic dipole moment therefore im-

proving robustness against flux noise.

2. Decrease in the ratio α between the area of the small junction and that

of the large junctions, further decreasing Ip and improving flux noise

robustness.

3. Introduction of an explicit large shunt capacitor across the small junc-

tion to compensate for the increase in charge noise susceptibility and

to improve reproducibility of the EJ/EC ratio.

The CSFQ is currently being actively pursued as a possible alternative

to rf-SQUID flux qubits for more coherent QA (see, for instance, [68] and
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FIGURE 2.16: Circuit diagram of a capacitively-shunted flux qubit. The red arrows
indicate the direction chosen to calculate the superconducting phase
difference.

[66]) and the experiments presented in this work were performed on qubits

of this flavour. For this reason, we will briefly consider their circuit Hamil-

tonian and, in the next subsection, a way to model decoherence affecting

this circuit.

The circuit diagram of an ideal 3-Josephson-junction C-shunt flux qubit

is shown in figure 2.16; notice that α is a numerical factor between 0 and 1.

Using the symbols in the figure, and given n̂1 and n̂2 the operators associ-

ated with the charge tunneled across the left and right large junctions, we

can write the circuit Hamiltonian, similarly to how we did for the previous

circuits, as[67, 106]:

Ĥ =
4EC

1 + 2β

[
(1 + β)(n̂2

1 + n̂2
2) + 2βn̂1n̂2

]
+

− EJ cos(φ̂1)− EJ cos(φ̂2)− αEJ cos(φ̂1 − φ̂2 + φext),
(2.109)

where EC and EJ are again the charging and Josephson energies associated

with the large junctions, φext = 2πΦext/Φ0 and β = α + Csh/CJ . Note

that the fluxoid quantisation relation φ3 = φ2 − φ1 − φext was used to trace

out the superconducting phase difference across the small junction φ3. A

general method for determining the Hamiltonian of circuits with JJs like
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this one, borrowed from quantum circuit analysis theory, will be discussed in

the Methods chapter.

In analogy with what we did with the rf-SQUID qubit, we can find the

semi-classical stationary states of the system by requiring the minimisation

of the classical potential

U(φ1, φ2) = −EJ [cos φ1 + cos φ2 + α cos(φ1 − φ2 + φext)], (2.110)

that is,

~∇~φU(φ1, φ2) = 0. (2.111)

This leads to the following two equations:





sin φ1 = −α sin(φ1 − φ2 + φext),

sin φ2 = α sin(φ1 − φ2 + φext),
(2.112)

from which follow

φ1 = −φ2 ≡ φ∗ (2.113)

(up to a multiple of 2π) and

sin φ∗ = α sin(2φ∗ + φext), (2.114)

where n is an integer. Therefore, the potential minima get repeated in

the sites of a square lattice of sides 2π × 2π. The minima in one unit cell

(say [−π, π]⊗ [−π, π]) are found by numerically solving equation 2.114 for

φ∗[106].

When φext ' π and α < 0.5, one finds the single solution φ∗ = 0, as can

be seen in figure 2.17a. When φext ' π and, instead, α > 0.5, this minimum

splits into two separate minima, symmetric with respect to the axis φ1 = φ2

(cf. fig. 2.17b). In this second case, much like in the rf-SQUID qubit, these

two local minima in the [−π, π]⊗ [−π, π] unit cell correspond to states of
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(A) (B)

FIGURE 2.17: Contour plot of the semi-classical potential of the persistent-current
qubit circuit (values have been normalised to the maximum) for
φext = π, α = 0.4 (a) and for φext = π, α = 0.8 (b).

opposite circulating current in the superconducting loop.

The energy difference between these two computational states is pro-

portional to φext−π and the degeneracy at φext = π is removed by quantum

tunnelling[106, 124]. As a consequence, when Φext ' Φ0/2, the system is

well described by the same effective qubit Hamiltonian of an rf-SQUID, i.e.

the single-qubit TIM Hamiltonian

Hq( fext) = −
∆
2

σσσx − ε(Φext)

2
σσσz + const., (2.115)

where again ε(Φext) = (2Φext − Φ0)Ip is the longitudinal field, with Ip the

magnitude of the persistent current, and

∆ ' 1
2π

√
8(2β− 1)EJEC

α
exp

{√
(1 + 2β)EJ

8αEC
·
[

acos
(

1
2α

)
−
√

4α2 − 1
]}

(2.116)

is the transverse field in the WKB approximation[106].

Similarly to what happens in the CJJ rf-SQUID qubit, the CSFQ can

be made transverse-field tuneable by replacing the small junction by a dc-

SQUID, to obtain a 4-Josephson-junction CSFQ[106].
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2.3.7 Physical decoherence sources in flux qubits

In order to describe the action of environmental noise on the CSFQ, fol-

lowing [126], we first decouple the charging terms in its Hamiltonian by

introducing the following new set of canonical variables:

φ̂p = (φ̂1 + φ̂2)/2, n̂p = n̂1 + n̂2, (2.117)

φ̂m = (φ̂1 − φ̂2)/2, n̂m = n̂1 − n̂2. (2.118)

In terms of these, the CSFQ circuit Hamiltonian becomes:

Ĥq = 2ECn̂2
p + 2Emn̂2

m − 2EJ cos(φ̂p) cos(φ̂m)+

−αEJ cos(2φ̂m + φext),
(2.119)

where Em = EC/(1 + 2β). Now, we can think of the effect of the environ-

ment as a stochastic change of the free parameters in the system, i.e. the

charges on the two superconducting islands 1 and 2 and the external mag-

netic flux[125]:

n̂p → n̂p + δn̂1 + δn̂2, (2.120)

n̂m → n̂m + δn̂1 − δn̂2, (2.121)

φext → φext + δφ̂ (2.122)

By making these substitutions in the Hamiltonian above, expanding in se-

ries to the lowest order in the fluctuations and introducing the environment

part of the Hamiltonian Ĥe, we find that the total Hamiltonian of the system

and the environment is:

Ĥ = Ĥq + Ĥe + Ĥint, (2.123)

where the interaction term is

Ĥint = 4ECn̂p(δn̂1 + δn̂2) + 4Emn̂m(δn̂1 − δn̂2) + Φ0 Îδφ̂, (2.124)
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with Î = αIc sin(2φ̂m +φext) the current operator associated with the smaller

junction. Projecting on the eigenbasis of the qubit Hamiltonian (i.e. on the

low-energy states |E0〉 and |E1〉) and defining σ̂
(E)
z = |E1〉〈E1| − |E0〉〈E0|

and σ̂
(E)
+ = |E1〉〈E0|, we obtain the following new expression for Ĥint:

Ĥint = Zφσ̂
(E)
z δφ̂ +

[
σ̂
(E)
+

(
Xφδφ̂ + ∑

i=1,2
Xiδn̂i

)
+ h.c.

]
, (2.125)

where the coupling coefficients are Zφ = Φ0(〈E1| Î|E1〉 − 〈E0| Î|E0〉)/2,

Xφ = Φ0〈E1| Î|E0〉 and X1,2 = 4EC〈E1|n̂p|E0〉 ± 4Em〈E1|n̂m|E0〉. We have

neglected the longitudinal coupling (i.e. coupling mediated by the operator

σ̂
(E)
z ) to the charge fluctuations, since this typically turns out to be orders of

magnitude smaller than the other terms[125].

In general, the coupling coefficients will depend on the qubit bias point

φext, as well as on the physical parameters EJ , EC, α and β. Figure 2.18

shows, on the left, the energy spectra and, on the right, the square moduli

FIGURE 2.18: Energy spectra (left) and squared coupling coefficients (in units of
E2

J ) to flux and charge noise (right) as a function of bias point fext for
qubits with different sets of physical parameters: a) and d) EJ/EC =
60, α = β = 0.8, b) and e) EJ/EC = 35, α = β = 0.6, c) and f) EJ/EC =
35, α = 0.6, β = 4. Adapted from [125].
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of the coefficients (namely, Fz = |Zφ|2, Fx = |Xφ|2 and Cx = κ|X1|2 = κ|X2|2,

where κ is the typical ratio S1(ω)/Sφ(ω) = S2(ω)/Sφ(ω) between the

power spectra of charge and flux noise), as a function of the normalised

external flux fext = φext/2π, for qubits with different sets of physical pa-

rameters (data from [125]). As we can see by comparing the first two pairs

of graphs (a and d vs. b and e), reducing the ratios EJ/EC and α in a stan-

dard flux qubit (without capacitive shunt, i.e. β = α) lowers the persistent

current Ip and decreases the coupling to the flux noise (which scales as I2
p),

but at the same time greatly increases the sensitivity to charge noise, by

making both Em and 〈E1|n̂|E0〉 bigger. Introducing the capacitive shunt, at

this point, mitigates this problem by decreasing Cx though Em, as shown in

plots c and g.

As we saw in section 2.2.1, a longitudinal coupling to the environment

purely causes dephasing. A transverse coupling is on the other hand re-

sponsible for relaxation. In the case of the CSFQ, by treating the transverse

(in the energy eigenbasis) coupling terms as small perturbations, we can

determine the relaxation rate related to each of them using the Fermi golden

rule:

Γi =
1
h̄2 |Xi|2S̄i(ω01), i = φ, 1, 2, (2.126)

where ω01 = (E1 − E0)/h̄ and S̄i(ω) is the symmetrized spectral density of

environment correlations (cf. eq. 2.50):

S̄i(ω) = Si(ω) + Si(−ω), (2.127)

Si(ω) =
∫ +∞

−∞
dteiωt〈B̂i(t)〉, (2.128)

where 〈·〉 stands for the expectation value over the environment state and

B̂i(t) = B̂i(t)B̂i(0), (2.129)

with B̂φ = δφ̂, B̂1 = δn̂1 and B̂2 = δn̂2[125, 127]. Then, the T1 time is simply
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given by[125]:

T1 = ∑
i

1/Γi. (2.130)

Intuitively, relaxation is caused by the exchange of energy between the qubit

and the environment, which is why the relaxation rate 1/T1 is proportional

to the spectral noise density at the qubit transition frequency ω01.

As for the pure dephasing caused by longitudinal coupling to flux

noise, its characteristic timescale Tϕ
11 can be determined by using the Born-

Markov master equation associated with the total Hamiltonian 2.123, which

gives:

Γϕ ≡
1

Tϕ
=

1
h̄2 |Zφ|2S̄φ(0). (2.131)

Therefore, whereas relaxation is a resonant process, dephasing is caused by

the interaction of the qubit with the noise low-frequency components, an

energy-preserving process[128].

The expression 2.131 is valid as long as the noise spectrum Sφ(ω) is

well behaved around the origin ω = 0. If this is not the case, for instance

in the presence of 1/ f noise, the pure dephasing rate can still be calculated

under the typical hypothesis of Gaussian noise. Firstly, one observes that

the longitudinal qubit-environment coupling introduces a random phase

between the qubit eigenstates, given at any time t by

∆ϕ̂(t) =
Zφ

h̄

∫ t

0
dt′δφ̂(t′). (2.132)

Then, the dephasing function η(t) is calculated using the following chain of

equalities:

exp (−η(t)) :=〈exp (i∆ϕ̂)〉 = exp
(
−1

2
〈∆ϕ̂2〉

)

= exp

[
−|Zφ|2t2

2πh̄2

∫ +∞

ωc
dωSφ(ω)sinc2

(
ωt
2

)]
,

(2.133)

11We are using the subscript ϕ here to avoid confusion with the symbol φ, used for the
normalised magnetic flux noise.
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where we used the hypothesis of Gaussian noise for the second equality

and where we introduced the low-frequency cutoff ωc, which is set by

the measurement time. Tϕ can finally be determined from the condition

η(Tϕ) = 1[125].

To conclude this chapter, let us briefly discuss the physical sources of

noise for flux qubits and the relative spectral densities of correlations:

• Charge noise: We have already seen that noise resulting from charge

fluctuations mainly affects the relaxation time of flux qubits. The first

source of charge noise was already identified by a number of stud-

ies on the low-frequency noise in metallic single-electron transistors

(SETs) and consists of random trapped states for single electrons in

the qubit dielectric substrate and oxide junction barriers[127, 129, 130].

Since each trap has a different switching time and trapping energy, a

collection of independent traps produces a random telegraph noise with

characteristic inverse frequency dependence:

S1/ω(ω) =
C
ω

, (2.134)

where a typical value for the constant C is (0.3 · 10−3e)2[125, 129].

The random traps are also very often called with the generic name

of two-level fluctuators (TLFs) in the literature. Independent studies

have shown that the noise generated by TLFs can also have a high-

frequency component with ohmic spectrum[131]:

SΩ(ω) = Aωe−ω/ωc , (2.135)

where A is another constant and ωc is an ultraviolet cutoff. The sec-

ond, independent, source of charge fluctuations in superconducting

qubits is the electrical noise in the control circuitry[128]. Since, how-

ever, flux qubits are not voltage-biased, in general this does not apply

to them.
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• Flux noise: Magnetic flux fluctuations can cause both decoherence

and relaxation in flux qubits. The main sources of such noise are,

again, TLFs, the control circuitry, i.e. the flux bias line, as well as

the readout circuitry. The nature of the TLFs is less clear, in this

case, as they have been variously identified with trapped flux vor-

tices, or again with trapped electrons with their spin magnetic mo-

ments pinned in random directions. The typical density of the associ-

ated 1/ f noise is (1µΦ0)
2 at 1Hz[125, 132, 133]. As for the flux noise

from the bias line, we can model this as a R = 50Ω resistor, describ-

ing the characteristic transmission line impedance, in parallel with

the small inductance L through which the line is shorted to ground

next to the qubit (cf. figure 2.19). The finite effective impedance of

the circuit Z(ω) (formed by the parallel of R and L, i.e. Z(ω) =

(ω2RL2 + jωR2L)/(ω2L2 + R2)) is affected by Johnson-Nyquist volt-

age noise δV, which is converted into a current noise δI = δV/iωL

by the inductor and coupled to the qubit by the mutual inductance

M: δΦ = MδI. The resulting spectral density of flux noise is given

by[128]:

SJN(ω) =
2h̄
ω

(
M
L

)2

Re{Z(ω)}
[

1 + coth
(

h̄ω

2kBT

)]
. (2.136)

For low frequencies, Re{Z(ω)} ' ω2L2/R and coth x ' x−1, so that

the spectrum is flat, while for high frequencies Re{Z(ω)} ' R and

coth x ' 1, so that SJN(ω) ∼ 1/ω[128]. When the qubit is measured

R
=

50
 Ω

L

δV
Mmw

█

FIGURE 2.19: Schematic diagram of a flux bias line for a flux qubit. Adapted from
[128].
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using switching SQUIDs (superconducting quantum interference de-

vices), additional sources of flux noise are introduced, again related to

the effective impedance of the SQUID circuit (see for instance [128] for

more details).

• Other types of noise: For completeness, we will mention that there

can be other secondary sources of noise, different from those men-

tioned so far. These include fluctuations of the junction energy EJ , with a

typical 1/ f spectrum, and the photon shot noise in the readout resonator

(used in cavity QED readout methods, see equation 3.62 in chapter 3),

which can cause dephasing as a consequence of the random a.c. Stark-

shift of the qubit energy levels[67].

In this complex landscape, the first systematic study on capacitively-

shunted flux qubits (made from aluminium grown by molecular beam

epitaxy on an annealed sapphire substrate[67]), related the measured T1

times at different flux-bias points with the predictions of a model includ-

ing flicker flux noise, ohmic charge noise and the Purcell effect due to the

0.1

1

10

100

T
1

(μ
s
)

7654321

Qubit frequency (GHz)

Measured T1

Calculated T1

Flux noise SΦ~ f
(comparison only)

Flux noise
SΦ~ 1/f

0.9

Charge noise
S
Q

~ f 
Purcell decay

FIGURE 2.20: Measured relaxation time of an aluminium flux qubit as a function
of its flux-dependent transition frequency (black dots), compared to
the theoretical values determined from different relaxation models
(coloured dotted lines). From [67].
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readout resonator microwave cavity. These measurements, presented in fig-

ure 2.20, showed that the relaxation time was limited by the flux flicker

noise (SΦ( f ) = (1.4µΦ0)
2/( f /1Hz)0.9), for qubit transition energies be-

low 3GHz and by the ohmic charge noise (with SQ = (5.2 · 10−9e)2 f /1Hz)

above this threshold. T1 times of up to 55µs at the flux-insensitive bias point

(Φ = Φ0/2, where Fz ' 0) were achieved in a reproducible fashion, whereas

the best T2 times were ∼ 85µs for the same qubits, limited by the photon

shot noise.



Chapter 3

Methods

In this chapter we are going to discuss some of the numerical and exper-

imental methods that were used in this work. In the first section we are

going to consider the numerical methods used for the evaluation of the en-

ergy spectra of superconducting circuits (quantum circuit analysis) and for

the simulation of open-system spin dynamics. In the second section we

describe the experimental methods, including the superconducting circuit

fabrication process, the cryogenic cooling of the samples and finally the ex-

periment setups for single and two-tone spectroscopy and persistent current

measurements.

3.1 Numerical methods

3.1.1 Quantum circuit analysis: isolated circuits

In chapter 2, we have seen a number of superconducting circuit Hamiltoni-

ans, which we derived on a case-by-case basis. In this subsection, we con-

sider a more general approach to the quantisation of non-dissipative electro-

magnetic circuits, Quantum Network Theory, which is the quantum version

of Lagrangian mechanics applied to electrical circuits[134, 135].

Let us consider an arbitrary classical dissipation-less circuit and let

us assume that its linear size is sufficiently small relative to the rele-

vant microwave wavelengths, such that it is appropriate to use a lumped-

element description of it[108]. The lumped-element equivalent circuit can
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be mapped to a graph {G,K}with N + 1 vertices G(a), which correspond to

the circuit nodes, and edgesK(a, b) representing its branches (a, b ∈ 0, ..., N).

Each branch will contain an inductor, a capacitor, or a Josephson junction,

or a number of these elements in parallel. Without loss of generality, we

can choose any of the circuit nodes (say G(0)) to be the ground node. (For a

floating qubit there will be one or more capacitors between the ground node

and the rest of the circuit.)

In order to later take into account the effect of external magnetic fields,

we now need to select a spanning tree T , i.e. a connected set of branches

going from the ground node to every other node in the graph without mak-

ing loops. The choice of the spanning tree is completely arbitrary and will

not affect the final results. The branches that are not included in the span-

ning tree are called closure branches b ∈ C and every one of them is associated

with an irreducible loop of the circuit (we will not consider dangling branches

here), which is the smallest loop formed by that branch and other branches

in the spanning tree.

Now, every state of the circuit is defined by specifying the instanta-

neous voltages at every node Vj(t), j ∈ {0, . . . , N}. The ground node acts

as the voltage reference, so that its associated voltage is set to be identically

zero, i.e. V0 ≡ 0. Alternatively, we can define, for every node j, a node flux

variable Φj, representing the integral over time of its voltage, i.e.

Φj(t) =
∫ t

0
Vj(t′)dt′. (3.1)

The node fluxes can be used, together with the voltages, to write down the

classical circuit Lagrangian Le.m.({Φi}, {Φ̇i}), which in turn allows us to

define the variables canonically conjugate to the node fluxes, i.e. the node

charges[135]:

Qj =
∂

∂Φ̇j
Le.m.({Φi}, {Φ̇i}). (3.2)

Note that the system has as many degrees of freedom (Φj, Qj) as there are
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nodes in the circuit, excluding the ground node[135].

For brevity we omit here the derivation of the system Lagrangian

(which can be found, for instance, in [135]) and we simply consider the final

result for the circuit Hamiltonian

He.m.({Φi}, {Qi}) := ∑
i=1

QiΦ̇i|Φ̇i=Φ̇i({Qi})

−Le.m.({Φi}, {Qi}).
(3.3)

If the choice of the spanning tree is such that no closure branch contains an

inductor, this takes a particularly simple and general form:

He.m. = HLC + HJ , (3.4)

where

HLC =
1
2

N

∑
i,j=1

[
(C−1)ijQiQj + (L−1)ijΦiΦj

]
(3.5)

is its linear part, C and L−1 are the (N×N) capacitance and inverse inductance

matrices of the circuit, respectively and where

HJ =
N

∑
i=0

N

∑
j=i+1

EJ,bij ·
[

1− cos
(

2π

Φ0
Φbij

)]
(3.6)

is the Josephson energy component. Here EJ,bij is the Josephson energy of the

Josephson junction in the branch bij connecting nodes i and j, and Φbij is the

branch flux associated with bij, which is defined as:

Φbij =





Φi −Φj, if bij ∈ T ,

Φi −Φj + Φext
ij , if bij ∈ C,

(3.7)

where Φext
ij is the external magnetic flux threading the irreducible loop as-

sociated with bij. This definition of the branch flux takes into account the

effect of external magnetic fields and ensures the fluxoid quantisation con-
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1 2

34

FIGURE 3.1: Circuit diagram of a symmetric capacitively-shunted flux qubit with
finite loop inductance. The chosen spanning tree is highlighted in red.

dition[135].

The capacitance matrix C is defined as having, along the diagonal, the

sums of the capacitances connected to every node (except the ground) and,

as off-diagonal terms, the capacitances between two nodes with a minus

sign. Similarly, L−1 is the matrix having the sums of the inverse inductances

connected to every node (excluding ground) along the diagonal and whose

off-diagonal terms are given by−1 over the inductance between two nodes.

For instance, for the symmetric capacitively-shunted flux qubit with finite

loop inductance shown in figure 3.1, the capacitance matrix is (using the

node indexing in the figure)

C =




CL + CJ 0 0 −CJ

0 CR + CJ −CJ 0

0 −CJ (1 + α)CJ + Csh −αCJ − Csh

−CJ 0 −αCJ − Csh (1 + α)CJ + Csh




, (3.8)

while the inverse inductance matrix is L−1 = diag(2/L, 2/L, 0, 0).

Current and voltage biases may also be applied to the circuit and each



3.1. Numerical methods 99

of them will contribute with its own term to the Hamiltonian. A current bias

is applied through a dangling inductive branch. Let a be the origin node of

this branch, La its inductance and Iext the bias current; the corresponding

Hamiltonian term is[135]:

∆He.m. =
(Φa − La Iext)2

2La
. (3.9)

In order to apply a voltage bias, a voltage source Vg is connected to the

desired circuit node a through a gate capacitor Cg. The resulting effect on

the Hamiltonian is to change the capacitance matrix C → C̃ (to take into

account that the total capacitance attached to node a has increased by Cg)

and to introduce the additional term[135]:

∆He.m. = CgVg ·∑
i
(C̃−1)aiQi +

1
2
(C̃−1)aa(CgVg)

2. (3.10)

Now that we have put together all the necessary Hamiltonian terms, we

can finally obtain the quantum Hamiltonian of the circuit Ĥe.m. by simply

replacing the variables {Φj, Qj}i=1,...,N with the corresponding Hermitian

operators. These will obey the canonical commutation relations[134]:

[
Φ̂j, Q̂k

]
= ih̄δjk. (3.11)

3.1.2 Quantum circuit analysis: interacting circuits

Let us now consider a system of N superconducting circuits which are inter-

acting with each other. The total electromagnetic Hamiltonian of the system

will have the general form Ĥe.m. = Ĥ0 + Ĥint, where:

Ĥ0 =
N

∑
i=1

Ĥi (3.12)
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is the unperturbed part, with Ĥi the Hamiltonian of the i-th circuit, in the

form of eq. 3.4, and

Ĥint =
N

∑
i=1

N

∑
j=i+1

∑
k,l

αik,jlÔikÔjl (3.13)

describes the interactions between pairs of different circuits. Here,

{Ôik}k=1,2,... is a set of operators (either node or branch operators) acting

on the i-th circuit and the αik,jl ’s are the interaction constants.

In practice the interactions can be electrostatic, mediated by the charge

operators, and magnetostatic, involving the flux operators (cf. for instance

eq. 2.104). (In principle, there could also be additional interactions mediated

by Josephson junctions shared between two circuits, but, for simplicity, we

will not consider these here.)

The electrostatic interaction is achieved by connecting the k-th node of

circuit i with the l-th node of circuit j 6= i with a coupling capacitor Cik,jl .

This has two effects on the system Hamiltonian: it rescales the inverse ca-

pacitance matrices of the two circuits (known as static capacitive loading),

C−1
i → C̃−1

i , C−1
j → C̃−1

j , (3.14)

and introduces the interaction term

αik,jlÔikÔjl = (C−1
m )ik,jl Q̂ik Q̂jl , (3.15)

where C−1
m is a suitable inverse mutual capacitance matrix. More explicitly,

assuming that Ci and Cj are N × N and M × M, respectively, and given

Cij the N×M matrix whose elements are the capacitances between pairs of

nodes belonging to different circuits, we can introduce the following (N +
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M)× (N + M) augmented capacitance matrix:

C =


 C′i −Cij

−CT
ij C′j


, (3.16)

where the primed matrices include the additional capacitance attached to

each node, i.e.:

(C′i)kk = (Ci)kk +
M

∑
k′=1

(Cij)kk′ , ∀k = 1, . . . , N,

(C′j)kk = (Cj)kk +
N

∑
k′=1

(Cij)k′k, ∀k = 1, . . . , M.

(3.17)

Note that C is nothing but the capacitance matrix defined for the ex-

tended circuit including all the nodes of the two interacting circuits. Invert-

ing it returns the three matrices C̃−1
i , C̃−1

j and C−1
m defined above, according

to the following equation[14, 117]:

C−1 =


 C̃−1

i C−1
m

(C−1
m )T C̃−1

j


. (3.18)

The magnetostatic interactions, on the other hand, are the result of the

mutual inductive coupling between pairs of branches belonging to two dif-

ferent circuits, say bik and bjl . The effect of this mutual inductance is again

twofold: it rescales the inverse inductance matrices of the circuits (static in-

ductive loading),

L−1
i → L̃−1

i , L−1
j → L̃−1

j , (3.19)

and introduces in the Hamiltonian the interaction term

αik,jlÔikÔjl = (M−1)ik,jl Φ̂bik
Φ̂bjl

, (3.20)

where Φ̂bi is the branch-flux operator associated with the branch bi[14, 117].

These two effects are determined explicitly in a similar way to what
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we have done for the capacitive interaction. Given N′ and M′ the number

of branches in the two circuits, we first define the (N′ + M′) × (N′ + M′)

complete branch inductance matrix:

Lb =


 Lb,i −Mij

−MT
ij Lb,j


, (3.21)

where Lb,k is the inductance matrix of circuit k in the branch representation,

having along the diagonal the self-inductance of each branch (Lb,k)mm =

Lbim
and zeros everywhere else, and Mij is the N′ × M′ matrix whose ele-

ments are the mutual inductances between pairs of inductive branches.

We then invert Lb to obtain

L−1
b =


 L−1

b,i M−1

(M−1)T L−1
b,j


, (3.22)

where M−1 is the matrix appearing in equation (3.20). L−1
b,i and L−1

b,j can

be used to rescale the inverse inductance matrices of the two circuits (see

eq. (3.19)). This is accomplished by replacing each branch inductance Lbkm

appearing in the expression of L−1
k (k = i, j) with 1/(L−1

b,k )mm[14].

These procedures are trivially extended to the case of more than two

interacting circuits. Note finally that the uncoupled Hamiltonians {Ĥi} in

equation (3.12) are intended to be corrected for capacitive and inductive

loading.

3.1.3 Numerical representation of the circuit operators: iso-

lated circuits

In order to determine the properties of the superconducting circuit, such

as its energy spectrum and the quantum expectation values of an observ-

able, we now need to represent its Hamiltonian numerically. One way to

do this is by projecting it on a suitable discrete basis, resulting in a matrix

representation. Inevitably, this basis will need to contain a finite number of
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elements, so that there will be some error in the results connected to having

thrown away a infinite number of matrix elements. As it turns out, how-

ever, a suitable choice of the basis can make the results converge rapidly

with the number of basis states, i.e. it can minimise the corrections due to

the neglected terms[136].

We will now briefly illustrate a particularly efficient Hamiltonian ma-

trix representation, which was first introduced by Kerman in [136] and was

used to derive all the numerical circuit simulations in the present work. The

MATLAB codes that I developed for this purpose are available publicly at

my GitHub library [137].

Firstly, given an isolated connected circuit and given the vectors ~Φ and

~Q of its canonical circuit variables, we apply a coordinate transformation of

the form 



~̂Φ′ = R · ~̂Φ,

~̂Q′ = (R−1)T · ~̂Q,
(3.23)

where R is an invertible N × N matrix, which retains the canonical com-

mutation relations and separates between the following three types of

modes[136]:

• Harmonic oscillator modes: The modes spanned by the eigenvectors of

L−1 with non-zero eigenvalues. The number of these modes, NO, is,

by definition, the rank of L−1.

• Island modes: The modes whose flux coordinate does not appear in the

rotated Hamiltonian. The number of island modes, NI , is given by

the number of simply connected components of the circuit graph with

capacitive edges and ground node excluded.

• Josephson modes: The modes for which the rotated Hamiltonian is in-

variant under Φ0 translations of their flux coordinates. Their number,

NJ , is NJ = N − NO − NI , where N is the number of circuit nodes

(ground node excluded).
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By definition, this transformation acts on the inverse capacitance and in-

verse inductance matrices as:





C̃−1 = R · C−1 · RT,

L̃−1 = (R−1)T · L−1 · R−1,
(3.24)

and makes C̃−1 and L̃−1 separate into blocks as follows:

C̃−1 =




C−1
O C−1

OI C−1
OJ

(C−1
OI )

T C−1
I C−1

I J

(C−1
OJ )

T (C−1
I J )

T C−1
J


, (3.25)

L̃−1 =




L−1
O 0 0

0 0 0

0 0 0


, (3.26)

where, by construction, L−1
O is diagonal and is the only non-zero block of

L̃−1. For instance, for the circuit in figure 3.1, the inverse inductance matrix

is already diagonal and the modes associated with nodes 1 and 2 are of the

harmonic oscillator (h.o.) type (since Φ̂1 and Φ̂2 appear in both inductive

and Josephson energy terms), while the modes associated with nodes 3 and

4 are of the Josephson type (Φ̂3 and Φ̂4 only appear inside Josephson energy

terms).

At this point, each new mode can be efficiently represented in a basis

that is chosen according to the mode type, namely[136]:

• Harmonic oscillator modes: Since these are associated with both a charg-

ing and an inductive quadratic form, they are best represented in the

basis of the eigenvectors of the occupation number operator. We then

define:

Φ̂Ok =

√
h̄Zk

2
(âk + â†

k) (3.27)
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Q̂Ok = i

√
h̄

2Zk
(âk − â†

k), (3.28)

where Zk =
√
(C−1

O )k,k/(L−1
O )k,k is the characteristic impedance and

âk is the destruction operator of the h.o. mode k. For a given h.o.

mode, the destruction operator â is represented, in a basis truncated at

the maximum excitation number Nmax, by the (Nmax + 1)× (Nmax + 1)

matrix

â =




0 1 0

0
√

2 0

0
√

Nmax

0




. (3.29)

For the cosine terms in the Hamiltonian, we use the following relation:

cos
[

2π

Φ0
(aΦ̂Ok + Φext)

]
=

1
2

{
exp

[
i
2π

Φ0
(aΦ̂Ok + Φext)

]
+

+ exp
[
− i

2π

Φ0
(aΦ̂Ok + Φext)

]}
=

1
2

[
eiφextD̂Ok(ia

√
zk)+

+ e−iφextD̂Ok(−ia
√

zk)

]
, (3.30)

where a ∈ R is some constant, φext = 2πΦext/Φ0, zk = πZk/RQ,

with RQ = h/4e2 the resistance quantum, and where the displacement

operator has matrix representation

D̂Ok(ix) = e−x2/2




1 ix − x2√
2

ix 1− x2 i
√

2x− ix3

2

− x2√
2

i
√

2x− ix3

2 1− 2x2




, (3.31)

with x ∈ R. In practice, D̂Ok(ix) = exp (ixâk) can be calculated using

equation 3.29 and an approximate numerical algorithm to determine
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the general matrix exponential exp
(

Â
)
≡ ∑∞

n=0 Ân/n!.

• Island modes: These modes only appear inside the charging terms of

the Hamiltonian, which means that we only need to define a represen-

tation for their charge operators. It also means that they are associated

with an effective superconducting island, whose charge must be quan-

tised in units of the Cooper pair charge, 2e. If we neglect states with

charge |q| > Nmax · 2e, we can write the k-th island charge operator in

the finite matrix form:

Q̂Ik = 2e




−Nmax 0

0 −Nmax + 1

Nmax − 1 0

0 Nmax




. (3.32)

• Josephson modes: By construction, these modes are only associated with

charging and Josephson energy terms. This allows us to leverage the

canonical commutation relation between phase, ϕ̂ = 2πΦ̂/Φ0 and

Cooper pair number n̂ = Q̂/2e, i.e. [ϕ̂, n̂] = iÎ, to find a very conve-

nient representation of the relative Hamiltonian terms in the Cooper

pair number basis. The Josephson charge operators clearly have the

same representation we found for the island charge operators (see eq.

3.32), in this basis. As for the Josephson energy terms, we simply have

(cf. eq. 2.68)[107, 136, 138]:

EJ cos
[

2π

Φ0
(Φ̂Jk + Φext)

]
= EJ cos(φ̂Jk + φext) =

=
EJ

2

Nmax−1

∑
n=−Nmax

(
eiφext |n + 1〉〈n|+ e−iφext |n〉〈n + 1|

)
=

EJ

2
(eiφext D̂+

Jk + e−iφext D̂−Jk), (3.33)
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where, again, we have restricted the summation to the states with

maximum number of Cooper pairs Nmax, and where we have defined

the displacement operator

D̂+
Jk =

Nmax−1

∑
n=−Nmax

|n + 1〉〈n| =

=




0

1

0

0 1 0




,

(3.34)

and its Hermitian conjugate D̂−Jk. Notice that, since operators associ-

ated with different modes commute with each other, one has the more

general relation1:

cos
[

2π

Φ0
(aΦ̂Ok + Φ̂Jk′ + Φext)

]
=

1
2

[
eiφextD̂Ok(ia

√
zk)D̂+

Jk′+

+ e−iφextD̂Ok(−ia
√

zk)D̂−Jk′

]
. (3.35)

According to the rules defined above, the full quantum Hamiltonian of

the system can be expanded in a tensor product basis containing Nmax,k + 1

states for every oscillator mode and 2Nmax,k + 1 states for every island and

1This is a consequence of the definition of the cosine operator, cos Ô = (exp(iÔ) +
exp(−iÔ))/2 and of the Baker-Campbell-Hausdorff formula:

eÂ+B̂ = eÂeB̂e−
1
2 [Â,B̂]e

1
6 (2[B̂,[Â,B̂]]+[Â,[Â,B̂]]) · · · ,

which, for two commuting operators Â and B̂, simply reads

eÂ+B̂ = eÂeB̂.
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Josephson mode, for a total dimension of

(
NO

∏
k=1

(Nmax,Ok + 1)

)
·
(

NI

∏
k=1

(2Nmax,Ik + 1)

)
·
( NJ

∏
k=1

(2Nmax,Jk + 1)

)
. (3.36)

This representation is typically more compact than other traditionally

employed representations, such as a discrete variable representation in the

phase basis, in that convergence of the low-energy spectrum of the system

is already obtained with a relatively small number of basis vectors for the

oscillator, island and Josephson modes. One of the reasons for this is that,

for the inductive components of the circuit, the harmonic oscillator states

provide a natural energetic ordering, from the vacuum state upwards, such

that, typically, just a few states with small excitation number are sufficient

to accurately describe the system at low energies. The distinction between

island and Josephson modes is a second advantage, since the island states

with a large number of Cooper pairs typically do not contribute to the spec-

trum as much as the respective Josephson charge states[136].

Figure 3.2 shows an example of the numerically determined spectrum

of the symmetric CSFQ circuit of figure 3.1, as a function of the externally

(A) (B)

FIGURE 3.2: Simulated spectra (lowest ten energy levels) of a symmetric CSFQ
with finite inductance (cf. the diagram in fig. 3.1), as a function of the
magnetic flux applied to the qubit loop. A and B show two different
magnetic flux ranges. The physical parameters used for the simulation
are given in the main text.
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applied magnetic flux. Figure 3.2A illustrates the Φ0-periodicity of the spec-

trum, while figure 3.2B shows the characteristic qubit dispersion around

Φext = Φ0/2. The physical parameters Ic = 130nA, CJ = 2.5fF, α = 0.6,

CL = CR = 35fF, Csh = 40fF and L = 200pH were used for the simulation.

The two h.o. modes were truncated at Nmax = 6 and the Josephson modes

at Nmax = 7, for a total Hilbert space size of (6 + 1)2 · (2 · 7 + 1)2 = 11025.

3.1.4 Numerical representation of the circuit operators: in-

teracting circuits

To simulate circuits that interact through a mutual inductance or a coupling

capacitor, one needs to write the total Hamiltonian in the outer product

space of the different Hilbert spaces. Keeping the same basis choice we

defined before, in this case, would make already the problem intractable for

fairly simple circuits. (For instance, for two circuits like the one described

above, one would end up with a matrix with 110252 ' 1.2 · 108 rows and

columns!).

As it turns out, however, only a few low-lying eigenstates of the un-

perturbed Hamiltonians of each circuit actually contribute to determine the

effect of the interaction terms, i.e., the low energy spectrum of the composite

system is described, in good approximation, by an effective Hamiltonian ob-

tained by projecting the original Hamiltonian on the subspace spanned by

the outer products of some of the low-energy eigenstates of the unperturbed

Hamiltonians (note that this is in fact the effective Hamiltonian resulting

from a first-order perturbative expansion of the Schrieffer-Wolff transfor-

mation, see chapter 5)[119, 136, 139].

Consider, for instance, the case of two interacting circuits with the

generic total Hamiltonian

Ĥe.m. = Ĥ1 + Ĥ2 + Ĥint = Ĥ1 + Ĥ2 + αÔ1 ⊗ Ô2, (3.37)

where α is a small parameter (compared to the characteristic energy scales
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of Ĥ1 and Ĥ2). Select then the pi lowest eigenstates of the unperturbed

Hamiltonian Ĥi, i = 1, 2: bi = {|Ei1〉, . . . , |Eipi〉} and form the set b1 ⊗ b2 =

{|E11〉|E21〉, . . . , |E1p1〉|E2p2〉}. The effective Hamiltonian of the system is

given by the projection of Ĥe.m. on the subspace spanned by the elements

of b1 ⊗ b2:

Ĥe f f =Ĥ1d ⊗ Î2 + Î1 ⊗ Ĥ2d+

+ α
p1

∑
i,j=1

p2

∑
k,l=1
|E1iE2k〉〈E1jE1l| · 〈E1i|Ô1|E1j〉〈E2k|Ô2|E2l〉,

(3.38)

where Ĥid is the diagonal form of Ĥi[136]. Conveniently, the effective

Hamiltonian has size (p1p2)
2, so it can be made much smaller than the orig-

inal Ĥ.

For larger systems, this process can be implemented in a nested way

by introducing a subsystem partitioning: firstly, the circuit is divided into a

number of smaller subsystems and an effective Hamiltonian is determined

for each of them individually, then a small number of low-energy eigen-

values and eigenstates of each of the effective Hamiltonians is selected and

used to project them and the remaining subsystem-subsystem interaction

terms on the low-energy subspace, resulting in a compact representation of

the full Hamiltonian[136].

As an example, we consider a system of two rf-SQUID qubits, mutually

inductively coupled to the same CJJ rf-SQUID, used as a tuneable inductive

coupler (cf. figure 2.15). The simulated spectrum of one possible realisation

of this system, as a function of the coupler x bias Φext
c,x is shown in figure 3.3.

The two qubits are identical with Ic = 200nA, CJ = 4fF, L = 4.5nH, and

a shunt capacitance of 45fF, and they are biased at their symmetry point.

The CJJ rf-SQUID coupler has Ic1 = Ic2 = 140nA, CJ1 = CJ2 = 2.8fF, Lx =

20pH, Lz ' 1.2nH, a shunt capacitance of 20fF and its z bias is fixed at

0. Ten unperturbed low-energy states were used as a basis for each qubit

Hilbert space and five states for the coupler Hilbert space, resulting in a
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FIGURE 3.3: Lowest three transition energies from the ground state of a system of
two coupled qubits biased at the symmetry point, as a function of the
bias point Φext

c,x of the CJJ rf-SQUID coupler (with Φext
c,z = 0).

total Hamiltonian size of 500× 500.

The plot shows that the four logical qubit states of the system are sepa-

rated in two pairs by the two-local interaction mediated by the coupler. For

0 < f ext
c,x < 0.5 and 1.5 < f ext

c,x < 2, the interaction is anti-ferromagnetic,

while for 0.5 < fc,x < 1.5 it is ferromagnetic, as can be verified by deter-

mining the sign of the average currents circulating in the two qubits. Notice

that the maximum AFM coupling is smaller in magnitude than the maxi-

mum FM coupling for these couplers.

3.1.5 Simulations of open-system qubit dynamics

As we have seen in chapter 2, a realistic qubit system interacting with a

Markovian environment is described by a master equation (ME) in Lindblad

form like the following:

∂

∂t
ρ̂(t) = − i

h̄
[
Ĥ(t), ρ̂(t)

]

+
1
2 ∑

m,n
γmn

[
2Âm(t)ρ̂(t)Â†

n(t)− Â†
m(t)Ân(t)ρ̂(t)− ρ̂(t)Â†

m(t)Ân(t)
]

,

(3.39)

where ρ̂(t) is the qubit system reduced density matrix, Ĥ(t) is its Hamil-

tonian (including a potential Lamb shift term), the Âm’s are Lindblad op-
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erators and the γmn ∈ R are the associated rates[47]. By diagonalising the

quadratic form in the second line, the ME 3.39 can be rewritten as

∂

∂t
ρ̂(t) = − i

h̄
[
Ĥ(t), ρ̂(t)

]

+
1
2 ∑

n
γn

[
2Ân(t)ρ̂(t)Â†

n(t)− Â†
n(t)Ân(t)ρ̂(t)− ρ̂(t)Â†

n(t)Ân(t)
]

,
(3.40)

where now the γn’s and the Ân’s are a new set of rates and Lindblad oper-

ators. For N qubits, equation 3.40 represents a system of 22N coupled ordi-

nary differential equations (ODEs). We can see this explicitly for example

by projecting 3.40 on the computational basis, which gives:

∂

∂t
ρij(t) = −

i
h̄ ∑

k

[
Hik(t)ρkj(t)− ρik(t)Hkj(t)

]

+∑
n

γn ∑
k,l

An,ik(t)ρkl(t)A∗n,jl(t)

−1
2 ∑

n
γn ∑

k,l

[
A∗n,ki(t)An,kl(t)ρl j(t)− ρik(t)A∗n,lk(t)An,l j(t)

]
,

(3.41)

where Oij ≡ (O)ij := 〈i|Ô|j〉 is a matrix element in the computational basis.

Finally, this equation can be written as an ODE involving scalar variables by

introducing the vector ~ρ := (ρ00, ρ01, . . . , ρ02N−1, ρ10, ρ11, . . . , ρ2N−1 2N−1) ∈
C22N

to obtain:
∂

∂t
~ρ(t) = L(t) ·~ρ(t), (3.42)

where

L(t) =
i
h̄

[
I⊗HT(t)−H(t)⊗ I

]

+
1
2 ∑

n
γn

[
2An(t)⊗A∗n(t)−A†

n(t)An(t)⊗ I− I⊗AT
n (t)A

∗
n(t)

] (3.43)

is the Liouvillian operator in matrix form, with I the 2N × 2N identity ma-

trix[140].

Equation 3.42 can directly be solved using standard numerical li-

braries that solve ODE systems with methods such as the Runge-Kutta
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method[141]. Qutip, an open source Python library for quantum information

applications offers a convenient method to solve the ME when the Lindblad

operators are time-independent[142]. This allows, for instance, the simu-

lation QA dynamics in the strong-coupling limit. On the other hand, the

adiabatic ME in the weak-coupling limit has time-dependent Lindblad op-

erators. In this case, I wrote my own MATLAB code to calculate the in-

stantaneous Liouvillian matrix and passed it to ODE solvers like ode45 and

ode15s to solve the open-system dynamics[143, 144].

3.2 Experimental methods

3.2.1 Superconducting qubit fabrication

The superconducting devices used in this project were fabricated at MIT

Lincoln Laboratory in Lexington, Massachusetts. The circuits are based on

coplanar waveguide (CPW) technology, where the signal line is a narrow su-

perconducting strip, separated from a superconducting ground plane by a

small gap. Both the signal line and the ground plane are thin layers de-

posited on an insulating substrate. The materials and the geometry define

the inductive and capacitive properties of the circuit[145].

The 250-nm-thick high-purity aluminium superconducting layer was

initially deposited on a 350-µm-thick chemically-polished high-resistivity

silicon substrate using molecular beam epitaxy[146]. Then, the large shunt

capacitors and the control circuitry, including flux bias lines, microwave

resonators and radio-frequency feed-lines were defined using optical pho-

tolithography with wet chemical etching (cf. figure 3.4)[147].

The chip was successively ion milled in situ to remove native alu-

minium oxide before the addition of the Josephson-junction circuits (i.e.

qubits, couplers and flux-tuneable readout resonators), which were defined

by double-angle shadow-mask evaporation via electron-beam lithographi-

cally defined undercut (cf. figure 3.5)[147, 148].

To achieve better qubit isolation and improved coherence and to de-
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light photo-
resist

SC
plane

insulating
substrate mask

 lithographic

FIGURE 3.4: Diagram illustrating the main steps of the SC circuit photolithography.
From left to right: (positive) photo-resist deposition, photoresist expo-
sure, development (removal of the exposed photoresist), wet chemical
etching of the SC layer, resist stripping.

crease control-line crowding, the qubit layer was fabricated on a separate

chip, which was mounted upside down (flip-chip) on top of the control layer

chip, which includes flux-bias lines, couplers, resonators and microwave

transmission lines, using indium bumps. The indium bumps, which sus-

tain the flip-chip structure and ensure electrical conduction between the

two ground planes, were patterned on top of a titanium/platinum/gold

underbump metallisation layer to improve electrical conductivity with the

aluminium ground plane[147, 149]. The on-chip lines were finally wire-

photo-
resist 2

SC
layer

insulating
substrate

photo-
resist 1

oxide
layer

electron
beam

FIGURE 3.5: Different steps of JJ circuit patterning using double-angle shadow-
mask evaporation. From top left: electron-beam exposure of the two-
layer resist, resist development and undercut, first angle aluminium
deposition, aluminium oxidation, second angle aluminium deposi-
tion, resist stripping.
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bonded to a printed circuit board placed in a sample holder for installation

inside the dilution fridge[150].

3.2.2 Experimental setup

In order to be measured, the superconducting circuits are placed inside a

dilution refrigerator, which can cool its coldest stage (the mixing chamber)

down to temperatures of ∼ 10mK by using the enthalpy of mixing of the

two isotopes of helium, 3He and 4He[151]. Cooling at the 10mK level en-

sures three necessary conditions for the experiments: firstly that the alu-

minium turns superconductive, which happens below a critical tempera-

ture of Tc ' 1.2K, and that the density of normal electrons nn potentially

causing dissipation is low (nn ∝ (T/Tc)4 according to the two-fluid model

of superconductivity); secondly that the thermal excitation probability of

the superconducting qubit is low (this will follow a Boltzmann distribu-

tion p ∝ exp[−E01/(kBT)], where E01 is the circuit first transition energy

from the ground state); and finally that the environment noise level is sup-

pressed[152, 153].

FIGURE 3.6: Photograph of the Triton dilution fridge with the external vacuum
cans removed. The names of the different plates, their operating
temperatures and the typical cooling power at the lower temperature
stages are given in the boxes.
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In our case, we used a dry Triton dilution fridge by Oxford Instruments

with a base temperature of . 10mK, which is shown in figure 3.6. Note that

the system has a number of metallic plates (stages) that, once the fridge is

closed by its vacuum cans and in operation, are kept at decreasing temper-

atures from the top to the bottom of the fridge.

Figure 3.7 schematically shows the general setup used for device char-

acterisation, including the fridge wiring and some of the control instru-

ments. On the left of the diagram, we can see that different (Keysight

M3201A 500MSa/s 16-bit) arbitrary waveform generators (AWGs) were

used to control the flux biases of the different superconducting loops in the

circuit. The AWGs control the dc voltage between the input of the bias line

and ground, where the line is shunted in proximity of the biased SC loop.

100 mK

x n

4.5-12 GHz

4.5-12 GHz

TWPA +25 dB

4.5-12 GHz

10 mK

1 K

4K

50 K

300 K

4-8 GHz

HEMT

TWPA PUMP

RF source

AWG

Directional
coupler

Cryogenic
circulator

Low-pass filter

Thermalisation

10-dB attenuator

20-dB attenuator

Amplifier

Stainless steel coax

Superconducting coax

Cu twisted pair

NbTi twisted pair

80 MHz

10 MHz

to dc flux 
bias lines

1-8 GHz
feedline

Qubit
chip

RF control
and readout in

RF control
and readout out

from
feedlineto

FIGURE 3.7: Diagram illustrating the dilution fridge wiring setup and some of the
control and readout hardware. The high-electron-mobility transistor
(HEMT) amplifier is powered through a dedicated dc line between
room temperature and the 4K stage, not shown for simplicity. More
details in the main text.
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This voltage difference is converted into a current by the line resistance, in

series with the 50Ω output impedance of the AWG, and then into a magnetic

flux by the inductance shunting the line to ground near the circuit loop. In-

side the dilution fridge and before reaching the chip, the bias current flows

though one arm of a twisted-pair cable (copper between the 300K and 4K

stages and superconducting niobium-titanium below 4K).

We saw briefly in section 2.3.7 that a conducting line with finite

impedance and at thermal equilibrium at temperature T is characterised

by Johnson-Nyquist (J-N) voltage noise. The noise spectral density is flat

SV = 2kBTR for h̄ω � kBT and decays exponentially with frequency oth-

erwise[154]. In our case R is of the order of the characteristic impedance of

the line, i.e. 50Ω. In order to suppress the high frequency component of this

noise, the dc current-bias lines are thermalised to each temperature stage of

the fridge and go through two cryogenic low-pass microwave filters, one

10kHz RC filter at 4K and one 80kHz RF filter above the mixing chamber.

As for the input RF signals, as shown in figure 3.7 these are transmit-

ted inside the fridge and down to the SC circuit by stainless steel coaxial

lines. In order to suppress the J-N noise without affecting the bandwidth,

the rf-lines are equipped with three 20dB broad-band attenuators, thermally

anchored at the 4K, 100mK and 10mK stages. The effect of a single 20dB at-

tenuator is to reduce the RF power by a factor A = 102 = 100 and to add

a fraction (A − 1)/A = 0.99 of the J-N noise at the temperature at which

they are anchored to the signal[154]. Therefore the first 20dB attenuator is

sufficient to reduce the effective noise temperature of the 300K electronics to

that of the 4K stage. The following two 20dB attenuators provide the largest

possible attenuation limited by the dissipation and the fridge cooling power

at the 100mK and 10mK stages.

On the output side, the RF signals are carried in the fridge again by

coaxial lines, thermally anchored at each stage. In order to minimise losses,

these are superconducting lines between the mixing chamber and the 4K
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stage and stainless steel lines above 4K. The now strongly attenuated signals

are amplified by two cryogenic amplifiers for best signal-to-noise ratio.

The first amplifier is a Josephson travelling-wave parametric amplifier

(JTWPA or TWPA for short), which consists of an array of thousands of JJs

in series. Before entering the TWPA, the RF signal at frequency ωs coming

from the device is summed with a strong pump signal at a fixed frequency

ωp, generated by a dedicated room-temperature RF source (Rohde-Schwarz

SGS100A 1MHz-12.75GHz), at a directional coupler (see figures 3.7 and 3.8).

As they propagate though the TWPA, the two signals undergo a four-wave

mixing process caused by the non-linear characteristic of the Josephson junc-

tions. In this process, pairs of photons at the pump frequency are converted

into an additional photon at the signal frequency ωs, plus a photon at the

idler frequency ωi = 2ωp − ωs, resulting in the amplification of the signal

of interest[155]. The JTWPA used in this project was kindly provided to us

by MIT Lincoln laboratory. The amplifier was installed below the mixing

chamber stage of the fridge and provided a typical gain between 15dB and

25dB in the 3-8GHz frequency range.

The second cryogenic amplifier used is a more standard high-electron-

FIGURE 3.8: Photograph showing the outer Amumetal 4K can used to screen the
devices under test from stray magnetic fields and the TWPA assem-
bly, directional couplers and circulators, all mounted below the mixing
chamber plate.
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mobility transistor (HEMT) amplifier installed at the 4K stage and providing

a typical gain of 30dB in the 3-8GHz frequency range.

In order to suppress the signal reflected back from the JTWPA and the

J-N noise coming in from the output line, a total of four circulators in the

range 4-8GHz and 4.5-12GHz were installed on the line, as shown in the

diagram 3.7.

Finally, the superconducting devices were screened by stray magnetic

fields that could potentially change the bias point over time by a custom-

made two-layer shielding can, anchored to the bottom of the mixing cham-

ber plate (see fig. 3.8). The inner layer was made of aluminium which turns

superconducting when the fridge is at base temperature and screens exter-

nal magnetic fields by means of the Meissner effect. The outer can, sep-

arated by the first by a empty gap and connected to it by a copper ring

spacer near the top aperture, was made of Amumetal A4K, a proprietary

nickel-based high-permeability ferromagnetic alloy[156].

3.2.3 Qubit-cavity interaction

The properties of the superconducting qubits studied in this project were

investigated by exploiting their interaction with coplanar-waveguide mi-

crowave cavities, fabricated on the control chip by optical lithography. This

setup is the circuit equivalent of cavity quantum electrodynamics, which is

the study of the interaction between atoms and optical cavities mediated by

the atoms’ electromagnetic moments. For this reason, this approach to su-

perconducting qubit measurement is called circuit quantum electrodynamics

(cQED)[157, 158].

Superconducting circuits typically have large dipole moments and the

quasi-one-dimensional CPW microwave cavities have strong zero-point

voltage fluctuations, which together enable the strong-coupling limit of cav-

ity QED, resulting in high-fidelity, fast and non-destructive qubit state read-

out[159, 160]. Our devices are equipped for both energy eigenbasis and

persistent-current basis readout; we will start by describing the simpler case
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(A)

EJ
LrCr

CcC

(B)

FIGURE 3.9: A) Superconducting chip with CSFQs equipped for multiplexed dis-
persive readout. From [149]. B) Circuit diagram of a rf-SQUID qubit
capacitively coupled to a microwave resonator (equivalent parallel LC
lumped-element resonator).

of energy eigenbasis readout. Persistent-current basis readout will be dis-

cussed in section 3.2.6.

Figure 3.9A shows the typical setup for cQED readout of multiple

qubits: each qubit is capacitively coupled to a λ/4 CPW resonator (see fig-

ure inset) with a dedicated intrinsic resonance frequency. All the λ/4 res-

onators are then inductively coupled to the same transmission line for inter-

rogation. In the case of an rf-SQUID qubit, the equivalent lumped-element

circuit of the qubit-resonator system is the one shown in figure 3.9B. Using

the methods developed above and the notation in figure 3.9B, we can write

the system circuit Hamiltonian as:

Ĥ = Ĥq + Ĥr + Ĥint =
Q̂2

2C̃
+

(
Φ̂−Φext

)2

2L
− EJ cos

(
2π

Φ̂
Φ0

)

+
Q̂2

r

2C̃r
+

Φ̂2
r

2Lr
+

Q̂Q̂r

Cint
,

(3.44)

where C̃ = C + CcCr/(Cc + Cr), C̃r = Cr + CcC/(Cc + C) and Cint =

[CrCc + C(Cr + Cc)]/Cc. Projecting on the qubit unperturbed eigenstates

{|i〉} and the resonator harmonic oscillator occupation number states {|n〉},
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the Hamiltonian becomes (omitting the outer product signs)

Ĥ =
∞

∑
i=0

Ei|i〉〈i|+ h̄ωr

(
â† â +

1
2

)
+

∞

∑
i,j=0

gij|i〉〈j|(â− â†), (3.45)

where ωr = 1/
√

LrC̃r is the resonator bare resonant frequency (yet ac-

counting for the capacitive loading) and gkl = iC̃rVzp f 〈k|Q̂|l〉/Cint, with

Vzp f =
√

h̄ωr/(2C̃r) the resonator zero-point-fluctuation voltage[160].

The Hamiltonian 3.45 is completely general for a superconducting qu-

bit capacitively coupled to a microwave resonator. It defines the so-called

generalised quantum Rabi problem, describing a multi-level quantum system

interacting with a quantum harmonic oscillator by means of a linear dipole

interaction[161]. This Hamiltonian has the key property that its interac-

tion term, proportional to the resonator voltage iVzp f (â− â†), has vanishing

expectation value on any resonator occupation number state. As a conse-

quence, in the absence of degeneracies, the first order perturbative correc-

tions to the energy eigenvalues are zero. We will see this fact at play in a

moment.

In the dispersive limit, where all the SC qubit transitions are far detuned

from the resonator frequency, namely

|h̄ωij − h̄ωr| ≡ |Ej − Ei − h̄ωr| � |gij|
√
〈n〉+ 1, (3.46)

for all i, j = 0, 1, . . ., with 〈n〉 the average resonator occupation number,

one can treat the interaction as a small perturbation to find that, to leading

order in the perturbation (i.e. the second perturbative order), the system

eigenstates are unchanged and that the energies and eigenstates associated

with the qubit being in its ground state |g〉 or first excited state |e〉 are given

by the following effective Hamiltonian[162]:

Ĥdisp =
1
2

h̄(ω01 + δωLS)σ̂
z
E + h̄(ω′r + χσ̂z

E)â† â, (3.47)
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where σ̂z
E = |e〉〈e| − |g〉〈g|,

δωLS =
1
h̄2 ∑

k
(χk1 − χk0), (3.48)

ω′r = ωr +
1

2h̄2 ∑
k≥2

(χk0 + χk1 − χ0k − χ1k), (3.49)

χ =
1

2h̄2 ∑
k
(χ0k + χk1 − χk0 − χ1k), (3.50)

and where we have introduced the notation

χij =
|gij|2

ωij −ωr
. (3.51)

The factor δωLS in the dispersive Hamiltonian 3.47 is the usual Lamb

shift correction to the qubit |g〉 ↔ |e〉 transition due to the interaction with

the vacuum field, whereas the term proportional to χ can be interpreted

as an ac-Stark shift of the qubit transition or equivalently as a qubit-state-

dependent shift of the oscillator frequency[157].

Ĥdisp is often considered in the limit where the quantum system inter-

acting with the oscillator is effectively a two-level system, i.e. such that all

terms χij with i ≥ 2 or j ≥ 2 are negligible, and in the rotating wave approxi-

mation (RWA), where all terms χij with j < i are also neglected. In this case,

Ĥdisp becomes the RWA Jaynes-Cummings Hamiltonian, i.e.:

ĤJ−C,RWA =
1
2

h̄
(

ω01 +
g2

h̄2δ

)
σ̂z

E + h̄
(

ωr +
g2

h̄2δ
σ̂z

E

)
â† â, (3.52)

where g ≡ |g01| and δ = ω01 −ωr is the qubit-resonator detuning[157].

In the opposite situation to the dispersive regime, where |h̄ωij− h̄ωr| '
0, the eigenstates of the interacting system can be found by using degen-

erate (or quasi-degenerate) perturbation theory[163]. For instance, when

ωr = ω01 we find that the eigenstates involving the qubit ground and

first excited states are, to first order in the perturbation, the ground state

|g, 0〉 ≡ |g〉 ⊗ |0〉, with energy Eg,0 = E0 + h̄ωr/2, and the following excited
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(A) (B)

FIGURE 3.10: Numerical simulation of the rf-SQUID capacitively coupled to an
LC resonator represented in figure 3.9B, with the following choice of
physical parameters: EJ = 125GHz, L = 1.7nH, C = 15fF, Cc = 10fF,
Lr = 1.33nH, Cr = 0.53pF. Thirty qubit (and thirty resonator) states
were used to calculate the coefficients χij (and to represent the to-
tal Hamiltonian). A) Transition energy between the system ground
and first excited state, calculated as a function of the rf-SQUID bias
magnetic flux. Black dashed lines = unperturbed energies, blue
solid lines = energies calculated with the dispersive Hamiltonian,
red solid lines = full circuit model result. B) Comparison between
the result of the dispersive Hamiltonian (blue solid line) and the
Jaynes-Cummings Hamiltonian in the RWA (red solid line). The un-
perturbed transition energies are again shown by black dashed lines.

dressed states[158]:

|−, n〉 = 1√
2
(|g, n〉 − |e, n− 1〉),

|+, n〉 = 1√
2
(|g, n〉+ |e, n− 1〉),

(3.53)

with energies

E±,n = Eg,0 + h̄nωr ± h̄g
√

n. (3.54)

Figure 3.10A shows the result of the simulation of an rf-SQUID capaci-

tively coupled to its readout resonator. The red line represents the transition

energy from the ground to the first excited state of the circuit Hamiltonian,

defined by equation 3.44, as a function of the magnetic bias Φext = fextΦ0

applied to the rf-SQUID. The same transition energy calculated from the
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dispersive Hamiltonian 3.47 is displayed by the blue line. Finally, the black

dashed lines show the unperturbed transition energies of the system, with

the horizontal line marking the resonator bare resonance frequency and the

two almost vertical lines corresponding to the qubit E01 transition energy,

with its large dispersion against fext.

As we can see, the prediction of Ĥdisp matches very well the result of

the full circuit model, away from the avoided crossing regions around fext =

0.495 and fext = 0.505. In the region where the dispersive limit is valid, the

transition can be identified with the |g, 0〉 ↔ |g, 1〉 transition and its energy

with the dressed resonator frequency ω′r − χ = ωr +
1
h̄2 ∑k(χk0 − χ0k). We

further compare the result of the dispersive Hamiltonian (blue line) with the

one obtained using ĤJ−C,RWA (red line) in figure 3.10B. As we can see, with

the typical parameters of this circuit, the RWA Jaynes-Cummings Hamil-

tonian fails to predict not only the correct magnitude of the resonator fre-

quency shift, but also its sign in the region around fext = 0.5. The corrections

due to non-RWA terms and higher SC qubit states therefore have a substan-

tial effect and typically have to be included in the system modelling[162,

164].

3.2.4 cQED measurements

We briefly mentioned in the previous subsection that the dispersive Hamil-

tonian 3.47 has the useful property that its eigenstates correspond to the

eigenstates of the non-interacting system. Measuring the state of the com-

posite interacting system, therefore, does not affect the state of the qubit,

as long as this is an eigenstate of σ̂z
E, which is formally shown by the fact

that [σ̂z
E, Ĥdisp] = 0. This is the principle of quantum non-demolition (QND)

measurement and crucially allows the integration of the measurement sig-

nal over time to achieve the desired signal-to-noise ratio (weak-continuous

measurement)[157, 165]. For this reason, cQED superconducting qubit mea-

surements are normally performed as QND measurements by working in

the dispersive regime.
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As can easily be seen by inspecting equation 3.47, the energy eigen-

state of the superconducting qubit in the cQED setup and in the dispersive

regime can be inferred by measuring the resonant frequency of the cavity,

which is shifted from its bare value by −χ if the qubit is in the ground state

and by +χ if it is in the first excited state.

In our case the microwave cavity is a coplanar waveguide λ/4 res-

onator. This is a segment of CPW with one open-circuit end and the other

end shorted to the ground plane, as shown schematically in figure 3.11A.

The fundamental quasi-TEM mode of the resonator has a resonance wave-

length corresponding to four times the physical length of the resonator,

hence the name[166]. The open-circuit end is a voltage antinode and it is

therefore the one capacitively coupled to the qubit, whereas the shorted

end is a current antinode and it is inductively coupled to a CPW transmis-

sion line (this resonator-feedline configuration is called notch-port, see figure

3.11B)[146, 166].

The effective (dressed) resonance frequency ω
e f f
r = ω′r ± χ of the λ/4

resonator can be determined by looking at the transmission of a probe mi-

crowave tone in the inductively coupled CPW transmission line (TL), as

a function of probe frequency near ω
e f f
r . The transmission can be quanti-

fied in terms of the scattering parameter S21 from electrical network analysis,

which is defined as the ratio between the voltage amplitudes of the forward

propagating waves at the output and input ports of the TL, in the absence

of a back-propagating wave at the output port, or equivalently when the

output impedance is matched to the TL characteristic impedance Z0[166]. In

symbols:

S21 =
V−out
V+

in

∣∣∣∣
V+

out=0
=

V−out
V+

in

∣∣∣∣
Zout=Z0

. (3.55)

Note how the positive propagation direction at the output is convention-

ally defined as the backward direction, opposite with respect to the input

convention.

One can demonstrate that in the case of our notch-port resonator con-
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x=λ/4

I(x)V(x)

(A) (B)

LrCr

L
MVin Vout
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FIGURE 3.11: A) Stylised representation of a λ/4 resonator (grey = conductive
layer, white = insulating substrate) with voltage and current distri-
butions of the fundamental quasi-TEM mode (in arbitrary units). B)
λ/4 resonator inductively coupled to a CPW transmission line (grey
= conductive layer, white = insulating substrate). C) Equivalent cir-
cuit diagram of the system in figure B.

figuration (also see the equivalent circuit diagram 3.11C), the S21 parameter

is given by the following formula:

S21(ω) = aeiαe−iωτ

[
1− eiφQl/Qc

1 + 2iQl(ω/ω
e f f
r − 1)

]
, (3.56)

where aeiα is a complex transmission factor describing losses and phase

shifts due to the electronic setup, τ is the delay associated with the total

electrical length of the transmission line, the phase φ takes into account the

effect of impedance mismatch at the two ends of the resonator or of standing

waves in the TL, and finally Qc and Ql are the coupling and loaded quality

factors of the resonator[167]. The latter are related to the intrinsic resonator

quality factor Qi by:
1

Ql
=

1
Qi

+
1

Qc
. (3.57)



3.2. Experimental methods 127

The resonator internal quality factor can be limited by different sources

of loss, but for superconducting resonators well below the critical temper-

ature Tc and at frequencies below the superconducting energy gap (∆ '
82GHz for aluminium) resistive losses are negligible and the limiting fac-

tor is losses caused by random two-level systems in the dielectric sub-

strates[168, 169]. Values of Qi > 105 are typically obtained with modern

fabrication techniques[168].

The coupling quality factor, on the other hand, depends on the strength

of the coupling to the CPW TL and, in the case of inductive coupling, can

be written as:

Qc ≈
πZ0Lr

2ωr M2 , (3.58)

where Z0 is again the TL characteristic impedance (50Ω in our case) and

M is the mutual inductance between the resonator and the TL (see figure

3.11C)[170].

If now we neglect, for simplicity, all non-idealities of the TL by setting

a = 1 and α = φ = 0, and introduce the frequency difference δω = ω−ω
e f f
r

and the linewidth κ = ω
e f f
r /Ql, we obtain, from equation 3.56:

S21 = 1 +
Ql/Qc

1 + 4(δω)2

κ2

· (2iδω/κ − 1). (3.59)

As we can see here, the real part of S21 is a reversed Lorentzian with FWHM

' κ (which justifies the identification of κ with the linewidth). It is equal

to 1 for |δω| � κ and attains its minimum value of Sm := 1− Ql/Qc, for

δω = 0. The imaginary part of S21, on the other hand, is zero for large

values of |δω| and for δω = 0 and attains its maximum (minimum) value

of Ql/(2Qc) (−Ql/(2Qc)) at δω = κ/2 (δω = −κ/2, respectively, see figure

3.12A).

On the complex plane, S21 describes a circle of diameter Ql/Qc, starting

from 1 at δω � 0, passing by −iQl/(2Qc) and +iQl/(2Qc) at δω = −κ/2

and δω = +κ/2 respectively, and ending again in 1 at δω � 1 (see figure
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(A) (B)

(C) (D)

FIGURE 3.12: Theoretical S21 coefficient for an ideal TL coupled to a notch-port
resonator with ωr = 2π · 5GHz, Qc = 104 and Ql/Qc = 0.952
(→ κ ' 5.25 · 105). A) Real and imaginary parts of S21, as a function
of probe frequency. B) Modulus and argument of S21, as a function of
probe frequency. C) S21 on the complex plane for probe frequencies
between ω = ωr − 10κ (red) and ω = ωr + 10κ (purple). D) Same as
C), but in the presence of impedance mismatch with φ = 0.1π = 18◦.

3.12C). For finite φ, the circle is rotated about the point S21 = 1 by an angle

φ (as shown in figure 3.12D). Finally, the modulus and argument of S21 have

the following expressions (for an ideal line, cf. figure 3.12B):

|S21| =

√√√√S2
m + 4(δω)2

κ2

1 + 4(δω)2

κ2

,

arg(S21) = arctan


2(1− Sm)δω/κ

Sm + 4(δω)2

κ2


 .

(3.60)
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From these considerations, we can see that, in order to be able to mea-

sure the effect of the dispersive interaction on the resonance, the relative

dispersive shift 2χ should be at least as large as the linewidth κ. In fact,

using the full complex information on S21, we can achieve maximum res-

olution between the two qubit states by probing the resonator at its bare

frequency δω = 0 and having χ = κ/2. In this case, in fact, the two qu-

bit states correspond to values of S21 that are diametrically opposite in the

S21 circle, namely ±iQl/Qc. Further increasing χ does not buy any more

resolution in the circle[171].

There are however some trade-offs in trying to reduce κ and increase

χ to achieve the equality χ = κ/2. Firstly, a small linewidth results in a

longer ring-up time of the resonator, i.e. a longer time necessary to populate

the resonator with a microwave coherent state. In fact, the resonator has

to be probed for a time at least 1/κ in order for the dispersive shift to be

measured, which limits the speed of time-resolved-measurements[171].

Secondly, increasing χ implies increasing the capacitive coupling be-

tween the qubit and the resonator and therefore the dissipation of energy

through the resonator. This is called Purcell effect and can be seen as the en-

hancement of spontaneous emission of microwave photons by the excited

qubit due to the increased density of vacuum energy at the resonator fre-

quency[158, 171]. The Purcell effect results in a qubit relaxation timescale

T1,Purcell approximately given by the expression[171]:

T1,Purcell ≈
(

δ

g

)2 1
κ

. (3.61)

Finally, a stronger coupling with the resonator also increases the qu-

bit dephasing rate due to the random fluctuation of the number of thermal

photons in the resonator (shot noise), leading to a stochastic variation of

the qubit levels’ ac-Stark shift[171]. The associated dephasing time can be
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expressed as[171, 172]:

Tφ,s.n. ≈
κ

2
Re



√(

1 +
2iχ
κ

)2

+
8iχne f f

th
κ

− 1


 , (3.62)

where ne f f
th = [exp(h̄ωr/kBTe f f ) − 1]−1, with Te f f the resonator effective

temperature, is the average thermal photon occupation number.

In our case, the resonators were designed at Lincoln Laboratory to have

resonance frequencies of ωr ' 2π · 7GHz and mutual inductance with the

CPW feedline∼ 15pH. These values can be approximately determined from

the geometry of the CPWs and the electric and magnetic permittivities of

the materials using analytic formulas derived with conformal mapping tech-

niques (see, for instance, [145] for an exhaustive review of the argument).

These values were then verified and finely adjusted with software using

more accurate finite element analysis methods such as Ansys HFSS[146]. This

value of mutual inductance corresponds to a coupling quality factor of

Qc ' 1.1 · 104, resulting in a coupling-limited quality factor of Ql ' 104,

a linewidth of κ = ωr/Ql ' 2π · 0.7MHz and a resonator ring-up time of

1/κ = Ql/ωr ' 200ns.

3.2.5 Continuous-wave spectroscopy

The cavity QED setup described in the previous subsection can be used to

implement a number of different measurement protocols. In this project, we

focused on continuous-wave (CW) dispersive cQED measurements, there-

fore here we are only going to consider the case where the resonator and the

qubit are probed using continuous wave microwave signals.

CW single-tone spectroscopy consists in characterising the transmission

through the feedline coupled to the λ/4 resonator, as a function of the probe

frequency ωp. In the dispersive regime, where ωp ' ωr is very far detuned

from any qubit transition, the qubit always remains in its ground state and

the cavity resonance frequency is observed at ω′r − χ.



3.2. Experimental methods 131

VNA
OUT IN

qubit device
(feedline)

Vp=A·cos(ωpt) A'·cos(ωpt+φ)

t

dilution
fridge

V(t)

ωp ωp

Vp

(A)

VNA
OUT IN

qubit device
(feedline)

Vd,ωd

t

dilution
fridge

V(t)

Vp,ωp

Vp

Vd

(B)

FIGURE 3.13: A) Setup used for CW single-tone spectroscopy (top) and illustrative
representation of rf voltage applied to the qubit device feedline (bot-
tom). B) Setup used for CW two-tone spectroscopy (top) and relative
typical probe and drive rf voltages (bottom). Note how the drive tone
is stronger than the probe. More details in the main text.

As well as giving information on the resonator linewidth and quality

factor, single-tone spectroscopy provides useful information on the qubit

device. For instance, for flux-tuneable qubits like the ones used in this

project, observing the change in resonance frequency as a function of the

current applied to the bias lines allows the calibration of the flux-current

conversion factor and the quantification of crosstalk effects between a given

superconducting loop bias line and other loops in the circuit[173, 174]. Ad-

ditionally, fitting the resonator response as a function of bias flux to the Rabi

Hamiltonian or a full circuit model Hamiltonian allows the circuit physical

parameters to be estimated (see chapter 6)[162, 164].

A convenient way to measure CW scattering parameters is by using

a vector network analyser (VNA), a device equipped with one or more RF

sources and a number of receivers which measures the amplitude and phase

of the generated input signal and of the signals reflected and transmitted by

the circuit under test. This is typically done by internally down-converting

the RF signals to an intermediate frequency (IF, typically ∼ 20kHz) and by

then filtering and digitising. The amplitude and phase data is then com-
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bined to calculate the scattering parameters[166]. In our case, we used

a Keysight E5080A ENA Vector Network Analyzer with 9kHz-9GHz RF

bandwidth and 1Hz-1.5MHz IF bandwidth. We typically set IF to 10kHz

to have reasonably short acquisition times, i.e. ∼ 0.1s for 1000 RF frequency

points. Figure 3.13A shows the simple setup that we used for single-tone

spectroscopy with the VNA.

A second type of CW spectroscopy measurement is two-tone spec-

troscopy where, in addition to the resonator probe tone, a second RF signal

(drive tone) is used to resonantly drive the qubit from its ground to its ex-

cited states. By observing the transmission of the probe tone, kept at a fixed

frequency ωp, and scanning the drive frequency ωd, the qubit transition fre-

quencies ωij can directly be measured.

When, for example, the drive frequency equals the qubit first transition

frequency ω01, the qubit is resonantly excited to its first excited state. Be-

cause of the qubit finite relaxation and dephasing times T1 and T2, the qubit

eventually reaches a stationary mixed state where the probability of being

in the excited state pe = (1 + 〈σ̂z
E〉)/2 is approximately given by:

pe =
1
2

Ω2
R

Γ1Γ2 + Ω2
R + δ′2Γ1/Γ2

, (3.63)

where Γ1 = 1/T1, Γ2 = 1/T2, ΩR = g
√

nd/h̄ is the Rabi frequency (with nd

the average number of drive photons in the cavity) and δ′ = ω01 + δωLS −
ωd is the detuning between the qubit Lamb-shifted |g〉 → |e〉 transition and

the drive tone frequencies[158]. As the cavity average resonance frequency

shifts to ω′r + χ(pe − pg) = ω′r + χ(2pe − 1), a modulation of the transmis-

sion of the probe tone is observed near ωd = ω01 + δωLS.

Figure 3.13B shows the setup used for two-tone spectroscopy in this

project. Note how both the probe and drive tones are sent through the

on-chip feedline, so that the drive tone reaches the qubit after being par-

tially absorbed off-resonance by the λ/4 resonator, hence requiring rela-
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tively large drive powers (eg. -60dBm at the qubit vs -110dBm for the probe

tone). Also note that the VNA was operated in a frequency-offset mode

where its source generates fast sweeps of the drive frequency ωd while its

receiver measures the signal transmitted at the fixed probe frequency ωp

(which is generated by an external source, in our case a Rohde-Schwarz

SGS100A).

3.2.6 Persistent current measurement

As we can see from the previous analysis, in a dispersive cQED measure-

ment, the measurement basis corresponds to the qubit energy eigenbasis

and is therefore set by the qubit, as opposed to the readout resonator. As we

mentioned before, however, in QA applications with flux qubits the compu-

tational basis in which the qubits are readout at the end of the computation

is the persistent current basis.

Since the qubit persistent current generates a magnetic field around

it, we can perform a measurement in this basis by using a flux sensitive

device. An obvious choice is the rf-SQUID, which can be seen as a very

flux-sensitive non-linear inductor[175]. In the case of the devices used in

this project, the rf-SQUID was galvanically connected at the inductive (i.e.

shorted) end of a λ/4 resonator and mutually inductively connected to the

qubit current loop. The resonator was then capacitively coupled at the other

end to a shared feedline. Figure 3.14 shows the effective circuit diagram of

the flux-tuneable resonator.

Semi-classically, we can represent the rf-SQUID shunting the resonator

as an inductor Le f f given by the parallel of the SQUID geometric induc-

tance L and the Josephson junction effective inductance, i.e. the Josephson

inductance

LJ(φ) =
Φ2

0
4π2EJ

1
cos φ

, (3.64)

where φ is the expectation value of the JJ gauge-invariant phase difference.

Again in the semi-classical approximation, φ = φ(φext) is given by the solu-
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FIGURE 3.14: Schematic diagram of the circuit used for persistent current readout
of a flux qubit. The λ/4 resonator has been replaced by its equivalent
lumped element LC circuit.

tion of φ− φext = −βL sin φ (eq. 2.83), where φext is the total normalised flux

applied externally to the rf-SQUID. In this case, φext is the result of two con-

tributions, the flux Φ′ext explicitly applied to the rf-SQUID loop and the flux

δΦext ' ±MIpq generated by the qubit, where M is the mutual inductance

between the qubit and the SQUID and Ipq is the qubit persistent current.

Here, the screening parameter βL is typically chosen to be less than one to

prevent the SQUID from behaving hysteretically.

The sign of δΦext is equal to the sign of the qubit persistent current

and therefore makes the resonator effective shunting inductance Le f f =

LLJ/(L + LJ) and its loaded resonant frequency

ωr(Φext) =
1√

[Lr + Le f f (Φext)]Cr

(3.65)

sensitive to the qubit state in the persistent current basis. Since typically

MIpq � Φ0, ωr can be approximated by its first order series expansion in

δΦext, i.e.[175]

ωr(Φext) ' ωr(Φ′ext) +
∂ωr

∂Φext
(Φ′ext)δΦext

= ωr(Φ′ext) ·
[

1± 1
2

L′e f f (Φ
′
ext)

Lr + Le f f (Φ′ext)
MIpq

]
.

(3.66)
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FIGURE 3.15: Tuneable-resonator frequency fr = ωr/(2π), as a function of the total
normalised flux applied to its shunting rf-SQUID. The red dots were
obtained using the expression 3.65 and the semi-classical value of the
Josephson inductance. The blue line represents the result of a simula-
tion of the full lumped-element tuneable resonator circuit (cf. figure
3.14). The two results are in good agreement, with the parameters
used (EJ = 595GHz, L = 150pH, Lr = 1.3nH and Cr = 0.53pF).

Figure 3.15 shows a simulation of the typical resonator frequency mod-

ulation with φext. As expected, this is periodic in φext with a period of 2π.

As we can see from equation 3.66, ∂ωr/∂Φext should be large for there to be

a large difference between the resonator frequencies corresponding to the

two qubit states. For this reason, the flux-tuneable resonator is typically

operated at Φ′ext ' Φ0/4. Choosing a bias value closer to Φ0/2 would fur-

ther increase the resonance frequency excursion, but would also introduce

unwanted non-linear behaviour in the resonator response[146].

In analogy with the dispersive readout case, the frequency of the flux-

tuneable resonator and therefore the qubit state can be inferred by measur-

ing the transmission through the feedline connected to the λ/4 resonator

near the frequency ω′r.

The devices characterised in this project were additionally equipped

with a quantum flux parametron (QFP) for persistent current measurements.

This is simply a compound-JJ rf-SQUID circuit used as a tuneable inductive

coupler between the qubit and the flux-tuneable resonator (see figure 3.16).

The QFP can be operated by keeping its z-loop magnetic flux bias to zero

and by setting the x-loop flux bias to Φx,q f p = Φ0/2 to turn off the qubit-
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FIGURE 3.16: Circuit diagram of the setup used for persistent current readout with
a QFP.

resonator inductive interaction between measurements, and to Φx,q f p ' Φ0

at the act of measurement to make the interaction strong (cf. figure 3.3)[146].

The advantage of using the QFP is that, between measurements, it ef-

fectively protects the qubit from Purcell decay due to the flux-tuneable res-

onator. This can therefore be designed to have a low quality factor, allowing

for fast measurements with low integration time. Additionally, upon read-

out the QFP acts as an amplifier of the mutual inductance between the qubit

and the resonator, producing qubit-state-dependent resonator shifts of sev-

eral linewidths[146].



Chapter 4

Physical design of a 3-local

coupling gadget for flux qubits

We commented in the Introduction chapter on how the development of

Hamiltonian terms with locality beyond two-local could be key in the quest

for adiabatic quantum advantage. In particular, we explained how highly

non-local interactions would allow the native embedding of more com-

plex binary optimisation problems and the implementation of some of the

known quantum error suppression protocols for AQC[22, 72, 82].

Since the physical electrical and magnetic interactions that can be es-

tablished between superconducting qubits naturally give rise to two-body

Hamiltonian terms, dedicated strategies need to be followed to generate

these higher-order terms. These include the perturbative gadgets introduced

by J. Kempe, A. Kitaev and O. Regev[54], classical gadgets, first proposed by J.

D. Biamonte[176] and the use of dedicated non-linear coupling circuits[120].

In this chapter we focus on a classical gadget for many-body interac-

tions first proposed by N. Chancellor, S. Zohren and Paul A. Warburton[13].

In particular, we are going to highlight its advantages over alternative cou-

pling strategies, uncover some disadvantages and consider its application

to the implementation of a test-of-coherence Hamiltonian, while develop-

ing a detailed design for its physical realisation with capacitively-shunted

flux qubits.



4.1. The permutation symmetric coupler gadget 138

4.1 The permutation symmetric coupler gadget

The classical coupler gadget we consider here, which we are going to call

permutation symmetric gadget in reason of the symmetry of its connectivity

graph under logical qubit permutations (see fig. 4.1), is based on the idea

of matching the eigenspectrum of a diagonal (hence classical) n-local Hamil-

tonian on n qubits with the low-lying energy spectrum of a 2-local Hamil-

tonian acting on n + na qubits. This gadget, in particular, requires na = n

additional (ancillary) qubits.

Since an n-local Hamiltonian term like Jnσ̂z
1 ⊗ · · · ⊗ σ̂z

n contributes to the

system energy with a term proportional to the product of the eigenvalues of

each σ̂z operator, it effectively counts the number of qubits that are up and

down in z direction (i.e., in the state |0〉 and |1〉, respectively). In fact,

〈z|Jnσ̂z
1 ⊗ · · · ⊗ σ̂z

n|z〉 =




+Jn, if n− nup is even,

−Jn otherwise,
(4.1)

where nup is the number of 0’s in the bit-string z associated with the com-

putational basis state |z〉, i.e. nup = n− |z|, with |z| the Hamming weight of

(that is, the number of 1’s in) z.

In the permutation symmetric gadget, this counting operation is accom-

FIGURE 4.1: Connectivity graph for the 4-local permutation-symmetric gadget,
composed of the 4 logical qubits (in green) and the 4 ancillary qubits
(in red). From [13].
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plished by introducing the n ancillary qubits, which have to flip, one by one,

as nup increases from 0 to n. As is turns out, this behaviour can be enforced

using the symmetric connectivity graph (in which every node represents a

different qubit and the edges represent potentially non-zero two-local inter-

actions) shown in figure 4.1 (for the 4-local case). This includes: a full set

of pair-wise interactions between the logical qubits of strength J, pair-wise

interactions between every ancilla and every logical qubit of strength Ja, a

uniform local field h on the logical qubits and n local fields h1,a, . . . , hn,a on

the ancillae.

These n + 3 parameters need to obey to the following equations:

J = Ja > 0, (4.2)

h = −Ja + q0, (4.3)

hi,a = −Ja(2i− n) + qi, (4.4)

qi =




+Jn + q0, if n− i is odd,

−Jn + q0, otherwise,
(4.5)

where q0 is a free parameter satisfying the inequality

|Jn| < q0 ≤ Ja. (4.6)

Together, these relations ensure that the lowest 2n energy eigenvalues and

the corresponding states of the logical qubits are equivalent to the eigen-

states of the original n-local Hamiltonian term. The first additional energy

eigenvalue of the gadget is 2(q0 − |Jn|) above the logical excited states[13].

Figure 4.2a illustrates an example of the mapping from a 3-local Hamil-

tonian to the gadget Hamiltonian (with the set of parameters J3 = −1,

J = Ja = q0 = 2, in arbitrary units) and fig. 4.2b shows the resulting spec-

trum of the gadget.

Choosing z to be our quantisation axis, the complete gadget Hamilto-
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FIGURE 4.2: a) Graphical representation of the 3-local Hamiltonian Ĥ = −σ̂z
1 σ̂z

2 σ̂z
3

(energies are given in arbitrary units) and of the 2-local gadget (with
q0 = 2a.u.) reproducing its spectrum. b) Eigenspectrum of the gadget
Hamiltonian in fig. a, showing the 8 logical states, separated by 2J3,
and the 56 additional states above them.

nian for the emulation of a generic n-local term therefore takes the following

expression, in terms of the coefficients defined above:

Ĥ(n)
p.s.g. = h

n

∑
i=1

σ̂z
i +

n

∑
i=1

hi,aσ̂z
i,a + J ·

(
∑
j>i

σ̂z
i σ̂z

j +
n

∑
i,j=1

σ̂z
i σ̂z

j,a

)
. (4.7)

Since implementing tuneable two-local ZZ interactions is standard

practice with superconducting flux qubits, we can then see that the per-

mutation symmetric gadget, like any other two-local classical gadget, has

an important engineering advantage over coupling strategies that rely on

realisation of new and unproven non-linear coupling circuits[13].

On the other hand, equations 4.3 and 4.6 already show the first limita-

tion of this coupling scheme, namely that the strength of the implemented

n-local interaction is limited by the positive (i.e. anti-ferromagnetic) 2-local

interactions in the gadget (more on this in section 4.3).

A second issue is that the presence of additional longitudinal 1-local

and 2-local terms on the logical qubits can shift the additional states (or

garbage states) of the gadget down in energy and bring them between the

logical states. Since the energy gap between the logical first excited state and

the first garbage state is proportional to q0 − |Jn|, this risk can be mitigated

by ensuring that q0 � |Jn|, and therefore that Ja � |Jn|, which again limits

the available n-local coupling strength.
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Let us now consider, instead, the presence of additional Hamiltonian

terms that do not commute with the n-local term. For instance, let us ex-

amine what happens to the energy spectrum of the 3-local version of the

gadget, when we try to implement uniform-transverse-field quantum an-

nealing with it.

In figure 4.3 we show, as a function of the normalised time s = t/t f , the

lowest instantaneous energy eigenvalues of the Hamiltonian

(1− s) ·
[

∑
i=1,3

σ̂x
i + ∑

i=1,3
σ̂x

ai

]
+ sĤ(3)

p.s.g., (4.8)

with the choice of parameters Jn = −1 and J = Ja = q0 = 2. Note that

all energies will, from here on, be expressed in GHz, when not explicitly

stated otherwise. The 23 = 8 lowest energy eigenvalues (logical states) are

coloured in red, while the ones above (garbage states) are in shades of green.

The spectrum of the ideal 3-qubit 3-local Hamiltonian is shown in black

dashed lines, for comparison. As we can see, the two spectra become the

same only at the end of the annealing (s = 1).

This is, of course, expected since the whole construction of a classical

gadget is based on the hypothesis that the total Hamiltonian is diagonal in

FIGURE 4.3: Instantaneous eigenspectrum of the Hamiltonian in eq. 4.8: in red are
the lowest 8 eigenstates (logical states), in green the higher levels. The
black dotted lines represent the spectrum of the corresponding 3-qubit
3-local Hamiltonian.
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a given basis. Since there is no trivial way around this problem, we have to

consider how this affects the outcomes of quantum annealing.

Figure 4.4A shows, again for the Hamiltonian in equation 4.8, the prob-

ability of measuring each computational state of the logical qubits (irrespec-

tive of the ancillary qubits state), at any time s during the annealing. In this

simulation, the system is initialised in the ground state of the transverse

field Hamiltonian (uniform on all of the six qubits) and the annealing time

is set to t f = 1µs. The logical states are grouped by their Hamming weight

(HW). Figure 4.4B shows, for comparison, the corresponding populations

determined using the ideal 3-qubit 3-local Hamiltonian.

As we can see, whereas with the ideal Hamiltonian −σ̂z
1 σ̂z

2 σ̂z
3 the prob-

ability of measuring each of the four Hamiltonian ground states, the HW0

state |000〉 and the three HW2 states |110〉, |101〉 and |011〉, is 1/4 at the

end of the annealing (note that pHW2(s = 1) = 3× pHW0(1) due to mul-

tiplicity), with the encoded Hamiltonian, the probability of measuring the

logical state |000〉 (blue line in figure 4.4A) decreases over time and is com-

pletely suppressed by the end of the annealing. In both cases however, the

probability of measuring any of the final Hamiltonian ground states is unity,

which is an indication that we are operating in the adiabatic limit (cf. figure

(A) (B)

FIGURE 4.4: A) Populations of the eight logical qubit computational states
(grouped by Hamming weight HWi) as a function of normalised time
s = t/t f (with t f = 1µs), for the Hamiltonian in equation 4.8. B) Same
as A), but for the corresponding ideal 3-qubit 3-local Hamiltonian.
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4.5A, which shows the probability of measuring the ground and first excited

states of the gadget Hamiltonian, as a function of annealing time).

The intuitive reason behind the suppression of the HW0 state in the

gadgetised Hamiltonian can be seen by looking at the corresponding con-

figurations of the ancillae for each state of the logical qubits. The four degen-

erate ground states of the gadget Hamiltonian are: |000〉|111〉a, |011〉|100〉a,

|101〉|100〉a, |110〉|100〉a (note that, by construction, the logical states of the

gadget always have a total magnetisation of 0). As we can see, whereas in

the original 3-qubit 3-local problem (first 3 bits) all the ground states are

Hamming distance two away from each other (i.e. it takes two spin flips

to get from one to another), in the gadget case the last three states are still

Hamming distance two away from each other, but distance four away from

the first state.

If we then consider the transverse-field term as a small perturbation

and apply time-dependent perturbation theory, we see that, since the trans-

verse field Hamiltonian is 1-local, transitions between the three ground

states that are closer in Hamming weight occur at the second order of per-

(A) (B)

FIGURE 4.5: A) Populations of the ground and first excited states of the final Hamil-
tonian (eq. 4.8) as a function of annealing time t f . After an initial
regime of diabatic dynamics, the ground state is found at the end of
the annealing with probability 1 for t f & 10ns. B) Corresponding pop-
ulations of the logical qubits computational states, grouped by Ham-
ming weight.
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turbation (2 spin flips), while transitions to the isolated state only occur

at the fourth order (4 spin flips), and the probability of reaching the state

|000〉|111〉a is therefore suppressed[177].

If we consider figure 4.5B, we can see that further increasing the an-

nealing time does not change the result. In fact, after an initial non-trivial

diabatic dynamics, the system converges to its stationary state already for

t f ' 10ns.

Selectively increasing the transverse field applied to the ancillary qubits

should, in principle, enhance their flipping rate, and therefore potentially

promote tunnelling into the HW0 ground state. However, dynamical sim-

(A) (B)

(C) (D)

FIGURE 4.6: A) Populations of the eight logical qubit computational states as a
function of normalised time (with t f = 1µs), for the Hamiltonian in
equation 4.8 with the transverse field on the ancillary qubits increased
by a factor 10. B) Corresponding final state populations, as a function
of annealing time. C) and D) Same as A) and B) respectively, but with
the transverse field on the ancillary qubits increased by a factor 100.
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ulations where the transverse field applied to the ancillae is 10× and even

100× larger than the transverse field applied to the logical qubits (cf. figures

4.6A and B and 4.6C and D respectively) show that this simply delays the re-

covery of the HW2 state population without much affecting the population

of the state HW0.

The use of the permutation symmetric gadget to implement QA with a

pure 3-local problem Hamiltonian therefore results in a bias in the sampling

of the problem Hamiltonian ground states. This might become an issue in

general QA applications, especially when fair sampling of the ground state

manifold is desired. However, this does not preclude the use of the gadget

for specific applications, such as proofs of concept and quantum simula-

tions. In the next section, we will consider one such application and show

with numerical simulations how the use of the gadget in the construction of

a 3-local test-of-coherence Hamiltonian still leads to a measurable coherence

witness.

4.2 Test-of-coherence Hamiltonian

As mentioned previously in the Introduction, the development of simple

experimental tests of coherence in AQC is going to be critical for the bench-

marking of new adiabatic quantum processors with enhanced coherence at

the single- and multi-qubit level. The first requirement for an experiment to

test the effect of decoherence on an AQC process is to choose an appropri-

ate time-dependent Hamiltonian. Ideally, this should be simple enough to

allow for a complete theoretical description of the system evolution, which

includes the effects of the interaction of every qubit with the environment.

At the same time, it should lead to some non-trivial dynamics, which relies

on coherent processes, such as a multiple-qubit flips.

These requirements should ensure that the outcomes of quantum an-

nealing with the chosen test-of-coherence Hamiltonian, for instance the

distribution of computational states measurement at the end of the com-
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putation, depends not only on the satisfaction of the adiabatic condition

t f � t f ,ad, but also on the interplay between t f and the characteristic time

scale of the decoherence processes, eg. the T2 time of the individual qubits.

This dependency of the output of the computation on the duration of

the adiabatic sweep will represent our coherence signature, i.e. the experi-

mental proof that decoherence can play an important role in AQC.

4.2.1 Ideal 3-local coherence-test Hamiltonian

In our case, we consider a coherence-test Hamiltonian proposed by Tameem

Albash in 2017[178], which has the following form:

Ĥ(s) = (1− s)Ĥt + sĤl = −
1− s

2

3

∑
i=1

σ̂x
i + s ∑

z∈{0,1}3

f (z)|z〉〈z|, (4.9)

where

f (z) =





0, |z| = 0

3, |z| = 1

h, otherwise

(4.10)

with h a free parameter. The longitudinal part of the Hamiltonian can also

be written in terms of Pauli operators as:

Ĥl =
3− 2h

8

3

∑
i=1

σ̂z
i −

3
8

3

∑
i > j,
j = 1

σ̂z
i σ̂z

j +
2h− 9

8
σ̂z

1 σ̂z
2 σ̂z

3 , (4.11)

which is explicitly three-local.

As well as being relatively simple and leading to a coherence signa-

ture, Hamiltonian 4.9 is manifestly symmetric with respect to qubit permu-

tations. This is a very desirable feature, since it makes it possible to analyse

the tunnelling dynamics of the system in terms of a one-dimensional semi-

classical potential (see the details below).

We will start by considering numerical simulations of quantum anneal-

ing dynamics with this Hamiltonian. In subsection 4.2.2 we will then con-
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sider what happens when we replace the ZZZ term with the equivalent

permutation symmetric gadget and in section 4.3 we will outline an exper-

imental implementation of this new coherence-test Hamiltonian with flux

qubits.

Let us start by considering the evolution described by Hamiltonian

4.9 in the case where h is finite, say h = 0.5GHz. Figure 4.7a shows the

evolution of the instantaneous energy spectrum of the system, as a func-

tion of time. As we can see, the spectral gap goes through a minimum at

s = smin ∼ 0.648. This actually represents an avoided level crossing, so that, as

s goes across smin, the ground and first excited states exchange place. This is

confirmed by looking at the average Hamming weight of these two states,

as a function of time (see fig.4.7b): at the beginning of the annealing, both

states have average Hamming weight 1.5; then, the ground state HW be-

gins to increase towards 2.5, while, for the first excited state, HW decreases

towards 0. The two trends are then reversed for s > smin, and the singly

degenerate Hamiltonian ground state is the HW0 state |000〉 at s = 1. Since

in AQC we expect the state of the system to always follow the instantaneous

ground state, as we go through the avoided crossing, an average of 1.5 spins
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FIGURE 4.7: a) Instantaneous energy spectrum of Hamiltonian 4.9, as a function of
normalised time s. Dashed lines are used to reveal doubly-degenerate
states. b) Average hamming weight of the instantaneous ground (in
blue) and first excited state (in red), as a function of s. Values for h =
0.5GHz.
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need to coherently flip.

The tunnelling process associated with this transition can be described

in terms of an appropriate semiclassical potential, which defines the effective

energy landscape seen by the system during the annealing. To find this

potential, we start by making the following ansatz for the state of the system

at time s, which is motivated by the symmetry of the Hamiltonian under

qubit permutations:

|θ(s)〉 =
3⊗

i=1

[
cos

(
θ(s)

2

)
|0〉i + sin

(
θ(s)

2

)
|1〉i
]

, (4.12)

where θ(s) is some function of s (with 0 < θ(s) < π). If our ansatz is correct,

then, according to the Variational Method of Quantum Mechanics, the instan-

taneous ground state of the system is obtained by finding θ(s) such that the

expectation value of the Hamiltonian on |θ(s)〉 is minimised[32]. It makes

sense, then, to identify the semiclassical potential with

V(θ, s) := 〈θ(s)|Ĥ(s)|θ(s)〉. (4.13)

As it turns out, this potential actually leads to a good approximation of

the ground state of spin-permutation symmetric Hamiltonians, away from

avoided level crossings[179].

Figure 4.8 shows the semiclassical potential V(θ, s) of our system at dif-

ferent times s. We can see that V(θ, s) has initially a single minimum at

θ = π/2, corresponding to a ground state where each qubit is in an equal

superposition of |0〉 and |1〉, as we expect for the ground state of the trans-

verse field Hamiltonian. Then the minimum moves towards θ > π/2, cor-

responding to an increase in the average HW of the ground state, while a

second local minimum appears for θ < π/2. At s ∼ 0.6, this second lo-

cal minimum suddenly becomes the global minimum of V(θ, s), so that the

system has to tunnel across the energy barrier between the two minima, in

order to eventually end up in the correct final ground state |000〉, given by
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FIGURE 4.8: Semi-classical potential of the test-of-coherence gadget V(θ, s) as a
function of θ, for h = 0.5GHz and at different times during the an-
nealing.

θ = 0.

Let us now consider, instead, the case where h = 0 in the Hamilto-

nian 4.10. By looking at the instantaneous spectrum of the system in figure

4.9A, we can see that the ground state of the final Hamiltonian Ĥ(1) is now

5-fold-degenarate. This includes the HW0 and HW3 states and the three

HW2 states. Considering the associated semiclassical potential shown in

fig. 4.9B, we find that the local minimum near θ = 0 now becomes a degen-

erate global minimum only for s = 1, when the ground state encounters the

first 4 excited states.
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FIGURE 4.9: A) Test-of-coherence gadget instantaneous energy spectrum, as a func-
tion of normalised time s. Dashed lines are used to reveal doubly-
degenerate states. B) Associated semi-classical potential V(θ, s) as a
function of θ, at different times during the annealing. Values for h = 0.
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As a result, we expect the measurement of the HW0 state (θ = 0) at the

end of the annealing to be suppressed, at least in the closed-system limit.

We confirm this by performing dynamical simulations of the three-

qubits system. Firstly, we consider simulations of closed-system dynamics

and ensure that we are working in the adiabatic limit. Numerically calcu-

lating the adiabatic time t f ,ad from equation 2.13 leads to t f ,ad ' 1ns. In fact,

by looking at the populations of the four different three-qubit Hamming

weight states at the end of the annealing as a function of annealing time, as

shown in figure 4.10A, we can see that the system starts converging towards

a stationary solution for t f & 5ns.

As expected, in the adiabatic limit the population of the HW0 state (blue

line in figure 4.10A) is completely suppressed. The HW2 and HW3 states

are observed with the same 0.5 probability at the end of the annealing. In

particular, considering an annealing time of 100ns, we can see that over the

course of the annealing the probabilities pHW0 and pHW1 decrease, and pHW2

and pHW3 increase approximately monotonically (cf. figure 4.10B).

Then we consider the open-system dynamics case. For this purpose,

we use the adiabatic master equation formalism described in section 2.2.2,

assuming that each qubit has a longitudinal interaction giσ̂
z
i ⊗ B̂i with an

(A) (B)

FIGURE 4.10: A) Predicted Hamming weight states populations at the end of the
annealing, as a function of t f . B) Hamming weight states populations
over the course of the annealing, for t f = 100ns.
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FIGURE 4.11: Normalised spectral density of ohmic noise γ(ω)/g2 used in the
master equation open system dynamics simulations.

independent degree of freedom of the environment B̂i. We further assume

that the environment is thermalised at a temperature TE, that gi ≡ g, ∀i and

that all the bath operators have the same characteristic Ohmic spectrum

γ(ω) = 2πηg2 ωe−|ω|/ωc

1− e−βω
, (4.14)

where β = 1/(kBTE), η is a constant with the dimensions of time

squared and where we are using natural units (so that h̄ = 1 and

kB ' 130.92GHz/K)[47].

In all the open-system simulations we use the following set of envi-

ronment parameters, which describe a typical experimental setting: TE =

17mK, η = 10−20s2 and ωc = 2π × 4GHz[47]. The resulting noise spectrum

(normalised to g2) is shown in figure 4.11.

We therefore consider the effect of decoherence on the quantum anneal-

ing process by determining the populations of the different HW states at the

end of the annealing, for different values of the ratio T2/t f , where we de-

fine T2 as the single-qubit decoherence time in the singular coupling limit

T2 = 1/(2γ(0)) = β/(4πηg2), and use it to set the system-environment

interaction strength g in the simulations[47].

Figure 4.12A and B shows the results we obtain by assuming a singular

coupling and weak coupling limit respectively (as defined in section 2.2.2).



4.2. Test-of-coherence Hamiltonian 152

(A) (B)

FIGURE 4.12: Predicted populations of the four Hamming weight states, measured
at the end of the annealing, as a function of the ratio T2/t f , for t f =
100ns: A) SCL result. B) WCL result.

The annealing time was fixed to 100ns in all the simulations and the cou-

pling g was adjusted to vary T2. In an actual experiment, the single qubit

decoherence rate would instead be fixed and set by the properties of the

device and the experimental setup, and the ratio T2/t f would be varied

by changing t f . The net effect would be qualitatively similar, as long as

t f � t f ,ad.

In both the SCL and the WCL we can see that, for relatively large values

of T2, the presence of decoherence introduces an imbalance between the

populations of the HW2 and HW3 states (yellow and purple lines in the

figures), such that pHW2 > pHW3, and allows the system to be excited into

the state HW0 during the course of the annealing, increasing the probability

of measuring this state at the end of the experiment.

For smaller values of T2/t f (stronger coupling to the environment), the

dynamics in the two coupling limits start diverging. As expected, in the

singular-coupling limit the system converges towards a completely mixed

state in the computational basis (so that pHW1 = pHW2 = 3pHW0 = 3pHW3 =

3/8 as in the left part of figure 4.12A). In the weak-coupling limit, on the

other hand, for small ratios T2/t f the system converges towards the thermal

state of the final Hamiltonian (or rather to that of the Hamiltonian Ĥ(s∗),
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where s∗ ≤ 1 is the time at which the system freezes out), i.e. for a suffi-

ciently cold environment to pHW2 = 3pHW0 = 3pHW3 = 3/5 and pHW0 = 0

(cf. the left part of figure 4.12B).

The distribution of measurements of HW states at the end of the anneal-

ing in this system therefore represents a coherence signature, distinguishing

the case in which the dynamics is completely coherent, from the case where

this is dominated by the interaction with the environment.

The situation changes if we allow for control errors resulting in a mis-

specification of the problem Hamiltonian. These are unavoidable in experi-

mental quantum annealing and can result, for example, from imperfect cal-

ibration of the device. They typically amount to 3-5% of the Hamiltonian

coefficients[180]. Figure 4.13 shows the state populations resulting from

an average over 1000 (100 for open-system QA) different realisations of the

problem, where each Hamiltonian coefficient c was affected by an Gaussian-

distributed error with mean 0 and standard deviation σ = 0.03c. The left

panel represents the closed-system result and the right panel represents the

HW0
HW2
HW3

FIGURE 4.13: Calculated population of the five degenerate ground states of the
coherence-test Hamiltonian in the presence of implementation errors
for closed-system QA (left) and open-system QA in the SCL (right).
t f = 1µs in both simulations and T2 = 10µs for the open-system
simulation.
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SCL open-system result. For these simulations we set an annealing duration

of 1µs and a T2 time of 10µs, which are typical values for the type of qubits

and the experimental setup used in this project. The error bars represent the

standard deviation of 1000 bootstraps over the realisations.

As we can see from the two histograms, the presence of implementation

errors can mimic the effects of decoherence, but the distributions obtained

in the closed- and open-system cases remain distinguishable, at least in the

example considered.

Comparing the distributions of the states measured at the end of quan-

tum annealing with those obtained by other classical algorithms represents

another important way of checking that these results are not the conse-

quence of classical effects. Two important classical heuristics against which

QA is often compared are simulated annealing, which we already described

in detail in chapter 2, and spin-vector Monte Carlo (SVMC).

SVMC is a classical model where each qubit is replaced with a classi-

cal rotor moving in the xz plane, and the system is described by the energy

E({θi}) = Ĥ(σ̂z
i → cos θi, σ̂x

i → sin θi), where Ĥ is the full time-dependent

Hamiltonian and −π < θi ≤ π ∀θi (note how the spin-coherent semi-

classical potential V(θ) introduced above is a special case of E({θi}) where

θi ≡ θ, ∀i). The system starts in a random configuration {θi,0}; then, a new

angular position is randomly selected for every qubit and is accepted with

probability min{exp(−(E′(s) − E(s))/kBT), 1}, where E(s) and E′(s) are

the energies before and after the change and T is the characteristic tempera-

ture of the system (usually chosen to match the temperature of the quantum

annealer). The process is then repeated after updating the time s → s + δs,

until this reaches 1. The final configuration is obtained according to the rule:

the i-th spin is in the state |0〉, if |θi| < π/2, and in |1〉 otherwise[92].

The results obtained using the two classical algorithms, implemented

in Python, are compared to those from QA simulations in figure 4.14. As

we can see, SA evenly samples the 5 degenerate ground states, according to
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HW0
HW2
HW3

FIGURE 4.14: Calculated population of the five degenerate ground states of the
coherence-test Hamiltonian for different quantum and classical al-
gorithms (see main text for details).

their multiplicity (so that pHW0 = pHW3 ' 0.2, while pHW2 ' 0.6), similarly

to a completely-decohered WCL open quantum system dynamics. SVMC,

instead, shows a partial suppression of the HW0 state at low temperatures

(β = 1/kBT = 30, in units of (h · 1GHz)−1 = 1.501 · 1024 J−1, corresponding

to T = 1.5mK), but differs from the QA results in that pHW3 > pHW2. As

the temperature is increased, SVMC is able to cross the potential barrier and

find the state HW0 with higher probability. However, the states distribution

remains distinguishable from the one produced by QA.

4.2.2 Gadgetised Coherence-test Hamiltonian

We now consider the variation of the coherence-test Hamiltonian where the

3-local interaction term has been replaced by the equivalent permutation

symmetric gadget. Once again, we focus on the case h = 0 of the coherence-

test Hamiltonian, in which the longitudinal part reads

Ĥl =
3
8
(σ̂z

1 + σ̂z
2 + σ̂z

3)−
3
8
(σ̂z

1 σ̂z
2 + σ̂z

2 σ̂z
3 + σ̂z

1 σ̂z
3)−

9
8

σ̂z
1 σ̂z

2 σ̂z
3 . (4.15)

Since the one and two-local terms displace the state |111〉 by−9/4 GHz

and the states |001〉, |010〉 and |100〉 by +3/4 GHz, when replacing the 3-



4.2. Test-of-coherence Hamiltonian 156

local term with the permutation-symmetric gadget we need to ensure that

the garbage states are at least 9/4 + 3/4 = 3 GHz above the logical excited

states to make sure that in the complete Hamiltonian they remain penalised

at least as much as the first excited state of Ĥl. According to what we saw

previously, this means setting 3 GHz = 2(q0 − |J3|) = 2(q0 − 9/8 GHz), or

q0 = 21/8 = 2.625 GHz.

We can now complete the embedding by assuming Ja = q0 and us-

ing equations 4.3-4.6 to set the 1-local and 2-local longitudinal fields on the

three logical plus three ancillary qubit system. Additionally, we choose the

transverse field to be uniform on all logical and ancillary qubits and with

a value of 0.5 GHz at s = t/t f = 0. We can write the complete six-qubit

Hamiltonian as follows:

Ĥ(s) =
1− s

2

[
3

∑
i=1

σ̂x
i +

3

∑
i=1

σ̂x
ai

]
+ s ·

[
3
8

3

∑
i=1

σ̂z
i +

51
8

σ̂z
a1
− 9

8
σ̂z

a2
− 33

8
σ̂z

a3

+
21
8

3

∑
i,j=1

σ̂z
i σ̂z

aj
+

9
4
(σ̂z

1 σ̂z
2 + σ̂z

2 σ̂z
3 + σ̂z

1 σ̂z
3)

]

(4.16)

Figure 4.15 shows the spectrum of the gadgetised coherence-test Hamil-

tonian 4.16, as a function of normalised annealing time s. The lowest eight

FIGURE 4.15: Instantaneous energy spectrum, relative to the ground state, of the
gadgetised coherence-test Hamiltonian, as a function of normalised
annealing time s = t/t f . See main text for more details.
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energy eigenvalues (relative to the ground state energy) are shown in red,

while the higher levels (garbage states) are represented in green. The single

garbage state degenerate with the logical excited states at s = 1 is |111100〉.
The black dashed lines show the instantaneous spectrum of the original

coherence-test Hamiltonian, for comparison.

We then determine the adiabatic limit by considering the populations

of the Hamming weight states at the end of the annealing, as a function of

the annealing time t f , in the regime of closed-system dynamics. The result

is shown in figure 4.16A. Note that the different Hamming weight states

here were chosen in the subset of non-garbage states of the permutation-

symmetric gadget, i.e. of the computational states with zero total magneti-

sation (for instance, |HW0〉 ≡ |000111〉). As we can see from fig. 4.16A, the

population of the ground state manifold converges to 1 for annealing times

greater than about 70 ns. As we keep increasing t f , the population of the

states HW2 and HW3 continue to oscillate until they settle to pHW2 = 0.8

and pHW3 = 0.2 for t f ' 1 µs.

The gadget can therefore be operated adiabatically by choosing an an-

(A) (B)

FIGURE 4.16: A) Hamming weight state populations at the end of closed-system
annealing with the gadgetised Hamiltonian, as a function of nor-
malised annealing time. Total ground state population (states HW0,
HW2 and HW3) also shown with a black dashed line. B) Ham-
ming weight state populations at the end of open-system annealing
with the gadgetised Hamiltonian, as a function of the ratio T2/t f , for
t f = 1 µs.
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nealing time of t f & 1 µs. Unlike with the original coherence-test Hamil-

tonian, the populations of HW2 and HW3 are not the same even in the

closed-system dynamics limit. The state HW0, instead, remains entirely

suppressed.

Let us now consider the effect of decoherence on the adiabatic evolu-

tion. In order to do this, we once again consider an environment longitu-

dinally coupled to each qubit individually, through a set of environment

operators with identical ohmic spectra. Due to the computational intensity

of these simulations, we only considered dynamics in the singular coupling

limit. Figure 4.16B shows the result of these simulations, namely the popu-

lation of each Hamming weight state at the end of the annealing, as a func-

tion of the ratio T2/t f , with t f fixed at 1 µs. In this case we show the prob-

ability of measuring a given Hamming weight state on the logical qubits,

regardless of the state of the ancillary qubits. As we can see, the effect of

decoherence in the SCL is to decrease the population of the states HW2 and

HW3 almost monotonically and to increase the probability of measuring

HW0
HW2
HW3

FIGURE 4.17: Calculated population of the five degenerate ground states of the
gadgetised coherence-test Hamiltonian for different quantum and
classical algorithms. From left to right: closed-system QA, open sys-
tem QA (with t f = 1 µs and T2 = 10 µs), SA, SVMC with inverse
temperatures β = 30 GHz−1, β = 5 GHz−1 and β = 1 GHz−1.
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HW0 and HW1, with the system ending in a completely mixed state in the

computational basis for T2 . 40 ns.

Once again, this change in the measurements distribution at the end of

the annealing as a function of the ratio T2/t f can be used a coherence wit-

ness. We can again verify that the outcomes of coherent quantum annealing

cannot be mimicked by a classical process by comparing the state distribu-

tions with those obtained by SA and SVMC, as shown in figure 4.17.

Note that, in order to reliably prove an experimental signature of co-

herence, suitable error bars should be determined for the state probabil-

ity distributions obtained experimentally and by the different classical and

quantum numerical models, under realistic assumptions for the noise en-

vironment and implementation errors (cf. figure 4.13). One would then

require the experiment to be only in agreement with the ME model, within

the error bars. A potential way of making the different results more distin-

guishable would be to consider how the various probability distributions

vary as a function of some control parameter, for instance the parameter h

in our Hamiltonian.

4.3 Physical implementation

The results in the previous sections show that the permutation-symmetric

coupling gadget developed in [13] causes a bias in the sampling of the

ground state of the emulated multi-local Hamiltonian. Although this ef-

fect might limit its application in general quantum annealing problems, es-

pecially when fair sampling is desired, the gadget can still be put to good

use in specific applications, such as the test of coherent effects in quantum

annealing.

Therefore, in this and the next section we consider the physical imple-

mentation of a minimal realisation of the 3-local variant of the gadget with

capacitively-shunted flux qubits.

As we showed in section 2.3.5, the ZZ interactions that are necessary
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to build the coupling gadget are routinely implemented with flux qubits

using magnetic coupling and compound-Josephson-junction rf-SQUID as

tuneable inductors. Additionally, since all the interactions appearing in the

gadget Hamiltonian have the same strength, only two cjj rf-SQUIDs are nec-

essary, one to couple all logical and ancillary qubits, and one to cancel the

unwanted interactions between ancillary qubits (see equation 4.7 and figure

4.1)[13].

In fact, if we couple 2n identical qubits to the same cjj rf-SQUID

with first-order magnetic susceptibility χ(1)(φext
c,x , φext

c,z ) using identical mu-

tual inductance values M, we establish a ZZ interaction of strength J =

χ(1)(φext
c,x , φext

c,z )M2 I2
p, where Ip is the qubit average persistent current, be-

tween all pairs of qubits[120]. Then, we can couple the n ancillary qubits

to a second cjj rf-SQUID and tune it in a way such to establish an interaction

of opposite strength −J between them.

We have already noted that the interactions appearing in the gadget

definition are all positive in sign (see eq. 4.2) and that the maximum anti-

ferromagnetic interaction mediated by an rf-SQUID is typically smaller than

the maximum ferromagnetic interaction generated by the same circuit. Ad-

ditionally, the susceptibility of the coupler χ(1) scales as 1/Lc, with Lc its

geometric inductance, which therefore sets a trade-off between the physical

size of the coupler (and therefore the number of qubits that it can couple to)

and the strength of the emulated n-local interaction[115].

Following these ideas, we can implement the three-local permutation-

symmetric gadget using a circuit like the one represented schematically in

figure 4.18. The qubits are 3-Josephson-junction capacitively shunted flux

qubits. All six are inductively coupled to the cjj rf-SQUID coupler c1 and

the three ancillary qubits (in red in the figure) are also inductively coupled

to the tuneable coupler c2. The choice of 3-junction qubits makes the design

of the circuit and the on-chip biasing simpler, but only allows us to imple-

ment a fixed transverse field value. For instance, we can choose to make the
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FIGURE 4.18: Lumped-element diagram of a circuit implementing the three-local
permutation-symmetric coupling gadget using capacitively-shunted
flux qubits and tuneable inductive couplers. The logical qubits are
highlighted in green, the ancillary qubits in red and the couplers
in blue. Mutual inductive coupling is assumed between all pairs of
neighbouring inductors belonging to different sub-circuits.

transverse field negligible, so that the system can implement a pure longi-

tudinal 3-local Hamiltonian. This is a good starting point for an initial test

of the coupler operation. The introduction of a tuneable transverse field is

then in principle just a matter of replacing the small junction in each qubit

with a dc-SQUID.

We therefore start the circuit design by choosing a set of typical qu-

bit parameters giving a negligible transverse field and an average persis-

tent current of Ip = 190 nA. The chosen values are given in table 4.1. Note

that, although we specify a large shunting capacitance across the qubit small

junction, we choose the ratio between the small and large junction critical

currents to be α = 0.7, which is in the regime used for standard flux qubits,

rather than capacitively-shunted flux qubits (for which α < 0.5). This is to

allow for larger values of persistent current. The qubits’ loop inductance

values allow a sufficiently strong inductive coupling to the rf-SQUID cou-

plers and the persistent-current-measurement resonators. Note that the dif-
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Circuit Parameter Value

Logical qubits

Ic 300 nA
α 0.7

Csh 45 fF
L 590 pH

Ancillary qubits

Ic 300 nA
α 0.7

Csh 45 fF
L 550 pH

Coupler c1

Ic 230 nA
Csh 1 fF
Lx 5 pH
Lz 1.4 nH

Coupler c2

Ic 600 nA
Csh 1 fF
Lx 5 pH
Lz 540 pH

All qubits↔ coupler c1 M1 230 pH
Ancillary qubits↔ coupler c2 M2 55 pH

TABLE 4.1: Design physical parameters for the permutation-symmetric coupler.
Symbol meanings: Ic = critical current of the large junctions of the
3JJ qubits or of the coupler dc-SQUID (total), α = critical current ra-
tio between the small and large junctions, Csh = shunting capacitance
across the qubit small junction/coupler dc-SQUID, L = qubit loop in-
ductance, Lx(z) = coupler x (z) loop inductance, M1(2) = mutual in-
ductance between each (ancillary) qubit and coupler c1 (c2).

ference in geometric inductance between logical and ancillary qubits only

results in a ∼ 1% correction in the persistent current and in the inductive

coupling strengths.

We then choose the couplers parameters, also shown in table 4.1. Note

that the full set of parameters is the results of an iterative process involv-

ing quantum lumped-element circuit simulations followed by computer-

assisted design of the physical circuit and finite-element simulations of its

electro-magnetic response. By numerically evaluating the spectrum of the

lumped-element circuit Hamiltonian as described in chapter 3, we deter-

mine a maximum anti-ferromagnetic interaction between all pairs of qubits

(mediated by coupler c1) of max
fc1,x, fc1,z

[J2,c1( fc1,x, fc1,z)] = J2,c1(0, 0) ' 710 MHz.

We can simply get to this result by dividing the circuit in its components and
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only simulating the necessary ones, in this case two qubits and the coupler

c1.

At this point we can choose any configuration of the permutation-

symmetric gadget and verify that the spectrum of the circuit agrees with

our expectations. Additionally, we can look for the presence of spurious

one-local and two-local terms and determine their sensitivity to the flux bi-

ases.

For instance, we can implement a three-local interaction of strength

J3 = −355 MHz and a separation of the first garbage state from the logical

first excited states of 2|J3| = 710 MHz by setting (with the meaning of the

symbols from equation 4.7) J = Ja = 710 MHz, h = 0 and (h1,a, h2,a, h3,a) =

(1.775 GHz,−0.355 GHz,−1.065 GHz). Using the qubit persistent current

values of Ip = 190 nA' 593 GHz/Φ0, we can convert these parameters into

the normalised flux bias values fq1,z = fq2,z = fq3,z = 0.5 and fqa1,z = 0.5030,

fqa2,z = 0.4994, fqa3,z = 0.4982.

We then find the bias position of coupler c2 by requiring the cancellation

FIGURE 4.19: Lowest eight energy eigenvalues (relative to the ground state) of the
system consisting of the three ancillary qubits and the two couplers,
as a function of the flux fc2,x, used to determine the cancellation of
the two-local interactions between ancillary qubits (at fc2,x ' 0.815).
Note that the separation between the six degenerate ground states
and the two degenerate first excited states in a complete two-local
triangle is 4J2 and that the two-local interaction generated by c2, J2,c2 ,
is 0 at fc2,x = 0.5.
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of the two-local interaction between the ancillary qubits generated by cou-

pler c1. Simulating the three ancillary qubits, biased at the symmetry point

fz = 0.5, and the two couplers and looking at the change in the spectrum as

a function of the the x flux on coupler c2 (while fc1,x = fc1,z = fc2,z = 0), we

find the condition fc2,z = 0.815 (see figure 4.19).

Putting together all the circuit elements and the flux bias values, we

can finally calculate the circuit spectrum. The size of the full circuit is close

to the limit of what can be simulated on a laptop computer, but we man-

aged to obtain some reasonable results by implementing subsystem parti-

tioning (introduced in section 3.1.4), as illustrated in figure 4.20A. The re-

sulting Hamiltonian is a 2916 × 2916 matrix. Note that the next sensible

choice of truncations would be to include four states from each qubit, or 16
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J1J2

7
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10

77

(A) (B)

FIGURE 4.20: A) Diagram illustrating how subsystem partitioning was used to de-
termine the circuit spectrum in figure B. The white boxes represent
the various modes of each qubit and coupler circuit (labelled Oi for
an harmonic oscillator mode and Ji for a Josephson mode, as defined
in section 3.1.3), the red boxes represent the individual circuits them-
selves and the green boxes show the chosen subsystems S1, . . . , S4.
The truncation values are indicated at the top right of each box.
B) Spectrum of the permutation-symmetric gadget circuit (with the
physical parameters given in the main text), as a function of the uni-
form bias flux applied to the logical qubits (solid lines), compared to
the spectrum of the equivalent qubit Hamiltonian (dotted lines). The
light-blue shaded region represents the region containing the gadget
garbage states (at fz = 0).
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states from the subsystems S1, S2 and S3 in figure 4.20A, this would lead to

a matrix of 16384× 16384 complex numbers, occupying∼50 Gb of memory,

beyond the RAM limit of a typical laptop computer.

As an example, let us consider how the spectrum of the system changes

as a function of a uniform bias flux on the logical qubits. The result is shown

in figure 4.20B (solid lines). By comparing with the spectrum of the equiv-

alent six-qubit two-local Hamiltonian (dotted lines in figure 4.20B), we find

that the eight logical states are reproduced correctly by the circuit spectrum

determined numerically. Higher states do not match as well, likely because

of errors resulting from the truncation of the Hilbert space.

4.3.1 Robustness against implementation errors

An important figure of merit for a coupler design is its robustness against

implementation errors[181, 182]. These can occur in the form of deviations

from the designed physical parameters of the circuits, or as errors in the bias

flux setting due to imperfect calibration or flux noise, and they can affect the

many-body coupling strength, but also introduce unwanted coupling terms

of lower order[181].

We can easily determine the flux sensitivity of the effective Hamilto-

nian parameters associated with the gadget configuration considered above

by making use of the fact that in our case this is, by construction, diagonal

in the z basis (i.e. the transverse fields are 0 and the couplings are all ZZ).

In fact the 8 coefficients of the general three-qubit three-local Ising Hamilto-

nian, i.e.

Ĥ =E0Î + h1σ̂z
1 + h2σ̂z

2 + h3σ̂z
3 + J12σ̂z

1 σ̂z
2+

+ J13σ̂z
1 σ̂z

3 + J23σ̂z
2 σ̂z

3 + K123σ̂z
1 σ̂z

2 σ̂z
3 ,

(4.17)

are simply related to the energies of the 8 logical states |000〉, |001〉, . . . , |111〉
by the following linear transformation:

(E111, E110, . . . , E000)
T = M · (E0, h1, h2, h3, J12, J23, J13, K123)

T (4.18)
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where

M =




1 −1 −1 −1 1 1 1 −1

1 −1 −1 1 1 −1 −1 1

1 −1 1 −1 −1 −1 1 1

1 −1 1 1 −1 1 −1 −1

1 1 −1 −1 −1 1 −1 1

1 1 −1 1 −1 −1 1 −1

1 1 1 −1 1 −1 −1 −1

1 1 1 1 1 1 1 1




. (4.19)

Therefore, to obtain the Hamiltonian parameters, we only need to iden-

tify the logical qubit configuration associated with the 8 lowest eigenstates

of the Hamiltonian, in order to arrange them in the right order and multiply

the energies vector by M−1. The logical qubit configuration can be deter-

mined by calculating the expectation value of the persistent current opera-

tor Îpi associated with each qubit over the Hamiltonian eigenstate |En〉 and

by assigning the state |0〉 when 〈En| Îpi|En〉 > 0 and |1〉 otherwise.

The results for the flux sensitivities of the coefficients are summarised

in the table in figure 4.21. Each colourful column in the table contains the

expected variation of each coefficient (in GHz/mΦ0) as a function of the

change in the flux in the superconducting loop with the same colour in the

circuit on the left of fig. 4.21. As expected, since the gadget relies on the lo-

cal fields on the ancillary qubits to carefully align the logical computational

0.15
0.15
0.15

< 10−3

10−35⋅

Parameter

J12

J13

J23

K123

ℎ1 < 10 < 10−3

ℎ2 5⋅⋅ 10−3 < 10−3 < 10−3

ℎ3 < 10−3 < 10−3

< 10−3 < 10−3 < 10−3     4 ⋅ 10−3

< 10−3 < 10−3 < 10−3     4 ⋅ 10−3

< 10−3 < 10−3 < 10−3     4 ⋅ 10−3

< 10−3 < 10−3

Variation (GHz/mФ0 )
−30.15

0.15
0.15
0.15
0.15
0.15
0.15 < 10−3

10−35⋅

FIGURE 4.21: Sensitivity of each one, two and three-local Hamiltonian coefficient
to the flux applied to the different loops in the gadget circuit. The
colours of each column in the table match the colour of the related
loop in the circuit diagram on the left.
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states, the flux bias on the ancillary qubits has a big effect on the Hamilto-

nian parameters. A similarly large effect is caused by the flux through the z

loop of the coupler c2. This is because when the coupler is biased away from

fc2,z = 0, a non-zero persistent current is established in its z-loop, which uni-

formly shifts the ancillary qubits’ bias points. Since the shift is uniform, this

only ends up affecting the effective local field on the logical qubits and not

the two-local coupling terms.

Variations of the other bias fluxes have a lesser effect. In particular, we

omitted values below 1MHz/mΦ0 due to the limited precision of the re-

sults, given the Hilbert space truncation. Note that the characteristic 1/ f

noise affecting flux qubits, integrated over a typical measurement band-

width between 1 MHz and 10GHz, is typically of the order of 0.5 mΦ0,

which means that our particular coupler configuration would suffer uncer-

tainties over the Hamiltonian parameters of the order of 50MHz, or 14% of

the three-local coupling strength in this case[181].

In order to consider the effect of physical parameter variation, we can

exploit the fact that they mainly affect the two-local terms (the local terms

can always be adjusted by changing the applied flux) and that the strength

of these terms follows the proportionality Jij ∝ MicMjc Ipi Ipj, where Mic is

the mutual inductance between qubit i and the coupler and where Ipi is

the qubit persistent current. Then, we can simply work with the effective

Hamiltonian and use the Monte Carlo method to determine the Hamilto-

nian coefficient variations. Using a typical value of 3% standard deviation in

the physical parameters around the design value and averaging over 104 re-

alisations with normally distributed coefficients M and Ip, we find the stan-

dard deviations in the Hamiltonian two- and three-local coefficients given

in table 4.2, all of which are of the order of 70 MHz.

The spreads in the three-body coupling strength and in the un-

wanted lower-order Hamiltonian coefficients of our implementation of the

permutation-symmetric coupler are not unlike the ones of other many-body
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Parameter
J12 J23 J13 K123

Variation (MHz) 74 74 74 67

TABLE 4.2: Standard deviations in the Hamiltonian parameters resulting from 3%
uncertainties in the mutual inductance and persistent current.

coupling proposals in the recent literature (see [181] and [182], for instance).

We have noted that of particular importance is the sensitivity of all the

Hamiltonian parameters to the bias flux of the ancillary qubits, which could

be mitigated by reducing their critical currents, for instance by reducing the

junction size ratio α. This would in turn reduce the two-local interaction

strengths, which could be compensated by increasing the junction sizes in

the cjj rf-SQUID couplers.

Note finally that the need for a more general method of determining

the effective Hamiltonian coefficients from quantum circuit analysis simu-

lations motivated the work presented in the next chapter.

4.4 Circuit layout
We conclude this chapter by briefly presenting a computer assisted design

of the permutation-symmetric gadget with 3JJ capacitively-shunted flux

qubits described in the previous section. I prepared this design for a po-

tential fabrication at MIT Lincoln Lab, which eventually did not take place

and can be considered as a proposal for future experimental investigation

of this 3-local coupling gadget.

The layout includes the six capacitively-shunted flux qubits and two cjj

rf-SQUID couplers, with galvanic or mutual inductive connections between

the different elements, on-chip bias lines and resonators for dispersive and

persistent current measurements. It uses coplanar-waveguide (CPW) tech-

nology, where the circuits are defined by narrow conductive paths of width

s surrounded by a conductive ground plane, at a fixed distance w from

the line, and standing on a dielectric substrate. The geometry of the line

and the dielectric constant of the substrate determine the line characteristic
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impedance, which is matched to the 50Ω of the dilution fridge coaxial lines

to minimise unwanted signal reflections[145].

The design follows the guidelines of Lincoln Laboratory’s fabrication,

where thicker traces (s = 3− 10 µm, w = 2− 6 µm), used for flux bias lines,

resonators and feedlines, are obtained by UV photo-lithography and wet

chemical etching, while narrower features (s = 100− 2000 nm) are defined

using electron-beam lithography and double-angle shadow-mask evapora-

tion, which also allows the realisation of the Josephson junctions. The spec-

ified CPW linewidths and gaps are calibrated for the use of a 250-nm-thick

aluminium superconducting layer over a 350-µm-thick silicon substrate.

Figure 4.22 shows two views of the same central part of the layout. The

left one (fig. 4.22A) highlights with colourful overlays the different elements

of the 3-local coupling gadget: in green the logical qubits, in red the ancillae

and in blue the two compound-Josephson-junction rf-SQUID couplers. The

bottom coupler is galvanically coupled to all the qubits, with spiral induc-

tor structures used to maximise the inductance values. The top coupler is

inductively coupled to the ancillary qubits using overlapping square loops,

also used to couple the qubits to the tuneable resonators. Air-bridges are

used for these non-planar structures.

100µm

(A)
100µm

(B)

FIGURE 4.22: a) and b) Central section of the chip layout with colour-coded ele-
ments (see main text).
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The second view, on the right (fig. 4.22B), highlights in grey the alu-

minium ground plane and the air-bridges, in green the qubit capacitive

shunting pads (giving ∼ 45 fF of capacitance), in light blue the qubits, cou-

plers and readout rf-SQUID lines, in dark blue the flux bias lines and in red

the CPW λ/4 resonators.

Every qubit is attached to both a flux-tuneable resonator for persistent

current measurements and to a capacitively coupled resonator (not shown

in the figures) for dispersive measurements aiding bias-flux calibration. The

coupler circuits are also attached to (inductively-coupled) dispersive read-

out resonators for bias flux tuning.

The values of all the capacitances and the self and mutual inductances

were checked using finite element simulations programs like CST - Com-

puter Simulation Technology, and the design was adjusted until these matched

the values used in the quantum circuit analysis simulations.

In conclusion, in this chapter we have carefully investigated the proper-

ties of a classical gadget for many-body interactions between superconduct-

ing qubits first described in [13]. We have considered some disadvantages

of this approach that to our knowledge had not been discussed before in the

literature. For instance, we have shown that the state distribution at the end

of the annealing generated by the gadget does not match the one produced

by the simulated many-body Hamiltonian.

Although this bias might be detrimental for general QA applications,

especially when fair sampling is required, we have then shown that the

coupling gadget can still find useful applications in the study of quantum

annealing. In particular, we have shown an example of coherence-signature

Hamiltonian based on this coupler. Comparing the simulated dynamics of

this Hamiltonian to the one predicted by classical algorithms, we have ver-

ified the possibility of using the distribution of final state measurement as a

coherence witness.
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Finally, we have explicitly demonstrated the possibility of an imple-

mentation of the gadget with superconducting qubits by performing quan-

tum circuit simulations to find the expected system spectrum and used these

simulations to determine the sensitivity of the Hamiltonian terms to imple-

mentation imperfections, finding results in line with the ones reported by

other many-body coupling proposals in the recent literature.

Further avenues of investigation for this project include a more system-

atic analysis of the effect the use of classical gadgets on the final state distri-

butions of many-body Hamiltonians and the development of suitable mit-

igation strategies, the study of the possibility of using the gadget to imple-

ment many-body non-stoquastic terms such as XXX and the analysis of the

interplay between these embedded terms and other longitudinal and trans-

verse terms in the Hamiltonian, as well as the fabrication and experimental

test of the coupler circuit detailed in the final section and its further devel-

opment for the implementation of quantum annealing (replacing 3-junction

qubits with 4-junction qubits) with a 3-local longitudinal Hamiltonian and

eventually with the coherence test Hamiltonian described in section 4.2.2

for the measurement of an experimental signature of coherence in QA.



Chapter 5

Hamiltonian reduction

Quantum annealing solves classical binary optimisation problems by per-

forming Hamiltonian evolution on an ensemble of interacting two-level

quantum systems. However, as we noticed in the introduction chapter, su-

perconducting qubits used to build real quantum annealers are continuous-

variable systems characterised by an infinity of stationary states. Despite

this, they can be operated in a regime where their dynamics effectively takes

place in a two-dimensional low-energy subspace of the Hilbert space, the

computational subspace.

In order to understand the behaviour of a system of interacting SC

qubits in a quantum annealer, it is therefore necessary to have a method to

determine the effective Hamiltonian describing their low-energy dynamics,

given the physical parameters of the circuit, and the applied control fluxes

or voltages.

For individual qubits, this reduction from the circuit Hamiltonian to the

effective two-dimensional qubit Hamiltonian is conventionally achieved by

performing a perturbative expansion of the circuit Hamiltonian around a

fixed bias point[61]. This method, however, is not particularly suitable for

superconducting qubits with improved coherence characteristics like the

capacitively-shunted flux qubit and the transmon, as we will see below[67,

183].

In the case of multiple interacting qubits, on the other hand, the many-
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qubit effective Hamiltonian has been obtained in the literature using more

or less specialised approximate methods, including the Born-Oppenheimer

approximation (see [181] and [118]), analytical solutions of the perturbative

series of the Schrieffer-Wolff transformation (as in [120]) and ad-hoc con-

structions such as the one used in [184].

In this chapter, we present a general Hamiltonian reduction method for

superconducting qubit circuits which is entirely numerical and overcomes

some of the drawbacks of state-of-the-art reduction approaches. In essence,

this is allowed by a local definition of the computational basis, i.e. one that is

dependent on the flux or voltage bias condition, and by the use of a formal

numerical expression of the Schrieffer-Wolff transformation.

This reduction method offers a direct and compact way of evaluating

a number of complex and often interrelated effects that determine the low-

energy behaviour of SC qubits. These include the interdependence of the

longitudinal and transverse fields of a single qubit, the dependence of the

longitudinal two-local interaction strength on the local transverse fields and

the reverse effect of a two-local coupler on the qubit longitudinal fields

(dynamical inductive loading), the emergence of non-stoquastic and many-

body interactions terms and the effect of asymmetries in the circuit on the

effective Hamiltonian coefficients and relative bias conditions[46, 185].

Pinning down these effects is crucial to reducing encoding errors in

quantum annealing and to inform the development of novel functionalities

such as non-stoquastic drivers and many-body interactions[120, 181, 185].

In this chapter, we start by considering the Hamiltonian reduction prob-

lem in the single qubit case, and then move to the interacting qubits case.

We present a comparison of the results obtained with a number of circuits of

interest using the reduction method developed here and pre-existing meth-

ods, verifying the consistency of the results in the regime of validity of both

methods. The material presented in this chapter is part of my work pub-

lished in [14].
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5.1 Single-qubit Hamiltonian reduction
Let us start by introducing a formal definition of the Hamiltonian reduction

process. In the case of one isolated superconducting qubit, this amounts to

finding an effective single-spin Hamiltonian, that is:

Definition 5.1.1 (Effective Single-Qubit Hamiltonian). A Hermitian operator

Ĥq acting on a Hilbert space with dimension 2, whose spectrum matches the two

lowest energy eigenstates E0 and E1 of the SC qubit circuit Hamiltonian Ĥe.m..

If we consider the general spectral decomposition of the qubit circuit

Hamiltonian,

Ĥe.m. = E0|E0〉〈E0|+ E1|E1〉〈E1|+
+∞

∑
i=2

Ei|Ei〉〈Ei|, (5.1)

it is easy to see that the restriction of Ĥe.m. to the qubit subspace Hq =

Span{|E0〉, |E1〉}, i.e.

Ĥq = P̂0Ĥe.m.P̂0 = E0|E0〉〈E0|+ E1|E1〉〈E1|, (5.2)

where P̂0 = |E0〉〈E0| + |E1〉〈E1| is the projector on Hq, is a valid effective

Hamiltonian. Additionally, we can see that the definition specifies Ĥq only

up to an arbitrary unitary transformation (since, for any unitary Û, Ĥq and

Û†ĤqÛ share the same spectrum). Fixing the choice of this unitary opera-

tion is equivalent to fixing a computational basis {|0〉, |1〉} ⊂ Hq such that

Ĥq = Ĥ(c)
q := ∑1

i,j=0〈i|Ĥe.m.|j〉|i〉〈j|[88].

In practice, the computational basis is defined by the measurement pro-

tocol used to identify the qubit state, i.e., formally, the computational states

are eigenstates of the observable used to perform this measurement. This

operational definition distinguishes between three main categories of SC qu-

bit design:

1. Flux qubits, including rf-SQUID qubits[186], three and four-Josephson-

junction persistent current qubits[106, 187] and C-shunt flux qubits[67]),
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whose computational states are identified with two states with oppo-

site and well-defined values of persistent current in their supercon-

ducting loop1.

2. Charge qubits, such as the single Cooper-pair box[188]. Their compu-

tational states |0〉 and |1〉 are states with a different number of Cooper

pairs on a superconducting electrode[101].

3. Transmon qubits, which are typically measured with circuit QED meth-

ods and whose computational states are therefore the two fundamen-

tal eigenstates |E0〉 and |E1〉 of their circuit Hamiltonian.

5.1.1 Perturbative reduction

The usual method of identifying the computational states of a flux or a

charge qubit given its circuit Hamiltonian, which has been used extensively

in the literature (cf. for example [61, 67, 114, 188]), relies on a perturba-

tive expansion of the circuit Hamiltonian to first order in one of the flux or

voltage control parameters.

We have already encountered an example of this perturbative reduction

in section 2.3.3, where we derived the effective qubit Hamiltonian describ-

ing the rf-SQUID qubit. Let us briefly summarise the steps of this general

process.

Firstly, the circuit Hamiltonian is expanded to first order in its principal

flux or voltage control parameter, let us call it x. Given x0, the point of

expansion, which is chosen as a stationary point of the energy levels E0

and E1, i.e. such that ∂E0(x)/∂x|x=x0 = ∂E1(x)/∂x|x=x0 = 0, and given

1Note that requiring the two persistent current values to be simply distinct (which ex-
perimentally would mean different by a measurable amount) would in principle lead to an
equally valid definition of the computational basis. Here we merely choose our definition
to be consistent with the more established way of operating flux qubits.
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δx = x− x0, we will have

Ĥe.m.(x) 'Ĥe.m.(x0) + δx · ∂Ĥe.m.

∂x
(x = x0)

=Ĥe.m.(x0)− δxÔ,
(5.3)

where Ô is, for both flux and charge qubits, the state measurement operator,

as defined above. (For instance, for the rf-SQUID Ô = Î = −∂Ĥe.m./∂Φext,

cf. equation 2.88).

Secondly, we apply time-independent perturbation theory, which, as-

suming that the change in the control parameter is sufficiently small, |δx| �
1, and that the unperturbed Hamiltonian Ĥe.m.(x0) is sufficiently anhar-

monic (i.e. that E(0)
2 − E(0)

1 � E(0)
1 − E(0)

0 , where E(0)
n = En(x0) and with

En(x) the n-th eigenvalue of Ĥe.m.(x)), shows that the qubit subspace is

approximately independent of the perturbation, i.e. Span{|E0〉, |E1〉} ∼=
Span{|E(0)

0 〉, |E
(0)
1 〉}. This, together with the fact that the expectation value

of the measurement operator over the states |E(0)
0 〉 and |E(0)

1 〉 is zero (since

〈E(0)
i |Ô|E

(0)
i 〉 = −〈E

(0)
i |∂Ĥe.m./∂x|E(0)

i 〉 = ∂Ei(x)/∂x|x=x0 = 0, for i = 0, 1),

allows to find a fixed computational basis, diagonalising the term in the

Hamiltonian associated with the measurement operator, namely:

Definition 5.1.2 (Computational basis states (perturbative)).

|0〉pert =
|E(0)

0 〉+ |E
(0)
1 〉√

2
, |1〉pert =

|E(0)
0 〉 − |E

(0)
1 〉√

2
. (5.4)

The effective Hamiltonian is then found simply by projecting the series-

expanded circuit Hamiltonian on this computational basis:

H(c)
q,pert(x) =


〈0|pert · Ĥe.m.|0〉pert 〈0|pert · Ĥe.m.|1〉pert

〈1|pert · Ĥe.m.|0〉pert 〈1|pert · Ĥe.m.|1〉pert




=
E(0)

1 + E(0)
0

2
σσσI − E(0)

0 − E(0)
1

2
σσσx + δxOpσσσz

:=
E(0)

1 + E(0)
0

2
σσσI − ∆pert

2
σσσx − εpert( fext)

2
σσσz,

(5.5)
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where Op = |〈E(0)
0 |Ô|E

(0)
1 〉| = |〈0|pert · Ô|0〉pert| = |〈1|pert · Ô|1〉pert|.

When dealing with circuits with additional external bias parameters

~x′, such as the dc-SQUID bias flux fx in a cjj rf-SQUID, the perturbative

reduction can be adapted by defining the computational states locally, as

a function of these extra parameters, i.e. |0〉pert = |0〉pert(~x′) and |1〉pert =

|1〉pert(~x′).

The clear limitation of the perturbative reduction method is its reliance

on the validity of a perturbative expansion of the Hamiltonian over its main

control bias parameter and on the presence of a large anharmonicity in

the Hamiltonian spectrum. Both these assumptions can easily break down

in practice, particularly in circuits of interest for their enhanced coherence

properties, such as the capacitively-shunted flux qubit[61, 67, 183]. As we

will see in the examples below, the result of this is an effective Hamilto-

nian which does not preserve the energy spectrum of the circuit and which

therefore does not represent a valid low-energy model of the system[14].

5.1.2 Local-basis reduction

In order to overcome the difficulties of the perturbative reduction approach,

it is natural to look for a definition of the computational basis that is local in

all the control parameters. Note that this is the routine approach for qubits

of the transmon type, for which the computational basis is simply identi-

fied with the local energy eigenbasis {|E0〉, |E1〉}[183]. In this section, we

propose a method of adapting this strategy to flux- and charge-qubits[14].

In order to ensure that the reduction process preserves the low-energy

spectrum of the circuit Hamiltonian, we look for two computational states

that are linearly-independent elements of the local qubit subspace. This im-

plies that |0〉 and |1〉 take the following general forms (note that, to simplify

the notation, we omit from now on the explicit dependence of the results on
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the control parameters)

|0〉 = u00|E0〉+ u01|E1〉,

|1〉 = u10|E0〉+ u11|E1〉,
(5.6)

where the coefficients uij’s are the elements of a unitary matrix,

U =


u00 u10

u01 u11


. (5.7)

Owing to the orthonormality of its columns, we can always rewrite U,

up to an irrelevant global phase multiplication factor, as:

U =


 eiϕ1 cos θ eiϕ2 sin θ

−e−iϕ2 sin θ e−iϕ1 cos θ


, (5.8)

where

θ = acos|u00| = acos|u11|, (5.9)

ϕ1 =
1
2

acos
(

u00u∗11 + u∗00u11

2 cos2 θ

)
, (5.10)

ϕ2 =
1
2

[
π − acos

(
u01u∗10 + u∗01u10

2 sin2 θ

)]
. (5.11)

so that θ ∈ [0, π] and ϕ1, ϕ2 ∈ [0, π/2].

At this point, we consider once again the operational definition of the

computational states. This specifies that these should be eigenstates of the

measurement observable Ô. This condition and the previous in eq. 5.6 to-

gether uniquely identify the computational states as the two eigenstates of

Ô restricted to the local computational subspace, or

Ôp =P̂0ÔP̂0 = 〈E0|Ô|E0〉|E0〉〈E0|+ 〈E0|Ô|E1〉|E0〉〈E1|+

+ 〈E1|Ô|E0〉|E1〉〈E0|+ 〈E1|Ô|E1〉|E1〉〈E1|.
(5.12)
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In general, Ôp admits two eigenvectors with non-zero eigenvalue as long as

Ô|E0〉 and Ô|E1〉 are linearly independent2. If this is the case, we can adopt

the following definition of the computational basis[14]:

Definition 5.1.3 (Computational basis states (local)). |0〉 and |1〉 such that

Ôp|0〉 = u0|0〉,

Ôp|1〉 = u1|1〉,
(5.13)

with u0 6= u1 and |u0|, |u1| > 0.

Note that, by construction, the states defined by eq. 5.13 coincide with

the ones found by the perturbative reduction at the point of the perturbative

expansion x0.

In order to solve the eigenvalue problem for Ôp, we can simply look at

its 2× 2 matrix representation, namely

Op =


〈E0|Ô|E0〉 〈E0|Ô|E1〉
〈E1|Ô|E0〉 〈E1|Ô|E1〉


. (5.14)

One then easily finds its two eigenvalues, given by

u0,1 =
t±
√

t2 − 4d
2

, (5.15)

where t = Tr(Op) and d = det(Op), and from here its eigenvectors ~u0 =

(u00, u01) and ~u1 = (u10, u11), satisfying Op~u0 = u0~u0 and Op~u1 = u1~u1.

These eigenvectors are, by definition, the columns of U above and deter-

mine the local computational states according to eq. 5.6.

In accordance with the operational definitions introduced above, the

two eigenvalues of Op should satisfy the following conditions:

• for a flux-qubit type circuit, we should have u1 < 0 < u0 (i.e. persis-

tent current states with opposite current), which implies det(Ip) < 0,

2As we can see by looking at the columns of Op in eq. 5.12.
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or, more explicitly3

〈E0| Î|E0〉〈E1| Î|E1〉 < |〈E0| Î|E1〉|2. (5.16)

• for a qubit of the charge type, where Ô is some charge number opera-

tor n̂, we instead need to have u1 ' u0 ± 1 ' m± 1, with m ∈ Z (i.e.

states with two consecutive integer numbers of Cooper pairs). The '
sign here is to signify that, in practice, this equality will hold up to

some suitably small numerical error.

If one of these conditions is not satisfied, then the circuit cannot be operated

as a qubit with the desired computational states, and only then the reduction

protocol fails. Since we are not making use of a perturbative expansion or

a semi-classical approximation here, the range of applicability of this local

reduction method should be wider than that of the perturbative method, as

we demonstrate below with some examples[14].

Using the matrix U, we can finally determine the expression of the ef-

fective Hamiltonian. To this aim, we first write the qubit Hamiltonian in the

energy eigenbasis 5.2, having the obvious diagonal form

H(e)
q =


E0 0

0 E1


. (5.17)

Then, since going from this basis to the computational basis simply amounts

to applying the unitary transformation U, we easily obtain the effective qu-

3Once again, this requirement may be removed, if we accept a more general definition
of the computational basis in which the persistent current states have different magnitudes,
but potentially the same sign. An empirical condition on the energy gap to the qubit second
excited state may be chosen instead in this case, which would ensure the validity of the
two-level approximation. The connection between these two requirements may be worth
further investigation.
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bit Hamiltonian in the computational basis as:

H(c)
q = U†H(e)

q U =
E0 + E1

2
σσσI+

+
E0 − E1

2


 |u00|2 − |u01|2 u∗00u10 − u∗01u11

u∗10u00 − u∗11u01 |u10|2 − |u11|2


 =

E0 + E1

2
σσσI +

E0 − E1

2


 cos 2θ e−iϕ sin 2θ

eiϕ sin 2θ − cos 2θ


 =

E0 + E1

2
σσσI +

E0 − E1

2
[

sin 2θ · (cos ϕσσσx + sin ϕσσσy)+

+ cos 2θσσσz],

(5.18)

where ϕ = ϕ1 − ϕ2 ∈ [−π/2, π/2].

We observe that, by rescaling the computational states ~u0 and ~u1 by two

phase factors, say eiφ0 and eiφ1 , i.e. by applying some local gauge transforma-

tion in the qubit subspace, we can always remove the imaginary component

hyσσσy of Hq. In fact, such a gauge transformation G(φ0, φ1) corresponds to a

spin rotation around the z axis, multiplied by a global phase:

G(φ0, φ1) =


eiφ0 0

0 eiφ1


 =

= ei φ0+φ1
2


ei φ0−φ1

2 0

0 e−i φ0−φ1
2


 = ei φ0+φ1

2 · ei φ0−φ1
2 σσσz

.

(5.19)

Hence G(−ϕ1,−ϕ2), which represents a rotation around z by the angle ϕ2−
ϕ1 = −ϕ (followed by a rescaling by e−i(ϕ1+ϕ2)/2), transforms cos ϕσσσx +

sin ϕσσσy into σσσx, and makes the effective qubit Hamiltonian real, that is:

H(c)
q =

E0 + E1

2
σσσI − ∆

2
σσσx − ε

2
σσσz, (5.20)

where now ∆ = (E1 − E0) sin 2θ and ε = (E1 − E0) cos 2θ. Note that this
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gauge transformation can equivalently be written as:

~u0 →
|u00|
u00
· ~u0,

~u1 →
|u10|
u10
· ~u1.

(5.21)

The effective transverse field term ∆ is typically further assumed to be

positive, which can also always be achieved with a π rotation about z, show-

ing that a single qubit Hamiltonian is always trivially stoquastic[14, 61, 108,

189].

Although equation 5.18 already yields the effective Hamiltonian of a

general SC qubit, it is now useful to consider an alternative and equivalent

derivation, which is more apt for numerical implementations and that can

be more easily extended to the multiple-qubit case. We start by noting that,

given a general 2× 2 single-qubit Hamiltonian

Hq = ∑
i=I,x,y,z

hiσσσ
i, (5.22)

its coefficients hi can be found using the property Tr
[
σσσi · σσσj] = 2δij, from

which follows the equality

hi =
1
2

Tr
[
Hq · σσσi

]
. (5.23)

Then, using the homomorphism between C2 and the qubit subspace

Hq, we can find an equivalent expression in terms of operators inHq. Given

the computational states 5.13, expressed in vector form in the basis of choice

for Ĥe.m., we firstly define the following four operators, representing the

action of the Pauli matrices onHq:

σ̂I = |0〉〈0|+ |1〉〈1|, σ̂x = |0〉〈1|+ |1〉〈0|,

σ̂y = −i|0〉〈1|+ i|1〉〈0|, σ̂z = |0〉〈0| − |1〉〈1|.
(5.24)
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Then, we find the following chain of equalities:

hi =
1
2

Tr
(

Hq · σσσi
)
=

1
2

1

∑
j,k=0

(
〈j|Ĥe.m.|k〉〈k|σ̂i|j〉

)

≡ 1
2 ∑
|j〉,|k〉∈B

(
〈j|Ĥe.m.|k〉〈k|σ̂i|j〉

)
=

1
2

Tr
(

Ĥe.m. · σ̂i
)

,
(5.25)

where between the first and the second line we have extended the summa-

tion to the full basis set B, obtained by completing {|0〉, |1〉} to a full basis for

Hq. This gives the Pauli coefficients in terms of Ĥe.m. and σ̂I,x,y,z, which are

all conveniently expressed in whatever basis we initially choose for Ĥe.m..

5.1.3 Numerical examples

Let us now consider two numerical examples of the Hamiltonian reduc-

tion process and examine the differences and the similarities in the results

obtained by the perturbative and local reduction approaches. For concrete-

ness, we will focus on qubits of the flux-type, which are the leading candi-

dates for quantum annealing applications [67, 106, 186, 187].

5.1.3.1 rf-SQUID qubit

We begin by considering the simplest form of flux qubit, the rf-SQUID qubit

(cf. circuit diagram in fig. 2.10). Figure 5.1A shows the lowest five energy

eigenvalues of the circuit, as a function of the dimensionless external mag-

netic flux fext, given the typical set of parameters EJ = 125 GHz, CJ = 5 fF

and L = 2.5 nH. (Note that a constant offset E0( fext = 0.49) has been sub-

tracted from all the energies.)[14]. In this case, the Hamiltonian was repre-

sented in a basis of harmonic oscillator occupation number states, truncated

at a maximum occupation number of 40, which ensured the convergence of

the low energy spectrum[14, 162].

As we can see from the graph, the lowest two energy levels of the

system vary approximately linearly with the flux fext, except around the

symmetry point fext = 0.5, where they show the characteristic avoided

crossing. This is consistent with the predictions of the perturbative effec-
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tive Hamiltonian H(c)
q,pert in eq. 2.92, from which we expect E0,1 = const.∓√

∆2
pert/4 + Φ2

0 I2
p|δ fext|2, which are approximately quadratic in δ fext around

δ fext = 0 and become linear for larger values of |δ fext|.

Figure 5.1B shows the values of the system Pauli coefficients as a func-

tion of fext, calculated using equation 5.25. The solid lines correspond to

values obtained by defining the Pauli operators according to the local re-

duction (LR) method introduced here. These are compared with the result

of the perturbative reduction (PR) method (empty circles). As we can see,

the two reduction approaches produce largely compatible results for this

circuit. Note, however, that away from the symmetry point the LR method

finds an increase in the magnitude of the transverse field hx (amounting to

10% at the boundary of the flux interval considered, compared to its cen-

tre, see inset of fig. 5.1B). The result of PR is instead independent of fext, in

agreement with eq. 5.5. The values of hz and hI calculated with the LR and

PR methods are compatible to within 1% over the whole flux bias range.

These results show how the definition of the computational basis in the

LR method coincides, as it should, with that of the standard PR method

in the limit in which the series expansion 5.3 and perturbation theory ap-

(A) (B)

FIGURE 5.1: A) Low energy spectrum of the rf-SQUID flux qubit, as a function of
the normalised magnetic flux fext applied to the superconducting loop.
B) Corresponding Pauli coefficients. Solid lines: local reduction result,
empty dots: perturbative reduction result. The inset highlights the
difference between the values of the transverse fields hx.
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ply[14].

As a consistency check, we can now calculate the spectrum of the re-

duced qubit Hamiltonians simply as E0,1 = hI ∓
√

h2
x + h2

y + h2
z and com-

pare it with that obtained from the full circuit model. PR and LR do a good

job in reproducing the low-energy spectrum of the rf-SQUID qubit, as we

can see from the plot in figure 5.2A.

Notice that LR is guaranteed to exactly reproduce the circuit levels as

long as fext ' 0.5. As mentioned in the previous section, the LR proto-

col only fails when, as |δ fext| increases, the two eigenvalues of Îp( fext) =

P̂0( fext) Î P̂0( fext) begin to have the same sign, meaning that no measurement

distinguishing two qubit states with opposite persistent current is possible

at the given bias. For the particular rf-SQUID circuit considered here, the

local reduction method breaks down for |δ fext| & 0.039 (more details be-

low), as shown in figure 5.2B (region shaded in red). As we can see in this

plot, as we approach this region the behaviour of the Pauli coefficients starts

changing. In particular the transverse field increases considerably in magni-

tude, while the longitudinal field saturates. The green dotted lines in figure

5.2B show the circuit energy levels. We see that at the boundary of the un-

(A) (B)

FIGURE 5.2: A) Comparison of the two lowest circuit levels, as a function of fext,
with the result of the two reduced two-level system models. At this
scale the LR (crosses) and PR (circles) results overlap. B) Pauli coeffi-
cients calculated with LR over a broader range of fext (solid lines, left
y-axis). Also shown are the lowest three eigenenergies of the system
(dashed lines, values on the right y-axis).



5.1. Single-qubit Hamiltonian reduction 186

shaded region the second excited state starts mixing with the first, leading

to an avoided crossing. This mixing means that, at this point, the two-level

approximation does not hold any more, which leads to the failure of the

LR[14].

The effective qubit Hamiltonian should contain information not only

about the low-energy spectrum of the circuit, but also about other static

properties of the system, such as the matrix elements of other observables.

In particular, given some circuit operator Ô, the following relationship

should hold

〈Ei|Ô|Ej〉 = ~u†
E,i ·Op~uE,j, ∀i, j ∈ {0, 1}, (5.26)

where {|Ei〉}i=0,1 are the energy eigenstates of Ĥe.m. and {~uE,i}i=0,1 are

the eigenvectors of the corresponding effective qubit Hamiltonian Hq and

where Op is the projection of Ô on the qubit subspace.

In our case, let us consider the rf-SQUID current operator Î. Figure 5.3A

shows the matrix elements of Î between qubit states, calculated with both

the full and the reduced operators. We defined Îp locally as P̂0( fz) Î P̂0( fz)

in the LR method case, and globally as P̂0(0.5) Î P̂0(0.5) ≡ Ipσσσz in the PR

(A) (B)

FIGURE 5.3: A) Expectation values of the current operator between the two rf-
SQUID qubit eigenstates, as a function of fz. Solid lines: circuit model,
crosses: LR, empty dots: PR. B) Terms of the matrix determinant of
Ip: 〈E0| Î|E0〉〈E1| Î|E1〉 (blue line) and |〈E0| Î|E1〉|2 (red line). The local
reduction method fails when 〈E0| Î|E0〉〈E1| Î|E1〉 ≥ |〈E0| Î|E1〉|2 (red
shaded region).
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case. We observe that LR is again ensured to give the exact result, while PR

produces a reasonable result, with a discrepancy that increases as we move

away from δ fext. The disadvantage of the local reduction compared to the

perturbative reduction in this case is the need to store the 2× 2 matrix Ip

for each value of fext, but this only amounts to a small resource overhead,

linear in the number of bias points.

Looking at the matrix elements of the current operator additionally al-

lows us to determine the region of applicability of the local reduction pro-

tocol. We have seen, in fact, that in order for the low-energy subspace of

the circuit to allow for two current eigenstates with opposite sign of persis-

tent current, the inequality det(Ip) < 0, or 〈E0| Î|E0〉〈E1| Î|E1〉 < |〈E0| Î|E1〉|2

should hold (eq. 5.16). As shown in figure 5.3B, this is true for our circuit as

long as |δ fext| . 0.039.

5.1.3.2 Capacitively-shunted flux qubit

The accuracy of the perturbative reduction method deteriorates when we

consider other flux qubit designs, particularly those with reduced anhar-

monicity like the capacitively-shunted flux qubit. As we noted in the in-

troduction, this qubit is a particularly promising candidate for the develop-

ment of more noise-resilient quantum computers, thanks to its substantially

enhanced coherence metrics.

Figure 5.4B shows the calculated low energy spectrum of a C-shunt qu-

bit circuit, as a function of the normalised bias flux fext. The physical pa-

rameters used for the simulation are shown in table 5.1, with the meaning

Parameter Value
EJL = EJR 45 GHz
CJL = CJR 1.8 fF

α = EJT/EJL = CJT/CJL 0.43
Csh 50 fF

L 100 pH

TABLE 5.1: Physical parameters used for the simulations of a C-shunted flux qubit
in this section.
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(A) (B)

FIGURE 5.4: A) Equivalent lumped-element circuit of the capacitively-shunted flux
qubit. Our choice of the spanning tree is highlighted in red. B) Low
energy spectrum of the circuit as a function of the reduced magnetic
flux bias fext.

of the symbols shown by the circuit diagram in figure 5.4A. These parame-

ters are compatible with those reported in the experiments in Ref. [67]. The

circuit Hamiltonian was represented numerically by projecting on a finite

basis consisting of four harmonic oscillator states for the mode associated

with the circuit node 1 and 21 charge number states for each of the two

modes associated with nodes 2 and 3, ensuring convergence of the low-

energy spectrum[14].

As we can see from figure 5.4B, the two dispersion relations E0,1( fext)

have first derivatives of the same sign everywhere. Then, since

〈 Î〉0,1 := −〈∂Ĥe.m.

∂Φext
〉0,1 = − ∂E0,1

∂Φext
, (5.27)

the average persistent currents in the two energy eigenstates have equal sign

(cf. fig. 5.5C). This is in contrast with the rf-SQUID flux qubit, but does not

preclude the possibility to find two current eigenstates with opposite sign

in the qubit subspace[14].

Figure 5.5A shows the Pauli coefficients obtained by the perturbative

(circles) and local (lines) reduction methods. As anticipated, there is a clear

discrepancy between the two results. In fact, owing to the much smaller an-
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(A) (B)

(C)

FIGURE 5.5: A) Pauli coefficients as a function of fext. Lines: local reduction, empty
dots: perturbative reduction. B) Comparison of the two lowest circuit
levels, as a function of fext, with those of the PR and LR qubit Hamil-
tonians. C) Expectation values of the current operator between the
two qubit energy eigenstates as a function of fext. Lines: circuit model,
filled dots: LR, empty dots: PR.

harmonicity of this circuit compared to the rf-SQUID, the two low-energy

eigenstates of the circuit Hamiltonian at fext = 0.5 are not a good approx-

imation for those away from this bias point. This implies that projecting

Ĥe.m.( fext) on the states 5.4 does not preserve its low-energy spectrum and

does not lead to the correct reduction. From the numerical results we see

that the slope of hz( fext) in the local reduction case is smaller than in the

perturbative reduction and further decreases away from fext = 0.5. Addi-

tionally, the transverse field hx( fext) shows a clear negative curvature in the

LR results, whereas it is roughly constant in fext in the PR case (as in the

rf-SQUID). The strong dependence of the transverse field on fext is a known
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distinguishing feature of the C-shunt flux qubit design when compared to

more standard flux qubit circuits like the rf-SQUID[14, 67, 106].

Calculating the spectra of the two reduced Hamiltonians leads to the

result shown in figure 5.5B. The local reduction result (filled dots) again

reproduces the circuit ground and first excited states (lines) exactly, while

the perturbative reduction fails to accurately predict the first excited state.

Finally, figure 5.5C shows the matrix elements of the current operator

between the qubit energy eigenstates, calculated using the full circuit model

(lines) and the two reduced two-level models (circles). The PR (empty cir-

cles) gives incorrect expectation values, which are opposite in sign for the

two states. The local reduction (filled circles), instead, provides the correct

result[14].

5.2 Many-qubit Hamiltonian reduction

In this section, we present an extension of the Hamiltonian reduction

method introduced in the first part of this chapter to the case of multiple

interacting superconducting qubits. As we did there, we will consider how

our proposal compares to other methods used in the literature and intro-

duce some relevant examples.

Given a system of N qubits and M additional (adiabatic) coupling cir-

cuits, coupled inductively and/or capacitively, its effective qubit Hamilto-

nian is one that reproduces the lowest 2N energy levels of the total system

Hamiltonian, as well as the expectation values of the qubit operators.

Note that any such effective Hamiltonian can be written in the general

form

Hq = ∑
~η

h~ησσσ~η, (5.28)

where ~η = (η1, . . . , ηN), ηi ∈ {I, x, y, z} and σσσ~η = σσση1 ⊗ · · · ⊗ σσσηN is a 2N ×
2N matrix in the Pauli group GN[14]. Recalling the equality 5.23 and using
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the following property of the trace

Tr(A1 ⊗ · · · ⊗AN) = Tr(A1)× · · · × Tr(AN), (5.29)

we can see that the real Pauli coefficients h~η obey the equation

h~η =
1

2N Tr
(

Hq · σσσ~η
)

. (5.30)

According to section 3.1.2, the circuit Hamiltonian of the system can be

written as
Ĥe.m. =Ĥ0 + Ĥint =

=
N

∑
i=1

Ĥi +
M

∑
i=1

Ĥc,i + Ĥint,
(5.31)

with Ĥi (Ĥc,i) the unperturbed Hamiltonian of the i-th qubit (coupler) cir-

cuit and where Ĥint includes all the interaction terms. Notice that the un-

perturbed Hamiltonians are assumed to be corrected for capacitive and in-

ductive loading (cf. section 3.1.2)[14].

We can now define the qubit subspace, in analogy with the single-qubit

case, as the one spanned by the lowest two eigenstates of the unperturbed

Hamiltonian of each qubit. Since the couplers are designed to be classi-

cal elements which always remain in their ground state, while adiabatically

following the qubits, the qubit subspace will at the same time be the one

spanned by the ground state of each coupler circuit Hamiltonian[121]. We

therefore have, in symbolic form:

Hq =
N⊗

i=1

Span{|Ei,0〉, |Ei,1〉} ⊗
M⊗

j=1

Span{|Ecj,0〉}, (5.32)

where |Ei,j〉 (|Eci,j〉) is the j-th eigenstate of Ĥi (Ĥc,i)[14].

We could then think of defining the qubit Hamiltonian for this N-qubit

system simply as in Eq. 5.2: Ĥq = P̂0 · Ĥe.m. · P̂0, where again P̂0 is the projec-

tor on Hq. This operator Ĥq, however, does not have the correct spectrum,
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i.e. it does not match the lowest 2N energy levels of Ĥe.m., and therefore does

not satisfy our definition of qubit Hamiltonian. The reason for this is that

the interaction described by Ĥint mixes the states in Hq with those outside

it, i.e. the higher excited states of the individual circuits. Such mixed states

become the new low-energy eigenstates of Ĥe.m.[119, 184].

Contrary to the single-qubit case, the literature concerning Hamilto-

nian reduction for multiple interacting SC qubits is relatively scarce. In the

following subsections we present two protocols adopted in recent publi-

cations and later present a new alternative reduction method, which over-

comes some of their limitations and explicitly addresses the problem of the

mixing of the qubit subspace with the rest of the Hilbert space by using the

Schrieffer-Wolff transformation theory[119].

5.2.1 Approximate rotation method

In this subsection we briefly review the reduction method outlined in

a recent work by Ozfidan et al. [184]. This method starts by writing

the low-energy part of the total circuit Hamiltonian Ĥe.m., i.e. the com-

ponent associated with its lowest 2N eigenvalues, in its diagonal form:

H′q = diag(E0, . . . , E2N−1). Then a sequence of two rotations, say R1, R2 ∈
SO(2N), is applied to it, producing the effective qubit Hamiltonian Hq =

RT
2 RT

1 H′qR1R2. Since orthogonal operations do not change the spectrum of

an operator, this protocol guarantees by construction that the spectrum of

Hq matches the low-energy spectrum of the circuit Hamiltonian[14].

The first rotation applied in this protocol, R1, maps from the low-energy

eigenbasis of the total Hamiltonian Ĥe.m., {|E0〉, . . . , |E2N−1〉} to that of the

unperturbed Hamiltonian Ĥ0, i.e. {|E(0)
0 〉, . . . , |E(0)

2N−1〉}, and is initially cal-

culated as

(R1)ij = 〈Ei|E(0)
j 〉. (5.33)

However, as we pointed out before, |Ei〉 also has components outside of the

subspace Span{E(0)
0 〉, . . . , |E(0)

2N−1〉}, which implies that this matrix is not or-
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thogonal. R1 must therefore be explicitly orthonormalised, for instance us-

ing the Gram-Schmidt procedure. This step is only justified if the columns

of R1 are already approximately orthonormal[184]. Since in our case orthog-

onality follows from normalisation, it suffices to check that

2N−1

∑
i=0

(R1)
2
ij ≈ 1, ∀j = 0, . . . , 2N − 1, (5.34)

before we apply the Gram-Schmidt procedure[14].

To obtain the qubit Hamiltonian we now need the second rotation R2 to

map from the basis of the energy eigenstates |E(0)
0 〉, . . . to the computational

basis. We then take

(R2)ij = 〈i|E(0)
j 〉, (5.35)

where |i〉 = |i2N−1〉 ⊗ · · · ⊗ |i0〉 is an outer product of single qubit computa-

tional states, with i2N−1i2N−2 · · · i1i0 the N-digit binary representation of the

integer i ∈ {0, 1, . . . , 2N − 1}. These computational states are found from

the reduction of the unperturbed single-qubit Hamiltonians. If the local re-

duction method is used for this, the rotation matrix R2 (R2 ≡ U, with U

given in eq. 5.7) is guaranteed to be orthogonal[14].

Note that, although the effective Hamiltonian calculated with this

method has the correct spectrum, the procedure is based on the approxi-

mate equality 5.34, which is not often satisfied, particularly in the case of rel-

atively large interactions. (This can be seen by considering, once again, the

perturbative expansion 2.89.) Additionally, the previous derivation implic-

itly assumes that the circuit Hamiltonian is real, so that all the eigenstates

and computational states can be chosen to have only real components. This

ensures that R1, R2 ∈ SO(2N). Some circuits, however, may have an effi-

cient matrix representation of the Hamiltonian which is complex. In this

case the definition of the two rotations would lead to the presence of arbi-

trary complex phases in their elements, which would need to be somehow

taken care of. (Notice that even in the real case the scalar products defining
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the off-diagonal elements of R1 and R2 are only defined up to an arbitrary

sign.)

5.2.2 Diagonal Hamiltonian method

A second method of determining the effective Hamiltonian of a multi-qubit

system is presented in a recent work by Melanson et al.[181]. This method

works under the more restrictive assumption that the effective Hamiltonian

is diagonal in the computational basis. In this case the lowest 2N eigenstates

of the circuit are also eigenstates of the single-qubit operators Ôi specifying

the computational basis and the corresponding eigenvalues can be calcu-

lated numerically as the expectation values 〈En|Ôi|En〉.

Additionally the 2N non-zero Pauli coefficients of the system can be

expressed as a linear combination of its low-energy eigenvalues[181]. For

instance, in the two-qubit case one has:




E00

E01

E10

E11




=




1 1 1 1

1 1 −1 −1

1 −1 1 −1

1 −1 −1 1



·




hI I

hzI

hIz

hzz




:= M ·




hI I

hzI

hIz

hzz




, (5.36)

where Eij, i, j ∈ {0, 1} is the eigenvalue of the circuit Hamiltonian corre-

sponding to the computational state |i〉|j〉. We can therefore determine the

Pauli coefficients of the two-qubit system by finding the lowest four energy

eigenvalues of its circuit Hamiltonian, calculating the expectation value of

the operators Ô1,2 on the each eigenstate to identify its corresponding com-

putational state and by inverting the previous equation to get




hI I

hzI

hIz

hzz




= M−1 ·




E00

E01

E10

E11




. (5.37)
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The same procedure can be applied to systems with three or more qubits

(plus eventual additional couplers).

In practice, an effective Hamiltonian diagonal in the computational ba-

sis is verified when the qubit tunnelling barriers are high (negligible trans-

verse field hx) and the qubits are coupled only through their z degree of

freedom (that is when the coupling is inductive between flux qubits or ca-

pacitive between charge qubits). A Hamiltonian of this form is however

classical and cannot be sufficient for universal quantum computation[190].

This method can nevertheless still be useful when it is reasonable to assume

that the different non-commuting terms of the qubit Hamiltonian can be

turned on and off independently.

5.2.3 Schrieffer-Wolff transformation method

In this subsection we introduce our new reduction protocol which is de-

signed to overcome some of the limitations of the methods described above.

In particular, our method does not require the mixing between the qubit

subspace and its complement, resulting from the interactions, to be negli-

gible, which is a crucial assumption of the approximate rotation reduction.

Secondly, unlike the approximate rotation reduction, it can be applied di-

rectly to circuit Hamiltonians with complex elements, since the arbitrary

phase choices made when numerically evaluating the Hamiltonian eigen-

vectors cancel out from all expressions. Thirdly, the reduction method in-

troduced here can be applied to find arbitrary non-diagonal effective Hamil-

tonians.

This is all made possible by the Schrieffer-Wolff transformation (SWT), a

unitary transformation introduced in quantum many-body Physics, which

by construction maps the total circuit Hamiltonian Ĥe.m. to a new Hermitian

operator acting on the qubit subspace Hq and whose spectrum matches the

low-energy spectrum of Ĥe.m., which is precisely what we expect from the

effective qubit Hamiltonian[119].

Although the SWT has been applied in this same context before, this
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has been limited to analytical analyses relying on a perturbative expansion

of the transformation, cf. for example [120] and [191]. In our case, alterna-

tively, we propose a combination of an efficient numerical representation of

the circuit Hamiltonian, the local definition of the computational basis in-

troduced in the previous section and a formal matrix expression of the SWT

to obtain a compact and more accurate Hamiltonian reduction method.

The Schrieffer-Wolff transformation relies on a single assumption re-

garding the form of the full system Hamiltonian, namely that the spectrum

of the unperturbed part of the Hamiltonian (excluding the interactions) has

a sufficiently large gap, as we will see below. For the purpose of our re-

duction protocol, we will replace this assumption with an equivalent pair

of distinct conditions.

In order to state the first one, let us rewrite the unperturbed part of the

N-qubit M-coupler system Hamiltonian 5.31 as

Ĥ0 = P̂0Ĥ0P̂0 + Q̂0Ĥ0Q̂0, (5.38)

where

P̂0 =
2N−1

∑
i=0
|E(0)

i 〉〈E
(0)
i | (5.39)

is the projector on the low-energy eigenspace H(0)
low, spanned by the eigen-

states corresponding to the lowest 2N eigenvalues of Ĥ0, and Q̂0 = Î− P̂0

projects on the complementary subspace H \ H(0)
low. Notice that, given

E(0)
i , the i-th eigenvalue of Ĥ0, the spectrum of P̂0Ĥ0P̂0 is by definition

S (0)low = {E(0)
0 , E(0)

1 , . . . , E(0)
2N−1}, whereas Q̂0Ĥ0Q̂0 has the set of eigenvalues

S (0)high = {E(0)
2N , . . . }. The first assumption of our reduction is thatHq ≡ H(0)

low,

i.e. that no additional excited state of the independent circuits is mixed in

the low energy subspace of Ĥ0, and that the two sets S (0)low and S (0)high are sep-

arated by at least ∆ > 0, that is |E(0)
2N − E(0)

2N−1| ≥ ∆.

This composite condition can be written, more explicitly, in the follow-



5.2. Many-qubit Hamiltonian reduction 197

ing form: ∣∣∣∣∆Ei,2 −
N

∑
j=1

∆Ej,1

∣∣∣∣ ≥ ∆, ∀i = 1, . . . , N

∣∣∣∣∆Eci,1 −
N

∑
j=1

∆Ej,1

∣∣∣∣ ≥ ∆, ∀i = 1, . . . , M,

(5.40)

where we have introduced the notation ∆Ei,j = Ei,j − Ei,0 and ∆Eci,j =

Eci,j− Eci,0 (with Ei,j (Eci,j) again the j-th eigenstate of the i-th qubit (coupler)

unperturbed Hamiltonian). Since the summations above grow linearly with

the number of qubits in the system, this condition limits the size of the sys-

tems to which we can apply our reduction method. Intuitively this limit

reflects the impossibility of finding any coherent description of the low-

energy spectrum of a composite system in terms of interacting two-level

subsystems, whenever the second excited state of one of these subsystems

appears in the spectrum. Therefore if we are interested in characterising a

very large circuit, we should first subdivide it into smaller connected sub-

systems for which the inequalities 5.40 hold.

The second requirement is simply that the strength of the interaction

Hamiltonian should be small compared to the spectral gap of Ĥ0, ∆. Namely:

‖Ĥint‖op <
∆
2

, (5.41)

where ‖ · ‖op is the operator norm:

‖Ô‖op = sup{‖Ô|Ψ〉‖ : ‖|Ψ〉‖ = 1}, (5.42)

with ‖ · ‖ the 2-norm
√
〈 · | · 〉.

Since the addition of the interaction term Ĥint can shift the eigenvalues

of Ĥ0 by at most ‖Ĥint‖op, this second inequality implies that the spectrum

of Ĥe.m. remains gapped. This in turn allows us to rewrite the total Hamilto-

nian in the block-diagonal form Ĥe.m. = P̂Ĥe.m.P̂ + Q̂Ĥe.m.Q̂, where P̂ is the

projector on the 2N-dimensional low-energy eigenspace of Ĥe.m., Hlow, and
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Q̂ = Î− P̂[119].

Additionally, according to [119], since Hlow and Hq have the same di-

mension, they are connected by a direct rotation Û such that

ÛP̂Û† = P̂0,

ÛQ̂Û† = Q̂0.
(5.43)

Û is called the Schrieffer-Wolff transformation and can be written, in terms

of the projectors, as[119]:

Û =
√
(2P̂0 − Î)(2P̂− Î). (5.44)

The principal square root
√· above is well-defined as long as

‖P̂− P̂0‖op < 1, (5.45)

which in our case can be shown to be equivalent to 5.41[119].

Now the action of the SWT on Ĥe.m. is given by

ÛĤe.m.Û† =ÛP̂Ĥe.m.P̂Û† + ÛQ̂Ĥe.m.Q̂Û†

=P̂0ÛĤe.m.Û†P̂0 + Q̂0ÛĤe.m.Û†Q̂0,
(5.46)

where we used the identities ÛP̂ = P̂0Û and ÛQ̂ = Q̂0Û. According to

equation 5.46, ÛĤe.m.Û† is block-diagonal with respect to P̂0 and Q̂0. This

finally leads us to the conclusion that

Ĥq := P̂0ÛĤe.m.Û†P̂0 (5.47)

is an Hermitian operator, acting on Hq, whose 2N non-zero eigenvalues

are the same as the lowest eigenvalues of the original interacting Hamil-

tonian Ĥe.m. (because the unitary Û leaves the spectrum of P̂Ĥe.m.P̂ un-

changed)[119].
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Ĥq therefore represents our effective qubit Hamiltonian, from which we

can directly extract the Pauli coefficients by rewriting equation 5.30 as

h~η =
1

2N Tr
(

Ĥq · σ̂~η
)

. (5.48)

In our case, the Pauli operator σ̂~η = σ̂η1 ⊗ · · · ⊗ σ̂ηN ⊗ P̂c is built from the

single-qubit Pauli operators {σ̂ηi}, which, in turn, are obtained as in the

single-qubit local reduction protocol, starting from the unperturbed Hamil-

tonian Ĥi of each qubit and the appropriate operator Ôp,i. The operator

P̂c =
M⊗

i=1

|Eci,0〉〈Eci,0| (5.49)

represents the required identities acting on each of the ground-state energy

subspaces of the coupler circuits[14].

5.2.4 Numerical results

In this section we consider the practical application of our Hamiltonian re-

duction method to systems of interacting qubits, including setups described

in the recent scientific literature. This will allow us to validate our results

by comparing with those obtained using other reduction approaches, such

as those introduced in the previous section.

5.2.4.1 ZZ interaction between two flux qubits (and perturba-

tive SWT)

As a first illustrative example, we consider the tuneable ZZ interaction

between two rf-SQUID qubits. As shown in chapter 2, this is typically

achieved by inductively coupling the two flux qubits to the same tuneable

inductor, in the form of a compound Josephson-junction rf-SQUID (cf. fig-

ure 5.6). In this section, we apply our reduction method to determine the

system effective Hamiltonian, as a function of the bias flux applied to the

coupler. We also show the consistency of our result with the one obtained
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using a second-order perturbative expression of the SWT, which nicely il-

lustrates the origin of different terms in the effective Hamiltonian.

Putting together equations 2.81, 2.99 and 3.20, and assuming, for sim-

plicity, that the coupler dc-SQUID is perfectly symmetric, we can write the

circuit Hamiltonian of the system as

Ĥe.m. =
Q̂2

1
2CJ1

− EJ1 cos
[

2π

Φ0
· (Φ̂1 −Φext

1 )

]
+

Q̂2
2

2CJ2
− EJ2 cos

[
2π

Φ0
· (Φ̂2 −Φext

2 )

]
+

Q̂2
c

2CJc
− 2EJc cos

(
π

Φext
c,x

Φ0

)
cos

[
2π

Φ0

(
Φ̂c −Φext

c,z
)]

+

1
2
~̂ΦT · L−1~̂Φ,

(5.50)

where the last line represents the inductive energy, with ~̂Φ = (Φ̂1, Φ̂c, Φ̂2).

Considering the circuit diagram 5.6 (note that we are assuming that the mu-

tual inductances between the coupler and each qubit are the same), we can

write the inductance matrix L as follows

L =




L1 −M 0

−M Lc −M

0 −M L2


, (5.51)

FIGURE 5.6: Circuit diagram of two rf-SQUID qubits mutually inductively coupled
to a CJJ rf-SQUID acting as a tuneable ZZ coupler.
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and determine its inverse, namely

L−1 =




L2Lc−M2

L1L2Lc−(L1+L2)M2
L2 M

L1L2Lc−(L1+L2)M2
M2

L1L2Lc−(L1+L2)M2

L2 M
L1L2Lc−(L1+L2)M2

L1L2
L1L2Lc−(L1+L2)M2

L1 M
L1L2Lc−(L1+L2)M2

M2

L1L2Lc−(L1+L2)M2
L1 M

L1L2Lc−(L1+L2)M2
L1Lc−M2

L1L2Lc−(L1+L2)M2


 . (5.52)

In order to implement the reduction, we now separate Ĥe.m. into its

unperturbed and interaction parts as follows

Ĥe.m. = Ĥ0 + Ĥint = Ĥ0 + (L−1)13Φ̂1Φ̂2 + Φ̂c ·
[
(L−1)12Φ̂1 + (L−1)23Φ̂2

]
.

(5.53)

Then, following [119], we can write the effective Hamiltonian resulting from

a second-order perturbative expansion of the SWT as Ĥe f f ' Ĥ(0)
e f f + Ĥ(1)

e f f +

Ĥ(2)
e f f , where

Ĥ(0)
e f f := P̂0Ĥ0P̂0, (5.54)

Ĥ(1)
e f f := P̂0ĤintP̂0, (5.55)

with P̂0 the projector on the low-energy subspace of Ĥ0, and

Ĥ(2)
e f f :=

1
2 ∑

i,j∈S (0)low

∑
k∈S (0)high

〈i|Ĥint|k〉〈k|Ĥint|j〉
E(0)

i − E(0)
k

|i〉〈j|+ h.c.

=
1
2 ∑

i,j∈S (0)low

∑
k∈S (0)high

〈i|Ĥint|k〉〈k|Ĥint|j〉

 1

E(0)
i − E(0)

k

+
1

E(0)
j − E(0)

k


 |i〉〈j|,

(5.56)

where we have used the shorthand i for E(0)
i .

For the following numerical analysis, we chose the set of typical phys-

ical parameters CJ1 = CJ2 = 49fF, L1 = L2 = 4.5nH, EJ1 = EJ2 = 99.3GHz,

CJc = 25.6fF, Lc = 1.2nH, EJc = 69.5GHz and M = 0.1nH. The different

magnetic bias fluxes were set to f ext
1 := Φext

1 /Φ0 = 0.5001, f ext
2 = 0.5002,

f ext
c,z = 0, while the bias f ext

c,x is varied between 0 and 2. These parameters en-
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FIGURE 5.7: Lowest ten energy energy levels (relative to the ground state) for the
system of two rf-SQUID qubits interacting with an cjj rf-SQUID cou-
pler, as a function of the magnetic flux bias applied to the dc-SQUID
of the coupler loop.

sure a spectral gap of at least 9GHz over the full range of f ext
c,x (cf. figure 5.7)

and induce a negligible transverse field in the flux qubits. Finally, the full

circuit Hamiltonian was represented numerically by projecting on a basis

consisting of the lowest ten eigenstates of each qubit unperturbed Hamil-

tonian and the lowest five states of the coupler unperturbed Hamiltonian.

Let us then consider the results obtained using the perturbative series

of the SWT. We start from the zeroth order term Ĥ(0)
e f f = P̂0Ĥ0P̂0; this, by

definition, is the unperturbed local effective Hamiltonian acting on the in-

dividual qubits. Since in our case the local transverse fields are negligible

and the coupler is assumed to remain in its ground state, this should take

the following form:

H(0)
e f f = hzIσσσ

z
1 + hIzσσσ

z
2 + Ec,0, (5.57)

where Ec,0 is the ground state energy of the coupler unperturbed Hamilto-

nian.

Figure 5.8A shows the zeroth-order Pauli coefficients, as a function of

f ext
c,x , calculated by applying equation 5.48 to Ĥ(0)

e f f . As expected, the only

non-zero coefficients are hIz and hzI , which are also independent of f ext
c,x .
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(A) (B) (C)

(D) (E) (F)

FIGURE 5.8: Coefficients of the effective Hamiltonian, as a function of the magnetic
flux bias applied to the x loop of the coupler. A) Zero perturbative
order contribution. B) First perturbative order. C) Second perturba-
tive order. D) Sum of the contributions from zero to second order. E)
Comparison of the ZZ coupling strength, calculated using different
methods. F) Coefficients of the effective Hamiltonian calculated us-
ing the formal definition of the SWT (eq. 5.44). Note that these are
very close to the ones in figure D), except for hzz in the region around
fc,x = 1.

Let us now consider the first order of perturbation. In this case we have,

for the effective Hamiltonian:

H(1)
e f f =P̂0ĤintP̂0 = (L−1)13P̂0Φ̂1Φ̂2P̂0 + (L−1)12P̂0Φ̂1Φ̂cP̂0+

(L−1)23P̂0Φ̂2Φ̂cP̂0 = (L−1)13L′1L′2 Ip1 Ip2σσσz
1σσσz

2+

(L−1)12L′1 Ip1〈Ec,0|Φ̂c|Ec,0〉σσσz
1 + (L−1)23L′2 Ip2〈Ec,0|Φ̂c|Ec,0〉σσσz

2

:=h(1)zz σσσz
1σσσz

2 + h(1)zI σσσz
1 + h(1)Iz σσσz

2,

(5.58)

where we used the fact that P̂0Φ̂iP̂0 = L′i P̂0 ÎiP̂0 = L′i Ipiσσσ
z
i , with i = 1, 2, L′1 =

1/(L−1)11 and L′2 = 1/(L−1)33. The resulting coefficients, calculated as a

function of f ext
c,x , are shown in figure 5.8B. As expected, we have a fixed ZZ

interaction of strength h(1)zz = (L−1)13L′1L′2 Ip1 Ip2 ' (8.33pH) · (158 nA)2 =

2.09 · 10−25 J = 315 MHz, while the additional longitudinal fields on the
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qubits are constantly zero, as a consequence of the fact that 〈Ec,0|Φ̂c|Ec,0〉 ≡
0, independently of f ext

c,x , when f ext
c,z = 0[115].

Finally, let us consider the second perturbative order effective Hamil-

tonian, which will be responsible for the f ext
c,x -flux-tuneable ZZ interaction.

We can rewrite H(c,2)
e f f as follows:

H(c,2)
e f f =

1
2 ∑

i,j∈S (0)low

∑
k∈S (0)high

〈i|Ĥint|k〉〈k|Ĥint|j〉
E(0)

i − E(0)
k

|i〉〈j|+ h.c.

=
1
2 ∑

i1,i2,j1,j2=0,1

Nmax

∑
k1,k2=0

Nmax,c

∑
kc=0

{
[1− δkc,0 + δkc,0θ(max(k1, k2)− 2)] ·

〈i1i2Ec,0|Ĥint|k1k2kc〉〈k1k2kc|Ĥint|j1 j2Ec,0〉·
(

1
E1,i1 − E1,k1 + E2,i2 − E2,k2 + Ec,0 − Ec,kc

+

1
E1,j1 − E1,k1 + E2,j2 − E2,k2 + Ec,0 − Ec,kc

)}
|i1i2〉〈j1 j2| ⊗ |Ec,0〉〈Ec,0|,

(5.59)

where the term 1− δkc,0 + δkc,0θ(max(k1, k2) − 2), with θ(x) the Heaviside

step function, ensures that the state |k1k2kc〉 is outside of the computational

space by requiring that either or both k1 and k2 are ≥ 2 when kc = 0.

Note that in our case, because of the diagonal form of the local effective

Hamiltonian, the local computational states coincide with the unperturbed

energy eigenstates (for instance |0〉1 = |E1,0〉 and |1〉1 = |E1,1〉, so that

σσσ
i(c)
1 ≡ σσσ

i(e)
1 , ∀i = I, x, y, z).

Since this expression 5.59 looks rather involved, let us focus on the ma-

trix element term 〈i1i2Ec,0|Ĥint|k1k2kc〉〈k1k2kc|Ĥint|j1 j2Ec,0〉 and consider the

different terms of Ĥint one by one.

• Term (L−1)13Φ̂1Φ̂2: we can rewrite the relevant matrix elements as

〈i1i2Ec,0|Ĥint|k1k2kc〉〈k1k2kc|Ĥint|j1 j2Ec,0〉 =

(L−1)2
13〈i1i2Ec,0|Φ̂1Φ̂2|k1k2kc〉〈k1k2kc|Φ̂1Φ̂2|j1 j2Ec,0〉 =

(L−1)2
13δkc,0〈i1|Φ̂1|k1〉〈k1|Φ̂1|j1〉〈i2|Φ̂2|k2〉〈k2|Φ̂2|j2〉.

(5.60)
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(A) (B)

(C) (D) (E)

FIGURE 5.9: A) and B) Schematic representation of three possible virtual transition
processes leading to second order perturbative corrections to the effec-
tive Hamiltonian. C) Matrix elements of the flux operator Φ̂1 between
qubit unperturbed eigenstates. D) Matrix elements 〈E1,m|Φ̂1|E1,n〉,
with m = 0, 1. E) Matrix elements of the flux operator Φ̂c between
coupler unperturbed eigenstates. Note that all coefficients are in R

since the circuit Hamiltonians and the flux operators are real.

These are associated with virtual transition processes in which the

coupler remains in its ground state and two excitations are exchanged

between the qubits to take at least one of them outside its two-

dimensional low-energy subspace (so that max(k1, k2) ≥ 2 and

|k1k2Ec,0〉 /∈ H(0)
low). One such process is shown in figure 5.9A. By nu-

merically calculating the matrix elements 〈Ei,m|Φ̂i|Ei,n〉, we find that

these are largest when m = n and decay very quickly with |m− n| (see

figures 5.9C and 5.9D). Since at least one of |i1 − k1|, |j1 − k1|, |i2 − k2|
and |j2 − k2| has to be greater than or equal to 1, this implies that the

coefficients of this part of the effective Hamiltonian are negligible.

• Term [(L−1)12Φ̂1 + (L−1)23Φ̂2]Φ̂c: this leads to four terms in H(2)
e f f ,

corresponding to the four terms in the product 〈i1i2Ec,0|Ĥint|k1k2kc〉 ·
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〈k1k2kc|Ĥint|j1 j2Ec,0〉. Firstly, let us consider the like terms, where the

flux operator of the same qubit appears twice, for instance the term

proportional to (L−1)2
12. We have

(L−1)2
12〈i1i2Ec,0|Φ̂1Φ̂c|k1k2kc〉〈k1k2kc|Φ̂1Φ̂c|j1 j2Ec,0〉 =

(L−1)2
12δi2,j2〈i1|Φ̂1|k1〉〈k1|Φ̂1|j1〉|〈Ec,0|Φ̂c|kc〉|2.

(5.61)

Then, if we consider the matrix elements of the operator Φ̂c, which

are shown in fig. 5.9E, we can see that the largest contribution to

the effective Hamiltonian should come from the terms kc = 1. This

makes the sums over k1 and k2 = i2 independent of each other (since

δkc,0θ(max(k1, k2) − 2) = 0) and allows us to factorise the projector

|i2〉〈i2|, meaning that this term will only contribute to local terms on

the first qubit (second qubit, if we consider the second like term, pro-

portional to (L−1)2
23).

Explicitly, we have:

1
2
(L−1)2

12 ∑
i1,j1=0,1

Nmax

∑
k1=0
〈i1|Φ̂1|k1〉〈k1|Φ̂1|j1〉|〈Ec,0|Φ̂c|Ec,1〉|2·

(
1

E1,i1 − E1,k1 + Ec,0 − Ec,1
+

1
E1,j1 − E1,k1 + Ec,0 − Ec,1

)
|i1〉〈j1| ⊗ σσσI

2

=
1
2
(L−1)2

12|〈Ec,0|Φ̂c|Ec,1〉|2
{

Nmax

∑
k1=0

[
|〈E1,0|Φ̂1|E1,k1〉|2
E1,0 − E1,k1 − ∆Ec

+

|〈E1,1|Φ̂1|E1,k1〉|2
E1,1 − E1,k1 − ∆Ec

]
σσσI

1σσσI
2+

Nmax

∑
k1=0

[
|〈E1,1|Φ̂1|E1,k1〉|2
E1,1 − E1,k1 − ∆Ec

− |〈E1,0|Φ̂1|E1,k1〉|2
E1,0 − E1,k1 − ∆Ec

]
σσσz

1σσσI
2+

Nmax

∑
k1=0

[
〈E1,0|Φ̂1|k1〉〈k1|Φ̂1|E1,1〉||2·

(
1

E1,0 − E1,k1 − ∆Ec
+

1
E1,1 − E1,k1 − ∆Ec

)]
σσσx

1σσσI
2

}
,

(5.62)
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with ∆Ec = Ec,1 − Ec,0. Since, according to figure 5.9D, |〈E1,0|Φ̂1|E1,0〉|
= |〈E1,1|Φ̂1|E1,1〉| > 0, while all other matrix elements are essentially

negligible (meaning that the relevant virtual transitions in this case

are those in which the coupler is excited to the state |Ec,1〉 and then

relaxes again, while both qubits remain in their initial state, as shown

schematically in figure 5.9B), the coefficients of the X and Z terms are

negligible and the net contribution to the effective Hamiltonian is pro-

portional to the identity.

As for the unlike terms, which are ultimately responsible for the large

tuneable ZZ interaction, we can write the generic term of the sum as:

(L−1)12(L−1)23〈i1i2Ec,0|Φ̂1Φ̂c|k1k2kc〉〈k1k2kc|Φ̂2Φ̂c|j1 j2Ec,0〉·
(

1
E1,i1 − E1,k1 + E2,i2 − E2,k2 + Ec,0 − Ec,kc

+

1
E1,j1 − E1,k1 + E2,j2 − E2,k2 + Ec,0 − Ec,kc

)
|i1i2〉〈j1 j2| ⊗ |Ec,0〉〈Ec,0| =

(L−1)12(L−1)23 · 〈i1|Φ̂1|j1〉〈i2|Φ̂2|j2〉|〈Ec,0|Φ̂c|kc〉|2·
(

1
E1,i1 − E1,j1 + Ec,0 − Ec,kc

+
1

E2,j2 − E2,i2 + Ec,0 − Ec,kc

)
·

|i1〉〈j1| ⊗ |i2〉〈j2| ⊗ |Ec,0〉〈Ec,0|.
(5.63)

Using the properties of the matrix elements of Φ̂1 and Φ̂c, we can ap-

proximate the previous expression with the following:

2(L−1)12(L−1)23 ·
〈i1|Φ̂1|i1〉〈i2|Φ̂2|i2〉|〈Ec,0|Φ̂c|Ec,1〉|2

Ec,0 − Ec,1
·

|i1〉〈i1| ⊗ |i2〉〈i2| ⊗ |Ec,0〉〈Ec,0|,
(5.64)

which, as we can already see, is diagonal in the computational basis.

Then, taking the sums over i1 and i2, remembering the factor 1/2 from

the definition of Ĥ(2)
e f f and a factor 2 resulting from the fact that there

are two terms proportional to (L−1)12(L−1)23, we get the following
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simple expression for the contribution to the effective Hamiltonian:

− 2L′1L′2 Ip1 Ip2(L−1)12(L−1)23
|〈Ec,1|Φ̂c|Ec,0〉|2

Ec,1 − Ec,0
σσσz

1σσσz
2. (5.65)

• Mixed terms: finally, for the terms of the form (L−1)13(L−1)12(L−1)13 ·
〈i1i2Ec,0|Φ̂1Φ̂2|k1k2kc〉〈k1k2kc|Φ̂1Φ̂c|j1 j2Ec,0〉, we can easily see that

these are proportional to 〈Ec,0|Φ̂c|Ec,0〉 and therefore equal to zero.

Figure 5.8C shows all the Pauli coefficients of the second order effective

Hamiltonian, calculated numerically as a function of f ext
c,x . As expected, the

only non-zero term is the relatively large hzz (note that the irrelevant coeffi-

cient of the identity hI I is not shown). By summing the coefficients found at

the zeroth, first and second perturbative order, we obtain the lines shown in

figure 5.8D. As we can see from this graph, the two hzz terms sum to give an

interaction which is negative (ferromagnetic) for f ext
c,x ∈ [0.5, 1.5] + 2n, n ∈ Z,

and positive (antiferromagnetic) otherwise:

hzz 'h(1)zz + h(2)zz =

L′1L′2 Ip1 Ip2 ·
[
(L−1)13 − 2(L−1)12(L−1)23

|〈Ec,1|Φ̂c|Ec,0〉|2
Ec,1 − Ec,0

]
.

(5.66)

In figure 5.8E, we compare this result (blue line with crosses), with the

one obtained using the expression involving the coupler first-order mag-

netic susceptibility χ
(1)
c (Φext

c,x , Φext
c,z ) := ∂2Ec,0(Φext

c,x , Φext
c,z )/∂(Φext

c,z )
2 that is of-

ten used in the literature (red line, cf. for instance [115, 116], also cf. equation

2.106). This expression is easily found by applying the Born-Oppenheimer

approximation and a second-order power series expansion of the coupler

ground state energy. In summary, the part of the Hamiltonian involving the

coupler variables is initially replaced by its ground state energy, keeping the
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two qubits degrees of freedom as scalar parameters:

Ĥc(Φc,x, Φc,z) + [(L−1)12Φ̂1 + (L−1)23Φ̂2]Φ̂c

→ Ec,0(Φc,x, Φc,z + δΦc,z(Φ1, Φ2)).
(5.67)

Ec,0(Φ1, Φ2) is then expanded as

Ec,0 'Ec,0(Φext
c,x , Φext

c,z ) +
∂Ec,0

∂Φext
c,z

(Φext
c,x , Φext

c,z ) · δΦc,z(Φ1, Φ2)+

χ
(1)
c (Φext

c,x , Φext
c,z ) · (δΦc,z(Φ1, Φ2))

2,
(5.68)

the parameters Φ1 and Φ2 are promoted to operators once again and the

result is replaced in the circuit Hamiltonian, which now only depends on

the qubits degrees of freedom. After some algebra, one finds that[116]:

Ĥe.m. = Ĥ1 + Ĥ2 +
M2χ

(1)
c (Φext

c,x , Φext
c,z )

L′1L′2
Φ̂1Φ̂2 + o(M3), (5.69)

and from here, to second order in M,

hzz ' M2χ
(1)
c (Φext

c,x , Φext
c,z )Ip1 Ip2. (5.70)

As we can see from the graph in fig. 5.8E, the two results agree to a

very good degree. The yellow line in figure 5.8E represents the result of

the Hamiltonian reduction achieved with the formal expression of the SWT

5.44. As we can see, this result is in good agreement with the perturbative

result in a wide range of values of f ext
c,x away from f ext

c,x = 1. Around the point

f ext
c,x = 1, which is where the next order correction to the coupler ground

state energy is largest, the perturbative result appears to overestimate the

magnitude of the interaction.

The full set of Pauli coefficients determined with the Hamiltonian re-

duction method introduced in this chapter is shown in figure 5.8F. As we

can see, all the coefficients agree to a very good extent with those predicted
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using a perturbative series of the SWT, which is a typical state-of-the-art

approach. As it should be clear by now, however, the use of a numerical

expression of the formal Schrieffer-Wolff transformation allows for a much

more compact derivation of the effective Hamiltonian, which avoids having

to calculate the perturbative series at each order, such as the one in equation

5.56. Although our numerical representation of the full circuit Hamiltonian,

described in section 3.1.4[136], is also based on neglecting corrections of

second order in the interaction (it is formally a SWT effective Hamiltonian

at the first order of perturbation), the effect of these corrections on the qubit

subspace can often be made negligible in practice by including a sufficiently

large set of unperturbed low-energy eigenstates in the basis used for the ex-

pansion of the circuit Hamiltonian[136].

5.2.4.2 ZZ plus XX coupling

In this subsection, we consider an interesting circuit of interacting flux

qubits characterised experimentally by I. Ozfidan et al. in [184]. Its im-

portance lies on the fact that it can be operated in a regime where the two

qubits manifest a non-stoquastic interaction XX + YY.

The system is composed of two compound-Josephson-junction rf-

SQUID qubits, coupled both inductively and capacitively, as shown in fig-

ure 5.10. In order to simplify the numerics and to be consistent with the

approach of [184], we approximate the qubit circuits to simple rf-SQUIDs

with an effective Josephson energy controlled by the flux applied to their x

loop: EJ,i(Φx,i) = 2EJ,i cos (πΦx,i/Φ0), where EJ,i is the Josephson energy of

each of the two junctions (assumed identical) in the i-th qubit dc-SQUID.

With reference to the symbols in figure 5.10, the circuit Hamiltonian
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FIGURE 5.10: Circuit diagram of the system of two interacting qubits studied in
[184]. Highlighted in different colours are the coupling elements and
the magnetic bias fluxes.

reads:

Ĥe.m. =
2

∑
i=1

Ĥi + ĤC + ĤM =

=
2

∑
i=1

[
Q̂2

i

2C̃i
+

Φ̂2
i

2L̃i
+

−EJ,i(Φx,i) cos

(
2π

Φ̂i −Φz,i

Φ0

)]
+

+
C12Q̂1Q̂2

C1C2 + (C1 + C2)C12
+

M12Φ̂1Φ̂2

L1L2 −M2
12

,

(5.71)

where C̃1(2) = C1(2) + C12C2(1)/(C2(1) + C12) and L̃1(2) = L1(2) −
M2

12/L2(1)[184].

Using the physical parameters given in [184], i.e. C12 = 132fF and

those in table 5.2, and using the ten lowest energy eigenstates of the un-

perturbed Hamiltonians of the two qubits to expand the full circuit Hamil-

tonian, we calculated the lowest four eigenvalues of our Hamiltonian for

different values of mutual inductance in the range −2pH < M12 < 2pH,

obtaining the results shown in figure 5.11A. This graph matches well with

the corresponding one present in fig. 3c of [184]. The avoided level-crossing

at M12 ' 0.7pH is proportional to the capacitive coupling C12 and only

Qubit EJ0,i (GHz) Ci (fF) Li (pH) Φx,i/Φ0 Φz,i/Φ0
Q1 1.603 · 103 119.5 231.9 −0.6538 1 · 10−4

Q2 1.568 · 103 116.4 239 −0.6526 1 · 10−4

TABLE 5.2: Physical parameters of the circuit studied in [184].
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(A) (B)

FIGURE 5.11: A) Low energy circuit spectrum, relative to the ground state, of the
circuit in figure 5.10, as a function of the mutual inductance M12. B)
One-local Pauli coefficients calculated, as a function of M12, by ap-
plying the Schrieffer-Wolff transformation reduction method to the
full (solid lines) and the unperturbed Hamiltonian (dashed lines) of
the circuit in fig. 5.10 (notice that the solid and dashed lines for hzI
and hIz all overlap at this scale). Circles: same coefficients, calculated
using the approximate rotation reduction of [184].

occurs at finite longitudinal fields, i.e. Φz,i 6= 0[14]. (Notice that when

−1.5 < Φx,i/Φ0 < −0.5, the effective Josephson energy EJ,i(Φx,i) is neg-

ative and the symmetry point where hz = 0 is displaced from Φz,i = Φ0/2

to Φz,i = 0[115].)

We now consider the effective Hamiltonian reduction, starting with

the formal Schrieffer-Wolff transformation result. After verifying that the

hypotheses of its construction are satisfied, in particular observing that

‖P̂ − P̂0‖op . 0.5 in the whole range of M12, we extracted the Pauli coef-

ficients. These were calculated by defining the computational states and the

Pauli operators locally for each qubit and then projecting the effective qubit

Hamiltonian using equation 5.48.

The six one-local coefficients are shown in figure 5.11B by solid lines.

The dashed lines represent the same coefficients extracted from the zeroth

perturbative order effective Hamiltonian Ĥ(0)
e f f = P̂0(Ĥ1 + Ĥ2)P̂0. As we

can see, for hzI and hIz the solid and the dashed lines overlap, that is the

values of the longitudinal fields of the coupled system are completely de-
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termined by the static inductive and capacitive loading of the unperturbed

Hamiltonians. In particular, the effect of the inductive loading appears to

be approximately linear in M12. The transverse fields hxI and hIx, on the

other hand, are rescaled by the mixing with higher excited states induced

by the interaction terms and become ∼ 25% lower in magnitude than those

resulting from the (statically) loaded single-qubit Hamiltonians. We will

call this effect dynamic loading[14]. The change in transverse field appears

approximately quadratic in M12 and is not centred around M12 = 0 due to

the presence of the capacitive coupling (as we verified by comparing against

the case C12 = 0).

As explained in the previous sections, the components of the local field

along the y direction have been removed by making the appropriate local

gauge transformation (eq. 5.21)[14]. (Actually, the circuit Hamiltonian in

this case is completely real, so that no imaginary terms can appear in the

reduced Hamiltonian; the gauge transformation only ensures that the signs

of different coefficients are consistent across the range of M12.)

The empty circles in figure 5.11B are the one-local Pauli coefficients de-

termined with the approximate rotation method, introduced in [184] and

reviewed in section 5.2.1. Comparing with the previous results, we can see

that we obtain qualitatively similar, but quantitatively different results. In

particular the values for the transverse fields are close to those obtained

with the SWT reduction, while the new longitudinal fields are everywhere

smaller in magnitude, and, in this case, do not agree with their unperturbed

values (dashed lines)[14].

Figure 5.12A shows the coefficients of the nine effective qubit Hamilto-

nian two-local terms. According to the reduction based on the SWT (lines),

the only non-negligible terms in the Hamiltonian are those proportional to

σσσz
1σσσz

2, σσσx
1σσσx

2 and σσσ
y
1σσσ

y
2.

As seen in our previous example, the ZZ term represents the inductive

interaction, ÛM ∝ M12Φ̂1Φ̂2, the flux being our z degree of freedom, and
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(A) (B)

FIGURE 5.12: A) Two-local Pauli coefficients calculated, as a function of M12, using
the SWT method (lines) and approximate rotation method (circles).
Note that the purple line lies flat at zero and overlaps with the green
one. B) One- and two-local Pauli coefficients determined with the ap-
proximate rotation method, after the application of the local rotation
removing XZ and ZX terms (circles), compared against the ones cal-
culated with the SWT method (solid lines). Note that the local Pauli
coefficients for the two qubits overlap almost completely at this scale.

it indeed scales linearly with M12 (cf. yellow line in figure 5.12A). Since

we have chosen to identify a flux degree of freedom with the real opera-

tor σσσz, the canonically conjugate charge operator must be complex (since

[Φ̂, Q̂] = ih̄), and therefore must be identified with σσσy. The YY term (red

line), then, describes the capacitive interaction and, in fact, appears to be

largely independent of M12. Finally the XX term (blue line) is a result of the

presence of the higher excited states of the system[184]. It is related to both

the inductive and the capacitive Hamiltonian terms and appears to scale

linearly with M12[14].

According to reference [192], a two-local two-qubit Hamiltonian of the

form
H = hxIσσσ

x
1 + hIxσσσx

2 + hzIσσσ
z
1 + hIzσσσ

z
2+

+hxxσσσx
1σσσx

2 + hyyσσσ
y
1σσσ

y
2 + hzzσσσ

z
1σσσz

2

(5.72)

is non-stoquastic, and remains such after arbitrary local rotations, as long as

hxI , hIx, hzI , hIz 6= 0 and |hyy| > |hxx|, |hzz|. The region where this condi-

tion is satisfied is highlighted in green in figure 5.12A. We have seen in the
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introduction that non-stoquastic Hamiltonian terms might be beneficial to

quantum annealing for a number of reasons. The circuit described in [184]

represented the first experimental demonstration of such a term in a system

of flux qubits developed for quantum annealing.

Our implementation of the approximate rotation reduction produces

qualitatively similar results to the SWT reduction for the two-local Pauli co-

efficients (see hollow circles in figure 5.12A), except for hxz ' hzx (purple

circles), which are now of the same order of magnitude as the other coeffi-

cients. Since both the approximate rotation method and the SWT method

reproduce the correct low-energy spectrum of the circuit Hamiltonian, the

respective effective Hamiltonians must be connected by a unitary operation.

We confirmed this explicitly by showing that both sets of coefficients lead

to qubit Hamiltonians with the same spectrum, matching the one shown in

figure 5.11A[14].

Notice that Ref. [184] actually reports the two hxz ' hzx coefficients to

be negligible, which we ascribe to the fact that the authors used a different

form for the circuit Hamiltonian, and potentially a different definition of the

computational basis, and hence of R2, as defined in section 5.2.1[184]. (In

our case the computational basis was defined locally as in eq. 5.13.) In fact,

any mixed two-local term, involving different Pauli operators acting on the

two qubits, can be eliminated from a two-qubit Hamiltonian by performing

a local change of basis[192]. Applying this transformation produces a new

set of coefficients which are within 5% of those found by the SWT reduction

method (see Fig. 5.12B). In this case, then, the unitary mapping between the

two is a local transformation[14].

We conclude the subsection on this two-qubit system by briefly consid-

ering how, in analogy to what we had in the single-qubit case, the reduced

Hamiltonian not only contains information about the system low-energy

spectrum, but also about state probabilities (as well as operator matrix ele-

ments). For instance, when we set M12 = 2 pH, the SWT reduction produces
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the following effective qubit Hamiltonian:

Hq =− 0.125σσσz
1 − 0.121σσσz

2 − 0.516σσσx
1 − 0.509σσσx

2+

− 0.459σσσx
1σσσx

2 + 0.500σσσ
y
1σσσ

y
2 + 1.079σσσz

1σσσz
2.

(5.73)

One can easily find that the first excited state of this Hamiltonian is |E1〉 =
−0.0046|00〉 + 0.7041|01〉 − 0.7101|10〉 − 0.0012|11〉, i.e. an entangled state

where the two qubits are in opposite computational states with probability

approximately one (i.e. p(q1 = 0|q2 = 1) = · · · ' 1). This should translate

to the fact that, at the circuit level, there is a high probability of measuring

currents of opposite sign on the two qubits, when the system is in its first

excited state. In other words, if the persistent current of one of the qubits

is measured to be positive, the other qubit is projected on its negative per-

sistent current state, and vice versa. We can verify that this is actually the

case by using the projectors on the positive and negative subspaces of the

qubit current operators and calculating their expectation value on the first

excited state |E1〉 of the circuit Hamiltonian. Table 5.3 gives the probabil-

ities of measuring the different computational states on |E1〉 and different

current sign combinations on |E1〉. The two results are in good qualitative

agreement[14].

Model Probabilities
p00/p++ p01/p+− p10/p−+ p11/p−−

Qubit 2 · 10−5 0.50 0.50 1.3 · 10−6

Circuit 0.06 0.44 0.45 0.05

TABLE 5.3: Probability of measuring different computational states as the first ex-
cited state of the effective qubit Hamiltonian and relative probability of
measuring different pairs of persistent current signs in the circuit first
excited state.

5.2.4.3 ZZZ coupling

As the final example we consider a proposed circuit implementing a three-

local ZZZ interaction between three flux qubits, presented in [181]. The

circuit diagram is shown in figure 5.13A and consists of the three flux qubits
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(in this case rf-SQUID qubits) and two compound-Josephson-junction rf-

SQUID couplers. The main loops of the two couplers, one of which contains

a twist, mediate a magnetic interaction between the superconducting loops

of qubits q1 and q2 (see Fig. 5.13A). If the flux applied to the coupler main

loop, Φz,ci is kept constant, the flux applied to its dc-SQUID loop, Φx,ci,

controls the effective mutual inductance between the qubits and therefore

the magnitude and sign of the effective ZZ interaction[115].

By magnetically coupling the current loop of qubit q3 to the coupler

dc-SQUID loop, one can control the two local interaction between q1 and

q2 with the current state of q3, therefore obtaining a three-local hzzzσσσ
z
1σσσz

2σσσz
3

interaction[181].

The solid lines in figure 5.13B show the effective Hamiltonian coeffi-

cients for the system consisting of the three flux qubits and the single cou-

pler c1, extracted using the SWT reduction method. The main loop of the

coupler and those of the three qubits are all biased at Φz,c1 = Φz,i = Φ0/2,

such that the qubit longitudinal fields are all zero. The transverse fields are

(A) (B)

FIGURE 5.13: A) Circuit diagram of three flux qubits and the three-local ZZZ in-
teraction circuit, described in [181], consisting of two compound-
Josephson-junction rf-SQUID tunable magnetic couplers, one of
which, c2, has a twist in the main loop. B) Solid lines: Pauli coeffi-
cients extracted, using the SWT-based reduction method, for the sys-
tem of three qubits and coupler c1, as a function of fx,c1. (Note that c2
is absent here.) Filled circles: same coefficients, extracted using the
diagonal Hamiltonian reduction method.
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also zero with the physical parameters considered (which are given below).

As expected, we find a three-local interaction term ∝ hzzz, in addition to a

residual two-local interaction between qubits q1 and q2, ∝ hzzI and a large

longitudinal field hI Iz on qubit q3.

The parameters used in the simulations are as follows: all qubits (i =

1, 2, 3) have EJ,i = 99.3GHz, Lq,i = 4.5nH and a large shunting capaci-

tance Csh,i = 45fF; the two coupler junction Josephson energies are EJ1,c1 =

EJ2,c1 = 233.4GHz, the coupler main loop inductance is Lz,c1 = 550pH,

while the small loop has an inductance of Lx,c1 = 170pH and is shunted by

a capacitance Csh,c1 = 10fF; all mutual inductances are 50pH. The rf-SQUID

qubit Hamiltonians have been expressed in a basis of 40 occupation number

states. The three degrees of freedom of the coupler are expressed using 20

occupation number states for the small plasma frequency mode and seven for

the higher plasma frequency modes. The total Hamiltonian is projected on

the lowest eight unperturbed eigenstates of each qubit and on the lowest

five unperturbed coupler eigenstates.

Since the effective Hamiltonian here is diagonal in the computational

basis, its coefficients can also be calculated with the method used in [181]

and reviewed in section 5.2.2. The result of this reduction is represented by

the filled dots in figure 5.13B and matches very well with the result of the

SWT reduction[14].

Introducing a twist in the coupler, for instance changing the mutual

inductance between the coupler and qubit q2 from 50pH to −50pH (as in

coupler c2), and changing the sign of the coupler x-bias, reverses the sign

not only of the two-local coefficient hzzI , but also of hI Iz. The three-local

interaction coefficient, however, remains of the same sign. Therefore attach-

ing both couplers c1 and c2 to the qubits leaves us with a purely three-local

Hamiltonian.

The numerical simulation of the full system agrees with this picture.

The Pauli coefficients extracted, as a function of fx,c1 = − fx,c2, are shown in
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(A) (B)

FIGURE 5.14: A) Pauli coefficients numerically extracted for the circuit in fig.
5.13A. Solid lines: SWT-based reduction method. Filled circles: di-
agonal Hamiltonian reduction method. B) Energy spectrum, relative
to the ground state, of the circuit in fig. 5.13A. Solid lines: circuit
Hamiltonian. Filled circles: effective qubit Hamiltonian.

figure 5.14A, with the solid lines and the dots being the result of the SWT

and the diagonal Hamiltonian reduction method, respectively. Coupler c2

shares the same physical parameters as c1 and is also biased at fz,c2 = 0.5. Its

lowest five unperturbed eigenstates are kept for representing the full system

Hamiltonian[14].

As we can see, the size of the three-local ZZZ interaction can be

changed from zero to as much as 700MHz in the range of fluxes consid-

ered. Its sign can also be changed to negative by biasing at f ′x,c1 = − f ′x,c2 =

2− fx,c1[181].

Finally we can check that the reduced Hamiltonian has the correct spec-

trum. This is shown in figure 5.14B, where the filled dots represent the ef-

fective qubit Hamiltonian transition energies and the solid lines those of

the circuit Hamiltonian. The levels are grouped in two manifolds each of

four degenerate levels, separated by an energy of 2|hzzz|. In the ground

state manifold the expectation value of the product of the qubit currents,

〈 Î1 Î2 Î3〉, and therefore 〈σσσz
1σσσz

2σσσz
3〉 in the reduced model, is negative, while it

is positive in the excited manifold states. At energies above 8GHz we see

the additional states of the system, specifically the first excited states of the
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couplers. As we can see, the interaction does not close the spectral gap of

the Hamiltonian, which allows us to use the Schrieffer-Wolff transformation

reduction method[14].

In this chapter, we have developed a systematic numerical method for

determining the effective spin Hamiltonian, written in the appropriate com-

putational basis, describing a system of interacting superconducting cir-

cuits. The input to this reduction is a matrix representation of the circuit

Hamiltonian, which can include magnetic and electrostatic biases, and mu-

tual inductive or electrostatic interaction terms[14].

We validated of our reduction protocol by applying it to a variety of

circuits and comparing its results with those of other reduction approaches

in the recent literature, and by performing self-consistency checks, such as

the inspection on the effective Hamiltonian spectrum.

These results showed that our reduction approach, which is based on

more general assumptions than the other reduction methods in the litera-

ture, has therefore a wider range of applicability in the bias parameter space.

In particular, we have seen that, in the case of isolated superconducting

qubits, choosing the local computational basis with explicit reference to the

measurement operator improves the accuracy of the reduced Hamiltonian,

in terms of both the spectrum and expectation values of circuit operators.

In the multiple-qubit case, the Schrieffer-Wolff transformation theory

provided a solid basis for calculating the effective spin Hamiltonian. The

only requirement for its application is that the magnitude of the spectral

gap of the unperturbed Hamiltonian should be larger than the magnitude

of the interaction. This again leads to an improvement in the range of appli-

cability over competing reduction approaches. The numerical calculation of

the effective multiple-qubit Hamiltonians provided results in good agree-

ment with the existing reduction methods, when these were used within

their range of applicability, and allowed for the seamless extraction of non-
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stoquastic and many-body effective interaction terms.

In practice, the limit given by the inequality ‖Ĥint‖op < ∆/2 can be

circumvented, as long as one is able to partition the system in smaller units,

and as long as the qubits in each unit display sufficient anharmonicity[14].

This reduction method should find useful application in different ar-

eas of applied quantum computation, where complex systems of continu-

ous variable circuits are described in terms of interacting two-level systems.

In practice one could start by fitting the parameters in the circuit model

to some preliminary data, then extract the effective qubit Hamiltonian as a

function of the control biases. The reduced model could then be verified

with additional experiments, for instance spectroscopic or state population

oscillation measurements (such as the one described in the next, final chap-

ter), and successively be employed as the reference model for the operation

of the system[184].

In the context of circuit design, our protocol can additionally be used to

model the interplay between different qubit Hamiltonian terms, for instance

the effect of the coupler bias on the qubit transverse fields (dynamic induc-

tive loading[46]), to predict quantum crosstalk effects due to asymmetries in

the circuits, as recently done in [185], to engineer non-Ising terms like non-

stoquastic or many-body interactions and more in general to define custom

annealing schedules with increased accuracy (see, for instance, [78])[14].



Chapter 6

Towards an experimental test of

the local-basis reduction

In chapter 5 we described a novel numerical method to derive the effective

Hamiltonian of a superconducting circuit of interacting qubits. The effective

qubit Hamiltonian contains, in a compact form, all the necessary informa-

tion to describe the dynamics of the system in the low-energy subspace and

the result of measurements in the computational basis.

In this chapter, we present a simple oscillation experiment aimed at

evaluating the accuracy of our Hamiltonian reduction method, when ap-

plied to an isolated qubit.

We start by introducing the strategy of the experimental test, then de-

scribe our experimental setup and finally present the results of some pre-

liminary calibration measurements that I performed on the test device, at

the London Centre for Nanotechnology.

6.1 Qubit free-evolution experiment
Given any actual single superconducting qubit, for instance a capacitively-

shunted flux qubit, one way of determining the accuracy of its effective

Hamiltonian model, derived from a reduction protocol, is to go through

the following steps (cf. for instance [184]):

• Determine the circuit physical parameters by fitting an appropriate
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circuit Hamiltonian model to spectroscopic data;

• Apply the reduction to the circuit Hamiltonian and determine the ef-

fective qubit Hamiltonian;

• Perform some dynamical evolution on the qubit, followed by a mea-

surement in the computational basis;

• Compare the distribution of state measurements to the one predicted

using the effective qubit Hamiltonian.

As a simple case of dynamical evolution, we will consider a free os-

cillation, in which the populations of the two computational states oscil-

late in time as a result of the qubit evolution under a constant (i.e. time-

independent) Hamiltonian with non-diagonal terms in the computational

basis.

Let us consider, for instance, a qubit initialised in the state |0〉 and de-

scribed by the general qubit Hamiltonian Ĥq = hxσ̂x + hzσ̂z. A solution of

the Schrodinger equation gives the following expression for the probability

of measuring the state |0〉 at any time t:

p0(t) =|〈0|Ψ(t)〉|2 = |〈0| · exp

(
− iĤqt

h̄

)
|0〉|2

=|〈0| · exp

[
− it

√
h2

x + h2
z

h̄
(sin θσ̂x + cos θσ̂z)

]
|0〉|2

=

∣∣∣∣〈0| ·
[

cos
(

t
√

h2
x+h2

z
h̄

)
|0〉 − i sin

(
t
√

h2
x+h2

z
h̄

)
· (cos θ|0〉+ sin θ|1〉)

]∣∣∣∣
2

= cos2

(
t
√

h2
x + h2

z
h̄

)
+ cos2 θ sin2

(
t
√

h2
x + h2

z
h̄

)

= cos2 θ + sin2 θ cos2

(
t
√

h2
x + h2

z
h̄

)
,

(6.1)

where θ := arctan(hx/hz). From here we can see that the period of the
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oscillations is

T =
πh̄√

h2
x + h2

z
, (6.2)

and their visibility is

V :=
max(p0(t))−min(p0(t))
max(p0(t)) + min(p0(t))

=
sin2 θ

1 + cos2 θ
=

h2
x

h2
x + 2h2

z
. (6.3)

This type of oscillation experiment was used, for example, in reference

[184] to validate the predictions of the effective Hamiltonian model of their

two-qubit system. Since different reduction methods can lead to different

effective Hamiltonians for the same system, and therefore to different pre-

dictions for its dynamics, a comparison with the experiment can help us

establish which method produces the most accurate results.

As shown in the previous chapter, in the case of a single isolated qu-

bit, the perturbative and local reduction methods can differ from each other

when the qubit is biased away from the optimal bias point. This means

that, in order to observe a difference in the predicted dynamics, we need to

perform the oscillation experiment with hz 6= 0, which therefore limits the

maximum visibility of the oscillations in the computational state popula-

tions. Additionally, since for typical flux qubits, hx ∼ 5GHz, we need to be

able to vary the duration of the free-evolution with sub-nanosecond resolu-

tion in order to resolve the frequency of the oscillations. In the next section

we describe a qubit device and an experimental setup that are appropriate

for this task.

6.2 Experimental setup and numerical example

The device that we choose to perform the oscillation experiment is a

capacitively-shunted four-Josephson-junction flux qubit (in red in the cir-

cuit diagram in figure 6.1), equipped with an rf-SQUID based flux-tuneable

resonator for persistent-current readout (in green in fig. 6.1) and an ad-

ditional Quantum Flux Parametron (QFP, effectively a compound-Josephson
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FIGURE 6.1: Equivalent circuit diagram of the system used for the experiments pre-
sented here. Next to some of the circuit elements are the design param-
eters. Not shown are the individual flux-bias lines.

junction rf-SQUID qubit, in blue in fig. 6.1) used to suppress or enhance the

coupling of flux from the qubit persistent current to the readout resonator.

Five individual on-chip bias lines allow the control of the flux bias through

the five superconducting loops in the circuit. Finally, both the qubit and

the QFP are equipped with additional dispersive readout resonators to ease

flux bias calibration.

The device was fabricated at MIT Lincoln Laboratory, with the meth-

ods described in chapter 3, and is very similar to the one studied in refer-

ence [146]. The parameter values shown in figure 6.1 represent the design

parameters, estimated at Lincoln Lab by finite-element simulations. The

superconducting chip was wire-bonded to a printed circuit board hosted

inside a connectorised non-magnetic metal enclosure, also designed at MIT,

allowing for the rf and dc control and readout of the device.

Using the design circuit parameters, we can apply Hamiltonian reduc-

tion to the qubit circuit to determine its effective qubit Hamiltonian. Figure
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(A) (B)

FIGURE 6.2: A) Effective Hamiltonian coefficients of the CSFQ, as a function of qu-
bit fluxes fq,x and with fq,z = 0.508, calculated using the design circuit
parameters and the local reduction method (solid lines) and the per-
turbative reduction method (dashed lines). B) Population of the |0〉
state at the end of free oscillation experiment of length τ and quench
time tquench = 100 ps, under the qubit Hamiltonians at fq,z = 0.508 and
fq,x = 0.314 predicted by the local reduction (in blue) and perturbative
reduction (in red) methods.

6.2A shows the effective Hamiltonian coefficients as a function of the flux

applied to the qubit dc-SQUID loop fq,x and for a value of the flux applied

to its main loop of fq,z = 0.508. The solid lines represent the result of the

local reduction method introduced in chapter 5, while the dashed lines rep-

resent the result of perturbative reduction. In both cases, as we expect, as

fq,x increases between 0 and 0.5 and the Josephson energy potential barrier

decreases, the tunneling energy hx increases in magnitude. The longitudi-

nal field hz also changes as a result of the change in magnitude of the qubit

persistent current.

As we observed already in the previous chapter, the two reduction ap-

proaches lead to different effective Hamiltonians when fq,z 6= 0.5 and there-

fore predict different outcomes for the same oscillation experiment. Figure

6.2B shows the expected probability of measuring the state |0〉 of the qubit at

the end of an oscillation experiment of duration τ, with the qubit initialised

in the state |0〉 at time t = 0 and the qubit Hamiltonian determined by the

local reduction (blue line in 6.2B) and the perturbative reduction (red line).
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0.206

0.314

0.508

FIGURE 6.3: Example bias flux schedule for a qubit oscillation experiment (cf.
equation 6.5).

The simulation, based on the solution of the Schrödinger equation, assumes

ideal qubit preparation and measurement, while the transverse field is as-

sumed to be turned on and off in a time tquench = 100 ps, in accordance with

the following trapezoidal flux schedule (see fig. 6.3):

fq,z ≡ 0.508, (6.4)

fq,x =





0.206 + (0.314− 0.206) t
tquench

, 0 < t < tquench

0.314, tquench < t < tquench + τ

0.314− (0.314− 0.206)
t−tquench−τ

tquench
, tquench + τ < t < 2tquench + τ

(6.5)

As expected, the oscillations predicted by the two models differ in pe-

riod and visibility. Note that the relaxation times measured on devices

with similar design and fabrication at MIT are typically T1 > 1µs, al-

lowing plenty of margin to observe these oscillations with nanosecond

timescales[146].

Appropriate control of the external flux bias applied to the circuit al-

lows, not only the control of the qubit free-evolution in the computational

basis, but also its state preparation and the high fidelity measurement of its

final state with the QFP and flux-tuneable resonator.

In order prepare the qubit state |0〉, the qubit x-flux is initially set to 0.5
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while a positive z-flux bias offset δ fq,z = fq,z − 0.5 is applied, thus making

the qubit semi-classical potential monostable and centered around a point

with positive total flux (see first graph at the top of figure 6.4). This causes

the qubit to quickly relax to the ground state of its monostable potential.

fq,x is then decreased (cf. blue schedule in figure 6.4) and the qubit state

adiabatically reaches the ground state of the bistable potential |0〉[184]. fq,x

and fq,z can then be set to their initial values for the oscillation experiment

(blue and yellow schedules in figure 6.4).

At this point, the qubit oscillations can be controlled by quickly ramp-

ing up the bias fq,x and then quickly decreasing it again after the evolution

time τ. The quick rise and fall of this rectangular pulse avoids unwanted

further evolution of the qubit state.

Once the oscillations are completed, the qubit state needs to be mea-

sured. This is accomplished by firstly ramping the QFP x-flux bias from 0.5

Qubit state preparation Qubit measurement
Qubit free

evolution

FIGURE 6.4: Qualitative flux and voltage schedules used to prepare the CSFQ state,
control its evolution and measure its state in a free-oscillation exper-
iment. The diagrams at the top represent the qubit effective one-
dimensional semi-classical potential at each stage of the experiment.
Not shown are the constant flux biases of the QFP z-loop and the tune-
able resonator rf-SQUID.
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to 0 (green schedule in fig. 6.4). In this way, the flux generated by the qubit

final persistent current state prepares the QFP in a state with large persis-

tent current, whose sign depends on the state of the qubit[193]. The very

tall potential barrier in the QFP potential energy when fQFP,x = 0 makes

the QFP persistent current state very robust against tunneling events and

allows it (and therefore the qubit state) to be measured with long integra-

tion times and therefore high fidelity by probing the resonance frequency

of the tuneable resonator[146]. Throughout this sequence of bias flux ad-

justments, the QFP z-loop is kept biased at 0, to minimise its back-action

on the qubit, whereas the tuneable resonator rf-SQUID is kept biased at a
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FIGURE 6.5: Schematic diagram of the circuit used to generate the control flux
schedule and pulsed qubit readout.
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flux-sensitive point, typically 0.25.

In order to implement the control and readout schedules in our labora-

tory at LCN, we can use the circuit shown schematically in figure 6.5.

In particular, we use a number of arbitrary waveform generators (with

sampling rate 500MS/s) to generate the flux schedules to all the different

bias loops in the circuit. To achieve the very fast (∼ 100 ps) rise and fall

times and the very fine tuning of the duration of the fq,x pulse necessary for

the control of the free oscillations, we instead use a fast comparator board

(Analog Devices ADCMP572, cf. diagram in fig. 6.6) to compare a relatively

slow (< 200 MHz) cropped rf signal to a dc signal, both generated by the

AWGs.

This comparator generates an output voltage (Vout in fig. 6.6) of 3.25V

(2.85V) whenever the rf input signal (Vin) is above (below) a dc threshold

level (Vth). Given an rf input A cos(ωt), a threshold level B : 0 < B < A,

and given the conditions A cos(ωt0) = A cos[ω(t0 + τ)] = B satisfied at the

start (t0) and at the end of the output pulse, we find, for the pulse duration

τ =
arccos

[
2(B/A)2 − 1

]

ω
, (6.6)

which shows how the pulse duration can be tuned between 0 and π/ω by

only adjusting the ratio B/A. In principle, given for instance ω/(2π) =

V

50 50

+ VVin out

out
Vth

LATCH
INPUTS

GND = 1V

Vcci = 3.3V

Vcco = 3.3V 3.3V

ADCMP572

FIGURE 6.6: Schematic diagram of an Analog Devices ADCMP572 comparator.
From [194].
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(A) (B)

FIGURE 6.7: A) Time trace of a fast 2.5ns-duration pulse generated with the com-
parator board, measured with a fast oscilloscope. Note that the mean
level of 3V of the comparator output is eliminated by the dc block at
the rf input of the bias tee. B) Detail of the pulse rising edge, which
allows us to estimate a pulse rise time (between the 10% and the 90%
level) of ∼60ps.

100MHz, A = 1.5V and dB = 1.5/216 ' 2.29 · 10−5V (the AWG output

resolution), we could achieve a pulse duration resolution of dτ = |dτ/dB| ·
dB ' 6ps for a 1ns pulse. In practice the limit would be set by how stable is

the input voltage to the comparator and how short is its response time.

We tested the comparator by generating a short 2.5ns pulse (having set

A = 1.5V, B = 1.4883, ω/(2π) = 100MHz), which we then sent through the

rf input of a bias tee (which would be required to set the reference value of

the flux bias) and then into an input line of the fridge, and measured the out-

put at the mixing chamber (while the dilution fridge was warm and open)

with a fast oscilloscope (see figure 6.7A). These measurements allowed us to

estimate the rise and fall times of the generated pulses at ∼ 60ps (cf. figure

6.7B). Note that in order to adjust the pulse amplitude to the value required

to set an arbitrary flux bias, we would need to use an adjustable amplifier.

6.2.1 Heterodyne readout

The single-shot readout of the qubit can be achieved using single-sideband

heterodyne detection: firstly, a fast local oscillator signal ( fLO ∼ 8 GHz,

depending on the readout resonator frequency) is mixed, with an IQ mixer,

with pulsed in-phase (I) and quadrature (Q) signals at a lower frequency (in-
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termediate frequency f IF), thus obtaining a signal at the frequency fLO + f IF

(or fLO − f IF), resonant with the qubit tuneable readout resonator. In our

case, the IF I and Q signals are generated by a lock-in amplifier (Zurich In-

struments UHFQA), with an analog bandwidth of 600 MHz and an AWG

sampling rate of 1.8GS/s. This device can also be used for triggering the

other instruments by defining marker signals on the measurement pulse se-

quence. The signal transmitted through the on-chip feedline is then ampli-

fied, down-converted to the IF frequency and finally digitised by the lock-in

amplifier. Since, as shown in section 3.2.6, the amplitude and phase of this

transmitted signal depends on the qubit state, the latter can be inferred by

determining the position of the measured signal (integrated over the single

pulse) in the I-Q plane[158].

In the next section, we will present some preliminary results of this

experiment. Due to time constraints to my project, these were limited to

single-tone spectroscopy measurements in continuous-wave, a full calibra-

tion of the flux controls of the circuit and fitting of the results to a lumped-

element circuit Hamiltonian model.

6.3 Preliminary experimental and numerical re-

sults

6.3.1 Flux control calibration

In order to operate our qubit chip, it is necessary to control its five bias fluxes

independently with a good degree of accuracy. Each superconducting loop

in the circuit has a dedicated on-chip bias line, which is voltage-biased using

one of the AWG channels as a voltage source. The impedance of the line R

then converts the applied voltage into a current flowing through the line,

which in turn is translated into a magnetic flux by the mutual inductance M

between the line and the superconducting loop.

Whereas R can be measured directly using an ohmmeter, M can be in-

ferred using the periodicity of the spectroscopy measurements in the bias
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flux.

6.3.1.1 Tuneable resonator flux bias

In order to understand this, let us start by considering the single bias flux

of the tuneable readout resonator, i.e. the flux Φext through its rf-SQUID.

As we observed in section 3.2.6, the resonance frequency ωr(Φext) of the

resonator is Φ0-periodic in Φext. We can easily use this information to de-

termine the zero-voltage flux offset Φext,0 = Φext(V = 0) and the mutual

inductance between the bias loop and its bias line.

To this aim, we start with measuring, with the vector network anal-

yser, the scattering parameter of the rf feedline around the resonance of the

resonator, while sweeping the bias voltage. The result of one such measure-

ment is shown in figure 6.8A. By comparing with a circuit model simulation

of the system (cf., for instance, figure 3.15), we can see that the maxima in

the resonance frequency correspond to the points Φext = nΦ0, with n ∈ Z.

Since the bias flux is given in terms of the bias voltage V by the relationship

Φext = Φext,0 +
MV

R
, (6.7)

(A)
(B)

FIGURE 6.8: A) VNA single tone spectroscopy of the flux-tuneable resonator, as
a function of the voltage applied to the bias line of the resonator rf-
SQUID loop. B) In blue, |S21(ω)| measured at V = 1.26V, normalised
to the background level. In orange, the prediction of the fitted model
(cf. equation 3.56), used to determine the resonance frequency.
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where Φext,0 takes into account the effect of any stray flux in the system, we

can determine M and Φext,0 from the two consecutive frequency maxima in

our scan, at the voltage points V1 and V2, as

M =
Φ0R

V2 −V1
(6.8)

and

Φext,0 = −MV1

R
+ nΦ0 = − Φ0V1

V2 −V1
+ nΦ0. (6.9)

In order to systematically find the points of maximum resonance fre-

quency in the voltage scan, we first fit the S21 parameter measured at each

voltage point to the model described in section 3.2.4 (see equation 3.56), and

determine the local resonance frequency ωr(V). In order to get a quick and

robust fit of ωr, we focus on the magnitude of S21 and remove effect of back-

ground features in the transmission by subtracting an |S21| trace measured

at a voltage point where we do not observe the resonance (in the frequency

range of the scan), for instance V = −1V in the scan in figure 6.8A. Figure

6.8B shows, as an example, the magnitude of S21 measured at V = 1.26V

(blue line) and the prediction of the fitted model (orange line). As we can

see, the fitted model predicts with very good accuracy the resonance fre-

quency and the skewed line-shape caused by some impedance mismatch.

The obtained resonance frequencies are shown in figure 6.9A.

Next, we can calculate the voltage points of maximum resonance fre-

quency (corresponding to Φext = nΦ0) by fitting a number (we used 20) of

points (V, ωr(V)) near the maximum to the parabola ωr(V) = ωr,max −
c · (V − Vmax)2, with c > 0. By finding the two such voltage points

in our single-tone spectroscopy data, and using the line resistance R =

(1730± 16)Ω measured with a multimeter, we obtain the mutual inductance

M = (2.85± 0.03)pH and the offset bias flux Φext,0 = (−0.754± 0.003)Φ0.

Note that the error propagated from our fits to Φext,0 defines our sensitivity

(3mΦ0) in setting the flux bias to this circuit (since the limit set by the finite
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resolution of our 16-bit AWG is lower, namely 1.5V/216 ·M/R ' 0.2mΦ0).

At this point, we can also fit the ωr(Φext) response to the approximate

semi-classical model of the circuit (see equations 3.65 and 3.64) to determine

an estimate of the circuit parameters. Using a non-linear least-squares fit-

ting method, implemented in the MATLAB curve fitting toolbox, I found

Ic = (1.22± 0.11)µA for the junction critical current, L = (198± 12)pH for

the rf-SQUID geometric inductance and Lr = (0.94± 0.11)nH, Cr = (0.53±
0.05)pF for the resonator effective inductance and capacitance. These pa-

rameters are nicely consistent with their designed values. The ωr(Φext) re-

lation predicted by the model is shown in figure 6.9B by a black dashed line

and compared to the spectroscopic data.

Note that, in general, other bias lines in the circuit will also have a mu-

tual inductive coupling to the tuneable resonator rf-SQUID loop. Once the

voltage-to-flux mapping has been found for a circuit loop and its dedicated

bias line, one could in principle repeat the process at different values of the

voltage bias applied to other bias lines in the system. By observing the shift

(A) (B)

FIGURE 6.9: A) VNA single tone spectroscopy data, normalised to the background
transmission and fitted resonator frequencies (black dots), as a func-
tion of bias voltage. Note that only the points close to a frequency
maximum are used to determine the nΦ0 flux locations. B) VNA single
tone spectroscopy data, normalised to the background transmission,
with a calibrated flux bias x axis and prediction of the semi-classical
model of the circuit (black dashed line).
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in the calibrated trace ωr(Φext), one would then infer the mutual inductance

between the new line and the loop. Given the number of bias lines in the

system (five), the duration of each measurement (the scan in the previous

figures, with 300 voltage points took ∼ 25 minutes to acquire), and the lim-

ited time available for our experiments, we did not investigate the effect of

this small unwanted crosstalk.

However, in order to achieve a more accurate calibration, we repeated

the process twice. For the second calibration round, we set all the spectator

circuits (for instance the CSFQ and the QFP when calibrating the tuneable

resonator) to a bias point which would minimise the persistent currents in

them (for instance Φz = 0 and Φx = 0.5 for the QFP). In this way we sup-

pressed the unwanted external flux generated by the other circuits during

the calibration.

6.3.1.2 CSFQ and QFP flux bias

In the case of the CSFQ and the QFP, we have two control fluxes and two

dedicated control lines for each circuit, with a potentially non-negligible

amount of crosstalk, due to the small distance on the chip between the x

and z bias lines. Although we could in principle calibrate the voltage-to-flux

conversion one bias at a time, by observing the effect of the second control

voltage on the calibration of the first, we can instead adopt a method from

crystallography to complete the calibration more quickly[195].

In this case, we start by measuring the transmission parameter S21 at a

single frequency near the resonance ωr of the dispersive resonator coupled

to the CSFQ of the QFP, while sweeping the x and z control voltages over a

grid of points. In general, given the two control voltages ~V = (Vx, Vz), the

fluxes through the two control loops will be expressed in terms of a 2× 2
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mutual inductance matrix M as:

~Φext =


Φext

x

Φext
z


 = M ·


Ix

Iz


+ ~Φo f f =


Mxx Mxz

Mzx Mzz


 ·


Vx/Rx

Vz/Rz


+ ~Φo f f

=


Mxx/Rx Mxz/Rz

Mzx/Rx Mzz/Rz


 · ~V + ~Φo f f ,

(6.10)

where Rx (Rz) is the resistance of the x (z) bias line and ~Φo f f = (Φo f f
x , Φo f f

z )

are the potential stray fields from the environment.

Since the bias flux ~Φext determines the fundamental transition fre-

quency ω01 of the circuit and therefore the dispersive shift on the coupled

resonator δωr ' g2/(ω01(~Φext)−ωr) (with g the coupling strength between

the circuit and the resonator), we are able to observe an effect of the voltage

bias on the measured S21 parameter.

To inform what we are going to observe, we can set up a simple qualita-

tive simulation where we determine the transition frequency of the circuit,

as a function of the bias flux, given the circuit design parameters. Then

we model the transmission |S21| as a simple inverted Lorentzian, centered

around ωr + δωr(~Φext) and with quality factor Q, i.e.

|S21|(ω, ~Φext) =1− 1

1 + 4Q2 (ω−ωr−δωr(~Φext))2

ω2
r

=1− 1

1 + 4Q2

ω2
r

[
ω−ωr − g2

ω01(~Φext)−ωr

]2 .
(6.11)

Figure 6.10A shows the simulated response |S21| of the CSFQ dispersive

resonator, at a fixed frequency and as a function of Φext
x and Φext

z . For the

simulation we used the circuit design parameters, including g = g(~Φext) =

Cc/[CCr + Cc(C + Cr)]Q01(~Φext)Qzp f , with Cc = 5.6fF the qubit-resonator

coupling capacitance, C = 50fF (Cr = 2.8pF) the qubit (resonator) shunt-

ing capacitance, Q01(~Φext = 〈E0(~Φext)|Q̂|E1(~Φext)〉 the matrix element for



6.3. Preliminary experimental and numerical results 238

(A) (B)

FIGURE 6.10: A) Qualitative prediction of the transmission coefficient |S21| of the
feed-line at a fixed frequency near the resonance of the CSFQ disper-
sive resonator, as a function of the qubit x and z bias fluxes (Φext

x and
Φext

z in the main text). B) Relative pattern measured experimentally
in the voltage space.

the charge on the qubit island coupled to the resonator (see figure 6.1) and

Qzp f =
√

h̄/2 ·
√

Cr/Lr ' 1.03 · 10−18C the resonator zero-point-fluctuation

charge.

As we can see from figure 6.10A, the amplitude of the transmission dis-

plays a characteristic set of circular features, arranged in a triangular lattice.

Figure 6.10B shows the result of an actual measurement of the transmission

parameter |S21| at ω = 2π · 7.431GHz, as a function of the control voltages

Vx and Vz. As expected, we can see a number of elongated circles arranged

in a lattice.

At this point, it is useful to rewrite the affine transformation in equation

6.10 as follows:




Φext
x

Φext
z

1


 =




Mxx/Rx Mxz/Rz Φo f f
x

Mzx/Rx Mzz/Rz Φo f f
z

0 0 1


 ·




Vx

Vz

1


. (6.12)

In order to find the six unknown coefficients in this equation, the four terms

of the mutual inductance matrix and the two components of ~Φo f f , we need

to write it for three pairs of known voltage and flux points, giving us a total
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of six equations. This system of six equations can be written in the following

compact form:




Φext
x,1 Φext

x,2 Φext
x,3

Φext
z,1 Φext

z,2 Φext
z,3

1 1 1


 =




Mxx/Rx Mxz/Rz Φo f f
x

Mzx/Rx Mzz/Rz Φo f f
z

0 0 1


 ·




Vx,1 Vx,2 Vx,3

Vz,1 Vz,2 Vz,3

1 1 1


,

(6.13)

or, in symbols,

Φ = M′ ·V, (6.14)

which is now easily solved for our matrix of unknowns M′:

M′ = Φ ·V−1. (6.15)

The condition for V to be invertible is simply that the three voltage points

do not lie on the same line.

For instance, we can select the three points corresponding to

(Φext
x , Φext

z ) = (−1,−0.5), (1,−0.5) and (−1, 0.5), by considering the pat-

tern in figure 6.10A and assuming that (Φext
x , Φext

z ) = (0, 0) corresponds to

the closest point to (Vx, Vz) = (0, 0). These three points are the centres of

three of the circular features in the |S21| pattern. In order to find these points

in a consistent and programmatic way, I used a pattern-recognition strategy.

In particular, I first converted the |S21| graph into a black-and-white image,

as shown in figure 6.11A, then used OpenCV[196] for Python to identify

the contours of the ellipses (shown in green in figure 6.11B) and to fit the

equation of an ellipse to them. The resulting ellipses in our data-set are

shown in blue in figure 6.11C. I finally manually selected the three ellipses

of interest and determined their centre point from the coordinates of their

focal points.

Figure 6.11D shows the three voltage points (green markers) found in

this way and fig. 6.11E shows the measured |S21| values in the calibrated

(Φext
x , Φext

z ) plane. By applying equation 6.15, I determined the following
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(A) (B) (C)

(D) (E)

FIGURE 6.11: Different steps of the computer vision method used to find the
known flux bias points for the calibration: A) black-and-white ver-
sion of the measurement plot, B) contours found by OpenCV (in
green), C) Ellipses fit to the contours by OpenCV (in blue). D) Re-
sulting voltage points corresponding to the flux points (Φext

x , Φext
z ) =

(−1,−0.5), (1,−0.5) and (−1, 0.5) (green F markers). E) |S21| mea-
surement represented in the calibrated (Φext

x , Φext
z ) plane.

mutual inductance matrix:

M =


 3.76 −0.007

−0.02 1.38


pH, (6.16)

and the flux offset ~Φo f f = (0 ± 20, 0 ± 9)mΦ0. (We use M · (∆Vx, ∆Vz)T,

with (∆Vx, ∆Vz) = (20, 25)mV the spacing of voltage scan, as an estimate

for the error on ~Φo f f , which is potentially an overestimate.)

Similarly, for the QFP flux controls we found:

M =


3.94 −0.32

0.19 1.63


pH, (6.17)
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and ~Φo f f = (180± 20, 11± 12)mΦ0. Note how, from the chip design, we

have a substantially larger amount of crosstalk in the QFP controls than in

the CQFQ controls.

6.3.1.3 Junction asymmetries

In addition to the linear cross-talk resulting from the coupling of a super-

conducting loop to more than one bias line, any real QFP or four-junction

CSFQ is also affected by a non-linear quantum cross-talk effect arising from

the asymmetry between the two junctions in the x-loop[185].

In fact, as we showed in section 2.3.4, given EJ1 and EJ2 the Josephson

energies of the two junctions in the x-loop dc-SQUID, and given the asym-

metry parameter

d :=
EJ−
EJ+

=
EJ1 − EJ2

EJ1 + EJ2
, (6.18)

the dc-SQUID behaves like a single junction with effective Josephson energy

EJ+ cos
(
φext

x /2
)√

1 + d2 tan2 (φext
x /2), while the z-loop external magnetic

field is shifted according to φext
z → φext

z − φd, with

φd = φd(φ
ext
x ) = −arctan

[
d tan

(
φext

x /2
)]

. (6.19)

We can use the information from single-tone spectroscopy measure-

ments of the dispersive resonator to determine the junction asymmetry

parameter d. Let us consider for instance figure 6.12A, which shows a

measurement of the feedline S21 parameter at a fixed frequency of f =

7.4285GHz as a function of the CSFQ calibrated external bias fluxes Φext
x

and Φext
z . The dispersive shift of the CSFQ dispersive resonator manifests

itself here in a bow-tie-shaped feature in the S21 phase heat-map. If the

CSFQ dc-SQUID was perfectly symmetric (d = 0), we would expect this

feature to be symmetric with respect to the axis φext
z = π; however, due

to the junction asymmetry, the symmetry lines becomes φext
z − φd = π, or

φext
z = π + φd = π − arctan

[
d tan

(
φext

x /2
)]

.
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FIGURE 6.12: A) Phase of the feedline S21 parameter at the frequency f =
7.4285GHz, as a function of the CSFQ calibrated x and z bias fluxes.
The black crosses indicate the contours of the bow-tie feature found
using a threshold on arg(S21), while the red crosses are the mid
points between the two contours, and therefore the symmetry points
of the bow-tie. B) Same as A), with the black solid line representing
the fitted non-linear crosstalk field φd.

We can therefore identify the symmetry line in the heat-map and use

it to determine the junction asymmetry parameter d. To do this, we first

identified the upper and lower contours of the bow-tie feature using a sim-

ple approach based on a threshold value for arg(S21) (see black crosses in

figure 6.12A); then we simply determined the symmetry line as the mid-

point between the upper and lower contours (red crosses in fig. 6.12A). Note

that we performed this operation in the range −0.425π < φext
x < 0.425π to

avoid the regions (around φext
x = ±π/2) where the crosstalk changes more

abruptly. We finally fit the pairs of points (tan(φext
x /2), tan(π − φext

z )) to a

line passing through the origin to obtain the slope d = 0.0676± 0.0012. Fig-

ure 6.12B shows, in black, the symmetry line predicted by this fit, whereas

figure 6.13A shows the same S21 measurement of figure 6.12A, in the cor-

rected (φext
x ,φext

z ) plane.

Note that the non-linear crosstalk effect does not affect our initial

crosstalk calibration, since the points of high symmetry at φext
x = 2nπ, n ∈ Z

have φd = 0.

When we considered similar spectroscopy data for the QFP, we could
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FIGURE 6.13: A) Phase of the feedline S21 parameter shown in figure 6.12A, repre-
sented in the corrected (φext

x , φext
z ) plane. A) Feedline S21 parameter

phase at f = 8.755GHz, as a function of the QPF control fluxes.

not find a clear evidence of junction asymmetry, see for instance figure

6.13B. In fact, the variability in junction critical current can be caused by

both a variability of the local critical current density on the chip and a vari-

ability of the junction size. Whereas the first has an impact on d which is

independent of the junction size, the second leads to larger changes in d

for smaller junctions (which have a larger relative size variability)[197]. We

therefore expect a smaller typical asymmetry for the QFP, which has about

ten times larger junctions than the CSFQ.

We can use our knowledge of d to modify the z-bias schedules (shifting

it by φd) in order to remove the non-linear crosstalk effect[185].

6.3.2 CSFQ parameters fitting

Once the circuit flux biases have all been calibrated, we are able to fit the

dependence of the dispersive resonators flux response to a circuit model

of the system in order to determine an estimate of the equivalent lumped-

element circuit parameters.

We will start by making a couple of simplifying assumptions regarding

the circuit, to reduce the number of fitting parameters and the dimension of

the system Hilbert space.

Firstly, we discard the fast degree of freedom in the CSFQ Hamiltonian
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(A)
(B)

FIGURE 6.14: A) Equivalent circuit diagram of a three-Josephson-junction
capacitively-shunted flux qubit. In red are the phase variables with
arrows showing our sign convention. B) Simplified model for the
circuit in A, corresponding to that of an rf-SQUID qubit.

(associated with the sum of the superconducting phases across the two large

junctions φp = (φ1 + φ2)/2, cf. eq. 2.119 and figure 6.14A), assuming that

its plasma frequency is much larger than that of the slow mode φm = (φ1 −
φ2)/2, and that it therefore always remains in its ground state. Then we

rewrite the terms associated with the slow mode as follows (cf. eq. 2.119):

Ĥ =2Emn̂2
m − 2EJ cos(φ̂m)− αEJ cos(2φ̂m + φext)

=8Emn̂2 − 2EJ cos
(

φ̂

2

)
− αEJ cos(φ̂ + φext)

'8Emn̂2 +
EJ

4
φ̂2 − αEJ cos(φ̂ + φext)

=8Emn̂2 +
1

4LJ
Φ̂2 − αEJ cos(φ̂ + φext)

=
Q̂2

2C
+

1
4LJ

Φ̂2 − αEJ cos(φ̂ + φext),

(6.20)

where we have introduced the new conjugate variables φ̂ = 2φ̂m and

n̂ = n̂m/2, taken a quadratic approximation of the term 2EJ cos(φ̂/2)1 and

1which is justified by the fact that the quartic correction scales with EJ/23 versus αEJ for
the quartic term in the expansion of αEJ cos φ̂ and by the fact that α ∼ 1/2. Cf. for instance
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FIGURE 6.15: Equivalent circuit diagram of the CQSF-dispersive-resonator system
used to fit the spectroscopic data.

defined C = Csh + αCJ +CJ/2 the total capacitance shunting the small junc-

tion.

The previous Hamiltonian is equivalent to that of an rf-SQUID with

geometric inductance 2LJ (cf. figure 6.14B). Considering that in our device

the small junction is replaced by a dc-SQUID (which we assume small, such

that φ̂x ≡ φext
x ), we can rewrite the Hamiltonian of the CSFQ in this final

approximate form:

Ĥq =
Q̂2

2C
+

1
2L

Φ̂2−EJ+ cos
(

φext
x
2

)√
1 + d2 tan2(φext

x /2) cos(φ̂+φext
z −φd),

(6.21)

where L = 2LJ + Lg, with LJ = Φ0/(2π Ic,z), Ic,z the average critical current

of the two large junctions and Lg the additional geometric inductance of the

z-loop; EJ± = h̄/(2e) · (Ic,x1 ± Ic,x2) (with reference to the symbols in figure

6.15) and where d and φd are defined as in the previous section.

Our second simplifying assumption is that the effect (capacitive and

inductive loading) of the QFP and the tuneable resonator on the qubit are

negligible, so that our qubit and its dispersive resonator can be described

by the isolated coupled circuit represented in figure 6.15, with total Hamil-

tonian

the superinductance model of the fluxonium qubit in [198].
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Ĥ = Ĥq(C → C′) +
Q̂2

r
2C′r

+
Φ̂2

r
2Lr

+
Cc

CCr + Cc(C + Cr)
Q̂Q̂r, (6.22)

with C′ = C + CrCc/(Cr + Cc) and C′r = Cr + CCc/(C + Cc).

6.3.2.1 Single-tone spectroscopy: drive power sweep

In our single-tone spectroscopy measurements, we probe the response of the

CSFQ-resonator system to a microwave drive, as a function of the flux bias

point of the qubit and in a narrow range of frequencies near the resonance of

the dispersive resonator. Since we perform the measurements in continuous

wave with a VNA, the qubit-resonator system remains predominantly in its

global ground state |g, 0〉 ≡ |g〉 ⊗ |0〉, where |g〉 is the qubit ground state

and |0〉 is the vacuum state of the cavity, as long as the microwave probe

power is sufficiently low (or as long as we are sufficiently detuned from the

resonator). Power is then absorbed from the probe when this is on resonance

with a transition between this global ground state and an excited state, such

as |g, 1〉 (or a relevant dressed state when the qubit and the resonator are

close to resonance).

As we increase the power of the measurement tone, more states become

available to the system. We can describe this regime in a fairly straightfor-

ward way if we neglect for a moment the multi-level nature of the qubit

and only consider its ground state |g〉 and its first excited state |e〉. Then,

when the qubit-resonator detuning δ = ωe − ωg − ωr is small, we can see

that additional dips in the transmission parameter appear at the frequencies

corresponding to transitions between different dressed states coupled by

the qubit-resonator interaction. Namely, assuming for simplicity that ωr =

ωe − ωg and defining the dressed states |±, n〉 = 1√
2
(|g, n〉 ± |e, n − 1〉),

we will have, alongside the |g, 0〉 ↔ |±, 1〉 transitions with frequency

ωr ∓ g/2 (where again g ' Cc/[CCr + Cc(C + Cr)]QgeQzp f ), the transi-

tions |±, n〉 ↔ |±, n + 1〉, with frequency ωr ∓ g/2 · (
√

n + 1 − √n) and

|±, n〉 ↔ |∓, n + 1〉, with frequency ωr ± g/2 · (
√

n + 1 +
√

n)[199].

Things change in the opposite regime of large δ. In particular, in the
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dispersive regime |δ| � g
√
〈n〉+ 1, with 〈n〉 the average occupation num-

ber of the cavity, the available system eigenstates are well approximated by

unperturbed states of the form |g, n〉 and the fundamental transition fre-

quency (|g, n〉 ↔ |g, n + 1〉) is independent of n and given approximately

by ωr − g2/δ (see eq. 3.47).

As the probe power is increased, 〈n〉 also increases, until the dispersive

approximation breaks down. In this large photon number limit the shift

in the resonator frequency is well predicted by the following semi-classical

expression (cf. [200] and [201]):

δωr = −sgn(δ) · g2
√

4g2(〈n〉+ 1) + δ2
. (6.23)

Since the average occupation number of the cavity under continu-

ous drive can be expressed as a function of the drive power P, fre-

quency ωd, and resonator linewidth κ as 〈n〉 = ṅ/
√

κ2 + (ωd −ωr)2 :=

P/(h̄ωd
√

κ2 + (ωd −ωr)2) ' P/(h̄ωdκ) when ωd ' ωr, we can rewrite the

previous equation as:

δωr = −sgn(δ) · g2
√

4g2
( ṅ

κ + 1
)
+ δ2

. (6.24)

This expression reproduces, for P → 0, the dispersive limit result, and

shows that for very large drive power, the resonance frequency goes back to

its uncoupled value, i.e. δωr = 0.

Figure 6.16 shows a measurement of the transmission parameter |S21|
of the readout feedline as a function of drive power and frequency, near

the dispersive resonator resonance. For this measurement, the CSFQ was

biased at f ext
x = 0.75, f ext

z = 0, the QFP was biased at f ext
x = 0.5, f ext

z = 0

and the tuneable resonator at f ext
z = 0. We can clearly see a positive shift

of the resonance frequency for low drive powers, indicative of a negative

detuning (i.e. qubit transition below the resonator frequency). As expected,
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FIGURE 6.16: In colour scale, magnitude of the feedline transmission parameter S21
(normalised to its maximum) as a function of VNA probe frequency
(x scale) and normalised probe power (y scale), measured with the
CSFQ biased at f x

ext = 0.75 and f ext
z = 0. The discontinuity visible

at around ṅ/κ = 102 is due to the fact that measurements at higher
drive powers were performed with the TWPA amplifier off. Black
crosses: resonance frequency points used to fit to the model of eq.
6.24. Blue solid line: Fitted model.

for large drive powers the resonance frequency shifts to the bare resonator

frequency, in this case ωr = 2π · 7.433GHz.

Using the fitted resonance linewidth of κ = 2π · 3MHz and assuming

a total attenuation of 75dB of the input, of which 60dB is from the inline

attenuators and 15dB from cable and connector losses, we can convert the

VNA output power into an approximate value for the cavity average oc-

cupation number. We can then determine the resonance frequency at each

power point, like we did in previous sections, and fit the cavity shift to the

model given by equation 6.24. The result of the fit is g = (158± 18)MHz

and δ = (−6.6± 0.8)GHz. The prediction of the model is shown in figure

6.16 by a solid blue line. As we can see, the model, which does not take into

account of all the other excited states of the qubit, does not reproduce well

the behaviour of the cavity shift for intermediate powers. In principle, we

could fit a more complete model to this drive power response, however we

choose to focus on fitting to the system response to the applied flux biases,

as shown in the next subsection. Note finally that a more acccurate estimate

of the cavity occupation number versus drive power could be achieved by
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using two-tone spectroscopy to measure the AC Stark shift of the qubit tran-

sition as a function of resonator drive power[202].

6.3.2.2 Single-tone spectroscopy: bias flux sweep and circuit

model fit

Figure 6.17 show the result of three single-tone spectroscopy measurements

of the CSFQ dispersive resonator, as a function the CSFQ x or z flux biases.

These and all following measurements were performed with the QFP biased

at f x
ext = 0.5, f z

ext = 0 and the tuneable resonator biased at f z
ext = 0. Addi-

tionally, the VNA output power was set to−50dBm, resulting in an average

resonator occupation number of 〈n〉 ≤ ṅ/κ ' 3.4. This drive power was
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FIGURE 6.17: In colour scale, magnitude of the feedline transmission parameter
S21 as a function of different qubit flux control parameters (x scale)
and VNA probe frequency (y scale). The blue crosses represent the
points used for model fitting and the black dashed lines represent the
spectrum of the circuit model. A) z flux scan for f x

ext = 0. B) z flux
scan for f x

ext = 0.3. C) x flux scan for f z
ext = 0.
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chosen to optimise signal to noise ratio and measurement time, but since

〈n〉 > 1 it also makes it harder to interpret the spectroscopy data near the

avoided crossings between the qubit and resonator transitions, because of

the multiple dressed states potentially involved. For this reason, I excluded

from the following fitting the resonance points closest to an avoided cross-

ing.

Assuming that the dispersive condition

|ωij −ωr| ≡ |ωj −ωi −ωr| � |gij|
√
〈n〉+ 1 (6.25)

holds, at least approximately, for all the points selected (blue markers in fig-

ures 6.17A-C), we can use the fact that the shift in the resonator transition,

as a function of the CSFQ bias point, corresponds to that of the transition

|g, 0〉 ↔ |g, 1〉 (cf. section 3.2.3) and fit the experimental data to the transi-

tion frequency ωg1 − ωg0, where ωg0 and ωg1 are determined by numerical

diagonalisation of the circuit Hamiltonian 6.22.

To perform this fit, I used the MATLAB gradient-based constrained op-

timisation routine fmincon to minimise the Euclidean distance between the

transition frequencies predicted by the model and those measured.

The simplifying assumptions made at the beginning of this section

greatly reduce the computational requirements for this optimisation, so that

convergence of the algorithm can be achieved in ∼ 30 minutes.

To improve the robustness of the fit, it is useful to include two-tone

spectroscopy data, where transitions between different CSFQ states are di-

rectly probed by sweeping a second drive tone across the qubit transition

and monitoring the effect of this on the transmission of the first tone near

resonance with the dispersive resonator (see section 3.2.5). Unfortunately,

driving the qubit from the same feedline port, relying on off-resonant trans-

mission of this tone through the dispersive resonator, was unsuccessful,

even when biasing the qubit to produce a small detuning from the cavity.

This problem can be overcome by using a bias-tee in the mixing cham-
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FIGURE 6.18: In colour scale, S21 parameter measured at the (local) resonator reso-
nance frequency, while sweeping the CSFQ f z

ext flux (x scale, shifted
by the non-linear crosstalk phase −φd/(2π)) and the qubit drive fre-
quency (y scale). Note the thin horizontal line at ∼ 7.4GHz corre-
sponding to the condition qubit drive frequency = resonator probe
frequency. Blue points: fitting points. Colourful solid lines: lowest
qubit transitions predicted by the fitted circuit model. Spectroscopy
data courtesy of Nuttamas Tubsrinuan.

ber of the dilution fridge to combine the qubit drive tone, sent through a

dedicated coaxial rf-line and the dc bias flux sent through a twisted-pair

line onto the single on-chip flux bias line of the qubit. The same bias-tee

would be required to send the fast flux bias pulses used for the oscillation

experiment. Unfortunately my project ended before I was able to test this

solution. These two-tone measurements were however later performed by

PhD student Nuttamas Tubsrinuan, who took over this project and very

kindly agreed to share one of these measurements with me to be included

in this work.

Figure 6.18 shows one such two-tone spectroscopy measurement ob-

tained, as a function of the CSFQ f z
ext flux and at f x

ext = 0.625. Note that

the scan was re-centred by shifting the z-flux axis by −φd/(2π) = −0.0255.

The resonator probe tone had a power of -50dBm at the source and the qu-

bit drive tone a power of -30dBm at the VNA output. The measurement

displays a broad feature centered at a frequency of ∼ 6GHz for f z
ext = 0

and with the characteristic hyperbolic dispersion as a function of bias flux.
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Parameter Design value Estimated value
(Ic,x1 + Ic,x2)/2 90 nA (90± 13) nA

d 0 0.067 (fixed)
Ic,z 190 nA (208± 10) nA
Csh 50 fF (78± 3) fF
Lg 140 pH 140 pH (fixed)
Cc 5.6 fF (5.0± 0.4) fF

ωr/(2π) 7.2 GHz (7.435± 0.005) GHz

TABLE 6.1: Fitted physical parameters of the capacitively-shunted flux qubit, com-
pared with their designed values.

By comparing with numerical simulations of the circuits, we can assume

that this feature is the result of three overlapping lines, corresponding to

three low-frequency transitions: the fundamental |g, n〉 ↔ |e, n〉 transition,

the two-photon |g, n〉 ↔ | f , n〉 transition (with | f 〉 the CSFQ second excited

state), with frequency (ω f − ωg)/2 and the |e, n〉 ↔ | f , n〉 single-photon

transition. In principle, reducing the qubit drive power should decrease

the probability of two-photon processes and decrease the population of the

state |e〉 therefore leaving a single clearer |g, n〉 ↔ |e, n〉 transition line.

Due to the positive anharmonicity of the CSFQ, the three transitions

are in the order ωge < ωg f /2 < ωe f ; therefore, I chose to fit the center of

the spectroscopic feature to the transition ωg f /2 predicted by the numerical

model (note that ωg f /2−ωge ≡ ωe f −ωg f /2).

Fitting to the four spectroscopy measurements (three single-tone spec-

troscopy and one two-tone spectroscopy) together, I obtained the circuit pa-

rameters shown in table 6.1. The parameter errors were obtained as the

maximum deviation from a series of 20 runs of the optimisation algorithm,

initialised with different random starting parameters within 10% of the de-

sign values. By looking at the table and at figures 6.17 and 6.18, we can

make the following observations:

• The fitted model reproduces the measurements relatively well over-

all, especially in the regions where ωr > ωge, including the way the

three qubit transitions converge (i.e. how the resonance feature be-
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comes narrower) at around f z
ext = ±0.04 in the two-tone spectroscopy

measurement;

• The fitted model shows the presence of a low-lying CSFQ second ex-

cited state, mixing with the resonator, particularly in the x-flux sweep

of figure 6.17C (in the region f x
ext < −0.5);

• In general, the estimated parameters are consistent or close to their

design values, with the exception of the shunting capacitance, which

is > 50% larger than designed;

• The deviation between the model and the experiment is more sensi-

tive to some parameters, such as the resonator base frequency ωr :=

1/
√

C′rLr (which we define including the capacitive loading due to

the qubit), than to others, such as the average x-loop junction critical

current;

• The estimated bare resonator frequency ωr is consistent with the one

determined in the previous subsection (see figure 6.16);

• Since the z-loop junctions Josephson inductance and the z-loop geo-

metric inductance Lg are lumped into a single inductor in our model,

we are not able to fit the two independently. For this reason we fixed

Lg = 140pH based on the design;

• To reduce the number of fitting parameters, we fixed the x-loop junc-

tions asymmetry to the value d = 0.067 determined previously.

6.3.2.3 Effective Hamiltonian and oscillation experiment sim-

ulation

Having determined our best circuit model of the CSFQ-dispersive resonator

system, we can now perform the numerical Hamiltonian reduction as de-

scribed in the previous chapter and compare the results of the perturbative

and the local reduction protocols.
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(A) (B)

FIGURE 6.19: A) Effective Hamiltonian coefficients determined numerically from
the fitted circuit model. Solid lines: local reduction method result.
Colorful dashed lines: perturbative reduction method result. Black
dashed line: flux bias and corresponding coefficients used for the
simulation in figure B. B) Predicted oscillations in the population of
the state |0〉 at the end of a free-oscillation experiment, using the ef-
fective Hamiltonian parameters from the local reduction (blue line)
and perturbative (red line) reduction. See main text for more details.

Figure 6.19A shows the estimated parameters of the CSFQ effective

Hamiltonian, for f ext
z = 0.507 and as a function of f ext

x . The simulations

assume that the non-linear crosstalk term φd(φ
ext
x ) is compensated by an ap-

propriate shift of the z bias. The solid lines represent the result of the local re-

duction, whereas the dashed lines show the result of the perturbative reduc-

tion. The two results are quite clearly distinct in the range 0.2 < f ext
x < 0.4.

We can therefore think of performing an oscillation experiment with the

qubit operated in this region of flux parameters to determine which of the

two reduction methods provides more accurate predictions.

In figure 6.19B we show the result of a numerical simulation of an oscil-

lation experiment performed by applying a trapezoidal flux schedule start-

ing and ending at f ext
x = 0, with f ext

x = 0.28 in the central region and

with rise and fall times of 60ps, as measured in the pulses generated by

our comparator board. For simplicity we assume that the f ext
z bias is appro-

priately compensated and use the effective Hamiltonian coefficients from

figure 6.19A. The blue line in fig. 6.19B represents the probability of mea-
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suring the state |0〉 at the end of the oscillation experiment, as a function

of free-evolution time τ, starting from the state |0〉 and predicted using the

qubit Hamiltonian calculated with the local reduction method. The red line

shows the corresponding prediction obtained using the perturbative reduc-

tion method. Fitting the two curves to a sinusoidal function we find that the

frequency of the oscillations is 3.13 GHz for the local reduction model and

3.34 GHz in the perturbative reduction model, while their visibility is 0.11

and 0.19 in the two cases, respectively.

The possibility of confirming the predictions of either of the models and

of telling them apart will be determined in practice by a number of factors,

which would have to be more carefully considered one by one. The main

ones are:

• The goodness of our effective circuit model, where we approximated

the CSFQ with a capacitively-shunted rf-SQUID. This can in princi-

ple be addressed by fitting the spectroscopy data to a more complete

model2;

• The confidence intervals on the simulated oscillations resulting from

the estimated errors in the circuit physical parameters. These could be

determined, for instance, with a Monte Carlo approach.

• The effect of the quantum crosstalk effect on the oscillations and our

ability to compensate it. This could be done, to first order, by applying

a linear correction of the form f ext
z = 0.507 + φd( f ext

x = 0.28) · x(t),
where x(t), 0 ≤ x(t) ≤ 1, is the trapezoidal schedule;

• The experimental limitations, including readout fidelity (which can,

in principle, be offset by increasing the averaging), the reproducibil-

ity of the pulse sequences, which has an effect in the temporal reso-

2Note that, as the reverse side of the coin, the quality of the measurement results is also
important. As we have commented above, for instance, the single-tone spectroscopy can
be made simpler to interpret by driving in the limit of less than one photon on average in
the resonator, while in the two-tone spectroscopy data, individual qubit transitions could
be identified by decreasing the qubit drive power.
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lution of the oscillation measurement, decoherence and relaxation ef-

fects, which should however be negligible at these short timescales

(this could be independently confirmed using T1 relaxation and Ram-

sey T∗2 measurements).

Since we were not able to perform the actual experimental measure-

ments, we will not enter in these more detailed considerations.

In summary, in this chapter we presented a simple experimental test

for validating the results of the numerical Hamiltonian reduction method

introduced in chapter 5. This is based on fitting the circuit parameters to

spectroscopic measurements, to then determine the effective Hamiltonian

numerically and compare its predictions with the results of a free oscillation

experiment. Given the importance of effective Hamiltonians models in the

understanding and design of circuits for quantum annealing, an experimen-

tal validation of new, and more sophisticated, methods of implementing

Hamiltonian reduction is also of great value.

For this test, we selected a device with suitable physical parameters and

characterised it spectroscopically, confirming that the effective Hamiltonian

models predicted by the perturbative and local reduction methods should

lead to substantially different dynamics. We also considered with some de-

tails how to perform the oscillation experiment and tested a fast comparator

board which would be useful in generating the very fast pulse sequences re-

quired by this experiment.

Unfortunately, we did not have the time to develop this project any fur-

ther. Nevertheless, the results presented here can be considered as a proof of

concept and as a useful basis for further investigations. In particular, should

the local reduction method, which is based on a more general definition of

the computational basis, and its extension to the many-qubit case (cf. sec-

tion 5.2), in fact prove more accurate, they could become the standard for

the effective description of superconducting qubits and allow more accu-
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rate circuit design and better understanding of qubit dynamics in quantum

annealing.



Chapter 7

General Conclusions

In this final chapter we briefly summarise the findings of the present work

and give an outlook of how these might be developed further in the context

of the general effort to achieve quantum supremacy in adiabatic quantum

computation.

In chapter 4 we considered a classical gadget Hamiltonian implement-

ing a non-Ising three-local ZZZ term and described in some detail a pos-

sible realisation of it with capacitively-shunted flux qubits. As we saw in

the introduction, qubit interactions beyond two-local in a quantum anneal-

ing Hamiltonian might be instrumental to establishing quantum supremacy.

In fact, they would allow the native embedding of more complex objective

functions, avoiding the current resource overheads, as well as the imple-

mentation of some of the quantum error suppression codes for AQC, which

are crucial for scaling up quantum annealers while retaining coherence of

the low-energy subspace.

The main contributions of this work were to consider the performance

of this particular gadget during quantum annealing schedules, to design a

practical implementation of the gadget and determine the size of the ex-

pected three-local term from quantum circuit electrodynamics simulations,

and to consider the application of the gadget to a test of coherence in quan-

tum annealing.

A clear path forward for for this work would be to fabricate and test
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the coupling gadget experimentally, to replace its capacitively-shunted flux

qubits with their compound-Josephson-junction variants to allow trans-

verse field tuning and operation in a quantum annealer, and the use of

the gadget for the test of coherence Hamiltonian or other QA applications.

Another interesting avenue of study would be to consider more in detail

how classical gadgets perform when non-commuting Hamiltonian terms

are present, as is always the case in QA, and how to mitigate side effects

such as the bias in the final ground state populations which was highlighted

here.

In chapter 5 we presented a novel protocol for performing numerical

reduction of a quantum circuit Hamiltonian to an effective qubit Hamilto-

nian. Our protocol is based on three key elements: an efficient numerical

representation of quantum circuit Hamiltonians in matrix form, a local (in

the control biases) operative definition of the computational basis states and

a formal expression of the Schrieffer-Wolff transformation, a tool developed

in the field of quantum many-body physics.

We tested our protocol on a number of typical single- and multi-qubit

circuits and verified the results against standard reduction protocols, estab-

lishing how our protocol leads to accurate predictions in a wider range of

physical design parameters. Importantly, our reduction method produces

more accurate results when applied to qubits with decreased non-linearity

and improved coherence such as the capacitively-shunted flux qubit, and

allows the seamless estimation of non-stoquastic and many-body terms in

the effective Hamiltonian. Non-stoquasticity is another desired property

for future quantum annealers, since it overcomes classical simulability of

the equilibrium properties of the system by path-integral quantum Monte

Carlo[42].

Our reduction method is the topic of our published work [14] and can

give us a general clearer understanding of the effective Hamiltonian terms

at play in a given superconducting circuit. For this reason, it can find useful
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application in the development and CAD design of new quantum anneal-

ing architecture, such as non-stoquastic and many-body couplers and in the

investigation of custom annealing schedules that optimise the performance

of a given hardware (see, for instance, [78]).

Potential extensions of this work include considering ways of applying

this reduction protocol to progressively lager circuits in a scalable fashion

(an issue for which a potential solution has already been found in the work

of M. Khezri in [78], that introduced the idea of pairwise Schrieffer-Wolff

transformation), and considering the extension of the Schrieffer-Wolff trans-

formation to time-dependent Hamiltonians (see for instance [203]) to look at

interesting non-adiabatic effects such as counter-diabatic drivers, or the ap-

pearance of non-stoquastic terms in conventional stoquastic annealers from

non-Abelian geometric phases[114].

Finally, in chapter 6 we presented some preliminary experimental re-

sults obtained with a single qubit chip with which we intended to test the

performance of the Hamiltonian reduction protocol. The test requires the

fitting of the circuit Hamiltonian parameters on spectroscopic data, the sim-

ulation of free-oscillation dynamics of the qubit with the resulting effective

qubit Hamiltonian and the comparison of the simulation with an actual os-

cillation experiment.

I was able to successfully fit a set of reasonable circuit parameters from

single- and two-tone spectroscopy data, but due to time limitations, I was

ultimately unable to carry out the oscillation experiment. The preliminary

results presented here can therefore be seen as a useful starting point for

a complete experimental test of our reduction protocol, which would be of

great importance in motivating its adoption.

In summary, this work contributes to the current very active research

aimed at improving quantum annealers and demonstrating a scaling ad-

vantage over quantum computation by introducing tools useful for the de-

sign and benchmarking of certain novel hardware capabilities, in partic-
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ular qubits with improved coherence metrics, highly non-local and non-

stoquastic interaction Hamiltonian terms and optimised annealing sched-

ules.
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