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Abstract—This paper investigates joint radar-communication
(JRC) transmission, where a JRC precoder is designed to simul-
taneously perform target sensing and information signaling. We
minimize the Cramér-Rao Bound (CRB) for target estimation,
while guaranteeing the per-user signal-to-interference-plus-noise
ratio (SINR) in the downlink. While the formulated problem is
non-convex in general, we propose an efficient successive convex
approximation (SCA) method, which solves a second-order cone
program (SOCP) subproblem at each iteration. Numerical results
demonstrate the effectiveness of the proposed JRC precoding
design, showing that the SCA algorithm is able to approach
the convex relaxation bound, which significantly outperforms
conventional benchmark solvers in terms of both complexity and
performance.

Index Terms—Joint radar-communication, Cramér-Rao
bound, semidefinite relaxation, successive convex approximation.

I. INTRODUCTION

Joint radar-communications (JRC) transmission has recently
been envisioned as a key enabling technology for a variety
of emerging applications, such as intelligent transportation,
indoor localization and sensing, and unmanned aerial vehicular
(UAV) networks. Indeed, integrating radar sensing functional-
ity into the next-generation wireless infrastructure, including
not only beyond-5G and 6G, but also WiFi-7 networks, has
been regarded as an important air interface technique [1]. On
one hand, combining radar and communications leads to sig-
nificant improvement in the spectral-, energy-, and hardware-
efficiency, as the wireless resources and devices are resued to
serve dual purposes. In addition, the two functionalities are
able to assist each other in various ways, i.e., radar-assisted
communications, and communication-assisted sensing, thus to
achieve mutual benefits [2].

Waveform design plays an essential role in JRC systems,
which aims at designing an unified waveform that is capable
of both target sensing and information delievering. In general,
there are three design methodologies for JRC waveforms,
radar-centric design, communication-centric design, and joint
design. Radar-centric design implements communication func-
tionality into radar infrastructures by modifying dedicated
radar signals. Representative radar-centric techniques include
sidelobe control for MIMO radar, i.e., to embed communica-

tion bits in the sidelobes, while exploiting the mainlobe for
target sensing solely [3]. On top of that, it is also viable to
represent communication data by frequency and antenna index
modulation, via using either a carrier agile phased-array radar
(CAESAR) or a frequency-modulated continuous wave radar,
leading to the multi-carrier agile joint radar-communication
(MAJoRCom) or the FMCW radar-communication (FRaC)
approach [4]–[6]. Communication-centric waveform designs,
on the other hand, are mostly built upon standard-compatible
communication waveforms and frame structures, e.g., using
orthogoal frequency division multiplexing (OFDM) commu-
nication waveform for target detection [7], or exploiting the
channel estimation field (CEF) in the IEEE 802.11ad frame,
a WLAN protocol, for vehicle sensing [8], [9].

While both radar- and communication-centric designs real-
ize JRC to a certain extent, they generally fail to formulate a
scalable performance tradeoff between the dual functionalities.
For instance, the radar-centric design typically employs inter-
pulse modulation, resulting in a transmission data rate at
the order of the pulse repetition frequency (PRF), which
supports only limited communication applications. Moreover,
due to the fact that the communication waveform and its
frame structure are not tailored for radar, the radar sensing
performance in communication-centric design may not be
optimal. To overcome the above challenges, it would be more
favorable to consider joint design approaches, which do not
rely on existing radar or communication waveforms, but are
conceived from the ground-up.

Among many joint design approaches, a classical method
is waveform approximation, which simultaenously optimizes
communication performance metrics, and imposes a waveform
similarity constraint or objective function between the JRC
waveform and a benchmark radar waveform, e.g., a chirp sig-
nal [10], [11]. By doing so, the JRC waveform may approach
the benchmark radar performance. It is worth pointing out
that, however, such methods may not be able to reach the
JRC optimal performance bound, as the radar performance
is implicitly guaranteed, rather than being directly optimized.
As a further step, a joint precoding design has been proposed
in [12] for multi-user multi-input multi-output (MU-MIMO)
JRC system, which minimizes the CRB of target sensing, an



User 1

User 2

User K

Communication 
Channel

...

Radar 
Channel

Fig. 1. Joint Radar-Communication Downlink System.

estimation metric, subject to per-user SINR constraints. In
particular, the precoding design in [12] is formulated into a
non-convex optimization problem, which is then relaxed into
a convex problem by leveraging the semidefinite relaxation
(SDR) method [13].

In this paper, we develop a successive convex approximation
(SCA) algorithm to efficiently solve the non-convex JRC
precoding problem in [12], which bypassing the need of
formulating the SDR problem as well as the associated high
computational overheads. In each iteration, the SCA algorithm
solves an SOCP subproblem, which is known to have much
lower complexity than that of solving the semidefinite program
(SDP) with the same size. Numerical results show that the
proposed SCA framework generates near-optimal solutions by
approaching the SDR bound.

The remainder of this paper is organized as follows. Section
II introduces the JRC system model. Section III formulates the
precoding problem and develops an SCA solver. Section IV
provides numerical results to verify the performance of the
algorithm. Finally, Section V concludes the paper.

II. SYSTEM MODEL

We consider a MIMO JRC base station (BS) equipped
with Nt transmit antennas and Nr receive antennas, which
is serving K downlink single-antenna users while detecting
targets as a monostatic radar, as depicted in Fig. 1. Without
loss of generality, we assume K < Nt. Before formulating the
JRC precoding problem, we elaborate on the system model and
performance metrics of both radar and communications.

A. Signal Model

Let X ∈ CNt×L be a JRC signal matrix, with L > Nt
being the length of the radar pulse/communication frame. By
transmitting X, the reflected echo signal matrix at the JRC BS
is given by

YR = GX + ZR, (1)

where ZR ∈ CNr×L denotes an additive white Gaussian noise
(AWGN) matrix, with the variance of each entry being σ2

R, and
G ∈ CNr×Nt represents the target response matrix (TRM)
[14].

The matrix G can be of different forms depending on the
sensing scenarios, and adopted target models. For example,

given an angular-spread extended target within a single range-
Doppler bin, G can be expressed as

G =

Ns∑
i=1

αib (θi)a
H (θi), (2)

where Ns is the number of resolvable scatterers on the
extended target, αi and θi denote the reflection coefficient and
the angle of the i-th scatterer, and a (θ) and b (θ) are transmit
and receive steering vectors, respectively.

Another example is to detect multiple point targets using
OFDM waveforms. Suppose that the radar receives echoes
from Ns point targets. Each target has individual reflection
coefficient, angle, delay, and Doppler parameters αi, θi, τi, and
fD,i. Then G can be modeled as a TRM defined on the n-th
subcarrier and the m-th OFDM symbol as

G , Gn,m = B (Θ)CnDmAH (Θ) , (3)

where

A (Θ) = [a (θ1) , ...,a (θNs
)] ,B (Θ) = [ b (θ1) , ...,b (θNs

)]
(4)

are transmit and receive steering matrices, and

Cn = diag
{[
α1e
−j2π(n−1)∆fτ1 , ..., αLe

−j2π(n−1)∆fτNs

]}
,

Dm = diag
{[
ej2πfD,1(m−1)TOFDM , ..., ej2πfD,Ns (m−1)TOFDM

]}
(5)

are phase shifting matrices caused by time delay and Doppler
of each target, with ∆f and TOFDM represent subcarrier
spacing and OFDM symbol duration.

To ensure the generality of the proposed method, in this
paper, we consider a generic TRM G, rather than restricting
to a specific target model mentioned above. That is to say,
we regard G as an unstructured TRM that contains useful
information about the target, which is directly estimated from
the echo signal Y as an unknown variable. The investigation
of specific target models, e.g., (2) and (3), is designated as our
future work.

The same JRC waveform X is also transmitted to K
communication users. The received signal matrix at commu-
nication users is given as

YC = HX + ZC , (6)

where ZC ∈ CK×L is AWGN with the variance of each entry
being σ2

C , and H = [h1,h2, . . . ,hK ]
H ∈ CK×Nt represents

the communication channel matrix, which is assumed to be
perfectly estimated and is known to the BS. Moreover, X can
be further given by

X = WDSC , (7)

where WD is the dual-functional precoding matrix to be de-
signed, and SC ∈ CK×L contains K unit-power data streams
intended for the K users. The data streams are assumed to be
orthogonal to each other so that

1

L
SCS

H
C = IK . (8)



We define

RX =
1

L
XXH =

1

L
WDSCS

H
CWH

D = WDW
H
D (9)

as the sample covariance matrix of X.

B. CRB for Radar Sensing

It is well-known that the CRB serves as a lower-bound of
the variance of unbiased estimators for parameter estimation
[15]. In this paper, we minimize the CRB so that the target
estimation error can be reduced.

Let yR = vec (YR), g = vec (G), zR = vec (ZR), and
define v =

[
gTR,g

T
I

]T
, where gR and gI are the real and

imaginary parts of vec (G). One can rewrite (1) as

yR = vec (GX) + vec (ZR) =
(
XT ⊗ INr

)
g + zR. (10)

Due to Gaussian distributed noise zR, the Fisher Information
Martrix (FIM) with respect to v can be calculated as

[J]ij =
2

σ2
R

Re

(
tr

(
∂
((
XT ⊗ INr

)
g
)H

∂vi

∂
(
XT ⊗ INr

)
g

∂vj

))
,

(11)
where [J]ij is the (i, j)-th entry of J, and vi is the i-th entry
of v. Then we have

J =
2

σ2
R

[
Re
(
X∗XT ⊗ INr

)
− Im

(
X∗XT ⊗ INr

)
Im
(
X∗XT ⊗ INr

)
Re
(
X∗XT ⊗ INr

) ]
=

2L

σ2
R

[
Re
(
RT
X ⊗ INr

)
− Im

(
RT
X ⊗ INr

)
Im
(
RT
X ⊗ INr

)
Re
(
RT
X ⊗ INr

) ]
,

(12)
which is the real representation of 2L

σ2
R
RT
X ⊗ INr . Then, the

CRB for each parameter can be obtained as the diagonal
entries of the inverse of J.

By examining (7) we see that X ∈ CNt×L is rank-deficient,
since

rank (X) ≤ min {rank (WD) , rank (SC)} = K < Nt ≤ L.
(13)

Consequently, if we transmit only K signal streams, the
Degrees-of-Freedom (DoFs) available are not enough to re-
cover the rank-Nt matrix G. Moreover, the FIM J becomes
singular, resulting in the non-existence of the unbiased estima-
tor according to [16], [17]. While one may constrain G into
some subset, and employ a modified CRB [17], this leads to
inevitable performance loss for target estimation, due to the
lack of radar DoFs.

In order to guarantee satisfactory radar performance, we
propose introducing an extra structure to X for extending
the DoFs to its maximum, i.e., Nt, by transmitting dedicated
probing streams in addition to data streams intended for K
users. Note that these signal streams are dedicated to target
probing, without carrying the communication data. Let us
consider an augmented data matrix, given as

S̃ =

[
SC

SA

]
∈ CNt×L, (14)

where SA ∈ C(Nt−K)×L denotes the dedicated probing
streams, and is orthogonal to SC . Therefore, for sufficiently
large L, it still holds true that

1

L
S̃S̃H = INt

. (15)

We further augment the precoding matrix in the form of

W̃D = [w1,w2, . . . ,wNt ] = [WC ,WA] ∈ CNt×Nt , (16)

where WC = [w1, . . . ,wK ] ∈ CNt×K is the communication
precoder, and WA = [wK+1, . . . ,wNt ] ∈ CNt×(Nt−K)

is the auxiliary precoding matrix for the probing streams.
By properly designing W̃D, the resulting transmitted signal
matrix X = W̃DS̃ will have a full rank of Nt. Note that in
this JRC signal model, the overall precoder W̃D is used for
sensing the target, for guaranteeing the estimation performance
and the feasibility of unbiased estimation. The first K columns
of W̃D, i.e., WC , convey information data to K users.

Based on the above, the sample covariance matrix of X is
given by

RX = W̃DW̃
H
D = WCW

H
C + WAW

H
A , (17)

which has a full rank of Nt and is now invertible. The CRB
of estimating G is expressed by

CRB (G) = CRB (g) = CRB (v) = tr
(
J−1

) (a)
=
σ2
R

2L
·

tr

 Re
((

R−1
X

)T ⊗ INr

)
− Im

((
R−1
X

)T ⊗ INr

)
Im
((

R−1
X

)T ⊗ INr

)
Re
((

R−1
X

)T ⊗ INr

) 
=
σ2
R

L
Re
(

tr
((

R−1
X

)T ⊗ INr

))
=
σ2
RNr
L

Re
(
tr
(
R−1
X

))
(b)
=
σ2
RNr
L

tr
(
R−1
X

)
,

(18)
where (a) is based on the property of the real representation
of complex matrices, and (b) is based on the fact that RX is
a Hermitian matrix, whose diagonal elements are real.

Given the linear Gaussian model in (1), the above CRB is
achievable by using maximum likelihood estimation (MLE),
i.e., the mean squared error (MSE) of estimating G is equal
to its CRB.

C. SINR for Communication Users

Note that the dedicated probing signals cause interference to
the communication users, as SA does not contain any useful
information. The per-user SINR expression should therefore
be expressed as

γk =

∣∣hHk wk

∣∣2∑K
i=1,i6=k

∣∣hHk wi

∣∣2 +
∥∥hHk WA

∥∥2
+ σ2

C

, (19)

where the radar interference is imposed in (19) as part of the
denominator.



III. JOINT RADAR-COMMUNICATION PRECODING DESIGN

A. Problem Formulation

Based on the discussion above, the precoding optimization
problem can be expressed as

min
W̃D

CRB (G) = tr

((
W̃DW̃

H
D

)−1
)

s.t. γk ≥ Γk, k = 1, . . . ,K,
∥∥∥W̃D

∥∥∥2

F
≤ PT .

(20)

That is, we design a JRC precoder W̃D to minimize the
target estimation CRB, while guaranteeing per-user SINR
performance. Note that problem (20) depicts a fundamental
tradeoff between radar sensing and multi-user communication.
Indeed, it can be readily proved that if there are no per-
user SINR constraints imposed in (20), the CRB reaches its
minimum if and only if RX = P

Nt
INt [18], in which case

W̃D becomes a scaled unitary matrix. By imposing SINR
constraints, W̃D might no longer be unitary, resulting in
increased CRB. We will further show this tradeoff in our
numerical results.

By letting

Wk = wkw
H
k ,∀k ≤ K, WK+1 = WAW

H
A , (21)

and by dropping the rank-1 constraint on Wk,∀k ≤ K, and
rank-(Nt −K) constraint on WK+1, (20) can be relaxed to
the following convex form

min
{Wk}K+1

k=1

tr

((∑K+1

k=1
Wk

)−1
)

s.t. tr (QkWk)− Γk
∑K+1

i=1,i6=k
tr (QkWi) ≥ Γkσ

2
C ,∀k,∑K+1

k=1
tr (Wk) ≤ PT ,Wk � 0,∀k,

(22)
which can be solved by standard numerical tools.

B. SCA Algorithm for Solving Problem (20)

Although the convex relaxation (22) can be optimally solved
using numerical tools, solving the SDR formulation could
be computationally expensive. Moreover, the rank-1 solution
is typically extracted from the SDR solution by Gaussian
randomization or eigenvalue decomposition [13], which either
requires more computational resources, or may be far from
the optimum. To cope with these issues, below we propose an
SCA algorithm to directly solve (20).

First of all, note that the SINR constraint (21) can be
equivalently rewritten as

(1 + Γk)
∣∣hHk wk

∣∣2 ≥ Γk
∑Nt

i=1

∣∣hHk wi

∣∣2 + Γkσ
2
C

= Γk

∥∥∥hHk W̃D

∥∥∥2

+ Γkσ
2
C ,

(23)

which can be formulated into a convex second-order cone
(SOC) constraint as follows√

1 + Γkh
H
k wk ≥

√
Γk

∥∥∥[hHk W̃D, σC

]∥∥∥ . (24)

It is interesting to highlight that the feasibility of (23) indicates
that (24) is also feasible, since one can always rotate the phase
of wk to be aligned with that of the channel hk such that
hHk wk is real and positive. By imposing the SOC formulation
(24), one can reformulate (20) as

min
W̃D

f
(
W̃D

)
, tr

((
W̃DW̃

H
D

)−1
)

s.t.
√

1 + Γkh
H
k wk ≥

√
Γk

∥∥∥[hHk W̃D, σC

]∥∥∥ ,∀k,∥∥∥W̃D

∥∥∥2

F
≤ PT .

(25)

DenoteQ as the feasible region of problem (25). We observe
that the problem is still non-convex despite that Q is convex,
as the objective function f

(
W̃D

)
is non-convex. To proceed

with the SCA algorithm, let us approximate the objective
function f

(
W̃D

)
by its first-order Taylor expansion near a

given point W̃′ ∈ Q as

f
(
W̃D

)
≈ f

(
W̃′
)

+Re
(

tr
(
∇fH

(
W̃′
)(

W̃D − W̃′
)))

,

(26)
where ∇f (·) represents the gradient of f (·), and can be
calculated as

∇f
(
W̃D

)
= −2

(
W̃DW̃

H
D

)−1(
W̃DW̃

H
D

)−1

W̃D. (27)

At the i-th iteration of the SCA algorithm, we solve the
following convex optimization problem

min
W̃D

g
(
W̃D

)
, Re

(
tr
(
∇fH

(
W̃i−1

D

)(
W̃D − W̃i−1

D

)))
s.t.

√
1 + Γkh

H
k wk ≥

√
Γk

∥∥∥[hHk W̃D, σC

]∥∥∥ ,∀k,∥∥∥W̃D

∥∥∥2

F
≤ PT ,

(28)
where W̃i−1

D ∈ Q is the obtained point at the (i− 1)-th
iteration. By solving problem (28) we reach to an optimal
solution W̃∗

D ∈ Q. It is obvious that g
(
W̃∗

D

)
≤ 0, since

g
(
W̃i−1

D

)
= 0. Therefore, W̃∗

D − W̃i−1
D yields a descent

direction for the i-th iteration. Next, we move along the
descent direction with a stepsize t to get the updated point
W̃i

D. This is expressed as

W̃i
D = W̃i−1

D + t
(
W̃∗

D − W̃i−1
D

)
, t ∈ [0, 1] . (29)

It is straightforward to see that W̃i
D ∈ Q, since both W̃i−1

D

and W̃∗
D are drawn from the convex set Q.

The performance of Algorithm 1 critically hinges on the
choice of W0

D. To find a good initial point, one may solve
the following convex problem

max
W̃D

Re
(

tr
(
W̃D

))
s.t.

√
1 + Γkh

H
k wk ≥

√
Γk

∥∥∥[hHk W̃D, σC

]∥∥∥ ,∀k,∥∥∥W̃D

∥∥∥2

F
≤ PT .

(30)



Note that the objective in (30) is to maximize the trace of
W̃D. In general, this could result in an initial point that is
close to the minimizer of f

(
W̃D

)
in (25).

We are now ready to present our SCA approach for solving
(25), which is summarized in Algorithm 1.

Algorithm 1 SCA Algorithm for Solving (25)
Input: H, PT , Γk,∀k, ε > 0, and the maximum iteration

number imax

Output: W̃D

1. Solve the convex problem (30) to obtain W̃0
D ∈ Q, i = 1.

while i ≤ imax and g
(
W̃i

D

)
≤ −ε do

2. Solve problem (28) to obtain W∗
D, with the gradient

being set as ∇f
(
W̃i−1

D

)
.

3. Update the solution by

W̃i
D = W̃i−1

D + t
(
W̃∗

D − W̃i−1
D

)
,

where t can be found by using the Armijo or the exact
line search.
4. i = i+ 1.

end while

C. Convergence Property and Complexity Analysis

We note here that Algorithm 1 is a type of the Frank-Wolfe
algorithm [19], which lies in the framework of feasible descent
algorithms. Together with a careful line search, Algorithm 1
is guaranteed to converge to a stationary point of the opti-
mization problem [19]. Our simulations show that Algorithm
1 converges to a near-optimal point with less than 10 iterations
at a modest accuracy.

A simple analysis shows that, to achieve the same accuracy,
solving the SOCP (28) and the SDP formulation of (22)
has worst-case arithmetic complexities of O

(
K0.5N6

t

)
and

O
(
K3.5N6.5

t

)
, respectively [20]. This suggests that the SCA

algorithm performs considerably more efficient than the SDR
solver, despite that it requires a number of SOCP iterations.

IV. NUMERICAL RESULTS

In this section, we provide numerical results to verify
the superiority of the proposed joint precoding approaches.
Without loss of generality, we consider a JRC BS that is
equipped with Nt = 16 and Nr = 20 antennas for its
transmitter and receiver. The power budget is PT = 30dBm,
the noise variances are set as σ2

C = σ2
R = 0dBm, and the JRC

frames length is set as L = 30. Without loss of generality,
we have Γk = Γ,∀k, i.e., all the communication users are
imposed with the same worst-case QoS. Moreover, we assume
that the entries of the target response matrix G are i.i.d.
Gaussian distributed with zero mean and unit variance, which
corresponds to a Swerling 1 or Swerling 2 extended target
with Gaussian distributed complex amplitude for each of the
scatterers, or to a large number of Swerling 1-2 type point
targets [21]. This represents the case that there are a large
number of reflecting paths from the target(s) to the BS, whose
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overall summation leads to the Gaussian distributed complex
path gain thanks to the Central-Limit Theorem.

Let us first look at the convergence performance of the pro-
posed SCA algorithm in Fig. 2, where the tolerance threshold
of the algorithm is set as ε = 10−6, with K = 10 users, whose
SINR threshold is Γk = 20dB,∀k. It is surprising to see that
the SCA algorithm is able to approach the convex relaxation
lower bound, i.e., the solution attained from solving the SDR
problem (22). Without loss of generality, we test both the
Armijo and exact line search methods, both of which are able
to converge to the optimum within tens of iterations. While
it is well-known that the Armijo line search is able to find
a feasible stepsize more efficiently, it generally needs more
iterations to reach the optimum compared to that of the exact
line search [22]. Given the fact that the solution is updated
by solving (28) for each iteration, whose complexity is much
higher than that of the 1-dimensional line search, the exact
line search method is more efficient in terms of the overall
computational complexity.
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In Fig. 3, we plot the performance tradeoff between the
target estimation CRB and the communication rate per user
with K = 12 and 6, respectively. In particular, the per user
rate is translated from the SINR constraint as log (1 + Γ)
bps/Hz. The rank-1 approximation of the SDR problem (22) is
employed as a benchmark, which is obtained by applying the
eigenvalue decomposition on the solution of (22). We see that
the proposed SCA technique is superior to the SDR with rank-
1 approximation method by achieving the optimal performance
bound. On the other hand, the rank-1 approximation fails to
generate a favorable performance tradeoff between MSE and
SINR, as the trends of the corresponding tradeoff curves are
not monotonically increasing. More interestingly, the CRB for
the proposed SCA remains at a small level despite that the
SINR requirement is increasing, given a moderate number of
users, e.g., K = 6.

Finally in Fig. 4, we show the impact of the communication
user number imposed on the radar estimation performance,
with the SINR being set as Γ = 20dB and Γ = 10dB,
respectively. It is observed that when the user number is on the
rise, the estimation performance becomes worse. Fortunately,
the variation of the CRB can be kept within 1dB when the
required SINR is 10dB. Again, the results prove the superiority
of the proposed SCA algorithm over that of the SDR with
rank-1 approximation.

V. CONCLUSION

In this paper, we proposed a novel precoding design for joint
radar sensing and multi-user communications. In particular, we
formulated optimization problems to minimize the CRB of
target estimation by imposing SINR constraints for multiple
communication users. While the multi-user JRC precoding
problem is non-convex, we solve it by using a specifically
tailored SCA algorithm. Numerical results demonstrated that
the proposed approach yields near-optimal solution by ap-
proaching the convex relaxation bound, while significantly

outperforming the benchmark techniques in terms of the target
estimation performance and the complexity.
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