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Abstract

We propose a general framework for the study and evaluation of voting rules behind the ‘veil
of ignorance’. A selective review of the voting literature shows how many important contribu-
tions can be couched as special cases of this general framework. As many studies of voting rules
for three or more candidates ignore the issue of strategic voting, and many fully-fledged mecha-
nism design approaches to the design of optimal voting rules focus on the case of elections with
two candidates, we then present and discuss special case of the general framework in which the
cardinal preferences of voters over three alternatives are private information. In this setting, we
study voting rules that are two-parameter scoring rules, as introduced by Myerson (2002). For
these voting rules, we show that all symmetric Bayes Nash equilibria are sincere, and have a very
specific form. These equilibria are unique for a wide range of model parameters, and we can there-
fore compare the equilibrium performance of different rules. Computational results regarding the
effectiveness of different scoring rules (where effectiveness is captured by a modification of the ef-
fectiveness measure proposed in Weber, 1978) suggest that those which most effectively represent
voters’ preferences allow for the expression of preference intensity, in contrast to more commonly
used rules such as the plurality rule, and the Borda Count. Whilst approval voting allows for the
expression of preference intensity, it does not maximize effectiveness as it fails to unambiguously
convey voters’ ordinal preference rankings.
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1 Introduction
An important question in the context of the design of voting rules for collective decision-making
is whether a ‘good’ voting rule should allow for, and be responsive to voters’ expressions of how
much they like the available candidates. It is this question that we aim to shed some light on in this
survey. Early attempts to study or design voting systems that allow voters to express preference
intensity can be found in the computer science, operations research, and political science literatures
(see Meek, 1975; Nurmi, 1981; Merrill, 1984; Cook and Kress, 1985; Merrill, 1985; and Nurmi,
1993). Absent from many of these early contributions is a concern about strategic behavior by
voters: they can be expected to overstate their preference intensity if that allows them to bias the
collective decision in their favor. Therefore, attempts to answer the question of what constitutes
a ‘good’ voting procedure when individuals have private information about their preferences must
explore the extent to which voting rules can be responsive to individuals’ expressions of preference
intensity.1

A general way of addressing this question would be to adopt a mechanism design approach in a
setting where voters’ preference intensity is captured by their privately observed Bernoulli utilities
of the candidates. However, there are formidable technical challenges involved in designing mech-
anisms for environments where monetary transfers are not available as a tool for eliciting voters’
private information.2 To circumnavigate these problems, we study equilibrium voting behavior in
a specific class of voting rules. The equilibria of the different rules are then compared according
to their effectiveness in representing the overall preferences of the electorate.

By asking which voting systems best represent voters’ desires, we reprise a theme that origi-
nates with Weber (1978).3 He addressed this question (albeit asymptotically in a setting with an
arbitrarily large electorate) by proposing a measure of how effective a voting system is in rep-
resenting the overall preferences of the electorate. In this paper, we propose a modification of
Weber’s effectiveness-measure to compare a wide range of voting rules (including many that allow
the expression of preference intensity) in our setting with a finite number of voters who have pri-
vate information about their preferences over candidates. The key difference with Weber (1978) is
that there are instances of our setting where the game induced by each voting rule features a unique
symmetric voting equilibrium. This means that we can meaningfully compare the effectiveness of
any two voting systems without having to worry that there might be other equilibria under which
the relative ranking of their effectiveness-levels is reversed.4

The voting rules that we will focus on in the latter part of this survey are two-parameter scoring
rules which include, as special cases, well-known voting procedures such as the plurality rule,

1In contrast to the so-called axiomatic voting literature that focuses on whether (or not) a voting rule satisfies
a number of desirable properties, the literature to which the present survey mostly refers comes primarily from a
mechanism design tradition where given voting rules are compared according to some criterion that is often (but not
always) taken to be social welfare. A key feature of a large part of this literature is that the behavioral equilibrium
responses of the agents to the voting rule are analyzed explicitly as part of the general exploration. In some cases, we
can determine the optimal voting rule. For more information on the voting literature, we refer the reader to Brams and
Fishburn (2002) and for a lively presentation of the diversity of opinions and arguments among experts on voting rules
to Laslier (2012).

2See e.g. Section 6 of Börgers and Postl (2009), and note the added difficulty that arises in voting environments
from the multidimensional nature of voters’ private information.

3I am grateful to Michel Le Breton for drawing my attention to this paper. Note that in the social choice tradition,
the introduction of probability models regarding voter preferences in order to allow for a comparison and optimization
of voting rules dates back to Niemi and Weisberg (1972) - specifically, part 1 of their book is devoted to constitutional
design. Alongside Weber, we could also cite, without being exhaustive, early pioneers who have used such a frame-
work to compare voting rules: Bordley (1983), Chamberlin and Cohen (1978), Fishburn and Gehrlein (1976), Merrill
(1984), and Merrill (1985).

4The potential issue of equilibrium multiplicity is not addressed in Weber (1978).
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the Borda count, and approval voting, among others.5 Under a two-parameter scoring rule, each
voter submits a vector whose components specify the scores that the voter assigns to the available
candidates. More specifically, each voter must assign a score of 1 to one candidate, a score of 0
to another, and a score of either x or y (where 0 ≤ x ≤ y ≤ 1) to the remaining candidate. After
component-wise summation of the score-vectors across all voters, the candidate with the highest
score is chosen, and any ties are broken randomly and with equal probability.

For our study of two-parameter scoring rules in the latter part of this survey, we adopt a
Bayesian setting: each voter is characterized by a privately observed vector of three Bernoulli
utilities, one for each candidate. The state of the world consists of the collection of all voters’
utility vectors and is, from an ex ante perspective, modeled as a random variable with commonly
known prior probability distribution. As is customary in the mechanism design literature, we as-
sume that this utility distribution is symmetric with respect to voters, and neutral with respect to
the candidates (see e.g. Schmitz and Tröger, 2012). This latter property implies that, for a given
voter, all ordinal rankings over the three candidates are equally likely.6 At the interim stage at
which voting takes place, each voter is fully aware of his own utility vector, but not those of the
other voters. The effectiveness of a scoring rule will be calculated at the ex ante stage. Follow-
ing Weber (1978), effectiveness is defined, loosely speaking, as a ratio of the expected utilitarian
welfare generated by the candidate actually elected under the scoring rule, and the expected utili-
tarian welfare of the socially optimal candidate. Both these expectations are taken with respect to
the ex ante unknown state of the world. As there are two-parameter scoring rules that permit the
expression of preference intensity (namely those with x < y), we can address the opening question
whether the most effective voting systems will give voters the opportunity to express their intensity
of preference.

To capture voting behavior in our setting, we characterize symmetric Bayes Nash equilibria
of the game induced by two-parameter scoring rules. Our first main contribution is to show that
the symmetric equilibrium strategy used by voters under each scoring rule involves sincere voting.
That is, the score-vector submitted by a voter always reflects his true preference ordering of the
candidates. Thus, it follows immediately that all scoring rules where voters do not have the option
of expressing their preference intensity have a unique sincere Bayes Nash equilibrium.7 This
finding echoes the main result in Carmona (2012). He finds that all symmetric equilibria of ordinal
scoring rules in his setting (which differs from ours) are generically sincere. The fact that all
equilibria in our model feature sincere voting contrasts with the strategic voting equilibria found
in some of the seminal contributions to the voting literature (such as Myerson and Weber, 1993).
This contrast is noteworthy because empirical evidence for strategic voting appears scant (see e.g.
Blais and Degan, 2017).

Our second contribution is to show that for all two-parameter scoring rules with x < y, an
equilibrium strategy for any voter implies a threshold criterion for deciding whether to assign the
lower score of x, or the higher score of y to his middle-ranked candidate. The threshold, given by
a weighted average of the Bernoulli utilities associated with the voter’s most and least preferred
candidates, may be degenerate (i.e. equal to the utility of the voter’s favorite alternative). In this
case, the voter will not use the opportunity to convey his preference intensity. We show in our
second main result that in settings with three voters, and those with five or more voters (irrespective
of whether this number is odd or even), the symmetric equilibrium voting strategy for every scoring

5The notion of a two-parameter scoring rules for settings with three alternatives goes back to Myerson (2002).
6In our setting, in fact, symmetry and neutrality follow from the stronger assumption that the three components of

a voter’s utility vector are independently and identically distributed random variables. This assumption is also made
in Kim (2016).

7Adopting the terminology in Apesteguia et al, 2011, we refer to scoring rules with x = y as ‘ordinal scoring rules’.
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rule with x < y involves the expression of preference intensity.
It is important to emphasize that whenever preference intensity is conveyed in equilibrium,

the precise value of the threshold that characterizes the equilibrium voting strategy depends on
the parameters x and y of the scoring rule, and on the utility distribution. Obtaining an analytical
expression for the equilibrium threshold as a function of these model parameters will, in general,
be impossible. As a result, the value of the equilibrium threshold will have to be obtained by
computational methods.8 This is the reason why we report computational results regarding the
effectiveness-levels generated by the different scoring rules. To obtain these results, we focus on
the case of three voters, as this is the smallest number for which preference intensity is conveyed
in equilibrium for all two-parameter scoring rules that permit its expression.

Our computational results indicate that the plurality rule and negative voting are the least effec-
tive two-parameter scoring rules. The most effective rules tend to be those that feature a relatively
small x-value and a large y-value. Such rules allow voters to convey both their full ordinal ranking,
as well as some degree of preference intensity. Whilst approval voting is significantly more effec-
tive than the plurality rule and negative voting, it is dominated by the best ordinal rule.9 This is not
surprising, because approval voting, while allowing the expression of preference intensity, does
not give voters the opportunity to express unambiguously their respective ordinal rankings. We
find that there is a gain in moving from the most effective ordinal rule to the most effective two-
parameter scoring rule, albeit a rather small one. Therefore, and in light of the added complexity
for voters in real-world elections, it may not actually be worthwhile introducing voting systems
that permit the expression of preference intensity.10

The remainder of this survey is structured as follows: In Section 2, we introduce the general
model and basic concepts. Section 3 contains our selective survey of the related voting literature,
while Section 4 specifies our specific Bayesian voting framework. In Section 5 we then present the
characterization of symmetric Bayes Nash equilibria for all two-parameter scoring rules and any
number of voters. Section 6 contains our computational results comparing the effectiveness-levels
of two-parameter scoring rules. Section 7 offers a brief conclusion.

2 The model
In this section, we describe a general voting model that encompasses much of the literature on the
evaluation and comparison of different voting rules. The basic structure of the model is described
in the next subsection, before the following subsections introduce the model components in more
detail.11

8While our second main result does not establish in general a unique equilibrium weight strictly between zero
and one, we find that the equilibrium weight of every two-parameter scoring rule is unique for each of the utility
distributions used in our computational results.

9For example, in the case where the utility distribution is uniform, the best ordinal rule is the Borda count.
10Note, however, that this finding may be driven by the fact that we have restricted our computational study to just

three voters. A study of a larger number of voters would be needed to assess the robustness of this intuition.
11In the interest of readability, some of the concepts introduced below are presented somewhat informally. E.g. in

the case of ordinal direct voting rules mentioned below, we do not describe the domain restrictions assumed in some
of the papers in the voting literature. In most papers in the literature, the domain of preferences is unrestricted. I.e. any
strict preference order over candidates can arise. However, there are some important restricted domains (for instance
the domain of single peaked preferences) which are also widely explored in the voting literature. This has an impact
on the comparisons of different voting rules. For instance, the Condorcet efficiency of the Borda rule is not the same
on the unrestricted domain and the domain of single peaked preferences. These matters are relevant when comparing
voting rules (see Gehrlein and Lepelley, 2011).
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2.1 Basic structure and timing
We propose here a general voting model in which voting rules will be evaluated behind a ‘veil of
ignorance’ that stems from the fact that the designer is uncertain about the preferences of individual
voters in the electorate. The uncertainty about the electorate’s preference profile will be captured
by a common prior probability distribution over all possible preference profiles, and the designer
will choose a voting rule that maximizes the ex ante expected value of some social objective with
respect to the prior probability distribution of voters’ preference profiles. The timing inherent in
this general model is as follows:

Stage 1. The designer chooses a voting rule from a class of available voting rules.

Stage 2. Nature picks a state of the world - which here shall be a preference profile across the
electorate - according to the common prior probability distribution.

Stage 3. Voters receive information (either partial or full) about the state of the world and revise
their beliefs according to Bayes rule.

Stage 4. Given their private information, their beliefs, and their preferences, voters play a game
whose rules are prescribed by designer’s chosen voting rule.

Stage 5. For each conceivable prediction of voters’ play, the designer computes the value of a
given social objective/criterion.

We now spell out in more detail the aforementioned components of the model.

2.2 Voters, candidates, and preferences
Let N = {1,2, . . . ,n+1} be a finite set of players, which consists of |N|= n+1 voters. The voters
must collectively make a choice from the finite set K of candidates or alternatives by individually
casting a vote according to a given voting rule R. Each voter i ∈ N has a preference ordering on K
that depends on his type. This will allow us to model the idea that any choice of voting rule, and
the subsequent decision on how to vote, will typically have to be taken without perfect knowledge
of voters’ preferences. For each voter i ∈ N, there is a set Ti of possible types. Each type t i ∈ Ti
of voter i ∈ N gives rise to a von Neumann-Morgenstern (vNM) utility function ui : K×Ti→ R,
(k, t i) 7→ ui(k, t i) which, in turn, implies a preference ordering �t i over candidates in K.12,13 E.g.
if K = {A,B,C} and voter i’s type t i is such that (s.t.) ui(B, t i)> ui(A, t i)> ui(C, t i), then B �t i A
�t i C.

2.3 Voting rules
A voting rule is a game form R for the set of candidates K which specifies action sets Σ1

R, . . . ,Σ
n+1
R

(one for each voter i ∈ N, with typical action σ i ∈ Σi
R) and an outcome function r : ∏i∈N Σi

R →
12Note that in making the utility functions ui depend only on K and Ti we are restricting attention to so called private-

value environments. I.e. only a voter’s own type t i directly affects his preferences over candidates. We therefore do
not consider here the common-value voting environments that are studied in the Condorcet jury and information
aggregation literature (see e.g. Feddersen and Pesendorfer, 1997 in which each voter’s utility depends on the entire
profile of voters’ types).

13We assume furthermore that voters’ preferences over the set ∆(K) of probability measures on K satisfy the vNM
axioms, which implies that each voter i’s preferences over ∆(K) are represented by the expected value Eµ [ui(k, t i)]
with respect to µ ∈ ∆(K) of the vNM utility function ui(k, t i).
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∆(K), (σ1,σ2, . . . ,σn+1) 7→ r(σ1,σ2, . . . ,σn+1), where ∆(K) denotes the set of all probability
distributions on K to allow for the possibility of tie between candidates to be broken randomly.
The voting rule R (together with the voters’ utility functions and beliefs about other voters’ types)
induce a game between the n+1 voters which could be either in normal form or in extensive form,
possibly including exogenous uncertainty as captured by a chance move. I.e. this framework is
rich enough to encompass ‘one shot’ voting protocols such as, e.g., the plurality rule or the Borda
count, as well as dynamic voting procedures such as plurality with runoff and many others. Given
R, every voter i has a set Σi

R of (pure) strategies at his disposal, where σ i ∈ Σi
R denotes a particular

strategy of voter i. Each outcome r(σ) of the voting game corresponds to a choice of candidate in
K, where we write σ ≡ (σ1,σ2, . . . ,σn+1) and ΣR ≡∏i∈N Σi

R for ease of notation.
A voting rule is direct (denoted by DVR for direct voting rule) if it asks each voter to reveal

directly to the designer his preferences. I.e. Σi
DV R = Ti for all voters i ∈ N. A DVR is ordinal if it

is invariant to utility rescaling. I.e. w.l.o.g. we can define an ordinal DVR as one where Σi
DV R = Li,

with Li denoting the set of all possible ordinal rankings of candidates in K induced by Ti. For
example, if K = {A,B,C}, then Li could consist of up 13 possible orderings, or it could consist of
only the six strict orderings if voter i is never indifferent between any two candidates. Henceforth,
we denote by L the set of strict preference orderings over K.14

2.4 Information structure
We assume that the type-profile t ≡ (t1, t2, . . . , tn+1) ∈ T ≡∏i∈N Ti is unknown ex ante when the
designer chooses the voting rule which is subsequently used in making a collective choice from the
set of candidates K. The designer’s subjective probability distribution features a joint probability
distribution λ , where λ i is its ith marginal probability distribution on Ti. For example, in the second
part of this paper we will consider the special case where K = {A,B,C}, Ti = [0,1]3, ui(A, ti) = t i

A,
ui(B, ti) = t i

B, and ui(C, ti) = t i
C for all voters i ∈ N. In this setting, we will assume furthermore that

λ i(t i) = λ i
A(t

i
A) ·λ i

B(t
i
B) ·λ i

C(t
i
C) (where t i

k ∈ [0,1] for all k ∈ K), and that λ i
A = λ i

B = λ i
C = g for all

i ∈ N, where g is a continuous and strictly positive density function on (0,1). These assumptions
imply that the types t1, t2, . . . , tn+1 of the n+1 voters are stochastically independent and identically
distributed (i.i.d.), and that the probability that a given voter has a particular ordinal ranking is the
same (namely 1/6) for the six possible ordinal rankings on K = {A,B,C}. As a result, all profiles
of voters’ preference orderings are equally likely and occur with probability (|L|)−(n+1) = 1/6n+1.
This information structure is referred to as ‘impartial culture’ (IC) in the statistical social choice
literature. See, e.g., Lepelley and Valognes (2003).

An alternative example is the case where K = {A,B,C} and each voter’s type set Ti corresponds
to the set L of all strict orderings of the candidates in K (see Gehrlein and Lepelley, 2001, Gehrlein
et al, 2016, and Green-Armytage et al, 2016). In such settings, the term ‘impartial anonymous
culture’ (IAC) refers to the information structure where the actual type-profiles t ∈ T of the elec-
torate cannot be observed directly, but summary information about how many of the n+ 1 voters
have each of the six orderings in L does become observable. In particular, what becomes observ-
able is a vector (l1, l2, . . . , l6) with l1 + l2 + . . .+ l6 = n+1, where l1 is the number of voters who
have the first preference ordering in L, l2 is the number of voters who have the second preference
ordering in L, and so on (such a vector (l1, l2, . . . , l6) is what Lepelley and Valognes (2003) refer
to as a voting situation). For instance, if there are n+ 1 = 3 voters in N, then there are 56 ways
of distributing these three voters across the six strict preference orderings in L. In particular, there
are six voting situations where all three voters have the same ordinal ranking, there are 30 voting

14If K = {A,B,C}, we have L = {ABC,ACB,BAC,BCA,CAB,CBA}, where ABC indicates that A is strictly preferred
to B which, in turn, is strictly preferred to C. The other elements of L are interpreted analogously.
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situations in which two of the three voters have the same ordinal ranking while the remaining voter
has a different ranking, and finally there are 20 voting situations in which each of the three voters
has a different ordinal ranking in L. In an IAC setting, all these voting situations are assumed
to be equally likely, which means that in the present example, each voting situation arises with
probability 1/56.15

At the interim stage (i.e. once the designer has chosen the voting rule and Nature has selected a
type-profile t ∈ T , but before voters have cast their votes), we can further distinguish two alternative
environments: in the Bayesian environment, each voter i ∈ N learns his type t i, but not that of the
other voters. Given his type t i, each voter updates his belief about the profile of the other voters’
types according to Bayes’ rule. This is the assumption used in the specific voting setting presented
below in Section 4. An alternative assumption is that all voters learn the entire type-profile t.
This is referred to as the complete information environment (see, e.g., De Sinopoli et al, 2006 and
Buenrostro et al, 2013).

2.5 Voting Behavior
2.5.1 Rational choice in the Bayesian setting

Under this assumption regarding the information structure and voters’ behavior, voters play a
Bayesian game given a voting rule R, their own types t i, and their posterior beliefs about the
types of the other voters obtained by updating the prior distribution λ . For each voter i ∈ N, a
pure strategy is a voting function vi : Ti→ Σi

R, t i 7→ vi(t i).16 That is, vi specifies for every type t i

a ballot σ i ∈ Σi to be submitted by voter i. A Bayes Nash equilibrium of this game is a profile
(v1(·),v2(·), . . . ,vn+1(·)) of n+1 voting functions (one for each voter), s.t. for every i ∈ N:

Et−i[ui(r((vi(t i),v−i(t−i))), t i)|t i]≥ Et−i[ui(r((σ i,v−i(t−i))), t i)|t i]

for all t i ∈Ti and all σ i ∈Σi
R, where v−i(t−i)≡ (v1(t1),v2(t2), . . . ,vi−1(t i−1),vi+1(t i+1) . . . ,vn+1(tn+1))

denotes the profile of voting functions of all voters other than i.

2.5.2 Rational choice in the complete information setting

Under this assumption regarding the information structure and voters’ behavior, voters play a com-
plete information game given their knowledge of the entire type-profile t across the electorate (see,
e.g., De Sinopoli et al, 2006). For simultaneous move voting games, appropriate equilibrium
concepts include Nash equilibrium, undominated Nash equilibrium, trembling hand perfect Nash
equilibrium (see Selten, 1975), proper Nash equilibrium (see Myerson, 1978), and Mertens-stable
Nash equilibrium (see Mertens, 1989). As pointed out by De Sinopoli et al (2006), the reason for
making recourse to refinements of Nash equilibrium is its lack of predictive power in complete

15To see the difference between IC and IAC in this example, note that in the case where Ti = L for all i ∈ N, the
56 voting situations are not all equally likely under IC, but the underlying type-profiles t ∈ T are. E.g., under IC
there are three equally likely type-profiles where two of the three voters have the preference ordering ABC and the
remaining voter has the preference ordering ACB. In contrast, there is only one type-profile where all three voters
have the preference ordering ABC. Therefore, the voting situation in which two out of three voters have the ranking
ABC and the remaining one has ACB is three times more likely than the voting situation where all three voters have
the ranking ABC.

16We may also wish to allow for voters using mixed strategies in selecting their ballots. In this case, each voting
strategy vi(t i) induces a lottery or probability distribution µi(t i) ∈ ∆

(
Σi

R
)

over the set Σi
R of pure strategies associated

with voting rule R.
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information voting games such as the one induced by approval voting. For extensive form voting
games, subgame perfect Nash equilibrium and its refinements constitute appropriate concepts.

2.5.3 Other standards of behavior

In voting theory, it is often assumed that voters vote sincerely. Depending on the voting rule at
hand, it may not always be straightforward to define sincerity. An example is approval voting,
for which a strategy (following Brams and Fishburn, 1978) is said to be sincere if a voter who
(sincerely) approves of a given candidate k ∈ K also approves of any candidate that he prefers to k.
However, for direct voting rules it is straightforward to define sincerity as the truthful communi-
cation of a voter’s type. While it is clearly restrictive to simply assume sincere voting (as opposed
to seeing it arise in the equilibrium of a game where voters may vote strategically or misrepresent
their types), there are empirical studies which do not always reject the hypothesis that voters do
vote sincerely (see, e.g., Blais and Degan, 2017). Thus there is some justification for studying
and comparing the properties of specific voting rules (e.g. their tendency to select the Condorcet
winner, whenever one exists) under the assumption of sincere voting.

2.6 Social objectives
In order to capture the goal of the designer, we make recourse to a social objective or criterion.
Denote by W (σ , t) the function that assigns a value for the social objective to every possible vote-
profile σ ∈ΣR and every type-profile t ∈ T . For a given voting rule R, denote by vR(t) the associated
equilibrium voting strategy-profile across all n+ 1 voters if it is unique, and by VR(t) the set of
equilibrium voting strategies if there are multiple equilibria. In case of multiple voting equilibria
(some of which may be mixed), we have to settle on a single value for the social objective which,
e.g., could be done by setting:17

WR(t)≡ inf
v∈VR(t)

∫
W (σ , t)dµR(σ) or WR(t)≡ sup

v∈VR(t)

∫
W (σ , t)dµR(σ)

where µR(σ) ≡ µ1
R(σ

1) · µ2
R(σ

2) · . . . · µn+1
R (σn+1) is the probability distribution over strategy-

profiles σ ∈ ΣR induced by the voters’ mixed strategies.
As the designer chooses a voting rule R at the ex ante stage (i.e. under uncertainty about the

actual type-profile), we must compute the expected value WR ≡ Et [WR(t)] of the social objective
under voting rule R with respect to the prior probability distribution λ on the set T of type-profiles.
An optimal voting rule R∗ is then one that solves maxR∈R WR, where R denotes the set of voting
rules among which the designer can choose. Below is a list of examples of social objectives or
criteria that have been used in the voting literature:

1. Utilitarian welfare: for each possible type-profile t ∈ T , there is an additive social welfare
function that consists of the sum of the individual voters’ vNM utility functions: W (σ , t) =
∑i∈N ui(r(σ), t i).

2. Rawlsian welfare: W (σ , t) = mini∈N ui(r(σ), t i).

3. Condorcet efficiency: A Condorcet candidate is one who would be preferred by the majority
of voters in a binary contest with any other candidate standing in the election. We can then

17The two examples stated here capture the worst and best case scenarios, resp. However, other aggregation devices
are also conceivable.

8



formalize the social objective of Condorcet efficiency as follows:

W (σ , t) =
{

1 if r(σ) is a Condorcet candidate for t when such a winner exists
0 if r(σ) is not a Condorcet candidate for t given that such a winner exists

Note that here W (σ , t) is defined exclusively for type-profiles t for which a Condorcet can-
didate exists at t. Denote the set of type-profiles for which a Condorcet candidate exists
by TC. Therefore, strictly speaking, the designer must choose a voting rule so as to max-
imize the conditional probability Et [WR(t)|t ∈ TC] that the Condorcet candidate is elected.
Note also that if Condorcet efficiency is the social objective and if the set R of voting rules
among which the designer can choose is unrestricted, then any Condorcet social choice cor-
respondence will solve the designer’s objective. However, if R is restricted (e.g. to a certain
sub-class of voting rules), then the designer has to take additional constraints into account in
pursuing the social objective.

4. Robustness to manipulation:

W (σ , t) =
{

1 if σ is a profile of sincere voting strategies for t
0 if σ is not a profile of sincere voting strategies for t

5. Effectiveness (Weber (1978)): Weber’s effectiveness measure is defined as the welfare gain of
a given voting rule over random selection of a candidate from K, divided by the welfare gain
of a ‘first best’ decision rule over random selection. The denominator of this ratio thereby
represents the maximal welfare gain that one can hope for in the hypothetical scenario where
incentive problems surrounding the revelation of voter-preferences are absent. We will use
this measure of social welfare below in Section 6, where it will be defined formally.

As the above list demonstrates, there is an abundance of social objectives to choose from.
Out of the five considered here, three correspond to social objectives that genuinely depend on
the social alternative which is selected by the voting rule and the profile of types. The first two
criteria are welfare-based, while the third is not directly related to welfare considerations. The
fourth criterion depends on the profile of votes. When we deal with the multiplicity of equilibria
by looking at the most favorable one (as defined above) then in the case where there is a well-
defined unique sincere strategy (like in the case of DVRs), we have WR(t) = 1 if and only if the
profile of sincere strategies is an equilibrium profile. In the complete information case and Nash
equilibrium, we obtain a measure of the resistance of the voting rule to individual strategic voting
behavior. With strong Nash equilibrium, we obtain a measure of resistance of the voting rule to
coalitional strategic voting behavior. As we will see in Section 3, these measures have been mostly
developed and used in settings with DVRs and ordinal DVRs. We could alternatively define a
measure of vulnerability to strategic manipulation as an index where the places of 0 and 1 in
the social objective are inverted. Of course, many alternative ways of quantifying a voting rule’s
susceptibility to strategic manipulation can be thought of. Some of these measures do not fit the
formal framework considered here. For instance, Smith (1999) considers four different indices of
manipulability. Some of them fit perfectly into our framework while, others do not. We could even
ignore the prior probability distribution as done, for instance, in Carroll (2013) and instead adopt
a numerical measure of susceptibility to manipulation defined as the largest expected utility that a
generic agent can gain by manipulating, where the supremum is taken over all types, all deviations,
and all beliefs that the agent may hold about the behavior of other agents under the voting rule.
These different measures may result in different relative rankings of voting rules to the ones cited
in our survey below.
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3 A brief and selective survey
In this section, we describe branches of the voting and mechanism design literature that are related
to the Bayesian comparison of voting rules presented in Sections 4-6 of this paper. The first
branch is the literature on statistical social choice which consists of both early and very recent
papers that evaluate the performance of well-known multi-candidate electoral systems (among
them the plurality rule, approval voting, the Borda rule, as well as different multi-round voting
schemes in which candidates are eliminated on the basis of how many (or how few) first place
votes they have received) under the assumption that voters vote sincerely, i.e. in line with their
true preference orderings of the available candidates. This is clearly a heroic assumption, and
various contributors to this literature acknowledge the importance of this issue by at least partially
addressing the question of how susceptible to strategic manipulation the various voting rules are,
or how they could be modified to induce sincere voting (see Merrill (1984) or Pivato, 2016).

3.1 Statistical social choice
Contributions to this literature typically differ in the information structure they assume, meaning
the probability distribution over the type-profiles or voting situations that may arise in elections
with three (or more) candidates. One information structure that has been studied in this literature
is the ‘impartial culture’ assumption that has been described in Sec. 2.4 above, and which will be
assumed in the Bayesian comparison of voting rules below in Sections 3-5.

3.1.1 Impartial culture

One social objective that has been used in this literature (see Merrill, 1984) - and which will
also be used below in Sec. 4 of the present paper - is a voting rule’s effectiveness. This social
welfare-based criterion is superior to Condorcet efficiency if voters’ intensity of preference is to
be acknowledged (even though Merrill, 1984 studies only one rule (namely approval voting) under
which voters can express their preference intensity). In order to assess the performance of the
various voting rules, Merrill (1984) simulates large numbers of elections with 25 voters and a
varying number of candidates (from two to five candidates, and with seven and ten candidates,
resp.) In order to generate voter types, he draws independently from the same distribution each
element of a voter’s type-vector (however, unlike in our Bayesian study below, Merrill (1984)
restricts himself to the uniform distribution). While our Bayesian comparison of the effectiveness
of voting rules below will focus on the case of three voters, we nevertheless compare here the
effectiveness of voting rules in Merrill (1984) for three-candidate elections and 25 voters with that
found in our computational results for the uniform distribution: we obtain an effectiveness-level of
83.98% for the plurality rule (as opposed to 83% in Merrill, 1984, where voting is assumed to be
sincere), effectiveness of 91.91% for approval voting (as opposed to 95.4% in Merrill, 1984), and
effectiveness of 94.47% for the Borda rule (as opposed to 94.8% in Merrill, 1984). It is interesting
to note that approval voting narrowly outperforms the Borda rule in Merrill (1984), while the Borda
rule clearly outperforms approval voting in our setting (and not only for the uniform distribution,
but on average across all the 25 Beta-distributions we consider). Our Example 1 in Section 3 below
suggests that this discrepancy is due to the fact that in the Bayes Nash equilibrium of approval
voting in our setting, voters ‘approve’ of their middle-ranked alternative less often than in Merrill
(1984). Under the IC assumption, there are many contributions to the literature that aim to compare
and evaluate ordinal DVRs from the perspective of individual manipulation. For instance, Smith
(1999) compares five popular ordinal voting rules, and Maus et al (2007) characterize the class
of ordinal DVRs that minimize the susceptibility to individual manipulation among those ordinal
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DVRs that are anonymous, surjective and tops-only when the number of voters |N| is larger than
the number of candidates |K|. We refer the reader to references therein for further results on this
topic.18

A second social objective considered under this information structure is Condorcet efficiency.
For the case of |K| = 3 candidates, Merrill (1985) finds that approval voting (with a level of
Condorcet efficiency of 76%) is dominated by the plurality rule (with Condorcet efficiency of
79.1%) which, in turn, is dominated by the Borda rule (with Condorcet efficiency of 90.8%). The
best among the rules studied by Merrill (1985), however, is Hare with a Condorcet efficiency of
96.2%.19

Two final social objectives studied under the ‘impartial culture’ assumption are utilitarian effi-
ciency and resistance to manipulability, as well as a combination of these two objectives. Green-
Armytage et al (2016) define manipulability resistance to manipulability as robustness to manip-
ulation (as defined in Section 2.6) with strong Nash as the equilibrium concept. They find that in
a setting with |N|= 99 voters, the Hare rule and the Condorcet-Hare rule (which selects the Con-
dorcet candidate if one exists, and otherwise selects the winner according to the Hare rule) both
outperform all other 54 voting rules considered on the measure of resistance to manipulability (with
more than 80% of elections resulting in a non-manipulable outcome). Note that Green-Armytage
et al (2016) do not actually impose incentive compatibility on voting behavior as a constraint, be-
cause they simply assume that voting is sincere. Consequently, their results are silent on whether
insincere voting actually occurs, and also cannot quantify the welfare loss associated with any
instance of strategic voting.

On the measure of utilitarian efficiency, the Borda rule performed best (with utilitarian welfare
being maximized in approx. 74% of elections), which is not surprising given that each voter ballot
conveys voters’ complete ordinal ranking of the three candidates. When the two social objectives
of utilitarian efficiency and resistance to manipulability are imposed jointly, the optimal trade-off
between the two is achieved by Hare and Condorcet-Hare, both reaching near-identical scores of
approx. 71% and 85% for efficiency and resistance to manipulability, resp.

Finally, on the social objective of utilitarian efficiency, Apesteguia et al (2011) show that among
direct ordinal voting rules, scoring rules (i.e. rules where each voter assigns a score to each candi-
date k ∈ K (subject to some constraints) and the candidate with the highest aggregate score across
the |N| voters wins) maximize ex ante expected utilitarian efficiency when voters are assumed to
report their preferences truthfully. Furthermore, they characterize which particular scoring rule is
optimal depending on the prior distribution λ over voters’ type-profiles. In a related setting with
a more general information structure (allowing for ‘impartial culture’, ‘impartial anonymous cul-
ture’ and others as a special cases), Pivato (2016) studies a version of our general voting model in
Sec. 2 with a large electorate (i.e. |N| → ∞). His results show that simple scoring rules, such as
the Borda rule or approval voting, select with near certainty a candidate who maximizes (or almost
maximizes) utilitarian efficiency.

18An ordinal DVR R is surjective if for all k ∈ K, there exists a profile of linear orders s.t. r(σ) = k. It is tops-only
if for any pair of profiles σ , σ̂ we have r(σ) = r(σ̂) whenever Top(σ i) = Top(σ̂ i) for all i ∈ N, where for all strict
preferences P over K, Top(P) denotes the highest-ranked candidate in K according to P.

19The Hare rule is a multi-stage voting rule where the plurality loser is eliminated in each round. With just three
candidates, this implies that the candidate with the least first-round votes is eliminated. In the second round, the
winner is determined on the basis of a simple majority vote. Among one-stage scoring rules, the Borda rule maximizes
Condorcet efficiency when the number of voters tends to ∞ (see Gehrlein and Lepelley, 2011).
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3.1.2 Impartial anonymous culture

The second important information structure that has been studied extensively in the statistical
social choice literature is the IAC assumption that has been described in Sec. 2.4 above. On
the social objective of Condorcet efficiency, Gehrlein and Lepelley (2001) compare a number of
important voting rules in three-candidate elections: plurality rule, negative plurality rule (which
asks each voter to say which one of the three available candidates he wishes to eliminate), the
Borda rule, and the two-stage procedures of plurality elimination (which, for |K|= 3, corresponds
to the Hare rule described above) and negative plurality elimination (in round one, eliminate the
most nominated candidate; then in round two choose the majority candidate among the remaining
two). Regardless of the number of voters |N|, the following ranking of voting rules according
to Condorcet efficiency emerges consistently: negative plurality elimination dominates the Borda
rule (by approx. 6 percentage points) which, in turn, dominates the plurality rule by approx. 3
percentage points.20

In a recent paper, Gehrlein et al (2016) refine the comparison of three ‘one shot’ voting rules
(namely plurality, negative plurality, and Borda) under IAC in terms of Condorcet efficiency by
considering only those voting situations in which the three voting rules do not all yield the same
election winner (in voting situations where all three yield the same winner, they will also generate
the same Condorcet efficiency score).21 This modified information structure is labeled ‘modified
impartial anonymous culture’ (MIAC). While MIAC generates lower Condorcet efficiency scores
across the board than IAC, the ranking of the three voting rules according to their Condorcet effi-
ciency remains unchanged: Borda (82.4% under MIAC, 90.7% under IAC) dominates the plurality
rule (75.9% under MIAC, 87.6% under IAC) which, in turn, dominates the negative plurality rule
(21.6% under MIAC, 62% under IAC).

The aforementioned paper by Green-Armytage et al (2016) also considers 54 voting rules un-
der IAC in a setting with |K| = 3 candidates and |N| = 99 voters. As with IC, the Hare rule
and the Condorcet-Hare rule both outperform all other 54 voting rules considered on the measure
of resistance to manipulability, while the Borda rule performed best in terms of utilitarian wel-
fare. When the two social objectives of utilitarian efficiency and resistance to manipulability are
imposed jointly, the optimal trade-off between the two is again achieved by Hare and Condorcet-
Hare, both reaching near-identical scores of approx. 85% and 90% for efficiency and resistance to
manipulability, resp.

In summary, while the unrealistic assumption of sincere voting significantly limits the appeal
of the insights from the statistical social choice literature, it would nevertheless be ill-advised to
dismiss these insights, especially as this literature has studied many important voting rules that
more sophisticated voting models have ignored thus far, especially the multi-stage voting rules
such as plurality elimination and others.

A second important strand of the voting literature is concerned with the equilibria of voting
games (Nash equilibrium and its refinements) under complete information about voters’ types.

3.2 Rational voting under complete information
If the type-profile t of voters is commonly known at the start of Stage 2 of our general voting
framework, then the game induced by the designer’s voting rule is one of complete information.

20In contrast to IC, under IAC the voting rule that maximizes Condorcet efficiency among one-stage scoring rules
when the number of voters tends to ∞ is no longer the Borda rule. Instead, it is a scoring rule where sincere voters
attach a weight of 0.37228 to their second ranked alternative. I.e. this rule is slightly biased towards plurality (see
Cervone et al, 2005 and Gehrlein and Lepelley, 2011).

21This comparison is based on |K|= 3 candidates and |N|= 101 voters.
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De Sinopoli et al (2006) study the complete information game induced by the approval voting rule
in which voters can cast a vote for as many candidates in K as they want.22 Taking as their starting
point the result of Fishburn and Brams (1981) that if the type-profile t is s.t. a Condorcet candidate
exists, then the game has a Nash equilibrium in undominated strategies that selects the Condorcet
candidate as winner of the election. However, as there are other Nash equilibria, it is natural to
ask if the Nash equilibrium selecting the Condorcet candidate survives if refinements of the Nash
equilibrium concept are applied. De Sinopoli et al (2006) show through examples that this is not
the case. First, there is a type-profile for |N| = |K| = 3 for which a Condorcet candidate exists
s.t. in the unique equilibrium obtained by iterative deletion of dominated strategies there is a tie
in the number of votes that each of the three candidates receives. Given the assumption that ties
are broken by an equi-probable lottery on the set of tied candidates, the Condorcet candidate as
well as all the other Candidates are therefore elected with the same probability. Another example
with |N| = 3 voters and |K| = 4 candidates shows that there exist type-profiles s.t. in the unique
equilibrium obtained by iterative deletion of dominated strategies the Condorcet candidate receives
no votes at all. And finally, an example is constructed with |K|= 4 candidates and any odd number
of voters |N| ≥ 3 in which the unique best response of one voter to other voters’ strategies (two
of which are playing mixed strategies while the remaining ones play their dominant strategies)
involves an insincere ballot. In contrast, if in this example the plurality rule is used instead of
approval voting, then the stable equilibrium involves sincere voting by all voters. This shows that
the case for using approval voting is more nuanced than Fishburn and Brams (1981) suggest.

The paper by Buenrostro et al (2013) applies the concept of Nash equilibrium in undominated
strategies to a wider class of voting rules (namely scoring rules), which contains approval voting
as a special case. They focus on settings with |K|= 3 alternatives and |N| ≥ 4 voters and show that
whenever the complete information game induced by a particular scoring rule is dominance solv-
able (by iterated deletion of dominated actions), the candidates elected in equilibrium coincides
with the set of Condorcet candidates. Furthermore, they show that approval voting is dominance
solvable whenever any other scoring rule is dominance solvable (thus making it the ‘most’ dom-
inance solvable rule within the class of scoring rules the authors consider). This suggests that
approval is an attractive rule when there are only three candidates. Note, however, that in a setting
with three candidates located on a one-dimensional ideology space and voters’ preferences being
determined by the distance of their individual ideology from that of the election winner, there are
instances where approval voting fails to select the Condorcet candidate, while the plurality rule
does so for sure (see De Sinopoli et al, 2014).

Finally, the third strand of the related literature deals with incomplete information settings and
strategic voter behavior. It is in these settings that incentive compatibility problems and welfare
losses due to informational asymmetry can be quantified.

3.3 Bayesian and mechanism design approaches to voting
Myerson (2002) characterizes and compares equilibria of scoring rules in a setting where the num-
ber of voters participating in the election is unknown - this setting is not a special case of the one we
have described in Section 2 of the present paper, which assumes a fixed and known number of vot-
ers, and allows a continuum of possible type vectors per voter. Also related but not a special case
of our model in Section 2 is the paper by Ahn and Oliveros (2016) who explore how well scoring
rules aggregate information in a common value setting - we focus here explicitly on private-value
settings where the problem of efficient information aggregation is absent. The following related

22De Sinopoli (2001) studies Nash equilibria and their refinements in the complete information game induced by
the plurality rule.
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papers focus on mechanism design approaches to collective decision-making in the absence of
transferable utility (see e.g. Börgers and Postl, 2009, Jackson and Sonnenschein, 2007, Kim, 2016,
Miralles, 2012, and Schmitz and Tröger, 2012), explicitly accounting for strategic voting behavior
and incentive compatibility constraints. This makes the problem of designing a utilitarian welfare-
maximizing voting rule significantly harder than when sincere voting is assumed. Schmitz and
Tröger (2012) address this problem by characterizing welfare-maximizing strategy-proof voting
rules for settings with two candidates under an ‘impartial culture’ information structure, while
Barberà and Jackson (2006) characterize utilitarian welfare-maximizing weighted majority rules
over two candidates under an asymmetric information structure (i.e. the marginals λ i need not be
the same across all voters i∈N).23 However, analogue results for settings with three candidates (be
that under Bayesian or dominant strategy implementation) are so far absent from the literature.24

In independent work, Kim (2016) provides partial insights into this problem. Using the same in-
formation structure as the one employed here, he shows that if the types of three or more voters
are distributed according to the uniform distribution, there exists a direct revelation mechanism
that uses voters’ full utility vectors (i.e. not just the ordinal rankings embodied therein) and which
generates higher ex ante expected welfare than any mechanism that bases the collective choice
on the voters’ ordinal rankings alone.25 This result tallies with our computational findings for the
uniform distribution. However, our work differs from his in three important ways: first, we provide
a characterization of symmetric Bayes Nash voting equilibria of all two-parameter scoring rules,
and for any utility distribution; second, we compare, albeit computationally, the effectiveness of
all two-parameter scoring rules for distributions other than the uniform; and third, we offer some
insights into the connection between optimal two-parameter scoring rules and so called ‘second
best voting rules’ (i.e. rules that maximize ex ante welfare among all incentive compatible direct
revelation mechanisms).26

4 A detailed Bayesian comparison of two-parameter scoring
rules under the ‘impartial culture’ assumption

4.1 Basic set-up
We study here a version of the general framework described in Section 2 in which there are three
candidates: K = {A,B,C} and n+ 1 voters. For every voter i ∈ N, the type set is Ti = [0,1]3.
Regarding the information structure, we assume that each type t i ≡ (t i

A, t
i
B, t

i
C) ∈ Ti is a random

variable whose realization is observed only by voter i. The types of the n+1 voters are stochasti-
cally independent and identically distributed (i.i.d.). We assume furthermore that for each voter i,
the three elements of his type-vector t i, namely t i

A, t i
B and t i

C are drawn independently from the unit
interval [0,1] according to a distribution G with continuous and strictly positive density g on (0,1).
As a consequence, the probability that a voter has a particular ordinal ranking is the same for all
six possible ordinal rankings. The above features of the von Neumann Morgenstern utility func-

23See also the survey paper by Le Breton et al (2017) in this special issue, which is dedicated to the mechanism
design problem in the two candidate case when the class of voting rules available to the designer is restricted.

24To get a sense of the difficulties involved in designing optimal strategy-proof voting rules with three alternatives,
see Postl (2011) who analyzes a related, but simpler setting.

25The proof is constructive and builds on the direct mechanism equivalent of the Bayes Nash equilibrium voting
rule that we characterize in this paper.

26Our tentative exploration of second best voting rules is related to Hortala-Vallve (2009) who, albeit in a differ-
ent setting, characterizes the class of strategy-proof social choice rules which satisfy an appropriate differentiability
condition.
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tions, and the joint distribution of types (t1, . . . , tn+1), are common knowledge among the voters.
Observe that the information structure assumed here makes our setting symmetric in the following
two ways:

Symmetry with respect to (w.r.t.) voters, because each type t i (with i ∈ N) is drawn from the
same distribution on [0,1]3.

Symmetry w.r.t. alternatives, because each component t i
k of t i (with k ∈ K) is drawn indepen-

dently from the same distribution G on [0,1].

4.2 Two-parameter scoring rules
In the setup described in Section 2.1, we study and compare voting mechanisms that are scoring
rules. Under a scoring rule, each voter is asked to assign a score to every alternative k ∈ K.
The scores assigned to each alternative are then added up, and the alternative with the highest
aggregate score is chosen. In case of a tie for the highest score, an alternative is chosen randomly
from amongst those with the highest score, each with equal probability. As in Myerson (2002), we
consider specifically the family of (x,y)-scoring rules, which is characterized by two parameters
x and y s.t. 0 ≤ x ≤ y ≤ 1. Given an (x,y)-scoring rule, each voter must choose a three-vector of
scores that is a permutation of either (1,x,0) or (1,y,0). That is, each voter must give a score of
1 to one of the three alternatives in K, a score of 0 to one of the other two alternatives in K, and a
score of either x or y to the remaining alternative. Many well-known voting rules are special cases
of (x,y)-scoring rules. The gray shaded area in Fig. 1 illustrates the set of all (x,y)-scoring rules,
and highlights well-known special cases. For example:

1. Plurality Rule: x = y = 0. Each voter must choose between three different score-vectors,
given by the permutations of (1,0,0).

2. Negative Voting: x = y = 1. Each voter must choose between three different score-vectors,
given by the permutations of (1,1,0).

3. Borda Rule: x = y = 0.5. Each voter must choose between six different score-vectors, given
by the permutations of (1,0.5,0).

4. Approval Voting: x = 0 and y = 1. Each voter must choose between twelve different score-
vectors, given by the permutations of (1,0,0) and (1,1,0).

In order to describe (x,y)-scoring rules more formally, we denote by Σx,y the set of all score-
vectors that a voter can choose from under a given (x,y)-scoring rule. A generic score-vector
submitted by voter i ∈ N is denoted by σ i ≡ (σ i

A,σ
i
B,σ

i
C), where σ i

k is the score that voter i assigns
to alternative k. As (x,y)-scoring rules implement a collective choice on the basis of the highest
aggregate score, we define the aggregate score-vector as follows:

Definition 1. Given any subset N⊆N of m≡ |N| voters, the aggregate score-vector sm across vot-
ers in N is the sum of their individual score-vectors σ j: sm≡ (sm

A ,s
m
B ,s

m
C ) = (∑ j∈Nσ

j
A,∑ j∈Nσ

j
B,∑ j∈Nσ

j
C).

We denote by Sm
x,y the set of all aggregate score-vectors sm that can arise for the subset N of voters.

The set Sm
x,y is obtained by adding up, for every profile of m individual score-vectors in Σm

x,y, the
scores associated with each alternative k.27

27The set Σm
x,y ≡ Σx,y× . . .×Σx,y denotes the m-times Cartesian product of Σx,y.
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Figure 1: The set of all (x,y)-scoring rules

Using the notion of aggregate score-vectors, we can introduce formal notation for the proba-
bility distribution over outcomes induced by an (x,y)-scoring rule due to the possibility of ties for
the highest aggregate score. We use this notation extensively in the remainder of the paper:

Definition 2. For every subset N ⊆ N of m ≡ |N| voters, and every aggregate score-vector sm ∈
Sm

x,y, an (x,y)-scoring rule induces a probability distribution over the set of alternatives K: δ (sm)≡
(δA(sm),δB(sm),δC(sm)). In particular, the probability δA(sm) associated with alternative A is:

δA(sm) =


1 if sm

A > sm
B and sm

A > sm
C

1/2 if sm
A = sm

B > sm
C or sm

A = sm
C > sm

B

1/3 if sm
A = sm

B = sm
C

0 if sm
A < sm

B or sm
A < sm

C

The probabilities δB(sm) and δC(sm) of alternatives B and C (resp.) are defined analogously, with
δA(sm)+δB(sm)+δC(sm) = 1 for all sm ∈ Sm

x,y.

5 Equilibrium voting strategies
Every (x,y)-scoring rule gives rise to a Bayesian game with n+ 1 players. In this game, a pure
strategy for voter i is a vector-valued function vi : [0,1]3 → Σx,y, t i 7→ vi(t i). That is, vi specifies
for every type t i the score-vector in Σx,y to be submitted by voter i. We denote by vi

k(t
i) the score

assigned to alternative k ∈ K under strategy vi when voter i’s type is t i. Given the two types of
symmetry inherent in our setting, it is natural to focus on Bayes Nash equilibria (v1, . . . ,vn+1) that
are symmetric in the sense of the following two properties:

(S1) Each voter uses the same function v to select a score-vector on the basis of his type: vi(t i) =
v(t i) for all t i ∈ [0,1]3 and all i ∈ N. I.e. two voters with the same type submit the same
score-vector.

(S2) For all voters i, and any t i and t̃ i, where t̃ i is obtained from t i by a permutation of its compo-
nents, v maps t̃ i to σ̃ i, which is obtained from σ i === v(t i) by applying the same permutation to
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the components of σ i. For example, let t i = (t i
A, t

i
B, t

i
C) and t̃ i = (t i

B, t
i
A, t

i
C). If v(t i) = (1,x,0)

then v(t̃ i) = (x,1,0).

We refer to a strategy v that satisfies property S2 as a symmetric strategy, and to a symmetric
Bayes Nash Equilibrium (cf. S1) in symmetric strategies (cf. S2) as a fully symmetric Bayes Nash
Equilibrium (FSE). To show that such an equilibrium exists, we have to consider the decision of
any voter i as to which one of the available score-vectors in Σx,y he wishes to submit when all other
voters use the same symmetric strategy v. For this purpose, we need to quantify voter i’s beliefs
about the score-vectors submitted by the other voters. Consider a voter j 6= i whose submitted
score-vector is v(t j). As voter i does not know j’s type, he views the score-vector v(t j) as a random
variable with sample space Σx,y. As both v and our setting are symmetric, voter i believes that every
permutation of the score-vector v(t j) = (vA(t j),vB(t j),vC(t j)) arises with the same probability as
v(t j). In particular, if the (x,y)-scoring rule features x < y, then all permutations of the score-
vector (1,x,0) arise with probability Pr[v(t j) = (1,x,0)] ≡ p ∈ [0,1/6], and all permutations of
(1,y,0) arise with probability Pr[v(t j) = (1,y,0)] = (1/6)− p. Building on this observation, we
can establish our first main result:

Proposition 1. Any FSE of an (x,y)-scoring rule features a sincere voting strategy v. That is,
v1(t i) = 1 and v3(t i) = 0 for all i ∈ N and all t i ∈ [0,1]3, where v1(t i) and v3(t i), resp., denote the
scores that v assigns to i’s highest- and lowest-ranked alternatives when his type is t i.

The proof of Proposition 1 can be found in the appendix of Giles and Postl (2014) (see Section
A.1). To gain some intuition for this result, note that we can exploit the symmetry of our informa-
tion structure to show that, from voter i’s perspective, alternatives A, B and C are equally likely to
be the ‘collective choice’ of the n other voters who use the same symmetric voting-strategy v.28

Put differently, in expected terms, the voting behavior of the other voters results in a uniform distri-
bution over the set of alternatives K: E[δA(∑ j 6=i v(t j))] = E[δB(∑ j 6=i v(t j))] = E[δC(∑ j 6=i v(t j))] =

1/3. By submitting a score-vector σ i that assigns a score of 1 to his favorite alternative, a score
of either x or y to his middle-ranked alternative, and a score of 0 to his least preferred alternative,
voter i generates an expected probability distribution E[δ (∑ j 6=i v(t j)+σ i)] over K that first-order
stochastically dominates any distribution E[δ (∑ j 6=i v(t j)+ σ̃ i)] that prevails if he submits any non-
sincere score-vector σ̃ i.

Proposition 1 characterizes the unique FSE of (x,y)-scoring with x = y (so called ‘ordinal’
scoring rules, as they give voters no scope to express any intensity of preference). It also echoes
the main result in Carmona (2012) for a setting where only ordinal scoring rules are considered,
and where voters’ preferences depend not only on the alternative chosen from K, but also on the
aggregate scores received by all the alternatives. He shows that symmetric BNE are sincere for
almost all probability distributions from which voters’ types (i.e. their ordinal rankings) are drawn.
Proposition 1 implies furthermore that for (x,y)-scoring rules with x < y, a voter’s only remaining
decision is whether to assign the lower score of x, or the higher score of y to his middle-ranked
alternative. As a corollary to Proposition 1, it is straightforward to establish the following result:

Corollary 1. Any FSE of an (x,y)-scoring rule with x < y features a sincere voting strategy v that
assigns a score of v2(t i) ∈ {x,y} to the middle-ranked alternative of each voter i according to the

28It is important to emphasize here that the symmetric strategy v used by the other voters need not be sincere. To
see this, suppose each voter j 6= i assigns a score of 1 to his middle-ranked alternative, and a score of y to his favorite
alternative. In this case, all permutations of (1,x,0) arise with Pr[v(t j) = (1,x,0)] = 0, and all permutations of (1,y,0)
arise with Pr[v(t j) = (1,y,0)] = 1/6.
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following threshold criterion: for some α ∈ [0,1],

v2(t i) =

{
x if t i

2 < αt i
1 +(1−α)t i

3

y if t i
2 > αt i

1 +(1−α)t i
3

(1)

As a result of Corollary 1, voter i expects any other voter j 6= i to submit the score-vector
(1,x,0) (and any permutation of it) with the following probability:

Pr
[
v(t j) = (1,x,0)

]
=
∫ 1

0

∫ t j
1

0

∫
αt j

1+(1−α)t j
3

t j
3

g(t j
2)dt j

2g(t j
3)dt j

3g(t j
1)dt j

1 ≡ p(α) (2)

Similarly, voter i expects j to submit each permutation of (1,y,0) with the complementary prob-
ability Pr

[
v(t j) = (1,y,0)

]
= (1/6)− p(α). Note that p(α) defined in (2) is a monotonically

increasing and differentiable function (i.e. p′(α)> 0 for all α), with p(0) = 0 and p(1) = 1/6.
We now present the proof of Corollary 1, because it forms the basis on which we determine the

equilibrium weight α in the threshold criterion in (1). The weight α is the final missing piece in
the characterization of the FSE of (x,y)-scoring rules with x < y.

Proof. Consider voter i and suppose w.l.o.g. that his type t i is s.t. t i
A > t i

B > t i
C. His expected utility

from submitting a score-vector σ i = (1,σ i
B,0) (with σ i

B ∈ {x,y}) is:29

Ui(σ
i, t i)≡ ∑

k∈K
E[δk(sn +σ

i)]t i
k, (3)

where E[δk(sn +σ i)] = ∑
sn∈Sn

x,y

Pr[sn]δk(sn +σ i), and δk is as given in Definition 2.

It is optimal for voter i to submit the score-vector σ i = (1,y,0) if Ui((1,y,0), t i) > Ui((1,x,0), t i).
Using (3), this inequality can be rearranged as follows:

t i
B >

(
E[δA(sn +(1,x,0))]−E[δA(sn +(1,y,0))]
E[δB(sn +(1,y,0))]−E[δB(sn +(1,x,0))]

)
t i
A

+

(
1− E[δA(sn +(1,x,0))]−E[δA(sn +(1,y,0))]

E[δB(sn +(1,y,0))]−E[δB(sn +(1,x,0))]

)
t i
C (4)

The condition in (4) states that voter i’s best response to the symmetric strategy v used by all
other voters is to assign the higher score of y to his middle-ranked alternative B if his utility t i

B
from it exceeds a weighted average of the utilities associated with his favorite and least-preferred
alternatives. If the converse holds, a best response involves assigning the lower score of x to his
middle-ranked alternative. Observe that the weight used in the average on the right-hand side of (4)
is a number in [0,1]. This follows immediately from the fact that assigning the higher score of y to
the middle-ranked alternative B shifts probability mass from alternative(s) A and/or C to B, relative
to a situation where the lower score of x is assigned to B: δB(sn +(1,y,0))− δB(sn +(1,x,0)) ≥
δA(sn +(1,x,0))−δA(sn +(1,y,0))≥ 0 for all sn ∈ Sn

x,y.

In order to pin down the specific value(s) of the weight α for which the symmetric voting
strategy in Corollary 1 constitutes an equilibrium, we focus on equation (4) above. In particular,

29To ease notation in what follows, we write sn for the aggregate score-vector ∑ j 6=i v(t j) across the n voters other
than i.
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our interest centers on the weight attached to the utility of voter i’s favorite alternative, which we
refer to as the ‘loss-gain-ratio’:

Definition 3. The loss-gain-ratio is given by the following expression:

L(p(α)) ≡ E[δA(sn +(1,x,0))]−E[δA(sn +(1,y,0))]
E[δB(sssn +(1,y,0))]−E[δB(sssn +(1,x,0))]

=
∑sn∈Sn

x,y
Pr[sn] (δA(sn +(1,x,0))−δA(sn +(1,y,0)))

∑sn∈Sn
x,y

Pr[sn] (δB(sn +(1,y,0))−δB(sn +(1,x,0)))
(5)

Note that L is a differentiable function of α because each individual score-vector of the other
voters occurs either with probability p(α) or probability (1/6)− p(α).

The numerator of the loss-gain-ratio captures the expected loss in the probability of voter i’s fa-
vorite alternative when he assigns the higher score of y to his middle-ranked alternative, as opposed
to the lower score of x. The denominator of the loss-gain-ratio, in turn, represents the expected
gain in the probability of the middle-ranked alternative when i assigns it a score of y (rather than
x). Before we use the loss-gain ratio in (5) to characterize the value of the weight α in a FSE, it is
instructive to consider an example of a sincere symmetric voting strategy of the form in Corollary
1 that does not constitute a FSE in our setting.

Example 1. Consider the symmetric voting strategy presented in Weber (1978) (who studies
asymptotic equilibria of approval voting (i.e. (x,y) = (0,1)) in a setting that includes our in-
formation structure as a special case but, unlike ours, features a large number of voters). Un-
der Weber’s strategy, each voter i chooses from Σ0,1 the score-vector (σ i

A,σ
i
B,σ

i
C) that maximizes

σ i
A(t

i
A− t̄ i)+σ i

B(t
i
B− t̄ i)+σ i

C(t
i
C− t̄ i), where t̄ i denotes the average of voter i’s Bernoulli utilities.

This implies that each voter votes sincerely and assigns the lower score of 0 to his middle-ranked
alternative if t i

2 < t̄ i ≡ (t i
1 + t i

3)/2, and the higher score of 1 if t i
2 > t̄ i. I.e. under Weber’s strategy

each voter’s middle-ranked alternative is awarded a score according to the threshold criterion in
Corollary 1 with weight α = 0.5.
To see that Weber’s strategy does not constitute a FSE of approval voting in our setting with a
finite number of voters, suppose there are two voters i and j. If j uses Weber’s strategy, then i
expects every permutation of the score-vector (1,0,0) to arise with probability p(0.5) ∈ (0,1/6)
(where p(0.5) is computed according to (2)), and every permutation of (1,1,0) with probability
(1/6)− p(0.5). It is easy to verify that there are types of voter i for whom it is not a best response
to vote according to Weber’s strategy. In particular, we have Ui((1,y,0), t i) < Ui((1,x,0), t i) for
all t i ∈ [0,1]3 s.t.:

t i
1 + t i

3
2

< t i
2 <

5−6p(0.5)
7−12p(0.5)

t i
1 +

2−6p(0.5)
7−12p(0.5)

t i
3

This inequality highlights that the weight α = 0.5 associated with Weber’s strategy differs from
voter i’s loss-gain-ratio: L(p(0.5)) = (5−6p(0.5))/(7−12p(0.5))> 0.5 for any distribution G.
It is this discrepancy between α and L(p(α)) that disqualifies Weber’s strategy as FSE of approval
voting.

Example 1 highlights the central role played by the loss-gain-ratio in the characterization of
the weights α associated with FSE voting strategies of (x,y)-scoring rules with x < y. In fact, in
equilibrium the value of the weight α must be equal to the loss-gain-ratio of every voter. More for-
mally, a FSE voting strategy must feature a weight α∗ ∈ [0,1] s.t. L(p(α∗)) = α∗. In other words,
the equilibrium weight α∗ is a fixed point of the loss-gain-ratio. The equilibrium characterization
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therefore boils down to finding fixed points of the function L(p(α)). Of particular interest in this
context is the question whether there exists a fixed point α∗ in the interior of the interval [0,1]. The
reason is that only for α∗ ∈ (0,1) do voters express in equilibrium their intensity of preference to
the extent possible under an (x,y)-scoring rule with x < y.

A sufficient condition for the loss-gain-ratio to have interior fixed points for given model pa-
rameters x, y, n, and G is that L(p(0))> 0 and L(p(1))< 1. This is because whenever both these
inequalities hold, we can appeal to the Intermediate Value Theorem to establish the existence of a
value α∗ ∈ (0,1) s.t. L(p(α∗))−α∗ = 0. The following result shows that the first inequality holds
for all model parameters:

Lemma 1. The loss-gain-ratio is positive at α = 0: L(p(0))> 0 for all x < y, all n, and all G.

To give the reader a sense of how this result is established, we present here the proof for the
cases of two, three, and four voters. We refer the reader to Giles and Postl (2014) for details of the
proof with five or more voters.

Proof. Consider voter i and suppose w.l.o.g. that his type t i is s.t. t i
A > t i

B > t i
C. Given the definition

of the loss-gain-ratio in (5), it suffices to show that there exists an aggregate score-vector sn ∈
Sn

x,y which occurs with positive probability at α = 0 (i.e. Pr[sn] = (1
6 − p(0))n = 1/6n) s.t. the

probability of voter i’s favorite alternative being chosen is strictly lower when he submits the
individual score-vector σ i = (1,y,0) than when he submits the score-vector σ i = (1,x,0). In
this case, the sum in the numerator of the loss-gain-ratio features at least one positive element:
Pr[sn] (δA(sn +(1,x,0))−δA(sn +(1,y,0)))> 0 for at least one sn ∈ Sn

x,y.

(i) For two voters (n = 1), the table below shows the (individual and aggregate) score-vector
s1 = (y,1,0) which occurs with probability Pr[s1] = 1/6 at α = 0:

s1 σ i s1 +σ i δ (s1 +σ i)

(y,1,0) (1,x,0) (1+ y,1+ x,0) (1,0,0)

(y,1,0) (1,y,0) (1+ y,1+ y,0) (1
2 ,

1
2 ,0)

Submission of the individual score-vector σ i = (1,y,0) by voter i generates a shift in proba-
bility mass from alternative A to B, relative to submission of σ i =(1,x,0): δA(s1+(1,x,0))−
δA(s1 +(1,y,0)) = 1

2 .

(ii) For three voters (n = 2), the table below shows the aggregate score-vector s2 = (y,1,1+ y)
which occurs with probability Pr[s2] = 1/36 at α = 0:

s2 σ i s2 +σ i δ (s2 +σ i)

(y,1,1+ y) (1,x,0) (1+ y,1+ x,1+ y) (1
2 ,0,

1
2)

(y,1,1+ y) (1,y,0) (1+ y,1+ y,1+ y) (1
3 ,

1
3 ,

1
3)

Submission of the individual score-vector σ i = (1,y,0) by voter i generates a shift in proba-
bility mass from alternative A to B, relative to submission of σ i =(1,x,0): δA(s2+(1,x,0))−
δA(s2 +(1,y,0)) = 1

6 .
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(iii) For four voters (n = 3), the table below shows the aggregate score-vector s3 = (1+ 2y,2+
y,0) which occurs with probability Pr[s3] = 1/216 at α = 0:

s3 σ i s3 +σ i δ (s3 +σ i)

(1+2y,2+ y,0) (1,x,0) (2+2y,2+ x+ y,0) (1,0,0)

(1+2y,2+ y,0) (1,y,0) (2+2y,2+2y,0) (1
2 ,

1
2 ,0)

Submission of the individual score-vector σ i = (1,y,0) by voter i generates a shift in proba-
bility mass from alternative A to B, relative to submission of σ i =(1,x,0): δA(s3+(1,x,0))−
δA(s3 +(1,y,0)) = 1

2 .

We now show for which model parameters the second part of the sufficient condition for equi-
librium existence holds (i.e. L(p(1))< 1). This gives rise to our second main result:

Proposition 2. For three voters, and for five or more voters (odd or even), any FSE of an (x,y)-
scoring rule with x < y features a voting strategy of the form in Corollary 1 with weight α∗ ∈ (0,1)
regardless of the distribution G from which voters’ type-components are drawn.

The implication of Proposition 2 is that voters express in equilibrium their intensity of pref-
erence to the extent allowed by scoring rules with x < y. To give the reader a sense of how this
result is established, we state here the proof for three voters, referring the reader to Appendix A.3
of Giles and Postl (2014) for details of the proof with five or more voters.

Proof. Consider voter i and suppose w.l.o.g. that his type t i is s.t. t i
A > t i

B > t i
C. We now establish that

L(p(1)) < 1. Given the definition of the loss-gain-ratio in (5), it suffices to show that there exists
an aggregate score-vector s2 ∈ S2

x,y which occurs with positive probability at α = 1 (i.e. Pr[sn] =

(p(1))2 = 1/(6)n) s.t. voter i’s middle-ranked alternative gains probability mass from his lowest-
ranked alternative (and not just from his favorite alternative) when he submits the individual score-
vector σ i = (1,y,0) as opposed to the score-vector σ i = (1,x,0). In this case, the numerator of
the loss-gain-ratio is strictly smaller than the denominator: δB(sn +(1,y,0))−δB(sn +(1,x,0))>
δA(sn+(1,x,0))−δA(sn+(1,y,0)). Now consider the aggregate score-vector s2 ∈ S2

x,y in the table
below, which occurs with probability Pr[s2] = 1/36:

s2 σ i s2 +σ i δ (s2 +σ i)

(x,1,1+ x) (1,x,0) (1+ x,1+ x,1+ x) (1
3 ,

1
3 ,

1
3)

(x,1,1+ x) (1,y,0) (1+ x,1+ y,1+ x) (0,1,0)

The table shows that for s2 = (x,1,1+ x), submission of the score-vector σ i = (1,y,0) by voter
i generates a shift in probability mass from alternatives A and C to B, relative to submission of
σ i = (1,x,0):

δA(s2 +(1,x,0))−δA(s2 +(1,y,0)) = 1/3

δB(s2 +(1,y,0))−δB(s2 +(1,x,0)) = 2/3

As alternative B’s gain (which appears in the denominator of L) exceeds alternative A’s loss (which
appears in the numerator of L), it follows immediately that L(p(1)) ∈ (0,1). Together with the
fact that L(p(0)) > 0 by Lemma 1, we can infer by the Intermediate Value Theorem that there
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exists at least one equilibrium weight α∗ ∈ (0,1) for every (x,y)-scoring rule with x < y and every
distribution G.

Limitations of Proposition 2. We first point out that Proposition 2 is essentially an existence
result: it shows that there is a value α∗ s.t. voters’ equilibrium strategy involves the expression
of preference intensity. However, it neither establishes uniqueness of α∗, nor does it shed light
on how α∗ varies with the model parameters x, y, n, and the distribution G. To address at least
partially these limitations, we provide below a full characterization of the loss-gain-ratio for the
case of three voters, as the number of possible aggregate score-vectors is still manageable. For
a treatment of the setting with two voters, and some insight into the setting with four voters, see
Giles and Postl (2014), where it is shown that not all (x,y)-scoring rules with x < y give rise to a
FSE in which preference intensity is expressed, even though the voting rule allows it.

Proposition 3. With three voters, the FSE voting strategy partitions the set of (x,y)-scoring rules
with x < y into 64 equivalence classes regardless of the distribution G from which the voters’
Bernoulli utilities are drawn. For 38 of these equivalence classes - all of which feature a monotone
loss-gain ratio - there is a unique equilibrium weight α∗ for every G. For the remaining 26 equiv-
alence classes - for which the loss-gain-ratio is non-monotonic - uniqueness of the equilibrium
weight α∗ is distribution-dependent.30

For the proof of Proposition 3, we refer the reader to Appendix A.5 of Giles and Postl (2014).
There, the interested reader will find a table containing all 64 equivalence classes that arise with
three voters, along with the loss-gain-ratio for each equivalence class. For a graphical illustration
of these equivalence classes, see the partitions indicated by dashed lines in Fig. 2 below. While our
results in Propositions 3 show that the number of equivalence classes for a given number of voters
is not distribution-dependent, it is clear that the value(s) of the equilibrium weight α∗ pertaining
to each equivalence class does depend on the distribution G through the loss-gain-ratio. Even in
the relatively simple case of three voters, it is impossible to obtain an analytical expression for the
equilibrium weight α∗ as a function of the model parameters x, y, and the distribution G. The rea-
son is that even for the simplest parameterized distributions (such as G(ξ ) = ξ b, with b > 0), the
equilibrium condition L(p(α∗)) = α∗ generates complicated expressions for which only computa-
tional solutions for α∗ can be obtained. For three voters and uniform G - a setting in which there
is a unique equilibrium weight α∗ for every equivalence class because at least one of the sufficient
conditions in footnote 30 is satisfied - Fig. 2 shows some of the numerically computed values of
α∗ as a function of x and y. In order to interpret the figure, note that every number superimposed
on a polygon in Fig. 2 represents the value α∗ pertaining to all two-parameter scoring rules whose
values x and y form a point within this polygon (exclusive of the dashed borders).31

30Two (not mutually exclusive) sufficient conditions for uniqueness of α∗ are: (i) the loss-gain-ratio associated with
the equivalence class is a contraction mapping (i.e. |L′(p(α))p′(α)| ≤ k < 1 for all α ∈ (0,1)); (ii) the loss-gain-
ratio associated with the equivalence class is either everywhere strictly convex, or everywhere strictly concave (i.e.
L′′(p(α))(p′(α))2 +L′(p(α))p′′(α)≷ 0 for all α ∈ (0,1)).

31In order not to overload Fig. 2, we show the values α∗ only for the 20 equivalence classes associated with the
interiors of the various polygons. The remaining 44 equivalence classes are associated with the dashed boundaries
between the polygons, as well as the intersections of the dashed boundaries.
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Figure 2: Equilibrium values of α∗ for three voters and uniform G

6 Effectiveness of two-parameter scoring rules

6.1 Welfare notions and effectiveness
In this section, we build on our equilibrium characterization in Section 5 to compare (x,y)-scoring
rules according to their effectiveness in selecting an alternative that is representative of voters’
preferences. The notion of effectiveness used here is due to Weber (1978). Expressed in terms
from the mechanism design literature, Weber’s effectiveness measure is defined as the welfare
gain of a given (x,y)-scoring rule over random selection of an alternative from K, divided by the
welfare gain of a ‘first best’ decision rule over random selection. The denominator of this ratio
thereby represents the maximal welfare gain that one can hope for in the hypothetical scenario
where incentive problems surrounding the revelation of voter-preferences are absent.

When we refer to the welfare of an (x,y)-scoring rule, we mean here expected utilitarian wel-
fare, given by the sum of voters’ ex ante expected utilities in the FSE of the scoring rule. Due to
the symmetry of our setup in Section 4, where all voters are ex ante identical, it suffices to compute
the ex ante expected utility of a representative voter and multiply it by the number of voters (i.e.
by n+1) in order to obtain expected welfare. Furthermore, as all ordinal rankings of the alterna-
tives in K are equally likely, we can compute the ex ante expected utility of any voter i by fixing
a representative ordinal ranking (associated with utilities t i

1 > t i
2 > t i

3), and then multiplying by six
voter i’s expected utility under the representative ranking.32 Thus, expected welfare, denoted by

32See (3) for the definition of Ui((1,σ i
B,0), t

i), where σ i
B ∈ {x,y}.
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Wx,y, is:

Wx,y ≡ 6(n+1)

(∫ 1

0

∫ t i
1

0

∫
α∗t i

1+(1−α∗)t i
3

t i
3

Ui((1,x,0), t i)g(t i
2)dt i

2 g(t i
3)dt i

3 g(t i
1)dt i

1

+
∫ 1

0

∫ t i
1

0

∫ t i
1

α∗t i
1+(1−α∗)t i

3

Ui((1,y,0), t i)g(t i
2)dt i

2 g(t i
3)dt i

3 g(t i
1)dt i

1

)

In order to define formally the effectiveness measure of Weber (1978), we have to quantify the
notions of ‘first best’ and ‘random selection’. Both are instances of so called direct voting rules.
Formally, a direct voting rule (DVR) in the present model is a function f : [0,1]3(n+1) → ∆(K),
t 7→ ( fA(t), fB(t), fC(t)), where ∆(K) is the set of probability distributions over K, and fk(t) is
the probability that alternative k ∈ K is chosen by the mechanism when the voters’ type-profile is
t ≡ (t1, . . . , tn+1). Ex ante expected welfare associated with a DVR is:

Welfare of f = E[∑
k∈K

fk(t)(∑
i∈N

t i
k)] (6)

When we speak of ‘random selection’, we mean here the DVR f̄ that selects each alternative
in K with equal probability, regardless of the voters’ types:

Definition 4. The DVR f̄ implements random selection if ( f̄A(t), f̄B(t), f̄C(t)) = (1
3 ,

1
3 ,

1
3) for all

t ∈ [0,1]3(n+1).

A ‘first best’ DVR, in contrast, is a DVR that maximizes expected welfare in (6) in the hypo-
thetical scenario where the types t i of all n+1 voters, once realized, become observable before the
collective choice has to be made:33

Definition 5. A DVR f FB is first best if for every k ∈ K: ∑i∈N t i
k > maxl 6=k{∑i∈N t i

l}⇒ f FB
k (t) = 1

and ∑i∈N t i
k < maxl 6=k{∑i∈N t i

l}⇒ f FB
k (t) = 0.

On the basis of Definition 5, ex ante expected welfare of a first best DVR reduces to the ex-
pectation of the order statistic max{wA,wB,wC}, where wk ≡ ∑i∈N t i

k is a random variable with
support [0,n+ 1], and any two random variables wk, wl (k, l ∈ K, l 6= k) are i.i.d.34 We can now
define formally the effectiveness of an (x,y)-scoring rule:

Effectiveness≡
Wx,y−Welfare of f̄

Welfare of f FB−Welfare of f̄

6.2 Computational results
In this section, we present computational results regarding the effectiveness levels of all (x,y)-
scoring rules in a setting with three voters.35 Our main aim is to gain some insight into which

33I.e. a first best DVR is an ex ante classically efficient decision rule in the sense of Holmström and Myerson (1983).
34If we denote by H the distribution of the random variable wk, then the distribution of the order statistic

max{wA,wB,wC} is H̄(w) ≡ Pr[max{wA,wB,wC}] = (H(w))3. Note that analytical expressions for H are difficult
to obtain for arbitrary distributions G. In our computational work below, we therefore compute first best welfare using
Monte Carlo experiments in Mathematica 8.0 for Windows 7x64.

35The reason for focusing on three voters is that this is the smallest number of voters for which the FSE voting
strategy in Corollary 1 involves α∗ ∈ (0,1) for all x < y.
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rule is most effective in selecting an alternative that represents voters’ preferences. We would also
like to know if (x,y)-scoring rules that allow for the expression of preference intensity are more
effective than those that only allow voters to convey their ordinal rankings (these latter rules are
the ones on the 45-degree line in the unit square, and the Borda rule is one of them).36

To obtain our computational results, we have selected specific distributions G from which
voters’ type-components t i

k are drawn, and then used Mathematica to compute the equilibrium
weights α∗ that characterize FSE voting strategies. To make as broad as possible the scope of
our computational results, we used 25 different Beta-distributions for G. The density function
g(ξ ;a,b) and the cumulative distribution function G(ξ ;a,b) of the Beta-distribution are parame-
terized by two shape parameters a,b > 0: g(ξ ;a,b)≡ ξ a(1−ξ )b/

∫ 1
0 sa(1−s)bds and G(ξ ;a,b)≡∫ ξ

0 sa(1− s)bds/
∫ 1

0 sa(1− s)bds for 0 ≤ ξ ≤ 1. In order to expedite the computation of the equi-
librium weights α∗ and their associated welfare levels, we generate our 25 Beta-distributions by
varying separately each of the two shape-parameters a and b from 1 to 5 in increments of 1 (as
opposed to using smaller increments). E.g. the uniform distribution corresponds to the case where
a = b = 1.

Note that the effectiveness levels of different (x,y)-scoring rules can be compared meaningfully
here because we have chosen our 25 Beta-distributions so that each rule gives rise to a unique
equilibrium weight α∗ ∈ (0,1). Our computational results indicate that the (x,y)-scoring rules
which generate the highest average effectiveness across all 25 Beta-distributions are those in the
top left corner of Fig. 3 (those yielding 89.06% effectiveness).37 These rules allow voters to
express their intensity of preference because x < y. We also find that ordinal rules (i.e. those where
x = y) do not yield maximal effectiveness.

In Table 1 below we present in the first column the effectiveness levels of well known special
cases of (x,y)-scoring rules (the second column will be explained below in Section 6.3). The
following pattern emerges: negative voting is the worst-performing two-parameter scoring rule,
followed by plurality voting. Approval voting outperforms both of them, but is dominated by
the best ordinal rule.38 This is not surprising, given that approval voting, while allowing for the
expression of preference intensity, does not allow voters to convey unambiguously their ordinal
rankings. Under the most effective rules, voters can convey both their ordinal ranking and express
their preference intensity.

Scoring Rule (x,y) Effectiveness w.r.t f FB Effectiveness w.r.t f ∗

Negative Voting (1,1) 67.28% 73.83%
Plurality Rule (0,0) 76.76% 84.25%

Approval Voting (0,1) 83.71% 91.88%
Best Ordinal rule (0.6,0.6) 86.41% 94.83%

Most effective rule (0.4,0.9) 89.06% 97.74%

Table 1: Average effectiveness of well-known voting rules

We conclude our computational section with an attempt to understand better how maximum
effectiveness varies with the distribution G. Our results reveal that of the 64 equivalence classes of

36Kim (2016) proves analytically for the case of the uniform distribution that ordinal rules do not maximize social
welfare.

37As with Fig. 2 above, we show the effectiveness levels only for the 20 equivalence classes associated with the
interiors of the various polygons.

38Among all rules with x = y, the one with x = y = 0.6 yields the highest average effectiveness across our 25
Beta-distributions.
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Figure 3: Average effectiveness in % across 25 Beta-distributions

(x,y)-scoring rules with x < y, only five maximize effectiveness (each class for a different subset of
our 25 Beta-distributions). The first three classes are indicated by the numbers superimposed onto
the shaded gray areas in Fig. 4 (classes I, II, and IV are represented by a gray triangle each), while
classes III and V are represented by thick black lines.39 The figure confirms what we expected
on the basis of average effectiveness levels, namely that ordinal rules do not generate maximal
effectiveness for any of the 25 Beta-distributions.

To illustrate the types of distributions associated with each of the maximally effective equiva-
lence classes, we list in Table 2 the five classes along with the Beta-distributions for which each
class is most effective. We also provide the indicative shape of the density under each Beta-
distribution so as to convey a sense of how the maximally effective class of scoring rules varies
with the concentration of probability mass under each distribution. The observation that emerges
from Table 2 is that for distributions which place much of their probability mass on high utilities,
the most effective (x,y)-scoring rules involve a value of x close to 0.5, and a value of y > 1−0.5x
(see rules IV and V); for distributions that spread their mass more evenly, the most effective rules
involve a wider spread between the values of x and y (see rules II and III) than the spread that
emerges under rules IV and V. However, as Fig. 3 indicates, the effectiveness levels of classes II,
III, and IV are virtually identical (the effectiveness of class III, which was omitted from Fig. 3, is
89.04%). This suggests that any of these rules are likely to perform very well across a wide range
of distributions. Only when probability mass is heavily concentrated on low values (as in B(1,5))
is class I most effective.

39Dashed lines around shaded areas indicate that the boundaries are excluded. For details of which subset of (x,y)-
scoring rules corresponds to classes II, III, IV, and V in the figure, see Table 11 in Giles and Postl (2014).
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Indicative shape of g(ξ ;a,b) Parameters a and b Most effective scoring rules

a = 1, b = 5

a = 1, 2 < b < 5

Class I

Class II

2≤ a < b≤ 5 Class II

a = 1, b = 2 Class II

a = 1, b = 1 Class II

a = 2, b = 1 Class II

a = b > 1 Class III

2≤ b < a≤ 5 Class IV

b = 1, 2 < a < 5 Class V

Table 2: Most effective (x,y)-scoring rule associated with each Beta-distribution
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Figure 4: Graphical illustration of classes I-IV

6.3 A superior measure of effectiveness
It is important to note that evaluating the effectiveness of two-parameter scoring rules against first
best decision rules gives a somewhat unfavorable picture. The reason is that first best decision rules
do not have to satisfy constraints to ensure that all voters report truthfully their types. Therefore,
we would like to have a more realistic benchmark against which to compare two-parameter scoring
rules. Ideally, we would like to compare them to so called ‘second best decision rules’ (i.e. rules
that maximize ex ante welfare among all incentive compatible DVRs). However, a complete char-
acterization of incentive compatible DVRs is beyond the scope of this paper. In order to make some
progress in spite of this, we highlight here an equilibrium property of (x,y)-scoring rules that must
also hold in any incentive compatible DVR: Consider any voter i, and pick two proportional types
t̂ i, t̃ i ∈ [0,1]3 that reflect the same ordinal ranking of the alternatives. By ‘proportional’ we mean
that t̃ i = c(t̂ i

1, t̂
i
2, t̂

i
3) for some real-valued scalar c > 0. Observe that under the symmetric voting

strategy in Corollary 1, if type t̂ i submits the individual score-vector σ i = (1,y,0), then so will type
t̃ i. This implies that all types t i ∈ [0,1]3 with the same ‘normalized type’ (1,(t̂ i

2− t̂ i
3)/(t̂

i
1− t̂ i

3),0)
will submit the same score-vector σ i as t̂ i.

It is important to emphasize that under state-dependent expected utility assumed in our model,
it is not possible w.l.o.g. to replace voters’ original types t i with their normalized types (only the
Bernoulli utility t i

3 of the lowest-ranked alternative can be normalized to zero w.l.o.g. for every
type t i ∈ [0,1]3). However, the standard characterization of incentive compatible DVRs (see e.g.
Rochet, 1987) implies that if a DVR gives voters the incentive to reveal truthfully their types, then
the mechanism can only be responsive to voters’ normalized types. In other words, an incentive
compatible DVR must treat the type t̃ i the same as the type t̂ i. This is referred to in Hortala-Vallve
(2009) as ‘bunching of proportional types’. If this was not the case, and a voter could expect a more
favorable distribution over alternatives simply by exaggerating all components of his type-vector
by the same factor, then it would be in the voter’s interest to do so. While incentive compatibility
of a DVR may require constraints in addition to the bunching of proportional types, it is clear that
no incentive compatible DVR can generate higher ex ante expected welfare than a mechanism that
respects only the bunching requirement. Therefore, the latter mechanism should serve as a more
realistic basis for computing the effectiveness of (x,y)-scoring rules than first best decision rules.
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We propose now a particular DVR f ∗ that treats the same all voters who have the same nor-
malized type. Consider a voter i who reports a type t̂ i = (t̂ i

1, t̂
i
2, t̂

i
3), with associated ordinal ranking

�i. On the basis of his report, voter i is assigned the following ‘secondary type’ τ i:

τ
i ≡ (τ i

1,τ
i
2,τ

i
3) =

(
E[t i

1| �i],θiE[t i
1| �i]+ (1−θi)E[t i

3| �i],E[t i
3| �i]

)
where θi ≡ (t̂ i

2− t̂ i
3)/(t̂

i
1− t̂ i

3), and E[t i
k| �i] is the expectation of ui

k conditional on the ordinal
ranking associated with voter i’s reported type t̂ i.40 Given the secondary types τ i of all voters, let
f ∗ select a probability distribution over K that is first best in the sense of Definition 5, but with
respect to the profile of secondary types τ ≡ (τ1, . . . ,τn+1) rather than the reported types. It is
straightforward to show that f ∗ gives voters the incentive to reveal truthfully their ordinal rankings
when all other voters do so.41

We would like to argue that the DVR f ∗ is a more realistic benchmark for evaluating the
effectiveness of two-parameter scoring rules, because both f ∗ and the FSE of (x,y)-scoring rules
bunch proportional types. We have computed numerically the ex ante expected welfare of f ∗

across all 25 Beta-distributions, and have used the results to obtain the average effectiveness of
(x,y)-scoring rules relative to f ∗, instead of f FB.42 The results are reported in the second column
of Table 1, and they reveal that the most effective rule now comes very close to full effectiveness
(Equivalence class II in Fig. 4 is again the most effective; in fact, the ranking of effectiveness-
levels is not affected by using the benchmark f ∗ instead of f FB). This suggests that the lower
effectiveness of class II relative to first best can be attributed almost entirely to the need to bunch
proportional types.43 Even though class II may not be a second best DVR, its very small loss in
effectiveness relative to f ∗ suggests that it comes very close.

7 Conclusion
In this paper, we have characterized symmetric equilibria of two-parameter scoring rules. With
three voters, these symmetric equilibria are unique for the 25 Beta-distributions considered here.
We can therefore safely compare the performance of different scoring rules across these distri-
butions. As a measure of performance, we have reprised the notion of effectiveness proposed in
Weber (1978). Our results show that the plurality rule and negative voting are the least effective
in representing the preferences of the electorate. Whilst approval voting performs much better
than either of these rules, it does not perform as well as optimal (x,y)-scoring rules, which feature
a relatively small x-value and large y-value. Our computational results suggest that voting rules
which allow voters to express their strength of preference perform better than those which do not.
In future work, we intend to explore further the characteristics of voting mechanisms that are op-
timal in the class of incentive compatible mechanisms (i.e. so called ‘second best’ decision rules).
However, any such work will have to address the considerable mathematical difficulties that an
analytical mechanism design approach to this question entails.

40Observe that both the reported type t̂ i and the corresponding secondary type τ i give rise to the same normalized
type: (1,θi,0).

41Note, however, that we do not make any claims as to whether f ∗ is fully incentive compatible. Voters may still
have an incentive to misrepresent their types in ways other than simply multiplying them by a constant.

42Ex ante expected welfare of f ∗ has been obtained by means of Monte Carlo experiments.
43This observation tallies with the very small welfare losses found in Börgers and Postl (2009), who studied a model

where the Bernoulli utility of each agents’ favorite alternative was ‘normalized’ to 1, and that of the least preferred
alternative was normalized to 0. As a result, there were no proportional types to be bunched in their model.
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