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In this paper we study the convergence of monotone P1 finite element methods for fully nonlinear
Hamilton—Jacobi—Bellman equations with degenerate, isotropic diffusions. The main result is strong
convergence of the numerical solutions in a weighted Sobolev space L? (H;(Q)) to the viscosity solution
without assuming uniform parabolicity of the HIB operator.
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1. Introduction

Hamilton-Jacobi-Bellman (HJB) equations characterise the value functions of optimal control prob-
lems. For a wide range of control problems one can compute optimal control policies from the partial
derivatives of the value function.

An important tool in the analysis of HIB equations and their numerical approximations is the con-
cept of viscosity solutions. Its definition is based on sign information on function values of candidate
solutions, leading typically to proofs of L™ convergence of numerical methods, cf. Barles & Sougani-
dis (1991). It is more difficult to prove convergence in other norms if solely the concept of viscosity
solutions is used.

The approach with weak solution, familiar from semilinear differential equations, in the context of
Hamilton-Jacobi-Bellman equations is delicate because often uniqueness cannot be ensured. However,
we believe that combining the notions of viscosity and weak solution is attractive for numerical analysis:
the former to deal with uniqueness and the latter to study convergence of partial derivatives.

In Jensen & Smears (2013) the uniform convergence of P1 finite element approximations to the
viscosity solutions of isotropic, degenerate parabolic HIB equations was shown. In addition L>(H")
convergence was demonstrated, under the assumption that the HIB equation is uniformly parabolic.
In this paper we remove the assumption of uniform parabolicity and verify that strong convergence in
weighted Lz(H;) spaces can be maintained, see Theorem 7.1 below. Also a condition in (Jensen &
Smears , 2013, Assumption 7.1) that the d-dimensional Lebesgue measure of the boundary of the zero
level set of the value function has to vanish is not needed anymore.

Our approach uses coercivity properties of the HIB operator. An alternative technique to control
derivative terms is proposed in Smears & Siili (2014), where HIB equations satisfying Cordes condi-
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tions are discretised. A general review of the recent advances in the discretisation of fully nonlinear
equations is given in Feng, Glowinsky & Neilan (2013).

In Section 2 we introduce the Bellman equation, while in Section 3 the numerical method is defined.
Section 4 is concerned with uniform convergence to the value function. In Section 5 a nonlinear pro-
jection operator is constructed and analysed, which preserves positivity and boundary conditions of the
viscosity solution. Section 6 is concerned with the coercivity of the continuous and discrete Bellman
operators. The main result of strong convergence in a weighted Sobolev space is proved in Section 7.
Finally, in Section 8 assumptions of the prior analysis are translated into concrete parameter values for
the method of artificial viscosity.

2. Problem statement

Let 2 be a bounded polygonal domain in R, d>2 LletAbea compact metric space and let
A= C(Q)xC(Q,RY) xC(Q) x C(Q), o (a*,b*,c%, f%)

be continuous, such that the families of functions {a®}geca, {6% taca, {¢*}aea and {f*}qea are equi-
continuous. Consider the bounded linear operators

LY: HX(Q) = [*(Q), w— —a®* Aw+b%-Vw+c%w, acA.

We assume that a® > 0, i.e. that all L% are of degenerate elliptic. Similarly, we require that ¢* > 0.
Furthermore, suppose that pointwise f* > 0. Observe that

sup 1(a®,6%,¢%, f) lc@)xc@payxc@)xc@) < 2.D

and also supgey [|IL% || g2 ()12 (@) < o Let the final-time data vy € C(£2) be non-negative, thatis vy >0

on Q, and let v7 satisfy homogeneous boundary conditions on 9. For smooth w, let

Hw := sup(L%w — f%),
o

where the supremum is applied pointwise. The HIB equation considered is

—dv+Hv=0 in Qr :=(0,T) x Q, (2.2a)
v=0  on(0,T)x0Q, (2.2b)
v=vr on{T}xQ. (2.2¢)

DEFINITION 2.1 (Barles & Perthame (1988); Fleming & Soner (2006)) An upper semi-continuous
(lower semi-continuous) function v : [0,7] x  — R is a viscosity subsolution (supersolution) of

—dv+Hv=0 onQr, (2.3)

if for any w € C*(R x R¥) such that v — w has a strict local maximum (minimum) at (z,x) € (0,T) x <Q
with v(z,x) = w(z,x), gives —dyw(t,x) + Hw(t,x) < 0, (greater than or equal to 0). If v € C([0,T] x Q)
is both a viscosity subsolution and a supersolution of equation (2.3), then v is called a viscosity solution.

The viscosity solution of (2.2) is understood to be a viscosity solution of the PDE (2.2a), in the
sense of Definition 2.1, that satisfies pointwise the boundary conditions (2.2b) and (2.2c). Owing to the
definition of viscosity solutions, v is a continuous function.
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3. The numerical scheme

Let Vi, i € IN, be a sequence of piecewise linear, conforming, shape-regular finite element spaces with
nodes yf . Here / is the index ranging over the nodes of the finite element mesh 7. Let Vi0 CV be
the subspace of functions which satisfy homogeneous Dirichlet conditions on d€. It is convenient to
assume that yf € Q for / < N; :=dim Vio; i.e. the index / first ranges over internal nodes and then over
boundary nodes. The associated hat functions are denoted q)f ; that is q)f € V; and ¢f (yf) =1ifl=1¢,
otherwise ¢/ (y}) = 0. Set ¢/ := (bf/||¢f||u(m. Thus, the ¢/ are normalised in the L™ norm whilst the
qu are normalised in the L! norm. The mesh size, i.e. the largest diameter of an element, is denoted Ax;.
It is assumed that Ax; — 0 as i — oo.

Let h; be the (uniform) time step size used in conjunction with V;, with 7' /h; € IN, and let sf»‘ be the
kth time step at the refinement level i. It is assumed that #; — 0 as i — co. The set of time steps is
Si:={sk:k=0,...,T/h;}. Let the (th entry of diw(sf,) be

k+1 ¢ k 0
w(s ", y;) —w(st,y;
(dow(s ) = W2 ZWGE)
i

For each o and i, we introduce operators E* and I* to break L% into an explicit and implicit part:

E*: H}(Q) = L3(Q), w—s —a* Aw+Db% - Vw+ % w,
I H(Q) = (@), w s —38 A+ B Vi + G0
with continuous

A—C@Q)xC(Q,RY) xC(Q), o (a%b% %),

_ _ o= 3.1

A= C(Q)xC(QRY) xC(Q), ar (% b¥%).

It is required that ¢ and ¢{* are non-negative and that there is C € R such that
16" le= + [l [l~ < C, VieN,VaeA. (3.2)

Also, find for each i a non-negative f* which approximates f*: f* ~ f*. The conceptual statements
L%~ E¥+I% and f* ~ f* are made precise as follows:

ASSUMPTION 3.1 For all sequences of nodes (y!);c, where in general £ = £(i) depends on i:
. _osl o/l 7 =
}Lﬁiﬁg("aa - (al('x(yi ) +al('x(yi )) HL“'(suppde) + Hba - (bl('x +blq) HL“'(.Q,]R")
He® = (@ + &) | o) + 1 = ] 1=@) =0
Let (-,-) denote the standard inner product for both of the spaces L?() and L?(Q,R%), the two

cases being distinguished by the arguments of the inner product. Consider the following discretisation
of E¥ and I by operators E# and 1% that map H' () to RM:: forw € H!(Q), £ € {1,...,N; = dimV?},
(Efw)e = a? (7)) (Vw. V) + (b7 - Vw -+ w. 6), (3:32)
(18w)e = G () (Vw, V!) + (B - Vw+ 8w, ), (3.3b)

(F)e == (£, 61). (3.3¢)
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Throughout this work, we identify El‘?‘ and If‘, when restricted to V;, with their matrix representations
with respect to the nodal basis {q)f } ;- Under this basis, the nodal evaluation operator w — w(y!) corre-
sponds to the identity matrix Id.

We now define the numerical scheme for (2.2). Obtain the numerical solution v;(T,-) € Vio by nodal
interpolation of vr. Then, for each k € {0,...,T /h; — 1}, the numerical solution v;(s¥,-) € V is defined
inductively by

—di(s5, )+ sug(E?‘vi(sf“, A 1%k ) — F¥) =o0. (3.4)
[04S

4. Review of monotonicity and uniform convergence

The proof of gradient convergence in weighted spaces, given in Section 7, is based on the non-negativity
of numerical solutions and uniform convergence to the viscosity solution.

ASSUMPTION 4.1 Foreach o € A, assume that El‘?‘, restricted to V;, has non-positive off-diagonal entries.
Let h; be small enough so that #;E¥ — Id is monotone for every ¢, i.e. so that all entries of all /;E¥ — Id
are non-positive. For each ¢, suppose that for all v € V; such that v has a non-positive local minimum at
the internal node yf, we have (I#v), <O0.

It was shown in (Jensen & Smears , 2013, Theorem 3.1) that Assumption 4.1 implies the existence
of a unique numerical solution v; of (3.4) and that v; is non-negative.

Lett = 95K+ (1 —0)si ! € [s,5/71] lie between two time steps, © € [0, 1]. Then we interpret v;(z, -)
as the linear interpolant between v;(s¥, ) and v;(s¥*1,.):

vi(["):6vi(sf'{7')+(l_ﬁ)vi(strlv')' 4.1
ASSUMPTION 4.2 The Hamilton—Jacobi—-Bellman problem (2.2) has a unique viscosity solution v and
lim [[v; = v[| = (@) = 0. 4.2)

In Jensen & Smears (2013) it was demonstrated that Assumption 4.2, that is uniform convergence,
holds if the following conditions are satisfied:

1. Orthogonal projection: Suppose there exist linear mappings P, : C([0,T],H'(Q)) — [0,T] x V;
which satisfy for all ¢>f € Vi0

<V[)iw(ta )7V$1[> = <VW(I, ')7 V¢A1Z>7 vt € [Oa T]a (43)

and there is a constant C > 0 such that for every w € C“(Rd )and i€ NN,
Bty < Cllwlhyrog)  and T [[Pw— w1 q) =0. (44)
2. Boundary control: For each o0 € A, we define vfx: S, — Vi0 to be the numerical solution of the

linear evolution problem associated to the control @ with homogeneous Dirichlet conditions:
v¥(T,-) = v(T,-) is the interpolant of vr, and for each k € {0,...,T /h; — 1},

1

(R 1) vE(sF, ) = —(WEX —1d) v (571 ) + hiFY. 4.5)
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Suppose that for each (¢,x) € [0,T] x 2

inf  sup  limsupv®(st,yf) =0,
acA (sf,yf)%(l,x) i—so0

where the supremum is taken over the set of all sequences of nodes which converge to (¢, x).

3. Comparison: Let v be alower semi-continuous supersolution with ¥(7,-) = vz and v[j 7). 5 = 0.
Similarly, let v be an upper semi-continuous subsolution with v[( 7)o = 0 and ¥(T,-) = vr.
Then v < v.

5. Projection into the approximation space

For shorthand, let W = Wh4H1H€(Qr) N L2((0,T),H} (2)) C C(2r) with € > 0. We also use the
discrete spaces

Wi = {v € C([0,T], V") : | o1y, I affine in time},

|xQ

which means that functions in W; have the form of (4.1) between two time-steps. Observe that W; C W
for all i € IN.
We introduce the cut-off operation

Ci: W— W, w max{w —[|v— ]| 1=(ay),0}.

Furthermore, we denote the nodal interpolant from W onto W; by .#;, meaning that f,-w(si-‘7 yf) =
w(sk,yt) at all time steps s and spatial nodes y!. Finally we define Q; = .% o C;. Thus Q; is a mapping
of the type W — W,. Observe that Q;v € W; satisfies homogeneous boundary conditions. Furthermore,
from C;v < v; and the monotonicity of the nodal interpolation operator it follows that Q;v < v;. The
stability of the max operation and .%; gives, cf. (Ern & Guermond , 2004, Corollary 1.110) with £ =0
andp=d+1+e,

1Qivllw S [vllw,
10V(T, Ml=2) S IIV(T, ) lz=(a)-
LEMMA 5.1 Suppose that v € W. The sequence Q;v consists of non-negative functions, satisfying

homogeneous Dirichlet boundary conditions and Q;v < v;. Moreover, the sequence converges strongly
in W and L*(Qr) to v.

5.1)

Proof. The convergence of Q;v to v in W remains. We break the proof into two steps by means of the
triangle inequality:
1Qiv —vllw < [|Qiv — Iwllw +[|-Fv —vllw.

Step 1. Observe that
v—Cy =min{|[v —vi =0, v}

Thus [|v—Civ||=(q,) — 0 as i — . Moreover, denoting the gradient in time and space by V[, ),
[Vit.) (v = Civ) || pave (@) = Vo) VIl L1213y

where I = {x € Qr :v(x) € (0, |[v—vi|l1=(0,)) } as we have V|, ;) (v —C;v) = 0in Q7 \ I;. Because (), [; =
0 it follows that ||[v — Cjv|jw — 0 as i — e=. Hence, owing to (5.1), ||Qiv — Fv|lw = || Z(Civ —v)|lw
vanishes as i — oo,
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Step 2. Let § > 0. Recalling the density of smooth functions in W there is a vg € C*(Q7) such that
|lvs —v|lw < 6. For ¢ € [0,T] we know (Ern & Guermond , 2004, Corollary 1.110) that

[Fivs(t,-) =vs(t,-) lwrasie@) S Axillvs () [lwaarive q)-

and similarly for x € .7}

[Fivs (%) = vs (5 0) lwrariee o,y S hillve () w2asive o,y

We conclude that for i sufficiently large
[Fiv =vlw < |7i(v=vs)llw + [[Fivs —vsllw + llvse —viiw <

using once again (5.1). 0

We shall also require a super-approximation result on nodal interpolation in weighted Sobolev
spaces. We cite Theorem 2.1 in Demlow, Guzman & Schatz (2011), with the notation adapted to
this paper.

LEMMA 5.2 Let T be a mesh element with diameter Ax < 1 and .# be the nodal interpolation operator
of T. Given g € W>=(T) there exists a value K, depending on || 8llw2(r) and the shape regularity of T
and the dimension d, such that for affine functions w

lg?w =7 (8" W)l () < KAx([V(gw)llz2 ) + Wl 2r) )

6. Coercivity properties of the Hamilton—Jacobi-Bellman operator and its discretisation

Owing to the non-negativity of v, for each & € A, we formally have for the exact solution

v +sup(L% — f*) =0 = v+L% < f% = (9v,v) + (L%, v) < (f%v). 6.1)
o

Furthermore, if there exists an & € A such that a* € W?>(Q) and ¢% — %(V -b% 4+ Aa%) > 0 we have
for w € H} (Q)

(L%, w) = (a®Vw,Vw) + ((c® — L(V-b% + Aa®))w,w), 6.2)

thus giving in combination with (6.1) control on v in a Sobolev space weighted by a®. We intend to build
the gradient convergence proof upon a bound similar to (6.1), with the differential operator replaced by
its discretisation and v by v; — Q;v.

Fix an arbitrary o € A. It is useful to view E¥ and I¥ as bilinear forms on H'(£) x V;. Functions
u € V; have the nodal representation

= ;M(yf )0/ (v)

To test with functions other than q?f we introduce the following bilinear form as a partially discrete
operation: for w € H!(Q) and u € V;
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We use the corresponding interpretation for ((I*w,u)) and also
{(w,u)) = {(Idw, u) ZW W) ubiI97 1@
(F& ) = Y ul)) (f ,¢,-’> = (f"u).

14

Let H; (£2) be the closure of Ci(£2) in the norm

3= [ vyaer [ vvPra,
Q Q

where y: Q — R is a non-negative L*(Q) function. We write H},(£2) as abbreviation of H', (2) and
H!(Q) for H%_(Q) where 7; is a weight depending on i € IN.

We now formulate a discrete analogue of (6.1) with (6.2): Consider that there exists an & € A and
weights ¥ and a C' > 0 such that for all i € I

2
W20, @)

hli—l
S Y (((nEF —1d)w(sht o)+ (il + 1d)w(sk, ), w(s, )
k=0
+ 3 (W(T, ), w(T, ) +C W) 3 ) 63)
hli—l
L (EE 1wt ) w6 ) + ) =l — i)

for all w € W; with w > 0 and i € IN, where () is a simple reformulation in terms of a telescope sum and

W0 a0 / / VP dxds.

The bound (6.3) is a property of the numerical scheme, which should in spirit be derived analogously to
(6.1) and (6.2), once the parameters of the scheme are selected suitably. In the following Example 6.1
this derivation is shown for the fully implicit setting. In Section 8.2 the bound is established for a wider
range of explicit-implicit methods.

EXAMPLE 6.1 Suppose that there is an ¢ € A such that va% € W>*(Q) and ¢* — (V-b%+ Aa%) > 0.

Choosing a fully implicit scheme with /¥ = L% + 2K Ax; (|| a®||y1q) + 1) A and E% =0, the highest

order term in ((I%w,w)) is at time s*:

ZW l’yl <VW( )7V¢IZ> = <VW(55’)7V%(5?(55’)W(‘S{(7))> 6.4)

with w € W; as weight and numerical diffusion coefficient

¥%i=a" = a” + 2K Ax; (|Va®||y1-(g) + 1). (6.5)
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According to Lemma 5.2, for i sufficiently large,
(V0 V.75(aw)) — (VD a®w)] < [Vwilzgq - [ 4(a%w) — Wl
<K Axi[|[Vwllp20) (IV(Va* W)l 20 + IWl2(a) (6.6)
<K Axi ([[Va%||wr=q) + D IwlF g
Therefore, adding and subtracting (Vw, V(a®*w)) from (6.4), the triangle inequality and (6.6) give
(1Fw,wh = ((Vw, VI (a®w) — (Vw,V(a*W))) + (Vw, V (a%W))
+ 2K Ax; ([|[Va® [y +1)(Vw,Vw>+<bo‘oVw+caw w)

> (L%, w) + K Axi (|[Va%|ly1.-(g) + 1) (Vw, Vw) > \WIH Q)

implying (6.3) as the reformulation (x) shows. We used here that & — a® is constant and therefore
unaffected by nodal interpolation. d

Due to the definition of the numerical method and the non-negativity of the v;, if (6.3) holds then

il S X (CONEE —1a)u(s ) 4 (il 1d)viGst, ), vi(5F, ) )

+ %«Vi(T? ~)7V,'(T, )>> +C/Hvi(T7 )||12.11(Q)

Z<<hF°‘ F) A+ 3 i) i@, +C i) g
(THf, @)+ 1) illz=(oryce) + € IviT, ) 31 gy ©67)

Using stability of nodal interpolation to bound [[v;(7',-)|| 1(q) in terms of the final time data, we see that
(6.3) guarantees stability in the L?(H}')-norm.

7. Weighted gradient convergence

The following theorem is the main result of the paper. It lists three assumptions: the first, on the second
derivatives of /c‘zl‘?‘ and /5,‘?‘, is needed for the application of Lemma 5.2, the second for (7.5) and the
third in (7.2).

THEOREM 7.1 Suppose the value function v belongs to the space W and there is an & € A and weights
Y, % € L*(Q), i € N, such that

L [|v/alw2e(q) and [|\/af|ly2+(q) are uniformly bounded in i,
2. there is a C > O such that @* < Cy; and a¥ < Cy; forall i € IN,
3. the coercivity condition (6.3) and y < ¥; are satisfied for large i.

Then the numerical solutions converge to the viscosity solution v strongly in L*([0,T], Hy (2)).
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Proof. Step 1: Let us assume for a moment that the approximations Q;v € W; satisfy

-1

Y ((mEF —1d)Qiv(sit! ) + (Rl +1d) Qiv(s, ), (vi — Qi) (sf,-) ) — 0. (7.1)

k=0

b

We discuss the validity of (7. 1) in Step 2 below.
With &EF = v;(s¥,) — Qv (sK, ),

|Vi*QiV\iz(H1)

hlifl
' F ((HEEE 4 (1)) + (T ET) TR
k=0
hlifl
= T (o, + (1 ) ,85) + (T €T
k=0
hll_fl

= Y ((mEF —1d)Qiw(si ) + (il 1) Quv(s, ). ED + CIET M [ g

k=0
Ir_p r_
(*) h; hj
< Y (mFEER) = Y ((WEF —1d)Qiv(si ) + (hil? +1d) Qiv (s, ), EF)
k=0 k=0
+ L(ET/m ET/hiy) || ET /M ||2 (7.2)

using in (*) the numerical scheme and that, due to the assumptions on the Q;, the sign of v; — Qv is
known. Since

N
|
-

I 4

h;

Y, (mFEE) <Ay X hilvilss,) =v(sf, )z i) + IV(st, ) = Qiv(sts )l 2(a))
k=0

k
Sz (Hvl_V”LZ (@r) v =0wlli2ap)),

the first term in (7.2) vanishes as i — oo. The second term vanishes due to (7.1). For the two last terms
recall Step 2 in the proof of Lemma 5.1 and that v; is the interpolant of v at time 7. Hence

vi = vl (0.r.a () 0

as [ — oo,
Step 2: It remains to show (7.1). The terms connected to the time derivative in (7.1) vanish in the

limit as

|~
:‘N

71

(Qu(sH+1. )~ il k>>—zh CY R

S ||3tVHL1(QT> 1€ 1= (7.3)

M,’

k=0
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using the uniform convergence in £X. Recall that ((I*Qv(s¥,-), EX)) is equal to

Z(Vi - in) (Sfcvyll> (C:lla (yf)<Vle(Sf7 )7V¢1€> + <l=)za ’ VQiV(S{'(a ) + C:lOC in(si_c’ ')7 ¢ie>) .

14

The lower-order terms vanish due to the uniform convergence of v; — Q;v to 0 and the bound
sup |6 - VO (sf, ) + & Qv (st ) |1 ) < o=
1

We note that

Y (i = 0w) (st 30) @ () (VO (s1,). V) = (VO (sf,), V(@ (vi — Q) (5F.)),

‘
so that in (7.1) the implicit part of the second-order term becomes
hli_l T
Y hi(VQiv(sf, ), VIi(@f (vi— Q) (sf, ) = /O (JiVOQw, JiVI(a@ (vi—Qw)))dt,  (74)
k=0
where _#; maps any w : [0,T] — L?(2;R?) onto the step function (/,-w)hsg gty = w(sk,-). Observe
that _#;VQ;v converges strongly in L*(Q7;R?). Owing to Lemma 5.2, we have the chain of inequalities

IVIi(@ )2 @ma) < V(@ E) 2 (0may + V(@ E = Fi(@E))ll 2 (0:me)
< V@)l 2 oimey + K Axi(IV(VaF o) 20) + 1€l 2«)
< (Va2 i) + K Axi)IV/aFVEl 2 ra) + (VAT 1 ) + K Axi) 1€ 2(0)

at a time s¥ € [0,T). Observe that

@ Vel eme S 1Sl e (7.5)
i (2)

by the hypotheses of the theorem. Therefore, in combination with Assumption 4.2 as well as (5.1) and
(6.7), we obtain an L~ (L?*) bound over FiVIi(a¥(vi— Q;v)) in (7.4). The convergence

lim OT<W7 IiVIi(af (vi— Qv)))dt = — lim T(V-w,J,%(ﬁf’(v,-—Qw)))dt:0

i—oo i—o JO

with test functions w in the dense subset C}(Qr;R?) gives weak convergence of V.%(a%(v; — Qiv))
in L2(Q7;R?), see (Yoshida , 1980, p. 121). Combining weak and strong convergence, it is ensured
that (7.4) converges to 0 as i — oo, cf. (Zeidler , 1990, Prop. 21.23). A similar argument shows that
Yy hi (EZQiv(sK1 ), EX)) vanishes in the limit. Therefore we proved (7.1). O

The Sobolev regularity of the value functions is for example discussed in Fleming & Soner (2006)
and Wei, Wu & Zhao (2014) and Zhou (2015).

We conclude the section with a brief sketch how the convergence of the optimal controls of the
discrete problem to the optimal controls of the continuous problem might be established on the basis of
Theorem 7.1.
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EXAMPLE 7.2 Let ap : 2 — [0,1] be a smooth, non-negative function and set o (x) = 2 o (x) for all
x € Q. Let B be the unit ball. We consider the equation

vt sup @A)V = vt ( sup  adv)+(sup B-V)
a€(ap(x),00 (x)] ag(og(x),o (x)] BeaB
=—y + sup (aAv+B-Vv)=f, (7.6)
(a.B)€log(x),0 (x)]x 9B

which may degenerate where o (x) = 0. Now let (v;); be a sequence of finite element solutions con-
verging to the value function v as in Theorem 7.1, supposing a fully implicit time discretisation as in
Example 6.1. We may omit for this example the further specification of the problem such as the bound-
ary conditions; however, we expect that the hypotheses of Theorem 7.1 are met.

We let ¥ = o and suppose that on some non-empty open set N we have the bound o (x) > & from
below with § > 0. As Vv, converges in LYT!+€ to Vv on [0, 7] x N it follows that the piecewise linear
functions with the values (Vvy,, §/) at the nodes y! converge to Vv on [0,T] x N as well.

The optimal control of the first-order term at y! is Bf = (Vvy, §/)/|(Vvy, @)|. If we interpret f; as
the piecewise linear function which interpolates the f3; at the nodes, then f3; converges on [0,7] x N in
LI+1%€ to the optimal control Vv/|Vy| of the continuous problem, assuming no division by zero occurs
on N (which would correspond to the case that Vv = 0 and any 3 € dB is an optimal control).

Described as the Bang-bang principle, one typically sees regions where the optimal control ¢ of the
continuous problem is either equal to ¢ or ¢, otherwise Av =0 and any @ € [0, 0] is optimal; see
(Jensen & Smears , 2012, Section 6) for a related example. In this spirit let us suppose that there is a
non-empty open set (s,7) X M C [0,T] x N on which o is the unique optimal control of the continuous
problem.

We claim that then there cannot be a non-empty open subset (s;,#;) X M}, of (s,¢) x M on which o
is the optimal control of the discrete problem after sufficient refinement. More precisely we claim that
there is no (sp, #,) X M}, such that for all nodes yf € M, and times sf.‘ € (sp,ty) for all large i we have

_divi(sf'(v ) + <Vviav¢3ie> = <fzfa (ﬁiE)a (77)

where f{ = f! —|(Vv;,#!)|. Similarly, v solves on M, with f(x) = f(x) — |Vv(x)|, the linear equation

~

—vy—OpAv=f. (7.8)

So suppose there was an M;, on which (7.7) holds. For simplicity let us assume that M}, is the union of
elements, at any level i of refinement and time s{-‘; thus the boundary of M}, consists of edges of elements.
Similarly we suppose that s; and f;, are discrete time steps. Then we can use v; on the boundary of
(Spytn) X M), as Dirichlet data, converging in L™ to v. Together with the Dirichlet data, (7.7) may be
viewed as a localised initial boundary value problem. Linear finite element analysis and ff — /7 imply
the convergence of the v; to the solution of

_Wt_alAWva

which is different from v, giving a contradiction.

8. The method of artificial diffusion

We illustrate now a way of choosing the coefficients of E¥ and I in order to satisfy the assumptions of
the above analysis.
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For all o € A we need to impose the conditions to ensure uniform convergence. For one & € A we
wish to enforce terms to guarantee convergence in a Sobolev space with a weight associated to L*.

REMARK 8.1 One could define a set B C A of multiple indices & for which one wishes to derive Sobolev
norm bounds, which are associated to different weights y* and y*. The analysis generalises directly.

Given a function g : Q — R? and an element K of the mesh .7}, we denote

d 1
o= (5 o)

If g is elementwise constant then |g|x is simply the Euclidean norm of g on K. Let Axg denote the
diameter of K. We assume that the meshes .7} are strictly acute, cf. Burman & Ern (2002), in the sense
that there exists ¥ € (0,7/2) such that for all i € IN:

V! V| < —sin(9) |[VO{ [k [VO/|x  VLI<dimV;, (#1, VK € F. @.1)
We choose a splitting of the form
R L L L R e T

which does not depend on i € IN. It is generally necessary to add artificial diffusion to the second-
order coefficients, that means that we generally need to determine i-dependent coefficients a* > @* and
ar > @“. Tt can also be necessary to construct cr> &%, For the other lower-order terms we can use the
above splitting directly: For all i € IN set

fo = Eaath = Za751q = Ea and also int = fa7

where all terms are in C(Q), @* and G% are non-negative and all ¢* and &% are non-negative and satisfy
inequality (3.2).

For instance, one could discretise symmetric terms implicitly, i.e. a* = &* and ¢* = %, and screw-
symmetric terms explicitly, i.e. b* = b*. With this approach the coercivity properties of L* are well
incorporated. Alternatively, if there is coercivity which is uniform in o with respect to a useful weight v,
then it is interesting to select I = |; independently of & because in this case only a linear system needs
to be solved at each time step while an O(Ax;) time-step may be preserved. We also refer to Jensen &
Smears (2012) for further illustrations of operator splittings.

To obtain uniform convergence we select the non-negative parameters v and v such that for all K
that have y! as vertex:

V% sin(9) |[V§f |k vol(K), (8.2a)
V% sin(9) |[V§/ |k vol (K). (8.2b)

(16f |k +Ax el 1=x)) <
(16 |k +Axg[|E ]| 1= (x)) <

We now turn to convergence in the weighted Sobolev norm associated with the control &. We require
that Va%,va® € W»=(Q) as well as

G — (VD% 4+ AG%) >0,
&% —L(V-b%+Aa%) >0, (8.3)
y:=d*—a%*>0
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so that
a*<y and a*<y. (8.4)

We choose @ and @* both in C(Q) such that at the nodes
(8.5)

such that for large i

> max{\:/,.a,zKAx,- (3||\/a?‘||wl,w<m + /@ lwi=(g) +3) 2| Va® +Bﬁ‘||§m<m}. (8.6)

Notice the recursive nature of the definition of 5?‘ which appears also on the right-hand side of (8.6).
For Ax; small enough it is clear that y; can be chosen so that is satisfies (8.6). Finally, we set

&t =&+ K Ax; (||\/“_?||WL°°(_Q) + 1) + 5167 (8.7)

Note that if the diffusion and reaction terms are approximated implicitly then czf‘ = &%, Sections 8.1 and
8.2 below show that, under suitable time-step restrictions, (8.3), (8.4) and (8.5) give convergence.

8.1 Verification of uniform convergence

Suppose that w € V; has a non-positive local minimum at an interior node yf . It was shown in Jensen &
Smears (2013) that then

(Ef'w), <0, (Ifw), <0, (8.8)
and, if v* and \=/i‘" are chosen optimally, then for K € .7;

= O(SUPK{V:’?|KAXK+ 16| =) Ax }),
Vv = O(supg {[b¥ |k Axk + ||E¥ || (k) Ax }) -

(8.9)

Note that (8.9) is consistent with Assumption 3.1. We turn to time step restrictions for semi-implicit
and explicit methods which give Assumption 4.1. The non-positivity of the diagonal terms of /;E¥ — Id
expands to

12 h (A 60(Vol V6! + (BF Vol +2 9/ 8]))
—=h; (o(c'z,‘?‘Ax,;z) +0(|b%|x Axg") +O(6,‘?‘)).

Therefore the time step restriction imposed by L* is h; < infx (Ax} /a? (yf)) y! € K, if there is a non-
zero % and i is large. Itis b; < infx (Axx/|b¥(y})|k) if all @* =0, i € IN, and there are non-zero 5%,
and is O(1) if all @ and b vanish. There is no restriction if also all ¢ are zero. If the scheme is fully
implicit, there are no time-step restrictions.

Assumption 4.2 holds if there is an orthogonal projection, boundary control and comparison, see
page 4. The former is essentially a quasi-uniformity assumption on the mesh, cf. Demlow, Leykekhman,
Schatz and Wahlbin (2012), the latter two on the boundary value problem. In fact, the comparison
principle is one of the building blocks in the theory of viscosity solutions.
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8.2 Verification of Sobolev convergence

The main step of this section is the proof that (6.3) is satisfied. We begin with the examination of the
explicit terms. With wh+! = w(sT1 ) and wk = w(sk, ),

(ESWRH1 k) = (V1 V(i) + (B - Wkt g w1kt (k) (8.10)

using the interpolation operator as in (6.4). We also find, as in (6.6), for large i

(VWAL V.7 (@ wh)) — (Vwk T Valwh)| < K Ax; (|[1/a ||W1 1 |wk+1|H1 ||wk||H1(_Q)
Therefore,

(VWL V7@ wWh)) = ((Vwh T Vg (a®wh)) — (VAT valhy) + (Vwk ! vadwk)

>
> (VWAL @ wk) 4 (VT Wk Iva®) 1 (winkt! (wk — Wk hvad)
— K Axi ([ ey + 1) A s 9 )
Recalling (8.3) and using that G% — a‘f‘ is constant, we see that
<Vwk+l’wk+lvdi&> + <I;d -Vwk+1 _|_C~,éc Wk+1,wk+1> — <( %(V ba+Aﬁa))Wk+l,Wk+l> > 0.
Now

|<(Vﬁf‘+l~)6‘)~Vwk“+c~awk+1 Wk—Wk+1>‘

h: - ~ A
(e L P T o e R

hi ~a | 76 P

B (1Va% B e [T 2, + 10 3o [ 22) g (0 — Lk — k)

where we can use Jensen’s inequality as } (l)i[ (x) = 1is a convex combination:

I =R = [ (00 w4 00) 8! )

14

<'/_Q;(Wk(yf)— k+1( )) ‘Pz() <<Wk—Wk+l,Wk—wk+l>>.
We summarise

(ES ) > = 4|y fava |, -4 a-@wkniz (ATt k)
—KAx ||\FHW1 I @)+ 219 13 ) 8.11)

B (Va5 g ||Vwk+1|\Lzm 1 2 4 2

Now to the implicit terms. Recall (8.7), where f‘f‘ is increased compared to &* to provide additional
control with the L? scalar product. Also compare (8.6) with the artificial diffusion introduced in (6.5).
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Then, as in Example 6.1, for large i,

QEWE WF Y > (@AW, AwF) 4 (B — L(V - D%+ AG%) )Wk, wh) (8.12)
(KA (31y/a 1o + 1@ i) +3) + 1l Va® + 5 ) ) (5, 98y
+ (KAXi (H\/%me(g)+l) +hi\|5&||iw(9))<wk,wk>-

We observe that nearly all terms on the right-hand side of (8.11) can be bounded by corresponding terms
in (8.12) of time k or k+ 1, also owing to (8.3). The exception are (WK —w*+1 wk —w +1)) and when
w is evaluated at the final time. For the former we point to the occurrence of this term in (6.3). For the
latter we choose C’ such that

C'||WT/hi||?1'<Q) > 5| a?VWT/hi||iZ(Q> + 5 (H\/%HW'P"(Q) + 1)|WT/hi|%11(Q) +hi||\/77iVWT/hi||i2(Q)

+ % (HV&‘Z +Bd|‘iw(g) HVWT/hi H22(9> Ea”%ﬁ(g) HWT/hi HiZ(_Q)) .

Then we obtain (6.3) with %; = y+ &

Z (hi<<E,‘-ka+l + |lqwk’wk>> + %<<Wk+1 _ Wk,WkJrl _ Wk>>> + %<<W W >> —|—C/||WT/h H2

T
hi
2 2 ,(hi<%vwk7vwk>) + %<<W07W0>> 2 |W|12‘2((0,T)‘H.1 (Q))7
k=0 o

where the last inequality follows because the composite trapezium rule is exact for functions in W;.
Finally, observe that ¥ < ¥ and that by (8.4) there is a C > 0 such that af* < Cy; and a* < C; for all
i € N, as required in the statement of Theorem 7.1.
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