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a b s t r a c t   

Optimisation under uncertainty has always been a focal point within the Process Systems 

Engineering (PSE) research agenda. In particular, the efficient manipulation of large 

amount of data for the uncertain parameters constitutes a crucial condition for effectively 

tackling stochastic programming problems. In this context, this work proposes a new 

data-driven Mixed-Integer Linear Programming (MILP) model for the Distribution & 

Moment Matching Problem (DMP). For cases with multiple uncertain parameters a copula- 

based simulation of initial scenarios is employed as preliminary step. Moreover, the in-

tegration of clustering methods and DMP in the proposed model is shown to enhance 

computational performance. Finally, we compare the proposed approach with state-of- 

the-art scenario generation methodologies. Through a number of case studies we high-

light the benefits regarding the quality of the generated scenario trees by evaluating the 

corresponding obtained stochastic solutions. 

© 2022 The Authors. Published by Elsevier Ltd on behalf of Institution of Chemical 

Engineers. This is an open access article under the CC BY license (http://creative-

commons.org/licenses/by/4.0/).    

1. Introduction 

1.1. Motivation 

The increasing volatility in the modern-day process in-
dustries and the consideration of large amount of data for 
demanding projects have led to an intensive study of opti-
misation problems under uncertainty (Li and Grossmann, 
2021; Ning and You, 2019). Various optimisation-based fra-
meworks to confront problems under uncertainty have 
emerged, including stochastic programming, robust optimi-
sation and chance constrained programming. In contrast to 
the others, stochastic programming (SP) constitutes a risk 
neutral approach, and the uncertainty is modelled typically 
via a known probability distribution of the uncertain para-
meters. The objective of the methodology is to optimise the 

expected value over the uncertainty set. In this context, op-
timisation problems under uncertainty can be formulated as 
two-stage (TSSP) or multi-stage stochastic programming 
problems, in which the uncertain parameters are considered 
through a discrete number of their possible realisations. 
These realisations are also referred to as scenarios. Although 
such stochastic programming models can be formulated 
with relative ease, the usually large number of uncertain 
parameters and data lead to computationally challenging 
problems. Several approaches for the mitigation of such 
drawbacks of large datasets have been proposed in the lit-
erature, aiming at either the reduction of the uncertainty set 
or the generation of a representative and smaller in size 
uncertain set to be implemented in the problem (Li and 
Floudas, 2014; Medina-González et al., 2020). These ap-
proaches are referred to as scenario reduction or scenario 
generation (SG) approaches respectively. This work aims at 
the development of methods towards the generation of sce-
nario sets which approximate well in the statistical sense the 
known uncertain distribution. Scenario generation methods 
which consistently lead to sets with stochastic solutions of 
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good quality are imperative for the confrontation of the to-
pical challenging optimisation problems under uncertainty. 

Moment Matching Problem (MMP) constitutes a well-es-
tablished scenario tree generation approach (Høyland and 
Wallace, 2001; Høyland et al., 2003). It is based on the mini-
misation of the errors regarding the statistical moments be-
tween the original uncertain set and the final reduced set. 
Usually, the first four statistical moments are taken into 
consideration in order to capture sufficiently the information 
of an uncertain distribution and these are the following: 
mean, variance, skewness and kurtosis. While mean and 
variance are significant in any case, skewness is useful when 
risk measure is asymmetric. Moreover, kurtosis describes the 
thickness of the tails and is employed to cases where "bad" 
scenarios are considerable (King and Wallace, 2012). In gen-
eral, MMP is modelled as nonlinear programming (NLP) pro-
blems, as values of the nodes and their corresponding 
probabilities are determined concurrently. Some simplified 
versions of MMP can be formulated as Linear Programming 
(LP) problems, in which values of the nodes are defined 
through preliminary stochastic simulations (Ji et al., 2005).  
Calfa et al. (2014) proposed the parallel matching of the sto-
chastic distributions of the uncertain parameters leading to 
the distribution matching problem (DMP). The formulation 
enhances the quality of the approximation by minimising 
the errors regarding the cumulative distribution function 
(CDF) between the known distribution and the final reduced 
set. Despite the good performance of the existing approaches 
for scenario generation, they still suffer from various draw-
backs. The nonlinear and nonconvex formulations do not 
allow estimation of global solutions and furthermore suffer 
from under-specification issues, in which several scenarios 
of the reduced set receive the same values or zero probability 
of occurrence. 

In this work, aiming to overcome the aforementioned 
shortfalls, the DMP is formulated as a MILP problem. When 
multiple parameters are considered, copula-based sampling 
is implemented to simulate a large initial set of scenarios, 
which captures the dependence of the uncertain parameters. 
In particular, vine copulas are determined from the historical 
data by selecting the pair copula families and the tree 
structure. This simulated set of scenarios is utilised as input 
to the DMP model. Finally, the proposed methodology in-
tegrates the insight of clustering in the MILP model to miti-
gate the drawback of under-specification issues of the NLP 
formulations and to improve the quality of the generated 
trees. 

The remainder of the paper is organised as follows: in  
Section 1.2, a literature review on the scenario generation 
approaches for stochastic programming problems is con-
ducted. In Section 2, the main mathematical developments 
are presented. Next, in Section 3, two-stage stochastic pro-
gramming case studies from the PSE literature are examined 
to compare several scenario generation approaches. Con-
cluding remarks and future work suggestions are presented 
in Section 4. 

1.2. Literature review 

Optimisation problems under uncertainty are dealt in the 
open literature with a wide range of mathematical techni-
ques including stochastic programming (Sahinidis, 2004), 
chance-constraint programming (Li et al., 2008), robust op-
timisation (Ben-Tal and Nemirovski, 1999; Bertsimas and 

Nomenclature 

Sets 
i I Index of uncertain parameters. 
k K Index of generated scenarios or prespecified 

clusters of original uncertain set. 
m M Index of first four statistical moments. 
n N Index of data points/original scenarios of 

original uncertain set. 
CLk n, Set of data points/original scenarios n which 

belong in cluster k K. 

Parameters 

Ci i, Covariance matrix of the uncertain para-
meters i i I, . 

ECDFi n, Cumulative probability of data point n N of 
uncertain parameter i I. 

Mi m, mth moment of uncertain parameter i I cal-
culated from the data. 

Pmax Maximum allowable probability of occur-
rence of a scenario. 

Pmin Minimum allowable probability of occur-
rence of a scenario. 

xi n, Value of data point n N of uncertain para-
meter i I. 

w̄i m, Arbitrarily chosen parameter for the calcu-
lation of Wi m

sm
, . 

wc¯ i i, Arbitrarily chosen parameter for the calcu-
lation of Wi i

c
, . 

Wi m
sm
, Weight of the error for the mth moment of 

one uncertain parameter. 
Wi i

c
, Weight of the error regarding the covariance. 

Wi
prob Weight of the error for the ECDF of uncertain 

parameter i I. 
, ...,0 4 Parameters of the GLF function. 

Binary variable 
yk n, 1, if scenario n N is selected as final sce-

nario k K; 0, otherwise. 

Continuous variables 
ci i,

+ Positive covariance deviation of uncertain 
parameters i i I, . 

ci i, Negative covariance deviation of uncertain 
parameters i i I, . 

cmax Maximum error regarding covariance 
matching. 

di m,
+ Positive deviation of the mth moment of un-

certain parameter i I. 
di m, Negative deviation of the mth moment of 

uncertain parameter i I. 
dmax Maximum error regarding moment 

matching. 
edi Error related to ECDF of uncertain para-

meter i I. 
edmax Maximum error regarding ECDF over all un-

certain parameters. 
pk n, Probability of occurrence of original scenario 

n N, selected as final scenario k K. 

i n, Deviation from the ECDF of data point n N
of uncertain parameter i I. 

¯ i k, Deviation from the ECDF of selected scenario 
k K of uncertain parameter i I.   
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Sim, 2003), fuzzy mathematical programming 
(Zimmermann, 2010) and multi-parametric programming 
(Pistikopoulos et al., 2011; Charitopoulos et al., 2018). The 
aforementioned approaches are distinguished based on the 
degree of risk aversion and the characterisation of un-
certainty. In particular, stochastic programming constitutes 
a risk-neutral approach, which aims at the optimisation of 
the expected outcome of a problem with known probability 
distributions of the uncertain parameters (Li and 
Grossmann, 2021). 

The standard version of stochastic programming is the 
two-stage stochastic programming, in which the uncertainty 
is revealed at one step. In these problems the decision vari-
ables are classified into two sets, namely the first-stage and 
the second-stage decisions. The first-stage (here-and-now) 
decisions are determined before the realisation of the un-
certain parameters, which takes place afterwards at the 
second stage. Then the second-stage (wait-and-see) deci-
sions, or recourse actions, not only induce corrective impact 
but also alleviate the infeasibilities arising due to the rea-
lisation of the uncertain parameters. Overall, the target is to 
optimise the objective function of the first-stage costs while 
optimising the expected value of the random second-stage 
costs (Birge and Louveaux, 2011). 

Two-stage stochastic programming aims at optimal de-
cisions based on the available data for the uncertain para-
meters. The typical formulation of a two-stage linear 
stochastic programming problem is presented by Eqs. (1a) - 
(1b) (Shapiro et al., 2014): 

g x c x Q x

s t Ax b
x

min ( ) : [ ( , )]

. .
0

x

T
n

= +
(1a) 

where Q x( , ) is the optimal value of the second-stage 
problem: 

Q x q y

s t Tx Wy h

y

min ( , ) :

. .

0

y R

T
n

=

+ (1b)  

In this formulation x n denotes the “here-and-now” 
decisions, y m is the set of the “wait-and-see” decisions 
and the vector q T W h( , , , )= contains the data (known or 
uncertain) of the second stage problem. 

Let us have a closer look at the two-stage stochastic pro-
gram and some characteristics of the distribution of the 
uncertain data. First and foremost, the distributions of the 
uncertain parameters can be either discrete or continuous. In 
the case of discrete distributions, a reasonable number of 
discrete realisations of the uncertain parameters can be 
considered. In such way the standard formulation for the 
stochastic programming problems arises, which renders 
them computationally tractable. The set of finite possible 
realisations can be denoted by a vector , and are also called 

scenarios, say , ..., k1 , with respective probabilities of occur-
rence p p, ..., k1 . Then the second-stage expected cost can be 
rewritten as shown by Eq. (2a) (Shapiro et al., 2014): 

Q x p Q x[ ( , )] . ( , )
k

K

k k
1

=
=

(2a) 

and thus, the deterministic equivalent problem for the two- 
stage stochastic program (TSSP) is given by Eq. (2b): 

c x p q y

s t Ax b
T x W y h k K

x y k K

min · ·

. .
, 1, ,

, 0, 1, ,

x y y k

K

k k k

k k k k

k

, ,..., 1k1

+

+ = …
= …

=

(2b)  

This formulation is also referred to as extensive form of the 
TSSP. In the above formulation, every scenario 

q T W h k K( , , , ), 1, ..., ,k k k k k= = results to a two-stage decision 
vector yk and by solving the two-stage problem the optimal 
first-stage decisions x̄ can be computed. In other words, 
given x̄, each yk gives the corresponding optimal second- 
stage decisions for the realisation k, i.e., the scenario k. 
Regarding the nomenclature, matrix Wk is referred to as re-
course matrix and matrix Tk is referred to as technology matrix 
in the literature. As it is demonstrated by Eq. (2b) un-
certainties can be considered on both of the latter as well as 
on the right hand side (RHS) of the constraints or the coef-
ficients of the objective function. Stochastic programming 
problems can be computationally challenging due to the 
nature of the optimisation problem (e.g., large number of 
binary variables) or the presence of too many uncertain data. 
Hence, many solution methods and decomposition techni-
ques have been developed (Küçükyavuz and Sen, 2017). Fi-
nally, the assessment of the solution quality in stochastic 
programs has been studied by Bayraksan and Morton (2006; 
2009; 2011). 

In cases of either continuous distributions or a very large 
number of possible realisations of the uncertain parameters 
scenario tree generation methods become imperative. These 
methods aim at the creation of a smaller in size set of sce-
narios for the uncertain parameters, with specific values and 
probabilities, which are representative of the original un-
certainty set. Especially, the methodologies which select a 
subset of the scenarios and determine their probabilities are 
referred to as scenario reduction methods. Two-stage sce-
nario tree generation is depicted in Fig. 1(a) - 1(b). In Fig. 1(b) 
the filled nodes denote the selected scenarios while the 
empty nodes the rejected ones regarding the scenario re-
duction approach. 

Once the scenario tree is generated, it is used to solve the 
stochastic program. The quality of the solution depends on 
the implemented scenario approach and can be evaluated by 
measures related to the statistical optimality gap (Bayraksan 
and Morton, 2006). Moreover, an assessment of scenario 
generation approaches can be conducted by taking the 

Fig. 1 – Two-stage scenario tree generation.  
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stability of the obtained solutions and the errors of their ap-
proximation (bias) into consideration (Kaut and Wallace, 
2007; King and Wallace, 2012). 

A recent literature review on scenario generation 
methods, which is also specified to wind power data, can be 
found in Li et al. (2020). Another empirical analysis of popular 
scenario generation methods is conducted by Löhndorf 
(2016). Particularly, optimisation-based scenario generation 
or reduction methods, solution techniques and their combi-
nation with state-of-the-art machine learning tools are of 
particular interest in Process Systems Engineering commu-
nity. A typical optimisation-based scenario generation 
method is presented in the work by Karuppiah et al. (2010), in 
which both MILP and relaxed Linear Programming (LP) for-
mulations were proposed. Recently, Bertsimas and Mundru 
(2022) proposed an optimisation-based algorithm that com-
bines concepts from scenario reduction and convex optimi-
sation. Nonetheless, the use of a wide range of alternative 
approaches for scenario generation have also been in-
vestigated in the literature. For instance, Silvente et al. (2019) 
implement a sensitivity analysis approach to reduce the 
number of scenarios. 

Moment Matching Problem for scenario tree generation, 
as aforementioned, was initially proposed by Høyland and 
Wallace (2001) and a follow-up work for the exact moment 
matching problem was presented by Høyland et al. (2003). As 
the MMP constitutes a nonconvex NLP problem, some sim-
plified reformulations of MMP as LP problems have been 
proposed, where the values of the nodes are predetermined 
(Ji et al., 2005). Xu et al. (2012) proposed an algorithm for 
multi-stage scenario tree generation comprised of sequential 
simulations, K-means clustering, time series and solution of 
LP moment matching problem. The efficiency of the ap-
proach with regards to the inter-stage dependencies and the 
time-varying fluctuations is reported through a multi-period 
portfolio management case study. In contrast to the se-
quential K-means clustering and moment matching problem 
executions, Rubasheuski et al. (2014) proposed a framework 
which combines both moment matching problem and the 
scenario reduction approach (Heitsch and Römisch, 2009) in 
a combined framework. Moreover, the parallel matching of 
the stochastic distribution of the uncertain parameter (DMP), 
by minimising the errors regarding the cumulative distribu-
tion function, has been proposed (Calfa et al., 2014). The 
proposed models remain NLP, have enhanced performance 
compared to MMP but may lead to under-specification issues, 
in which case either a unique scenario is assigned to several 
nodes, or zero probabilities are assigned to some nodes. Re-
cently, Kaut (2021) proposed an alternative approach for the 
scenario generation problem, formulating MMP as MILP and 
using binomial expansion in order to compute the moments 
of the generated reduced sets. This formulation uses the 
known values of the nodes and employ binary variables to 
indicate the selection of the nodes for the final reduced set.  
Chopra and Selvamuthu (2020) proposed a variant of the 
MMP aiming at dimensionality reduction of the dataset using 
principal component analysis in a pre-process step. The 
output indicates that better approximation of returns is 
provided in less computation time. The combination of mo-
ment-matching with Cholesky decomposition and clustering 
is proposed by Li and Zhu (2016) and it is indicated to reflect 
the information of the original discrete probability distribu-
tion of the original scenarios. Finally, decomposition tech-
niques can be applied to MMP improving its computational 

performance. Mehrotra and Papp (2013) proposed an opti-
misation-based method using cubature formulas and im-
plementing column generation to generate moment 
matching scenarios, which was shown to outperform Monte 
Carlo approaches. 

Copula-based methods constitute another active field of 
study for tackling multi-dimensional uncertain data. These 
are based on the notion that a multivariate distribution can 
be described by its marginal counterparts and their copula, 
which captures the correlations among the latter (Sun et al., 
2017). Theoretically, an n-dimensional copula expresses the 
joint cumulative distribution function (CDF) for which the 
marginal distributions of each variable are uniform on the 
interval [0, 1]. Denoting multivariate CDF as F and marginal 
distributions as F F, ..., i1 , the copula C is defined as (Kaut and 
Wallace, 2011): 

F x x C F x F x( , ..., ) ( ( ), ..., ( ))i i i1 1 1= (3)  

In case of continuous marginal distributions Fz, the copula 
is unique. The theorem of existence of copula is known as 
Sklar’s Theorem and the proofs can be found in Sklar (1996). 
Conversely, denoting u u u u( , ..., ), [0, 1]i i1= and as Fi

1 the 
generalized inverse function of CDF function Fi then it stands 
true that: 

C u u F F u F u( , ..., ) ( ( ), ..., ( ))i i i1 1
1

1
1= (4)  

According to copula theory, a copula remains the same 
after solely increasing (co-monotonic) transformations of the 
marginal distributions. In other words, let us consider a 
multi-dimensional set with a known copula. The latter’s 
marginal distributions can be transformed from one con-
tinuous distribution to another, and the dependence of the 
resultant margins is still described by the initial copula. The 
dependence between two variables can be captured by var-
ious parametric bivariate copula families, e.g., Gaussian, 
Archimedean, and Student-t copula. Some exemplary in-
stances of sampling from Archimedean bivariate copulas 
with known values of the parameters are visualised in  
Fig. B.2 of the Supplementary Material. For high-dimensional 
cases, appropriate pairwise copula families along with the 
structure of the data set (pair-copulae constructions) can be 
considered leading to a vine copula (Aas et al., 2009; Sun 
et al., 2017). 

Copulas’ use for scenario generation, was investigated by  
Sutiene and Pranevicius (2007), who employed copulas to 
generate an initial sample capturing the dependencies of the 
multidimensional data. Furthermore, they study how the 
selected copula family affects the scenario tree structure. In 
the same context, the study by Kaut and Wallace (2011) in-
dicates that copula sampling accompanied by post process 
controlling of statistical properties can enhance the stability 
of an optimisation problem. Kaut (2014) proposed a heuristic 
based on pairwise copulas for scenario generation. Recently,  
Qiu et al. (2019) proposed a scenario generation determining 
the mixture vine copula and integrating K-means clustering 
to analyse the optimal operation of power systems. Multi-
stage scenario tree generation has also been examined by 
selecting dynamic Student-t-Clayton copula and im-
plementing an ARMA-GARCH model to approximate the 
stochastic process (Yan et al., 2020). The proposed approach 
aims to capture the time-varying tail dependences of the fi-
nancial assets. 

Apart from the scenario generation methods, scenario 
reduction approaches are also very impactful in the field of 
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stochastic programming. Generally, their main idea is both to 
select only some representative scenarios of an original un-
certain set and to determine their probabilities of occurrence 
with ultimate goal the effective solution of the approxima-
tion problem. To this end, the minimisation of a distance 
metric between the original set and the final subset is chosen 
as the objective function. Pflug (2001) used the Wasserstein 
distance for optimal discretisation and based on that pre-
sented an approach for scenario tree generation. A theore-
tical base for scenario reduction was introduced in the work 
of Dupačová et al. (2003), who proposed two algorithms: 1) 
forward selection and 2) backward selection. These heuristic 
algorithms seek to minimise the global probabilistic distance 
using canonical probability metric for each scenario in-
dividually. Thereafter Heitsch and Römisch (2003; 2007; 2009) 
in a series of works enhanced the initial idea and included 
two crucial aspects. Firstly, they considered the whole set of 
the original scenarios at each iteration of their algorithm and 
secondly, they improved overall the computational perfor-
mance of their algorithm by using Fortet-Mourier metrics as 
distance. However, the general idea of the scenario reduction 
has only been recently extended in the domain of chance- 
constrained and mixed-integer two-stage stochastic pro-
gramming problems by Henrion et al. (2008; 2009). Li and 
Floudas (2014) contributed to this area by proposing a MILP- 
based scenario reduction framework, namely OSCAR. The 
optimal solution is achieved by minimising the Kantorovich 
distance, which is a probabilistic distance between the ori-
ginal and the reduced subsets. This problem relates to the 
theory of optimal transportation which was introduced by 
Kantorovich. Furthermore, while other scenario generation 
approaches pay attention only on the distribution or the 
statistical properties of the uncertain set, OSCAR can also 
integrate the performance of the output of the problem in its 
formulation. Through this extension to the original model, 
which is referred to as Output Space System Response, the 
differences between the best, worst and expected perfor-
mance are included in the objective function. In a follow-up 
work by Li and Floudas (2016) a sequential scenario reduction 
approach is presented to improve the performance of the 
original model when tackling problems with either more 
uncertain parameters and/or a higher number of initial sce-
narios. Furthermore, the linear programming-based iterative 
framework combined with clustering methods by Li and Li 
(2016) improves the computational performance of the fra-
mework even for large original scenario sets. 

Recently, Medina-González et al. (2020) presented a sce-
nario reduction method (SCANCODE) which integrates data 
mining, graph theory and community detection. The unique 
feature of this approach is that it can visualise datasets as 
networks and exploit the correlations between the points in 
order to identify clusters in a set by maximising the mod-
ularity metric. 

2. Mathematical developments 

2.1. Moment Matching Problem 

In case that the L2-norm-based formulation for the objective 
function of the Moment Matching Problem (MMP) is con-
sidered, the NLP formulation can be written as follows: 

w f x p Svalmin ·( ( , ) )
x p m M

m m m
,

2

s.t. 

p 1
k

K

k
1

=
=

p k K K[0, 1] {1, ..., }k = (5) 

where x is a vector of the values of uncertain parameters, p is 
a vector of probabilities of nodes, m M is the set of statis-
tical properties to be matched, f x p( , )m is the mathematical 
expression of statistical property m calculated from the 
generated scenarios k K with values x and corresponding 
probability p and Svalm is the value of statistical property m as 
are estimated beforehand by the data and the distribution of 
each parameters (Gülpinar et al., 2004). 

In order to define the first four statistical moments of a 
known distribution, namely mean, variance, skewness and 
kurtosis respectively, let us define set i I as the index for the 
uncertain parameters and n N N{1, ..., }= as the index of the 
prespecified nodes or original scenarios. Moreover, if the 
variable xi n, denotes the value of the uncertain parameter i in 
the node n and pn its corresponding probability of occurrence, 
then the statistical moments for each uncertain parameter 
i I can be calculated as: 

Mean x p·i
n N

i n n,=
(6a)    

Var x Mean p( ) ·i i
n N

i n i n
2

,
2= = (6b)    

Skew
x Mean p( ) ·

i
n N

i n i n

i

,
3

3
= (6c)    

Kurt
x Mean p( ) ·

i
n N

i n i n

i

,
4

4
= (6d)  

It is noted that skewness (Eq. (6c)) and kurtosis (Eq. (6d)) 
are by definition normalised properties as they are scaled by 
the variance ( i). In this paper the properties are denorma-
lised in order to be used in the proposed model. By this op-
tion, nonlinearities due to scaling are avoided but deviation 
of variance in the final set can impose slight miscalculations 
of skewness and kurtosis (Calfa et al., 2014; Kaut, 2021). 

Calfa et al. (2014) proposed an extension to the Moment 
Matching Problem for the generated reduced set of nodes to 
match additionally the marginal Empirical Cumulative Dis-
tribution Function (ECDF) of the data. Therefore, this ap-
proach is referred as Distribution Matching Problem (DMP). 
Theoretically, Cumulative Distribution Function (CDF) ex-
presses the probability of a random parameter zi to take a 
value lower or equal to some value t. Empirical CDF (ECDF) is 
a non-parametric estimator of the CDF which is defined as 
follows: 

ECDF t
n

z t1( )
1

{ }
i

N

i
1

=
=

(7) 

where n is the sample size and z t1{ }i the indicator function. 
The incorporation of ECDF data in the models proposed by  

Calfa et al. (2014) is achieved through fitting the “S-shaped” 
Generalized Logistic Function (GLF) or a simplified version. 
The GLF is defined as (Richards, 1959): 

GLF x
e

( )
(1 · )x x0

1 0

2
·( ) 1/3 0 4

= +
+ (8)  

Parameters ,0 1 are set to 0 and 1 respectively 
( 0, 10 1= = ) as they express the minimum and maximum 
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values of the GLF. These values are selected because GLF in 
this case defines the probability of occurrence of a condition 
and the values it can take are between 0 and 1. Parameter x0

denotes the value of the parameter for which GLF(x) tends to 
be equal to 0. 

The existence of nonlinear terms in Eqs. (6a-6d) renders 
MMP to a nonlinear program. Considering that for the un-
certain parameters some statistical properties of their dis-
tributions are calculated beforehand, the NLP problem seeks 
to minimise the weighted error between the latter and the 
statistical properties estimated from the nodes. For instance, 
when the Euclidean distance (L2-norm) is utilised then the 
problem converts into a squared error minimisation pro-
blem. However, various objective functions can be employed, 
e.g., based on the Manhattan distance (L1-norm) or the 
Chebyshev distance (L∞-norm). These formulations are par-
ticularly interesting as their usage can render the initially 
NLP problem to an LP problem in which the values of the 
nodes are estimated a priori through a simulation procedure 
or a clustering method. Then, the only decision variables are 
the probabilities of each node, and the LP problem can lead to 
a global optimal solution. This approach may be advanta-
geous as the results of the global optimal solution may be 
more reliable than the one obtained of the local optimal so-
lution of the original NLP nonconvex problem (Xu et al., 2012; 
Calfa et al., 2014). 

2.2. Proposed framework for two-stage scenario tree 
generation 

A new mathematical approach for the Distribution Matching 
Problem is proposed, in which it is formulated as a novel 
MILP optimisation problem. In the proposed formulation the 
errors regarding the first four statistical moments (mean, 
variance, skewness, and kurtosis) are minimised. Moreover, 
the explicit matching of the ECDF data has been integrated, 
without using a fitting method as in NLP DMP formulations 
by Calfa et al. (2014). For each uncertain parameter i I let us 
consider a set of equiprobable original scenarios n N with 

values denoted as xi n, and ECDF as ECDFi n, . A preliminary si-
mulation of these original scenarios is performed by using 
the values of statistical moments and the identified copula 
between the uncertain parameters. Both statistical moments 
and copulas are estimated/identified by the historical data. 

For cases of one uncertain parameter the original scenarios 
are simulated by using the known values of statistical mo-
ments of the uncertain/historical data. In multivariate cases, 
firstly the uncertain distributions for each parameter are si-
mulated separately using the values of statistical moments, as 
estimated from the uncertain data. The uncertain distributions 
are simulated from a Pearson distribution using library 
PearsonDS (Becker and Klößner, 2022) in R programming tool (R 
Core Team, 2013). Then, using the identified copula (identified 
also using the uncertain data), a copula-based sampling is 
performed. The real values of the simulated tuples are calcu-
lated using linear interpolation to the simulated univariate 
distributions and constitute the original scenarios. As regards 
a bivariate case, the methodology to generate initial copula- 
based scenarios is presented in Fig. 2. Regarding the copula- 
based simulation for multiple parameters, the pairwise bi-
variate copulas are selected and a vine (R- or C-Vine) copula is 
constructed. The families of the bivariate copulas, their cor-
responding parameters and the structure of the vine copula 
are determined using libraries copula (Hofert et al., 2022) and 
VineCopula (Nagler et al., 2022) also in R (R Core Team, 
2013).The packages along with parts of the code which are 
used in R and Python for the implemented methodology are 
presented in Supplementary Material. 

Intuitively, the aforementioned sampling procedure can 
be used to generate an original set of scenarios, which is 
representative of the historical data. These original scenarios 
can be the input of the proposed DMP MILP model. Thus, an 
adequately large set which also leads to a tractable MILP 
model is aimed to be generated. Moreover, in a pre-proces-
sing step K-means clustering is utilised to cluster the original 
set in order to enhance the computational efficiency of the 
proposed model. Original scenarios are clustered into as 
many clusters as the desirable size of the reduced set k K. 

Fig. 2 – Copula-based scenario generation for a bivariate case.  
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Hence, we introduce a dynamic set CLk n, , which maps each 
scenario n N to exactly one prespecified cluster k K using 
the labels of clustering. K-means clustering is implemented 
in Python using library scikit-learn (Pedregosa et al., 2011) and 
part of the code is presented in the Supplementary Material. 

From the original scenarios only one is selected at each to 
prespecified cluster k K, through binary variables yk n, , and 
their corresponding probabilities of occurrence pk n, are esti-
mated. For the presented models only L1-norm or L∞-norm 
are used to quantify the errors. The objective function in the 
following formulation contains the errors regarding the sta-
tistical moments using L1-norm, errors regarding the covar-
iance between the variables and the summation of the 
maximum errors of the selected scenarios for each para-
meter regarding the ECDF. 

(DMP MILP L1): 
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Eq. (10) enforces the assignment of exactly one data point 
of each uncertain parameter to each prespecified scenario.  
Eq. (11) imposes the assignment of a data point to at most 
one prespecified node, while Eq. (12) defines a corresponding 
probability between the allowable values to a data point 
n N, when it is selected, and Eq. (13) enforces the cumula-
tive probability of all the nodes to sum up to 1. Eqs. (14) - (15) 
calculate the moments of the selected scenarios and the 
corresponding errors. Eq. (16) define to variables i n, the de-
viations regarding the ECDF curve till the occurrence of each 
data point n N of each uncertain parameter i I. However,  
Eqs. (17) - (18) are implemented, combined with the mini-
misation objective function Eq. (9), to define the absolute 
values of the deviations i n, to variables edi. Moreover, the 
definition of these variables assists to capture the maximum 
deviation of the ECDF for each parameter i I and the ob-
jective function achieves to minimise the distribution errors 
based only on the selected scenarios. Finally, Eq. (19) com-
putes the errors regarding the covariance of multiple para-
meters. 

The prespecified values of the weights of the corre-
sponding errors in the objective function determine in which 
grade the matching of either moments or distribution 
matching is precisely achieved. Weights of the errors re-
garding the statistical moments are calculated as 

W w M¯ /| |i m
sm

i m i m, , ,= , where w̄i m, is user-defined. Weights of the 
errors regarding the covariances are also calculated as 

W wc C¯ /| |i i
c

i i i i, , ,= , where wc¯ i,i is user-defined as well. Last but 

not least, Wi
prob is the weight regarding the error of the ECDF 

matching and its big values enforce accurate matching of the 
ECDF curve. 

For the case of one uncertain parameter ( I| | 1= ) and 
sorted original data points, the computational efficiency is 
drastically enhanced by substituting i n, to ¯ i k, and Eqs. (16) - 
(18) to the following ones: 
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Eq. (25) enforces the estimation of the deviations re-
garding the ECDF exclusively for the selected scenarios k K
and consequently big-M constraints for the estimation of the 
error are avoided (Eqs. (26) - (27)). Furthermore, a tightening 
constraint, Eq. (28), is added to the formulation and enhances 
the computational efficiency as it is observed to reduce the 
nodes of the model’s solution. 

When the model is reformulated to minimise the sum-
mation of the maximum absolute errors regarding each type, 
we refer to it as DMP MILP using L∞-norm. In this way, the 
final values can embody the maximum weighted errors for 
each type of error. The formulation is presented as follows: 

(DMP MILP L∞): 

d ed cmin
y p

max max max
,k n k n, ,

+ +
(30) 

s.t. 
Constraints (10) (19)
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Furthermore, a significant aspect of the proposed model 
concerns Eq. (14), which estimates the mean value from the 
scenario tree and the corresponding errors. Theoretically, 
exact matching of the mean is necessary for the reduced set. 
Statistical mean of each parameter is the most significant 
statistical property in this formulation because its value is 
utilised as constant for the calculation of both the higher 
moments through Eq. (15) and the covariances of the para-
meters in Eq. (19) (see also Eqs. (6a) - (6d)). Hence, in order to 
avoid an approximate estimation of the latter, it is desirable 
to match the mean exactly by replacing Eq. (14) to the fol-
lowing one: 

x p M i I m· , 1
k n CL

i n k n i m
,

, , ,
k n,

= = (35)  

However, this condition may lead to infeasibilities when 
the original set of scenarios is relatively small. Particularly 
infeasibilities are more possible when more uncertain para-
meters are considered (Xu et al., 2012; Kaut, 2021). Ulti-
mately, the proposed framework uses historical data as input 
and its steps are summarised in Table A.1 of the  
Supplementary Material. The algorithm of the methodology 
is also visualised in Fig. 3. 

2.3. Evaluation of scenario generation methods 

Following the construction of the reduced sets for each SG 
approach, their performance needs to be evaluated. For the 
sake of the comparison of SG approaches, Kaut and Wallace 
(2007) proposed a methodology to evaluate the stability of the 
generated scenario trees. Moreover, of particular interest are 
the works by Bayraksan and Morton (2006; 2009) on the 
evaluation of solution quality in stochastic programs. 

Prior to the definition of the stability and quality mea-
sures, the terminology regarding a two-stage stochastic 
program is introduced. For this purpose, the stochastic 
parameters are denoted as , which is considered to describe 
the “true stochastic process”. Furthermore, by denoting op-
timal objective value of the stochastic program as z* and 
omitting the symbols regarding the second-stage variables, 

the TSSP can be written as follows (Bayraksan and 
Morton, 2006): 

z f x* min ( ; )
x X

= (36)  

However, the stochastic program for the true process is 
not always tractable, especially when has an enormous 
number of realisations. Instead, a large reference tree, de-
noted by R, can be used as an approximation of the true 
stochastic process . For this purpose, the large reference 
tree R is generated by an appropriate sampling method, e.g., 
Monte Carlo, or any sampling method which leads to un-
biased trees (Kaut and Wallace, 2007). Especially, in this 
paper large reference trees are generated using copula sam-
pling. The reference tree is comprised of a large number of 
independent and identically distributed (i.i.d.) realisations K, 
say , ..., k1 , with equiprobable probabilities of occurrence. 
The stochastic program can be formulated as a scenario- 
based problem, with optimal value z*K and it is formulated as 
follows (Bayraksan and Morton, 2009): 

z f x R
K

f x* min ( ; ) min
1

( ; )K
x X x X k

K

k
1

= =
=

(37)  

Towards the goal of the evaluation of a scenario genera-
tion approach both stability and quality measures can be 
adopted. The latter are defined as follows. 

2.3.1. In-sample and out-of-sample stability 
Generally, stability measures pertain to the testing of a cer-
tain scenario generation approach and assess its capability to 
generate different trees which lead to consistent objective 
values. Considering multiple scenario trees, T ,c which lead to 
stochastic solutions x̄c of the scenario-based problem, the in- 
sample and out-of-sample stability are achieved, if Eqs. (38) - 
(39) are true respectively (Kaut and Wallace, 2007): 

f x T f x T( ¯ ; ) ( ¯ ; )c c c c (38)    

f x f x( ¯ ; ) ( ¯ ; )c c (39)  

Regarding Eq. (39) a large reference tree R can be used as 
an approximation of the true stochastic process in order to 
estimate the out-of-sample stability. In this work the per-
formance of optimisation-based scenario generation 
methods is evaluated. These methods are considered de-
terministic, i.e., they lead to a unique scenario tree for a 
desirable size. Hence, stability testing in the following study 
can be conducted for scenario trees of “slightly different 

Fig. 3 – Flowchart of the proposed framework.  
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sizes”, i.e., different numbers of final generated scenarios 
(King and Wallace, 2012). 

2.3.2. Bias 
Moreover, it is crucial that a stable scenario generation 
method do not introduce bias in the solutions. Denoting as x̄
the stochastic solution obtained of the scenario-based pro-
blem using a scenario tree T, the bias introduced by the 
scenario generation approach is estimated as (Kaut and 
Wallace, 2007): 

B x f x f x f x z( ¯ ) ( ¯; ) min ( ; ) ( ¯ ; ) *
x X

= = (40)  

In other words, the stochastic solution of the scenario- 
based problem should be an optimal solution of the true 
stochastic problem. Approximating the true stochastic pro-
cess using a reference tree R , then the bias, given a solution 
x̄, can be practically estimated as follows: 

B x f x R f x R f x R z( ¯ ) ( ¯ ; ) min ( ; ) ( ¯ ; ) *
x X

K= = (41)  

A similar definition of this measure, for which the true 
stochastic process is considered, is also referred to as “op-
timality gap” (or approximation error) in the literature (King 
and Wallace, 2012). Besides, the latter definitions of the bias 
are also presented using the term “optimality gap” by  
Bayraksan and Morton (2006), which is presented as follows. 
However, in this work we denote the measure by the term 
“bias” to avoid confusion with the optimality gap of the MILP 
models’ solutions and the measure of statistical optimality 
gap using single replication procedure (SRP), whose defini-
tion follows. 

2.3.3. Statistical approach for the optimality gap using Single 
Replication Procedure 
Bayraksan and Morton (2006; 2009; 2011) evaluate the quality 
of a candidate stochastic solution x̄ by its optimality gap, 

x f x z( ¯ ) ( ¯ ; ) *µ = , where is the expectation operator. Due 
to the difficulty of calculation, a statistical approach to esti-
mate an upper bound on the optimality gap of a feasible 
stochastic solution x̄ is proposed in the aforementioned 
works: 

G x
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f x
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k
1 1

=
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(42)  

This approach is also referred to as single replication 
procedure (SRP) and it is proposed for the general evaluation 
of stochastic solutions in stochastic programming problems. 

Some remarks on the use of the implemented evaluation 
approaches in this work have to be noted:  

1. Regarding the bias, the initial uncertain set, which is used 
as input in the optimisation models of the studied SG 
approaches, is also used in several cases as reference tree 
for the calculation of Eq. (41). Consequently, the bias in-
troduced on the objective value using the large original 
uncertain set is estimated and intuitively insight about the 
performance of the optimisation models of each SG 
methodology is provided. 

2. Bias and optimality gap are used to assess the perfor-
mance of scenario generation approaches through evalu-
ating the corresponding obtained stochastic solutions. In 
other words, let us consider that a unique scenario tree T
is generated by a deterministic approach. Solving the 
scenario-based problem for the tree T a stochastic solution 

x̄ is obtained. These are the candidate solutions which will 
be used for the calculation of bias and optimality gap of a 
scenario generation methods in Eqs. (41,42). A larger re-
ference tree R is simulated using copula sampling to 
conduct the single replication procedure (SRP). 

3. Case studies 

The assessment of the performance of the state-of-the-art 
scenario generation approaches is conducted with the ex-
amination of two case studies, which regard two-stage sto-
chastic programming problems. Cases of uncertainties in the 
recourse matrix and the right hand side (RHS) parameters of 
the formulations of the TSSP problems are considered. 
Acquiring all the necessary data for each case study, the 
scenario generation approaches are applied to generate a 
reduced set of final scenarios. Eventually the evaluation 
methodology is based on the methodology outlined in  
Section 2.3. 

Finally, we benchmark the proposed framework against 
existing approaches. The investigated methodologies and 
their corresponding mathematical formulations are sum-
marised as follows:  

▪ OSCAR: MILP probabilistic distance minimisation model 
by Li and Floudas (2014),  

▪ MMP Kaut: MMP MILP formulation by Kaut (2021),  
▪ DMP NLP - L1: L1-norm DMP NLP formulation by Calfa 

et al. (2014),  
▪ DMP NLP - L∞: L∞-norm DMP NLP formulation by Calfa 

et al. (2014),  
▪ DMP MILP - L1: L1-norm DMP MILP formulation (proposed 

by this work) and,  
▪ DMP MILP - L∞: L∞-norm DMP MILP formulation (proposed 

by this work). 

For the MMP and DMP approaches the moments (first four 
moments), covariance matrix, and distribution matching 
-when it is applicable- are considered for the objective 
functions of the studied models. The exact mean matching is 
enforced by enabling Eq. (35). The objective functions of the 
MMP-based formulations from the literature are adjusted to 
be analogous to the ones of the proposed formulations for 
each used norm respectively. In doing so, the capability of 
the proposed framework to outperform the corresponding 
NLP-based approaches is fairly investigated. 

Regarding the user-defined parameters, w̄i m, , wc¯ i,i and 

Wi
prob are set equal to 1. In other words, the combination of 

the latter values for the arbitrary weights, the definition of 

the weights in Section 2.2 (W w M¯ /| |i m
sm

i m i m, , ,= and 

W wc¯ /| C |i,i
c

i,i i,i= ) and the terms of the objective function 
(Eq. (9)) lead to the minimisation of the percentage errors 
regarding the considered statistical properties. Conse-
quently, this set of weights will be referred to as “percentage 
weights”. Moreover, a second set of arbitrary weights is de-
fined, where W {10, 5, 2, 1}m

sm = , W 3i i
c
, = and W 1i

prob = and 
will be referred to as “user-defined weights”. The latter set of 
weights is similar to those used in Kaut (2021). Finally, we 
note that concerning OSCAR model the Output Response 
System extension is not taken into consideration and con-
sequently only the probabilistic distance minimisation pro-
blem is solved as proposed in Li and Floudas (2014). For all 
the studied SG approaches errors regarding the expected 
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values (Eq. (2)), bias (Eq. (41)) and optimality gap (Eq. (42)) 
using the single replication procedure are estimated on the 
examined case studies. Moreover, the proposed optimisation 
models are computationally expensive, especially for the 
multivariate cases. Hence, results on their scalability and 
stability are outlined in Section 3.2. Enhancement of the 
computational efficiency of the models is out of the context 
of this work. However, research directions towards this goal 
are discussed in Section 4. 

The executions of the models are performed in a Dell 
workstation with Intel® Core™ i9–10900 K CPU @ 3.70 GHz 
and 32.00 GB RAM. MILP models are solved using solver 
GUROBI 9.1 in modelling and optimisation package GAMS 
30.3 (Rosenthal, 2007). NLP models are solved in GAMS 30.3 
using solver BARON. A time limit of 1,800 s is set for the ex-
ecution of the models. Moreover, regarding the proposed 
framework, the necessary computational time for copula 
methods or K-means clustering to converge is noteworthy. 
Regarding 1st step of algorithm of Fig. 3, the identification of 
a vine copula may need several minutes to converge in 
complicated instances (e.g., tests of 20 uncertain para-
meters). Finally, K-means clustering of 4th step converge 
after several seconds for the studied instances of several 
thousand original scenarios. 

3.1. Case study 1: Production planning under uncertainty 

A case study of a multi-period production planning LP pro-
blem is examined. The problem is originally examined in  
Calfa et al. (2014). The network of the production is shown 
in Fig. 4. 

It involves:  

▪ 4 materials, indexed by r R, namely a raw material A, an 
intermediate product B, finished products C and D, of 
which only product D can be stored, and  

▪ 3 facilities, indexed by f F, namely P1, P2, and P3. Product 
C can also be purchased from a supplier, or in case of 
multiple sites, it could be transferred from another site 
that also produces it. 

It constitutes a multiperiod problem, with 4 time periods 
(indexed by t T) and the main variables include the inlet/ 
outlet rates for each facility and for each time period, de-
noted as xf t

rate
, and wf t

rate
, . The process is visualised in Fig. 4. 

Uncertainty in the problem pertains to the production yield 
of facilities, denoted as f . The value of the yields is known 
for the 1st time period. Then the uncertainty is assumed to 
be revealed in the 2nd time period. 

The objective function of the problem is the maximisation 
of the total profit over 4 time periods and is defined by  
Eq. (43): 
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Considering the flowsheet in Fig. 4, the deterministic 
multiperiod LP model for this problem can be formulated as 
follows: 

(Case study 1): 

wmax profit (44a) 
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Constraint (44b) relate the output flows with the input 
flows through the yield of each facility f , while constraints  
(44c) – (44f) constitute the material and inventory balances of 
the production process. Eq. (44g) represents the demand sa-
tisfaction and slack variables are employed to account for 
possible unmet demand. Constraints (44h) – (44k) consider 
limitations in the flows, storage, raw material availability, 
and capacity violations. As regards the reformulation of the 
problem to a two-stage stochastic programming problem, the 

Fig. 4 – Network of the production process of case study 1.  
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variables regarding the first time period are the first stage 
decisions and the variables for the rest time periods are the 
second stage decisions. Lists of parameters and variables 
along with the values of the parameters for case study 1 are 
summarised in tables in Supplementary Material. 

Two instances are examined for case study 1. In instance 
1 is considered only one uncertain parameter, namely the 
production yield of facility P1 ( )P1 for time periods t 1> . An 
uncertain distribution of 1,000 original scenarios of the 
parameter is simulated with known values of statistical 
moments. Then, the simplified GLF approximation of the 
ECDF curve is fitted as shown in the Supplementary Material. 
Furthermore, visualization of these of these preprocessing 
steps are presented in Fig. B.1 of the Supplementary material. 

The scenario generation approaches are implemented on 
the original set and a reduction to 5 final scenarios is per-
formed. The solution of the two-stage stochastic program-
ming problem for the original set of 1,000 realisations, also 
referred to as “full space” problem, results in an objective 
value of 72,332$. Then the stochastic problem is solved for 

each final set of the scenario generation approaches, the 
errors regarding the expected values are calculated and are 
summarised in Table 1. 

Similar steps are followed for instance 2 of case study 1, 
which considers 3 uncertain parameters. Specifically, pro-
duction yields for each facility ( P1, P2, P3) are considered 
uncertain for time periods t 1> . In this case, the different 
steps regard the copula-based generation of the original 
uncertain scenarios. A multivariate original set can be si-
mulated by using the identified copula from the uncertain 
data. The vine copula of the variables is identified by selec-
tion of the pairwise bivariate copulas. Initial distributions for 
the known values of statistical moments are also simulated 
and the distributions are provided in Fig. 5(a). In the next 
step, a sample of 2,000 scenarios is generated using copulas 
and the real values are estimated by implementing linear 
interpolation on the simulated distributions. Approximation 
of simulated set to the initial set is visualised in Fig. 5(b). The 
joint behaviour of the simulated sample or the quality of the 
fitted copula can be verified by measuring the association 

Table 1 – Absolute errors % of SG approaches regarding the expected values for case study 1.          

Scenario Generation Approaches 

MMP Kaut OSCA-
R 

DMP 
NLP - L1 

DMP 
NLP - L∞ 

DMP 
ΜΙLP 
- L1 

DMP 
ΜΙLP 
- L∞  

Instance 1 – 1 uncertain parameter 
Percentage Weights 0.50 7.36 2.46 2.58 0.41 0.50 
User-defined Weights 0.93 7.36 4.19 4.18 0.51 0.47 
Instance 2 – 3 uncertain parameters 
Percentage Weights 3.03 3.77 15.24  >  20.00 1.91 0.55 
User-defined Weights 3.03 3.77 7.18 5.48 0.88 2.40   

Fig. 5 – Uncertain distribution for instance 2: (a) univariate uncertain distributions and (b) comparison of copula-based 
generated and initial set of scenarios (part of 200 scenarios). 
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between variables (e.g., using Kendall’s Tau) or by goodness 
of fit tests (which are available on the used libraries). 

For instance 2, using the studied scenario generation ap-
proaches, the original set of 2,000 scenarios is reduced to 20 
final scenarios. The errors regarding the expected values for 
case study 1 are examined using reduced sets which are 
obtained for both the percentage and the user-defined 
weights in the objective functions of the models. The latter 
for both instances are summarised in Table 1. 

The proposed MILP-based methodology outperforms the 
rest approaches in terms of errors in expected values for both 
univariate and multivariate cases. The execution of the SG 
approaches for different sets of weights of the errors in the 
objective function is performed to indicate that the NLP for-
mulations suffer from under-specification issues which de-
pends also on the user-defined parameters. In other words, 
for percentage weights in the multivariate instance 2, trivial 
solutions are obtained and the final sets lead to enormous 
errors. Although the employment of user-defined weights 
achieves to mitigate these issues, the errors regarding the 
expected values remain large. Moreover, the noticeable dif-
ferences in the errors for modifications of the user-defined 
parameters can raise concerns about the stability of these SG 
approaches, as it is defined in Section 2.3. 

Proposed methodologies achieve optimal solutions in the 
univariate case while a big number of continuous and dis-
crete variables is considered. Although 5,013 continuous and 
5,000 integer variables are defined for instance 1, the in-
tegration of clustering insight in the methodology assists to 
reduce the real number of binary variables to 1,000. In in-
stance 2, the enormous number of 40,000 declared discrete 
variables is achieved to be reduced to 2,000 by the integration 
of clustering. The proposed model concerning multivariate 
cases leads to feasible solutions but the appropriate selection 
of the probability bounds P P,min max (see Eq. (12)) is important. 
It is noted that large values of Pmin can generally lead to in-
feasibility and consequently are avoided. However, the defi-
nition of a proper value for both Pmin and Pmax can enhance 

the calculation of the lower bound, which is problematic only 
for the multivariate cases. 

Regarding instance 2 and in order to investigate the im-
pact of the user-defined weight related to the ECDF matching 
error, Wi

prob, on the results, the models are solved for varying 
values of the latter weight. Particularly, the values of 0.1 and 
10 are additionally tested. As it emerges among all the re-
sults, DMP-based approaches lead to the lowest errors in 
expected values when using L∞-norm and for the largest 
value of Wi

prob equal to 10, for which ECDF matching is ex-
pected to be more accurate. The best solutions achieved from 
each approach are reported in Table A.2 of the  
Supplementary Material. It is noted that MMP model by Kaut 
(2021) and OSCAR framework do not consider ECDF matching 
in their formulations. A visual comparison of the reduced 
sets and their corresponding ECDF matching for parameter 

P1 in instance 2, obtained from the examined approaches of  
Table A.2 (of the Supplementary Material), is presented 
in Fig. 6. 

Reduced sets obtained by DMP-based approaches match 
the ECDF curve accurately. However, this is not the case for 
the ones received by OSCAR or MMP formulation by Kaut, 
which do not consider distribution matching in their models. 
A disadvantage of the reduced set obtained by the NLP ap-
proach is that it does not seem to capture enough well the 
information of the original uncertain distribution regarding 
the lower tail (e.g., generated scenarios for 0. 5P1 < ). Even 
though the scenarios by MILP-based approach do not match 
the upper tail as smooth as the ones by NLP, the integration 
of clustering insight to the approach lead to an accurate 
matching, which can capture the whole uncertain dis-
tribution. 

Apart from the distribution matching, the accurate 
matching of the statistical moments of the uncertain dis-
tributions in parallel is significant to obtain reduced sets that 
are representative of the original ones in the statistical sense. 
It is noted that MMP by Kaut leads to accurate matching of 
the statistical moments for instance 2. The absolute 

Fig. 6 – (a) Reduced sets and (b) ECDF matching regarding parameter P1 in instance 2.  
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percentage errors regarding the statistical moments 
matching for the rest 3 approaches are envisaged in Fig. 7 for 
parameter P1 in instance 2. 

From Fig. 7, it is shown that the proposed DMP MILP ap-
proach leads to significantly lower errors regarding the real 
values of statistical moments compared to those of the cor-
responding NLP-based model. Ultimately, it is demonstrated 
that DMP MILP generates a set which matches with good 
accuracy both statistical moments and ECDF curve. In the 
opposite direction, NLP-based approach leads to large errors 
regarding the higher moments even though the ECDF curve 
is matched with enough good accuracy. Considering these 
observations among with the fact that the proposed metho-
dology leads to lower errors on expected values for instance 
2, it can be deduced that both statistical moments and ECDF 
matching in parallel may be determinant of the quality of the 
obtained reduced set. 

Last but not least, MMP-based optimisation models include 
errors regarding the covariances between the uncertain para-
meters in their objective functions. From the computational 
executions it is observed that NLP-based formulations are very 
sensitive on user-defined parameters, like the weights re-
garding the errors, and the errors on covariances may be very 
large when under-specification issues occur. Particularly, this 
comes to existence for instance 2, when the so-called percen-
tage weights are considered for the SG approaches, and en-
ormous errors are obtained from the NLP approaches. 
Nonetheless, the rest methods do not exhibit such behaviour. 
MILP-based formulation, both MMP by Kaut and the proposed 
one, lead to zero covariances’ errors for instance 2. For ex-

ample, covariance CP P1, 2 (between parameters P1 and P2) is 
equal to 2.231·10−4. Regarding the results of the models in Table 
A.2, MILP models achieve 0 % error, while OSCAR and DMP NLP 
using L∞-norm lead to absolute percentage errors equal to 
279 % and 15,580 % respectively. 

Consequently, in instance 2, DMP MILP-based approach 
leads to balanced solutions with small errors of every type, 
when appropriate values of the weights of the errors are set. 
The impact of the ECDF matching for the quality of the 
generated scenario can be tangible if the results of MMP and 
DMP MILP-based approaches are compared for instance 2. 
While MMP optimisation model leads to reduced set with 
zero errors overall and which does not achieve accurate ECDF 
curve matching (see Fig. 6 and Fig. 7), the proposed DMP 
MILP-based approaches lead to reduced sets with possible 
errors of every type including the ECDF matching. None-
theless, despite the errors regarding the statistical moments 
of the reduced set, the integration of distribution matching 
turns out to be beneficial for the approach, as it results to 
lower errors on the expected values. 

Ultimately, the proposed approach integrating clustering 
insight and distribution matching in the MILP model seems 
to resolve the issue of under-specification of MMP and pre-
vious NLP formulations for DMP (Calfa et al., 2014). The 
combined impact appears to prevent the assignment of a 
value to multiple scenarios and/or zero probabilities for 
scenarios regardless of both the number of the prespecified 
scenarios/clusters and the values of the user-defined para-
meters. Both ECDF curve and statistical moments of the 
uncertain distributions are matched with good accuracy and 
the results indicate enhanced performance regarding the 
expected values both for univariate and multivariate in-
stances. 

Towards the fair evaluation of the SG approaches, eva-
luation of the corresponding obtained stochastic solutions 
can be conducted as mentioned in Section 2.3. It is in-
vestigated for case study 2. 

3.2. Case study 2: Capacity planning under uncertainty 

This case study considers a capacity planning problem. It is 
originally examined by Acevedo and Pistikopoulos (1998), 
and several case studies of the stochastic problem are pre-
sented in Li and Floudas (2014). Briefly, 5 products (indexed 
by l) are produced by 5 raw materials (indexed by h) using 11 
candidate processes (indexed by j). The flowsheet of the 
process is visualized in Fig. 8. 

The existence of candidate processes imposes the defini-
tion of binary variables. The deterministic MILP model ac-
cording to flowsheet in Fig. 8 is formulated as follows: 

(Case study 2): 

P RM OC IS

DC Q FC y

max · · ·

( · · )

y Q l
l l
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h h

j
j j
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j j j j
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1

5

1

11

1

11

j j

+

= = =

=

(45a) 

s.t. 

OS PC IS j· 1, ..,11j j j= = (45b)    

P D l 1, ..,5l l = (45c)    

RM maxRM h 1, ..,5h h = (45d)    

IS MI ·Q j 1, ..,11j j j = (45e)    

Q y maxQ j· 1, ..,11j j j = (45 f)    

RM IS IS IS1 1 2 3= + + (45 g) 

Fig. 7 – Errors regarding the statistical moments of 
parameter P1 in instance 2. Fig. 8 – Process network for case study 2.  
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RM IS IS2 5 6= + (45 h)    

RM OS OS OS f IS3 1 2 3 2 4+ + + + = (45i)    

f f IS3 4 7+ = (45j)    

RM IS IS5 9 10= + (45k)    

OS f f1 5 1+ = (45 l)    

OS f P10 5 1= + (45 m)    

f f IS1 2 11= + (45n)    

OS f P4 3 3= + (45o)    

P OS2 11= (45p)    

P OS4 7= (45r)    

P OS5 8= (45 s)  

In case study 2, the objective function (45a) is the max-
imisation of the profit. Constraint (45b) describes the yield 
relations, constraint (45c) imposes the desired production 
targets and constraint (45d) describes the availability of raw 
materials. Constraints (45e) – (45f) represent the operational 
constraints, and constraints (45g) – (45s) are mass balances. 
Binary variable of selection yj and the corresponding capa-

cities of the processes Qj constitute the first-stage decisions. 
The rest of the variables are the second-stage decisions 
which are dependent on the first-stage decisions. A list of 
parameters and variables as well as the values of the para-
meters are summarised in the Supplementary Material. 

In this case study the uncertainty is considered to be re-
vealed in the yield constant of processes j (PCj), in the re-
course matrix and the right hand side (RHS) of the TSSP. For 
instance 3 is considered only one uncertain parameter (PC7) 
and the scenario set is reduced from 1,000 data points of the 
original uncertain distribution to 5 selected scenarios. For 
instances 4 and 5 we consider 2 and 4 uncertain parameters 
(PC PC,7 8 and PC PC PC PC, , ,4 7 8 11 respectively), generating 20 
scenarios by initial sets of 1,000 and 2,000 copula-based 
generated scenarios respectively. Finally, in instance 6, 8 
uncertain parameters both in recourse matrix and the right 
hand side of the TSSP formulation are considered 
(PC , PC , PC , PC4 7 8 11 and D D D D, , ,2 3 4 5) and the initial set of 
2,000 copula-based generated scenarios is reduced to 40 final 
scenarios. Information regarding the investigated instances 
is also summarised in Table A.3 of the Supplementary ma-
terial. 

The decision for the conformation of the instances results 
from tests regarding the sensitivity of the investigated pro-
blem to the realised uncertainty, the scalability and the sta-
bility of the considered methods and models. A thorough 
discussion on the latter is provided in the following para-
graphs. This discussion is supported by results regarding the 
scalability and stability of the optimisation model and the 
proposed methodology, which are presented for the bivariate 
instance 4 in Tables A.4, A.5 and A.6 of the Supplementary 
material. It is also noted that for the sake of simplicity only 
the results using the so-called user-defined weights for the 
type of the errors in the optimisation models are presented 
as follows. For the so-called percentage weights the NLP 
formulations display again under-specification issues and 
may lead to relatively large errors, similarly to case study 1. 

Firstly, the accuracy of the preliminary copula-based 
sampling method to generate reference trees is evaluated. 
These reference trees are used as input for the solution of the 
DMP MILP models. Generally, this preliminary scenario gen-
eration tree must be unbiased and the selected reference 
trees must lead to solutions close to the one for the “true 
stochastic process”. Hence, original scenario sets of different 
sizes are generated and is investigated the sample’s size for 
which the expected value of the problem tends to converge. 
For instance 4, the expected values tend to converge to a 
value of 64,465.61$ for a sample size of 20,000 copula-based 
simulated scenarios. In Table A.4 of the Supplementary 
Material the values of the bias are presented, using the tree 
of 20,000 scenarios as reference tree for the stochastic solu-
tions obtained for an increasing number of simulated sce-
narios. The avoidance of extreme outliers could indicate that 
the copula-based sampling is an unbiased procedure for the 
generation of the original scenario set for the proposed sce-
nario generation framework. Moreover, the low values re-
garding the bias plead for both the selection of the tree of 
20,000 scenarios as benchmark tree for the studied instance 4 
and possibly the utilisation of smaller in size original sets as 
input for the optimisation models. 

The latter could be advantageous for the solution of the 
proposed DMP MILP optimisation models. The existence of 
big-M constraints in the model (see Eqs. (12), (17) & (18) in  
Section 2.2) render the problem to computational expensive. 
Consequently, the proposed deterministic model without 
accompanying symmetry breaking constraint of solution 
techniques may be problematic in terms of its scalability. 
Towards the scalability’s assessment of the proposed 
methods and optimisation models of the framework we ex-
amine cases for an increasing number of original simulated 
scenarios. For all the trees is conducted a reduction to 20 final 
scenarios and results are summarized in Table A.5 of the  
Supplementary Material. Firstly, it is noted that K-Means 
clustering is not affected by the studied sizes of sets and can 
scale easily in case of larger sets. Regarding the proposed 
optimization models, the achievement of close values of 
objective values regardless of the investigated size is clearly 
supportive. Even for an increasing number of original sce-
narios, the objective value does not increase extremely and 
this fact could indicate that solutions of good quality are 
computed. Focusing on instance 4, the generated scenario 
trees can lead to low errors regarding the bias and none of 
these values is an extreme outlier. For sake of comparison, 
trivial scenarios trees for this instance can lead to bias values 
0.1–1 % (e.g., see results on Table 2). However, the estimation 
of the lower bound constitutes a crucial drawback for the 
multivariate instances of the proposed monolithic optimi-
sation models. Despite the small number of binary variables, 
which is achieved by the integration of clustering informa-
tion, the computational complexity remains significant due 
to the big-M constraints. Regarding the rest investigated 
scenario generation methods, the same time limit of 1,800 s 
is set: (i) MMP by Kaut (2021) leads to optimal solutions for 
this instance within seconds or minutes even for larger in-
itial sets. Results on its scalability are demonstrated in the 
original work by Kaut (2021); (ii) OSCAR does not lead to op-
timal solutions and the lower bound is not estimated for this 
instance when large number of original scenarios are con-
sidered (Li and Floudas, 2014); (iii) Nonconvex formulations 
of the previous DMP NLP problems (Calfa et al., 2014) do not 
lead to global optimal solutions for the considered instance. 
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Local solutions may be obtained even when multi-start 
methods are implemented. 

The MMP MILP model by Kaut (2021) outperforms the 
other models in terms of scalability and computational per-
formance for the generation of scenario trees. However, it 
does not consider the distribution-matching problem for the 
generation of the scenario tree. Bounding techniques, sym-
metry breaking constraints and solution techniques can be 
considered in order to enhance the computational efficiency 
of the proposed DMP MILP model. 

Finally, before the comparison between the investigated 
methods, an evaluation of the stability of the proposed sce-
nario reduction DMP MILP model is conducted. Again, the 
instance 2 and a reduction from an original tree of 2,000 
scenarios to a set of different trees, i.e., with different 
number of final scenarios/clusters are considered. Results are 
reported in Table A.6 of the Supplementary Material. As 
noted previously, errors on this order of magnitude are ac-
ceptable for this instance (bias values 0.1–1 % are obtained 
for trivial scenario trees). Hence, the consistent low absolute 
errors on the expected values of the TSSP can validate the in- 
sample stability of the model for this instance, while the 
values regarding the bias can validate the out-of-sample 
stability. 

Towards the comparison of the scenario generation 
methods the errors regarding the expected objective values, 
bias and statistical optimality gap using the stochastic solu-
tions obtained by each SG approaches are estimated as de-
scribed in Section 2.3. The simulated scenario sets, which are 
the input of the optimization models, are also set as re-
ference trees to assess the bias (see also Section 2.3). Fur-
thermore, a larger reference tree of 5,000 scenarios is 
considered for the implementation of the Single Replication 
Procedure (SRP) in instance 3. Correspondingly, reference   

trees of 10,000 scenarios are used for the rest instances. The 
results for the errors regarding the examined measures are 
summarised in Table 2. 

According to the results, the proposed methods achieve 
the lowest errors regarding each category of errors. In this 
case study, it is observed that the studied stochastic program 
is less sensitive in the imposed uncertainties. Under-speci-
fication issues occur again for the NLP-based formulations 
leading to relatively large errors on both bias and optimality 
gap especially when the number of considered uncertain 
parameters is increased. On the other hand, MILP-based ap-
proaches are unbiased by the latter issues and lead con-
sistently to low errors. Even though MMP by Kaut achieved 
very low errors, the reduced sets obtained by the proposed 
DMP-based methodology demonstrate enhanced perfor-
mance diminishing the errors. 

The number of generated scenarios is also of particular 
interest. In the univariate instance 3 only 5 scenarios are 
generated and the proposed DMP method leads to quite low 
errors. Through the integration of clustering and distribution 
matching the under-specification issues of the MMP-based 
formulation seem to be avoided. Hence, reduced sets which 
are good in the statistical sense are obtained and the results 
for these instances demonstrate that they lead to more 
stable stochastic solutions. Correspondingly, 20 final sce-
narios are generated for instance 4 and 5. Regarding the 
MILP-based methods it is noticed that the errors are slightly 
increased in instance 5 compared to the ones of instance 4. It 
is expected as the same number of scenarios is generated for 
an increasing number of uncertain parameters. Finally, for 
the instance 6 of 8 uncertain parameters, the generation of 40 
scenarios seems to be adequate in order to achieve very low 
errors even for the gap estimator (SRP). Moreover, in Fig. 9 is 
visualised the sequential evaluation of the single replication 

Table 2 – Absolute errors % of SG approaches and corresponding stochastic solutions regarding the expected values, bias 
and optimality gap (SRP) tests using user-defined weights for the errors in the optimisation models.         

% |Error| Scenario Generation Approaches 

MMP Kaut OSCA-
R 

DMP 
NLP - 
L 1 

DMP 
NLP - 
L ∞ 

DMP 
ΜΙLP 
- L1 

DMP 
ΜΙLP 
- L∞  

Instance 3 – 1 uncertain parameter 
Exp. 

Value 
0.12 0.31 0.08 0.08 0.06 0.06 

Bias 0.19 0.42 0.02 0.02 0.02 0.02 
SRP 0.15 0.47 0.03 0.03 0.03 0.03 
Instance 4 – 2 uncertain parameters 
Exp. 

Value 
0.09 0.08 0.10 0.10 0.04 0.02 

Bias 0.04 0.04 0.11 0.11 0.01 0.00 
SRP 0.03 0.03 0.11 0.11 0.00 0.01 
Instance 5 – 4 uncertain parameters 
Exp. 

Value 
0.12 0.28 0.21 0.03 0.03 0.02 

Bias 0.05 0.20 0.30 0.36 0.05 0.03 
SRP 0.04 0.17 0.28 0.37 0.05 0.03 
Instance 6 – 8 uncertain parameters 
Exp. 

Value 
0.00 0.12 0.45 0.12 0.02 0.00 

Bias 0.02 0.06 2.19 0.16 0.01 0.01 
SRP 0.05 0.10 2.23 0.21 0.02 0.04   
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procedure (SRP) towards the estimation of an upper bound 
on the optimality gap. It regards the results of the SG ap-
proaches in instance 4 of Table 2. 

In order to assess the matching of the statistical proper-
ties the instance 4 of 2 uncertain parameters is examined. 
Corresponding results are presented in the Supplementary 
Material. Firstly, regarding the matching of statistical mo-
ments, the results indicate that all the investigated SG ap-
proaches, apart from OSCAR, lead to zero percentage errors 
on the considered statistical moments. This can be explained 
by the fact that OSCAR does not consider explicit moment 
matching in its formulation. The errors regarding the sta-
tistical moments for both uncertain parameters of instance 4 
by using OSCAR are reported in Fig. A.1 of the Supplementary 
Material. 

Although NLP-based formulations lead to zero errors re-
garding the statistical moments, it is observed that due to 
under-specification issues trivial solutions are obtained. This 
is obvious when the errors regarding the covariance C7,8 be-
tween the two uncertain parameters are estimated for the 
reduced sets of each SG approach. The covariance is calcu-
lated by the simulated data equal to 1.489·10−2. The absolute 

percentage errors regarding the covariance are summarised 
in Table A.7 of the Supplementary Material. The results in-
dicate that the absolute percentage errors obtained by the 
NLP-based methods are very large, equal to approximately 
9,300 %. As mentioned in case study 1, such results occur due 
to under-specification issues which may arise in the NLP- 
based Moment Matching Problem. The problem is particu-
larly sensitive to the selection of the user-defined parameters 
of the problem and may overestimate the errors regarding 
the covariance or any other considered statistical property. 
Eventually, trivial scenario set are obtained using the NLP- 
based methods for this instance. 

Finally, omitting the trivial solutions of the NLP-based 
approaches, the probability profiles and ECDF matching of 
the obtained reduced sets by the rest approaches regarding 
instance 4 are envisaged for yield constant PC7 of process 7 in  
Fig. 10. The corresponding visualisations regarding PC8 of 
process 8 are presented in Fig. A.2 of the Supplementary 
Material.. 

The reduced sets obtained by the proposed framework 
lead to more accurate ECDF matching, as it is envisaged in  
Fig.10 (also in Fig. A.2 of the Supplementary material). 

Fig. 9 – Average solutions’ profiles of the TSSP problem for each SG approach using single replication procedure (SRP) in 
instance 4. 

Fig. 10 – (a) Reduced sets and (b) ECDF matching regarding parameter PC7 in instance 4.  
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Although MMP by Kaut and the proposed framework lead to 
zero errors regarding the statistical moments and the cov-
ariance, the proposed one achieve more accurate ECDF 
matching. The improved quality of the stochastic solutions, 
according to the results for instance 4 in Table 2, indicates 
that ECDF matching may enhance the performance of the 
existing scenario generation approach. Besides, MMP by Kaut 
and OSCAR achieve the same errors regarding the quality of 
the stochastic solutions, even though the former achieves 
less accurate distribution matching (Fig. 10 & A.2), and the 
latter displays significant errors in each type of the con-
sidered statistical properties (see Supplementary Material). 
Thus, these results indicate that both statistical moments 
and distribution matching (as it is achieved by the proposed 
approach) is crucial as it may be beneficial for the quality of 
the obtained stochastic solutions. 

In summary, the results of the instances in case study 2 
indicate that the proposed methods demonstrate satisfying 
stability and generate reduced trees which outperform those 
of existing SG methods in terms of the obtained stochastic 
solutions’ quality. Moreover, it is noteworthy that the latter is 
achieved regardless of the values of the user-defined para-
meters of the models, whose definition may lead to under- 
specification issues to the corresponding NLP-based 
methods. Hence, through case studies 1 and 2 the proposed 
approach is demonstrated to have a two-fold action: it gen-
erates reduced sets that not only are good in the statistical 
sense but also lead to stochastic solutions with enhanced 
quality. 

4. Concluding remarks 

This work aims at the generation of small in size scenario 
sets towards a good approximation of the uncertain dis-
tribution and in computation of stochastic solutions of good 
quality. This task is particularly important for the computa-
tionally challenging problems which emerge in the PSE re-
search community and the results of this study seem 
promising. The proposed framework appears to outperform 
the existing scenario generation/reduction approaches, as it 
achieves low errors regarding the quality measures of sto-
chastic solutions in TSSP problems. Results regarding the 
bias and optimality gap of stochastic solutions along with the 
accurate matching of distribution and statistical properties 
are indicative of the enhanced performance of the proposed 
methodology. The integration of copula-based simulation 
and clustering in the framework constitutes a key feature as 
this is not feasible in the studied NLP-based formulations, 
which also suffer from under-specification issues. While the 
discussion in case study 1 indicates that the proposed 
methodology manages to preserve good accuracy in the 
probabilistic and statistical sense, the results of case study 2 
demonstrate that the proposed framework generates sets 
that lead both to enhanced stability and solutions of good 
quality when used for two-stage stochastic programs. 
Overall, the good discretisation procedure employed by the 
proposed methodology seems to be beneficial to the solu-
tions of the stochastic problem for the investigated case 
studies. Nonetheless, further assessment of stability and 
scalability of the scenario generation methods is imperative 
in order to verify the consistent and good performance of the 
considered methodologies. Future work within our group 
focuses on the use of symmetry breaking constraints and 
decomposition techniques to enhance the computational 

performance of the proposed model and to scale up its effi-
ciency on instances with more uncertain parameters. Finally, 
extensions of the proposed framework to a multi-stage set-
ting are studied by capturing the dynamic nature of the un-
certain parameters. 
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