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Abstract

Splitting parallel to the culm fibers is common in full-culm bamboo structural members, even early
in a structure’s lifespan. Currently, there is insufficient knowledge on the effect of splitting on mem-
ber performance, which induces significant uncertainties in bamboo member engineering design. This
is a potential threat to the safety of existing and future full-culm bamboo structures. This study
investigates analytically the effect of a longitudinal crack on the stiffness of an originally intact bam-
boo culm in flexure. The study develops analytical expressions that describe stiffness loss in two
flexure cases (a three-point bending and a four-point bending test), and verifies them with available
experimental results and numerical simulations. Main cause of the stiffness loss are torsion-induced
deflections, with secondary cause being shear deformations. Importantly, stiffness loss solely depends on
two dimensionless parameters: shape factor (radius-to-thickness ratio), and a factor that is a function
of material properties and ratio of shear span length to culm diameter. Additionally, the study proves
analytically that friction at the load application points mitigates torsion-induced deflections. This has
important implications for bamboo structure design and testing standards, indicating that the manner
in which loads are transferred on beams affects the apparent beam stiffness when a crack appears.

Keywords: Full-culm bamboo bending, Stiffness loss, Vlasov torsion, Warping, Longitudinal crack

1 Introduction

Bamboo as a structural material has incited the interest of researchers in recent decades, because of its high

strength-to-weight ratio [1], fast growth [2, 3] and low carbon footprint [4]. These traits render bamboo a

promising alternative to conventional construction materials, whose production generates the majority of

the construction industry carbon emissions [5]. However, an obstacle to widespread utilization of bamboo in

construction is the scarcity of detailed design and testing standards (notwithstanding recent advances [6]),

and the currently incomplete comprehension of bamboo structural member behavior.

The complexity of bamboo structural member behavior partly stems from bamboo culm morphology,

which comprises longitudinal fibers encased in a lignin matrix, much akin to a uni-directional fiber-reinforced

1
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2 Effect of a longitudinal crack on the flexural performance of bamboo culms

composite [3, 7–9]. This leads to low tensile strength perpendicular to the fibers, and hence bamboo is prone

to splitting parallel to the fibers [10–13]. Splitting can even occur during the process of bamboo culm drying,

or because of ambient humidity variations [14]. This is because moisture variations within the culm cause

volumetric changes. The moisture variations (and thus the volumetric changes) are not uniform within the

culm wall, because of the density variation along the culm thickness. This in turn leads to volumetric change

restraints, and therefore to additional stresses (that do not stem from external loads). When these stresses

exceed the low circumferential tensile strength of bamboo, longitudinal cracks appear. Thus, longitudinal

cracks during the lifespan of a bamboo structure are common, and therefore a better understanding of the

behavior of cracked bamboo structural members is crucial for the design of bamboo structures.

Research on bamboo splitting has mainly focused on the stress at crack initiation, and the mechanisms

that cause splitting [10–12, 15]. Other studies have investigated bamboo fracture properties, which pertain

to crack propagation [16–19]. Hence, there is little knowledge on the implications of splitting, and on member

behavior after the appearance of cracks, and it mainly comes from very recent (2022) studies [13, 20]. These

studies indicate that, especially in full-culm bamboo flexural members, longitudinal cracks lead to significant

stiffness loss, which starts notably earlier than eventual failure [12]. Further, a recent (2022) experimental

study [20] proved that, when there is a single longitudinal crack at the side of a bamboo culm, its bending

stiffness during a three-point bending test can drop by 40%∼65%, because of torsional effects.

In general, given the ubiquity of bending tests in characterizing flexural members in structural engineering

(e.g., in design codes and testing standards), there is a need to characterize the bending stiffness of a slit

culm. In this context, the opening of a single crack at the side of a full-culm flexural member alters the

problem mechanics significantly, because the culm cross-section transitions from a closed section to an open

section. This has important implications on the shear flow within the cross-section, and thus on the shear-

induced deflections. Additionally, the cross-section shear center shifts, inducing torsional effects, and hence

additional torsion-induced deflections [21]. This study considers a single crack at the mid-height of the culm,

as this is where cracks usually appear in bamboo culms subjected to bending, because of the high shear and

circumferential tensile stresses in that location [12, 13, 15]. A crack at the mid-height of the culm is critical,

because it maximizes the eccentricity of the applied transverse loads, with respect to the shear center, which

in turn maximizes the applied torque on the culm. The simultaneous presence of warping, because of the

open cross-section shape [22], further complicates the problem.

The present study examines the shear- and torsion-induced stiffness loss of slit bamboo culms, comple-

menting the recent study of the authors [13], which did not account for these effects. More specifically, the

study investigates analytically stiffness loss in two cases of flexure; a three-point bending and a four-point

bending test. As a verification, the study compares the analytical predictions to pertinent experimental

results [20] and numerical simulations. The motivation is to complement current knowledge on the behavior

of full-culm bamboo flexural members, and thus to alleviate the uncertainties the occurrence of cracking

imposes on their safe engineering design.
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(a) (b)

Fig. 1 (a) Three-point bending test and (b) four-point bending test on bamboo.

2 Effect of shear

When a crack appears at the side of an initially intact culm, the culm cross-section transitions from a closed

section to an open section. This alters the shear flow in the cross-section, and thus the shear correction

factor, which comes into the shear-induced deflection calculations [23]. This section examines analytically

the contribution of shear deformations on the total deflection at the midspan, before (closed section) and

after (open section) a crack appears at the side of a bamboo culm. All the calculated deformations occur

via the virtual work method, and assume that the stress-strain equations are according to the transversely

isotropic stiffness tensor. In this context, the equations ignore any higher-order deformations, e.g., because

of local effects (local loads, support conditions, etc.), which can be important in highly anisotropic materials

[24, 25]. Moreover, in the open section case, the analysis assumes that the crack is present along the entire

span length, and therefore it is a lower-bound approach for the stiffness calculations. All the calculations

assume thin-walled sections for simplicity, and thus their accuracy is expected to be reduced for thick-walled

section cases. The analysis considers two cases: three-point flexure (fig. 1a), and four-point flexure according

to [26] (fig. 1b). Note that, in the reference four-point bending test, the distance between the applied loads

is equal to the shear span (fig. 1b), which is a typical test setup for bamboo culms [12, 15, 27].

The first step is to determine whether shear-induced deflections are significant with respect to deflections

due to the bending moment. The deflection δb at the midspan because of the bending moment is the same

for closed and open sections. For a three-point bending test:

δb,3p =
PL3

3p

6E∥I
(1)

where P is the load at the midspan, E∥ the Young’s modulus parallel to the fibers [25], and I the cross-

section moment of inertia (I = πR3t for a thin-walled cylinder, where R is the midline radius and t the

thickness). L3p denotes the shear span length of the three-point bending test, equal to 1/2 of the total span
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length (fig. 1a). Respectively, for the four-point bending test of fig. 1b:

δb,4p =
23PL3

4p

24E∥I
(2)

where P is half of the total load and L4p the shear span length, equal to 1/3 of the total span length (fig.

1b). The deflections because of shear for the three-point (δs,3p) and the four-point (δs,4p) bending tests are:

δs,3p =
PL3p

2ksG∥A
(3)

δs,4p =
PL4p

ksG∥A
(4)

where ks is the shear correction factor (which depends on the cross-section shape), G∥ is the shear modulus

parallel to the fibers [25], and A = 2πRt the cross-section area. For a thin-walled cylinder, ks is 0.5 for a

closed section [23] and approximately 0.17 for an open section [28], when the crack is at the side.

Equations 1 and 3, and eqs. 2 and 4 give:

δs
δb

=
3Θ

ciks
(5)

where ci = 8 for the three-point bending test and ci = 23 for the four-point bending test. Θ is a dimensionless

parameter we introduce herein (namely, shear-torsion deflection factor, see also Section 3), and depends on

material properties and on the dimensionless shear span length n = L/(2R) (where L is the shear span

length and D = 2R the culm midline diameter):

Θ =
E∥

n2G∥
(6)

For the same shear span length (therefore, for the same shear deflections), the ratio of shear deflection over

bending deflection is 2.9 times higher in the three-point bending test compared to the four-point bending

test (which, as expected, is the ratio of the bending deflections of the two load cases).

Figure 2 plots eq. 5 for typical for bamboo E∥/G∥ ratios, and for the cases of open and closed section.

In fig. 2b, ratio δs/δb is larger than 1 for high values of E∥/G∥, therefore, in these (extreme) cases, shear

deflection has larger contribution to the total deflection than the deflection because of the bending moment.

Figure 3 illustrates the effect of the shear-torsion deflection factor Θ (eq. 6) on the shear-induced deflections

(eq. 5). As expected, a low Θ (corresponding to high shear modulus G∥, with respect to the longitudinal

Young’s modulus E∥, or to a long shear span length) leads to considerable mitigation of shear-induced

deflections. Interestingly, for a fixed Θ value, the ratio of shear over bending deflection is the same for an

open-section four-point bending test and a closed-section three-point bending test (fig. 3). This is likely

coincidental, as the product ciks is the same for the two cases.
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4p-bending
3p-bending

4p-bending
3p-bending

Fig. 2 Contribution of shear to the deflection at the midspan versus normalized shear span length (n = L/(2R), for various
E∥/G∥ ratios (E∥ is the longitudinal Young’s modulus and G∥ the shear modulus parallel to the fibers).

0.2 0.4 0.6 0.8

1%

10%

100%

s/
b

4p bending, closed section
3p bending, closed section
4p bending, open section
3p bending, open section

Fig. 3 Contribution of shear to the deflection at the midspan versus shear-torsion deflection factor Θ = E∥/(n
2G∥).

As an example, consider a Moso bamboo culm (Phyllostachys edulis) subjected to bending. Reported

average material properties are E∥=12500∼20000 MPa (e.g., [12, 20, 29]) and G∥=2830 MPa [29], therefore

E∥/G∥ ≈4.5-7.0. Hence, in a closed-section four-point bending test, shear deformations are negligible (less

than 2% δb) for shear span lengths larger than approximately 8 times the culm diameter (fig. 2). In contrast,

in three-point bending, shear deformations are negligible only for very large shear span lengths (n >12) in

the closed section case (fig. 2 left). In the case of slit culms (open section), shear deformations cannot be

ignored in most of the cases (for both tests, fig. 2 right).

3 Effect of torsion

3.1 Torsion problem description

When a crack appears, the cross-section transitions from closed to open section. An important consequence

of that is the translation of the shear center. Specifically, the shear center of the cross-section moves from
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6 Effect of a longitudinal crack on the flexural performance of bamboo culms

the center of the tube (point O) to point S, at a distance of one diameter from point O, opposite the crack

location (fig. A1a). To get a better understanding on how that affects the apparent stiffness, consider a crack

at the side of the culm, (fig. A1a) along the entire culm length. This is the crack position that maximizes

the applied torque, and therefore it is a lower-bound approach for the stiffness calculations. Once the crack

opens, load P does not pass through the shear center, and therefore it creates a torque T0 (fig.A1b,c), of

magnitude 2PR. The work of the newly-induced torsional load creates additional deflections, that contribute

to an apparent stiffness loss. This section calculates the torsion-induced deflections at the middle of the culm

for the four-point bending test. The corresponding calculations for the three-point bending test can be found

in Appendix B. Note that the herein presented calculations ignore the (imperfect) warping restraint the

nodes induce. Taking that into account, would lead to smaller deflections; however, deriving the pertinent

equations is a complicated task, beyond the scope of this study.

Determining the pertinent deflections requires solving the torsion problem at hand, which is a Vlasov

torsion-warping problem [22]. Hence, part of the torque is resisted by Saint-Venant shear stresses, and part

of it by shear stresses, induced because of warping. Let Ts be the Saint-Venant torque and Tw the warping

torque. It follows that, at every point along the culm:

Ts + Tw = Ttot (7)

where Ttot is the total torque. Integrating eq. 7 along the culm length:

Bs +Bw = Btot (8)

where B is the bimoment:

B = −
∫

Tdz (9)

In eq. 9, T denotes the torque and z the longitudinal direction of the culm (fig. A2). Of specific interest

are Saint-Venant torque Ts and warping bimoment Bw (eqs. 7 and 8), as these are the forces that produce

work, and therefore contribute to the deflections associated with torsion. Ts and Bw relate to the angle of

twist θ as:

Ts (z) = G∥Jsθ
′ (z) (10)

Bw (z) = E∥Jwθ
′′ (z) (11)

where G∥ is the shear modulus parallel to the fibers [30], Js is the torsional constant and Jw the sectorial

moment of inertia (warping constant). In the case of a thin-walled open tube [23]:

Js =
2

3
πRt3 (12)
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Jw =
2

3

(
π3 − 6π

)
R5t (13)

where R is the midline radius and t the thickness.

Therefore, to determine the deflections associated with torsion, we need to determine the angle of twist

θ along the culm. To that end, θ occurs by solving the differential equation:

E∥Jwθ
′′′′ (z)−G∥Jsθ

′′ (z) = mz (z) (14)

where mz(z) is the distributed torque along the member. On the left-hand side of eq. 14, the first term

corresponds to warping and the second term to Saint-Venant torsion. Considering that, in the bending tests

under consideration, mz(z)=0, the solution of eq. 14 is:

Bw (0)

λ2
cosh (λz)− Tw (0)

λ3
sinh (λz) + α1z + α2 = E∥Jwθ (z) (15)

where Bw(0) and Tw(0) are the warping bimoment and the warping torque at z=0 (fig. A2), α1 and α2 are

integration constants, and λ is:

λ =

√
G∥Js

E∥Jw
(16)

To determine θ along the culm, this study takes advantage of symmetry, considering only half of the

culm (fig. A2). It also assumes, as a first approximation, that the culm does not twist at the support (end

i), and that the test setup at the load application points does not constrain twisting. This means that, at

the support (end i), the member is free to warp (θ′′i =0) but does not twist (θi=0) and at the middle (end

k) it is free to twist (Tk=0 if there is no applied torque at that point) but does not warp (θ′k=0) (fig. A2),

because of symmetry of the warping deformations.

After solving the torsion problem, the deflection δt (at the middle of the culm), associated with torsion,

occurs from the virtual work method as:

δt = 2

zm∫
0

TsT s

G∥Js
dz + 2

zm∫
0

BwBw

E∥Jw
dz (17)

where zm is 1.5L4p for the four-point bending test and L3p for the three-point bending test (fig. A2). T s and

Bw are the Saint-Venant torque and warping bimoment for half of the unit load (because of symmetry) at the

middle of the culm (end k, fig. A2a). Applying the boundary conditions, the following section calculates the

unknown constants of eq. 15, and subsequently determines δt for the the four-point bending test. Appendix

B provides similar calculations for the three-point bending test (which is a simpler case).
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3.2 Torsion in the four-point bending test

For the four-point bending test, this study divides the (half) culm into two members, member (1) being

from the support (end i) to the load (end j) and member (2) from the load (end j) to the middle of the

culm (end k, fig. A2b). Then, it considers eq. 15 twice (once for each member), and specifies the unknowns

Bw(0), Tw(0), α1 and α2 for each member, taking into account the boundary conditions at ends i, j and k

(fig. A2b and Section 3.1). At end k, the torque is Tk=0 and, at end i, from equilibrium, Ti = T0, where

Ti is the torque reaction at the support, and T0 = 2PR is the applied torque at the load application point.

The rest of the boundary conditions (at end j) occur from continuity requirements: θ1j = θ2j , θ
′
1j = θ′2j ,

θ′′1j = θ′′2j (subscripts 1 and 2 denote members (1) and (2) respectively, fig. A2b). The resulting equation for

the angle of twist θ4p along the culm is:

E∥Jwθ4p (z) =


2PR
λ2

{
z − sinh(λz)

λ[2 cosh(λL4p)−1]

}
, 0 ≤ z ≤ L4p

2PR
λ2

{
L4p +

sinh(λL4p)
λ

[
tanh

(
3λL4p

2

)
sinh (λz)− cosh (λz)

]}
, L4p ≤ z ≤ 1.5L4p

(18)

where L4p is the shear span length of the four-point bending test. Note that eq. 18 assumes that the culm

does not twist at the supports.

Subsequently, substituting eq. 18 into eqs. 10 and 11, Saint-Venant torque Ts,4p and warping bimoment

Bw,4p are:

Ts,4p (z) =

 2PR
[
1− cosh(λz)

2 cosh(λL4p)−1

]
, 0 ≤ z ≤ L4p

2PR sinh (λL4p)
[
tanh

(
3λL4p

2

)
cosh (λz)− sinh (λz)

]
, L4p ≤ z ≤ 1.5L4p

(19)

Bw,4p (z) =

 −2PR sinh(λz)
λ[2 cosh(λL4p)−1] , 0 ≤ z ≤ L4p

2PR
sinh(λL4p)

λ

[
tanh

(
3λL4p

2

)
sinh (λz)− cosh (λz)

]
, L4p ≤ z ≤ 1.5L4p

(20)

Equations 19 and 20 are valid, regardless of whether the culm twists at the supports, as long as the rest of

the boundary conditions do not change. Further, utilizing the virtual work method (for more details, see

Appendix B), the torsion-induced deflection at the midspan δt,4p for the four-point bending test is:

δt,4p =
12Pnϕ3

πG∥R

1−
2 sinh

(
λL4p

2

)
λL4p [2 cosh (λL4p)− 1]

 (21)

where n is the normalized with culm diameter shear span length (n = L4p/(2R)) and ϕ is the dimensionless

shape factor of the culm, equal to the ratio of culm midline radius to thickness:

ϕ =
R

t
(22)
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crack

crack

(a) (b) (c)

crack

crack

(d)

Fig. 4 a) Support: Torque induced by the support reaction and b)-d) Load application points: Effect of friction on the torque
applied on the culm for various load application conditions: b) strap c) saddle and d) flat surface (e.g., steel plate)

Shape factor ϕ relates to the more commonly used for bamboo ratio of external diameter Do to thickness t

as:

Do

t
= 2ϕ+ 1 (23)

Subsequently, combining eq. 21 with eq. 2:

δt,4p
δb,4p

=
36

23
Θϕ2

1−
2 sinh

(
λL4p

2

)
λL4p [2 cosh (λL4p)− 1]

 (24)

where Θ is the shear-torsion deflection factor, as in eq. 6. The deflection ratio of eq. 24 solely depends on

the dimensionless terms ϕ and Θ, as, from eqs. 16, 12 and 13, it occurs that term λL4p is also a function of

these two terms:

λL4p = λL =
2

ϕ

√
1

Θ (π2 − 6)
(25)

Finally, the total deflection of the culm during the four-point bending test δtot,4p, when there is a longitudinal

crack at the side of the culm, occurs as a function of the bending-moment-induced deflection δb,4p from eqs.

2, 5 and 24:

δtot,4p = δb,4p + δs,4p + δt,4p =

1 +
3

ci,4p
Θ ·

 1

ks
+ 12ϕ2

1− 2 sinh
(

λL4p

2

)
λL4p [2 cosh (λL4p)− 1]


 δb,4p (26)

where ci,4p = 23.

4 Effect of friction at the load application points

Typical bending test setups for bamboo involve straps or wooden saddles at the supports and at the load

application points (fig. 4a-c) [12, 15, 20, 27, 31], to distribute the load to as much of the culm circumfer-

ence as possible. Alternatively, sometimes the load is applied via a flat surface (fig. 4d, e.g., a steel plate

[20]). The analysis of Section 3 assumes a) that these supports can resist the applied torque, and, b)that
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the load application configuration does not provide any torsional restraint. This section examines the valid-

ity of these assumptions, with emphasis on how the friction that develops at the interface between the

straps/saddles/plates and the culm, affects the torsion-induced deflections.

Regarding the first assumption, at the supports, the vertical reaction passes through the center of the

cross-section, and therefore creates a torque about the shear center S, of the same magnitude and opposite

direction, compared to the torque caused by load P at the load application points (fig. 4a). This, combined

with the friction between the saddles and the culm, indicates that the supports can resist the applied torque.

Regarding the second assumption, at the load application points, friction provides some torsional restraint,

therefore the applied torque on the culm is less than the assumed T0 = 2PR. In order to investigate this

further, this section considers three commonly used load application configurations; the strap configuration

of fig. 4b, the saddle configuration of fig. 4c [12], and the flat surface configuration of fig. 4d [20].

In the strap configuration, the distributed load q, normal to the culm surface, is q = 2P/π · cosω (where

ω is the angular coordinate along the culm circumference (fig. 4b), positive clockwise), applied on the top

half of the culm (−π/2 ≤ ω ≤ π/2). Hence, when the culm starts twisting, a distributed frictional load

fs = µ · 2P/π · cosω, that resists the motion, develops at the strap-culm interface (where µ is the friction

coefficient of the interface). Frictional load fs creates a total torque TF about the shear center S, equal to:

TF = µ
4PRo

π
(27)

where Ro denotes the outer radius of the culm. Torque TF acts in the direction opposite to T0, therefore

the torque T1 that eventually loads the culm is:

T1 = T0 − TF = 2PR

(
1− Ro

R

4µ

π

)
(28)

where R is the midline radius of the culm. Further taking into account that:

R0

R
=

R+ t
2

R
= 1 +

1

2ϕ
(29)

T1 occurs as a function of the culm shape factor ϕ:

T1 = 2PR

[
1−

(
1 +

1

2ϕ

)
4µ

π

]
(30)

Equation 30 shows that torque T1 is less than T0, by a factor r0 equal to:

r0 =

(
1 +

1

2ϕ

)
4µ

π
(31)
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which depends on the culm shape factor ϕ and the friction coefficient µ of the strap-culm interface (fig. 4b).

The deflection due to torsion δt (eq. 17) also decreases by the same factor. Throughout this study, we refer

to the newly-introduced factor r0 as torque reduction factor.

As a different load application configuration case, consider the saddle configuration of fig. 4c. The

reference saddle configuration involves a wooden saddle with a 90o notch, which prevents lateral movement

of the culm. When the culm starts twisting, frictional forces Fs = µ · P/ (2 cosω1) at the contact points

between the culm and the saddle resist the motion (where ω1 = 45o, fig. 4c). In this case, the total torque

TF about shear center S is:

TF = 2FsRo = µ
PRo

cosω1
(32)

Therefore, the torque T1 that eventually loads the culm is:

T1 = 2PR

[
1−

(
1 +

1

2ϕ

)
µ

2 cosω1

]
(33)

and thus the torque reduction factor r0 in the case of the saddle configuration is:

r0 =

(
1 +

1

2ϕ

)
µ

2 cosω1
(34)

Thus, in the saddle case, r0 additionally depends on the angle ω1 of the saddle notch (besides shape factor

ϕ and friction coefficient µ).

Further, in the case of the flat surface configuration (e.g. when the load is applied via a steel plate),

there is only one contact point, where friction force Fs creates a torque TF = µPR0 about the shear center

S (fig. 4d). Following the same procedure as in the previous cases, the torque reduction factor r0 for the

case of a load applied via a flat surface is:

r0 =

(
1 +

1

2ϕ

)
µ

2
(35)

Equation 34 coincides with eq. 35 when ω1 → 0.

Equations 31, 34 and 35 indicate that the strap configuration is the most effective regarding torque

mitigation. Additionally, since cosω1 ≤ 1, the saddle configuration can mitigate the torsion-induced stiffness

loss more effectively than the flat surface configuration (eqs. 34 and 35). This has important implications for

full-culm bamboo structures, suggesting that the manner in which loads are transferred to the beams can

mitigate stiffness loss when cracks appear. It also has ramifications for testing standards, indicating that

the standards should specify the exact load application configuration for the test results to be consistent.

Figure 5 illustrates the effect of shape factor and friction coefficient on the torque reduction factor r0.

It shows that, for typical for bamboo values of the shape factor (ϕ=3∼6 [13]), and for typical values of

µ for wood and wood products (µ=0.2∼0.4, e.g. [32, 33]), the torque reduction is significant (15%∼56%),
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typical shape factor 
range for structural 

bamboo

φ=1 φ=10

strap
saddle
flat surface

Fig. 5 Torque reduction factor versus culm shape factor ϕ = R/t and ratio of external diameter to thickness Do/t for various
friction coefficient values

especially in the strap configuration (28%∼56%). Figure 5 also shows that r0 reduces with shape factor,

but the effect is more prominent for low shape factor values (thick-walled sections). For ϕ > 4 ∼ 5, further

increase of the shape factor has no significant effect on the torque reduction.

4.1 Effect of friction on stiffness loss

Since friction mitigates the torsional load applied on the culm, it follows that it mitigates proportionately

torsion-induced deflections. Thus, taking into account torque reduction because of friction at the load

application points, eqs. B6 (three-pont bending test) and 26 (four-point bending test) become:

δtot =

{
1 +

3

ci
Θ ·

[
1

ks
+ 12ϕ2Ci (1− r0)

]}
δb (36)

where r0 is the torque reduction factor (eqs. 34, 35), ci,3p = 8, ci,4p = 23, and

Ci,3p = 1− tanh (λL3p)

λL3p
(37)

Ci,4p = 1−
2 sinh

(
λL4p

2

)
λL4p [2 cosh (λL4p)− 1]

(38)

Note that subscripts ’3p’ and ’4p’ denote the three-point and four-point bending tests respectively.

Subsequently, having specified shear- (δs) and torsion-induced deflections (δt) as a function of the

moment-induced deflection (δb), the ratio of final (with crack, Kt) over initial (without crack, K0) stiffness

occurs from eqs. 5 and 36:

Kt

K0
=

δb + δs
δtot

=

(
1 +

3Θ

ciks,c

)/{
1 +

3

ci
Θ ·

[
1

ks,o
+ 12ϕ2Ci (1− r0)

]}
(39)
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Fig. 6 Stiffness loss (final stiffness Kt over initial stiffness K0) versus culm shape factor ϕ = R/t (or ratio of external diameter
to thickness Do/t) and shear-torsion deflection factor Θ = E∥/(n

2G∥) (eq. 39), ignoring the effect of friction.

where Ci as in eqs. 37 and 38 for the three-point and four-point bending test respectively. Note that Ci

solely depends on the product λL (eq. 25), which is a function of the dimensionless terms ϕ (shape factor,

eq. 22) and Θ (shear-torsion deflection factor, eq. 6). Equation 39 takes into account shear deformations

before and after the crack occurs; ks,c = 0.5 is the shear correction factor of a closed section, and ks,o = 0.17

is the shear correction factor of a thin-walled open section. Equation 39 indicates that the stiffness loss,

when a crack opens at the side of the culm, depends on three dimensionless parameters; i.e., shear-torsion

deflection factor Θ, culm shape factor ϕ, and torque reduction factor r0. The latter, besides shape factor ϕ,

depends on friction coefficient between the culm and the surface that transfers the load to the culm (eqs.

34, 35) and the shape of that surface (fig. 4).

Figure 6 illustrates the effect of shape factor ϕ and shear-torsion deflection factor Θ on ratio Kt/K0 (eq.

39), ignoring the mitigating effect of friction. It shows that stiffness loss increases with increasing ϕ and Θ.

Thus, thin-walled sections (large values of ϕ), and low shear modulus G∥ or short shear span lengths (large

values of Θ) lead to more prominent stiffness loss.

To quantify stiffness loss, we adopt indicative values of geometrical and material properties; e.g.,

E∥/G∥=6.5, n=12 (Θ = 0.045). Figure 7 illustrates stiffness loss (eq. 39) as a function of shape factor ϕ, for

no torque reduction (r0=0) and for a torque reduction factor r0=20%. Figure 7 shows that, for the same

shear span, stiffness loss is higher in the three-point bending test compared to the four-point bending test.

Additionally, it shows that a representative value of torque reduction factor r0=20% leads to a mitigation of

stiffness loss of approximately 5% K0, compared to not considering friction at the load application points.

As an example, assume a representative for Moso bamboo value of the shape factor, i.e., ϕ=5. The thus

occurring stiffness reduction (1-Kt/K0), assuming a torque reduction due to friction r0=20%, is 48% for

the three-point bending test and 41% for the four-point bending test. The corresponding values without

taking friction into account (thus, r0=0) are 54% for the three-point bending test and 46% for the four-point

bending test. Note however that the stiffness loss is that significant only when the crack extends at almost
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Fig. 7 Stiffness loss (final stiffness Kt over initial stiffness K0) versus culm shape factor ϕ = R/t and ratio of external diameter
to thickness Do/t for Θ = E∥/(n

2G∥) = 0.045.

reference point (RP)

tied surfaces

BCs at RPs:
• uX=uY=uZ=0

(translations)
• θΥ=θZ=0

(rotations)
kinematic coupling 

constraint

Y

XZ

points where vertical 
displacement is 

measured

free surfaces

reference point (RP)

Fig. 8 Numerical model assignments.

the entire span length. This is because the torsional constant of the closed section is Js,c = 2πR3t, which

makes it 3ϕ2 times higher than the torsional constant of the open section (Js,o = 2
3πRt3). For a typical

shape factor value (i.e., ϕ = 5), this translates to a torsional rigidity (G∥Js) of the closed section being 75

times higher than that of the open section. Hence, the resulting torsion-related deflections are considerably

smaller, if the crack is not present along the entire span.

5 Comparison with numerical results

The previous sections derive analytical expressions that describe the mixed flexural-torsion problem that

occurs when an open-section tube is subjected to three- or four-point bending. To verify the proposed

equations, this section develops numerical models of a three- and a four-point bending test in the commercial

finite element software Abaqus [34]. The shear span length is L=1000 mm for both tests, therefore total span

length is 2000 mm for the three-point and 3000 mm for the four-point bending test. The analysis utilizes

the dynamic implicit solver, which employs the HHT-α integration scheme, with α=0.33. Both models

simulate the bamboo culm as an idealized cylinder, of external radius Ro=99 mm and thickness t=9 mm

(shape factor ϕ=5). To simulate the longitudinal crack, the idealized cylinder comprises two half-cylinders,
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Fig. 9 a) Warping displacement at the support, and b) comparison between numerical and analytical force-displacement
curves for a culm with a longitudinal crack at the side.

tied together on one side, while on the other side there is not interaction between the half-cylinder surfaces

(fig. 8). The mesh consists of 3D-solid, 8-node linear elements (C3D8, 24 degrees of freedom per element),

and mesh size is 10 mm. The material is elastic and isotropic, with Young’s modulus E = E∥=12500

MPa and Poisson’s ratio ν=0.3. The isotropic material assumption is not accurate for bamboo, but the

approximation is sufficient to verify the proposed equations. This is because a) only material properties

in the longitudinal direction come into the equations, and b) this study examines global response and not

local phenomena (e.g., stress distribution under point loads) [35]. Load is applied on the culm as a uniform

traction that follows surface rotation, acting on an area of approximately 20 mm x 20 mm. Regarding

boundary conditions at the supports, to achieve the assumed free warping but no twisting, and to ensure

simultaneously a pinned support for flexure, the model involves, at each support, a reference point at the

center of the cross-section, and a kinematic coupling constraint of the reference point with the cross-section

surface (fig. 8). The reference points are free to rotate in the direction of the bending moment, but the rest

of the degrees of freedom (translations and rotations) are restrained.

Figure 9 shows the model force-displacement curves for the three-point and four-point bending tests,

and the corresponding force-displacement curves from eqs. B6 and 26. For the model curves, the load is

the sum of the vertical loads at the reference points, and the deflection is the average vertical displacement

of two points, defined by the horizontal plane that contains the neutral axis and the outer surface of the

culm, at the cross-section of the midspan (fig. 8). Considering the average displacement of these two points

is necessary, to eliminate vertical displacements associated with twisting of the cross-section. The numerical

and analytical results are in agreement, which verifies the applicability of the proposed equations.

6 Comparison with experimental results

To verify that the analytical expressions apply to actual bending tests, this section compares the predictions

of the present analysis with the experimental results of [20]. That study [20] initially determined the modulus

of elasticity of six Moso bamboo culms (Phyllostachys edulis), via three-point bending tests (performed in

the elastic stage). Subsequently, it tested the specimens again, after creating a longitudinal crack at their
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Table 1 Three-point bending specimen properties [20] and corrected Young’s modulus E∥

specimen
no

Eapp

(MPa)

external
diameter D

(mm)

thickness t
(mm)

corrected E∥
(MPa)

experimental
Kt/K0

1 11190 72.4 7.4 12437 0.54
2 10057 72.2 7.2 11053 0.59
3 11945 71.6 7.3 13342 0.46
4 14696 69.3 8.2 16630 0.38
5 13000 77.3 8.2 14970 0.36
6 16218 70.5 6.8 18848 0.43

0 1 2 3 4 5 6

specimen number

0.0

0.2

0.4

0.6

0.8

1.0

experimental
(Moreira and Seixas 2022)
prediction w/o friction
prediction, =0.2
prediction, =0.3
prediction, =0.4
average experimental

Fig. 10 Comparison between analytically predicted loss of stiffness and experimental results [20] for a culm with a longitudinal
crack at the side.

side, to determine the stiffness loss because of the crack. Total span length of the tests was 1000 mm (shear

span length 500 mm), specimen properties as in Table 1, and test setup for the load application was the flat

surface configuration.

To adopt eq. 39, and since shear deflections are significant (Section 2), initially we correct the exper-

imental values of the modulus of elasticity [20] for shear. Let Eapp be the experimental value of the

modulus of elasticity of the intact culms, calculated from the slope of the force-displacement curve (without

consideration for shear). For the total deflection δ at the midspan, it holds that:

δ =
PL3

3p

6EappI
=

PL3
3p

6E∥I
+

PL3p

2ks,cG∥A
(40)

where ks,c=0.5 the shear correction factor of the closed section. Therefore, substituting L3p = 2nR, I/A =

R2/2, and rearranging, the corrected for shear Young’s modulus parallel to the fibers E∥ occurs:

E∥ = Eapp

(
1− 3Eapp

8ks,cn2G∥

)−1

(41)

Table 1 shows the corrected according to eq. 41 values for E∥.

Figure 10 compares the experimental results of Kt/K0 [20] with the results of eq. 39, for various values

of the friction coefficient µ, adopting the flat surface load application configuration in the reduction factor

calculations. Table 1 shows the parameters used for the analytical calculations of fig. 10. Figure 10 indicates
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that eq. 39 accurately predicts the average experimental stiffness loss, although the analytical prediction

does not reflect the scatter of the experimental results.

7 Discussion and conclusions

Longitudinal splitting of full-culm bamboo structural members is highly probable during the lifetime of

a bamboo structure. The uncertainties associated with incomplete understanding of the behavior of slit

bamboo structural members induce ambiguities in the engineering design of those members, thus posing a

potential threat to the safety of existing and future full-culm bamboo structures. The present study inves-

tigates the stiffness loss occurring in full-culm bamboo flexural members, after they obtain a longitudinal

crack extending throughout the entire span length. The analysis assumes that the crack is present along

the entire span length, and therefore it is a lower-bound approach for the stiffness calculations. The study

develops analytical expressions that describe the stiffness loss, assuming tubular culm geometry of constant

diameter and thickness, and verifies them with numerical simulations and available experimental results.

All the calculations assume thin-walled sections for simplicity, and thus their accuracy is expected to be

reduced for thick-walled section cases. Moreover, the calculations ignore the (imperfect) warping restraint

the nodes provide, and thus they yield conservative deflection values Nevertheless, the predictions of this

study are in reasonable agreement with available experimental results, which indicates that the effect of

nodes is probably not significant.

The study examines two load cases; three-point flexure and four-point flexure, and compares the stiffness

of a slit culm to that of an intact culm. It indicates that the stiffness loss is mainly due to the torsional effects,

which occur because of the eccentric position of the shear center of the open tubular section. Secondary

cause is the larger contribution of shear deformations in the case of the open section compared to the

closed section. Notably, stiffness loss solely depends on two dimensionless parameters; i.e., culm shape factor

(radius-to-thickness ratio), and the herein introduced shear-torsion deflection factor, which is a function of

material properties (Young’s modulus parallel to the fibers and shear modulus parallel to the fibers), and

ratio of shear span length to culm diameter. Moreover, the study proves analytically that the friction at

the load application surface has a mitigating effect on the torque applied on the culm, and thus on torsion-

induced deflections. This is important for full-culm bamboo structures, suggesting that the manner in which

the load is transferred to the beams can mitigate splitting-induced stiffness loss.

The present study also indicates that shear deformations are significant in the three-point bending test,

and in the cracked-section four-point bending test, and cannot be ignored for typical bamboo material prop-

erties. On the contrary, in the intact-section four-point bending test, shear deformations are negligible for

common shear span lengths (larger than approximately 8 times the culm diameter). Thus, for typical values

of bamboo material and geometrical properties, shear- and torsion-induced deflections result in substan-

tial stiffness loss (40%∼50%) when a crack appears (compared to the initial stiffness of an intact culm),

both for the three-point and the four-point bending test. These values assume common shear span lengths
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(approximately 10 times the culm diameter) and include the mitigating effect of friction at the load appli-

cation points. Not taking friction into account would lead to an additional 5%∼6% stiffness loss. Moreover,

for the same shear span length, the stiffness loss is approximately 8% larger in the three-point bending test

compared to the four-point bending test. These estimations assume however that the crack extends on the

entire span length. If the crack is not sufficiently large, torsional effects do not affect the stiffness signifi-

cantly. This is because the torsional rigidity of the intact section is 75 times higher than that of the open

section, thus rendering torsion-induced deflections negligible.

In practice, the results of this study indicate that the design stiffness of bamboo flexural members should

be the cracked stiffness, and not the intact culm stiffness, similarly to concrete structures. The actual cracked

stiffness is not easy to calculate, as it depends on the number and position of the cracks, and, when torsional

effects occur, on the load application conditions (friction and manner in which the load is applied on the

culms). In this context, a single crack at the culm side, that extends throughout the entire span length,

is an extreme case, and not likely to occur in practical applications. This means that the herein produced

results, which indicate a stiffness loss of 40%-50%, are lower-bound results. In general, we would suggest the

adoption of the cracked stiffness in the design of full-culm bamboo structural members, or, alternatively,

the use of confinement to restore continuity, and thus mitigate stiffness loss.

Overall, this study provides analytical tools for the estimation of stiffness loss after a longitudinal crack

appears on a bamboo culm subjected to flexure. The present analysis has important ramifications for testing

standards, as it indicates that the load application configuration can affect the test results. Additionally,

since cracks are common in bamboo flexural members, this study is an important step towards rational

engineering design of full-culm bamboo structures.
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Appendix A Schematic representation of the torsion problem

(c)

(a)

crack

(b)

+
-

+ -

Fig. A1 Open cross-section and shear center (a), and total torque diagrams for the three-point (b) and four-point (c) bending

test.
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Fig. A2 Boundary conditions to solve the mixed torsion and warping problem for (a) the three-point and (b) the four-point

bending test.
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Appendix B Torsion in the three-point bending test
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Fig. B3 Normalized angle of twist θ along the beam for the three-point and four-point bending test (Ptot is the total load for

each test and l is the total span length). The plot assumes the same span length for both tests (normalized shear span length

n3p = 1.5n4p = 10), E∥/G∥ = 4.5 and shape factor ϕ=5 (eq. 22).

In the three-point bending test, and considering half of the beam because of symmetry, the load at end k

(fig. A2a) is P/2. The torque acting at the end k, because of the load is T0 = 0.5P · 2R = PR (fig. A2a).

Applying the boundary conditions, the resulting solution for angle of twist θ3p is (fig. B3):

E∥Jwθ3p (z) =
PR

λ2

[
z− sinh (λz)

λ cosh (λL3p)

]
(B1)

where 0 ≤ z ≤ L3p (fig. A2a). Figure B3 shows that the angle of twist in the three-point bending test is larger

than in the three-point bending test, assuming the same total load and total span length. The expressions

for Saint-Venant torque Ts,3p and warping bimoment Bw,3p ensue by substituting eq. B1 into eqs. 10 and 11:

Ts,3p (z) = PR

[
1− cosh (λz)

cosh (λL3p)

]
(B2)

Bw,3p (z) = −PR
sinh (λz)

λ cosh (λL3p)
(B3)

where P is the load at the middle of the culm and L3p is the shear span length of the three-point bending

test, equal to half the total span. Note that, although the applied boundary conditions assume that the

culm does not twist at the supports, eqs. B2 and B3 are valid regardless, as long as the rest of the boundary

conditions remain the same. Whether the culm twists at the supports or not, only affects the resulting angle

of twist θ (eq. B1).

Subsequently, the deflection due to torsion for the three-point bending test (δt,3p) occurs by substituting

eqs. B2 and B3, into eq. 17, taking into account eqs. 12 and 13, and calculating the integrals for zm = L3p.

T s and Bw in eq. 17 (Saint-Venant torque and warping bimoment, because of the virtual load) occur by
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setting P=1 in eqs. B2, B3. Thus:

δt,3p =
6Pnϕ3

πG∥R
·
[
1− tanh (λL3p)

λL3p

]
(B4)

where ϕ is the dimensionless shape factor of the culm (eq. 22) and n is the dimensionless shear span length

(n = L3p/ (2R)). Subsequently, combining eq. B4 with eq. 1:

δt,3p
δb,3p

=
9

2
Θϕ2

[
1− tanh (λL3p)

λL3p

]
(B5)

where Θ is the shear-torsion deflection factor, as in eq. 6. The deflection ratio of eq. B5 solely depends on

the dimensionless terms ϕ and Θ (see also eq. 25). Finally, the total deflection of the culm δtot,3p, during

the three-point bending test, when there is a longitudinal crack at the side of the culm, occurs as a function

of the deflection due to the bending moment δb,3p from eqs. 1, 5 and B5:

δtot,3p = δb,3p + δs,3p + δt,3p =

{
1 +

3

ci,3p
Θ ·

{
1

ks
+ 12ϕ2

[
1− tanh (λL3p)

λL3p

]}}
δb,3p (B6)

where ci,3p = 8.
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