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Abstract

Transition metal oxide materials have attracted much attention for photoelectrochem-

ical water splitting, but problems remain, e.g. the sluggish transport of excess charge

carriers in these materials, which is not well understood. In this thesis I will show

how periodic, spin-constrained and gap-optimised hybrid density functional theory

can be used to uncover the nature and transport mechanisms of excess electrons and

electron holes in a widely used water splitting material, hematite (a�Fe2O3). I will

show that upon ionisation the electron hole relaxes from a delocalized band state

to a polaron localised on a single iron atom with localisation induced by tetragonal

distortion of the 6 surrounding iron-oxygen bonds. This distortion is responsible for

the sluggish hopping transport in bulk hematite, characterised by an activation energy

of 70 meV and a hole mobility of 0.031 cm2/Vs. By contrast, the excess electron

induces a smaller distortion of the iron-oxygen bonds resulting in delocalisation over

two neighbouring Fe units. I will show that 2-site delocalisation is advantageous

for charge transport due to the larger spatial displacements per transfer step. As

a result, the electron mobility is predicted to be a factor of 3 higher than the hole

mobility, 0.098 cm2/Vs, in qualitative agreement with experimental observations.

Extending this analysis to the hematite/liquid water interface, I will show that both

excess electrons and electron holes localise at the interface with qualitatively similar

structures to bulk hematite. However, the presence of the interface breaks the sym-

metry present in the bulk crystal and as a result the hole mobility is expected to be

greatly reduced. These calculations provide new fundamental insights essential for a

better understanding of rate-limiting transport processes governing photocatalytic

water splitting efficiency at the hematite/liquid water interface.





Impact Statement

With increasing environmental concerns, it is necessary to pursue more sustainable

and more efficient materials. Iron oxides and oxyhydroxides are highly abundant,

cheap and stable and have many properties such as visible spectrum band gaps

which make them ideal candidates in photoelectrochemical applications. Hematite

(a�Fe2O3) in particular has received much attention as a photoanode material for

water splitting, however problems remain including low mobility and short carrier

lifetimes due to electron-hole recombination. This thesis provides new fundamen-

tal insight into the nature and transport mechanisms of both excess electrons and

electron holes, essential for a better understanding of the rate-limiting transport

processes governing photocatalytic water splitting efficiency at the hematite/liquid

water interface.

This thesis demonstrates how periodic, spin-constrained and gap-optimised

hybrid density functional theory can be used to calculate all the electron transfer

parameters required to predict the charge mobility in bulk hematite. This method is

generally applicable to all semiconducting materials, and may be applied to other

oxides of technological interest for the study of intrinsic charge transfer processes

or for charge transfer between defects. Moreover, constrained density functional

theory is well suited for the study of interfacial charge transfer processes between

different semiconductors or between semiconductor electrodes and liquids. It could

thus become an essential tool for the emerging field of ab-initio electrochemistry.
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Chapter 1

Introduction

1.1 Charge transport in iron oxides

Understanding charge transport in transition metal oxides is essential to advancing

technical frontiers across diverse �elds ranging from biogeochemistry, to renewable

energy materials and microelectronics. Hematite is a prominent example. It is

a naturally abundant n-type semiconductor [1] and plays a crucial role in redox

cycling [2,3], bioremediation [4] and colloid chemistry [5]. Moreover, the mineral

oxide has a visible spectrum band gap and consequently has attracted much interest

as a photoanode material for water splitting [6–11].

In a water splitting reaction water is split into gaseous oxygen and hydrogen,

2H2O �� *) �� O2 + 2H2; (1.1)

where the generated hydrogen can be used as a clean energy resource with a high en-

ergy density [9]. Photocatalytic water splitting is particularly attractive as it involves

direct solar-to-chemical energy conversion, in contrast to the current commercial

methods for producing hydrogen which rely on steam reforming of methane [7].

In a photoelectrochemical (PEC) cell a photon is absorbed such that an electron is

excited into the conduction band, leaving a photo-generated hole in the valance band.

The carriers are then separated, and as in conventional water electrolysis oxidation

occurs at the anode,

2OH� + 2h+ �� *) �� H2O+
1
2

O2; (1.2)
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and reduction occurs at the cathode,

2H2O+ 2e� �� *) �� H2 + 2OH� : (1.3)

Generally, the anode is a semiconducting material and the cathode is a metal [6].

There are a number of important properties for a photoanode material including:

a visible spectrum band gap, stability in aqueous solution and a high conversion

ef�ciency of photogenerated charge carriers to water splitting products. The latter is

related to the charge mobilitym, as well as the lifetime of the photogenerated charges.

While hematite is highly abundant and naturally stable, it has low intrinsic mobility

and short carrier lifetimes. As such the goal of this thesis is to better understand the

nature of charge carriers in hematite, and to investigate the physical mechanisms that

lead to the sluggish transport of charge carriers.

At most practical temperatures charge transport in hematite occurs through

thermally-activated hopping of polarons, localised lattice distortions that lower the

energy of the excess electron or electron hole such that it becomes self-trapped [12].

As a result of the antiferromagnetic structure of hematite, shown in Figure 1.1,

electrical conductivity measurements show that conduction is around four orders

of magnitude greater in the parallel spin basal plane than in the perpendicular

direction [13,14]. Despite the large number of studies that this material has inspired

over the past decades, it is noteworthy that the intrinsic electron and hole mobilities of

undoped hematite remain experimentally poorly constrained. Likely as a result of the

low intrinsic mobility, challenges in creating pure hematite samples and dif�culties

in determining the intrinsic carrier concentration, to the best of my knowledge

there is no published experimental data for the mobility of undoped hematite. In

addition, polaron structures and associated reorganisation energies are not readily

experimentally accessible.

Some time ago, Rosso and co-workers [15–18] performed pioneering calcula-

tions on small hematite clusters using Hartree-Fock (HF), calculating an inner-sphere

reorganisation energy of 1.30 eV for excess electron transfer between two neigh-

bouring iron sites. An approximation of the polarisation of the full bulk crystal
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Figure 1.1: Structure of hematite. 2x2x1 supercell spin density with AFM spin orientation
indicated by arrows to the left of the �gure.

in response to the presence of the electron polaron, referred to as the outer-sphere

reorganisation energy, was calculated as 0.17 eV. Their results are consistent with the

small electron polaron model, with the excess electron localising over a single iron

atom. More recent work by Rosso and co-workers continues to support the small

electron polaron [19, 20], and other groups have also utilised cluster models with

wavefunction methods with similar results [21].

As a result of the treatment of holes as minority charge carriers, in addition

to experimental challenges regarding the production of p-type hematite [22], the

electron hole polaron has received less attention than the electron polaron in hematite.

Early experimental work showed that the electron hole polaron has a higher activation

energy and reorganisation energy than that of the electron polaron, attributing this to

hole transport in narrow oxygen bands [23,24]. However, more recent experimental

work on the hematite photoanode observed two different electron hole polaron types:

high energy O(2p) holes, and lower energy Fe(3d) holes [25]. Computational studies

are also frequently in disagreement, with HF cluster calculations by Rosso and co-

workers supporting the Fe(3d) hole [18], while electrostatically embedded HF cluster

model calculations from Liao et al. [22] supported the O(2p) hole. Lee et al. [26]

performed calculations utilising the Hubbard U correction, a common approach to

address the failings of semi-local density functional theory (DFT) functionals in

the treatment of strongly correlated Fe(3d) electrons [27], however were unable to
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identify any localised hole that was more stable than the delocalised one. Some

groups have attempted to compare the possible Fe(3d) or O(2p) holes, with Ansari et

al. [28] recently using post Hartree-Fock methods on cluster models to support the

O(2p) hole.

It is well known that polaron formation is very sensitive to the DFT functional

used, in particular the amount of exact Hartree-Fock Exchange (HFX). HF, used

in early calculations of hematite by Rosso and co-workers [15–18], is prone to

overbinding of excess charge [29] and may overstabilise small polarons. Moreover,

the cluster model that was often used has a number of shortcomings: arti�cial

hydrogen atoms necessary for bond termination, and a lack of consideration of the

strain imposed from the full bulk crystal. While some groups have performed bulk

DFT+U calculations, these do not produce a uniformly good description of the Fe(3d)

and O(2p) centres, band gap and spin population of hematite [30,31].

With increasing ef�ciency of computer codes and platforms, it is now possible

to study polaron formation in oxide materials using hybrid functionals and large

supercells under periodic boundary conditions. In this way some of the complications

and uncertainties introduced by cluster models are removed. Vitally, in this work I

use hybrid functionals with the fraction of HFX adjusted empirically to reproduce

the experimental band gap. While this strategy is rather pragmatic, it is also one

of the most effective and accurate to date, allowing new insight into charge carrier

structure and dynamics.

1.2 Structure of this thesis

In Chapter 2 I present a brief overview of electron transfer theory, DFT and con-

strained DFT (CDFT). Computational details regarding the use of the CP2K software

package are also presented, including methods used to decrease the computational

cost of hybrid DFT calculations such as the auxiliary density matrix method.

While hematite has received the most attention due to its greatest electron

mobility [32], other iron oxides and oxyhydroxides may also have similar photoelec-

trochemical applications and an equal understanding of their polaron structures is
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desirable. As such, in Chapter 3 I will present calculations of both the electron and

electron hole polaron structures and associated reorganisation energies for a series of

iron oxides: hematite (a � Fe2O3), lepidocrocite (g� FeOOH), goethite (a � FeOOH)

and white rust (Fe(OH)2). This series enables examination of a variety of structural

effects including hydration state, hydrogen bonding and the valence of bulk iron.

In Chapter 4 I will discuss in further detail the nature of charge carriers in

hematite, and calculate the electron transfer parameters and rates for both electron

and electron hole transfer in bulk hematite using CDFT. I will then compare my

calculated mobilities to literature calculated and experimental values.

In Chapter 5 I will provide motivation for Hirshfeld based CDFT, and present my

implementation of the necessary force terms in the popular DFT package CP2K. I will

benchmark my implementation against previous plane-wave CDFT calculations [33]

also performed using Hirshfeld partitioning, for both geometry optimisation and

molecular dynamics of: electron tunnelling between oxygen defects in MgO [34],

and electron self-exchange in aqueous Ru2+ -Ru3+ [33]. I will also discuss the

general reliability of condensed phase CDFT calculations.

In Chapter 6 I will present calculations of the electron and hole polarons at

the hematite/liquid water interface, performed in collaboration with Dr. Philipp

Schienbein. I will compare the structure and dynamics of charge carriers between

bulk hematite and the hematite/liquid water interface, essential for a better under-

standing of rate-limiting transport processes governing photocatalytic water splitting

ef�ciency at the hematite/water interfaces.

Finally, in Chapter 7 I will conclude the �ndings of my PhD and provide an

outlook on future works.



Chapter 2

Theory

In Chapters 3-4 I will use DFT and CDFT to calculate the electron transfer parameters

necessary to calculate the mobility of electrons and electron holes in bulk hematite.

As such, in this Chapter I will present an overview of electron transfer theory in

Section 2.1, DFT in Section 2.2 and CDFT in Section 2.3. Particular emphasis

is placed on the justi�cation for gap-optimised hybrid functionals, the choice of

functional throughout this thesis.

I will also brie�y discuss some of the computational details regarding the use

of the CP2K software package in Section 2.4, including methods used to decrease

the signi�cant computational cost of hybrid DFT calculations such as the auxiliary

density matrix method.
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Figure 2.1: Free energy curves for electron transfer between electron donor (D) and acceptor
(A). Reprint from Ref [37] with permission.

2.1 Electron transfer theory

For calculation of the required electron transfer (ET) parameters and mobility I

adopt the same ET theory as used in previous studies of hematite [18], and in

other CDFT calculations [34]. The semi-classical expression for the rate of ET

in a donor–acceptor complex derived from transition state theory in the harmonic

approximation and Landau–Zener theory has the form [35,36]

k = kelnnexp
�

� DA‡

kBT

�
; (2.1)

with the electronic transmission coef�cientkel = 2PLZ=(1+ PLZ) wherePLZ =

1� exp(� 2pg) is the Landau–Zener transition probability withg the adiabaticity

parameter de�ned as2pg = p3=2


jHabj2

�
TS=hnn

p
l kBT.



jHabj2

�
TS is the squared

electronic coupling averaged over the transition state (TS) con�gurations,nn is the

effective nuclear frequency along the reaction coordinate,DA‡ is the activation free

energy,l is the reorganisation free energy,kB the Boltzmann constant andT the

temperature [37]. For an effective nuclear frequency I use the same value as Rosso

and co-workers [18], the energy of the highest infra-red active longitudinal optical

mode phonon1:85� 1013 s� 1. I note this is very close to the experimental Fe-O

stretch vibration 1:72� 1013 s� 1 [38].
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The general expression for the activation free energyDA‡ valid in the non-

adiabatic, adiabatic and intermediate regimes is [39]

DA‡ = A0(DE = 0) � A0(DE = DE0) (2.2)

= DA‡
na� D‡; (2.3)

whereA0 is the free energy curve for the adiabatic electronic ground state for electron

transfer taking the vertical energy gap,DE, as reaction coordinate,

DE(RN) = Eb(RN) � Ea(RN); (2.4)

Ea andEb are the electronic energies for initial and �nal diabatic statesa andb, RN

the nuclear con�guration,DE = DE0 the position of the minimum of statea andDE

= 0 the position of the TS. Refer to Figure 2.1.

DA‡
na is the activation free energy on the diabatic electronic states,

DA‡
na =

(l + DA)2

4l
; (2.5)

andD‡ is a correction that becomes important when the electronic couplingHab is

large (jHabj > � 0.01-0.1l )

D‡ =


jHabj

2� 1=2
TS �

1
l



jHabj

2�
DE0; (2.6)

with the assumption that the free energy difference,DA, between the initial and �nal

state is zero, which is the case in hematite due to symmetry. Ignoring thermal effects

of phonons on electronic coupling and reorganisation free energy, the activation free

energy is approximated by the activation energy,DE‡,

DA‡ � DE‡ =
l
4

� (Hab�
H2

ab

l
); (2.7)

whereHab is taken at the TS and the reorganisation energyl is calculated as

l = 4(Ea(TS) � Ea(DE0)) ; (2.8)
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whereEa(TS) andEa(DE0) are the electronic energies of the initial diabatic state

at the transition state and minimum energy nuclear con�gurations, respectively,

calculated using CDFT. Note that for the current system,Ea(DE0) is virtually iden-

tical with the DFT (adiabatic) ground state energy at the minimum energy nuclear

con�guration.

Charge transport in hematite can be modelled as a succession of hopping

between sites, with associated rate constants calculated from Eq. 2.1. As electrical

conductivity measurements show that conduction is four orders of magnitude greater

in the basal plane than in the perpendicular direction [13,14], in this thesis I only

consider the basal plane mobility. The charge mobility is obtained from the Einstein

relation

m=
eD
kBT

: (2.9)

Calculation of the diffusion coef�cientD can be performed through methods

such as kinetic Monte Carlo [40], or by solving a chemical master equation to

obtain the time-dependent charge population of each site as by Giannini et al. [41].

The mean squared displacement (MSD) is calculated from the time evolution of

the charge population, and following an initial non-linear equilibration period the

diffusion coef�cient is given by gradient of the MSD [42]

D =
1
2

lim
t! ¥

dMSD(t)
dt

: (2.10)

As a result of the lattice symmetry, diffusion is isotropic within the basal plane

and therefore the calculated mobility tensor becomes a single value.

Alternatively, the diffusion coef�cient can be calculated analytically for a 1D

chain model as

D =
R2ik

2
; (2.11)

for the transfer distanceR, site multiplicity i and rate constantk. Rosso and co-

workers [15,18] directly used Equation 2.11 for a 1D model of the 2D basal plane
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of hematite, with the site multiplicity i=3 to approximately account for the 3 �rst

nearest neighbours of an iron atom in the 2D plane. Adelstein et al. [43] also used

Equation 2.11 for an approximation of the 2D plane, but with i=0.5. My approach

moves beyond these approximations, calculating the full mobility tensor in the basal

plane.

2.2 Density functional theory

While in principle the Schrödinger equation can be solved to provide the solutions

for any quantum mechanical problem, for a system withN nuclei andn electrons the

solutions depend on 3(n+N) interacting degrees of freedom. Even with the ability to

separate the electronic and nuclear degrees of freedom via the Born-Oppenheimer

approximation, this is a 3n many-body problem that can only be solved for the

simplest of systems. As such, further approximations must be made.

In 1964 Hohenberg and Kohn showed that the energy of the ground elec-

tronic state is a unique functional of the electron density, laying the foundations for

DFT [44]. Further re�nement by Kohn and Sham in 1965 [45] provided a general

methodology, based on a �ctitious system of non-interacting electrons where the

ground state density is the same as the real system where the electrons interact. The

total energy for this system can be written as

E[r ] = T[r ] +
Z

drVext(r )r (r ) + EH [r ] + EXC[r ]; (2.12)

whereT[r ] is the kinetic energy,Vext is the external potential,EH [r ] is the Hartree

energy andEXC[r ] is the exchange correlation energy.

While Equation 2.12 is exact in principle, as a result of the many-body con-

tributions incorporated into the exchange-correlation functional the exact form is

unknown. The majority of exchange-correlation functionals are derived starting

from the homogeneous electron gas model, where the exchange energy is known

analytically and the correlation energy can be �t from higher level theories such as

quantum Monte Carlo. The simplest form of the exchange correlation functional is
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known as the local density approximation (LDA)

ELDA
XC [r (r)] =

Z
r (r)exc[r (r)]dr ; (2.13)

where the exchange-correlation functional depends only on the local value of the

density. The most common improvement is known as the generalised gradient

approximation (GGA)

EGGA
XC [r (r)] =

Z
f (r (r);Ñr (r))dr ; (2.14)

which includes the �rst derivative of the electron density, and forms the basis for

many functionals including PBE [46]. Generally, GGA functionals vastly outperform

LDA functionals in the calculation of total energies and have therefore become the

standard choice in most calculations [47].

2.2.1 Optimised hybrid functionals

The electron self interaction error (SIE) is one of the major shortcomings of standard

density functionals [48–50], and in the context of this work is particularly problem-

atic due to the spurious delocalisation of localised charges [47, 51]. For example

at electron transfer (ET) transition states, where the exact adiabatic ground state is

delocalized over the donor and acceptor, the energy is strongly underestimated by

standard density functionals due to the wrong scaling of these functionals with frac-

tional electron number, resulting in too low ET barriers and strongly overestimated

ET rates [52,53].

The incorrect scaling of standard density functionals is demonstrated in Figure

2.2. Exact DFT should give a total energy that is piecewise linear with respect to

the fractional number of electrons in a system [55], while standard functionals such

as those based on the generalised gradient approximation (GGA) display convex

behaviour. As mentioned previously HF tends to overlocalise excess charges, due

to a concave behaviour [47]. The delocalisation error can therefore be related to

the negative deviation of theE(N) curve from the exact linearity condition, while

the localisation error is related to positive deviation. The justi�cation for hybrid
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Figure 2.2: Deviation of total energy with number of electrons. Reprint from Ref [54] with
CC-BY licence.

functionals is also clear, that by mixing both of these opposing errors a new piecewise

linear functional can be obtained.

In this thesis I study a number of different materials, primarily iron oxides and

oxyhydroxides, using gap-optimised hybrid functionals. This method of adjusting

the fraction of exact exchange to reproduce the experimental band gap is a popular

approach for transition metal oxides [31,56]. The function I use is HSE06 [57],

EHSE
XC = aEHF, SR

X (w)+ ( 1� a)EPBE, SR
X (w)+ EPBE, LR

X (w)+ EPBE
C ; (2.15)

whereEHF, SR
X (w) is the short-range (SR) HF exchange whileEPBE, SR

X andEPBE, LR
X

are the short and long range components of the PBE exchange functional. The

main contribution of this functional is the introduction of the screening parameter

w, which de�nes the separation range. Forw=0 HSE reduces to the global hybrid

functional PBE0 [58], and forw=¥ the functional becomes identical to PBE. As

such, a �nite value ofw is equivalent to extrapolation between these two limits. The

original form of HSE usedw=0.15 au = 0.3 Å� 1 [59–61], later revised tow=0.11 au

= 0.207 Å� 1 in HSE06 [57].

The piecewise linearity of the total energy can be quanti�ed through the gener-
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alised Koopmans condition, with nonlinearity

x =

8
><

>:

E(N + 1) � E(N) � e(N + 1) for electrons

E(N) � E(N � 1) � e(N) for holes
(2.16)

whereE(N) ande(N) are the total energy and HOMO energy of a system withN

electrons [54,62]. The values obtained forx are summarised in Table 2.1. All func-

tionals with the fraction of exact exchange adjusted to reproduce the experimental

band gap have a nonlinearity of no more than 0.04 eV (except for the lepidocrocite

electron) while forming localised polarons (except for the goethite electron hole). I

note that in addition to tuning the fraction of HFX, there are other methods which

aim to restore the linearity of the total energy which are used in Koopmans compliant

functionals [63].

2.2.2 Other functionals

Optimised hybrid functionals belong to the 4th rung of Jacobs ladder, a popular clas-

si�cation scheme of DFT functionals proposed by Perdew [65]. Methods belonging

to lower rungs are less expensive, and include alternatives to HSE06 such as PBE+U

and SCAN [66].

Rather than introducing a certain fraction of exact exchange, in GGA+U an

onsite Coulomb interaction is introduced that acts upon a particular orbital [27,67,68].

Similar to the fraction of exact exchange, this introduces a tunable parameter known

as the HubbardU which can be optimised to reproduce the experimental band gap.

Previous studies for hematite have shown a surprising variation in the choice of

the HubbardU parameter from 4 V - 6 V [31,43,69–72], and that it is dif�cult to

simultaneously reproduce important structural and electronic properties with the

same parameter [31]. In addition, it has been shown that certain experimentally

known surface terminations of hematite can be reproduced by HSE(12%) but not by

PBE+U [30].

A further alternative to either hybrid functionals or GGA+U are the class

of meta-GGA functionals, which incorporate a dependency on either the second
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derivative of the electron density or more commonly the kinetic energy density

[73]. In particular, the recently developed Strongly Constrained and Appropriately

Normed (SCAN) meta-GGA functional [66] has received much interest due to its

computational cost comparable to standard GGA functionals, while more accurately

predicting important structural and electronic properties [74]. However, it has been

demonstrated that SCAN only slightly improves on PBE in regards to the band

gap for most materials [75–77] including hematite [78, 79]. In my calculations, I

found that SCAN is unable to provide a good description of the charged hematite

potential energy surface where it predicts a localised hole and electron polaron

energy degenerate with the delocalised charges.

As such, no calculations with either PBE+U or SCAN are presented in this

thesis.

2.3 Constrained DFT

Constrained DFT (CDFT) is an established method for generating diabatic electronic

states and calculating ET parameters in molecular systems [34,52,80–83], although

applications to condensed phase/periodic systems remain rare to date. An external

potential is added to the Kohn-Sham (KS) Hamiltonian to enforce localisation of

the excess electron on the electron donor or acceptor, thereby creating a set of

charge localised diabatic states that can be used to obtain the basic quantities of ET

theories (reorganisation energy, driving force and electronic coupling). The rationale

behind CDFT is that the charge localised diabatic states suffer less from the electron

delocalisation error than the adiabatic electronic states in DFT calculations [52].

In Chapter 4 I will take advantage of a recent and very ef�cient periodic atomic-

orbital implementation of CDFT [84] to calculate at hybrid DFT level all the ET

parameters required to predict the charge mobility of electrons and holes in bulk

hematite. As CDFT is a well established method, with many recent implementations

in popular DFT packages [84–88], I choose to only brie�y summarise the theory

relevant to this thesis.

Charge localised states are constructed by minimising the energy functional
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E[r ] under the condition that the constraint

Nc =
Z

w(r)r (r )dr ; (2.17)

is satis�ed.w(r ) is a weight function that de�nes how electron density is assigned

to atoms or molecules in the constraint region, e.g., electron donor and electron

acceptor, andNc is the constraint value, e.g., the charge of the atoms or molecules or

their charge difference. Both remain �xed during CDFT minimisation.

The constrained minimisation is performed by introducing a Lagrangian multi-

plier V and a new energy functional

W[r ;V] = E[r ] + V
� Z

w(r)r (r )dr � Nc

�
: (2.18)

W[r ;V] is minimised with respect tor for a givenV, andV is iteratively

adjusted so that the minimised electron density obeys the constraint Eq. 2.17.

There are many different partitioning schemes which can be used to construct

the weight function, however in this thesis I use Hirshfeld partitioning of the electron

density as this is shown to be a good descriptor for polaron formation in Chapter

3. The Hirshfeld weight functionw(r ) is constructed from the promolecular atomic

densitiesr i(r - R i) = r i(r) wherer = jr - R i j. For a system withN total atoms and a

charge difference constraint de�ned between donor atomsD and acceptor atomsA

the weight function has the form

w(r) =
å i2D r i(r - R i) � å i2A r i(r - R i)

å N
j r j (r - R j )

: (2.19)

In Chapter 5 I will discuss the implementation of the necessary force terms for

CDFT geometry optimisation and CDFT-MD based on Hirshfeld partitioning of the

electron density. However, for calculation of the charge mobility in Chapter 4 the

CDFT forces were not needed, as only single point calculations were performed to

obtain the energy of the diabatic states and the electronic couplings. The electronic

couplings are calculated with the method of Wu and Van Voorhis [52], where the

electronic couplings are simply the off diagonal elements of the orthogonal diabatic
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Hamiltonian.

2.4 Computational details

Essential for the use of hybrid functionals such as HSE06 for electron rich transition

metal oxides in combination with large supercells is the highly ef�cient implementa-

tion in the CP2K code [89,90]. In particular, the use of integral screening (Section

2.4.1) and the auxiliary density matrix method (ADMM) (Section 2.4.2) signi�cantly

improve the speed of HFX calculations [91,92].

A noteworthy limitation is that at the time of writing, hybrid DFT calculations

with k-point sampling is not supported in CP2K. As such, all calculations performed

in this thesis are for theG-point of the Brillouin zone.

2.4.1 Integral screening

Hartree-Fock is typically quoted as scaling withN4, where N is the number of basis

functions, based on the the calculation of four-center two-electron integrals [93].

In practice, many of these integrals are negligible and through use of the Schwarz

inequality an upper bound can be determined allowing for screening and a subsequent

decrease in scaling fromN4 to N2 [94]. A similar procedure can be applied to the

density matrix, further decreasing the computational cost to linear scaling [95].

2.4.2 ADMM

While integral screening allows for linear scaling HFX calculations [95], the compu-

tational cost can still be signi�cant. The use of a smaller or sparser auxiliary density

matrix for the HFX calculation allows for a decrease in computational cost of over

an order of magnitude, with negligible decrease in accuracy [92].

The primary basis set used for all calculations in this work is DZVP-MOLOPT-

SR-GTH [96], a short range variant of the popular double-z basis set optimised for

condensed phase calculations. The auxiliary basis set used for ADMM was cpFIT3

for O and H, corresponding to three Gaussian exponents for each valence orbital in

addition to polarisation functions from the standard 6-31G** basis sets [92]. For Fe

the cFIT11 basis set was used which includes 4s, 3p, 3d and 1f orbitals. I note that
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both the primary and auxiliary basis sets were chosen to be consistent with previous

work performed on hematite in the Blumberger group [30,97–100].

2.4.3 Periodic boundary conditions

In periodic boundary conditions the use of global hybrid functionals is problematic

due to the integratable singularity [59]. As such, the global hybrid functional PBE0

is typically used with a truncated Coulomb (TC) potential introducing a cutoff radius

Rc similar to the range separation parameterw of HSE06. More commonly, the

variant formally known as PBE0-TC-LRC is used where a long-range correction

(LRC) based on the PBE exchange hole is added which slightly improves accuracy

for short-range cutoffs [91]. I note that a clear bene�t of the HSE06 functional

is de�ned range separation parameterw [57], while there is no de�ned value of

the cutoff radiusRc for PBE0-TC-LRC and as such comparisons between different

calculations with this functional must be performed carefully. While I use HSE06 for

all iron oxides and oxyhydroxides in thesis, in Chapter 5.2.1.2 I use PBE0-TC-LRC

for calculations of oxygen defects in MgO to enable a direct comparison to previous

calculations [34,82].

2.4.4 Dispersion correction

For consistency, in all calculations performed in this thesis I use the Grimme DFT-

D3 dispersion correction [101]. This is a post-hoc addition to the DFT calculation

at negligible computational cost, which aims to provide a better description of

dispersion interactions important in weakly bonded systems. I note however that my

calculations for bulk hematite (Chapters 3 and 4) are not dependent on the inclusion

of this dispersion correction.



Chapter 3

Polaron structure for a series of iron

oxides

While hematite has received the most attention due to its greatest electron mobil-

ity [32], other iron oxides and oxyhydroxides may also have similar photoelectro-

chemical applications and a similar understanding of their polaron structures is

desirable. As polaron structures are not readily experimentally accessible [102], the

calculations in this Chapter provide valuable insights into the structure of charge

carriers important for photocatalytic water splitting. This work has been published

in [103].

In this Chapter I present calculations of the both the electron and electron hole

polaron structures and associated reorganisation energies for a series of iron oxides:

hematite (a � Fe2O3) in Section 3.2.1, lepidocrocite (g� FeOOH) in Section 3.2.2,

goethite (a � FeOOH) in Section 3.2.3 and white rust (Fe(OH)2) in Section 3.2.4.

This series enables a discussion of a variety of structural effects including hydration

state, hydrogen bonding and the valence of bulk iron in Section 3.3. In particular,

the 2-site delocalisation of the electron polaron is discussed in Section 3.3.1 and the

lack of any localised hole polaron in goethite is discussed in Section 3.3.2.
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Crystal a / Å b / Å c / Å a b g
Hematite [105] 5.036 5.036 13.747 90 90 120
Lepidocrocite [106] 3.072 12.516 3.873 90 90 90
Goethite [107] 4.598 9.951 3.018 90 90 90
White rust [108] 3.259 3.259 4.577 90 90 120

Table 3.1: Crystal structure used for all iron oxides and oxyhydroxides studied in this thesis,
with reference to experimental sources. I note that to decrease computational
cost, no unit cell optimisations were performed.

3.1 Computational setup

As discussed in Chapter 2.2.1, all calculations were performed applying unrestricted

DFT with a modi�ed form of the range-separated hybrid functional HSE06 [57],

where the percentage of HFX is optimised to reproduce the experimental band gap

for each iron oxide [31]. Refer to Table 2.1 for the values used for each iron oxide

with reference to the unmodi�ed form of HSE06.

I note that the original publication of this work [103] used a slightly undercon-

verged cutoff of 400 Ry for the real-space integration grid used for representing

the electron density, consistent with previous calculations of hematite in the Blum-

berger group [30,97–100], which was later increased to 600 Ry in my calculations

of charge mobility for bulk hematite [104]. While there is no qualitative change

in the results, the more strongly converged cutoff in combination with a more ex-

haustive examination of polaron structures has resulted in a slight re�nement of the

original reorganisation energies. I stress however that there is negligible change

in bond lengths and spin moment, and that the change in reorganisation energy is

within chemical accuracy (<1 kcal/mol). This applies only to calculations for bulk

hematite and as such the lepidocrocite, goethite and white rust calculations remain

as originally published [103].

Initial coordinates and cell sizes were taken from the experimental crystal

structures for hematite [105], lepidocrocite [106], goethite [107] and white rust [108]

as shown in Table 3.1. The wavefunction was optimised for the experimental spin

ground state [108–111], which are antiferromagnetic.

During the geometry optimisations structures were converged until the residual
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forces were smaller than 0.02 eV/Å. Unit cell parameters were �xed, and no symme-

try restrictions were applied. For an examination of �nite size effects calculations

for each iron oxide were performed on at least two different supercell sizes, and to

prevent bias of the system no atom was speci�ed as the initial guess for the removal

or addition of an electron.

The reorganisation energyl associated with polaron formation is calculated

from Nelsen's four-point method [17,112]:

l =
l R + l O

2
; (3.1)

wherel O = EO(RR) � EO(RO) is the difference in energies between the oxidised

states in their reduced (EO(RR)) and oxidised geometries (EO(RO)), and l R =

ER(RO) � ER(RR) is the difference in energies between the reduced states in their

oxidised (ER(RO)) and reduced geometries (ER(RR)).

For comparison of the extent of localisation for the different iron oxides, the

change in spin moment was calculated from Hirshfeld analysis [113] for the atoms

over which the polaron localises. Another metric that is commonly used to identify

polaron formation is the inverse participation ratio (IPR) [114,115], which quanti�es

the degree of localisation,

IPR(y n) =
å N

i= 1a4
ni

(å N
i= 1a2

ni)
2
; (3.2)

where

y n =
N

å
i= 1

anif i ; (3.3)

is thenth Kohn–Sham eigenvector,N is the number of atomic orbitals andf i is the

ith atomic orbital. The IPR is1=N for completely delocalised states and 1 for fully

localised states.
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3.2 Results

3.2.1 Hematitea � Fe2O3

Hematite is a corundum type iron oxide, with a hexagonal structure where each

iron(III) atom is bonded to six oxygen atoms. Calculations performed by Pozun

et al [31] established that 12% HFX is able to recover the correct band gap and

geometry for hematite, and has been used extensively for both bulk hematite as well

as the hematite/liquid water interface by the Blumberger group [30,97–100].

Calculations were performed on three different supercells: a 2x2x1 supercell

composed of 120 atoms, a 3x3x1 supercell composed of 270 atoms and the largest

4x4x1 supercell composed of 480 atoms. Neutral geometry optimisation results in a

structure in good agreement with experiment [105], where the the two distinct planes

of iron atoms that comprise an iron bilayer form average Fe-O bond lengths of 1.94

and 2.12 Å.

3.2.1.1 Hole polaron

Figure 3.1 shows the localisation of an electron hole in the 2x2x1 supercell. When

an electron is removed with electronic but no nuclear relaxation (referred to as the

vertical state) the hole delocalises over the Highest Occupied Molecular Orbital

(HOMO), composed of both O(2p) and Fe(3d) orbitals. The electron hole relaxes

from a delocalized band state to a polaron localised on a single iron atom with

localisation induced by tetragonal distortion of the 6 surrounding Fe-O bonds. There

is a contraction of four equatorial Fe-O bonds, and and a very slight expansion of

two axial Fe-O bonds. These changes in bond lengths are in response to the removal

of electron density in the equatorial plane, more speci�cally in response to removal

of an electron from a dx2� y2 orbital. Similar tetragonal elongation is observed in

the Jahn-Teller effect of high spin d4 complexes [116], however this is not strictly

Jahn-Teller distortion as there are there are two distinct groups of Fe-O bond lengths

of 1.94 and 2.12 Å in the neutral geometry due to the iron bilayer [105]. A schematic

energy level diagram is shown in Figure 3.2.

As a result of the two distinct groups of Fe-O bonds, the contraction is asymmet-
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