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Abstract

Physics-based electrochemical battery models derived from porous eleetrode theory are a very powerful tool
for understanding lithium-ion batteries, as well as for improving their design and management. Different
model fidelity, and thus model complexity, is needed for different applications. For example, in battery
design we can afford longer computational times and the use of powerful computers, while for real-time
battery control (e.g. in electric vehicles) we need to,perform very fast calculations using simple devices.
For this reason, simplified models that retain most of the features at a lower computational cost are widely
used. Even though in the literature we often find these simplified models posed independently, leading to
inconsistencies between models, they can actually.be derived from more complicated models using a unified
and systematic framework. In thisaeview, we showecase this reductive framework, starting from a high-
fidelity microscale model and reducing it all the way down to the Single Particle Model (SPM), deriving
in the process other common modelsgsuch as the Doyle-Fuller-Newman (DFN) model. We also provide a
critical discussion on the advantages/and shorteomings of each of the models, which can aid model selection
for a particular application. Finally, we provide an overview of possible extensions to the models, with a
special focus on thermal models! Any}f these extensions could be incorporated into the microscale model
and the reductive framework re-applied to lead to a new generation of simplified, multi-physics models.
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1. Introduction

Rechargeable batteries are usedvimsa,variety of applications, spanning many scales in terms of stored
energy, from portable consumer elegtronies (Wh), through electric vehicles (kWh) and up to grid scale
energy storage (MWh). At presentlithium-ion batteries dominate the market, due to their high power and
energy densities. Ongoing research,seeks not only to improve battery performance and affordability, but
also to extend their lifetime, while enhancing both safety and sustainability.

Modelling is one of therkey tools to enable these improvements to lithium-ion batteries. A model is
simply an abstract representation of an object or system, which can be used to gain understanding and
make predictions. For batteries, these models usually take the form of mathematical equations, together
with appropriate boundary, and initial conditions, and they allow us to make quantitative predictions of
the battery’s behaviour. The,main advantage of models over experiments is that they are cheaper and
faster to run, and therefore allow the testing and validation of many more hypotheses (and prototypes)
than an experiment,with equivalent resources. Models can be applied to many different challenges that
arise throughout the entire battery life: from the discovery of new materials to the development of battery
management, systems: In this review, we focus on models that describe the cycling of a battery, as it is
charged and discharged. Such models have multiple applications in battery design and control.

The basic glectrochemical unit of a battery is the single cell. This consists of a pair of porous electrodes
(negative and positive) separated by a porous separator, all sandwiched between metallic current collectors,
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as shown in Figure The entire porous region between the current collectors is typically flooded with a
liquid electrolyte, containing dissolved lithium ions. Both positive and negative electrodes are ¢compesed
of agglomerations of microscopic particles of active materials into which lithium ions can (de)intercalate:
These particles are connected together via a porous network of polymer binder, typically doped with a carbon
additive that improves both the mechanical integrity and electronic conductivity of the electrodes. During
discharge, the higher chemical affinity of lithium ions to the positive electrode active material, comparéed to
that of the negative electrode, causes lithium ions to de-intercalate at the surface of the active particles in
the negative electrode into the electrolyte and flow through the pores of the separator, before intercalating
into one of the active particles in the positive electrode. The resulting transfer of chiarge from the negative
electrode to the positive electrode leads to a potential difference between these two'entities, which can be
used to drive an electronic current through an external circuit.

Most people are familiar with the common lithium-ion battery formats (suchyas cylindrical, prismatic
and pouch batteries) used in consumer electronics, and that also form the basic buildingblocks of the large
battery packs used in high power applications, such as electric vehicles. Thesedbatteries, as illustrated in
Figure |1, are made of multiple single cells stacked on top of each other, (pouch), or of a large single cell
wound into a compact configuration (cylindrical and prismatic), in order te provide high density energy
storage and power.

1.1. Owverview of the different modelling approaches

A lithium-ion battery is a complex device whose performance depends on a diverse set of physical and
chemical phenomena, interacting over a disparate range of scales. As a consequence, a wide variety of
different modelling approaches can be adopted to investigate different aspects of its behaviour [50]. These
extend from atomistic models, used to understand how materials beltave at the nanoscale, to equivalent-
circuit models, used in battery control algorithms. While ‘quantum mechanical, atomistic models play a key
role in, for example, electrode material discovery,{hey are limited4o very small length scales (typically 100s
of atoms) and short time scales, see [I02]. As a consequence of these limitations, the dynamics at the cell
level are usually simulated using a continuum model." These models, which are the main focus of this review,
consider the different components of the battery as continuous media, rather than as discrete particles or
atoms. This assumption gives rise to models that canshandle larger length and time scales. Moving up to
even larger length scales, such as the battery erypack level, we encounter system models which focus on
describing the joint behaviour of multiple cells or batteries. These often build on continuum models and,
because pack models are typically based ‘en multiple versions of a continuum model coupled together, they
have driven the need for simple, yet @ccurate continuum models. Beyond these pack models, we can find
techno-economic analyses, which require time scales on the order of years.

Continuum battery models generally fall into two categories: empirical and physics-based. Empirical
models focus on incrementally adjusting equations and their parameters to find the best fit for experimental
data, representing the observable behaviour of the battery. Equivalent-circuit models (ECMs) are a family
of empirical models widely msed in battery management systems (BMS), because of their computational
speed and small parameter set. However, since ECMs are entirely phenomenological and not based on
the underlying physics, they cannotsshed light on the internal mechanisms of the battery, operate outside
the regime in which they are parameterised, or be relied upon to predict long-term battery behaviour. In
contrast, physics-based models represent the physical phenomena underpinning battery behaviour, and can
be used both to preduce highly accurate simulations of battery performance and to interrogate its internal
behaviour. Hybrid models exist too, which combine the best aspects of the two approaches, so as to reach
a suitable compromise in the trade-off between accuracy and speed.

Physics-based ¢ontinuuim, electrochemical battery models were initially developed in the 1960’s [89] and
have since/been adapted to a range of battery chemistries, including lead-acid [88], nickel/metal hydride
[97], lithium-air [77], and lithium-ion [31, [41} [42 87]. The latter is commonly referred to as the Doyle-
Fuller-Newman (DEN) model and it has dominated battery continuum modelling since the early 1990’s.
Reductions of .the aforementioned physics-based models started with the single particle model proposed
by Atlung et al: [5] and was later extended by Prada et al. [I0I] to include the lithium-ion distribution
in the electrolyte. Single Particle Models (SPMs) assume that all the particles within an electrode can
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Figure 1: Sketch of the battery components at different scaleéssA battery is composed of multiple layers of single cells, which
in turn are made of a porous structure, composed of electrode particles (yellow/black) held together by a conductive binder
(grey), filled with a liquid electrolyte (white). The diagram, also illustrates the electrochemical variables in the model: ion
concentration in the electrolyte ce, electrolyte potential ¢, electrode potentials ¢ and ¢y, and concentration of intercalated
lithium ¢, and ¢p (yellow/black colourmap).

be represented by a single spherical particle, Jand thus significantly reduce the complexity of the model.
These physics-based, electrochemical niodels also provide insight into the behaviour of the multiple internal
variables, as depicted in FigureI] which ¢annot easily be measured in an in operando set-up. In particular,
they describe the potential .and ‘eurrent/distributions in both the porous electrodes and the electrolyte,
the lithium ion concentration within the electrolyte and the distribution of intercalated lithium within the
electrode particles. When properly implemented and calibrated, these models can provide fast and accurate
predictions of real batteries, which have many possible applications. For example, they can be used as a
design tool, in order, to facilitate new electrode, cell and pack architectures and to assess their potential
performance, thereby minimising the need for expensive prototyping. Model simulations can also be used
to determine which of the many types of batteries available on the market best fit a particular use case.
Other possible uses include: thermal management, in operando control, battery monitoring and lifetime
estimation.

1.2. How lte navigate this article?

The-aim of thisaeview is not only to present a suite of physics-based battery models, but also to show
how @ach model can be derived from a more complex one, by following a systematic approach based on
some underlying assumptions. Here we do not provide the full details of each derivation but instead refer to
the relevant works in the literature. Rather, our aim is to provide a framework that puts the relationships
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between the various physics-based models in context, and simplifies the task of finding (and reading) the
relevant papers. It is hoped that this will enable readers to derive reduced models which intorporate
additional physics, by re-applying the framework we describe to the appropriate microscale model. In,order
to suit the needs of readers from different backgrounds the review is structured so that each section cambe
read independently from the others. However, to get a complete picture we recommend reading the sections
in the order that they are presented.

The most complex model presented in this article is the microscale model, and this servesias the starting
point for our discussion. Indeed, by commencing from the microscale model, we can systematically derive
all subsequent models in order of decreasing complexity: the homogenised model, thé Doyle-Fuller-Newman
(DFN) model, the Single Particle Model with electrolyte dynamics (SPMe) and the Single, Particle Model
(SPM). For convenience, we have split the reduction process into two sections: from microscale to DFN
model (Section [2) and from DFN model (via SPMe) to SPM (Section [3). Givemithe central role that the
DFN model plays in battery modelling, Section [2|is used to derive it from first prineiplés, while Section
outlines how the DFN model can be further simplified to obtain the Single Particle Models. For each model
in turn, we discuss the assumptions needed to derive them from their parent model and pose the appropriate
differential equations, boundary conditions and initial conditions, using notation that is consistent across all
models. After presenting each model, we discuss their relative merits and disadvantages in Section [d] We
accomplish this by considering the models in order of increasing complexity (starting from the SPM and
working up to the microscale model), in order to discuss the extra insight and‘predictive capability that can
be gained by choosing a more complex model over a simpler one, and the associated computational cost
that must be paid in order to achieve this. The aim of making these comparisons is to aid the reader in the
choice of a suitable model for their application of interest.In Section [5| we introduce thermal models and
show how to couple them to electrochemical models. Finally,/in Section [6] we discuss different directions
in which the models could be extended. Each of these extensions could fill its own review paper, so in this
article, they are presented briefly with references{for,further reading.

2. Microscale model to Doyle-Fuller-Newman model

The focus of Sections |2 and 3| is on physies-based continuum models of a single cell (as illustrated in
Figure . These models consider the processes oceurring in the electrode particles and the electrolyte but
do not explicitly consider effects outside this region (for example, in the current collectors). However, as we
shall discuss in Section |5, the models canibe readily extended to configurations (such as pouch, cylindrical
and prismatic batteries) in which these external effects play a significant role (see [130]).

Continuum physics-based battery models are built around conservation laws for lithium ions and the neg-
ative counterion species in the electrolyte; andfor lithium ions in the electrode particles. These conservation
laws are supplemented by appropriate transport laws (also termed constitutive equations) that relate the ion
fluxes to the gradients of the ion spécies electrochemical potentials. An equation for the electric potential in
electrolyte is obtained by enforcing charge neutrality, and the intercalation reaction rates on the surfaces of
the electrode particles are/determined from the difference between the electrochemical potential of a lithium
ion on the electrode particle,surface/and one in the adjacent electrolyte via the Butler-Volmer equation. It
is also usual to account for the electrical resistance of the matrix of electrode binder and electrode particles,
which comprise the solid structure that forms each electrode, by writing down a law for the conservation of
current coupled torQOhm’s'law.dn the relevant domains.

2.1. Microscale model

The first'model thatswe discuss, which we term the microscale model, provides a continuum description
of charge ftransport{down to the scale of single electrode particles. The microscale model underpins all
other models, discusged in this work and, indeed, as shown in Sections [2| and [3] can be used to derive them.
Sub-nanometer length scale models, such as those for quantum mechanics and molecular dynamics, are not
explicitly considered here but can, in principle, be used to derive parameters for the physics-based models
discussed here:
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o two sections: Section |2| encompasses the reduction from the microscale model to the DFN model,
ompasses the reduction from the DFN model to the SPM. Section [4] presents a bottom-up discussion of the
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Figure 3: Sketch of the geometry of the microscale model. Each porous electrode (Q@€E2 and Qg‘ic“’) is composed of a matrix
that includes both active and inactive materials. The voids in this porous structure Q™ are occupied by the electrolyte.
The boundary of each domain is split into different subsets, so we can impose distinct boundary conditions.

2 4

Since the microscale model is based on electrode geometries resolved down to the scale of individual
electrode particles, an accurate representation of the microstructure is required for the model to be utilised
to its full potential. A common approach is to reconstruetimodel microstructures from image data. This is,
however, a very challenging problem due to the disparity in scales of the features that need to be resolved,
which range from around 100 pm (the ele¢trodethickness) down to 10 nm (the cracks in active particles).
As such, the model geometry depicted in Figure [3] should still be interpreted as an “effective geometry”.
Despite this caveat, the microscale model is still an'extremely useful tool and constitutes the starting point
from which to derive the other models. "Examples of its use to model real battery behaviour are to be found
in [71),[80, 1I8] and the commercial battery software BEST (Battery and Electrochemistry Simulation Tool)

[40].

Before presenting the equations for the microscale model, we discuss the transport laws used to formulate
the microscale model and all subsequentyelectrochemical models in this article. Further details on the
derivation of the model can be founddin the handbooks of battery modelling [87,[99] and in the review [112].
In the electrodes, the model equations ensure that we have conservation of intercalated lithium and electrons.
The transport of lithium in‘the electrode particles is complex and often involves multiple phase-transitions.
Despite this, the usual assumption is that transport can be modelled by a diffusion equation, albeit one in
which the diffusivity dependsion the lithium concentration, and is thereby capable of capturing some of the
important features of 'the phase transition behaviour. Electron transport through the matrix of electrode
particles and conductive binder/is assumed to be driven by Ohm’s law.

The electrolyté, which fillsthe pores of the separator and the electrodes (comprised of electrode particles,
binder and conductivé additives), acts to transport both lithium ions and counterions across the cell. Since
ions are charged patticles there is strong coupling between the lithium ion and charge flows which, in turn,
means thatdion and current fluxes in the electrolyte cannot be defined independently, as they are in the
electrode particles. (Various different theories are used to describe charge transport in the electrolyte. The
most commonly used are the “dilute electrolyte theory”, which is based on the Nernst-Planck equations and is
only really applicable for very dilute electrolytes, and the more involved “concentrated electrolyte theory”,
which is based\upon the Stefan-Maxwell equations and works well at the moderate ion concentrations
encountered in real batteries. Both models are presented in [87] and compared in [I12]. Since most battery

7
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electrolytes are too concentrated to be realistically modelled by the Nernst-Planck theory, here weconsider
only the concentrated electrolyte model.

Lithium ion exchange between the electrode particles and the electrolyte is typically deséribed, by a
Butler-Volmer equation. The Butler-Volmer relation, although essentially ad hoc, is widely-used and shows
good agreement to experiments [30]. Moreover, even though it is applied in the form of & boundary | (or
interface) condition in battery models, it is being used to capture the processes that occur both.at the
electrolyte/electrode interface and those that occur in its immediate vicinity (within a few Debye lengths),
where charge neutrality does not apply. There are two main quantities of interest im the Butler-Volmer
equation. The first is the overpotential, which is difference in the lithium ion eléetrochemical potential
across the interface (and is therefore zero at equilibrium) while the second is the exehangeicurrent density,
which is the current density passing backwards and forwards between the active material and the electrolyte
in equilibrium. The overpotential depends both on the electric potentials, in the electrode and electrolyte,
and on the equilibrium potential which, in turn, depends on the lithium ion concentration in the particles.
The exchange current density depends on the local lithium ion concentrations in‘the electrolyte and at the
surfaces of the particles. The four variables that influence the ion exchange reaction, between electrode and
electrolyte, are thus the electric potentials and lithium ion concentrations emeither side of the interface.

FElectrode equations. Having outlined the physics that underpin mass and charge transport in a lithium-ion
cell, we are now in a position to formulate the model. The geometty over which the model is solved is shown
in Figure Lithium and charge conservation within the porous electrode matrix (k € {n,p} for negative
and positive electrode, respectively) are

) ,
% +V-Nj =0, it € Quicro, (1a)

Vi, =0, in & € Qpicro, (1b)

where QT js the domain of the solid part (1nclud1ng partieles and blnder) of the electrode. The constitutive
equations that specify the lithium ion flux N and current density ;, in terms of the gradients in the lithium
concentration c; and the electrical potential ¢;. areprespectively,

N = —Dy(cg, ) Vey, in & € Qi (1c)
iy = — () Vidp, in o € QPicre, (1d)

Since the domain kai”" contains both electrode, particles and binder, the diffusivity and conductivity are
both spatially dependent. In particular, given that lithium ions can only diffuse in the active material of
the electrode particles, the lithium di\ﬁ‘usivity D, = 0 in those parts of the domain occupied by binder.
The lithium diffusivity is also typically a strong function of concentration (see e.g. [32]). The electronic
conductivity, & (x), typically varies strongly over the microscale between those parts of the domain occupied
by binder and those occupied by electfode particles [21].

The tildes used in are tordistinguish microscale fluxes and parameters from the averaged macroscale
fluxes and parameters (i.e. afer homogenisation), which are used from Section 2.2l onward. This distinction,
even though subtle, is erucial from the modelling point of view. For the microscale model, we have a resolved
geometry that discerns the porous structure of the electrodes and therefore both the fluxes and parameters
can be defined throughout the relevant parts of the structure. Post homogenisation, we obtain a homogenised
geometry that does mot résolverthe porous microstructure, but the macroscale fluxes and parameters are
averaged to account for the effects of the microstructure, as discussed in Section

Electrolyté equations, The electrolyte fills the region Q¢ which corresponds to all the pores in the
electrodes and separator. Here we focus on binary liquid electrolytes as they are the most commonly used in
lithiwm-ion batteries [66]. To describe them, we use the “concentrated electrolyte theory” based on Stefan-
Maxwell equations which, as opposed to the “dilute electrolyte theory”, account for interactions between
ionic species (see details and derivation in [87,[IT2]). This theory can also be generalised to multicomponent

8
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electrolytes, as discussed in Chapter 12 of [87]. Because we are considering a binary electrolyte, 6mdefining
the concentration of positive lithium ions as c. and that of the negative counterions as c._, charge neutrality
allows us to write cer = Ce— = ce. Then, conservation laws for positive (lithium) and negative, ions;
respectively, take the form:

dee . .
;t +V - -Ney =0, in x € QN (2a)
dee . .

3Ct 4V N =0, in z € Qmicr, (2b)

Here N ot and N._ are the lithium ion flux and the flux of the negatively charged counterions, respectively.
Constitutive laws for these two ion fluxes are derived from the Stefan-Maxwell equations: In the case of
a moderately concentrated electrolyte, in which the solvent is at much higherconeentration than the ion
species (see [87, [112] for details), these yield the following constitutive laws for the ion fluxes:

. - tt .
Ne+ = —DeVCe + Fie, (2C)

1—tt-
- i, (2d)

NC—Z*DC e —
Ve 2

in which D, is the ionic diffusivity, ¢+ is the transference number (i.e. thedraction of the current carried by
positive ions), F' is the Faraday constant and 1o is the current density. In general, both D, and ¢+ depend
on ion concentration c.

Subtracting from yields the expression for the cutrent deﬁsity in the electrolyte

%e:F(Ne—&-*Ne—)a (3)
and then, by subtracting from and utilising , we obtain the current conservation law
V t,=0. (4)

An expression for %e, in terms of ¢, and ¢, is obtained from the Stefan-Maxwell equations by balancing the
forces arising from the gradients in the electrochemical potentials of both ion species with the drag between
the two ion species. By following thissproeedure, it can be shown (see [87, [99, 112] for details) that the
constitutive law for the current density is

B0 = 6y <v¢e - %(1 - t*)we) . (5)

Here ¢, is the electric potential of the electrolyte measured with respect to a lithium electrode and g (c,)
is the chemical potential of the electrolyte. The former can be thought of as the electrochemical potential
of the lithium ions, figdivided Faraday’s constant, i.e. ¢ = [iet/F, while the latter is defined in terms of
the chemical potentials of the lithium ions and the negative counterions (o4 and pe—, respectively) by the
relation e = 1 (pte & fro—).

In order to arriverat anclosed model, we require two conservation equations (out of , and )
and the two corresponding_ constitutive laws (out of , and ) Probably the most common choice,
and the one we adopt here, is to take the equations for the lithium ions, and , and for the current,
and (5)..This choice fields the following closed set of electrolyte equations:

Oce
ot

+V-Ney =0, in € QM°, (6a)
V. 4,=0, in & € Qmicro, (6b)
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with the fluxes

. - tt -

Ney = —D.Vee + fie, (6¢)
. - 2 + d,U/e
te = —0o (que F(l t )dce Vce) . (6d)

From a mathematical perspective it is sometimes more convenient to work in terms ofsthe counterion con-
centration and flux (as opposed to those of the lithium ions) as this makes implementation of a conservative
numerical scheme in the electrolyte somewhat easier.

Here, the model variables are ¢, the lithium ion concentration, ¢, the electrolyte potential (measured
with respect to a lithium electrode), N e+ the flux of lithium ions, and i the current density. Electrolyte
diffusivity D, ionic conductivity &, transference number ¢+, and electrolyteschemical potential y. are all
usually considered to be functions of the ion concentration ¢, and the température<Fyrand must be fitted to
data (see, for example, [60] [91]), though it is fairly standard to assume thatieleetrolyte is ideal such that the
chemical potential is given by p. = RT logce (see Section for more details). Thie transference number
t* is often found to be close to a constant [66] [O1].

Boundary and initial conditions. To close the model, boundary and initial conditions need to be enforced.
Internal boundary conditions are imposed at the interface between the electrolyte and the electrode particles,
while external boundary conditions are imposed on boundaries with othercomponents of the battery, such
as the current collectors or the separator.

Internal boundary conditions that encapsulate the effects ofithe lithium intercalation reactions on the
surfaces of the electrode particles can be written in the form v

F]Vk-nk:%k-nkzjk, at © € 0 }Cn, (7a)
FN, -np =1t np = —ji, at & € o0, (7b)

for k € {n,p}, where Jk is the reaction curréntsdensity flowing through the surfaces of the particles and ny,
is the unit normal vector (pointing outwards),from the boundary 9Qc™ of the particle/binder domain.
These conditions represent conservation of chargeand lithium ions on the interface (i.e. what leaves/enters
the electrode must enter/leave the electrolyte) and the fact that the current flowing into the electrolyte is
carried entirely by lithium ions.

The reaction current density, ji, i§ determined by the Butler-Volmer relation

T jsogitth ( (82)

= n

J Jk0SI 2RT77/€ ) a

Jro = FKk\/ce ri];x (1 - Iflkax>’ (8b)
Ce0 ) cy

e = o — e — Uk(ck), (8c)

for k € {n,p}. Here jg is the (de)intercalation current density, jro is the exchange current density and 7y, is
the overpotential, where ;. is/the reaction constant, c.g is the initial ion concentration in the electrolyte,
'™ is the maximum lithium concentration in the particles and Uy is the open-circuit potential. Note
that the reaction constant, K7, has units of mol s™! m~2 here, but in the literature it is common to find
equivalent, yet-different, formulations of , where the counterpart constant has other units. The reaction
constant Ky is zero on those parts of 892“”0 where the interface is between the electrolyte and the binder.

Notably, the reaction rate is zero when 7 = 0 and lithium ions in the electrolyte are in electrochemical
equilibrium ‘with lithium ions in the active material. The key new function that appears in this equation
and encapsulates information about the chemical energy associated with intercalating lithium ions into the
active material of the electrode particles, is the open-circuit potential, Ug(cg). This may be measured
experimentally by placing a lithium electrode in the electrolyte and measuring the potential difference

10
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between this and the active material at equilibrium. Note that here we have assumed a symmetrie/Butler-
Volmer reaction, so the overpotential dependence in can be written as a sinh, but other authors
have examined non-symmetric expressions (where the overpotential dependence is written as.a difference
of exponentials, see [87, 99, [T12] for details). All the results in this paper can be readily lextended for
non-symmetric reactions.

Different external boundary conditions need to be imposed on the electrode and the electrolytemFor the
electrode a distinction needs to be drawn between the electrode-current collector boundary; 0€2:°, and,the
rest of the outer boundary, Q9" | including the electrode-separator interface (see Figure [3). Current can
enter the electrode through the current collector boundary in the form of conduction electrons, while the
rest of the outer boundary is impermeable to charge (in terms of both lithium and<€lectron flux). There are
multiple boundary conditions that can be imposed at the current collector. A natural way to understand the
boundary conditions on the electrode is to prescribe a potential difference between the two current collectors
(which are assumed to be equipotential), which will induce a current into the batte{x For the electrolyte,
on the other hand, the whole outer boundary, 9Q2", is impermeable. Thus, thé boundary conditions can
be written as

Nk -ng =0, i € 005°, (9&)
Ny -ny =0, i -ng, =0, ina € 9O, (9b)
N, -ne =0, oMo =0, in x € 90", (9c)

for k € {n,p}. We prescribe a given potential difference V' (t) between the current collectors by setting

n =0, at-& € 00;°, (10)
op =V (1), at = € 0. (11)

Note that we set the reference potential in the negative, current collector, but this is an arbitrary choice.
Quite often we need to prescribe a total applied current tosthe battery I(¢) rather than a voltage. Then,
the potential difference V' (t) is unknown and,.must be‘adjusted to satisfy the condition

19

for k € {n,p}.
The model is closed by posing initial conditions for the electrode and electrolyte concentrations:

Ck = Cko, ~ Ce = Co0), at t = 0. (13)

Summary of the microscale model. Equations and @, together with the boundary and initial conditions
—, comprise the micrescale modeld The model equations can be sub-divided into conservation laws
(as defined in , , and ) and transport laws (as defined in , , and ) The
boundary conditions (given. by and @D) can be divided into external and internal conditions, in which
the latter (see (7)) captures the intercalation reaction. This reaction is typically described by Butler-Volmer
kinetics (see We note that there is a clear correspondence between the physical laws described at the
beginning of Sectionf2.1land the model equations and boundary conditions.

2.1.1. Limitations and remarks about the microscale model

In defining.the microsc¢ale model a number of choices were made about how to model the various physical
phenomena that determine battery performance. These were broadly in line with the usual approach adopted
in the literature, nevertheless it can be argued that different modelling choices could improve the accuracy
of the mieroscale model. In what follows, we address some of these alternative approaches and remark upon
some’of the technical nuances of the model.

Here lithium transport in the electrode particles is modelled by nonlinear diffusion equations, and
. Despitethis, it is common in the literature to model this process using a linear (Fickian) diffusion

11
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equation (i.e. one with constant diffusivity), which is quite an unrealistic assumption (see, for example,
the differences between [20] and [94]). Moreover, it has been argued by Bazant and others, e.g. {119HI28]
144] [145], that lithium ion transport in phase change electrode materials is better described by a‘phase-field
model than by a nonlinear diffusion equation; this extension to the model is discussed in more detail in
Section From a more general point of view, the molar flux should be written as the\gradient of
the chemical potential instead of the gradient of the concentration (similar to ) This is particularly
relevant, for example, when mechanical effects and stress diffusion are considered (see Section or when
considering diffusion of lithium atoms in silicon electrodes [120].

A key point, which is often overlooked in the literature, is that the electrolyte potential ¢e(x), which is
used in the model of the electrolyte, is not a true electrical potential. Rather, itd§he eléctrical potential
that would be measured by inserting a lithium reference electrode into the electrolyte.s As discussed in
[10}, 106l 112], this results in a relation between the true electrical potential in the electrolyte, ¢, and the
potential measured with respect to a lithium reference electrode, ¢, which reads

Do = — % log(ap) + constant, (14)
where ay, is the activity of the lithium ions in the electrolyte. As such, ¢, is closely related to the electro-
chemical potential of lithium ions in the electrolyte, per, via the equation pey = F¢ + constant. This,
as pointed out in [0, 106l 112], has led to numerous discrepanciesyin therliterature. Another point to
highlight is that the electrochemical transport theory underlying the concentrated electrolyte equations has
been further developed in [44] [45] [78]; in particular, streamliningithermodynamic foundations of the theory
to account for temperature, pressure and stress effects, andfelarifying,the relationship between the chemical
and electrical potentials. Finally, we want to highlight that, quite ofteli, the gradient of the electrochemical
potential is written in terms of fi, the mean molal activity coefficient of the salt. From [99] it can be seen
that for a moderately concentrated electrolyte, the gradient ‘of .the chemical potential, u., can be replaced
by the expression

dlog fi
Vie=RIT |14+ === Vliogec, 15
f ( + Dlog . ogc (15)
where %11‘2) gé J: f is usually determined from experimental data. In the particular case of an ideal electrolyte,
Olog f+ __
O log cj -

2.2. Homogenised model

In practice, it is extremely computationally expensive to solve the model described in Section [2.1] because
of the complexity of the geometry..dn particular, the electrode equations need to be solved throughout
the porous matrix, which is composed of eleéctrode particles, binder and conductive additives (all of which
have very different properties), whilst the electrolyte equations @ are solved in the highly tortuous pore
space of this matrix. However, solutions#o the microscale model suggest that many of its variables change
significantly only over length, scales much larger than the microstructure. This implies that a much sim-
pler, homogenised modelscan besused to accurately approximate the full problem. Some examples of the
applications of homogénised models to study real batteries are [55, (56| G1].

The key idea of hemogenised models is to treat the porous material and its pore space as a continuum,
by modifying the equations to.account for the effects of the microstructure. There are three main changes
that occur to thése equations,after they are homogenised. First, the fluxes in the equations are re-defined
as averaged fluxes in the mew homogenised geometry, as is the differential operator, V. Second, effective
transport parameters areaised to account for the tortuosity effects of the highly convoluted porous geometry
in the tramsport equations. Third, the reactions that appeared as boundary conditions at the electrode-
electrolyte interface, @—, now appear as source terms in the bulk equations, since the electrode-electrolyte
interfacesis not, explicitly captured in the homogenised geometry. The main advantage of the homogenised
equations is that they depend only upon a macroscopic spatial variable and are solved in a much simpler
“homogeneous’ geometry, as shown in Figure [} This allows a much simpler mesh and a much coarser
spatial discretisation to be used compared to the microscale model.

12
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However, the homogenised battery model (unlike the porous medium flow equation, see [136])xétains a
microscale variable in order to model lithium transport within the electrode particles. This is caused by,two
main reasons. First, lithium-ion motion within the active materials that form the particles is extremely. slow;
so that significant lithium-ion concentration gradients form on the microscale in order to drive the requisite
fluxes. Secondly, lithium-ions cannot flow directly between the discrete microscopic electrode particles.
Therefore, when the microscale model is homogenised the particle equations do not upscale and enly the
electrolyte equations () and the current flow equations in the matrix and do(see [52]). These
macroscopic equations couple to a series of microscale problems, parameterised by the macroseopic variable
X, describing lithium-ion transport within the particles at representative points in the electrodes.

From this coupling between the macro- and microscale equations, we get the clagsi¢multiseale formulation
of the porous electrode model. In fact, the widely used Doyle-Fuller-Newman model is conceptually a
homogenised model, even though in [31} [41] [42] it was originally justified on an ad hoc basis, rather than being
formally derived. However, asymptotic homogenisation offers us a tool to fermally @rive the homogenised
model (including the equations and the effective parameters) from the full equations at the microscale in
a systematic manner [4, 25, 49, (2] T09]. Asymptotic homogenisation ds a well-established mathematical
technique and the technical details can be found in many books (e.g. [8]196]).. The'key idea of this method
is that, if the model has two (or more) very distinct length scales (such as particles and whole electrodes in
batteries), they can be treated as independent in terms of the spatial mathematical operators. This scale
separation leads, through a systematic procedure, to the homogenisedmodel:"Homogenisation might appear
analogous to the volume averaging method, [99] [137] however, the latter réquires an ad hoc closure condition,
usually empirically defined, in order to complete the problem.“As discussed in [27], in which a comparison
is made between the two methodologies, the main differenceés are in the assumptions and formalisms of the
two methods, rather than in the results they yield. 4

A statement of this model is given below for the geometry depicted in Figures [d] and [5} The variable
is the macroscale spatial variables, used to measure distance across the electrodes and electrolyte, while the
variable X is the microscale spatial variable, used to measure distances in individual electrode particles).

Particle equation. Lithium concentration within representative electrode particles is computed on a series
of microscale domains, at each point in the macroscopic space, and is governed by

%wx.m:o, in X € QP (16a)
FN}, - 1y, =g at X € 0™, (16b)
FNy -ngl=0, at X € gQprtadd, (16¢)
periodic conditions, at X € 9Qprrtont (16d)
Crl= iy att =0, (16e)
with R ~
Nk = —DkVXCk. (16f)

To be clear, when/we say ‘‘periodic conditions”, we mean that the concentrations and fluxes on the
boundaries of the domain must match those on neighbouring boundary segments, when the representative
volume element tesselates, the space. The concentration of intercalated lithium is denoted by cx (X, x, t),
and the lithium flux by Ny, where subscript k € {n,p} represents negative and positive electrode particles,
respectively. The other symbols have been introduced previously, but a nomenclature table is available in
Append A

The first difference between the homogenised model and the microscale model, presented in Section
is that the former assumes that a representative microstructure repeats periodically (though the model
could berextended to account for a slowly varying, microscale geometry). The second difference is that, in
the homogenised model, we can just consider the diffusion in the active material particles, as opposed to
considering the whole porous matrix, as lithium cannot diffuse into the binder and other additives, so the
domain is,QP**. The boundary of active material particles is split into three subdomains: the part in contact

14
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Figure 5: Sketch of the microstructure of the homogenised model. The solid matrix is composed of the particles anrt and the
inactive material where lithium cannot intercalate. The beundary of the particles is divided into the part in contact with the
electrolyte 8Q£art’e, the part in contact with the inactive additives 8Q£art’add, and the intersection with the representative mi-
crostructure boundary BQZart’out. The geometry is periodic, which means that if we tessellate the space with the representative
volume element, each subdomain would connect with itself across the boundary. Note that this is a two-dimensional, schematic
representation and, in order for the solid and eleetrolyte domains to be connected, we would require a three-dimensional
geometry.

with the electrolyte 90", the paftiin contact with the inactive additives Ban“’add, and the intersection

with the representative microstructure boumdary dQP**°"*. The domains are illustrated in Figure

FElectrode equation. The homogenised macroscale equations describing electron conduction in the solid ma-
trices of the two electrodes are ~

V-t = “bjk; inz € Qy, (17a)
ik TN = iapp’ at ¢ € 8 %C, (17b)
2, - Mgy = 0, at € 00", (17¢c)
with
l = =0k Vi, (17d)

for k € {n,p}. Here the electric potential in the electrode is denoted by ¢y; the current density averaged
over the porous elegtrode structure by x; the surface reaction current averaged over the surface of the
porous matrix-in contact{ with the electrolyte by ji; the surface area (per unit volume) of porous matrix
in contact/with the electrolyte by by; the effective electronic conductivity by ok, and the applied current
density averaged over the current collectors by ¢,,,. Note that here replaced the potential condition
for themieroseale model but we could use the latter too.

Because this is a homogenised model, there are some significant differences with the microscale model,
. First, the electrode current density, 2, is now defined as a current density in the homogenised medium
rather than as'a current density in the porous material. Therefore, the electronic conductivity, o, is now an

15
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effective parameter accounting for the heterogeneous porous structure. The reaction current, j, is{defined
as the average over the electrode-electrolyte interface

1 ~

Jk = —=mie JrdX. (18)
| 0P| Joqparte

To distinguish between the parameters, fluxes and currents at the microscale from the homogenised ones,
we use tildes for the first and drop the tildes for the latter.

Electrolyte equations. The homogenised macroscopic electrolyte equations are

Oce _ b(x)j(x,t) .
e(x) 5 +V-N,= i inx e, (19a)
V- ie = b(x)j(x,t) in x €L (19b)
N¢-n.=0, at '€ 05, (19¢)
2o - Ne =0, at x € 012, (19d)
Ce = Ce0), att.= 0, (19e)
with
tt
N.=—-D.Vce + Fie’ (19f)
. 2 dpte

o= —0o (Vo — = (1 t* . 1

fo= o <v¢ 2 m) (19g)

where the porosity, active surface area per unit volume and reaction current density are defined, respectively,
as

€n, ifxeQy, by, if € Qy, Jn(x,t), if xeQy,
5(‘73) =3 &s» ifx e Qsa b(.’l)) = bs, if x € st j(.’l),t) =40, ifx e Qsa (19h)
ep, if @ ey, by, it x € Qp, Jp(x,t), ifxeQ,.

Here the electrolyte concentration is given by c., the electrolyte potential by ¢, the averaged molar flux by
N, and the averaged current density by .. The electrolyte parameters are the effective ionic diffusivity D,
and the effective ionic conductivity ge, all otherparameters and functions are as defined in the microscale
model. ~

2.2.1. Effective parameters

The effective parameters; sometimes’ also called the homogenised parameters, can be systematically
computed from the microscale parameters and the microstructure as part of the asymptotic homogenisation
procedure [52] T09]. However, immany situations, this is not possible due to the lack of imaging data and
therefore other techniques areused to estimate the effective parameters, as shown in Table A detailed
discussion on how tordetermine these parameters can be found in [69] [134].

The porosity €(a)is the volume fraction of the domain filled with electrolyte. Porosity may vary spatially,
due to advanced electrode manufacturing techniques, and temporally, due to electrode expansion or pore
clogging. However, the porosity is usually treated as a constant within each domain and can be estimated
by weighing cemponents with prior knowledge of the weight of their constituents or, more accurately, with
imaging techniques.

The active surface area b(x) is the interfacial surface area between the active material and the electrolyte,
per unitwelume of electrode. The interfacial surface is where the intercalation reaction takes place and thus
this parameter.plays an important role in modelling this reaction. Electrochemical Impedance Spectroscopy
(EIS) and Brunauer-Emmett—Teller plot (BET plot) can both be used to determine this property, as can
imaging techniques.

16
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1

2

3

4

5

6 €r | Porosity Gravimetric, imaging

7 br. | Active surface area per unit volume | EIS, BET, imaging

8 oy | Effective electrode conductivity Micro modelling, EIS, ex-situ conduction experi-

? ments

10 D, | Effective electrolyte diffusivity Micro modelling, EIS, ex-situ diffusion experiments

1 oe | Effective electrolyte conductivity Micro modelling, EIS, ex-situ conduction expeti-

12 ments

13 7 | Tortuosity factor As above, fitting, micro modelling; DNS;  Monte-

14 carlo, empirical

15

16 Table 1: Techniques used to characterise the homogenised parameters. For a full réview, see [69} 1T34].

17

18

19 Effective transport properties, such as diffusivity and conductivity, are always smaller than bulk transport
20 properties and account for the fact that, in the original geometry, transport.ishindered by obstacles of the
21 non-transporting phase. Here we distinguish between the properties imnelectrode (o), and electrolyte,
22 (De and o). The effective electrode conductivity needs to account for themmierostructure, but also the
23 heterogeneities in the material (i.e. different components such asfactive material, carbon black, binder,
24 etc.). The effective electrolyte properties, namely the diffusivity, Dg, and gonductivity, o, account for
25 geometrical effects only, and thus it can be written as

20 D. = DB(), 00 = 5uB(x), (20)
28 where B(x) is the transport efficiency or the inverse MacMullin mumber, while the tilde distinguishes the
29 microscale (or bulk) value of the parameter from the macrogeale (or effective) value of the parameter. In
30 principle, B(x) could be a tensor, to account forsthe anisotropy of the porous matrix. Here, we treat
31 the efficiency, B(x), as a placeholder and, in the literature, we find several options to model this factor;
32 these range from an entirely systematic approach to'‘computing this quantity from the exact microstructure
33 [52, 109] to ad hoc methods based on observed scalings of this factor with e (e.g. Bruggeman correlation
34 [14, I31] or Rayleigh method [I5] [107]). Interestingly; the systematic approach adopted in [52] [109] can be
35 shown to be equivalent to the approach adopted in [70] in which this factor, which they write as /7 (where
36 T is termed the tortuosity factor), is,computed from, solution of Laplace’s equation, with an appropriate
g; boundary conditions, on a domain generated from tomography data of the electrode.

39 2.8. Doyle-Fuller-Newman model (DEN)

40 The Doyle-Fuller-Newman (DEN) model, also known as the pseudo-two-dimensional (P2D) or Newman
41 model, is probably the most popular,ﬁ‘nysics—based model for lithium-ion batteries. Since the DFN model
42 was first posed in [42] this model, and its variants, have been widely used in many different applications
43 [3, 19} 28, (411, 42, [65] andyhas been the basis of multiple extensions [121], 142].

44 The power of the DFN model, and the main difference from the homogenised model described in Section
45 stems from the simple geometryson which it is solved, as shown in Figure [} The model assumes that
46 the electrode particlesfare spherical. The microstructure problem is thus posed in a one-dimensional
47 domain with spherical symmetry, as opposed to the three-dimensional microstructure from the general
48 homogenised models-Inraddition, the electrodes and separator are assumed to have a one-dimensional
49 planar geometrys so that and can be reduced to their one-dimensional, planar form. This renders
50 the model simple enough|to bercomputationally affordable, while retaining enough of the physics to be
51 able to accurately predict/ the batteries’ behaviour and capture its internal states. Moreover, given that the
52 microstructure of the electrodes is usually unknown, it provides a simple way of characterising it using an
53 effective microstructure, with relatively few parameters (porosity and particle radius, with the surface area
34 per unitwvelume caleulated from them).

35 In what follows we state the governing lithium-ion and charge conservation equations, and the related
56 transport equations, that comprise the DFN model. For simplicity, we drop the tildes from the microscopic
g; variablesy.even though both homogenised and microscopic quantities coexist within the model. We also
59 17
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Negative Electrode Separator Positive Electrode

Negative Particles

Figure 6: Sketch of the geometry of the DFN model. The electrodes’a
to be = € [0, Ly] for the negative electrode, x € [Ln, L — Lp] for tk
The microstructure is now assumed to be composed of isolated sphe

are now one-dimensional domains, defined
x € [L — Lp, L] for the positive electrode.

denote the fluxes as scalars since the microscale lit
the radial direction r and the averaged (m
the x-direction.

0

k= —Dk(ck)%, in 0 <r< Rk, (21&)
r

which are solved in the region

for k = p (positive electrod

the lithium-ion diffusivit

radius. We assume that

the electrolyte occurs

for k = n (negative electrode); and the region L — L, < < L
the radial flux of lithium ions in the active material, Dy(cg) is
aterial, r is the radial spatial coordinate and Ry is the particle
iclesis entirely surrounded by electrolyte and that lithium transfer within
s each particle’s outer surface, which leads to the boundary conditions

onr =0, (21Db)

Jk (;, t)’ onr = Ry, (21¢)

where jj i i current density. Furthermore, we assume that the concentration within the
particles in each ele¢trode is initially uniform in space

ck(ryx,t) = cko, at t =0, (21d)

whe o is a constant.
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The interfacial current density, ji(z,t), (for & € {n, p}) is then given by

F
Jk = jko sinh <2RT77k> , (22a)
o = FKiy [~ (1 - ’“) , (221)
Ce0 Ck Ck =Ry,
M = ¢k — e — Uk (kly—p, ) » (22¢)

where co(z,t) is the concentration of lithium ions in the electrolyte, jro(ck, co)fis the exchange current
density, nx(x,t) is the surface overpotential and Uy(cy) is the open-circuit potential.

Electrode equation. Charge conservation and Ohm’s Law in the electrode matricg (for k£ € {n, p}) is
described by

% = —bJjk, ik = —Uk%, (23a)
where i is the averaged macroscopic current density in the electrode matrix, ¢ is the electric potential
in the electrode matrix, oy, is the effective electronic conductivity of the porous electrode matrix, by is the
surface area per unit volume of electrode particles in contact with the electrolyte. The term —by ji accounts
for transfer of current between the electrode and electrolyte, which occurs via the surface intercalation
reaction. The domains of the negative and positive electrodesare 0 < = < L, and L — L, < = < L,
respectively. Without loss of generality, the electric potential is set to Zero on the left-hand current collector

on =0, onz=0. (23b)

The separator is assumed to be a good insulator se that no current flows directly through the separator
matrix, from one electrode to the other, and, thus
in=0, onx = Ly, (23¢)
ip =0, onz=1L—-L,. (23d)

For galvanostatic charge/discharge thesremaining boundary condition is provided by specifying the current
flow at one of the current collectors

ip = Gapp (D) onx =1L, (23e)

where i,pp(t) is the applied current/density. Alternatively, for potentiostatic charge/discharge, the potential
difference between the ctrrént colleetors V (t) is specified and, since we have already specified ¢y, |,=0 = 0,
it corresponds to the condition

op= V(1) onz=L. (23f)

More complicated-modes, such as power or resistance control, can be modelled using the boundary
condition (23€)),/together with an additional algebraic equation that relates the current flow in the cell
(I = Aiapp, where A is the eleetrode plate area) to V(t) the potential difference across the cell. For
example,

1)V (t) = P(1) (24)

describes a cell with power draw P(t).
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Electrolyte equations. The electrolyte occupies the entire region between the current collectors, 0. << ax < L,
and in this region the averaged current density, 4., satisfies a current conservation equation and a constitutive
equation analogous to Ohm’s Law but for an electrolyte. These read

aie . . a¢e 2 d/-l’e 808
= = — —(1 — +yIHe 7€
e _ b(w)ie). o = ou(e)Bla) (=5 + 2 - o) L) (250)
in which
bn, if0<z<L,, Jn, if0<z< Ly, Bo,»n if0 <z <Ly,
b(x)=1<bs, ifL,<ax<L—-L, j)=40, ifL,<xz<L-L, Bx)=Bs, HL,<z<L-L,,
by, ifL—Ly,<z<lL, o i L—L,<z<L, By, ML-L,<x<L.

= (25b)

Here b(x) is the surface area per unit volume of the electrode, j(x) is the interfacial current density caused by
the intercalation reaction, o, is the electrolyte conductivity, B(x) is the transport efficiency, ¢, is the electrical
potential in the electrolyte and ¢ is the transference number. In the electrodes, eharge is transferred between
the electrolyte and the electrode matrix, whereas in the separator,“mno,charge transfer occurs between the
electrolyte and the separator material. Since no charge is transferred directly from the electrolyte to the
current collectors the following conditions are satisfied on the edges of the domain:

ie =0, at © =0, L. (25¢)

Conservation of lithium-ions in the electrolyte and anappropriate constitutive equation for the averaged
lithium ion flux N, (as derived in [87, [112]), give the following problem for the lithium-ion concentration ¢,
m0<z<L:

Oce 11

Oce ON, b(x)j(d?) —
B ox + Fe

o =00 YT g

N, = —Dq(ce)B(x)

(26a)
with
en, HO<z< Ly,
e(mp=Res, ifL,<xz<L-Lp,, (26Db)
gpy, if L—Ly <z <L,
where gy, is the electrolyte volumeé fraction and De(ce) is the bulk diffusivity of the electrolyte. Since no flux

of lithium ions flows from the electrolytedinto the current collectors the boundary conditions on the edges
of the domain are

No.= 0, at x =0, L. (26¢)
Finally, we assume that the lithium-ion concentration in the electrolyte is initially uniform in space, so that

C6 = Cop), at t =0, (26d)
where cqo is a constant.

2.3.1. Battery energy balance for the DFN model

Lithium-ion batteries are energy storage devices and thus an important measure of their performance is
the fraction of\the stored chemical energy that can be recovered from the device as useful electrical energy.
The fraction of.the chemical energy that is not converted into useful electrical work as the device is discharged
is converted into heat and is known as irreversible energy loss. This generated heat, as discussed in Section
is key for the battery’s behaviour, which is highly sensitive to changes in temperature. However, for now,
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we restrict the scope of the discussion to the energy balance. The total energy balance for the DEN model
takes the form

dG .

—A— =1V 4+ AQjiyr, (27)

dt
where G is the Gibbs free energy per unit area of the cell, A is the cell’s area, Qirr is the energy. dissipated
per unit area and I and V are the current drawn by and the potential drop across the gell. The physical
interpretation of this law is that the left-hand side of represents the rate of change of thetotal chemical
energy within the cell, while the terms on the right-hand side represent the rate of energy drawn from the
cell. In particular, the terms on the right-hand side can be sub-divided into IV, the useful electrical power
produced by the device, and AQ;., the rate of irreversible energy dissipation (todieat). Further details, on
the computation of G and Qj,, from the solution of the DFN model, together with a mathematical proof of
this result and its numerical validation, can be found in [I10]. This formulation provides all the contributions
to the irreversible heat generation, which need to be considered in coupled thermal-electrochemical models
of a battery. A similar consistent theory has been proposed for the microscopi¢ model by Latz & Zausch
[67, 68].

3. Doyle-Fuller-Newman model to Single Particle Model

Even though the DFN model is itself a simplified, homogenised model of the complex three-dimensional
microscopic effects occurring in batteries, it is still quite complex and requires carefully designed numerical
algorithms, in order to efficiently obtain accurate numerical solutions. The computational costs of solving
the DFN model becomes particularly important when the/model is being used as a tool to optimise battery
design, estimate electrochemical parameters of a battery, lor implement accurate real-time controllers on the
relatively modest computational resources found in electric vehicles. However, perhaps the most computa-
tionally intensive use that these models can be applied, to is as part of a thermally coupled, electrochemical
model of large format batteries (e.g. pouch and cylindrical batteries). Such models give rise to problems
which, in addition to the two spatial dimensions foundiin the' DFN model, are also coupled to an additional
three macroscopic spatial dimensions, accounting for the heat flow across the large format battery. The
resulting five-dimensional problem is extremely:computationally complex and requires either powerful com-
putational resources or highly advanced numericalymethods (e.g. [64]) to solve to a satisfactory degree of
accuracy.

Reduced order models, i.e. models thatrare simpler than the DFN model but retain most of its predictive
capabilities, can improve physical understanding and provide accurate solutions at a significantly lower
computational cost. The most popular family of reduced order models are the Single Particle Models
(SPMs). The key idea of SPMs is'thatythe behaviour of the particles within each electrode is very similar
and, therefore, they can all bé approximated by a single representative (or average) particle, hence the
name. The foundations of the Siugle Particle Model were first introduced in 1979 by Atlung et al. [5]
considering only the mass transportiin three different particle geometries: planar, cylindrical and spherical.
Recently, these models have garnered renewed interest from the battery modelling community, with several
authors presenting different versions of SPMs, with and without electrolyte dynamics. There are two main
approaches to formulating these, models. While some authors take an ad hoc approach, posing the model
directly from a list 6f simplifying assumptions [111 [46) [47, [58| [85], others (particularly in the mathematical
modelling community) userformal asymptotic methods to systematically derive the reduced order models
directly from the DFN model. "Over the past few years, several authors have applied asymptotic methods to
the DFN model'te derive reduced order battery models [I3] [8T], 86l [T09] TTI]. The exact form of the model
that resultsdrom this,process depends upon the underlying assumptions on which the asymptotic analysis
is based.

These different approaches have led to a number of similar, but distinct, reduced order models, all
of which are termed Single Particle Models. This can make navigating the literature a daunting task,
particularly sifice they all share a similar structure and some fundamental characteristics, independently of
how they have been derived. It is important to clarify the nomenclature at this point. We group all these
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models under the definition of Single Particle Model type (SPM-type), which refers to the entire family of
models that use a single particle to represent all the particles within a given electrode. Within this family, we
distinguish two subfamilies: models which include electrolyte dynamics (which we refer to as Single Particle
Models with electrolyte dynamics, or SPMe) and models which do not (which we refer to as Single Particle
Models, or SPM). When we refer to a particular model from a specific reference, we use the article details,
regardless of how the authors named the model, to keep consistency across this review article (e.g."Marquis
et al. [8I] or Richardson et al. [I11], which are two different instances of SPMe).

Crucially, for SPM-type models the partial differential equations (PDEs) in the microseopic spatial
variable, 7, decouple from those in the macroscopic spatial variable, x. This results in a problem that is
effectively one-dimensional in space, as opposed to the DFN model, which is genuinely two-dimensional in
space. It is this aspect of these models that is mainly responsible for their much reduced eomputational
complexity when compared to the DFN model. The main idea behind this_decoupling /is that, in many
circumstances, the intercalation reaction occurs almost uniformly across hoth electrodes. That is to say
that during discharge, all negative electrode particles delithiate at (almost) the'same rate, independently
of their position in the negative electrode, and all positive electrode particles lithiate at (almost) the same
rate, independently of their position in the positive electrode (and similarlysfor battery charge). It follows
that, in such scenarios, their behaviour is well approximated by a,single representative particle in each
electrode. This holds for most materials, however lithium iron phosphate is'a notable exception due to
its flat open-circuit potential, and requires a different approachd(seen[19]).7In scenarios where the current
applied to the battery is given as part of the problem formulation, the current density on the surfaces of the
electrode particles can be computed in advance. This leads to a decoupling between the PDEs for potential
and lithium concentration in the electrodes and electrolytes In many. cases, the equations for the potential
in the electrodes and the electrolyte can be solved analytically in ad¥ance, leaving only the equations for
the lithium concentration in the electrode particles and the/electrolyte to be solved numerically. In more
complex scenarios, where these analytical solutions are not possible, the potential equations can be solved
numerically but at a much lower computational cost, than solving the fully coupled DFN model.

The spatial uniformity in discharge can either be assumed directly [85] or derived systematically, using
asymptotic methods, based either on verysslow battery discharge [81I] or on rapid changes in the open-
circuit potentials (measured in terms of the,thermalypotential), with respect to changes in the lithium
concentrations within the electrode materials [1064111]. The main advantages of these methods is that they
offer a systematic approach to modelireduction and are therefore applicable to modified versions of the DFN
model, and that they ensure consisteneyrof the reduced order model with the underlying model, allowing
for the assumptions to be validated and the errors estimated a priori. There are further simplifications that
can be applied to these models, such as fast lithium transport in the electrode particles, see e.g. [86] [109],
but we do not discuss these here, and{lstead refer the reader to [13].

3.1. Single Particle Models with ele¢trolyte dynamics (SPMe)

Several models in theflitérature fit under the category of Single Particle Models with electrolyte dynam-
ics, despite receiving multiplemames. But a closer inspection shows that the main differences between these
models are in the methedsiused to_calculate the voltage and other derived quantities, not in the differen-
tial equations that we need to solve, in order to determine the concentrations in the particles and in the
electrolyte.

As explained eaglier, imSPM-type models the particles are assumed to (de)lithiate uniformly and therefore
we can solve for/@a representative particle in each electrode. The governing equations for these representative
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Positive Electrode

Negative Electrode Separator

Representative
Negative Particle

Figure 7: Sketch of the geometry of the SPMe model. The geometry is
is only a single representative particle at each electrode, rather than i

particles are

8Ck 1 8 2 .
5 =25 (7‘ Dy(cx) o0 in0<r< Ry, (28a)
% =0, at r =0, (28D)
—Dk(ck)% = at r = Ry, (28¢)
= at ¢ =0, (284)
for k € {n, p}, and where
. . dapp(t)
Jn Jp = L, (28e)

i

These equations are typi lved numerically, but note that in the particular case where the diffusivity
Dy, is constant we can 8 lytically [59, [139].

The SPMe also ac electrolyte effects, so we need to solve the governing equation for lithium
ions in the electrolyte, v 1s

dce tT b(z)j(x,t) .
<) B(x) 9 er> + in0<z <L, (29a)

at v =0,L, (29b)
Co = Cep, at t =0. (29¢)
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where

<C:n7 inOSxSan BII) inOSxSLIly

e(x)=1qe5, inL,<az<L-—L, B(x) =4 Bs, inL,<ax<L-— Ly,
€p, nL—L,<x<L, B,, inL—-L,<x<L
b, In0<z<L,, gn(t), n0<ax< Ly

b(x) =qbs, inL,<z<L-L,, jlz,t) =<0, in L, << L — Ly, (29d)
bp, inL—L,<z<L. Jpt), inL—-Ly<ax <L,
%x, in0<z< Ly,

ie(2,t) = { dapp(t), in Ly <z<L-Ly,

S0 ity <a< S

The solution for c.(x,t) can then be used to compute the electrolytgspotential ¢g a posteriori, by inte-
grating the expression

0ps 2RT
06, 2RT

io(2,) = 0o(ce) B(x) ( e 20 - mlace) in0<z<L, (30)

Co Ox

Here we have assumed the electrolyte is ideal such that p, =RT log(c./ Ceo).ﬂ

Multiple methods have been suggested in the literatureste compute the terminal voltage of the cell.
Here we focus on the works of Marquis et al. [81] and Richardsomet al. [I11], which both show very good
agreement to solutions of the DFN model. We describe their results in what follows. In both cases the
terminal voltage V (¢) can be written in the form

V(t) = Ueq — = e 5 Ade — Adbs, (31)

where U, is the open-circuit potential of theieell, 7. and 7. are the potential drops due to the reaction and
concentration overpotentials, respectively; andsAd., and A¢, are the Ohmic losses in the electrolyte and
the electrodes, respectively. During discharge (Zappy> 0), as lithium ions flow from the negative to positive
electrode, the quantities n,, 1., Aderand A¢ps are all positive, and represent the reduction in the open
circuit cell potential resulting from these loss mechanisms. During charge (i,pp < 0) these quantities are all
negative and therefore represent the éxtra potential, above the open-circuit potential, required to overcome
the internal resistances in the cell. This decomposition of the voltage into constituent parts naturally appears
when the model is derived (see, for/example, [81]), thus providing further physical intuition into what effects
govern the voltage response of the battery.

The expressions for each contribution according to each paper are shown in Table The exchange
current densities are defined as

Jro(z ) = FKg \/Ce($7t) CkI(I;Xt) (1 - ckf:;p)’ for k€ {n,p}. (32)

C C C
e0 k k r=Ry,

In turn, jro(t) is defined asithé exchange current density averaged over the corresponding electrode.

Note that the model in Richardson et al. [I1I] (which the authors term the corrected Single Particle
Model, or ¢SPM) isderived using asymptotic methods based on the disparity between the size of the thermal
potential and the characteristic change in overpotential occurs as the electrode materials are (de)lithiated. It
also allows for graded electrodes, in which the porosity, particle radius, or surface area change with position
across the ‘electrodes. However, here we restrict our attention to the uniform electrodes problem only (and

n [ITI] this integration is accomplished numerically, in [I3] it is performed analytically, and in [SI] an approximation
based on amear{constant concentration ce & ceg is used.
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provide the corresponding expressions), while we briefly discuss these extensions to the model in‘Section @
In the uniform electrodes problem we can use the explicit expressions shown in Table [2] and the details on
the derivation follow very similarly to the analysis in [I3]. In the graded electrode case, we need to,solve
(30) numerically. Then, the two electrolyte contributions 7. and A¢, are grouped together in the same
contribution, given by

1 Ly, L

1
Ne + Ao = — ¢e(z,t)dr — — ¢e(z,t)dz. (33)
Ln Jo Ly Jp-1,

The model presented in Marquis et al. [8I] (which the authors term the canonicalsSPMe), has been de-
rived using asymptotic methods taking the assumptions of fast ion transport in the elegtrolyte and high
conductivity both in the electrodes and the electrolyte.

Comparing the contributions to the terminal voltage shown in Table [2)' shows censiderable similarity
between the two approaches. The key difference between both models is in the eleRrolyte concentration.
The model in Marquis et al. finds that the deviations from the electrolyte initial concentration are small,
while the model in Richardson et al. allows for significant variations in the eleetrolyte concentration at
leading order. It is this difference that leads to differences in the terms 7;, 7. and A¢.. As shown in [129],
for the particular example of the battery parameterised by Ecker et al.3[32] [33]} the performance of the two
models is very similar with differences only appearing at high C-rates, wherethe accuracy of the model in
Richardson et al. [I11] is slightly better.

3.2. Single Particle Model (SPM)

The Single Particle Model (SPM) is a further simplification of th& SPMe in which the potential drops
across the electrolyte are neglected. In the limit of very low C-rate| gradients in both the concentration and
the potential of the electrolyte are negligible, and the SPM medel can be applied with relative accuracy.
The SPM consists of only two diffusion equations, one for the representative particle of each electrode, and
a closed-form expression for the voltage.

The governing equation for the electrodemparticles is . Then, the terminal voltage can be written in
the form

V =Us — x, (34a)
where
Ueq = Up (Cp|r:Rp) — Un (Calper, ) (open-circuit potential), (34b)
2RT in(t T . ip (T . .
N = i arcsinh (J 2 >  fo arcsinh (JP()> , (reaction overpotential), (34c)
F Jnolt) F Jpo(t)
with

dro(t) = B, \/ c(r ) (1 - c’“iﬁ?) for ke {n,p}. (35)
Ck

Ck

T:Rk

This expression /s a simplification of , obtained by taking ¢, = coo in the SPMe models of Marquis
et al. [8I] and Richardson et aliy [I11I]. This represents a considerable reduction in complexity because it
eliminates thesneed to solve an additional differential equation for the electrolyte concentration.

Note also that in the case where the Butler-Volmer equation is not symmetric, we cannot directly invert
the Butler-Volmer equation to obtain a closed form for 7, given the interfacial current density. Instead, we
need tosdetermine 7, by solving a nonlinear algebraic equation (see details in [109]). However, the structure
of thé model remains the same (for both SPM and SPMe).
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4. Selecting an appropriate model

In the previous two sections we have demonstrated how a set of models, with different levelsyof com-
plexity, can be systematically derived from the microscale model by using the method of formal asymptetic
expansions. This reductive approach eventually leads to the Single Particle Model, perhaps the simplest
physics-based model describing the behaviour of a battery. In order to choose an appropriate model for a
particular application it is imperative to understand its advantages and limitations. One ¢ommon constraint
is on the computational power required to solve the model equations, but even in scenarios where sufficient
computational resource is available it is not always clear that the more complex modélis necessarily better.
In particular, although more complex models offer potentially greater accuracy, theysean ¢loud the physical
insight that can be gained from a simpler model and, as shown in Table [3] théy require a more detailed
parameterisation which can be a needless overhead if high accuracy is not required [134].

This section explains what is possible to learn about the mechanisms dimiting,the/performance of a
lithium-ion battery using each of the models described in the previous sections. Sfarting from the simplest
model, the SPM, we discuss the meaning of the various parameters in the context of simulated behaviours
of the cell, as well as what can be gained by adding more complex physics te.the deseription. Crucially, the
risks of this additional complexity are highlighted, including the challenges associated with validation and
identifiablity.

Before starting with the simple SPM model, we briefly comment onnthe so-called equivalent-circuit
models (ECM) [51] 99, 138]. These are an even simpler class of modelywidely used in many applications.
ECMs assume that the battery can be represented by an eleétrical circuit, typically comprised of resistors
and capacitors, and then fit the parameters of the circuit compenents to experimental data. They have the
advantage of being very cheap to simulate (a small system of ODEs)and quick to parameterise. However,
since they are empirical models rather than physics-based models, they offer no insight into the physical
processes occurring in the battery. But their simplieity, and the ease with which they are solved, has led to
them being widely used in battery management systems. [36]. They thus provide a useful reference point to
compare other models against, particularly with regardstorcomplexity and the insight that they provide.

The complexity associated with solving a model depends, to a degree, on the solution method employed.
A common approach applied to dissipative partialidifferential equations (PDEs), such as the DFN, SPMe
and SPM models, is the so-called method of lines)[IT5]. This approach requires only the spatial derivatives to
be discretised, leading to a large set of coupled time=dependent ordinary differential equations (ODEs) and
algebraic equations that can then be solved using a standard package, such as MATLAB’s ode15s. Different
techniques can be employed to discretise'thespatial operators in the governing PDEs, examples being: finite
volume methods [72], control volume methods [144], and finite element methods [54, [64]. Depending on the
nature of the PDEs that comprise the model, different systems of temporal equations arise from the spatial
discretisation. If all the PDEs/ave a*time derivative, then we obtain a system of ordinary differential
equations, while if none has time derivatives we obtain a system of algebraic equations. A mixed scenario is
also often encountered in,which'some equations have time derivatives and others do not; after discretisation
this yields a system of differential-algebraic equations (DAEs). Numerical solution of DAEs is more complex
than either the solution of a‘system ,of ODEs, or that of a system of algebraic equations, and this plays a
role in the complexity ©f battery models that we discuss.

4.1. Single Particle Models (SPM)

The Single Particle Model (SPM), as described in Section is the simplest of the models presented
in Sections [2| and |3 /This modelypgoverned by and , incorporates three basic physical phenomena:
lithium transpert in the particles , a thermodynamic relation between lithium concentration and elec-
trode potential , and the overpotential required to drive the lithium intercalation reactions (34c)). The
terminal voltage, as predicted by the SPM, does not include any contributions from the electrolyte (both
Ohmiclesses and concentration overpotentials), nor any contribution due to Ohmic losses in the electrodes.
Thesé contributions are typically only negligible when the cell is operating in a low current regime.

When implemented numerically, the complexity of the SPM is similar to that of equivalent-circuit models.
The low complexity of the SPM is also apparent when considering the number of parameters needed to
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Table 3: Parameters required for each model. v/ means that the parameter is needed for that model. * means that the
parameter “as is” is not needed, but a detailed geometry needs to be pfovided instead (e.g. when using tomography images
for the particles we do not need to provide the radius). { means that_the parameter needs to be resolved at the microscale,
including material heterogeneities. Note that for the variables withfsubseript k€ {n, p} we need a different value for each
electrode. Many of these parameters, such as U, D}, De and o., aré usually taken®o be functions of the lithium concentration.

characterise the model. Apart from the physical constants, R and F', and the model input, ¢,pp, we only
need 17 parameters to fully characterise the SPM' (Table.[3): 8 parameters for each electrode, plus the
battery temperature. Note that some of these parameters, such as the open-circuit potentials and (usually)
the diffusivities, are defined as functions of the particle concentration. As expected, no electrolyte parameters
are required.

Despite being a very useful and widely used model, SPM does not capture the effects of the electrolyte.
In order to incorporate these we need, atithe very least; to consider the Single Particle model with electrolyte
dynamics (SPMe).

4.2. Single Particle Models with electrolyte dymamics (SPMe)

As discussed in the previous sectiorhhe SPM performs very well at low C-rates but its accuracy decreases
as the C-rate increases. Model accuracy can be improved by incorporating electrolyte dynamics, which gives
rise to the next class of model, namely the Single Particle Model with electrolyte dynamics (SPMe). The
main advantage of this model is that it retains most of the simplicity of the SPM, in the sense that it is
still one-dimensional in space (albeit,that three decoupled one-dimensional problems must be solved), but
provides a significant improvement in performance. Recall that, as explained at the beginning of Section
the SPMe refers to adamily of models (of which [13] 8T} [TT1] are particular instances) so the points discussed
here apply to all the,particular/examples of SPMe.

The full details of this type of model can be found in Section but the key idea is that in addition to
the particle equations from the SPM, we also solve a PDE for the ion concentration in the electrolyte. Then,
using the electrolyte congentration, we can calculate additional terms in the voltage expression to improve
its accuracy. The complexity of the SPMe is slightly higher than that of the SPM. Apart from the PDEs
for each particle, we now need to solve an additional quasi-linear PDE for the electrolyte ion concentration.
Howevergthe three spatially one-dimensional PDEs are decoupled so that they can be solved very efficiently.
In this case, the ' model requires 30 parameters (apart from physical constants and the input, as shown in
Table : 9 for each electrode, 11 for the electrolyte, and the battery temperature. Similarly to the SPM,
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note that some of the electrolyte parameters, such as D, and o, are also defined to be functions of the
electrolyte ion concentration.

As shown in [I3] 81} [I11], SPMe models can show very good agreement with the DFN model fora wide
range of operating conditions, which makes them very useful in many practical applications. However, the
SPMe does not capture the spatial distribution of lithium concentration across each electrode (only within
a representative particle). In practice, as is demonstrated and explained in [I11], such spatial variations
across the electrode are usually only significant for materials such as LiFePO,, with flat open=¢ircuit potential
curves. For materials, such as NMC, with a significant gradient in their open-circuit potential, curve the
particles right across the electrode are all forced to maintain near identical surface lithium-ion concentrations,
and therefore discharge at nearly the same rate. One notable weakness of the SPMemodel occurs where the
current becomes sufficiently large to cause electrolyte depeletion. In this scenario/the agreement between the
SPMe model and the DFN model breaks down. To capture these effects, which'can play a very important
role at high C-rates, especially where electrolyte depletion occurs or when incorporating degradation effects,
we need to use the DFN model.

4.3. Doyle-Fuller-Newman model (DFN)

The Doyle-Fuller-Newman (DFN) model is the most ubiquitous,physics-based model. Despite being
significantly more complex than the SPM and the SPMe, this model is widely aised because it captures the
necessary features to represent the battery behaviour in an extrémely broad range of operating conditions.
Even though the DFN model is complex, it is still computationally afferdable for many applications and,
with accurate parameterisation, is capable of making extremelyraccurate predictions against experiment
(see, for example, [20] B3] [149]).

The key idea of the DFN model is to use an idealised geometry which still captures the multiscale nature
of physics-based battery models. It assumes the cell has a one-dimensional planar geometry, with coordinate
x, at the cell level (including the electrodes and separator) ‘andfa one-dimensional spherically symmetric
geometry, with coordinate 7, at the particle level. For this reason, this model is also known as the pseudo-
two-dimensional (P2D) model. However, in contrast to,the SPMe where the problems in the x and r spatial
coordinates are fully decoupled, in the DENwmodel there is full coupling between the problems solved in
the z and r coordinates. This means that the,DFN model is significantly more computationally complex
than SPMe, being two-dimensional in space as oppoesed to SPMe which is only one-dimensional. Despite its
relative computational complexity there are software packages capable of solving the DFN model extremely
rapidly and efficiently [64] [124], and while'speed and computer resources are not particularly pressing issues
for a single simulation of a discharge curve, they become much more significant when multiple coupled
versions of the DFN model need to be solved, as for instance when modelling a thermally coupled pouch or
cylindrical cell discharge.

Unlike the SPMe, which considers a single representative particle in each electrode, the DFN model
includes electrode particles at all peints across the width of the electrodes. Crucially, this allows the spatial
distribution of lithium acress the electrodes to be accurately modelled. This spatial distribution, which has
been observed experimentally,[128] [143], plays a vital role when modelling a non-homogeneous interfacial
current density which canilead to,non-uniform degradation of the electrodes [142]. The DFN model also
captures the smoothing of theipeaks in the dV/dQ curves and electrolyte depletion, none of which are
captured by the SPMe.

Numerical solution of'the DFN model, using the method of lines, results in a system of DAEs. In
contrast, the solation of the SPM and SPMe (in its simplest form), using the method of lines, results only in
a system of ODEs. Recall that, while numerical solution of a system of coupled ODEs (or coupled algebraic
equations) israrelativelystraightforward task, numerical solution of a system of DAEs can often result in
an ill-conditioned problem and therefore more sophisticated numerical methods are required. While these
sophisticated techniques do not present a problem for a standard desktop machine, especially if the code
is efficiently implemented, they are typically too computationally expensive to be solved on the standard
hardware usedsin battery management systems. Since the DFN model includes the same physics as the
SPMe it requires the same number of parameters.
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At this point it is worth comparing the SPM, SPMe and DFN model, given that they all‘share the
same simplified geometry which allows for direct comparison of their variables. The three models have
been implemented in PyBaMM [124], and the code used can be found, jointly with some additional in=
teractive examples, in the GitHub repository for this article (https://github.com/FaradayInstitution/
continuum-model-review). Parameters are for a commercial battery with NMC 811 poSitive electrode
and graphite-SiO, negative electrode (see [20] for more details), and the simulations correspondite<a 2C
discharge. Figure [§| shows a comparison between the internal states (concentrations and potentials)rand
global states of the battery (current, discharge capacity and voltage). We observe that the'SPMe model
closely captures all the spatially distributed effects of DFN, but the SPM does not“given that it does not
include electrolyte dynamics. This results in turn in a poor prediction of the terminal’ voltage, especially at
high C-rates. This becomes more clear when we compare the different contributions to thesterminal voltage
following the definition in , as shown in Figure @ We observe that the electrolyte contributions, split
into the concentration overpotential and the ohmic losses in the electrolyte, are the main difference between
the SPM and SPMe/DFN.

In conclusion, the DFN model is a very popular model and several extensions to/account for additional
physics have been proposed, as discussed in Section [6] However, the DEN. modél only considers a one-
dimensional problem at the cell scale and a one-dimensional problem at the particle scale, and therefore
does not include any effects related to non-spherical particles or to theweal three-dimensional geometry of
the cell. In order to capture these effects, we need to use a more‘general homogenised model.

4.4. Homogenised model

Homogenised models can be regarded as an extension to the DEN model, and thus as a natural in-
termediate step between the DFN and microscale models. The key illea of the homogenised models is to
generalise the DFN model to an arbitrary geometry, which could be up to 3+3D (that is, three-dimensions
on both the cell and particle level), but to do so using, an homogenised geometry for the porous electrodes.
The advantage of this family of models is that we can resolve three-dimensional effects at the cell level (e.g.
if we include the effect of current collectors [I30]) and we can also resolve three-dimensional effects in the
particles (such as realistic particle geometriesa[56}, 55 61]).

Despite having to cope with up to six spatial dimensions (up to three at each scale), this model is
much simpler than a microscale three-dimensionalhmodel given that here we separate the two scales of the
problem and thus we require a smallér, resolution in‘each one. In order to simulate the model, apart from
the parameters we need to provide the geometry of the cell and of a representative microstructure. This
geometry replaces certain model parameters,nsuch as the particle radii and the electrode thicknesses, as
shown in Table [3

The homogenised model is signifieantly more complex than the DFN model because of the greater
number of spatial dimensions and thé more complicated geometry. In light of the geometrical complexity
of the problem, especially at the particle level, it is usually discretised using the Finite Element Method
(FEM) which can readilynbe adapted to such geometries [54]. In addition, certain limitations that could
have been a cause for concern in the DFN model are critical here. The first issue is that of computing
effective transport properties. In.the DFN model the microstructure is assumed to consist of spherical
particles, and therefore effective transport properties can be calculated, or estimated, from pre-existing
results based on sphérical packings (e.g. Bruggeman correlation [14, [I31] or Rayleigh method [I5] [107]), but
for the homogenisedimodel, these properties must be computed from imaging data or from idealised (albeit
perhaps non-splierical) geometries. This leads us to the next issue which is: how strong is the separation
of scales in a typical porous electrode geometry? Some methods to compute effective transport parameters
are based ontthe assumption that there is a clear separation between the cell and particle length scales
[52, [69]. However, for real batteries this separation of scales is not so clear (e.g. particle radius ~ 5 pm
and electrode thickness ~ 80 pm, see [20]) and, therefore, the estimated parameters might be questionable.
Finallyyranother limiitation of the homogenised model is that some of the new states introduced (such as the
lithium distribution within particles, which now is non-symmetric) cannot be observed and therefore many
of the eutputs of the model cannot be validated.
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Figure 9: Comparison of the various contributions to the terminal voltage, as defined in , for the Single Particle Model
(SPM), Single Particle Model with electrolyte (SPMe) and Doyle-Fuller-Newman miodel (DFN). The simulation corresponds
to a 2C discharge with the parameters from [20].

Homogenised models allow us to include effects arising fromsthe,complex geometry of a real cell that
cannot be treated satisfactorily with the DFN model, but they are stilliincapable of fully resolving a real
geometry. To account for that, we need to consider the high-fidelity microscale model.

4.5. Microscale model S

The high-fidelity microscale model is the most complex model of those considered in this review article
and was first formulated and solved by Less et al.n[71]. This,model poses the equations for the physical
laws described in Section [2|in a real geometry. This\geometry captures the different materials and particles
composing the porous electrode as well as the voids between, which are filled by the electrolyte.

The microscale model can be regarded as.the most realistic model, as it has fewer underlying assumptions
on the geometry or the operating conditions than anysef the previous models. Additionally, it resolves each
variable in the porous geometry so one can model their spatial distributions (e.g. to describe the ion flow
around the particles), and any further reduction of this model can cause deviations in the predicted values
[116]. However, this does not mean it is the best model to use in practical applications because it poses two
main challenges.

First, this model is extremely computationally expensive which means that it is not viable for most
real applications [I16]. On top of that, the full microscale geometry of the battery is required (e.g. from
tomography imaging [80, 117, [118]) \%ﬁch is also a complex task, especially when one considers that the
extremely convoluted binder structure should be properly resolved. And second, as already mentioned for
the homogenised model, ,many of the predictions of the spatial distributions of the quantities of interest
cannot be validated as we currently do not have methods to observe them in operando. Therefore, we have
no way to check if the predictions of the behaviour of the internal states of the battery are even reasonable.

Of course, this model is still valuable from the theoretical point of view, and its importance will increase
if in the future solving times are reduced (due to improvements in hardware and software) and new experi-
mental techniques allow the monitoring of the internal states of an operating battery. But this should serve
as a reminder that complexity for complexity’s sake does not actually bring us closer to the main objective
of battery modelling:{ to gét a better understanding and more accurate predictions of the behaviour of these
devices and, it.is'worth recalling, that extremely good agreement to experiment can be obtained from much
less complex models, such as a properly parameterised DFN model [20, [33] T49].

5. Coupled thermal-electrochemical models

With the need for increasing power and faster charging capability, any discussion of lithium-ion batteries
will invariably‘involve a discussion on thermal management. Lithium-ion batteries are known to operate with
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peak efficiency at around 50°C-60°C which corresponds to higher reaction rates and transport ‘properties
both in the electrodes and the electrolyte. However, they can easily reach temperatures far greater than
this if not actively cooled. In extreme cases, under thermal or mechanical abuse, such as short cirecuiting
the cells with a penetrating nail or via a lithium-metal dendrite through the separator, thermal runaway
can occur due to the exothermic decomposition of the electrolyte at temperatures exceeding around 120°C
[37, B8]. Accurate prediction of internal temperatures is therefore critical for control ‘systems, however it is
complicated due to nonlinear heat generation and anisotropic thermal properties which also vary as a funetion
of state-of-lithiation and temperature. Thermal conductivity in particular can vary by an order ofimagnitude
between the in-plane/axial direction compared to the through-plane/radial direction of pouch/cylindrical
batteries, respectively [126].

Many of the electrochemical processes occurring within a battery are strongly temperature dependent.
Thus, in real devices, it is necessary to couple the electrochemical model of battery performance (e.g. the
DFN model or Single Particle Model) to a thermal model in order to accurately captuire;ifs behaviour. This
can greatly complicate the solution procedure because real devices, such as pouch or cylindrical batteries,
are large enough to generate significant spatial temperature differences across their structure and, since the
parameters in the electrochemical model are strongly temperature dependent; thiswequires that a version of
the electrochemical model is solved at each point within the three-dimensional battery. From a computational
perspective this presents a formidable challenge as can be seen by comnsidering a thermally coupled DFN
model. The battery is three-dimensional and large enough so that the temperature T varies significantly
across its structure, such that T = T(x,y, z,t). Since many of the parameters appearing in the DFN
model (in particular, diffusivities, reaction rates and the eléetrolyte conductivity) depend strongly on T
it is necessary to solve a version of the DFN model, with twe spatial dimensions (i.e. a meso- and a
micro-scopic dimension), at each macroscopic spatial point (&,w,%2)%f the battery and couple this to a
three-dimensional macroscopic thermal model. The resulting coupled electrochemical-thermal model has
five spatial dimensions and leads to a problem with ahigh degree of computational complexity that requires
significant computational resources to solve, in terms both of processor time and memory. Even when the
DFN model is replaced by a Single Particle Model, the resulting coupled electrochemical-thermal model is
still four-dimensional.

From a practical perspective, the solid state lithimm diffusivity, the reaction rates and the electrolyte
conductivity and diffusivity, have all been foundyto be well-described by an Arrhenius relationship with
temperature. This means that their feference values taken at a particular reference temperature T,.f can be

scaled using the relationship
E, (1 1
T)=f = (—==7))
10 =M (5 (7=~ 17)) (36)

where f is the parameter of interest, fref is.the value of the parameter at the reference temperature Tyef, Fa
is the activation energy (per mole) and R_s the gas constant. The open-circuit potentials also have a strong
temperature dependence but this does not follow a straight-forward relationship and must be measured for
each battery electrode chemistry.

In the literature, we find multiple approaches to include thermal transport and temperature effects into
electrochemical models 6} 95127, 133], and there are already many reviews of the thermal management of
lithium-ion batteries, including the various cooling systems [2} [60, [I35]. What follows here is a description of
the different types of basic thermal model and a discussion of how they can be scaled up to tackle interesting
and relevant probléms facedsby‘battery researchers which will prove useful to the continuum modeller seeking
to extend their models or provide important information for practical applications, such as battery design
or control.

5.1. Coupling the electrochemical model to the thermal model

Large format batteries (such as pouch, cylindrical and prismatic batteries) are formed by layering many
extremely thin single cells (formed of a negative electrode, separator and positive electrode sandwiched
between two cutrent collectors) on top of each other, albeit in the case of cylindrical and prismatic batteries
that there is only a single very long cell wound many times around a central core. The thickness of a single
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cell is so thin (usually no more than 200 um) that it can be regarded as isothermal across its width (this
result can be formally derived using asymptotic homogenisation [49] 52]).

This means that, at each point (x,y,z) in the three-dimensional structure of a large forniat battery;
a single cell DFN problem should be solved in which the local temperature appears as a time-dependent
parameter. From the solution of these local problems it is possible to deduce Q(m,y,z), the local rate of
heating per unit volume. The volumetric rate of heating Q = Qi + Qrev is the sum of the irFeverSible
and reversible volumetric heating terms, Qirr and Qyey, respectively, which can both be computed from,the
local solution to the DFN model. It is noteworthy, however, that in the works published prior te,2021 that
couple the DFN model to a thermal model, the formulae used for computing the irreversible heating term
Qirr from the DFN model are, at best, only approximate. In particular they are ingonsistentwith the overall
energy conservation law for the DFN model , as derived in [T10] and discussed here in Section The
correct procedures for computing Qiy and Qe from the solution to the DFN model are given in [I10] and
once established allow the local electrochemical (DFN) problems to be coupled to_aumacroscopic thermal
problem for the temperature 7" in a large format battery occupying the domain&y,t.) This takes the form

pcpﬁ =V (’CVT) + Qirr + Qrev» 1 Qbatt; (37)

where p, ¢, and K are the density, the specific heat capacity and_the thermal conductivity of the battery,
respectively. Note that large format batteries are typically highly amisotropic, because of their layered
structure, which is why the thermal conductivity K is normally specifiedras a tensor. Appropriate initial
and boundary conditions on this thermal problem are imposed. Boundary conditions strongly depend on
the method by which the battery is cooled, typically either tabicooling or surface cooling. In the case of
surface cooling typically the boundary condition is derived from Newton’s Law of cooling and has the form

—KVT -n=h(T — Tamb)s at Obatt, (38)

where n is the outward normal to the cooled surface @y ae3Lamb is the exterior ambient temperature and
h is the effective cooling coefficient. In thesease of tab ecooling typically the temperature is specified where
the tab joins the cell although it might be necessaryito.account for the thermal resistance of the tab.

It remains to determine appropriate (electrical) boundary conditions on the local DFN models. The
simplest assumption to make is thathe current collectors are equipotential, so that the local DFN models,
no matter where they are located within the battery, experience the same potential difference. This is often
appropriate for pouch batteries wherg'the current path to the output tabs is relatively short but may not
be so for cylindrical and prismatic batteries, which, because of their wound construction, give rise to much
longer current paths to the output.tabsithan eccur in a pouch battery. Physics-based models that account
for the potential drop in the currént colleetors in pouch [I30] and cylindrical [132] or prismatic [I03] batteries
can be derived beginning from a three-dirnensional macroscopic battery model, such as the DFN model, and
can be simplified to give range of reduced order models describing the electrochemical behaviour of large
format batteries [82]. Since the problem of coupling the potential difference across the DFN elements to the
current flow occurring in-the eurrent, collectors adds a significant degree of complexity to the problem we
do not discuss this further, other than to say that similar problems have been tackled in equivalent-circuit
modelling of prismatic and cylindrical batteries (e.g. [T4]).

Before leaving this subject we note that it should be possible to start from a microscale thermal model
of the constituent parts of the cell, for example that given by Latz and Zausch [67], and to homogenise this
to obtain a macroscale thermal equation analogous to . However, such an analysis has not, as far as
we are aware,-been performed. We also note that the macroscale thermal equation can be coupled to single
particle models but, while it is straightforward to compute the heating terms occurring on the right-hand
side of for the simple SPM model, so far no-one has derived expressions for Qirr and Qrev in the case
of the SPMe-type models. This is because of the difficulty in accounting for electrolyte heating in these
formalisms.
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5.2. Lumped thermal-electrochemical model

The computational expense of accurately solving a fully coupled thermal-electrochemical model means
that this task is beyond the reach of most solvers. Nevertheless thermal variations play a fundamental role
in the behaviour of large format batteries. In the limit where heat dissipation to the environment is much
slower than heat conduction within the battery, it can be shown that spatial variations,in the temperature T’
are negligible so that it can be approximated by the time-dependent function 7'(t) (see [I3]). At its simplest
this results in coupling between a single DFN model, with parameters that vary with the temperature T'(¢)
and a lumped thermal model of the form

oT 1

or__t 10 acs |
ot ||wa ||

T — Tanb ), 39a
o]l ¢ b) (39a)

(Qirr + Qrev) dV —h
Qbatt
where 6 is the lumped volumetric heat capacity, and ||Qpate| and || 0Qpate] represent the volume of the
battery and area of the cooling surface. This is solved subject to the initial condition

T(0) = Tp. (39b)

This approach brings a significant simplification to the solution procedure if the resistance of the current
collectors is negligible, so that all parts of the battery experience the same potential difference between the
current collectors. Clearly, if this is not the case then we have to revert to solving a DFN model at each
point in space, and the heating terms Qirr and Qrev are no longer spatially independent. In this scenario the
resulting problem is almost as computationally expensive assolving.the fully coupled model detailed above.

. 4
6. Possible extensions

The models discussed in Sections [2] and [3] are eléetrochemical models, which are the cornerstone of
battery modelling. However, in many situations these, models are not sufficient and we need to incorporate
new physics. We have already discussed how to incorporate thermal models but these are not the only
effects we can couple to electrochemical models. Coupling new physics to an electrochemical model leads
to extensions of the models in Sections [2] and [3f»As with the pure electrochemical models, there are many
examples in the literature where these models are posed ad hoc for different levels of complexity (e.g. based
on the DFN model or the SPM). However, this can easily lead to inconsistencies in the model, especially
as the number of additional physical processes increases. The framework for model reduction presented in
Sections [2| and [3| remains perfectly valid when new physics are added to the microscale model which, given
its high resolution, is usually the best candidate to incorporate any additional physical phenomenon. In this
section we present possible extensions t0 theelectrochemical model. We do not intend it to be an exhaustive
list with all the details of each model, as €ach family would deserve its own review article. Instead, we aim
for this section to be a starting point, which can serve as an introduction to these extensions and that points
the reader to the relevant references.” Note that each subsection introduces a significant amount of new
notation, so each subsection is self-contained and this notation is not included in

6.1. Phase-field models

Physical and eleetrochemical phenomena occurring in lithium-ion batteries are complex and nonlinear. A
good example of/this is the ion intercalation dynamics in the solid particles, which involves lithium diffusion
accompanied, in most cases, by phase transformations in the electrode material (for example lithium iron
phosphate asaspositive electrode material involving micrometer-sized particles [119]). The models discussed
in Sectiong [2| and [3[.assume that diffusion drives the transport of intercalated lithium (e.g. for the
DFN model and (28)) for SPM-type models). This approach either neglects any phase separation or tries
to mimierthe phase transformation process by introducing a highly nonlinear effective diffusivity, which
strongly depends on local lithium concentration and rapidly fluctuates in a wide interval (e.g. diffusivity
measurements vary between 107! and 10~® cm?/s in [32]). However, it should be noted that a nonlinear
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diffusion model is unable to capture the hysteresis in the open circuit voltage that is observed for/certain
electrode materials as they are slowly charged and then discharged.

An alternative to modelling lithium transport in the electrode materials using a nonlinear diffusion
equation is to use the Cahn—Hilliard reaction (CHR)) theory that naturally captures the phase transformation
[T7, 119]. The CHR model is a special case of the phase transformations model developed by, Bazant; [7]
based on non-equilibrium thermodynamics. It corresponds to rate limitation by diffusion and deseribes‘bulk
phase separation driven by heterogeneous reactions localised on the surface and described by a flux matehing
boundary condition. In an arbitrary domain 2 it reads

% =-V.F, in (40a)
oo ({2)), . "
¢ ~
with
oG
F=—-M — 41
cV 5e (41)

where ¢ is the concentration of lithium, M is the mobility, R is.the velumetric reaction rate, and G is
the total free energy. Following the notation in [7], we use § to represent the variational (or functional)
derivative, and the curly braces to denote the dependence of the reaction rate R on the variational derivative
of the free energy.

The particular case of the CHR model with Butler—Volmer kineties for a spherically symmetric, isotropic,
strain-free, electron-conducting particle of radius Ry, for k € {,p}, as shown in [I145], can be written in the
form

%:—%% (r*Fy), in0<r<Ry, (42a)
F, =0, at 7 =0, (42b)
F, = %, at r = Ry, (42¢)
Cr = Cro, at t = 0. (42d)
with
,@e = —%ck(ckmax - ck)%, (42e)

where ¢, is the lithium concentration, ji is the Butler-Volmer surface current, ¢ is the initial concentration
and ¢*** is the maximum, concentration.
The parameter Dyo in/(42¢) is the dilute-solution limit that can be expressed via mobility M}, using the

Einstein relation for thetracer diffusivity as

D = MykgT = Dy (1 = :}’;{) . (43)
Cl
The chemical potential pg in (42¢e) can be roughly approximated in terms of the open-circuit potentials
Uk in the corresponding domain k € {n,p} as pup = —FUy, where F' is the Faraday constant. For the
Cahn—Hilliatd regularsolution model [16] [I7, [I8], the chemical potential can be represented as
Ck i — 2¢, w 9
Mk = kBTln max + H max - max 2V ck, (44)
PR — ¢y, cy (cpax)

where kg is Boltzmann constant, 7" is the absolute temperature, H is the enthalpy of mixing, and w is the
gradient energy penalty coefficient.
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For the chemical potential u; written in the form we need two additional boundary conditions for
the concentration cy:

aCk

= = 4
5, =0 at r =0, (45)
aCk
Ee Bk, at r = Ry, (46)

Here B is the (constant) concentration gradient at the particle surface which is related to the surface-to-
bulk phase boundary tension ratio or, according to Young’s law, to the equilibrium contact angle 6 as
B = P cos (0x)/Ak, where Ay is the phase boundary thickness [I45]. Equatiéns (42)-(46]) can be used
to replace the lithium diffusion equation employed by the classic DFN model. They naturally describe
phase transformation phenomena but, on the other hand, the model involvessar set, of additional unknown
variables (e.g. chemical potentials) that are difficult to estimate and may reduire computationally expensive
micro-scale simulations.

6.2. Capacitance layers

The models developed so far include a jump in potential at thé interface between the solid phase and
electrolyte phase. In reality, the potential changes continuouslydmya nanemeter-thick layer known as the
double layer. Even though it could be modelled as a distributed effeetthe layer is so thin that it is more
convenient to model the capacitance as an interfacial effect{vincluding an additional current due to the
changing potential difference. This capacitance term is oftendignored (as in Sections |2 and [3)) since the time
scale of capacitance effects, a few seconds, is much shorfer tham thegtime scale of hours to years that is
usually considered in battery models. However, in some scenarios that occur over short time scales, such as
extreme fast charging, capacitance effects could play an important role.

Furthermore, including the double layer current imythe model can also be useful for mathematical rea-
sons, since it converts one of the algebraic equations into,a differential equation and hence improves the
conditioning of the model. In fact, in the homogenised one-dimensional system, the DFN model can be
transformed to a system of parabolic PDEs which, when semi-discretised in space, becomes a system of
ODEs and hence can be solved using a wider range of algorithms than the ones required for the DAE system
resulting from the semi-discretisation of the standard DFN model (which consists of parabolic and elliptic
PDEs).

At the microscale, we model the capacitance as an additional current at the interface between the solid
and electrolyte phases [122], so that (7)) becomes

F]Vk-nk:%k-n‘m:jgl—i-jk, at x € 0 ikn, (47a)
FNy -ng =i, ay, =G +51), at © € 0O, (47b)
The double-layer current déepends linearly on the rate of change of the potential difference,
dl a9
= N (- 60). (48)

where the double-layer capacitance, C4!, is usually taken to be a constant. It may be more physically accurate
to allow the double-layer capacitance to be a function of the potentials, in which case it would move into
the time derivative in , but since the capacitance time scale is so small this is of little importance in
practice. While is_a model of an ideal capacitor, it is also possible to model the double-layer as a
non-ideal ¢apacitor [24].

The capacitance terms propagate trivially through the homogenisation process, so that equations ([16b}),
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(17al), (19a]) and (19b)) are replaced, respectively, by

FNk N = jgl +5k, at X € 891,6“, (49&)
Vi = —be (G + k), inx e Qy, (49D)

Oe b(x) (5 + 5 .
sate—&-V-Ne:()(F) inx e, (49c¢)
Vi =b(z) (7" +7), inxecQ. (494)

In a one-dimensional setting with capacitance effects included, the Doyle-Fuller-Newman model can be
converted into a system of parabolic PDEs as follows [123]. First, we define the surface potential difference

A¢k = ¢k — Qe, inx € Q. (50)
~
Substituting into and , and using the fact that for one-dimensional problems i, + 5 = iapp,
we obtain a system of simultaneous equations for the electrolyte current,

. . 0
lapp — le,k = *O—k% (A¢k + ¢e,k) ) (513)
) Ode k RT dlog c,
o = on(eo)Ba) (-2 + 201 FrTER TR ). (51b)
where i, j, denotes the electrolyte current in the subdomaink.
We can then eliminate d¢. 1, /0x from to write 4o/ as a functional of Agy,
i _ 8§fk +2(1_t+)%8lgice +iapp/0k inax c Q (52)
ek — bl k-
: 1/ (oe(ce)B(2)) +k/ow
Thus the two elliptic equations and can be replaced by a single parabolic equation for Agy,
8A¢k 1 8ie k . .
= — — D Q 53
ot bdel ( o, kJk | mx e i, ( )

with initial and boundary conditions following trivially from linear combinations of the initial and boundary
conditions in the DFN model. When/semi-discretised with the method of lines, the capacitance-DFN model
becomes a system of ODEs, and henee.can be solved by simpler numerical methods than the standard DFN
model. N

Finally, having found 4., the electrolyte potential is found by integrating ,

v RT Ologce Gok
be = /0 (2(1 = tﬂ? or Ue(ce)B(s)> ds — Adpl,—q (54)

and the electrode potential (and hence voltage) by applying (50). Note that this manipulation is only
possible in one-dimefisional problems, since i + 95 7 tapp in higher dimensions [122].

6.3. Multi-particle electrodes and graded electrodes

The standard \DFN model (and hence the associated reduced order models) assumes that, within an
electrode, all'particles.are spheres with the same radius. In reality, at the microscale, all the particles
have different shapes and sizes. While retaining the spherical assumption, the different particle sizes can be
incorporated.into the DFN model in two different ways: taking the particle size to be a function of = (graded
electrodes), andrincluding a distribution of particle sizes at each point in x (particle-size distribution). It is
also (in theory) possible to combine both of these approaches by making the particle size distribution itself
be graded.
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Graded electrodes. In graded electrode models, the particle radii themselves are taken to be a funection of =z,
Ri(x). A naive numerical implementation would require a different mesh for each particle equation. This
can be avoided by first rescaling r = 7Ry (z), so that (21a)) becomes

8ck _ 1 8 A2 _
Bt 72Ry(z) 0F (FN) N =

~ Dy(cx) Ocx
Rk (ﬂf) 8’f’ ’

(55)

with 0 < 7 <1 (note that Ry(x) is independent of # and thus commutes with the 7-defivative)s

Since the Single Particle Model consists of a representative particle in each electrode, graded électrodes
cannot be included in that model, nor in the SPMe of Marquis et al. [81] for the same reason. However, the
corrected SPM introduced by Richardson et al. [TT1] does allow for inclusion of graded electrodes, and thus
could be used when a reduced order model that includes graded electrodes is required.

Particle-size distributions. In particle-size distribution models, there is a/distributien of particle sizes at
each point in x; specifically, a distribution of active material volume fractions; ez, occupied by particles of
size RZ. Hence the particle concentrations are now pseudo-3D, ¢ = ci(@yr, 0), where § parameterises the
‘particle size’ dimension. As a result, the interfacial current density is a funetion of x and 6,

.

SRT (¢n(z) Ads(x) =Wl (x, Ry, 0)))| - (56)

ﬁ@mnwam%@ﬁmmﬁm[

Equation is unchanged but is now parameterised by 6 as wellias =. The total interfacial current density,
which feeds into the macroscale equations for electrolyte coneentration electrolyte potential, and solid-phase
potential, is given by

bijr= / by jndd, (57)

where b = 3¢9 /R is also a function of @ since both'e? and RY are.

As indicated in , the solid phase and electrolyte potentials and the electrolyte concentration are
the same at the surface of each particle at a particular point in x, but the surface concentrations ¢ (and
therefore jio and Uy) depend on 6. This is because lithium can diffuse from the centre to the surface of the
particle more rapidly in smaller particles than in larger ones. Typically, is solved by discretising the
particle-size distribution so that the integral becomes a sum of a finite number of particle sizes.

When considering this level of detail, one should bear in mind that the separation of scales between
the particle radius (~ 5 pm) and the electrode. thickness (~ 80 pum) is not very clear (values taken from
[20]), which limits the accuracy of the homogenisation of the particle-size distribution. Therefore, it may
be sensible to consider either particlessofiuniform size but with varying concentrations in the through-cell
dimension (i.e. the standard DFN model) or a particle-size distribution within an SPM-like model, for
example as proposed by Kirk et al{[62] and Mohtat et al. [84].

6.4. Mechanical models

Although lithium-ion batteries ‘are devices based on electrochemical reactions, they also face coupled
mechanical problems, such as volume expansion that leads to stress generation and particle cracking, which
contribute to capacity loss [95]./ The volume change of active materials under (de)lithiation during battery
cycling originategfrom the varying atomic layer distance with varying lithium content in the active materials.
Graphite, for instance, expandsiapproximately 10 vol% from Cg to LiCq [63, 100], with the volume change
of other active materials summarised in [I00]. These stresses and cracks in electrode particles bring strong
nonlinearitiés to battery (dis)charge responses that challenge current battery models, as shown in various
reviews [147, [148].

Early contributions to mechanical models for lithium-ion batteries stem from Christensen and Newman
[22] and Zhang et'al. [I46]. These models coupled the mechanics and electrochemistry in lithium-ion batteries
and describe the volume change and stresses in electrode particles as a function of lithium concentration.
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The magnitude of radial (o,-) and tangential (gg) stresses in electrode particles r € [0, R] are detérmined by

20F 1o, (",
o (r) = 73(1_” <R;3</0 credr — r—?’/o ér dr), (58a)

QOF 2 (B (", R
0'9(7")— m <&%A cr d'l"-g/o cr dT—C>, (58b)

where € is the partial molar volume, ¢ = ¢ — ¢y where ¢g is a reference concentration, F'is\Young’s modulus,
v is Poisson’s ratio, and Ry is the particle radii. Within the academic literature, €2 has been assumed to
be either a constant value or a function of concentration. Here, the lithium con¢entration gradient is a key
driving factor of the magnitude of the particle stresses. However, these stresses have also been shown to
influence the chemical potential (1) gradient [48] [I46], the driving force of ghe solidsphase diffusion, which
can be described by

= po+ RTIn X — Qoy, (59a)
Dc Qc
dc .
az—V-J, in 0 <r < Ry, (59¢)
9 0. atr=o, (59d)
or ) &
J-n:%, at 7 = Ry (59)

where X is the molar mass of lithium ion, o}, is the hydrostatic stress where o, = (0, + 209)/3, n is
the outward normal vector of the particle surface, D is‘the diffusivity, R is the gas constant, 7" is the
temperature, j is the Butler-Volmer currentsdensity, and F' is the Faraday constant. This equation can be
used to substitute the particle equations in the DFNimodel.

The mechanical model has been applied to SPMe to model battery capacity degradation [73] and to the
DFN model to study the non-uniform stress distribution across the two electrodes [1, finding that large
stresses appear closer to the separator leading to local particle cracking. These cracks release new surfaces
for the SEI formation and growth, which consume additional accessible lithium ions and accelerate the
battery capacity degradation [73]. Many methods have been developed to control the level of stresses, which
can be classified into two main groups; mnaterial design and optimised charging profiles. The latter is often
preferred because of its low cost. By varying the charging profiles this approach can also achieve longer
lifespan of lithium-ion batteries (e.gé reducing the charging current at high states-of-charge) although this
benefit can vary markedly for battery cells with different chemistry [57]. Optimal charging profiles can be
obtained using the mechanical model by decreasing the charging currents when the stress reaches a critical
threshold [125].

However, despite all this geod progress, the developed models use assumptions which limit their ap-
plications to more complex working conditions (e.g. spherical particles, homogeneous material properties,
small deformation..)s Notable efforts to address this include that of Salvadori et al. [I14] who proposed a
homogenisation framework which accounts for mechanical effects. Here effects such as the composite porous
electrode, migration4 diffusion, imtercalation and particle swelling were accounted for at the micro-scale,
which were then coupled awith the diffusion-advection equations at the macro-scale. Topics of stress affected
diffusion [146], large deformation [12] [75], anisotropy [(9] and microstructure [83] are important to capture,
and more details can be found in the references provided.

6.5. Degradation models
Whilst accurately predicting battery performance at the beginning of its life is useful, prediction of
future lifetime is perhaps even more important. This is often a complex task due to the diversity of battery
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degradation modes and the interdependency between them, leading to a path dependent behaviour [104].
A summary of these mechanisms can be found in the review by Edge et al. [34] and the details on how to
model them can be found in [92]. Here, we review the most relevant modes from a modelling pérspective.

6.5.1. Negative Electrode Degradation mechanisms

Solid electrolyte interphase (SEI) layer growth. The SEI is a passivation layer that forms on most negative
electrode materials due to the thermodynamic instability of the solid-electrolyte interface, and is often cited
as one of the main degradation modes. Several DFN models [35] 90} 105l TT3] of SEI formation exist in the
literature to predict the capacity fade, with the pioneering work of Safari et al. [I13]'summarising the SEI
formation layer model well with clear physical meaning. In this work, solvent diffusion through the SEI layer
was modelled, followed by electrochemical reactions governed by the Tafel equation, including both kinetic
and diffusion limitations. The growth of the SEI layer results in an increased resistance and capacity fade
through loss of lithium inventory. Important input parameters of SEI models are.open-circuit potential,
electrochemical reaction rates, diffusivities, and resistance.

Lithium plating. Lithium plating is a side reaction where metallic lithium depositsson the negative electrode
surface instead of intercalating into it. Lithium plating and stripping, (the inverse process of plating) can be
modelled by including an additional Butler-Volmer equation for the side reaction in the DFN model, where
the general assumption is that plating occurs when the negativeslectrode potential compared to a lithium
reference electrode is less than 0 V. This basic lithium plating model was first proposed by Arora, Doyle and
White [3], but the most comprehensive model was proposed by Yang et al.”[T41] by considering dependence
on both electrolyte and plated lithium concentrations. In@ recent study, O'Kane et al. [93] incorporated
a nonlinear diffusion model into Yang’s model to account for phase transitions in the graphite and showed
that nonlinear diffusion plays an important role to yield qualitatively different final results.

Particle fracture. Particle fracture is caused by the substantial volume change and the resulting stress of
electrode materials during cycling, especially for particles with large sizes or under high C-rates [23]. Particle
fracture leads to battery degradation, with effects such as binder detachment [39], loss of active materials
[108] and loss of lithium inventory by additional SELgrowth on new surfaces of cracks [29]. The modelling
of particle fracture can be through empirical functions to account for the new surfaces of cracks for the
additional SEI growth [35], but this.kind of modelgyis only accurate for moderate C-rates. Physics-based
models have been developed using the fatigue crack model of Paris’ law [29], which shows better accuracy
for battery cells at high C-rates. Thererare also three-dimensional studies on the microstructure of electrode
materials [T40], using finite element methods; but they are computationally expensive and usually limited
to beginning of life simulations. S

6.5.2. Positive Electrode Degradation Mechanisms

Phase Change and Ozygen Evolution. Oxygen evolution from the positive electrode has been conventionally
modelled as oxidation of electrolytes at the positive electrode side using a simple kinetically limited Tafel
equation, with this kind of meodel being proposed in several literature reviews [76, [[08]. Jana et al. [53]
proposed that the capacity fade is a linear function of the oxidation current density, which they used in
the Tafel equation to,model the electrolyte oxidation at the positive electrode. This oxidation reaction also
produces Hy which in tun enhances the transition metal dissolution. However, theoretical understanding
and modelling for the source of the oxygen evolution and its effect on the capacity fade is lacking. In this
regard, Ghosh et al. J43] proposed a shrinking core model based on thermally coupled SPM in which lattice
oxygen release is considered due to the phase transition of the positive electrode materials at higher states-
of-charge and the degradation mechanism is controlled by either diffusion of lattice oxygen through the
phase transformed Surface layers or the reaction kinetics at the bulk/surface layer interface of the electrode.

Transition Metal (TM) Dissolution and positive electrode solid electrolyte interphase (pSEI) formation. TM
dissolution happens at the electrode-electrolyte interface due to chemical side reactions which dissolve TMs
and form pSEIL, TM dissolution at the positive electrode is modelled using a first order chemical reaction,
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limited by concentration of HT ions in the electrolyte [26]. H* ions are generated from LiPFg salt digséciation
in the electrolyte and solvent oxidation at the positive electrode. While LiPFg dissociation in the presence of
H,0 is modelled using a chemical reaction rate, solvent oxidation is modelled using Tafel kineti¢s [26]. Lin
et al. [76] provided detailed DFN model equations for TM dissolution at the positive electrode/coupled with
SEI layer formation at negative electrode. The TM deposition on the negative electrode is alsorincluded in
the model. The growth of the pSEI can be modelled similarly to any of the SEI layer growth models:«l.ack
of agreed equations in the literature make modelling of the positive electrode degradation mechanismsstill
an active area of research.

7. Conclusions

The purpose of this work has been to review cell scale continuum electrochemical models for lithium-ion
batteries of varying degrees of complexity. We started by considering an extreme,LX detailed microscopic
model that is capable of simulating all of the individual components that make up the cell, down to the
scale of individual electrode particles. We then applied homogenisation techniques to the microscale model
to obtain the homogenised model. This model introduces the concept of the multizseale model: the electrode
and electrolyte equations are defined in a simplified domain (and use effective tramsport properties to capture
the effects of the porous geometry) and they are coupled with a micrescale problem that resolves lithium
transport in the particles. Next we reviewed the Doyle-Fuller-Newman (DEN) model, which can be seen as
a particular case of the homogenised model for a very simple geometry: one-dimensional planar geometry in
the electrodes and one-dimensional spherically symmetric geometry for the particles. The homogenisation
combined with the simple geometry yield a model that isdractablerand can be easily solved on a laptop.
However, some applications require simpler (i.e. faster to solve) models, so in Section [3| we presented some
simplifications of the DFN model: the so-called Single Parficle Models. These represent a considerable
reduction in computational complexity when compared to the DEN model and, while they still necessitate a
macroscopic equation to be solved for the lithium diffusion in the electrolyte, they only require that lithium
transport equations are solved in one (or at worst a small number of) electrode particle in each electrode. In
order to aid in the selection of a model, appropriate to the requirements of the user, the main advantages and
disadvantages of these three approaches are briefly outlined below (full details can be found in Section .

The full benefit of employing the detailed microscopic model can only be realised if it used in conjunc-
tion with accurate three-dimensionalunicroscopic data, of the cell (e.g. [98]), resolved down to the level of
individual electrode particles, in order to, generate the geometry over which the model is solved. It may
be necessary to resolve the crystal structuresiof the electrode particles, which for certain highly anisotropic
materials, such as graphite, can heavily influence the transport properties of the electrode particles. More-
over, given the very thin chain like stQu:tures typically formed by the conductive additives in the binder
domain, it is almost impossible/to obtain a properly resolved microscopic description of conduction within
the electrode. Full microscopic simulations are not only extremely expensive to set up, in terms of domain
specification, they are alse, because of theéir computational complexity, very costly to run. However, in spite
of these disadvantages, microscopic models are still probably the best way of assessing the effects that the
microstructure (and changes to it) has on the battery performance. The homogenised model, even though
significantly simpler, also posesithe geometry characterisation challenge, with the additional constraint that
this geometry needstto be a periodic structure that is representative of the whole electrode. In contrast,
the DFN model is.significantly less computationally complex than the full microscopic model and yields
model equations that are two-dimensional in space (one microscopic dimension in the electrode particles
and one mesoscopic/dimension across the cell) and that can, if properly parameterised, accurately predict
experiments. Furthermore, the geometry on which these equations are solved is easy to specify, albeit that
a number o0f the parameters have to be computed (or at least estimated) from the microstructure of the
electrodes.

Thefinal elass of models that we reviewed were the Single Particle Models. Within this class, we
distinguished between Single Particle Models with electrolyte dynamics (SPMe) and without (SPM). Note
that \even within each type there are multiple formulations of these models, but they are all very similar.
These modelsfare less computationally complex than the DFN model, typically involving one fewer spatial
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dimension than required for the DFN model and, for most electrode chemistries (except those with flat
open-circuit potentials, such as lithium iron phosphate), they can be formally derived as a limit of‘the DFN
model. Where applicable, they can give extremely good agreement with the DFN model, evén at, quite
high rates of charge and discharge, although they cannot accurately describe scenarios in which electrolyte
depletion occurs and so are unsuitable for very high rates. The reduction in computational complexity of/the
single particle models compared to the DFN model gives rise to significant advantages in computatienally
intensive applications, such as parameter estimation and optimal cell design, and indeed have been used to
conduct the thermally coupled simulation of a cylindrical battery. SPM also has the notable advantage of
having fewer parameters than the DFN model and so is more straightforward to fit to data.

After reviewing the electrochemical models, we introduced coupled thermal-eleétrochemical models for
large format batteries (such as pouch, cylindrical and prismatic batteries). These modelgiare necessary to
describe how a battery heats up during operation, which has a huge impact on 'its behaviour. We finished
by providing a brief overview of possible extensions to the electrochemical models,\including: phase-field
models, capacitance layers, multi-particle and graded electrodes, mechanical effects and degradation. All
these models need to be properly coupled to an electrochemical modely, and the derivation of simplified
models accounting for these additional physics should be done using the same framework as we introduced
for electrochemical models.

These model extensions are connected to the main areas for further research in the field of continuum
models for lithium-ion batteries. The principal challenges in the/mearfuturesare the inclusion of additional
physics into the continuum modelling framework. In particular, we emphasise the need to incorporate
phase-change behaviour into lithium transport models for the electrode particles (which is a key step in
capturing hysteresis), and the necessity of building degradatiomunechanisms into the continuum modelling
framework. We note that the latter is a very broad field;, which ineludes several degradation mechanisms,
and each of them has its own modelling challenges. These demands arise not only from requirements to
formulate new models, but also in providing the(methods to implement and parameterise these models so
that they can be adopted by industry. Moreover, as computational capabilities improve over the coming
years, we envisage that the use of more complex models will become more widespread. This applies at
multiple levels: high-performance computing.will enable the use of microscale models in battery design, and
battery management systems with increased processing,power should allow physics-based models to become
standard components of battery management systems within industry.
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Appendix A. List of symbols and acronyms

Here we introduce a summary list of symbols and acronyms used throughout the papery except the
extensions in Section [6] These require a notation very specific to each model and thérefore hence'it is kept

self-contained within each subsection.
Acroynyms

DAE Differential-algebraic equation
DFN Doyle-Fuller-Newman

ODE Ordinary differential equation
PDE Partial differential equation
SEI Solid electrolyte interphase
SPM Single Particle Model

SPMe  Single Particle Model with electrolyte dynamics

Variables (with units)

Ck lithium concentration in the electrode particles
Ce lithium ion concentration in the electrolyte
Ny, molar flux of lithium in the electrode particles
N, molar flux of ions in the electrolyte

Tk current density in the electrodes

e current density in the electrolyte

Ik reaction current density N

Jko exchange current density

Ok electrode potential

Oe electrolyte potential

T temperature

Nk overpotential at the electrode-electrolyte interface

Parameters and functions (with units)

by particle surface area per unit of volume

e maximum/particle concentration

Ce0 initial/rest lithium ion concentration in the electrolyte
Cko electrode initial concentration
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mol m—3

mol m—3

mol m—2 g~1

mol m—2 g~1
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specific heat capacity

lithium diffusivity in particle

lithium ion diffusivity in electrolyte
heat transfer coefficient

applied current density

normalised reaction rate

electrode and separator thicknesses
irreversible heat source

reversible heat source

particle radius

cation transference number

initial temperature

ambient temperature

open-circuit potential (OCP)
transport efficiency / inverse MacMullin number
thermal conductivity

electrolyte volume fraction (porosity)
volumetric heat capacity

density

conductivity (electrolyte)

conductivity (electrode)

Constants (with units)

F Faraday constant 4

R gas constant

Subscripts

e in electrolyte

n in negativé electrode/particle (anode)
S in separator

p in positivé electrode/particle (cathode)
k in domain € {n,s,p}

Accents

subdomain-averaged

referred to the microscale
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JEK kg™!
m<s
m< s

Wm 2K
Am?2

mol m—2 g~1

W m™—3
W m—3

=

< = =

Wm !t K!

JKtm3
kg m—3
Sm!

Sm™!

C/mol
J/K/mol



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - PRGE-100103.R1

References

(1]
2]

W. Ai, L. Kraft, J. Sturm, A. Jossen, and B. Wu. Electrochemical Thermal-Mechanical Modelling of Stress Inhomogenéity
in Lithium-Ion Pouch Cells. Journal of The Electrochemical Society, 167(1):013512, oct 2020.

Z. An, L. Jia, Y. Ding, C. Dang, and X. Li. A review on lithium-ion power battery thermal management technologies
and thermal safety. Journal of Thermal Science, 26(5):391-412, 2017.

P. Arora, M. Doyle, and R. E. White. Mathematical Modeling of the Lithium Deposition Overchiarge Reaction in Lithinm-
Ton Batteries Using Carbon-Based Negative Electrodes. Journal of The Electrochemical Society, 146(10):3543<3553, oct
1999.

H. Arunachalam, S. Onori, and I. Battiato. On Veracity of Macroscopic Lithium-Ion Battery Models. ‘Journal of The
Electrochemical Society, 162(10):A1940-A1951, 2015.

S. Atlung, K. West, and T. Jacobsen. Dynamic Aspects of Solid Solution Cathodes for Eleetrochemical Power Sources.
Journal of The Electrochemical Society, 126(8):1311-1321, aug 1979.

T. M. Bandhauer, S. Garimella, and T. F. Fuller. A critical review of thermal issues in lithium-ionbatteries. Journal of
The Electrochemical Society, 158(3):R1, 2011.

M. Z. Bazant. Theory of chemical kinetics and charge transfer based on nonequilibrium thermodynamics. Accounts of
Chemical Research, 46(5):1144-1160, may 2013. ~

A. Bensoussan, J.-L. Lions, and G. Papanicolaou. Asymptotic Analysis for Periodic Structures. American Mathematical
Society, Providence, Rhode Island, oct 2011.

D. Bernardi, E. Pawlikowski, and J. Newman. A general energy balance for battery systems. Journal of The
Electrochemical Society, 132(1):5-12, jan 1985.

A. M. Bizeray, D. A. Howey, and C. W. Monroe. Resolving a Discrepancy in Diffusion Potentials , with a Case Study
for Li-Ion Batteries. Journal of The Electrochemical Society, 163(8):E223-E229;2016¢

A. M. Bizeray, J. H. Kim, S. R. Duncan, and D. A. Howey. Identifiability and Parameter Estimation of the Single Particle
Lithium-Ion Battery Model. IEEE Transactions on Control Systems Technologyy pages 1-16, 2018.

A. F. Bower, P. R. Guduru, and V. A. Sethuraman. A finite strain.model of stress, diffusion, plastic flow, and elec-
trochemical reactions in a lithium-ion half-cell. Journal of thesMechanics and Physics of Solids, 59(4):804-828, apr
2011.

F. Brosa Planella, M. Sheikh, and W. Widanage. Systemati¢ derivatibn and validation of a reduced thermal-
electrochemical model for lithium-ion batteries using asymptotic methods. Electrochimica Acta, 388:138524, 2021.

D. A. Bruggeman. Berechnung verschiedener physikalischer Konstanten von heterogenen Substanzen. I. Dielek-
trizitdtskonstanten und Leitfahigkeiten der Mischkorper aus isotropen Substanzen. Annalen der Physik, 416(7):636-664,
1935.

M. Bruna and S. J. Chapman. Diffusion in spatially varying porous media. SIAM Journal on Applied Mathematics,
75(4):1648-1674, jan 2015.

J. W. Cahn. Free energy of a nonuniform system. TI. Thermodynamic basis. The Journal of Chemical Physics, 30(5):1121—
1124, may 1959.

J. W. Cahn and J. E. Hilliard. Free energy of a nonuniform system. I. Interfacial free energy. The Journal of Chemical
Physics, 28(2):258-267, feb 1958.

J. W. Cahn and J. E. Hilliard. Free energy of a nonuniform system. III. Nucleation in a two-component incompressible
fluid. The Journal of Chemical Physicsg#81(3):688-699, sep 1959.

M. Castle, G. Richardson, and J. Fester. Understanding rapid charge and discharge in nano-structured lithium iron
phosphate cathodes. European Journal of Applied Mathematics, pages 1-41, 2021.

C.-H. Chen, F. Brosa Planella, K. O’Regan, D. Gastol, W. D. Widanage, and E. Kendrick. Development of Experimental
Techniques for Parameterization of Multi-scale Lithium-ion Battery Models. Journal of The Electrochemical Society,
167(8):080534, may 2020.

C. Cheng, R. Drummond, S. R: Duncan, 'and P. S. Grant. Micro-scale graded electrodes for improved dynamic and
cycling performance ofdui-ion batteries. Journal of Power Sources, 413:59-67, feb 2019.

J. Christensen and J. Newman. A Mathematical Model of Stress Generation and Fracture in Lithium Manganese Oxide.
Journal of The ElectrochemicaliSociety, 153(6):A1019, apr 2006.

J. Christensen and J{ Newman.  Stress generation and fracture in lithium insertion materials. Journal of Solid State
Electrochemistry, 10(5):293-319, 2006.

Z. Chu, G. L. Plett, M. S. Trimboli, and M. Ouyang. A control-oriented electrochemical model for lithium-ion battery, Part
I: Lumped-parameter reduced-order model with constant phase element. Journal of Energy Storage, 25(August):100828,
2019.

F. Ciucci and W. Lai. Dérivation of Micro/Macro Lithium Battery Models from Homogenization. Transport in Porous
Media, 88(2):2494270, jun 2011.

Y. Dai, LeCai, and R.E. White. Capacity Fade Model for Spinel LiMn204 Electrode. Journal of The Electrochemical
Society, 160(1):A182=A190, nov 2013.

Y. Davit, C. G. Bell, H. M. Byrne, L. A. Chapman, L. S. Kimpton, G. E. Lang, K. H. Leonard, J. M. Oliver, N. C.
Pearson, R. J. Shipley, S. L. Waters, J. P. Whiteley, B. D. Wood, and M. Quintard. Homogenization via formal multiscale
asymptoticsrand volume averaging: How do the two techniques compare? Advances in Water Resources, 62:178-206,
2013.

D. W. Dees, S. Kawauchi, D. P. Abraham, and J. Prakash. Analysis of the Galvanostatic Intermittent Titration Technique
(GIT'T) as/applied to a lithium-ion porous electrode. Journal of Power Sources, 189(1):263-268, apr 2009.

46

Page 46 of 51



Page 47 of 51

oNOYTULT D WN =

29]

AUTHOR SUBMITTED MANUSCRIPT - PRGE-100103.R1

R. Deshpande, M. Verbrugge, Y.-T. Cheng, J. Wang, and P. Liu. Battery Cycle Life Prediction with Coupled:Chemical
Degradation and Fatigue Mechanics. Journal of The Electrochemical Society, 159(10):A1730-A1738, aug 2012.

E. J. Dickinson and A. J. Wain. The Butler-Volmer equation in electrochemical theory: Origins, value, and.practical
application. Journal of Electroanalytical Chemistry, 872:114145, sep 2020.

M. Doyle, T. F. Fuller, and J. S. Newman. Modeling of Galvanostatic Charge and Discharge of the
Lithium/Polymer/Insertion Cell. Journal of The Electrochemical Society, 140(6):1526, 1993.

M. Ecker, P. Dechent, T. K. D. Tran, A. Warnecke, S. Kabitz, D. U. Sauer, P. Dechent, S. Kébitz, A. Warneckej and
D. U. Sauera. Parameterization of a Physico-Chemical Model of a Lithium-Ion Battery. I. Determination of Parameters.
Journal of the Electrochemical Society, 162(9):A1836-A1848, jun 2015.

M. Ecker, S. Kabitz, I. Laresgoiti, and D. U. Sauer. Parameterization of a physico-chemical model of ajlithium-ion
battery: Ii. model validation. Journal of The Electrochemical Society, 162(9):A1849, 2015.

J. S. Edge, S. O’Kane, R. Prosser, N. D. Kirkaldy, A. N. Patel, A. Hales, A. Ghosh, W. Ai, JuGhen, J. Yang, S. Li, M. C.
Pang, L. Bravo Diaz, A. Tomaszewska, M. W. Marzook, K. N. Radhakrishnan, H. Wang, Y. Patel, B. Wupand G. J. Offer.
Lithium ion battery degradation: what you need to know. Physical Chemistry Chemical Physics, 23(14):8200-8221, apr
2021.

H. Ekstrom and G. Lindbergh. A Model for Predicting Capacity Fade due t6 SEI Formation in a Commercial
Graphite/LiFePO 4 Cell. Journal of The Electrochemical Society, 162(6):A1003-A1007, mar 2015.

A. Farmann and D. U. Sauer. A comprehensive review of on-board State-of-Available-Power| prediction techniques for
lithium-ion batteries in electric vehicles. Journal of Power Sources, 329:123-137, oct 2016.

X. Feng, M. Ouyang, X. Liu, L. Lu, Y. Xia, and X. He. Thermal runaway mechanism of/lithium ion battery for electric
vehicles: A review. Energy Storage Materials, 10:246-267, 2018.

D. P. Finegan, M. Scheel, J. B. Robinson, B. Tjaden, I. Hunt, T. J. ‘Mason, J. Millichamp, M. Di Michiel, G. J.
Offer, G. Hinds, et al. In-operando high-speed tomography of lithium-ion batteries/during thermal runaway. Nature
communications, 6(1):1-10, 2015.

J. M. Foster, X. Huang, M. Jiang, S. J. Chapman, B. Protas, and G. Richardsen. Causes of binder damage in porous
battery electrodes and strategies to prevent it. Journal of Power Sources, 350:140-151, may 2017.

Fraunhofer ITWM. Battery and Electrochemistry Simulation Teoly(BEST). http://www.itwm.fraunhofer.de/best.

T. F. Fuller, M. Doyle, and J. S. Newman. Relaxation Pheénomena in Lithium-Ion-Insertion Cells. Journal of The
Electrochemical Society, 141(4):982, apr 1994. 4

T. F. Fuller, M. Doyle, and J. S. Newman. Simulation and Optimization of the Dual Lithium Ion Insertion Cell. Journal
of The Electrochemical Society, 141(1):1-10, 1994.

A. Ghosh, J. M. Foster, G. Offer, and M. Marinescu. A Shrinking-core Model for the Degradation of High-nickel Cathodes
(NMC811) in Li-ion Batteries: Passivation Layer Growth and Oxygen Evolution. Journal of the Electrochemical Society,
2020.

P. Goyal and C. W. Monroe. New foundations.of newman’sitheory for solid electrolytes: Thermodynamics and transient
balances. Journal of The Electrochemical Society, 164(11):E3647-E3660, 2017.

P. Goyal and C. W. Monroe. Thermodynamic factors for locally non-neutral, concentrated electrolytic fluids.
Electrochimica Acta, 371:137638, Mar. 2021.

X. Han, M. Ouyang, L. Lu, and J. LisSimplification of physics-based electrochemical model for lithium ion battery on
electric vehicle. Part I: Diffusion simplification and single particle model. Journal of Power Sources, 278:802—-813, 2015.
X. Han, M. Ouyang, L. Lu, and J. Li.Simplification of physics-based electrochemical model for lithium ion battery on
electric vehicle. Part II: Pseudo-two-dimensional model simplification and state of charge estimation. Journal of Power
Sources, 278:814-825, mar 2015.

F. Hao and D. Fang. Diffusion-Induced Stresses of Spherical Core-Shell Electrodes in Lithium-Ion Batteries: The Effects
of the Shell and Surface/Interface Stress: Journal of The Electrochemical Society, 160(4):A595-A600, feb 2013.

M. G. Hennessy and I. R. Moyles. Asymptotic reduction and homogenization of a thermo-electrochemical model for a
lithium-ion battery. Applied Mathématical Modelling, 80:724—-754, apr 2020.

D. A. Howey, S. A. Roberts, V. Viswanathan, A. Mistry, M. Beuse, E. Khoo, S. C. DeCaluwe, and V. Sulzer. Free
Radicals: Making a Casg for,Battery Modeling. The Electrochemical Society Interface, 29(4):30-34, dec 2020.

X. Hu, S. Li, and H. Peng. “Aicomparative study of equivalent circuit models for Li-ion batteries. Journal of Power
Sources, 198:359-367; jan 2012.

M. J. Hunt, F. Brosa Planella, E. Theil, and W. D. Widanage. Derivation of an effective thermal electrochemical model
for porous electrode batteries using asymptotic homogenisation. Journal of Engineering Mathematics, apr 2020.

A. Jana, G. M. Shaver, and R./E. Garcia. Physical, on the fly, capacity degradation prediction of LiNiMnCoO2-graphite
cells. Journaldof Power Sources, 422:185-195, may 2019.

C. Johnson.| NumeéricaldSolution of Partial Differential Equations by the Finite Element Method. Dover Publications,
Mineola, N. Y., jan 2009.

A. G. Kashkooli, ‘A. Amirfazli, S. Farhad, D. U. Lee, S. Felicelli, H. W. Park, K. Feng, V. De Andrade, and Z. Chen.
Representative volume element model of lithium-ion battery electrodes based on X-ray nano-tomography. Journal of
Applied Electrochemistry, 47(3):281-293, 2017.

A. G. Kashkooli, /S. Farhad, D. U. Lee, K. Feng, S. Litster, S. K. Babu, L. Zhu, and Z. Chen. Multiscale modeling of
lithium-ion battéry electrodes based on nano-scale X-ray computed tomography. Journal of Power Sources, 307:496-509,
mar 2016.

P. Keil and A. Jossen. Charging protocols for lithium-ion batteries and their impact on cycle life-An experimental study
with different 18650 high-power cells. Journal of Energy Storage, 6:125-141, may 2016.

47



oNOYTULT D WN =

(58]

[66]

AUTHOR SUBMITTED MANUSCRIPT - PRGE-100103.R1

P. Kemper and D. Kum. Extended single particle model of li-ion batteries towards high current applications: In 2013
9th IEEE Vehicle Power and Propulsion Conference, IEEE VPPC 2013, pages 158-163. IEEE, 2013.

M. Khasin, C. S. Kulkarni, and K. Goebel. Parameters inference and model reduction for the Single-Particle.Modelof
Li ion cells. dec 2019.

J. Kim, J. Oh, and H. Lee. Review on battery thermal management system for electric vehicles. ,Applied thermal
engineering, 149:192-212, 2019.

S. Kim, J. Wee, K. Peters, and H. Y. S. Huang. Multiphysics Coupling in Lithium-Ion Batteries with Recenstructed
Porous Microstructures. Journal of Physical Chemistry C, 122(10):5280-5290, 2018.

T. L. Kirk, J. Evans, C. P. Please, and S. J. Chapman. Modeling Electrode Heterogeneity insLithium-Ion Batteries:
Unimodal and Bimodal Particle-Size Distributions. SIAM Journal on Applied Mathematics, 82(2):625-653papr 2022:
R. Koerver, W. Zhang, L. De Biasi, S. Schweidler, A. O. Kondrakov, S. Kolling, T. Brezesinskiy P. Hartmann, W. G.
Zeier, and J. Janek. Chemo-mechanical expansion of lithium electrode materials-on the routeito mechanically optimized
all-solid-state batteries. Energy and Environmental Science, 11(8):2142-2158, aug 2018.

I. Korotkin, S. Sahu, S. E. J. O’Kane, G. Richardson, and J. M. Foster. DandeLiion v1: An Extremely Fast Solver for the
Newman Model of Lithium-Ion Battery (Dis)charge. Journal of The Electrochemical Society, 168(6):060544, jun 2021.
S. A. Krachkovskiy, J. M. Foster, J. D. Bazak, B. J. Balcom, and G. R. Goward. Operando mapping of li concentration
profiles and phase transformations in graphite electrodes by magnetic resonance imiaging and nuclear magnetic resonance
spectroscopy. The Journal of Physical Chemistry C, 122(38):21784-21791, 2018.

J. Landesfeind and H. A. Gasteiger. Temperature and Concentration Dependence of the Ionic Transport Properties of
Lithium-Ion Battery Electrolytes. Journal of The Electrochemical Society, 166(14):A3079=A3097, 2019.

A. Latz and J. Zausch. Thermodynamic consistent transport theory of Li-ion batteries. Journal of Power Sources,
196(6):3296-3302, 2011.

A. Latz and J. Zausch. Multiscale modeling of lithium ion batteries: thermal aspects. Beilstein Journal of Nanotechnology,
6(1):987-1007, 2015.

J. Le Houx and D. Kramer. Physics based modelling of porous lithium ion battery electrodes—A review. In Energy
Reports, volume 6, pages 1-9. Elsevier Ltd, may 2020.

J. Le Houx and D. Kramer. Openimpala: Open source imagerbased 'parallisable linear algebra solver. SoftwareX,
15:100729, 2021.

G. B. Less, J. H. Seo, S. Han, A. M. Sastry, J. Zausch, A. Latz; S. Schrﬁdt, C. Wieser, D. Kehrwald, and S. Fell.
Micro-Scale Modeling of Li-Ion Batteries: Parameterization and/ Validation. Journal of The Electrochemical Society,
159(6):A697-A704, 2012.

R. LeVeque. Finite Volume Methods for Hyperbolic Problems, volume 54. Cambridge University Press, 2002.

J. Li, K. Adewuyi, N. Lotfi, R. G. Landers, and J. Park: A'single particle model with chemical/mechanical degradation
physics for lithium ion battery State of Health (SOH) estimations Applied Energy, 212:1178-1190, feb 2018.

S. Li, N. Kirkaldy, C. Zhang, K. Gopalakrishnan, T. Amietszajew, L. B. Diaz, J. V. Barreras, M. Shams, X. Hua,
Y. Patel, et al. Optimal cell tab design and coolingrstrategy for cylindrical lithium-ion batteries. Journal of Power
Sources, 492:229594, 2021.

Y. Li, K. Zhang, B. Zheng, and F. Yang. Effect of loecalwelocity on diffusion-induced stress in large-deformation electrodes
of lithium-ion batteries. Journal of Power Sources, 319:168—177, jul 2016.

X. Lin, J. Park, L. Liu, Y. Lee, A. M. Sastry, and W. Lu. A Comprehensive Capacity Fade Model and Analysis for Li-Ion
Batteries. Journal of The Electrochemical Society, 160(10):A1701-A1710, aug 2013.

J. Liu, S. Khaleghi Rahimian, and C./W. Monree:sCapacity-limiting mechanisms in Li/O2 batteries. Physical Chemistry
Chemical Physics, 18(33):22840-22851; 2016.

J. Liu and C. W. Monroe. Solute-volume, effects’in electrolyte transport. Electrochimica Acta, 135:447-460, 2014.

X. H. Liu, H. Zheng, L. Zhong, S. Huang, K. Karki, L. Q. Zhang, Y. Liu, A. Kushima, W. T. Liang, J. W. Wang,
J. H. Cho, E. Epstein, S. A. Dayeh, S. T. Picraux, T. Zhu, J. Li, J. P. Sullivan, J. Cumings, C. Wang, S. X. Mao, Z. Z.
Ye, S. Zhang, and J. Y. Huang. \Anisotropic swelling and fracture of silicon nanowires during lithiation. Nano Letters,
11(8):3312-3318, aug 20114

X. Lu, A. Bertei, D. P./Finegan, C.:"Tan, S. R. Daemi, J. S. Weaving, K. B. O’'Regan, T. M. M. Heenan, G. Hinds,
E. Kendrick, D. J. L. Brett, and, P. R. Shearing. 3D microstructure design of lithium-ion battery electrodes assisted by
X-ray nano-computed tomography and modelling. Nature Communications, 11(1):2079, dec 2020.

S. G. Marquis, V. Sulzer, R."Timms, C. P. Please, and S. J. Chapman. An Asymptotic Derivation of a Single Particle
Model with Electrolyte. Journal of The Electrochemical Society, 166(15):A3693-A3706, nov 2019.

S. G. Marquis, ReTimms, V. Sulzer, C. P. Please, and S. J. Chapman. A suite of reduced-order models of a single-layer
lithium-ion pguch cell. Journal of The Electrochemical Society, 167(14):140513, 2020.

H. Mendoza; S. A (Roberts, Vi E. Brunini, and A. M. Grillet. Mechanical and Electrochemical Response of a LiCoO2
Cathode using Reéconstructed Microstructures. Electrochimica Acta, 190:1-15, feb 2016.

P. Mohtat;S: Lee; V. Sulzer, J. B. Siegel, and A. G. Stefanopoulou. Differential Expansion and Voltage Model for Li-ion
Batteries at Practical Charging Rates. Journal of The Electrochemical Society, 167(11):110561, 2020.

S. J. Moura, F. B. Argomedo, R. Klein, A. Mirtabatabaei, and M. Krstic. Battery State Estimation for a Single Particle
Model'with Electrolyte Dynamics. IEEE Transactions on Control Systems Technology, 25(2):453-468, 2017.

L4R. MoylespMe G. Hennessy, T. G. Myers, and B. R. Wetton. Asymptotic reduction of a porous electrode model for
lithium-ionsbatteries. SIAM Journal on Applied Mathematics, 79(4):1528-1549, may 2019.

J. Newman and K. E. Thomas-Alyea. Electrochemical Systems, volume 3. Wiley-Interscience, 2004.

J. S. Newman and W. Tiedemann. Porous-Electrode Theory with Battery Applications. AIChE Journal, 21(1):25, 1975.

48

Page 48 of 51



Page 49 of 51

oNOYTULT D WN =

(89]
[90]
[91]
[92]

(93]

(98]

[100]

[101]

[102]

[103]
[104]
[105]

[106]
[107]

[108]
[109]
[110]
[111]
[112]
[113]
[114]
[115]

[116]

[117]

[118]

[119]

AUTHOR SUBMITTED MANUSCRIPT - PRGE-100103.R1

J. S. Newman and C. W. Tobias. Theoretical Analysis of Current Distribution in Porous Electrodes. Journal of The
Electrochemical Society, 109:1183, 1962.

G. Ning, R. E. White, and B. N. Popov. A generalized cycle life model of rechargeable Li-ion batteries. Electrochimica
Acta, 51(10):2012-2022, feb 2006.

A. Nyman, M. Behm, and G. Lindbergh. Electrochemical characterisation and modelling of the mass transport phenomena
in LiPF6-EC-EMC electrolyte. Electrochimica Acta, 53(22):6356-6365, 2008.

S. E. J. O’Kane, W. Ai, G. Madabattula, D. Alonso-Alvarez, R. Timms, V. Sulzer, J. S. Edge, B. Wu, G."J2Offer; and
M. Marinescu. Lithium-ion battery degradation: how to model it. Physical Chemistry Chemical Physics, dec 2022.

S. E. J. O’Kane, 1. D. Campbell, M. W. J. Marzook, G. J. Offer, and M. Marinescu. Physical Origin of the Differ-
ential Voltage Minimum Associated with Lithium Plating in Li-Ion Batteries. Journal of The Electrochemical Society,
167(9):090540, may 2020.

K. O’Regan, F. Brosa Planella, W. D. Widanage, and E. Kendrick. Thermal-electrochemical-parameters of a high energy
lithium-ion cylindrical battery. submitted for publication, jan 2022.

M. R. Palacin and A. De Guibert. Batteries: Why do batteries fail? Science, 351(6273), feb 2016.

G. A. Pavliotis and A. M. Stuart. Multiscale Methods, volume 53 of Texts Applied_in Mathematics. Springer-Verlag
New York, New York, NY, 2008.

B. Paxton, J. Newman, . S. Tanase, Y. Miyazaki, M. Yanagida, K. Tanimoto, and T. Kodamhdodeling of Nickel/Metal
Hydride Batteries. Prog. Batt. Sol. Cells, 144(11):2168, 1997.

P. Pietsch and V. Wood. X-Ray Tomography for Lithium Ion Battery Research: A Practical Guide. Annual Review of
Materials Research, 47:451-479, 2017.

] G. L. Plett. Battery Management Systems, Volume I: Battery Modeling. Artech House;2015.

H. Popp, M. Koller, M. Jahn, and A. Bergmann. Mechanical methods for'state determination of Lithium-Ion secondary
batteries: A review. Journal of Energy Storage, 32:101859, dec 2020.

E. Prada, D. Di Domenico, Y. Creff, J. Bernard, V. Sauvant-Moynot, and"F. Huet. Simplified Electrochemical and
Thermal Model of LiFePO 4 -Graphite Li-lon Batteries for Fast Charge Applications . Journal of The Electrochemical
Society, 159(9):A1508-A1519, 2012.

J. C. Prentice, J. Aarons, J. C. Womack, A. E. Allen, L. Andrinepoules, L. Anton, R. A. Bell, A. Bhandari, G. A.
Bramley, R. J. Charlton, et al. The onetep linear-scaling density functional.theory program. The Journal of chemical
physics, 152(17):174111, 2020. 4

S. Psaltis, R. Timms, C. Please, and S. J. Chapman. Homogenization of Spirally Wound High-Contrast Layered Materials.
SIAM Journal on Applied Mathematics, 82(1):168-193; feb 2022.

T. Raj, A. A. Wang, C. W. Monroe, and D. A. Howey. Investigation of Path-Dependent Degradation in Lithium-Ion
Batteries**. Batteries & Supercaps, 3(12):1377-1385, dec 2020.

P. Ramadass, B. Haran, P. M. Gomadam, R. White, and\B. N. Popov. Development of First Principles Capacity Fade
Model for Li-Ion Cells. Journal of The Electrochemical Society, 151(2):A196, jan 2004.

R. Ranom. Mathematical Modelling of Lithium Ton Batteries. PhD thesis, University of Southampton, 2014.

L. Rayleigh. On the influence of obstacles arranged. in rectangular order upon the properties of a medium. The London,
Edinburgh, and Dublin Philosophical Magazine and Journal of Science, 34(211):481-502, dec 1892.

J. M. Reniers, G. Mulder, and D. A.{Hewey. Review and Performance Comparison of Mechanical-Chemical Degradation
Models for Lithium-Ion Batteries. Journalof The Electrochemical Society, 166(14):A3189-A3200, sep 2019.

G. Richardson, G. Denuault, and C. PsPlease. Multiscale modelling and analysis of lithium-ion battery charge and
discharge. Journal of Engineering Mathematics, 72(1):41-72, feb 2012.

G. Richardson and I. Korotkin. Heat generation and a conservation law for chemical energy in Li-ion batteries.
Electrochimica Acta, 392:138909, oct-2021.

G. Richardson, I. Korotkin, R. Ranom, M. Castle, and J. Foster. Generalised single particle models for high-rate operation
of graded lithium-ion electrodes: Systematic derivation and validation. Electrochimica Acta, 339:135862, apr 2020.

G. W. Richardson, J. M. Foster, R{Ranom, C. P. Please, and A. M. Ramos. Charge transport modelling of Lithium-ion
batteries. European Journal of Applied Mathematics, pages 1-49, oct 2021.

M. Safari, M. Morcrette; AnTeyssot, and C. Delacourt. Multimodal Physics-Based Aging Model for Life Prediction of
Li-Ion Batteries. Journal of The Electrochemical Society, 156(3):A145, dec 2009.

A. Salvadori, E. Bos¢o, and»D. Grazioli. A computational homogenization approach for Li-ion battery cells: Part 1 -
Formulation. Journal of the Mechanics and Physics of Solids, 65(1):114-137, apr 2014.

W. E. Schiesser. Method of Lines PDE Analysis in Biomedical Science and Engineering. John Wiley & Sons, Inc, may
2016.

A. Schmidt, E. Ramani, T. Carraro, J. Joos, A. Weber, M. Kamlah, and E. Ivers-Tiffée. Understanding Deviations
between Spatially Resolved and, Homogenized Cathode Models of Lithium-Ion Batteries. Energy Technology, (submit-
ted(8):ente.202000881, dec 2020.

P. R. Shearing, L. E. Howard, P. S. Jgrgensen, N. P. Brandon, and S. J. Harris. Characterization of the 3-dimensional
microstructure of a'graphite negative electrode from a Li-ion battery. Electrochemistry Communications, 12(3):374-377,
2010.

A. Shodiev, E. N. Primo, M. Chouchane, T. Lombardo, A. C. Ngandjong, A. Rucci, and A. A. Franco. 4D-resolved
physical model-for Electrochemical Impedance Spectroscopy of Li(Nil-x-yMnxCoy)O2-based cathodes in symmetric cells:
Consequences in tortuosity calculations. Journal of Power Sources, 454:227871, apr 2020.

G. K. Singh, G. Ceder, and M. Z. Bazant. Intercalation dynamics in rechargeable battery materials: General theory and
phase-transformation waves in LiFePO4. Electrochimica Acta, 53(26):7599-7613, nov 2008.

49



oNOYTULT D WN =

[120]
[121]

[122]
[123]

[124]

[125]

[126]
[127]
[128]

[129]

[130]

[131]

[132]

[133]

[134]

[135]
[136]
[137]

[138]

[139]
[140]
[141]
[142]

[143]

[144]

[145]
[146]
[147]

[148]

AUTHOR SUBMITTED MANUSCRIPT - PRGE-100103.R1

E. Sivonxay, M. Aykol, and K. A. Persson. The lithiation process and Li diffusion in amorphous SiO2 ‘and Si from
first-principles. Electrochimica Acta, 331, jan 2020.

V. Srinivasan and C. Y. Wang. Analysis of Electrochemical and Thermal Behavior of Li-Ion Cells. Journal of The
Electrochemical Society, 150(1):A98, 2003.

V. Sulzer. Mathematical Modelling of Lead-Acid Batteries. Doctoral dissertation, University of Oxford, 2019.

V. Sulzer, S. J. Chapman, C. P. Please, D. A. Howey, and C. W. Monroe. Faster Lead-Acid Battery Simulations from
Porous-Electrode Theory: Part I. Physical Model. Journal of The Electrochemical Society, 166(12):A2363<A2371,2019.
V. Sulzer, S. G. Marquis, R. Timms, M. Robinson, and S. J. Chapman. Python Battery Mathematical Modelling
(PyBaMM). Journal of Open Research Software, 9, jun 2021.

B. Suthar, P. W. C. Northrop, R. D. Braatz, and V. R. Subramanian. Optimal Charging Profiles'with Minimal
Intercalation-Induced Stresses for Lithium-Ion Batteries Using Reformulated Pseudo 2-Dimensional Models. Journal
of The Electrochemical Society, 161(11):F3144-F3155, oct 2014.

P. Taheri, M. Yazdanpour, and M. Bahrami. Transient three-dimensional thermal model for batteries withythin electrodes.
Journal of Power Sources, 243:280-289, 2013.

K. E. Thomas and J. Newman. Thermal modeling of porous insertion electrodes. Journal of The Electrochemical Society,
150(2):A176, 2003.

K. E. Thomas-Alyea, C. Jung, R. B. Smith, and M. Z. Bazant. In Situ Observation afid Mathematical Modeling of
Lithium Distribution within Graphite. Journal of The Electrochemical Society, 164(11):E3063-E3072, 2017.

R. Timms, S. Marquis, I. Korotkin, V. Sulzer, G. Richardson, R. Ranom, M. Castle, J. Foster, €. Please, and S. Chapman.
Corrigendum to “Generalised single particle models for high-rate operation of graded lithium-ion electrodes: Systematic
derivation and validation” [Electrochimica Acta 339 (2020) 135862]. Electrochimica Acta, 351:136371, aug 2020.

R. Timms, S. G. Marquis, V. Sulzer, C. P. Please, and S. J. Chapman. Asymptotic Reduction of a Lithium-Ion Pouch
Cell Model. STAM Journal on Applied Mathematics, 81(3):765-788, jan-2021.

B. Tjaden, S. J. Cooper, D. J. L. J. Brett, D. Kramer, and P. R. Shearing. On the origin and application of the Bruggeman
correlation for analysing transport phenomena in electrochemical systems. Current Opinion in Chemical Engineering,
12:44-51, may 2016.

T. Tranter, R. Timms, T. Heenan, S. Marquis, V. Sulzer, A. Jnawali; M. Kok, C. Please, S. Chapman, P. Shearing, et al.
Probing heterogeneity in li-ion batteries with coupled multiscale models,of electrochemistry and thermal transport using
tomographic domains. Journal of The Electrochemical Society, 167(11):1105)%8, 2020.

T. Tranter, R. Timms, P. Shearing, and D. Brett. Communication—prediction of thermal issues for larger format
4680 cylindrical cells and their mitigation with enhanced current collection. Journal of the Electrochemical Society,
167(16):160544, 2020.

A. A. Wang, S. E. J. O’Kane, F. Brosa Planella, J. LLe. Houx, K. O’Regan, M. Zyskin, J. Edge, C. W. Monroe, S. J.
Cooper, D. A. Howey, E. Kendrick, and J. M. Foster. Parameterising continuum level Li-ion battery models. Progress

in Energy, 2022.

Q. Wang, B. Jiang, B. Li, and Y. Yan. A‘critical review of thermal management models and solutions of lithium-ion
batteries for the development of pure electric vehieles. Renewable and Sustainable Energy Reviews, 64:106—128, 2016.
S. Whitaker. Flow in porous media I: A theoretical derivation of Darcy’s law. Transport in Porous Media, 1(1):3-25,
mar 1986.

S. Whitaker. The Method of Volume Averaging, volume 13 of Theory and Applications of Transport in Porous Media.
Springer Netherlands, Dordrecht, 1999.

W. D. Widanage, A. Barai, G. H. Chouchelamane, K. Uddin, A. McGordon, J. Marco, and P. Jennings. Design and use
of multisine signals for Li-ion battery equivalent circuit modelling. Part 2: Model estimation. Journal of Power Sources,
324:61-69, aug 2016.

Y. Xie and X. Cheng. A new solution\t) the'spherical particle surface concentration of lithium-ion battery electrodes.
Electrochimica Acta, 399:139391, de¢ 2021«

R. Xu, Y. Yang, F. Yin, P. Liu, P4 Cloetens, Y. Liu, F. Lin, and K. Zhao. Heterogeneous damage in Li-ion batteries:
Experimental analysis and/theoretical modeling. Journal of the Mechanics and Physics of Solids, 129:160-183, aug 2019.
X. G. Yang, S. Ge, T. Liu, YaLeng, and C. Y. Wang. A look into the voltage plateau signal for detection and quantification
of lithium plating in lithium-ien,cells. Journal of Power Sources, 395:251-261, aug 2018.

X. G. Yang, Y. Leng, G. Zhang, S. Ge, and C. Y. Wang. Modeling of lithium plating induced aging of lithium-ion
batteries: Transition from linear to nonlinear aging. Journal of Power Sources, 360:28-40, aug 2017.

K. P. Yao, J. S. Qkasinski, K. Kalaga, I. A. Shkrob, and D. P. Abraham. Quantifying lithium concentration gradients
in the graphite eleetrode of Li-ion cells using: Operando energy dispersive X-ray diffraction. Energy and Environmental
Science, 12(2):656—665, 2019.

Y. Zeng, P.[Albertus, R¢ Klein, N. Chaturvedi, A. Kojic, M. Z. Bazant, and J. Christensen. Efficient Conservative
Numerical Schemes for 1D Nonlinear Spherical Diffusion Equations with Applications in Battery Modeling. Journal of
The Electrochemical Society, 160(9):A1565-A1571, 2013.

Y. Zeng and M. Z. Bazant. Phase separation dynamics in isotropic ion-intercalation particles. STAM Journal on Applied

Mathematics, 74(4):980-1004, jul 2014.

X. Zhang, W. Shyy, and A. Marie Sastry. Numerical Simulation of Intercalation-Induced Stress in Li-Ion Battery
Electrode Particles. Journal of The Electrochemical Society, 154(10):A910, jul 2007.

K. Zhao and Y. Cui. Understanding the role of mechanics in energy materials: A perspective. Extreme Mechanics
Letters, 9:347-352, dec 2016.

Y. Zhao, P. Stein, Y. Bai, M. Al-Siraj, Y. Yang, and B.-X. Xu. A review on modeling of electro-chemo-mechanics in

50

Page 50 of 51



Page 51 of 51 AUTHOR SUBMITTED MANUSCRIPT - PRGE-100103.R1

lithium-ion batteries. Journal of Power Sources, 413:259-283, feb 2019.
[149] A. Ziilke, I. Korotkin, J. M. Foster, M. Nagarathinam, H. Hoster, and G. Richardson. Parametrisation a of a
Predictive DFN Model for a High-Energy NCA /Gr-SiOx Battery. Journal of The Electrochemical Society, 16 :
dec 2021.

oNOYTULT D WN =

—_ 2 O
- O

L 4

WINDNNNNNNNNONN= =222 a2
VWO NOOCULLAAWN-_OCUOVONOOULIDdDWN

S
Y
qg
O
VS)

LouuuuvuuuuubdbbdsDdDBDdDDBDMDMDADDAEDDAMWWWWWWWWW
oNOUBhAWN—_OUVONOOCULLA,WN=—_LOOVONOUVULDSD WN =

o1

o U
[@2aVe]



