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Abstract

The burgeoning field of quantum materials concerns systems that do not adhere

to the traditional theories of condensed matter physics. A key feature of these

materials is a strong coupling between structural, electronic and magnetic

degrees of freedom, which is especially prominent in 4d and 5d transition-

metal oxides. The consequences of this coupling are wide, stabilising a range

of emergent phases that are sensitive to perturbation. In this thesis, I develop

novel techniques based on neutron and x-ray scattering to characterise and

control electron-lattice coupling in 4d and 5d quantum materials.

I begin with Ca3Ru2O7, a 4d polar metal that hosts a spin-reorientation

transition. Using neutron and resonant x-ray scattering, I reveal a new cy-

cloidal magnetic phase, arising from spin-orbit coupling, that rapidly evolves

with temperature to mediate the transition. I further show that the cycloid-

mediated spin-reorientation can be driven by anisotropic strain, demonstrating

the control enabled by coupling to the lattice.

I then turn to resonant inelastic x-ray scattering (RIXS), which has re-

cently received interest as a new probe of electron-phonon coupling (EPC).

Using graphite as a model system, I demonstrate the power of RIXS to probe

the momentum-dependent EPC for a range of excited electronic states. Our

RIXS data reveal some key deficiencies of current theoretical models of phonon

excitations in RIXS, and prompt the development of a new Green’s-function–

based model by our collaborators to address these issues.

Finally, I present a study of the 5d material Sr2IrO4, a famous jeff =

1/2 spin-orbit Mott insulator. I characterise the phonon spectrum with non-

resonant inelastic x-ray scattering, before using RIXS to explore the phonon

and magnon excitations. I find a strong EPC similar to that seen in the

cuprates, and offer a new interpretation of the magnon dispersion involving

coupling to spin-orbit excitons.



Impact Statement

The work presented in this thesis advances our understanding of a range of

quantum materials, as well as contributing to the development of new exper-

imental techniques to tune and characterise their properties. These advances

are primarily of academic interest to the condensed matter and materials sci-

ence communities, but also have potential longer-term impacts in the develop-

ment of new technologies.

The discovery of cycloidal order in Ca3Ru2O7 reveals a new mechanism

to stabilise modulated magnetism at phase transitions in materials with bro-

ken inversion symmetry. The modulations in Ca3Ru2O7 are one-dimensional,

but higher-dimensional modulations could be realised in other systems. Two-

dimensional modulations include structures such as Skyrmions, with their

associated topological invariants and potential for spintronic and quantum-

computation applications. In this context, the ability to control the modulated

structures – as demonstrated here with anisotropic strain – is of particular sig-

nificance.

The ubiquity and importance of electron-phonon coupling (EPC) in con-

densed matter systems means that new probes to measure its strength and

structure in momentum space are highly sought-after. Resonant inelastic x-

ray scattering (RIXS) represents such a probe, and the insights gained from

our study of graphite are crucial for a full understanding of phonon excita-

tions in RIXS. As well as being immediately applicable to the other allotropes

of carbon, including the celebrated monolayer graphene, our results open a

new domain of out-of-equilibrium systems to which RIXS can be brought to

bear. This includes photovoltaic materials, whose conversion efficiencies can

be strongly affected by EPC, and quantum materials excited with ultrafast

laser pulses.

A major focus of RIXS studies of EPC has been the superconducting
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cuprates, whose unconventional pairing mechanism remains one of the most

pressing unanswered questions in condensed matter physics. One way to eluci-

date the key ingredients of superconductivity in the cuprates is to study related

materials, and in this effort Sr2IrO4 has been a significant player. The detailed

study of the elementary excitations of Sr2IrO4 that I present here reveals many

similarities with the cuprates, but also differences arising fundamentally from

spin-orbit coupling. This adds to a growing body of research into the ingre-

dients necessary for superconductivity, and those detrimental to it, as well as

advancing our understanding of the frontier of spin-orbit coupled correlated

materials.
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Chapter 1

Introduction

The physics of quantum materials is governed by a range of interactions whose

energy scales depend on the elements that make up the material and their

arrangement in the crystalline lattice. The interplay of these interactions gen-

erates a plethora of emergent phases, often characterised by coupled degrees of

freedom. This chapter introduces the key interactions that act at the single- and

multi-ion level in 4d and 5d quantum materials, including crystal fields, Hund’s

coupling, spin-orbit coupling, and electronic correlations. The Jeff = 1/2 state

found in spin-orbit Mott insulators serves as an illustrative example, with the

orbital character of the moments resulting in magnetic interactions that are

sensitive to the bonding geometry. The chapter concludes with an overview

of the experimental x-ray and neutron scattering techniques employed in this

thesis.

1.1 The physics of 4d and 5d quantum

materials

The study of quantum materials containing 4d and 5d transition-metal ions

opened a new paradigm in condensed matter physics, bringing together two

threads of research into strongly correlated systems and those with strong

spin-orbit coupling (SOC). Strongly correlated systems are exemplified by the

3d transition-metal oxides, in which the Hubbard repulsion between electrons

occupying the same site tends to localise what would otherwise be itinerant

carriers [1]. SOC, a relativistic effect that entangles spin and orbital angular

momentum and splits electronic bands, represents only a minimal perturbation
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Figure 1.1: Schematic phase diagram of quantum materials as a function of elec-
tronic correlations and SOC, with the approximate locations of mate-
rials relevant to this thesis indicated. Adapted from Ref. [2].

for the light 3d elements. As the atomic number increases, however, its effects

quickly become non-negligible.

The interaction between SOC and correlations can be represented in a

schematic phase diagram, shown in Fig. 1.1 [2]. The four quadrants represent

four limits. In the lower-left corner of weak SOC and weak correlations reside

simple metals and insulators that obey conventional band theory (as well as

semimetallic graphite used as a case study in Chapter 3). In materials with

strong SOC, but still minimal correlations, one finds the topological insulators

and semimetals, with their symmetry-protected surface states populated by

emergent Dirac and Majorana fermions [3]. Going back to the low-SOC limit,

increasing correlations drive a transition from a metallic to a Mott insulating

state. One of the most intensively studied families of Mott insulators are the

3d cuprates, such as La2CuO4, which host antiferromagnetic order that gives

way to unconventional superconductivity under chemical doping [1]. The final

quadrant, where both correlations and SOC are significant, is populated by a
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variety of intriguing phases that depend sensitively on the chemical composi-

tion and crystal structure. Just above the topological insulators lie a range of

correlated topological phases, for example, including Weyl semimetals [4] and

magnetically ordered axion insulators [5].

The 4d and 5d materials studied in this thesis lie in the central region of

intermediate correlations and SOC. Compared to 3d materials, the correlations

are reduced due to the larger spatial extent of the orbitals. 4d materials, such

as Ca3Ru2O7 studied in Chapter 2, lie on the brink of a Mott transition that

depends on the electronic bandwidth [6]. Where local moments form in these

materials, SOC acts to generate anisotropic exchange interactions. Moving on

to the 5d materials, the further reduced correlations may lead one to expect

metallic behaviour. Their larger nuclei lead to stronger SOC, however, which

lifts orbital degeneracy and produces narrow bands that are more susceptible

to localisation. The cooperation of SOC and correlations then gives rise to the

so-called “spin-orbit Mott insulators” with entangled Jeff = 1/2 pseudospins,

including Sr2IrO4 studied in Chapter 4 [7].

As hinted at in the above discussion, the two-dimensional phase diagram

of Fig. 1.1 is an oversimplification, with a number of other energy scales such

as crystal fields and Hund’s coupling playing a potentially decisive role in sta-

bilising a particular ground state. In the following sections I give an overview

of each of these effects, starting with those that can be understood at the

single-ion level, and then treating the interactions of many ions arranged in a

crystal lattice. For each, I use simple models to illuminate the physics at play,

employing natural units with ~ = c = µ0 = ε0 = 1.

1.1.1 Single-ion physics: crystal fields, Hund’s

exchange and spin-orbit coupling

The basic building block of the transition-metal oxides studied in this work is

a 4d or 5d ion at the centre of an octahedron of oxygen ions, as depicted in

Fig. 1.2(a). In an isolated atom, all five d orbitals are degenerate. Within the

oxygen octahedron, however, a cubic crystal field is generated that splits the
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Figure 1.2: (a) Transition-metal ion sitting inside an oxygen octahedron that gen-
erates a cubic crystal field. (b) Energy level diagram of the transition-
metal d orbitals which are split by the cubic crystal field into an eg
doublet and t2g triplet (not including spin), alongside real-space rep-
resentations of the angular part of the orbital wavefunctions.

d orbitals into a higher-energy doublet, where the orbital lobes point towards

the oxygens, and a lower-energy triplet, where the lobes point between the

oxygens. We can calculate an estimate for this splitting in a simple ionic

model where the oxygens are treated as point-charges, following Hutchings [8].

Placing the origin at the centre of the octahedron, the electrostatic po-

tential of an electron at r = (x, y, z) due to the six point charges at distance

a from the origin is

VCF(r) =
∑
i,±

Ze2√
(ri ± a)2 + r2

j + r2
k

≈ 6Ze2

a
+

35Ze2

4a5

(∑
i

r4
i −

3

5
r4

)
, (1.1)

where in the second step I have Taylor expanded to fourth order in ri. To find

the splitting produced by this potential, we need to express VCF as a matrix in

the d-orbital basis, {|n, l,m〉} with l = 2 and m = −2 to 2. The orbitals have

separable real-space wavefunctions of the form 〈r|n, 2,m〉 = R2
n(r)Y 2

m(θ, φ),

where Y 2
m are the second-order spherical harmonics. To simplify our calcula-

tions it is useful to express V in terms of the fourth-order spherical harmonics,
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Y 4
m, as

VCF ≈
6Ze2

a
+

7
√
πZe2r4

3a5

[
Y 4

0 +

√
5

14

(
Y 4

4 + Y 4
−4

)]
. (1.2)

We can now find the matrix elements 〈n, 2,m|VCF|n, 2,m′〉 using the result

∫ 2π

0

∫ π

0

(
Y 2
m

)∗
Y 4
n Y

2
m′ sin θ dθ dφ = (−1)m

√
45

14π

 2 4 2

−m n m′

 , (1.3)

where the final bracketed term is a Wigner 3j-symbol [9]. This gives the matrix

VCF ≈ Dq



1 0 0 0 5

0 −4 0 0 0

0 0 6 0 0

0 0 0 −4 0

5 0 0 0 1


, (1.4)

where Dq = Ze2〈r4〉
6a5

with 〈r4〉 =
∫
|Rn,2|2 r4 dr. Diagonalising this matrix

results in a doublet of eigenvectors of eg symmetry with eigenvalue 〈VCF〉 =

6Dq:

∣∣3z2 − r2
〉

= |n, 2, 0〉 , (1.5)∣∣x2 − y2
〉

=
1√
2

(|n, 2,−2〉+ |n, 2, 2〉) ; (1.6)

and a triplet of eigenvectors of t2g symmetry with eigenvalue 〈VCF〉 = −4Dq:

|xy〉 =
i√
2

(|n, 2,−2〉 − |n, 2, 2〉) , (1.7)

|xz〉 =
1√
2

(|n, 2,−1〉 − |n, 2, 1〉) , (1.8)

|yz〉 =
i√
2

(|n, 2,−1〉+ |n, 2, 1〉) . (1.9)

Our simple model therefore predicts a splitting of 10Dq. A more detailed cal-

culation would include the finite extent of the oxygen wavefunctions, the effects
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of neighbouring octahedra, and screening. In real 4d systems the splitting is

found to be 10Dq ≈ 2 eV, while in 5d systems it is ≈ 3 eV [10].

The next-highest energy scale affecting the 4d/5d ion is that of Hund’s

exchange, JH ≈ 0.6 eV [10]. This stems from the empirical Hund’s rules,

the first of which states that the lowest-energy filling of otherwise degenerate

orbitals is that which maximises the total spin (subject to Pauli exclusion).

Hund’s first rule therefore favours singly occupied orbitals, which are less effec-

tively screened from the nucleus and so have an enhanced Coulomb attraction

(i.e. lower-energy). For the 4d4 and 5d5 materials studied here, JH << 10Dq

such that all of the electrons reside in the t2g levels and we can usually neglect

the presence of the eg orbitals. Hund’s exchange then maximises the total

spin within the t2g triplet. In the case of a half-filled t2g triplet, the effective

Hubbard repulsion is increased by Hund’s exchange to Ueff = U + 2JH , while

for any other filling it is reduced to Ueff = U − 3JH [11].

Finally at the single-ion level we have SOC, which arises from the rel-

ativistic interaction between the angular momentum of an electron and the

charge of the nucleus about which it orbits. For a single electron, the SOC

Hamiltonian

HSOC = ζl · s (1.10)

combines the orbital angular momentum, l, and spin, s, into a total angular

momentum j = l + s. In multi-electron atoms, the action of SOC depends

on its magnitude relative to inter-orbital Coulomb repulsion: when the former

dominates, the total angular momentum of each electron is calculated as ji =

li + si before being summed to give J =
∑

i ji (jj coupling); when the latter

dominates, the total orbital angular momentum, L =
∑

i li, and spin, S =∑
i si, are calculated before being coupled as J = L + S (LS coupling).

The materials studied in this thesis are technically intermediate between these

limits, but the LS coupling scheme serves as a reasonable approximation. The



1.1. The physics of 4d and 5d quantum materials 32

SOC Hamiltonian then becomes

HSOC = λL · S, (1.11)

where λ = ±ζ/(2S) with the + (−) sign for less (more) than half-filled shells

(leading to Hund’s third rule). The coupling constant scales as the fourth

power of the atomic number, increasing from λ ≈ 0.2 eV in 4d materials to

λ ≈ 0.5 eV in 5d materials [10]. In both cases λ < JH � 10Dq such that we

can treat SOC as a perturbation to the t2g levels.

To demonstrate the effects of SOC on the t2g orbitals, I use the example

of the Jeff = 1/2 state realised in Sr2IrO4. I first project the orbital angular

momentum operator L onto the t2g manifold. The matrix representations of

Lx, Ly and Lz in the t2g basis, {|xy〉, |xz〉, |yz〉}, are given by

Lx =


0 i 0

−i 0 0

0 0 0

 , Ly =


0 0 −i

0 0 0

i 0 0

 , Lz =


0 0 0

0 0 i

0 −i 0

 , (1.12)

which are equivalent to those for an orbital angular momentum of Leff = −1

[12]. The matrix elements for the neglected eg manifold are all zero. The

SOC eigenstates can then be found by expressing HSOC as a matrix in the

t2g ⊗ spin basis {|xy,+〉, |xy,−〉, |xz,+〉, |xz,−〉, |yz,+〉, |yz,−〉}. Using the

above expressions for Lx, Ly and Lz, we find

HSOC = λ (Lx ⊗ Sx + Ly ⊗ Sy + Lz ⊗ Sz)

=
λ

2



0 0 0 i 0 −1

0 0 i 0 1 0

0 −i 0 0 i 0

−i 0 0 0 0 −i

0 1 −i 0 0 0

−1 0 0 i 0 0


,

(1.13)
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where Si = σi/2 with {σi} the Pauli spin matrices. The Hamiltonian in

Eq. (1.13) has a Jeff = 3/2 quartet of eigenvectors |Jeff,mJ〉 with eigenvalue

〈HSOC〉 = −λ/2:∣∣∣∣32 ,±3

2

〉
=

1√
6

(∓2 |xy,±〉+ |yz,∓〉 ± i |xz,∓〉) , (1.14)∣∣∣∣32 ,±1

2

〉
=

1√
2

(|yz,±〉 ± i |xz,±〉) ; (1.15)

and a Jeff = 1/2 Kramers doublet of eigenvectors with eigenvalue 〈HSOC〉 = λ:∣∣∣∣12 ,±1

2

〉
=

1√
3

(± |xy,±〉+ |yz,∓〉 ± i |xz,∓〉) . (1.16)

SOC therefore splits the t2g levels by an energy 3λ/2, as depicted in Fig. 1.3.

Four of the five 5d electrons in Sr2IrO4 fill the lower energy Jeff = 3/2 states,

leaving the Jeff = 1/2 doublet half-filled. The low-energy dynamics can there-

fore be accounted for with a single Jeff = 1/2 hole of pseudospin 1/2. Note

that in the real material the oxygen octahedra are slightly distorted, causing

an effective mixing of the Jeff = 1/2 and Jeff = 3/2 states.

Having built the basic structural unit that makes up the 4d and 5d ma-

terials under study, I now consider the interactions between the units when

assembled into a crystalline lattice.

1.1.2 Multi-ion physics: electronic correlations, Mott

transitions and magnetic interactions

The essential physics of correlated electron systems is captured by the Hubbard

Hamiltonian, which contains just two terms [13]

H =
∑
〈i,j〉,σ

tσijc
†
iσcjσ + U

∑
i

ni+ni−, (1.17)

where c†iσ (ciσ) creates (annihilates) an electron of spin σ at site i, tσij is the

spin-dependent hopping integral between adjacent sites 〈i, j〉, U is the strength

of the local Coulomb interaction between two electrons on the same site, and
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Figure 1.3: Energy level diagram of the crystal-field t2g levels split by SOC into a
Jeff = 3/2 quartet and Jeff = 1/2 doublet, alongside real-space repre-
sentations of the angular part of the wavefunctions with colours indi-
cating the spin. In an Ir4+ ion there are five d electrons, four of which
fill the Jeff = 3/2 levels leaving the Jeff = 1/2 states half filled.

niσ = c†iσciσ is the number of electrons at site i. The two terms in Eq. (1.17)

are in direct competition: the first term, which represents a tight binding

model, promotes itinerancy and the formation of energy bands; the second

term, meanwhile, introduces correlations that want to localise the electrons.

With one electron per site (n = 1), the Hubbard Hamiltonian famously

describes a Mott-Hubbard metal-insulator transition with increasing U . For

U � t, a single half-filled band at the Fermi level leads to a metallic state. As

the correlations are increased above a critical value U/t ∼ 1, the band splits

into a filled lower Hubbard band and empty upper Hubbard band separated by

an energy gap, forming a Mott insulating state [1]. In the strongly correlated

limit U � t, the electrons are fully localised on the lattice sites and can give rise

to local magnetic moments. By treating the hopping as a small perturbation in

this state, the charge degrees of freedom can be projected out and the Hubbard

Hamiltonian reduced to an effective spin Hamiltonian

H =
∑
〈i,j〉

4t2ij
U
Si · Sj, (1.18)
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Figure 1.4: (a) Energy band diagrams for a d5 spin-orbit Mott insulator, with
a half-filled Jeff = 1/2 band split by correlations into a filled lower
Hubbard band (LHB) and empty upper Hubbard band (UHB). (b)
Corner-sharing octahedra forming a 180◦ superexchange pathway. (c)
Edge-sharing octahedra forming a 90◦ superexchange pathway.

with Si the spin on site i. This particular form of spin Hamiltonian is known as

the Heisenberg Hamiltonian, with the isotropic exchange parameter J = 4t2/U

arising from the double hopping process i→ j → i involved in superexchange

[14]. In this case J > 0, resulting in antiferromagnetic order with antiparallel

spins on neighbouring sites.

The Hubbard repulsion in 4d materials is roughly U ≈ 3 eV, while for

5d materials U ≈ 1 eV [10]. Whereas the Hamiltonian in Eq. (1.17) describes

only a single electronic band, real materials often have a number of active

bands near the Fermi level. Combined with the variations in hopping given by

the range of possible crystal structures, this results in a diverse collection of

ground states. For Sr2IrO4, however, we have seen that the single-ion physics

can be reduced to that of a single hole in a Jeff = 1/2 doublet. The half-filled,

single-band Hubbard model can therefore be directly applied to Sr2IrO4, with

c†iσ (ciσ) now creating (annihilating) a Jeff = 1/2 hole of pseudospin σ = ±

at site i. The impact of correlations on the electronic bands of Sr2IrO4 is

illustrated in Fig. 1.4(a). While the full t2g bandwidth is too large to be
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split by the moderate U , the SOC-split Jeff = 1/2 band is narrow enough for

correlations to open a charge gap. The integral role of SOC in driving the Mott

insulating ground state is the reason that Sr2IrO4 is known as a “spin-orbit

Mott insulator”.

From the above discussion of the formation of local magnetic moments

in Mott insulators, a natural question is how the effective spin Hamiltonian is

altered by the orbital character of the Jeff = 1/2 pseudospins. Pioneering work

by Jackeli and Khaliullin [12] showed that the answer depends profoundly on

the bonding geometry. For superexchange mediated by an intermediate oxygen

ion, there are two limiting geometries. The first is a 180◦ bond corresponding

to corner-sharing octahedra, as depicted in Fig. 1.4(b). In this case the spin

Hamiltonian has only a small modification to the Heisenberg interaction

H =
∑
〈i,j〉

JSi · Sj + Γ(Si · rij)(rij · Sj), (1.19)

where Si is now a pseudospin operator, and rij is the unit vector between sites i

and j. The anisotropic second term is a pseudodipolar interaction that results

from Hund’s coupling, with Γ/J ∼ JH/(2U) � 1. Sr2IrO4 is close to this

limit, with small staggered rotations of the octahedra about the out-of-plane

direction that the spins follow rigidly. The effective magnetic Hamiltonian for

Sr2IrO4 will be investigated in Chapter 4.

The other geometry is a 90◦ bond corresponding to edge-sharing octahe-

dra, as depicted in Fig. 1.4(c). There are now two equivalent exchange paths

via the upper or lower oxygen, across which the Heisenberg interaction de-

structively interferes. The pseudodipolar interaction is left as the dominant

term, which can be recast as

H =
∑
〈i,j〉

KγSγi S
γ
j (1.20)

for a bond lying perpendicular to the γ direction. On a honeycomb lattice, this
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Hamiltonian is recognisable as the exactly solvable Kitaev model [15], whose

ground state is a quantum spin liquid with fractional Majorana excitations. A

range of 4d and 5d materials, including RuCl3 [16] and (Li/Na)2IrO3 [17, 18]

have been proposed as realisations of the Kitaev model, although in most

cases other subdominant exchange interactions drive magnetic ordering at low

temperature and obscure the spin liquid state.

1.2 Neutron and x-ray scattering

The main experimental techniques used throughout this thesis are neutron and

x-ray scattering. In both techniques, a beam of probe particles (either neu-

trons or photons, with wavelengths comparable to the interatomic distances)

is incident on a sample and any changes to their momentum, energy or polar-

isation due to interactions with the sample are measured. The ground state

of the sample can be probed through elastic scattering, in which the incident

and outgoing particles have the same energy, while dynamics can be probed

by transferring energy to the sample in inelastic scattering. Neutron and x-ray

scattering each have their own strengths and weaknesses, and in many ways

are complementary. Thermal neutrons are a well-established probe of order

and excitations in condensed matter, with a lack of electric charge allowing

them to penetrate deep into the bulk of a sample, and their intrinsic magnetic

moment giving sensitivity to the magnetic structure. With a relatively low

flux, however, neutron scattering requires single-crystal samples of a size that

is often unobtainable, especially if they contain highly neutron-absorbing el-

ements such as Ir. Third-generation synchrotron sources, meanwhile, provide

highly collimated, high-fluence beams of variable polarisation that are tuneable

across the x-ray spectrum. These allow high-resolution studies of small sam-

ples, especially when utilising the resonant scattering enhancement obtained

by tuning the incident x-rays to a particular absorption edge. While providing

a wealth of information, the complexity of the resonant process can make it

difficult to interpret experimental data (as highlighted in Chapter 3).
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The quantity measured in both neutron and x-ray scattering is the differ-

ential cross section d2σ
dΩdω

, which corresponds to the number of particles with

energies in interval dω scattered into a solid angle dΩ per second. The value

of the cross section depends on the details of the probe and scatterer, as ex-

pounded in the following sections. Much can be understood at a general level,

however, by considering the scattering of nondescript particles from an ab-

stract crystalline lattice and applying energy and momentum conservation.

Starting with elastic scattering, the incoming and outgoing wavevectors of the

particles must have equal magnitude |ki| = |kf | = 2π/λ where λ is their de

Broglie wavelength. The momentum transfer to the sample is q = ki − kf ,

with a magnitude |q| = 2k sin Θ where 2Θ is the scattering angle between ki

and kf . The Laue condition tells us that constructive interference of the scat-

tered particles will occur when the momentum transfer is equal to a reciprocal

lattice vector, Ghkl, of magnitude |Ghkl| = 2π/dhkl. Here, dhkl is the spacing

between lattice planes normal to Ghkl with Miller indices (h, k, l). Equating

|q| = |Ghkl| then gives us Bragg’s law

λ = 2dhkl sin Θ. (1.21)

Equation (1.21) describes a series of “Bragg peaks” at specific scattering angles

that depend on the lattice constants of the sample via dhkl. The symmetry

of the lattice leads to selection rules for the allowed peaks, with systematic

absences for certain combinations of h, k and l.

For inelastic scattering, the difference in energy between the incident and

outgoing particle is equal to the energy of the excitation that is created. Map-

ping this energy as a function of momentum transfer then gives the dispersion

relation for that excitation.

In the following sections, I evaluate the differential cross section for the

cases of neutron scattering (both from the arrangement of nuclei and magnetic

moments in a crystal) following Squires [19], non-resonant x-ray scattering

following Baron [20], and resonant x-ray scattering following Altarelli [21].



1.2. Neutron and x-ray scattering 39

1.2.1 Neutron scattering

We can describe the neutron scattering process as a transition between two

quantum states driven by an interaction Hamiltonian, H ′. We denote the

initial combined state |i;ki〉, with the incident neutron in state |ki〉 and the

scatterer in state |i〉, and the final combined state |f ;kf〉 similarly. The dif-

ferential cross section, which is just the rate of such transitions, is then given

by Fermi’s Golden Rule as

d2σ

dΩdω
=

2π

ΦdΩ
| 〈f ;kf |H ′|i;ki〉 |2ρ(ωf )δ(ωi − ωf − Ei + Ef ), (1.22)

where 〈f ;kf |H ′|i;ki〉 is the matrix element representing the transition proba-

bility, ρ(ωf ) is the density of final states, Φ is the incident neutron flux, and

ω and E are the energies of the neutrons and scatterer respectively. For a

beam of neutrons in volume V moving with speeds vi = dωi/dk = ki/mn, the

incident flux is Φ = vi/V = ki/(V mn). We can calculate the density of final

states by considering the number of neutrons in a corresponding volume of re-

ciprocal space, ρdω = V k2dkdΩ/(2π)3, which gives ρ(ωf ) = V mnkfdΩ/(2π)3.

Plugging these into Eq. (1.22), we get

d2σ

dΩdω
=
kf
ki

(mn

2π

)2

| 〈f ;kf |H ′|i;ki〉 |2δ(ωi − ωf − Ei + Ef ), (1.23)

where the wavefunctions have been normalised by V −1/2.

We will first evaluate Eq. (1.23) for nuclear scattering from a crystal with

lattice sites {Rj}. Due to the negligible size of a nucleus, the interaction can

be approximated by the Fermi pseudopotential

H ′ =
2π

mn

∑
j

bjδ(r −Rj), (1.24)

where the scattering length, bj, is a constant for a particular spin state of a

given isotope. It is easier to work in reciprocal space, where the matrix element
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takes on a simple form

〈f ;kf |H ′|i;ki〉 =
2π

mn

∑
j

bj 〈f |eiq·Rj |i〉 . (1.25)

In this thesis, we are only concerned with elastic neutron scattering in which no

energy is lost by the neutrons (kf = ki) and the crystal returns to its original

state (|f〉 = |i〉). We can then integrate over the neutron energy to get the

single-differential cross section

dσ

dΩ
=
∑
j,k

bjbke
iq·(Rj−Rk). (1.26)

For a crystal with many nuclei, the cross section is equivalent to that averaged

over all distributions of scattering lengths among the nuclei. This allows us to

separate out two contributions for j 6= k and j = k respectively

dσ

dΩ
= 〈b〉2

∑
j,k

eiq·(Rj−Rk) + (〈b2〉 − 〈b〉2). (1.27)

The first term is called the coherent cross section, and contains the average

of the scattering lengths in the crystal, 〈b〉. The second term is called the

incoherent cross section, and contributes an isotropic background proportional

to the variance of the scattering lengths. In most crystals there are multiple

atoms in each unit cell such that we must partition the sum in the coherent

differential cross section to one over lattice sites, Rj, and another over the

atomic basis, rα, giving

dσ

dΩ
=
∑
j,k

eiq·(Rj−Rk)
∑
α,β

bαbβe
iq·(rα−rβ)

=
N(2π)3

V

∑
Ghkl

|F (Ghkl)|2δ(q −Ghkl),

(1.28)

where in the second step we take the Fourier transform
∑

j e
iq·Rj =

N(2π)3/V
∑

Ghkl
δ(q − Ghkl) with N the number of lattice sites. Equation
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1.28 contains the nuclear structure factor, F (Ghkl) =
∑

α bαe
iGhkl·rα , whose

squared modulus gives the intensity of the Bragg peak at (h, k, l). Finally, I

note that a more complex analysis that accounts for the thermal motion of

the nuclei gives an additional Debye-Waller factor, e−2q2〈u2〉/3, where 〈u2〉 is

the mean squared displacements of the nuclei.

As well as the nuclei in a crystal, neutrons can also scatter from magnetic

fields due to their intrinsic moment, µn = −γnµNσ, where γn is the neutron

gyromagnetic ratio, µN is the nuclear magneton, and σ is the vector of Pauli

spin matrices. The interaction Hamiltonian is now

H ′ = −µn ·B(r) = −γnµNµB
2π

∑
j

σ ·
[
∇×

(
sj × r̂j
r2
j

)
+
lj × r̂j
r2
j

]
, (1.29)

which depends on both the spins sj and orbital angular momenta lj of the

scatterer. Putting this into Eq. (1.23), transforming to reciprocal space and

integrating over the outgoing energy gives the single-differential magnetic cross

section [19]

dσ

dΩ
=
N(2π)3

V

(
γnr0

2µB

)2

e−2q2〈u2〉/3|M⊥(q)|2, (1.30)

where r0 = e2/(4πme) is the radius of an electron with charge e and mass

me, M(q) is the Fourier transform of the total (spin and orbital) magneti-

sation operator, and subscript ⊥ indicates that only the component of the

magnetisation perpendicular to q contributes to the scattering.

The magnetic structure of a crystal is characterised by a propagation

vector, k, and the moment at each site can be represented by a sum over

Fourier components, Sk,α, as

mj,α =
∑
±k

Sk,αe
−2πik·rj . (1.31)

This allows the magnetisation operator to be expressed as

M(q) =
g

2

∑
±k,α

Fα(q)Sk,αe
−2πiq·rαδ(q −Ghkl − k), (1.32)
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where g is the Landé factor and Fα(q) is the magnetic form factor for the atom

located at rα. Much like for elastic nuclear scattering, Eq. (1.30) describes a

series of peaks at reciprocal positions Ghkl±k with systematic absences based

on the symmetries of the magnetic structure.

The neutron scattering measurements presented in Chapter 2 were con-

ducted at the WISH instrument of the ISIS Neutron and Muon Source [22].

ISIS is a spallation source that produces intense neutron pulses at a rate of

10 Hz by bombarding a tantalum target with protons accelerated in a syn-

chrotron. Those neutrons directed to WISH are then thermalised by a solid

methane moderator to reduce their energies, and a specific range of wave-

lengths between 1.5–15 eV is selected using rotating choppers. WISH uses the

time-of-flight of the neutrons to differentiate their wavelengths, allowing mul-

tiple peaks at different d spacing to be measured at a single scattering angle.

Combined with a large bank of 3He detectors covering scattering angles from

10◦ to 170◦, this enables measurements over a d-spacing range of 0.7–50 Å. Fur-

ther details of the experimental setups used at WISH are given in Sec. 2.2.1

and 2.3.1.

1.2.2 Non-resonant x-ray scattering

X-ray scattering involves the interaction of the incident electromagnetic field

with the charges and spins of the electrons in the sample (the interactions with

nuclei are around two orders of magnitude weaker and can be neglected for

our purposes). For non-resonant scattering, where the incident x-ray energy is

far from any absorption edges of the sample, we can again use Fermi’s Golden

Rule to first order to calculate the differential cross section. Unlike neutrons,

however, x-ray photons are massless and have a fixed speed c = 1 (in natural

units). The incident flux therefore becomes Φ = 1/V and the density of final

states ρ(ωf ) = V k2
fdΩ/(2π)3, giving a differential cross section

d2σ

dΩdω
=

(
V kf
2π

)2

| 〈f ;kf |H ′|i;ki〉 |2δ(ωi − ωf − Ei + Ef ). (1.33)
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The electromagnetic field of the x-rays is described by the vector potential,

A(r, t), which can be written in second-quantised form as a sum of plane waves

A(r, t) =
∑
k,ε

√
2π

V ωk

(
εak,εe

i(k·r−ωkt) + ε∗a†k,εe
−i(k·r−ωkt)

)
, (1.34)

where a†k,ε (ak,ε) creates (annihilates) a photon of wavevector k, energy ωk and

polarisation ε. The full Hamiltonian for the light-matter system can then be

written as

H =
∑
j

|pj − eA|2

2me

+ φ(rj)−
e

me

sj ·B −
e

2m2
e

sj ·E × (pj − eA)

+
∑
k,ε

ωk

(
a†k,εak,ε +

1

2

)
, (1.35)

where pj is the momentum and sj is the spin of the jth electron, φ(r) is the

Coulomb potential of the electrons, B = ∇ ×A is the magnetic field of the

x-rays, and E = −∇φ− ∂A
∂t

is their electric field. In the first line of Eq. (1.35),

the first term represents the kinetic energy of the electrons, the second their

Coulomb potential, the third the Zeeman coupling between their spins and the

magnetic field, and the fourth spin-orbit coupling. The interaction Hamilto-

nian is then given by the terms in H that couple the electrons (through pj or

sj) to the x-rays (through A, B or E).

The initial and final states in the scattering process both contain a single

photon, so the terms in Eq. (1.35) that will give a non-zero first-order matrix

element, 〈f ;kf |H ′|i;ki〉, are those that are quadratic in A (i.e. proportional

to a†a or aa†)

H ′ =
∑
j

e2

2me

|A|2 − e2

2m2
e

sj ·
∂A

∂t
×A. (1.36)

The first of these terms gives rise to charge (Thomson) scattering, while the

second gives rise to magnetic scattering through its dependence on sj. We

see that the non-resonant magnetic cross section is smaller than the charge

cross section by a factor (ωk/me)
2, which ranges from 10−7 to 10−3 for the
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x-ray energies used here (note that there are additional, smaller contributions

to non-resonant magnetic scattering from the second-order terms treated in

Sec. 1.2.3). I will explain in the next section how magnetic scattering can be

enhanced by tuning the incident x-rays to an absorption edge of the sample.

For now though, we complete our calculation for charge scattering

∑
j

〈f ;kf ||A|2|i;ki〉 =
4π

V
√
ωiωf

(
εi · ε∗f

)∑
j

〈f |ei(q·rj−(ωi−ωf )t)|i〉 . (1.37)

For elastic scattering with ωi = ωf , integrating over the energy gives a single-

differential cross section

dσ

dΩ
= r2

0

∣∣εi · ε∗f ∣∣2
∣∣∣∣∣∑
j

eiq·rj

∣∣∣∣∣
2

=
Nr2

0(2π)3

V

∣∣εi · ε∗f ∣∣2 ∑
Ghkl

|F (Ghkl)|2δ(q −Ghkl),

(1.38)

where in the second step we have split the sum over electron positions, rj, into

one over lattice sites, Rj, and another over the atomic basis, rα, and Fourier

transformed the exponential in the former into a δ-function over reciprocal

lattice points, Ghkl. Note the similarity of this expression with the coherent

nuclear neutron cross section in Eq. (1.28), with the Bragg peak intensity now

given by the x-ray structure factor, F (Ghkl) =
∑

α fα(Ghkl)e
iGhkl·rα , in which

the form factor, fα, is the Fourier transform of the local charge density.

A derivation of the non-resonant inelastic x-ray scattering (IXS) cross

section is more involved, and depends on the type of excitation under inves-

tigation. The IXS measurements in this thesis are focussed on phonons, so

we will limit our discussion to the phonon cross section here. The deriva-

tion begins with the introduction a time-dependence to the atomic positions

in Eq. (1.37). Oscillations around the equilibrium positions, ri, can be ex-

panded as a series of harmonic modes, each representing a different phonon.

The dominant inelastic channel is that involving single-phonon processes, with
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a differential cross section [20]

d2σ

dΩdω
=
kf
ki
r2

0

∣∣εi · ε∗f ∣∣2 S(q, ω). (1.39)

In order to make contact with the analysis in Chapter 4, we have introduced

here the dynamic structure factor

S(q, ω) = N
∑
q̃,j

|Fj(q)|2δ(q−q̃)[〈nq̃,j+1〉δ(ω−ωq̃,j)+〈nq̃,j〉δ(ω+ωq̃,j)], (1.40)

where nq̃,j is the number of phonons at reduced momentum q̃ in the first Bril-

louin zone, with mode index j and energy ωq̃,j. The term with occupation

factor 〈nq̃,j + 1〉 =
(
1− e−ωq̃,j/T

)−1
arises from the creation of a phonon, and

the term with occupation factor 〈nq̃,j〉 =
(
eωq̃,j/T − 1

)−1
arises from the anni-

hilation of a phonon. The structure factor now depends on the Debye-Waller

factor, atomic masses mα, and phonon polarisation vector eq,j as

Fj(q) =
∑
α

fα(q)√
2mαωq,j

e−2q2〈u2〉/3 (q · eq,j) eiq·rα . (1.41)

The IXS measurements presented in Chapter 4 were conducted at beam-

line BL43LXU of the SPring-8 synchrotron [23]. BL43LXU uses a series of

three insertion devices to produce a high flux of x-rays with energies tuneable

from 14.4 to 25.7 keV. The bandwidth of the incident beam is reduced to the

meV level by a backscattering Si monochromator, with the incident energy

and flux, as well as the energy resolution, dependent on the chosen reflection.

A series of mirrors focus the beam to a spot of 50 µm diameter on the sample.

The scattered beam is energy-analysed by an array of backscattering analysers,

each consisting of a diced grid of Si crystals mounted on a spherical substrate

to increase the angular acceptance and therefore count rate. A 4× 6 array of

analysers, each with their own detector, allows the simultaneous measurement

of multiple momentum transfers. Further details of the experimental setup

used at BL43LXU are given in Sec. 4.2.1.
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1.2.3 Resonant x-ray scattering

While non-resonant charge scattering could be sufficiently described by Fermi’s

Golden Rule to first-order, when the incident x-rays are tuned near an absorp-

tion edge of the scatterer the second-order term becomes significant. The

second-order differential cross section for resonant scattering is given by

d2σ

dΩdω
=

(
V kf
2π

)2
∣∣∣∣∣∑
n

〈f ;kf |V |n〉 〈n|V |i;ki〉
ωi + Ei − En

∣∣∣∣∣
2

δ(ωi − ωf − Ei + Ef ), (1.42)

where the sum runs over all possible intermediate states, |n〉, of the scatterer.

Going back to our expression for the interaction Hamiltonian in Eq. (1.35),

the leading order contributions are now those that are linear in A, namely

H ′ =
∑
j

e

me

pj ·A−
e

me

sj · ∇ ×A+
e

2m2
e

sj ·
∂A

∂t
× pj, (1.43)

where we have chosen the Coulomb gauge, ∇ ·A = 0, so that A · pj = pj ·A.

The third term here actually contributes to non-resonant magnetic scattering,

and along with the second term can be shown to give a negligible matrix

element near resonance [21]. Going forward we will therefore retain only the

first term. In order to prevent an unphysical divergence of the cross section

on resonance (ωi = En − Ei) we introduce a finite lifetime of 1/Γn for the

intermediate states. Expanding out the vector potential then gives the so-

called Kramers-Heisenberg resonant cross section

d2σ

dΩdω
=
ωf
ωi
r2

0

∣∣∣∣∣∑
n,j,k

〈f |
(
ε∗f · pj

)
e−ikf ·rj |n〉 〈n| (εi · pk) eiki·rk |i〉
ωi + Ei − En + iΓn

∣∣∣∣∣
2

× δ(ωi − ωf − Ei + Ef ). (1.44)

Inside the core region of the excited atom we usually have k ·rj � 1 such that

we can take the dipole approximation, eik·rj ≈ 1. This simplifies the matrix
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elements

∑
j

〈n| (ε · pj) eik·rj |i〉 ≈
∑
j

ε · 〈n|pj|i〉

= ime

∑
j

ε · 〈n|[H0, rj]|i〉

= ime(En − Ei)
∑
j

ε · 〈n|rj|i〉

= imeωi 〈n|
∑
j

ε · rj|i〉 ,

(1.45)

where in the second step we have used pj = me
drj
dt

= ime[H0, rj] with H0 the

Hamiltonian of the scatterer [i.e. the terms in Eq. (1.35) that do not depend on

the vector potential]. We can then recognise the dipole operator D =
∑

j ε ·rj,

with which the Kramers-Heisenberg cross section can be written

d2σ

dΩdω
= ω3

fωim
4
er

2
0

∣∣∣∣∣∑
n

〈f |D†|n〉 〈n|D|i〉
ωi + Ei − En + iΓn

∣∣∣∣∣
2

δ(ωi − ωf − Ei + Ef ). (1.46)

The Kramers-Heisenberg cross section describes a two-step process. First,

the incident photon excites a core-level electron into an empty orbital, leaving

a core hole in the intermediate state. Each absorption edge corresponds to a

different pair of core and excited orbitals of a specific element (for example,

the O K edge used in Chapter 4 involves a 1s → 2p excitation, while the

Ir L edges involve 2p → 5d excitations), endowing resonant scattering with

element and orbital selectivity. Following the initial excitation, there are mul-

tiple possibilities for the second step. The simplest occurs in resonant elastic

x-ray scattering (REXS), where the same electron relaxes to fill the core hole,

emitting a photon of the same energy (ωf = ωi) and returning the scatterer to

its initial state (|f〉 = |i〉). Resonant inelastic x-ray scattering (RIXS) instead

involves the emission of a photon of reduced energy (ωf < ωI) due to the cre-

ation of an excitation in the final state (|f〉 6= |i〉). This can be an electronic

excitation, such as that illustrated in Fig. 1.5, where the core hole is filled by

an electron from a different orbital than that which the initial electron was
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Figure 1.5: Illustration of the two-step RIXS process at the Ir L edge of Sr2IrO4,
involving the creation of an electronic excitation. An incident photon
of frequency ωi excites an electron from a 2p core level (2p 1

2
for the

L2 edge and 2p 3
2

for the L3 edge) to the half-filled Jeff = 1/2 level.

Another electron then decays from the Jeff = 3/2 level to fill the core
hole, emitting a photon of frequency ωf . The net effect is a promotion
of an electron from the Jeff = 3/2 to 1/2 levels.

excited into. Other possibilities involve the creation of a magnetic excitation

through a SOC-induced spin flip, or the creation of phonons due to the altered

charge density in the intermediate state.

The variety of processes captured by the Kramers-Heisenberg cross sec-

tion make its evaluation highly complex in general. In Chapter 3, I give a

window into this complexity for the case of phonon excitations in RIXS. Of-

ten, however, a calculation of the full cross section is not needed. Much can be

understood about a RIXS spectrum from the energies of the excitations, and

how they vary with momentum transfer, without worrying about their inten-

sities. Similarly, one is usually more interested in the angular and polarisation

dependence of the REXS cross section, rather than its absolute magnitude.

Hill and McMorrow derived a general expression for the REXS dipole single-
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differential cross section [24]

dσ

dΩ
∝

∣∣∣∣∣∑
j

(εf · εi)F0 − iẑj · (εf × εi)F1 + (εf · ẑj)(εi · ẑj)F2

∣∣∣∣∣
2

, (1.47)

where the strength of the resonance is determined by the factors Fi (for which a

full evaluation of the Kramers-Heisenberg equation is required) and ẑj are the

directions of the magnetic moments for each site j. The first term in Eq. (1.47)

has no dependence on ẑj and contributes to the charge Bragg peaks, with the

same polarisation dependence as non-resonant Thomson scattering. The sec-

ond term is linear in ẑj and gives rise to resonant magnetic scattering, in

which the polarisation of the scattered x-rays is rotated compared to the in-

cident beam. The third term is quadratic in ẑj and produces satellite peaks

in incommensurate magnets. Equation (1.47) shows that the directions of the

moments can be determined by varying the projections of the incident and

scattered polarisations onto them, as is done in Chapter 2. One point that

requires clarification is the origin of the ẑj in Eq. (1.47) when the dipole op-

erators in the Kramers-Heisenberg cross section have no dependence on spin

or orbital angular momentum. The sensitivity to magnetism arises from the

combination of spin conservation in x-ray absorption and the Pauli exclusion

principle, which result in core electrons in the minority spin state being pref-

erentially excited in the first step of the RIXS process.

The REXS measurements presented in Chapter 2 were conducted at beam-

line I16 of the Diamond Light Source [25]. A 2 m undulator provides x-rays

with energies continuously tuneable between 2.7 and 25 keV, encompassing the

K edges of elements from Cl to Pd, the L edges of all common elements above

Mo, and the M edges of all common elements above Hf. The bandwidth of

the incident beam is reduced to ∼1.5 eV by a channel-cut Si(111) monochro-

mator, and focussed to a size of 20×200 µm at the sample. The sample stage

and detectors sit on a 6-circle Kappa diffractometer, which allows for indepen-

dent rotation of the scattering angle, 2Θ, rocking angle, θ, azimuthal angle,
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Ψ, and rotation around the incident beam, χ, over wide ranges (with some of

these made up of coupled rotations of multiple physical motors). A benefit of

the Kappa diffractometer is the large space for different sample environments,

including the closed-cycle cryostat with base temperature 6 K. The detector

arm houses a number of detectors, including a Pilatus 100K area detector that

allows a full 3D reciprocal space map to be reconstructed from a single rock-

ing scan, and various point detectors that can be used with analyser crystals

to measure different polarisation components of the scattered beam. Further

details of the experimental setup used at I16 are given in Sec. 2.2.1.

The RIXS measurements presented in Chapters 3 and 4 were conducted at

beamline I21 of the Diamond Light Source [26]. I21 uses a 5 m helical undula-

tor to produce x-rays with either linear horizontal or vertical polarisation and

energies from 250 to 1500 eV, encompassing the K edge of elements from C to

Mg, the L edges of elements from Cl to Se, and the M edges of elements from

Br to Tm. Crystals cannot be used as monochromators at these soft x-ray en-

ergies, so instead divergent variable-line-spacing gratings are used. A choice of

three different gratings allows the energy resolution to be balanced against flux.

Mirrors are used to focus the beam to 2.5×40 µm at the sample. To minimise

absorption of the soft x-rays, all of the optics are kept in ultra-high vacuum.

This includes the sample chamber, which contains a sample manipulator with

x–y–z translations and θ–Ψ–χ rotations, cooled with liquid He to a base tem-

perature of 10 K. Collection mirrors placed close to the sample capture as

many scattered photons as possible, increasing the throughput at the expense

of momentum resolution. The scattered photons are then energy-analysed by

a choice of two spherical variable-line-spacing gratings, each optimised for dif-

ferent incident energy ranges, before being detected by a 2D charge coupled

device at the end of a 15 m detector arm. While the detector arm can rotate

through 150◦ on air bearings, for the measurements described in this thesis we

used a fixed scattering angle. Further details of the experimental setup used

at I21 are given in Sec. 3.3.1 and 4.3.1.



Chapter 2

Magneto-elastic coupling in a 4d

polar metal

The 4d ruthenate Ca3Ru2O7 hosts a variety of intriguing features, from cor-

related itinerant electrons in a polar lattice, to spin-orbit-coupled antiferro-

magnetism that undergoes a temperature-driven spin-reorientation transition

(SRT). In this chapter, I describe a series of neutron and resonant x-ray ex-

periments that uncover previously unknown incommensurate order at the SRT,

and identify it as a magnetic cycloid that evolves with temperature to mediate

the reorientation of the spins. Measurements under applied magnetic field of-

fer a new interpretation of the so-called “metamagnetic texture” in Ca3Ru2O7,

unifying it with incommensurate order observed under chemical doping. Fi-

nally, I show how the coupled degrees of freedom inherent to 4d oxides render

the SRT sensitive to uniaxial pressure, shedding light on the microscopic mech-

anism behind it.

2.1 Introduction

4d oxides occupy an interesting position among quantum materials, where

an intermediate SOC strength is of similar magnitude to other energy scales

such as electronic correlations, crystal fields, and Hund’s coupling. The subtle

interplay between these interactions generates myriad ground states, as exem-

plified by the layered perovskite ruthenates of the Ruddlesden-Popper series

An+1RunO3n+1. Of the monolayer (n = 1) variants, Sr2RuO4 is a Fermi liquid

that found fame as the first non-cuprate perovskite to display unconventional
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superconductivity [27]. Ca2RuO4, by contrast, is a fragile antiferromagnetic

Mott insulator [28] that can be driven through an insulator-metal transition by

temperature [28], doping [29], hydrostatic pressure [30], and anisotropic strain

[31]. The bilayer (n = 2) variants are similarly interesting. Sr3Ru2O7, for

instance, is a strange metal [32] that shows metamagnetic quantum criticality

under applied magnetic field [33].

In this chapter, I will focus on Ca3Ru2O7 – an antiferromagnetic metal and

the only member of the Ruddlesden-Popper ruthenates to host polar lattice

distortions [34, 35, 36]. After surveying the pertinent properties of Ca3Ru2O7,

I will describe the results of neutron and x-ray scattering studies of the mag-

netic structure around the intriguing SRT. These reveal an incommensurate

magnetic cycloid that exists over a small temperature window, and whose en-

velope evolves to mediate the transition between collinear phases. Symmetry

analysis shows that the cycloid arises from a uniform Dzyaloshinskii-Moriya

interaction (DMI) allowed by the polar structure of Ca3Ru2O7, which com-

petes with easy-axis anisotropies. The discovery of cycloidal order at zero field

in the parent compound has important implications for incommensurate struc-

tures previously seen under doping and applied magnetic field. The final part

of the chapter reports neutron and x-ray measurements of the magnetic order

under anisotropic strain, which guides the formation of a theoretical model to

understand the SRT.

2.1.1 Polar distortions and the Dzyaloshinskii-Moriya

interaction

Polar distortions of the ions in a crystal break the inversion symmetry of

the lattice, and allow the formation of anisotropic interactions between mag-

netic moments. The most important of these interactions is the DMI, which

originates from SOC [37] and takes the form Dij · (Si × Sj). For superex-

change between two magnetic ions with spins Si,j and displacement vectors

ri,j to the shared ligand, the DMI vector Dij is directed along ri × rj. A

staggered DMI can exist for locally non-centrosymmetric exchange pathways
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in crystals with global inversion symmetry, where it can compete with sym-

metric Heisenberg exchange to produce a canting of the moments away from

their (anti)ferromagnetic arrangement. Indeed, the DMI was first introduced

by Dzyaloshinskii to explain the weak ferromagnetism seen in α-Fe2O3 due to

spin canting [38]. In globally non-centrosymmetric materials, a uniform DMI is

allowed, which can compete with Heisenberg exchange to give rise to complex

helical and spiral magnetic orderings.

In insulators, polar distortions can also generate an electric polarisation

that is switchable by external electric fields – a property termed ferroelectricity

in analogy with ferromagnetism. Magnetoelectric multiferroics combine both

ferroelectricity and (anti)ferromagnetism, allowing electric control of magnetic

degrees of freedom and vice versa [39, 40]. Generally, centrosymmetry-breaking

structural transitions occur at high temperature (∼1000 K) due to the large

energies needed to deform the lattice, while magnetic order sets in at lower

temperatures dependent on the exchange couplings. BiFeO3 is the paradig-

matic example of such a type-I multiferroic [41], with a ferroelectric transition

at TC = 1100 K and a Néel transition at TN = 643 K [42]. In type-II (or

magnetically-driven) multiferroics, by contrast, the electric polarisation is di-

rectly induced by a magnetic ordering which beaks inversion symmetry, via the

“inverse Dzyaloshinskii-Moriya effect”. In this case the magnetic and ferroelec-

tric transitions occur at the same temperature, and the electric and magnetic

degrees of freedom are strongly coupled [43]. In frustrated magnets such as

TbMnO3, for instance, competing magnetic interactions generate a spiral mag-

netic order that breaks inversion symmetry and induces ferroelectricity at 28 K

[44].

The multiferroics discussed above are all insulating, and it was long

thought that any polar distortions in a metal would be screened by the mo-

bile conduction electrons. Following a theoretical prediction by Anderson and

Blount [45], however, a number of polar metals have been discovered, includ-

ing LiOsO3 [46] and epitaxially-stabilised NdNiO3 [47]. A key feature of polar
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Figure 2.1: (a) Crystal structure of Ca3Ru2O7, showing bilayers of RuO6 octahe-
dra separated by Ca ions. (b) Cartoon of the X−3 mode which alter-
nately tilts the octahedra around the b axis (Ca ions not shown for
clarity). (c) Cartoon of the X+

2 mode which rotates the octahedra
around the c axis (Ca ions not shown for clarity). (c) Cartoon of the
Γ−5 mode involving polar displacements of the Ca and O ions along the
b axis (displacement vectors have been magnified for clarity).

metals is that the electronic states near the Fermi level do not derive from the

ions that undergo polar displacements.

The bilayer ruthenate Ca3Ru2O7 is a particularly rare example of a ma-

terial that combines metallicity, a polar crystal structure and long-range mag-

netic order [34]. Ca3Ru2O7 crystallises in the orthorhombic structure shown in

Fig. 2.1(a), with polar space group Bb21m (36) [35]. The structure consists of

bilayers of corner-sharing RuO6 octahedra separated by sheets of Ca ions. Due

to the large size of Ca relative to Ru, the perovskite layers are distorted by both

tilts and rotations of the octahedra [of pattern (a−, a−, c+) in Glazer nota-

tion]. We can analyse these distortions by considering the symmetry-adapted

modes of a high-symmetry parent structure with space group I4/mmm [48].

Tilts of the octahedra around the crystallographic b axis, shown in Fig. 2.1(b),

transform according to the X−3 irreducible representation (irrep), while rota-

tions around the c axis, shown in Fig. 2.1(c), transform according to the X+
2

irrep. Neither of these modes are stable on their own, but a combination of
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both lowers the energy of the lattice and breaks inversion symmetry. This then

allows polar displacements of the Ca and O ions, shown in Fig. 2.1(d), which

transform according to the Γ−5 irrep.

Despite being metallic, Ca3Ru2O7 displays analogous properties to the

insulating ferroelectrics described above. Instead of a net electric polarisation

that can be switched with applied electric field, it hosts polar domains that can

be switched with applied anisotropic strain [48]. The combination of broken

inversion symmetry and the sizeable SOC of the Ru ions also generates a

uniform DMI, which, as I will show later in the chapter, leads to rich magnetic

behaviour.

2.1.2 Spin-reorientation transition

An interesting feature of α-Fe2O3 studied by Dzyaloshinskii is a sudden loss

of its weak ferromagnetic moment on cooling below the Morin transition [49].

In one of the first neutron scattering experiments on an antiferromagnetic

material, Shull et al. showed that above TM = 250 K, the spins are oriented

in the basal plane where they can be canted by the DMI [50]. Below TM ,

however, they reorient along the c axis, where, by symmetry, the DMI is zero

and no canting can occur.

A similar, thermally-driven SRT occurs in Ca3Ru2O7. Just below the Néel

temperature, TN ≈ 56 K, the magnetic structure consists of collinear moments

pointing along a, aligned ferromagnetically within each bilayer and antifer-

romagnetically between the bilayers [35]. This has been labelled the AFMa

phase, and is depicted in Fig. 2.2(d). On further cooling through TS ≈ 48 K,

anomalies are visible in both the resistivity [Fig. 2.2(b)] [51] and magnetisa-

tion [Fig. 2.2(c)] [52]. Using REXS, Bohnenbuck et al. showed that at TS, the

moments globally rotate to point along the b axis [53], producing the AFMb

phase shown in Fig. 2.2(a).

The sharp increase in resistivity at TS gives an indication of the coupling

between the magnetism and fermiology at the SRT. The jump in resistivity is

caused by a gapping of large parts of the Fermi surface [54, 55, 56], leaving
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Figure 2.2: (a) Magnetic structure of Ca3Ru2O7 below TS with collinear spins
pointing along the b axis. (b) Temperature dependence of the in-plane
and out-of-plane resistivity, ρab and ρc respectively, from Ref. [51]. (c)
Temperature dependence of the magnetisation along the a and b axes,
Ma and Mb respectively, with an applied field of 0.5 T, from Ref. [52].
(d) Magnetic structure of Ca3Ru2O7 for TS < T < TN with spins
pointing along the a axis.

very small electron and hole pockets at the Brillouin zone boundaries. Simul-

taneously, the unit cell is found to contract along the c axis while expanding

along the a and b axes [35], although there is no change in the crystal sym-

metry. This electron-lattice coupling will be employed later to drive the SRT

with anisotropic strain.

2.2 Cycloidal order mediating the

spin-reorientation transition

In this section, I report the formation of incommensurate order around the

SRT in Ca3Ru2O7, driven by competing magnetic interactions in the presence

of structurally-broken inversion symmetry. Exploiting the complementarity

of neutron and resonant x-ray scattering, I show this order to be a magnetic

cycloid that evolves continuously between the collinear end states over a re-

markably small temperature range to mediate the SRT. Symmetry analysis
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shows that the cycloid is stabilised by a uniform DMI activated by the polar

lattice distortions, which competes with easy-axis anisotropies. I go on to in-

vestigate the response of the cycloid to applied magnetic field, under which

higher harmonic modulations of the fundamental order appear to be gener-

ated. This necessitates a reinterpretation of an incommensurate structure

previously observed under field [57], unifying it with the magnetic response to

doping [58, 59, 60].

The work presented in this section has been published as C. D. Dash-

wood et al., Phys. Rev. B 102, 180410 (2020) [61]. The Ca3Ru2O7 single

crystals were grown by Robin Perry, and characterised by me and Robin, with

assistance from Daniel Nye and Gavin Stenning. The neutron measurements

were performed by me, Larissa Veiga, Quentin Faure, Robin Perry and Roger

Johnson, with Pascal Manuel, Dmitry Khalyavin and Fabio Orlandi as lo-

cal contacts. The REXS measurements were performed by me, Larissa Veiga,

Quentin Faure, Robin Perry and Roger Johnson, with Dan Porter as local con-

tact. Data analysis was performed by me and Roger Johnson, and overseen

by Des McMorrow. The symmetry analysis was performed by Roger Johnson.

2.2.1 Experimental details

Single crystals of Ca3Ru2O7 were grown using the floating zone method in

a Crystal System Corporation FZ-T-10000-H-VI-VPO-I-HR-PC mirror fur-

nace. Their stoichiometry was confirmed with an Oxford Instruments energy-

dispersive x-ray spectrometer on a JEOL JEM-2100 electron microscope, yield-

ing a Ca:Ru ratio of 3:1.97±0.06. The crystalline quality and phase-purity were

checked using a Rigaku XtaLAB Synergy-S single crystal x-ray diffractometer.

The bulk electronic behaviour was confirmed with standard four-probe resis-

tivity measurements using a Quantum Design PPMS [see Fig. 2.3(b)]. Twin

domains were identified with polarised light microscopy, and single-domain

pieces were cut from larger crystals using a wire saw. Measurements were

performed on multiple crystals from different growth batches with consistent

results. The neutron and x-ray data presented below are all from the same
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crystal, which was aligned by Laue diffraction.

Neutron scattering measurements were performed at the WISH instru-

ment of the ISIS Neutron and Muon Source. The sample was mounted on

the end of an aluminium pin with aluminium tape. For the maps shown in

Fig. 2.3(a), the sample was mounted in a cryostat such that the a axis lies

along the vertical 3He detector banks. For the data in Figs. 2.3(c) and 2.7, the

sample was mounted in a 10 T cryomagnet with the b axis vertical, along the

field direction. In both cases, the sample was rotated around the vertical axis

such that the peak being measured was located close to forward transmission

scattering, where the flux at the relevant d spacing (around 19.5 Å) is highest.

Data analysis was performed with the Mantid software package [62]. All data

are normalised to the cumulative current and a beam monitor. The intensities

were obtained by diffraction-focussing a small area on the detector around the

peak, and then integrating the resulting time-of-flight spectra.

REXS measurements were performed at beamline I16 of the Diamond

Light Source. The horizontally (σ) polarised incident beam was tuned to the

Ru L2 edge (2.967 keV). The scattered intensity was measured using an in-

vacuum Pilatus 100K area detector in ultrahigh gain mode. An extended in-

vacuum beam pipe was used to reduce air absorption of the scattered photons.

The diffractometer was operated in fixed-azimuth mode with a vertical reflec-

tion scattering geometry, as shown in Fig. 2.4(a). The sample was mounted

to a copper holder with GE varnish to ensure good thermal contact and no

thermally-induced strain, and was cooled with an Advanced Research System

closed-cycle cryocooler. Data analysis was carried out using the Py16 pro-

gram written by Dan Porter [63]. All data are normalised to the ring current

and corrected for self-absorption (this has minimal effect on the azimuthal de-

pendences as the beam-footprint is nearly constant so close to the specular

condition). Peak intensities are obtained by summing over a region of interest

on the area detector, and then fitting the resulting rocking curves with pseudo-

Voigt profiles plus a constant background. This provides full three-dimensional
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Figure 2.3: (a) Reciprocal space maps showing incommensurate satellite peaks
(±δ, 0, 1) around the (0, 0, 1) magnetic peak over a narrow temperature
range around TS ≈ 48 K. (b) Integrated intensity of the (0, 0, 1) (blue
to red, with blue representing the AFMb and red the AFMa phase)
and (+δ, 0, 1) (purple) peaks as a function of temperature, plotted
alongside the in-plane resistivity ρab (black).

integration of the peaks with negligible background contribution.

2.2.2 Incommensurate order at the spin-reorientation

transition

We will first examine the results of the neutron scattering experiments. The

AFMa and AFMb structures both have propagation vector (0, 0, 1), so produce

peaks at the structurally-forbidden q = (0, 0, 2n + 1) positions with n ∈ Z.

Figure 2.3(a) shows reciprocal-space maps at temperatures around TS. Well

above and below TS (top and bottom panels) a single peak can be seen at

(0, 0, 1), confirming the presence of the AFMa and AFMb structures at these

temperatures. As unpolarised neutron scattering is sensitive to the component

of the moment perpendicular to q (see Sec. 1.2.1), we are measuring the full

moment in both phases. The lower intensity in the top panel is therefore

indicative of a smaller moment in the AFMa phase, consistent with previous

reports [64]. Strikingly, close to TS (middle panel), the central peak is strongly
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suppressed and satellites can be seen at incommensurate positions (±δ, 0, 1)

with δ ≈ 0.023 reciprocal lattice units (r.l.u.). Satellite peaks closely spaced

around a commensurate position are indicative of a long-range modulation

of the nuclear and/or magnetic structure, such as charge/spin density wave

phases [65, 33] or spiral magnetic structures [66, 67]. The comparable width of

the satellites to the commensurate peak indicates a similarly long correlation

length to the AFMa and AFMb structures.

Figure 2.3(b) shows the integrated intensity of the (0, 0, 1) and (δ, 0, 1)

peaks as a function of temperature. On cooling below TN , the (0, 0, 1) peak

follows a power-law dependence into the AFMa phase. Around 50 K there

appears to be a second upturn, before the intensity rapidly falls and the (δ, 0, 1)

peak appears. The satellite peaks survive for less than 3 K before the (0, 0, 1)

peak recovers and reaches its highest intensity in the AFMb phase. The clear

transfer of intensity been the commensurate and satellite peaks suggests a

common magnetic origin.

Plotted alongside the peak intensities in Fig. 2.3(b) is the in-plane resis-

tivity, ρab. We already know that SRT coincides with an uptick in ρab, but we

can also see from Fig. 2.3(b) that the boundaries of the incommensurate re-

gion correspond to changes of slope in ρab. This reveals an intimate connection

between the electronic and magnetic behaviour at TS, which will be explored

in Sec. 2.3.4.

2.2.3 An evolving magnetic cycloid revealed by

resonant elastic x-ray scattering

Having established the existence of a bulk incommensurate phase in the vicin-

ity of the SRT, we now turn to resonant x-ray scattering to unravel its nature.

In contrast to neutron scattering, resonant x-ray scattering in the σ−π′ polar-

isation channel is sensitive to the component of the moment parallel to kf (see

Sec. 1.2.3). More information about the magnetic structure can therefore be

obtained by rotating the sample through an azimuthal angle Ψ in order to vary

the component projected along kf . Azimuthal dependences of the magnetic
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Figure 2.4: (a) Experimental REXS geometry, showing incident x-rays with
wavevector ki (red arrow) scattering from a magnetic momentm (blue
arrow) to wavevector kf . The incident x-rays are polarised horizon-
tally, normal to the scattering plane (σ polarised, green arrow) and
the scattered x-rays are polarised either in the scattering plane (π′,
orange) or normal it (σ′, green). The azimuth Ψ is varied by rotating
the sample around the scattering vector q = kf − ki (black arrow).
(b) Azimuthal scans of the (0, 0, 5) peak above (55.6 K, red) and below
(40.4 K, blue) TS , evidencing the SRT.

(0, 0, 5) peak at two temperatures are shown in Fig. 2.4(b). For basal-plane

collinear structures, calculation of the resonant cross section gives an intensity

∝ cos2(Ψ+φ) [solid lines in Fig. 2.4(b)] where φ is the rotation of the moments

away from the a axis [53]. At 55.6 K it can be seen that φ = 0◦, while at 40.4 K

φ = 90◦. This 90◦ degree shift of the azimuthal dependences is clear evidence

of the spin reorientation from a to b.

The upper and lower panels in Fig. 2.5(a) show h scans through (0, 0, 5)

as a function of temperature for two azimuths, sensitive to the b (Ψ = −90◦)

and a (Ψ = −180◦) components of the moments respectively. Again, the spin

reorientation is identified by the transfer of commensurate intensity between

the azimuths. The satellite peaks that we saw with neutron scattering are also

visible around the SRT, and intriguingly have subtle temperature dependences

to their wavevectors and intensities. We now analyse these satellites in more
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Figure 2.5: (a) h scans through (0, 0, 5) as a function of temperature at Ψ = −90◦

(top panel, sensitive to the component of the moment along b) and
Ψ = −180◦ (lower panel, sensitive to the component along a). The
intensity is plotted on a log scale. (b) Azimuthal dependences of the
(−δ, 0, 5) satellite at select temperatures. The solid lines are fits to the
cycloidal model described in the text.

detail.

In order to determine the structure of the incommensurate phase we per-

formed a detailed investigation of the azimuthal dependence of the satellites.

Representative dependences are shown in Fig. 2.5(b). All of the dependences

are sinusoidal, but show dramatic changes in peak-to-peak amplitude and

phase, evidencing a remarkable evolution of the structure over a small temper-

ature window. Unlike in the commensurate phases where the intensity goes

to zero when kf is perpendicular to m, here we see a finite intensity at all Ψ.

This is an indication of a non-collinear rotating structure, with a component

of the moment always parallel to kf . We calculated the cross section for all

possible modulated states using the MagnetiX package [68] and found that

an incommensurate cycloid (ICC) with moments rotating in the a− b plane,

maintaining the ferromagnetic coupling within bilayers and antiferromagnetic

coupling between bilayers, is uniquely consistent with our data.

To understand the temperature evolution of the ICC structure, we devel-
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oped a model in which the cycloid is decomposed into two spin-density wave

components, π/2 out of phase, that in the commensurate limits are equiva-

lent to the AFMa and AFMb structures. The only free parameters are the

amplitudes of these components, Ma and Mb, which describe the elongation

of the envelope of the cycloid along a and b respectively. We fit the az-

imuthal dependences using MagnetiX [solid lines in Fig. 2.5(b)] and found

that this simple model provides a remarkably accurate description of the data

at all temperatures. The fits can be intuitively understood by neglecting

the small h component of the wavevector, which simplifies the dependence

to ∝ (Ma cos Ψ)2 + (Mb sin Ψ)2. It can then be seen that the peak-to-peak

amplitude of the oscillations, |M2
a −M2

b |, is directly related to the eccentricity

of the cycloid, while the phase depends on whether Ma or Mb is larger.

The fitted amplitudes, including those obtained from fits to the commen-

surate dependences in Fig. 2.4(b), are shown in Fig. 2.6(a) (normalised by

the overall moment size for clarity). In the commensurate phases only one

of the components is present, as expected. In the ICC phase, by contrast,

both amplitudes are finite and vary with temperature, crossing near the cen-

tre of the phase. This describes the magnetic structure shown schematically

in Fig. 2.6(b). Above 50 K, the system is in the AFMa phase with moments

collinear along a. On cooling into the ICC phase, the cycloid develops with

its envelope elongated along a. With decreasing temperature the envelope

becomes circular, before becoming elongated along b. Finally the cycloid col-

lapses and all the moments point along b in the AFMb phase. Our x-ray data

therefore reveals a complex and evolving cycloidal magnetic structure that

mediates the SRT.

2.2.4 Symmetry analysis of the cycloidal order

A theoretical justification of our cycloidal model can be provided by a sym-

metry analysis of terms in the free energy. Here, I will outline the details of

such an analysis developed by Roger Johnson. Further details can be found in

Ref. [61].
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Figure 2.6: (a) Amplitudes of the cycloid components extracted from fits like those

in Fig. 2.5(b), normalised by
√
M2
a +M2

b to remove the effect of the

increasing moment size on cooling. Solid lines are guides to the eye. (b)
Schematic of the evolution of the magnetic structure with temperature,
with the lengths of the arrows indicating the changing of the cycloidal
envelope from elongated along b, to circular, to elongated along a.
The changing moment size and period of the cycloid are neglected for
clarity.

The AFMa and AFMb structures both have a Y-point propagation vector

(0, 0, 1). The full Y-point magnetic representation for the Ru Wyckoff site

8b decomposes into four one-dimensional irreps: mY1, mY2, mY3, and mY4.

Symmetry-adapted modes of mY4 correspond to the AFMa magnetic struc-

ture, and symmetry-adapted modes of mY2 correspond to AFMb. The AFMa

and AFMb phases can each be associated with a one-dimensional order param-

eter, say µ and ρ, that transform by mY4 and mY2 respectively. These order

parameters can be combined into a Lifshitz-type free energy term, of the form

µ(∂ρ/∂y) − ρ(∂µ/∂y), that is allowed by the non-centrosymmetric symmetry

of Ca3Ru2O7. It is well known that the presence of Lifshitz invariants in the

free energy implies an instability of the system towards long-range modulated

states [69], such as the cycloidal magnetic structure in polar BiFeO3 [67, 70].

The free energy term specified above promotes a cycloid propagating along a.
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The observed propagation vector of the cycloid, (δ, 0, 1), is equivalent to

(δ− 1, 0, 0) located on the ∆-line of symmetry. The reducible ∆-line magnetic

representation for the Ru Wyckoff site decomposes into two two-dimensional

irreps, m∆1, and m∆2. The compatibility relationships, m∆1 = mY1 ⊕ mY3

and m∆2 = mY2⊕mY4, indicate that the modulated states that transform by

the m∆2 irrep decompose into mY2 and mY4 order parameters in the commen-

surate limit. Hence, the magnetic cycloid stabilised by the Lifshitz invariant,

which is expected to be a small perturbation of the commensurate magnetic

structures associated with the mY2 and mY4 irreps, transforms according to

the m∆2 irrep.

This symmetry analysis gives us an intuitive understanding of the cycloid-

mediated SRT. Lifshitz invariants are known to originate from the SOC-

generated DMI (see Sec. 2.1.1). In Ca3Ru2O7, the uniform DMI competes

with the easy-axis anisotropies (see Sec. 2.3.4) to select the ground state of the

system. Away from TS, the easy-axis anisotropies dominate and preclude the

formation of a modulated state, leading to the AFMb or AFMa phases. As the

easy axis gradually changes from b to a in the vicinity of the SRT, however, we

expect minimal or easy-plane anisotropy, allowing the uniform DMI to domi-

nate and stabilise the ICC phase. This general mechanism should be at play

whenever magnetic anisotropies compete in a system with broken inversion

symmetry.

2.2.5 Tuning the cycloidal texture with magnetic field

Given that the structure of the cycloid is dependent on competing magnetic

anisotropies, it is natural to wonder how it might respond to an applied mag-

netic field. To investigate this, we performed further neutron scattering mea-

surements on Ca3Ru2O7 with a magnetic field applied along the b axis. The

resulting temperature–field phase diagram is shown in Fig. 2.7(a). The most

striking feature is a large expansion of the temperature range over which the

ICC phase is stable under field, increasing from ∼3 K at zero field to >10 K at

a field of 5 T.
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Figure 2.7: (a) Magnetic phase diagram of Ca3Ru2O7 for a field along the b axis
from neutron scattering, constructed from temperature sweeps at fixed
field. The colour scale is the integrated intensity of the (δ, 0, 1) peak,
with the AFMb, AFMa and phase-modulated incommensurate cycloid
(PM-ICC) phases marked. The black dotted line encloses the region
over which peaks at (∆, 0, 0) ≈ (2δ, 0, 0) were seen in a previous SANS
measurement [57]. (b) Cartoon of the PM-ICC structure with increas-
ing field for each row up, depicted with a circular envelope for clarity.

It is interesting to note that the boundary of the ICC phase overlaps with

that of a so-called “metamagnetic texture” recently reported by Sokolov et

al. on the basis of small-angle neutron scattering (SANS) measurements [57].

Sokolov et al. saw incommensurate peaks at (±∆, 0, 0) in fields above 2 T,

whose appearance coincides with sudden “metamagnetic” jumps in the mag-

netisation. Without being able to solve the magnetic structure, they proposed

a complex texture that modulates between ferromagnetic and antiferromag-

netic alignments of the spins in adjacent bilayers. Such a structure was moti-

vated by Lifshitz-type invariants similar to those that stabilise our cycloid, but

as they did not see the incommensurate phase at zero field Sokolov et al. were

forced to consider high-order invariants that couple the ground-state antiferro-

magnetic order parameter to a field-polarised ferromagnetic order parameter.

Our discovery of the ICC phase at zero field permits a simpler expla-
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nation in terms of a coupling between the AFMa and AFMb order param-

eters. The connection between the magnetic satellites that we observe and

those measured by Sokolov et al. can be seen by doubling our wavevector,

2 × (δ, 0, 1) = (2δ, 0, 2), and then projecting back into the first Brillouin zone

through subtraction of a lattice vector, (2δ, 0, 2) − (0, 0, 2) = (2δ, 0, 0). The

wavevectors of the satellite peaks are field and temperature dependent, but

comparing the value from our data at 2 T and 47 K, δ ≈ 0.023, with the SANS

data at at the same field and temperature, ∆ ≈ 0.045, we can see the corre-

spondence 2δ ≈ ∆. It is then apparent that the peaks observed by Sokolov et

al. are in fact second harmonics of our satellites. While we could not directly

observe the second harmonic satellites in our experiment due to the low flux of

long-wavelength neutrons at such high d spacing, their appearance under mag-

netic fields is naturally explained by a phase modulation of the cycloid. This

corresponds to the spins bunching along the field direction in order to reduce

their Zeeman energy, as shown schematically in Fig. 2.7(b). In this scenario,

a net magnetisation develops as higher harmonics are generated continuously

from the zero-field cycloid, in the absence of any metamagnetic transition.

Such behaviour is reminiscent of the highly robust, tuneable soliton lattices

seen in chiral helimagnets under field [71].

This phase modulation is also fully consistent with a symmetry analysis

of terms in the free energy. In zero field we have a fundamental propaga-

tion vector ±k1 and can write a complex order parameter (η1, η
∗
1), where η1

and η∗1 correspond to +k1 and −k1 respectively, and their appropriate linear

combination gives the real values of the magnetic moments. We now consider

the effect of applying a magnetic field, H, along the b direction. H, and the

Γ-point magnetisation it creates, transform by the mΓ2 irrep. This field will

couple to additional magnetic order parameters, with the lowest-order linear

invariant being H(η∗2η
2
1 + η2η

∗2
1 ). Here, (η2, η

∗
2) is a second-harmonic cycloidal

component with propagation vector k2 = 2k1 that transforms as m∆2. There-

fore, whenever H is finite, the energy of the system will be lowered through the
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creation of a second harmonic modulation of the cycloid. More generally, this

invariant can be written to higher orders as H(η∗nη
n
1 + ηnη

∗n
1 ), where (ηn, η

∗
n) is

the order parameter of the nth harmonic for even n. Similarly, odd harmonics

will be generated by quadratic invariants H2(η∗nη
n
1 + ηnη

∗n
1 ) with n odd. This

infinite series of even and odd harmonics combine to form the phase-modulated

ICC (PM-ICC) depicted in Fig. 2.7(b).

As well as providing a more natural explanation of the magnetic behaviour

under field, our results also offer a new understanding of incommensurate peaks

previously reported in Ca3Ru2O7 doped with Ti [72], Fe [58] and Mn [59] on

the Ru site (but again, offered without proper structural solutions). Here,

a disrupted magnetic anisotropy from the introduction of dopants should al-

low an easier turning of the moments away from their easy axis by the DMI,

stabilising ICC structures with shorter repeat distances and over larger tem-

perature ranges. Our analysis therefore unifies previously disparate magnetic

behaviours of Ca3Ru2O7, attributing them to a common origin and revealing

a highly rich phase diagram.

2.3 Tuning the spin-reorientation transition

with strain

We saw in Sec. 2.2.2 how the transitions into and out of the ICC phase coincide

with changes in slope of the in-plane resistivity, caused by a reconstruction of

the Fermi surface. These are not the only degrees of freedom involved in the

transitions, however, with jumps also seen in the lattice parameters. Figure

2.8 shows the temperature dependence of the lattice parameters determined

by REXS, alongside the intensities of the commensurate and satellite magnetic

peaks from neutron scattering. On cooling from the AFMa phase, discontinu-

ities can be seen at the transitions into the ICC phase and then into the AFMb

phase, with the c lattice parameter decreasing as a and b increase. While pre-

vious uniaxial pressure experiments have produced conflicting results [73, 74],

hydrostatic pressure has been shown to sharply reduce both TN and TS [75, 76].
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Figure 2.8: (a) Integrated intensity of the commensurate (0, 0, 1) (dashed line) and
satellite (δ, 0, 1) (solid line) peaks as a function of temperature. (b)
Lattice parameters of Ca3Ru2O7 as a function of temperature. The
temperature of the AFMa → ICC transition is labelled Ta, and of the
ICC → AFMb transition Tb.

A recent report of changes to the lattice parameters on application of a mag-

netic field [76] further demonstrates the intricate coupling between the crystal

and magnetic structures in Ca3Ru2O7. This raises the intriguing possibility of

controlling the magnetism by tuning the lattice.

In this section, I show how such control is possible by the application

of anisotropic strain. I will first describe the construction of new setups to

allow in situ strain-tuning during neutron scattering, REXS and resistivity

measurements. These enable an unprecedented insight into the response of

the crystalline lattice to strain, including a quantification of the Poisson ratios

and subtle effects like sample bending. I will then show how anisotropic strain

can drive the AFMa → ICC and ICC → AFMb transitions at fixed tempera-

ture, confirming a key role for the lattice in these transitions. Detailed REXS

measurements show that the transition temperatures vary linearly with strain,

and resistivity measurements show that the Fermi surface changes are locked to

the magnetic and structural transitions. Finally, I describe a theoretical model

motivated by our strain experiments that attributes the SRT to changes in the

tilts and rotations of the RuO6 octahedra.
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The design and construction of the strain setups involved extensive collab-

oration with scientists and engineers from Razorbill Instruments, who provided

the strain cells, the Diamond Light Source and the ISIS Neutron and Muon

Source. Sample preparation was performed by me and Robin Perry. The

neutron scattering measurements under strain were performed by me, Larissa

Veiga, Quentin Faure, Robin Perry and Roger Johnson, with Pascal Manuel,

Dmitry Khalyavin and Fabio Orlandi as local contacts, and technical sup-

port from Jacob Simms, Katherine Mordecai, Jon Bones and David Keymer.

The REXS measurements under strain were performed by me, Larissa Veiga,

Quentin Faure, Robin Perry and Roger Johnson, with Dan Porter as local

contact, and technical support from Mike Matthews. The resistivity measure-

ments under strain were performed by me, with technical support from Richard

Thorogate. Data analysis was performed by me, with support from Dan Porter

and overseen by Des McMorrow. The theoretical model of the strain-driven

SRT was developed by Adam Walker, Michal Kwasigroch, Frank Krüger and

Andrew Green.

2.3.1 Experimental details

A central activity in quantum materials research is to modify the properties

of a material and access new phases using various stimuli. Popular tuning

parameters include temperature, chemical doping, applied electric and mag-

netic fields, and hydrostatic pressure. Recently, anisotropic strain has received

increasing interest as a new tuning parameter, propelled in large part by ad-

vances in the design of strain cells by Razorbill Instruments [77, 78]. These

use a series of piezoelectric stacks to move two bridges of the titanium cell,

each of which is attached to one end of a long, bar-shaped sample. This al-

lows continuously tuneable tensile and compressive strains to be applied down

to cryogenic temperatures, with the thermal expansion of the stacks compen-

sated by their arrangement. A clever arrangement of flexures ensures that the

stress on the sample is uniaxial, and the cells contain a capacitive displacement

sensor to allow the applied strain to be tracked in real time. Razorbill cells
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Figure 2.9: (a) Image of the back of the Razorbill CS200T strain cell used for
neutron scattering, showing the 90◦ access cone to allow transmission
measurements. (b) Image of the front of the CS200T cell, showing the
sample plates screwed to the two bridges (in red box). Images in (a)
and (b) are from Razorbill Instruments [77]. (c) Close-up of a bar-
shaped Ca3Ru2O7 sample mounted across a distance L between the
sample plates.

have enabled groundbreaking experiments in a number of materials, first of

all in Sr2RuO4, which showed rapid increases in its superconducting transition

temperature under both tensile and compressive strain [79, 80]. Razorbill cells

have also been used to modify charge order in the superconducting cuprates

[81, 82], and, as the conjugate field to nematicity, anisotropic strain has found

a key application in the iron-based superconductors [83, 84, 85, 86].

For our neutron scattering measurements at the WISH instrument of the

ISIS Neutron and Muon Source, we employed the Razorbill CS200T cell shown

in Fig. 2.9. This cell incorporates a large access cone [see Fig. 2.9(a)] to allow

scattering in a transmission geometry. Each end of the Ca3Ru2O7 sample is

glued with Stycast 2850FT epoxy to titanium sample plates, which are screwed

to each of the bridges of the cell as shown in Fig. 2.9(b). The sample spans

a distance L ≈ 1 mm between the plates [Fig. 2.9(c)] with its centre sitting

at the apex of the access cone. When a voltage is applied to the piezoelectric

stacks they expand or contract, changing the distance between the bridges by

∆L and applying a strain ∆L/L (of maximum magnitude around 0.5%) to

the sample. The CS200T cell was mounted on a custom cryostat stick with

feedthroughs for the cables to power the cell and measure the capacitance of
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Figure 2.10: (a) Image of the Razorbill CS100 strain cell used for REXS, from Ra-
zorbill Instruments [77]. (b) Close-up of a Ca3Ru2O7 sample mounted
across a distance L between the sample plates. (c) Schematic dia-
gram of the mounting on a CS100 cell, with the sample attached
only to plates below. This asymmetric mounting causes the sample
to bend under strain. (d) Symmetric mounting with sample plates
both above and below the sample, as used in transmission measure-
ments (see Fig. 2.9). Diagrams in (c) and (d) are adapted from Ref.
[78].

the displacement sensor. Voltage was applied to the cell with an RP100 power

supply from Razorbill Instruments, and the capacitance was measured with

a Keysight E4980AL LCR meter, both of which were integrated into the in-

strument control software to allow automated control and data acquisition. A

temperature sensor was thermally contacted with the body of the cell, giv-

ing accurate readings of the sample temperature, and cadmium shielding was

used to reduce background scattering from the cell while still allowing maxi-

mum beam access to the sample. The scattering geometry and data analysis

procedures were the same as those detailed in Sec. 2.2.1.

For the REXS measurements at beamline I16 of the Diamond Light

Source, size limitations of the closed-cycle cryostat and the reflection scat-

tering geometry required use of the smaller CS100 cell, shown in Fig. 2.10(a).

The principles of operation of this cell are identical to the CS200T above, with

the sample mounted between two plates that are attached to each bridge of the

cell. The maximum displacement of the CS100 is ∆Lmax ≈ ±3 µm, compared

to ±11 µm for the CS200T, but the increased flux and REXS cross section

compared to neutron scattering allows smaller samples with L ≈ 300 µm to
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be used, giving higher maximum applied strains |∆L/L|max ≈ 1%. A custom

mount was designed to hold the cell in the cryostat, with feedthroughs added

for the power and capacitance cables. As at WISH, the RP100 power supply

and E4980AL LCR meter were interfaced with the beamline software to al-

low remote control and scripting of the measurements. A Cernox temperature

sensor was thermally contacted with the body of the cell. All other beamline

parameters and data analysis procedures were the same as those detailed in

Sec. 2.2.1.

A requirement of the reflection geometry used at I16 is a large sphere of

access for the incident and scattered beams. In the neutron scattering setup,

sample plates were placed below and above the sample, both anchored to the

cell with a screw and separated by a spacer. As shown in Fig. 2.10(d), this

results in stress being transmitted via the epoxy to both the top and bottom

surfaces of the sample equally, ensuring homogenous strain. The top sample

plates block beam access, however, and so were not used in the REXS setup.

This leaves the sample attached to the cell only via its lower surface, as shown

in Figs. 2.10(b) and (c). The asymmetric mounting causes the sample to

bend under stress (downwards for tensile stress, and upwards for compressive

stress) and a strain gradient to form through the sample. The strain gradient is

reduced by having a high ratio of sample length to thickness, L/t� 1, which is

natural for the easily-cleaved Ca3Ru2O7 samples (note, however, that we must

keep L/t < π/
√

3∆L/L ≈ 18 to prevent the sample buckling under strain

[78]). The magnitude and consequences of the bending will be investigated in

Sec. 2.3.2.

To correlate the changes in crystal and magnetic structures with the trans-

port properties, we also performed four-probe resistivity measurements under

strain in a Quantum Design PPMS. For this we used the same CS100 cell as the

REXS measurements, with the addition of a wiring platform to allow electri-

cal contacts to be made to the sample [see Fig. 2.11(a)]. Four 25 µm-diameter

gold wires were contacted along the length of the sample with Dupont 6838
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Figure 2.11: (a) Image of the CS100 cell set up for resistivity measurements, with
the wiring platform visible on the bottom right. (b) Close-up of a
Ca3Ru2O7 sample mounted on the cell, with gold wires contacted to
the top surface in a standard four-probe configuration.

silver paint, and cured at 900 ◦C for 5 min. This results in mechanically ro-

bust contacts that can survive the repeated deformation caused by the applied

strain, and it was checked that the brief exposure to high temperature does

not change the transport properties of the sample. The other ends of the wires

were connected with silver epoxy to pads on the wiring platform, which was

in turn connected to a standard PPMS puck. The sample was mounted using

only lower sample plates to reproduce the conditions of the REXS measure-

ments, and 10 µm nylon threads were placed in the epoxy below the sample

to prevent electrical contact with the titanium cell (which is grounded during

the measurement). The sample was positioned such that the current contacts

at the ends of the sample are in the unstrained region covered by epoxy, while

the voltage contacts sit in the strained region suspended between the sam-

ple plates [see Fig. 2.11(b)]. The contacts are only on the top surface of the

sample, so the current will spread downwards over a length scale t
√
ρc/ρab ∼

100 µm [84]. As this is of the same magnitude as the length between the

voltage contacts, there will be a significant contribution to the measured re-

sistivity from ρc. Thankfully, ρab and ρc follow the same trend in the region

of interest above 45 K, so this does not affect the determination of the tran-

sition temperatures that we are interested in. The CS100 was mounted on a
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custom PPMS probe supplied by Razorbill Instruments, with feedthroughs for

the power and capacitance cables. No temperature sensor was mounted on

the cell, but through comparison with the neutron and REXS data a constant

2 K offset was found between the cryostat and sample temperatures, which

has been corrected throughout. A custom LabView program was written to

interface with the power supply, LCR meter and the PPMS MultiVu software,

and allow scripting and automatic logging of measurements.

Ca3Ru2O7 crystals from the same batches as in Sec. 2.2.1 were used for

the strain measurements. These were aligned with Laue diffraction, and cut

into bars using a Logitech wire saw with 100 µm tungsten wire and a 1 µm

diamond slurry for the abrasive. Samples were cut with the long axis, along

which stress is applied, along both the a and b directions. The samples were

found to naturally cleave during cutting, producing long, thin bars with clean

(0, 0, 1) faces for scattering. The dimensions of the sample used for neutron

scattering were L×w× t ≈ 1×0.3× 0.05 mm (where L is the strained distance

between the sample plates), for REXS with stress along a were 0.3 × 0.1×

0.04 mm, for REXS with stress along b were 0.2 × 0.1× 0.03 mm, and for

resistivity measurements were 0.3× 0.1× 0.03 mm.

2.3.2 Response of the lattice to uniaxial stress

The capacitive displacement sensors built into the strain cells allow real-time

determination of the applied strain ∆L/L. This is not an accurate measure of

the true strain in the sample, however, for two main reasons. The first issue is

that the epoxy connecting the sample to the cell will deform and take up some

of the strain, which is then not transmitted to the sample. In most studies to

date, deformation of the epoxy is accounted for by scaling the applied strain

by a universal factor (usually between 0.7–0.8) calculated using finite element

analysis [79, 80, 83, 85, 86]. In the RIXS studies on cuprates, the position of a

single Bragg peak was tracked and the linear dependence at low strain used to

calculate a universal scale factor, even though the dependence deviated from

linear at high strain [81, 82]. The second issue is that the thermal contraction
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of the sample and titanium cell are unlikely to match, resulting in a thermally-

induced strain that is not detected by the capacitor, effectively shifting the zero

point. Estimation of the zero point then requires calculation of the differential

thermal contraction, or the identification of some feature in the data that

occurs at zero strain. These issues are compounded by varying responses of

the capacitor and epoxy with temperature, and the various complicated ways

that strain can be accommodated by the sample (domain formation, buckling,

breaking, etc.).

Our REXS measurements avoid these issues by directly measuring the

response of the crystalline lattice to the applied stress. Note the use of the

word stress here. Although we measure the strain on the lattice, the Razor-

bill cells actually apply a uniaxial stress (or pressure) to the samples, which

results in strains along all three crystallographic axes. To formalise this, we

can introduce the stress and strain tensors, σij and εij respectively, whose di-

agonal terms correspond to the stress/strain along the principle axes, while

the off-diagonal terms give shear stresses/strains. In the elastic limit (i.e. no

permanent plastic deformation), applying a stress to a body results in a strain

εij = Sijklσkl (2.1)

(summing over repeated indices), where S is the fourth-order compliance ten-

sor. As the stress and strain tensors are symmetric, the compliance tensor

satisfies Sijkl = Sjikl, Sijkl = Sijlk and Sijkl = Sklij, such that we can introduce

the reduced notation

ij →

i for i = j

9− (i+ j) for i 6= j

(2.2)

and the same for kl, allowing the compliance tensor can be expressed as a 6×6

matrix. The crystal symmetry of Ca3Ru2O7 then restricts S to the symmetric
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form

S =



S11 S12 S13 0 0 0

S12 S22 S23 0 0 0

S13 S23 S33 0 0 0

0 0 0 S44 0 0

0 0 0 0 S55 0

0 0 0 0 0 S66


, (2.3)

with nine independent elements. We apply uniaxial stresses, σii, in our ex-

periments, so are only interested in the upper-left 3 × 3 block of S. The

stress–strain relationship can then be written
εaa

εbb

εcc

 =


1
Ea

−νba
Eb
−νca

Ec

−νab
Ea

1
Eb

−νcb
Ec

−νac
Ea
−νbc

Eb

1
Ec



σaa

σbb

σcc

 , (2.4)

where Ei are the Young’s moduli, νij are the Poisson ratios, and the require-

ment that S is symmetric leads to the relations νij/Ei = νji/Ej. We can

therefore see that the uniaxial stresses applied by the Razorbill cells will result

in strains along all three crystallographic axes, related by the Poisson ratios.

Our REXS measurements give us access to all of these strains.

Having laid out the formalism, we will now determine the relationship

between the applied strain as measured by the capacitative displacement sensor

in the cell, ∆L/L, and the true strain. Figure 2.12(a) shows representative 2θ

scans of a structural Bragg peak as a function of applied strain, in this case

for stress applied along b. Changes to the lattice parameters result in shifts of

the peak through Bragg’s law

sin θ =
λ

2

√
h2

a2
+
k2

b2
+
l2

c2
. (2.5)

Therefore, by measuring three peaks with different h, k and l components

[in this case the (0, 0, 6), (1, 0, 7) and (1, 1, 5) peaks], the lattice parameters
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Figure 2.12: (a) 2θ scans of the (1, 0, 7) structural Bragg peak, showing a shift with
applied strain, ∆L/L, along the b direction. (b) True strain along
the b axis as a function of applied strain, for a range of temperatures
through the ICC phase. Note that for this sample no tensile (positive)
strain could be applied.

can be determined and compared to their zero-strain values to calculate the

true strain. An example of the true strain, ∆b/b, as a function of applied

strain is shown in Fig. 2.12(b) for temperatures around the ICC phase. Under

compression the dependence is linear and insensitive to temperature, with the

true strain around 40% of the applied strain. Note that this is considerably

lower than the estimates obtained with finite element analysis, and indicates a

large deformation of the epoxy. Under tensile stress, by contrast, there appears

to be no response from the lattice. Possible reasons for this will be discussed

at the end of this section. These results highlight the danger in relying on the

capacitive displacement sensor to determine the true strain, as has been done

in most studies to date [79, 80, 81, 83, 82, 85, 86].

As noted above, our measurements allow us to determine the lattice strains

along all three crystallographic directions. Figure 2.13(a) and (b) show the

strains induced along the a and c directions due to stress applied along b.

It can be seen that the compressive strain along b is accompanied by tensile
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Figure 2.13: (a) Induced strain along a, εaa = ∆a/a, as a function of strain along
b, εbb = ∆b/b, at a range of temperatures. Linear fits are shown as
solid lines. (b) Induced strain along c, εcc = ∆c/c, as a function of
strain along b, with linear fits shown as solid lines. (c) Temperature
dependence of the Poisson ratios, calculated from the slope of linear
fits like those in (a) and (b).

strains along a and c, with linear dependences at all measured temperatures.

From Eq. (2.4), we find that the ratio of these strains is equal to the Poisson

ratio, εjj/εii = −νij. We can therefore determine the Poisson ratios from

the slope of linear fits such as those shown in Fig. 2.13(a) and (b). The

results are plotted as a function of temperature in Fig. 2.13(c). We find that

νab ≈ νba ≈ 0.5 and νac ≈ νbc ≈ 0.2 as expected for a layered material like

Ca3Ru2O7, with some evidence of νba decreasing and νbc increasing on cooling

through the cycloidal phase. We cannot determine νca or νcb as we do not

apply stress along c, but from Eq. (2.4) we can see that Ea ≈ Eb, giving

νca ≈ νcb ≈ νacEc/Ea.

I have shown how tracking the 2θ positions of the structural Bragg peaks

gives us information on the average changes in unit cell dimension though the

probed region of the sample. We can further use the large Pilatus 100K area

detector at I16 to efficiently map the peaks in full 3D reciprocal space, giving
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Figure 2.14: (a) 2θ, (b) k and (c) l scans of the (0, 0, 6) structural Bragg peak at
a range of applied strains along b. Splitting can be seen along k for
positive and negative applied strains. (d) 2θ, (e) k and (f) l scans
of the (1,−1, 5) structural Bragg peak at a range of applied strains
along b. Splitting can be seen along k and l for positive and negative
applied strains. (c) Projected k − l reciprocal space map in inverse
Angstroms, showing the position of the split peaks at zero (blue) and
maximum compressive (yellow) applied strain. The splitting of the
(0, 0, 5) magnetic peak is shown alongside the (0, 0, 6) and (1,−1, 5).
The black lines depict the arcs and radial lines on which the split
peaks lie.

unprecedented insight into stress-induced variations of the lattice through this

region. Figure 2.14(a)–(f) shows 2θ, k and l cuts through two peaks at a range

of applied strains along the b direction. Alongside the shifting of the peaks,

a splitting can be seen along k for the (0, 0, 6) peak, and along k and l for

the (1,−1, 5) peak, with a distribution of intensity between the extremal split

components. The positions of the main components, converted into reciprocal

Ångströms, are plotted in Fig. 2.14(g) for zero and maximum compressive

strain. Under compression, the split peaks lie on arcs in reciprocal space and

are separated by approximately the same angle. The splitting can therefore be

naturally explained by a bending of the sample under stress, as predicted would

occur in Sec. 2.3.1 due to the asymmetric mounting. Despite the bending, the

peaks do not broaden in 2θ beyond our angular resolution, showing that the
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Figure 2.15: Integrated intensities of the (0, 0, 1) (blue) and (±δ, 0, 1) (or-
ange/yellow) peaks as a function of applied strain along a, at (a)
46.2 K, (b) 47.7 K and (c) 48.5 K. The insets in (b) show detector
images at zero and the maximal applied strains.

magnitude of the strain remains fairly homogeneous through the probed region.

Interestingly, the peak splitting is symmetric for both tensile and compressive

applied strain. This shows that our inability to transmit tensile strain to the

sample is not due to it fully fracturing, but must be due to some other more

complex mechanism of strain relaxation. Note that we do not see bending or an

inability to transmit tensile strain in the neutron measurements at WISH, due

to the symmetric mounting enabled by the transmission scattering geometry.

2.3.3 Driving the cycloid-mediated spin-reorientation

transition with strain

Now that we have comprehensively characterised the response of the lattice to

applied uniaxial stress, we are in a position to investigate how the magnetic

structure changes. As a bulk probe of magnetic order, we first look to the

neutron scattering measurements.

Figure 2.15 shows the integrated intensities of the commensurate (0, 0, 1)

and satellite (δ, 0, 1) magnetic peaks as a function of applied strain along a, for

three temperatures in the vicinity of the ICC phase. Starting with Fig. 2.15(b),

taken in the centre of the ICC phase at 47.7 K, we can see a symmetric suppres-
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sion of the satellite peaks, and a simultaneous enhancement of the commen-

surate peak, under both compressive and tensile strain. The commensurate

intensity is lower under compression, suggesting that we are entering the AFMa

phase, while the higher commensurate intensity under tension is suggestive of

the AFMb phase. This is supported by the strain dependences taken at tem-

peratures just above and below the ICC phase. At 46.2 K [Fig. 2.15(a)], where

we are in the AFMb phase at zero strain, the system is driven towards the ICC

phase by compression, and at 48.5 K [Fig. 2.15(c)], where we are in the AFMa

phase at zero strain, the system is driven towards the ICC phase by tension.

The transitions between the phases occur over a finite width of ∼ 0.3% as

the large neutron beam illuminates the entire un-masked region of the sam-

ple, including the areas towards the edges with significant strain gradients.

Our neutron data conclusively show that transitions between the ICC and

commensurate magnetic phases can be driven by strain at fixed temperature.

While our neutron setup has the benefit of being able to transmit both

compressive and tensile strain to the sample, the scattering geometry blocks

access to any structural Bragg peaks with a finite component along the stress

direction, thereby precluding determination of the true strain. Further, the re-

quirement of a large sample limits the maximum strains that we can achieve.

The opposite is true for REXS, which we showed in the previous section can

provide detailed information on the lattice for compressively strained samples

an order of magnitude smaller than those required for neutron scattering. Fig-

ure 2.16 shows temperature–strain phase diagrams based on the REXS inten-

sity of the (−δ, 0, 5) peak, for stress along both in-plane directions. Alongside

the true strain along the direction of applied stress, the horizontal axes below

the plots show the approximate strains along the orthogonal lattice directions

determined from the temperature-averaged Poisson ratios in Fig. 2.13(c). For

stress along b [Fig. 2.16(a)], both Ta and Tb vary linearly with strain at a rate

of ∼ 7K/(%εbb). The data quality is worse for stress along a, under which

the structural Bragg peaks broadened considerably, most likely due to defects
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Figure 2.16: Phase diagrams for stress applied along the (a) b and (b) a directions,
constructed from strain sweeps at fixed temperature. The colour
scale is the integrated intensity of the (−δ, 0, 5) peak at azimuths of
(a) −90◦ and (b) 0◦, with separate horizontal axes for the strains
along each axis. The points with error bars are fits to the ICC phase
boundaries defined by the positions of half-maximum intensity, and
the dashed red (blue) lines are linear fits through these points marking
the strain dependence of Ta (Tb).

in the sample. Despite this, an approximately linear dependence of the tran-

sition temperatures on strain can still be seen, with a rate of ∼ 20K/(%εaa).

Although we could not access the positive sides of the phase diagrams in our

REXS experiments, from our neutron results we infer that Ta and Tb will con-

tinue to follow the same dependences under tension.

An interesting feature of the phase diagrams in Fig. 2.16 is that the tran-

sition temperatures move in the same direction for compressive strain along b

(together with tensile strain along a) and compressive strain along a (together

with tensile strain along b). The same movement of the phase boundaries for

opposite in-plane deformations of the lattice suggests that the c-axis strain

has a dominant role in driving the transitions. This conclusion is supported

by the temperature dependence of the lattice parameters at zero strain [see

Fig. 2.8(b)]. Above TN , the a and c lattice parameters follow the same trend,
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Figure 2.17: Phase diagrams for stress applied along b, constructed from strain
sweeps at fixed temperature. The colour scale is the integrated in-
tensity of the (0, 0, 5) peak at azimuths (a) Ψ = 0◦ (sensitive to the
AFMa phase) and (b) Ψ = −90◦ (sensitive to AFMb). The dashed
lines are the phase boundaries from Fig. 2.16(a).

opposite to that of b [35]. On cooling through the ICC phase, however, the c

parameter shrinks while a and b increase, suggesting that the former is most

strongly coupled to the transition, while the latter two respond mostly via the

Poisson ratios.

To confirm that the phase boundaries in Fig. 2.16 do indicate transitions

into the collinear phases, and not just a destruction of long-range magnetic

order, we measured the commensurate (0, 0, 5) peak alongside the (−δ, 0, 5)

satellite for the sample stressed along b. The intensities at two different az-

imuths are plotted in Fig. 2.17 as functions of temperature and strain. At an

azimuth of Ψ = 0◦ we are sensitive to the component of the moment along

a, and we can see that the AFMa phase is established above the boundary

where the ICC phase vanishes. Unexpectedly, the intensity is suppressed above

εbb ≈ 0.6% at all temperatures. The reason for this is unclear, but it may be

connected to the bending of the sample at high strain (see Sec. 2.3.2), which

could disrupt the long-range order of the already-weak AFMa phase. Note
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Figure 2.18: (a) Resistance as a function of applied strain along a at a range of
temperatures through the AFMa, AFMb and ICC phases. (b) The
same data as in (a) but plotted as a function of temperature for a
range of applied strains. (c) Transition temperatures Ta and Tb as a
function of applied strain, determined from the maxima and minima
of d2R/dT 2 respectively (see inset).

that there is no evidence of a similar suppression in our neutron results [see

Fig. 2.15(c)] where the bending does not occur. At an azimuth of Ψ = −90◦ we

are sensitive to the component of the moment along b, and we see the AFMb

phase appearing below the ICC phase boundary as expected.

Finally, we come to our transport measurements, taken under stress along

a. Figure 2.18(a) shows strain dependences of the in-plane resistance at a

range of temperatures from the paramagnetic to the AFMb phases. As we

have no access to the true strain in the transport measurements, we have to

rely on the capacitive displacement sensor. At the lowest temperatures where

the resistance is highest, we see a clear decrease in resistance under compres-

sive strain. There is little response to tensile strain, which is expected as we

mount the sample asymmetrically to match the REXS measurements. On

warming through Tb, the slope under compression decreases and the resistance

appears to increase under high tensile strain ∆L/L > 2%. This again suggests

that the sample is not broken, but finds some other mechanism to internally

relieve tensile strain. On further warming above Ta, the resistance instead
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begins to increase with compressive applied strain, before again falling under

compression above TN . The same data are plotted in Fig. 2.18(b) as a function

of temperature in the vicinity of the ICC phase, showing the resistance curve

shifting down in temperature under compression. At zero strain, the bound-

aries of the ICC phase coincide with changes of slope of the resistance [see

Fig. 2.3]. To see if this correspondence is maintained under strain, we plot the

maxima and minima of d2R/dT 2 as a function of applied strain in Fig. 2.18(c).

We again find linear dependences, although here we resolve a slightly different

gradient for Ta and Tb. Given the uncertainties in converting applied strain to

true strain, these results support the notion that the electronic and magnetic

transitions are locked together.

2.3.4 Theory of the spin-reorientation transition

The coupled SRT in Ca3Ru2O7 has received theoretical attention from multiple

angles. Early work focussed on the Fermi surface gapping, and speculated that

this might be due to the formation of charge- or spin-density waves driven

by nesting [54, 51]. No direct experimental evidence for density waves could

be found, however, and attention instead turned to the role of the magnetic

structure.

Based on ARPES measurements and DFT calculations, Marković et

al. proposed that the gapping was due to band hybridisation controlled by

the moment direction [56]. Their DFT calculations showed a charge gap open-

ing near the Brillouin zone centre when the magnetic moments are rotated

away from the a direction. They attributed this to a Rashba-like SOC of the

form p ·S×E, where p is the electron momentum, S is the magnetic moment,

and E is a local electric field along a that arises from the breaking of inversion

symmetry by the octahedral tilting. When S is along a we have S ×E = 0

such that there is no hybridisation, while for S along b a finite SOC can open

the gap. They then argued that the spin reorientation with temperature oc-

curs due to the changing thermal population of electronic states around the

Fermi level: for T > TS the Fermi function is broad enough that there is no
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energy gain from opening a gap, while for T < TS the electronic states above

the hybridisation gap are not occupied and there is a finite energy gain from

reorienting the spins to open the gap. The magnetic anisotropy in this model is

therefore determined by the energy gained from hybridisation of the electronic

bands, leading the authors to coin the term “magnetoelectric anisotropy”.

While it provides a conceptually simple mechanism for the concomitant

SRT and Fermi surface gapping, there are a number of issues with this model.

Firstly, it is motivated by DFT calculations in the local spin-density approxi-

mation, whose validity for a correlated material like Ca3Ru2O7 is questionable

(the DFT band structure has to be renormalised by a factor of seven to match

the ARPES data, for example). Secondly, it is not obvious from the above

arguments why the moment reorients along b as opposed to c. In fact, for a

moment along b we have (S ×E) ‖ c, such that the Rashba-like term is only

non-zero for electrons with out-of-plane momenta. This is difficult to reconcile

with the strongly 2D nature the electronic properties of Ca3Ru2O7. Finally,

and most importantly, this model is at odds with our strain measurements.

Our ability to drive the SRT and Fermi-surface reconstruction with strain at

fixed temperature contradicts the thermal-population argument, and reveals a

central role for the lattice degrees of freedom that are neglected by Marković

et al.

To explain our strain results, our collaborators developed an alternative

model in which strain couples directly to the electronic system via the nearest-

neighbour hopping. The first step in the argument is to assume that the

RuO6 octahedra stay rigid, and the dominant response to applied strain is a

change in the octahedral rotations and tilts. Considering rotations and tilts

separately (valid for small angles), the hopping can be calculated by expanding

each orbital in a basis of orbitals quantised along the undistorted bond. The

hopping matrix element is then expressed as a linear combination of Slater-

Koster integrals for these undistorted bonds, with coefficients that depend on

the rotation and tilt angles. Such an expansion is represented graphically



2.3. Tuning the spin-reorientation transition with strain 88

Figure 2.19: The effect of octahedral (a) rotation and (b) tilt on the hopping
between nearest-neighbour xz orbitals (blue). In both cases, the
hopping matrix element can be expanded in a basis of un-rotated
orbitals (red) with coefficients that depend on the rotation angle θ
and tilt angle φ. The coefficients in (b) are A(θ) = 1

4 [cos(2
√

2θ) +

4 cos(
√

2θ) − 1], B(θ) = cos3(
√

2θ), C(θ) = 3
4 sin2(

√
2θ) and D(θ) =

1
4 sin2(

√
2θ) cos(2

√
2θ).

for the case of hopping between xz orbitals in Fig. 2.19. With increasing

rotation, indirect hopping via the O pz orbital [first term in the expansion in

Fig. 2.19(a)] is found not to change, while the direct π overlap (second term)

is reduced and a weaker δ overlap (third term) develops. The overall hopping

is therefore reduced with increasing rotation angle. The dependence on tilt

is more complicated, but using expected values for the Slater-Koster integrals

[87], and considering also the variation in Ru–Ru separation, gives that the

hopping should increase with increasing tilt angle.

The variation in hopping with octahedral rotations and tilts motivates a

model in which a strain field couples to an electronic Hubbard Hamiltonian.

In the spirit of creating a minimal model to understand the essential physics at

play, only two electronic bands in a perovskite monolayer are considered [55].

I note that the reduction to a monolayer means that the model cannot repro-

duce the cycloidal phase, as multiple bilayers are needed to break inversion

symmetry and generate a uniform DMI. The model Hamiltonian is

H = Ht +HU +Hλ. (2.6)
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Here, Ht is based on the tight-binding Hamiltonian of Ref. [55] that was derived

from ARPES data. The nearest-neighbour hopping in Ht is modified by the

strain field, ε, as t = t0 + νε, where the constant ν > 0 results in stronger

hopping for positive (tensile) strain. The scalar strain field represents the net

effect of all lattice strains that couple to the hopping. The on-site intra-orbital

Hubbard interaction is given by

HU = U
∑
j,τ,α

njτα↑njτα↓, (2.7)

where the lattice site is labelled j, the Ru orbital is labelled α ∈ {xz, yz}, and

τ ∈ {A,B} is a sublattice index. Finally, Hλ is an on-site spin orbit coupling

term that couples electrons of opposite spins in different orbitals

Hλ = −iλ
2

∑
j,τ

(
c†jτ,xzσ

τ
zcjτ,yz + h.c.

)
, (2.8)

where c†jτα = (c†jτα↑, c
†
jτα↓). The octahedral tilting enters by rotating the spin

quantisation axes on the sublattice sites by ±θ about the b-axis, as σ
A(B)
z =

cos(θ)σz ± sin(θ)(σx − σy)/
√

2. The spin and charge fields are then decoupled

in a mean-field approximation, yielding a free energy

F = −T
∑
n,k

ln
(
1 + e−(εnk−µ)/T

)
+U

∑
τ,α

(
M 2

τα − ρ2
τα

)
+

1

2
κ (ε− εapp)2 , (2.9)

where εnk are the eigenvalues of H, µ is the chemical potential, Mτα is the

magnetisation field, ρτα is the charge field, κ is a constant, and εapp is an

externally applied strain that shifts the zero of the potential.

The model is solved by minimising the free energy with respect to M , ρ

and ε self-consistently. For εapp = 0, this leads to the phase diagram shown

in Fig. 2.20(a). On cooling from the high-temperature paramagnetic phase,

we enter a ferromagnetic phase with the moments aligned along a. This is

equivalent to the AFMa phase of Ca3Ru2O7, where each ferromagnetic bilayer

is stacked antiferromagnetically along the c-axis. On further cooling, we see a
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Figure 2.20: (a) Phase diagram of the strain-coupled electronic model, overlaid
with the value of the strain field ε. The zoomed region shows a dis-
continuous jump in ε at the SRT. The insets show the Fermi surfaces
calculated in the phases with moments along a (red) and b (blue).
(b) The variation in the SRT temperature with applied strain εapp.

gradual increase in the strain field that reduces the energy of the electronic sys-

tem by enhancing the hopping. At a critical value of the hopping, a first-order

transition occurs with discontinuous increases in the strain and magnetisation,

at which the moments rotate to point along b. The model therefore successfully

reproduces the SRT (not withstanding the presence of the mediating cycloid).

The model also captures some of the changes in the Fermi surface with temper-

ature [see the insets in Fig. 2.20(a)], which arise from a continuous increase in

the magnetisation and Stoner gap, but cannot reproduce the partial gapping

at the SRT reported by ARPES [54, 55, 56].

We can validate the model by considering how the lattice parameters

of Ca3Ru2O7 change with temperature, and linking this to changes in the

rotations and tilts of the octahedra. From Fig. 2.8(b), we know that c decreases

on cooling through the SRT while a and b increase. The compression along c

should lead to an increase in the tilt angle to allow for closer packing of the

layers, while the in-plane expansion should lead to a reduction in the rotation

angle. From the orbital-overlap argument above, we expect both of these

effects to strengthen the hopping on cooling, in agreement with the prediction
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of the model. We can therefore understand the temperature-induced SRT

in Ca3Ru2O7 as being driven by spontaneous lattice strains that arise from

feedback with the electronic system and that modulate the hopping.

As well as internal strains, the model can account for externally applied

strains. Figure 2.20(b) shows the variation in the SRT temperature with εapp.

We see a linear dependence, with negative εapp reducing the hopping and sup-

pressing the SRT, bearing a strong resemblance to the experimental phase

diagrams in Fig. 2.17. Again, we can connect εapp to the strain applied in

our experiments by considering the changes in lattice parameters. Due to the

Poisson ratios, the compression along a or b in our experiments leads to an ex-

pansion along c, reducing the tilting and therefore hopping. At the same time,

the compression along one in-plane direction leads to an expansion along the

other, offsetting any change to the rotation angle and explaining why the phase

boundaries move the same way for stress applied along a or b. Finally, we can

account for the faster variation in transition temperature for stress along a

than b by appreciating that the former will couple more strongly to the tilts,

which are reduced for a compression along a but not along the tilt-axis b.

2.4 Conclusion

In this chapter, I have shed new light on the complex SRT in Ca3Ru2O7.

Rather than a direct transition between the collinear AFMa and AFMb phases

as previously assumed, I have shown that the reorientation proceeds via an

intermediate incommensurate state consisting of a long-range cycloidal mod-

ulation of the spins. Detailed scattering studies revealed that, over only a

few Kelvin, the envelope of the cycloid evolves smoothly to mediate the SRT.

On the basis of symmetry analysis, we can understand this behaviour to arise

from the competition between easy-axis anisotropies that promote the collinear

phases, and a uniform DMI that is unlocked by the polar lattice symmetry.

Measurements under field directly connect the cycloidal order to incommen-

surate peaks previously attributed to a “metamagnetic texture” [57], offering
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a simpler interpretation involving a phase-modulation of the cycloid. We can

also make sense of incommensurate structures seen under chemical doping

as being variations of the cycloidal order. This unifies previously disparate

magnetic behaviours of Ca3Ru2O7, attributing them to a common origin and

revealing a highly rich phase diagram.

Much of the interest in the SRT of Ca3Ru2O7 is based on its possible

application in spintronic devices, which requires that it can be controlled by

external stimuli. I have shown that strong spin-lattice coupling enables such

control with applied anisotropic strain. We utilised commercially-available

piezoelectric strain cells [77], integrated into neutron and resonant x-ray scat-

tering facilities, to simultaneously measure the response of the crystal and

magnetic structures to uniaxial stress. This offered a detailed understanding

of the structure-property relations, and demonstrated a linear dependence of

the SRT temperature on applied strain. On the basis of this insight, our collab-

orators developed a theoretical model in which the variation of the transition

temperature is explained by strain-driven changes to the octahedral rotations

and tilts that alter the electronic hopping. As well as reproducing our strain

data, the model gives an insight into the temperature-induced SRT, which is

found to be driven by spontaneous internal strains that arise self-consistently

from feedback with the electronic system.



Chapter 3

Probing electron-phonon

coupling with resonant inelastic

x-ray scattering

The coupling between electrons and phonons is central to a wide range of ma-

terial properties, and techniques that can measure the strength of this cou-

pling are highly sought-after. Recently, RIXS has received interest as a direct,

momentum-resolved probe of electron-phonon coupling (EPC), but a compre-

hensive theoretical understanding of phonon generation in RIXS is still un-

der development. In this chapter, I present C K-edge RIXS measurements

of phonon excitations in graphite, chosen as a simple test material. These

high-resolution measurements reveal detailed structure in the multi-phonon fea-

tures that directly encodes the momentum-dependence of the EPC strength, and

which cannot be described by the currently available theoretical models. I de-

scribe a Green’s-function approach developed by our collaborators to reproduce

this structure, revealing contrasting trends of the EPC through the Brillouin

zone for electrons close to, and away from, the Fermi level.

3.1 Introduction

EPC is a foundational concept in condensed matter physics, and is respon-

sible for a diverse array of phenomena. A familiar example is the scattering

of conduction electrons by thermal lattice vibrations, which gives rise to the

linear dependence of resistivity on temperature in simple metals [88]. EPC
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can also stabilise collective phases in quantum materials, such as the modu-

lation of electrons in charge density waves [89], or by acting as the glue that

binds Cooper pairs in conventional superconductors [90]. In these cases, it

is the coupling of phonons to electrons near the Fermi surface that is im-

portant. There are also a range of out-of-equilibrium situations where the

behaviour is determined by the coupling of phonons to electrons away from

the Fermi surface. Technologically relevant examples include high-temperature

heat transport [91], high-field electrical transport [92], phonon-assisted optical

transitions [93], and photovoltaics [94].

Given the ubiquity of EPC, it is unsurprising that a number of experimen-

tal techniques have been developed to measure its strength. These techniques

broadly fall into two categories: those that probe EPC via the lattice degrees

of freedom, such as neutron scattering [95], IXS [96], and Raman spectroscopy

[97]; and those that measure the electronic band structure, such as angle-

resolved photoemission spectroscopy (ARPES) [98]. Each of these techniques

has their own strengths and weaknesses. In ARPES, EPC gives rise to kinks

in the electron dispersion, and a quantitative determination of the coupling

strength requires an estimation of the bare dispersion. ARPES also gives EPC

strengths integrated over the phonon momentum. IXS and neutron scattering

can resolve the phonon momentum throughout the Brillouin zone, but along

with Raman spectroscopy (which gives only zone-centre values) they rely on

the broadening of spectral features to determine the EPC. This results in in-

creasing uncertainty with larger coupling strength. Additionally, all of these

techniques are unable to access the momentum-resolved coupling of phonons

to excited electronic states.

Recently, RIXS has emerged as a new momentum-resolved probe of

EPC. The first experimental observation of phonon excitations with RIXS

was achieved by Yavas et al. in 2010 [99], followed shortly after by a the-

oretical treatment from Ament et al. that showed that the intensity of the

phonon peaks is directly related to the EPC strength [100]. Over the fol-
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lowing decade, improvements in energy resolution enabled RIXS measure-

ments of EPC on a growing number of topical materials, including cuprates

[101, 102, 103, 104, 105, 106, 107], titanates [108, 109, 110], and iridates [111],

as well as iridate/titanate heterostructures [112]. It is notable that all of these

studies used soft x-rays tuned to the Ti/Cu L or O K absorption edges, which

results in a relatively long core-hole lifetime. As I will discuss in the following

section, this is because a long lifetime is needed for significant phonon gener-

ation in the intermediate RIXS state. The downside of these soft x-ray edges

is that the accessible region of reciprocal space is kinematically restricted.

Alongside the experimental work, a theoretical understanding of how phonons

contribute to the RIXS cross section has steadily advanced [113, 114, 115, 116],

although many important issues remain unexplored.

In the following section, I qualitatively describe how phonons are gener-

ated in the RIXS process, before briefly covering the main theoretical models

used to determine the EPC strength from RIXS spectra. The remainder of the

chapter will be dedicated to a C K-edge RIXS study of EPC in graphite, con-

ducted in collaboration with groups from Max Planck Institute for the Struc-

ture and Dynamics of Matter, the Diamond Light Source, and Brookhaven

National Laboratory. This work demonstrates how, by varying the incident

energy, RIXS can access the momentum-resolved EPC for a range of excited

electronic states. Our collaborators developed a new theoretical model to ac-

count for previously overlooked aspects of phonon generation in RIXS, allowing

us to constrain the EPC throughout the Brillouin zone and circumvent the re-

stricted momentum transfer at the C K edge. Our results raise important

issues that must be considered in future RIXS studies of EPC.

3.2 Phonon generation in the resonant

inelastic x-ray scattering process

To ground our discussion of the theoretical treatments in the next section,

we first need to understand how phonons are generated in RIXS. Figure 3.1
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Figure 3.1: Cartoon of phonon generation in the RIXS process at the C K edge
of graphite. The process is broken down into three states – initial,
intermediate, and final – for each of which is shown a schematic wave-
function (top), electronic orbital structure (middle), and real-space
representation of the crystal (bottom). Only the 1s, σ∗ and π∗ orbitals
are shown for clarity. The incident (final) photon energy is denoted by
ωi(f), and nq denotes the number of phonon modes of wavevector q.
The zone-centre TO mode is depicted in the real-space representation
of the final state [117].

shows a cartoon of the RIXS process at the C K edge. In the initial state, an

x-ray photon is incident on a graphite ion in its electronic ground state, and

there are no phonons present. Depending on the energy, ωi, of the incident

photon, an electron is excited from the 1s to the π∗ or σ∗ orbitals, where it

experiences a partially screened potential from the resulting core hole. The

altered charge density in the intermediate state then perturbs the positions of

the surrounding ions. This local deformation of the lattice can be seen as a

sum of phonon modes nq. Finally, the excited electron relaxes to fill the core

hole through the emission of a photon of energy ωf , leaving n′q well-defined

phonons of total energy ωi − ωf in the final state.

A few important facts are apparent from this description. Firstly, as lat-

tice deformation is a relatively slow process compared to electronic transitions,

a long intermediate-state lifetime is required for significant phonon generation.
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Secondly, the charge density in the intermediate state, and therefore which

phonon modes are excited, will depend on which orbital the core electron is

excited into. Thirdly, as the core hole is not necessarily fully screened in the

intermediate state, it can also contribute to phonon generation, such that the

phonons present in the final state reflect the EPC of both the excited electron

and core hole [114]. Finally, while the final state contains a few well-defined

phonon quasiparticles, the intermediate state contains a superposition of a

large number of different phonon modes of varying momenta. These features

will be important for our interpretation of the experimental data later in this

chapter.

3.2.1 Existing theoretical models

The theoretical model employed in most experimental work on phonons in

RIXS to date was developed by Ament et al [100]. A major factor in its

popularity is its simplicity: it considers a single Einstein (i.e. non-dispersive)

phonon mode coupled to an isolated electronic state, producing an analytical

expression for the RIXS cross section. Here, I will briefly outline the main

features of the model, and refer the reader to Ref. [100] for more detail.

We start with the basic Holstein Hamiltonian describing the isolated elec-

tronic state and Einstein phonon, with a linear coupling between them

H = εd†d+ ωb†b+Gd†d
(
b† + b

)
, (3.1)

where d† (d) creates (annihilates) an electron of energy ε, b† (b) creates (anni-

hilates) a phonon of energy ω, and G is the EPC strength. This Hamiltonian

can be diagonalised by the Lang-Firsov canonical transformation

H̄ = eSHe−S = ωb†b− G2

ω
, (3.2)

where S = (G/ω)d†d(b† − b). We are therefore left with a simple diagonal

bosonic Hamiltonian, H̄, with eigenstates |n〉 and energies En = nω − (G2/ω)

corresponding to n phonon excitations.
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We know from Sec. 1.2.3 that the RIXS amplitude is given by the Kramers-

Heisenberg equation

A =
∑
n

〈f |D|n〉 〈n|D|i〉
ωi − En + iΓ

, (3.3)

for initial state |i〉 with zero energy, intermediate states |n〉 with energies En

and lifetimes 1/Γ (which are taken to be equal), and final state |f〉. As we

only have a single isolated electronic level, we can ignore any dependence of the

dipole operators D on position, momentum or polarisation, leaving them to

simply create and then destroy an electron-hole pair: D = d†h+dh†. Applying

the canonical transformation toD, and assuming no phonons in the initial state

and nf in the final state, gives

Af =
∑
n

〈nf |e−S|n〉 〈n|eS|0〉
ωi − nω + (G2/ω) + iΓ

=
∑
n

Bmax (nf ,n),min (nf ,n)(g)Bn,0(g)

ωi + ω(g − n) + iΓ
,

(3.4)

where the dimensionless coupling constant g = (G/ω)2 and the Frank-Condon

factors Bm,n(g) = (−1)m
√
e−gm!n!

∑n
l=0

(−g)lg(m−n)/2
(n−l)!l!(m−n+l)!

. Eq. (3.4) describes a

series of peaks in the RIXS spectrum at integer multiples nf of the phonon

energy ω and with decreasing amplitudes Af , each representing the excitation

of nf phonons, as shown in Fig. 3.2(a).

Provided that the intermediate-state lifetime is known, Eq. (3.4) can be

used to extract the EPC strength G from a RIXS spectrum. As the absolute

RIXS intensity cannot generally be determined, this is usually achieved by

calculating the relative intensities of successive phonon peaks. Where a low

resolution or short intermediate-state lifetime prevents the accurate measure-

ment of the multi-phonon peaks, an alternative method proposed by Rossi et

al. can be used [104]. Here, the intensity of the one-phonon peak is tracked

on detuning the incident x-ray energy ωi from the resonance (here taken as

ωi = 0). As shown in Fig. 3.2(b), the rate of fall-off of intensity with detuning

changes as a function of EPC strength, and so can be used to determine G
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Figure 3.2: (a) RIXS spectra calculated with the Ament model for Γ/ω = 5 at a
range of EPC strengths. Each phonon peak has a Lorentzian lineshape
with full width at half maximum ω/10. (b) Intensity of the one-phonon
peak as a function of detuning below the resonance, normalised to the
intensity at zero detuning. The colours correspond to those in (a).

through comparison with Eq. (3.4).

The Ament model provides a simple analytical expression for the cross

section that allows the EPC to be easily extracted from experimental data,

resulting in its use in many studies to date [108, 109, 112, 104, 111, 105, 110,

106, 107, 118]. Its simplicity is a double-edged sword, however, and it must be

ensured that the approximations involved are appropriate for the experimental

situation at hand. Its validity is questionable, for example, when more than one

phonon mode has appreciable coupling, when the phonon mode of interest has

a significant dispersion, or when the excited electron in the intermediate RIXS

state is mobile. In an attempt to generalise the Ament model, Geondzhian

and Gilmore have recently extended it to include a second phonon mode, and

allowed the excited-state potential energy surface to vary from that of the

ground state, while still retaining exact analytical solutions [115]. The first of

these extensions will be employed in Chapter 4.

The notable exception to the use of the Ament model in the literature is for

the quasi-1D cuprates, whose electronic structures are not well approximated
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as a single localised level. For these systems, exact diagonalisation calcula-

tions on small clusters have been employed [101, 102, 103]. These calculations

capture the specific features of the system under study, but are obviously not

generalisable like the Ament model. Due to computational restrictions on the

size of the Hilbert space, they are also limited to low-dimensional systems and

phonon modes with simple (and known) displacement patterns. As with the

Ament model, the cluster calculations cannot treat dispersive phonons or EPC

strengths. To address this issue, Devereaux et al. instead used a diagrammatic

approach to calculate the cross section in an eight-band model of the cuprates

[113]. This approach allowed them to account for electronic itinerancy, phonon

dispersion, a momentum-dependent EPC strength, and matrix element effects,

giving a detailed prediction of which phonon modes will have significant RIXS

intensity at which momenta. Due to their complexity, however, the calcula-

tions were limited to single-phonon processes.

3.3 Electron-phonon coupling in graphite

This section presents a RIXS study of the EPC in graphite, chosen as a simple

model system. The measurements demonstrate the power of RIXS to probe

the coupling of phonons to distinct electronic states: the π∗ state near the

Fermi level, and the σ∗ state well above it. At the resonances associated

with these two states, we find qualitatively different multi-phonon excitations

in our RIXS spectra, showing a stark difference in the phonon momenta to

which they couple. This behaviour cannot be adequately described by the

current theoretical approaches, prompting the development of a new model

using Green’s functions to account for multiple dispersive phonons in both

the intermediate and final RIXS states. The model accurately reproduces

our experimental spectra at both resonances, revealing distinct momentum-

dependences of the EPC for the two electronic states.

The work presented in this section has been published as C. D. Dashwood

et al., Phys. Rev. X 11, 041052 (2021) [119]. The RIXS measurements were
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performed by me, James Vale, Alex Pakpour-Tabrizi, Chris Howard, Quentin

Faure and Larissa Veiga, with Andrew Walters and Abhishek Nag as local

contacts. Data analysis was performed by me and Andrey Geondzhian, and

overseen by Mark Dean and Des McMorrow. The Green’s-function–based the-

oretical model was developed by Andrey Geondzhian and Keith Gilmore.

3.3.1 Experimental details

Our RIXS measurements were performed at beamline I21 of the Diamond Light

Source. A natural graphite single crystal was mounted such that the scattering

plane is (h, 0, l), and cleaved in vacuum. We chose an energy resolution of

47 meV (determined from scattering from amorphous carbon tape mounted

next to the sample) to ensure sufficient throughput. All RIXS spectra were

taken with linear horizontal (π) incident x-ray polarisation, at a temperature

of 20 K, and with a counting time of 20 min. X-ray absorption spectra (XAS)

in total electron yield were obtained by measuring the sample drain current.

Data for energies around the π∗ resonance were taken with grazing-incident

x-rays (θ = 20◦) while data around the σ∗ resonance were taken with normal-

incident x-rays (θ = 90◦) in order to maximise the intensity of the phonon

features. At the soft x-ray energies of the C K edge, the momentum transfer

is confined to a small in-plane region of < 0.1 r.l.u. around the zone centre. We

used a fixed scattering angle of 2Θ = 154◦, resulting in the momentum transfer

varying slightly with incident energy. Around the π∗ resonance the momentum

transfer q = (0.0802± 0.0004, 0, 0.164± 0.001), while around the σ∗ resonance

q = (0.0220±0.0002, 0, 0.300±0.002). All data have been corrected for incident

flux and self-absorption, the latter of which introduces minimal changes to the

normalised spectra that do not affect our analysis or conclusions.

Graphite is a favourable material for this study for several reasons. It has

two well-defined excitations to the low-energy π∗ and high-energy σ∗ states

at the C K edge, both of which couple most strongly to optical phonons

with energies above 0.15 eV that are well resolved by our 47 meV-resolution

measurements. There are no other low-energy excitations, such as magnons,
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Figure 3.3: RIXS maps around the π∗ and σ∗ resonances, with the XAS above for
reference (the dashed vertical lines in the XAS mark the peaks of the
resonances at 285.6 eV and 298.1 eV respectively). Both maps show
a series of phonon features above the elastic line, with the contrast-
ing resonance behaviour most apparent for the two-phonon feature
between 0.3 eV to 0.4 eV. The intense feature above ∼1 eV in the π∗

map arises from electronic transitions.

that could obscure the phonon harmonics. Graphite also has a relatively simple

electronic and crystal structure, facilitating calculations, and the EPC close

to the Fermi level is well studied [120, 121, 118] allowing us to validate our

results for the π∗ states.

3.3.2 Resonant inelastic x-ray scattering

measurements

Our measurements are summarised in two RIXS maps around the π∗ (285.6 eV)

and σ∗ (291.8 eV) resonances, shown in Fig. 3.3. Above the elastic line at zero

energy loss, both maps show a series of features of decreasing intensity that

are reminiscent of the harmonic progression of phonon excitations predicted

by the Ament model [see Fig. 3.2(a)]. These features are more intense in the

σ∗ map, and in both the first feature above the elastic line appears to resonate

at a slightly lower incident energy than those above it.
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Figure 3.4: Experimental RIXS spectra at (a) 285.4 eV and (b) 291.8 eV, alongside
(c) the phonon dispersion of graphite from Ref. [117] scaled to half the
energy range of (a) and (b). The horizontal dashed lines mark (twice)
the energies of the TO mode at Γ and K, and the vertical error bars
show the instrumental energy resolution.

We can assign the phonon modes contributing to the RIXS maps based

on the known phonon dispersion of graphite, shown in Fig. 3.4(c). The energy

loss of the first peak, at ∼0.19 eV in both maps, allows it to be attributed to

the degenerate zone-centre transverse and longitudinal optical (TO and LO)

phonon modes [117] whose displacement pattern is shown in the final state in

Fig. 3.1. In the purely local picture advanced by the Ament model, successive

peaks would then correspond to higher harmonics of this first peak spaced

at equal energy intervals. The next feature is not at double the fundamental

energy, however, and shows a markedly different structure between the two

maps. At the π∗ resonance there is an additional peak split off below the

second harmonic, while at the σ∗ resonance a single broader peak is visible.

The differences in the two-phonon features can be seen more clearly in

Fig. 3.4(a) and (b), which show individual spectra near the π∗ and σ∗ reso-

nances respectively. These are plotted alongside the phonon band structure in

Fig. 3.4(c), scaled such such that the phonon energies line up with twice the

energy loss of the RIXS spectra. From this comparison, it is clear that the
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two peaks in the split feature of the π∗ spectrum occur at twice the energies

of transverse optical (TO) phonons at Γ and K, while the broad asymmetric

feature of the σ∗ spectrum spans twice the bandwidth of the TO mode. Taking

into account the 47 meV experimental energy resolution, it appears that con-

tributions from the lower-energy acoustic (ZA, TA, and LA) and out-of-plane

optical (ZO) modes are negligible, while the longitudinal optical (LO) mode

can only have significant contributions when it is nearly degenerate with the

TO mode. We therefore focus only on the TO mode going forward.

Our preceding analysis suggests that phonons of different momenta are

excited at each of the resonances. Although not identified in any previous RIXS

studies, contributions to the multi-phonon features from phonons at multiple

momenta can be generally expected. To conserve momentum, a single-phonon

excitation can include only a mode at the experimental momentum transfer

in the final state. The final states of a multi-phonon feature, however, can

conceivably consist of phonons at any point in the Brillouin zone, so long as

their momenta sum to the experimental momentum transfer. This is consistent

with our analysis, where the two-phonon feature of an approximately zone-

centre spectrum has contributions from phonons at +K and −K.

Although allowed by momentum conservation, we still do not understand

why phonons of different momenta couple to the π∗ and σ∗ states. To answer

this, we need to recall from Sec. 3.2 that the composition of the intermediate

electronic state in the RIXS process determines which phonon modes are ex-

cited. In this case, both resonances excite electrons from the same 1s state,

so the core hole cannot explain the difference between the spectra. We in-

stead focus on the band structure of the excited electron, shown in Fig. 3.5(a).

For electrons excited into the low-energy π∗ states, the steepness of the bands

confines them to a small region around the Dirac points at K. These states

can only interact with phonons of momenta close to Γ, which scatter electrons

within a single Dirac cone, or K, which scatter electrons between different

Dirac cones. By contrast, the high-energy σ∗ bands are flatter and electrons
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Figure 3.5: (a) Electronic band structure of graphite from Ref. [122], with the
low-energy π∗ bands shaded in orange and the high-energy σ∗ bands
in blue. (b) The 2D-projected Brillouin zone of graphite, with the mo-
menta accessible in our RIXS measurement indicated by the turquoise
circle, and high symmetry positions Γ, K, and M marked.

excited into them can span the Brillouin zone, suggesting interactions with

a wide range of phonon momenta. This provides an intuitive understanding

of our earlier assignment of the RIXS features, where the split two-phonon

feature at the π∗ resonance is dominated by phonons at Γ and K, while the

single broad feature at the σ∗ resonance has contributions from across the TO

mode dispersion.

3.3.3 A Green’s function model of phonons in resonant

inelastic x-ray scattering

To model our data, we clearly need to account for multiple phonons of dif-

ferent momenta in both the intermediate and final RIXS states. Within the

exact-diagonalisation approaches discussed in Sec. 3.2.1, the explicit summa-

tion over all possible intermediate states leads to a computationally-intractable

expansion of the Hilbert space for dispersive phonons. While the diagrammatic

approach of Devereaux et al. does allow dispersive phonons [113], it similarly

becomes unwieldy for anything above one-phonon processes and so cannot

describe the rich behaviour we have found in the multi-phonons peaks. To
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avoid these issues, our collaborators extended a Green’s-function approach that

they previously applied to small molecules [114] to treat the full momentum-

dependence of phonons in a crystalline lattice. The benefit of this approach is

that vibronic effects in the intermediate state can be accounted for implicitly,

avoiding the need to sum over intermediate states.

Here, I will briefly outline the main features of the model (see Refs. [119]

and [114] for a full treatment). The intermediate electronic state, including

electron-electron and electron-phonon interactions, is represented by an ef-

fective quasi-particle exciton Green’s function. On expanding the interacting

Green’s function in a time series, there are two important types of diagrams:

closed-loop diagrams where a phonon gets created and then destroyed, and

those where the created phonons remain and give rise to the final-state pop-

ulation. The former correspond to intermediate-state phonons, which are ac-

counted for using the cumulant representation of the Green’s function. As

there are generally only a few phonon harmonics visible in a RIXS spectrum,

the latter type of diagram is treated explicitly. In principle, the gapless band

structure of graphite [Fig. 3.5(a)] allows final states involving low-energy elec-

tronic excitations, which would be expected form a continuum in our RIXS

spectra. As no such continuum is seen above the background in our data, how-

ever, the cross section of these electronic excitations (as well as higher-order

excitations involving both phonons and electrons) must be vanishingly small

and can be neglected.

Omitting RIXS matrix elements, which affect only the absolute magni-

tude, the energy- and momentum-dependent RIXS cross section can be written

as

σ(ωi, ωf , q) ∝ −
∑
n

|Λn(ωi, q)|2=Dn(ωi − ωf , q), (3.5)

where the sum is over the n final-state phonons. Λn(ω, q) is the complex off-

diagonal part of the exciton Green’s function, representing the scattering of

the exciton by n phonons of total momentum q = ki − kf . The presence

of phonons in the final state is reflected by the many-body Green’s function
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Dn(ω, q), which in the limit of infinite phonon lifetime becomes =Dn(ω, q) =

− 1
π
δ(ω −

∑
j ωj)δ(q −

∑
j qj). Phonon-phonon interactions are captured by

adding a small lifetime broadening to D.

Approximate expressions for Λn have previously been given in the limits

of weak [113] and moderate [114] EPC. Here, however, both the π∗ and σ∗

states can be treated as localised excitons over the intermediate-state lifetime

of graphite [123], allowing a closed-form expression for Λ with linear EPC.

Although the cross section in Eq. (3.5) is given in the energy domain, from

here on we use the time-dependent form

Λn(t, q) =
Λ0(t)√
n!

∏
j...n

[
iG(qj)

∫ t

0

D>(τ, qj)dτ

]
, (3.6)

where Λ0 is the diagonal part of the exciton Green’s function (the same dressed

propagator that appears in the cross section for XAS), G(q) is the momentum-

dependant EPC strength, and the greater phonon propagator in the zero-

temperature limit is D>(t, q) = −i 〈bq(t)b†q(0)〉 = iθ(t)e−iω(q)t where θ is the

Heaviside step function. The bracketed part of Eq. (3.6) represents the phonon

contributions to the scattering diagram, with the product over n phonons con-

serving momentum q = q1+...+qn. In the limit of localised excitons, Eq. (3.6)

accounts for all types of diagrams including those with vertex corrections.

The exciton propagator dressed by the exciton-phonon interaction can be

expressed as Λ0(t) = L(t)eC(t), where L is the bare exciton Green’s function

and C is the cumulant function. The exciton lifetime is captured by including

a damping factor e−Γt/2 in L (note that this expression contains half of the

inverse lifetime [115]). X-ray photoelectron spectroscopy measurements give

a value Γ/2 = 0.1 eV [124], but this does not account for the presence of the

excited electron in RIXS that will shorten the lifetime. We therefore chose

an approximate value Γ/2 = 0.15 eV which best reproduces our experimental

spectra at both resonances.

Finally, the cumulant function to second order in the exciton-phonon in-
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teraction can be written

C(t) = [L(t)]−1

∫ t

0

∫ t

0

L(t− τ1)ΣFM(τ1 − τ2)L(τ2)dτ1dτ2, (3.7)

where the Fan-Migdal self-energy is ΣFM = −i
∑

q G(q)2L(t)D(t, q). Substi-

tuting the exciton and phonon Green’s functions, and taking the time integrals

in Eq. (3.8) analytically [125], we find

C(t) =
∑
q

G(q)2

ω(q)2N
(e−iω(q)t + iω(q)t− 1). (3.8)

Here, the summation over q encompasses the entire Brillouin zone without

restriction, as the total momentum transfer of the contributing diagrams is

zero. Therefore, for any final state configuration, there are contributions to

the cross section from intermediate-state phonons of all momenta. While we

knew that phonons of different momenta could contribute to the multi-phonon

peaks, Eq. (3.8) shows that even the intensity of the one-phonon peak depends

on G(q) throughout the Brillouin zone, not just at the experimental q point.

The importance of this point will be demonstrated in Sec. 3.3.6.

To evaluate Eq. (3.8), we used the TO phonon dispersion calculated with

density functional perturbation theory, which is in good agreement with previ-

ous IXS measurements [117]. Given the weak inter-layer coupling of graphite,

the optical phonon modes of interest have a minimal dependence on the out-

of-plane momentum [117] and we can safely restrict our analysis to the 2D-

projected Brillouin zone. Reciprocal-space integrations were performed using

a reduced set of weighted momentum points that reflect the symmetries of the

graphite structure [126]. Having calculated the terms in Eq. (3.6) in the time

domain, we perform a Fourier transform at a given incident photon energy and

plug it into Eq. (3.5) to obtain the RIXS cross section. The only free parame-

ter of the model is then the momentum-dependent EPC strength, G(q), which

is obtained by fitting the experimental RIXS spectra.
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Figure 3.6: (a) Modelled momentum dependence of G at the π∗ resonance (or-
ange), compared to g determined by IXS (blue) [96], Raman spec-
troscopy (yellow) [97] and time-resolved ARPES (purple) [121]. (b)
Normalised experimental (black points with error bars) and calculated
(orange line, including experimental broadening) RIXS spectra at the
π∗ resonance. The contribution from each phonon generation process
is indicated by the vertical orange lines, grouped above by the number
of phonons.

3.3.4 Electron-phonon coupling for low-energy π∗

states

We first apply our model to the π∗ data. For electrons close to the Fermi

level, a number of other techniques [96, 97, 121], as well as our arguments in

Sec. 3.3.2, give the EPC as being significant only in small regions around the

Γ and K points of the Brillouin zone. We therefore include a minimal set of

momenta within our model: the Γ and K points, the experimental in-plane

momentum transfer qexp ≈ (0.08, 0.00), and K − qexp. Inclusion of the latter

two points effectively captures the width over which the EPC falls off away

from the high-symmetry points. The intensity of the one-phonon peak depends

strongly on the EPC strength at qexp, while the multi-phonon features are not

significantly affected by the fact that qexp 6= Γ.

Figure 3.6(b) shows a fit of our model to the spectrum on resonance,
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Figure 3.7: Incident-energy dependence of the experimental spectra (black points
with error bars) around the π∗ resonance, overlaid with spectra calcu-
lated using a global fit of EPC strengths (red to orange dashed lines)
and using EPC strengths fitted to the experimental spectrum at that
particular energy (red to orange solid lines).The spectra are plotted
alongside the XAS, with arrows indicating the incident energies.

with the corresponding momentum dependence of G(q) plotted in Fig. 3.6(a).

Despite the small set of included momentum points, good agreement between

the experimental and calculated spectra can be seen, including the striking

splitting of the two-phonon feature. This confirms that the splitting arises due

to the dominant contributions from pairs of phonons at K and Γ, indicated by

the vertical lines at 0.32 eV and 0.39 eV respectively. Intensity above 0.45 eV

can be accounted for by overlapping three- and four-phonon processes, which

are also made up of contributions from pairs of ±K-momenta phonons with

additional Γ modes.

We also tested our model on detuning the incident x-ray energy away

from the maximum of the XAS. For incident energies below the resonance,

the composition of the intermediate RIXS state should not differ significantly

from that on resonance, and we would therefore expect to be able to reproduce

the experimental spectra using a fixed G(q). As the incident energy is raised

through the upper tail of the XAS peak, however, the composition of the
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G (eV) q = Γ q = qexp q = K − qexp q = K
Global fit 0.23 0.05 0.06 0.32
285.2 eV 0.24 0.05 0.13 0.30
285.4 eV 0.24 0.05 0.07 0.30
285.6 eV 0.23 0.07 0.07 0.32
285.8 eV 0.20 0.05 0.05 0.28
286.0 eV 0.24 0.05 0.12 0.27

Table 3.1: G(q) extracted from global and independent fits to RIXS spectra around
the π∗ resonance.

intermediate electronic state will change [127]. From Fig. 3.5(a) we can see

that electrons excited higher into the π∗ bands can move towards the M points,

for instance. This in turn allows scattering by phonons of different momenta,

changing the momentum-dependence of G.

These expectations are borne out by a comparison between our experi-

mental and calculated spectra at energies through the π∗ resonance, shown in

Fig. 3.7. Below 285.6 eV there is good agreement between the experimental

and calculated spectra, with the persistent splitting of the two-phonon feature

and the changing relative intensities of the one- and two-phonon features all

captured well by our model. The non-monotonic energy dependence of the

intensities, including the offset of the maximum of the one-phonon peak inten-

sity from zero-detuning [118], arises from a combination of strong EPC and

long core-hole lifetime [115]. To confirm the robustness of the extracted values

of the EPC strength below the resonance, two calculated spectra are shown at

each energy: one using a global fit of G(q), and the other using G(q) fitted to

each spectrum individually. The difference between the calculated spectra are

comparable to the noise level of the data, and the extracted EPC strengths (see

Table 3.1) all follow the same trend G(K) > G(Γ) >> G(K−qexp) ≥ G(qexp).

Above 285.6 eV, by contrast, neither fit is able to capture accurately the pro-

file of the two-phonon peak, suggesting the need to incorporate additional

momentum points into the parameterisation of G(q).

We can now compare our results with those from other techniques. Along-

side our best-fit G(q), Fig. 3.6(a) also shows the EPC strengths determined
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by IXS [96] and Raman spectroscopy [97], as well as a novel time-resolved

ARPES technique [121]. We see reasonable agreement between all the tech-

niques. Note, however, that we use a lower-case g for the coupling probed by

these other techniques, in contrast to the capital G for the coupling probed by

RIXS. This is to highlight that RIXS involves a core hole not present in the

other techniques, which can contribute to phonon generation when it is poorly

screened. Further work, likely involving first-principles calculations, is needed

to determine the strength of hole-phonon coupling and directly relate G to

g. While g is the quantity of interest for equilibrium phenomena, I note that

G is directly relevant for many technologically-important out-of-equilibrium

situations for which RIXS is the ideal probe.

By modelling the contributions to the multi-phonon features, we have

determined the interactions between π∗ electrons and TO phonons throughout

the Brillouin zone, all from a single zone-centre spectrum. This method will

be invaluable, as the soft x-ray edges at which phonons are enhanced (due to

the long intermediate-state lifetimes), and energy resolutions are maximised,

also suffer from restricted momentum transfer [see Fig. 3.5(b)]. Figure 3.6(a)

shows that RIXS can provide more detail on the momentum structure of the

EPC than many of the established techniques, in this case giving the distance

over which G falls off away from the high symmetry points. An even more

detailed parameterisation of G(q) could be refined against multiple spectra at

different momentum transfers.

3.3.5 Electron-phonon coupling for high-energy σ∗

states

Having verified our methodology at the π∗ resonance, we now come to the

high-energy σ∗ states. Here, our earlier analysis of both the profile of the two-

phonon feature, and of the intermediate electronic state, suggests a finite and

gradually varying G(q) over a wide range of momenta. In order to constrain

our parameter space, we therefore assume a linear dependence between the

high-symmetry points Γ, K, and M . The more uniform variation of G also
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Figure 3.8: (a) Best-fit momentum dependence of G at the σ∗ resonance (blue),
and that with G(M) = 0 (orange), and G(K) = 0 (yellow). (b) Nor-
malised experimental (black points with error bars) and calculated
[blue, orange, and yellow lines, corresponding to those in (a)] RIXS
spectra at the σ∗ resonance. The contribution from each n-phonon
process is labeled above.

allows us to approximate qexp ≈ Γ in our calculations.

Figure 3.8(a) shows the best-fit dispersion of the EPC, which we find to be

significant at all of the high-symmetry points. The resulting spectrum on reso-

nance is shown in Fig. 3.8(b), and again we see that a simple parameterisation

of G(q) is able to describe the experimental data well. Unlike the splitting

seen at the π∗ resonance, here our model reproduces the subtle broadening

and asymmetry of the two-phonon feature, confirming that these characteris-

tics arise from the varying contributions of pairs of opposite-momenta phonons

which disperse gradually through the Brillouin zone.

In order to determine the uniqueness of our fit, we also show spectra in

Fig. 3.8(b) calculated with G(M) = 0 and G(K) = 0 [note that a finite G(Γ)

is needed to reproduce the intensity of the one-phonon peak]. We can see that

the calculated spectra are most sensitive to the value of G(K), which strongly

influences the intensities of all the multi-phonon peaks. While the value of

G(M) has little impact on the three-, four- and five-phonon peaks, we see
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Figure 3.9: Incident-energy dependence of the experimental (black points with er-
ror bars), and calculated (blue to green lines) spectra around the σ∗

resonance, plotted alongside the XAS with arrows indicating the inci-
dent energies.

that a finite value on the order of G(Γ) is required to accurately capture the

intensity and shape of the two-phonon peak.

Our best-fit G(q) is also able to describe reasonably well the changing

intensities of the features on detuning below 291.8 eV, as shown in Fig. 3.9.

As for the π∗ data, we expect agreement between the model and experiment

to degrade above the resonance due to changes in the intermediate electronic

state. The comparison is further complicated by the presence of an additional

σ∗2 resonance above the σ∗1 peak that we have focussed on (see Fig. 3.3). This

additional resonance arises from zero-point vibrations [127] that are not in-

cluded in our modelling.

3.3.6 Comparison to previous resonant inelastic x-ray

scattering study on graphite

Our results at the σ∗ resonance highlight some important issues that have

been previously overlooked in RIXS studies of EPC. Unlike at the π∗ reso-

nance where the stark splitting of the two-phonon feature clearly indicates a
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deviation from the Ament model, at first glance our σ∗ data could be seen

to agree with the prediction for a dispersionless phonon. Indeed, the Ament

model has previously been used to analyse spectra that show similarly subtle

broadening and asymmetry of the multi-phonon features [101, 111], and shifts

in their energies that have been potentially mistaken for anharmonic effects

[111]. Even when its effects on the spectra are subtle, however, the dispersion

of the phonons can have a large impact on the EPC strengths determined from

RIXS measurements. In this section, I will compare our results to those of a

previous RIXS study of graphite to highlight the importance of the phonon

dispersion and mode mixing in the intermediate state.

Feng et al. previously presented K-edge RIXS measurements around the

σ∗ resonance of graphite with 70 meV energy resolution [118]. They did notice

the broadening and unequal spacing of the multi-phonon peaks, which they

correctly identified as being due to contributions from phonons of different

momenta. They interpreted their data with reference to Raman spectroscopy

results, however, implicitly assuming a coupling to electrons near the Fermi

level. This led them to consider two modes, one at the Γ point and one at

the K point, neglecting the other momenta at which we now know the EPC

to be significant for σ∗ electrons. To extract the EPC strengths they applied

the Ament model independently for each mode, summing the two series of

harmonics to fit their spectra. Rather than a single dispersive TO mode, this

approach treats the phonons at Γ and K as separate dispersionless modes,

and does not account for mixing between them in the intermediate RIXS state

(i.e. no intermediate states containing both modes are allowed). In Sec. 3.3.3

we showed that this mode mixing affects the intensity of all the phonon features

in a RIXS spectrum, including the one-phonon peak.

Figure 3.10(a) compares our best-fit G(q) at the σ∗ resonance to that

obtained by Feng et al. From the resulting normalised spectra in Fig. 3.10(b),

we see that the couplings determined by Feng et al. give a poor fit to all of

the multi-phonon peaks. To isolate the effects of mode mixing, let us briefly
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Figure 3.10: (a) Our best-fit G(q) for σ∗ electrons (blue), compared to that ob-
tained by Feng et al. [118] (orange) and our best-fit with G con-
strained to be finite only at q = Γ and K (yellow). (b) Comparison
of calculated RIXS spectra at the σ∗ resonance, with colours corre-
sponding to those in (a) and the experimental spectrum shown as
black points with error bars. All spectra are calculated with γ/2 =
0.15 eV.

set aside what we know about the momentum dependence of G away from the

Fermi level and follow Feng et al. by fitting our σ∗ spectrum with contributions

from only Γ and K. While the calculated spectrum does not agree with the ex-

perimental data as well as our best fit, especially in the high-order peaks which

become split [see Fig. 3.10(b)], we see that the values of MΓ and MK approach

those of our linearly-varying model [see Fig. 3.10(a)]. Our constrained model

yields a ratio G(Γ)/G(K) = 0.79, compared to G(Γ)/G(K) = 2.1 obtained by

Feng et al. (note that G(Γ)/G(K) is insensitive to the different intermediate-

state lifetimes used, as in the Ament model the relative peak intensities depend

on the ratio of G to lifetime). We therefore see that, even for the relatively

flat TO mode studied here, accounting for intermediate-state mixing strongly

affects the values of G(q) extracted from experimental data.
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3.4 Conclusion

In this chapter, I have shown that RIXS is a powerful probe of EPC for elec-

trons both close to, and away from, the Fermi level. I presented high-resolution

C K-edge measurements of graphite, which reveal that the momentum depen-

dence of the EPC strength can be highly distinct in these two regimes: for

low-energy π∗ states G(q) is concentrated in small regions around the Γ and

K points, while for high-energy σ∗ states it is significant across the Brillouin

zone. This opens up a new range of out-of-equilibrium situations involving

EPC, for example in optoelectronics, to which RIXS can be applied.

Our data show how the multi-phonon features in a RIXS spectrum can

have contributions from modes away from the experimental momentum trans-

fer, challenging the validity of the commonly used Ament model [100] that

assumes dispersionless phonons. I presented an improved model developed

by our collaborators based on Green’s functions, which accounts for the full

phonon and EPC dispersion, as well as mode mixing in the intermediate RIXS

state, with minimal computational cost. This model successfully reproduced

the multi-phonon features at both the π∗ and σ∗ resonances, allowing us to

constrain G(q) throughout the Brillouin zone from a single zone-centre spec-

trum. A comparison to previous RIXS measurements of graphite highlighted

the importance of phonon dispersion and mode mixing in extracting accurate

EPC strengths from experimental spectra. The availability of theoretical meth-

ods to treat these effects will become more pressing as RIXS is used to probe

phonons in more complex and topical materials, such as Sr2IrO4 in Chapter 4.



Chapter 4

Electron-phonon coupling in a

5d spin-orbit Mott insulator

Sr2IrO4 was the first known example of a “spin-orbit Mott insulator”, in which

a SOC-induced band splitting enables a moderate Coulomb repulsion to localise

the Ir 5d electrons. The entangled spin-orbital wavefunctions can be treated

as Jeff = 1/2 pseudospins, with exchange interactions that are highly sensitive

to the lattice geometry. In this chapter, I present a comprehensive survey

of the low-energy excitations in Sr2IrO4 and the interactions between them.

Firstly, the phonon band structure is determined by a combined non-resonant

IXS and density functional theory study. These results are then used to inform

the analysis of an O K-edge RIXS study of the phonons and magnon, both of

which are found to be strongly coupled to the electronic degrees of freedom.

4.1 Introduction

Sr2IrO4 is the 5d equivalent of the n = 1 Ruddlesden-Popper ruthenate

Sr2RuO4. While the greater spatial extent of the 5d orbitals would be ex-

pected to enhance itinerancy, this is counteracted by the increased SOC in the

heavier Ir ion. SOC splits the crystal field t2g levels into Jeff = 1/2 and 3/2

states, the latter of which is filled by four of the five electrons, leaving a single

Jeff = 1/2 hole. The width of the half-filled Jeff = 1/2 band is small enough

that moderate electronic correlations can open a charge gap [128, 129], earning

Sr2IrO4 the title of spin-orbit Mott insulator (see Sec. 1.1.1 for more detail).

In this chapter, I explore the consequences of SOC on the low-energy ex-
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citations in Sr2IrO4. Using inelastic x-ray scattering alongside first-principles

and model calculations, I determine the momentum dependence of the lattice

and magnetic dynamics, and their respective couplings to electronic excita-

tions. The first part of the chapter presents a non-resonant IXS study of the

phonon band structure in parent and electron-doped Sr2IrO4. In both com-

pounds, good agreement is found with non-magnetic density functional theory

(DFT) calculations, with no anomalies due to magnetic or charge ordering vis-

ible. These measurements serve as a benchmark for an O K-edge RIXS study,

which makes up the remainder of the chapter. The RIXS measurements resolve

both phonon and magnon excitations with unprecedented detail, the former

allowing a determination of the EPC for the t2g and eg electronic states, and

the latter showing a deviation from the predictions of linear spin-wave theory

due to coupling to a spin-orbit exciton mode.

4.1.1 Spin-lattice coupling

The crystal structure of Sr2IrO4, shown in Fig. 4.1(a), consists of monolayers of

corner-sharing IrO6 octahedra separated by sheets of Sr ions. The symmetry is

reduced from the K2NiF4-type I4/mmm (139) space group by a 12◦ staggered

rotation of the octahedra around the c axis, leading to I41/acd (142) [130].

Small differences in the tetragonal distortions of the octahedra that further

reduce the symmetry to orthorhombic I41/a (88) have recently been found

[131, 132, 133], but these are insignificant for our analysis and the tetrago-

nal I41/acd space group (with a = b ≈ 5.5 Å and c ≈ 25.8 Å) will be used

throughout this chapter.

On cooling below TN ≈ 240 K, Sr2IrO4 develops long-range antiferromag-

netic order. As shown in Fig. 4.1(b), the Jeff = 1/2 pseudospins are arranged in

an approximately antiferromagnetic pattern in each Ir–O plane (note that the

tetragonal symmetry results in two equivalent domains with the spins mostly

along a or b respectively) [129]. A slight canting of the pseudospins induces a

net ferromagnetic moment in each plane, which are stacked in a ↓↓↑↑ pattern

along the c axis. Boseggia et al. found that the canting angle closely matches
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Figure 4.1: (a) Crystal structure of Sr2IrO4, showing monolayers of IrO6 octahe-
dra separated by Sr ions. (b) Canted antiferromagnetic structure of
Sr2IrO4 in each of the four IrO planes of the unit cell. The canting
induces a net ferromagnetic moment in each plane, which are stacked
in a ↓↓↑↑ pattern along the c direction.

that of the octahedral rotations [134], as had been predicted by Jackeli and

Khaliullin on the basis of pseudospin-lattice coupling due to the strong SOC

in Sr2IrO4 [12] (see the discussion in Sec. 1.1.2). They showed that the orbital

component of the pseudospins results in exchange interactions that are highly

sensitive to lattice geometry. For unrotated octahedra (180◦ Ir–O–Ir bond)

the dominant term in the magnetic Hamiltonian is an isotropic Heisenberg

exchange

H ⊃
∑
i,j

JijSi · Sj, (4.1)

with J much larger for in-plane than out-of-plane nearest neighbours. The

addition of octahedral rotations generates anisotropic terms

H ⊃
∑
i,j

JzS
z
i S

z
j +D · Si × Sj, (4.2)

where the XY anisotropy (first term) confines the pseudospins to the a −
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b plane, and the DMI (second term) induces the canting. Finally, recent

theoretical [135] and experimental [136] work has shown that a pseudo–Jahn-

Teller effect generates in-plane anisotropies

H ⊃
∑
i,j

Γ1 cos(2α)(Sxi S
y
j + Syi S

x
j )− Γ2 sin(2α)(Sxi S

x
j − S

y
i S

y
j ), (4.3)

with α the angle of the staggered moment direction (45◦ at equilibrium). These

terms lead to an in-plane magnon gap, and small orthorhombic distortions

below TN . The dynamical consequences of pseudospin-lattice coupling have

been seen in Raman measurements above TN , where pseudospin fluctuations

give rise to Fano anomalies in the phonon lineshapes [137].

4.1.2 Comparison to the cuprates

Much of the interest in Sr2IrO4 has been driven by its similarities with the 3d

Mott insulator, and parent of the cuprate high-temperature superconductors,

La2CuO4 [130, 138, 139, 134]. La2CuO4 hosts S = 1/2 moments in an antifer-

romagnetic arrangement with isotropic Heisenberg interactions [140], much like

the Jeff = 1/2 pseudospins in Sr2IrO4 (notwithstanding the other anisotropic

interactions discussed above). Destroying the long-range magnetic order in

La2CuO4 through hole doping leads to superconductivity, raising the prospect

of similar behaviour in Sr2IrO4. Indeed, electron doping the bulk of Sr2IrO4

leads to the suppression of long-range antiferromagnetic order [141], while sur-

face doping has been shown to produce Fermi arcs [142] and a low-temperature

gap with d -wave symmetry [143]. To date, however, superconductivity has not

been found in Sr2IrO4.

Superconductivity is not the only ordered phase in the doped cuprates.

Charge-density wave (CDW) order has long been proposed to be an intrinsic

instability of doped Mott insulators [144, 145] and is pervasive across the

cuprate families, where it is often accompanied by spin-density wave (SDW)

order and appears to compete with superconductivity [65, 146]. Despite reports

of SDW order [147] in doped Sr2IrO4, and a dynamic CDW-like instability in
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its bilayer cousin Sr3Ir2O7 [148, 149], as yet there has been no evidence for a

CDW in doped Sr2IrO4.

4.2 Inelastic x-ray scattering study of the

lattice dynamics

Spin-lattice coupling and the presence of CDW order can be inferred from

momentum-resolved measurements of the lattice dynamics. The former man-

ifests as changes in the phonon dispersion and linewidth on crossing TN [137],

while the latter causes a softening of phonon modes around the CDW wavevec-

tor [150, 151, 152]. Non-resonant IXS is an ideal probe for these effects, offering

∼1 meV energy resolution and ∼0.01 r.l.u. momentum resolution across a large

volume of reciprocal space [153]. In this section, I report the results of IXS

measurements on parent and electron-doped Sr2IrO4. In the parent compound,

we find that our IXS spectra are well reproduced by a non-magnetic DFT cal-

culation, with no broadening or frequency shifts apparent through TN . We

observe minimal changes to the phonons on doping, with the dispersions again

well-reproduced by DFT, and no anomalies apparent at the equivalent cuprate

CDW wavevector. Despite not providing evidence of new physics, these results

serve as a reference for studies of the EPC later in the chapter.

The work presented in this section has been published as C. D. Dashwood

et al., Phys. Rev. B 100, 085131 (2019) [154]. The parent and doped Sr2IrO4

single crystals were grown and characterised by Alberto de la Torre, Gang Cao

and Robin Perry. The IXS measurements were performed by me, Hu Miao,

James Vale and Mark Dean, with Daisuke Ishikawa and Alfred Baron as local

contacts. The DFT calculations were performed by Danil Prishchenko and

Vladimir Mazurenko. The data analysis and calculation of phonon properties

from the DFT force-constant matrices was performed by me, and overseen by

Mark Dean and Des McMorrow.
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4.2.1 Experimental details

Single crystals of Sr2IrO4 and Sr2−xLaxIrO4 with x ≈ 0.1 (i.e. 5% La-doped)

were flux grown and characterised by energy-dispersive x-ray spectroscopy, re-

sistivity and susceptibility measurements as described in a previous publication

[155]. The crystalline quality of the samples was checked during the IXS mea-

surements, with mosaics of around 0.02◦ for the parent compound and 0.05◦

for the doped.

IXS measurements were performed at beamline BL43LXU of the SPring-8

synchrotron in Japan [23]. The incident energy was set to 21.75 keV, and the

(11, 11, 11) reflection of Si was used as both a monochromator and analyser

giving an energy resolution of 1.5 meV. A 4× 6 analyser array allowed the si-

multaneous measurement of multiple momentum transfers, so that a large area

of the Brillouin zone [shown in Fig. 4.2(a)] could be surveyed despite the long

counting times necessitated by the high energy and momentum resolutions.

A consequence of the analyser geometry is that the out-of-plane momentum

transfer l varies across the array, as indicated by the colour of the points in

Fig. 4.2(a). The layered nature of Sr2IrO4 means that its lattice dynamics

depend only weakly on l, so we set the analyser slits to 40× 80 mm to improve

the in-plane momentum resolution while relaxing the out-of-plane resolution.

The momentum resolutions are reported below for each set of measurements.

The parent compound was measured in transmission with the [1, 1, 0] and

[0, 0, 1] reciprocal directions in the scattering plane, allowing access to purely

in-plane momentum transfers in order to maximise the intensity of modes that

involve modulation of the Ir–O–Ir superexchange bond. The vertical columns

of the analyser array traced out adjacent trajectories along approximately

[−1, 1, 0] from the (4, 5, 0) magnetic position [open circles in Fig. 4.2(a)]. As

well as avoiding regions near the (4, 4, 0) and (4, 6, 0) Bragg peaks at which the

IXS spectra would be dominated by strong elastic contributions, this is also

the direction along which the dynamic CDW is expected in Sr3Ir2O7 [149].

Other q points where one might expect the presence of phonon anomalies are
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Figure 4.2: (a) Reciprocal-space map showing the measured q points for the parent
[relative to (4, 5, 0), empty circles] and doped [relative to (0, 0, 26),
filled circles] samples. The points have been projected onto the h–k
plane, with l values indicated by colour. The red crosses show the
equivalent in-plane wavevector of the cuprate CDW [152] and orange
crosses those of the purported SDW in doped Sr2IrO4 [147] (shown
magnified in the inset). The black lines indicate the momenta for
which spectra are shown in Fig. 4.3 and 4.5. (b) Phonon band structure
(black lines) and projected DOS for Ir (blue), Sr (green) and O (red)
from DFT (LDA with a 2 × 2 × 1 supercell). The high-symmetry
points of the I41/acd space group are Γ = (0, 0, 0), M = (0.5, 0, 0),
X = (0.5, 0.5, 0), and P = (0.5, 0.5, 0.5).

at the intersections of the phonon and magnon dispersions. Unfortunately, the

large gap and high velocity puts the spin-waves at energies above those of the

phonon modes with significant IXS intensity [141]. The atomic displacements

of modes with significant IXS intensity were calculated using DFT (see below)

for a range of other q points, but none could be found with larger modulation

of the Ir–O–Ir bond that we would expect to be more strongly influenced by

magnetism.

The strongest coupling to CDW order is expected for high-energy in-plane

optical phonon modes, and indeed much of the early work on the cuprates fo-

cussed on these modes [156, 157, 151, 158, 159]. These have vanishingly small

IXS intensities, however, precluding detailed measurements of any softening.
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In La1.875Ba0.125CuO4, a large coupling to the CDW was also found for low-

energy modes with large c-axis displacements [152], which are enhanced by

having a large out-of-plane momentum transfer. For the doped Sr2IrO4 sample

we therefore used a reflection geometry with the [1, 0, 0] and [0, 0, 1] directions

in the scattering plane, so that we could measure q points in the (0, 0, 26)

Brillouin zone [filled circles in Fig. 4.2(a)]. A vertical column of the anal-

yser array then followed the [0,−1, 0] direction through the equivalent cuprate

CDW wavevector [red crosses in Fig. 4.2(a)].

DFT calculations were performed using the plane-wave basis projector

augmented wave method [160] as implemented in the Vienna ab-initio Simu-

lation Package [161]. The exchange-correlation functional was treated in the

Local Density Approximation (LDA) [162], with unit cell relaxations carried

out over an 8× 8× 2 reciprocal lattice mesh. The force constants were calcu-

lated over a 4×4×2 mesh using a 2×2×1 supercell. The phonon frequencies

and eigenvectors were then obtained using the Phonopy package [163] with

an 11 × 11 × 11 mesh for the Debye-Waller factor, and these were used to

calculate the dynamic structure factor S(q, ω). The resulting phonon band

structure and projected density of states (DOS) is shown in Fig. 4.2(b). As

expected, the modes involving motion of mostly the heavier Ir and Sr ions lie

at lower energies, while the motion of lighter O ions dominates above 30 meV.

The LDA calculation does not take into account the effects SOC, electron

correlations quantified by U , or the magnetic structure, and therefore does not

predict an electronic structure in agreement with the known spin-orbit Mott-

insulating state of parent Sr2IrO4 (the metallic ground state that it predicts

is in fact a better description of the doped compound). We repeated the DFT

calculation including SOC+U , with U = 3.05 eV and J = 0.48 eV to repro-

duce the measured charge gap [164], and the non-collinear antiferromagnetic

structure given by Ye et al. [131]. Due to the additional memory requirements

of this calculation, however, the force-constant supercell had to be reduced to

1 × 1 × 1. A comparison between the LDA and LDA+SOC+U calculations
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Figure 4.3: Representative IXS spectra at momenta along approximately [−1, 1, 0]
from the magnetic position (4, 5, 0) in the parent compound at 100 K
(black points), vertically shifted for clarity. These are compared to
DFT calculations using the LDA with a 1×1×1 supercell (blue lines),
LDA+SOC+U with a 1× 1× 1 supercell (green lines), and LDA with
a 2× 2× 1 supercell (red lines).

will be given in the next section.

4.2.2 Search for pseudospin-lattice coupling in the

parent compound

Figure 4.3 shows a series of representative IXS spectra along approximately

[−1, 1, 0] from the magnetic position (4, 5, 0) [black line in Fig. 4.2(a)] in the

parent compound at 100 K. The average momentum resolutions along each

direction are ∆q = (0.06, 0.07, 0.13) r.l.u. (as ∆l ∼ |l| we ignore the out-of-

plane momentum from here on). The IXS spectra are overlaid with S(q, ω)

calculated with the LDA on a 2× 2× 1 supercell. At all momenta, the calcu-

lation reproduces the relative intensities of the modes reasonably well, with a

consistent underestimate of the frequencies improving away from (4, 5). The

calculation allows us to identify the atomic motion associated with each peak

of the IXS spectra. As expected from the in-plane momentum transfer, the
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modes mostly involve atomic motions in the a − b plane. At (4, 5), the in-

tense mode with an LDA energy of 10.5 meV has large displacements of Sr

with smaller Ir and O motion, while the mode at 24.7 meV has dominant in-

plane O motion along with smaller out-of-plane Sr oscillations. At (3.41, 5.50),

the mode at 19.2 meV has roughly equal in-plane displacements of all atoms.

While there is unlikely to be any detectable influence from magnetism on the

low-energy mode with dominant Sr motion, the higher energy mode involves

significant changes to the angle of the Ir–O–Ir superexchange bond. There are

no apparent discrepancies between the experiment and calculation for the high

energy mode that are not also present for the low energy mode, however.

Also shown at (4, 5) and (3.41, 5.50) is S(q, ω) calculated with the LDA

and LDA+SOC+U on a 1×1×1 supercell. At the commensurate position, the

atomic displacements can be well described within a single unit cell such that

the calculations are minimally dependent on supercell size. As can be seen in

Fig. 4.3, the calculated spectra at (4, 5) differ by only a ∼0.5 meV shift in the

mode energies (well below our energy resolution) and very small changes in

intensities. Again at (3.41, 5.50) there is little difference between the LDA and

LDA+SOC+U calculations on the minimal supercell, but these differ strongly

from the experimental data and LDA calculation on the 2 × 2 × 1 supercell.

This comparison validates our prioritisation of supercell size over the addition

of SOC+U in our calculations.

To search for any changes caused by long-range magnetic ordering, we

repeated the above measurements at 260 K > TN . To reliably compare spectra

at different temperatures, we must remove the effect of the Bose factor by

calculating the imaginary part of the dynamic susceptibility [152]

χ′′(q, ω) = S(q, ω)
(
1− e−ω/(kBT )

)
(4.4)

after subtraction of the elastic line. Figure 4.4 shows χ′′ calculated from the

IXS data and DFT calculations at 100 K and 260 K for two representative mo-

mentum transfers. The overall intensity is lower at 260 K compared to 100 K
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Figure 4.4: Bose-factor corrected IXS spectra in the parent compound (points)
and χ′′(q, ω) calculated using the LDA on a 2× 2× 1 supercell (lines)
at 100 K (orange) and 260 K (purple) for momentum transfers of (a)
(4, 5) and (b) (3.41, 5.50).

due to the reduced Debye-Waller factor, and the ∼0.5 meV hardening of the

modes in the experimental spectra can be attributed to reduced anharmonic

phonon-phonon interactions on cooling. There is no evidence for changes in

the energies or linewidths of the modes through TN that would be indicative of

a coupling to spin fluctuations, in either these spectra or those at the other mo-

mentum transfers shown in Fig. 4.2(a). This is in contrast to previous Raman

spectroscopy results, which found an asymmetric broadening of a magnitude

similar to our energy resolution for the A1g mode [137], although this particular

mode has vanishing IXS intensity at the q points measured here. It remains

an open question why the modes that we measure do not show such a strong

coupling to magnetic order, despite the large modulation of the superexchange

bond that they involve.

4.2.3 Search for charge order in the doped compound

CDW order in the cuprates strongly influences the lattice dynamics, result-

ing in anomalies in the IXS spectra around the CDW wavevector. IXS mea-
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Figure 4.5: (a) Representative IXS spectrum at momentum transfer
(−0.25,−0.37) and temperature 9 K (black points) fitted with a
sum (black line) of damped harmonic oscillator lineshapes (coloured
lines). (b) Extracted phonon dispersions at 250 K (white points) and
9 K (red points), overlaid on a colourmap of S(q, ω) calculated using
the LDA on a 2× 2× 1 supercell for the patent compound.

surements on La2−xBaxCuO4 with x ≈ 0.1 revealed that precursor CDW

fluctuations are responsible for a broadening and softening of the phonons

[165, 156, 157, 151, 158, 159, 166, 152]. On the onset of long-range CDW

order the softening is still present, while there is a sharp reduction in the

phonon linewidths. To investigate whether CDW order is present in electron-

doped Sr2IrO4 in analogy with the hole-doped cuprates, we performed IXS

measurements on Sr2−xLaxIrO4 with x ≈ 0.1. We measured along the [0,−1, 0]

direction though the equivalent cuprate CDW wavevector (0.25, 0.25, 26), with

an average momentum resolution of (0.04, 0.04, 0.36) r.l.u. (again, as ∆l ∼ |l|

we ignore the out-of-plane momentum from here on).

In order to extract the phonon dispersions, the IXS spectra were fitted

to a sum of damped harmonic oscillator lineshapes χ′′j weighted by the Bose
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factor and convoluted with a Voigt resolution function R

S(q, ω) =
∑
j

χ′′j (q, ω)

1− e−ω/(kBT )
∗R(ω) (4.5)

plus an additional Voigt function for the quasi-elastic peak. An example of a

fitted spectrum is shown in Fig. 4.5(a), with the number of modes guided by

the DFT calculation. The resulting dispersions at 250 K and 9 K are plotted

in Fig. 4.5(b) over a colourmap of S(q, ω) from the same LDA calculation

on a 2 × 2 × 2 supercell as for the parent compound. This non-magnetic

DFT calculation actually provides a better description of the metallic ground

state of the doped sample, in which long-range magnetic order is destroyed

by the free carriers [141], and so as expected there is good agreement between

the fitted and calculated dispersions. The calculations allow us to identify

the atomic motions associated with each mode, which at these wavevectors

involve significant out-of-plane displacements for all three elements. Crucially,

the fitted dispersions are identical (within one standard deviation) at both

temperatures, with no anomalies present at the cuprate CDW wavevector.

Similarly, no anomalies are visible at any other q point measured for this

sample [see Fig. 4.2(a)].

A further signature of static CDW order in the cuprates appears in the

intensity of the quasi-elastic peak at zero energy loss in the IXS spectra. In

the underdoped cuprate YBa2Cu3O6.6, for instance, Le Tacon et al. saw a

sudden increase in the intensity of this peak in a narrow momentum range

around the CDW wavevector, and over a broad temperature range around the

CDW transition temperature [167]. At both 9 K and 250 K, however, the

fitted integrated intensity of the quasi-elastic peak in our IXS spectra varies

smoothly with q.

While we have failed to find any evidence of phonon anomalies, it should

be emphasised that our results do not preclude the presence of a coupling

between phonons and CDW/SDW order at other doping levels (the purported
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SDW in Sr2−xLaxIrO4 is only seen in samples with x close to 0.4 [147]), or at

wavevectors away from those measured here.

4.3 Resonant inelastic x-ray scattering study

of the low-energy excitations

Our IXS measurements, detailed above, provided no evidence of coupling be-

tween lattice excitations and magnetic or charge order in Sr2IrO4. IXS cannot

access electronic or magnetic excitations, however, for which the fingerprints

of electron-lattice coupling may be more apparent. We saw in Chapter 3 that

RIXS is a powerful probe of EPC, and in this section we wield this power to

explore the coupling of phonons to t2g and eg electrons in Sr2IrO4. We choose

to use x-rays tuned to the O K edge, as the long core-hole lifetime at this edge

results in strong phonon excitations. The other benefit is that O K-edge RIXS

can access magnetic excitations due to hybridisation between the O 2p and Ir

5d orbitals [168], allowing us to simultaneously investigate the magnetic excita-

tions. At both the t2g and eg resonances we fit the phonon features in our spec-

tra with a two-mode extension of the Ament model [115], finding strong EPC of

a similar magnitude to that in the cuprates [101, 102, 103, 104, 105, 106, 107].

Our high-resolution measurements also allow us to refine the magnon disper-

sion, revealing interactions with a spin-orbit exciton mode that cannot be

described by conventional linear spin-wave theory.

The Sr2IrO4 single crystal used in these measurements was grown and

characterised by Alberto de la Torre, Gang Cao and Robin Perry. The RIXS

measurements were performed by me, James Vale, Eugenio Paris, Larissa

Veiga, Thorsten Schmitt and Des McMorrow, with Abhishek Nag and Kejin

Zhou as local contacts. The data analysis was performed by me, and overseen

by Thorsten Schmitt and Des McMorrow.
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4.3.1 Experimental details

Our RIXS measurements were performed at beamline I21 of the Diamond Light

Source. Sr2IrO4 single crystals were mounted on copper sample holders with

silver epoxy and cleaved in-vacuum, with samples from different batches used

for the t2g (Sec. 4.3.3 and 4.3.5) and eg (Sec. 4.3.4) measurements. The energy

resolution at the O K edge was determined to be 0.028 eV by scattering from

amorphous carbon tape. All RIXS spectra were taken with linear horizontal

incident x-ray polarisation, at a temperature of 15 K (21 K) and with counting

times of 40 min (60 min) for the t2g (eg) data. The in-plane momentum transfer

was varied by changing the sample angle θ while keeping the scattering angle

fixed at 2Θ = 154◦. At these energies the in-plane momentum transfer is kine-

matically limited to
√
h2 + k2 / 0.4 r.l.u. for the chosen scattering geometry.

As with the IXS measurements, the varying out-of-plane momentum can be

neglected due to the quasi-2D nature of Sr2IrO4. X-ray absorption spectra in

total electron yield were obtained by measuring the sample drain current. All

data have been corrected for incident flux and self-absorption using standard

methods [169, 111, 119].

4.3.2 Resonant inelastic x-ray scattering

measurements

The XAS around the O K-edge for incident x-rays polarised in (π) and normal

to (σ) the scattering plane are shown in Fig. 4.6(a). Below the main edge at

534 eV, a number of polarisation-dependent pre-edge features can be seen,

arising from hybridisation between different combinations of the O 2p and Ir

5d orbitals. The features between 529 and 531 eV involve the Ir t2g orbitals,

xy and yz/zx (split by tetragonal distortions of the IrO6 octahedra [133]),

which couple to the apical (A) and in-plane (P ) O orbitals. The higher-energy

features between 531 and 533 eV involve hybridisation between the O 2p and

Ir eg states [111]. In order to maximise the intensity of the inelastic features

we fix the incident polarisation to horizontal (π) for the RIXS measurements.

Figure 4.6(b) shows a RIXS map with incident energies around the two
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Figure 4.6: (a) XAS around the O K edge, taken with grazing-incidence x-rays
of linear horizontal (π, blue line) and vertical (σ, red line) polarisa-
tion. The pre-edge features arising from hybridisation between O 2p
(apical, A, and in-plane, P ) and Ir t2g (xy, yz and zx) or eg orbitals
are labelled. (b) RIXS map around the O K edge, taken with π in-
cident polarisation at an in-plane momentum transfer of (0.25, 0.25)
and temperature of 21 K.

pre-edge features. At the t2g resonance (530 eV) a strong electronic excitation

can be seen above 0.5 eV energy loss, arising from transitions between the

Jeff = 3/2 and 1/2 states [168, 170]. Below this are a number of magnetic and

lattice excitations. At the eg resonance (531 eV) the electronic and magnetic

excitations are suppressed, as expected, and a phonon mode with fundamental

frequency of ∼0.06 eV is enhanced. I will first treat the EPC at the t2g and

eg resonances in turn, before analysing the magnon and its relation to the

higher-energy electronic excitations.

4.3.3 Electron-phonon coupling at the t2g resonance

The momentum dependence of the spectra at the t2g resonance along two

different directions in the Brillouin zone is shown in Fig. 4.7. Our high-

resolution data reveal a number of distinct features in the region below 0.4 eV,

which we identify through comparison with previous O K-edge and Ir L3-edge

RIXS studies. The peak that disperses out from the elastic line to 0.16 eV at
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Figure 4.7: RIXS spectra at the t2g resonance (530 eV) along (a) (h, h) and (b)
(h, 0), vertically offset for clarity. The magnon can be seen dispersing
out from the elastic line, with low-energy phonon harmonics visible
below it at the highest momenta. The dispersive feature above 0.3 eV
is an exciton [168].

(0.28, 0.28), and to 0.09 eV at (0.36, 0), broadly matches the known dispersion

of the magnon [139, 141, 168] (see Sec. 4.3.5). Above the magnon is a broad

continuum of excitations, which can be attributed to multi-magnon excitations

that are known to be enhanced at the O K edge [168]. A second dispersive

mode can be seen above 0.3 eV, which has previously been identified as an

exciton formed by bound electron-hole pairs across the charge gap [168, 170].

The final features, which only become apparent away from the zone centre, lie

below the magnon in the energy range occupied by phonons [154].

From Chapter 3, we know that phonon excitations in RIXS appear as a

series of harmonic peaks of decreasing intensity, and at the highest momenta

along (h, h) there indeed appears to be multiple peaks between the elastic line

and magnon. As an initial attempt, I fit these peaks with the simple model

by Ament et al. that consists of a single non-dispersing mode coupled linearly

to an isolated electronic level [100] (see Sec. 3.2.1). The fit to the spectrum

at (0.28, 0.28) its shown in Fig. 4.8(a), using an inverse core-hole lifetime of
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Figure 4.8: Representative fits (black lines) of the low-energy region of the RIXS
spectrum at (0.28, 0.28) (points) with (a) the single-mode Ament
model [100] and (b) a two-mode model [115]. As well as the phonon
contribution (purple lines), the fits consist of a resolution-limited Gaus-
sian elastic peak (yellow lines) and Gaussian magnon peak (green
lines). The dashed blue line in (b) is a resolution-convolved back-
to-back exponential function used to approximate the phonon contri-
bution when fitting the magnon dispersion (see Sec. 4.3.5).

0.12 eV [115] and yielding a fundamental phonon energy of 0.039 eV and an

EPC strength of 0.17 eV. While these magnitudes are reasonable, the fit is

not unique and the fitted parameters vary erratically between the different

momentum transfers. Closely inspecting the fit, it can be seen that there

is some missing intensity between the elastic line and first harmonic, as well

as between the first and second harmonics. This suggests the presence of a

second, overlapping series of phonon peaks.

To test this hypothesis, I attempted a second fit using an extension of the

Ament model by Geondzhian and Gilmore that includes a second mode and

allows for mixed excitations of both modes [115]. The resulting fit is shown

in Fig. 4.8(b). The two-mode model fills in the missing intensity and provides

good agreement with the experimental data. As the individual phonon peaks

are not resolved, however, the possibility that the improved fit is simply a con-
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Figure 4.9: (a) Phonon energies from two-mode fits such as that in Fig. 4.8(b).
The inset shows the fitted EPC strengths G. (b) Phonon band struc-
ture (black lines) and projected phonon density of states (DOS) for
Ir (blue), Sr (green) and O (red) from DFT (LDA with a 2 × 2 × 1
supercell, see Sec. 4.2.1).

sequence of over-parameterisation should be investigated. Figure 4.9(a) shows

the fitted energies of the two modes at the few momenta where harmonics

are visible. Unlike for the one-mode fit, the values do not vary dramatically

as a function of momentum. We can also compare the fitted energies to the

IXS-validated DFT band structure from Sec. 4.2.1, shown in Fig. 4.9. We

see reasonable agreement with modes involving mostly O displacements as

expected for measurements at the O K edge. While this gives further reas-

surance of the reliability of the two-mode fit, we cannot rule out the presence

of additional unresolved modes in the spectra. The kinematic limitations on

accessible momenta, and the presence of the magnon which obscures the higher

harmonics, are unavoidable at the O K edge, but future measurements with

higher energy resolution and polarisation analysis of the scattered beam would

help to constrain the fitting.

The EPC strengths, shown in the inset of Fig. 4.9(a), are found to be

∼0.2 eV for both modes in this region of reciprocal space. As the intensity of
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the phonon features in RIXS is a monotonic function of the EPC [100, 115],

we expect the EPC of both modes to fall towards the zone centre where the

peaks are suppressed. The values of G found here are of a similar magnitude

to those previously determined by RIXS on various cuprates [101, 102, 103,

104, 105, 106, 107] and other iridates [112, 111]. While the role of EPC in the

high-temperature superconductivity of the cuprates is still under debate, this

observation adds a further similarity between the two material families. Our

analysis improves on previous studies where multiple phonon modes are visible

[104, 111, 105, 118] by accounting for mixing between the modes [115]. In

common with these other studies, however, we do not account for the dispersion

of the phonon energies or EPC strengths, which we learnt in Chapter 3 can have

a sizeable impact on the extracted values of G [119]. In this case, the complex

electronic and phononic structures of Sr2IrO4 make the Green’s-function model

of Chapter 3 too computationally expensive for practical use. This limits our

results to order-of-magnitude estimates for G.

4.3.4 Electron-phonon coupling at the eg resonance

We saw in Sec. 4.3.2 that there are no magnetic excitations at the eg resonance,

so we do not have to worry about them obscuring the phonon peaks. This

allows a determination of the EPC over an extended region of the Brillouin

zone. The momentum dependence of the RIXS spectra at the eg resonance is

shown in Fig. 4.10. The most apparent feature is a series of phonon harmonics

of fundamental energy ∼0.7 eV, with minimal dispersion but whose intensity

increases away from the zone centre. As the same O states are involved at

the eg and t2g resonances, the difference in excited phonon modes reflects the

difference in EPC for the Ir orbitals. At the highest momenta in Fig. 4.10 we

can see multiple harmonics, which should allow a robust fitting.

As with the t2g spectra, I initially attempted a fit with the single-mode

Ament model. Figure 4.11(a) shows a representative fit at (0.4, 0), which

satisfactorily captures the prominent harmonics with a fundamental phonon

energy of 0.068 eV. Again, however, there appears to be some missing intensity
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Figure 4.10: RIXS spectra at the eg resonance (531 eV) along (a) (h, h) and (b)
(h, 0), vertically offset for clarity. Compared to the t2g resonance,
the electronic and magnetic excitations are suppressed and a different
phonon mode is enhanced.

Figure 4.11: Representative fits (black lines) of the RIXS spectrum at (0.4, 0)
(points) with (a) the single-mode Ament model [100] and (b) a two-
mode model [115]. As well as the phonon contribution (purple lines),
the fits consist of a resolution-limited Gaussian elastic peak (yellow
lines).
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Figure 4.12: (a) Fitted phonon energies (orange and blue points) overlaid on the
phonon band structure from DFT (LDA with a 2 × 2 × 1 supercell,
grey lines). The energies match well with specific phonon modes,
which the DOS on the right shows to have dominant O motion. (b)
EPC strengths from two-mode fits such as that in Fig. 4.11(b). Solid
lines are guides to the eye. The phonon intensity near the zone centre
is too low to allow accurate fitting.

between the elastic line and first harmonic, which suggests that the two-mode

model may be required. In Fig. 4.11(b) it can be seen that a two-mode fit

nicely fills in this intensity, as well as a small peak between the third and

fourth harmonics at 0.23 eV energy loss that arises from a mixed excitation of

the two modes. The only feature of the data that is not well captured by the

fit is a slight broadening of the high harmonics, which we know to be due to

the dispersion of the phonon [119].

The fitted phonon energies are shown in Fig. 4.12(a), overlaid on the DFT

band structure. Although it should be remembered that the DFT energies are

slightly shifted compared to our IXS data (see Fig. 4.3), the fitted dispersions

match well to DFT modes. The higher-energy mode matches one involving

elongations of the IrO6 octahedra along the c axis, while the lower-energy

mode, which appears to be the same as that excited at the t2g resonance,

matches one consisting of tilts of the IrO6 octahedra. The extracted EPC
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strengths are shown in Fig. 4.12(b). As with the t2g data, the fact that the

phonon intensity near the zone centre is too low to allow reliable fitting tells

us that the EPC strengths are small in this region. The EPC of the higher-

energy mode increases along both (h, 0) and (h, h), roughly following a sinu-

soidal dependence and reaching ∼0.1 eV at the maximum momenta. The EPC

of the lower-energy mode follows a similar dependence along (h, h), reaching

∼0.04 eV at (0.25, 0.25). Along (h, 0), however, it initially rises before appear-

ing to dip towards (0.5, 0). These mirror the trends calculated for O modes in

the cuprates [171], where the different momentum-dependences arise from the

differing symmetry of the phonon modes. Our results therefore add another

point of similarity between Sr2IrO4 and the cuprates.

4.3.5 Magnetic excitations

Turning back to the t2g data, we now analyse the magnetic excitations in

greater detail. We first have to remove the contributions from the phonons,

whose higher harmonics overlap with the dispersing magnon (see Sec. 4.3.3).

To account for the spectral weight without computationally-demanding cal-

culation of the full cross section, I approximate the sum of all the phonon

harmonics with a back-to-back exponential function convoluted with a Gaus-

sian resolution function [172]

αβ
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[
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(
α[α∆ω2 + 2(ω − ω0)]

2

)
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2

)
+

exp

(
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2

)
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(
β∆ω2 − [ω − ω0]

∆ω
√

2

)]
, (4.6)

where α (β) is the exponential rise (decay) scale, ∆ω is the energy resolution,

and ω0 is the energy loss of the peak. A comparison of this lineshape to that

of the two-mode model at (0.28, 0.28) is shown in Fig. 4.8(b), where good

agreement can be seen in the region of interest. To constrain the fitting at

other momentum transfers where the phonons are less prominent, the values

of α and β were fixed to the values determined at (0.28, 0.28) while the overall

intensity and ω0 were allowed to vary.
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Thankfully the phonons are suppressed near the zone centre where the

single-magnon peak is at lower energies, allowing a robust fitting at all momen-

tum transfers. For the magnon, I use a damped harmonic oscillator lineshape

including the Bose factor [173]

ω

1− e−ω/(kBT )

4ω0γ

(ω2 − ω2
0)

2
+ (2ωγ)2

, (4.7)

where γ is the damping factor, and the magnon frequency is given by
√
ω2

0 − γ2

(the imaginary part of the pole of the dynamic susceptibility). This lineshape

can describe both propagating and over-damped modes depending on the ratio

of γ to ω0, although in undoped Sr2IrO4 the damping should be minimal [141].

Note that this lineshape is motivated by the assumption that the RIXS cross

section is proportional to the dynamic structure factor S(q, ω) [174].

Above the single magnon are multi-magnon excitations that are known

to be enhanced at the O K edge [168], and which are likely to be dominated

by bi-magnons. Many studies fit the bi-magnons with a broad peak centred

at twice the single-magnon energy [139, 141, 168, 170], but this is not well

physically motivated. In q–E space, the bi-magnon continuum should instead

be bounded from below by the single-magnon dispersion, with a momentum-

dependent separation that depends on the single-magnon gap [175]. The bi-

magnon cross section will be simulated below, but for now I approximate it

with a resolution-convolved arctangent step function that onsets above the

magnon peak. Apart from the resolution-limited Gaussian elastic line, the

only other feature below 0.4 eV energy loss is the electron-hole exciton, which

is fitted with a simple Gaussian.

Representative fits to the spectra at (0.24, 0.24) and (0.28, 0) involving

all of the above lineshapes are shown in Fig. 4.13. While there are some dis-

crepancies around the phonon peak and multi-magnon excitations, the single

magnon that we are focussed on here is fitted with a well defined energy.

Figure 4.14 shows the fitted magnon dispersion, compared to the dispersions
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Figure 4.13: Fits (black lines) to the RIXS spectra (points) at the t2g resonance
at momentum transfers of (a) (0.24, 0.24) and (b) (0.28, 0). The elas-
tic line is fitted with a resolution-limited Gaussian (yellow lines),
the phonon harmonics with a resolution-convolved back-to-back ex-
ponential [purple lines, see Fig. 4.8(b)], the magnon with a damped
harmonic oscillator lineshape (green lines), the onset of multi-magnon
excitations with an arctangent step function (blue lines) and the ex-
citon with a Gaussian (red lines).

determined in previous O K-edge [168] and Ru L3-edge [176, 141, 177] RIXS

studies. The overall trends are in good agreement, with the dispersion ex-

tending from a minimum at the zone centre up to ∼0.2 eV at (0.5, 0.5) and

∼0.1 eV at (0.5, 0). The consistently higher energies in our study arise from

our definition of the damped harmonic oscillator lineshape in Eq. (4.7), with

the inclusion of the Bose factor and the energy defined by
√
ω2

0 − γ2, compared

to simple Gaussian, Lorentzian or Voigt lineshapes used in the other studies,

with the energy defined by the peak centre. The plot highlights the kinematic

restriction at the O K edge compared to the Ir L3 edge at which the entire

Brillouin zone can be accessed. Note that in many studies on Sr2IrO4 a larger,

rotated Brillouin zone (corresponding to a smaller unit cell with no octahedral

rotations and a = b ≈ 3.9 Å) is used for easy comparison with previous work

on the cuprates. The momenta referenced to this cell in conventional units of
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Figure 4.14: Comparison between our magnon dispersion (blue points) and those
from previous O K-edge (Lu et al. [168], black circles) and Ir L3-
edge (Vale et al. [176], red circles, Pincini et al. [141], green circles,
and Bertinshaw et al. [177], cyan circles) studies. The black solid
and dashed lines show the LSWT dispersions from a 2DAH model
with up to third-neighbour couplings, using the exchange parameters
shown (from Vale et al. [176]). The top axis shows the reciprocal-
space points referenced to a reduced cell with a = b ≈ 3.9 Å in units
of 1/a.

1/a are shown along the top axis of Fig. 4.14.

Having determined the magnon dispersion, it can now be fitted to the

effective magnetic Hamiltonian introduced in Sec. 4.1.1 in order to determine

the exchange parameters. The DMI (D) and anisotropies due to spin-lattice

coupling (Γ1 and Γ2) are orders of magnitude smaller than the other terms

and cannot be uniquely determined from our data, so will be neglected going

forward. In many previous studies, the remaining terms are recast into a

two-dimensional anisotropic Heisenberg (2DAH) Hamiltonian [176, 141]

H = J
∑
〈i,j〉

Sxi S
x
j +Syi S

y
j +(1−∆)Szi S

z
j +J2

∑
〈〈i,j〉〉

Si ·Sj +J3

∑
〈〈〈i,j〉〉〉

Si ·Sj, (4.8)

with effective nearest neighbour exchange J = J1/(1 − ∆), next-nearest and

next-next nearest neighbour exchange J2 and J3, and in-plane anisotropy
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0 ≤ ∆ ≤ 1. Linear spin-wave theory (LSWT) predicts two modes from this

Hamiltonian, with dispersions [141]

ω±(qx, qy) =
√
A(qx, qy)2 −B±(qx, qy)2, (4.9)

where

A(qx, qy) = 2 [J − J2 − J3 + J2 cos(qx) cos(qy)]

+ J3 [cos(2qx) + cos(2qy)] +
J∆

2
(4.10)

and

B±(qx, qy) = J [cos(qx) + cos(qy)]±
J∆

2
. (4.11)

A finite anisotropy ∆ > 0 results in the two modes being gapped alternately

at (0, 0) and (1, 0) [or (0, 0) and (π, π) in the reduced-cell notation], as shown

in Fig. 4.14 using the exchange parameters from Vale et al. [176]. Notwith-

standing the systematic energy scaling between out study and the others, the

LSWT dispersion describes the trend of the data reasonably well (note that

the un-gapped mode has vanishing intensity at the zone centre and cannot be

resolved from the elastic line).

The one feature present in all three Ir L3-edge studies that is not captured

by LSWT is a dip in the dispersion at (0.5, 0) [or (π/2, π/2)] [176, 141, 177].

While the dip consists of only a few outlying points in each dataset, their pres-

ence over multiple studies suggests that they are more than random error. The

presence of the dip is only commented on in one previous study [177], where the

authors suggest that it can be modelled by the inclusion of further-neighbour

interactions. Following this suggestion, I add fourth-neighbour interactions to

the 2DAH model

H ⊃ J4

∑
〈〈〈〈i,j〉〉〉〉

Si · Sj, (4.12)
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which results in LSWT dispersions

ω±(qx, qy) =
√
A(qx, qy)2 −B±(qx, qy)2, (4.13)

with

A(qx, qy) = 2 [J − J2 − J3 + 2J4 + J2 cos(qx) cos(qy)]

+ J3 [cos(2qx) + cos(2qy)] +
J∆

2
(4.14)

and

B±(qx, qy) = J [cos(qx) + cos(qy)]

+ 2J4 [cos(qx) cos(2qy) + cos(2qx) cos(qy)]±
J∆

2
. (4.15)

A global fit of this dispersion to all the datasets shown in Fig. 4.14 produces

the dispersion shown in Fig. 4.15 along with the best-fit exchange parameters.

The addition of fourth-neighbour interactions does indeed reproduce the dip at

(0.5, 0), but introduces a further dip around (0.25, 0.25) that is not present in

the experimental data. Of course, the dispersion in this region could be refined

by the addition of further -neighbour interactions, but at this point one has to

question the physical motivation of such strong long-range interactions. Re-

cent theoretical calculations by Zhang and Pavarini, involving DFT, dynamical

mean-field theory and many-body perturbation theory, propose instead that

all exchange interactions beyond nearest neighbour should be <1 meV [178].

An alternative explanation of the shape of the dispersion is provided by

theoretical calculations performed by Mohapatra and Singh [179]. Instead of

constructing an effective magnetic Hamiltonian, they begin with a three-band

Hubbard model for the t2g bands, including up to third-neighbour hopping

(with mixed-orbital hopping due to octahedral tilts and rotations), tetragonal

crystal field, intra- and inter-orbital Coulomb interaction, Hund’s coupling and

SOC terms. From this Hubbard Hamiltonian, they self-consistently determine
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Figure 4.15: Our magnon dispersion (blue points) overlaid on a colourmap of the
spectral function from Mohapatra and Singh [179] with intensity on
a log scale. LSWT (black solid and dashed lines) is able to reproduce
the dip at (0.5, 0) [or (π/2, π/2) in reduced-cell notation] by adding
a fourth-neighbour Heisenberg exchange J4, but this degrades the
agreement around (0.25, 0.25).

the magnetic order and calculate a generalised fluctuation propagator that in-

cludes spin, orbital, and coupled spin-orbital fluctuations. As well as magnons,

this approach can therefore simultaneously describe the electron-hole and spin-

orbit excitons, and crucially the interactions between them. The generalised

spectral function is shown as a colourmap in Fig. 4.15. The two magnon modes

can be seen dispersing out from the zone centre, in very good agreement with

our experimental data. Crucially, the calculations reproduce the dip at (0.5, 0).

Above the magnon, a weak spin-orbit exciton mode (note the colourmap is on

a log scale) – that arises from the small mixing of Jeff = 3/2 character into the

Jeff = 1/2 states [179] – can be seen dispersing down to a minimum at (0.5, 0).

In the calculations, it is in fact the proximity of this mode that pushes down

the magnon dispersion. This can be seen by reducing the Hund’s coupling (in-

creasing the energy of the spin-orbit exciton) or increasing SOC (reducing the

intensity of the spin-orbit exciton), both of which reduce the prominence of the

dip. The dip is therefore explained by interactions between the magnon and
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Figure 4.16: (a) RIXS intensity in q–E space (colourmap with log scale). (b) Dy-
namic structure factor for bi-magnons calculated with 1011 Monte-
Carlo steps using the fourth-neighbour LSWT fit from Fig. 4.15
(colourmap with log scale), overlaid with the single-magnon disper-
sions (white solid and dashed lines).

spin-orbit exciton, due to the strong orbital character of the former, without

the need for further-neighbour exchange interactions (up to third neighbour

hopping is included in the calculations, with |t3/t1| = 1/4). Without the in-

fluence of the spin-orbit exciton, the magnon dispersion is more symmetric

with similar energies at (0.5, 0.5) and (0.5, 0), bringing the behaviour closer

to that of the cuprates [140], and reconciling the observed dispersion with the

calculations by Zhang and Pavarini that predict small exchange interactions

beyond nearest neighbour [178].

To search for the spin-orbit exciton, I plot our RIXS data as a colourmap in

Fig. 4.16(a). While there is intensity above the single magnon, its distribution

is not easily identified with that of the spin-orbit exciton in Fig. 4.15. The

lack of evidence for the spin-orbit exciton can be explained by two factors: its

expected low intensity due to the small mixing of Jeff = 1/2 and 3/2 states, and

the aforementioned presence of multi-magnon excitations in the same region

of q–E space. To determine whether the intensity above the single-magnon
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peak can be accounted for by bi-magnon processes, I simulated the longitudinal

dynamic structure factor Szz(q, ω) for bi-magnons using a Monte Carlo method

previously applied to NaOsO3 [175]. Each Monte-Carlo step consists of the

following:

1. Generate two random q vectors, q1 and q2, in the two-dimensional Bril-

louin zone.

2. Calculate the combined energy of two magnons, ω1 + ω2, at q1 and q2

respectively, and project their total momentum q1 +q2 back into the first

Brillouin zone.

3. Calculate the weight W (q1, q2) of the bi-magnon processes at these mo-

menta (see below), normalising by the weight of the most likely event.

4. Generate a uniformly-distributed random number 0 < R < 1. If

W (q1, q2) < R then accept the event and add a single unit to Szz(q1 +

q2, ω1 + ω2), otherwise reject the event and do nothing.

To calculate the weights I used the results of LSWT, which gives three relevant

contributions, W = Wcc + Waa + Wca, corresponding to the creation of two

magnons, the annihilation of two magnons, and mixed magnon creation and

annihilation respectively. These are given in terms of Bogoliubov operators

u = coshϑ and v = sinhϑ, where tanh (2ϑ) = B/A, as

Wcc(q1, q2) ∝ 1

2
n(ω1) [n(ω2) + 1] [u(q1)v(q2)− v(q1)u(q2)]2 , (4.16)

Waa(q1, q2) ∝ 1

2
[n(ω1) + 1] [n(ω2) + 1] [u(q1)v(q2)− v(q1)u(q2)]2 , (4.17)

Wca(q1, q2) ∝ n(ω1) [n(ω2) + 1] [u(q1)u(q2)− v(q1)v(q2)]2 , (4.18)

where the Bose factor n(ω) =
[
eω/(kBT ) − 1

]−1
. Figure 4.16(b) shows the

dynamic structure factor calculated with 1011 Monte-Carlo steps using the

fourth-neighbour LSWT fit from Fig. 4.15. We now know that LSWT does

not properly describe the magnetic dynamics in Sr2IrO4, but it gives a reason-

able approximation to the single-magnon dispersion in the region of interest,
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such that the kinematic constraints on bi-magnon processes should be approx-

imately correct. We see the bi-magnon continuum onset just above the single

magnon and extend up twice the highest magnon energy, as expected, with

internal structure due to the further-neighbour interactions and anisotropy.

With the further caveat that the RIXS intensity may not be directly propor-

tional to the dynamic structure factor (and that the relation between them

will likely depend on the momentum transfer), we can compare the results of

the Monte Carlo simulation to our experimental data in Fig. 4.16(a). We see

an agreement between the general trends in both, with intensity between the

single magnon and electron-hole exciton maximised at the highest momenta,

and weak tendrils of intensity extending towards the zone centre. Given the

above caveats and our experimental resolution, this agreement supports the

interpretation of the additional intensity in our RIXS data being due to bi-

magnons.

4.4 Conclusion

This chapter has been focussed on the spin-orbit Mott insulator Sr2IrO4 and

the interactions between its structural, magnetic and electronic properties,

involving comprehensive studies of its low-energy excitations by resonant and

non-resonant inelastic x-ray scattering. I started with an IXS study of the

lattice dynamics, mapping out the phonon band structure and looking for

signs of coupling to other long-range orders. In contrast with previous Raman

spectroscopy measurements [137], we saw no changes to the phonons in the

parent compound associated with the onset of magnetic ordering. Similarly,

in the La-doped compound we saw no anomalies due to CDWs or SDWs.

Having not found any evidence of coupling between phonons and elec-

tronic or magnetic order, I then turned to RIXS to investigate the coupling to

electronic and magnetic excitations. We probed two resonances in our high-

resolution O K-edge RIXS measurements, associated with the Ir t2g and eg

orbitals respectively. Harmonic progressions of phonon excitations could be
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seen at both resonances, which I fitted using a two-mode extension of the

Ament model by Geondzhian and Gilmore [115]. The t2g and eg states were

both found to be strongly coupled to a ∼30 meV phonon mode, as well as

higher-energy modes at ∼50 meV and ∼70 meV respectively, all in good agree-

ment with O modes predicted by our DFT calculations from the IXS study.

The EPC strengths we obtain are in good agreement with those determined

experimentally [101, 102, 103, 104, 105, 106, 107] and theoretically [171] for

the single-layer cuprates, adding another point of similarity between these two

material families.

Finally, I analysed the magnon that could also be seen at the t2g res-

onance. Disentangling the magnon from the overlapping phonon excitations

presented a challenge, which was overcome by careful analysis of the lineshapes

guided by theoretical considerations [173]. My fitting of the magnon yielded a

dispersion in good agreement with previous studies, but uniformly shifted up

in energy by ∼20 meV due to the different choice of lineshape. A comparison

of a number of RIXS studies [176, 141, 177] revealed a previously-overlooked

dip in the dispersion that is not captured in the standard LSWT solution of

a 2DAH Hamiltonian with up to third-neighbour interactions. While the dip

can be reproduced by adding fourth-neighbour interactions in LSWT, a more

natural explanation comes from a consideration of the orbital component of

the moment and coupling to a weak spin-orbit exciton mode at higher energy

[179]. This shows the importance of orbital fluctuations in the moment dy-

namics, which are lost when moving from the Hubbard model to an effective

Heisenberg spin model.



Chapter 5

Conclusions and future work

In this thesis, I have explored the consequences of electron-lattice coupling in a

selection of topical 4d and 5d quantum materials. This coupling takes on many

forms, from a complex interplay between crystal structure, magnetism and the

Fermi surface in Ca3Ru2O7, to a momentum-dependent interaction between

electrons and phonons in Sr2IrO4. Throughout, I have leveraged the versatil-

ity of neutron and x-ray scattering to probe both static order and elementary

excitations in these materials, as well as advancing our understanding of the

techniques themselves. I have also developed new sample environments that

allow precise and continuous tuning of the material properties. In the follow-

ing sections, I summarise the main results from each experimental chapter,

highlighting any new questions that they raise and offering avenues for further

investigation.

5.1 Magneto-elastic coupling in a 4d polar

metal

Chapter 2 concerned the SRT in the 4d polar metal Ca3Ru2O7, which was

found to be decidedly more complex than previously thought. Our main re-

sult was the discovery of cycloidal order in a small temperature region around

the SRT, whose structure evolves to interpolate between the collinear end

phases. We understood this elegant mechanism of moment reorientation on

the basis of symmetry analysis, which showed how the polar lattice symmetry

enables a uniform DMI that can drive the formation of the cycloid when the

easy-axis anisotropies compete. We also placed this discovery in the context of
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previous measurements that found incommensurate magnetism in Ca3Ru2O7

under doping [72, 58, 59] and field [57]. In the latter case, we reinterpreted

the satellite peaks previously measured with SANS as second harmonics of the

fundamental cycloidal peaks, generated by a field-driven phase modulation of

the cycloid. To verify this interpretation, we have also attempted to measure

the second harmonic peaks in our samples at WISH, but were unable to see a

signal due to the low neutron flux at such long wavelengths. A SANS measure-

ment to verify the presence of the second harmonics in our samples is therefore

required.

A major open question is whether the presence of cycloidal order at zero

field is universal in all Ca3Ru2O7 samples. While the ability to detect the first-

harmonic satellites in SANS measurements at zero field is hampered by the

momentum resolution, the magnetisation data of Sokolov et al. suggests that

the incommensurate phase is squeezed to an infinitesimal temperature window

below 2 T in their samples. This points to the presence of the cycloid at zero

field being sample dependent. There are other signs of sample variation in the

literature – for instance, TN ranges from 56 K in many samples (including those

used by Sokolov et al. [57]) up to 62 K in others (including our own). The most

obvious culprit for this variation is slight differences in chemical composition,

as it is known that the electronic and magnetic properties of Ca3Ru2O7 are ex-

tremely sensitive to doping [72, 58, 59]. We found no evidence of impurities or

deviations from the ideal stoichiometry in our samples from energy-dispersive

x-ray spectroscopy or x-ray diffraction, however, although these methods have

a low sensitivity to oxygen. To conclusively answer this question, a number

of batches of samples with different oxygen concentrations should be investi-

gated, using wavelength-dispersive x-ray spectroscopy to determine the chem-

ical composition, and transport and magnetometry measurements to correlate

this with the electronic and magnetic properties.

The coupling between various degrees of freedom that make the SRT in

Ca3Ru2O7 interesting also presents a considerable challenge in elucidating its
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origin. In this context, our ability to control the cycloid-mediated SRT with

strain revealed a key role for the lattice, and motivated the development of a

microscopic theoretical model based on the tilting and rotation of the RuO6

octahedra. Key to this success was the combination of strain tuning and scat-

tering measurements, which gave unprecedented information on the response

of the lattice to applied stress. This approach could be extended into a large

research program encompassing a wide range of quantum materials. We have

already made some progress in this regard, successfully using strain to tune

the magnetic properties of the quasi-1D iridate CaIrO3 and the CDW in over-

doped La2−xSrxCuO4. While transition metal oxides are good candidates for

strain tuning due to their finely balanced ground states, I believe that more

spectacular effects could be discovered if strain was used to break symme-

tries (for instance, turning tetragonal materials orthorhombic). This idea has

been employed recently in the iron-based superconductors, utilising the fact

that strain is the conjugate field to nematicity [83, 84, 85, 86]. Rather than

just tuning phases that exist at zero-strain, this approach could generate new

phases not seen at equilibrium.

5.2 Probing electron-phonon coupling with

resonant inelastic x-ray scattering

Chapter 3 was focussed on the use of RIXS to measure EPC. We chose graphite

as a model system with well understood electronic and phononic structures,

performing high-resolution RIXS measurements of phonon excitations at the

C K edge. By tuning the incident x-ray energy we were able to probe the

EPC for both low-energy π∗ and high-energy σ∗ electronic states, which we

found to have highly distinct momentum dependences. This sets RIXS apart

as a technique able to probe the EPC of excited states away from the Fermi

level. There are a number of material systems to which this technique could

be applied, including the new generation of perovskite photovoltaic materials

whose efficiencies can be strongly impacted by EPC [94]. Another exciting
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possibility would be to use RIXS in a pump-probe modality, allowing the EPC

of optically excited states to be probed on ultrafast timescales.

Our work represents a significant step forward in understanding phonon

excitations in RIXS, highlighting the need to account for the full phonon dis-

persion, and the mixing of phonons of different momenta in the intermediate

state, when modelling RIXS spectra. The new Green’s-function–based model

developed by our collaborators allowed these effects to be included with min-

imal computational cost. There are still many theoretical issues that remain

to be resolved, however. The intermediate π∗ and σ∗ states of graphite are

well approximated as localised excitons, but there are many systems in which

itinerancy of the excited electron must be accounted for. Initial work suggests

that itinerancy can renormalise the phonon features and introduce additional

modulations of their intensities as a function of momentum transfer [116]. In-

corporating itinerancy into our model is an important next step. Our model

also assumed that the phonon frequencies in the intermediate state are equal

to those in equilibrium, which seems reasonable but requires further theoret-

ical justification [114]. Finally, the relationship between the coupling probed

by RIXS and those probed by other techniques, such as ARPES, remains to

be properly quantified. This will likely require a concerted theoretical and ex-

perimental effort, involving first-principles calculations to establish the role of

the core hole in RIXS and comparative measurements of the EPC in a number

of materials using the different techniques.

5.3 Electron-phonon coupling in a 5d

spin-orbit Mott insulator

Chapter 4 contained a multi-technique study of the low-energy lattice, elec-

tronic and magnetic excitations in the 5d spin-orbit Mott insulator Sr2IrO4.

We first used non-resonant IXS to determine the phonon band structure of both

parent and electron-doped Sr2IrO4, comparing the results to a non-magnetic

DFT calculation. No deviations from the DFT predictions due to coupling be-
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tween the phonons and magnetic or charge ordering could be seen. There are a

number of possible reasons for this, including an insufficient energy resolution,

and a vanishing IXS intensity for the modes that show the strongest coupling.

While the latter issue could be addressed by measuring across many different

Brillouin zones, this is a time-consuming task with no guarantee of success.

Another approach to determine the phonon dispersion is thermal diffuse scat-

tering, which has lower resolution and requires more advanced analysis, but

allows large regions of reciprocal space to be mapped quickly [180]. This would

be an interesting avenue for further exploration, especially in the search for

phonon anomalies due to CDW/SDW order as it allows fast measurement over

large temperature and doping ranges.

Despite not showing any anomalies, the IXS results did provide a valu-

able reference for subsequent O K-edge RIXS measurements. Inspired by the

graphite measurements of Chapter 3, we probed the EPC at two resonances

associated with the t2g and eg orbitals of Ir (accessible due to O–Ir hybridi-

sation). We found that two different phonon modes were excited at each

resonance, matching well with the DFT results. A two-mode extension of the

Ament model [115] was used to extract the EPC strengths, which were found

to vanish at the zone centre and rise to ∼0.1 eV towards the zone boundary.

The main drawback of the model used here is that it does not account for

the phonon or EPC dispersions, which we know from Chapter 3 can signifi-

cantly alter the EPC strengths obtained. In this case, the complex electronic

and phononic structures of Sr2IrO4 prevented the use of the Green’s-function–

based model. As we know from the IXS measurements that the phonons are

well described by standard DFT, however, first-principles calculations of the

EPC could potentially be used to constrain the parameter space and make the

problem tractable.

The strong O–Ir hybridisation in Sr2IrO4 also enabled the magnon to

be seen at the t2g resonance, although the fact that it dispersed through the

phonon excitations made it difficult to disentangle their spectral weights. In
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this case, a determination of the magnon dispersion was achieved through care-

ful fitting of the different lineshapes. Recent advances in instrumentation have

allowed the development of polarisation-resolved RIXS [169], which will make

this effort significantly easier in the future. It will allow the different excita-

tions to be separated due to the fact that the magnon and phonons appear in

different polarisation channels, and will further aid in the identification of the

different phonon modes based on their symmetries.

A comparison of the extracted magnon dispersion with that from other

O K-edge and Ir L-edge RIXS studies revealed the inadequacy of previous

LSWT descriptions of the spin dynamics. A dip in the dispersion was instead

found to be reproduced by Hubbard model calculations including both spin

and orbital fluctuations, where it arose from interactions of the magnon with

a higher-energy spin-orbit exciton [179]. An intriguing question posed by this

realisation is whether the magnon dispersion can be brought closer to the pre-

dictions of an isotropic Heisenberg model by disrupting the spin-orbit exciton.

Indeed, recent measurements on Sr2IrO4 thin films show that epitaxial strain

increases the energy of the spin-orbit exciton, and simultaneously reduces the

magnitude of second- and third-neighbour interactions needed to reproduce

the magnon dispersion with LSWT [170]. While the choice of thin-film sub-

strate allows discrete strains to be applied, a more powerful approach would be

to continuously tune the exciton using the Razorbill strain cells. This would

require the integration of the strain cells into an inelastic scattering beam-

line, such as ID20 at the European Synchrotron Radiation Facility. Much of

the setup used at I16 could be directly copied across, however, and the small

sample size needed for RIXS would allow high strains on the order of 1% to

be achieved. If the magnon can be brought close to the isotropic Heisenberg

limit, a particularly interesting route would be to combine this approach with

chemical doping, which may reveal more cuprate-like physics in the iridates.
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