
1. Introduction
Iron is the dominant element in the cores of terrestrial planets (de Pater & Lissauer, 2015). For Earth it comprises 
∼90 wt% of its liquid outer core and ∼97 wt% of solid inner core (Stacey & Davis, 2008). Similar proportions of 
iron may also be present in the cores of smaller rocky planets like Mercury (Chabot et al., 2014) or more massive 
exoplanets cataloged as super Earths (Boujibar et  al.,  2020). Accordingly, thermal properties of iron at high 
pressures (P) and temperatures (T) are of great significance in Earth and planetary sciences. For instance, ther-
mal equations of states (EoS) of iron are essential for building internal structure models of planets (Anderson & 
Ahrens, 1994; Dorogokupets et al., 2017; Fei et al., 2016; Komabayashi, 2014; Miozzi et al., 2020). The adiabatic 
slope 𝐴𝐴 (𝑑𝑑𝑑𝑑 ∕𝑑𝑑𝑑𝑑 )𝑠𝑠 ≡

𝛼𝛼𝑑𝑑

𝜌𝜌𝜌𝜌𝑝𝑝

 , with α thermal expansivity, ρ density, Cp isobaric heat capacity, determines the core's 
temperature profile (Boujibar et al., 2020; Grant et al., 2021). Thermal properties of iron are also vital to under-
stand the evolution of the core and the dynamo responsible for the planet's magnetic field (Bonati et al., 2021; 
Gaidos et al., 2010). Even though iron cannot be the sole element in planetary cores, using pure iron to model the 
cores provides a primary framework from which more realistic models can be constructed.
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Iron has a lower melting temperature than typical mantle minerals (Stixrude, 2014). As a result it is likely to exist 
in the liquid phase through the major stages of planetary evolution (Margot et al., 2007; Rubie et al., 2015; Stähler 
et al., 2021). Yet compared to the solid phase of iron, liquid iron is less studied, especially in the TPa regime impor-
tant for massive exoplanets. Accordingly, planetary modeling of internal structures is often restricted to frozen cores 
(Hakim et al., 2018; Smith et al., 2018). The P-T profiles of massive rocky planets with molten cores remain unclear 
(Unterborn & Panero, 2019). The relative scarcity of studies on the liquid phase may be related to its inherent high 
T, which makes experiments more challenging. Also, the liquid phase lacks long-range ordering and extracting its 
density from X-ray diffraction becomes difficult. Only recently these difficulties were overcome and the P-ρ-T 
relation of liquid iron was measured directly via diamond anvil cell (DAC) experiments in the range of 20–135 GPa, 
2600–4200 K (Kuwayama et al., 2020). Higher P-T conditions have been reached via shock (Al'tshuler et al., 1996; 
Brown et al., 2000) or ramp (Grant et al., 2021) compressions. However the EoS reduced from shock wave data 
(Anderson & Ahrens, 1994; Brown & Mcqueen, 1986) differs considerably from the extrapolation of DAC meas-
urements (Kuwayama et al., 2020). For instance, extrapolation of DAC measurements indicates that at 12.64 g/
cm 3 and 5000 K, liquid iron has a pressure of 278 GPa. Yet to reach the same pressure at this density, shock wave 
reduction predicts a temperature ∼900 K higher (Anderson & Ahrens, 1994) or more (Brown & Mcqueen, 1986). 
Complementary to experiments, thermal properties of liquid iron can also be determined via ab initio molecular 
dynamics (AIMD) simulations based on density functional theory (DFT). Such simulations have been used to deter-
mine properties of liquid iron at conditions of the Earth's outer core (Alfè et al., 2000, 2002; Ichikawa et al., 2014; 
Vočadlo et al., 2003) as well as those of warm dense matter (Sjostrom & Crockett, 2018). More recently, Wagle and 
Steinle-Neumann (2019) used AIMD combined with an empirical correction to construct an EOS of liquid iron up to 
conditions of super-Earths. These simulations were conducted without considering the iron 3s as valence electrons. 
Accordingly, pressure was limited to 1.5 TPa, 1 TPa lower than the upper-bound estimated for massive super-Earths 
(Unterborn & Panero, 2019). Moreover, the reported thermodynamic properties such as heat capacity and thermal 
expansivity are substantially higher than previous studies. For instance, Cp under conditions of the Earth's outer core 
(136–330 GPa, 4000–6000 K) was determined as ∼1200 J/(kg⋅K), more than 50% higher than ∼700 J/(kg⋅K) by 
Anderson and Ahrens (1994) or ∼800 J/(kg⋅K) by Stacey and Davis (2008). Such large discrepancies undermine a 
proper understanding of the thermal evolution of planetary cores (Buffett et al., 1992) and need to be resolved.

Here we calculate thermal properties of liquid iron at conditions of planetary cores using ab initio thermodynamic 
integration (TI). TI is a formally exact free energy method and well suited to get highly accurate thermal properties 
(Sun et al., 2018). The iron 3s electrons were treated as valence electrons, allowing us to extend the pressure range to 
3 TPa. It turns out the effect of 3s electrons increases with T and needs to be taken into account even at relatively low 
pressures. We then apply these results to tackle three pending problems in planetary sciences: (a) thermal properties of 

Figure 1. Pressure correction to ab initio simulations of liquid iron. (a) Static equations of states (EoS) of hcp iron determined by ab initio simulations versus 
experiments. “D06” and “F16” denote the experimental data of Dewaele et al. (2006) and Fei et al. (2016), “H18” denotes the ab initio calculation by Hakim 
et al. (2018), “this study” represent the EoS of hcp iron from our calculation before (“uncor.”) and after pressure shift (“cor.”). As the original experiments were 
conducted at 300 K, a thermal pressure of 2.5 GPa (Murphy et al., 2011) was subtracted to get the static pressure. (b) Pressure differences between ab initio simulations 
and experiments. They are fitted to a sigmoid function ΔP(ρ) = 17.38/(1 + exp((ρ − 11.395) ⋅ 1.341)), with ΔP in the unit of GPa, ρ in the unit of g/cm 3.
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the Earth's outer core. (b) The temperature and pressure profiles of a massive exoplanet with a completely molten core, 
(c) whether a molten planetary core crystallizes from the bottom-up, from the top-down, or something more complex.

2. Thermodynamic Modeling
Thermal properties of a single phase material are fully determined by its 
Helmholtz free energy F(V, T), where F(V, T) is a continuous function of 
volume V and temperature T. Yet ab initio molecular dynamics (AIMD) 
simulations are conducted on a discrete Vn-Tn grid with time-averaged 
internal energy Un and pressure Pn as outputs. The subscript n enumerates 
the individual AIMD simulations. To proceed from discrete (Un, Pn, Vn, Tn) 
to continuous F(V, T), some form of thermodynamic modeling is essential. 
The main challenge is to find simple functions that can fit the data accu-
rately over a wide V-T range, while at the same time ensure the model is 
thermodynamically self-consistent. Here we represent the internal energy 
per atom U as

𝑈𝑈 =

2
∑

𝑖𝑖=0

4
∑

𝑗𝑗=0

𝑐𝑐𝑖𝑖𝑗𝑗 𝑡𝑡
𝑖𝑖𝑓𝑓 𝑗𝑗 , (1)

Figure 2. (a) Internal energies and (b) pressures of liquid iron after pressure correction. Open circles and the associated solid lines denote the ab initio molecular 
dynamics results with fittings using Equations 1 and 4. (c) Fitting errors of internal energy and (d) pressure. Data points of the same density are connected by lines. 
The gray solid (dashed) line in (b) denotes the calculated (extrapolated) iron melting curve by Bouchet et al. (2013), Tm = 1811(P/31.3 + 1) 1/1.99, with Tm in the unit of 
Kelvin, P in the unit of GPa.

j

cij

dji = 0 i = 1 i = 2

0 −6.33398 4.15051 0.04097 −15.35200

1 33.15671 2.82654 −0.36173 51.89954

2 145.08894 −4.00514 −0.30364 124.67947

3 95.85711 1.28082 0.19107 97.72656

4 −75.13252 −122.99523 34.88034 −153.06548

Table 1 
Parameters (in eV) for the Helmholtz Free Energy of Liquid Iron
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where t = T/T0, 𝐴𝐴 𝐴𝐴 =
1

2

[

(

𝑉𝑉0

𝑉𝑉

)
2
3
− 1

]

 , cij are fitting parameters, T0 and V0 are the temperature and volume of the 

reference state. Here we choose T0 = 10000 K and 𝐴𝐴 𝐴𝐴0 = 6.97 Å
3

 /atom (ρ0 = 13.3 g/cm 3). The Helmholtz free 
energy per atom F can then be determined from the thermodynamic relation 𝐴𝐴 𝐴𝐴∕𝑇𝑇 − 𝐴𝐴0∕𝑇𝑇0 = − ∫

𝑇𝑇

𝑇𝑇0
𝑈𝑈∕𝑇𝑇 2𝑑𝑑𝑇𝑇  as

𝐹𝐹 = −

2
∑

𝑖𝑖≠1

4
∑

𝑗𝑗=0

𝑐𝑐𝑖𝑖𝑗𝑗
𝑡𝑡𝑖𝑖 − 𝑡𝑡

𝑖𝑖 − 1
𝑓𝑓𝑗𝑗 −

4
∑

𝑗𝑗=0

𝑐𝑐1𝑗𝑗𝑓𝑓
𝑗𝑗𝑡𝑡ln𝑡𝑡 + 𝐹𝐹0𝑡𝑡𝑡 (2)

where F0 denotes the Helmholtz free energy at T0 and is expressed as

𝐹𝐹0 =

4
∑

𝑗𝑗=0

𝑑𝑑𝑗𝑗𝑓𝑓
𝑗𝑗 , (3)

with dj another set of fitting parameters. The pressure P is determined from 𝐴𝐴 𝐴𝐴 = − (𝜕𝜕𝜕𝜕∕𝜕𝜕𝜕𝜕 )𝑇𝑇  as

𝑃𝑃 =

(

2
∑

𝑖𝑖≠1

4
∑

𝑗𝑗=1

𝑐𝑐𝑖𝑖𝑗𝑗
𝑡𝑡𝑖𝑖 − 𝑡𝑡

𝑖𝑖 − 1
𝑗𝑗𝑗𝑗 𝑗𝑗−1 +

4
∑

𝑗𝑗=1

𝑐𝑐1𝑗𝑗𝑗𝑗𝑗𝑗
𝑗𝑗−1𝑡𝑡ln𝑡𝑡 −

4
∑

𝑗𝑗=1

𝑑𝑑𝑗𝑗𝑗𝑗𝑗𝑗
𝑗𝑗−1𝑡𝑡

)

𝑑𝑑𝑗𝑗

𝑑𝑑𝑑𝑑
, (4)

where 𝐴𝐴
𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= −

(2𝑑𝑑+1)
5
2

3𝑑𝑑0
 .

Fitting the discrete (Un, Pn, Vn, Tn) from AIMD allows us to determine all the cij and dj except d0, which corre-
sponds to a constant entropy term. This term is fixed by a separate ab initio TI calculation. Thermal properties of 
the system at arbitrary (V, T) can then be determined from a single Helmholtz function (Equation 2). As such, the 
model is thermodynamically self-consistent.

3. Simulation Details
The AIMD simulations were performed in the NVT ensemble via the Vienna Ab initio Simulation Pack-
age (Kresse & Furthmüller,  1996; Kresse & Hafner,  1994; Kresse & Joubert,  1999). The electron-electron 
exchange-correlation interaction was approximated with the generalized-gradient approximation as parametrized 

Figure 3. (a) Thermal equations of states (EoS) of liquid iron in the ρ-T range of the diamond anvil cell experiment of Kuwayama et al. (2020). Open circles with error 
bars denote the original measurements. The associated thermal EoS are denoted by dashed lines (labeled as “K20”). Solid lines represent the EoS from our calculations, 
with (“cor.”) and without pressure shift (“uncor.”). Inset: the pressure difference between the original measurements and the EoS of Kuwayama et al. (2020) (open 
circles) and the present study after pressure shift (crosses). The two EoS agree with the original measurements equally well. (b) Thermal EoS of liquid iron in the whole 
ρ-T range explored by the present study. “K14” denotes the results of thermodynamic modeling by Komabayashi (2014). “K20” denotes the DAC results of Kuwayama 
et al. (2020). “A94” and “S14” denotes the reduced shock data from Anderson and Ahrens (1994) and Sakaiya et al. (2014), respectively. “W19” denotes the density 
functional theory results of Wagle and Steinle-Neumann (2019). Inset: detailed comparison with the reduced shock data of Anderson and Ahrens (1994).
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by Perdew, Burke and Ernzerhof (PBE) (Perdew et al., 1996). Because of the high pressure and temperature 
involved, we chose a projector augmented-wave (PAW) pseudopotential (Blöchl, 1994) containing 16 valence 
electrons [3s 23p 63d 74s 1]. This pseudopotential has a core radius of 1.9 a.u.. The predictions it makes agree well 
with those from all electron simulations as well as a PAW pseudo-potential with a smaller core-radius (1.5 a.u.) 
using the 𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴-𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 code (Giannozzi et al., 2009), indicating this pseudo-potential is appropriate for the 
present study (Li et al., 2021). The kinetic energy cutoff for the plane wave expansion was set to 650 eV and the 
Brillouin zone sampling was limited to the Gamma point only. The cubic simulation cell contained 108 atoms 
with the ionic temperature controlled by a Nosé thermostat (Nosé, 1984), whereas electronic thermal excitations 
were treated by minimizing the Mermin functional (Mermin, 1965). Tests on a larger cell with 216 atoms indicate 
that the size effects on thermal properties are negligible (Li et al., 2021). The convergence threshold for electronic 
self-consistent field minimization was set to 10 −5  eV to get accurate Hellman-Feynman forces, which, along 
with a time step of 1 fs, ensured the dynamics of the system was faithfully represented in AIMD trajectories. 
To facilitate thermal equilibration, simulations were arranged in the order of decreasing temperatures, with the 
last configuration from the prior simulation serving as the initial configuration of the present simulation. Each 
simulation ran 0.5–1 ps for thermal equilibration, then another 10 ps for production with time-averaged energy 
and pressure as outputs.

The energy and pressure results from the above procedure correspond to a “coarse” setting where the kinetic energy 
cutoff for the plane wave expansion was 650 eV and the Brillouin zone sampling was limited to the Gamma point 
only. To ensure convergence, we randomly selected 20 snapshots along AIMD trajectories and recalculated their 
energies and pressures using a higher kinetic energy cutoff of 850 eV and a denser 2 × 2 × 2 k-mesh sampling. 
The differences (see Table S1 in Supporting Information S1) were then added to the energy and pressure data 
from the coarse setting to get the fully converged (Un, Pn, Vn, Tn).

The (Un, Pn, Vn, Tn) from the above procedure can only constrain F(V, T) up to a constant entropy term. To deter-
mine the absolute entropy of system and fix the parameter d0 in Equation 3, we employed a recently developed 
ab initio TI approach (Sun et al., 2018). In this approach, a Weeks-Chandler-Andersen (WCA) gas was chosen as 
the reference system whose free energy was known (Heyes & Okumura, 2006; Mirzaeinia et al., 2017). Then, a 
series of simulations were performed with interatomic interaction

Φ𝜆𝜆 = Φ
WCA

+ 𝜆𝜆Φ, (5)

where Φ is the ab initio electronic free energy, ΦWCA is the potential energy of the WCA gas, λ is the coupling 
constant. The free energy difference between the WCA gas and the ab initio system was then determined via 

𝐴𝐴 ∫
1

0
⟨Φ⟩𝜆𝜆𝑑𝑑𝜆𝜆 .

Figure 4. Shock Hugoniot of liquid iron: (a) the Hugoniot pressure (b) the Hugoniot temperature. Along the Hugoniot, the solid-liquid phase transition takes place at 
about 12.6 g/cm 3 (Anderson & Ahrens, 1994). We thus use solid (dashed) lines to denote the Hugoniot where iron is in liquid (solid) phase.
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4. Pressure Shift
At low densities, ab initio simulations cannot describe the EoS of iron very 
well (Alfè et al., 2002; Edgington et al., 2019). Near ambient melting point 
(7.02 g/cm 3, 1811 K), our calculated pressure is about ∼17 GPa, whereas 
the experimental pressure is zero. This discrepancy is partly caused by the 
intrinsic error in the PBE functional. It is also related to the fact that our 
simulations are non spin-polarized whereas liquid iron is paramagnetic at low 
P-T (Waseda & Suzuki, 1970). To overcome these deficiencies, a common 
practice is to introduce a temperature-independent pressure shift ΔPc which 
brings simulation results closer to experiments (Alfè et  al.,  2002; Badro 
et al., 2014; Umemoto & Hirose, 2020; Wagle & Steinle-Neumann, 2019). In 
the work of Wagle and Steinle-Neumann (2019), ΔPc was determined from 
the experimentally measured triple-point of iron and the thermal expansivity 
α at the ambient melting point. However due to the large uncertainties asso-
ciated with α, ΔPc remains somewhat indeterminate. Here we take a different 
approach. We note both liquid iron and the hexagonal close packed (hcp) 
iron are close packed structures with similar coordination numbers (Alfè 
et al., 2000), their ΔPc are likely to be similar. We thus determine ΔPc by 
comparing the theoretical static EoS of hcp iron with that of experiments 
(Dewaele et al., 2006; Fei et al., 2016), as shown in Figure 1a. A caveat here 
is the hcp iron is unstable below 20 GPa and the relevant experimental data 
is absent in this pressure range. Yet the density of liquid iron at the ambient 
melting point has been accurately determined (Anderson & Ahrens, 1994). 
We thus include ΔPc of liquid iron at ambient melting point as an extra 
constraint (see Figure  1b). The resulting ΔPc is expressed by a sigmoid 
function as

Δ𝑃𝑃𝑐𝑐 =
17.38

1 + exp((𝜌𝜌 − 11.395) ⋅ 1.341)
. (6)

Here ΔPc is in the unit of GPa, ρ is in the unit of g/cm 3. This pres-
sure correction is significant at low densities (about 17  GPa between 
7.0  g/cm 3 and 9.0  g/cm 3) yet becomes less than 1  GPa beyond 13.5  g/
cm 3, indicating the accuracy of ab initio simulations improves at 
high densities. The corresponding correction to the internal energy is 

Δ𝑈𝑈𝑐𝑐 = −
∫

𝑉𝑉

𝑉𝑉0

Δ𝑃𝑃𝑐𝑐𝑑𝑑𝑉𝑉 𝑑 (7)

We perform two sets of fitting: one with the original AIMD data (Un, Pn, Vn, Tn),  
the other with Un and Pn shifted to Un + ΔUc(Vn) and Pn + ΔPc(Vn). The 
first set of fitting corresponds to the original ab initio results (see supple-
mental), the second corresponds to an improved version that can be applied 
directly. Unless specified explicitly, our results and discussion will be based 
on the second set of fitting, where the uncertainties associated with ab initio 
simulations have been compensated.

5. Thermal Properties of Liquid Iron
Figures 2a and 2b show the fittings of corrected internal energies and pres-
sures. The resulting parameters for F(V, T) are tabulated in Table  1 with 
fitting errors shown in Figures  2c and  2d. These errors are fairly small 
considering the volume and temperature range involved. Comparing to 
Wagle and Steinle-Neumann  (2019) the fitting errors were reduced by an 

Figure 5. (a) Density of liquid iron as a function of temperature. (b) 
Thermal expansivity of liquid iron as a function of temperature. (c) Thermal 
expansivity of liquid iron as a function of pressure. For comparison properties 
of hcp iron [“H18” by Hakim et al. (2018)] are also shown. “A94” denotes 
thermal properties of liquid iron from the reduced shock data by Anderson 
and Ahrens (1994). “K14” denotes the results of thermodynamic modeling 
by Komabayashi (2014). “V03” and “W19” denote the density functional 
theory results for liquid iron by Vočadlo et al. (2003) and Wagle and 
Steinle-Neumann (2019).
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order of magnitude. The small fitting errors indicate that our AIMD calcula-
tions are well-converged and thermodynamic modeling based on Equation 2 
is appropriate.

Once F(V, T) is determined, the EoS P(V, T) can be evaluated via −(∂F/∂V)T. 
Figure 3a compares the calculated EoS with DAC measurements (Kuwayama 
et al., 2020). Although the original ab initio EoS (labeled as “uncor.”) under-
estimates pressure by about 17 GPa, the EoS after pressure shift (labeled as 
“cor.”) agrees very well with the DAC measurements. Indeed, the agreement 
is comparable to the EoS constructed by Kuwayama et al. (2020) themselves 
(see the inset of Figure 3a). However, the EoS of Kuwayama et al.  (2020) 
extrapolated to higher P-T differs substantially from our EoS, with the latter 
in close agreement with the reduced shock wave data of Anderson and 
Ahrens (1994), as shown in the inset of Figure 3b. Kuwayama et al. (2020) 
had postulated that temperatures in Anderson and Ahrens  (1994) were 
substantially overestimated; the present calculations suggest otherwise.

To clarify this issue, we calculate the shock Hugoniot using the Rankin-Hu-
goniot equation

𝑈𝑈ℎ = 𝑈𝑈ℎ0 +
1

2
(𝑃𝑃ℎ + 𝑃𝑃ℎ0) (𝑉𝑉ℎ0 − 𝑉𝑉ℎ) , (8)

where Uh, Ph, Vh are the internal energy, pressure, and volume along the 
Hugoniot curve, Uh0, Ph0 and Vh0 are those of the starting point, the body-cen-
tered cubic (bcc) iron at ambient pressure and temperature. Instead of deal-
ing with bcc iron directly, we started with the internal energy of liquid iron 
at ambient melting point, then added the experimentally measured enthalpy 
difference (1.3 × 10 6 J/kg) (Anderson & Ahrens, 1994) to determine the Uh0 
of bcc iron. The results are shown in Figure 4. The theoretical Hugoniot agree 
well with experiments up to 1 TPa and 25000 K (Al'tshuler et al., 1962, 1996; 
Anderson & Ahrens, 1994; Brown et al., 2000; Brown & Mcqueen, 1986; 
Sakaiya et  al.,  2014). Our calculations confirm previous reports (Vočadlo 
et al., 2003) that the Hugoniot temperature in Brown and Mcqueen (1986) 
was overestimated, yet this overestimation has largely been corrected in 
the refined analysis of Anderson and Ahrens  (1994). At 12.64  g/cm 3, the 
Hugoniot temperature determined by Brown and Mcqueen (1986), Anderson 
and Ahrens (1994), and the present study is 6922 K, 5871 K, and 5877 K, 
respectively. The discrepancy between the EoS of Kuwayama et al.  (2020) 
and Anderson and Ahrens (1994) is mainly due to the uncertainties associ-
ated with extrapolation of DAC data, rather than overestimation of Hugoniot 
temperature.

Comparing to previous DFT calculations, the present EoS agrees with that 
of Wagle and Steinle-Neumann (2019) at low P-T. At high P-T they deviate 
substantially, as shown in Figure 3b. The discrepancy is partly due to a flaw 
in Wagle and Steinle-Neumann ’s modeling (see supplemental). Also, Wagle 
and Steinle-Neumann  (2019) used a PAW potential containing 14 valence 
electrons only. As density or temperature increases, the minimal intera-
tomic distance decreases and the effect of 3s semi-core electrons becomes 
non-negligible. To get accurate thermal properties of liquid iron in a wide 
P-T range, it is essential to use pseudopotentials with 16 valence electrons 
(Li et al., 2021; Sjostrom & Crockett, 2018).

After considering the first order derivative of free energy, P(V, T), we now 
inspect higher order properties. We start with thermal expansivity α, defined 
as α ≡ − 1/ρ(∂ρ/∂T)p. Figure 5a shows the isobars of liquid iron at four repre-

Figure 6. (a) Entropy of liquid iron as a function of temperature. (b) Isobaric 
heat capacity of liquid iron as a function of temperature. (c) Isobaric heat 
capacity of liquid iron as a function of pressure at representative temperatures. 
“A94” denotes thermal properties of liquid iron from the reduced shock data 
by Anderson and Ahrens (1994). “K14” denotes the results of thermodynamic 
modeling by Komabayashi (2014). “V03” and “W19” denote the density 
functional theory results for liquid iron by Vočadlo et al. (2003) and Wagle and 
Steinle-Neumann (2019).
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sentative pressures. The corresponding isobars of hcp iron (Hakim et al., 2018) are also plotted as references. 
Upon melting, the density exhibits a small jump, and the magnitudes of this jump predicted by our calculations 
and those of Wagle and Steinle-Neumann (2019) are similar. However, the liquid density predicted by Wagle and 
Steinle-Neumann (2019) decreases more rapidly with T, resulting in a much higher α. By contrast, our predicted 
α are consistent with the thermodynamic modeling by Komabayashi (2014), the reduced shock data (Anderson & 
Ahrens, 1994) as well as other DFT simulations (Vočadlo et al., 2003). The good agreement with these relatively 
low P-T studies validates our approach, and lends support to our predictions in the higher P-T regime. As shown 
in Figures 5b and 5c, our calculated α is nearly T-independent. It decreases rapidly with pressure at low P, from 
10.9 × 10 −5 K −1 at 0 GPa to 2.5 × 10 −5 K −1 at 100 GPa. It then decreases slowly with P, reaching 0.5 × 10 −5 K −1 
at 1 TPa. Notably, the values of α we predicted for liquid iron are close to those of hcp iron (Hakim et al., 2018) 
near the melting temperature, which may be related to the fact that they are both close packed structures with 
similar coordination numbers (Alfè et al., 2000).

We now move to the isobaric heat capacity, which is related to the entropy of the system as Cp ≡ T (∂S/∂T)p. As 
shown in Figure 6a, entropies from our calculations are in good agreement with those reduced from shock wave 
measurements (Anderson & Ahrens, 1994), whereas substantially lower than those of Wagle and Steinle-Neu-
mann (2019). At the ambient melting point (7.02 g/cm 3, 1811 K), the entropy we get is 100.9 J/mol/K (1804.9 J/
kg/K), in excellent agreement with the experimental value 99.8 J/mol/K (Chase, 1998). By contrast, the entropy 

Figure 7. (a) Pressure (P) of liquid iron as a function of internal energy (U) at representative densities. For clearer comparison they are shifted respect to the P and U 
at the lowest simulation temperature: 1800 K for 7.0 g/cm 3: 7000 K for 13.3 g/cm 3, 12000 K for 20.0 g/cm 3. (b) Grüneisen parameter of liquid iron at representative 
densities. (c) Grüneisen parameter of liquid iron as a function of density. (d) Grüneisen parameter of liquid iron as a function of pressure. “A94” denotes Grüneisen 
parameters originally measured by Brown and Mcqueen (1986) and later refined by Anderson and Ahrens (1994), “K20” from the diamond anvil cell experiment by 
Kuwayama et al. (2020). “W19” from the density functional theory calculations by Wagle and Steinle-Neumann (2019).
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predicted by Wagle and Steinle-Neumann (2019) is 118.8 J/mol/K, nearly 20% higher. The differences in the Cp 
are even greater: those from Wagle and Steinle-Neumann (2019) depend strongly on temperature and at high T 
can exceed 1500 J/kg/K, whereas our predictions exhibit much milder temperature and pressure dependences, 
consistent with experimental observation (Savvatimskiy & Onufriev, 2018). In the whole P-T regime Cp is not 
very different from its value at the ambient melting point (837.3 J/kg/K). In prior modelings of planetary cores 
(Gaidos et al., 2010), the Cp of liquid iron was approximated to be 850 J/kg/K. Such an approximation is validated 
by the present study.

Figure 8. Thermal properties of liquid iron at conditions of the Earth's outer core. (a) The isentropic temperature profile 
with TICB = 6000 K (red line) and TICB = 5000 K (blue line). (b) Density, (c) adiabatic bulk modulus, (d) sound velocity, (e) 
isobaric heat capacity, (f) thermal expansivity, (g) Grüneisen parameter, (h) adiabatic slope along the isentropic temperature 
profiles. “DAC (K20)” denotes thermal properties of liquid iron from the DAC experiments by Kuwayama et al. (2020), 
“shock (A94)” from the reduced shock data by Anderson and Ahrens (1994), “W19” from the density functional theory 
calculations by Wagle and Steinle-Neumann (2019), “PREM” represents the Preliminary Reference Earth Model from 
seismology by Dziewonski and Anderson (1981), “TM(S08)” represents the Thermal Earth model proposed by Stacey and 
Davis (2008).
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Finally we consider the Grüneisen parameter γ, a key parameter in describ-
ing thermal properties of materials. Indeed, most experimental EoS 
of liquid iron are constructed in terms of γ, defined as γ  ≡  V (∂P/∂U)V. 
The Grüneisen parameter is also associated with the isentropic tempera-
ture profile Ts as 𝐴𝐴

𝜕𝜕ln𝑇𝑇s

𝜕𝜕ln𝜌𝜌
= 𝛾𝛾 . The temperature and density dependence of γ 

have been intensively studied for years, but a consensus is yet to emerge. 
Early experiments (Anderson & Ahrens,  1994) indicate that γ exhibits 
a non-monotonic ρ-dependence and varies with T. This view was chal-
lenged by Ichikawa et al.  (2014), who calculated γ via AIMD and found 
no apparent T-dependence. Accordingly, Kuwayama et al. (2020) did not 
consider the temperature dependence of γ when constructing their ther-
mal EoS of liquid iron from DAC measurements. Ichikawa et  al.  (2014) 
conducted their simulations in a rather narrow ρ-T range (9.34–13.01 g/
cm 3, 4000–7000  K), which may not be adequate to fully capture the ρ- 
and T-dependence of γ. The substantially wider ρ-T range explored here 
allows us to address this issue more clearly. As shown in Figure 7a, the 
U-P curve is strongly non-linear at low densities, indicating γ depends on 
T. At ρ = 7.0 g/cm 3, γ decreases from 1.98 at 1,800 K to 1.77 at 3,000 K. 
This T-dependence becomes weaker as ρ increases, but is still notable at 
ρ = 13.3 g/cm 3. Only at very high densities this T-dependence becomes 
negligible. Note γ is never lower than 1.0 and approaches a constant of 1.1 
in the TPa regime. This feature will be useful for determining the isentropic 
temperature profiles of liquid planetary cores.

6. Applications
We have determined thermal properties of liquid iron in a wide pressure 
and temperature regime. In the following we apply them to address some 
pending questions in planetary science. We start with the Earth's outer 
core, the most studied planetary core at the moment. As will be shown 
below, surprisingly large discrepancies exist on basic properties includ-
ing heat capacity and thermal expansivity. Our results help to resolve 
these discrepancies. We then consider a representative massive exoplanet, 
Kepler-36b, to see how a completely molten core may affect its pressure 
and temperature profiles. Finally we discuss how the crystallization of 
planetary cores proceeds by comparing the melting and adiabatic slopes 
along the iron melting line.

The Earth's outer core is under vigorous convection as evident in the sustained 
geodynamo generating the Earth's magnetic field (Buffett,  2000). Accord-
ingly, its temperature profile follows an isentropic line. This isentropic line 
is constrained by the temperature at the inner-core boundary (ICB) TICB. The 

exact value of TICB is still uncertain. Here we set TICB = 6000 K, which implicitly assumes that light elements in 
the core do not strongly suppress the melting temperature (Wang et al., 2021). For completeness we also consider 
TICB = 5000 K as a lower bound and calculate the thermal properties along these two isentropic lines, as shown 
in Figure 8. We see that different models give similar results for the isentropic temperature Ts, the density ρ, the 
adiabatic bulk modulus Ks and the bulk velocity Vp, whereas large discrepancies exist in Cp and α. Our results 
are close to the thermal model by Stacey and Davis (2008), but are about 50% lower than more recent studies of 
Wagle and Steinle-Neumann (2019) and Kuwayama et al. (2020). As shown in the Supporting Information S1, 
Wagle and Steinle-Neumann (2019) incorrectly modeled the internal energy of the system, leading to abnormally 
high α and Cp. The results of Kuwayama et al. (2020) are close to ours at low pressures where the actual meas-
urements were conducted. The greater differences at high pressures are likely due to uncertainties associated 
with extrapolation. Notably, the differences in γ and (∂T/∂P)s are smaller than those in Cp and α due to error 
cancellations.

Figure 9. (a) Temperature, (b) pressure, (c) density profiles of the exoplanet 
Kepler-36b assuming an Earth-like chemical composition in the presence of 
a completely molten (“liquid”) or frozen (“solid (H18)”) core. Profiles in the 
molten core are derived from the thermal properties of liquid iron calculated 
by the present study. Profiles in the frozen core are from those of hcp iron 
calculated by Hakim et al. (2018). In the case of a completely molten core, 
the temperature at the core-mantle boundary changes abruptly, indicating the 
presence of a thermal boundary layer where heat is predominately transferred 
by conduction instead of convection.
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The aforementioned properties are crucial for investigating the thermal 
evolution of the Earth's core. For instance, the radius of the solid inner core 
is approximated as (Buffett et al., 1992)

𝑐𝑐(𝑡𝑡) = 𝑏𝑏

[

∫
𝑡𝑡

0
𝑓𝑓𝑚𝑚(𝜏𝜏)𝑑𝑑𝜏𝜏

2𝜋𝜋

9
𝑏𝑏3𝐶𝐶𝑝𝑝𝐺𝐺𝐺𝐺2

𝜕𝜕𝜕𝜕𝑚𝑚

𝜕𝜕𝜕𝜕

]1∕2

, (9)

where b, Cp, and ρ are the radius, isobaric heat capacity, and mean density 
of the outer core, respectively, fm(t) is the heat flux across the core-mantle 
boundary, G is the gravitational constant, ∂Tm/∂P is the melting slope. We see 
that c(t) is inverse proportional to 𝐴𝐴

√

𝐶𝐶𝑝𝑝 . For a given fm(t), a 50% difference 
in Cp will cause a 20% change in the rate of inner core growth. It is therefore 
important to get these properties as accurate as possible.

We now move to higher P-T conditions and consider the cores of massive 
rocky exoplanets. Unterborn and Panero (2019) explored exoplanets of vari-
ous sizes and established the upper limits of their internal pressures and 
temperatures. This study was conducted with the EoS of hcp iron, and it is 
unclear how a completely molten core may affect these limits. Here we choose 
Kepler-36b as a prototype to investigate this effect. Kepler-36b has a mass 
(4.45 Earth mass) and radius (1.486 Earth radius) more tightly constrained 
than most other exoplanets (Carter et al., 2012). We assume Kepler-36b has 
the same chemical composition as Earth, and apply the Exoplex software 
(Lorenzo & Unterborn, 2018; Unterborn et al., 2018) to model its interior 
structure. We consider two limiting cases, a completely frozen core and a 
completely molten core. In the first case, the isentropic temperature profile of 
the iron core is anchored by the temperature of the mantle at the core-mantle 
boundary (Hakim et al., 2018). In the second case, the isentropic temperature 
profile is anchored by the melting temperature of hcp iron at the center of the 
planet. The results are shown in Figure 9. We see that the temperature of a 
completely molten core can be twice that of a frozen core, whereas the core 
pressures are similar. This is because while the frozen core exhibits a larger 
density, its core radius is smaller. These two effects cancel each other, leading 
to a smaller change in pressure.

The above analysis assumes tacitly that crystallization of planetary cores 
proceeds from bottom up, just like the Earth (Higgins & Kennedy, 1971). In 
principle, other types of crystallization are also possible (Williams, 2009). 
The key quantity controlling the crystallization type is the ratio between the 

adiabatic slope and the melting slope. If this ratio is greater (smaller) than 1.0, then crystallization proceeds from 
the top-down (bottom-up), respectively. Willams (2009) and Edgington et al. (2019) compared the adiabatic slope 
and melting slope of iron and iron alloys and found for smaller planets such as Mercury, crystallization is likely 
from the top-down. The situation is unclear for massive planets. Here we calculate the adiabatic slope and the 
melting slope along the melting line of hcp iron, as shown in Figure 10. We see that the ratio is above 1.0 at low 
pressures, it then decreases rapidly with pressure up to 100 GPa, then remains a constant of ∼0.8. As this ratio 
is much less than 1.0 at high pressures, inclusion of light elements is unlikely to change the trend. Accordingly, 
crystallizations of massive planetary cores are expected to proceed from the bottom-up, instead of the top-down.

7. Conclusions
We have calculated thermal properties of liquid iron in a wide pressure and temperature range using the formally 
exact ab initio thermodynamic integration method. The resulting thermal EoS agrees well with the DAC data in 
the P-T range of measurements, yet deviates considerably with respect to its high P-T extrapolations, indicating 
such extrapolations may require further examinations. By contrast, the present results agree well with the reduced 
shock wave data, confirming the validity of such measurements. Higher order thermal properties such as heat 

Figure 10. (a) Iron melting curve calculated by Bouchet et al. (2013), 
Tm = 1811(P/31.3 + 1) 1/1.99, with Tm in the unit of Kelvin, P in the unit of GPa. 
(b)Melting slope dTm/dP and adiabatic slope (dT/dP)s along the melting curve. 
(c) The ratio between the adiabatic and melting slopes.
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capacity and thermal expansivity are found to be substantially lower than some recent reports, which have impor-
tant ramifications for the thermal evolution of planetary cores. We also find a completely molten core can have a 
temperature twice that of a solid core whereas their pressures are similar. Moreover, crystallizations of massive 
planetary cores are likely to proceed from the bottom up. These results lay the foundation for more comprehensive 
studies of the thermal structure and evolution of planetary cores.

Data Availability Statement
The data and the accompanying python codes are available in the Science Data Bank (http://doi.org/10.11922/ 
sciencedb.o00015.00008).
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