A Note on divergences indexed by o

Many divergences in the literature are indexed with the parameter « (see Table [2)). These
divergences turn out to be equivalent to the Rényi divergence as we can identify one-to-one

correspondences between them.

Divergence H Formulation
I-divergence (Nielsen and Nock](2011)) DIlpllq = [spq"Yds
Amari’s « divergence (S. Amari| (2009)) DAMp|lg) = 25 (1 — [sp 2 g 2" ds)
Tsallis” divergence (Nielsen and Nock| (2011)) DIlpllq) = 5 ([sp¥g —ds — 1)
Rényi divergence Dalplla] = 555 log [sp™g" =) ds

Table 2: Divergence families indexed with . Amari’s c-divergence plays an important role
in information geometry as it induces a dually-flat geometry on the space of probability
measures, and furthermore, when extended to positive measures, it is the only intersection
between f-divergences and Bregman divergences, two important families of divergences

(S. Amari1 (2009); Ay and Gibilisco (2016)).

All of the divergences shown in Table 2] are equivalent, in the sense that there are one-to-
one mappings between them.

The Tsallis and Amari’s divergences are linear functions of the I-divergence:

T 1 I _
Dy lpllal = — (Dalpllg] = 1) (43)

4

DM plla) = =51 = Diza[plla)) (44)

As a consequence, the Amari « divergence is a scalar multiple of the Tsallis divergence,

under the correspondence 3 = 1+T‘*:
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1
DM pllq] = BDE[qu] (45)

Finally, the Rényi divergence is a monotonic function of the I-divergence:

D.[p|lq] = log D% [p||q] (46)

a—1

B Derivations

B.1 Negative variational free energy for Gaussian-Gamma distribution

Here, we work through the variational free energy for the system described in Section
s, o are the random variables of interest, x the parameter governing the mean and )\ is the

precision parameter:

p(s, Ap) = N(0, (Apap)A)Gam(O‘pv Bp) 47)
p(ols) = N(sz, %)) (48)
q(s) = N (g, 2g) (49)

where ¥, = (\,01) "1, The probability density functions are defined as:
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IApop| /2 —A Bp" Lap-1
p(s, Ap) (§W§V2 exp { 2pSTO¢S}IKZp)AP exp [ Apﬁp}
3 -1/2 1 B
plols) = iz exp [ = 50— s0)T57 o s0)]
3 -1/2 1 B
e = i oo - o5 e )

(50)

(D

(52)

We use probability distributions to derive the quantity of interest: E,)[logp(s,0) —

log q(s)] = —Dxkzlq(s)||p(s, 0)]:

—Dicla(s)llp(s, 0)] = — /S o(s) log (p‘(?”)) ds =

ntl fo —
—— [ atotog | CrT Il i BN exp(=MBy) |
S (27")1/2|2q|1/2 ap)

+ /S q(s) |:%(s — ,uq)QEq_l - % ((o — sm)TEl_l(o —sz) + STEITIS):| ds =

1 |: Iqu :| o ap ;"p—l -
=-log| ————— og -
(2m)" | Zp |2 [(ap) nr

+/ |: —[s%( (=, Ty :cTEl T — 271) — 25(—uq2;1 + xTEflo) — ugzgl + oTEflo] ds

Consider the last integral:

(53)

(54)

(55)

(56)

(57)

1 _ _ _ _ 1 _ _
75(2];1 —+ a:TZl tp — b h /S s2q(s)ds + (—HgXy Ty xTEl o) /5 sq(s)ds — 7(7/@2(1 Ly OTEl o) /S q(s)ds =

2

1 —
7(—;%2(1_1 + oTEl lo) =

(S + a5 e = B (S + ) + (e TS 0)g —

w\»—‘w\r—t

(S¢5, t + SgaT S e — 14 25 4+ p2aT S e — 2002 S o + 078 o)

Combining the results we have:
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1 5
~Diala(s)s0) = 108 e ) 1)
— % (OTZl’lo + ungjl + ,uga:TEflx — 2uquEf10) (62)
- % (Ba"S e+ 5,8 - 1) (63)
+ log [M] — B (64)
I(ay)

B.2 Rényi bound for Gaussian distribution

The probability density function for the random variables, s, 0 and z is the parameter governing

the means:

1 1 _

p(S) = m €Xp [— §ST2P 18} (65)
1 1

p(0|3) - W exp [ — 5(0 — STL’)TZZ_I(O — Sl‘)} (66)

2 l 2
1 1

Q(S) = W €exXp [<—§(S — /Lq)TE(I_l(S — ,uq)] (67)

q

We now supplement these quantities into the negative Rényi bound, and rewrite using the

defined quantities:
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~Dula(o)llp(s, 0)] = - log /S a()°p(s, 01" ds

1 1
- 10g n+1 )L
I—a (2m)e/2(2m) 15T |E, |o/2 |, ()3 |y e
(1—a)o"S o= 25" a5 o+ s (81 + 275 2] s]

1 _
log /S exp ( -3 [a[(s — tg) " B (5 — pag) ]+
) ds
| Dot
= 5 log ( n(l—a()l—l >
(2m) T 3,35

1 1
i log/sexp ( b [ Tas, ' +2"S e(1—a) + 51 (1 — ))s

+

l1—«

—25((1 —a)2" S o+ apgS, ) + oSt + (1 — ) TEZ_I()]) ds

(68)

(69)

(70)

(71)

(72)

(73)

(74)

First, let us focus on the term inside the integral. To avoid clutter we replace: ¥_' :=

a¥X, ! + 278 2(1 — a) + X,1(1 — a) and assume it is invertible. We define s,

Sa(apgSy" + (1 — )z o). Then Eq. [73|and|74|can be rewritten as:

1-(1—a)o’s, o—oz,uE D2yt

2 a—1
1 (277)1/2|2a|1/2 1 Ty—1
— 1 e — (s — )y _
a1 Og/‘sm)l/%zm P | = gls T a) R (s ) [ ds
= s | (1= )0 S o+ gyt | 4 L log((2) PR SE)
2(1—01) a“a 9 e

Putting it all together:
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1 (np st
D.[q(s)||p(s, 0)] = 5 log (%) (78)

2 (2m)" |55
| A « 2y—1 1 2y—1
- = by — iy — ity 7
2[0 19 (a_l)luq q +(a_1)lua ol (9)
With this formulation, we turn to the first term:
A b
| a (30)
2 % | @orISIs]
1 12| 1 1 o
= _log | ——————| — Zlog(2, 2 )= 81)
3% | Gy 3 H)
1 5] ]
= —log [—q (82)
2 (2m)™ | S| 2] ]
— ;log 14+ (1 —a) (B’ s e+ 2,570 1) (83)
2(1 — a) R p

Now, let us consider the second term:
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paXgt

«

1
(@ —1)

1 oPp(Sh)?+(1— a)?(27%;10)? + 2a(1 — oa)uqilglmTEl_lo
(a=1) Zat
—o?p2(X71)? — (1 — a)aply 1yt
(@ —1)(aSg' + (1= a) (S + 275 1))
(1-— oz)oz/,L?IZq_lazTEl_lx + a2u2(2q_1)2 +(1- oz)Q(xTEl_lo)2
(a—D(aSst + (1 —a)(Zp ! + 278 1)
2a(1 — a)qu(l_leEflo ]

1 Ty —1
2—2[0 X, o+

(a—1)(aZgt + (1 —a)(Zp! + 275 12))
2y —1y—1 251—1, Ty—1
_ Yy, augdy X, +opgd o rt Y
2 ! aSyt + (1 —a)(Zpt + 278 )
—(1-a)(27%10)? - QQMqE(;leZ;lO
aSyt + (1—a) (4 278 )
1 aZ;loTZflo +(1- a)Z;loTZflo +(1-a)o’'s  orTsS
aSyt + (1 —a)(Zp !t + 278 )

2

N oz,ung_lszl + oz,ugEq_leEflx —(1—a)(aTs;"0)? - QQMquleEflo

aSyt + (1—a) (! + 278 )
_ 1 aZ;loTEflo +(1- a)E;loTEflo + a,u?]Zq_lszl
2 aSyt + (1 —a)(Ep !t + 278 )
au?]Z(;leZf1$ — 2auq§];1xT§]flo

aSit + (1—a)(Zpt + 2T )

«
25,54

_ l—o) - -
J2ﬂ0+af(l)gf£2fo+@z;

+ ,u?[:cTZl_lx — 2uquEl_10

From this, the simplified formulation for the Rényi bound is:
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Dulals)ln(s.0) = 5108 ( e 99)

« _ _ _ _
TR (oS o+ pS !t + p2a S e = 2p2 S 0)  (99)
9~
Ty log (14 (1 —a)(Ser"S + 2,5, — 1)) (100)
1
~ o (1= ) oS o) (101)

C MAB experiment details

We implemented the MAB simulations as described in Algorithm 1]

Algorithm 1 MAB optimisation using Rényi variational inference
Input: Variational density ¢(s) for each arm. Empty observation buffer D; for each arm i
Output : Optimal arm selection

Initialise /), 3!, for each arm i
repeat:
for each arm i do:
Sample one s; ~ q(-|pi,, X})
end for
Compute ¢* = arg max; ;—q
Pull arm ¢*, receive reward R; and store it in D;-
for each arm i do:
Update variational parameters by stochastic gradient descent (ADAM):
Vi Da(q(s)|[p(s; 0))
Vs Da(q(s)||p(s, 0))
end for
until convergence

For learning, the experiments were parameterised as:

¢ 4000 iterations for each simulation.

* Rényi bound was optimised using ADAM (Kingma and Ba|(2014))) with a learning rate

of 2e — 2 and 10 gradient steps for each update.
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* 300 Monte-Carlo samples were used to update the variational posterior, ¢(s) at each

iteration

For each simulation, the prior specification is shown in Table [3| and generative process in

Table @4l

1 Y Weights
q(s): 25 | le—38 :
Arm1 || 13,20 | 1.5,1.5 0.5
Arm?2 | 16,14 | 1.5,1.5 | 0.5
Arm 3 || 10,17 | 1.5,1.5 0.5

Table 3: MAB multi-modal priors.

L > | Weights
Arm1 || 10,22 | 1,1 | 0.97,0.03
Arm 2 16 3 .
Arm 3 | 10,10 | 1,1 | 0.97,0.03

Table 4: MAB multi-modal generative process.
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