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Abstract
Disordered nanostructures are commonly encountered in many nanophotonic systems, from colloid dispersions

for sensing, to heterostructured photocatalysts. Randomness, however, imposes severe challenges for nanophotonics
modeling, often constrained by the irregular geometry of the scatterers involved or the stochastic nature of the
problem itself. In this article, we resolve this conundrum by presenting a universal theory of averaged light scattering
of randomly oriented objects. Specifically, we derive formulas of orientation-and-polarization-averaged absorption
cross section, scattering cross section and asymmetry parameter, for single or collection of objects of arbitrary shape,
that can be solved by any electromagnetic scattering method. These three parameters can be directly integrated into
traditional unpolarized radiative energy transfer modelling, enabling a practical tool to predict multiple scattering
and light transport in disordered nanostructured materials. Notably, the formulas of average light scattering can
be derived under the principles of fluctuational electrodynamics, allowing analogous mathematical treatment to the
methods used in thermal radiation, non-equilibrium electromagnetic forces, and other associated phenomena. The
proposed modelling framework is validated against optical measurements of polymer composite films with metal-
oxide microcrystals. Our work sets a new paradigm in the theory of light scattering, that may contribute to a
better understanding of light-matter interactions in applications such as, plasmonics for sensing and photothermal
therapy, photocatalysts for water splitting and CO2 dissociation, photonic glasses for artificial structural colours,
diffuse reflectors for radiative cooling, to name just a few.

Introduction

Predicting the complex optical phenomena manifesting in
disordered nanomaterials represents a major challenge in
the field of computational modeling. Plasmonic nanopar-
ticle dispersions for sensing and photothermal therapy,1,2

heterostructured photocatalysts for water splitting and
CO2 dissociation,3 diffuse reflectors for radiative cooling,4
and porous membranes for solar water desalination,5 are
a few examples where the complex interrelation between
near-field coupling and multi-scattering interactions with
variation in particle morphology, orientation and size im-
pose severe limitations to theoretically predict the system
optical response. Conventional modeling based on compu-
tational electromagnetics, such as the Finite Difference or
Finite Elements methods, are often unsuitable to quantify
the macroscopic optical properties of random media —
namely their specular and total transmittance/reflectance

or the intensity distribution—, all critical to assess the per-
formance of these systems. Stochastic methods appear as
the most appropriate alternative to calculate these proper-
ties, yet, with few exceptions, their applicability is limited
to composite media containing subwavelength structures
(effective media approximations),6 or spherical particles
(radiative transfer simulations).7 As a result of the limi-
tations in modeling, the majority of designs in disordered
nanophotonic materials are driven by a phenomenological
approach, whereby multiple samples are fabricated and
tested in an iterative process that is time-consuming and
expensive.

Light transport in random media is commonly addressed
through the radiative transfer theory,8,9 which describes
the propagation of the light specific intensity through a
composite medium containing a random distribution of
independently scattering particles. It is notable that, in
principle, the theory is applicable to arbitrary particle ge-
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ometries and groups of particles.9 In practice, however,
radiative transfer modeling is most commonly applied to
study light transport in composites with spherical par-
ticles.7,10 This is due to the scattering properties of the
spherical particles being independent of the direction and
polarization of the incident light.11 In this particular sce-
nario, the solution of the radiative transfer equation (RTE)
for unpolarized light requires three parameters: the par-
ticle’s absorption cross section, Cabs, the scattering cross
section, Csca, and the asymmetry parameter, µsca.7,12 The
latter is an indicator of the scattering anisotropy and a key
element to calculate the angular distribution of scattered
fields.12

The scattering of non-spherical particles, on the other
hand, varies with the incident angle and polarization, and
the RTE usually becomes too complex to solve.9 Under
the independent scattering approximation, however, the
correlation of the scattered field from different particles
vanishes9 and the scattering properties of an ensemble of
randomly oriented particles can be approximated by the
orientation averaged from a single particle [Fig.1(a)]. For
unpolarized light, the RTE becomes scalar,14 and the ori-
entation and polarization averaged Cabs, Csca and µsca pa-
rameter triad can be used for radiative transfer simulations
of arbitrary particles, following the same methodology of
spherical particles. The same principle could be applied to
more complex scenarios; for instance, a medium contain-
ing denser particle distributions or even particle clusters.
In this case, the averaging should now be performed over
a properly chosen collection of particles, for which the ef-
fects from short range correlations (due to collective inter-
action and interference of scattered fields) are prevalent
[Fig.1(b)].13 Similarly, heterogeneous systems with parti-
cles of different size and/or optical properties can also be
studied.

The computation of orientation and polarization av-
erage scattering (average scattering, from now onward)
for arbitrary nanoparticles is, however, non-trivial. Stan-
dard brute-force methods based on averaging over many
plane wave simulations at different angles of incidence
and polarizations, can be computationally expensive.15 Al-
ternatively, semi-analytical solutions relying on spherical
wave expansion have demonstrated considerable improve-
ments in the efficiency of the calculations.15–19 For ex-
ample, formulas for direct computation of average scat-
tering have been developed for axially-symmetric objects,
such as cylinders,16 spheroids,16 and clusters of spheri-
cal particles.17 However, the restrictive use of spherical
wave basis in this approach still imposes some constrains.
Such is the case for objects with no axial symmetry or
with sharp edges, where the expansion of the scattered
fields into spherical waves is not trivial.16 Often in these
problems, the scattered fields are more conveniently ex-
panded through basis relying on surface or volume dis-
cretization, such as surface currents in the Boundary Ele-
ments Method20 (BEM) or discrete dipoles in the DDA.21

For average scattering calculations, nonetheless, the ex-
panded fields have to be transformed into spherical waves,
and the efficiency of the method is appreciably reduced.21

In this article, we present a universal theory of average
light scattering from randomly oriented scatterers (single
or collections of objects) of arbitrary shape, and demon-
strate a practical methodology for radiative transfer sim-
ulations in disordered nanostructures. The paper is di-
vided into five sections, followed by the conclusions. i) In
the first section, we derive the formulas for polarization-
and-orientation-averaged Cabs, Csca and µsca for arbitrary
shaped scatterers. The formulas are independent of the
wave basis and, therefore, can be implemented by any com-
putational method of electromagnetic scattering, such as
T-Matrix Method,9 Boundary elements method (BEM),20

or DDA.21 Based on these results, we evaluate the accu-
racy limits of other expressions for average light scattering
commonly used in the literature.22,23 ii) In the next sec-
tion, we demonstrate that the formulas of average light
scattering can be derived through the principles of fluc-
tuational electrodynamics, and, hence, can be computed
through the mathematical methods used in studies of near-
field thermal radiation,24–27 Casimir forces27 and vacuum
friction.28,29 In this context, we develop a computational
application to numerically compute averaged light scat-
tering,30 which is based on the fluctuating-surface-current
BEM.31,32 iii) In the following section, we validate the the-
ory and simulation code for average scattering simulations
against other analytical solutions.33 iv) Next, we discuss
how the three average light scattering parameters can be
applied for modeling of radiative transfer in disordered
nanostructures. v) The accuracy of the modeling frame-
work is demonstrated in the final section, showing excel-
lent agreement with optical measurements of polyethylene
(PE) film composites with monoclinic vanadium dioxide
[VO2(M)] microcrystals.

Results

Theory of average light scattering of randomly
oriented particles

As discussed previously, light scattering from a collec-
tion of independent scatterers of arbitrary morphology
and randomly oriented in space (Fig. 1), is equivalent
to the average light scattering over all orientations and
light polarizations.14 We particularly focus on the aver-
age absorption cross section, 〈Cabs〉, scattering cross sec-
tion, 〈Csca〉, and asymmetry parameter, 〈µsca〉, where
〈...〉 = 1

4π
∑
P

∫
(...)dΩ, the P index runs over the two or-

thogonal polarizations, and Ω is the solid angle. The asym-
metry parameter, µsca, defines the degree of anisotropy of
scattering relative to the direction of the incident light
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a
Independent scattering (single particle)
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b

Average scattering (single particle) Average scattering (multiple particles)

Independent scattering (multiple particles)

Figure 1: Average scattering of randomly oriented particles. (a) A collection of independent scattering particles
(in this case prolate spheroids) randomly oriented in space, is approximated by the averaged sum over all possible particle’s
orientations. In the schematic at the bottom, Ωm, represents the orientation m of the particle, and M is the total number of
particle orientations. In both schematics, the intensity of the incident light beam (purple arrow) decays due to scattering of the
particle (yellow arrows). The red dotted circle represents a characteristic domain where short range correlations are relevant. (b)
In more dense particle systems, the independent scattering approximation applies to a collection of particles within a properly
chosen domain that consider the effects of short range correlations.13 Average scattering, thus, is calculated over a characteristic
collection of particles.

beam, k̂i,:11

µscaCsca = 1
4π

∫

4π
dk̂s psca(k̂s, k̂i)k̂s · k̂i,

where k̂s is the direction of the scattered field and
psca(k̂s, k̂i) is the scattering phase function.14 By def-
inition of psca, Csca = 1

4π
∫

4π dk̂
s psca(k̂s, k̂i). Thus,

µsca > 0 (µsca < 0) , represent cases of forward (backward)
anisotropic scattering and µsca = 0 represents isotropic
scattering.

Our derivations are based on the Lippmann-Schwinger
approach, a general formalism for electromagnetic scatter-
ing phenomena27 In this approach, the scattered fields are
given by, G0TEi [in this notation, TEi =

∫
d3r′ T(r, r′) ·

Ei(r′)], where G0 is the free space Dyadic Green func-
tion and T is the scattering operator (Supporting Infor-
mation, Eqs. (S4) and (S5), respectively). The mathe-
matical form of the operators T and G0 is dictated by
the expansion basis, and the geometry and optical prop-
erties of the scatterer. For example, the T operator for
a spherical particle, expanded in spherical wave basis,
is: T(r, r′) =

∑
l

∫
d3r′ f reg

l (r)Tllf reg
l
†(r′); where f reg

l are
spherical waves regular at the origin, Tll are the Mie scat-
tering coefficients, and † is the conjugate transpose oper-
ator.27 In numerical methods for electromagnetic scatter-
ing, such as the T-Matrix Method,9 BEM,20 or DDA,21

the form of T and G0 has to be computed prior to any

scattering calculation.

In this context, the formulas of Cabs and Csca for an
incident field Ei are given by (details in Supporting Infor-
mation, Section S1.1):26,34

Cabs = 1
k0|E0|2

Tr
[(

Ei ⊗Ei†
)
T† Asym

(
−V−1)T

]
(1a)

Csca = 1
k0|E0|2

Tr
[(

Ei ⊗Ei†
)
T† Asym (G0)T

]
, (1b)

where, k0 is the wavevector in free space, E0 is the am-
plitude of the incident fields, ⊗ is the tensor product, and
V is the particle’s induced potential [Supporting Informa-
tion, Eq. (S2)], with V−1 = G0 − T−1. The operators
Sym (A) = (A + A†)/2 and Asym (A) = (A − A†)/2i —
where A† is the adjoin of A—, represent the Hermitian
and Anti-Hermitian part of A, respectively. The trace is
defined as Tr [A] =

∑
l

∫
d3r All(r, r).

The formula of µsca is, to the best of our knowledge,
presented here for the first time:

µsca = − 1
k0|E0|2Csca

·
∑

j

Tr
[
k̂i
j

(
Ei ⊗Ei†

)
T†Sym (∂jG0)T

]
,

(1c)

where the index j in k̂i
j and in the partial derivative ∂j ,

represents the global coordinates of the system (e.g., j =
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x, y, z). The formula is derived from the Lorentz force of
the scattered fields over the induced currents in an object
[Supporting Information, Eq. (S10)].

Because the operators T and G0 are dependent on the
morphology and optical properties of the scatterer and not
its orientation, 〈Cabs〉 and 〈Csca〉 are uniquely determined
by the expectation value of the incident fields, 〈Ei ⊗Ei†〉,
also known as the free space self-correlator.27 Explicitly,
this term is given by [see derivation in Supporting Infor-
mation, Eq. (S8)]:

〈Ei ⊗Ei†〉 = |E0|2
2π
k0

Asym (G0) . (2)

Similarly, 〈µsca〉 requires [see derivation in Supporting In-
formation, Eq. (S11)]:

〈k̂i
j(Ei ⊗Ei†)〉 = −|E0|2

2π
k0

Sym (∂jG0) . (3)

Using Eqs. (2) and (3), we derive the following expres-
sions:

〈Cabs〉 =2π
k2

0
Tr
[
Asym (G0)T†Asym

(
−V−1)T

]
, (4a)

〈Csca〉 =2π
k2

0
Tr
[
Asym (G0)T†Asym (G0)T

]
, (4b)

〈µsca〉 = 1
〈Csca〉

2π
k4

0∑

j

Tr
[
Sym (∂jG0)T†Sym (∂jG0)T

]
,

(4c)

which represent universal recipe for average light scatter-
ing, compatible with any method for electromagnetic scat-
tering. As an illustrative example, in the Supporting In-
formation we derive the respective formulas for BEM and
T-Matrix using these expressions (Sections S1.2 and S1.3,
respectively).

The relations Eq. (4a), (4b) and (4c) can be easily gener-
alized for clustered particles and heterogeneous composites
containing different types of particles (Supporting Infor-
mation, Section S1.4). The light scattering parameters for
an individual particle particle n in the cluster, i.e., 〈Cnabs〉,
〈Cnsca〉 and 〈µnsca〉, are also obtained directly from these re-
lations (details in Supporting Information, Section S1.5).

We finalize this section by discussing a common approx-
imation for 〈Cabs〉 and 〈Csca〉 found in the literature:22,23

〈Cabs〉 ≈
1
3 (Cabs,x + Cabs,y + Cabs,z)

〈Csca〉 ≈
1
3 (Csca,x + Csca,y + Csca,z)

where Cabs,j and Csca,j (j = x, y, z) are, respectively, the
absorption and scattering cross sections for an incident
field polarized in the j−direction. As demonstrated in

the Supporting Information (Section S1.6), the expres-
sion 〈Cabs〉 ≈ 1

3 (Cabs,x + Cabs,y + Cabs,z), corresponds to
a particular case of Eq. (4a) for subwavelength objects,
while analogous expression for 〈Csca〉 holds only for small
spherical particles.

Average light scattering derived from fluctua-
tional electrodynamics

The trace formulas for 〈Cabs〉, 〈Csca〉 and 〈µsca〉 share
many similarities with the relations found in studies of
fluctuational electrodynamics, namely thermal radiation
and non-equilibrium electromagnetic forces.27,31 For ex-
ample, in the framework of fluctuational electrodynamics,
the thermal radiation absorbed by an isolated object, P th

abs,
is:27

P th
abs =

∫ ∞

0
dω Φabs(ω)Θ(ω, T ),

where Φabs(ω) = 2
πTr{Asym (G0)T†Asym

(
−V−1)T},

and Θ(ω, T ) = ~ω
exp(~ω/kBT )−1 ; T is the temperature of

the environment, ω is the angular frequency, kB is the
Boltzmann constant, and ~ is the reduced Planck constant.
On the other hand, from light scattering theory,11 P th

abs =∫∞
0 dω 4π〈Cabs〉Bω(T ), where Bω(T ) = k2

0
4π3

~ω
exp(~ω/kBT )−1

is the Planck distribution. This leads to the relation:

〈Cabs〉 = π2

k2
0

Φabs(ω). (5)

This formula can be easily adapted to compute 〈Csca〉, by
replacing −V−1 for G0.

Another relation comes from the electromagnetic fric-
tion induced by a moving photon gas on a stationary ob-
ject.28,29 To a first order approximation, the friction coef-
ficient γf , can be expressed in terms of 〈Cabs〉, 〈Csca〉 and
〈µsca〉 as (Supporting Information, Section S2.1):

γf = ~2k4
0

π2kBT

∫ ∞

0
dω

e~ω/kBT

(
e~ω/kBT − 1

)2 〈Cpr〉 (6)

where 〈Cpr〉 = 〈Cext〉 − 〈µscaCsca〉 and 〈Cext〉 = 〈Cabs〉 +
〈Csca〉, are the average radiation pressure and extinction
cross sections, respectively.11

As illustrated by Eqs. (5) and (6), the formulas of
average scattering can be obtained through the princi-
ples of fluctuational electrodynamics. Consequently, the
vast library of analytical solutions27,28 and numerical al-
gorithms31,36 developed in the context of non-equilibrium
energy and momentum transfer can be used to compute
〈Cabs〉, 〈Csca〉 and 〈µsca〉. For example, the thermal
DDA36 and fluctuating current BEM31 for thermal radia-
tion simulations, have explicit relations for Φabs that can
be adapted to compute 〈Cabs〉 and 〈Csca〉. On the other
hand, the fluctuating current BEM also includes routines
to compute ∂G0,32 which can be adapted for 〈µsca〉.

4



2 nm (strong coupling)

200 nm (weak coupling)

Δ𝑥

Constructive interference 
in the forward direction

𝐷 = 200 nm

Figure 2: Average light scattering of randomly oriented silver sphere dimer. 〈Cabs〉, 〈Csca〉 and 〈µsca〉 of the dimer
as a function of the size parameter 2Dk0 (k0 = 2π/λ). The curves 〈Cabs〉 and 〈Csca〉 are normalized to the number of spheres,
Nsp = 2, and spheres volume, Vsp, for direct comparison with the absorption and scattering cross section of a single sphere. The
results are computed by the BEM code for average light scattering simulations,30 and compared against the analytical solution.33

The scattering parameters of a single sphere — i.e., absorption and scattering cross section normalized to the sphere’s volume
(grey areas), and asymmetry parameter (grey curve) —, are computed from Mie-scattering11 and plotted as a reference. The
dielectric constant of silver can be found elsewhere.35

In this context, we developed a computational code for
average light scattering simulations, based on the fluctuat-
ing surface-current BEM formulation for non-equilibrium
energy and momentum transfer.31,32 The code is imple-
mented as an application of the SCUFF-EM software,37

and can be acceded here.30 Similar to other simulations
tools based on BEM,31,32,38,39 our code supports objects
of arbitrary morphology and groups of objects (Support-
ing Information, Fig. S1), offering a convenient platform to
explore the full potential of the average scattering theory
presented here.

Validation of average light scattering theory
against analytical solutions

To validate the average scattering theory and BEM sim-
ulation code, we consider the problem of light scattering
by a randomly oriented sphere dimer (Fig. 2), which has a
known solution under the T-matrix approach.33 The dimer
consists of two silver spheres of diameter, D = 200 nm,
separated by a gap of i) ∆x = 2 nm and ii) ∆x = 200
nm. The light scattering parameters of a single sphere ob-
tained from Mie Scattering Theory,11 are also plotted as
a reference.

The results from the average scattering theory show
excellent agreement with the analytical solution by
Mishchenko et al.33 (Fig. 2). When ∆x = 2 nm, the ef-
fects of electromagnetic coupling dominate and the aver-
age scattering curves of the dimer largely deviate from the

response of a single sphere. When ∆x = 200 nm, the cou-
pling effects weaken and both 〈Cabs〉 and 〈Csca〉 approach
to the response of a single sphere. However, this is not
the case for 〈µsca〉. Similar to the optical phenomenon ob-
served in dilute particle media,42 the scattered fields inter-
fere constructively in the forward direction, which explains
the discrepancy between the 〈µsca〉 curves.

As a second test, we consider the problems of aver-
age scattering from randomly oriented oblate and prolate
spheroids, which has a known solution under the T-matrix
approach.33 The results are displayed in the Supporting
Information (Fig. S3), showing excellent agreement up to
Lmax/λ & 2.5, where Lmax is the longest ellipsoid axis. At
shorter wavelengths, there is a discrepancy of ∼ 5% asso-
ciated to the size of the mesh used in BEM simulations.
Even with this discrepancy, the results are consistent with
the predictions from the analytical solution, allowing to
validate the theory presented here.

Radiative transfer modeling for random media
with scatterers of arbitrary morphology

For unpolarized light and under the independent scatter-
ing approximation, the steady-state RTE for randomly ori-
ented scatterers in a non-absorbing host is:9

k̂ · ∇rIλ(r, k̂) =− fv
Vp
〈Cext〉Iλ(r, k̂)

+ fv
Vp

∫

4π
dk̂′ 〈psca(cos θ)〉Iλ(r, k̂′),

(7)

5



a cb

10 μm

Size distribution

Width (𝑊)0.75 μm 5.25 μm

e gf
Av. scattering 𝐕𝐎𝟐 𝐌 flake

10 μm

d

1 cm

Figure 3: Characterization and average scattering simulations of Monoclinic Vanadium Dioxide [VO2(M)]
microcrystals embedded into a polyethylene (PE) matrix. (a) Photograph of VO2(M)/PE composite film. (b) SEM
of as-grown VO2(M) crystals, which is mainly composed of VO2(M) bars. (c) Size distribution of VO2 bars. (d) 〈Cabs〉, 〈Csca〉
and 〈µsca〉 of VO2(M) bars of fixed length, L = 15 µm, and variable width, W = 0.75 − 5.25 µm in steps of 0.5 µm. The
refractive index of the host, nhost = 1.5. The average scattering parameters showed similar dependence to W for other values of
L (not shown here). The legend is given by the color bar at the top of the curves. (e) An example of one of the VO2(M) crystals
with flake morphology found in the characteristic sample. (f) Computational representation of the VO2(M) flakes, which was
considered for the average scattering simulations. (g) Simulated average light scattering of the VO2(M) flake. For all average
scattering simulations, the refractive index of the host, nhost = 1.5, and the refractive index of the VO2(M) bars was obtained
from the literature (see ”film2” in Wan et al40).

where Iλ is the specific radiative intensity (defined as the
energy flux per unit solid angle), fv is the volume fraction,
Vp is the effective volume of the scatterers, k̂ · ∇rIλ(r, k̂)
is the rate of change of Iλ at the position, r, and direc-
tion k̂; and 〈psca(cos θ)〉 is the orientation and polarization
averaged scattering phase function, where cos θ = k̂ · k̂′.

Commonly, solutions of Eq. (7) consider approximated

expressions for the phase function in terms of µsca.12 For
example, the Henyey-Greenstein model:12

〈psca〉 = 〈Csca〉
1− 〈µsca〉2

[1 + 〈µsca〉2 − 2〈µsca〉 cos θ]3/2 , (8)

is widely used in simulations methods, such as Monte-
Carlo,7 Adding-doubling43 and Discrete Ordinate.12

6



a

b

Experiments Simulations

ഥ𝑻𝐭𝐨𝐭 56.8% 58.4 ± 1.9%

ഥ𝑻𝐬𝐩𝐞𝐜 48.8% 48.0 ± 1.9%

ഥ𝑹𝐭𝐨𝐭 6.1% 6.1 ± 0.3%

98 ± 4 μm

PE filmVO2 crystals 
(0.275% v/v) 

+ 5 ×

𝑊 − 𝐿 size distribution

Figure 4: Radiative transfer modeling of VO2(M)/PE film composite. (a) 〈Cabs〉, 〈Csca〉 and 〈µsca〉 of VO2(M)
microcrystal ensemble calculated for five different refractive indexes of VO2(M), as reported by Wan et al 201940 (labeled as
”film1”, ”film2”, ”film3” and ”film4”), and Ramirez-Rincon et al 2018.41 The grey areas mark the upper and lower limit due to
variations in the refractive index. For a given refractive index, the curves 〈Cabs〉, 〈Csca〉 and 〈µsca〉 were obtained as indicated by
the schematic (left figure, inset), i.e. average scattering simulations of bars weighted by the size distribution + average scattering
of 5 flakes. Further details in the Supporting Information, Section S4.3. The curves 〈Cabs〉 and 〈Csca〉 are normalized to the
volume of the ensemble V [Supporting Information, Eq. (S32)]. (b) Validation of radiative transfer theory, showing Ttot, Tspec
and Rtot of a VO2(M)/PE composite film, as obtained from optical measurements (solid lines) and simulations (filled areas).
The optical properties of the PE film were extracted from optical measurements on a clear film (see Supplement, Section S4.4).
For the simulations, the absorption of PE is considered through the extinction coefficient κhost (see Methods). The composite
is based on a 98± 4 µm thick PE film with 0.275% v/v of VO2(M) microcrystals. The upper(lower) limit in the filled areas are
the results of variations in the refractive index of VO2(M) and thickness of the film (98-4 or 98+4 µm).

As evidenced by Eqs. (7) and (8), the RTE and the av-
erage light scattering parameters 〈Cabs〉, 〈Csca〉 and 〈µsca〉
constitute a complete set to model radiative transfer in
composites with scatterers of arbitrary morphology. As
demonstrated in the next section, this modeling frame-
work enables to quantitatively predict the macroscopic ra-
diative properties of a composite, such as the total trans-
mittance (Ttot), specular transmittance (Tspec), and total
reflectance (Rtot).

Validation of radiative transport simulation
against experiments

We demonstrate the accuracy of the previously discussed
modeling framework, by comparing the radiative transfer

simulations against optical measurements of a composite
based on VO2(M) microcrystals embedded in a polyethy-
lene (PE) matrix [Fig. 3(a)]. We considered VO2(M) mi-
crocrystals given its well-defined and highly anisotropic
morphology [Fig. 3(b)], providing an ideal scenario to vali-
date the theory of average scattering and radiative transfer
modeling. Additionally, the refractive index40,41 and size
of microcrystals, ensures a significant contribution from
both absorption and scattering in the mid infrared (IR)
spectrum.11

First, we derived the average light scattering parameters
of the VO2(M) microcrystals ensemble using a characteris-
tic sample [Supporting Information, Fig. S4(c)]. The size
distribution of the bars length (L) and width (W ) is shown

7



in Fig. 3(c), which assumes bars of square cross section.
We calculated 〈Cabs〉, 〈Csca〉 and 〈µsca〉 of single VO2(M)
bars for λ = 3 − 8 µm, considering the range of W and
L dictated by the size distribution. The spectrum λ > 8
µm is excluded in the simulations due to the large uncer-
tainty in the refractive index of VO2(M), which is strongly
conditioned by crystal orientation, growth method, strain
and partial oxidation.40 As shown in Fig. 3(d), 〈Cabs〉,
〈Csca〉 and 〈µsca〉 are strongly sensitive to W . On the other
hand, the three parameters are less sensitive to changes in
L, with negligible variations for L > 15 µm (Supporting
Information, Fig. S5). In addition to the VO2(M) bars,
we noted small traces of VO2(M) flakes in the sample,
such as the one shown in Fig. 3(e). These VO2(M) flakes
are represented by the computational model in Fig. 3(f),
with the simulated average scattering parameters shown
in Fig. 3(g).

The parameters 〈Cabs〉, 〈Csca〉 and 〈µsca〉 of the VO2(M)
microcrystals ensemble [Fig. 4(a)], were estimated using
the average scattering simulations of individual bars and
the flake, together with the size distribution. We repeated
this procedure for five different refractive indexes reported
in the literature,40,41 in order to consider the variations in
the optical properties of VO2(M). Using the parameters
〈Cabs〉, 〈Csca〉 and 〈µsca〉 of the VO2(M) microcrystals en-
semble, together with Monte-Carlo simulations of radia-
tive transfer (see details in Methods), we estimate Ttot,
Tspec and Rtot of a VO2(M)/PE composite film [Fig.4(b)].
The results are shown by filled areas, representing the up-
per and lower limits associated with the variations of the
refractive index of VO2(M) and thickness of the film. The
optical measurements show excellent agreement with the
range predicted by simulations, which is further confirmed
by comparing the spectral mean of Ttot, Tspec and Rtot
[Table in Fig. 4(b)]. The accuracy of the simulation is fur-
ther confirmed through a second test, which considers a
composite film with double concentration of VO2(M) mi-
crocrystals (Supporting Information, Fig. S7).

Conclusion

We presented a universal theory to predict the average
light scattering from randomly oriented objects with ar-
bitrary shape. The formulas of 〈Cabs〉, 〈Csca〉 and 〈µsca〉
can be implemented by any method of electromagnetic
scattering. Moreover, because these relations are exclu-
sively defined in terms of the operators T and G0, they en-
able more efficient computation than brute-force methods
based on averaging over many plane wave simulations (see
demonstration in Supporting Information, Section S1.7).
The general form of the average scattering formulas also
provides a convenient landscape to explore the fundamen-
tal limits of scattering in random systems. For exam-
ple, in analogy to the studies of scattering and absorption
bounds,26,34 the limits of forward or backward scattering

of randomly oriented particles can be explored through the
asymmetry parameter formula [Eq. (4c)].

The demonstrated connection between average light
scattering and fluctuational electrodynamics enables to ex-
tend the theory to other parameters of interest. For exam-
ple, a formula for the average scattering of moving objects
can be extracted from the theory of electromagnetic fric-
tion in objects at relative motion.28 Alternatively, other
expressions can be extracted directly through the self-
correlators in Eqs. (2) and (3), in a similar fashion than
the relations obtained from the fluctuation-dissipation the-
orem25–27

The parameters 〈Cabs〉, 〈Csca〉 and 〈µsca〉 are also practi-
cal for radiative transfer simulations for unpolarized light,
enabling accurate prediction of the optical properties of
composites with scatterers of arbitrary shape, as demon-
strated in the study of VO2(M)/PE composite films. The
radiative transfer formula for randomly oriented particles
[Eq. (7)], can be extended to consider other effects present
in the light transport process. For example, the emit-
ted thermal radiation from scatterers can be represented
through the term fv

Vp
〈Cabs〉Bω(T ) at the right-hand side of

the equation.12 Similarly, the absorption of the host can be
included through the term −2k0κhostIλ(r, k̂) at the right-
hand side of Eq. (7).

The methodology used in the study of VO2(M)/PE com-
posite films can be also applied to other composite media,
with either dielectrics7 or metal scatterers,10 providing
that the distance between particles is large enough to ig-
nore the effects of short range correlations. For more com-
plex problems, such as clustered particles or more dense
particle distributions,44 the methodology can be extended
using the formulation for multiple objects (Supporting In-
formation, Section S1.4). In this case, 〈Cabs〉, 〈Csca〉 and
〈µsca〉 must be obtained from simulations over a properly
chosen collection of particles that better represents the
effects from short-range correlations. The method, thus,
could provide key insights to many problems in disordered
nanophotonics, such as the effects of agglomeration into
the optical absorption of gold nanostars, or the impact
of multiple scattering in the light trapping of heterostruc-
tured photocatalysts, as we will discuss in future works.

In summary, the theory of average light scattering for
randomly oriented objects establishes the underlying ba-
sis for fundamental studies in disordered nanophotonics.
The combination with radiative transport theory enables
a powerful modeling method to predict the macroscale op-
tical response in random systems, setting new pathways for
design and optimization of nanophotonic devices based on
composites, synthesized nanostructures on substrates or
particles in solution.
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Methods

Fabrication and characterization of VO2(M) / PE
composite films

The composite was fabricated by dry mixing of
VO2(M) microcrystals with low-density PE (LDPE;
42607, Sigma Aldrich) and Ultra-high-molecular-weight
PE (UHMWPE; 429015, Sigma Aldrich) at a weight ratio
of VO2(M):LDPE:UHMWPE = 1:40:40. The mixture was
then melt-pressed into a film at 200oC. The VO2(M) crys-
tals were produced by hydrothermal synthesis using our
previously developed procedure.45 The phase of the crys-
tals was confirmed by X-ray diffraction and Raman spec-
troscopy [Supporting Information, Fig. S4(a) and S4(b),
respectively]. The volume fraction of the VO2(M) micro-
crystals was estimated from the weight ratio and the den-
sities of VO2(M) (4.230 g/cm3),46 LDPE (0.925 g/cm3

and UHMWPE (0.940 g/cm3). A micrometer was used to
characterize the thickness of the film. The reported thick-
ness corresponds to 5 measurements on different sections
of the sample.

Optical measurements

The total and specular transmittance, and total re-
flectance of the VO2(M)/polyethylene composite film were
measured with a Fourier-transform-infrared spectrome-
ter (IRTracer-100, Shimadzu) and a mid-IR Integrating
sphere (Pike Technologies).

Monte-Carlo simulations of radiative transfer

Radiative transfer simulations were performed by our own
code for Monte-Carlo simulations of unpolarized light.
The algorithm consist on simulating the trajectories of
many individual photons as they interact with particles
and interfaces, until they are either, absorbed by parti-
cles or exit the simulation domain. The initial condition
of each photon is given by the position and direction of
the light source. At each simulation step, the optical path
(Λphoton) and fate of a photon is estimated by selecting
the shortest path between the particle’s scattering (Λsca)
and absorption (Λabs), the absorption of the host (Λhost),
or diffraction (ΛFresnel), where:

Λsca = − Vp
fv〈Csca〉

ln ξ,

Λabs = − Vp
fv〈Cabs〉

ln ξ,

Λhost = −2k0κhost ln ξ,

and ξ is a random number between 0 and 1; ΛFresnel is
given by the shortest distance between the photon and an
interface. In materials with more than one kind of particle,
Λabs = min

(
Λiabs

)
and Λsca = min (Λnsca), where Λnabs and

Λnsca are, respectively, the absorption and scattering path
from the particle n.

In the case of diffraction (Λphoton = ΛFresnel), a photon
is either reflected or transmitted by a random selection,
with the probabilities of each event proportional to the
respective energy flux defined by Fresnel laws. If the pho-
ton is absorbed by a particle (Λphoton = Λabs) or the host
material (Λphoton = Λhost), the event is terminated and
the simulation continues with a new photon at the initial
conditions. For a scattered photon (Λphoton = Λsca), the
new direction is determined by:7

cos θ =





1
2g

{
1 + g2 −

[
1−g2

1−g+2gξ

]2 }
, if g 6= 0,

2ξ − 1, if g = 0,

where g = 〈µsca〉.

In all our simulations, we considered a slab with large
surface area, in order to represent a 2D problem. As a
criteria, we selected the smallest surface area by which no
photon escapes through the edges. Two large monitors,
above and below the slab, measure the total reflectance
and transmittance, respectively. The specular transmit-
tance was measured with a third small monitor (1 nm ×
1 nm) at 1 mm distance below the slab. In all the sim-
ulation, we considered 1,000,000 photons per wavelength.
For validation of our code, refer to Supporting Informa-
tion, Section S5.
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S1 Theory of average light scattering from random oriented particles

S1.1 Formulation for a single object

In the context of Lippmann-Schwinger approach,1 the presence of a object in an infinitely extended medium 0
induces a perturbation to the incident (source) electric fields, Ei, that results in a scattered (induced) electric field,
Es, in medium 0. For simplicity, we consider medium 0 as vacuum, with electrical permittivity, ε0, and magnetic
permeability, µ0, while the object is characterized by linear electromagnetic properties, i.e., dielectric constant, ε,
and relative permeability µ, which can be, in general, nonlocal complex tensors. The total electric field, Et, that
results from the superposition of Ei and Es, satisfies the following equation:1

[
H0 − k2

0I− V
]
Et = 0, (S1)

where k0 = ω
√
ε0µ0 is the wavevector in free space, I is the identity operator, H0 = ∇×∇×, and

V = k2
0 (ε− I) +∇×

(
I− µ−1)∇× (S2)

is the induced potential by the object, with V = 0 anywhere outside the object.

Solution of Eq. (S1) is given by:
Et = (I + G0T) Ei, (S3)

where G0 is the free space dyadic green function:2

G0 (r, r′) =
[
I + 1

k2
0
∇∇

]
eik0|r−r′|

4π|r− r′| , (S4)

which satisfies [H0 − I]G0 = δ(r − r′), and T is the scattering operator defined by:1,3

T =
[
V−1 −G0

]−1 (S5)

T = 0 anywhere outside of the object n.

We begin our discussion with the definition of the absorption, Pabs, and scattering, Psca, energy fluxes in terms
of the T-operator:4

Pabs = 1
2k0Z0

Tr
[(

Ei ⊗Ei†
)
T† Asym

(
−V−1)T

]
(S6a)

Psca = 1
2k0Z0

Tr
[(

Ei ⊗Ei†
)
T† Asym (G0)T

]
(S6b)

which are derived from energy conservation and the relations:4

Js = i

k0Z0
VEt and Es = G0TEi (S7)

The absorption and scattering cross sections [Main text, Eqs. (1a) and (1b), respectively] are given respectively by,5

Cabs = Pabs/
|E0|2
2Z0

, Csca = Psca/
|E0|2
2Z0

.

2



As discussed in the main text, to compute 〈Cabs〉 and 〈Csca〉, we need an expression for 〈Ei⊗Ei†〉. For an incident
field of the form Ei = E0e

ik0k̂i(r−r0) , where k̂i is the direction of the plane wave and r0 represent the origin of the
field away from the object, and considering the two orthogonal polarization ŝ and p̂:

〈Ei ⊗Ei†〉 = 1
4π

∫

4π
dΩ |E0|2 [ŝŝ+ p̂p̂] eik0k̂i·(r−r′)

= |E0|2
1

4π

∫

4π
dΩ [ŝŝ+ p̂p̂] 1

2

[
eik0k̂i·(r−r′) + e−ik0k̂i·(r−r′)

]

= |E0|2
1

4π

∫

4π
dΩ [ŝŝ+ p̂p̂] 1

k2
0

∫ ∞

0
k2
rdkr

1
2 [δ (kr − k0) + δ (kr + k0)] eikrk̂i·(r−r′)

= |E0|2
2π
k0

1
(2π)3

∫ ∞

−∞
d3k [ŝŝ+ p̂p̂] Im

(
1

k2 − k2
0

)
eik·(r−r′)

= |E0|2
2π
k0

Asym
(

1
(2π)3

∫ ∞

−∞
d3k

[
I− k̂k̂

] eik·(r−r′)

k2 − k2
0

)

= |E0|2
2π
k0

Asym (G0) , (S8)

where the second step exploits the reciprocity of eik0k̂i·(r−r′), and the fourth step considers the identity6

1
2 [δ (kr − k0) + δ (kr + k0)] = k0

π
Im
(

1
k2 − k2

0

)
.

The penultimate expression corresponds to the plane-wave representation of the Dyadic Green function.2 Substitution
of Eq. (S8) into Eqs. (1a) and (1b) (Main text), respectively, leads the relations Eqs. (4a) and (4b) in the Main text.

The asymmetry parameter is given by the force from scattering fields, Fs, through the relation:7

µscaCsca = ω

k0I0
k̂i · Fs (S9)

The projection of the scattering force, k̂i · Fs, expressed in terms of the induced currents is given by:1,8

k̂i · Fs = k̂i · 1
2ω Im〈Js,∇Es〉

= − 1
2ωk0Z0

∑

j

Tr
[
k̂i
j

(
Ei ⊗Ei†

)
T†Sym (∂jG0)T

]
, (S10)

where we apply the relations from Eq. (S7).

Eq. (S10) represents a generalized form of the asymmetry parameter, regardless of the form of the source fields.
Similarly to Eqs. (S6a) and (S6b), computation of the orientation average of, k̂i ·Fs, requires a direct expression for,〈

k̂i
j

(
Ei ⊗Ei†

)〉
:

〈
k̂i
j

(
Ei ⊗Ei†

)〉
= 1

4π

∫

4π
dΩ k̂i

j (ŝŝ+ p̂p̂) |E0|2eik0k̂i·(r−r′)

= |E0|2
2π
ik2

0
∂jAsym (G0)

= |E0|2
2π
ik2

0

∂jG0(r, r′)− ∂jG†0(r′, r)
2i

= |E0|2
2π
ik2

0

∂jG0(r, r′) + ∂′jG
†
0(r′, r)

2i

= −|E0|2
2π
k2

0
Sym (∂jG0) , (S11)

3



where, in the third step, we consider the identity ∂′jG
†
0(r′, r) = −∂jG†0(r′, r).9 Substitution of Eqs. (S11) and (S10)

into Eq. (S9), together with the relation 〈µsca〉 = 〈µscaCabs〉
〈Csca〉 leads to the expression Eq. (4c) in the main text.

The expression Eqs. (4a), (4b) and (4c) in the Main text, can be extended for linear, homogeneous and non-
absorbing external medium, by replacing k0, for n0k0, where n0 is the refractive index of the external medium.

S1.2 Surface-current BEM formulation

Particularly for the BEM, under the surface-current formulation, the fields and currents on an object n are, respec-
tively, represented by the bi-linear expressions10,11

φn =
{

E
H

}
and ξn =

{
K
N

}
,

where K and N are the surface electric and magnetic current, respectively.

Using bi-linear expressions, the electromagnetic field is given by φn = Γnξn. In this formula,

Γn = ikn

[
ZnGn Cn
−Cn 1

Zn
Gn

]
, (S12)

where Cn = i
kn
∇×Gn, and kn and Zn are the wavevector and impedance of medium n, respectively.

Eq. (S22) in its bi-linear form is now expressed as:
[
H0 − ik0Z−1

0 I−
∑

n

Vn

]
φt = 0,

where H0 =
[

0 ∇×
−∇× 0

]
, Z−1

0 =
[
Z−1

0 0
0 Z0

]
, and Vn = ik0Z−1

0

[
εn − 1 0

0 µn − 1

]
. Notice that in this case, the

elements of V and G0, are respectively given by Vnm = δnmΓ−1
n , and G0

nm = Γ0(rn, rm)

The solution is obtained by expanding the surface currents on a particular basis, fnr (r), as: ξn(r) =
∑
r x

n
r fnr (r),

where the expansion elements xnr are obtained from boundary conditions. Further details can be found elsewhere.10,11

From the surface current expansion, the operators-based form of Eqs. (S25a), (S25b) and (S25c) is now given in
matrix notations by:

〈Cabs〉 = 2π
k2

0
Tr
[
Sym

(
G0)W † Sym

(
−Gin)W

]
(S13a)

〈Csca〉 = 2π
k2

0
Tr
[
Sym

(
G0)W † Sym

(
G0)W

]
(S13b)

〈µscaCsca〉 = 2π
k4

0

∑

l

Tr
[
Asym

(
∂lG

0)W † Asym
(
∂lG

0)W
]
, (S13c)

where the elements of the G0 and Gin are respectively given by G0,nm
ij = 〈fni ,Γ0fmj 〉 and Gin,nm

ij = δnm〈fni ,Γmfmj 〉, and
W = [Gin−G0]. In this notation, the operator 〈 , 〉, denotes the conjugated inner product: 〈u,v〉 =

∫
d3r u†(r) ·v(r),

where u and v are vector fields.

Note that due to the imaginary prefactor in Eq. (S12), the operators ”Sym ()” and ”Asym ()” in Eqs. (S13a),
(S13b) and (S13c) are in opposite order in comparison with Eqs. (S25a), (S25b) and (S25c).
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Branch No 𝑳𝒃 (nm) 𝑫𝒃 (nm)

1 9 9

2 14 10

3 13 11

4 17 11

5 9 6

6 14 11

7 15 12

𝐿𝑏

𝐷𝑏

1

2

4

3

5

7

6

a

b

Figure S1: Average light scattering of agglomerated gold nanostars (a) 〈Cabs〉, 〈Csca〉 and 〈µsca〉 of a single gold
nanostar (grey) and cluster of agglomerated gold nanostars (red). The curves 〈Cabs〉 and 〈Csca〉 are normalized to the number
of stars (Nstar) for direct comparison. The cluster is based on 15 stars at 20% volume fraction. (b) Model of the star considered
for the simulations. The model consist on a star with 7 legs with the dimensions indicated by the table at the right-hand side
of the figure. All the simulations were performed by the BEM code for average light scattering simulations.12 The refractive
index of gold can be found elsewhere.13

Eqs. (S13a), (S13b) and (S13c) were implemented into a BEM application for average light scattering simula-
tions.12 The flexibility of the BEM algorithm enables to study objects of arbitrary morphology.10 As a demonstration,
we simulated the average light scattering parameters 〈Cabs〉, 〈Csca〉 and 〈µsca〉 of a single gold nanostar and a cluster
of agglomerated gold nanostars (Fig. S1). Fig. S1(a) illustrates the effects of interparticle coupling and interference
of the scattered fields from the stars in cluster, which results in a reduction of 〈Cabs〉/Nstar and an enhancement
of 〈Csca〉/Nstar in comparison with a single star. Similarly, the scattering anisotropy is also clearly affected in the
star cluster, as indicated by the variations in 〈µsca〉. Fig. S1(b) shows the dimensions of the gold nanostar model
considered for the simulations.

S1.3 Average light scattering in Spherical wave basis: T-matrix formulation

The operator T for spherical wave basis is given by:1

T(r, r′) = i
∑

Plm

∑

P ′l′m′

Ereg
Plm(r)TPP

′
lm,l′m′Ereg

P ′l′−m′(r′) (S14)

where P = M,N correspond to the two orthogonal polarizations, l = 1, 2...∞ and m = −l, ..., 0, ...,+l; TPP ′
lm,l′m′ are

the elements of the T-matrix,2 and Ereg
Plm(r) are the spherical waves regular at the origin, defined at the spherical
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coordinates r, θ and φ:1

Ereg
Mlm(r) =

√
(−1)mk0

1√
l(l + 1)

jl (k0r)∇× Y ml (θ, φ),

Ereg
Nlm(r) = k0∇×Ereg

Mlm(r),

jl is the spherical Bessel function of order l, and Y ml (θ, φ) are the spherical harmonics according to the definition
from Ref. [14]. Note that Ereg∗

Plm(r) = Ereg
Nl−m(r), where ∗ is the complex conjugate.1

Because G0 is a symmetric and reciprocal dyadic, Asym (G0) = Im (G0).9 For spherical wave basis, it can be
demonstrated that:1

Im (G0) =
∑

Plm

Ereg
Plm(r)⊗Ereg

Pl−m(r′) (S15)

Replacing Eqs. (S14) and (S15) into Eq. (4a) and (4b) (Main text), we derive the expressions of 〈Cabs〉 and 〈Csca〉
for T-matrix, i.e.:15,16

〈Cabs〉 = 2π
k2

0

∑

Plm

∑

P ′l′m′

[
Re
(
TPP

′
lm,l′m′

)
− |TPP ′

lm,l′m′ |2
]

(S16)

〈Csca〉 = 2π
k2

0

∑

Plm

∑

P ′l′m′

|TPP ′
lm,l′m′ |2 (S17)

where in the 〈Cabs〉 formula, we consider the relation T†Asym
(
−V−1)T = Asym (T)− T†Asym (G0)T.

To derive the T-Matrix formula of 〈µsca〉, we use the relation: Sym (∂jG0) = ∂jIm (G0); which stems form the
reciprocal and anti-symmetric properties of ∂jG0.9 For spherical waves basis, this expression is:1

∂jIm (G0) = −
∑

Plm

∑

P ′l′m′

pj
PP ′

lm,′l′m′Ereg
Plm(r)⊗Ereg

P ′l′−m′(r′) (S18)

where pj
PP ′

lm,′l′m′ = ∂jVPP
′

lm,l′m′(a)|a=0, and V is the translation operator of regular waves.17 The form of V for spherical
waves is given in Ref. [17], Appendix C.3.

By replacing Eqs. (S14) and (S18) into Eq. (4c) of the Main text, we derive the T-matrix formulation of 〈µsca〉:

〈µsca〉 = 1
〈Csca〉

2π
k2

0

∑

j=x,y,z

∑

Plm

∑

P ′l′m′

∑

P ′′l′′m′′

pj
PP ′

lm,′l′m′ T
∗P ′P ′′

l′m′,l′′m′′pj
P ′′P ′′′

l′′m′′,′l′′′m′′′ T
P ′′′P
l′′′m′′′,lm (S19)

For a spherical object, Eq. (S19) can be simplified to:1,18

〈µsca〉 = 1
〈Csca〉

2π
k2

0

∑

Plm

Re
[
3a(l,m)2TPl T

P̄∗
l + 6b(l,m)2TPl T

P∗
l+1

]
(S20)

where P̄ = N if P = M and vice versa, TPl are the mie-scattering coefficients,5 and:

a(l,m) = m

l(l + 1)

b(l,m) = 1
l + 1

√
l(l + 2)(l −m+ 1)(l +m+ 1)

(2l + 1)(2l + 3)

Using the identities
∑l
m=−l a(n,m)2 = 2l+1

3l(l+1) and
∑l
m=−l b(n,m)2 = l(l+2)

3(l+1) , and noting that Re
(
TMl TN∗l

)
=

Re
(
TNl T

M∗
l

)
, we can simplify Eq. (S20) to derive the well-known formula:5

〈µsca〉 = 1
〈Csca〉

4π
k2

0

∑

l

Re
[

2l + 1
l(l + 1)T

M
l TN∗l + l(l + 2)

(l + 1)
(
TMl TM∗l+1 + TNl T

N∗
l+1
)]

(S21)
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S1.4 Formulation for multiple objects

In the case of multiple objects Eq. (S1), becomes:
[
H0 − k2

0I−
N∑

n=1
Vn

]
Et = 0, (S22)

where N is the total number of objects. The solution of this equation is given by:1 Et = Ei +
∑
nG0TnEi

n, and in
matrix form:

φt = φi + G0Wφi (S23)

where φi is a column vector, whose elements contain the incident fields on each object, φi
n = Ei

n; W−1 = G0 −V−1

is the analogous of T for a cluster; V is a band matrix operator whose elements are Vnm = Vmδnm; and the
matrix operator G0 represents the interaction between the objects in the free space, whose elements are G0

nm =
G0 (ω; rn, rm). The rest of the elements are defined in the main text.

Following the matrix notation, we extend the relations from Eq. (S7) to a vector form in terms of the induced
current, ξs, and fields, φs:

ξs = − i

k0Z0
Vφt and φs = G0Wφi. (S24)

Analogous to the derivation of 〈Cabs〉, 〈Csca〉 and 〈µsca〉 for a single object, we use Eq. (S23) and the relations in
Eq. (S24), to derive:

〈Cabs〉 =2π
k2

0
Tr
[
W Asym

(
G0)W†Asym

(
−V−1)] , (S25a)

〈Csca〉 =2π
k2

0
Tr
[
W Asym

(
G0)W†Asym

(
G0)] , (S25b)

〈µsca〉 = 1
〈Csca〉

2π
k4

0

∑

j

Tr
[
W Sym

(
∂jG0)W†Sym

(
∂jG0)] , (S25c)

these expressions represent the most general form of the average light scattering theory. They can be applied to
single and group of particles, including heterogeneous collections of particles.

S1.5 Formulation for an individual objects in a cluster

Using Eqs. (S25a), (S25b) and (S25c), we deduce the individual contribution of an object n in the cluster:

〈Cnabs〉 =2π
k2

0
Tr
[
Snn Asym

(
−V−1

n

)]
(S26a)

〈Cnsca〉 =2π
k2

0

{
Tr
[
Snn Asym

(
G0
nn

)]
+

N∑

n6=m
Tr
[
Snm Asym

(
G0
nm

)] }
(S26b)

〈µnsca〉 = N

〈Csca〉
2π
k4

0

∑

j

{
Tr
[
S∇j,nn Sym

(
∂jG0

nn

)]
+

N∑

n 6=m
Tr
[
S∇j,nm Sym

(
∂jG0

nm

)] }
, (S26c)

where S =
[
W Asym

(
G0)W†], and S∇j =

[
W Sym

(
∂jG0)W†].

In Eqs. (S26b) and (S26c) the first and second term inside the curly brackets represent, self and interference
scattering, respectively.19 Note that 〈µnsca〉 in Eq. (S26c) is scaled by N for better comparison with 〈µsca〉 from an
isolated object.
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To recover the total values of the cluster [Eqs. (S25a), (S25b) and (S25c)]:

〈Cabs〉 =
N∑

n=1
〈Cnabs〉

〈Csca〉 =
N∑

n=1
〈Cnsca〉

〈µsca〉 = 1
N

N∑

n=1
〈µnsca〉.

S1.6 Approximation for subwavelength particles

For small objects, Asym (G0) ≈ k0
6π I,20 and, T ≈ 4πk0ααα,a where ααα is the polarizability tensor. Substitution into

Eq. (S26a), together with the relation

T†Asym
(
−V−1)T = Asym (T)− T†Asym (G0)T,

gives:
〈Cabs〉 = 4π

3 k0 Tr [Im (ααα)]− 8π
9 k4

0 Tr
[
ααα†ααα

]
. (S27)

Because the particles are small, the second term in Eq. (S27) is negligible in comparison with the first, leading to

〈Cabs〉 ≈
1
3 (Cabs,x + Cabs,y + Cabs,z) .

The second term in Eq. (S27) corresponds to the scattering of the particle, which can be written as:

〈Csca〉 = 8π
9 k4

0
∑

ij

|αij |2,

where αij are the elements of the tensor ααα. If ααα is a diagonal tensor, Tr
[
ααα†ααα

]
= |αxx|2 + |αyy|2 + |αzz|2, and we

derive the commonly used relation,21,22

〈Csca〉 ≈
1
3 (Csca,x + Csca,y + Csca,z) .

athe expression is deducted from the electric field generated by a point dipole14
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Figure S2: Average light scattering of randomly oriented particles of subwavelength size. Comparison of
exact solution and approximations The figure shows 〈Cabs〉 and 〈Csca〉 of a randomly oriented ellipsoid plotted against
the size parameter k0Lc (Lc = 1.0 µm). The exact solution for 〈Cabs〉 and 〈Csca〉 is based on Eqs. (4a) and (4b) (Main text),
respectively, and was computed by our BEM application for average light scattering simulations.12 The approximated results
are based on the relations, 〈Cabs〉 ≈ 1

3 (Cabs,x + Cabs,y + Cabs,z) and 〈Csca〉 ≈ 1
3 (Csca,x + Csca,y + Csca,z). The inset shows the

relative error between the approximated and the exact solutions for small size parameters. The dimensions of the ellipsoid are
indicated at the right figure. The refractive index of the ellipsoid is N = 3.5 + 0.1i.

In Fig. S2, we compute 〈Cabs〉 and 〈Csca〉 for a randomly oriented ellipsoid, using the exact solution [Main text,
Eqs. (4a) and (4b), respectively] and the approximation for small objects. The ellipsoid represents a typical case
where ααα is not diagonal. As shown in the inset of Fig. S2, the approximation 〈Csca〉 ≈ 1

3 (Csca,x + Csca,y + Csca,z),
induces considerable error, even when k0Lc is small. On the other hand, the approximation for 〈Cabs〉, shows a small
relative error (< 2%) for small particles (k0Lc < 2). For larger particles (k0Lc > 2), both approximations fail.

S1.7 Efficiency of the theory against brute-force averaging methods.

Consider, for example, the computation of 〈Csca〉 by averaging over many plane-wave simulations at different angles
of incidence (brute-force averaging). In terms of the Lippmann-Schwinger approach to scattering, this is equivalent
to:

〈Csca〉 = 1
k0|E0|2

1
M

M∑

m

Tr
[(

Ei
m ⊗Ei

m
†)T† Asym (G0)T

]
(S28)

where m indicates a plane-wave simulations at a particular angle of incidence and polarization, and M is the total
number simulations. This expression is constructed from the definition of Csca for an incident field Ei [Main text,
Eq. (1b)].

Similar to other formulas derived in this work, Eq. (S28) is a general recipe that illustrates how to compute 〈Csca〉
using brute-force averaging. From this formula, we can deduct the steps required by any method of electromagnetic
scattering, i.e.:

1. Determine the mathematical form of T and G0, for a particular expansion basis.

2. Compute the expansion of Ei
m using the particular basis.

3. Repeat ”step 2” M times.

4. Replace Ei
m, T and G0 into Eq. (S28)

9



As discussed in the Section S1.6, M ≥ 3, where M = 3 correspond to the particular case of subwavelength particles.

On the other hand, as illustrated by Eq. (4b) in the Main text, the theory of average light scattering does not
require Ei

m. Consequently, the computation of 〈Csca〉 is reduced to only two steps:

1. Determine the mathematical form of T and G0, for a particular expansion basis.

2. Replacing T and G0 into Eq. (4b) of the Main text.

The same arguments apply for 〈Cabs〉 and 〈µsca〉. Thus, the theory of average light scattering enables more efficient
computation of 〈Cabs〉, 〈Csca〉 and 〈µsca〉, than brute-force averaging methods.

S2 Average light scattering from fluctuational electrodynamics

S2.1 Vacuum friction and averaged light scattering

An isolated object moving at a small velocity v experiences a non-conservative friction force, Ff , that results from
the interaction with thermal fluctuations in the free space. To a first order approximation, the vacuum friction is
given by, Ff = −γ̂ · v, where γ̂ is the friction tensor given by:18

γ̂ij = 2~2

πkBT

∫ ∞

0
dω

e~ω/kBT

(
e~ω/kBT − 1

)2 Im{Tr
[
∂i (1 + G0T) ∂jAsym (G0)T†

]
}, (S29)

here, kB is the Boltzmann constant, and T is the equilibrium temperature of the system. Integrating the vacuum
friction force over all solid angles leads to the relation,23 〈Ff 〉 = γv, where γ =

∑
i γ̂ii is the friction coefficient.

From the relations, ∂iAsym (G0) = −iSym (∂iG0),18 and, ∂2
i Asym (G0) = −k2

0Asym (G0),b the friction coefficient
is expressed as:

γ = 2~2

πkBT

∫ ∞

0
dω

e~ω/kBT

(
e~ω/kBT − 1

)2 {k2
0Tr [Asym (G0) Asym (T)]

−
∑

i

Tr
[
Sym (∂iG0)T† Sym (∂iG0)T

]
}.

(S30)

Applying Eqs. (4a) and (4b) (Main text) into the first term inside the curly brackets,c and Eq. (4c) (Main text)
into the second, we derive Eq. (6) from the main text.

bThis expression is based on the fact that Asym (G0) can be expressed by propagating waves, as demonstrated in Eq. (S8)
cwe consider the relation: Asym (T) = −T†Asym

(
T−1
)
T = T†Asym

(
G0 − V−1

)
T
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S3 Validation of average light scattering theory against analytical so-
lutions

S3.1 Average light scattering of randomly oriented spheroids

𝐿

𝐷

a b

Figure S3: Average light scattering of randomly oriented spheroids. 〈Cabs〉, 〈Csca〉 and 〈µsca〉 of (a) prolate
(D/L = 0.5) and (b) oblate spheroids (D/L = 2.0), as a function of the size parameter k0Rsph, where Rsph = 1 is the radius of
a sphere with equivalent surface area.24 The results are computed by the BEM code for average light scattering simulations,12

and compared with the analytical solutions.25 The dielectric constant of the ellipsoids is εp = 2.2499 + 0.0240i. The principal
and secondary axis of the prolate(oblate) spheroid are L = 1.5304(0.6016) and D = 0.7653(1.2032), respectively.

We validate our code for average scattering simulations12 against the analytical solution for prolate [Fig. S3(a)] and
oblate [Fig. S3(b)] spheroids.25 In terms of relative error, the agreement of the simulations for the prolate(oblate)
spheroid is 3.6%(1.6%), 4.5%(3.7%) and 2.6%(3.2%) for 〈Cabs〉, 〈Csca〉 and 〈µsca〉, respectively. The discrepancy
becomes more significant at short wavelengths, specifically at Lmax/λ > 2.37(Lmax/λ > 2.80) for the prolate(oblate)
spheroid.
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S4 Validation of radiative transfer simulation against experiments

S4.1 Characterization of as-grown VO2(M) microcrystals

10 μm

a b

c

Figure S4: Characterization of as-grown VO2(M) powder. (a) X-ray diffraction and (b) Raman shift spectroscopy of
VO2(M) microcrystals grown by hydrothermal synthesis (see Main Text, Materials and Methods). (c) SEM image of VO2(M)
powder used for the estimation of size distribution [Main text, Fig. 3(c)]. Most crystals have a bar morphology with few
having a larger flat morphology (flakes), which are marked in yellow.
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S4.2 Average light scattering of VO2(M) bars as a function of L.

The sensitivity of the VO2(M) bars average light scattering to changes in L for W = 2.5 µmis shown in Fig. S5. As
shown in the figure, 〈Cabs〉, 〈Csca〉 and 〈µsca〉 show small variation at L > 15 µm. We noted a similar response for
other values of W (not shown here).

Figure S5: 〈Cabs〉, 〈Csca〉 and 〈µsca〉 of VO2(M) bars of variable length and fixed width. The bars dimensions are:
W = 2.5 µm and L = 5, 10, 15, 30 and 50 µm. The refractive index of the host, nhost = 1.5, and the refractive index of the
VO2(M) bars was obtained from the literature (see ”film 2” in Wan et al26).

S4.3 Estimation of average light scattering of VO2(M) microcrystal ensemble

The average light scattering of the VO2(M) microcrystal ensemble is calculated through:

〈Cabs〉 =
∑

W,L

FW,L〈Cabs〉W,L + Fflake〈Cabs〉flake (S31a)

〈Csca〉 =
∑

W,L

FW,L〈Csca〉W,L + Fflake〈Csca〉flake (S31b)

〈µsca〉 = 1
〈Csca〉

[∑

W,L

FW,L〈Csca〉W,L〈µsca〉W,L + Fflake〈Csca〉flake〈µsca〉flake

]
(S31c)

where F represent the number microcrystals of a particular morphology in the ensemble, and the subscripts ”W,L”
and ”flake”, indicate a microbars of dimensions L and W , and flakes, respectively. For FW,L, we considered the
estimated size distribution [Main text, Fig. 3(c)], while Fflake = 5, as an approximate of the number of flakes found
in the sample.

The volume of the microcrystal ensemble V is given by:

V =
∑

W,L

FW,LVW,L + 5Vflake, (S32)

where VW,L is the volume of a single bar with dimensions W and L, and Vflake is the volume of the flake structure.

S4.4 Prediction of refractive index and scattering from PE films

Overall, the optical properties of PE are highly dependent on the crystallinity and the manufacturing process.27

Thus, we extracted the complex refractive index of a pure PE film (101 µm thick), nPE, fabricated under the same
conditions than those used for the composite films. First [Fig. S6(a)], Ttot, Tspec and Rtot of the PE film where
measured by FTIR and a gold integrating sphere (Main text, Materials and Methods). The real part of nPE was
obtained from Palik et al.27 The extinction coefficient, κPE = Im (nPE), was extracted from the equation:28
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Ttot = (1−Rf )2 exp (−2k0tfilmκPE)
1−R2

f exp (−4k0tfilmκPE) ,

where tfilm is the thickness of the PE film and Rf is the reflectance at the air/PE interface. Rf was estimated from
Fresnel law and the refractive index of PE from Palik et al.27

As shown in Fig. S6(a), Ttot 6= Tspec at most parts of the spectrum, indicating a small scattering component in
the film. To include this features in the modeling, we assume a small concentration of scattering particles inside the
film. Because κPE � Re (nPE), Ttot ≈ (1−Rf )2 exp (−2k0tfilmκPE).27 Additionally, at low particle concentrations,29

Tspec ≈ (1−Rf )2 exp [(−fvCsca/Vp − 2k0κPE) tfilm].

Thus, the scattering properties of the particles are extracted from:

Csca = −Vp ln (Tspec/Ttot)
fvtfilm

.

The extracted values of Csca for fv = 0.1% v/v and particles of 1 µm diameter are shown at the inset of Fig. S6(b).
We fitted the results with a curve of the form Csca = a/λb, with a = 2.4782 and b = 1.4095 [Fig. S6(b)]. Finally,
using Monte-Carlo simulations (see Main Text, Materials and Methods) we iterate to find the value of µsca that best
matches the results of experiments. We found excellent agreement for µsca = 0.75 [Fig. S6(a)].

a b

Figure S6: Estimation of scattering properties and refractive index of the PE films used in the VO2(M)/PE
composites. (a) The values of Ttot, Tspec and Rtot of a 101µm thick PE film obtained from experiments (solid lines) are
compared with Monte-Carlo simulations based on the estimated refractive index and scattering properties of the PE film).
(b) Estimated Csca of the PE film for fv = 0.1% v/v and particles of 1 µm diameter. The curve is based on a fitting curve
using the extracted results from experiments (inset).
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S4.5 Radiative properties of VO2(M)/PE composite films (Experiments and Simula-
tions

Experiments Simulations

ഥ𝑻𝐭𝐨𝐭 54.8% 57.4 ± 2.9%

ഥ𝑻𝐬𝐩𝐞𝐜 43.4% 43.3 ± 2.6%

ഥ𝑹𝐭𝐨𝐭 7.5% 6.3 ± 0.6%

77 ± 4 μm

PE filmVO2 crystals 
(0.550% v/v) 

Figure S7: Ttot, Tspec and Rtot of VO2(M)/PE composite film obtained from simulation and experiments. The
composite film is composed of a PE matrix with 0.55% v/v VO2(M) powder and has 77 ± 4µm thickness. The scattering
properties of the VO2(M) powder are the same used in the main text [Fig. 4(a)]

S5 Validation of Monte-Carlo Code

We validated our Monte-Carlo code for radiative transfer simulations against the Adding-doubling method [Fig. S8(b)].
We calculated the total transmittance (Ttot) and reflectance (Rtot), and the specular transmittance (Tspec) at normal
incidence over a 1 mm thick film with refractive index nfilm = 1.4, and 0.1% particles per volume. The particles have
a diameter Dp = 1 µm, and the scattering properties shown in Fig. S8(a).

a b

Figure S8: Validation of Monte-Carlo code for radiative transfer calculations against Adding-doubling method.
(a) Light scattering properties Cabs, Csca and µsca of the spherical particles (1 µm diameter) considered in this study (b)
Total transmittance and reflectance and specular transmittance (inset) for light at normal incidence of a 1 mm thick film
with 1.4 refractive index and 0.1% particles per volume. The results from our Monte-Carlo code (circles) are plotted against
Adding-doubling method calculations using the code by Prahl.30

The results for Adding-doubling method are obtained from the open-source code by Prahl.30 This code was used
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to calculate the total reflectance and transmittance. The specular transmittance is calculated as

Tspec = (1−R) exp
[
fv
Vp

(Cabs + Csca) tfilm

]
,

where R = 4.12% is the reflectance of a 1 mm thick film with 1.4 refractive index, fv is the volume fraction, Vp is
the particle’s volume, and tfilm is the thickness of the film.

The results of total transmittance/reflectance from our Monte-Carlo code show excellent agreement with the
curves from Adding-doubling method. The specular transmittance (inset of Fig. S8) shows good agreement up to 10
nm wavelength. Outside this range, the values of specular transmittance are bellow the minimum resolution of our
Monte-Carlo setup (0.0001% for 1,000,000 photons).

We performed and additional test based on the total transmittance and reflectance of a slab with particles,
considering the conditions: nfilm = 1.0, tfilm = 200 µm, Dp = 1 µm, fv = 0.1%, Cabs = 0.5236 µm2, Csca = 4.7124
µm2 and µsca = 0.75. The results shown in Table 1, show excellent agreement against the exact solution from Van
de Hulst31 and simulations with two different Monte-Carlo codes.32,33

Rtot Ttot Source
9.739% 66.096% Van de Hulst31

9.774% 66.101% Monte Carlo code
9.734% 66.096% Wang, Jacques and Zheng32

9.711% 66.159% Prahl et al33

Table 1: Validation of Monte-Carlo code for Test 1. Total transmittance and reflectance of a slab with particles,
considering the conditions: nfilm = 1.0, tfilm = 200 µm, Dp = 1 µm, fv = 0.1%, Cabs = 0.5236 µm2, Csca = 4.7124 µm2 and
µsca = 0.75
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