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ABSTRACT

Three dimensional sound convergence in air underpins applications ranging from localized acoustic experiences to levitation. Most current
solutions, however, are challenging to scale-up: they either require complex electronics or intricate geometries. In this paper, we propose a
solution based on sonic crystals: an extruded 2D hexagonal lattice array of rigid cylinders with gradient diameters, capable of focusing in 3D
emission of a standard loudspeaker at audio frequencies, which we call a 2.5D lens. First, we use finite-element simulations to describe the
underpinning theory in terms of the band structure and equifrequency contours. We then describe how we manufactured two lenses, one of
which has a focal length smaller than the wavelength, and compare pressure with simulations. Our measurements not only show good agree-
ment with simulations but also highlight how the efficiency of such lenses strongly depends on how the sound is delivered to them.

VC 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0064246

The focusing of light through a lens is a well-known phenome-
non, since the times of the ancient Greeks. Optical lenses are simple
devices, typically refraction-based, but underpin precise light delivery
in many applications, from vision goggles to special effects. An optical
lens is, in fact, characterized by only two parameters: its size perpen-
dicular to the propagation of light rays (“lateral dimension”) and its
focal length. In optics, the focusing effect is achieved by a variation of
the refraction index along the lateral dimension of the lens. In the
1960s, several researchers attempted to create an acoustic equivalent,
but their solutions were either bulky or too fragile. Beam-forming
technologies in acoustics focused, therefore, on the use of arrays of
multiple transducers.

More recently, metamaterials have opened the path to acoustic
lenses of more practical size. Acoustic metamaterials are artificial com-
posite materials designed to control sound with extraordinary
approaches such as internal complex structures and the theory of
homogenization.1–3 In the past 20 years, they have been used to realize
different acoustic responses such as doubly negative mass density and
bulk modulus,1 carpet cloaking,4,5 acoustic holograms,6 and acoustic
cloaking.7 Several kinds of acoustic metamaterial approaches, inspired
by optics, have been used to realize acoustic lenses. The “retrieving
method,” for instance, utilizes reflection and transmission coefficients
to calculate the effective (acoustic) refractive index of 2D cross-shaped
structures and to realize focusing in two dimensions.8–10 Jin et al.11

used multiple soft porous materials to achieve the desired refractive

index across the lateral dimension of a lens designed for ultrasonic
frequencies. Labyrinthine structures have been used by different
authors12–16 to achieve a lensing effect by directly sculpting the phase
of an impinging wavefront. Cavity structures have been developed to
design a lens by the same units to avoid complex fabrication.17 In all
these cases, however, 3D structures are needed to focus acoustic waves
in three dimensions, and the geometries are, therefore, so intricate that
scaling-up manufacturing is highly challenging.18

Sonic crystals (“SC”s)19 are a special type of metamaterials,
characterized by the periodic arrangement of the same unit cell,
scaled and arranged into a background material (like air or water).
Typically manufactured by extrusion of 2D structures, sonic crys-
tals have been successfully used to achieve phenomena such as
anomalous refraction,20,21 acoustic cloaking,22 and wave guiding.23

Sonic crystals have also successfully been used to achieve lensing in
2D, using the “homogenization method” to obtain a locally vari-
able refractive index by filling fractions of unit cells.24–27

Furthermore, this method was optimized to achieve invariant focal
length with broadband frequency.28 Very recently, 3D sound
focusing using a 2D periodic structure has been demonstrated
underwater at ultrasonic frequencies,29,30 but there are not many
studies on achieving 3D acoustic convergence through 2D sonic
structures in air.

In this paper, we show how an extruded 2D hexagonal lattice
array of rigid cylinders with gradient diameters can be used to focus
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audible sound in air in three dimensions. This device we have called a
2.5D lens. We demonstrate the validity of this approach by simulating
and measuring the pressure behind two lenses, designed for 8 kHz:
one with a focal length of 1:6k and a “super-lens,” whose focal distance
is smaller than the wavelength k of the incident wave. These lenses will
also contribute to potential applications, like acoustic contactless
power transfer.31–33

We first utilize the gradient index theory from optics34 to deter-
mine which variation of the effective refractive index is needed across
the lateral dimension of a lens to achieve 2D focusing (i.e., in the
xy-plane). Without loss of generality, we will focus our discussion to
the case of sonic crystals made by cylinders of different diameters (see
Fig. 1), designed for operation at 8 kHz (k � 4:3 cm).

To describe sonic crystals with an effective refractive index, like
in optics, the dimension of sonic crystals should be sub-wavelength.
We, therefore, consider each cylinder inserted into a hexagonal unit
cell and assume that a, the lattice constant, is much smaller than wave-
length of the incident wave. Here, we adopt an 8 kHz incident plane
wave and let a ¼ 1 cm.

Then, we select a hyperbolic secant profile for the effective refrac-
tive index.27 The effective refractive index n(y) is, therefore, defined as

nðyÞ ¼ n0sechðayÞ; (1)

where a is a gradient coefficient, defined as

a ¼ 1
h
cosh�1

n0
nh
; (2)

with h is the half the height of the lens, nh is the refractive index at the
edges of the lens, and n0 is the refractive index in the middle of the
lens (i.e., at y¼ 0). Based on this given profile, the ray trajectory of
acoustic beams is determined by

yðxÞ ¼ 1
a
sinh�1ðu0Hf ðxÞÞ; (3)

where u0 ¼ sinhðay0Þ and Hf ðxÞ ¼ cos ðaxÞ. By following this equa-
tion and Snell’s law, it is easy to calculate the position of the focal spot
(see the supplementary material) given the thickness of the lens and its
lateral dimension.

For the first example in this paper, we assume n0 ¼ 1:3 and nh
¼ 1 and utilize seven layers of cylinders along the x-axis for a thickness
in the direction of propagation d ¼ 6:4 cm and six layers along the
y-axis, which means a half height equal to h ¼ 6a. According to our
calculations based on the gradient index theory, the focal position is
placed at 7:2 cm (see the supplementary material, Sec. S1).

Once the desired value is determined at each point, the effective
refractive index of each unit cell is achieved by varying its filling frac-
tion, so that n ¼

ffiffiffiffiffiffiffiffiffiffiffi
1þ f

p
, where f ¼ 2p=

ffiffiffi
3
p
ðR=aÞ2 is decided by

radius of the cylinder.35

To explain convergence in the xz-plane, we start by calculating
the band structures for unit cells with different cylinder diameters:
those relative to the largest and smallest diameters are illustrated in
Fig. 2.

The solid/dashed lines show the dispersion relation of unit cells
made by cylinders with the largest/smallest diameter, and the black
line is the incident wave with 8 kHz. Given that we used the largest
and the smallest cylinders, we infer that a 8 kHz incident wave can
pass through all the cylinders in the xy-plane.

To expand this result to the xz-plane, we treat all cylinders as 3D
sonic crystals, each constituted by nine shorter cylinders stacked
together with the height of each shorter cylinder equal to the lattice
constant of the hexagonal unit cell (a ¼ 1 cm). The 3D equifrequency
contours (EFCs) of the cylinders with the largest diameter (and 1 cm
height) are then calculated in COMSOL and shown in Fig. 3(a) for the

FIG. 1. Schematic representation of the sonic crystals used in this study: (a)cross section of the cylinders inside the hexagonal lattice along the xy-plane; (b)3D view of the
2.5D gradient index lens.
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plane y¼ 0 (which contains the axis of the cylinder). It is observed
that the EFCs for frequencies between 5 and 10 kHz are elliptic and
anisotropic along the x-axis, and this results in focusing in the
xz-plane. To explain this phenomenon, we present in Fig. 3(b) the
EFCs of the largest cylinders (black ellipse) and of free space (blue
dashed circle) at 8 kHz in the xz-plane. Also in Fig. 3(b) are shown the
incident wave vector ki (red arrow), the refracted wave vectors kr
(blue arrows), and the group velocity vg (green arrows). As expected,
the group velocity, which is the direction of energy transport, is per-
pendicular to the EFCs.

When the 8 kHz incident wave (red arrow) hits the sonic crystal
made with the largest cylinders, the energy is decomposed into two
directions (green arrows) at the interface between air and sonic crystals
(black dashed line), and a large part of energy focuses toward the x-
axis due to the symmetric refraction. At the center of a lens like the
one in Fig. 1, focusing is expected in the xz-plane.

Since the diameter of the cylinders changes along y, it is worth
looking at what happens at the end of the lens. To this aim, we calcu-
lated the EFCs of the smallest cylinders in the xz-plane [Fig. 4(a)] and
compared them with the EFC of the free space at 8 kHz [Fig. 4(b)]. It
can be observed that the EFC of the periodic structure containing only
the smallest cylinders is similar to the EFC of the free space: the small-
est cylinders, therefore, have a lower focusing capability (i.e., a longer
focal length). Therefore, a plane wave entering our lens in the x direc-
tion will experience a focusing, which is not the same along y, since
the converging power of the cylinders in the xz-plane depends on their
diameter.

To verify the phenomenon, we used COMSOL5.4(a) to run
numerical simulations in the xy-plane and in the xz-plane [Figs. 5(a)
and 5(b)]. The simulation area in the xy-plane was 20� 12� 10 cm3

behind the lens.
In Fig. 5(a), a plane wave with 8 kHz propagates from left to

right, and the simulated acoustic intensity shows a clear maximum in
the pressure distribution after it passes through the lens, both in the
xy-plane and the xz-plane. We call this effect 2.5D focusing. It is worth
noting that not only the maximum is located approximately at 65mm
from the lens, as expected from the theory, but also that focusing is

limited to the central part of the lens, since the smallest cylinders con-
tribute less to the effect. In the measurements (see below), it will, there-
fore, be crucial to limit the amount of energy passing along the sides of
the lens.

One of the key successes of metamaterials is the ability to focus at
distances smaller than the wavelength but very close to the Rayleigh
diffraction limit (“super-lens”). To prove that our approach could also
be used for this type of device, we realized another 2.5D lens using the
cylinders with same diameters but ten layers along the x-axis. By
numerical simulations in Figs. 6(a) and 6(b), we achieved 2.5D focus-
ing at a distance of 3.7 cm from the lens, while the focal length of cal-
culation based on Eq. (3) is 3.1 cm (see the supplementary material,
Sec. S1).

FIG. 2. Band structure of the hexagonal lattice with the largest cylinder(solid line)
and the smallest cylinder (dashed line).

FIG. 3. (a) The EFCs of the cell with the largest cylinders in the xz-plane, and kx
and kz are normalized wave vectors along the x-axis and the z-axis, respectively.
(b) The incident wave vector ki is indicated by the red arrow. The refracted wave
vector kr and group velocity vg are indicated by blue and green arrows,
respectively.
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To experimentally validate the performance of the 2.5D
lenses, we conducted quantitative measurements of the acoustic
field behind them. The experimental setup is shown in Fig. 7(a). A
function/arbitrary waveform generator (RSDG 2042X) was ampli-
fied and connected to a JVC loudspeaker (JVC CS J520X) to pro-
duce an 8 kHz sine wave. The source-amplifier-loudspeaker system
was found to have a flat response in frequency in the range of
interest (6–10 kHz) in previous experiments. The loudspeaker’s
emission was channeled into a plastic cylindrical waveguide with
similar diameter, while the 2.5D lens being tested was placed to the
other side of the waveguide. The length of the waveguide (27 cm)
was sufficiently long for the emission to have developed a planar
wavefront before reaching the 2.5D lens. Since the theory indicated
that we should minimize the sound hitting the sides of the lens, a
black commercial absorber was used to shape the exit of the

waveguide and ensure a better coupling to the lens in the yz-plane
in Fig. 7(b). This solution was preferred to inserting the lens inside
the waveguide, as the latter solution would have enhanced the
energy hitting the sides of the lens.

In our experiments, each experiment of the x-axis was repeated
13 times to get more precise results on the location of the focal point,
and each experiment of the y-axis and the z-axis was repeated six
times, in order to obtain for each selected measuring position a statisti-
cally relevant mean and standard deviation.

It is worth noting that, before comparing these measurements
with simulations, the COMSOL model had to be adjusted to include
the waveguide (see the supplementary material). Particularly

FIG. 4. (a) The EFCs of the cell with the smallest cylinders in the xz-plane, and kx
and kz are normalized wave vectors along the x-axis and the z-axis, respectively.
(b) The incident wave vector ki is indicated by the red arrow. The refracted wave
vector kr and group velocity vg are indicated by blue and green arrows,
respectively.

FIG. 5. (a) Acoustic intensity of 2.5D lens at 8 kHz in the xy-plane; (b) Acoustic
intensity of 2.5D lens at 8 kHz in the xz-plane.

FIG. 6. (a) Acoustic intensity of super lens at 8 kHz in the xy-plane; (b) Acoustic
intensity of super lens at 8 kHz in the xz-plane.
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FIG. 7. (a)Experimental setup with the waveguide highlighted. (b) The exit of the waveguide, shaped to match the lens in the yz-plane.

FIG. 8. (a) Sound pressure level (dB) distributions behind the lens with seven layers along the x-axis. The highest point is at x ¼ 75mm in unguided simulation while in guided
simulation, the highest point is at x ¼ 46 mm. In the experiments, the highest point was at x ¼ 726 2mm. (b) Sound pressure level (dB) distributions along the y-axis in
unguided simulation, guided simulation, and experimental result. (c) Sound pressure level (dB) distributions along the z-axis in unguided simulation, guided simulation, and
experimental result.
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challenging was simulating the coupling between the waveguide and
the lens, and therefore, Figs. 8 and 9 present two simulations:

• Unguided condition simulation (red solid line), where the
absorbing material was simulated with a perfectly matched layer
(totally absorbing), and the lens is basically in a free space, sur-
rounded by perfectly matched layers. This simulation is, there-
fore, physically similar to the one used for Figs. 5 and 6.

• Guided simulation (yellow dashed line). In this case, the coupling
material is treated as a reflective solid, thus eliminating diffrac-
tion along the sides: the lens behaves as if partially immersed in
the waveguide.

Other attempt to simplify the coupling between the guide and
the lens (e.g., 3D-printing a coupler, as the one described in the sup-
plementary material) ended with similar results.

In Fig. 8, we compare the measured sound pressure levels with
the simulations for the 72mm lens. First, we measured pressure along
a central line in the x-direction [see Fig. 8(a)] in the region between 2
and 200mm behind the lens and noted that the position with the
highest value was at x ¼ 726 2mm from the lens. We also observe

that, while the highest pressure is at x ¼ 75mm in the unguided simu-
lation, the maximum moves to x ¼ 46mm in the guided simulation.
Figure 8(a) also shows that, the experimental result along the x-axis
has similar trend with the unguided simulation in the initial curve,
while appears closer to the guided case in the latter part.

The position of the highest pressure was then used as the central
point for the scans/simulations in the other directions, along y
[Fig. 8(b)] and along z [Fig. 8(c)], both from�50 to 50mm.

We observe that, while along the y-axis the experimental result is
located between the two simulations, almost no effect of the coupling
material can be seen in z, where the cylinders were closed by horizon-
tal plates. This result illustrates that the diffraction at the edges is the
main reason causing differences between simulations and experimen-
tal results. Also visible (from the scans along y and z) is a limitation of
our oscilloscope that could only acquire a dynamical range of 12 dB.
While not discussed here, the role of thermo-viscous effects was found
to be minimal in previous studies.

We, therefore, attribute the other differences between numerical
simulations and experimental results in Fig. 8 to the 3D-printing pro-
cess (which left the surface of the smallest cylinders particularly

FIG. 9. (a) Sound pressure level (dB) distributions behind the super lens with ten layers along the x-axis. The highest point is at x ¼ 49mm in unguided simulation while in
guided simulation, the highest point is at x ¼ 22 mm. In experiments, the highest point was at x ¼ 426 2 cm. (b) Sound pressure level (dB) distributions along the y-axis in
unguided simulation, guided simulation, and experimental result. (c) Sound pressure level (dB) distributions along the z-axis in unguided simulation, guided simulation, and
experimental result.

Applied Physics Letters ARTICLE scitation.org/journal/apl

Appl. Phys. Lett. 119, 141907 (2021); doi: 10.1063/5.0064246 119, 141907-6

VC Author(s) 2021

https://www.scitation.org/doi/suppl/10.1063/5.0064246
https://www.scitation.org/doi/suppl/10.1063/5.0064246
https://scitation.org/journal/apl


rough), to difficulties in aligning the lens with the speaker [e.g., the
asymmetry of the side lobes in Fig. 8(c)], and to differences in the val-
ues of the material parameters between simulations and experiments.

The results relative to the ten layers super-lens can be found in
Fig. 9, which shows a comparison between measured sound pressure
levels and the two simulations (“guided” and “unguided”) along the x-
axis, the y-axis, and the z-axis. The focal distance of the unguided sim-
ulation is at x ¼ 49mm, while that of the guided simulation is at
x ¼ 22mm. In this case, the position of the measured maximum is at
426 2mm. While similar considerations to the ones made for the first
lens can be taken into Fig. 9(b) (y-axis) and to Fig. 9(c) (z-axis), the
behavior along the x-axis strongly depends on the type of simulation
both close to the lens and in the far field. In this case, the unguided
curve appears closer to the measurements, while the measurements in
the near and far field appear between the two cases. It is worth noting
that, since our experiments were conducted in a room, we used a
waveguide both to ensure a planar wavefront at the input side of our
lens and to minimize the energy lost in scattering (from the borders of
the lens) and in reflections (from other objects). In practical applica-
tions, the same conditions can be achieved by placing the source suffi-
ciently far away from the lens and by removing unwanted reflections
(e.g., in the free space or using absorbing materials).

In this paper, we have demonstrated that an extruded 2D array of
cylinders with graded diameter can be used as a 2.5D metamaterial lens,
enabling to focus sound in three dimensions. This has been achieved
using the gradient index theory to realize sound focusing in the horizon-
tal plane (i.e., the xy-plane), while band structures and equifrequency
contours were utilized to explain acoustic focusing in the xz-plane. We
have demonstrated the feasibility of our design procedure first with
finite-element simulations and then with measurements, testing it on
two lenses, one with a focal length greater than the wavelength and one
with a focal length smaller than the wavelength. Testing and simulations
were done at a single frequency, 8 kHz.

These types of lenses, due to their easy fabrication, provide a sim-
ple way to manipulate sound in air. Future work will look at the poten-
tial of using these geometries to correct loudspeaker divergence and to
achieve an adjustable focal distance. Equally important for applications
(e.g., directional sound, acoustic collimator) is the bandwidth of these
devices, so testing at other frequencies close to 8 kHz will be highly
desirable, as will be the use on non-cylindrical geometries, capable of
achieving the same result over larger bandwidths.

See the supplementary material for the complete process of calcu-
lating focal length, description of boundary conditions used in the sim-
ulations, explanation of the relationship between equifrequency
contours and focal capability, fabrication of lenses and data processing,
and comparison between the GRIN lens and the convex lens.
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