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INTRODUCTION 

Concentric tube robots (CTRs) are composed of pre-
curved, super-elastic tubes that behave like continuum 

robots with a rotation and translation degree of freedom 

per tube [1]. The tubes interact with each other when 

rotating and translating to bend and twist in a manner 

resulting in curvilinear paths as seen in Figure 1. CTRs 

are clinically employed in minimally invasive surgery 

(MIS) in applications of actuated steerable needles or 

teleoperated manipulators. Ophthalmological, endonasal 

and fetal surgery have been explored interventions that 

may benefit highly from the dexterity, compliance and 

flexibility of CTRs [2]. In such applications, the main 

benefit is having a flexible articulated instrument while 
maintaining a small incision point to minimize trauma at 

the entry point. 

 

 
Figure. 1. Concentric tube robot kinematic inputs for 3 tubes 
adapted from [6]. 

Compared to rigid link robots, the kinematic modelling 

of CTRs is more complex due to the non-linear 

interactions of the tubes. Previous model-based work has 

throughly investigated various solutions with respect to 

computation complexity and accuracy. A geometrically 

exact model [3] is one such solution but has its limitations 

in terms of transverse shear, elongation and friction. A 

generally applicable modelling technique has not yet 

emerged. 

In this work, we present a goal based curriculum 

reinforcement learning approach to learn the inverse 

kinematics of CTRs. Reinforcement learning is an 

iterative paradigm where an agent aims to learn the 

optimal sequence of actions to achieve a goal 

summarized by a reward signal.  We focus on simulation 

results in this work because transfer learning is an active 

research area with various strategies such as domain 

randomization being explored. Although previous work 

has investigated model-free kinematics for CTRs 

[4,5,6,7], our contributions in this work are a novel 
training strategy with goal based curriculum and 

confirming previous reinforcement learning approach 

results [7] with a more accurate kinematics model [3] 

used for simulation. 

MATERIALS AND METHODS 

As described in [7], we formulate a Markov Decision 

Process (MDP) with states, actions and reward function. 

The state is defined as rotation (αi) and extension (βi) 

position for each tube i in trigonometric form [6], desired 

goal, g, achieved goal or robot tip position, ĝ and goal 

tolerance δ(𝑡). The trigonometric form, γi, is defined as 

γi = {𝛾1,𝑖 , 𝛾2,𝑖 , 𝛾3,𝑖} = {cos 𝛼𝑖 , sin 𝛼𝑖 , 𝛽𝑖} 

Thus, we can define the state at timestep t as 

st  = {γ1,  γ2,  γ3,  g −  ĝ, δ(𝑡)}  

The extension joint, βi can directly be obtained from 𝛾3,𝑖 

and the rotation joint αi can be obtained by 

αi = atan2(γ2,i, γ1,i) 

The kinematic input variables (α, β) are shown in Figure 

1 where 𝐿𝑖  is the overall length of tube i. Actions are 

defined as changes in rotation and extension positions in 

a single timestep. The desired goal, g, is defined as a 

Cartesian point in the achievable workspace. The desired 

goal, ĝ, is the tip position of the robot determined with 

forward kinematics in simulation. The reward at timestep 

t, is defined with a reward function as follows, 

rt = {
0, et  ≤ 𝛿(𝑡)

−1, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

where δ(𝑡)  is the goal tolerance as a function of 

timesteps and et is the Cartesian error from the robot tip 

to desired goal. 

To investigate a goal-based curriculum, we propose three 

goal tolerance functions. Using a starting goal tolerance 

𝛿initial, and final goal tolerance δfinal, with 𝑁𝑡𝑠 being the 

total number of timesteps to apply the function, we can 

fully define these functions. The first function is a 

constant tolerance, 

δ(t) = {
δfinal , 𝑡 ≤ 𝑁𝑡𝑠

δfinal , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

The second function is a linear, 

δ(t) = {
𝑎𝑡 + 𝑏, 𝑡 ≤ 𝑁𝑡𝑠

δfinal , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

𝑎 = (δfinal − δinitial) 𝑁𝑡𝑠⁄  



𝑏 = δinitial 

The final function is exponentially decaying with 𝑎 as an 

initial tolerance and 𝑟 as the rate of decay. 

δ(t) = {
𝑎(1 − 𝑟)𝑡 , 𝑡 ≤ 𝑁𝑡𝑠

δfinal , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

𝑎 = δinitial  

𝑟 = 1 − (δfinal δinitial⁄ )𝑁𝑡𝑠
−1

 

For the second function, the tolerance remains at δfinal 

for 𝑡 > 𝑁𝑡𝑠 till the end of training. We train a three tube 

robot system with parameters listed in Table 1, where 

stiffness is 5 GPa and torsional stiffness is 2.3 GPa with 
deep deterministic policy gradient [8] and with hindsight 

experience replay [9]. We use parameters found in [7] 

with multi-variate Gaussian noise. Each experiment was 

trained for a total of 300,000  and 𝑁𝑡𝑠 = 150,000 , 

δfinal = 20 mm and δinitial = 1 mm and 19 parallel 

workers. 

𝐿 

(mm) 

𝐿𝑐𝑢𝑟𝑣𝑒𝑑  

(mm) 

𝑑𝑖𝑛𝑛𝑒𝑟 

(mm) 

𝑑𝑜𝑢𝑡𝑒𝑟 

(mm) 

Pre-

curvature 

215.0 14.9 1.0 2.4 15.82 

120.2 21.6 3.0 3.8 11.8 

48.5 8.8 4.4 5.4 20.04 

Table. 1. Simulation robot parameters. From inner to outer. 

RESULTS 

To compare convergence of training of the experiments 

we plot error through training with the shaded standard 

deviation area in Figure 2 and the cumulative episode 

rewards through training in Figure 3. 

 

Figure. 2. Comparing error during training for constant, linear 
and decay functions. 

 

Figure. 3. Comparing error during training for constant, linear 
and decay functions 

The final error found at the end of training was 1.4mm 

for the constant function, 4.8mm for linear and 2.9mm 

for the decay function in Cartesian space. With 2 million 

training steps, these methods are in-line with [7] which 

was on par with other simulation results [4]. 

CONCLUSION AND DISCUSSION 

Conducting this study we reached two conclusions. First, 

Although the final error for the constant function is lower 

than linear or decay, varying the goal tolerance had a 

large effect in the beginning of training by reducing 

errors very quickly with high rewards as compared to the 

constant function. Second, there is less deviation in the 

linear and decay function during the initial stages of 

training. 
In this study, a novel training methodology for concentric 

tube robots with reinforcement learning based on goal 

tolerance has been suggested to be useful at the initial 

stages of training. Expanding on work conducted in [7] 

that used simplified kinematics, this study trains with 

accurate kinematics of CTRs. In future work we will 

experiment with combining functions to improve 

convergence speed and lower errors. 
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