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Abstract 

Despite decades of research, vortex-induced vibration (VIV) of circular cylinders is still a topic 

of strong interest in fluid mechanics, as it is of great importance in many engineering 

disciplines, such as bridges, nuclear reactors and high-rise buildings. In order to provide an in-

depth understanding of complex fluid-structure interaction during VIV, this thesis considers 

the following physical scenarios using an in-house code developed based on immersed 

boundary-lattice Boltzmann method (IB-LBM). First, a system with two fixed cylinders with an 

intermediate centre-to-centre spacing is considered. It is found that the frequency 

component of the force on each individual cylinder changes from a single value to multiple 

ones, then to a large number of discrete ones and eventually to a broadband continuous 

spectrum, as the alignment angle increases. Second, the vibration of a cylinder may occur due 

to fluid-structure interaction, and thus the free motion is investigated using the results from 

the corresponding forced oscillation. It is shown that when a cylinder is in periodic free motion, 

its motion will remain the same if the combined mass-damping parameter remains 

unchanged and the variations of body mass and stiffness follow a particular pattern. Here, 

the damping ratio is redefined using the motion frequency of the body instead of the 

commonly adopted natural frequency of the body. Third, large-eddy simulation as turbulence 

model is implemented in the computer code and multi grids are adopted in IB-LBM to improve 

computation efficiency and accuracy. Turbulent flow is then studied. The results show that 

the effect of the Reynolds number on the well-known three response branches at different 

reduced velocities, or initial, upper and lower branches, is significant. When Reynolds number 

is fixed, at its lower range calculated, there are only initial and upper branches, and at higher 

range, there are only upper and lower branches.
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Impact statements 

This thesis has contributed to a better understanding of the physical mechanism behind 

vortex-induced vibration. It is of physical and engineering interest, because VIV may lead to 

the extensive oscillation of structures and the long-term cyclic loads on structures. The 

present research focuses on two aspects of VIV using lattice Boltzmann method coupled with 

immersed boundary method and aims to provide practical solutions to help engineering 

design. 

 

On the one hand, a system with multiple bluff bodies is common in practical applications. The 

complex interaction between the wake and body always make the flow physics significantly 

different from that past a single bluff body. The interaction between the wakes from multiple 

bluff bodies have serious effects on the safety of the system, such as the adverse loads 

induced on the nearby bodies and the severe oscillatory motion of the downstream body due 

to the vortex shed from the upstream body. The flow past two identical circular cylinders is 

one of prototypical configurations. Thus, the fluctuating force acting on two stationary 

cylinders in tandem, staggered and side-by-side arrangements is considered systematically. 

 

On the other hand, in real engineering problems, such as tension leg platforms for offshore 

wind turbines and offshore production of oil and gas, the tensioned cables are often so long 

that their free motions are easy to be excited due to the fluid-structure interaction, which 

leads to cyclic loads first and then may result in fatigue damage of the system. Thus, the 

motion characters of a free cylinder are investigated. An approach to predicting the free 

motion of a cylinder in a fluid stream is to use the results from the corresponding forced 

oscillation. In this thesis, the equivalence between transverse free and forced motions is 

provided based on the mathematical analysis and verified through the numerical results.  In 

such as case, when the structural damping is fixed, if the cylinder mass and stiffness vary 

together following a particular relationship, the free motion will remain the same. Also, the 

free vibration of a cylinder in the turbulent flow is studied based on a refined numerical 
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method. Large-eddy simulation is chosen as the turbulence model and multi-block model is 

adopted to improve the accuracy and the computational efficiency.
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Nomenclature 

 

𝑏, 𝑏∗              structural damping (* refers to the non-dimensional one) 

𝑐                     lattice speed 

𝑐𝑠                   artificial sound speed 

𝐶                    Smagorinsky constant 

𝐶𝐷                  drag coefficient 

𝐶𝐷
̅̅̅̅                   mean drag coefficient 

𝐶𝐿                   lift coefficient 

𝐶𝐿𝑟𝑚𝑠             root-mean-square lift coefficient 

𝐶𝐿0                 amplitude of lift coefficient 

𝑑                     number of spatial dimensions 

𝐷                     cylinder diameter 

𝒆𝑖                    particle velocity 

𝐸                     internal energy 

𝐸𝑓𝑐, 𝐸𝑓𝑐
∗           energy transfer from the flow to the cylinder over a period 

𝑓                      particle density distribution function 

𝑓𝑒𝑞                  equilibrium distribution function 

𝑓∗                    ratio between body motion frequency and its natural frequency  

𝑓𝑐, 𝑓𝑐
∗              motion frequency  

𝑓𝑛, 𝑓𝑛
∗              natural frequency of a cylinder 

𝑓𝑣                     frequency of lift coefficient for a fixed cylinder 

𝐹𝐷                    drag force 

𝐹𝐿                     lift force 

𝐹𝐿0                   maximum value of lift force 

𝒈                      body force on the fluid 

𝑮                      body force on the boundary 

𝑘, 𝑘∗                structural stiffness 

𝑘𝐵                    Boltzmann constant 
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�̃�∗                     related stiffness 

𝑲                      particular velocity 

𝑙, 𝛿𝑥, 𝛿𝑦           lattice spacing 

𝐿, 𝐿∗                 centre-to-centre spacing in a two-cylinder system 

𝐿e, 𝐿s, 𝐿r        length of computational domain 

𝑚, 𝑚∗              body mass 

𝑚𝑐𝑓                  ratio of the space steps between coarser and finer blocks 

𝑀                     molecular mass 

𝑀𝑎                   Mach number 

𝑀𝑒
∗                   effective added mass  

𝑀𝑝, 𝑀𝑝
∗           potential flow added mass 

𝑝                      fluid pressure 

�̅�                      filtered  fluid pressure 

𝑄𝛼𝛽                 momentum flux tensor 

𝑅                     gas constant 

𝑅𝑒                   Reynolds number 

𝑠                      grid parameter 

𝑺                     strain rate tensor 

𝑆𝑡                   Strouhal number for a fixed cylinder 

𝑡                     time 

𝑇                    nondimensional time 

𝑻                    Reynolds stress tensor 

𝑇𝑐                   period of cylinder oscillation 

𝑇𝑣                   period of lift coefficient for a fixed cylinder 

𝒖                    fluid velocity 

𝒖𝑑                  desired fluid velocity 

�̅�                    filted fluid velocity 

𝑢0                   incoming free-stream velocity 

𝑈∗                   reduced velocity 
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𝑼∗                  desired velocity on the boundary 

𝑼𝑑                  velocity of the body surface 

𝑈𝐼𝑈
∗ , 𝑈𝑈𝐿

∗         critical value of reduced velocity  

𝑌0, 𝑌0
∗              motion amplitude 

𝑌0𝑚𝑎𝑥, 𝑌0𝑚𝑎𝑥
∗  peak amplitude 

�̇�                      oscillation velocity of a cylinder 

 

𝛼                        alignment angle between the line linking two cylinder centres and flow direction 

∆                     filter width 

𝛿𝑙                    delta function 

𝛿𝑡                    time step 

𝛿𝑠                    arc length of the boundary element  

𝛿𝛼𝛽                 Kronecher delta function 

𝜁                      structural damping ratio 

𝜁𝑐                     redefined damping ratio 

𝜆∗                    wavelength 

𝜈                      kinetic viscosity 

𝜈𝑒                    eddy viscosity 

𝜈𝑇                    total viscosity including kinetic and eddy viscosity 

𝜌                      fluid density 

𝝃                      particle velocity 

𝜏0, 𝜏                relaxation time/ nondimensionalized relaxation time 

𝒯                     temperature 

𝜙                     phase angle between lift coefficient and cylinder motion 

𝜔𝑐                   motion angular frequency of a body 

𝜔𝑖                   weighting coefficient 

𝜔𝑛                  natural angular frequency of a body with the added mass effect 

Ω                    collision operator 

Ω𝐵𝐺𝐾              BGK collision operator 
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Chapter 1 

Introduction 

 

1.1 Engineering background 

Vortex-induced vibration (VIV) can be found in many fields of engineering, such as riser tubes 

bringing oil from the seabed to the surface, tethered structures in the ocean, bridges, nuclear 

reactors, heat exchanger tubes, and high-rise buildings. VIV may cause large-amplitude 

vibration of structures and lead to structural damage or even collapse of the whole system. 

For instance, the incident of the Tacoma Narrows bridge in the U.S. state of Washington on 

November 7, 1940 is one of famous examples which occurs as a result of VIV (Billah and 

Scanlan, 1991). The break of a thermowell inside a pipe carrying sodium coolant in Japan 

Monju nuclear reactor on December 8, 1995 was also due to VIV, which caused a major fire 

of this reactor (Khan et al., 2018). One of the 265-foot-tall tower of the thriller ride, VertiGo 

in the U.S. state of Ohio on January 14, 2002 collapsed still because of VIV (Khan et al., 2018). 

It is therefore highly important and relevant to investigate the VIV problem. 

 

VIV is a kind of motion as a result of the interaction between fluid and structure. When the 

fluid moves past an unstreamed blunt body, for Reynolds number above a critical value, an 

unsteady wake is created even if the incoming flow is steady, and vortices shedding may occur 

alternatively at either side of a slender transverse body. These shed vortices result in 

oscillating forces on the body. The oscillating force may be strong enough to generate body 

vibration. Such phenomenon is known as VIV. The study on VIV has a wide range of practical 

interests in ocean engineering. There are various types of offshore structures designed for 

floating wind turbine and oil platforms. They usually have a large number of cylindrical 

components.  Risers, mooring lines and pipelines are also extensively utilized. It is common 

that VIV occurs in this type of structure. This may be an important source of the fatigue 

damage of cylindrical components and further cause environmental issues. 
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The results from Wanderley et al. (2012) indicated that the three-dimensionality had 

insignificant influence on the motion amplitude and frequency of a relatively long cylinder in 

the sub-critical turbulent range. Later, Wanderley and Soares (2015) and Pigazzini et al. (2018) 

provided the similar conclusion. In such a case, the scope of this PhD study is to undertake 

two-dimensional (2D) numerical simulations for VIV of circular cylinders in the laminar and 

sub-critical turbulent ranges using multi-block immersed boundary-lattice Boltzmann method 

(IB-LBM). Lattice Boltzmann method (LBM) has become an alternative to Navier-Stokes (NS) 

equations, while they are equivalent for simulating fluid flows (Chen and Doolen, 1998). LBM 

is based on microscopic models and mesoscopic kinetic equations. Its equations may appear 

to be very different, but they are in fact equivalent to the NS equations. It has some distinctive 

features, such as the simple algorithm and the natural parallelism (Chen and Doolen, 1998). 

IBM is used to treat the structure-fluid boundary. The body surface is replaced by a layer of 

distributed force, whose value is determined by the no-slip boundary. It allows a complex 

boundary to be treated in a simpler way. It aims to uncover some of the physical mechanism 

of this problem and provide some practical solutions for engineering design through the 

following three aspects. First, a structure may have multi-components. Their interactions may 

be important for the whole system, and thus the fluctuating force acting on two stationary 

cylinders in different arrangements will be considered systematically. Second, a cylinder can 

be set into motion. The characters of the motion can have serious implications to the safety 

of the structure. An approach to understanding the fluid- structure is to control the motion 

of the body, or forced motion as commonly called. In the forced oscillation, the motion of the 

body is prescribed and response of the wake to the motion can be examined in isolation. It is 

easier to do forced motion systematically than the free motion. It is part of the purpose of 

this work to provides the mathematical analysis for the conditions of the equivalent forced 

and free motions first, and then uncover the motion characters of a free cylinder through the 

results from forced motion, including how the combined mass-damping parameter influences 

the motion amplitude. Third, real engineering problems correspond to high Reynolds number. 

The methodology will be refined with multi grids and turbulence model. The well-known 

motion amplitude branches will be investigated systematically. 
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1.2 Literature review 

1.2.1 Flow past two stationary cylinders in different arrangements 

The flow past bluff bodies is common in engineering applications, such as offshore wind farms, 

oil exploration, bridge pilings and high-rise buildings. Compared with the flow over a single 

bluff body, the wake interference between multiple bluff bodies gives rise to the complete 

change of the flow characteristics, including the vortex shedding, which leads to a very 

different pattern of the force acting on the cylinder (Sumner, 2010; Jiao and Wu, 2018a). Thus, 

some insightful analysis into flows in such a case have important implications to vortex-

induced vibration. Here, two identical circular cylinders of equal diameter will be taken into 

consideration. 

 

 

Fig. 1-1 Arrangements of two cylinders: (a) tandem; (b) side-by-side and (c) staggered 
arrangements 

 

Flow characteristics in the two-cylinder system depend on the ratio of the centre-to-centre 

spacing (𝐿) to the cylinder diameter (𝐷), 𝐿∗ = 𝐿 𝐷⁄ , the alignment angle (𝛼) between the line 

linking two cylinder centres and flow direction, as well as Reynolds number 𝑅𝑒 = 𝑢0𝐷 𝜈⁄ , 

where 𝑢0 is the incoming free-stream velocity, and 𝜈 is the kinetic viscosity. Arrangements of 

two cylinders can be classified into three categories shown in Fig. 1-1, including tandem (𝛼 =

0°), staggered (0° < 𝛼 < 90°) and side-by-side (𝛼 = 90°). Reviews of earlier work were given 

by Zdravkovich (1977; 1987; 2003) and more recent ones by Sumner (2010). Broadly speaking, 
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at sufficient small 𝐿∗, the two cylinders behave like a single bluff body, while at sufficiently 

large 𝐿∗, they behave like two independent bodies in the free-stream and wake interaction 

between two cylinders vanishes. It is within certain range of 𝐿∗, the interactions between the 

flows past two cylinders become highly complex. 

 

For cylinders in tandem arrangement, or 𝛼 = 0°, Zdravkovich (1987) discussed some essential 

features for this case based on experimental evidence. These features in the wake were also 

observed later by many numerical simulations (Slaouti and Stansby, 1992; Mittal et al., 1997; 

Meneghini et al., 2001; Carmo and Meneghini, 2006). The two cylinders can be combined as 

a single bluff-body shown in Fig. 1-2(a) when 1 < 𝐿∗ < 1.2 − 1.8 (Zdravkovich, 1987). The 

free shear layer by the upstream body will pass by the downstream cylinder and the vortex 

shed from the two cylinders will be mainly in the wake behind the downstream cylinder. The 

oscillation of the flow is mainly periodic with period 𝑇𝑣. This gives the frequency 𝑓𝑣 = 1 𝑇𝑣⁄ , 

which is usually defined through the Strouhal number 𝑆𝑡 = 𝑓𝑣𝐷 𝑢0⁄ . Although the oscillation 

may have frequency components 𝑛𝑓𝑣  (𝑛 = 1, 2, 3 ⋯), 𝑛 = 1 is usually dominant and it is 

usually referred as a single frequency oscillation. When 1.2 − 1.8 < 𝐿∗ < 3.4 − 3.8 

(Zdravkovich, 1987), shear layer shed from the upstream body will reattach at the 

downstream body and a vortex street is formed only behind the downstream cylinder shown 

in Fig. 1-2(b). The oscillation of the flow is still dominated by a single frequency. When 3 <

𝐿∗ < 4 (Zdravkovich, 2003) or 3 < 𝐿∗ ≤ 5 (Xu and Zhou, 2004), the wake pattern behind the 

upstream cylinder or before the downstream cylinder may intermittently change between 

attachment on the downstream cylinder and eddy shedding from the upstream cylinder at a 

higher Reynolds number, say at an order around 𝑂(104), and it is referred as “bi-stable flow” 

(Igarashi, 1981) shown in Fig. 1-2(c). The oscillation of flow has two different periods and two 

dominant frequency components at the bi-stable regimes. This can be understood by the fact 

for the upstream cylinder the incoming flow is steady and uniform. The flow behind the 

upstream cylinder or before the downstream body is, however, oscillatory. A new kind of 

oscillatory flow could be generated by the second cylinder, and hence two frequency 

components or bi-stable flow phenomenon. When 𝐿∗ > 3.4 − 3.8 (Zdravkovich, 1987), the 

shed vortex will appear evidently behind each of the cylinders or co-shedding shown in Fig. 

1-2(d) will occur. The oscillation is once again dominated by a single frequency. This could 
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partly be due to the lock in effect (Xu and Zhou, 2004). Also, at relatively lower Reynolds 

number, the oscillatory flow behind the upstream cylinder will decrease faster away from the 

cylinder because of the larger viscous effect. Thus as 𝐿∗
 increases, the flow to the downstream 

cylinder becomes more uniform. The value of the single frequency at this range of 𝐿∗
 is still 

different from that of an isolated cylinder. It can be expected, however, as 𝐿∗
 further 

increases, the frequency will tend to that corresponding to a single cylinder.  

 

(a)  

(b)  

(c)       

(d)  

Fig. 1-2 Instantaneous vorticity contours with 𝛼 = 0° according to the wake pattern: (a) 

extended-body pattern; (b) reattachment pattern; (c) bi-stable pattern; (d) co-shedding 

pattern.  
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For the flow past two side-by-side (𝛼 = 90°) cylinders, detailed discussions can be found in 

Bearman and Wadcock (1973), Williamson (1985), Kim and Durbin (1988), Sumner et al. (1999), 

Zhou et al. (2002), Kang (2003), Carini et al. (2014) and Singha et al. (2016). Sumner (2010) 

identified three flow regimes. When 1 ≤ 𝐿∗ ≤ 1.1 − 1.2, the flow behaves in a manner similar 

to that corresponding a single bluff-body, or “the single body case” shown in Fig. 1-3(a). The 

oscillation of the flow is dominated by a single frequency. The Strouhal number is not sensitive 

to 𝐿∗
 within this range and its value is lower than that of a single cylinder. When 1.1 − 1.2 ≤

𝐿∗ ≤ 2 − 2.2, the gap flow between two side-by-side cylinders is asymmetrical and biased 

towards one cylinder. The bias may be permanent, the “deflected case” shown in Fig. 1-3(b) 

or alternate randomly, the “flip-flopping case” shown in Fig. 1-3(c). For deflected patterns, 

the developed flow is periodic and the oscillation of the flow is still dominated by a single 

frequency. For flip-flopping patterns, however, highly complex wake and vortex-street 

interaction occur. The oscillation of the flow is no longer periodic and therefore the frequency 

of flow oscillation is a broadband spectrum rather than discrete. When 𝐿∗ ≥ 2 − 2.5, two 

parallel synchronized vortex streets are formed, which can be either symmetric about the 

centreline between the cylinders, the “anti-phase case” shown in Fig. 1-3(d), or anti-

symmetric, the “in-phase case” shown in Fig. 1-3(e). For both of these two cases, the flow is 

periodic and the flow oscillation is dominated by a single frequency, whose value is close to 

that for an isolated cylinder. 

(a)  

(b)  
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(c)       

(d)     

(e)  

Fig. 1-3 Instantaneous vorticity contours with 𝛼 = 90° according to the wake pattern: (a) 

single bluff-body pattern; (b) deflected pattern; (c) flip-flopping pattern; (d) antiphase-

synchronized pattern; (e) in-phase-synchronized pattern. 

 

For two staggered (0° < 𝛼 < 90° ) cylinders, studies have been undertaken by Kiya et al. 

(1980), Zdravkovich (1987), Sumner et al. (2000), Jester and Kallinderis (2003), Akbari and 

Price (2005), Hu and Zhou (2008a; 2008b) and Tong et al. (2015). Sumner (2010) provided a 

comprehensive review. The interactions involve four shear layers from the upper and lower 

sides of two cylinders, Karman vortex formation process as well as two Karman vortex streets. 

The complex nature of the interactions depends on both the spacing ratio 𝐿∗
 and the 

alignment angle 𝛼. It is suggested that the behaviour of the 𝑆𝑡 data can be classified into 

three groups by spacing ratio 𝐿∗. At all 𝛼 and small spacing with 1 ≤ 𝐿∗ ≤ 1.25 (Sumner et al., 

2000), the behaviour of the flow is similar to that of a single-bluff body shown in Fig. 1-4(a). 

At  𝛼 ≤ 30°  and 1.125 ≤ 𝐿∗ ≤ 3 − 4  (Sumner et al., 2000) the vortex shed by the lower 

cylinder is mostly suppressed shown in Fig. 1-4(b), while at large spacing ratio (𝐿∗ > 3 − 4) 
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(Sumner et al., 2000), in its near-wake region, an uninhibited vortex street can be formed, 

similar to a single, isolated circular cylinder shown in Fig. 1-4(c). The oscillation at 𝛼 ≤ 30° is 

dominated by a single frequency. The bi-stable case was not discussed in Sumner (2010), 

which could be due to the fact the Reynolds number is not the same as that in Igarashi (1981). 

At 𝛼 ≥ 30°
 and 𝐿∗ ≥ 1.25  (Sumner et al., 2000), the shed vortex occurs from each of the 

cylinders shown in Fig. 1-4(d). For most but not all cases, the oscillation of the flow is 

dominated by two frequencies. The difference between these two frequencies becomes 

smaller as the distance of two cylinders becomes larger and the wake interference weakens. 

When 𝐿∗ further increases, the two pronounced frequency cases are hardly observed and the 

oscillation is dominated by a single frequency. At 𝐿∗ ≥ 1.25, which covers the flip-flopping 

region for the side-by-side case, the oscillatory behaviour of the flow is expected to very much 

depend on 𝛼. The frequency components change from some discrete values to a continuous 

spectrum, which is a focus of the current investigation. 

 

(a)   

 (b)  

(c)   
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(d)  

Fig. 1-4 Instantaneous vorticity contours with 0° < 𝛼 < 90° according to the wake pattern: 

(a) single bluff-body pattern with smaller (left) and larger (right) alignment angle; (b) 

reattachment pattern with smaller alignment angle; (c) co-shedding pattern with smaller 

alignment angle; (d) co-shedding pattern with larger alignment angle. 

 

1.2.2 Relationship between transverse-only forced and free vibration 

After having discussed the system with fixed cylinders, we will focus on a free cylinder in a 

fluid stream. At Reynolds number above a critical value, the vibration of the cylinder in 

transverse and in-line directions may occur. The lift (transverse) fluctuation is usually much 

larger than the drag (in-line) fluctuation, especially in the lock-in regime where the frequency 

of the periodic wake vortex mode matches the body oscillation frequency (Williamson and 

Govardhan, 2004). Thus, here the transverse-only oscillation in the lock-in regime is 

considered. There are two kinds of VIV: (1) free vibration where the cylinder oscillates freely 

under vortex-induced motion and (2) forced oscillation where the cylinder is prescribed to 

have a sinusoidal motion. Forced oscillation, allowing the response of the wake to the motion 

to be examined in isolation, can be used to predict its related free vibration. Reviews of the 

earlier work on forced and free motions were given by Bearman (1984), Blevins (1990) and 

Sumer and Fredsoe (1997) and more recent ones by Williamson and Govardhan (2004) and 

Bearman (2011). 

 

Fluid parameters which have significant effect on both forced and free motions include the 

fluid density 𝜌 , kinematic viscosity 𝜈  and incoming velocity 𝑢0 . In the forced sinusoidal 

oscillation of a cylinder, important parameters are the motion frequency 𝑓𝑐 , motion 

amplitude 𝑌0 and its diameter 𝐷. In the free vibration, the body mass 𝑚, structural damping 
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𝑏 and structural stiffness 𝑘 become important together with 𝐷, while motion frequency and 

amplitude are to be determined instead of being prescribed. The rationale of using forced 

oscillation results to predict free vibration is based on energy transfer 𝐸𝑓𝑐 = ∫ 𝐹𝐿(𝑡)
𝑇𝑐

0
�̇�(𝑡)𝑑𝑡 

from the flow to the cylinder over a period 𝑇𝑐. Here 𝐹𝐿 is the lift force of the body by the fluid 

and �̇� the oscillation velocity of the body. In the forced oscillation, results are obtained at 

various prescribed motion frequencies 𝑓𝑐  and motion amplitudes 𝑌0. It is common that energy 

transfer contours are plotted with 𝑓𝑐  and 𝑌0  being the horizontal and vertical axes, 

respectively. In the free motion, body mass 𝑚 and structural damping 𝑏 are given together 

with structural stiffness 𝑘. The free motion frequency 𝑓𝑐  and amplitude 𝑌0 can be obtained 

from the measurement or simulations. Comparison could then be made between the energy 

transfer in the free motion and that on the energy transfer contours of the forced motion to 

see the compatibility of these two motions. 

  

The comparison between the forced and free motions is based on the assumption of their 

equivalence. One should note that the forced motion is imposed by an external force. If the 

external force could be replaced by the corresponding mechanic mechanism, such as the 

structural damping 𝑏 and structural stiffness 𝑘, the forced motion is then equivalent to the 

free motion with such a mechanic mechanism without external force. A necessary condition 

for this equivalence is a positive value of 𝐸𝑓𝑐, which represents net energy transfer from the 

flow to the cylinder. Leonitini et al. (2006) undertook numerical studies on both forced and 

free motions at Reynolds number 𝑅𝑒 = 200 by a spectral-element technique coupled with a 

high-order three-step time-splitting scheme. It should be noted that ρ, u0 and D are used for 

nondimensionalisation and the normalized parameters are marked by ∗ below. A zero-energy 

contour 𝐸𝑓𝑐
∗ =

𝐸𝑓𝑐

0.5𝜌𝑢0
2𝐷2 = 0 on the 𝑓𝑐

∗ − 𝑌0
∗ plane was displayed in the lock-in region of the 

forced oscillation within 0.14 < 𝑓𝑐
∗ < 0.24, where 𝑓𝑐

∗ =
𝑓𝑐𝐷

𝑢0
 and 𝑌0

∗ =
𝑌0

𝐷
. They also obtained 

𝐸𝑓𝑐
∗  from free vibration with a given body mass 𝑚∗ =

𝑚

𝜌𝐷2
= 10 and structural damping ratio 

𝜁 =
𝑏

2(𝑚+𝑀𝑝)𝜔𝑛
= 0.01 in the same motion frequency region as that of forced motion. Here 

𝑀𝑝 =
𝜋

4
𝜌𝐷2  is the potential flow added mass for a circular cylinder and 𝜔𝑛 = √

𝑘

𝑚+𝑀𝑝
 the 
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natural angular frequency of the body with the added mass effect. It was found that all 𝐸𝑓𝑐
∗  

from free vibration was in the zone of the positive energy transfer obtained from the forced 

oscillation, which was qualitatively consistent with the positive damping ratio 𝜁. Kumar et al. 

(2016) used a more stringent lock-in criterion, which was adopted to obtain energy transfer 

contour in lock-in forced motion at 𝑅𝑒 = 100. The free vibration with 𝜁 = 0 was considered. 

Its results of 𝑓𝑐
∗ and 𝑌0

∗  were used on the energy transfer contour of the forced motion and 

were found to lie almost on the 𝐸𝑓𝑐
∗ = 0 line, which was quantitatively consistent with 𝜁 = 0.  

 

Some other studies (e.g. Hover et al., 1998; Carberry et al., 2004; Carberry et al., 2005) have 

indicated that the results of  𝑓𝑐  and 𝑌0  from the free motion could fall into regions of negative 

𝐸𝑓𝑐  predicted from the forced oscillation, especially at high Reynolds number. Such a 

contradiction may be due to the fact that the free motion of a cylinder with constant stiffness 

and structural damping is in fact not fully sinusoidal as imposed in the forced oscillation. In 

other words, the external force in the forced sinusoidal motion cannot be equivalently 

replaced by the constant mechanical damping and stiffness. In general, the motion in forced 

oscillation can be prescribed precisely sinusoidal, while the hydrodynamic force may not be 

exactly sinusoidal, especially at high Reynolds number. In such a case, exactly equivalent free 

motion of a cylinder with constant structural stiffness and damping is no longer possible. For 

example, Hover et al. (1998) compared some results from forced and free vibrations in the 

regime of 1 12⁄ < 𝑓𝑐
∗ < 1 3⁄  at 𝑅𝑒 = 3800  and at zero energy transfer condition. The 

nondimensionalized mass was set as 𝑚∗ = 𝜋 4⁄  and structural damping ratio was taken as 

𝜁 = 0 in the free motion. It was found that in the most cases the values of 𝑌0
∗ and 𝑓𝑐

∗ from the 

free motion were not on the zero energy transfer encounter line obtained from the forced 

motion, including the case of the largest 𝑌0
∗ in the free motion. This means that the external 

force in the forced motion could not be exactly replaced by the mechanical system with 

constant damping and stiffness. 

 

Staubli (1983) and Morse and Williamson (2009a) adopted a method different from that 

mentioned above to investigate the rationale of using forced oscillation results to predict free 

vibration. Both the maximum value of lift force 𝐹𝐿0 and phase angle 𝜙 between lift coefficient 
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and cylinder motion can be measured from forced motion at various 𝑓𝑐  and 𝑌0 first, and then 

the response of possible lock-in free motions with various structural stiffnesses 𝑘 ( or various 

natural frequencies of the cylinder 𝑓𝑛) at a given 𝑚 and 𝑏 can be predicted based on results 

from forced oscillation. Comparison can be subsequently made between the predicted free 

motion results and those corresponding real free motion results. Staubli (1983) used 

experimental data from forced oscillation with 𝑌0
∗ = (0, 0.8) and 𝑓𝑐

∗ = (0.09, 0.33) at 𝑅𝑒 =

60000 to make prediction for the response of free vibration with a given 𝑚∗ = 247.78 and 

𝜁 = 0.00356, and then compared with experimental measurements of free vibration from 

Feng66. The prediction was reasonable for natural frequency within 𝑓𝑛
∗ = (0.15, 0.2), but was 

not close at 𝑓𝑛
∗ = (0.12, 0.15). It ought to be pointed out that the Reynolds number of the 

free-vibration experiment of Feng (1968) was not fixed at 𝑅𝑒 = 60000 and therefore the 

conditions for the forced motion and free motions were not exactly the same. Morse and 

Williamson (2009a) extended the frequency and amplitude ranges of forced oscillation to 

predict free-vibration response at a different Reynolds number 𝑅𝑒 = 4000 . The motion 

amplitude was taken as 𝑌0
∗ = (0, 1.6)  and the frequency 𝑓𝑐

∗ = (0.0625, 0.5) . Two free 

vibration cases at (1) 𝜁 = 0 and (2) 𝜁 = 0.0232, respectively, with 𝑚∗ = 8.24 were predicted 

by the results of the forced oscillation. Comparison was then made with the corresponding 

real free motion data from Govardhan and Williamson (2006) in which Reynolds number was 

not always the same either. A good agreement was nevertheless found close to the peak 

amplitude 𝑌0𝑚𝑎𝑥
∗ , where Reynolds numbers of Morse and Williamson (2009a) and Govardhan 

and Williamson (2006) were matched. 

 

It can be seen that far fewer studies have systematically considered the relationship between 

forced oscillation and free vibration. In this work, the rationale of using the results from the 

transverse forced oscillation of a cylinder in the lock-in region to predict the corresponding 

free vibrations will be provided based on the mathematical analysis and verified through the 

numerical results. In addition, from the mathematical analysis, we will show that when a body 

of mass 𝑚1, stiffness 𝑘1 and damping 𝑏1 is found to be in sinusoidal motion with frequency 

𝜔𝑐  and amplitude 𝑌0 , its motion will be the same at 𝑚2 , 𝑘2  and 𝑏2  if 𝑚2 − 𝑚1 =

(𝑘2 −  𝑘1) 𝜔𝑐
2⁄  and 𝑏2 = 𝑏1. This can be linked to the studies on how the parameter 𝑚∗𝜁 

influences the motion amplitude, which is an important question in VIV investigations 
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(Vickery and Watkins, 1964; Skop, 1974; Williamson and Govardhan, 2004). It has been well 

established that for 𝑚∗ = 𝑂(100)  and 𝜁 = 𝑂(0.001)  (or 𝑚∗𝜁 > 0.1 ), the amplitude at 

resonance is usually the largest. In such a case, the largest motion becomes a unique function 

of the combined 𝑚∗𝜁 parameter at resonance, or (𝑚∗ + 𝑀𝑝
∗)𝜁 in the case where the added 

mass is also important. Here, 𝑀𝑝
∗ =

𝑀𝑝

𝜌𝐷2
=

𝜋

4
 is the nondimensionalized potential added mass 

for a circular cylinder. The logic for this can be shown that the motion amplitude can be 

obtained as  𝑌0
∗ =

𝐶𝐿0 sin 𝜙

16𝜋2(𝑚∗+𝑀𝑝
∗ )𝜁 

(
𝑈∗

𝑓∗)
2

𝑓∗  (Bearman, 1984; Khalak and Williamson, 1999). 

Here 𝑈∗ = 1 𝑓𝑛
∗⁄ is the reduced velocity, 𝑓∗ = 𝑓𝑐

∗ 𝑓𝑛
∗⁄ = √

𝑚∗+𝑀𝑝
∗

𝑚∗+𝑀𝑒
∗  is the ratio between body 

motion frequency 𝑓𝑐
∗ and its natural frequency 𝑓𝑛

∗, where 𝑀𝑒
∗ =

𝐶𝐿0 cos 𝜙

8𝜋2𝑌0
∗ (

𝑈∗

𝑓∗)
2

 is the effective 

added mass due to the lift force in phase with body acceleration. At resonance, 𝑓∗ = 1, and 

thus the amplitude can be written 𝑌0
∗ ∝

𝐶𝐿0 sin 𝜙

(𝑚∗+𝑀𝑝
∗ )𝜁 

, which depends on (𝑚∗ + 𝑀𝑝
∗)𝜁. For 𝑚∗ =

𝑂(1~10)  and 𝜁 = 𝑂(0.001)  (or 𝑚∗𝜁 ≪ 0.1 ),  the large response, including the peak 

response, may not always be found at resonance, but at a different frequency of lock-in region, 

where the body oscillation frequency matches with that of the periodic wake vortex mode 

(Sarpkaya, 1995; Khalak and Williamson, 1999). In the region of lock-in, 𝑓∗ may be no longer 

equal to one. For instance, 𝑓∗ was about 1.4 for the largest free motion with 𝑚∗ = 2.4 and 

𝜁 = 0.0045 in the lock-in region Williamson and Govardhan (2004). From the result, it has 

been suggested that the amplitude is no longer a unique function of (𝑚∗ + 𝑀𝑝
∗)𝜁, as 𝑓∗ = 1 

in the case of at large 𝑚∗. The dynamic response of the free motion would be affected by 

𝑚∗ + 𝑀𝑝
∗  and 𝜁  independently, not just by (𝑚∗ + 𝑀𝑝

∗)𝜁  as a single parameter (Khalak and 

Williamson, 1996). This has led to a conclusion seemingly contradicting to the one mentioned 

previously. The fact is most earlier studies might have focused on the high mass (𝑚∗ =

𝑂(100)) in aerodynamic applications where the fluid is air, not the low mass (𝑚∗ = 𝑂(1~10)) 

in hydrodynamic fields where water is the fluid medium. For the high 𝑚∗ , the difference 

between 𝑀𝑒
∗ and 𝑀𝑝

∗ can be neglected in 𝑓∗ = √
𝑚∗+𝑀𝑝

∗

𝑚∗+𝑀𝑒
∗, compared with 𝑚∗ in the lock-in free 

motion. Therefore, 𝑓∗ is very close to unity and may be regarded as 1 approximately in the 

full lock-in region. Thus, the largest motion occurs always at 𝑓∗ close to 1. For the low 𝑚∗, the 

effect of the difference between 𝑀𝑒
∗ and 𝑀𝑝

∗ is relatively more significant in the lock-in free 
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motion, and thus 𝑓∗ may not be close to unity in the most part of the lock-in region, including 

that at the peak response. 

 

1.2.3 Effect of Reynolds number on VIV amplitude branches 

Apart from (𝑚∗ + 𝑀𝑝
∗)𝜁  discussed in the previous section, another parameter on VIV is 

Reynolds number, which is generally neglected in discussions of motion amplitude (Bearman, 

2011). Most previous experimental studies (e.g. Feng, 1968; Skop 1974; Griffin 1980; 

Anagnostopoulos and Bearman, 1992; Khalak and Williamson, 1996; Newman and 

Karniadakis, 1997) on the transverse free vibration of a cylinder fixed structural parameters 

(𝑚, 𝑘, 𝑏 and 𝐷) and the fluid medium (𝜌 and 𝜈), and varied the incoming fluid velocity 𝑢0. In 

general, the response of the nondimensional cylinder motion amplitude 𝑌0
∗ depends on the 

nondimensional mass 𝑚∗, damping ratio 𝜁, reduced velocity 𝑈∗ and Reynolds number 𝑅𝑒. It 

means that in the experiment both 𝑈∗ and 𝑅𝑒 could change with 𝑢0. Then simulations tried 

to capture what was observed in experiments and thus followed the same practice. These 

early experimental and numerical studies assumed that the effect on the results was 

attributed to the variation of 𝑈∗ rather than the Reynolds number. A possible reason may be 

that in the sub-critical turbulence range, 𝑆𝑡 is found not to be too much affected by 𝑅𝑒 or to 

be nearly constant with a value of 0.2, as discussed in reviews by Williamson (1996) and Sumer 

and Fredsoe (1997). Also, the amplitude of 𝐶𝐿 for a fixed cylinder was considered to be not 

very much affected by 𝑅𝑒 or to be nearly constant with a value of about 0.3 (Skop and Griffin, 

1973; 1975). Then, the early assumption was that the amplitude of 𝐶𝐿  would not be 

significantly affected by 𝑅𝑒 for a free body either. Therefore, as pointed out by Bearman 

(2011), “there was a popular belief at the time that Reynolds number plays a minor role and 

that the flow around a cylinder undergoing large vortex-induced vibrations is insensitive to 

Reynolds number changes”. 

 

Based on the more extensive work (e.g. Norberg, 2003; Klamo et al., 2005; Govardhan and 

Williamson, 2006; Morse and Williamson, 2009b; Wanderley and Soares, 2015) undertaken 

later on, it is found that the effect of 𝑅𝑒 is important for various results (Bearman, 2011). For 

example, Norberg (2003) reviewed data of the root-mean-square lift coefficient 𝐶𝐿𝑟𝑚𝑠 acting 
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on a stationary cylinder in the sub-critical turbulent range. Results indicated that even though 

the value of 𝐶𝐿𝑟𝑚𝑠 was usually about 0.27, around 𝑅𝑒 ≈ 1600 it suddenly dropped to 0.048. 

This suggested that the effect of 𝑅𝑒 on 𝐶𝐿 for a fixed cylinder could not be always ignored. 

For a free body, the variation of 𝐶𝐿 with 𝑅𝑒 should be more complex compared with that of a 

fixed cylinder, and thus the 𝑅𝑒 effect on free motions may need to be considered. Klamo et 

al. (2005) investigated the effect of Reynolds number in the range 𝑅𝑒 = 525 − 2600 on the 

maximum amplitude of a cylinder free motion. In their experiments, both 𝑈∗  and 𝑅𝑒  still 

changed with the incoming fluid velocity 𝑢0 at given 𝑚∗ and 𝜁. A curve of motion amplitude 

𝑌0
∗  against 𝑈∗  was plotted between 𝑈1

∗ < 𝑈∗ < 𝑈2
∗ ,with 𝑅𝑒1 < 𝑅𝑒 < 𝑅𝑒2 , where 𝑅𝑒1  and 

𝑅𝑒2 correspond to 𝑈1
∗ and 𝑈2

∗, respectively. Then, values of 𝑚∗ and 𝜁 remained unchanged, 

while 𝑓𝑛 was varied. To achieve the same range 𝑈∗, 𝑢0 was changed and therefore 𝑅𝑒 too. 

Another curve of motion amplitude 𝑌0
∗ against 𝑈∗ between 𝑈1

∗ < 𝑈∗ < 𝑈2
∗, with 𝑅𝑒3 < 𝑅𝑒 <

𝑅𝑒4  was plotted, where 𝑅𝑒3  and 𝑅𝑒4  correspond to 𝑈1
∗  and 𝑈2

∗  with new 𝑢0 , respectively 

Comparing 𝑌0
∗ values from the two curves at same 𝑈∗, they found that at larger 𝑅𝑒, the peak 

amplitude of the cylinder motion was also larger and pointed out that the Reynolds number 

was an important parameter for the maximum amplitude. Govardhan and Williamson (2006) 

extended the 𝑅𝑒  range to 500 − 33000 to investigate its effect on the maximum motion 

amplitude and presented a similar conclusion to that from Klamo et al. (2005). 

 

Later, Wanderley and Soares (2015) did numerical study. For given 𝑚∗ and 𝜁, a curve of 𝑌0
∗ 

was plotted against 𝑈∗ at a fixed 𝑅𝑒. Curves 𝑌0
∗ at other 𝑅𝑒 values were also plotted against 

the same range of 𝑈∗. Similarly, curves for dominant frequency 𝑓𝑐
∗  of cylinder motion against 

𝑈∗ were plotted. In particular, four different 𝑅𝑒 values in the sub-critical turbulence range 

were chosen, or 𝑅𝑒 = 300, 400, 1000  and 1200 . The body mass was 𝑚∗ = 1.88  and 

damping ratio 𝜁 = 0.00542 . It was found that the effect of 𝑅𝑒  was significant. With the 

increase in 𝑅𝑒, the range of 𝑈∗ within which lock-in occurred became much larger. In addition, 

at the same 𝑈∗, the value of motion amplitude from higher Reynolds number was higher than 

that from lower Reynolds number. 
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Fig. 1-5 The type of the motion amplitude curve of a low mass cylinder against reduced 

velocity (or Reynolds number). 

 

One of the important features of the motion amplitude curve of a low mass cylinder (𝑚∗ =

𝑂(1~10) ) against 𝑈∗ is that it has jumps. Khalak and Williamson (1997, 1999) observed that 

for 𝑚∗ = 𝑂(1~10) , there were three branches of response in the curve, shown in Fig. 1-5. 

The curve started with an initial branch at lower 𝑈∗, then became an upper branch when 𝑈∗ 

was beyond a critical value and dropped to a lower branch as 𝑈∗ further increased to be 

beyond another critical value. Therefore, there are two jumps in the curve at: (1) the 

transition between initial-upper branches and (2) the transition between upper-lower 

branches. In the initial branch, with the increase of 𝑈∗, 𝑌0
∗ also increased. Further increase of 

𝑈∗ to a critical value 𝑈𝐼𝑈
∗ , 𝑌0

∗ jumped nearly vertically from initial branch to the upper branch. 

The peak of the motion amplitude was located in the upper branch. As 𝑈∗  continued to 

increase to the next critical value 𝑈𝑈𝐿
∗ , the transition between upper-lower branches occurred, 

and 𝑌0
∗ dropped nearly vertically. It should be noted that in experiments mentioned above, 

𝑈∗  and 𝑅𝑒  both changed with 𝑢0  and 𝑅𝑒  was in the range of 2000-14000. In the work of 

Wanderley and Soares (2015) mentioned previously, 𝑅𝑒 was fixed in the curve 𝑌0
∗ against 𝑈∗  

and was in the range 𝑅𝑒 = 300 − 1200 . With the increase of 𝑈∗ , 𝑌0
∗  increased slowly. 

Further increase in 𝑈∗, 𝑌0
∗ jumped to its peak first and then decreased. The curve changed 

rapidly before its peak, and thus there was only one critical value 𝑈𝐼𝑈
∗  connecting initial and 

upper branches, no 𝑈𝑈𝐿
∗  where 𝑌0

∗ dropped nearly vertically. It seems that the effect of 𝑅𝑒 on 

the response branches may be important and it may affect the response branches. 
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1.3 Research questions, objectives and contributions 

This thesis focuses on how the fluid interacts with circular cylinders during VIV using an in-

house code developed based on immersed boundary-lattice Boltzmann method. According 

to different physical scenarios, four research questions have been considered in this thesis, 

namely, 

Q1. How do detailed frequency components of forces on two stationary cylinders in tandem, 

side-by-side and staggered arrangements vary with different alignment angle? 

Q2. Can the free motion be predicted using results from the corresponding forced motion? 

Q3. Under what conditions does the free motion depend only on the combined mass-damping 

parameter? 

Q4. How does Reynolds number influence the well-known three response branches, when 

Reynolds number and reduced velocity are considered as independent parameters? 

 

From the literature review of two stationary cylinders in different arrangements in Section 

1.2.1, most previous studies focused on wake patterns and forces at the dominant frequency. 

However, at an intermediate centre-to-centre spacing, the wake and vortex-street interaction 

with the alignment angle 𝛼 become highly complex. The fluid force is periodic and dominated 

virtually by a single frequency component in the tandem arrangement. It is random with a 

continuous frequency spectrum in the side-by-side arrangement. Here, random means that 

the components of the force are not in the form of discrete frequencies but are in the form 

of continuous spectrum. This motivates us to study detailed frequency components or 

spectrum of lift and drag coefficients at different 𝛼 in Q1. This thesis will provide a careful 

consideration of this evolution process with 𝛼. Detailed frequency components or spectrum 

of lift and drag coefficients at different 𝛼 will be carefully studied. Furthermore, how the force 

and wake vary with 𝛼 will be systematically investigated, including the change from one set 

of discrete frequency components to another set of discrete frequency components and the 

change from discrete frequency components to continuous spectrum. The results can help to 

estimate the fluid force acting on cylinders and minimize some unwanted characteristics of 

the system, including the severe oscillatory motion of the downstream cylinder due to the 
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vortex shed from the upstream cylinder and the adverse loads induced on the nearby 

cylinders. 

 

In engineering problems, the tensioned cables are often so long that their motions are easy 

to be excited. Thus, after considering the system with fixed cylinders in Q1, we will focus on 

a free cylinder in a fluid stream. Questions from Q2 to Q4 are of significant interest, as 

reviewed by Williamson and Govardhan (2004) and Bearman (2011). There have been a large 

number of experimental and numerical efforts to investigate the transverse forced oscillation 

of a cylinder, especially its lock-in phenomenon. Equally, there is also a large body of work on 

a cylinder in free motion due to the excitation of the incoming flow. However, far fewer 

studies have considered systematically the relationship between forced oscillation and free 

vibration, which is the motivation in Q2. The rational of using the results from the transverse 

forced oscillation of a body in the lock-in region to predict the corresponding free vibration is 

provided based on the mathematical analysis and verified through the numerical results. It is 

also shown through mathematical analysis that when the structural damping is fixed, if the 

body mass and stiffness vary together following a particular relationship, or 𝑚2 − 𝑚1 =

(𝑘2 −  𝑘1) 𝜔𝑐
2⁄ , the free motion will remain the same. With this conclusion, the relationship 

between the combined mass-damping parameter and motion amplitude in Q3 may be 

uncovered. It has been well established that the motion amplitude at the resonance depends 

on only the mass-damping parameter (𝑚∗ + 𝑀𝑝
∗)𝜁  not the two parameters, mass and 

damping, separately. The importance of the result has been widely recognized (Williamson 

and Govardhan, 2004). We aim to extend this important result to other frequencies and the 

result at the resonance frequency will be a special case. The damping ratio is redefined as 

𝜁𝑐 = 𝑏 2(𝑚 + 𝑀𝑝)𝜔𝑐⁄ . Here the motion frequency of the body 𝜔𝑐 is used instead of natural 

frequency of the body 𝜔𝑛. Using this definition, we are then able to conclude that when a 

sinusoidal free motion of a cylinder is achieved, its motion will remain the same if (1) the 

mass-damping (𝑚 + 𝑀𝑝)𝜁𝑐  remains unchanged, and (2) the variation of 𝑚 + 𝑀𝑝 and that of 

the stiffness 𝑘 follow a particular relationship. In this sense, even away from the resonance, 

the different 𝑚 + 𝑀𝑝, whether it is high or low, the motion of the body will always the same, 
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provided the above conditions are met. In other words, the motion will depend on mass-

damping (𝑚 + 𝑀𝑝)𝜁𝑐, even when the individual 𝑚 + 𝑀𝑝 and 𝜁𝑐  change. 

 

The study of Q3 leads us to the further research on the effect of another parameter, Reynolds 

number on VIV, or Q4. Here turbulent flow is considered. Large eddy simulation as turbulent 

model is incorporated into IB-LBM. Multi-block grid method is used to improve the numerical 

efficiency and accuracy. The grid is finer near the fluid-structure boundary, where the flow is 

usually more complex, while it is coarser away from the body. It is well established that when 

the variation of Reynolds number changes with the reduced velocity, there are three branches 

in the motion amplitude curve of a low mass cylinder, including initial, upper and lower 

branches connected by two jumps. However, in this thesis, Reynolds number and reduced 

velocity are considered as independent parameters. We shall focus on the case with 𝑅𝑒, 

within which the curve of motion amplitude has two jumps and three branches when the 

variation of Reynolds number changes with the reduced velocity. This study will systematically 

investigate the effect of Reynolds number on free motions in the lock-in region. For instance, 

(1) how 𝑅𝑒 will affect both critical values, 𝑈𝐼𝑈
∗  and 𝑈𝑈𝐿

∗  at which the jump occurs; (2) how it 

will affect the shape of the curve within each branch; (3) how the motion amplitude changes 

near the jump when the reduced velocity is fixed while the Reynolds number varies. 

 

1.4 Lists of publications 

This thesis contains the contents of the following three papers, the second of which was 

chosen as one of the best papers of Physics of Fluids. They are listed below: 

[1] H. Jiao and G. X. Wu. Analysis of fluctuating force acting on two cylinders in different 

arrangements through Lattice Boltzmann Method. Journal of Fluids and Structures, 82:101-

120, 2018a. 

[2] H. Jiao and G. X. Wu. Free vibration predicted using forced oscillation in the lock-in region. 

Physics of Fluids, 30:113601, 2018b. 
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[3] H. Jiao and G. X. Wu. Effect of Reynolds number on amplitude branches of vortex-induced 

vibration of a cylinder. Accepted by Journal of Fluids and Structures. 

 

1.5 Thesis Layout 

The thesis is composed of 6 chapters, which is organized as follow. Following the current 

chapter, the numerical method developed and used in this work is presented in Chapter 2, 

including the procedure of LBM, the equivalence between lattice Boltzmann equation (LBE) 

and Navier-Stokes (NS) equations, immersed boundary method (IBM) treating the structure-

fluid boundary, large-eddy simulation (LES) as the turbulent model and multi-block method 

for improving the accuracy and the computational efficiency. In Chapter 3, the force acting 

on two identical circular cylinders of equal diameter in different arrangement is investigated, 

as well as the pattern of the vortex shedding. In Chapter 4, the rational procedure to predict 

the periodic free vibration of a cylinder based on results from the corresponding forced 

oscillation in the lock-in region is developed. The effect of Reynolds number on free motions 

in the sub-critical turbulent range is investigated systematically in Chapter 5, followed by 

conclusions in Chapter 6.   
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Chapter 2 

Lattice Boltzmann Method 

 

In this chapter, the theory and procedure of the lattice Boltzmann method (LBM) will be 

outlined. After presenting an introduction of lattice Boltzmann equation (LBE) in Section 2.1, 

we apply a method known as the Chapman-Enskog expansion to show the relationship 

between the LBE and Navier-Stokes (NS) equations in Section 2.2. Section 2.3 outlines 

immersed boundary method (IBM), which will be used for treating the structure-fluid 

boundary. This is followed by the large-eddy simulation (LES) for turbulent flow and multi-

block method to improve accuracy and efficiency in computations. 

 

2.1 Lattice Boltzmann Equation 

Lattice Boltzmann method (LBM) has become an efficient algorithm for simulating fluid flows. 

Historically, LBM originated from lattice gas cellular automaton (LGCA), a simplified, fictitious 

molecular model where space, time and particle velocities are all discrete (McNamara and 

Zanetti, 1988). Later, Abe (1997) proved that it could also be viewed as a finite difference 

scheme for the continuum Boltzmann equation. Both approaches demonstrate that LBM is 

quite different from the traditional computational fluid dynamics (CFD) algorithms directly 

solving Navier-Stokes (NS) equations by some numerical schemes, such as finite-volume, 

finite-element or finite-difference methods. LBM is based on microscopic models and 

mesoscopic kinetic equations (Chen and Doolen, 1998). The major advantage of LBM is that 

it is much simpler to implement than traditional CFD. LBM does not involve Poisson equation 

which is difficult to solve due to its non-locality. The pressure in LBM can be calculated directly 

based on the equation of state. In addition, the heaviest computations in LBM are local, or 

restricted to within lattice nodes. It is easier to implement parallel for improving 

computational efficiency. Therefore, LBM will be used to simulate VIV in the present thesis. 
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LBM evolved out of LGCA. However, in order to provide clear physical pictures, we will 

introduce the lattice Boltzmann equation (LBE) and start from the Boltzmann equation (BE), 

an essential kinetic equation. BE is named after the Austrian Physician Ludwing Boltzmann. 

The fundamental variable of this equation is the particle density distribution function 

𝑓(𝒙, 𝝃, 𝑡), which is a function of position 𝒙, particle velocity 𝝃 and time 𝑡. Consider a spatial 

domain 𝑑𝒙 around point 𝒙 and a velocity range 𝑑𝝃 around velocity 𝝃. 𝑓𝑑𝒙𝑑𝝃 represents the 

total mass of the fluid particles within these domains at time 𝑡. In other words, the function 

𝑓 can be seen as the density of particles with velocity 𝝃 at position 𝒙 and time 𝑡. It should be 

noticed that in some references, 𝑓 can be also defined as the distribution function, which is 

the number of the fluid particles with velocity 𝝃 at position 𝒙 and time 𝑡. Without loss of 

generality, the molecular mass 𝑀 is assumed to be 1. The BE describes the transportation of 

𝑓  

𝜕𝑓

𝜕𝑡
+ 𝝃 ∙ ∇𝑓 = Ω(𝑓, 𝑓),                                                       (2-1) 

Where ∇𝑓 is the gradient of particle distribution function and Ω is called the collision operator 

representing the rate of change in 𝑓 due to binary molecular collisions (Huang, 1963; Wolf-

Gladrow, 2000). Here, gravity is ignored, and thus the terms of the left-hand side in Eq. (2-1) 

represents the total derivative of 𝑓  with the respect to time 𝑡 , or 
𝑑𝑓

𝑑𝑡
=

𝜕𝑓

𝜕𝑡
+ 𝝃 ∙ ∇𝑓 . 

Macroscopic variables like the density 𝜌 and the fluid velocity 𝒖 can be determined from the 

distribution function 𝑓(𝒙, 𝝃, 𝑡). For instance, based on the definition of 𝑓, the fluid density 𝜌 

can be defined as follow 

𝜌(𝒙, 𝑡) = ∫ 𝑓(𝒙, 𝝃, 𝑡)𝑑𝝃.                                                     (2-2) 

By integrating over velocity space in this way, we are considering the contribution to the 

density of particles of all possible velocities at position 𝒙  and time 𝑡 . Similarly, through 

momentum and energy conservations, fluid velocity 𝒖 and internal energy 𝐸 can be found as 

follow 

𝜌(𝒙, 𝑡)𝒖(𝒙, 𝑡) = ∫ 𝝃𝑓(𝒙, 𝝃, 𝑡)𝑑𝝃,                                             (2-3) 

𝜌(𝒙, 𝑡)𝐸(𝒙, 𝑡) =
1

2
∫ 𝐾2𝑓(𝒙, 𝝃, 𝑡)𝑑𝝃,                                        (2-4) 
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which are weighted averages through 𝑓. Here, 𝐾 is the magnitude of the particular velocity 

(relative velocity) 𝑲 = 𝝃 − 𝒖, which is the deviation of the particle velocity from the fluid 

velocity.  

 

Boltzmann’s original collision operator Ω in Eq. (2-1) is a complex and cumbersome quadratic 

integral function of 𝑓  (Huang, 1963; Wolf-Gladrow, 2000). It is often replaced by simpler 

expressions aimed at relinquishing most of the mathematical difficulty and keeping the basic 

physical principle, including conservation laws and the H-theorem proved by Boltzmann in 

1872 (Wolf-Gladrow, 2000). The most widely known one for recovering NS equations is the 

BGK (Bhatnagar et al., 1954) model, or 

Ω𝐵𝐺𝐾 = −
1

𝜏0
(𝑓 − 𝑓𝑒𝑞),                                                    (2-5) 

which is proposed by Bhatnagar, Gross and Krook. Here, 𝜏0 is the relaxation time related to 

viscosity, as we will show later in Section 2.2.  𝑓𝑒𝑞 is the equilibrium distribution function 

𝑓𝑒𝑞(𝒙, 𝝃, 𝑡) = 𝐴exp [
(𝝃−𝒖)∙(𝝃−𝒖)

𝐵
].                                     (2-6) 

𝐴 and 𝐵 are generic constants. They should be constrained by the requirement of Eqs. (2-2) 

– (2-4). When  

𝐴 =
𝜌

(2𝜋𝑅𝑇)𝑑 2⁄                                                       (2-7) 

and 

 𝐵 = −2𝑅𝒯,                                                       (2-8) 

Eq. (2-6) can become the Maxwell distribution function (Maxwell, 1867; Huang, 1963). 𝑅 =

𝑘𝐵

𝑀
 is the gas constant with the Boltzmann constant 𝑘𝐵 and the molecular mass 𝑀, 𝒯 is the 

temperature and 𝑑 is the number of spatial dimensions.  

 

According to Eqs. (2-1), (2-5) and (2-6), the BGK Boltzmann equation can be obtained 

𝜕𝑓(𝒙,𝝃,𝑡)

𝜕𝑡
+ 𝝃 ∙ ∇𝑓(𝒙, 𝝃, 𝑡) = −

1

𝜏0
[𝑓(𝒙, 𝝃, 𝑡) − 𝑓𝑒𝑞(𝒙, 𝝃, 𝑡)].              (2-9) 
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Now we will show how to get LBE from the continuous Boltzmann equation in Eq. (2-9). The 

first step is to discretize the velocity space of 𝝃 into a finite set of velocities {𝒆𝑖} without 

affecting the conservation laws. The Maxwell distribution function 𝑓𝑒𝑞  is expanded into a 

Taylor series in term of the fluid velocity  

𝑓𝑒𝑞 = 𝐴exp (
𝝃∙𝝃

𝐵
) [1 −

2𝝃∙𝒖

𝐵
+

2(𝝃∙𝒖)2

𝐵2 +
𝒖∙𝒖

𝐵
].                      (2-10) 

Here, the term of 𝑂 [(
𝑢

√−𝐵
)

3

] has been neglected. It should be noticed that this expansion can 

only be used for low Mach number flow, or 
𝑢

√−𝐵
≪ 1. The discrete velocity set should be 

chosen so that the following quadrature of the expanded Maxwell distribution function holds 

∫ 𝝃𝑘𝑓𝑒𝑞𝑑𝝃 = ∑ 𝑤𝑖𝒆𝑖
𝑘𝑓𝑒𝑞(𝒆𝑖)𝑖 ,   0 ≤ 𝑘 ≤ 2                          (2-11) 

where 𝑤𝑖  is the weight of the numerical quadrature rule. Then, we can define a discrete 

distribution function, 𝑓𝑖(𝒙, 𝑡) = 𝑤𝑖𝑓(𝒙, 𝒆𝑖 , 𝑡), which satisfies the following equation 

𝜕𝑓𝑖

𝜕𝑡
+ 𝒆𝑖 ∙ ∇𝑓𝑖 = −

1

𝜏0
(𝑓𝑖 − 𝑓𝑖

𝑒𝑞),                                       (2-12) 

where 𝑓𝑖
𝑒𝑞(𝒙, 𝑡) = 𝑤𝑖𝑓

𝑒𝑞(𝒙, 𝒆𝑖, 𝑡) is the discrete equilibrium distribution function. The terms 

of the left-hand side in Eq. (2-12) represents the total derivative of 𝑓 with the respect to time 

𝑡, or 
𝑑𝑓𝑖

𝑑𝑡
=

𝜕𝑓𝑖

𝜕𝑡
+ 𝒆𝑖 ∙ ∇𝑓𝑖 . The fluid density and velocity can be obtained from the discrete 

distribution function, or 

𝜌(𝒙, 𝑡) = ∑ 𝑓𝑖(𝒙, 𝑡)𝑖 ,                                                        (2-13) 

𝜌(𝒙, 𝑡)𝒖(𝒙, 𝑡) = ∑ 𝑓𝑖(𝒙, 𝑡)𝒆𝑖𝑖 .                                               (2-14) 

Using forward difference method to calculate the derivative on the left-hand side of Eq. (2-

12), we can have 

𝑓𝑖(𝒙 + 𝒆𝑖𝛿𝑡, 𝑡 + 𝛿𝑡) − 𝑓𝑖(𝒙, 𝑡) = −
1

𝜏
[𝑓𝑖(𝒙, 𝑡) − 𝑓𝑖

𝑒𝑞(𝒙, 𝑡)],                   (2-15) 

which is known as lattice Boltzmann equation or lattice BGK equation (Chen and Doolen, 

1998). Here, 𝜏 =
𝜏0

𝛿𝑡
 is the nondimensionalized relaxation time and 𝛿𝑡 is the time step. 
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A set of LBM models are usually known by DdQq, which is proposed by Qian et al. (1992). The 

first part (Dd) of DdQq refers to the dimensionality and its second part (Qq) refers to the 

number of discrete velocities. In DdQq, the discrete equilibrium distribution function can be 

expressed as 

𝑓𝑖
𝑒𝑞(𝒙, 𝑡) = 𝜌𝜔𝑖 [1 +

𝒆𝑖∙𝒖

𝑐𝑠
2 +

(𝒆𝑖∙𝒖)2

2𝑐𝑠
4 −

𝒖∙𝒖

2𝑐𝑠
2],                             (2-16) 

where 𝜔𝑖 =
𝐴𝑤𝑖

𝜌
exp (

𝝃∙𝝃

𝐵
) is the weighting coefficient associated with the discrete velocity 𝒆𝑖. 

𝑐𝑠 is used instead of 𝐵 in Eq. (2-10), or 𝑐𝑠
2 = 𝑅𝒯. In the isothermal LBM, 𝑐𝑠 determines the 

relation 𝑝 = 𝜌𝑅𝒯 = 𝜌𝑐𝑠
2 between the pressure 𝑝 and density 𝜌, and thus it can represent the 

equivalent sound speed in DdQq models. In such a case, the Mach number is defined as 𝑀𝑎 =

𝑢

𝑐𝑠
. It should be noted that Eq. (2-16) retains the terms up to 𝑂 (

𝑢2

𝑐𝑠
2)  (or 𝑂(𝑀𝛼

2) ). The 

equilibrium distribution function should satisfy the following constraints (Aidun and Clausen, 

2010): 

∑ 𝑓𝑖
𝑒𝑞

𝑖 = 𝜌,                                                         (2-17) 

∑ 𝑓𝑖
𝑒𝑞𝒆𝑖𝑖 = 𝜌𝒖,                                                     (2-18) 

and it has the following properties (Aidun and Clausen, 2010) 

∑ 𝑓𝑖
𝑒𝑞𝑒𝑖𝛼𝑒𝑖𝛽𝑖 = 𝜌𝑢𝛼𝑢𝛽 + 𝜌𝑐𝑠

2𝛿𝛼𝛽 = 𝜌𝑢𝛼𝑢𝛽 + 𝑝𝛿𝛼𝛽,              (2-19) 

∑ 𝑓𝑖
𝑒𝑞𝑒𝑖𝛼𝑒𝑖𝛽𝑒𝑖𝛾𝑖 = 𝜌𝑐𝑠

2(𝑢𝛼𝛿𝛽𝛾 + 𝑢𝛽𝛿𝛼𝛾 + 𝑢𝛾𝛿𝛼𝛽).               (2-20) 

Here, 𝐴𝛼 (or 𝐴𝛽, or 𝐴𝛾) is the 𝛼-th (or 𝛽-th, or 𝛾-th) element of a vector 𝑨, which is also used 

in the rest part of the thesis. 𝛿𝛼𝛽 is the Kronecher delta function, or  

𝛿𝛼𝛽 = {
1,    𝛼 = 𝛽
0,   𝛼 ≠ 𝛽

. 

 

The commonly used DdQq models for simulating fluid flows are D1Q3, D2Q9 and D3Q19 

(Kruger et al., 2017), whose corresponding velocity sets {𝒆𝑖}  at a node are depicted and 

numbered in Fig. 2-1. D2Q9 used in the following computations is quoted as an example of 

how to model the fluid flows by LBM and how to recover the NS equations from LBE. The 
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index 𝑖 = 0: 𝒆0 = 𝟎 shown in purple circles of Fig. 2-1 represents stationary particle. It should 

be noted that there are at least two conversions commonly used to describe the numbering 

of the velocities in a set {𝒆𝑖}: (1) the index 𝑖 in {𝒆𝑖} is chosen from 0 to q-1; (2) it from 1 to q. 

The former one is used in Fig. 2-1. In such a case, {𝒆𝑖} of D2Q9 shown in Fig. 2-1(b) can be 

written as 

𝒆𝑖 = {

(0,0)                                                                              𝑖 = 0 
𝑐(cos[(𝑖 − 1)𝜋 2⁄ ], sin[(𝑖 − 1)𝜋 2⁄ ])                          𝑖 = 1 − 4

√2𝑐(cos[(2𝑖 − 1)𝜋 4⁄ ], sin[(2𝑖 − 1)𝜋 4⁄ ])               𝑖 = 5 − 8

,    (2-21) 

where 𝑐 is the lattice speed. The particle distribution functions 𝑓𝑖  are assumed to move with 

the corresponding discrete velocities 𝒆𝑖  from one lattice node to another, except 𝑓0  with 

𝒆0 = 𝟎 resting on its own node. It means that after one time step 𝛿𝑡 , each 𝑓𝑖  (𝑖 = 1 − 8) 

should exactly reach a neighbouring node. In order to guarantee this, 𝑐 = 𝛿𝑥 𝛿𝑡⁄ = 𝛿𝑦 𝛿𝑡⁄ , 

where 𝛿𝑥 and 𝛿𝑦 are the lattice spacing shown in Fig. 2-2. Without loss of generality, 𝑙 = 𝛿𝑥 =

𝛿𝑦 and 𝛿𝑡 are assumed to be 1, and thus 𝑐 = 1. In the continuous form, 𝐴 and 𝐵 in Eq. (2-6) 

are constrained by Eqs. (2-2) – (2-4). In the discrete form, Eqs. (2-16) – (2-21) can give the 

values of a set of {𝜔𝑖} and 𝑐𝑠, and for D2Q9 they can be obtained, or 𝜔0 = 4 9⁄ , 𝜔𝑖 = 1 9⁄  

for 𝑖 = 1 − 4, 𝜔𝑖 = 1 36⁄  for 𝑖 = 5 − 8 and 𝑐𝑠 = 𝑐 √3⁄ . 

 

(a) (b)  (c)  

Fig. 2-1 DdQq models: (a) D1Q3; (b) D2Q9;(c) D3Q19. Velocities with length |𝒆𝑖| = 𝑐, √2𝑐 in 

blue and other colours, respectively. 
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Fig. 2-2 Lattice and discrete velocities of the D2Q9 model. 

 

During simulation process, Eq. (2-15) generally can be divided into two parts (Kruger et al., 

2017): (1) collision which is a purely local and algebraic operation, or 

𝑓𝑖
∗(𝒙, 𝑡) = 𝑓𝑖(𝒙, 𝑡) −

1

𝜏
[𝑓𝑖(𝒙, 𝑡) − 𝑓𝑖

𝑒𝑞(𝒙, 𝑡)],                                       (2-22) 

where 𝑓𝑖
∗ is the density distribution function after collision process; (2) streaming in which 𝑓0 

with 𝒆0 = 𝟎 is not changed and other 𝑓𝑖
∗ moves to the neighbouring node in the direction of 

its velocity 𝒆𝑖, or 

𝑓𝑖(𝒙 + 𝒆𝑖𝛿𝑡, 𝑡 + 𝛿𝑡) = 𝑓𝑖
∗(𝒙, 𝑡).                                             (2-23) 

The detailed calculation process of D2Q9 is as follow: 

(1) Compute the equilibrium distribution function 𝑓𝑖
𝑒𝑞(𝒙, 𝑡) at the time 𝑡 = 0 based on Eq. (2-

16) with the given fluid velocity 𝒖(𝒙, 𝑡) and the given fluid density 𝜌(𝒙, 𝑡). And set the initial 

particle distribution function 𝑓𝑖(𝒙, 𝑡) = 𝑓𝑖
𝑒𝑞(𝒙, 𝑡). 

(2) Calculate 𝑓𝑖
∗(𝒙, 𝑡) based on Eq. (2-22). 

(3) Calculate 𝑓𝑖(𝒙 + 𝒆𝑖𝛿𝑡, 𝑡 + 𝛿𝑡) based on Eq. (2-23). 

(4) Update the fluid density 𝜌(𝒙, 𝑡 + 𝛿𝑡) based on Eq. (2-13) or 𝜌(𝒙, 𝑡 + 𝛿𝑡) = ∑ 𝑓𝑖(𝒙, 𝑡 +8
𝑖=0

𝛿𝑡). Likewise, update velocity 𝒖(𝒙, 𝑡 + 𝛿𝑡) based on Eq. (2-14) or 𝜌(𝒙, 𝑡 + 𝛿𝑡)𝒖(𝒙, 𝑡 + 𝛿𝑡) =

∑ 𝑓𝑖(𝒙, 𝑡 + 𝛿𝑡)𝒆𝑖
8
𝑖=0 , and 𝑓𝑖

𝑒𝑞(𝒙, 𝑡 + 𝛿𝑡) based on Eq. (2-16). 

 (5) Return to Step (2) and start next time (𝑡 + 𝛿𝑡) + 𝛿𝑡. 
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2.2 Recovery of Navier-Stokes Equations from Lattice Boltzmann Equation 

In order to show that LBE can actually be used to simulate the behaviour of fluid flows, this 

section is to show the equivalence between LBE and NS equations using Chapman-Enskog 

expansion (Cercignani, 1988), a multi-scale method, which is named after Sydney Chapman 

and David Enskog, two mathematical physicists from Britain and Sweden, respectively. 

 

The distribution function 𝑓𝑖  is expanded around the equilibrium distribution function 𝑓𝑖
𝑒𝑞, or 

𝑓𝑖 = 𝑓𝑖
𝑒𝑞 + 𝜖𝑓𝑖

1 + 𝜖2𝑓𝑖
2 + 𝑂(𝜖3).                                            (2-24) 

Here, the assumption is that the deviation from the equilibrium distribution function 𝑓𝑖
𝑒𝑞 is 

of a small order 𝜖. Up to the second order, the multi-scale expansion of temporal and spatial 

derivatives in 𝜖 can be written as 

𝜕

𝜕𝑡
= 𝜖

𝜕

𝜕𝑡1
+ 𝜖2 𝜕

𝜕𝑡2
 ,                                                       (2-25) 

∇= 𝜖∇1 + 𝜖2∇2 (or 
𝜕

𝜕𝒙
= 𝜖

𝜕

𝜕𝒙1 + 𝜖2 𝜕

𝜕𝒙2).                                (2-26) 

Through Taylor expansion with respect to 𝛿𝑡, we rewrite LBE in Eq. (2-15) accurate to second 

order in 𝛿𝑡 

 (
𝜕

𝜕𝑡
+ 𝒆𝑖 ∙ ∇) 𝑓𝑖(𝒙, 𝑡) +

𝛿𝑡

2
(

𝜕

𝜕𝑡
+ 𝒆𝑖 ∙ ∇)

2

𝑓𝑖(𝒙, 𝑡) = −
1

𝜏0
[𝑓𝑖(𝒙, 𝑡) − 𝑓𝑖

𝑒𝑞(𝒙, 𝑡)].       (2-27) 

Here, 𝛿𝑡 is also treated as the same order of 𝜖. Substituting Eqs. (2-24) - (2-26) into Eq. (2-27) 

and using some algebra, we have the following equations 

(
𝜕

𝜕𝑡1
+ 𝒆𝑖 ∙ ∇1) 𝑓𝑖

𝑒𝑞 = −
1

𝜏0
𝑓𝑖

1                                   (2-28) 

to order 𝜖1 and  

(
𝜕

𝜕𝑡2
+ 𝒆𝑖 ∙ ∇2) 𝑓𝑖

𝑒𝑞 + (
𝜕

𝜕𝑡1
+ 𝒆𝑖 ∙ ∇1) (1 −

1

2𝜏
) 𝑓𝑖

1 = −
1

𝜏0
𝑓𝑖

2          (2-29) 

to order 𝜖2. According to Eqs. (2-13) - (2-14) and (2-17) - (2-18), 𝑓𝑖
𝑘 (𝑘 = 1,2) should satisfy 

the following constraints:  

∑ 𝑓𝑖
𝑘

𝑖 = 0,  ∑ 𝒆𝑖𝑓𝑖
𝑘

𝑖 = 0.                                           (2-30) 
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The continuity equation to order 𝜖1is obtained by summing Eq. (2-28) with respect to 𝑖 and 

using Eqs. (2-17), (2-18) and (2-30) 

𝜕𝜌

𝜕𝑡1
+ ∇1 ∙ (𝜌𝒖) = 0,                                                    (2-31) 

and the momentum equation to order 𝜖1is obtained by multiplying Eq. (2-29) by 𝒆𝑖 first, then 

summing it with respect to 𝑖 and using Eqs. (2-18), (2-19) and (2-30)  

𝜕𝜌𝑢𝛼

𝜕𝑡1
+

𝜕

𝜕𝑥𝛽
1 (𝜌𝑢𝛼𝑢𝛽) = −

𝜕𝑝

𝜕𝑥𝛼
1,                                        (2-32) 

where the summation with respect to 𝛽 is implied. Similarly, the continuity equation to order 

𝜖2 is obtained by summing Eq. (2-29) with respect to 𝑖 and using Eqs. (2-17) and (2-30) 

𝜕𝜌

𝜕𝑡2
+ ∇2 ∙ (𝜌𝒖) = 0,                                            (2-33) 

and the momentum equation to order 𝜖2 is obtained by multiplying Eq. (2-29) by 𝒆𝑖 first, then 

summing it with respect to 𝑖 and using Eqs. (2-18) and (2-30) 

𝜕𝜌𝑢𝛼

𝜕𝑡2
+

𝜕

𝜕𝑥𝛽
2 (𝜌𝑢𝛼𝑢𝛽) + (1 −

1

2𝜏
)

𝜕

𝜕𝑥𝛽
1 (∑ 𝑒𝑖𝛼𝑒𝑖𝛽𝑓𝑖

1
𝑖 ) = −

𝜕𝑝

𝜕𝑥𝛼
2,            (2-34) 

where the summation with respect to 𝛽 is implied. The momentum flux tensor 𝑄𝛼𝛽 is 

𝑄𝛼𝛽 = ∑ 𝑒𝑖𝛼𝑒𝑖𝛽𝑓𝑖
1

𝑖 .                                           (2-35) 

Substituting Eq. (2-28) to Eq. (2-35), we have  

𝑄𝛼𝛽 = −𝜏0 [
𝜕

𝜕𝑡1
(∑ 𝑒𝑖𝛼𝑒𝑖𝛽𝑓𝑖

𝑒𝑞
𝑖 ) +

𝜕

𝜕𝑥𝛾
1 (∑ 𝑒𝑖𝛼𝑒𝑖𝛽𝑒𝑖𝛾𝑓𝑖

𝑒𝑞
𝑖 )].         (2-36) 

Inserting Eqs. (2-19) and (2-20) into Eq. (2-36), the following equation can be found 

𝑄𝛼𝛽 = −𝜏0 {
𝜕

𝜕𝑡1
(𝜌𝑢𝛼𝑢𝛽 + 𝜌𝑐𝑠

2𝛿𝛼𝛽) +
𝜕

𝜕𝑥𝛾
1 [𝜌𝑐𝑠

2(𝑢𝛼𝛿𝛽𝛾 + 𝑢𝛽𝛿𝛼𝛾 + 𝑢𝛾𝛿𝛼𝛽)]}.     (2-37) 

Since 

𝜕

𝜕𝑡1
(𝜌𝑢𝛼𝑢𝛽 + 𝜌𝑐𝑠

2𝛿𝛼𝛽) = 𝑢𝛼
𝜕𝜌𝑢𝛽

𝜕𝑡1
+ 𝑢𝛽

𝜕𝜌𝑢𝛼

𝜕𝑡1
− 𝑢𝛼𝑢𝛽

𝜕𝜌

𝜕𝑡1
+ 𝑐𝑠

2 𝜕𝜌

𝜕𝑡1
𝛿𝛼𝛽,      (2-38) 

using Eqs. (2-31) – (2-32), Eq. (2-38), we have 
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𝜕

𝜕𝑡1
(𝜌𝑢𝛼𝑢𝛽 + 𝜌𝑐𝑠

2𝛿𝛼𝛽) = −𝑢𝛼𝑐𝑠
2 𝜕𝜌

𝜕𝑥𝛽
1 − 𝑢𝛽𝑐𝑠

2 𝜕𝜌

𝜕𝑥𝛼
1 − 𝑢𝛼

𝜕𝜌𝑢𝛽𝑢𝛾

𝜕𝑥𝛾
1 − 𝑢𝛽

𝜕𝜌𝑢𝛼𝑢𝛾

𝜕𝑥𝛾
1 + 𝑢𝛼𝑢𝛽

𝜕𝜌𝑢𝛾

𝜕𝑥𝛾
1 −

 𝑐𝑠
2 𝜕𝜌𝑢𝛾

𝜕𝑥𝛾
1 𝛿𝛼𝛽 = −𝑢𝛼𝑐𝑠

2 𝜕𝜌

𝜕𝑥𝛽
1 − 𝑢𝛽𝑐𝑠

2 𝜕𝜌

𝜕𝑥𝛼
1 −

𝜕

𝜕𝑥𝛾
1 (𝜌𝑢𝛼𝑢𝛽𝑢𝛾) − 𝑐𝑠

2 𝜕𝜌𝑢𝛾

𝜕𝑥𝛾
1 𝛿𝛼𝛽.       (2-39)  

The last term in Eq. (2-37) can be rewritten as 

𝜕

𝜕𝑥𝛾
1 [𝜌𝑐𝑠

2(𝑢𝛼𝛿𝛽𝛾 + 𝑢𝛽𝛿𝛼𝛾 + 𝑢𝛾𝛿𝛼𝛽)] = 𝑐𝑠
2 𝜕𝜌𝑢𝛾

𝜕𝑥𝛾
1 𝛿𝛼𝛽 + 𝑐𝑠

2 𝜕𝜌𝑢𝛽

𝜕𝑥𝛼
1 + 𝑐𝑠

2 𝜕𝜌𝑢𝛼

𝜕𝑥𝛽
1   

= 𝑐𝑠
2 𝜕𝜌𝑢𝛾

𝜕𝑥𝛾
1 𝛿𝛼𝛽 + 𝜌𝑐𝑠

2 (
𝜕𝑢𝛼

𝜕𝑥𝛽
1 +

𝜕𝑢𝛽

𝜕𝑥𝛼
1 ) + 𝑐𝑠

2𝑢𝛼
𝜕𝜌

𝜕𝑥𝛽
1 + 𝑐𝑠

2𝑢𝛽
𝜕𝜌

𝜕𝑥𝛼
1. (2-40) 

Substituting Eqs. (2-37) – (2-40) to Eq. (2-36), we have 

𝑄𝛼𝛽 = −𝜏0 [𝜌𝑐𝑠
2 (

𝜕𝑢𝛼

𝜕𝑥𝛽
1 +

𝜕𝑢𝛽

𝜕𝑥𝛼
1 ) −

𝜕

𝜕𝑥𝛾
1 (𝜌𝑢𝛼𝑢𝛽𝑢𝛾)].                                                                                 

Here as in Qian and Orszag (1993), 
𝜕𝜌𝑢𝛼𝑢𝛽𝑢𝛾

𝜕𝑥𝛾
1 [𝜌𝑐𝑠

2 (
𝜕𝑢𝛼

𝜕𝑥𝛽
1 +

𝜕𝑢𝛽

𝜕𝑥𝛼
1 )]⁄ ≈ 𝑂(𝑀𝑎

2), and thus if 𝑀𝑎
2 ≪

1, the second term in the above equation can be neglected. We have  

𝑄𝛼𝛽 = −𝜏0𝜌𝑐𝑠
2 (

𝜕𝑢𝛼

𝜕𝑥𝛽
1 +

𝜕𝑢𝛽

𝜕𝑥𝛼
1 ).                                           (2-41) 

 

Combing the mass conservation equations on both the 𝜖1 and 𝜖2 scales from Eqs. (2-31) and 

(2-33), we can have 

𝜖1 𝜕𝜌

𝜕𝑡1
+ 𝜖2 𝜕𝜌

𝜕𝑡2
+ 𝜖1∇1 ∙ (𝜌𝒖) + 𝜖2∇2 ∙ (𝜌𝒖) + 𝑂(𝜖3) = 0.                (2-42) 

Likewise, combining the momentum conservation equations on both the 𝜖1  and 𝜖2  scales 

based on Eqs. (2-32), (2-34) – (2-41), we have 

𝜖1 𝜕𝜌𝑢𝛼

𝜕𝑡1
+ 𝜖2 𝜕𝜌𝑢𝛼

𝜕𝑡2
+ 𝜖1 𝜕

𝜕𝑥𝛽
1 (𝜌𝑢𝛼𝑢𝛽) + 𝜖2 𝜕

𝜕𝑥𝛽
2 (𝜌𝑢𝛼𝑢𝛽) + 𝜖1 𝜕𝑝

𝜕𝑥𝛼
1 + 𝜖2 𝜕𝑝

𝜕𝑥𝛼
2 − 𝜖1 𝜕

𝜕𝑥𝛽
1 [(𝜏 −

1

2
) 𝑐𝑠

2𝛿𝑡𝜌 (
𝜕𝑢𝛼

𝜕𝑥𝛽
1 +

𝜕𝑢𝛽

𝜕𝑥𝛼
1 )] + 𝑂(𝜖3) = 0. 

Adding −𝜖2 𝜕

𝜕𝑥𝛽
2 [(𝜏 −

1

2
) 𝑐𝑠

2𝛿𝑡𝜌 (
𝜕𝑢𝛼

𝜕𝑥𝛽
2 +

𝜕𝑢𝛽

𝜕𝑥𝛼
2 )] into the left side of the above equation, which 

has the order of 𝑂(𝜖3), and thus does not affect the order, we have 
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𝜖1 𝜕𝜌𝑢𝛼

𝜕𝑡1
+ 𝜖2 𝜕𝜌𝑢𝛼

𝜕𝑡2
+ 𝜖1 𝜕

𝜕𝑥𝛽
1 (𝜌𝑢𝛼𝑢𝛽) + 𝜖2 𝜕

𝜕𝑥𝛽
2 (𝜌𝑢𝛼𝑢𝛽) + 𝜖1 𝜕𝑝

𝜕𝑥𝛼
1 + 𝜖2 𝜕𝑝

𝜕𝑥𝛼
2 − 𝜖1 𝜕

𝜕𝑥𝛽
1 [(𝜏 −

1

2
) 𝑐𝑠

2𝛿𝑡𝜌 (
𝜕𝑢𝛼

𝜕𝑥𝛽
1 +

𝜕𝑢𝛽

𝜕𝑥𝛼
1 )] − 𝜖2 𝜕

𝜕𝑥𝛽
2 [(𝜏 −

1

2
) 𝑐𝑠

2𝛿𝑡𝜌 (
𝜕𝑢𝛼

𝜕𝑥𝛽
2 +

𝜕𝑢𝛽

𝜕𝑥𝛼
2 )] + 𝑂(𝜖3) = 0.  (2-43) 

According to Eqs. (2-25) – (2-26) and Eqs. (2-42) – (2-43), we can have the following 

hydrodynamic equations 

𝜕𝜌

𝜕𝑡
+ ∇ ∙ (𝜌𝒖) = 0.                                              (2-44) 

𝜕𝜌𝒖

𝜕𝑡
+ ∇ ∙ (𝜌𝒖𝒖) = −∇𝑝 + ∇ ∙ [𝜌𝜈(∇𝒖 + (∇𝒖)𝑇)].                  (2-45) 

Here, 𝜈 is the kinematic viscosity given by 

𝜈 = (𝜏 − 0.5)𝑐𝑠
2𝛿𝑡,                                                    (2-46) 

It should be noted that Eqs. (2-44) and (2-45) are the form for compressible fluid, with the 

artificial sound speed 𝑐𝑠 in 𝑝 = 𝜌𝑐𝑠
2. However, for the equivalence of LBE and NS equations, 

the Mach number 𝑀𝑎 has to be assumed to be small and the order of accuracy is 𝑂(𝑀𝑎
2). In 

such a case, Eqs. (2-44) and (2-45) can be seen as an approximation for the NS equations of 

incompressible fluid below. 

∇ ∙ 𝒖 = 0,                                                           (2-47) 

𝜕𝒖

𝜕𝑡
+ (𝒖 ∙ ∇)𝒖 = −

∇𝑝

𝜌
+ 𝜈∇2𝒖.                                   (2-48) 

 

2.3 Immersed Boundary Method 

In general, for simulation of fluid flows, the solution of governing equations is strongly 

coupled with the implementation of boundary conditions. Due to this feature, when the flow 

past a moving body, such as in free or forced vibrations, is considered, the computation often 

involves tedious grid generation and complicated solution process. To ease the computational 

process, it is desirable to develop an approach which can decouple the solution of governing 

equations and the implementation of boundary conditions. The IBM is such an approach. It 

was initially proposed by Peskin (1977) for simulation of blood flows in the heart. This scheme 

uses fixed Eulerian grids for the flow field and a set of Lagrangian points to represent the solid 
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boundary, shown in Fig. 2-3. Feng and Michaelides (2004) combined LBM with IBM first and 

then verified its accuracy by simulating the motion of bodies immersed in the fluid. This 

section will describe the procedure of immersed boundary method for satisfying no-slip 

condition, or 

 𝒖 = 𝑼𝑑,                                                           (2-49) 

where 𝑼𝑑 is the velocity of the body surface. 

 

 

Fig. 2-3 Immersed boundary illustration. 

 

The idea of IBM is to replace the body surface with a layer of distributed force 𝒈 whose value 

is determined by the no-slip condition. Based on this principle, Eq. (2-48) can be rewritten as 

𝜕𝒖

𝜕𝑡
+ (𝒖 ∙ ∇)𝒖 = −

∇𝑝

𝜌
+ 𝜈∇2𝒖 + 𝒈 .                                    (2-50) 

From Eq. (2-48), the updated velocity 𝒖∗ without the forcing term can be obtained from 

𝜕𝒖

𝜕𝑡
=

𝒖∗(𝒙,𝑡+𝛿𝑡)−𝒖(𝒙,𝑡)

𝛿𝑡
= −(𝒖 ∙ ∇)𝒖 −

∇𝑝

𝜌
+ 𝜈∇2𝒖 = 𝑅𝑆.                   (2-51) 

Likewise, from Eq. (2-50), we have 

𝒖𝑑(𝒙,𝑡+𝛿𝑡)−𝒖(𝒙,𝑡)

𝛿𝑡
= 𝑅𝑆 + 𝒈(𝒙, 𝑡),                                        (2-52) 

where 𝒖𝑑 is the desired fluid velocity. According to Eqs. (2-51) – (2-52), the external force 

should be obtained from 

𝒈(𝒙, 𝑡) =
𝒖𝑑(𝒙,𝑡+𝛿𝑡)−𝒖∗(𝒙,𝑡+𝛿𝑡)

𝛿𝑡
.                                             (2-53) 
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Obviously, 𝒈 cannot be applied in Eq. (2-50) everywhere as the equation has to be equivalent 

to Eq. (2-48) in the fluid domain. The forcing term should be applied only to a strip along the 

body surface 𝑿(𝑠, 𝑡), including the pressure and shear force. As velocity is given on each 

lattice node, the velocity 𝑼∗(𝑠, 𝑡) on the boundary without the forcing term can be obtained 

by the delta function 𝛿𝑙 

𝑼∗(𝑠, 𝑡) = ∑ 𝒖∗(𝒙, 𝑡)𝛿𝑙(𝒙 − 𝑿(𝑠, 𝑡))𝛿𝑥𝛿𝑦𝒙 ,                               (2-54) 

which is the discretized form of the integration involving Dirac delta function. Based on Peskin 

(2002), the delta function 𝛿𝑙(𝒙) can be written as follow 

𝛿𝑙(𝒙) = 𝛿𝑙(𝑥)𝛿𝑙(𝑦),                                           (2-55) 

and 

𝛿𝑙(𝑟) = {
1

4𝑙
[1 + cos (

𝜋|𝑟|

2
)]

0                               
 

|𝑟| ≤ 2𝑙
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

.                           (2-56) 

The desired velocity 𝒖𝑑 on the body surface should be body surface velocity 𝑼𝑑. Thus, the 

required body force on the solid boundary should be  

𝑮(𝑠, 𝑡) =
𝑼𝑑(𝑠,𝑡)−𝑼∗(𝑠,𝑡)

𝛿𝑡
,                                       (2-57) 

Corresponding to that the external force in the strip next to the body surface should be 

obtained from 

𝒈(𝒙, 𝑡) = ∑ 𝑮(𝑠, 𝑡)𝛿𝑙(𝒙 − 𝑿(𝑠, 𝑡))𝑠 𝛿𝑠,                                (2-58) 

where 𝛿𝑠 is the arc length of the boundary element. 

 

The body force 𝒈 can be straightforwardly as a forcing term 𝑔𝑖 to add into LBE in Eq. (2-15) 

(Frisch et al., 1987; Luo, 1997), or  

𝑓𝑖(𝒙 + 𝒆𝑖𝛿𝑡, 𝑡 + 𝛿𝑡) = 𝑓𝑖(𝒙, 𝑡) −
1

𝜏
[𝑓𝑖(𝒙, 𝑡) − 𝑓𝑖

𝑒𝑞(𝒙, 𝑡)] + 𝛿𝑡𝑔𝑖.          (2-59) 

The forcing term 𝑔𝑖 in Eq. (2-59) can be written as (Frisch et al., 1987; Luo, 1997) 

𝑔𝑖 =
𝜔𝑖𝜌

𝑐𝑠
2 𝒆𝑖 ∙ 𝒈,                                                     (2-60) 
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which is constructed to enforce mass and momentum conversations, or 

∑ 𝑔𝑖𝑖 = 0,  ∑ 𝒆𝑖𝑔𝑖𝑖 = 𝜌𝒈.                                         (2-61) 

The fluid force on a cylinder can be calculated by integrating the external force 𝒈(𝒙, 𝑡) =

(𝑔𝑥(𝒙, 𝑡), 𝑔𝑦(𝒙, 𝑡)) over the whole fluid domain. The drag and lift forces are given by 

𝐹𝐷 = ∬ 𝑔𝑥(�⃑�, 𝑡)𝑑𝑥𝑑𝑦                                           (2-62) 

and  

𝐹𝐿 = ∬ 𝑔𝑦(�⃑�, 𝑡)𝑑𝑥𝑑𝑦.                                          (2-63) 

In reality, this integration needs to be performed only over the layer next the body surface 

because of the delta function in Eq. (2-58). The corresponding coefficients are defined by 

𝐶𝐷 = 𝐹𝐷 0.5𝜌𝑢0
2𝐷⁄ ,              𝐶𝐿 = 𝐹𝐿 0.5𝜌𝑢0

2𝐷⁄ .                    (2-64) 

 

To solve the research questions of this thesis, an in-house code based on D2Q9 model 

together with immersed boundary method written is developed in Fortran and used for the 

numerical simulations. The main calculation process is summarized as follow. 

(1) Calculate 𝑓𝑖(𝒙 + 𝒆𝑖𝛿𝑡, 𝑡 + 𝛿𝑡) without forcing term by 𝑓𝑖(𝒙, 𝑡) based on Eq. (2-15). 

(2) Calculate the fluid velocity 𝒖∗(𝒙, 𝑡 + 𝛿𝑡) without the forcing term based on Eq. (2-14). 

(3) Calculate 𝑼∗(𝑠, 𝑡 + 𝛿𝑡) based on Eq. (2-54). 

(4) Calculate 𝑮(𝑠, 𝑡 + 𝛿𝑡) based on Eq. (2-57). 

(5) Calculate 𝒈(𝒙, 𝑡 + 𝛿𝑡) based on (2-58). 

(6) Update 𝑓𝑖(𝒙, 𝑡 + 𝛿𝑡)  according to 𝑓𝑖(𝒙, 𝑡 + 𝛿𝑡) = 𝑓𝑖(𝒙, 𝑡 + 𝛿𝑡) + 𝛿𝑡𝑔𝑖(𝒙, 𝑡 + 𝛿𝑡) , where 

𝑔𝑖(𝒙, 𝑡 + 𝛿𝑡) can be obtained based on Eq. (2-60). 

(7) Update the fluid density 𝜌(𝒙, 𝑡 + 𝛿𝑡) and velocity 𝒖(𝒙, 𝑡 + 𝛿𝑡) by the updated 𝑓𝑖(𝒙, 𝑡 +

𝛿𝑡)  based on Eq. (2-13) and Eq. (2-14), respectively. And based on Eq. (2-16), update 

𝑓𝑖
𝑒𝑞(𝒙, 𝑡 + 𝛿𝑡) for the next time step. 

(8) Return to Step (1) and start next time (𝑡 + 𝛿𝑡) + 𝛿𝑡. 
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It should be noted that in this in-house code, OpenMP, which is a library supporting shared-

memory multiprocessing in Fortran is called for parallel programming to improve 

computational efficiency. The maximum of the number of threads is 32. In addition, in order 

to investigate the turbulent flows in Chapter 5, large eddy simulation regarded as turbulence 

model, discussed in Section 2.4, is also inserted into IB-LBM code. 

 

2.4 Turbulence Model 

Simulation of turbulent flows is one of the most challenging topics in physics and engineering. 

Direct numerical simulation (DNS) means to solve the NS equations without any turbulence 

models. However, the computational costs of DNS are prohibitive for high Reynolds number 

turbulence flows, because the resolution of the computational mesh in DNS must be high 

enough to capture the whole range of spatial and temporal scales of the turbulence. Unlike 

DNS, LES solves only the large scale flows by filtering the small scales in the NS equations with 

a spatial filter, and the unresolved Reynolds stress due to small scales dynamics is modelled 

using certain sub-grid scale (SGS) model. LBM has been demonstrated as a viable and effective 

approach for large-eddy simulations of turbulent flows (Hou et al., 1996; Chen et al., 2003; 

Dong et al., 2008).  

 

The turbulent flow of viscous, incompressible and Newtonian fluid is governed by the 

following filtered continuity equation and NS equation based on SGS model, 

∇ ∙ �̅� = 0,                                                                 (2-65) 

𝜕�̅�

𝜕𝑡
+ (�̅� ∙ ∇)�̅� = −

∇�̅�

𝜌
+ 2𝜈∇ ∙ 𝑺 − ∇ ∙ 𝑻,                                  (2-66) 

where �̅�  and �̅�   are the filtered fluid velocity 𝒖  and pressure 𝑝 , respectively. 𝑺 =

(∇�̅� + (∇�̅�)𝑇) 2⁄  is the filtered strain rate tensor and 𝑻  is sub-grid-scale stresses due to 

interaction between the unsolved or SGS eddies defined as 𝑻 = 𝒖𝒖̅̅ ̅̅ − �̅��̅�. In SGS model due 

to Smagorinsky (1963), it is assumed 

𝑻 = −2𝜈𝑒𝑺                                                           (2-67) 
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and 

𝜈𝑒 = (𝐶∆)2‖𝑺‖,                                                     (2-68) 

where 𝜈𝑒 is the eddy viscosity, ‖𝑺‖ = √2|∑ 𝑆𝛼𝛽𝑆𝛼𝛽𝛼,𝛽 |, 𝑆𝛼𝛽 = (
𝜕𝑢𝛼

𝜕𝑥𝛽
+

𝜕𝑢𝛽

𝜕𝑥𝛼
) 2⁄ , with 𝛼 = 1,2 

and 𝛽 = 1,2 corresponding to the lines and rows of 𝑺, respectively.  𝐶  is the Smagorinsky 

constant and ∆ the filter width. Using this, Eq. (2-66) can be written as 

𝜕�̅�

𝜕𝑡
+ (�̅� ∙ ∇)�̅� = −

∇�̅�

𝜌
+ 2𝜈𝑇∇ ∙ 𝑺,                                  (2-69) 

where 𝜈𝑇 = 𝜈 + 𝜈𝑒 is the total viscosity. The Boltzmann equation to recover Eqs. (2-65) and 

(2-69) has the same formulation as that in Eq. (2-15). For simulation of turbulent flows, the 

relaxation time in Eq. (2-15) is modified by the turbulent relaxation time (Hou et al., 1996) 

 𝜏 = 𝜈𝑇𝑐𝑠
2𝛿𝑡 + 0.5 = (𝜈 + 𝜈𝑒)𝑐𝑠

2𝛿𝑡 + 0.5.                         (2-70) 

 

To find 𝑆𝛼𝛽 required by the eddy viscosity in LES, there are at least two methods which could 

be conveniently used. The first one is to compute the velocity gradients using the finite-

difference approximation, as square mesh is in the D2Q9 model. Another way is to evaluate 

it directly from the weighted density distribution function. In the present thesis, we have 

chosen the second method. In such a case, referring to Eqs. (2-24) and (2-35), the momentum 

flux tensor 𝑄𝛼𝛽 can be written as 

𝑄𝛼𝛽 = ∑ 𝑒𝑖𝛼𝑒𝑖𝛽(𝑓𝑖 − 𝑓𝑖
𝑒𝑞)𝑖 .                                       (2-71) 

According to Eq. (2-41), we can have 

𝑄𝛼𝛽 = 𝜏𝛿𝑡𝜌𝑐𝑠
2 (

𝜕𝑢𝛼

𝜕𝑥𝛽
+

𝜕𝑢𝛽

𝜕𝑥𝛼
) = −2𝜏𝛿𝑡𝜌𝑐𝑠

2𝑆𝛼𝛽,                     (2-72) 

and thus 

‖𝑺‖ =
1

2𝜏𝛿𝑡𝜌𝑐𝑠
2 ‖𝑸‖,                                               (2-73) 

where ‖𝑸‖ = √2|∑ 𝑄𝛼𝛽𝑄𝛼𝛽𝛼,𝛽 | (𝛼 = 1,2 and 𝛽 = 1,2 correspond to the lines and rows of 𝑸, 

respectively.). Combining Eq. (2-73) with Eqs. (2-68) and (2-70) and eliminating 𝜏, we have 
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‖𝑺‖ =
𝑐𝑠

2

2𝐶2∆2 (√𝑎2𝛿𝑡
2 + 2𝐶2∆2𝜌−1𝑐𝑠

−4‖𝑸‖ − 𝑎2𝛿𝑡)                        (2-74) 

and 

𝜏 =
1

2
+

1

𝑐𝑠
2𝛿𝑡

[𝜈 +
𝑐𝑠

2

2
(√𝑎2𝛿𝑡

2 + 2𝐶2∆2𝜌−1𝑐𝑠
−4‖𝑸‖ − 𝑎2𝛿𝑡)],           (2-75) 

where 𝑎 =
1

2
+

1

𝑐𝑠
2𝛿𝑡

𝜈. In practical applications, we can calculate 𝑄𝛼𝛽 based on Eq. (2-71) first, 

then obtain its magnitude ‖𝑸‖ and finally compute the total relaxation time 𝜏 by Eq. (2-75).  

 

2.5 Multi-Block Method in Lattice Boltzmann Method 

The complexity level of the flow in different region is different. In order to improve the 

computational efficiency and accuracy of LES-LBM, the multi-block method (Peng et al., 2006) 

is used for the simulation of turbulence flow. This allows us to use finer grid in a region where 

flow changes more rapidly. To illustrate the procedure, a two-block system, with a coarser 

block and a finer block shown in Fig. 2-4, is considered. 𝛿𝑥 and 𝛿𝑦 are the space steps in x and 

y directions, respectively, and 𝛿𝑡 is the time step. We have  𝛿𝑥 = 𝛿𝑦 = 𝑐𝛿𝑡, where 𝑐 is the 

lattice speed. The subscripts c and f indicate coarser and finer, respectively. The ratio of the 

space steps between coarser and finer blocks (or the ratio of their time steps) is 𝑚𝑐𝑓 =
𝛿𝑥𝑐

𝛿𝑥𝑓
=

𝛿𝑡𝑐

𝛿𝑡𝑓
. It should be noted that the kinematic viscosity 𝜈 is the same in the two blocks. In this 

sense, 𝜏𝑘𝑐  and 𝜏𝑘𝑓  should be linked by the equation  𝜈 = (𝜏𝑘𝑐 − 0.5)𝑐𝑠
2𝛿𝑡𝑐 = (𝜏𝑘𝑓 −

0.5)𝑐𝑠
2𝛿𝑡𝑓. 
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Fig. 2-4 Two blocks of different lattice spacing near their interface.  

 

The information exchange between two blocks on the interface is through interpolation. A 

cubic spline is used to eliminate the possibility of spatial asymmetry (Yu et al., 2002) caused 

by interpolation, 

ℎ(𝑥) = 𝑎𝑖 + 𝑏𝑖𝑥 + 𝑐𝑖𝑥
2 + 𝑑𝑖𝑥3, 𝑥𝑖−1 ≤ 𝑥 ≤ 𝑥𝑖 (𝑖 = 1, ⋯ , 𝑛)             (2-76) 

where 𝑥𝑖  are the blue nodes along AB of the coarser block. Here, ℎ𝑖 =  ℎ(𝑥𝑖) is known from 

the value of 𝑓  in Eq. (2-15). The procedure to obtain coefficients 𝑎𝑖 , 𝑏𝑖 , 𝑐𝑖  and 𝑑𝑖  can be 

summarized as below. 

(1) Approaching 𝑥𝑖  within 𝑥𝑖−1 ≤ 𝑥 ≤ 𝑥𝑖, we can get the following equations 

ℎ𝑖 = 𝑎𝑖 + 𝑏𝑖𝑥𝑖 + 𝑐𝑖𝑥𝑖
2 + 𝑑𝑖𝑥𝑖

3,                                 (2-77) 

ℎ𝑖
′ = 𝑏𝑖 + 2𝑐𝑖𝑥𝑖 + 3𝑑𝑖𝑥𝑖

2,                                    (2-78) 

ℎ𝑖
′′ = 2𝑐𝑖 + 6𝑑𝑖𝑥𝑖.                                           (2-79) 

 

(2) Similarly approaching 𝑥𝑖  within 𝑥𝑖 ≤ 𝑥 ≤ 𝑥𝑖+1, we can have 

ℎ𝑖 = 𝑎𝑖+1 + 𝑏𝑖+1𝑥𝑖 + 𝑐𝑖+1𝑥𝑖
2 + 𝑑𝑖+1𝑥𝑖

3,                      (2-80) 

ℎ𝑖
′ = 𝑏𝑖+1 + 2𝑐𝑖+1𝑥𝑖 + 3𝑑𝑖+1𝑥𝑖

2,                             (2-81) 

ℎ𝑖
′′ = 2𝑐𝑖+1 + 6𝑑𝑖+1𝑥𝑖.                                       (2-82) 
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(3) Enforcing the continuities of the first and second derivatives at 𝑥 = 𝑥𝑖, we can get 

𝑏𝑖 + 2𝑐𝑖𝑥𝑖 + 3𝑑𝑖𝑥𝑖
2 = 𝑏𝑖+1 + 2𝑐𝑖+1𝑥𝑖 + 3𝑑𝑖+1𝑥𝑖

2               (2-83) 

2𝑐𝑖 + 6𝑑𝑖𝑥𝑖 = 2𝑐𝑖+1 + 6𝑑𝑖+1𝑥𝑖                              (2-84) 

Using these, together with Eqs. (2-77) and (2-80), we have four equations at node 𝑖  (𝑖 =

1, ⋯ , 𝑛 − 1). 

 

(4) At end nodes 𝑖 = 0 and 𝑖 = 𝑛, using known ℎ0 and ℎ𝑛  and also imposing zero second 

derivatives  

2𝑐1 + 6𝑑1𝑥0 = 0                                              (2-85) 

2𝑐𝑛 + 6𝑑𝑛𝑥𝑛 = 0                                           (2-86) 

This will give 4 additional equations. 

 

In total there are 4(𝑛 − 1) + 4 = 4𝑛 equations and the number is the same as that of the 

unknowns in Eq. (2-76). Thus, coefficients 𝑎𝑖 , 𝑏𝑖 , 𝑐𝑖  and 𝑑𝑖  (𝑖 = 1, ⋯ , 𝑛) can be obtained. 

Then, from Eq. (2-76), we can calculate the values of  ℎ(𝑥) at the red points along AB of the 

finer block.  

 

The finer grid also corresponds to smaller time step. Therefore, temporal interpolation is also 

needed. Let 𝑡1, 𝑡2 and 𝑡3 be the time instants corresponding to the coarser grid. Based on the 

above spatial interpolation, the values at the fine grid nodes, or on both blue and red points 

of AB, at these time instants can be obtained. Let 𝑔(𝑡1), 𝑔(𝑡2) and 𝑔(𝑡3) be at a given finer 

grid node. As a smaller time step 𝛿𝑡𝑓 is used for the fine grid, result at 𝑡∗ between the two 

instants is needed. Three-point Lagrangian formulation is then adopted for the temporal 

interpolation  

𝑔(𝑡) = ∑ 𝑔(𝑡𝑘) (∏
𝑡−𝑡𝑗

𝑡𝑘−𝑡𝑗

3
𝑗=1,𝑗≠𝑘 )3

𝑘=1                                      (2-87) 
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For 𝑡∗, we take one point 𝑡3 on its right, and two points 𝑡1 and 𝑡2 on the left, as shown in Fig. 

2-5, Eq. (2-87) may be expressed as 

𝑔(𝑡∗) = 𝑔(𝑡1)
(𝑡∗−𝑡2)(𝑡∗−𝑡3)

(𝑡1−𝑡2)(𝑡1−𝑡3)
+ 𝑔(𝑡2)

(𝑡∗−𝑡1)(𝑡∗−𝑡3)

(𝑡2−𝑡1)(𝑡2−𝑡3)
+ 𝑔(𝑡3)

(𝑡∗−𝑡1)(𝑡∗−𝑡2)

(𝑡3−𝑡1)(𝑡3−𝑡2)
       (2-88) 

 

 

Fig. 2-5 Sketch for three-point Lagrangian interpolation. 

 

The relationship between 𝑡∗ and 𝑡2 is  

𝑡∗ = 𝑡2 + 𝑗𝛿𝑡𝑓     (𝑗 = 1, … , 𝑚 − 1).                            (2-89) 

Based on the above equation and 𝑡3 − 𝑡2 = 𝑡2 − 𝑡1 = 𝛿𝑡𝑐 = 𝑚𝑐𝑓𝛿𝑡𝑓 , Eq. (2-88) can be 

rewritten as 

𝑔(𝑡∗) =
𝑗(𝑗−𝑚𝑐𝑓)

2𝑚2 𝑔(𝑡1) +
𝑗2+𝑚𝑐𝑓

2

𝑚2 𝑔(𝑡2) +
𝑗(𝑗+𝑚𝑐𝑓)

2𝑚2 𝑔(𝑡3).                 (2-90) 

 

For 𝑚𝑐𝑓 = 2, we can have only 𝑗 = 1 in Eq. (2-89)  

𝑡∗ = 𝑡2 + 𝛿𝑡𝑓,                                                 (2-91) 

Eq. (2-90) becomes 

𝑔(𝑡∗) = −0.125𝑔(𝑡1) + 0.75𝑔(𝑡2) + 0.375𝑔(𝑡3).                (2-92) 

For 𝑚𝑐𝑓 = 2, the detailed exchange between the two blocks is summarized as follow.  
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 (1)  𝑓𝑖(𝒙, 𝑡 + 2𝛿𝑡𝑓) in the coarser block can be calculated by 𝑓𝑖(𝒙, 𝑡) based on Eqs. (2-15) and 

(2-75), which provides its values along the blue points of AB.  

(2) 𝑓𝑖(𝒙, 𝑡 + 2𝛿𝑡𝑓) of red points on the AB line for the finer block can be calculated by Eq. (2-

76). 

(3) 𝑓𝑖(𝒙, 𝑡 + 𝛿𝑡𝑓) in the finer block can be calculated by 𝑓𝑖(𝒙, 𝑡) based on Eqs. (2-15) and (2-

75). 

(4) The values of 𝑓𝑖(𝒙, 𝑡 + 𝛿𝑡𝑓) at both blue and red points of AB are obtained from Eq. (2-92), 

which are used as the boundary condition for the finer block. 

(5) 𝑓𝑖(𝒙, 𝑡 + 2𝛿𝑡𝑓) in the finer block can be calculated by 𝑓𝑖(𝒙, 𝑡 + 𝛿𝑡𝑓) with the boundary 

condition along AB. 

(6) 𝑓𝑖(𝒙, 𝑡 + 2𝛿𝑡𝑓) values on the blue points along CD line obtained from the finer mesh is 

used as boundary condition for the coarser mesh. 

(7) Return to step (1) and start the next time.
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Chapter 3 

Flow past two cylinders in different arrangements 

 

In this chapter, the force components on two circular cylinders in tandem, side-by-side and 

staggered arrangements and in a uniform incoming flow are investigated systematically. The 

cases considered correspond to relatively low Reynolds number. DNS is used and no 

turbulence mode is adopted. The analysis of this chapter has been published in Journal of 

Fluids and Structures, see Jiao and Wu (2018). 

 

3.1 Convergence and comparison 

The flow past a fixed cylinder at 𝑅e = 40 and 𝑅e = 200  has been carried out in order to 

verify the numerical method.The incoming flow is from the left hand side of the body. The 

cylinder is located in the flow field. The computational domain is taken as 𝐿e = 10𝐷, 𝐿s =

10𝐷 and  𝐿r = 20𝐷, as shown in Fig. 3-1(a). A Dirichlet boundary condition (𝒖 = (𝑢0, 0)) is 

adopted at the inflow and far-field boundaries. The potential flow solution is used in the initial 

condition. For analyses, the fluctuating force history is collected for a sufficiently long period 

of time with 𝑇 = 𝑢0𝑡 𝐷⁄ > 1200. 

 

(a)  (b)  

Fig. 3-1 Computational configurations for (a) a single cylinder and (b) two cylinders. 

 

Convergence tests should be undertaken with respect to the grid size  𝑙 , the artificial 

compressibility through Mach number 𝑀𝑎 and time step 𝛿𝑡. In the D2Q9 model outlined in 
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Section 2.1, 𝛿𝑡 =  𝑙 = 𝑐 = 1, 𝑀𝑎 = 𝑢 𝑐𝑠⁄  and 𝑐𝑠 = 𝑐 √3⁄ . In such a case, at given Reynolds 

number, the nondimesionalized time step will be fixed when the grid parameter 𝑠 = 𝐷 𝑙⁄  and 

Mach number have been chosen. Thus, its convergence is reflected in the convergence with 

𝑠 and 𝑀𝑎, respectively. For a cylinder, Mach number is set as 𝑀𝑎 = 0.1, which is same to that 

used by Li et al. (2004). The grid convergence is investigated by the 𝑅e = 200 flow shown in 

Table 3-1, which indicates that 𝑠 = 70 is sufficient to obtain convergent solution. A good 

agreement can be found, suggesting that the present numerical method is accurate and 

resolution is adequate. Vortex contour of this case are given in Fig. 3-2, which shows the 

oscillatory flow of the wake. The temporal variations of the drag and lift coefficients are 

shown in Fig. 3-3. Fourier analysis of the periodic drag and lift coefficients is shown in Fig. 3-

4. We may observe that the periodic oscillation gives virtually a single frequency. The Strouhal 

number corresponding to the lift coefficient is 0.207, and that of drag coefficient is 0.414. The 

latter is the double of the former. In fact when the body is symmetric and the flow pattern 

shown in Fig. 3-2 is periodic in time, the flow at 𝑦 > 0  and 𝑇 + 𝑇𝑣 2⁄  should be the mirror 

image of the flow at 𝑦 < 0 and 𝑇. Using this, it can be shown that the lift coefficient 𝐶𝐿 has 

frequency components of (2𝑛 + 1)𝑆𝑡 only while the drag coefficient 𝐶𝐷  has 2𝑛𝑆𝑡  (𝑛 = 0, 

1⋯) (Wu, 2000).  

 

Table 3-1 

Drag and lift coefficients and Strouhal number on a single cylinder at 𝑅𝑒 = 200 

 𝐶𝐷   𝐶𝐿  𝑆𝑡 

 Max. Min.  Max. Min.  

Present result:       

s=50 1.338 1.252  0.569 -0.569 0.206 

s=70 1.333 1.250  0.569 -0.569 0.207 

s=98 1.334 1.251  0.569 -0.569 0.207 

Wu & Hu (2006) 1.385 1.324  0.563 -0.564 0.190 

Chan & Anastasiou (1999) 1.50 1.42  0.70 -0.70 0.23 

Braza et al.  (1986) 1.35(mean)     0.20 

Williamson (1996)      0.198 
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Fig. 3-2 Vortex contours for a single cylinder at 𝑇 = 185.7 with 𝑅𝑒 = 200. 

 

 

Fig. 3-3 Drag and lift coefficients on a single cylinder at 𝑅𝑒 = 200. 

 

(a)  (b)  

Fig. 3-4 Power spectra of (a) the lift and (b) drag coefficients on a single cylinder with 𝑅𝑒 =
200. 

 

3.2 The flow past two stationary cylinders in various arrangements 

In this section, we will analyse the fluctuating force acting on individual cylinders at the fixed 

centre-to-centre spacing 𝐿∗ = 𝐿 𝐷⁄ = 1.5 and Reynolds number 𝑅e = 200. The arrangement 

of the cylinders will vary with the alignment angle 𝛼. The computational configuration for two 

cylinders is shown in Fig. 3-1(b). 
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The effect of domain size is first investigated. Two domains with (1) 𝐿e = 10𝐷, 𝐿s = 10𝐷 and 

 𝐿r = 20𝐷 ; (2) 𝐿e = 14𝐷 , 𝐿s = 12𝐷  and  𝐿r = 28𝐷 , respectively, are used to solve the 

problem of flow past a pair of cylinders in tandem. Lift and drag coefficients together with 

Stouhal number obtained with grid parameter 𝑠 = 70 and Mach number 𝑀𝑎 = 0.1 are given 

in Table 3-2. Results from two domain sizes are virtually identical, the largest relative error is 

about 0.47%. This  confirms the adequacy of domain size (1) in computing the flow past two 

stationary cylinders in various arrangements. Moreover, computations are carried out for two 

different values of grid parameter 𝑠 whose alternation changes both grid size and the time, 

to primarily confirm the mesh convergence for the case of two cylinders. The relative 

difference in mean 𝐶𝐷, maximum 𝐶𝐿 and 𝑆𝑡 of both tandem cylinders obtained with 𝑠 = 70 

and 98 shown in Table 3-2 is about 0.1%. Convergence with Mach number are also conducted 

with 𝑀𝑎 = 0.1 and 0.05 in Table 3-2 and excellent agreement between the two sets of results 

has been found. In the subsequent calculations, 𝑠 = 70 and 𝑀𝑎 = 0.1 are used. 

  

Table 3-2 

Drag and lift coefficients, and Strouhal number for two tandem cylinders (Indexes 1 and 2 
represent downstream and upstream cylinder, respectively.) 

Domain 𝑠 𝑀𝑎 𝐶�̅�1 𝐶�̅�2 Max.   

𝐶𝐿1 

Max.   

𝐶𝐿2 

𝑆𝑡1 𝑆𝑡2 

(1) 70 0.1 -0.1577 1.0209 0.0753 0.0213 0.168 0.168 

(2) 70 0.1 -0.1579 1.0206 0.0753 0.0212 0.168 0.168 

(1) 98 0.1 -0.1578 1.0209 0.0753 0.0213 0.168 0.168 

(1) 70 0.05 -0.1577 1.0208 0.0753 0.0213 0.168 0.168 

 

Fig. 3-5 displays the mean drag and lift coefficients on two cylinders with the alignment angle 

𝛼. Note that all the length of the time over which the mean is obtained is the same as that 

used to get corresponding spectra of forces. It can be seen that with the increase of 𝛼, mean 

drag coefficients on both cylinders also increase. Compared with downstream/upper cylinder, 

the increase of mean drag coefficient on the upstream/lower cylinder is quicker, especially at 

smaller alignment angle 𝛼 ≤ 30° . Furthermore, with the increase of 𝛼 , the mean lift 

coefficient on the downstream/upper cylinder increases first and then decreases rapidly, 

while the upstream/lower cylinder has the opposite trend. 
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(a)   (b)  

Fig. 3-5 Mean drag and lift coefficients as functions of 𝛼. 

 

3.2.1 The flow past two tandem cylinders 

Force coefficient time histories in Fig. 3-6 shows that the amplitude of the lift coefficient, and 

the mean and amplitude of drag coefficient for both cylinders are much smaller than that for 

an isolated cylinder, as a result of the vortex shedding suppression from the downstream 

cylinder. The drag coefficient is positive for the upstream cylinder and negative for the 

downstream cylinder, and thus there is an attractive force between two cylinders. These 

phenomena are consistent with that observed in the experiment by Zdravkovich (1987). The 

lift and drag coefficients on both cylinders here are almost in phase. The lift coefficients as 

well as drag coefficients on both cylinders here are almost in phase. The main reason may be 

that the vortex shed from the upstream cylinder is suppressed by the downstream cylinder 

and there is only one main vortex street behind two cylinders, shown in Fig. 3-8. Moreover, 

the configuration in tandem is symmetric about x axis and two shear layers shed from the 

upstream cylinder reattach at the downstream cylinder, shown in Fig. 3-8. 

 

Spectrum analysis of the force coefficients is undertaken and the results are given in the Fig. 

3-7. The lowest frequency can be defined as 𝑓𝑣0 = 1 𝑇𝑣⁄ , which is the dominant frequency for 

the lift forces on both cylinders at the corresponding Strouhal number 𝑆𝑡0 = 0.168, as can 

be seen in Figs. 3-7(a) and (c). There is also a minor component at 3𝑆𝑡0 = 0.504 and beyond 

that there is nothing further visible. The drag coefficients for both cylinders have a dominant 

component at 2𝑆𝑡0 = 0.336 together with a much smaller component at 4𝑆𝑡0 = 0.672. This 
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follows the pattern that the 𝐶𝐿 on both cylinders has components of (2𝑛 + 1)𝑆𝑡 (𝑛 = 0, 1), 

while the 𝐶𝐷 of both cylinders has 2𝑛𝑆𝑡 (𝑛 = 1, 2), in which the steady component of 𝑛 = 0 

has been taken out. The force coefficient amplitude in the two tandem cylinder case is smaller 

than that on an isolated cylinder. This can be partly explained by vorticity contour in Fig. 3-8. 

The oscillatory behaviour of the flow behind the upstream cylinder is much weaker than that 

in Fig. 3-2 for the single cylinder. The Karman vortex street is not fully developed behind the 

upstream cylinder and in front of the downstream cylinder. This leads to a smaller oscillatory 

force on the upstream cylinder. For the downstream cylinder, there are oscillatory flows on 

both sides, although it is stronger behind the cylinder and weaker before the cylinder. Also, 

the incoming velocity to the downstream cylinder is lower than the free stream due to the 

“blockage” effect of the upstream cylinder. This leads to a smaller oscillatory force. 

 

(a)   (b)  

Fig. 3-6 Force coefficient time histories on two cylinders with 𝛼 = 0°. 

 

(a)  (c)  
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(b)  (d)  

Fig. 3-7 Spectra of force coefficients for (a)-(b) downstream cylinder; (c)-(d) upstream 

cylinder with 𝛼 = 0°. 

 

 

Fig. 3-8 Vortex contours at 𝑇 = 273 with 𝛼 = 0°. 

 

3.2.2 The flow past two staggered cylinders with 𝛼 = 15°  

The lift and drag coefficients at 𝛼 = 15° are shown in Fig. 3-9. The oscillation of the flow here 

is still periodic as that in the case of 𝛼 = 0°, but the detailed flow characteristics are different 

between these two cases. As the configuration no longer has a symmetry line as in the tandem 

case, around which the flow oscillates, the mean value of the lift coefficient is non-zero and 

both lift and drag will have components 𝑛𝑆𝑡15 (𝑛 = 0, 1, 2 ⋯). The mean and maximum value 

of the lift coefficient for the upper cylinder are negative while that of the lower cylinder is 

positive. Even though the drag coefficient for the lower cylinder is still much higher than that 

for the upper cylinder, 𝐶𝐷 on both cylinders is positive. The lift coefficients on both cylinders 

here are nearly in phase, which is similar to that in tandem. The main reason may be that 

there is also only one main vortex street behind two cylinders, shown in Fig. 3-11. However, 

the drag coefficients at 𝛼 = 15°  are almost anti-phase. Part of the reason may be due to that 

compared with cylinders in tandem in Fig. 3-8, the configuration at 𝛼 = 15°  is no longer 
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symmetric about x axis. The downstream cylinder is higher than that of the upstream cylinder, 

and thus only the inner shear layer from the lower cylinder is deflected into the gap between 

the two cylinders and attached at the upper cylinder, shown in Fig. 3-11. 

 

Frequency spectra of lift and drag coefficients for both cylinders at 𝛼 = 15°
 are displayed in 

Fig. 3-10. The lowest frequency is 𝑆𝑡15 = 0.16 , which is also the dominant frequency 

component. It is interesting to see that this dominant frequency is the same for both lift and 

drag, while in the 𝛼 = 0°  case, the component of the drag coefficient is at double lowest 

frequency. There are also two visible components at 2𝑆𝑡15 = 0.32
 
and 3𝑆𝑡15 = 0.48 , 

respectively, but their amplitudes are much smaller. The lowest frequency 𝑆𝑡15 here is close 

to that for 𝛼 = 0°. This can be partly explained by vortex contour in Fig. 3-11. Even though 

the inner shear layer from the lower cylinder is deflected into the gap between two cylinders, 

it is constrained by the upper cylinder and thus there is only main Karman vortex street behind 

two cylinders. This is similar to that in the tandem case. On the other hand, compared with 

the vortex contour for the tandem case, the mean position of each oscillatory streamline here 

is moved upwards with the upper cylinder. 

 

(a)  (b)  

Fig. 3-9 Force coefficient time histories on two cylinders with 𝛼 = 15°. 
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(a)  (c)  

(b)  (d)  

Fig. 3-10 Spectra of force coefficient for (a)-(b) upper cylinder and (c)-(d) lower cylinder with 

𝛼 = 15°. 

 

 

Fig. 3-11 Vortex contours at 𝑇 = 273 with 𝛼 = 15°. 

 

3.2.3 The flow past two staggered cylinders with 𝛼 = 30° 

Lift and drag coefficient time histories on both cylinders at 𝛼 = 30° are shown in Fig. 3-12. 

Compared with that at  𝛼 = 15° , the oscillation of the lift and drag coefficients on two 

cylinders is no longer sinusoidal. The mean value for the upper cylinder is negative, same as 

that in the 𝛼 = 15° case and the mean result for the lower cylinder is close to zero, which is 

the result when the configuration is symmetry, including the single cylinder and two cylinders 



69 
 

in tandem arrangements. At the same time, the difference between the mean values of drag 

forces on the two cylinders here becomes smaller than that at 𝛼 = 15°. The oscillation of lift 

coefficients of the two cylinders are in phase and those of the drag coefficients are anti-phase, 

which is similar to that at 𝛼 = 15°. 

 

Spectra of the force coefficients on each individual cylinder are given in Fig. 3-13. The force 

history is periodic with respect to time, which is the same as that in the previous two cases. 

The lowest frequency 𝑆𝑡30 = 0.067 becomes much smaller and is less than half of 𝑆𝑡0 =

0.168  at 𝛼 = 0°  and 𝑆𝑡15 = 0.16  at 𝛼 = 15° . However, the amplitude at the lowest 

frequency is no longer dominant. The largest peak here is at 2𝑆𝑡30 = 0.133, which is in fact 

much closer to 𝑆𝑡15 = 0.16 at the 𝛼 = 15° case. More interestingly, at 𝛼 = 30° here, more 

frequency components (𝑛 = 1, 2, 3 ⋯) become visible and significant, especially for the drag 

coefficient on the upper cylinder. Fig. 3-14 shows vortex contour. Compared with those at 

𝛼 = 0° and 𝛼 = 15°, the position of the bottom side of the upper cylinder is higher than that 

of the lower cylinder axis.  

 

(a)  (b)  

Fig. 3-12 Force coefficient time histories on two cylinders with 𝛼 = 30°. 

 



70 
 

(a)  (c)  

(b)  (d)  

Fig. 3-13 Spectra of force coefficients for (a)-(b) upper cylinder and (c)-(d) lower cylinder 

with 𝛼 = 30°. 

 

 

Fig. 3-14 Vortex contours at 𝑇 = 273 with 𝛼 = 30°. 

 

3.2.4 The flow past two stationary staggered cylinders with 𝛼 = 45° 

Lift and drag coefficients on both cylinders at 𝛼 = 45° are shown in Fig. 3-15. The oscillation 

of the lift and drag coefficients on two cylinders here is far less sinusoidal than that in the 𝛼 =

30° case. The mean lift coefficient for the lower cylinder becomes once again non-zero, which 

is different from the case of 𝛼 = 30°. The mean values of both lift coefficients are found to 
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be negative. The oscillations of two lift coefficients are nearly in phase, the same as what has 

been observed in the previous three cases. However, the drag coefficients are no longer 

synchronized and they are neither in-phase nor anti-phase. In addition, together with Figs. 3-

6, 3-9 and 3-12, it can be found that with the increasing 𝛼, the mean drag of the upper cylinder 

(the downstream cylinder) changes from the negative value to the positive and increases 

rapidly, while that of the lower cylinder (the upstream cylinder) increases more slowly. In 

other words, the alignment angle 𝛼 has much stronger influence on the mean drag force of 

the upper cylinder than that of the lower cylinder. 

 

Spectra of force coefficients on each individual cylinder are given in Fig. 3-16. At 𝛼 = 45°, 

frequency components are much more widely spread and a large number of components 

become important at frequency spectra. This shows that the force coefficients become far 

less sinusoidal in time. Furthermore, the lowest frequency 𝑆𝑡45 = 0.017  becomes much 

lower and is less than a quarter of the lowest frequency 𝑆𝑡30 = 0.067 at 𝛼 = 30°. The lowest 

frequency is no longer the dominant component, which is similar to that in the 𝛼 = 30° case. 

The amplitude peak of both drag coefficients is at 4𝑆𝑡45 = 0.068. Different from two previous 

staggered cases, the dominant frequencies of the lift coefficients of two cylinders are no 

longer the same. It is at 8𝑆𝑡45 = 0.136 for the lift coefficient on the upper cylinder, which is 

close to 2𝑆𝑡30 = 0.133 at 𝛼 = 30°, while it is at 4𝑆𝑡45 = 0.068 for the lower cylinder, which 

is the same as that of the drag coefficients of the two cylinders. To have some insights into 

the reason for different dominant frequencies of the two lift forces, the velocity component 

in the y-direction at four points (7.5𝐷, 12.0𝐷) , (7.0𝐷, 10.2𝐷) , (6.2𝐷, 9.8𝐷)  and 

(6.2𝐷, 9.3𝐷)  are investigated. Fig. 3-17 gives their time histories and the corresponding 

frequency spectra. For two points at lower and upper shear layers of the lower cylinder, the 

dominant frequency is the same and at 4𝑆𝑡45 = 0.068. For the upper cylinder, the dominant 

frequency of the velocity at the upper free shear layer is at 8𝑆𝑡45 = 0.136 , while the 

dominant frequency at the lower free shear layer is at 4𝑆𝑡45 = 0.068, which is the same as 

that of two free shear layers from the lower cylinder. Thus, the dominant frequency of the lift 

coefficient of the upper cylinder is related to that of its upper shear layer, while the dominant 

frequency of all other force coefficients is related to that of the other three shear layers. This 
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is in fact consistent with what was observed in the experiment by Sumner et al. (2000). Fig. 3-

18 shows vortex contour. 

 

(a)   (b)  

Fig. 3-15 Force coefficient time histories on two cylinders with 𝛼 = 45°. 

 

(a)  (c)  

(b)  (d)  

Fig. 3-16 Spectra of force coefficients for (a)-(b) upper cylinder and (c)-(d) lower cylinder 

with 𝛼 = 45°. 
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(a)   (e)  

(b)   (f)  

(c)   (g)  

(d)   (h)  
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Fig. 3-17 Y-direction velocity of four points (left) and their spectra (right) with 𝛼 = 45° 

(Indexes 1-4 represent points at (7.5𝐷, 12.0𝐷), (7.0𝐷, 10.2𝐷), (6.2𝐷, 9.8𝐷) and 

(6.2𝐷, 9.3𝐷), respectively.). 

 

 

Fig. 3-18 Vortex contours at 𝑇 = 217 with 𝛼 = 45°. 

 

3.2.5 The flow past two staggered cylinders with 𝛼 = 46° 

Lift and drag coefficients on both cylinders at 𝛼 = 46° are shown in Fig. 3-19. The mean lift 

and drag coefficients for both cylinders are similar to those in the 𝛼 = 45° case. However, 

what is significant here is that although there is only one-degree change in 𝛼  from the 

previous case, the lift and drag coefficients for both cylinders are no longer periodic, which 

suggests that the oscillation of the flow may become unstable. 

 

We can see from the case of 𝛼 = 45° , the period of the oscillation becomes very long, 

although the force history can be still decomposed into Fourier series with discrete frequency 

components. It could be expected that when the period further increases, the Fourier series 

will become Fourier transform and the discrete frequency components will become a 

continuous distribution. This is reflected by the spectra of force coefficients in Fig. 3-20. The 

dominant frequency of the lift coefficient for the upper cylinder is 𝑆𝑡 = 0.133, and that for 

the lower cylinder is 𝑆𝑡 = 0.066. These two dominant frequencies are reversed for the drag 

coefficients of two cylinders. The local peaks at 𝛼 = 46° resemble those at 𝛼 = 45°. However, 

the major difference is that the spectrum at 𝛼 = 46° is highly oscillatory between the local 

peaks, while between two neighbour peaks the amplitudes in the spectrum are virtually zero 

at 𝛼 = 45° . Fig. 3-21 shows vortex contour. The vortices are shed from each individual 
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cylinder and then the vortices shed from different cylinders emerge together to form a single 

wake, which is similar to that in the 𝛼 = 45° case. However, based on the detailed analysis 

the vortex contour over a long period of time it has been found that the oscillatory flow here 

is no longer periodic and becomes unstable. Thus, unlike that at 𝛼 = 45°, the Fourier series 

in time becomes the Fourier transform here. 

 

(a)  (b)  

Fig. 3-19 Force coefficient time histories on two cylinders with 𝛼 = 46°. 

 

(a)  (c)  

(b)   (d)  

Fig. 3-20 Spectra of force coefficients for (a)-(b) upper cylinder and (c)-(d) lower cylinder 

with 𝛼 = 46°. 
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Fig. 3-21 Vortex contours at 𝑇 = 637 with 𝛼 = 46°. 

 

3.2.6 The flow past two staggered cylinders with 𝛼 = 60° 

Lift and drag coefficients on both cylinders at 𝛼 = 60° are shown in Fig. 3-22. As in cases of 

𝛼 = 45° and 𝛼 = 46°, the mean lift coefficient for the lower cylinder is negative. However, 

for the upper cylinder, the mean lift coefficient becomes positive, which is opposite to that 

at 𝛼 = 45° and 𝛼 = 46°. From the analysis of the drag coefficients for two cylinders, it can be 

found that the mean value for the lower cylinder is higher than that for a single cylinder while 

for the upper cylinder, it is close to that for a single cylinder. 

 

Frequency spectra of the force coefficients on two cylinders are given in Fig. 3-23. As in cases 

of 𝛼 = 45° and 𝛼 = 46°, the locations of spectrum peaks of the lift coefficients for upper and 

lower cylinders are different, and are at 𝑆𝑡 = 0.107 and 𝑆𝑡 = 0.08, respectively. The peaks 

for drag forces on two cylinders are both at 𝑆𝑡 = 0.08 . It is interesting to see that the 

amplitude of the drag coefficient at a much smaller frequency 𝑆𝑡 = 0.027 is also high and it 

is close to that at the dominant frequency. The importance of much smaller frequency may 

reflect the slow change of the gap flow bias. It is obvious that the flow past each of the two 

cylinders at 𝛼 = 60° takes irregular turns in experiencing narrower or wider wake patterns in 

Fig. 3-24 or flip-flopping occurs. Moreover, three frequencies for Fourier analyses on the drag 

coefficients may be distinguished: a low flip-flopping frequency 𝑆𝑡 = 0.027, two dominant 

frequencies 𝑆𝑡 = 0.08 and 𝑆𝑡 = 0.107. It is worthwhile to notice that the low flip-flopping 

frequency 𝑆𝑡 = 0.027  plus the vortex-shedding frequency 𝑆𝑡 = 0.08  equals the third 

distinctive component 𝑆𝑡 = 0.107, which was also discussed in Carini et al.  (2014). 
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(a)  (b)  

Fig. 3-22 Force coefficient time histories on two cylinders with 𝛼 = 60°. 

 

(a)   (c)  

(b)   (d)  

Fig. 3-23 Spectra of force coefficients for (a)-(b) upper cylinder and (c)-(d) lower cylinder 

with 𝛼 = 60°. 

 

(a)  (b)  

Fig. 3-24 Vortex contours with 𝛼 = 60°: (a) at 𝑇 = 1309; (b) at 𝑇 = 1344. 
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3.2.7 The flow past two side-by-side cylinders 

Lift and drag coefficients on both cylinders at 𝛼 = 90°  are shown in Fig. 3-25. As the 

configuration is once again symmetric, the mean drag coefficients for two cylinders become 

similar.  Analysis of the data has shown that the mean values for both cylinders are higher 

than that for a single cylinder. The mean lift coefficient is positive for the upper cylinder and 

negative for the lower cylinder, and thus there is a repulsive mean force between two 

cylinders. Furthermore, 𝐶𝐷  
and 𝐶𝐿  

on both cylinders yield irregular temporal variations 

around the mean value. 

 

Spectra of force on each individual cylinder are given in Fig. 3-26. At 𝛼 = 90° , the flow 

oscillation is at the random flip-flopping state. In fact, this depends on how the centre-to-

centre spacing ratio 𝐿∗ is deliberately chosen, as discussed in the introduction. In this flow, 

the narrow and wide wakes behind each cylinder alternate irregularly. Fig. 3-27 shows two 

snapshots as an example. Even though oscillatory forces here are very different between the 

upper and lower cylinders, their frequency spectra for two cylinders are similar. There are 

multiple intricate frequencies and a large number of relatively high peaks in spectra. The 

dominant frequencies for the lift coefficient on each individual cylinder are no longer a single 

value. They are scattered over a relatively broad range, at approximately 0.13 ≤ 𝑆𝑡 ≤ 0.22. 

The upper limit of this range is similar to the dominant frequency for a single cylinder. The 

reason for this range to be chosen is that outside this range the peaks in frequency spectra 

are much smaller. The frequency 𝑆𝑡 = 0.057 corresponding to the spectrum peak of drag 

forces for the two cylinders is much smaller. Two ranges in the frequency spectra can be seen: 

a lower flip-flopping frequency range at 𝑆𝑡 < 0.1 and a higher oscillatory frequency range 

0.1 < 𝑆𝑡 < 0.5. Together with previous two-cylinder cases, it can be found that with the 

increase of alignment angle 𝛼, the oscillatory forces are no longer dominated by a component 

at a single frequency. As 𝛼 further increases, frequency spectra of lift and drag coefficients 

change from the discrete components to the continuous distribution and the dominant 

frequency components in their spectra become more complex. 
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(a)   (b)  

Fig. 3-25 Force coefficient time histories on two cylinders with 𝛼 = 90°. 

 

(a)   (c)  

(b)   (d)  

Fig. 3-26 Spectra of force coefficients for (a)-(b) upper cylinder and (c)-(d) lower cylinder 

with 𝛼 = 90°. 

 

(a)  (b)   

Fig. 3-27 Vortex contours with 𝛼 = 90° at (a) 𝑇 = 693 and (b) 𝑇 = 721. 
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3.3 Summary 

Flow past two cylinders in different arrangements has been investigated through numerical 

simulations based on lattice Boltzmann method together with immersed boundary method. 

The focus has been on how the force on each cylinder varies with alignment angle 𝛼, as well 

as the vortex contour. Simulations have been performed for two cylinders with the 

intermediate spacing 𝐿∗ = 1.5 at the Reynolds number 𝑅𝑒 = 200 and at different 𝛼. From 

the results, the following conclusions can be drawn. 

 

When 0° ≤ 𝛼 ≤ 450, flow is always periodic with period 𝑇𝑣, which gives a lowest frequency 

𝑓𝑣 = 1 𝑇𝑣⁄ . The force is also periodic. However, there could be frequency components 𝑛𝑓𝑣   

(𝑛 = 1, 2, 3 ⋯). At 𝛼 = 00 , the lift coefficients 𝐶𝐿  on both cylinders have components of 

(2𝑛 + 1)𝑓𝑣 and drag coefficients 𝐶𝐷 have 2𝑛𝑓𝑣, although only first couple of components are 

visible. This is similar to that for a single cylinder. When 𝛼 is non zero, the flow configuration 

becomes asymmetric and both 𝐶𝐿 and 𝐶𝐷 have components 𝑛𝑓𝑣. Moreover, as 𝛼 increases, 

the number of frequency components, at which the force is significant, also increases. While 

the lowest frequency becomes smaller, these frequency components become wider spread. 

As a result, the force oscillation becomes less sinusoidal even though it remains periodic. For 

𝛼 ≥ 300 , the lowest frequency is no longer the dominant component. At 𝛼 = 450 , the 

dominant frequency of the lift force on the upper cylinder is not the same as that of the other 

three forces. This is very much due to the oscillation of the upper shear layer of the upper 

cylinder, which has a dominant frequency different from that corresponding to other shear 

layers. When 𝛼 > 450, the motion is no longer periodic and becomes unstable. The force 

spectrum changes from the discrete frequency distribution to a continuous distribution, or 

the Fourier series becomes the Fourier transform. When 𝛼  further increases, flip-flopping 

state with low frequency may start to develop. At 𝛼 = 600, three distinctive frequencies of 

force coefficients have been observed. The lowest is the flip-flopping frequency and the 

second one is the dominant frequency due to wake oscillation, while the summation of these 

two equals to the third component. At 𝛼 = 900, a large number of relatively high peaks have 

been seen in the force spectrum and the dominant force is over a relatively broad range of 
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frequencies. Interestingly, although two cylinders experience irregular force oscillation at 𝛼 =

900, their frequency spectra are similar to each other.
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Chapter 4 

Free vibration predicted using forced oscillation in the 

lock-in region 

 

In Chapter 3, flow past stationary cylinders has been considered. However, as it is observed 

that the force becomes oscillatory when the Reynolds number is above a threshold, especially 

in the transverse direction. This can lead to vibration of a non-fixed cylinder. In this chapter, 

the motion of a cylinder is further considered. Forced oscillation is a method to investigate 

the fluid-structure during VIV. The motion in forced oscillation is always prescribed sinusoidal. 

The response of the wake to the forced motion can be investigated in isolation. In such as 

case, it is easier to provide forced motion results systematically than those from free motion. 

In this chapter, we first provide the mathematical analysis for the conditions of the equivalent 

forced and free motions. Then, it is verified through numerical results obtained from 

immersed boundary method and lattice Boltzmann method. Also, the effect of the combined 

mass-damping parameter on the motion amplitude is discussed through mathematical 

analysis. The content of this chapter has been published in Physics of Fluids, see Jiao and Wu 

(2018), which was chosen as one of the featured papers, or one of the best PoF papers chosen 

by the editors. 

 

4.1 Equivalence between free motion and forced motion at lock-in 

In many engineering problems, the transverse motion of the body or the motion in the y 

direction is the main concern, because the lift (transverse) fluctuation is generally much larger 

than drag (in-line) fluctuation. If the body mass is 𝑚, the structural damping is 𝑏 and stiffness 

is 𝑘, its governing equation is 

𝑚�̈� + 𝑏�̇� + 𝑘𝑌 = 𝐹𝐿,                                               (4-1) 

where 𝑌 is the displacement, and the over dot denotes the temporal derivative. 
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Kumar et al. (2016) reviewed the various criteria for lock-in at forced oscillation and proposed 

a more stringent criterion to describe lock-in, together with transition and no lock-in regions. 

The system can be regarded as the state of the lock-in when (a) the dominant frequency in 

the power spectrum of the lift coefficient is equal to the forced oscillation frequency 𝑓𝑐  and 

(b) other components in its power spectrum, if any, are only at integer multiples of 𝑓𝑐. When 

only the first condition is satisfied, which means that the other components of the power 

spectrum can be random, the region is referred to as transition one. All other situations 

correspond to a no lock-in region. Their criterion is applied to identify the lock-in state at 

forced oscillation and free vibration in this chapter. 

 

Based on the definition of lock-in above, the oscillation of the lift force 𝐹𝐿(𝑡) should have a 

series of frequency components, (𝑛 + 1)𝑓𝑐 (𝑛 = 0, 1, 2 ⋯), or  

𝐹𝐿(𝑡) = ∑ 𝐹𝑛 sin[2𝜋(𝑛 + 1)𝑓𝑐𝑡 + 𝜙𝑛]∞
𝑛=0 .                                (4-2) 

In the forced motion, the external force  𝐹𝑒 applied on the body must follow 

𝐹𝑒(𝑡) = 𝑚�̈�(𝑡) − 𝐹𝐿(𝑡) .                                            (4-3) 

Here if the mechanic system of the cylinder in free motion could provide this external force, 

its oscillation would be the same as that of the forced motion. In general, this requirement 

would not always be practical. However, as the dominant frequency is 𝑓𝑐, which means 𝐹0 is 

much larger than all other components, it can be assumed that 𝐹𝐿(𝑡) can be approximated by 

the first term. In such a case, we may have 

𝐹𝐿 = 𝐹0 sin(𝜔𝑐𝑡 + 𝜙),                                                 (4-4) 

𝑌 = 𝑌0 sin(𝜔𝑐𝑡),                                                    (4-5) 

where 𝜔𝑐 = 2𝜋𝑓𝑐 is the angular frequency, 𝜙 = 𝜙0 is the phase angle between lift force 𝐹𝐿 

and displacement 𝑌 of the cylinder. 
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The external force 𝐹𝑒  in such a case can then be replaced by a constant stiffness 𝑘  and 

structural damping 𝑏, or 

𝐹𝑒(𝑡) = −𝑘𝑌(𝑡) − 𝑏�̇�(𝑡),                                             (4-6) 

where 

𝑘 = 𝑚𝜔𝑐
2 + �̃�,                                                    (4-7) 

𝑏 =
𝐹0 sin 𝜙

𝜔𝑐𝑌0 
,                                                       (4-8) 

�̃� =
𝐹0 cos 𝜙

𝑌0
.                                                      (4-9)  

 

The free motion is then expected to be same as the forced motion. Based on this principle, 

we may use the result in the forced lock-in motion to predict the behaviour of the free motion 

of the cylinder. It is interesting to see from the above two equations that while the choice of 

𝑏 from Eq. (4-8) is fixed at given 𝜔𝑐 and 𝑌0, the choice of 𝑘 in Eq. (4-7) is not unique and it 

depends on the mass of the cylinder 𝑚. In other words, the masses and stiffnesses of two 

cylinders may be different. Provided Eq. (4-7) or 𝑚2 − 𝑚1 = (𝑘2 −  𝑘1) 𝜔𝑐
2⁄  is satisfied in 

these cases, their free motions will be same. Similar result was observed by Shiels et al. (2001) 

at 𝑏 = 0. 

 

4.2 Convergence and comparison 

A sketch of the computational domain for forced and free motions of a circular cylinder with 

diameter 𝐷 is shown in Fig. 3-1(a). The incoming flow is from the left hand side of the body. 

The cylinder is located in the flow field. The computational domain is taken as 𝐿e = 14𝐷, 

𝐿s = 20𝐷  and  𝐿r = 25.5𝐷 , which is chosen similar to that used by Prasanth and Mittal 

(2008). A Dirichlet boundary condition (�⃑⃑� = (𝑢0, 0)) is adopted at the inflow and far-field 

boundaries. The uniform steady flow is used in the initial condition. The equation of free 

motion can be written as  

𝑚∗�̈�
∗

+ 𝑏∗�̇�
∗

+ 𝑘∗𝑌∗ = 𝐶𝐿 2⁄ ,                                      (4-10) 
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where 𝑚∗ = 𝑚 𝜌𝐷2⁄ , 𝑏∗ = 𝑏 𝜌𝑢0𝐷⁄  and 𝑘∗ = 𝑘 𝜌𝑢0
2⁄  are nondimensionalized body mass, 

damping and stiffness, respectively. This is similar to what was adopted by Shiels et al. (2001). 

The equation can be solved using the Runge-Kutta method once the force coefficient is known 

from the flow fluid calculation. Here, the force term on the right-hand side of Eq. (4-10) is 

assumed to be a constant within a time step as long as the time step is small enough, which 

is similar to that adopted in Zhou et al. (1999). It should be noted that the way to 

nondimensionalize the equation of free motion is not unique and other forms of equations 

have also used, some of which have been discussed in Chapter 1. 

 

Forced (𝑓𝑐
∗ = 0.177, 𝑌0

∗ = 0.6) and free (𝑚∗ = 1 − 2, 𝑏∗ = 0 and 𝑘∗ = 0 − 10) oscillations 

have been carried out to verify the grid convergence and the artificial compressibility of the 

numerical method. The grid convergence is first investigated by forced and free motions 

through 𝑠. Mach number is taken as 𝑀𝑎 = 0.02 and Reynolds number 𝑅𝑒 = 106. Table 4-1 

shows mean drag coefficient 𝐶𝐷
̅̅̅̅ , maximum lift coefficient 𝐶𝐿0 and phase angle 𝜙 obtained 

from forced oscillation with two different values of grid parameters 𝑠 = 70 and 105. Table 4-

2 shows results from free vibration with 𝑠 = 70 and 105. The largest relative error is about 

0.5%. Thus, in the subsequent calculations 𝑠 = 70 is used. It should be pointed out that the 

Eq. (4-10) can be calculated by Euler method, once the lift coefficient is known from the flow 

field calculated by LBM coupling with IBM. In addition, computations are carried out for two 

different values of Mach number, 𝑀𝑎 = 0.01  and 0.02, to study its effect on forced and free 

motions at 𝑅𝑒 = 106. The results are shown in Tables 4-1 and 4-2. The largest relative error 

is about 0.6%. Thus, when 𝑀𝑎 ≤ 0.02, the effect of Mach number can be neglected for forced 

and free motions. Fig. 4-1 provides the comparison between the present results of free 

vibration and previous computational data from Ahn and Kallinderis (2006) and Borazjani and 

Sotiropoulos (2009) for the range of 𝑘∗ = 0 − 10 at 𝑚∗ = 2, 𝑏∗ = 0 and 𝑅𝑒 = 150. There is 

an excellent agreement between present and other results, suggesting that the present 

numerical method is accurate and resolution is adequate. In the remainder of the chapter, 

results are computed with 𝑠 = 70, 𝑀𝑎 = 0.02  and 𝑅𝑒 = 106. 
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4.3 Simulations of forced motion at lock-in 

From the analysis in section 4.1, it can be seen that the free motion of a cylinder may be 

predicted by the results of its corresponding lock-in forced motions under certain conditions. 

Here we run simulations of forced motions with different amplitude 𝑌0
∗ = 0.05 − 0.6 at given 

oscillation frequency  𝑓𝑐
∗ = 0.2 − 0.15. We notice that both 𝐶𝐿0 and 𝜙 change with 𝑌0

∗. Based 

on our results, it is found that the frequency of lift coefficient on a fixed cylinder is 𝑆𝑡 = 0.177 

at 𝑅𝑒 = 106. 

 

Table 4-1 Mean drag coefficient, maximum lift coefficient, and phase angle for forced 

oscillation with 𝑓𝑐
∗ = 0.177 and 𝑌0

∗ = 0.6 at 𝑅𝑒 = 106 

Grid Parameter Mach Number 𝐶𝐷
̅̅̅̅    𝐶𝐿0   𝜙     

𝑠 = 70 𝑀𝑎 = 0.02 1.801 1.133 −11.4° 

𝑠 = 105 𝑀𝑎 = 0.02 1.810 1.134 −11.4° 

𝑠 = 70 𝑀𝑎 = 0.01 1.800 1.140 −11.4° 

 

Table 4-2 Mean drag and maximum lift coefficients, and amplitude for free oscillation with 

𝑚∗ = 1, 𝑏∗ = 0 and 𝑘∗ = 2.438 at 𝑅𝑒 = 106 

Grid 

Parameter 

Mach Number 𝐶𝐷
̅̅̅̅    𝐶𝐿0   𝑓𝑐

∗ 𝑌0
∗ 

𝑠 = 70 𝑀𝑎 = 0.02 1.686 1.065 0.186 0.515 

𝑠 = 105 𝑀𝑎 = 0.02 1.688 1.064 0.186 0.514 

𝑠 = 70 𝑀𝑎 = 0.01 1.687 1.070 0.186 0.518 
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Fig. 4-1 Comparison of motion amplitude against 𝑘∗  for free vibration at 𝑚∗ = 2, 𝑏∗ = 0, 

and 𝑅𝑒 = 150 (𝑠 = 70; 𝑀 = 0.02). 

 

We first choose 𝑓𝑐
∗ = 0.2 > 𝑆𝑡, and simulations have been undertaken for amplitude in the 

range of 𝑌0
∗ = (0.2, 0.6). It is found that there is no lock-in when 𝑌0

∗ < 0.25, and in the lock-

in region, when 𝑌0
∗ > 0.556 the energy transfer from the fluid to the cylinder is negative. Fig. 

4-2 shows the variation of (a) 𝐶𝐿0, (b) 𝜙, (c) 𝑏∗ and (d) �̃�∗ with 𝑌0
∗ , in which �̃�∗ and 𝑏∗ are 

related to 𝑘 and 𝑏 in Eqs. (4-7) and (4-8), respectively. Within the range of 𝑌0
∗ = (0.25, 0.556), 

the variation of the phase angle 𝜙 is from 14° to 0°. At this oscillation frequency 𝑓𝑐
∗ = 0.2, 

𝑌0
∗ = 0.556  is the maximum amplitude of cylinder motion, at which the equivalent free 

motion is possible. Beyond this value the energy transfer from the fluid to the body is negative, 

which means that the corresponding structural damping would have to be negative. 𝑌0
∗ =

0.25 is the minimum possible value for lock-in of the forced motion to occur. It is interesting 

to see that at 𝑌0
∗ = 0.25  lock-in starts with the phase angle, 𝜙 ≈ 0°, which is similar to that 

at 𝑌0
∗ = 0.556. The values of 𝐶𝐿0 at these two amplitudes are also very close. In addition, 

within 𝑌0
∗ = (0.25, 0.556), �̃�∗ decreases monotonically with the increase of 𝑌0

∗. 

 



88 
 

 (a)  (b)  

(c)  (d)  

Fig. 4-2 Results of lock-in forced oscillation with different amplitudes at 𝑓𝑐
∗ = 0.2. 

 

When 𝑓𝑐
∗ = 𝑆𝑡 = 0.177, simulations have been made in the range of 𝑌0

∗ = (0.05, 0.6). It is 

found that lock-in with the positive energy transfer from the cylinder to the fluid occurs when 

𝑌0
∗ ≤ 0.5. Fig. 4-3 shows variations of (a) 𝐶𝐿0, (b) 𝜙, (c) 𝑏∗ and (d) �̃�∗  with 𝑌0

∗ within the range 

of 𝑌0
∗ = (0.05, 0.5). It can be seen that with the increase of 𝑌0

∗, 𝐶𝐿0 always increases while 

phase angle 𝜙 decreases. This monotonic variation with 𝑌0
∗ is different from the that in the 

previous case of 𝑓𝑐
∗ = 0.2. We notice here that when 𝑌0

∗ → 0 at this frequency 𝑓𝑐
∗ = 0.177, 

𝐶𝐿 is expected to trend to that of a fixed cylinder and its frequency is 𝑓𝑐
∗ = 𝑆𝑡. Thus, lock-in 

can occur at very low 𝑌0
∗. However, as Fig. 4-3(d) shows, �̃�∗  is already negative at 𝑌0

∗ = 0.05, 

which suggests 𝜙 > 90° . When 𝑌0
∗  further decreases 𝑘  in Eq. (4-7) can become negative, 

which suggests that the equivalent free motion is no longer possible. Of course, when 𝜙 >

180°, 𝑏∗ is also negative, which makes the equivalent free motion even more impossible.  
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(a)    (b)   

(c)   (d)  

Fig. 4-3 Results of lock-in forced oscillation with different amplitudes at 𝑓𝑐
∗ = 𝑓𝑣

∗ = 0.177.  

 

We run further simulations at another oscillation frequency 𝑓𝑐
∗ = 0.15 < 𝑆𝑡. It is found that 

there is no lock-in when 𝑌0
∗ < 0.15  approximately. In the lock-in region, when 𝑌0

∗ > 0.4 

approximately the energy transfer from the fluid to the cylinder is negative. Fig. 4-4 shows 

the variation of (a) 𝐶𝐿0, (b) 𝜙, (c) 𝑏∗ and (d) �̃�∗  within the lock-in region, 𝑌0
∗ = (0.15, 0.4). It 

can be seen that with the increase of 𝑌0
∗ , 𝐶𝐿0  increases and phase angle 𝜙  decreases 

monotonically, which is similar to that at 𝑓𝑐
∗ = 𝑆𝑡 = 0.177. However, with the increase of 𝑌0

∗ 

within 𝑌0
∗ = (0.15, 0.4), 𝑏∗ increases slightly initially before it decreases, while �̃�∗  increases 

continuously, which is also similar to that 𝑓𝑐
∗ = 𝑆𝑡 = 0.177. 
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(a)   (b)  

(c)  (d)  

Fig. 4-4 Results of lock-in forced oscillation with different amplitudes at 𝑓𝑐
∗ = 0.15.  

 

4.4 Prediction and simulation of free motion of a body 

Form the discussion in section 4.1, when the damping 𝑏∗ and stiffness 𝑘∗ of the cylinder are 

given through Eqs. (4-7) and (4-8), its free motion will be the same as the forced motion. Here 

free oscillations with 𝑚∗ = 1 − 500, 𝑏∗ = 0 − 1.580 and 𝑘∗ = 1 − 800 have carried out to 

verify the mathematical analysis in section 4.1. A lock-in case under forced motion at 𝑌0
∗ =

0.556 and 𝑓𝑐
∗ = 0.2 is chosen as an example. From the results in the above section, we have 

�̃�∗ = 1.501 and 𝑏∗ = 0. When 𝑚∗ = 1, the value of 𝑘∗is equal to 4𝜋2𝑚∗𝑓𝑐
∗2 + �̃�∗ = 3.080 

predicted by forced results based on Eq. (4-7), which are used together with  𝜁 = 0. Then, 𝐶𝐿0, 

𝑌0
∗  and 𝑓𝑐

∗  are obtained by simulation for the free motion (𝑚∗ = 1, 𝑘∗ = 3.080, 𝑏∗ = 0), 

shown in Table 4-3. The comparison with the forced motion is also given in Table 4-4. It can 

be seen that results from the two simulations are virtually the same. This verifies the 

derivation in section 4.1.  
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Table 4-3 Comparison of results predicted by forced oscillation (𝜙 = 0°) with that from the 

real free vibration with (𝑚∗ + 𝑀𝑝
∗)𝜁𝑐 = 0 

Case 𝐶𝐿0 𝑌0
∗ 𝑓𝑐

∗ 𝑓𝑛
∗ 

Forced motion (𝜙 = 0°) 1.669 0.556 0.2 - 

Free motion (𝑚∗ = 1, 𝑘∗ =

3.080, 𝑏∗ = 0) 

1.678 0.556 0.2 0.209 

Free motion (𝑚∗ = 5, 𝑘∗ =

9.397, 𝑏∗ = 0) 

1.694 0.556 0.2 0.203 

Free motion (𝑚∗ = 250, 

𝑘∗ = 396.3, 𝑏∗ = 0) 

1.687 0.557 0.2 0.200 

Free motion (𝑚∗ = 500, 

𝑘∗ = 791.1, 𝑏∗ = 0) 

1.670 0.556 0.2 0.200 

 

Further from the discussion in section 4.1, in the equivalent free motion at given 𝑓𝑐
∗ and 𝑌0

∗, 

the choice of 𝑏∗ is fixed based on Eq. (4-8). However, the choice of 𝑚∗ and 𝑘∗ are not unique. 

If they vary based on Eq. (4-7), the motion of the body will be the same. Here we propose the 

definition of the damping ratio 𝜁𝑐 = 𝑏 2(𝑚 + 𝑀𝑝)𝜔𝑐⁄ , which is based on the motion 

frequency of the body 𝜔𝑐, instead of the natural frequency of the body 𝜔𝑛. The motion may 

then be same for mechanical systems when (1) (𝑚∗ + 𝑀𝑝
∗)𝜁𝑐  is same and (2) the relationship 

between 𝑚∗ and 𝑘∗ satisfies �̃�∗ = 𝑘∗ − 4𝜋2𝑚∗𝑓𝑐
∗2 from Eq. (4-7) predicted using the forced 

motion with given 𝑓𝑐
∗. This may be verified numerically below. 

 

In practical problems, 𝑚∗  is of order 1~10  in hydrodynamic engineering, which is often 

regarded as low mass, while 𝑚∗ = 𝑂(100)  in aerodynamic applications, which is usually 

regarded as high mass. Thus, simulations are made with various body mass 𝑚∗ =

1, 5, 250, 500  and the corresponding stiffness 𝑘∗ = 3.080, 9.397, 396.3, 791.1  obtained 

from Eq. (4-7). Damping 𝑏∗ is equal to zero, and thus (𝑚∗ + 𝑀𝑝
∗)𝜁𝑐  is still equal to zero. In 

such a case, �̃�∗ = 𝐶𝐿0 2𝑌0
∗⁄  is the same as �̃�0

∗ adopted by Shiels et al. (2001) based on free 

motion without damping. 𝐶𝐿0 , 𝑌0
∗ , 𝑓𝑐

∗  and 𝑓𝑛
∗  from simulations for free oscillations with 
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various body masses are shown in Table 4-4. For 𝑚∗ = 𝑂(100), the natural frequency of 

cylinder 𝑓𝑛
∗ is much closer to 𝑓𝑐

∗ and can be regarded as 𝑓𝑛
∗ = 𝑓𝑐

∗, which is similar to that under 

lock-in free motion for the high mass given by Feng (1968) and Williamson and Govardhan 

(2004). For 𝑚∗ = 𝑂(1~10) at small mass, the natural frequency is more likely to be different 

from that 𝑓𝑐
∗ . However, in these cases, it can be seen that 𝐶𝐿0  and 𝑌0

∗  from various body 

masses are virtually same, or the motions have no difference for larger or smaller 𝑚∗. 

 

Table 4-4 Maximum lift coefficient, amplitude of the cylinder motion, the oscillation 

frequency and natural frequency of cylinder under free motion at (𝑚∗ + 𝑀𝑝
∗)𝜁𝑐 = 0.639 with 

various body masses  

Case 𝐶𝐿0 𝑌0
∗ 𝑓𝑐

∗ 𝑓𝑛
∗ 

Free motion (𝑚∗ = 1, 𝑘∗ =

1.764, 𝑏∗ = 1.580) 

0.384 0.1 0.177 0.158 

Free motion (𝑚∗ = 5, 𝑘∗ =

6.712, 𝑏∗ = 1.580) 

0.383 0.1 0.177 0.171 

Free motion (𝑚∗ = 250, 𝑘∗ =

309.7, 𝑏∗ = 1.580) 

0.384 0.1 0.177 0.177 

Free motion (𝑚∗ = 500, 𝑘∗ =

618.9, 𝑏∗ = 1.580) 

0.382 0.1 0.177 0.177 

 

We then consider a case with different frequency 𝑓𝑐
∗ = 𝑆𝑡 = 0.177 and non-zero damping. 

At 𝑌0
∗ = 0.1, we have �̃�∗ = 1.055 and 𝑏∗ = 1.580 from results in above section. Simulations 

are made with various body mass 𝑚∗ = 1, 5, 250, 500, together with the structural stiffness 

𝑘∗ = 1.764, 6.712, 309.7, 618.9 based on Eq. (4-7). (𝑚∗ + 𝑀𝑝
∗)𝜁𝑐  is always constant, equal to 

0.639. 𝐶𝐿0, 𝑌0
∗, 𝑓𝑐

∗ and 𝑓𝑛
∗ from simulations for free oscillations with various body masses are 

given in Table 4-4. For the high mass 𝑚∗ = 𝑂(100), the natural frequency of cylinder 𝑓𝑛
∗ is 

quite close to 𝑓𝑐
∗ and it can be regarded as 𝑓𝑛

∗ = 𝑓𝑐
∗, which is expected and is similar to that in 

the previous case in Table 4-3. For the low mass 𝑚∗ = 𝑂(1~10), the difference between 𝑓𝑛
∗ 

and 𝑓𝑐
∗ is larger than that with high mass. At 𝑚∗ = 1, the ratio of the oscillation frequency to 

the natural frequency of the cylinder is 𝑓∗ ≈ 1.2. From the table, it can be seen that 𝐶𝐿0 as 
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well as 𝑌0
∗ from various body masses are virtually same. Together with Table 4-3, it confirms 

numerically the derivation in section 4.1. 

 

4.5. Predicting the free motion from the 𝒃∗ − �̃�∗ diagram of the forced motion  

In order to predict the response of free motion based on forced motion, Staubli (1983) plotted 

the contours of 𝐶𝐿0 and 𝜙 on the 𝑓𝑐
∗ − 𝑌0

∗ plane and Morse and Williamson (2009a) gave the 

contours of 𝐶𝐿0 sin 𝜙 and 𝑀𝑒
∗  on the 𝜆∗ − 𝑌0

∗  plane, where 𝜆∗ = 1 𝑓𝑐
∗⁄  was regarded as the 

nondimensionalized wavelength. For a mechanical system with given 𝑚∗, 𝑘∗ and 𝑏∗, its free 

motion results can be found from the 𝑓𝑐
∗ − 𝑌0

∗ or 𝜆∗ − 𝑌0
∗ plane of forced motion. In fact, at 

different 𝑓𝑐
∗  (or 𝜆∗ ) and 𝑌0

∗ , 𝐶𝐿0 sin 𝜙  and 𝑀𝑒
∗  can be obtained from the diagram. If the 

equation of 𝑏∗ =
𝜆∗2𝐶𝐿0 sin 𝜙

8𝜋2𝑌0
∗ √

 𝑘∗

𝑚∗+𝑀𝑝
∗  is satisfied, the cylinder will then oscillate with the 

frequency 𝑓𝑐
∗ and amplitude 𝑌0

∗.  

 

In the present paper, 𝑏∗ − �̃�∗ diagram from the forced motion results at 𝑌0
∗ = 0.05 − 0.55 

and 𝑓𝑐
∗ = 0.14 − 0.2 is developed. Based on Eqs. (4-8) and (4-9), at given frequency, 𝑏∗ and 

�̃�∗ will vary with amplitude 𝑌0
∗. Their results can be put on the 𝑏∗ − �̃�∗ plane to form a curve. 

Curves at other frequencies can also be plotted as shown in Fig. 4-5. Similarly, at given 

amplitude, 𝑏∗ and �̃�∗ will vary with oscillation frequency 𝑓𝑐
∗. The contours of 𝑌0

∗ on the 𝑏∗ −

�̃�∗ plane can also be given in Fig. 4-5. It can be found from the figure that when 𝑏∗ is small, 

the horizontal line intersects almost all 𝑓𝑐
∗ lines. It means that there is a larger range of �̃�∗, in 

which the lock-in free motion with different frequencies may be possible.  When 𝑓𝑐
∗ < 0.181, 

the value of �̃�∗  decreases with the increase of 𝑏∗  at a given 𝑓𝑐
∗ . When 𝑓𝑐

∗ > 0.181 except 

𝑓𝑐
∗ = 0.200, the value of �̃�∗ increases with 𝑏∗ at a given 𝑓𝑐

∗. When 𝑓𝑐
∗ = 0.200, the value of 

�̃�∗ increases first and then decreases with 𝑏∗. Thus, at a given 𝑏∗, the 𝑓𝑐
∗ = 0.200 line could 

be intersected twice. This implies that at two different �̃�∗, the motion frequency will be the 

same. The values of 𝑌0
∗ at these two �̃�∗, however, will be different. 𝑌0

∗ at the smaller �̃�∗ is 

larger than that at the larger �̃�∗. For instance, when 𝑏∗ = 0, values of the motion frequency 
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at �̃�∗ = 1.501 and 3.338 are the same, 𝑓𝑐
∗ = 0.200, while =

*

0
Y 0.556  at �̃�∗ = 1.501  and 

𝑌0
∗ = 0.250 at �̃�∗ = 3.338. 

 

The diagram in Fig. 4-5 can provide an effective means to predict the response of a given 

mechanical system. For a mechanical system with damping 𝑏∗, a horizontal line with the same 

𝑏∗ can be drawn on the 𝑏∗ − �̃�∗ plane. It will intersect the 𝑓𝑐
∗ curves of different values. At 

each intersection of 𝑓𝑐
∗, �̃�∗ can be obtained based on this 𝑓𝑐

∗, which is compared with the real 

one 𝑘∗ − 4𝜋2𝑚∗𝑓𝑐
∗2. If they are not the same, �̃�∗ will be obtained at the next 𝑓𝑐

∗ and this 

process continues. When, at a certain 𝑓𝑐
∗, �̃�∗ = 𝑘∗ − 4𝜋2𝑚∗𝑓𝑐

∗2 is satisfied, it means that the 

mechanical system will oscillate with frequency 𝑓𝑐
∗. In such a case, the corresponding 𝑌0

∗ at 

this 𝑓𝑐
∗ can be obtained at the point with known coordinates (𝑏∗, �̃�∗) on the 𝑏∗ − �̃�∗ plane, 

from the 𝑌0
∗ counter lines. If there is no satisfied �̃�∗ in Fig. 4-5, it means that the motion will 

be no longer in the region of lock-in. 
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Fig. 4-5 𝑏∗ − �̃�∗ diagram at various 𝑓𝑐
∗ and 𝑌0

∗ (solid lines denote values of 𝑓𝑐
∗ = 0.14 − 0.2 and dashed-dotted lines 𝑌0

∗ = 0.050 − 0.55 with 

0.025 increment.
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We may use the 𝑏∗ − �̃�∗ plane to plot curves to show how motion of a body of mass 𝑚∗ 

changes with stiffness �̃�∗ at different 𝑏∗. It should be noted that 𝑌0
∗ and 𝑓𝑐

∗ will not vary, when 

𝑚∗ changes, if �̃�∗ follows its change based on Eq. (4-7), or the free motion will be the same. 

We may choose 𝑚∗ = 10 and results are provided in Fig. 4-6. In some of the previous studies, 

the reduced velocity 𝑈∗ is often used as a horizontal axis instead of 𝑘∗, and thus it is also 

shown in Fig. 4-6. It can be seen in the figure that when 𝑘∗ increases (𝑈∗ decreases), 𝑌0
∗ and 

𝑓𝑐
∗ increase first over a large range. For large 𝑏∗, they will be rising within the whole lock-in 

region. For small 𝑏∗, they will reach a peak and then decrease. In particular at 𝑏∗ = 0, they 

reach peak at 𝑘∗ ≈ 17 and then drop sharply, which is very close to the end of lock-in region. 

With a small increase of 𝑘∗, the value of 𝑌0
∗ can drop from 0.556 to 0.250 and 𝑓𝑐

∗ from 0.210 

to 0.200, which is similar to that under lock-in free motion with zero damping in the laminar 

flow regime (60 < 𝑅𝑒 < 200) given by Prasanth and Mittal (2008). The main reason for this 

jump may be because of a change in two different wake patterns. Vortex counters at 𝑌0
∗ =

0.556 (𝑓𝑐
∗ = 0.210) and 𝑌0

∗ = 0.250 (𝑓𝑐
∗ = 0.200) shown in Fig. 4-7(a) and (b), respectively. 

Even though these wake patterns both have a single vortex shed from each side of the cylinder 

during a cycle of vortex shedding, their vertical spacings of the vortices are different. In Fig. 

4-7(a), there is a clear gap between rows, while the much smaller gap in Fig. 4-7(b) suggests 

that the effect of vortices is more like that of a single row. From Fig. 4-6, 𝑌0
∗ = 0.556 is the 

largest possible free motion amplitude for the cylinder in the whole ranges of stiffness and 

damping, with the lock-in region. The corresponding motion frequency 𝑓𝑐
∗ = 0.200, larger 

than 𝑓𝑣
∗ = 0.177 of the vortex shedding frequency of a fixed cylinder. 
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(a)  

(b)  

Fig. 4-6 Amplitude and frequency of free motion against 𝑘∗ in the lock-in region predicted 

from the forced motion results with 𝑚∗ = 10. 

 

(a)  
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(b)  

Fig. 4-7 Vortex contour at the maximum value of lift coefficient for (a) the point (I) and (b) 

the point (II) shown in Fig. 4-6. 

 

(a)  

(b)  

Fig. 4-8 The ratio between body motion frequency and its natural frequency as well as the 

motion amplitude in the lock-in region predicted from the forced motion results with 𝑏∗ =

0.5. 
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For a mechanical system, it would also be interesting to see how the motion of the cylinder 

will change with 𝑘∗ for each given 𝑚∗, when 𝑏∗ is fixed. In such a case, 𝑓𝑛
∗ =

1

2𝜋
√

𝑘∗

𝑚∗+𝑀𝑝
∗  will 

vary, with 𝑘∗. We notice that the range of �̃�∗ for the lock-in in Fig. 4-5 is the same for different 

mass. Then, when 𝑚∗ changes from 1 to 200, the corresponding range of 𝑘∗ will also change 

in a similar magnitude based on Eq. (4-7). Thus, instead of using 𝑘∗ as a horizontal axis, we 

use the reduced velocity 𝑈∗ = 1 𝑓𝑛
∗⁄  in Fig. 4-8, in which the variation of 𝑓∗ and that of 𝑌0

∗ 

with 𝑚∗  are provided. It can be seen that when 𝑚∗  is fixed, 𝑓∗  will increase with 𝑈∗ . In 

particular, 𝑓∗ < 1 at smaller *
U  and 𝑓∗ > 1 at larger 𝑈∗. When 𝑚∗ increases, the slope of 𝑓∗ 

becomes milder, 𝑓∗ is closer to unity and the largest possible free motion amplitude occurs 

closer to 𝑓∗ = 1. When *
m  reaches 100, the slope of 𝑓∗ is almost zero and 𝑓∗ ≈ 1. In this 

sense, the peak amplitude is also at 𝑓∗ ≈ 1. It may be also interesting to see that with the 

increase of 𝑚∗, the range of 𝑈∗ becomes smaller in the lock-in region, which is similar to that 

observed by Govardhan and Williamson (2000) in free motion simulations.  

 

Fig. 4-6 has given the results for the whole range of stiffness at different dampings, within 

which lock-in occurs. This implies that outside the range, the free motion is no longer 

expected to exhibit the behaviour of lock-in defined in section III. Thus, for 𝑚∗ = 10, we take 

a higher stiffness 𝑘∗ = 26 at 𝑏∗ = 0, which is beyond the lock-in region in Fig. 4-6. Fig. 4-9 

shows lift coefficient and displacement from the free motion simulation. Their frequency 

spectra are also provided, similar to that in Jiao and Wu32. Similarly, results for 𝑚∗ = 10 and 

𝑏∗ = 0 at lower stiffness 𝑘∗ = 5 outside the lock-in region are displayed in Fig. 4-10. We may 

notice that in both cases, the motion frequency has two discrete components. The one with 

the larger amplitude is in fact at 𝑓𝑐
∗ = 𝑆𝑡, and the other with the smaller amplitude is at 𝑓𝑐

∗ =

𝑓𝑛
∗ =

1

2𝜋
√

𝑘∗

𝑚∗+𝑀𝑝
∗ . This means that the cylinder is responding with oscillation at the natural 

frequency and at a vortex shedding frequency when it is fixed. It can be seen that 𝐶𝐿 and 𝑌∗ 

have the same frequency components. In fact, in some previous studies on free motion, this 

was often regarded within the lock-in region, in which the frequencies of the lift force match 

those of body oscillation (Sarpkaya, 1995; Williamson and Govardhan, 2004). Here these two 

cases cannot be captured by using the results in Fig. 4-6, as the cylinder is forced into motion 
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at a single frequency. It is therefore important to emphasize the 𝑏∗ − �̃�∗ diagram in Fig. 4-6 

which covers only the range of lock-in defined in section 4.1. 

 

(a) (b)  

(c) (d)  

Fig. 4-9 Lift coefficient and displacement as well as their amplitude spectra from the free 

motion simulations at 𝑚∗ = 10,  𝑏∗ = 0 and 𝑘∗ = 26.  

 

(a)  (b)  
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(c)  (d)  

Fig. 4-10 Lift coefficient and displacement as well as their amplitude spectra from the free 

motion simulations at 𝑚∗ = 10,  𝑏∗ = 0 and 𝑘∗ = 5. 

 

4.6 Summary 

The equivalence between the sinusoidal free and forced motions in the lock-in region has 

been established through the mathematical analysis and confirmed by numerical results. Also, 

the characteristics of the free motion have been investigated based on the lock-in forced 

motion. From the results, the following conclusions can be drawn.  

1. When a body of mass 𝑚1, stiffness 𝑘1 and damping 𝑏1 is found to be in sinusoidal motion 

with frequency 𝜔𝑐  and amplitude 𝑌0, its motion will be the same at 𝑚2, 𝑘2 and 𝑏2 if 𝑚2 −

𝑚1 = (𝑘2 −  𝑘1) 𝜔𝑐
2⁄  and 𝑏2 = 𝑏1 . This is valid even when ωc  is away from the natural 

frequency ωn. When ωc ωn⁄ = 1 this in fact reduces to well known result that at resonance 

motion amplitude will depend on only mass-damping parameter (𝑚 + 𝑀𝑝)ζ. 

2. For a body of mass 𝑚, added mass 𝑀𝑝 and damping 𝑏, the damping ratio may be redefined 

as 𝜁𝑐 = 𝑏 2(𝑚 + 𝑀𝑝)𝜔𝑐⁄ , using the motion frequency 𝜔𝑐 of the body instead of its natural 

frequency 𝜔𝑛. With such a definition, the sinusoidal free motion of the body depends only on 

the combined mass-damping parameter (𝑚 + 𝑀𝑝)𝜁𝑐, not on them separately. It remains to 

be true at both high and low mass regions provided mass changes follows the pattern in 1 

above. When ωn = ωc, this once again becomes the existing well-known result at resonance. 

3. A 𝑏∗ − �̃�∗ diagram based on the forced motion results has been established. For a body of 

mass 𝑚, stiffness 𝑘 and damping 𝑏, the diagram can be used to predict whether the body will 
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undergo sinusoidal free motion, and subsequently predict the motion amplitude and 

frequency.
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Chapter 5 

Effect of Reynolds number on VIV amplitude branches 

with turbulence model  

 

After investigating the effect of mass-damping parameter in Chapter 4, the effect of Reynolds 

number on curves of the motion amplitude of a low mass cylinder in the turbulent range will 

be investigated systematically in this chapter. Turbulence model based on large eddy 

simulation will be used as the Reynolds number up to 13000 will be consider. Multi-block 

model is also adopted to improve the accuracy and the computational efficiency. The content 

of this chapter has been accepted by Journal of Fluids and Structures. 

 

5.1 Free motion of a body 

The nondimensionalized form of the governing equation of free motion based on 𝜌, 𝑢0 and 

𝐷 can be written as 

𝑚∗�̈�∗ +
4𝜋𝜁(𝑚∗+𝑀𝑝

∗ )

𝑈∗ �̇�∗ +
4𝜋2(𝑚∗+𝑀𝑝

∗ )

𝑈∗2 𝑌∗ =
𝐶𝐿

2
 .                              (5-1) 

 

For a fixed cylinder, 𝑌∗ = 0 . 𝐶𝐿  will be only a function of Reynolds number including its 

amplitude 𝐶𝐿0 and frequency 𝑆𝑡, or  

𝐶𝐿 = 𝐶𝐿(𝑅𝑒),                                                        (5-2) 

𝐶𝐿0 = 𝐶𝐿0(𝑅𝑒),                                                     (5-3) 

𝑆𝑡 = 𝑆𝑡(𝑅𝑒).                                                       (5-4) 

As discussed in section 1.2.3, in the sub-critical range (𝑅𝑒 = 300 − 2 × 105), 𝑆𝑡 is almost 

constant with a value of 0.2 (Williamson, 1996; Sumer & Fredsoe, 1997), and so 𝐶𝐿0 is, which 
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is around 0.3 (Skop & Griffin, 1973; 1975), apart from the drop around 𝑅𝑒 ≈ 1600 (Norberg, 

2003). 

 

For a cylinder in oscillation, one can expect that 𝐶𝐿 may be affected by the motion amplitude 

𝑌0
∗ and motion frequency 𝑓𝑐

∗. Thus, Eq. (5-1) becomes 

𝐶𝐿 = 𝐶𝐿(𝑌0
∗, 𝑓𝑐

∗, 𝑅𝑒).                                                (5-5) 

According to Eq. (5-1), 𝑌∗ depends on the body mass, damping ratio, reduced velocity and lift 

coefficient, or 

𝑌∗ = 𝑌∗(𝑚∗, 𝜁, 𝑈∗, 𝐶𝐿 , 𝑇 ).                                        (5-6) 

It is then obvious there is some nonlinear interaction between 𝐶𝐿  and 𝑌∗. In such a case, 

unlike that for a fixed cylinder in Eq. (5-2), 𝐶𝐿 in Eq. (5-5) for a cylinder in oscillation may be 

more sensitive to 𝑅𝑒. This will be investigated through extensive simulations below. 

 

5.2 Verification through comparison 

A sketch of the computational domain for free motions of a circular cylinder with diameter 𝐷 

is shown in Fig. 5-1(a). The same domain is used in the rest of this work. The incoming flow is 

from the left hand side of the body. The cylinder is located in the flow field. 𝐿e = 22𝐷, 𝐿s =

5𝐷 and  𝐿r = 40𝐷, which is similar to that used by Pigazzini et al. (2018). A Dirichlet boundary 

condition (�⃑⃑� = (𝑢0, 0)) is adopted at the inflow and outlet boundaries. On the upper and 

lower boundaries, y-velocity and the component of stress vector along these two boundaries 

are prescribed zero value. Initially, the velocities at all nodes, except inflow and outlet 

boundaries, are set to zero. There are three levels of grids in the calculation shown in Fig. 5-

1(b). The ratio of space steps between Grid 2 and Grid 1 is 2 and the ratio between Grid 3 and 

Grid 1 is 4. The grid parameter in Grid 1 is 𝑠 = 𝐷 𝛿𝑥⁄ = 400. The Mach number is taken as 

𝑀𝑎 = 0.02 and the Smagorinsky constant 𝐶 = 0.1. 
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(a) (b)  

Fig. 5-1 (a) Computational configuration and (b) schematic diagram of grid levels. 

 

To validate our method, we compare our numerical results with the experimental data from 

Govardhan and Williamson (2000) for a cylinder in free motion, with body mass 𝑚∗ = 0.935 

and damping ratio 𝜁 = 0.00502 . The reduced velocity 𝑈∗  varies from 3 to 24 and 

corresponding Reynolds number from 1524 to 12192. It is found in our simulations that lock-

in where the dominant frequency of the lift coefficient is equal to that of cylinder motion 

occurs in the region of 𝑈∗ = 3.5 − 17.5, which is similar to that in Govardhan and Williamson 

(2000) shown in Fig. 5-2. Spectra of cylinder motion and lift coefficient in the lock-in region 

are not purely sinusoidal, but still discrete, which is the same as that in Pigazzini et al. (2018). 

In addition to the dominant frequency component, there are multiple intricate frequencies in 

spectra. It should be noted that the definition of lock in from Govardhan and Williamson (2000) 

is adopted in this Chapter. The system is regarded as the state of lock-in when the dominant 

frequency of the lift coefficient is equal to that of cylinder motion. Compared with that 

mentioned in section 4.1, the definition of lock-in here has been extended to account for the 

turbulent flow effect on the result. Fig. 5-2 shows motion amplitude 𝑌0
∗ and frequency ratio 

𝑓∗ = 𝑓𝑐
∗ 𝑓𝑛

∗⁄  in the lock-in region, where 𝑓𝑐
∗ is the dominant frequency of the cylinder motion. 

It can be seen that in the 𝑌0
∗  curve, there are two jumps and three amplitude branches, 

including initial (3.5 ≤ 𝑈∗ ≤ 𝑈𝐼𝑈
∗ ), upper (𝑈𝐼𝑈

∗ < 𝑈∗ ≤ 𝑈𝑈𝐿
∗ ) and lower branches (𝑈𝑈𝐿

∗ < 𝑈∗ ≤

17.5), as defined by Khalak and Williamson (1997). In the initial branch, with the increase of 

𝑈∗, 𝑌0
∗ also increases. Further increase of 𝑈∗ to 𝑈𝐼𝑈

∗ , 𝑌0
∗  jumps nearly vertically from initial 

value to the upper branch within which the peak of the motion amplitude 𝑌0𝑚𝑎𝑥
∗ = 0.91 is 

located at 𝑈∗ = 8.0 (𝑅𝑒 = 4064). As 𝑈∗ continues to increase to 𝑈𝑈𝐿
∗ , the transition between 

upper-lower branches occurs, and 𝑌0
∗ drops nearly vertically. In the present study with smaller 

incremental increase of 𝑈∗ than that from Govardhan and Williamson (2000), 𝑈𝐼𝑈
∗  is found to 
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be in the range from 5.0 to 5.1, and 𝑈𝑈𝐿
∗  from 10.5 to 10.6. The result in Fig. 5-2 are generally 

in good agreement with those from Govardhan and Williamson (2000), although the peak of 

the motion amplitude 𝑌0𝑚𝑎𝑥
∗ = 0.91  at 𝑈∗ = 0.75  is a bit smaller than 𝑌0𝑚𝑎𝑥

∗ = 1.01  in 

Govardhan and Williamson (2000). Fig. 5-3 shows displacement and lift coefficient histories 

at 𝑈𝐼𝑈
∗  and 𝑈𝑈𝐿

∗ . At the lower end of 𝑈𝐼𝑈
∗ , lift coefficient and displacement are almost in phase, 

while at the higher end of 𝑈𝑈𝐿
∗ , they become nearly anti-phase. These phenomena are 

consistent with that observed in the experiment by Govardhan and Williamson (2000). Fig. 5-

4 shows the amplitude 𝐶𝐿0 of lift coefficient in the lock-in region. It can be seen that when 

𝑈∗ = 𝑈𝑈𝐿
∗ , there is also a sudden drop in 𝐶𝐿0, about from 0.70 to 0.37. 

 

(a)    

(b)  
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Fig. 5-2 Comparison of motion amplitude and frequency ratio between experimental data 

from Govardhan and Williamson (2000) and present results. 

 

(a)  (b)  

(c)  (d)  

Fig. 5-3 Displacement and lift coefficient near critical reduced velocity between initial and 

upper branches ((a) corresponding point (I) and (b) corresponding point (II)shown in Fig. 5-

2), and near that between upper and lower branches ((c) corresponding point (III) and (d) 

corresponding point (IV) shown in Fig. 5-2) (a) 𝑈∗ = 5.0 (𝑅𝑒 = 2540), (b) 𝑈∗ = 5.1 (𝑅𝑒 =

2590), (c) 𝑈∗ = 10.5 (𝑅𝑒 = 5334) and (d) 𝑈∗ = 10.6 (𝑅𝑒 = 5385). 
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Fig. 5-4 Amplitude of lift coefficient in the region of 𝑈∗ = 3.5 − 17.5. 

 

5.3 Variation of body motion with reduced velocities at different fixed 

Reynolds numbers  

If we write 

𝐶𝐿 = 𝐶𝐿0𝑠𝑖𝑛(2𝜋𝑓𝑐
∗𝑇 + 𝜙) or 𝐶𝐿 = Re[𝑖𝐶𝐿0𝑒−𝑖(2𝜋𝑓𝑐

∗𝑇+𝜙)],                (5-7) 

and the motion of the cylinder can then be written as 

𝑌∗ = 𝑌0
∗𝑠𝑖𝑛(2𝜋𝑓𝑐

∗𝑇) or 𝑌∗ = Re[𝑖𝑌0
∗𝑒−𝑖(2𝜋𝑓𝑐

∗𝑇)],                          (5-8) 

where 𝜙 is the phase angle between the lift coefficient and cylinder motion, we can have  

𝑌0
∗ =

𝑈∗2

8𝜋2 √
1

[(𝑚∗+𝑀𝑝
∗ )−𝑚∗𝑓∗2]

2
+4𝜁2(𝑚∗+𝑀𝑝

∗ )
2

𝑓∗2
𝐶𝐿0.                    (5-9) 

In the following computations of this section, we may fix 𝑚∗ and 𝜁, as well as 𝑅𝑒, and vary 

only 𝑈∗.  Eq. (5-9) shows that 𝑌0
∗ will be directly affected by the term of 𝑈∗. It will also be 

affected implicitly by 𝑓∗ which will change with 𝑈∗. When 𝑌0
∗ and 𝑓∗ change with 𝑈∗, 𝐶𝐿0 will 

also change, which further affects 𝑌0
∗. Therefore, there is a complex nonlinear interaction. The 

process of interaction will be different when 𝑅𝑒 is different. We shall undertake extensive 

simulations to have a better understanding of the force and motion behaviour. To investigate 

the effects of Reynolds number 𝑅𝑒  and reduced velocity 𝑈∗  individually, Re changes with 

kinematic viscosity ν and 𝑈∗ with natural frequency 𝑓𝑛 in the following simulations. 
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(a)  (b)  (c)  

Fig. 5-5 (a) Motion amplitude, (b) frequency ratio and (c) amplitude of lift coefficient at 𝑅𝑒 = 1778. 

 

(a)  (b)  (c)  

Fig. 5-6 (a) Motion amplitude, (b) frequency ratio and (c) amplitude of lift coefficient at 𝑅𝑒 = 3556. 
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(a)  (b)  (c)  

Fig. 5-7 (a) Motion amplitude, (b) frequency ratio and (c) amplitude of lift coefficient at.𝑅𝑒 = 5334. 

 

(a) (b)  (c)  

Fig. 5-8 (a) Motion amplitude, (b) frequency ratio and (c) amplitude of lift coefficient at𝑅𝑒 = 8890. 
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We first choose 𝑅𝑒 = 1778 which is the low end of lock-in region in the previous case shown 

in Fig. 5-2, and simulations have been undertaken for reduced velocity in the range of 𝑈∗ =

3.5 − 17.5 . It is found that lock-in occurs at 𝑈∗ ≤ 12.0 . Fig. 5-5 shows (a) the motion 

amplitude 𝑌0
∗ and (b) frequency ratio 𝑓∗ in the lock-in region. Within the range of 𝑈∗ = 3.5 −

12.0, the variation of the frequency ratio 𝑓∗ is from 0.70 to 1.31. For this Reynolds number 

𝑅𝑒 = 1778, 𝑌0𝑚𝑎𝑥
∗ = 0.59 at 𝑈∗ ≈ 6.0 is the peak of motion amplitude in the lock-in region. 

It can be seen that the motion amplitude 𝑌0
∗ changes rapidly before its peak similar to that 

from Wanderley and Soares (2015), and two sides of the peak correspond to the initial and 

upper branches. With the increase of 𝑈∗, the motion amplitude 𝑌0
∗ in the initial branch also 

increases while 𝑌0
∗ in the upper branch has the opposite trend. This may be partly explained 

by amplitude 𝐶𝐿0 of lift coefficient in Fig. 5-5(c). It can be seen that the shape of the 𝑌0
∗ curve 

is the similar to that of 𝐶𝐿0. When 𝑈∗ increases, 𝐶𝐿0 increases slowly first and then jumps to 

its peak value at 𝑈∗ ≈ 6.0, where 𝑌0𝑚𝑎𝑥
∗  occurs. As 𝑈∗ continues to increase, 𝐶𝐿0 decreases. 

 

When 𝑅𝑒 = 3556, simulations have been made in the range of 𝑈∗ = 3.5 − 17.5. It is found 

that here lock-in occurs when 𝑈∗ ≤ 13.0, whose range is larger than that in the previous case 

of 𝑅𝑒 = 1778. Fig. 5-6 shows (a) the motion amplitude 𝑌0
∗ and (b) frequency ratio 𝑓∗ in the 

lock-in region. The peak 𝑌0𝑚𝑎𝑥
∗ = 0.89 at 𝑅𝑒 = 3556 is much larger than 𝑌0𝑚𝑎𝑥

∗ = 0.59 at 

𝑅𝑒 = 1778 in Fig. 5-5. It seems that with the increase of 𝑅𝑒, the value of the peak  𝑌0𝑚𝑎𝑥
∗  also 

increases, which was also observed in Klamo et al. (2005) and Govardhan & Williamson (2006), 

whose work focused only on the effect of 𝑅𝑒 on 𝑌0𝑚𝑎𝑥
∗ . In addition, for 𝑅𝑒 = 3556, the free 

motions against reduced velocity are very different from that in the previous cases in Fig. 5-

5. Here, with the increase of  𝑈∗, 𝑌0
∗ also increases first. At 𝑈∗ ≈ 5.0 − 6.0, it increases rapidly 

and at 𝑈∗ ≈ 7.0, it reaches its peak value in the lock-in region. The motion amplitude 𝑌0
∗ 

drops steeply after its peak, while it drops smoothly at 𝑅𝑒 = 1778. As 𝑈∗ further increases, 

𝑌0
∗ still decreases. It means that there is a critical value 𝑈𝑈𝐿

∗  which connects the upper and 

lower branches, instead of 𝑈𝐼𝑈
∗  in the previous case. At 𝑅𝑒 = 3556, the sudden drop at 𝑈𝑈𝐿

∗ is 

similar to that in Fig. 5-2. But here the drop occurs at the peak, while it in Fig. 5-2 is away from 

the peak location. There is a rapid variation of 𝑌0
∗ before its peak. However, this is not like the 

almost vertical jump in Figs. 5-2 and 5-5 before 𝑌0
∗ arrives to its peak. Fig. 5-6(c) shows the 

amplitude of lift coefficient in the lock-in region. It can be seen that the shape of the 𝑌0
∗ curve 
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may be similar to that of 𝐶𝐿0 in the lock-in region, which is also found at 𝑅𝑒 = 1778 in Fig. 5-

5(c). 

 

Simulations at 𝑅𝑒 = 5334 have been carried out in the range of 𝑈∗ = 3.5 − 17.5. It is found 

that when Reynolds number is fixed at 𝑅𝑒 = 5334, lock-in occurs when 𝑈∗ ≤ 15.0, whose 

range is larger than that in the previous two cases of 𝑅𝑒 = 1778 and 3556. Fig. 5-7 shows (a) 

the motion amplitude 𝑌0
∗  and (b) frequency ratio 𝑓∗  in the lock-in region. At 𝑈∗ = 8.0 , 

𝑌0𝑚𝑎𝑥
∗ = 0.92 is the peak of motion amplitude in the lock-in region. Compared with the two 

previous cases at 𝑅𝑒 = 1778 and 3556, there is an increase in the value of reduced velocity 

where the peak 𝑌0𝑚𝑎𝑥
∗  occurs. At 𝑅𝑒 = 5334, there is still a critical value, 𝑈𝑈𝐿

∗  where 𝑌0
∗ drops 

nearly vertically from upper branch to lower branch, similar to that in the previous case of 

𝑅𝑒 = 3556. The drop at 𝑈𝑈𝐿
∗ = 10.5 − 10.6 does not occur at the peak, which is similar to 

that in Fig. 5-4 and is different from that in Figs. 5-5 and 5-6. Fig. 5-7(c) shows the amplitude 

of lift coefficient in the lock-in region. Here, the peak of 𝐶𝐿0 is at 𝑈∗ ≈ 7.0 smaller than 𝑈∗ =

8.0 where 𝑌0𝑚𝑎𝑥
∗  occurs, which is different from that in 𝑅𝑒 = 1778  and 3556 . It may be 

because within about the range of 𝑈∗ = 7.0 − 8.0, the amplitudes of 𝐶𝐿 at more frequency 

components become visible and significant, even though the 𝐶𝐿 history is still periodic with 

respect to time. 

 

We also provide the case in the range of 𝑈∗ = 3.5 − 17.5 at 𝑅𝑒 = 8890 which is the high end 

of lock-in region in the previous case shown in Fig. 5-2. At this Reynolds number, lock-in is 

found when 𝑈∗ ≤ 17.5  Compared with previous cases from Fig. 5-5 to Fig. 5-8, the lock-in 

range here is larger, or with the increase of 𝑅𝑒, the range of lock-in also increases.  Fig. 5-8 

shows (a) the motion amplitude 𝑌0
∗ and (b) frequency ratio 𝑓∗ in the lock-in region. At 𝑈∗ =

9.0, 𝑌0𝑚𝑎𝑥
∗ = 0.94 is the peak of motion amplitude in the lock-in region. There is a critical 

value, 𝑈𝑈𝐿
∗ = 10.7 − 10.8, connecting upper and lower branches. Here a sudden drop occurs 

after the peak of motion amplitude, which is similar to that in the previous case of 𝑅𝑒 = 5334. 

After the sudden drop, the decrease of 𝑌0
∗ at 𝑅𝑒 = 8890 is slower than that at 𝑅𝑒 = 5334. 

From the analysis of the curves of 𝑌0
∗ in Fig. 5-5 – Fig. 5-8, it can be seen that none of them is 

similar to that in Fig. 5-2. It suggests that the behaviour in Fig. 5-2 is due to both 𝑈∗ and 𝑅𝑒, 
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not just 𝑈∗ as assumed. The effect of 𝑅𝑒 on free motion should be considered. Fig. 5-8(c) 

shows the amplitude 𝐶𝐿0 of lift coefficient in the lock-in region. It is interesting to see that at 

𝑅𝑒 = 8890, the value of 𝐶𝐿0 after the sudden drop is smaller than that with the same 𝑈∗ at 

𝑅𝑒 = 5334. 

 

5.4 Body motion at 𝑼𝑰𝑼
∗  and 𝑼𝑼𝑳

∗  shown in Fig. 5-2 

From the discussion on section 5.3, it can be found that none of the 𝑌0
∗ curves is similar to 

that in Fig. 5-2. It means that the behaviour in Fig. 5-2 is due to variations of both 𝑈∗ and 𝑅𝑒, 

not just 𝑈∗ only, as assumed. In order to have some insight into the effect of 𝑅𝑒 on the jump 

of the 𝑌0
∗ curve, we will run further simulations at values of 𝑅𝑒 corresponding to positions of 

two jumps in Fig. 5-2. The body mass and the damping ratio are the same as those used in Fig. 

5-2, or 𝑚∗ = 0.935 and 𝜁 = 0.00502. 

 

 

Fig. 5-9 Motion amplitude at 𝑅𝑒 = 2540 and 𝑅𝑒 = 2590 as well as that from Fig. 5-2(a). 
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Fig. 5-10 Motion amplitude at  𝑈∗ = 5.0 and 𝑈∗ = 5.1. 

 

The first jump in Fig. 5-2 occurs at 𝑈𝐼𝑈
∗ = 5.0 − 5.1 (or 𝑅𝑒 = 2540 − 2590), and thus cases 

at 𝑅𝑒 = 2540 and 𝑅𝑒 = 2590 are chosen. Fig. 5-9 shows the motion amplitude 𝑌0
∗ against 

𝑈∗ at 𝑅𝑒 = 2540 and 2590. It can be seen that for 𝑅𝑒 = 2540 and 2590, the curves of 𝑌0
∗ 

against 𝑈∗ are very close and their shapes similar to that from the case with 𝑅𝑒 = 1778. 

There is still one critical value 𝑈𝐼𝑈
∗  connecting the initial and upper branches. For 𝑅𝑒 =

2540 − 2590, 𝑈𝐼𝑈
∗  is in the range from 5.0 to 5.1 similar to that of the first jump shown in Fig. 

5-2. Fig. 5-10 shows 𝑌0
∗ against 𝑅𝑒 at 𝑈∗ = 5.0 and 𝑈∗ = 5.1. It can be found that the curves 

of the 𝑌0
∗ at 𝑈∗ = 5.0 and 𝑈∗ = 5.1 are generally close. Both have a nearly vertical jump at 

𝑅𝑒𝐼𝑈 = 2540 − 2590, where there is an obvious difference between the two curves. It means 

that when 𝑅𝑒 = 2540 − 2590 and 𝑈∗ = 5.0 − 5.1, the value of 𝑌0
∗ is sensitive to both the 

reduced velocity 𝑈∗ and Reynolds number 𝑅𝑒, or 𝑌0
∗ increases sharply with a small change of 

𝑈∗ or 𝑅𝑒. Therefore, the first jump in Fig. 5-2 is very much related to variations of both 𝑈∗ 

and 𝑅𝑒.  

 

 

Fig. 5-11 Motion amplitude at 𝑅𝑒 = 5334 and 𝑅𝑒 = 5385. 
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Fig. 5-12 Motion amplitude at  𝑈∗ = 10.5 and 𝑈∗ = 10.6. 

 

Fig. 5-17 shows 𝑌0
∗  against 𝑈∗  at 𝑅𝑒 = 5334 and 5385 where the second jump in Fig. 5-2 

occurs. The curve of 𝑌0
∗ at 𝑅𝑒 = 5385 is quite close to that at 𝑅𝑒 = 5334. These two curves 

have two branches, upper and lower branches connected by 𝑈𝑈𝐿
∗ , which is approximately 

between 10.5 and 10.6.  Even though both have only one nearly vertical jump, they are quite 

close to 𝑈𝑈𝐿
∗  in Fig. 5-2. Fig. 5-12 shows 𝑌0

∗ against 𝑅𝑒 at 𝑈∗ = 10.5 and 𝑈∗ = 10.6. It can be 

seen that the curve of 𝑌0
∗ at 𝑈∗ = 10.5 is quite different from that at 𝑈∗ = 10.6. Based on the 

step of Reynolds number used in the calculation, there is only one branch of response in the 

𝑌0
∗ curve at 𝑈∗ = 10.5, while there are two branches, upper and lower branches connected 

by one nearly vertical drop at 𝑈∗ = 10.6. Before the drop, the curve at 𝑈∗ = 10.6 nearly 

coincides with that at 𝑈∗ = 10.5 and both increase with 𝑅𝑒. 𝑌0
∗ at 𝑈∗ = 10.6 drops suddenly 

at a critical value of 𝑅𝑒 = 𝑅𝑒𝐼𝐿 = 5334, while at 𝑈∗ = 10.5  it continues to increase although 

the rate of increase is reduced. After that 𝑌0
∗ at 𝑈∗ = 10.6 increases more rapidly and the 

curve then almost merges with that of 𝑈∗ = 10.5. Thus, the difference between these two 

cases occurs only in a small region after the drop occurs in the case of 𝑈∗ = 10.6. It suggests 

that when 𝑅𝑒 = 5334 − 5385 and 𝑈∗ = 10.5 − 10.6, 𝑌0
∗  is sensitive to both the reduced 

velocity 𝑈∗ and the Reynolds number 𝑅𝑒. Therefore, the reason for the second jump shown 

in Fig. 5-2 is also related to both variations of 𝑈∗ and 𝑅𝑒. In such a case, the effect of 𝑅𝑒 on 

𝑌0
∗ is significant and cannot be ignored. 
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5.5 Summary 

The effect of Reynolds number on free motions of a cylinder in the lock-in region has been 

investigated through numerical simulations based on multi-block LBM together with LES as 

the turbulence model and IBM for the boundary condition. The focus has been on how the 

Reynolds number affects the motion amplitude curve against the reduced velocity, including 

branches and jumps. Simulations have been performed at the different 𝑅𝑒 in the range of 

1524 − 121292, with the body mass 𝑚∗ = 0.935 and the damping ratio 𝜁 = 0.00502. From 

the results, the following conclusions can be drawn. 

 

When Reynolds number 𝑅𝑒 is fixed, there are generally two branches in the curve of the 

motion amplitude 𝑌0
∗ against the reduced velocity 𝑈∗, instead of the usual three branches 

(Govardhan and Williamson, 2000) when 𝑅𝑒 changes with 𝑈∗ from 𝑅𝑒 = 1524 (𝑈∗ = 3.0) to 

𝑅𝑒 = 121292 (𝑈∗ = 24.0). The shape of 𝑌0
∗  curve varies when  𝑅𝑒  varies. At 𝑅𝑒 = 1778 

there are only initial and upper branches, which are connected by 𝑈𝐼𝑈
∗ . When approaching 

𝑈𝐼𝑈
∗  from the initial branch, 𝑌0

∗ increases rapidly or nearly vertically. When 𝑅𝑒 ≥ 3556, there 

are only upper and lower branches linked by 𝑈𝑈𝐿
∗ , and there is no 𝑈𝐼𝑈

∗  where a nearly vertical 

increase of 𝑌0
∗  occurs. At 𝑅𝑒 = 3556 ,the motion amplitude 𝑌0

∗  drops steeply just after its 

peak, which corresponds to the start of the lower branch. At 𝑅𝑒 = 5334, in the upper branch, 

with the increase of 𝑈∗, 𝑌0
∗ increases first and then drops, and thus the sudden drop occurs 

away from the peak of 𝑌0
∗. At 𝑅𝑒 = 8890, after the sudden drop, the decrease of 𝑌0

∗ becomes 

slower. 

 

In the usual motion amplitude curve (Govardhan and Williamson, 2000), 𝑅𝑒 changes with 𝑈∗. 

When 𝑈∗ approaches 𝑈𝐼𝑈
∗  from the initial branch at 𝑈𝐼𝑈1

∗  and from the upper branch at 𝑈𝐼𝑈2
∗ , 

the corresponding Reynolds numbers are 𝑅𝑒𝐼𝑈1 and 𝑅𝑒𝐼𝑈2. It is found that when 𝑅𝑒 is fixed 

at either 𝑅𝑒𝐼𝑈1 or 𝑅𝑒𝐼𝑈2, the 𝑌0
∗ curves against 𝑈∗ are very close to each other. While their 𝑌0

∗ 

curves in the initial branches are very similar to that in Govardhan and Williamson (2000) 

where 𝑅𝑒 changes with 𝑈∗, they are very different when 𝑈∗ > 𝑈𝐼𝑈2
∗ . When 𝑈∗ is fixed at 𝑈𝐼𝑈1

∗  

or 𝑈𝐼𝑈2
∗ , the two 𝑌0

∗ curves against 𝑅𝑒 are very different when 𝑅𝑒 is around 𝑅𝑒𝐼𝑈1 to 𝑅𝑒𝐼𝑈2. 

Away from this region, the curves are close. Similarly at 𝑈𝑈𝐿
∗ , corresponding to 𝑈𝑈𝐿1

∗  and 𝑈𝑈𝐿2
∗ , 
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we have 𝑅𝑒𝑈𝐿1 and 𝑅𝑒𝑈𝐿2. The two 𝑌0
∗ curves against 𝑈∗ at 𝑅𝑒 = 𝑅𝑒𝑈𝐿1 and 𝑅𝑒 = 𝑅𝑒𝑈𝐿2 are 

very close. In the upper branch, they are very close to that in Govardhan and Williamson 

(2000), where 𝑅𝑒 changes with 𝑈∗, but very different in the lower branch. When 𝑈∗ is fixed, 

the 𝑌0
∗ curve against 𝑅𝑒 has a jump around 𝑅𝑒𝑈𝐿1 to 𝑅𝑒𝑈𝐿2 at 𝑈∗ = 𝑈𝑈𝐿2

∗ , but is smooth at 

𝑈∗ = 𝑈𝑈𝐿1
∗ . All these show that the effect of 𝑅𝑒 on the 𝑌0

∗ curve, including the branches, is far 

more complex than previously thought.
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Chapter 6 

Conclusion and future work 

 

The research in this thesis focuses on three aspects of VIV displayed from Chapter 3 to 

Chapter 5. The detailed findings for each completed work have been summarized at the end 

of each chapter. In this chapter, some significant conclusions are drawn from the finished 

studies and some suggestions are provided for the future work. 

 

6.1 Conclusions from the finished studies 

In ocean engineering, with the exploration of the marine energy and wind power father away 

from land and towards deeper and deeper water, the offshore platforms have been becoming 

more and more complex. Thus, the understanding of VIV is significant in order to design them 

safely, economically and environmental friendly. This thesis has focused on the VIV 

mechanism based on three physical issues using an in-house code developed by D2Q9 LBM 

together with IBM in Chapter 2. The major contributions and findings made in this study are 

summarized below. 

 

In Chapter 3, the flow past two stationary circular cylinders with the intermediate spacing 

𝐿∗ = 1.5 in different arrangements at the Reynolds number 𝑅𝑒 = 200 has been considered. 

Although there is a large amount of similar work for two bluff bodies, there has been hardly 

any work on systematic investigations of the fluid force components varying with alignment 

angles. Such result is extremely important for vortex-induced vibration, including minimizing 

some unwanted features of the system. The extensive results have been provided to show 

the nature of the fluid force at different alignment angle, as well as the vortex contour and 

the streamlines. When 0° ≤ 𝛼 ≤ 450, flow is always periodic with a lowest frequency 𝑆𝑡. At 

𝛼 = 0°, amplitudes of force coefficients on both cylinders are smaller than that on a single 

isolated cylinder. The main reason may be that the vortex shed from the upstream cylinder is 
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suppressed by the downstream cylinder and the Karman vortex street is not fully developed 

behind the upstream and in front of the downstream cylinder. It causes a smaller oscillatory 

force on the upstream cylinder. For the downstream cylinder, the incoming flow is no longer 

uniform and becomes fluctuating due to the “blockage” effect of the upstream cylinder. In 

such a case, the incoming velocity to the downstream cylinder is lower than the free stream, 

and thus a smaller oscillatory force is found. The lift coefficients 𝐶𝐿 on both cylinders have 

components of (2𝑛 + 1)𝑆𝑡 and drag coefficients 𝐶𝐷 have 2𝑛𝑆𝑡, which is similar to that for a 

single cylinder. When 𝛼  is non-zero, the flow configuration becomes no longer symmetry 

about 𝑥 axis. Only the inner shear layer from the lower cylinder is deflected into the gap 

between the two cylinders. Thus, the mean value of the lift force is non-zero and both 𝐶𝐿 and 

𝐶𝐷 have components 𝑛𝑆𝑡. As 𝛼 increases, the lowest frequency becomes smaller and more 

frequency components become visible and significant. As a result, the oscillatory force 

becomes no longer sinusoidal. When 𝛼 ≥ 300 , the lowest frequency is no longer the 

dominant component. For 𝛼 = 450, the dominant frequency of the lift force on the upper 

cylinder is no longer same as that of the other three forces. This can be explained by the 

dominant frequency of the lift force on the upper cylinder related to the oscillation of the 

upper shear layer of the upper cylinder, whose dominant frequency is different from that of 

other shear layers. The dominant frequency of all other forces is related to that of the other 

three shear layers. The lowest frequency becomes much smaller. As 𝑆𝑡 further decreases, the 

Fourier series will become Fourier transform. When 𝛼 > 450, the oscillation of the flow is no 

longer periodic and becomes unstable. At 𝛼 = 600 , three distinctive frequencies of force 

coefficients have been observed. The lowest is the flip-flopping frequency and the second one 

is the dominant frequency due to wake oscillation, while the summation of these two equals 

to the third component. For 𝛼 = 900, the mean drag coefficients for two cylinders become 

similar but higher than that for a single cylinder. The lift coefficient is always positive for the 

upper cylinder and negative for the lower cylinder, and thus there is a repulsive force between 

two cylinders. Moreover, a large number of relatively high peaks have been seen in the force 

spectrum and the dominant force is over a relatively broad range of frequencies. 

 

In engineering issues, such as tension leg platforms for offshore wind turbines and offshore 

production of oil and gas, the tensioned cables are often so long that their vibration is easy to 
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be excited. In such a case, large-amplitude vibration of structures may occur, especially in the 

lock-in region where includes the peak response. Thus, we have extended our work to the 

transverse motion of a cylinder in the lock-in region in Chapters 4-5. Chapter 4 first focuses 

on the relationship between forced oscillation and free vibration, which is a central question 

in the study of VIV (Morse and Williamson, 2006). The rationale of using the results from the 

transverse forced oscillation of a body in the lock-in region to predict the corresponding free 

vibration is provided based on the mathematical analysis and verified through the numerical 

results at 𝑅𝑒 = 106. It is also shown through mathematical analysis that when a body of mass 

𝑚1, stiffness 𝑘1 and damping 𝑏1 is found to be in sinusoidal motion with frequency 𝜔𝑐 and 

amplitude 𝑌0, its motion will be the same that at 𝑚2, 𝑘2 and 𝑏2 if 𝑚2 − 𝑚1 = (𝑘2 −  𝑘1) 𝜔𝑐
2⁄  

and 𝑏2 = 𝑏1. This can be linked to the extensive study on the effect of the combined mass-

damping parameter (𝑚 + 𝑀𝑝)ζ on the motion amplitude. It has been well known that at 

resonance the motion amplitude will depend only on (𝑚 + 𝑀𝑝)ζ, no matter how 𝑚 or 𝑘 

changes. In this thesis, this important result has been extended to other frequencies and 

result at resonance is a special case. When the damping ratio is redefined using the motion 

frequency 𝜔𝑐 of the body instead of its natural frequency 𝜔𝑛, the sinusoidal free motion of 

the body depends only on the combined mass-damping parameter (𝑚 + 𝑀𝑝)𝜁𝑐, not on them 

separately. This is valid even when 𝜔𝑐 is away from 𝜔𝑛. When 𝜔𝑛 = 𝜔𝑐, this in fact reduces 

to well-known result that at resonance motion amplitude will depend on only mass-damping 

parameter  (𝑚 + 𝑀𝑝)ζ. Then, motion amplitude and frequency contours are plotted against 

the damping and stiffness components based on the results of forced motion. For a body of 

mass 𝑚, stiffness 𝑘 and damping 𝑏, the diagram can be used to predict whether the body will 

undergo sinusoidal free motion, and subsequently predict the motion amplitude and 

frequency. 

 

Apart from (𝑚 + 𝑀𝑝)ζ , another important parameter influencing the motion amplitude 

branches is Reynolds number, which has been considered carefully in Chapter 5. The well-

known three branches found by Khalak and Williamson (1997) have important practical 

significance. One of the examples is that the motion amplitude can change rapidly with a small 

variation of the physical parameters. Potentially large amplitude motion may lead to 
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structural damage. The present work is to provide a better understanding of the well-known 

three branches. It can help to avoid the structure to be exposed in such a risk. The turbulent 

flow at 𝑅𝑒 = 1524 − 12192 is considered, and thus methodology is refined with large eddy 

simulation as the turbulence model and multi-block grid method for improving the numerical 

efficiency and accuracy. It is well established that when the variation of Reynolds number 

changes with the reduced velocity, there are three branches in the motion amplitude curve 

of a low mass cylinder, including initial, upper and lower branches connected by two jumps. 

In the early studies, it was always assumed that the effect on the results was attributed to the 

variation of 𝑈∗ rather than the Reynolds number, as pointed out by (Bearman, 2011). Thus, 

far fewer studies have systematically considered the effect of Reynolds number on the motion 

amplitude branches, which is generally neglected in discussions of motion amplitude. In this 

study, Reynolds number and reduced velocity are considered as independent parameters. 

Reynolds number 𝑅𝑒 changes with kinematic viscosity 𝜈 and reduced velocity 𝑈∗ with natural 

frequency 𝑓𝑛. Detailed results are provided for the variations of motion amplitude, motion 

frequency and lift coefficient against the reduced velocity in the lock-in region at different 

fixed Reynolds numbers. The results show that at a fixed Reynolds number the motion 

amplitude curve has two branches. At lower range of Reynolds number calculated, there are 

only initial and upper branches, and at higher range, there are only upper and lower branches. 

Also, the motion amplitude against the Reynolds number near the jumps is studied when the 

reduced velocity is fixed. It shows that the values of amplitude near the jumps are very 

sensitive to Reynolds number. 

 

6.2 Suggestions for the future work 

A. Free vibration in both in-line and transverse directions 

In this thesis, the transverse-only vibration of a cylinder in the lock-in regime has been 

investigated. However, in practice, most structures may be free to move in both the in-line 

and transverse directions. In such a case, there are two-direction amplitude and frequency 

variables as well as a phase angle between in-line and transverse motions. The method to 

predict the response of such free motion based on results from the corresponding forced 

motion remains to be investigated in the future study.  
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B. Free vibration from critical up to transcritical Reynolds numbers   

In ocean engineering, Reynolds number is always very high, and it would be interesting to 

extend simulation work into the critical, supercritical and transcritical turbulent ranges. From 

the review paper given by Sumer and Fredsoe (1997), for a fixed circular cylinder, in the critical 

turbulent range where 𝑅𝑒  is from 3 × 105  to 3.5 × 105 , a non zero mean lift coefficient 

occurs due to the flow asymmetry, Strouhal number experiences a sudden jump from about 

0.2 to a value of about 0.45, and the mean drag coefficient decreases abruptly from about 1.2 

to a much lower value, about 0.25, which is called drag crisis, shown in Fig. 6-1. It seems that 

unexpected behaviour in VIV in this range may be found, when free vibration is investigated 

in this range. In addition, from critical to transcritical Reynolds numbers, the effect of three-

dimensionality which has been ignored in this work should be considered. Correspondingly, 

the LBM model should be improved, or D2Q9 model used in the thesis should be replaced by 

D3Q19. 

 

(a)  
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(b)  

Fig. 6-1 Mean drag coefficient and Strouhal number against Reynolds number for a fixed 

circular cylinder from Sumer and Fredsoe (1997). 

 

C. Vortex-induced vibration using machine learning 

In recent years, Machine learning (ML) and its application have been rapidly advancing 

in various fields of science and technology. It has been also applied for the research of 

fluid mechanics due to a rapidly growth of data from experiments and numerical 

simulations (Pollard et al., 2016; Brunton et al., 2020). For example, some preliminary studies 

have been conducted where ML was used in tasks such as reduced-order model, turbulence 

closure and flow control, and more details can be found in a review paper by Brunton et al. 

(2020). Specifically, in terms of VIV, Raissi et al. (2019) employed deep neural networks with 

the sinusoid activation function, one of the most well-known method in machine learning, to 

investigate transverse-only oscillation of a cylinder with 𝑚∗ = 2 , 𝑏∗ = 0.084  and 𝑘∗ =

2.2020 at 𝑅𝑒 = 100 in a two dimensions flow. Their research may demonstrate a potential 

paradigm shift in VIV research and provide possibilities of systematically investigating the 

essential characteristics of VIV as a complex function of many input parameters.
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