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Abstract

Magnetic �elds are ubiquitous, permeating across all scales from interstellar space to

voids. Their origins and evolution still remain as open questions. On galactic scales

and beyond, Faraday rotation measure (RM) at radio wavelengths is commonly

used to diagnose magnetic �elds, and its spatial correlation gives the characteristic

length scales of the �eld variation. This work shows how the RM is derived from

the polarised radiative transfer equations under restrictive conditions and assesses

the merit of RM 
uctuations (RMF) for large-scale magnetic �eld diagnostics. The

interpretation of RMF analyses is ambiguous for an ill-de�ned characteristic den-

sity, such as lognormal-distributed and fractal-like structures. The RMF approach

also falls short under radiative absorption, emission, Faraday mixing and the con-

tribution of non-thermal electrons. Notably, correlations along the line-of-sight and

across the sky plane are generally dissimilar, therefore the context of RMF must be

clari�ed when inferring from observations. Magnetic �elds can also imprint observa-

tional signatures in the radio synchrotron emission, whose total intensity reveals the

�eld strength and polarisation traces the �eld orientation. A point-by-point com-

parison between the X-ray and radio emissions of a simulated galaxy cluster follows

a linear best-�t slope of almost unity, indicating that the magnetic �eld scales with

density locally. On smaller scales, magnetic �elds may have an important role dur-

ing the formation and evolution of molecular clouds. The e�ects of magnetic �elds

on the ionisation and heating rates of cosmic rays in IC 5146 are quanti�ed, assum-

ing that the �elds are traceable via optical and near-infrared starlight polarisations.

While the ionisation rate is fairly constant across the cloud, cosmic-ray heating is

capable of raising temperatures by order of 1 K in a Galactic environment, or even

higher in actively star-forming regions. This may lead to an increase in the Jeans

mass and consequently a�ect the onset of star formation.
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Chapter 1

Magnetic �elds in the Universe

The Universe is magnetised. Magnetic �elds are present in stars, sub-stellar objects

(including the Earth, some planets and moons), galaxies (e.g. the Milky Way),

and galaxy clusters and groups. They are present also in larger structures beyond

galaxy cluster scales, permeating the inter-cluster �laments and cosmological voids

(see e.g. Akahori et al. 2018, for a recent review). Magnetic �elds are thought to

be necessary for stars to form, by decreasing angular momentum of proto-stellar

clouds through ambipolar di�usion (see e.g. Beck and Wielebinski 2013). The �elds

may also in
uence the dynamics of the interstellar medium (ISM) and mediate

star formation by providing additional pressure against gravitational collapse for

dense molecular clouds (see e.g. Mouschovias and Ciolek 1999; Beck and Wielebinski

2013). It has been suggested too that magnetic re-connection can heat up the ISM,

while its �eld lines can divert the transport of cosmic rays (CRs) accelerated in

supernova remnants (SNRs), thus a�ecting their density and distribution within

the ISM (Fermi 1954). However, magnetic �elds are not concrete objects with well-

de�ned boundaries. This makes it challenging for them to be measured directly and

their presence can only be inferred through indirect methods.

In 1896, Pieter Zeeman discovered the splitting of spectral lines of a sodium


ame in the presence of magnetic �elds (Zeeman 1897). This breakthrough was

awarded the Nobel Prize in Physics 1902, shared between Pieter Zeeman and his

mentor, Hendrik A. Lorentz, for the discovery of the Zeeman e�ect. More than a

decade later, George Ellery Hale used the Zeeman e�ect to establish that sunspots

are magnetic (Hale 1908). This is the �rst time a non-terrestrial magnetic �eld

was detected. Hale also discovered that sunspots tend to exist in pairs of opposite
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magnetic polarities, with one polarity leading the other in one hemisphere and vice

versa in the other hemisphere. The polarities appear to switch every� 11 years,

therefore the period of a solar magnetic cycle is approximately 22 years. This is

known as the Hale's polarity law (Hale et al. 1919; Hale and Nicholson 1925). In the

ensuing years, magnetic �elds have been detected in the ISM (e.g. Hall 1949; Hiltner

1949), on di�erent types of main-sequence stars (e.g. Babcock 1947; Robinson et al.

1980), white dwarfs (e.g. Kemp et al. 1970; Angel and Landstreet 1974), and neutron

stars (e.g. Truemper et al. 1978).

Most planets in the Solar System, including the Earth, also behave like a giant

magnet (see e.g. Gilbert and Wright 1600, for the discovery of the Earth's magne-

tosphere). The planetary magnetic �elds are either powered by the hydro-magnetic

dynamos of their metallic cores (see e.g. Elsasser 1939, for the Earth's geodynamo

theory), or convection of electrically-conducting 
uids close to their surfaces (see

e.g. Ness et al. 1989, for magnetic �elds on Neptune). The strength and direction of

the magnetic �eld around the planets are usually measured using spacecraft mag-

netometers. However not all planets have detectable magnetic �elds. The magnetic

�eld of Venus is almost non-existent, in part due to its slow rotation and lack of

strati�ed core (see e.g. Stanley 2014, for a review). Some of these planets, e.g.

Jupiter and Saturn, also have moons with diverse magnetic properties (see e.g. Jia

et al. 2010, for a review).

In 1932, Karl Jansky discovered radio waves emanating from the Milky Way

(Jansky 1933), which was later con�rmed to be polarised synchrotron radiation

(Westerhout et al. 1962; Wielebinski et al. 1962), emitted by relativistic cosmic-ray

electrons gyrating in the galactic magnetic �elds. Jansky's pioneering e�orts laid

the groundwork for the development of radio astronomy to study magnetic �elds.

Soon, the presence of magnetic �elds in nearby galaxies was hinted by observations

of starlight polarisation (e.g. M31, •Ohman 1942) and observations of radio polari-

sation (e.g. the Crab Nebula, Cygnus-A, and Centaurus-A, Mayer et al. 1957, 1962;

Bracewell et al. 1962, respectively). Beginning the 1970s, several ground-based ra-

dio telescopes (e.g. Westerbork, E�elsberg, the Very Large Array (VLA)) became

operational and led the way to greatly improve the understanding of magnetic �elds

in galaxies. Galactic magnetic �elds are dynamically important, a�ecting the for-

mation of spiral arms, as well as the general evolution of galaxies. In particular, the
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formation of jets and radio lobes in active galaxies can only be comprehended with

the existence of magnetic �elds (see e.g. Beck and Wielebinski 2013, for a recent

review).

Beyond galactic scales, the magnetic �elds are relatively weaker and more di�-

cult to be observed. Their large-scale properties are often inferred from the observa-

tional signatures in their radio synchrotron emission and Faraday rotation measure

(RM) (e.g. Govoni and Feretti 2004; see e.g. Carilli and Taylor 2002; Vacca et al.

2018, for reviews). Galaxy clusters, galaxy groups and the intracluster medium

(ICM) are known to be magnetised at several to tens of� G (e.g. Vacca et al. 2010;

Bonafede et al. 2010; Feretti et al. 2012) through the detection of di�use, Mpc-scale

radio emission across the ICM (see e.g. Feretti et al. 2012; van Weeren et al. 2019,

for reviews) and the Faraday RMs of bright polarised radio sources inside or behind

the galaxy clusters (e.g. Clarke et al. 2001; Clarke 2004; Govoni et al. 2010; Bonafede

et al. 2013). The cluster volume is a patchwork of magnetic �elds, typically coherent

on kpc length scales but disordered on the larger scales, which are likely attributed

to cluster interactions and mergers (e.g. Clarke 2004; Stasyszyn and de los Rios

2019; Dom��nguez-Fern�andez et al. 2019). These dynamical processes wipe out the

memory of the �rst magnetic �elds. It is still uncertain whether the seed �elds are

primordial in origin or generated through astrophysical processes after the �rst stars

and the �rst galaxies form.

The origin(s) of cosmic magnetism remains an open question. The other big

science questions which are as important are: how are the magnetic �elds maintained

in present-day astrophysical systems, how can the large-scale �elds be properly

diagnosed, and how can their evolutionary history be inferred (see e.g. West et al.

2019). The dynamo ampli�cation and evolution of large-scale magnetic �elds with

structure formation of the Universe requires the existence of a non-zero initial seed

�eld. In galaxies, it is natural to consider supernova remnants (SNRs) as a source

which distributes stellar magnetic �elds over large ISM volumes (Rees 1987) and

drives turbulent dynamo actions (Balsara et al. 2004). Suppose that a plerion

(centre-�lled) supernova remnant has a typical �eld strength of B � 10� 3 G and a

length scale ofr � 1 pc. Given that turbulent di�usivity is D t � 103 pc km s� 1,

it would take approximately 106 years for SNRs to magnetise a galaxy (Zweibel

2006). As the galaxy forms, the magnetic �eld can be ampli�ed up to B rms � � G
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by the turbulent small-scale dynamo, which e�ciently converts kinetic energy into

magnetic energy (e.g. Schober et al. 2013; Brandenburg and Subramanian 2005;

Balsara and Kim 2005). Since� 106 years is much shorter than the Hubble time,

SNRs are likely able to seed magnetic �elds in galaxies.

On larger scales, however, it becomes increasingly di�cult for SNRs to pollute

the intergalactic medium (IGM) with magnetic �elds. For a rich galaxy cluster with

a typical size of about r � 1 Mpc and a turbulent di�usivity of D t � 107 pc km

s� 1, the di�usion timescale for stellar �elds to spread beyond galaxies is estimated

to be about 1011 years, which far exceeds the age of the Universe (see Zweibel

2006). Hence this cannot explain the presence of weak magnetic �elds in clusters

and larger-scale structures such as cosmic �laments and voids (e.g. Vernstrom et al.

2017). It is argued that cosmological �laments and voids may have been magnetised

during cosmic in
ation or by some exotic mechanisms in the early Universe. Alter-

natively, they could have been magnetised by cosmic rays from isolated star-forming

galaxies within the voids or void-bordering AGN (see e.g. Rees 1987; Widrow 2002;

Kulsrud and Zweibel 2008; Kandus et al. 2011; Widrow et al. 2012; Katz et al. 2019,

for overviews on the origins of cosmic magnetic �elds). Nevertheless, the earliest

evidence of cosmological magnetogenesis should be imprinted within the cosmic web.

Future magnetic �eld observations with the Square Kilometre Array (SKA) in-

cluding its path�nders, the Low Frequency Array (LOFAR), the Murchison Wide-

�eld Array (MWA), the Expanded Very Large Array (EVLA), and its precursors,

the Australian SKA Path�nder (ASKAP) and MeerKAT, would be able to constrain

fundamental physics on cosmic magnetism (see e.g. Gaensler et al. 2010; Beck 2015;

Johnston-Hollitt et al. 2015). The dense all-sky maps of radio synchrotron polarisa-

tion and Faraday rotation measures would shed new light on the magnetic �elds in

the Milky Way, intervening galaxies and media, galaxy clusters and groups, cosmic

�laments and voids. It is therefore important to properly characterise magnetic

�elds beyond the scale of galaxy clusters in both theoretical and observational as-

trophysics.

This thesis is organised as follows. Chapter 1 presents an introduction to the

magnetic �elds in the Universe, with an overview of astrophysical magnetic �elds,

and the origins and evolution of large-scale magnetic �elds. Chapter 2 discusses

the observational signatures and diagnostics of magnetic �elds, with a focus on the
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physics of radio synchrotron radiation, polarisation and Faraday rotation. Faraday

RM at radio wavelengths is commonly used to diagnose magnetic �elds, and its spa-

tial correlation gives the characteristic length scales of the �eld variation. Chapter 3

shows how the RM is derived from the polarised radiative transfer equations under

restrictive conditions, and presents the theoretical background and solutions to the

polarised radiative transfer equations. Chapter 4 assesses the merit of RM 
uctua-

tions (RMF) for large-scale magnetic �eld diagnostics, and presents point-by-point

correlation analyses between the X-ray and radio emissions of galaxy clusters from

the cosmological magneto-hydrodynamic (MHD) simulations. On smaller scales,

magnetic �elds may also be important during the formation and evolution of molec-

ular clouds (MCs). The e�ects of magnetic �elds on the ionisation and heating

rates of cosmic rays in MCs are quanti�ed and discussed in Chapter 5, assuming

that the �elds are traceable via optical and near-infrared starlight polarisation. Fi-

nally, Chapter 6 summarises the main results of this thesis, along with some remarks

on the extension of these works.

In this chapter, Section 1.1 provides an overview of the current knowledge on as-

trophysical magnetic �elds. Sections 1.2 and 1.3 present and discuss the origins and

evolution of large-scale magnetic �elds, respectively. Lastly, Section 1.4 summarises

this chapter. Unless otherwise stated, this thesis uses c.g.s. Gaussian units.

1.1 Astrophysical magnetic �elds

1.1.1 Stars and sub-stellar systems

Magnetic �elds are present in stars. They play a role at nearly all stages of stellar

evolution. Magnetic �elds are thought to be essential for the onset of star formation,

by providing additional pressure against gravitational collapse of dense cores and

clumps within molecular clouds (Mouschovias and Ciolek 1999). The magnetic �eld

lines can also guide cosmic ray transport as they are accelerated in SNRs, therefore

a�ecting their density and distribution within the ISM (Fermi 1954). Observa-

tionally, Zeeman splitting is often used to probe solar and stellar (sometimes also

proto-stellar) magnetic �elds (Landi Degl'Innocenti 2003). In essence, the magnetic

�eld splits the atomic energy levels into more than one, which causes a spectral line

to become a line multiplex, each with slightly di�erent frequencies. The amount of

frequency splitting is proportional to the magnetic �eld strength (see Section 2.4 for
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more details on the Zeeman e�ect).

In general, stellar magnetic �eld strengths can extend from several� G to TG

(e.g. Donati and Landstreet 2009). For solar-like stars, the magnetic �elds are

thought to be generated in and at the bottom of the convective envelope (Parker

1993). Subsequently, the �eld is ampli�ed by the turbulent, electrically-conducting

plasma which acts like a dynamo (Parker 1955). The �elds are carried from the

convection zone base towards the surface via buoyancy. As the magnetic �elds

are transported, they are stretched and sheared by the 
uid motion, which in turn

leads to an increase in the magnetic energy. The stellar �eld topology varies greatly,

from being mainly poloidal to mainly toroidal, and from having almost axisymmetric

dipoles to complicated structures with no obvious symmetry (Donati and Landstreet

2009). The complex �eld topology is largely attributed to the physics and dynamics

of the star. For e.g., in the solar case, the omega-e�ect, also known as di�erential

rotation, converts poloidal �elds to toroidal �elds and ampli�es them during the

process. From the toroidal layer at the bottom of the convection zone, strong 
ux

tubes become buoyant and rise to the surface. When the 
ux loop breaks through

the photosphere, a pair of sunspots is created. On the other hand, the alpha-e�ect

due to the Coriolis force transforms the toroidal �elds back to poloidal, but in

the opposite direction (see e.g. Bushby and Mason 2004, for a review on the solar

dynamo).

After ampli�cation, the solar magnetic �eld strength is typically � 10� 103G.

Solar magnetism is often inferred from the 
aring and eruptive activities at the

surface of the Sun. Sunspots are located where very strong magnetic lines of force

break through the solar surface. They usually come in pairs with opposite polarities

and appear dark because they are cooler than the rest of the solar surface. This is the

result of intense magnetic �elds in sunspots, hindering heat convection to the solar

surface. Meanwhile, solar 
ares are sudden outbursts of energy which occur in the

solar atmosphere. They are thought to be due to magnetic reconnection, a process

in which oppositely-oriented magnetic �eld lines break and reconnect in a plasma,

therefore converting magnetic energy into plasma kinetic and thermal energies (see

e.g. Parnell 2000). Often, the plasma is being con�ned to coronal loops. Coronal

loops connect opposite polarity magnetic �eld concentrations. Prominences are

observed to be suspended above the solar surface and are believed to be supported
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Fig. 1.1: The yellow arrows depict the Parker spiral magnetic �eld. As the Sun rotates,

the solar wind creates a neutral current sheet (in blue) which is a thin layer between the

opposing �eld directions. As the magnetic and rotation axes are not identical, the sheet

gets wound up into a \ballerina skirt". Image courtesy of J. Jokipii (University of Arizona).

by and threaded by magnetic �elds. Coronal loops and prominences exhibit the

frozen-in condition (Alfv�en 1942), where the plasma and magnetic �elds appear to

move together. This is because the solar plasma has a very high electric conductivity,

such that the magnetic Reynolds number1 is very much larger than 1, indicating that

magnetic advection dominates over magnetic di�usion. Furthermore, the magnetic

�eld of the Sun extends into the heliosphere, being carried by the expanding solar

corona which, due to its high temperature and consequent high conductivity, cannot

be in a hydrostatic equilibrium (Parker 1958). The solar wind, along with the

rotation of the Sun, results in a wavy spiral shape of the heliospheric current sheet,

which is also known as the \Parker spiral" (see Figure 1.1).

Most planets and some moons in the Solar System also behave like a giant

magnet (see e.g. Stevenson 1983, 2003; Jones 2011, for reviews). The Earth has a

planetary dipole, whose magnetic �eld lines travel from the magnetic North to South

pole. Similarly, Mercury and Jupiter are also known to have dipolar magnetic �elds

(e.g. Christensen 2006). On the other hand, Saturn, Uranus and Neptune exhibit

1The magnetic Reynolds number in the intracluster medium is also large, typically of the order

107 (e.g. Ruzmaikin et al. 1989). On the other hand, across a star-forming molecular cloud, the

magnetic Reynolds number can vary substantially from the order of unity or less (e.g. Li and Houde

2008) to the order 104 (e.g. Draine 2011).
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magnetic multipoles (e.g. Connerney 1993). The multipoles on Uranus and Neptune

are rather irregular and much weaker than those found on Saturn. The reason for

this may be that, unlike the Earth whose magnetic �eld is generated by the hydro-

magnetic dynamos of its molten core, the magnetic �elds on Uranus and Neptune

are likely to be generated closer to their surfaces where icy salts or water lie (see e.g.

Stanley and Bloxham 2006). Intriguingly, Mars does not have a dynamo-generated

�eld but is found to have a magnetised surface, which indicates that it must have

been magnetised before (Acuna et al. 1999). Venus is the only planet that appears

to be non-magnetised as it lacks the magnetic material and currents (see e.g. Stanley

2014, for a review). Some of these planets, e.g. Jupiter and Saturn, have moons with

various magnetic properties, which were possibly created during meteorite impacts

(see e.g. Jia et al. 2010, for a review).

As stars in the main sequence approach the �nal stage of evolution, they be-

come either white dwarfs, neutron stars or black holes. Low mass stars end up as

white dwarfs, typically with r � 109 cm and B � 105 � 107 G (see e.g. Chanmugam

1992). High mass stars, on the other hand, evolve into neutron stars, typically with

r � 106 cm and B � 1011 � 1013 G. These degenerate stars have strong magnetic

�eld strengths because as stars collapse, their surface area and volume reduce, thus

increasing their �eld strength, following the conservation of magnetic 
ux approxi-

mated by Br 2 (Woltjer 1964). Observationally, the magnetic �elds of neutron stars

are inferred from either the changes in their pulsar radio emission (e.g. Nagase et al.

1991), or cyclotron resonant scattering in their X-ray spectra (e.g. Santangelo et al.

1999; Staubert et al. 2019).

Neutron stars are also born spinning very rapidly due to the conservation of

angular momentum. A special characteristic of spinning neutron stars is the release

of \pulses" of radio synchrotron and X-ray radiation. This can be explained by

the acceleration of charged particles near the magnetic poles, which may not be

aligned with the stellar rotation axis. More speci�cally, an observer sees beams

of radiation whenever the magnetic pole is aligned to the line-of-sight. Hence the

pulses are periodic and neutron stars with such behaviour are also known as pulsars.

The strongest magnetic �eld in nature exceeds 1012 G, and is found on a type of

neutron star known as the magnetar. Magnetars are believed to be the sources

of high-energy electromagnetic (EM) emission in the form of X-rays and gamma
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rays (Thompson and Duncan 1993). They are speculated to have formed during

a supernova when a star collapses into a mass of neutrons with exceptionally high

gravity and a very strong magnetic �eld.

1.1.2 Galaxies, groups, interstellar and intergalactic media

Magnetic �elds permeate the interstellar medium (ISM). They in
uence the ISM

dynamics such as the gas 
ow in spiral arms, disks and galaxy halos. They con-

tribute to the pressure within the ISM against gravity and are essential for the onset

of star formation. Through magnetic reconnection, they may heat up the ISM and

distribute energy within the medium through magnetohydrodynamic (MHD) tur-

bulence. They also divert cosmic rays and a�ect their distribution in the ISM (Beck

2009a). According to numerical simulations (see e.g. Govoni and Feretti 2004; Ryu

et al. 2008) and observational results (see e.g. Carilli and Taylor 2002; Clarke 2004),

the typical strength of galactic magnetic �elds is of the order of 10� 6 G. Radio

emissions reveal that the magnitude of the total magnetic �eld in the Milky Way is

about 6 � G (see e.g. Beck 2001), similar to the �eld strength of neighbouring radio-

faint galaxies such as M31 and M33. The �rst observation of a coherent magnetic

�eld traversing the Magellanic Bridge has been made by measuring the Faraday

rotation towards 167 polarised extragalactic radio sources with the Australia Tele-

scope Compact Array (ATCA) (Kaczmarek et al. 2017). Gas-rich galaxies such as

M51 (see Figure 1.2) have magnetic �eld strengths of about 20� 30 � G in their

spiral arms (e.g. Beck 2016). The magnetic �elds follow along the arms and are

strongest at the inner edges of the arms and in between them (see e.g. Beck 2015).

Starburst galaxies have the strongest galactic magnetic �elds, about 50� 100 � G

(e.g. Chy_zy and Beck 2004), which could be due to their exceptionally high rate of

star formation. For example, the star formation of M82 is ten times the rate of the

Milky Way.

1.1.3 Galaxy clusters and the intracluster medium

The detection of di�use radio sources in galaxy clusters on Mpc-scales indicates

that magnetic �elds are likely to be present within the galaxy cluster, permeating

throughout the intracluster and intergalactic media (see e.g. Ferrari et al. 2008;

Feretti et al. 2012, for reviews). Clarke (2004) observed that the RM of Abell

clusters are of the order� 100� 200 rad m� 2, hence implying that the magnetic
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Fig. 1.2: An optical image of M51 from the Hubble Space Telescope overlaid by total radio

intensity contours from the VLA and the E�elsberg telescope at 6-cm wavelength. The

magnetic �eld vectors of polarised emission are also shown. Image courtesy of A. Fletcher

& R. Beck (MPIfR Bonn).

�elds are of the order of � 5� 10 � G. Meanwhile, Bonafede et al. (2010) derived the

magnetic �eld strengths and radial pro�les of 7 sources in the Coma cluster through

numerical simulations that best reproduce the observations. They found that the

magnetic �eld is best represented by a Kolmogorov power spectrum and the central

�eld strength to lie between 3:9 � G and 5:4 � G. Their simulated RMs suggest that,

in general, the standard deviation of RM, � R , and the mean of RM, hRi , decrease

outwards from the cluster centre.

1.1.4 Large-scale structures: �laments and voids

According to the Lambda Cold Dark Matter (�CDM) model, large-scale structures

(LSS) are formed from the hierarchical clustering of objects (e.g. Widrow et al.

2012). The early Universe sees the manifestation of gravitational instabilities, which

causes linear density perturbations. Small-scale objects are created �rst, then they

collapse and merge into objects of ever-increasing size. This process is thought to
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Fig. 1.3: Projected (mass-weighted) magnetic �eld strength at z = 0 across a (50 Mpc)3

cosmological simulation (Vazza et al. 2014). The colours represent the �eld strength between

� 10 nG� 0:1 � G.

create a cosmic web of structure, in which large number of galaxies reside in �l-

aments, forming a network that is separated by voids and dominated by clusters

at the intersections (see e.g. Bond et al. 1996). Filaments consist of millions of

gravitationally-bound galaxies, which form massive, thread-like structures (see Fig-

ure 1.3) with a typical length of a few hundred Mpc (Kronberg 2010). They form

boundaries between large voids in the Universe and are believed to be permeated

by weak magnetic �elds. Understanding the nature of large-scale magnetic �elds

in �laments and voids is challenging as observations outside of clusters are limited.

Numerical simulations (e.g. Ryu et al. 1998; Ryu et al. 2008; Akahori and Ryu 2010;

Vazza et al. 2014), radio observations (of e.g. nearby superclusters, Xu et al. 2006),

and a combination of both (e.g. Brown et al. 2017) indicate that the �eld strengths

are of the order of � nG and the root-mean-square (rms) of the RM is predicted to

be � 1 rad m� 2. Recent observational evidence of Mpc-scale di�use radio emission

from cosmic �laments (Giovannini et al. 2010, 2015) constrains the magnetic �eld

strength to be B < 1� G (Govoni et al. 2019).



1.2. Origins of large-scale magnetic �elds 28

1.2 Origins of large-scale magnetic �elds

It is still unclear whether the �rst magnetic �elds were generated via some exotic

mechanisms in the early Universe or through some astrophysical processes after the

recombination era (see e.g. Widrow 2002; Kulsrud and Zweibel 2008; Subramanian

2016, for reviews). The processes that may have generated the �rst seed magnetic

�elds are as follows.

1.2.1 Cosmic in
ation

Magnetic �elds may have �rst appeared in the very early Universe. When the

Universe was merely a tiny fraction of a second old, it underwent a brief period of

accelerated expansion known as in
ation (e.g. Guth 1981; Sato 1981). It is widely

accepted that the initial density perturbations generated at the time of in
ation

could give rise to form large-scale structures. Therefore, it is natural to question

whether the large-scale magnetic �elds observed today could also be seeded from

the quantum 
uctuations in the electromagnetic �elds during in
ation (Turner and

Widrow 1988). The in
ationary expansion is also capable of stretching the wave

modes exponentially to generate coherent magnetic �elds on the very large scales

of galaxies and beyond. Furthermore, the rapid expansion dilutes the pre-existing

charge densities, which substantially decreases the conductivity of the Universe,

and therefore generates primeval magnetic �elds from a zero seed �eld (Turner and

Widrow 1988; see e.g. Subramanian 2019, for a recent review).

An open issue with this theory lies upon the fact that electromagnetism is

conformally coupled to gravity in a 
at Universe. An expanding Universe in the

Friedmann-Lemâ�tre-Robertson-Walker (FLRW) framework has its energy density

proportional to a� 4, wherea is the cosmological scale factor. The in
ationary theory

creates an initial magnetic �eld strength of B � 10� 50 G on co-moving length scales

of order 10 kpc, which is too low to be of astrophysical or cosmological interest

(Widrow et al. 2012). In order to grow seed �elds super adiabatically during in
ation

such that they become physically sign�cant, conformal invariance of the Maxwell's

equations and/or conformal 
atness of the Friedmann spacetimes must be broken.

Turner and Widrow (1988) suggested that the addition of terms to the Lagrangian

breaks conformal invariance, and in turn, constrains the magnetic �eld to act as a

minimally-coupled scalar �eld. Alternatively, the EM �eld can be coupled to other
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�elds in string-inspired cosmologies, such as the in
aton, as pointed out by Ratra

(1992); or the dilaton, which is discussed in Gasperini and Veneziano (1994). Other

possible models of in
ation are reviewed and discussed by Martin and Yokoyama

(2008) and Subramanian (2010).

In essence, all of these models involve the breaking of invariance in various

\open" cosmologies, so that in
ation is able to seed magnetic �elds up to present-

day strength of 10� 15 G . B . 10� 9 G in large-scale structures (see e.g. Beck et al.

2013a). It is plausible for magnetic �elds with an in
ationary origin to penetrate

into and magnetise cosmological voids as well as seed the dynamos of other gravita-

tionally bound systems. For in
ationary magnetogenesis to be feasible, new physics

beyond the Standard Model would be necessary to break the conformal and gauge

invariances. In view of this, void magnetic �elds provide an interesting window

into understanding the theories of in
ation and the science that extends beyond the

Standard Model.

1.2.2 Phase transitions in the early Universe

Primordial magnetic �elds could also be generated during various phase transitions

in the early Universe. It may be possible that a tiny fraction of the free energy re-

leased during electroweak or quantum-chromo-dynamics (QCD) transitions can be

transformed into large-scale magnetic �elds (see e.g. Kandus et al. 2011; Durrer and

Neronov 2013; Subramanian 2016, for reviews). The electroweak transition occurs

when the electromagnetic and weak forces become distinguishable: from the time in

which the photon, W and Z bosons are identical and massless, to the point when the

W and Z bosons acquire mass, but the photon remains massless (Coleman and Wein-

berg 1973). In the case of this being a �rst-order phase transition, bubble nucleation

can take place, creating non-equilibrium conditions well-suited for baryogenesis and

leptogenesis, thus leading to magnetic �eld generation (Quashnock et al. 1989; see

e.g. Widrow et al. 2012, for a review). The idea is such that the bubbles grow and

percolate, driving turbulence within the charged plasma, which therefore induces

currents and subsequently ampli�es magnetic �elds through a dynamo process (see

e.g. Brandenburg and Subramanian 2005, for a review).

Magnetogenesis is also possible during the QCD transition that takes place

when the temperature of the Universe cools belowT � 150 MeV (see e.g. Kahni-

ashvili et al. 2013; Bazavov et al. 2014). The Universe changes from a quark-gluon
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plasma to a hadronic phase under the strong nuclear force. Here the bubbles collide

and the electric �elds behind their shock fronts generate current 
ow, and in turn,

create small-scale magnetic �elds (see e.g. Subramanian 2016, for a review). Phe-

nomenologically, the co-moving magnetic �eld strength on a 1 Mpc-scale generated

during the QCD transition is estimated to be about B � 1� 10� 29 G, whilst during

the electroweak transition is approximately B � 1� 10� 23 G (see e.g. Widrow et al.

2012, for a review). Hence, strong �elds can indeed arise from post-in
ationary

phase transitions, but their correlation length scales are limited by the Hubble ra-

dius in the early Universe. The coherence length of the primordial magnetic �elds

generated by phase transitions is expected to be of the order of the largest bubble

size formed, which is� 0:01 pc for the electroweak transition and� 10 pc for the

QCD transition (see e.g. Banerjee and Jedamzik 2004). These lengths are too short,

as compared to the kpc scales observed in galaxies and galaxy clusters today. Unless

some dynamical mechanisms occur, such as the inverse cascade of magnetic energy,

to generate helicity which can grow the scales non-linearly (see e.g. Field and Carroll

2000; Banerjee and Jedamzik 2004; Tevzadze et al. 2012).

1.2.3 Density perturbations before recombination

Prior to the epoch of recombination, the particle-photon interactions can trigger

tiny 
uctuations in the cosmological density �eld, which eventually creates a seed

magnetic �eld (Ichiki et al. 2006; Maeda et al. 2011). The notion is that photons,

electrons and protons are e�ciently scattered and tightly coupled. The anisotropic

pressure of photons and their preferential scattering o� electrons over protons lead

to di�erences in the rotational velocities of the charged particles, yielding an electric

current and hence magnetic �eld. Although the expansion of the Universe quickly

damps away the �rst-order linear perturbation modes, the second-order couplings

between photons and electrons are strong enough to magnetise the early Universe.

Since density perturbations of photons and electric currents are linked, the mag-

netic �elds produced via this coupling process must be correlated with temperature


uctuations at recombination.

The generation of magnetic �elds takes into account three main factors: the

baryon-photon slip, vorticity di�erence and anisotropic pressure. By adopting the

standard cosmological model (i.e. �CDM), the density perturbations of these pa-

rameters are numerically solved to derive the power spectrum of the magnetic �eld
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(Widrow 2002; Ichiki et al. 2006). It is shown that magnetic �elds of 10� 18:1 G can

be produced on a 1 Mpc-scale and they can be even stronger on smaller scales of

10 kpc, at 10� 14:1 G (Ichiki and Takahashi 2006; Ichiki et al. 2006). These �elds then

decay adiabatically with the expanding Universe to present-day strengths of about

B � 10� 22:8 G at 1 Mpc-scale and� 10� 18:8 G at 10 kpc-scale, which are capable of

seeding galactic magnetic �elds and playing a role in early star formation processes

(Takahashi et al. 2005). When recombination ends, so does the generation of mag-

netic �elds. This is because Compton scattering is no longer viable as the majority

of the electrons have combined into hydrogen atoms. As a result, the magnetic �eld

produced this way is essentially a \�ngerprint" of primordial density perturbations.

The detection of such magnetic �elds may be able to shed some light on the physics

of the early Universe.

1.2.4 Biermann battery mechanism

The equation of motion for electrons in a 
uid can be expressed as

neme
dve

dt
= � nee

�
E +

ve � B
c

�
� r Pe � nemeg + Fe;i ; (1.1)

where ne is the electron number density,me is the electron mass,Pe (= ne� BTe) is

the electron pressure2, e is the electron charge,c is the speed of light, andFe;i is the

electron-ion frictional force (see e.g. Kulsrud and Zweibel 2008). The inertial term

neme(dve=dt) and the gravitational term nemeg are negligible sinceme is small. The

force term Fe;i is also negligible because it is related to the current termj , which

approaches zero on large scales, sincej / 1=L. The resulting equation becomes

E = �
�

ve � B
c

�
�

r Pe

nee
: (1.2)

2Electron pressure can become signi�cant when the number density of electrons is large and/or

the electron temperature is high. The electron gyroradius is therefore assumed to be much smaller

than the length scale of the system. This would result in a small battery term which is often

neglected in ideal MHD.
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Taking the curl of equation 1.2 and substituting it into Faraday's law, @B =@t=

� c(r � E ) , gives

@B
@t

= c
�
r �

�
ve � B

c
+

r Pe

nee

��
(1.3)

= r � (ve � B ) + r �
�

cr Pe

nee

�

@B
@t

= r � (ve � B ) +
c(r ne � r Pe)

n2
ee

: (1.4)

Assuming that the plasma is partially ionised, the ionisation fraction � can be

de�ned as

� =
ne

np + nH
=

ne

nB
; (1.5)

wherenp is the ionised hydrogen (i.e. proton) number density,nH is the neutral hy-

drogen number density andnB is the baryonic number density (see e.g. Kulsrud and

Zweibel 2008). Here� is treated as a constant in space.

Then, assuming thermal equilibrium within the plasma, i.e. Te = Tgas, the

ratios between the electron pressurePe = ne� BTe and the total gas pressureP =

(np + nH + ne) � BTgas, can be written as

Pe

P
=

ne

np + nH + ne
(1.6)

=
ne

nB + ne
(1.7)

=
ne

nB (1 + � )
(1.8)

Pe

P
=

�
1 + �

: (1.9)

The total plasma density � can be expressed as� = mpnp + mene + mHnH ,

where mp is the proton mass and mH is the neutral hydrogen mass. Since the

electron mass is small, i.e.mp � me, and the plasma can be considered as locally

charge neutral, i.e. ne = np, the plasma density is therefore

� � mpnp + mHnH =
Mn e

�
; (1.10)

where M is the average mass per particle (see e.g. Xu et al. 2008). By substituting

equations 1.9 and 1.10, equation 1.4 becomes

@B
@t

= r � (ve � B ) +
Mc

e(1 + � )
r � � r P

� 2 : (1.11)
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In the case of a hydrogen gas,

@B
@t

= r � (ve � B ) +
mpc

e(1 + � )
r � � r P

� 2 : (1.12)

The �rst term in equation 1.12 is the advection of the magnetic 
ux and shows

that a small seed �eld can be ampli�ed by shear 
ows and compression in the

plasma. The second term is the Biermann (1950) battery mechanism. It arises due

to pressure and density gradients, which give rise to vorticity and create a 
ow of

electric current. This, in turn, generates a weak seed magnetic �eld.

1.2.5 The �rst stars and �rst galaxies

The �rst stars and �rst galaxies are plausible source candidates of seed magnetic

�elds. The seed �eld can be generated during the star formation process, as a result

of disk accretion and proto-stellar gravitational collapse (see e.g. Machida et al.

2007), which can then be further enhanced by magneto-rotational instabilities (see

e.g. Silk and Langer 2006; Widrow et al. 2012). The gas within the �rst star-forming

halos is turbulent (see e.g. Abel et al. 2002; O'Shea and Norman 2007; Yoshida

et al. 2008; Turk et al. 2009) and drives a small-scale dynamo, which exponentially

increases weak seed �elds, as shown in semi-analytical and numerical studies (see

e.g. Schleicher et al. 2010; Sur et al. 2010). Assuming an initial �eld strength of

� 10� 9 G, Sur et al. (2010) carried out simulations where the �eld was evolved

with the central collapsing core during the �rst star formation. They found that the

total magnetic �eld was ampli�ed by six orders of magnitude, resulting in a � 10� 3

G �eld strength, which is strong enough to seed dynamos in galaxies and in the

IGM. The stars can release material into the interstellar medium, via stellar winds

and supernova explosions, which subsequently carry magnetic �elds throughout the

entire proto-galaxy (e.g. Michel and Yahil 1973; Chy_zy et al. 2016).

An ensemble of small-scale stellar magnetic �elds subsequently produces a large-

scale component which seeds a mean-�eld galactic dynamo (see e.g. Widrow 2002).

Galactic magnetic �elds typically comprise of nearly similar random and regular �eld

components. The random, tangled �elds are thought to be driven by the turbulent


ow motions and active star formation, whilst the regular �elds are made coherent

by the large-scale dynamo and galactic rotation (see e.g. Beck 2016). Moreover, it is

possible to transport the magnetic �elds from the disk into the halo by means of a

galactic, magnetised wind. This is supported by observations of similar scale heights
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of several spiral galaxies, which suggested that all of them host a galactic wind

(Krause 2015), as also demonstrated by numerical simulations (see e.g. Brandenburg

et al. 1993; Moss et al. 2010).

It is also proposed that galactic winds may be able to carry the magnetic �elds

into the IGM and regions where larger structures reside. In order to explore the

likelihood of galactic winds being a source of magnetic �elds in the ICM, Don-

nert et al. (2009) coupled the galaxies created in their cosmological MHD simula-

tions (GADGET-2) with a semi-analytic model for magnetised galactic winds following

Bertone et al. (2006). Their results show that the magnetic �eld ampli�es as the

cluster forms, well reproducing the observed magnetic �eld strength and structure

in galaxy clusters at present time.

1.2.6 Contribution from star-forming and starburst galaxies

Most galaxies in the early Universe are believed to have experienced one or more

periods of star formation. The galactic centres are usually sites of active star forma-

tion and � G magnetic �elds (see e.g. Beck 2012, for a review). During episodes of

star formation, the galaxies can e�ciently drive magnetised metal-enriched hot gas,

as well as cosmic rays, from their central regions (e.g. Klein 2011). The relativistic

ejecta are often in the form of galactic bubbles, winds, and/or out
ows, which can

quickly transport metals and magnetic �elds from the stellar nurseries to seed a

substantial fraction of the IGM (e.g. Chy_zy et al. 2016).

A fraction of these galaxies are gas-rich and have an extraordinarily high rate

of star formation, relative to their mean star formation rate in the long term or the

star formation rate of other galaxies. These are known as starburst galaxies, and

they can form new, massive stars, which strongly ionise the surrounding clouds and

oftentimes exploding into supernovae, thus triggering a cascade of star formation

throughout the region. The supernova remnants inject cosmic rays and magnetic

seed �elds into the IGM, where the latter gets ampli�ed by the cosmic-ray driven

dynamo (e.g. Hanasz et al. 2004, 2013; Siejkowski et al. 2018).

The starburst activities often occur in abrupt, short-lived phases, as they end

when the available gas reservoir is either fully consumed to form stars or blown out

of the galaxy. Over the lifetime of each galaxy, and the combined action of many

starburst events, it is possible to magnetise a signi�cant volume of the surrounding

IGM in the present day Universe (e.g. Kronberg 2016). Notably, dwarf galaxy
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starburst out
ows of magnetised gas is most e�ective in seeding the IGM atz & 7

(Kronberg et al. 1999).

1.2.7 Contribution from Active Galactic Nuclei

Daly and Loeb (1990) proposed Active Galactic Nuclei (AGN) as a possible origin

of large-scale �elds. A supermassive black hole at the centre of the active galaxy

accretes mass to form a disk, which produces a strong seed magnetic �eld via the

Biermann battery mechanism. These �elds are ampli�ed by the galactic dynamo

and then ejected into the surrounding IGM by relativistic jets and winds of the

AGN (see e.g. Kronberg et al. 2001). Assuming equipartition between magnetic

and kinetic energies within a 1 Mpc3 volume, the required seed �eld strength for

AGN contribution is estimated to be B � 10 nG (Ryu et al. 2012).

Further works have been carried out to explore the e�ects of a population of

AGN jets and its volume �lling fraction to magnetise the Universe. Using the cosmo-

logical AMR-MHD simulation of galaxy cluster formation ( ENZO), Xu et al. (2010)

found that a single, powerful radio jet at z = 3 is capable of magnetising the entire

ICM to the observed � G levels, after undergoing cluster-wide turbulent ampli�ca-

tion and di�usion. The timing of the AGN injection is crucial in this scenario: to

obtain cluster-wide magnetic �elds, the injection must occur at a su�ciently high

redshift, otherwise the resulting �elds are only con�ned within radio lobes and iso-

lated bubbles. On the contrary, there appears to be no signi�cant e�ect on the

�nal magnetic energy and �nal magnetic �eld strength as the number of AGN in-

jections increases. Xu et al. (2012) injected magnetic �elds from 30 simulated AGN

at z = 2 :5 and found that the cluster, although �lled to a larger volume, was still

magnetised to � G levels. This is because the �nal magnetic energy and �nal mag-

netic �eld strength in the ICM are mainly determined by the ampli�cation with the

ICM turbulent energy (Xu et al. 2010). Hence, the magnetic growth saturates at

� G levels, in spite of additional AGN injections spreading the magnetic �elds wider

to �ll a larger volume of the cluster.

1.3 Evolution of large-scale magnetic �elds

Various observations (see e.g. Govoni et al. 2001a,b; Carilli and Taylor 2002; Gov-

oni and Feretti 2004; Govoni et al. 2004; Bonafede et al. 2010; Ryu et al. 2012) have

indicated that galaxies and clusters are magnetised, with �eld strengths in the� G
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range and ordered typically on scales of� 1 � 10 kpc for galaxies and� 0:1 � 1

Mpc for clusters. Some superclusters (e.g. Virgo, Hercules and Perseus-Pisces) also

appear to be permeated by large-scale magnetic �elds with an upper limit of several

10� 7 G, assuming �eld reversal scales of hundreds of kpc (Xu et al. 2006). Cos-

mological MHD simulations (see e.g. Br•uggen et al. 2005; Ryu et al. 2008; Vazza

et al. 2014) predict the magnetisation of cosmic �laments to reach strengths of a

few � nG, lower than the upper limit of � 0:1 � G constrained by RM observations

of background quasars3 (see e.g. Ryu et al. 1998; Xu et al. 2006; Ryu et al. 2012).

There has also been evidence supporting the presence of magnetic �elds in

cosmic voids. The Large Area Telescope (LAT) on theFermi Gamma-ray Space

Telescope (Fermi-LAT) observations of distant TeV blazars4 place lower limits on

the intergalactic magnetic �eld strength at B � 3 � 10� 16 G if assuming a constant

TeV 
ux emitted over long timescales (Neronov and Vovk 2010), while a more

robust limit of B & 10� 18 G is obtained from restricting the active TeV emission to

a shorter period (Dermer et al. 2011). Independent constraints on the properties of

intergalactic magnetic �elds are also possible with gamma-ray observations of GRBs,

the �rst of which is GRB 190114C, limiting B > 10� 19:5 G for a coherence length

of l � 1 Mpc (Wang et al. 2020b, see also Section 2.4 for more details). Whether

or not this level can be detected by the Cherenkov Telescope Array (CTA) is still

uncertain (Dzhatdoev et al. 2020).

Seeding of these large-scale magnetic �elds can either be attributed to astro-

physical or primordial processes. Whilst the gas collapses during structure formation

and galactic interactions, it experiences turbulence, compression and shear, all of

which ampli�es, stretches, twists and folds the seed �eld. Hence, it is not only

crucial to trace the origin(s) of the large-scale �elds, but also understand how they

evolve with the structure formation of the Universe.

The magnetic �eld evolution is determined by the induction equation:

@B
@t

= � c � (r � E ) : (1.13)

In the context of an astrophysical plasma, it is expressed as

@B
@t

= r � (v � B ) + � r 2B +
mpc

e(1 + � )
r � � r P

� 2 : (1.14)

3A quasar is a rapidly accreting supermassive black hole at the centre of a massive galaxy.

4A blazar is an AGN with a relativistic jet almost directed towards an observer.
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The �rst term r � (v � B ) ampli�es the magnetic �elds due to the vorticity of

plasma motions. It is of the form

r � (v � B ) = � (v � r )B + ( B � r )v � B (r � v) ; (1.15)

such that the term (v � r )B ampli�es the �elds by advection, ( B � r )v by shearing,

and B (r � v) by compression. The second term� r 2B describes how the �eld

di�uses through the plasma, where� is the magnetic di�usivity. This term is usually

neglected in astrophysical settings because the ICM and IGM are generally good

conductors. Lastly, the third term is the battery term, which accounts for the

seeding of magnetic �elds from baroclinity. This means that the magnetic �elds can

be generated from the misalignment of pressure and density gradients, e.g. during

cluster mergers and shocks. Neglecting the vorticity and battery terms, the time

for the magnetic �eld to decay is

td =
L 2

�
; (1.16)

where L is the characteristic length scale for the di�usion to occur. For clusters,

whereL � 1 Mpc, the decay time is estimated to be many orders of magnitude larger

than the Hubble time, implying that turbulent motions must play an important role

in the system.

In a co-moving frame, the magnetic �elds evolve with the expanding Universe,

following

@B
@t

=
1
a

[r � (v � B )] � 2
�

_a
a

�
B +

1
BN tN

mpc
e(1 + � )

r � � r P
a2� 2 ; (1.17)

where BN and tN are the normalisation constants for the magnetic �eld and time,

respectively (e.g. Kulsrud et al. 1997; Chan and Wu 2014, private communication).

The cosmological scale factora quanti�es the expansion of the Universe. The ex-

pansion rate of the Universe is characterised by the �rst Friedmann equation:

�
_a
a

� 2

= H 2
0

�

 r;0

a4 +

 m;0

a3 +

 k;0

a2 + 
 �

�
; (1.18)

where 
 r is the energy density of radiation, 
 m is the energy density of matter, 
 k

is the curvature, and 
 � is the energy density of dark energy. Observations of the

cosmic microwave background (CMB) indicate that the Universe is 
at so 
 k � 0.

The subscript \0" denotes present-day values of the cosmological parameters. The
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scale factor is also related to the redshift bya = 1=(1 + z), and to the physical

distance by arco, where r co is the co-moving distance.

The term � 2(_a=a)B in equation 1.17 dilutes the �eld strength as the Universe

expands. In the case of a slow-moving, barotropic 
uid, equation 1.17 simpli�es to

@B
@t

= � 2
�

_a
a

�
B ; (1.19)

which leads to
@
@t

�
a2B

�
= 0 : (1.20)

The above expression is simply 
ux conservation. Since the magnetic �eld strength

B declines with a2 as the Universe expands, there has to be some mechanism to

compensate for this �eld reduction. It is argued that there could be a galactic dy-

namo capable of amplifying the seed �elds to the� G strengths observed in galaxies

and galaxy clusters today (e.g. Moss et al. 1991; Gressel et al. 2008; see also Bran-

denburg and Subramanian 2005; Brandenburg 2015, for reviews on galactic dynamo

theory). To this end, the vorticity term has to dominate, through e.g. structure

formation, cluster mergers and shocks. The seed �elds must have a coherence length

scale longer than 10 kpc and strengths ranging between 10� 22 and 10� 12 G (see e.g.

Kandus et al. 2011, for a review on primordial magnetogenesis).

1.4 Summary

This chapter provides an overview of magnetic �elds across all scales from interstellar

space to cosmological voids. Magnetic �elds are omnipresent and hence they must

play an important role in shaping the Universe. They are thought to contribute

signi�cantly, amongst gravity, turbulence, and cosmic rays, to the evolution of the

interstellar medium, and particularly to the formation of stars in molecular clouds

(see Chapter 5). Stellar, planetary, and lunar magnetic �elds are likely to have

arisen from the hydro-magnetic dynamos of their liquid metallic cores or convection

of electrically-conducting 
uids close to their surfaces. Their �eld structures are

observed to be dynamically complex, and their �eld strengths can vary over many

orders of magnitude, e.g. from 10� 103 G in the Sun to � 1015 G in magnetars. The

conventional methods to trace stellar and sub-stellar magnetic �elds are starlight

and dust polarisations, as well as Zeeman and Goldrich-Kyla�s spectropolarimetry.

Cyclotron resonant scattering features are also a direct observational evidence for
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strongly-magnetised neutron stars.

On galactic scales and beyond, it becomes more challenging to detect and study

magnetic �elds. The properties of magnetic �elds in these large-scale systems are

often inferred from observational signatures in their radio synchrotron emission and

Faraday RMs. Notably, magnetism in galaxies, galaxy groups, and the intergalactic

medium, have been constrained by radio observations to be of the order of several

� G, and even stronger in starburst galaxies. There is also observational evidence for

galaxy clusters and their intracluster medium to be magnetised at several to tens

of � G, through the detection of di�use, Mpc-scale radio emission across the ICM

and the RMs of bright radio point sources at � 100s rad m2. The cluster volume

is a patchwork of magnetic �elds which are typically coherent on kpc length scales

but more disordered on the large scales, presumably due to cluster interactions and

mergers.

These dynamical processes smear out the memory of the �rst magnetic �elds.

The Biermann battery ampli�cation and evolution of large-scale magnetic �elds

with structure formation of the Universe requires the presence of a non-zero seed

�eld. It is still unclear whether the seed �elds are primordial in origin or generated

through astrophysical processes after the recombination era. The earliest evidence

of cosmological magnetogenesis may be imprinted in the largest scale structures of

the Universe, such as the cosmic �laments and voids, which are weakly magnetised

at � 10� 16� nG levels. The advent of the all-sky SKA RM survey will provide

solid constraints on when and how the �rst magnetic �elds are generated. It is

therefore important to study the observational signatures that magnetic �elds will

leave in the radio wavebands (see Chapter 2) and assess the large-scale magnetic

�eld diagnostics in the RM 
uctuations for galaxy cluster scales and beyond (see

Chapters 3 and 4).
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Chapter 2

Observational signatures and

diagnostics of magnetic �elds

Most of what is known about magnetic �elds in galaxy clusters and larger scale

structures comes from radio observations. The intracluster medium (ICM) is weakly

magnetised and consists of relativistic electrons. The relativistic electrons gyrate

around the magnetic �eld lines to produce synchrotron emission. Therefore radio

synchrotron radiation is often used as a probe of large-scale magnetic �elds. It

is important to understand the physics of radio synchrotron radiation, especially

its polarisation and e�ects under Faraday rotation, which are commonly used to

characterise the magnetic �elds. Observationally, many radio experiments have con-

tributed immensely to the understanding of magnetic �elds in astrophysical systems.

Meanwhile, observations in the other wavebands, such as optical and near-infrared,

or even using high-energy particles, e.g. cosmic rays, have proven to be useful in di-

agnosing magnetic �elds on the smaller scales, e.g. in molecular clouds. This chapter

therefore focuses on the observational signatures and diagnostics of magnetic �elds.

This chapter is organised as follows. Section 2.1 presents an overview on the

physics of radio synchrotron radiation, starting with the radiation from a single

electron and a description of its relativistic beaming and spectral properties. The

spectrum from a power-law distribution of electrons and the physics of synchrotron

self-absorption are also discussed. Section 2.2 describes the polarisation of light and

the physics of Faraday rotation. In particular, the polarisation of a photon and

the polarisation of an electromagnetic wave are presented using the formalism of

Jones vectors, Mueller matrices, and the Stokes parameters. Section 2.3 outlines
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the polarised Universe observable in the radio wavelengths and how it improves the

understanding of astrophysical magnetic �elds. In Section 2.4, other magnetic �eld

diagnostics, such as the Zeeman e�ect and high-energy cosmic rays, are discussed.

Lastly, Section 2.5 summarises this chapter.

2.1 Radio synchrotron radiation

Charged particles gyrate around magnetic �elds and radiate. In the non-relativistic

case, the frequency of emission is the same as the frequency of gyration, which is

known as cyclotron radiation. In the highly relativistic regime, the frequency of

emission goes beyond the frequency of gyration and is subject to beaming e�ects.

This is known as synchrotron radiation. The total intensity provides a direct esti-

mate of the equipartition �eld strength, whereas the polarisation reveals the �eld

orientation and degree of �eld ordering. For more details, see e.g. Rybicki and

Lightman (1979) and Ulrich and Fletcher (2015).

2.1.1 Radiation from a single electron

When an electron travels in a magnetic �eld B , it experiences a Lorentz force and

accelerates, following


m e
dv
dt

= �
e
c

(v � B ) ; (2.1)

where e is the electron charge,me is the electron mass,c is the speed of light, v

is the electron velocity, and 
 =
�
1 � v2=c2

� � 1=2 is the Lorentz factor. It can be

shown that the electron velocity component parallel to the magnetic �eld, vk, obeys

dvk

dt
= 0 ; (2.2)

implying that vk is invariant. The rate of change of electron velocity component

(i.e. electron acceleration) perpendicular to the magnetic �eld, v? , is

dv?

dt
= �

e

m ec

(v? � B ) : (2.3)

As jv j is constant and vk is invariant, jv? j is also constant. Therefore, the electron

gyrates in a uniform, helical motion along B at an angular frequency

! B =
jejjB j

m ec

; (2.4)

and it accelerates in the direction perpendicular to B with a magnitude a? =

! B jv? j = ! Bv? (as only e2 is relevant to the radiative processes, without losing
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generality, the negative sign of the electron chargee is dropped hereafter). As a

result, the total radiation emitted for a single electron is

P =
2
3

r 2
e c � 2

? 
 2 B 2 ; (2.5)

where � ? = v? =c, and re = e2=mec2 is the classical radius of the electron. For an

isotropic distribution of velocities, the total power is the mean over all angles at a

given speed� ,1 so equation 2.5 becomes

P =
4
3

� T c � 2 
 2 UB ; (2.6)

where � T = 8 �r 2
e=3 is the Thomson cross section andUB = B 2=8� is the magnetic

energy density.

2.1.2 Relativistic beaming and spectrum of emission from a single

electron

Due to relativistic boosting, synchrotron emission is strongly beamed in the direction

of motion. The emission concentrates in narrow angles of the order 1=
 along

the velocity direction. The beaming of radiation has a signi�cant e�ect on the

observed synchrotron spectrum. As the electron traverses around the magnetic �eld,

its emission can only be seen when aligned with the observer's line-of-sight. The

observer sees a pulse of radiation whose period is much shorter than the gyration

period by a factor of 
 3. The synchrotron spectrum is fairly broad, extending to

the order of its critical frequency

! c =
3
2


 3 ! B sin � ; (2.7)

which depends on the Lorentz factor and the magnetic �eld strength perpendicular

to the line-of-sight. The power of each synchrotron pulse is

P(� ) =

p
3 e3 B sin �

mec2 F
�

�
� c

�
; (2.8)

where � c = ! c=2� . The function F is the Airy integral of the modi�ed Bessel

function K 5=3(� ) and can be written in the form of

F
�

�
� c

�
=

�
� c

Z 1

�=� c

K 5=3(� ) d( � ) : (2.9)

1Note that
R4�

0 d
 sin 2 � = 2 =3.
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Hence, a single-electron power spectrum varies asymptotically, following

P(� ) / � 1=3 for �=� c � 1 and (2.10)

P(� ) / e� �=� c for �=� c � 1 ; (2.11)

with a peak emission occurring at� max = 0 :29� c.

2.1.3 Spectrum of emission from a population of relativistic elec-

trons with a power-law energy distribution

The synchrotron radiation from an ensemble of relativistic electrons with a power-

law energy distribution generally follows a power-law spectrum

P(� ) / � � � ; (2.12)

characterised by a spectral index� . The relation between the spectral power-law

index and the electron energy distribution power-law index can be derived as follows.

Consider the number density of relativistic electrons with energies between
 1

and 
 2 to be

nre (
 ) d
 = C
 � p d
 ; (2.13)

where C is a normalisation constant and p is the electron distribution index. The

total power radiated per unit volume by this distribution of electrons is therefore

Ptot (� ) = C
Z 
 2


 1

P(� ) 
 � p d
 /
Z 
 2


 1

F
�

�
� c

�

 � p d
 : (2.14)

Since� c / 
 2, equation 2.14 can be re-written as

Ptot (� ) / � � (p� 1)=2
Z x2

x1

F (x) x(p� 3)=2 dx ; (2.15)

where x � �=� c. Over a large range of energies, such thatx1 � 0 and x2 � 1 , the

integral term becomes a constant. Hence,

Ptot (� ) / � � (p� 1)=2 : (2.16)

Comparing equations 2.12 and 2.16 gives

� =
p � 1

2
; (2.17)

where p � 2:2 for freshly-accelerated electrons (by, e.g. supernova remnants and

cosmic rays), whereasp � 3:0� 4:0 for aged electrons (e.g. radio jets in X-ray bina-

ries) (see e.g. Ginzburg and Syrovatskii 1968; Achterberg et al. 2001; Tsouros and

Kyla�s 2017).
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2.1.4 Synchrotron self-absorption

Not all of the synchrotron radiation emitted can reach the observer because of

synchrotron self-absorption. At lower frequencies, more photons are likely to be

scattered o� and absorbed by electrons within the source. This results in anop-

tically thick region, where the photon mean free path is much smaller than the

characteristic size of the source.

The average energy per particleE for a relativistic gas is

E = 3kBTe� ; (2.18)

where kB is the Boltzmann constant and Te� is the e�ective temperature2 of the

synchrotron-emitting electrons.3 Therefore,

Te� =

m ec2

3kB
; (2.19)

which, at a given 
 , the maximum synchrotron emission occurs at� � 
 2� c, so

Te� �
mec2

3kB

�
�
� c

� 1=2

; (2.20)

and since� c / B , this becomes

Te� / � 1=2B � 1=2 : (2.21)

Recall that the surface brightnessS� of a blackbody is given by the Planck

function

S� (Te) =
2h� 3

c2

1
eh�=k B Te � 1

; (2.22)

where Te is the blackbody temperature. At radio wavelengths, the low-frequency

limit (i.e. h� � kBTe) applies, leading to the Rayleigh-Jeans law (1905):

S� (Te) =
2� 2kBTe

c2 ; (2.23)

(Rayleigh 1900, 1905a,b; Jeans 1905b,c,a). Lastly, substituting equation 2.21 into

2.23 gives

S� / � 5=2B � 1=2 : (2.24)

2Although synchrotron emission is non-thermal, an e�ective temperature depending on fre-

quency can still be assigned to the electrons.

3This leads to a speci�c heat ratio of cP =cV = 4 =3.
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This shows that, at low frequencies, severe self-absorption causes a turnover in

the synchrotron spectrum. At low frequencies, the region is said to be optically

thick when the synchrotron emission is proportional to � 5=2. At high frequencies,

the synchrotron emission is proportional to � � (p� 1)=2 and the region is said to be

optically thin (see e.g. Rybicki and Lightman 1979). Synchrotron self-absorption is

a notable feature in the spectra of compact, highly energetic sources, for instance,

the nuclei of active galaxies and quasars. Nonetheless, on larger scales (e.g. the

IGM), synchrotron self-absorption is relatively low and can often be neglected.

2.2 Polarisation and Faraday rotation

2.2.1 Polarisation of a photon

The polarisation of a photon is described by the orientation of the axis along which

its electric �eld oscillates. A photon that is in a superposition of eigenstates can have

linear, circular or elliptical polarisation. The quantum polarisation state vector for

the photon is identical to the Jones vector, usually used to describe the polarisation

of a classical wave. For more details, see e.g. Bohren and Hu�man (2008).

2.2.2 Polarisation of an electromagnetic wave

Light is an electromagnetic wave. The electric �eld of light oscillates perpendicular

to the direction of propagation. The orientation of the electric �eld determines

the type of polarisation being observed. In the case of linear polarisation, the

electric �eld travels in a single plane along the direction of propagation. When the

two orthogonal linear components of the electric �eld has the same amplitude but

are out of phase by�= 2, the electric �eld rotates in a circle, resulting in circular

polarisation. Depending upon the direction of rotation as seen by an observer,

the polarisation is either deemed left- (anti-clockwise) or right-handed (clockwise).

Circular polarisation is a special case of elliptical polarisation, where the electric

�eld describes an ellipse. Elliptical polarisation arises from the superposition of two

linear components which have di�erent amplitudes and/or a phase di�erence that

is not �= 2. Light is considered unpolarised when the direction of its electric �eld

does not have a preferential direction.

2.2.3 Jones vectors and Mueller matrices

The Jones vector is named after Robert Clark Jones (1941a; 1941; 1941b; 1942)

and is only applicable to light that is already fully polarised. Light which is ran-
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domly polarised, partially polarised, or incoherent, must be treated using Mueller

(1943) calculus (see Collett 2005, for more details). Consider a monochromatic

plane wave of light to be propagating in the z-direction, with angular frequency, ! ,

and wavevector,k. The corresponding Jones vectors are

0

@
1

0

1

A (2.25)

for linear polarisation in the horizontal direction,

0

@
0

1

1

A (2.26)

for linear polarisation in the vertical direction,

1
p

2

0

@
1

1

1

A (2.27)

for linear polarisation in +45 � ,

1
p

2

0

@
1

� 1

1

A (2.28)

for linear polarisation in � 45� ,

1
p

2

0

@
1

� i

1

A (2.29)

for right-hand circular polarisation,

1
p

2

0

@
1

+ i

1

A (2.30)

for left-hand circular polarisation.

2.2.4 Stokes parameters and the Poincar�e sphere

Consider an electric vector

E = E 0 e� i!t =

0

@
E1

E2

1

A e� i!t ; (2.31)



2.2. Polarisation and Faraday rotation 47

where E 0 is a general complex vector in terms of amplitudesE1 = "1ei� 1 and

E2 = "2ei� 2 . Taking only the real part of E , the electric �eld in the xy plane is

Ex = "1 cos(!t � � 1) ; (2.32)

Ey = "2 cos(!t � � 2) ; (2.33)

which become

E 0
x = "0 cos� cos!t ; (2.34)

E 0
y = "0 sin � sin !t ; (2.35)

after tilting the xy plane over an angle of , where � �= 2 � � � �= 2. Rotating E 0
x

and E 0
y through  again result in

Ex = "0(cos� cos cos!t + sin � sin  sin !t ) ; (2.36)

Ey = "0(sin � sin  cos!t � sin � cos sin !t ) : (2.37)

Comparing the equations 2.32 gives

"1 cos� 1 = "0 cos� cos ; (2.38)

"1 sin � 1 = "0 sin � sin  ; (2.39)

"2 cos� 2 = "0 cos� sin  ; (2.40)

"2 sin � 2 = � "0 sin � cos : (2.41)

The above equations can be condensed into the four Stokes parameters of polarisa-

tion [ I; Q; U; V ]. I de�nes the total intensity, Q and U correspond to the linearly

polarised intensities and V is the circularly polarised intensity. Any polarisation

state can be uniquely represented on or within the Poincar�e sphere. For monochro-

matic waves, the Stokes parameters are

I � "2
1 + "2

2 = "2
0 ; (2.42)

Q � "2
1 � "2

2 = "2
0 cos 2� cos 2 ; (2.43)

U � 2"1"2 cos(� 1 � � 2) = "2
0 cos 2� sin 2 ; (2.44)

V � 2"1"2 sin(� 1 � � 2) = "2
0 sin 2� ; (2.45)
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where 2� and 2 are the azimuthal and polar angles, respectively, as denoted in

Figure 2.1. "2
0 is the intensity of the beam. Alternatively, the wave has

"0 =
p

I ; (2.46)

sin 2 =
V
I

; (2.47)

tan 2� =
U
Q

(2.48)

(Rybicki and Lightman 1979). A fully polarised wave satis�es I 2 = Q2 + U2 + V 2,

whilst a partially polarised wave follows I 2 > Q 2 + U2 + V 2. Meanwhile, for other

common polarisation states, the Stokes vectors are

0

B
B
B
B
B
B
@

1

1

0

0

1

C
C
C
C
C
C
A

(2.49)

for linear polarisation in the horizontal direction,
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(2.50)

for linear polarisation in the vertical direction,
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(2.51)

for linear polarisation in +45 � ,

0
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B
B
B
B
B
@

1

0

� 1

0

1

C
C
C
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C
C
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(2.52)

for linear polarisation in � 45� ,
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Fig. 2.1: Schematic of the Poincar�e sphere, where P is a point on the sphere such that

jOP j = � 0 (Collett 2005).
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for right-hand circular polarisation,
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for left-hand circular polarisation, and

0
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1
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(2.55)

for unpolarised light. Note that the Stokes parameters can convert into one another

except betweenQ and V . The Stokes parameters are often used to represent Faraday

rotation.

2.2.5 Physics of Faraday rotation

A linearly polarised wave can be decomposed into two circularly polarised states.

The circularly polarised states interact di�erently in a magnetised medium and
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Fig. 2.2: Schematic of the Faraday rotation e�ect (Silva et al. 2012).

therefore propagate at di�erent speeds resulting in a phase shift between them.

The recombination of the out-of-phase circularly polarised states into a linearly

polarised wave causes a rotation in the polarisation plane. This phenomenon is

known as Faraday rotation, named after Michael Faraday (1845 { see e.g. Knudsen

1976, for a review on Faraday rotation; see also Bhat 2002, for a review on the works

of Faraday: the father of electromagnetism).

The rotation measure (RM, denoted asR) is de�ned as

R = (� ' ) � � 2 = ( ' � ' 0) � � 2 ; (2.56)

where ' is the measured polarisation angle,' 0 is the intrinsic polarisation angle

at the source, and � is the radiation wavelength (see Figure 2.2). ' 0 is usually

not known and any polarisation angle ' has an n� ambiguity. In order to resolve

these issues, a minimum of three di�erent reference wavelengths have to be used

to correctly determine the slope of ' against � 2, and hence the RM. The RM for

radiation traversing a magnetised plasma between an intervals0 and s is

R(s) = 0 :812
Z s

s0

ds0

pc

�
ne;th (s0)

cm� 3

��
Bk(s0)

� G

�
radm� 2 (2.57)

(Rybicki and Lightman 1979), if only thermal electrons are present. The thermal

electron number density is ne;th and the magnetic �eld strength along the line-

of-sight is Bk (see Chapter 3 for derivation). The usual convention for the RM

is positive for a magnetic �eld pointing towards the observer, and negative when

pointing away from the observer. Therefore, the RM is sensitive to the regular

component of the line-of-sight magnetic �eld.
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2.3 Polarised Universe observable in the radio wave-

lengths

As it is impractical to describe every radio telescope, this section provides an

overview of several major telescopes that have been highly productive and made

signi�cant impact in radio astronomy (see e.g. Trimble and Ceja 2010, for an exten-

sive list).

2.3.1 VLA and JVLA

Sited on the plains of San Agustin, New Mexico, is the Very Large Array (VLA),

which consists of twenty seven 25-m dishes in a Y-shaped re-con�gurable array. It

has four array con�gurations: A (with a maximum separation of 36 km), B (10 km),

C (3:6 km) and D (1 km). In every three to four months, the con�guration is switched

from one to another, allowing the VLA to cover a wide range of angular resolution

(0:2 to 0:004 arcsec) and frequency (74 MHz to 50 GHz). Since its completion in

1980, the VLA has been ranked the most productive ground-based telescope ac-

cording to its number of publications and citations. In addition, the VLA is also

part of the National Radio Astronomy Observatory (NRAO) and has produced the

largest radio survey to date, the NRAO VLA Sky Survey (NVSS), which covers the

entire sky north of � 40� declination. The VLA has been crucial to numerous im-

portant science discoveries, some of which include the imaging of magnetic �laments

at the galactic centre (Yusef-Zadeh et al. 1984), the discovery of the �rst Einstein

ring (Hewitt et al. 1988), and the revelation of internal structures within radio jets

(Swain et al. 1998). To further enhance its scienti�c capabilities, the VLA has been

upgraded and renamed in 2012 as the Jansky Very Large Array (JVLA). The JVLA

is now in operation, achieving at least an order of magnitude improvement in all

observational capabilities, compared to the VLA. Some of its science highlights in-

clude the imaging of merging cluster Abell 2256 to an unprecedented detail (Owen

et al. 2014), and full polarisation observations of a sample of AGN with large RMs

(Pasetto et al. 2016).

2.3.2 IRAM 30-m telescope

The 30-metre single dish radio telescope is located at the Spanish Pico de Veleta

where atmospheric water content is minimal to allow for the observations of

millimetre-wavelength signals from the cosmos. Operated by the Institute for Radio
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Astronomy in the Millimetre Range (IRAM), it is the second largest millimetre-wave

telescope in the world after the Large Millimetre Telescope (LMT). The 30-m dish

received its �rst light in 1984, and since then, it has explored the southern skies

and the Milky Way centre at wavelengths between 0:9 and 3 mm. This wavelength

range is ideal for studying spectral lines of interstellar molecules and tracing star

formation within giant molecular clouds of the Milky Way out to nearby galaxies.

One such example is the large-scale survey of line emission in the Orion molecular

cloud (Bern�e et al. 2014). In 2015, the second generation Neel-IRAM-KID-Array

(NIKA2) has been installed at the telescope to enable simultaneous observations

in the 1:15 mm and 2:0 mm bands of sub-mJy point sources, map the SZ e�ect in

clusters out to z � 2, as well as trace dust in nearby galaxies and star forming

regions (e.g. Catalano et al. 2016).

2.3.3 ATCA and the Parkes Observatory

The Australia Telescope Compact Array (ATCA) and the Parkes Observatory are

run by the Commonwealth Scienti�c and Industrial Research Organisation (CSIRO)

as part of the Australia Telescope National Facility (ATNF). The ATCA and the

Parkes observatory are frequently operated together with the Mopra telescope to

form a very long baseline interferometer. The ATCA is located west of Narrabri,

Australia and started its operations in 1987. It is an aperture synthesis telescope

with an array of six 22-m movable dishes on a 6-km East-West baseline. The array

can be used for observations between frequencies of 1:1 GHz and 105 GHz. Primarily

scanning the southern skies, the ATCA has achieved many scienti�c highlights,

including making the �rst detailed radio image of SN 1987A (Staveley-Smith et al.

1993) and, the �rst observation of a neutron star with an ultra-relativistic jet (Fender

et al. 2004).

At the outskirts of the New South Wales town of Parkes is a 210-feet parabolic

dish known as the Parkes 64-m radio telescope. It is the second largest dish in

the southern hemisphere and is also considered as the predecessor of multi-beam

receivers, which are now available on many radio telescopes. After its completion in

1961, the dish has operated almost daily up to present day, due to regular upgrades

such as the addition of smooth metal plates to improve the detection of radio waves.

Over the decades, the Parkes observatory has found more than two-thirds of known

pulsars, including the discovery of the the �rst known double pulsar system (Lyne
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et al. 2004). Not only that, a series of occultation observations made using the

Parkes dish led to the historical discovery of the �rst quasar 3C273 (Hazard et al.

1963; Schmidt 1963; Greenstein and Schmidt 1964), as well as the discovery of the

Magellanic Stream (Mathewson et al. 1974). Now the Parkes observatory is a vital

component of the Parkes Pulsar Timing Array in the quest to detect gravitational

waves (see e.g. Wang et al. 2015; Kerr et al. 2020).

2.3.4 VLBA

The Very Long Baseline Array (VLBA) is an interferometer consisting of ten 25-m

parabolic dishes, stretching from Mauna Kea, Hawaii to the US Virgin Islands. Com-

pleted in 1993, the VLBA spans approximately 8000 km, making it one of the long

baseline interferometers in the world4. The VLBA typically observes at wavelengths

of 3 mm to 28 cm, corresponding to a frequency range between 1:2 GHz and 96 GHz.

Some of the key VLBA observations include: the structure of a circum-nuclear disk

of maser emission (Miyoshi et al. 1995), the �rst direct and accurate measurement

of the distance to a faraway galaxy NGC 4258 (Herrnstein et al. 1999), the recent

discovery of a nearly naked supermassive black hole (Condon et al. 2017), as well

as the �rst direct, accurate measure of the distance to a star-forming region on the

far side of the Milky Way (Sanna et al. 2017). As the VLBA is also operated by the

NRAO, its sensitivity can be improved �ve-fold by running it simultaneously with

the Arecibo radio telescope, the GBT, the VLA and the E�elsberg radio telescope.

2.3.5 GMRT

The National Centre for Radio Astrophysics in India is home to the Giant Metrewave

Radio Telescope (GMRT) since 1995. The GMRT is primarily designed to search

for the highly redshifted 21 cm signal emitted by neutral hydrogen to determine the

epoch of reionisation (see e.g. Ghosh et al. 2011). Pulsar astrophysics is also another

key science goal of the GMRT (see e.g. Frail et al. 2016). To this end, the GMRT

is made up of 30 fully steerable 45-m dishes, with a range of baselines up to 25 km,

providing an angular resolution of 1 arcsecond at 21 cm. With its high sensitivity at

a frequency range of 150 MHz to 1:5 GHz, the GMRT is often used to study a variety

4Other very long baseline interferometers (VLBI) include the European VLBI Network (EVN)

and the Event Horizon Telescope (EHT). The EVN is a global network of 22 telescopes, including

E�elsberg and Jodrell Bank, whereas the EHT will be an Earth-sized interferometer, linking various

radio telescopes across the world such as ALMA and IRAM.



2.3. Polarised Universe observable in the radio wavelengths 54

of celestial objects, for instance, the Sun, HII regions, nearby galaxies, pulsars and

supernova remnants. The GMRT is also one of the SKA path�nders.

2.3.6 GBT, E�elsberg 100-m telescope and Jodrell Bank Lovell

telescope

The Green Bank Telescope (GBT) is the world's largest fully steerable radio tele-

scope, followed by the E�elsberg 100-m telescope and the Lovell telescope at Jodrell

Bank. Located at the US, the GBT has a 100-m diameter collecting area, grant-

ing access to 85% of the entire celestial sphere, with observations at wavelengths

of 3:0 m to 2:6 mm. Since 2001, the GBT has made several important discoveries,

which include the detection of 3 new milli-second pulsars in M62 (Jacoby et al.

2002), the �rst observation of a helical magnetic �eld in the Orion molecular cloud

(Robishaw and Heiles 2005), and the discovery of the most massive neutron star yet

known (Demorest et al. 2010). Meanwhile, the E�elsberg 100-m dish near Bonn,

Germany has been in operation since 1972. Its high sensitivity and frequency cov-

erage between 0:3 and 96 GHz not only allow for the observations of clusters, star

formation regions and jets, but also the ability for high-precision pulsar timing.

One of the key discoveries made using the E�elsberg is the all-sky radio emission

at 408 MHz (Haslam et al. 1982), which has now become the basis for the estima-

tion of non-thermal foreground to the CMB. The third largest fully steerable radio

telescope in the world belongs to Jodrell Bank, whose Lovell dish extends over 76

metres in diameter. Operating since the summer of 1957, it was originally designed

to detect radio echoes from cosmic ray air showers. It was soon found that the

echoes originated from ionised meteor trails, which then opened up a 
urry of re-

search on meteors, quasars, pulsars, masers and gravitational lenses. Some of the

milestones achieved by the Lovell 76-m telescope include the discovery of the �rst

pulsar in globular cluster, as well as the detection of the �rst gravitational lens (see

e.g. Morison 2007, for a review). The telescope is now operated by the University

of Manchester.

2.3.7 LOFAR and WSRT

Both the Low Frequency Array (LOFAR) and the Westerbork Synthesis Radio Tele-

scope (WSRT) are operated by the Netherlands Institute for Radio Astronomy

(ASTRON). Observations began in 2012 at LOFAR. Designed as a radio interfer-
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ometric array, LOFAR consists of about 20000 omni-directional antennas, which

are concentrated in at least 48 stations distributed across Germany, the UK, Fin-

land, France and Sweden. It is optimised for the low frequency range between 10

and 250 MHz, with sub-mJy sensitivity and sub-arcsecond spatial resolution. This

makes it an excellent probe for cosmic magnetism of the nearby Universe, includ-

ing one of its recent observations of the Milky Way magnetic �eld possessing a

spaghetti-like structure (Jeli�c et al. 2015; Zaroubi et al. 2015). LOFAR is also a

technology precursor for the SKA. Meanwhile, operations started in 1970 at the

WSRT. Located at the north of Westerbork, it uses methods of aperture synthesis

and Earth rotation synthesis to make observations, targeting frequencies between

120 MHz and 8092 line spectral resolution. WSRT is a linear array of fourteen 25-m

dish-shaped antennas on a 2:7 km East-West line. Its equatorial mount makes it ad-

vantageous for polarised emission research of the northern sky because the antennas

do not change orientation during observation. Over years of operation, the WSRT

has made many scienti�c advances, including the �rst time where polarised emission

and its Faraday rotation have been observed to 10� Jy/beam rms for a large sample

of galaxies (Heald et al. 2009). Often, the WSRT is operated simultaneously with

other telescopes to perform (Very Long Baseline Interferometry) VLBI observations.

2.3.8 ALMA and MWA

The Atacama Large Millimetre/Submillimetre Array (ALMA) is by far the most

expensive ground-based telescope. Sited at northern Chile, it consists of 66 high-

precision antennas that can be moved over distances of 150 m to 16 km, allowing

ALMA to zoom into the millimetre and sub-millimetre wavelengths. Observations

started from the end of 2011, including the detailed imaging of star birth and plane-

tary nebulae, comet studies and investigations of properties of starburst galaxies in

the early Universe. Located at Western Australia, the Murchison Wide�eld Array

(MWA) is the �rst large-N array made up of 128 phased tiles, each tile composed

of 16 crossed dipoles arranged in a 4 by 4 square. Operating in the frequency range

of 80 to 300 MHz, the MWA aims to detect neutral atomic hydrogen emission from

the epoch of reionisation, to study the Sun and the Earth's ionosphere, as well as to

hunt for radio transient activities. The MWA started observations in 2013. A recent

scienti�c highlight is the �rst-time, direct observation of �eld-aligned plasma ducts

in the Earth's ionosphere (Loi et al. 2015). The MWA is also one of the technology
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and science path�nders for the SKA.

2.3.9 SKA and its precursors

The Square Kilometre Array (SKA) is the upcoming new radio telescope that will

address fundamental questions about the Universe. It will be made up of thousands

of receptors connected across a total collecting area of a million square metres.

Along with the MWA, the South-African MeerKAT and Australian ASKAP, this

will make it the world's largest and most sensitive radio telescope ever built. It

is predicted to have 50 times the sensitivity and 10000 times the survey speed of

current radio telescopes.5 It has recently been con�rmed that the telescope will

have a dual site, in which the low frequency aperture arrays for Phases I and II

will be built in Australia, while the dishes and mid-frequency aperture arrays in

South Africa. One of the �ve key science projects that the SKA will undertake is to

understand the origin and evolution of cosmic magnetism (see e.g. Beck 2009b). The

SKA will revolutionise the study of cosmic magnetism by an All-Sky RM Survey.

This survey will measure the RMs for 108 polarised extragalactic sources across an

entire hemisphere, with a 6000resolution (Stepanov et al. 2008), thus providing a

high density background of radio polarised sources for RM mapping towards nearby

galaxies for the study of magnetic �elds. The construction of the background RM

grid and high-sensitivity polarisation maps will fully characterise the evolution of

cosmological magnetic �elds from redshiftsz > 3 to today (Schilizzi 2007). This

will enable the properties of magnetic �elds in LSS to be determined and compared

with theoretical predictions. The SKA will cover radio frequencies between 70 MHz

and 10 GHz, in which the higher frequencies (1� 10 GHz) are useful in tracing the

details of magnetic �elds in galactic centres, disks and cluster relics (see e.g. Beck

2011). The lower frequencies will map weak magnetic �elds in the outskirts and

halos of the Milky Way, galaxies, and galaxy clusters.

2.4 Other magnetic-�eld diagnostics

2.4.1 Zeeman e�ect

The strength and orientation of the interstellar magnetic �eld can be measured

using the Zeeman e�ect (Zeeman 1897) in H I, OH, and CN in extended gas; and in

5See SKA o�cial website for more details.
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OH, CH3OH, and H2O in masers (see e.g. Crutcher and Kemball 2019, for a recent

review). The Zeeman e�ect is de�ned by the splitting of spectral lines of an atom in

the presence of an external magnetic �eld. The amount of splitting depends on the

strength and orientation of the external magnetic �eld, the spectroscopic selection

rules and the properties of the atom. The selection rules govern the number of

allowed transitions between atomic orbitals.

For a weak magnetic �eld, the normal Zeeman e�ect occurs, in which a spectral

line is split into a central � -component and two symmetric � � -components. This is

commonly referred to as the spin-0 state because the spinS is zero and the total

angular momentum J is equivalent to the orbital angular momentum L due to LS-

coupling. If the magnetic �eld is aligned along the line-of-sight, � disappears and

only the pair of circularly polarised right-hand � + and left-hand � � components are

visible. The frequencies� for the � � components are

� = � 0 �
eB

4�m ec
; (2.58)

where � 0 is the line frequency in the absence of a magnetic �eld,e is the electron

charge,me is the electron mass,c is the speed of light, andB is the magnetic �eld

strength (see e.g. Crutcher and Kemball 2019, for a recent review).

When the magnetic �eld is normal to the line-of-sight, all three components can

be seen, for example in the hydrogen atom, with� being linearly polarised to Bk

and � � linearly polarised to B? . This is attributed to the selection rules: � mS = 0,

i.e. no change in electron spin quantum number; �mL = 0, i.e. no frequency shift

for the � -component; and � mL = � 1, i.e. symmetric, but opposite shifts in the

orbital angular momentum for � � -components. When the spin of the initial and/or

�nal states is non-zero, the anomalous Zeeman e�ect can take place (Knutson and

Burikham 2003). Unlike the normal Zeeman e�ect, the splitting of energy levels in

the anomalouscase are reliant on all contributions of � mJ, � mL , and � mS. When

the upper and lower states experience di�erent amounts of splitting, this leads to

more than three distinct transitions, and therefore gives rise to multiple spectral

lines. The splitting of the sodium doublet is a good example, whereby the selection

rule � mJ = 0 ; � 1 can either generate four or six lines, depending on the choice

of transition. When the external magnetic �eld becomes stronger, the Zeeman

splitting dominates over the spin-orbit coupling, giving rise to the Paschen-Back
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e�ect. In essence, this occurs whenL decouples fromS, causing each of them to

precess almost independently about the magnetic �eld. SinceS � 0, the amount of

splitting is nearly uniform under the selection rules of � mL = 0 ; � 1 and � mS = 0.

Subsequently, only three spectral lines are observed, similar to thenormal Zeeman

e�ect, but each of the lines is actually made up of a very closely-spaced doublet

(Knutson and Burikham 2003). The Paschen-Back e�ect applies to all atoms in the

strong magnetic �eld limit.

The amount of Zeeman splitting depends on the magnetic �eld strength, and

the polarisation of the Zeeman line components depends on the magnetic �eld ori-

entation with respect to the line-of-sight. The Sun has magnetic �eld strengths

between a few G and several kG, which are strong enough for Zeeman splitting to

be observed. These observations are used by the Helioseismic and Magnetic Imager

(HMI ) instrument on the Solar Dynamics Observatory (SDO) to produce magne-

tograms. Magnetograms show how magnetic �elds on the Sun changes, depending

on the line-of-sight magnetic �eld strength and its associated polarity. Regions

hosting the strongest magnetic �elds of several kG are identi�ed as sunspots (Hale

1908). Sunspots with their �elds directed outwards (north polarity) are convention-

ally shown in white colour, whereas those with their �elds directed inwards (south

polarity) are shown in black.

Apart from studying solar magnetic �elds, the Zeeman e�ect is also particularly

useful in testing star formation paradigms. Zeeman observations in the molecular

lines of cyanogen (CN) can directly measure magnetic �eld strengths and morpholo-

gies in dense molecular clouds. The �rst observations of the CN Zeeman e�ect were

carried out with the IRAM telescope towards the Orion Molecular Cloud and re-

ported a magnetic �eld strength of Bk = � 0:36 � 0:08 mG (Crutcher et al. 1999).

Following this, the �rst interferometric CN Zeeman detections and observations of

dense molecular cores were carried out using the CARMA telescope and found an

upper limit of Bk � 4 mG (Crutcher 2014). Zeeman splitting used to be limited to

observations within the Milky Way but it is now able to probe magnetic �elds in

some extragalactic environments with the help of high sensitivity radio instruments.

The detections of extragalactic Zeeman splitting are few and far between, including

an absorption line in HI towards the Perseus cluster (Kazes and Baan 1991; Sarma

et al. 2005) and in OH megamasers (OHMs) within 15 starburst galaxies (Robishaw
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et al. 2008; McBride and Heiles 2013). There is also the potential of measuring mag-

netic �elds in other galaxies using dual-polarisation VLBI observations of OHMs,

such as that successfully demonstrated in Arp 220, whose magnetic �eld is measured

to be in the pc scale with strengthsB � 1 � 5 mG (McBride et al. 2014).

The typical strengths of interstellar magnetic �elds lie within 10 � G � B �

1 mG, which are estimated using equation 2.58 to cause frequency splits between

28 Hz � � � � 2:8 kHz. These frequency splits are orders of magnitude lower than

the observed line widths, which are often Doppler broadened. Moreover, overlapping

features due to complex emission from high-energy density systems such as OHMs

can smear the Zeeman-splitted lines. In view of these limitations, additional tools,

such as Stokes polarisation, are needed, together with Zeeman splitting to assess

the roles of magnetic �elds in the Sun, stars, and stellar nurseries in the Milky Way

and some nearby galaxies on smaller spatial scales.

2.4.2 Goldreich-Kyla�s e�ect

When the Zeeman e�ect is very weak, it can be rather challenging to resolve the

three Zeeman line components. The components have very low linear polarisations,

as a result of symmetric, equally-likely transitions, i.e. � m = � 1; 0; 1. This is not

always the case because the transitions �m can happen at di�erent rates, leading

to increased linear polarisation in the molecular spectral lines. This is known as the

Goldreich-Kyla�s (GK) e�ect (Goldreich and Kyla�s 1981; Kyla�s 1983). It occurs

when an anisotropic source exists within the medium, such as velocity gradients lying

parallel or normal to the magnetic �eld; or when an external anisotropic radiation is

applied to excite the � � and � line components di�erently, therefore causing unequal

populations in magnetic sub-levels. In general, the quicker the radiative transitions,

the brighter are the line intensities.

Subject to which transitions are excited, the net linear polarisation can either

be parallel or perpendicular to the magnetic �eld direction (Cortes and Crutcher

2006). This is one of the unfortunate issues in measuring the GK e�ect because the

magnetic �eld orientation is ambiguous by �= 2. Although the GK e�ect is unable to

distinguish coherent from ordered �elds, it is able to tell them apart from random

�elds. Moreover, the GK e�ect is prominent in observations of CO line transitions

which is an excellent tracer of shocked gas due to its abundance and dipole moment

(Gusdorf et al. 2014). As such, the GK e�ect is often used to probe magnetic
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�eld morphologies in active star-forming regions, young stellar out
ows, supernova

remnants and molecular clouds.

There has been a long-running debate whether magnetic �elds a�ect star for-

mation, owing in large part to the di�culty of observing stellar nurseries in the

Milky Way from Earth. Stellar nurseries are de�ned as dense regions within molec-

ular clouds that collapse under their own gravity to form stars. There are two

competing models that seek to answer the fundamental question of what drives

star formation. The �rst model proposed that molecular clouds are magnetised,

such that the magnetic �elds in
uence how the cloud assembles and break apart,

hence controlling the speed and e�ciency of star birth (see e.g. Crutcher 2014). In

contrast to this, the second model suggests that magnetic �elds are unimportant

because turbulence dominates during molecular cloud formation and its dissipation

is what causes core collapse to form stars (see e.g. Elmegreen et al. 2000).

In order to address this issue, the observations of magnetic �eld alignment in

six giant molecular clouds in the spiral arms of the Triangulum Galaxy M33 are

made for the �rst time using the Submillimetre Array (SMA; Li and Henning

2011). M33 is chosen for its almost face-on view and close proximity to the Milky

Way. Using CO line (GK e�ect) and synchrotron emissions, polarised light from

these molecular clouds are analysed and used to detect the magnetic �elds within

them (see Figure 2.3). The �elds within the clouds are discovered to be aligned

with the spiral arms, suggesting that the galactic �eld of M33 anchors the clouds.

Their results strongly indicate that magnetism is crucial in the formation of dense

molecular clouds and stars. Another recent work carried out using the SMA unravels

the magnetic �eld structure in the 
attened envelope and jet in HH 211 (Lee et al.

2014). More interestingly, a �rst-time detection of a SiO line emission in the jet due

to the GK e�ect is reported but can only be con�rmed with further observations

of higher sensitivity. It is worth pointing out that the GK e�ect is hard to detect,

since its degree of polarisation is typically 2� 4%, which is only slightly above the

instrumental polarisation. Observations of the GK e�ect is thus limited to nearby

galaxies only.

2.4.3 Interstellar dust

Dust particles are solid, irregular-shaped grains, mainly composed of silicate,

graphite and dirty ice. Although they merely constitute to 1% of the gaseous in-
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Fig. 2.3: These images show the polarisation intensities (grey contours) and vectors (red

lines) within the six giant molecular clouds observed in the spiral arms of M33 (Li and

Henning 2011). The polarisation properties are derived from the CO line (GK e�ect) and

radio synchrotron emissions using the SMA. The thick grey lines indicate the tangents of

the local optical arms, whereas the ellipses correspond to the beam sizes.

terstellar medium permeating the Milky Way, dust grains play signi�cant roles in

astrophysics. The formation of molecules, stars and planetary systems are thought

to be attributed to dust grains. In view of this, the molecular production of H2 is

believed to be catalysed by dust grains whose surfaces act as primary sites for col-

liding hydrogen atoms in their surrounding gas to combine. The birth of stars and

proto-planetary systems is understood to be formed by the gravitational collapse

of a rotating cloud of dust and gas. In addition to that, the physical interactions

between dust and starlight store important information on the interstellar mag-

netic �eld structure, grain physical properties and chemical composition, as well as

their alignment mechanisms. These parameters of interest can be extracted through

studies of: (i) extinction, which is the obscuring of light from distant stars; (ii) red-

dening, which is the dimming of blue light over red; (iii) scattering of starlight, by

which the re
ection nebulae and di�use Galactic light are generated; (iv) polarising
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starlight, which is due to elongated dust alignment, causing the preferential extinc-

tion of one linear polarisation over another; (v) absorption (� 30� 50%) of optical

photons, thus heating up the interstellar medium; and (vi) emission of the excess

energy gained in the sub-millimetre (sub-mm) wavelengths, most of which is in the

form of thermal infra-red radiation.

The polarisation of starlight by dust not only shows that dust grains are pro-

late in nature, but also places observational constraints on interstellar magnetic

�elds. Optical starlight polarisation is the result of selective absorption by dust

grains whose magnetic moments tend to align themselves with the interstellar mag-

netic �eld. The preferential grain alignment was �rst discovered by Hiltner (1949)

and Hall (1949) during their study of starlight polarisation attenuated by interstel-

lar dust, and later ascertained via the trace of magnetic �elds in the Milky Way

(Davis and Greenstein 1951), in M51 (see e.g. Scarrott et al. 1987), and also along

the Galactic plane (see e.g. Fosalba et al. 2002). The physics of alignment is not yet

well understood, although it is widely accepted that the rotating dust grains con-

tinuously collide with the surrounding hydrogen atoms and interact with starlight

photons, then precess and align themselves with the magnetic �elds, either via

paramagnetic dissipation of energy (Davis and Greenstein 1951) or radiative torque

alignment (Draine and Weingartner 1996a; Hoang and Lazarian 2008). The latter

alignment mechanism is more e�cient and is supported by observations (Andersson

2015; Cashman and Clemens 2014). The dust particles preferentially absorb light

that is polarised along their major axes, thus the net starlight becomes linearly

polarised in the direction parallel to the magnetic �eld lines. At the same time, the

hot dust grains cool down by emitting thermal infra-red photons. This net sub-mm

emission is inherently polarised perpendicular to the incident optical photons and

magnetic �eld lines.

Assuming equipartition between turbulent magnetic energy and turbulent ki-

netic energy, the dispersion of starlight polarisation orientations together with es-

timates of gas volume density and line-of-sight gas velocity dispersion can be used

to determine the magnetic �eld strength across the sky plane. This is known as the

Davis-Chandrasekhar-Fermi (Davis 1951; Chandrasekhar and Fermi 1953, hereafter

DCF) method, and its developments (e.g. Hildebrand et al. 2009; Houde et al. 2009,

2011; Cho and Yoo 2016; Yoon and Cho 2019; Cho 2019) have been widely used to
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infer magnetic �eld information, particularly in the ISM and molecular clouds, from

dust polarisation data (e.g. Marchwinski et al. 2012; Cashman and Clemens 2014;

Wang et al. 2020a). Sub-mm polarisation has also been used to trace the structure

of magnetic �elds, and in particular the direction of �eld lines on the sky plane, as

seen in the Orion Molecular Cloud (Vaillancourt et al. 2008) and along the plane

of the Milky Way (Planck Collaboration 2015). The latest Planck image reveals

the presence of stronger polarised emission along the Galactic plane, threaded by

regular magnetic �elds lying predominantly parallel to it. Above and below the

plane, the polarised emission is reduced by tangled local magnetic �elds within gas

and dust clouds. These works are essential in order to quantify and separate the

Galactic foreground contributions from CMB polarisations, therefore improve the

knowledge and understanding of the early Universe.

Unfortunately optical and infrared observations have their limitations. The

observed degree of polarisation is unable to distinguish between the intrinsic po-

larisation properties of dust and the magnetic �eld geometry due to the lack of

understanding in grain alignment. Furthermore, anisotropic scattering of light in

the interstellar medium can contaminate starlight polarisation. Bright sources are

required as the degree of polarisation is very low, hence the �eld resolution is limited

to the local Universe only.

2.4.4 High-energy cosmic rays

Cosmic rays (CRs) and magnetic �elds are important in the dynamics of interstellar

and intracluster media. The CRs, being composed of charged particles, interact

with the magnetic �elds as they propagate. In particular, the energies and arrival

directions of CRs give some indication of their origins, as well as the strength and

direction of the intervening magnetic �elds. CRs are energetic particles travelling

nearly at the speed of light. The primary CRs are usually made up of protons,

and sometimes other heavier nuclei (see e.g. Grenier et al. 2015, for a recent review;

Neronov et al. 2016). When such a particle interacts with the Earth's atmosphere, it

creates a shower of lower-energy secondary particles. While solar CRs have energies

between 107 � 1010 eV, the rest have a wide range of energies, typically between

109 � 1020 eV (e.g. Gaisser and Stanev 2006). For the lower end of energies up to

approximately 1018 eV, the CRs are believed to have originated from within the

Milky Way (see e.g. Blasi 2013, for a review).
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The most plausible source of these Galactic CRs is supernova remnants (SNRs)

(e.g. Koyama et al. 1995; Ackermann et al. 2013). Their explosions are thought to

drive magnetic �elds that are generally ampli�ed via a turbulent dynamo mechanism

(e.g. Uchiyama et al. 2007; Inoue et al. 2009; Xu and Lazarian 2017). The strong

magnetic �elds are essential for an e�cient di�usive shock acceleration of CRs.

These magnetic �elds subsequently trap and mirror the CR particles up to energies

of around 1015 eV (e.g. Aharonian et al. 2006). Consequently, young galactic SNRs

or Fermi bubbles may be able to further accelerate these particles up to 1018 eV

(e.g. Ptuskin et al. 2010; Cheng et al. 2012; Chernyshov et al. 2017). However,

these shock acceleration mechanisms would struggle to accelerate CRs to higher

energies above 1018 eV. These high-energy CRs are likely to have an extragalactic

origin. Arguably, from their anisotropic distribution, the high-energy CRs may

be associated with nearby galaxies, such as radio galaxies and/or AGN (e.g. The

Telescope Array Collaboration 2014, 2018; The Pierre Auger Collaboration 2018).

Nearby AGN jets may have injected CRs and magnetic �elds into the ICM. Ob-

servationally, the transport of CRs in clusters of galaxies can be probed in the radio,

X-ray and gamma-ray wavelengths (e.g. Miniati et al. 2001; Pfrommer et al. 2008).

Proton-proton collisions in the ICM produce secondary particles, including neutral

pions which decay into gamma-rays and relativistic electrons. The relativistic elec-

trons generate radio synchrotron emission when gyrating around the intracluster

magnetic �elds. They also emit X-rays by inverse Compton scattering of cosmic mi-

crowave background photons. The transport of CRs in galaxy clusters is therefore

governed by the properties of magnetic �elds and turbulence in the ICM.

Notably, the synchrotron and inverse Compton cooling time is of the order of

108 years, implying that the CR electrons must have been recently injected or re-

accelerated in the galaxy cluster environment (e.g. Kang et al. 2012; Fujita et al.

2015; see e.g. van Weeren et al. 2019, for a review). On the other hand, the CR

protons can be as old as their hot cluster { potentially being the source of radio

halos observed today. These radio halos are thought to be linked to the dynamical

state of the clusters (e.g. Dolag and En�lin 2000; Donnert et al. 2010; Keshet and

Loeb 2010). How cosmic rays propagate in di�erent clusters may provide a means to

model the observed bi-modality among the cluster radio halos (e.g. Brunetti 2009).

Moreover, cosmic rays can store a large amount of energy, which can be released
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at the cluster centres. They could therefore play an important role in stabilising

a cluster cool core against cooling instabilities (e.g. Colafrancesco and Marchegiani

2008; Fujita and Ohira 2011; Fujita et al. 2013; Ruszkowski et al. 2017, see also

Chapter 4 for more details on galaxy clusters and radio halos).

On smaller scales, the propagation and interactions of CRs are also a�ected by

magnetic �elds in the interstellar medium (ISM). The ISM is a mixture of magnetic

�elds; hot, tenuous gases; and cold, dense molecular clouds (MCs). CRs tend to

scatter randomly from the magnetohydrodynamic and turbulent plasma waves in

the di�use, interstellar regions (e.g. Kulsrud and Pearce 1969; Ko 1992; Lazarian and

Beresnyak 2006; see e.g. Zweibel 2013, for a recent review). When CRs penetrate the

dense cores and clumps of the MCs, they may be con�ned by the stronger, mG-level

magnetic �elds (e.g. Li et al. 2015b). These magnetic �elds, which are ampli�ed by

the gravitational collapse of materials, enable focusing and entrapment of CRs in

the MCs. As such, magnetic �elds must play a signi�cant role in CR transport and

interactions in the ISM, as well as, mediating star formation alongside the forces

of turbulence and gravity (see Chapter 5 for cosmic ray interactions in magnetised

molecular clouds).

2.4.5 Astronomical transients

Apart from radio galaxies and AGN, gamma-ray bursts (GRBs) have also been iden-

ti�ed as candidate high-energy cosmic ray (CR) sources. Being the most luminous

objects in the Universe after the Big Bang, GRBs are widely recognised as astro-

physical powerhouses for high-energy CRs and magnetic �elds. By de�nition, GRBs

are intense, irregular, and short pulses of gamma-rays, which either last less than 2

seconds (short GRBs) or more than 2 seconds (long GRBs) (e.g. Klebesadel et al.

1973; Gendre et al. 2013; see e.g. Kumar and Zhang 2015, for a review). The bursts

appear to arrive from random directions in the sky and are most certainly extra-

galactic with redshifts measured betweenz � 0:16 � 8:2 (see e.g. Berger 2014, for

a review). Usually the GRBs are followed by an afterglow6 of radiation with lower

energies and longer timescales, e.g. in the X-ray, optical, and radio wavelengths (see

e.g. Dainotti and Del Vecchio 2017, for a recent review).

6The observed afterglow has been argued to be produced by synchrotron processes, in which

magnetic �elds would play a crucial role (e.g. Lloyd and Petrosian 2000).
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Since high-energy cosmic rays propagate through the large-scale magnetic �elds,

they consequently carry information about the strength and direction of the �elds.

The observed prompt emission is probably generated by a \�reball" of energetic

particles accelerated within the relativistic, magnetised shocks during cataclysmic

events, e.g. binary neutron star mergers (Narayan et al. 1992) or massive star col-

lapse (Woosley 1993). The internal shocks or the reverse shock in GRBs are among

several central engines in the Universe where the conditions for the acceleration of

high-energy CRs can be satis�ed following the Hillas (1984) criterion (e.g. Waxman

1995). Alternatively, it has also been proposed that protons can be accelerated to

greater than 1020 eV7 within the inner engines of GRBs with magnetic �elds larger

than 1015 G (e.g. de Souza and Opher 2010).

Observations of pair echoes from high-redshift GRBs atz & 5 can also be used

to probe intergalactic magnetic �elds in the early Universe (Takahashi et al. 2011).

The GRBs emit primary photons with GeV � TeV energies. These photons interact

with the photons in the di�use IGM, producing electron-positron pairs. The pairs

of charged particles are then de
ected by the intergalactic magnetic �elds, before

emitting secondary gamma rays via inverse Compton scattering with the CMB pho-

tons. The secondary gamma rays are known as a pair echo, and they experience

a time delay relative to the primary gamma rays. This time delay depends on the

properties of the intergalactic magnetic �elds, and has been used to constrain the

�eld strengths in several instances, e.g.B � 10� 16� 10� 15 G (Takahashi et al. 2011),

B � 10� 21 � 10� 17 G (Veres et al. 2017), andB > 10� 19:5 G (Wang et al. 2020b), for

a coherence length ofl � 1 Mpc. The next-generation gamma-ray telescopes such

as the Cherenkov Telescope Array (CTA) may be able to observe pair echoes from

luminous GRBs up to z . 10 (e.g. Fern�andez Alonso et al. 2018), and therefore

tighten the constraints on the nature of intergalactic magnetic �elds.

Aside from GRBs and their afterglows, fast radio bursts (FRBs) have also been

identi�ed as a potential powerful probe to the intergalactic magnetic �elds (e.g.

Akahori et al. 2016; Vazza et al. 2018). FRBs are millisecond, brief8 radio signals

7The highest energy CRs above 1019 eV are attenuated due to the Greisen-Zatsepin-Kuzmin

(GZK { Greisen 1966; Zatsepin and Kuz'min 1966) e�ect with the CMB photons. Hence, any

observed CRs at energies above the GZK limit must originate from nearby sources.

8Several FRBs have been observed to repeat in their lifetimes, hinting at the possibility of two
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emanating from distant galaxies (Lorimer et al. 2007). Their short duration, fre-

quent occurrence, and extragalactic origin make them ideal for large-scale magnetic

�eld diagnostics (e.g. Zheng et al. 2014). In particular, combining the estimates of

the dispersion measure (DM) and rotation measure (RM) along the line-of-sight of

the FRBs is proven to be useful in magnetic �eld inference (e.g. Akahori et al. 2016;

Hackstein et al. 2019). The DM gives the free electron column density along the

line-of-sight, whereas the RM is partly determined by the magnetic �eld strength

along the line-of-sight. As such, both the DMs and RMs of FRBs can be used simul-

taneously to investigate the intergalactic magnetic �elds, as shown below, following

Akahori et al. (2016).

Consider a source of FRB at redshiftz = zi . In the observer's frame, it has a

dispersion measure

D = CD

Z zi

0
dz

ne(z)
(1 + z)

dl(z)
dz

pc cm� 3 (2.59)

(e.g. Deng and Zhang 2014) and a rotation measure

R = CR

Z 0

zi

dz
ne(z)Bk(z)

(1 + z)2

dl(z)
dz

rad m� 2 (2.60)

(e.g. Akahori and Ryu 2010), wherene(z) is the proper electron density in units

of cm� 3, Bk(z) is the line-of-sight magnetic �eld strength in � G, and dl(z) is the

distance of radiation propagation along the line-of-sight in pc. The normalisation

constants areCD = 1 and CR = 0 :812 (Akahori et al. 2016).

At z = 0, the magnetic �eld strength along the line-of-sight is

Bk =
CDR
CR D

= 12:3
�

R
10 rad m� 2

� �
D

103 pc cm� 3

� � 1

nG: (2.61)

In a cosmological context, equation 2.61 becomes

Bk =
�

CD R
CR D

�
h1 + zi

f D
(2.62)

= 12:3
h1 + zi

f D

�
R

10 rad m� 2

� �
D

103 pc cm� 3

� � 1

nG

(Akahori et al. 2016), where f D and h1 + zi are the fraction of DM and weighted

redshift by the warm-hot intergalactic medium (WHIM) in the cosmological �la-

ments, respectively. The RM and DM are cluster-subtracted measures for an FRB.

di�erent classes of progenitors (see e.g. Cordes and Chatterjee 2019, for review).
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Given a cosmological model,f D and h1 + zi can be calculated for a known DM.

In practice, the Bk estimate has its limitations in, e.g. the variance of observed

DMs, and the foreground contamination due to the host galaxies or the Milky Way.

However, these observational limits will improve with the advent of the SKA, which

is expected to detect at least 104 FRBs sky� 1 day� 1 at z & 6 in the 0:35� 0:95 GHz

band (Fialkov and Loeb 2017).

2.5 Summary

This chapter presents the observational signatures and diagnostics of magnetic �elds

from interstellar to cosmological scales. The intracluster medium is �lled with rela-

tivistic electrons and weak magnetic �elds. The relativistic electrons gyrate around

the magnetic �elds to produce synchrotron radiation. Therefore radio synchrotron

emission and its polarisation are often used to diagnose large-scale magnetic �elds.

Firstly, this chapter outlines the physics of radio synchrotron emission from a sin-

gle electron. A relativistic electron gyrates in a uniform, helical motion around

a magnetic �eld line, emitting synchrotron radiation which is strongly beamed in

the direction of motion. The spectral properties from a single electron and from a

power-law distribution of electrons are also described (the latter is used in Chapters

4 and 5).

Next, the physics of polarisation is presented, with an overview on its various

representations by the Jones vectors, Mueller matrices and the Stokes parameters.

The Stokes parameters of polarisation are de�ned on the Poincar�e sphere. They

are often used in calculations of Faraday RMs and polarised radiative transfer (see

also Chapter 3). These theories alongside many radio experiments have contributed

immensely to the understanding of magnetic �elds in astrophysical systems. From

single-dish radio telescopes (e.g. IRAM) to radio interferometers (e.g. LOFAR),

numerous scienti�c advances have been achieved in mapping the radio sky to un-

precedented detail.

On the other hand, observations in other wavelengths, such as optical and near-

infrared, have proven to be useful in probing magnetic �elds on the smaller scales,

such as molecular clouds. The polarisation of interstellar dust is often used as a

proto-stellar magnetic �eld diagnostic, especially when direct methods such as the

Zeeman e�ect and the Goldreich-Kyla�s e�ect are particularly di�cult to perform
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in dusty star-forming regions. Lastly, other large-scale magnetic �eld diagnostics,

in the form of high-energy cosmic rays, gamma-ray bursts, and fast radio bursts,

are discussed. Notably, the �rst GRB observational constraint on the strength of

intergalactic magnetic �eld is B > 10� 19:5 G for a coherence length ofl � 1 Mpc.
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Chapter 3

Rotation measure, 
uctuations, and

large-scale magnetic �elds

This chapter presents results which have been published in whole or in part in:

(i) Alvina Y. L. On , Jennifer Y. H. Chan, Kinwah Wu, Curtis J. Saxton and

Lidia van Driel-Gesztelyi, \Polarised radiative transfer, rotation measure 
uctua-

tions and large-scale magnetic �elds", December 2019, MNRAS 490 (2): 1697{1713,

doi:10.1093/mnras/stz2683. Published by Oxford University Press on behalf of the

Royal Astronomical Society. All rights reserved. I am the lead author of this paper

and wrote most of the manuscript. I formulated the research project and identi�ed

the majority of the scienti�c methods involved in the analysis. I also derived parts

of the analytical formulation, built most of the simulated models, and computed the

numerical RMF simulations. I also led the interpretation of the statistical results

from the simulated RMF analyses.

(ii) Jennifer Y. H. Chan, Kinwah Wu, Alvina Y. L. On , David J. Barnes, Jason D.

McEwen and Thomas D. Kitching, \Covariant polarised radiative transfer on cos-

mological scales for investigating large-scale magnetic �eld structures", April 2019,

MNRAS 484 (2): 1427{1455, doi:10.1093/mnras/sty3498. Published by Oxford Uni-

versity Press on behalf of the Royal Astronomical Society. All rights reserved.I am

a co-author of this paper. My main role was to carry out an independent veri�ca-

tion of the absorption, emission and Faraday coe�cients, which are essential for the

polarised radiative transfer calculations, the foundation of the key scienti�c theme

of the paper. I also contributed to clarifying the conventions of polarisation and

magnetic �elds, which have been ambiguous in multi-disciplinary literature across
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plasma physics and astrophysics, hence establishing a consistent convention for these

expressions to be used in the cosmological polarised radiative transfer formulation

derived by the lead author. I also performed some test calculations in the limit of

galaxy cluster scales, conducted consistency and accuracy checks for the science, and

assisted the lead author in some parts of the manuscript preparation.

This chapter presents the theoretical framework of polarised radiative transfer,


uctuations, and large-scale magnetic �elds. While stellar magnetic �elds have been

extensively studied (see e.g. Wickramasinghe and Ferrario 2000; Wu and Wickra-

masinghe 1990; Staubert et al. 2019), the determination of magnetic �eld properties

in larger astrophysical systems is less direct. Faraday rotation measure (RM)1 has

been identi�ed as a diagnostic tool for magnetic �elds in the Milky Way (see e.g.

Simard-Normandin and Kronberg 1980; Han et al. 1999; Brown et al. 2003; Gaensler

et al. 2004; Brown et al. 2007; Haverkorn et al. 2008; Oppermann et al. 2012; Han

et al. 2015; Han 2017), nearby galaxies (e.g. Gaensler et al. 2005; Beck et al. 2020;

Mao et al. 2010, 2017) and also some galaxy clusters (e.g. Carilli and Taylor 2002;

Vogt and En�lin 2003; Clarke 2004; Govoni and Feretti 2004; Brentjens and de

Bruyn 2005; Bonafede et al. 2010; Kuchar and En�lin 2011; Vazza et al. 2018).

There have also been studies using the Faraday rotation of distant polarised

radio sources such as quasars (e.g. Kronberg et al. 2008; Xu and Han 2014b) and

Fast Radio Bursts (FRBs) (e.g. Xu and Han 2014a; Zheng et al. 2014; Akahori et al.

2016; Ravi et al. 2016; Vazza et al. 2018; Hackstein et al. 2019), as a means to detect

and probe cosmological magnetic �elds. These �elds permeating the cosmic web of

�laments and voids are weak, and their properties are often inferred statistically

(e.g. Akahori et al. 2014; Vernstrom et al. 2019), or indirectly constrained through

the non-detection of GeV gamma-rays (e.g. Neronov and Vovk 2010; Taylor et al.

2011; Dermer et al. 2011; Takahashi et al. 2013).

Faraday Rotation Measure Fluctuation (RMF) analysis is proposed as a means

to probe the structures of large-scale magnetic �elds (e.g. Akahori and Ryu 2010;

Beck et al. 2013b). RM and RMF analyses are essentially based on the theory of

1 \Faraday depth" and \rotation measure" can only be used interchangeably in the case of a

single point source along the line-of-sight.
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polarised radiative transfer under certain restricted conditions. It is therefore impor-

tant to have a proper understanding of the information extracted from the analyses

and under what conditions the analyses enable unambiguous interpretations.

This chapter is organised as follows. In Section 3.1, the polarised radiative

transfer equation is presented and shown to reduce to the standard RM equation

under certain conditions. In Section 3.2, the RMF analysis is examined in the

context of polarised radiative transfer. The mathematical and statistical properties

of the analyses are also identi�ed. In Section 3.3, the formal solution to the polarised

radiative transfer equation is derived. Section 3.4 describes the absorption, emission

and Faraday mixing coe�cients in the cases of thermal and non-thermal plasma.

In Section 3.5, the numerical algorithms and veri�cations of the polarised radiative

transfer calculations are presented. Lastly, Section 3.6 summarises this chapter.

3.1 Rotation measure

3.1.1 In the context of polarised radiative transfer

The transport of polarised radiation along a distances is governed by the di�erential

equation

d
ds
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where the coe�cients for absorption are � ; q ; u and v, for emission � , for Faraday

rotation f , and for Faraday conversiong and h (see Sazonov 1969, for derivation;

Jones and O'Dell 1977; Pacholczyk 1977). The Stokes parameters [I; Q; U; V ]

are observables, whose combination gives the total degree of polarisation, �tot =
p

Q2 + U2 + V 2=I (� 1), the degree of linear polarisation � lin =
p

Q2 + U2=I ,

the degree of circular polarisation � cir = V=I, and the polarisation angle ' =

(1=2) tan� 1(U=Q) (see e.g. Rybicki and Lightman 1979). In the absence of absorp-

tion and emission, � = q = u = v = 0, and [ � I ; � Q ; � U ; � V ] = 0, respectively. This

implies dI=ds = 0, and also

d
ds
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In the highly relativistic limit, the emission from magnetised astrophysical

plasma (e.g. synchrotron radiation and curvature radiation) are strongly linearly po-

larised. As such, the amount of circular polarisation can be considered as negligible.

The linear polarisation properties are therefore determined by the inter-conversion

between the two Stokes parameters of linear polarisation,Q and U. The inter-

conversion between the linear and circular polarisations of the Stokes parameters

are insigni�cant. Thus, it is su�cient to consider only the two linearly polarised

Stokes parameters. This greatly simpli�es the polarised radiative transfer calcula-

tions. In the absence of Faraday conversion, the polarised radiative transfer equation

is simply

d
ds

2

4
Q

U

3

5 = �

2

4
0 f

� f 0

3

5

2

4
Q

U

3

5 : (3.3)

The Faraday rotation coe�cient f , which is determined by the local number density

(and energy distribution) of the free electrons and the line-of-sight component of

the magnetic �eld, is therefore the only parameter. The transfer matrix does not

have any diagonal elements, implying that the total linear polarisation is conserved

along the propagation of radiation.

Generally, thermal and non-thermal electrons co-exist in astrophysical envi-

ronments. However, the inter-conversion between the two linearly polarised Stokes

parameters is mostly determined by the thermal electrons, provided that the non-

thermal relativistic electrons are relatively fewer in population. With only thermal

electrons present, the Faraday rotation coe�cient is given by

f th =
! 2

p cos�

c ! B

�
! 2

B

! 2 � ! 2
B

�
(3.4)

(Pacholczyk 1977), where! = 2 � � is the angular frequency of radiation, ! p =

(4� ne;th e2=me)1=2 is the plasma frequency,! B = ( eB=mec) is the electron gyro-

frequency, ne;th is the thermal electron number density, B is the magnetic �eld

strength and � is the angle between the magnetic �eld vector and the line-of-sight.

Here, c is the speed of light,e is the electron charge, andme is the electron mass.

In the high-frequency limit (i.e. ! � ! B ), the Faraday rotation due to only thermal

electrons can be expressed as

f th =
1
�

�
e3

m2
ec4

�
ne;th Bk � 2 ; (3.5)
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where Bk = jB j cos� is the magnetic �eld along the line-of-sight and � = 2 � c=!

is the wavelength of radiation. The corresponding expression for Faraday rotation

due to only non-thermal electrons is

f nt =
1
�

�
e3

m2
ec4

�
� (p; 
 i) ne;nt Bk � 2 ; (3.6)

where the factor

� (p; 
 i) =
(p � 1)(p + 2)

(p + 1)

�
ln 
 i


 i
2

�
; (3.7)

for p > 1, assuming an isotropic distribution of non-thermal electrons with a power-

law energy spectrum of indexp (Jones and O'Dell 1977). The number density of

non-thermal electrons isne;nt , and 
 i is their low-energy cut-o�.

In a plasma consisting of thermal electrons plus non-thermal electrons, the

relative strength of their contributions to the Faraday rotation is therefore

f nt

f th
� � (p; 
 i)

�
ne;nt

ne;th

�
; (3.8)

provided that neither ne;nt nor ne;th correlates or anti-correlates signi�cantly with

Bk
2.

3.1.2 Derivation of rotation measure

From the restrictive polarised radiative transfer equation (3.3) which only has two

Stokes linear polarisation components, it can easily be shown that the change in the

linear polarisation angle along the line-of-sight is

d'
ds

=
1
2

�
1

U2 + Q2

� �
Q

dU
ds

� U
dQ
ds

�
=

f
2

: (3.9)

With only thermal electrons present in a su�ciently weak magnetic �eld where

! B � ! , a direct integration of equation (3.9) with f = f th yields

' (s) = ' 0 +
2� e3

m2
e(c ! )2

Z s

s0

ds0ne;th (s0) Bk(s0) : (3.10)

Rotation measure (RM) is de�ned as

R = (� ' ) � � 2 = ( ' � ' 0) � � 2 : (3.11)

2A similar relation was given in Jones and O'Dell (1977) for the relative contributions of rela-

tivistic and thermal electrons to the Faraday rotation. Their relation is expressed in terms of the

spectral index � of the optically thin power-law synchrotron spectrum. The relation in (3.8) is

expressed in terms of the power-law index p of the electron energy distribution, which is intrinsic

to the magneto-ionic medium. Note that � = ( p � 1)=2.
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The polarised radiative transfer equations (3.1), (3.2) and (3.3) are linear, thus

the contributions to the Faraday rotation coe�cient by a collection of thermal and

non-thermal electrons are additive. The RM for radiation traversing a magnetised

plasma between an intervals0 and s is therefore

R(s) =
e3

2� m2
ec4

Z s

s0

ds0 ne(s0) �( s0) Bk(s0) ; (3.12)

where ne is the total electron number density, and �( s) = 1 � �( s) [1 � � (p; 
 i)]
�
�
s is

the weighting factor of ne contributing to the Faraday rotation e�ect, accounting for

both thermal and non-thermal electron populations, with �( s) as the local fraction

of non-thermal electrons. If only thermal electrons are present, �(s) = 0 such that

�( s) = 1, hence recovering the widely-used formula in RM analysis of magnetised

astrophysical media (see e.g. Carilli and Taylor 2002):

R(s) = 0 :812
Z s

s0

ds0

pc

�
ne;th (s0)

cm� 3

��
Bk(s0)

� G

�
radm� 2 : (3.13)

3.2 Rotation measure 
uctuations

3.2.1 Computing rotation measure in a discrete lattice

In practical calculations, polarised radiative transfer in an inhomogeneous medium

often require sampling the medium into discrete segments in which the variations in

physical properties are su�ciently small. With this condition satis�ed, the radiation

propagation path length L can be divided into N intervals of length � s, i.e. L =
P N

i =1 � s(i ). The integral in equation (3.12) can be approximated by summing

contributions from all segments

R(s) =
e3

2� m2
ec4

NX

i =1

� s(i ) ne(i ) �( i ) Bk(i ) ; (3.14)

where ne, � and Bk are evaluated at the centre of each interval,si . If the mag-

netic �elds have uniform strengths and no preferential orientations, Bk will have a

symmetric probability distribution: P(Bk) = P(� Bk). With � s > 0, ne > 0 and

� 2 [ 0; 1 ], the symmetry in the probability distribution of Bk implies that the

expectation value of RM is

hRi =
e3

2� m2
ec4

NX

i =1

h� s ne � Bk i
�
�
i = 0 ; (3.15)

where h:::i denotes the ensemble average of the variables.
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If ne, � and Bk are incoherent among the intervals � s, then ne, � and Bk

are the only independent variables for computing the RM of a cell3 de�ned by an

interval. For a medium that does not evolve during the radiation's propagation, ne,

�, Bk, and their products are exchangeable variables. Under the ergodic condition,

the ensemble averages of independent and exchangeable variables can be replaced

by the averages of over the path length, i.e. for a su�ciently large N ,

hX i =
1
N

NX

j =1

X (sj ) = hX (sj )i s : (3.16)

Thus,

hRi =
e3

2� m2
ec4 N h� s ne � Bk i s = 0 : (3.17)

Moreover, if there is no correlation betweenB , ne, and �,

hRi =
e3

2� m2
ec4 N h� si shnei sh� i shBk i s = 0 : (3.18)

3.2.2 Rotation measure 
uctuations as a restrictive autoregression

(AR) process

Note that an observable ~Ok on the lattice grid k in an AR(1) (autoregression of

order one) process on a 1-D lattice is given by the recursive relation:

~Ok = � ~Ok� 1 + " k

= �
�

� ~Ok� 2 + " k� 1

�
+ " k

� � � � � �

= � m ~Ok� m +
m� 1X

j =0

� j " k� j (3.19)

(see e.g. Box and Jenkins 1976; Anderson 1976; Grunwald et al. 1996), where� is a

parameter, and " k is an iid (independent, identically distributed) variable with an

expectation value E(" k ) = h" k i = 0 and a variance Var(" k ) = [ � (" k )]2. For a �nite

or semi-in�nite lattice, which is truncated at j = 0, at which the observable ~O0 is

well de�ned, equation (3.19) can be re-written as

~Ok = � k ~O0 +
kX

j =1

� k� j " j : (3.20)

3The terms \cell" and \voxel" are used interchangeably in this thesis.
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For a polarised radiation's propagation path consisting of N segments with

approximately coherent Faraday rotation properties, the polarisation angle at the

end of the k-th segment is given by

' k = ' k� 1 + � ' k

= ' k� 2 + � ' k� 1 + � ' k

� � � � � �

= ' 0 +
kX

j =1

� ' j ; (3.21)

where � ' k is the rotation of the polarisation angle in the kth segment, and the po-

larisation angle measured by the observer is simply' N . Comparing equations (3.21)

and (3.20) reveals that the evolution of the polarisation angle along the radiation's

propagation is an AR(1) process with a constant parameter� = 1, provided that

h� ' j i = 0 and that Var(� ' j ) is well de�ned and computable. An AR(1) process

is a Markov process (see Anderson 1976), and an AR(1) process with� = 1 is also

known as a simple random-walk.

The rotation measure across the propagation path of the radiation isR
�
�
N =

(' N � ' 0) � � 2. Hence, from equation (3.17),

� NX

j =1

� ' j

�

s
= � 2 hRi s = 0 : (3.22)

As the expectation value and the variance of (' N � ' 0) are

E
�

' N � ' 0
�

= 0 ; (3.23)

Var
�

' N � ' 0
�

= N � 2 ; (3.24)

respectively, with � 2 =


� ' j

2�
, the standard deviation of R in the radiation's

propagation direction is therefore

� R =
p

N
�


� ' j
2�� 1=2

� � 2

=
e3

p
N

2� m2
ec4

�

� s2 n2

e � 2 Bk
2�� 1=2

=
e3

p
N

2� m2
ec4

�

� s2 n2

e � 2 Bk
2�

s

� 1=2
: (3.25)

Note that the rotation measure 
uctuation along a radiation propagation path con-

sisting of coherent segments is proportional to the square root of the number of
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the segments (
p

N =
p

L=h� si s), a characteristic of a simple random-walk process,

where the root mean square displacement is proportional to the square root of the

number of steps. Here, the root mean square of properties within a step size is
�


� s2 n2
e � 2 Bk

2�
s

� 1=2.

In the speci�c condition that the interval segments have equal length, � s, and

(ne �) does not vary along the line-of-sight, equation (3.25) becomes

� R =
e3

2� m2
ec4

r
L

� s
� s ne �

�

Bk

2�
s

� 1=2
: (3.26)

A similar but more rigorous expression can be obtained if there is no correlation be-

tween electron number density and the magnetic �elds. In this case, equation (3.25)

becomes

� R =
e3

2� m2
ec4

r
L

� s
� s ne �

�

Bk

2�
s

� 1=2
; (3.27)

with ne � denoting the mean value of ( ne �). Additionally, with the presence of

only thermal electrons, then � = 1 uniformly, and

� R =
e3

2� m2
ec4

r
L

� s
� sne;th Bkrms

= 0 :812

r
L

� s

�
� s
pc

� �
ne;th

cm� 3

� �
Bkrms

� G

�
rad m� 2 : (3.28)

Most observational and numerical studies use either one of the expressions

given in equations (3.27) or (3.28) in their RM 
uctuation analyses. These include

investigations of magnetic �elds in galaxy clusters or in large-scale structures (e.g.

Sokolo� et al. 1998; Blasi et al. 1999; Dolag et al. 2001; Govoni and Feretti 2004;

Subramanian et al. 2006; Cho and Ryu 2009; Sur 2019). Note that the two expres-

sions above are not always explicitly distinguished in studies of RM 
uctuations.

The � R derivations from equation (3.25) to equations (3.26), (3.27) and (3.28) rely

on subtly di�erent assumptions regarding the electron density spatial distributions

and their relation or correlation with the magnetic �elds. For instance, it matters

whether local quantities are multiplied before spatial averaging, or averaged sepa-

rately then multiplied. Note also that, in reality, the condition of constant electron

number density, or/and the condition of electron number density and magnetic �eld

being uncorrelated, are generally not satis�ed. One should therefore bear in mind

which underlying assumptions have been used, and they should be stated explicitly

when interpreting the magnetic �eld structures using the observed RM statistics.
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Furthermore, while � R is observed on the sky plane, it is calculated over the radi-

ation's propagation path, with the application of a random walk model along the

line-of-sight and invoking other explicit assumptions made above.

3.2.3 Remarks on the 
uctuations along the line-of-sight and across

the sky plane

The statistics of observed polarisation across a sky plane depend on the spatial vari-

ations of the magnetic �elds and the properties of the magneto-ionic plasma along

the line-of-sight (speci�ed by the ray propagation unit vector k̂ ). On cosmological

scales, the radiative transfer along a line-of-sight is also the radiative transfer from

the past to the present. Therefore, the transfer of polarised radiation as it reaches

the sky plane perpendicular to k̂ is a�ected by the cosmological evolution of both

the intervening magnetic �elds and the magneto-ionic plasma.

More speci�cally, the spatial properties of the magnetic �elds and the magneto-

ionic plasma may not be independent from their temporal properties as the Universe

evolves. There is also no guarantee that the 
uctuations in the magnetic �elds

and the 
uctuations in the plasma properties are statistically identical. In the

context of polarised radiative transfer, it is the convolution between the magnetic

�eld properties and the plasma properties that determines the observables on the

sky plane.

For an all-sky polarisation map, the common observables are, for e.g., the


uctuations in the degree of polarisation and the 
uctuations in the orientation of

the polarisation vectors. The statistical 
uctuations of an observable x are usually

determined by the variables observed on the sky plane. These 
uctuations are not

identical to the underlying 
uctuations along the line-of-sight. Suppose there are

two independent orthogonal components, where one is parallel (k) to k̂ , and the

other perpendicular (? ) to k̂ . Clearly, the relation � x; ? = � x; k does not always

hold. Furthermore, there are usually two correlation lengths, `k and `? , for each

plasma quantity, e.g. the electron number densityne (which is a scalar) and the

magnetic �eld B (which is a vector).

This leads to a serious question: how valid is the correlation length derived

from the polarisation statistics across the sky plane be treated as the correlation

length scale over which the magnetic �elds vary spatially along the line-of-sight

or, alternatively, as the length scale over which the magnetic �elds evolve over
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cosmological time? Take the rotation of the polarisation angle as an example. This

observable depends on the number density of the free electrons and the magnetic �eld

strength along the line-of-sight B k. The perpendicular component of the magnetic

�eld strength B ? is irrelevant here. Therefore, the 
uctuations in the polarisation

are the result of the 
uctuations in the thermal electron number density ne;th and

their energy distributions, as well as the 
uctuations in the line-of-sight magnetic

�eld strength B k.

Moreover, the 
uctuations of polarisation along a ray cannot be observed di-

rectly. For an all-sky observation, a polarisation map is typically generated on the

celestial sphere, which represents the polarisation signatures at the end-points of a

bundle of rays. Assuming these rays are independent, the variations seen in their

polarisation signatures, such as the RM 
uctuations, can be statistically uniform

across the sky, even when the magneto-ionic plasma has no spatial structures at any

cosmological epoch. The observed RM 
uctuations among the rays actually re
ect

the convolution of the 
uctuations in jB k j and ne;th along the line-of-sight. Hence,

the RM 
uctuations are not quite the signatures left by the spatial structures in a

slice of space perpendicular to the ray propagation vector̂k .

There is also another subtle, yet signi�cant, issue when assessing the local

variations in polarisation along a ray. Consider that the electron number density

and its energy spectrum are uniform in space and do not change with time. Therefore

the rotation of the polarisation angle only depends onjB k j = jB j cos� , where � =

cos� 1(k̂ � B̂ ) and B̂ = B =jB j. Magnetic �elds are vectors, so there are two aspects

in the magnetic �eld 
uctuations: one related to the �eld strength (magnitude),

and the other to the �eld orientation. The 
uctuations in the �eld magnitude and

the 
uctuations in the �eld orientation are not necessarily due to the same physical

process.

For instance, the spatial variations of the magnetic �eld orientation B̂ can be

a consequence of the presence of local magnetic sub-domains within the plasma.

The variations in the magnetic �eld strength along the line-of-sight jB k j are usually

caused by the changes in the global magnetic energy density. This particular e�ect

is associated with the co-evolution of magnetic �elds and structure formation of the

Universe. The 
uctuations in B̂ and the 
uctuations in jB j can therefore operate

on di�erent characteristic length scales and time scales. This causes ambiguity
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