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Ab s t r a c t

This thesis aims to expand upon the existing works of 
Brotherton-Ratcliffe and Smith (1987), and Smith (1988), 
which consider the structure of a collapse in the solution 
of various unsteady, interactive boundary-layer flows at 
high Reynolds numbers. Applications include transition and 
dynamic stall in boundary layers in aerodynamics, 
liquid-layer flows and flows over roughness elements.

Initially we discuss the extension of the theory into 
three spatial dimensions and this proceeds successfully 
along the lines of the first named paper above. The 
resultant three-dimensional pressure equation describes 
the nature of the breakdown form and is a second-order, 
partial differential equation of mixed type.

Asymptotic solutions for the far-field are found 
which are then incorporated into a numerical approach to 
the problem. Various numerical schemes and solutions are 
presented.

On considering the more general pressure-displacement 
relation addressed in Smith (1988) the three-dimensional 
case remains consistent; although the analysis of the 
critical layer produced becomes very involved, so much so 
that the leading-order jump condition for the streamwise 
and normal velocities is difficult to describe 
analytically. We then return to the two-dimensional case 
to consider the modification of the breakdown structure 
closer to the critical time.

The new physical influence that enters the problem in 
this case is the emergence of normal pressure gradient 
effects influencing the lower-order terms. This problem is 
addressed and we find that a triple derivative term now 
enters the two-dimensional pressure relation to give an 
extended Korteweg-de-Vries equation.

This modifies the assumed monotonic pressure 
behaviour until a zero pressure gradient point is 
approached, and here the working again needs alteration, 
rather than going on to produce the well-known soliton 
solutions. An analysis of the pressure behaviour about
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this point indicates the beginnings of a vortex wind-up 
effect. The latter is examined for the case of a small 
velocity jump being produced in the critical layer, 
although the general situation is more difficult to 
tackle.
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CHAPTER 1

INTRODUCTION
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1.1 Previous Res ea rc h

To anyone interested in fluid dynamics a crucial 
question to address is whether the flow in which he or she 
is interested is laminar or turbulent. In some cases 
laminar flow is desirable, for example to reduce the drag 
on an aircraft wing, whereas in others turbulent flow is 
the aim, for instance to encourage rapid mixing of 
solvent. It was Reynolds, in his famous (1883) work, who 
first carried out experiments to characterise the change 
in nature of flows, by examining the passage of coloured 
water along a tube. The crucial result that he proposed, 
and one which was essential to the development later of 
the theory of boundary layers among other things, was the 
existence of a dimensionless parameter that seemed to 
control the nature of the flow. Its value is obtained for 
a general set-up by dividing the product of a typical flow 
speed and characteristic length, by the kinematic 
viscosity, and it is now known as the Reynolds number, 
(Re), in his honour. Reynolds noted that below a certain 
value of this number only laminar flows were observed and 
above another value only turbulent structures persisted. 
He was also aware that the critical values involved were 
dependent upon the amplitude of any disturbances present 
in the incoming flow.

Thus in practical situations it seems fairly simple to 
observe the nature of the flow; however modern design 
considerations render it very desirable to be able to 
predict the type of flow about a body in advance of any 
experimental tests. The framework which allows us to begin 
such an analytical approach is provided by the 
Navier-Stokes equations. These describe the flow of a 
Newtonian fluid, and are presented in non-dimensionalised 
form in (2.1.1b-d).

Lord Rayleigh (1880, 1887) then considered the
two-dimensional, inviscid stability of certain non-uniform 
flows and suggested that such a flow was stable unless it 
contains an inflectional base profile. However further
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analyses at the time were at odds with the most basic 
observations, due to the inviscid nature of the 
Rayleigh-type studies. Prandtl (1904) made a significant 
advance when he proposed the idea that viscosity 
considerations could be included within thin layers 
adjacent to boundaries for flows at relatively high
Reynolds numbers. He went on to show later that such

- 1/2layers on flat plates are of thickness 0(Re ), and his 
theory allowed viscosity to be correctly accounted for, 
such that the no-slip condition could be satisfied. The 
Navier-Stokes equations can then be re-scaled to give the 
boundary-layer equations, the solutions of which can in 
principle be matched with solutions for the majority of 
the flow, obtained via an inviscid analysis. An exact
solution of the boundary-layer equations was provided by 
Blasius (1908), who discovered a similarity variable for 
flow over a flat plate, leading to a nonlinear
differential equation, the Blasius equation, that could be 
solved numerically.

A stability analysis was then developed based on the 
linearised Navier-Stokes equations in two dimensions. With 
these, using a normal modes analysis, we arrive at the 
celebrated Orr-Sommerfeld equation, which is a 
fourth-order, linear differential equation for the stream 
function of a small flow perturbation. By various expansion 
techniques Tollmien (1929), Schlichting (1933, 1935) and
other workers found approximate solutions to this equation 
for two-dimensional parallel flows. They suggested 
analytically the existence of instability waves and 
predicted neutral curves to define stable and unstable 
regimes of various flows. Lin (1945) made similar 
calculations and some improvements and subsequently in 
1947, Schubauer and Skramstad showed the existence of 
these Tollmien-Schlichting waves experimentally. The
agreement with the Tollmien-Schlichting theory was found 
to be good, particularly for higher values of the Reynolds 
number.

These investigations considered the basic flow as 
independent of the streamwise coordinate, assuming that
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any effects from the growth of the boundary layer were
minimal. It was not until Bouthier (1973) and Gaster
(1974) that a nearly rational scheme was proposed to
incorporate these nonparallel effects. By this time
accurate numerical solutions could be obtained for the
Orr-Sommerfeld equation which, for a basic parallel flow,
were much more precise than the asymptotic analytical
solutions, and so these new effects needed to be
considered to attempt to compare more accurately with

. -1/2experiments. Bouthier and Gaster obtained an 0(Re ) 
correction to the results from the Orr-Sommerfeld studies 
which tended to improve the agreement with experiment for 
large values of the Reynolds number.

An alternative approach was then taken to 
incorporate these non-parallel effects rationally,by 
Smith (1979a), who showed that the Tollmien-Schlichting 
modes could be described by a "Triple-Deck" structure. The 
origins of this three-layered scheme lay in the work of 
Goldstein (1930) who analysed the wake behind a flat plate 
in order to try to continue the Blasius solution into the 
wake region. He found that the boundary layer could be 
further sub-divided into two regions in order to 
incorporate the change in the boundary conditions at the 
plate edge, which called for further detailed analysis. 
Goldstein also went on to show, in 1948, that the 
classical attached boundary-layer theory of Prandtl 
resulted in a singularity being reached in the solution 
ahead of separation of the boundary layer, and this was 
supported by accurate numerical calculations, e.g. Brown 
and Stewartson, (1969) . Stewartson (1970) then showed that 
the Goldstein singularity is not removable in general, 
although there are exceptions for particular cases, 
notably Smith and Daniels (1981). The resolution of this 
problem is now known to be in the development of a 
three-tiered structure, the triple-deck, based on 
Goldstein's (1930) forms, which was developed by 
Stewartson and Williams (1969), Neiland (1969) and 
Messiter (1970).

The crucial element of the triple-deck structure is
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that the pressure that drives the viscous flow which is 
solved for in the wall layer, interacts with the inviscid 
pressure in the outer potential region. This is at odds 
with the classical scheme which treats the boundary-layer 
pressure gradient as prescribed, which leads to the 
problems described above. The pressure in the triple-deck 
scheme is virtually unaltered in the middle zone and 
hence, to ensure interaction, we must equate the 
magnitudes of the outer and inner pressure forms.

By concentrating on this balance, where we require the 
viscous layer to be subject to inertial, pressure gradient 
and viscous forces, we can present an order of magnitude 
argument to derive the triple-deck scales (Smith, 1982) . 
However it should be borne in mind that these relative 
scalings were originally obtained via the protracted
analytical advances described earlier.

The Blasius boundary-layer solution considers a normal 
variable scaled with respect to the boundary-layer
thickness, Re~1/2. If we propose a wall-layer thickness of

-1/2 . . . 0(SRe ) then the Blasius form has a streamwise velocity
that becomes linear in the normal variable as the boundary
is approached. Hence we expect that the streamwise
velocity in the wall layer will be of size 0(5). To ensure
a balance with pressure and viscous forces we must have
the pressure of 0(52) and then equate the streamwise
length scale 1 with the normal coordinate by 1 = 0(S3) .

The main deck is displaced by the wall-layer, which in
turn affects the upper deck where the displacement is

-1/2 . . • still 0(5Re ) . This upper region is one of potential
flow, where the streamwise and normal coordinates are of
equivalent order. Here we expect the pressure response to
the displacement to be of the order of the displacement
slope. Hence we require that

5 — SRe /1 / 5 — Rg •

This fixes the length scales of the three tiers and
the outer zone yields the potential flow equation for the
pressure, with matching constraints from the main zone.
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This pressure equation can then be integrated to obtain 
the final three-dimensional, unsteady relations given by

au + *L + 3w _ o,
ax ay 3z

au + au u-- du + v— + au w-- = - (x, z, t) a2u + — ,
at ax ay 3z ax ay2
aw + aw u— aw+ V— + aw w-- = - (x, z,t) a2w

9 'at ax ay 3z az ay

(1.1.la-c)

with the boundary conditions

u = v = w =  0, at y = 0,
u ~ y + a(x,z,t) + f(x,z), w -» 0,
(u, v, w, p, a) -» (y,0, 0,0,0),

and the pressure-displacement relation

d̂ dT)

(1.1.2a-c) 
as y -» oo, 

as |x| -» oo,

»oo
p = -

2n

*00

a2a(e,-o)
-  00 -  00

r / 2 i / \ 2 -i1 ? 2[ (X~£) + (Z-7)) ]
(1.1.3)

A Prandtl shift has been applied to yield the no-slip 
conditions at y = 0, and here the triple-deck variables 
have been scaled by taking

- - - - - - - -  -3/8 ^  -5/8 -3/8 _  -1/4.(x,y,z,t,u,v,w,p) = (Re x,Re y,Re z,Re t,
n  -1/8 „  -3/8 „  -1/8 -1/4 xRe u,Re v,Re w,Re p) ,

where the barred variables are the original flow 
parameters for which the Navier-Stokes equations hold. 
Here x, y, z are coordinates in the streamwise, normal and 
spanwise directions respectively and u, v, w are the 
corresponding veLccty componentŝ  and the bar on the integral 
represents taking the principal value. The equation 
(1.1.2b) comes from matching with the main zone, where a 
is the scaled negative displacement of the boundary layer 
and f is a wall shape. It is assumed in (1.1.2c) that the
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disturbance terms vanish at distant streamwise locations.
The triple-deck theory was developed by Stewartson 

(1974) to consider flow separation but it was not until 
Smith (1979a) that the technique was applied to stability 
analysis. Smith showed that the theory could describe the 
non-parallel flow effects on the growth of 
Tollmien-Schlichting waves in a Blasius boundary layer. 
This theory takes the Reynolds number as an asymptotically 
large parameter on which to base expansions of the flow 
variables, as does the original boundary-layer concept, 
and many other studies then followed along similar lines.

Accurate numerical solutions, (Jobe and Burggraf 
(1974) and many others), of the triple-deck problem
compare favourably with experiment and support the 
approach. Smith (1979b) went on to incorporate nonlinear 
aspects into his stability analysis.

It is fairly clear that the development of any
sufficiently small disturbances in a flow is controlled 
initially by the linear stability characteristics, on 
which we have focused thus far. However, as the
instability grows, the nonlinear aspects will come 
increasingly into the reckoning. As one of the main 
interests of the present line of research is to gain 
insight into transition, where the basic profile is 
strongly altered from its original form, it seems vital to 
investigate the nonlinear properties of flows. Thus Smith 
(1979b) is a significant work, and we will follow his
approach of concentrating on nonlinear aspects in the work 
presented in this thesis.

The triple-deck equations then give us a new starting 
point for our stability analysis. We should remark that 
the Navier-Stokes equations are very complicated to 
address analytically, but can now be solved accurately 
numerically for problems involving relatively low Reynolds 
numbers. However such computational approaches are 
expensive and cannot cope with flows at the larger 
Reynolds numbers, or with the range and small size of the 
different length scales that are significant in such 
systems; see Zang (1991) for a view of current

14



computational capabilities. Hence to gain insight into 
these problems on transition and dynamic stall, where we 
are commonly thinking of Reynolds number values of 106 or 
above, we pursue an analytical approach within the
triple-deck structure.

Such nonlinear theories now appear to be in three 
categories, nonlinear high-frequency/Euler theory, e.g.
Smith, Doorly and Rothmayer (1990), vortex/wave nonlinear 
interaction theory, e.g. Hall and Smith (1989), and 
nonlinear Tollmien-Schlichting theory which is the focus 
of the current thesis.

We also consider three-dimensional instability, 
whereas most of the above concerns only two dimensions. 
Due to the enhanced difficultly associated with this
r̂eafer number of variables, there does not appear to be such a

wealth of previous material to refer to. Other 
instabilities can now come into effect of course, notably 
the centrifugal instability which can lead to 
boundary-layer flows being unstable to Gortler vortices. 
The linear stabilities of such problems have been well 
researched, see Hall (1990), but the concave curvature 
required to produce them is not a case addressed in this 
thesis. Also cross-flow instabilities can arise, as seen 
on swept wing and rotating disc flows, e.g. Gregory, 
Stuart and Walker (1955). Strong two-dimensional 
Tollmien-Schlichting waves are very susceptible to 
cross-flow instabilities (Orszag and Kells (1980)), and 
Stewart and Smith (1987) investigate such effects in 
steady and unsteady boundary layers. Again, cross-flows 
are not of concern in this work.
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1.2 The Scope of This Thesis

Throughout this thesis we are concerned with 
nonlinear, three-dimensional, unsteady fluid flows at high 
Reynolds numbers. The stability analyses discussed in the 
previous section indicate that such flows are subject to 
various instabilities, and the recent work of 
Brotherton-Ratcliffe and Smith (1987) has suggested the 
possibility of a nonlinear breakdown in the solution of 
such boundary-layer-like flows within a finite time. This 
type of breakdown, within the context of growing nonlinear 
Tollmien-Schlichting waves, strongly affects the flows in 
which it occurs and we feel that it is a very pertinent 
line of research to broaden the context of such behaviour, 
and extend the theory to examine the development of the 
breakdown in time.

With this in mind Chapters Two to Four concentrate on 
the nonlinear instability of two particular practical 
flows, the first of which concerns the possibility of 
interaction developing from a small initial disturbance in 
an otherwise laminar liquid-layer flow. The second case is 
of flow over obstacles of particular height and length 
scales. In both cases the governing equations are derived 
via an interactive framework akin to the triple-deck 
structure described above. The two-dimensional case has 
been investigated by Brotherton-Ratcliffe and Smith (1987) 
who discovered that the flow solutions could break down 
nonlinearly within a finite time, in a way possibly 
consistent with the onset of transition in practice. Their 
working is followed here, but now in a three-dimensional 
context, and an equation governing a similar singular form 
in the pressure gradient is proposed.

Chapter Three then concentrates on finding an 
asymptotic solution to this pressure equation. We aim to 
find a solution that is symmetric in the spanwise 
dimension and asymptotically smooth throughout. This is 
achieved and then utilised in a numerical approach to 
solving the pressure equation which is presented in
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Chapter Four.
Different numerical schemes are presented to deal with 

the complex problems of tackling a nonlinear, 
second-order, partial differential equation of mixed type, 
along with asymptotic boundary conditions. Although no one 
method proposed produces an entirely satisfactory 
solution, taken together there is a strong suggestion that 
a smooth solution does exist to fit the necessary boundary 
conditions.

Chapter Five now returns to a more general flow 
situation where the starting point is the triple-deck 
equations presented above. This broadens the context of
the flows that can be considered to include the situations 
of dynamic stall on aircraft wings, or more general 
transition to turbulence on airfoils or flat surfaces. If 
we were to consider the classical problem of an 
impulsively started airfoil, the solution would approach 
the Van Dommelen (1981) singularity. The separation
structure is described by Van Dommelen and Shen (1980) and 
Elliott, Cowley and Smith (1983), where interaction is
required to smooth the singularity. This process can be 
viewed as a precursor to the triple-deck interactive stage 
that we describe in Chapter Five. Other possible contexts 
are high frequency disturbances of interactive, unsteady 
boundary layers (Smith and Burggraf (1985)), Euler-stage 
interactions (Smith, Doorly, Rothmayer (1990)), or 
vortex-wave interactions (Smith and Walton (1989)). The 
context is also relevant directly to the growth of
sizeable Tollmien-Schlichting waves as in Smith (1979a, 
1979b).

The finite-time break-up in this more general case is 
then addressed and Chapter Six describes how the 
singularity is alleviated by a smaller-scale analysis that 
introduces a non-zero critical-layer velocity jump and a 
triple derivative in the pressure distribution, due to the 
normal pressure gradient effects. This extended 
Korteweg-de-Vries equation yields pressure solutions that 
typically begin to steepen and to approach a zero-gradient 
point, where new influences must be considered.
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Chapter Seven describes how unsteadiness enters the 
equations more strongly about the zero-gradient point, and 
shows how the streamlines of the vorticity become wound up 
in certain defined regions of the flow. This process is 
traced as the input time for the trajectories becomes 
large, although the jump velocities involved are not 
calculated.

Chapter Eight then summarises the main results of the 
work presented in this thesis and gives suggestions and 
ideas for further interesting work on the questions that 
arise from the contents described herein.
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CHAPTER 2

BREAKDOWN OF A THREE-DIMENSIONAL, UNSTEADY/ 
INTERACTIVE BOUNDARY LAYER
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2.0 Intro du cti on

The approach set out in this chapter is guided by that 
of Brotherton-Ratcliffe and Smith (1987), concerning the 
possibility of a finite-time breakdown occurring in the 
solution for an unsteady, boundary-layer flow at high 
Reynolds numbers.

They examine the two-dimensional boundary-layer 
equations subject to a particular relation governing the 
interaction between the scaled negative displacement of 
the boundary layer, A, and the scaled pressure, P. They 
find a novel viscous-inviscid instability with large 
growth rates associated with the pressure-displacement 
relation, P = A, and go on to show that the entire, 
nonlinear, interactive boundary layer can develop a 
breakdown structure within a finite time, involving a 
discontinuous pressure gradient.

We aim at a similar set-up in three dimensions, 
although the analysis is then complicated by the emergence 
of a three-dimensional critical layer. The work is 
presented in sections 2.3 - 2.5 where the immediate 
analogue of the pressure-displacement law described above 
is used, i.e. P = A. This is taken as our model problem 
although the two physical flows that we have in mind, 
being three-dimensional extensions of those considered by 
Brotherton-Ratcliffe and Smith (1987), in fact yield 
slightly modified forms of this law on closer examination. 
We describe the two real cases below and then in section
2.6 explain the minor modifications required to the 
working in sections 2.3 - 2.5 on the model problem.
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2.1 Li q ui d-Lay e r Flow

There are many examples of liquids flowing in thin 
layers in nature. Such flows are typically extremely 
complicated, involving highly rotational and turbulent 
structures. Here however we consider a laminar flow 
upstream and so we must limit our physical sphere somewhat 
to certain flows on horizontal or near-horizontal beds, as 
found in an idealized kitchen sink or an irrigation 
channel.

A steady, inviscid, linearised analysis of this type 
of flow (e.g. Lighthill, 1978) suggests that surface
gravity waves forming perpendicular to the stream have a— * 1/2maximum velocity of u = (gl ) relative to the typicalm
flow speed, u , where g is the acceleration due to
gravity, 1* is the liquid depth and u is the streamwise
wave velocity. For upstream influence to be felt in this
steady case, due to an immersed obstacle or arbitrary •— ★ 2 *disturbance, u /gl must therefore be less than unity in
order for any wave to resist being swept downstream. The

—  *2 *parameter u /gl is the Froude number (Fr) of the flow.
With the introduction of vorticity into the steady 

flow formulation Gajjar and Smith (1983) show that a 
viscous-inviscid interaction can be provoked in which a 
supercritical flow (i.e. Fr > 1) reinforces any 
displacement that occurs, due to the sign of the 
pressure-displacement law. This leads to a 
free-interaction problem and the existence of upstream 
influence in the supercritical case, although it is 
observed that the same flow structure is found to yield no 
upstream influence in the subcritical regime.

We now consider the extra influences due to the 
introduction of the third spatial dimension, or of 
unsteadiness. For a subcritical flow this makes the 
assessment of upstream influence and other flow properties 
more involved.

The non-dimensionalised Navier-Stokes equations are 
the starting point for our examination of the 
leading-order effects of nonlinearity, unsteadiness and
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interaction in a three-dimensional, liquid-layer flow of 
subcritical Froude number, on a horizontal plate. The 
non-dimensionalisation is taken with respect to 1 , u , 
and pu*2 for the length, velocity and pressure scales
respectively, where p is the density of the incompressible
fluid. This leads us to the Navier-Stokes equations in the 
required form:

u- + v- + w- = 0, (2.1.1a-d)x y z

U- + UU- + VU- + WU- = - p- + (1/Re) (U—  + U —  + U — ) ,t x y z  x x x y y z z

V- + UV- + VV- + WV- = - p- ~ CT + (1/Re) (V—  + V —  + V — ) ,
t x y z  y x x y y z z

W- + UW- + VW- + WW- = - p- + (1/Re) (W—  + W —  + W — ) ,t x y z  z x x y y z z

where x,y,z are the streamwise, normal and spanwise
coordinates respectively, and u,v,w are the associated 
velocity components. The pressure is given by p, and <r is 
the reciprocal of the Froude number. The Reynolds number 
is given by Re = u*l*/ v, and it is taken to be very
large, forming the basis of our asymptotic expansions to 
come. The kinematic viscosity is v, and u- etc. denotes_  x _
the partial differentiation of u etc. with respect to x.

In two dimensions the steady form of the above is
considered by Gajjar and Smith (1983), and certain
unsteady effects are included by Brotherton-Ratcliffe
(1986); see also the references therein. These studies 
show that an interactive pressure-displacement effect can 
strongly influence the flow, and that this interaction can 
occur on a large streamwise length scale L » 1, if the 
oncoming flow is nearly uniform. In order to have a 
three-dimensional pressure response we suggest that the 
spanwise length scale of the fluctuations coincides with 
the long streamwise scaling above.

An argument along the same lines as that of Chapter 
One can be used to obtain the length scales required to 
establish this interaction. We take the boundary layer to 
be of thickness 0(e), and this is unknown due to the 
effects of boundary-layer thickening, and the free 
surface. The wall layer is of magnitude 0(&£w) and we have
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u = 0(5 ) there as before, where e and 5 are both small.w w
Balancing the inertial and viscous effects determines the 
interaction length scale L as

L = S3e2Re, (2.1.2)w

and incorporating unsteadiness fixes the time scale as set 
out below.

We now insist that the pressure perturbations near the 
surface and near the wall are of equivalent order, to
force an interaction between them. In the wall layer we

2have a pressure term of size 0(5^), while the wall layer 
itself displaces the remainder of the boundary layer by an 
amount 0(5 e) . This displacement then feeds through to the

W
outer layer where a hydrostatic response in the pressure 
form there gives a perturbation of magnitude 0(5 e) . Hencew
we find that

8 = e, (2.1.3)
W

and so we can now consider the full expansions in the 
various zones suggested by the above argument. We write

X = (x-1)/ L, Z = z/ L, T = 5 t/ L,w

where X,Z,T are all of order one and 1 is the distance 
measured downstream from the source of the flow.

For the outer zone we have y of order one and expand:

u = 1 + (a2)u (X,y,Z,T) +w 1

v = (S2/ L) v (X,y,Z,T) +
W 1

w = (52) w (X, y, Z, T) + • • •,w 1

p = (62) P (X, y, Z, T) + •••.

Substitution of these terms into (2.1.1b-d) yields the 
fairly simple leading-order results

P- =0, u = P(X,Z,T) , (2.1.4)y i
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w = - f P-(S,Z,T) dS, (2.1.5)
—  00 Z

and these, coupled with (2.1.1a), give the normal velocity 
to leading order as

V = yP- + y[ P-- (S, Z, T) dS - A- (X, Z, T) , (2.1.6)
-00

where A is an unknown function of integration. The limits 
on the integrals in (2.1.5) and (2.1.6) are used since, as 
X becomes large and negative, we are moving upstream of 
the perturbation region and so expect no disturbance terms 
to be present.

At the top of this outer layer the solutions must 
satisfy the free surface conditions (Batchelor, 1967), the 
first of which is that the velocity normal to the surface 
must be continuous across it. In keeping with the size of 
the displacement terms above we take y = 1 + 52tj(X,Z,T)

W
and set

vl = Dy / Dt = (62/ L)T)- + 0(S3/ L) ,1 fs w X w

where v| is the velocity evaluated at the free surface. 
Equating this to (2.1.6) at the surface determines the
relation

V = P + J (jSiP-i(5„7>TW5,'\d51 -A(X,Z,r)j (2.1.7)
- 00 ' - CO '

since tj tends to zero upstream.
The other condition is that the components of the 

stress tensor must be continuous and in our case this
amounts to ensuring that

(-p5 + ( 2 / R e ) e ) n = 0 ,  (2.1.8)
i j i j j

where p, e. . are non-dimensionalised and are defined by
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0 = 5 - ,u e> ■ ~ 7ID Z
au , au i +   j
au au

and n represents the unit vector normal to the surface.
The three relations arising above are all immediately 

satisfied to leading order by talcing p = 0, provided that 
the length scale L « Re, which leaves

P = = t) / Fr.
—  *  2 U

(2.1.9)

Combining (2.1.7) and (2.1.9) 
pressure-displacement relation

then yields our

»A
A = P(1 - Fr) + J J P-- dS2. (2.1.10)

-  00 -  00

The outer region is irrotational to leading order, but 
as we move into the boundary layer we expect rotationality 
to enter more strongly. In view of (2.1.6) we expect the 
leading-order normal velocity to be given by the unknown 
A- term. The spanwise velocity stems from (2.1.5), where 
any higher-order term would violate the dependence of the 
pressure on both streamwise and spanwise coordinates. 
Therefore we suggest that

u = u (y) + (52/ e)Au ~ + •••,0 w Oy

v = - (52/ L) A-u + • • •,
w X 0

—  2 ~w = 5 w + ■ • •,
w 0

where y is the boundary-layer coordinate defined by 
y = ey.

These forms are again dictated mainly by the 
leading-order streamwise velocity, with any viscosity 
terms still being absent, and the pressure remaining 
independent of y. The leading-order continuity equation 
now has the spanwise velocity contribution absent, as this 
velocity is also independent of y outside the boundary
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layer, and matching with (2.1.5) gives

-X

w q = - (1/ uQ(y)) P- dSz

The u q term must tend to unity as y becomes large in
order to match with the outer layer, and as we move even
closer to the wall we have u ~ Ay as mentioned at theo J
beginning of the section. Here we re-scale the normal
coordinate again by y = S Y and expand

u = 8 U + • • •,w

v = (s3/ L) V + • • •,
W

w = 5 W + 
w

Combining (2.1.2) and (2.1.3) gives us the relation 
L = ReS5 which brings the viscosity terms into the leading

W
balance at last. This then describes the full 
leading-order problem except for a transformation that 
removes A from the equations, and is given by dividing the 
X, Y, Z, T, U, V, W, P, A, terms by the following 
identities respectively:

A5 (1-Fr) \ A2 (1-Fr) , A5 (1-Fr) 3, A4 (1-Fr) 2, A(l-Fr) ,
1 ---  , A (1-Fr) , A2 (1-Fr) 2, A2 (1-Fr) . (2.1.11)

A2 (1-Fr)

We do not alter our notation to account for these simple 
factors and so the final problem reduces to

U- + V + W- = 0, (2.1.12a-c;X Y Z

U + UU- + VU + WU- = - P- (X, Z, T) + UT X Y Z X YY

W + UW- + VW + WW- = - P- (X, Z, T) + W
T X Y Z Z YY

/

/

(U,V,W,P) -> (Y,0,0,0) as IXI ->00, (2.1.13a-c)
(U, W) -> (Y + A, 0) as Y -> co,
(U, V, W) = (0,0, 0) at Y = 0,
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It is important to notice that we require Fr < 1 in 
(2.1.11) so that the above re-scaling does not alter the 
signs of the terms. If the Froude number is larger than 
one then we would need to alter (2.1.13b) by writing 
Y - co, and -A in place of A, as a result of the 
transformations in (2.1.11).

The set of relations (2.1.12a-c) and (2.1.13a-c) will 
form the basis of the study contained in the remainder of 
Chapter Two, and in Chapters Three and Four, and matches 
the problem studied by Brotherton-Ratcliffe and Smith
(1987) when limited to two dimensions. The law (2.1.14) 
shows how the liquid-layer flow varies from that of the 
model problem discussed in the introduction.

We note that the restrictions resulting from this
analysis demand that 1 » e » Re~1/5. Typically the

. . -1/2 1/2 boundary-layer thickness is given by e = 0(Re 1 ) and
so we must investigate a region downstream of the initial

3/5source by an amount specified by Re « 1 « Re, in order 
to allow the boundary layer to thicken suitably, and for 
the sub-scale flows to develop. When 1 is at its lowest
extreme the length and depth scales of the problem are
comparable outside the boundary layer, giving a potential 
flow problem there, and as 1 approaches its largest value
the boundary-layer equations begin to be valid right
across the layer depth. The latter case is a situation 
more suited to fully developed fluid flow which is 
considered at length by Bowles (1990).



2.2 Flo w Ov e r Humps

The apparently simple problem of flow over obstacles 
at a wall leads to a diverse range of flow responses 
depending on the relative height and length scales being 
considered. We define our problem by thinking once again 
of the Reynolds number of the flow being large, where the 
Reynolds number is based on the development length of the 
boundary layer and the typical flow speed.

As a start we consider the triple-deck structure as 
described in Chapter One. Smith, Brighton, Jackson and 
Hunt (1981) show that a two-dimensional, laminar flow of 
an incompressible boundary layer over a hump can be 
described by using this formulation, and significantly 
that various non-dimensional height and length scale 
regimes can be successfully considered to leading-order as 
limiting cases.

By concentrating on relatively short, steep humps they 
derive a zero displacement condition for the outer 
streamwise velocity. Following their approach we take
— -5/8h = Re HF(x) to describe a wall shape buried within the 
lower deck. Here we are thinking of F (x) being positive 
and order one for all x and vanishing as the modulus of x 
becomes large. We also insist that F (x) has a single 
maximum at x = x with monotonic behaviour either side ofm
x . In order for a nonlinear reaction to be provoked wem
need h = Re”1/211/3, from Smith et. al. (1981), where 1 
defines the absolute length of the obstacle. Therefore we 
consider x = Re”3/8H3x where x is an 0(1) triple-deck 
streamwise coordinate. Thus for a short, steep hump we 
take H « 1 and this suggests scaling the streamwise and
spanwise velocities like 0(H), 0(H-1) respectively, with
the pressure coming in at 0(H2) .

The triple-deck problem relates the pressure and
negative displacement of the flow via the Cauchy-Hilbert
integral as presented in Chapter One, which immediately 
determines that A is of magnitude 0(H5) plus a constant. 
Smith et. al. (1981) argue that this constant is also

4 .small, being 0(H ), by considering the linearised
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triple-deck problem given by x = 0(1) where the hump is 
effectively seen as a point disturbance. The outcome of 
this specification is to leave us with the lower-deck 
equations with

u ~ Ay*, as y* -» co, (2.2.1)
*  ̂u = v = 0, at y = F (x) ,

for the no-slip and far-field conditions, where
—  -5/8 * * .y = Re Hy ; u, v are the leading-order forms of the 
expansion of the triple-deck problem in terms of H, and A 
is the 0(1) oncoming skin friction. Having scaled H out of 
the problem we can now consider large F(x) giving a taller 
wall distortion within this zero-displacement constraint. 
In order for (2.2.1) to remain valid we must strictly have 
h smaller than any negative power of H; however we note 
that a joint expansion scaling simultaneously in h and H 
requires only that h « H_1 to give the correct 
leading-order results. We utilize a Prandtl shift by

"k ★defining y = y - hf (x) , v = v - hf' (x)u with h » 1 and 
hf (x) = F (x), and re-scale in order to remove A, to leave

u + v =0, (2.2.2a-e)x y

uu + vu = - p + u ,x y x yy

u = v = 0, at y = 0,
u ~ y +  hf (x) , as y -> co,

u ~ y , as Ix I -» co.

The large h problem is considered by Smith and Daniels
(1981) in the steady case, where they find that a

- 1/2classical boundary-layer forms at y = 0(h ). An ordered
solution scheme is set up which fails in general on the 
approach to separation via the well-known Goldstein (1948) 
singularity. However with f'(x) > 0 the pressure gradient 
is favourable giving an allowable solution up to the 
maximum hump height location at least.

Brotherton-Ratcliffe and Smith (1987) then incorporate 
this steady solution into an unsteady flow structure. To
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provoke an unsteady, viscous, pressure force balance they 
take a new sub-scale at y = 0(h~2) and new fast scales in 
x, t defined by x = h~9/2X, t = h”4T, where t = Re~1/4H2t . 
Although these scalings could be called into doubt for a 
three-dimensional approach to the full problem, we 
concentrate on a two-dimensional steady flow solution. 
This gives the leading-order behaviour in the streamwise 
velocity for the outer and main boundary-layer zones and 
hence we preserve this structure in our study, imposing 
only a three-dimensional unsteady perturbation upon this

— -3/8 3 -9/2“flow. We scale z = Re H z  and z = h Z to mirror the 
streamwise structure, and consider first the outer region 
where we have y = hy. The necessary expansions are then

^ _1 / 0 '■w _p —  —u = huQ(x,y) + h ux(x,y) + h u2(X,y,Z,T) +
v = h7/2vQ (X, y, Z,T) + • • •,
w = h“2wQ (X, y, Z, T) + • • •,
p = h2pQ(x) + h1/2pi (x) + h_1P (X, Z, T) + •••.

Here u , pQ give the leading-order steady solution of 
Smith and Daniels (1981) and their work goes on to show
that u = y + f (x) , satisfying (2.2.2d,e), and
p = - 1/2 (f (x) ) . The fast scales only come in at third 
order in u and p via the u2, P terms, but they determine 
the leading-order normal velocity behaviour because of 
their dominant gradient forms. The unsteady expressions 
are then given by

-X

u =
(y+f) J

afp(S,z,T) dg2
-  2 'az00 00

(2.2.3a)

v = - ap
ax

r.*

-  00

a2p
az2

ds, (2.2.3b)

w = -
(y+f)

®  ds,
az

(2.2.3c)
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where v q is independent of y and hence will remain the 
dominant term in the boundary layer, where y = h~1/2$. The 
leading-order streamwise velocity term remains since 
u q ~ f going into the boundary layer, but to match the 
normal velocity continuity term we must have unsteadiness 
moving up an order in the u expansion and so we write

u = hu + h”1/2u + • • •,o 1
, - 2 ~w = h w + • • •,0 '

and in a similar way to Brotherton-Ratclif fe and Smith 
(1987) we obtain the relations

, -1/2Ay = h y,
, 7 / 2 “V = h V + 0

u = A (X, Z, T) 3uq/3y, v q = - OA/aX)uQ ,

w = - (1/ u ) f —  dS, (2.2.4a-c)0 0 J 07-a> az

where A is an unknown function of the fast scales, and wo
satisfies the condition that the fast scale spanwise 
dependence must vanish as X becomes large and negative.

From the outer layer we have u q ~ f (x) as y -» 0 and 
hence we need uQ(x,y) ~ f (x) as $ _> <». This ensures that
(2.2.4c) and (2.2.3c) agree and that unsteady effects

. . -1/2 disappear from the streamwise velocity at 0(h ) as
y co. However a new result stems from comparing (2.2.3b)
and (2.2.4b) which shows that

A = - + -
^  2 -

^  dS2. (2.2.5)
az2CO

- 2  . .The wall layer given by y = 0(h ) is required to 
satisfy the no-slip condition and as before we expect 
u q ~ A(x)y as y becomes small, to match the oncoming 
Blasius flow. This points the way to the relations

u = h~1/2U + ■••, y = h-2Y,
v = h2V + • • •, w = h"1/2W +
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with U ~ A(x)(Y + A), W ~ 0, 
U = V = W = 0,

as Y -> oo, 
at Y = 0.

The unsteady, nonlinear, pressure and viscous terms 
all come in together and, after a re-scaling given by 
dividing X, Y, Z, T, U, V, W, P, and A by the identities

respectively, we are left with exactly the equations and 
conditions given by (2.1.12a-c) and (2.1.13a-c) but with 
the slightly altered pressure-displacement law

A (X, Z, T) = P + f r* ds2. (2.2.6)
1 oo 1 oo dZ

Again we see that we require f and A to be positive to 
maintain the required boundary conditions. With this being 
the case we have fully specified the problem and now move 
on to consider the stability of this, and the previous 
flow regime.
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2.3 Li n e a r  An a l y s i s

In the previous sections we have considered two real 
flow situations and derived the relevant 
pressure-displacement relations, being (2.1.14) and 
(2.2.6). We shall now concentrate on the model problem 
taking

P(X,Z, T) = A(X,Z, T) , (2.3.1)

as described in the introduction to this chapter. Any 
modifications of the following theory necessary for the 
real problems are then presented in section 2.6.

The linear stability properties of the flow are 
studied, following Brotherton-Ratcliffe and Smith (1987), 
henceforth known as BRS, by assuming that the disturbance 
terms are all proportional to a small perturbation of the 
form exp (iaX+i|3Z-ifiT) of the undisturbed basic flow U = Y. 
We consider this Fourier component to have real wave 
numbers a, £2 in the streamwise and spanwise directions 
respectively. The frequency £2 is complex in general, with 
the imaginary part of Q being positive, indicating an 
amplifying instability. Substitution of the forms 
U = Ul (Y) exp (iaX+i|3Z-iQT) , etc., into (2.1.12a-c) gives, 
after differentiating once with respect to Y:

Ql/7/ - (ictY - ifi) Q ' = 0, (2.3.2)

where QT (Y) = aU (Y) + /3W (Y) . The notation Q 7 denotes
j_i L L L

the differentiation of Q with respect to Y, and theL
pressure vanishes since P 7 = 0.

A change of variables transforms (2.3.2) into the 
well-known Airy's equation in dQ / d£, providing theL
solution

Q = F (X,Z,T) Ai (S) dS, (2.3.3)L 1 J £

1/3where £ = (ia) (Y - Q/a) , is the value of £ when Y is
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zero, Ai is Airy's function, and F is an unknown function 
of integration. From considering the momentum equation for 
Ql as Y -» 0, with the no-slip condition (2.1.13c) we find 
that

i(a2 + /32)Pl = (ia) 2/3{d2QL / d£2 } | .

The far-field condition (2.1.13b), in conjunction with 
the above and (2.3.1) serves to determine a dispersion
relation for the flow:

a + = U«) ' Ai7 (gQj_  ̂ (2.3.4)
a i K

00
with K = f Ai(S) dS.

 ̂o

The relation (2.3.4) determines the frequency of the 
disturbance as it propagates, given the wave numbers, or 
vice-versa, and could be used to determine the neutral 
stability properties of the flow. However we are
interested in the high frequency perturbations, following
the ideas of BRS. This limiting case yields the largest 
linear growth rates and it is hoped that this approach 
will give us an insight into the transitional development 
of the flow.

We can expand the right-hand side of (2.3.4) in this 
large Q limit:

2 Q 2 .-3/2
“ ft = + •••, (2.3.5)

n1/2

as in Abramowitz and Stegun (1964).
. -3/2We choose the sign of i to indicate a growing 

instability and attempt an expansion of £2 that keeps the
right-hand side of (2.3.5) completely real. We take

1/2 . *  .Q = na + fi2<x + •••, and it is clear from inspection of
(2.3.5) that we can have n = 1. This assumes that a » 0
which leads to a simplification of the theory and hence
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allows us to make some analytical progress. It also 
matches more closely with BRS, and a consideration of 
0 oo in the following may shed some light on the 
lower-order problem. For now then we expand 0 in terms of

3/4 1/4 .a by 0 = 0ia + 02 a +••• , which gives us a balance
from (2.3.5) of

02a1/2 = a1/2 (82 - exp (-15i7r/4) ) .

The complex term Q2 must be such that the right-hand 
side of the above is wholly real and so we must take

n = a + a1/2((02 + 1/V2) + i/V2) + •••, (2.3.6)

thus giving a positive dominant imaginary part in n, which 
implies a growing instability. This relation shows how the 
leading-order wave numbers and frequency relate for a fast 
perturbation occurring in the flow, and hence can be taken 
as the basis of a multiple-scales approach to the 
nonlinear stability problem, as in the next section.
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2.4 A Mu l t i p l e-Sc a l e s Ap p r o a c h

As a result of this linear work we now have an

multiple-scales analysis that will bring in some of the 
nonlinear character of the flow. We suggest that to
leading order the disturbance is moving at unit scaled 
speed in a downstream direction and we find below that yet 
another sub-scale is initiated in the normal direction due 
to the presence of the high frequency perturbations.

Initially we consider U and Y to be 0(1) to fit in 
with the outer condition (2.1.13b), but we find that the
pressure expansion must come in at a higher order. This
structure prompts us to propose that

d x -> Q d x + Q1 / 2 d x + •••, v = n1/2v + v  + •••,0 1 0 1

az n3/4az + n1/Adz + ••• ,  w = n'3/4w + n'5/4w + ••• ,0 1 0 1

3t - Q d x  + Q 1 / 2 8 t  + •••, P = Q"1/2P + n_1P + •••,o l o l
u = u + n'1/2u + n-1u + •••,0 1 2

in which 8 x q  etc. represents taking a derivative with 
respect to Xq/ P is expanded with the displacement
expansion taken as analogous to that for P and UQ, U , 
VQ, etc. are of size 0(1) . Taking a lower order in Wq
simply leads to its vanishing and so we substitute the
above into (2.1.12a-c). As before the results for the
leading terms are quite simple:

The equations for U2, are then complicated by the 
spanwise terms being involved at this order but using the 
above we are left with

indication of the magnitudes required for a

U = Yo Vo ax0
,x dS

o
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Taking the derivative of (2.4.1b) with respect to Y 
and using (2.4.1a) to eliminate V produces the solution

„x
au

-2 =
ax (Y-i)0 J

0 a2p , ap o dS + — i ,
az 20 ax

where (2.1.13b) is satisfied for large Y by the last term. 
We can then substitute back into (2.4.1b) to find an 
expression for the normal velocity:

V = -i

rx f >
a2p---o dS - Y + ap --0
az2-co 0 ax ̂ 0 ax

i J

ap ap _ ap— 0 - --0 - P ——0 ,
ax 3T °ax1 1  o

(2.4.2)
which matches with BRS in the required way, on removing 
the first term.

Viscosity has not had any influence as yet and we 
notice that the above identities do not satisfy the 
no-slip condition. We also note the apparently singular
behaviour of U and W as Y -» 1, which leads to the

2 0

necessity for a critical-layer analysis about this value. 
This effect is absent in BRS to leading order and so comes 
essentially from the spanwise flow influence via the 
expression of continuity. For now we will assume that a 
smaller scale analysis about Y = 1 will smooth the 
irregularity and not introduce any new effects on this 
larger Y scale. The reader is referred to Chapter Five of 
this thesis for an expansion of this argument, where the 
critical-layer effects are much more involved.

Currently then we concern ourselves with the no-slip 
condition which is satisfied in a wall layer given by



—  1/2 —Y = Q Y. This reduces the U , V , orders and we writeo o

U
V
W

Q 1/2U + Q *U +o 1
v + n~1/2v  + •• 0 1 
a-3/4w + •••,o

(2.4.3a-c)

and merging with the outer zone determines that

U ~

V ~ - ap-Y — o -
ax

0 a2p
az2oo 0

o dS - ap , ap , „ ap— 0 +  0 + P — 0
ax aT °ax

1 1  O'

W ~ aP. HQo 0.2 • (2.4.4a-c)
az-oo 0

Substituting (2.4.3a-c) into the lower-deck equations 
(2.1.12a-c) gives

au --0 <9V + — o = 0, auQ _ aPQ
ax0 aY ax ax0 0
aw --0 apo a2w ---0 .
ax0 az0 aY2

The viscous terms finally enter the
use a Fourier Transform approach

a2u---c
aY2

(2.4.5a-c)

(2.4.4a-c) and (2.1.13c) can be satisfied. Therefore we
define 6(X ,Y,Z ,T ) = U - Y and assume that the flow0 0 1 0
velocities vanish far upstream and downstream. We denote 
the Fourier Transform of 0 as 6*, which is given by

00
6* = f 0(S,Y,Z,T) exp (-ikS) dS.

—  00

We take the transform of (2.4.5b) then, and noting that p’
is independent of Y we can write
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which suggests an exponential solution which can be chosen 
to satisfy the no-slip condition by writing

(U - Y)* = P*(l - exp(-mY)). (2.4.6)

Provided that the real part of m is positive, where
1/2 _m = (-ik) , we can also match with (2.4.4a) for large Y,

and a similar solution technique applied to (2.4.5c)
produces the relation

—  * 1 flP —W = —  — o (1 - exp (-mY) ) .
0 ik dZo

Since P* is independent of Y we can see from inspection 
that the above will merge with (2.4.4c) successfully and 
give Wq equal to zero at the boundary.

From integration of (2.4.5a) with (2.4.6) we obtain

V* = -ikP* [y + 6-P-i~- - ^}r (2.4.7)o o ̂ m m J '

which satisfies the no-slip condition, but this time there 
is not an obvious match with (2.4.4b). Hence we need to
invert the Fourier Transform to determine a matching

t * — t (condition. The -ikPQY term in (2.4.7) simply reverts to a
-Y (aP /ax ) term in V on inversion, and the exp(-mY) term0 0 0
will again vanish for large values of Y. We then invoke 
the convolution theory of Fourier transforms which tells 
us that if we are considering

V* = -ikP*Y + (ikP*) M*,0 0 0

where M* is the transform of some function M, then a 
solution is provided by



— o(S/Zo'Ti) M(X -S) dS, (2.4.8)
as 0

-  00

inverting the ikP* to 3P /ax as before. Thus we can solve3 0 0 0
the problem simply by finding M which in this case demands 
the inversion of 1/m, and hence we take

V I = - Y ^ o  +
0 • y -*» ax

I = I f  e x p l i k X 0l  dk> (2>4b9)
-00

We can evaluate this integral by extending k into the 
complex plane. There m can be written as 
|k11/2exp (-in:/4 + iarg(k)/2) where arg(k) gives the 
argument of the complex variable. The condition that the 
real part of m is positive then forces
-tt/2 < arg(k) ^ 3tt/2 and so a branch cut is taken on the 
negative imaginary axis. This is shown in Figure 2.1 where 
further features of the plane are identified for use in 
the working below.

We consider extending the range of integration of I by 
including two circles in the path of integration, whose 
radii become very large and very small. For the small
circle represented by eexp(ie) with e « 1, any addition to

—  1/2(2.4.9) can be shown to be of size 0(e ). For the large
—  jg _circle described by Re with R » 1 the contribution to

the modulus of I can be shown to be less than that given
by

i.
0
2 exp (-X RsinS) R1/2 dS .
0 °1

For the first quadrant defined by ©i = 0 and ©2 = rr/2
we can use the fact that 2e/n * sin0 i 0 to show that this

—  - 1/2term is 0 (R ) and similar results follow for the other 
quadrants. Therefore in the limit we get no contribution 
to the complex integral form these curved contours.

In the upper half-plane we have Im(k) being positive 
and hence are considering Xq > 0 in (2.4.9) to keep the 
integrand bounded. Here the curved contours can be joined
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to the line along the real axis, (path 0 , Figure 2.1), 
which enclose a regular part of the plane and hence we can
conclude that I vanishes for X >0.o

We divide the lower half plane, where Im(k) < 0, and 
X <0, into two sections 0 , 0 where the complex0 2 3 ^
integrals around these paths must vanish. This division is 
necessary because of the branch cut and so now we need to 
evaluate the complex integral that makes up a part of 0, 
where k = -ir and 0 = 3n/2. This is done by writing

i - _ i0 o 2n
"°° - iexp(-XQr) dr

— 1/2  ̂exp(-i?r/4)r exp(37ri/4)00

and replacing Xq by -Xor we find that

w  \ - 1 / 2  *00 . _  x  v 1 / 2

I exp (-S) S dS = - -LJSoi-
2n Jo 2Vn

The contribution to I, the integral on the real axis, 
will then be the negative of this to give a result of zero 
around C>2 as a whole. The result will simply double up on 
adding the path C>3 to I since then we change the sign of m 
due to the branch cut, and take the integral in the 
reverse direction. This finally leaves us with

/ _v \ —1/2 _M = -^o- , for X <0,
Vn o

and we can put this back into (2.4.8) where we now need
S > X for a non-zero result:o

VI = - Y^o + -i'"
°Iy->oo ax Vn0

— o(S-X )'1/2 dS. (2.4.10)
- as 0Xo

Before comparing with (2.4.2) we note that since we
are thinking of a disturbance moving downstream at unit
speed we should re-define X by X* = X - T so that the ^ i J i i i
streamwise coordinate is moving with the disturbance. This
leads to aP /aT -> 3P /3T - 3P /3X* in (2.4.2) and so0 1 0 1 0 1
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comparing with (2.4.10) we can conclude that

-co

O P  ■ a P  ■ r, 5 P  1o dS + — o + P — o = - —
az2 3T °ax v'lr-00 0 1 0

dVn/c n . -l/2 , c  — o (S-X ) dS,o_ as
X 0

(2.4.11)
for Pq = PQ (Xq, T , Zq) , although strictly PQ will depend on 
the multiple-scales variables appearing further up the 
expansions of ax, 3z and 3t.

This relation matches the two-dimensional analogue on 
removing the first term. The two-dimensional form is 
studied in BRS and computations have been performed on the 
initial value problem, Sheng (1990), some examples of 
which are shown in Figure 2.2. The behaviour points to a 
nonlinear breakdown occurring within a finite-time, with a 
singular gradient forming in the pressure solution. Close 
to the breakdown time, T , the development seems to be 
controlled by the inviscid Burgers equation in 
two-dimensions, i.e.

ap /3T + p ap /ax = o, (2.4.12)2d 1 2d 2d 0

where P2d(XQ,Ti) represents the analogue of PQ in the 
leading-order pressure expansion of BRS.

The viscous terms that appear on the right-hand side 
of (2.4.11) appear to be secondary here, and we can model 
the breakdown by considering the first crossing of the 
characteristics of (2.4.12).

BRS expand in the small parameter |T -T | and re-scale 
a local streamwise coordinate by writing

& = ( (X -X ) - C (T -T ) ) IT -T |'nl,
0 B 1 B 1 1 B 1

where P = C + Q (&, T ) and X gives the breakdown0 1 B
location. From the form of the characteristics of (2.4.12) 
we then expect Q to expand as
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where the value of nl is to be found.
Substituting into the two-dimensional analogue of

(2.4.11) gives the left-hand terms of magnitude 0(nl-2), 
and the right-hand viscous terms at 0((nl-2)/2). Thus by 
taking nl < 2 we can ensure that the form of (2.4.12) 
dominates and BRS went on to show that nl = 3/2 gives a 
single-valued solution for Qq (&) with smooth initial 
conditions.

To include the spanwise flow effects in this analysis 
we assume that the essential features of the breakdown are 
unchanged in the streamwise direction, and propose a local 
spanwise coordinate given by 2 = (Zo-Zq) |T̂ —Tq|_n2, where 
Zfi is the spanwise breakdown location and the power n2 is 
to be found. We now consider Q = Q(^,S,Ti) and substitute 
into (2.4.11). The double spanwise derivative term then 
comes in at 0|T -T j2nl_2n2_1 ancj to ensure that this does

1 1 B 1
not dominate (2.4.11) we require n2  ̂5/4, and so that 
the viscous effects are still of a much higher order we
propose that n2 = 5/4 to exert the greatest
three-dimensional influence within this structure. Hence 
we write

P ~ £ + (T -T )1/2£ (&,2) + (T -T )3/A$ (&,%) + •••,0 0 B 1 1 B 1 2

and substitute this into (2.4.11). Due to the scalings the 
dominant effects are given by the C term in &, and the 
term in the pressure expansion and by equating these, i.e. 
taking = C, the effects cancel to leave the relation

A
d2§ , 3& d$ , 52 d£ £ , a d$ n i dS + —  — i + —  — i - —i + p — i = 0,
dfc2 2 4 dt 2 ^-00

(2.4.13)
with the viscous effects coming in at the next order of 
magnitude (T - T ) 1/4. The equation (2.4.13) describes 
the leading-order pressure relation for the finite-time 
breakdown in three dimensions arising simply from the
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presence of high-frequency perturbations in the flow 
If a smooth solution for £ exists then this 

confirm that a nonlinear breakdown can occur in 
context, although other possibilities are by no 
ruled out, or indeed less likely, as far as we know.

would
this

means
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2.5 Br e a k d o w n o f t h e Fu l l Sy s t e m

Having sounded a note of caution in the previous 
section we now go on to consider whether a structure akin
to the above can be applied to the complete nonlinear,
unsteady system that began our investigation. This 
involves expanding all the flow parameters about the 
suggested breakdown time T and is achieved by writingB
T = T - T0, X - Xb + C|T| = |T|3/2X, and Z - Zq = |T|5/4Z, 
about the breakdown location X = X , Z = Z . We then

B B
expand the flow variables as

P = PQ + |T|1/2Pi + | T13/4P2 + •••,
U = UQ + |T|1/2Ui + |T|3/4U2 + •••,
V = |t |'3/2v 0 + | T | ~1VJ + |t |"3/4v 2 +
W = j T13/4Wi + |T |W2 + •••. (2.5. la-d)

This is a general expansion where we are considering a 
fixed disturbance in the spanwise direction to simplify 
the details, and indeed such an assumption is forced if we 
impose a symmetry line on the spanwise flow. The spanwise 
velocity expression is chosen to balance the 3P/dZ term at 
leading-order and T is negative explaining the use of the 
modulus form |T|.

To bring about a match with (2.1.13b) and (2.3.1) we 
can take U0 = Y + P . However we must also have agreement 
with the solution in the wall layer where viscosity terms 
come in. The normal coordinate will drop out of Uq leaving 
U = PQ to leading-order there. Clearly this requires that 
Pq is exactly zero to satisfy no-slip and so we find that, 
as in BRS,

P = V = 0, U = Y.0 0 0

Continuing to substitute (2.5.la-d) into (2.1.12a-ci 
then once again gives us simple solution forms:

U (X, Z) = P (X, Z) , U = P ,1 x \ f / / 2 2
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V = - (Y+l-C)P ~ , V = - (Y+l-C)P ~ ,1 IX 2 2X
-X

W2 = - (Y-C)'1 — l(S,Z) ds, (2.5.2)
- az
-  00

and we again expect the existence of a passive critical 
layer about Y = C. The spanwise velocity is here taken to 
vanish as X This is due to the assumption that the
solution outside the breakdown region is regular and 
contains no internal sub-layers. Thus as X becomes large 
and we move to the edge of the breakdown zone we cannot 
have an arbitrary function of Z persisting from the 
integration of W^.

Clearly W vanishes for large Y in the above and so we 
can take the arbitrary function to be identically zero. 
This argument is true for |X| large and so the above 
solution for w could be replaced by the analagous 
expression

-00

W = (Y-C)"1i
aE\  H Q— i dS.

- azX

We now turn our attention once again to the viscous 
wall layer in order to check that a solution can be found 
there that is consistent with these outer-layer results. 
To bring viscosity into the momentum equations at leading 
order we consider the normal sub-scale given by 
Y = | T | 3/4$ .

We see that the Uq = Y form will be displaced up the 
order to leave the wall-layer expansions as

U = | T11/26 i + • • •,
V = | T | 1/4'0'i + •••,
W = | T 1 +

The normal velocity term cannot be of lower order 
without invalidating the continuity equation, and so we
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must have a tangential flow condition on the V , V 2 and V3 
terms in the outer layer. This can only be achieved by 
taking C = 1, fixing the downstream motion of the 
disturbance.

The wall-layer equations are then

0 ~ + A a = 0, 6 ~ = P ~ - 6 a a , (2.5.3)IX 1Y IX IX 1YY

in exact agreement with (2.4.5a,b) and we can once again 
invoke a Fourier Transform approach to find a solution. 
However we note that in order to use this technique on the 
momentum equation we must ensure that the terms are
bounded at large |X| . Since the two-dimensional BRS 
equation is incorporated within our pressure relation
(2.4.13) we might expect that P will behave like - X 
at large |X| .

If we assume this asymptotic behaviour we must
differentiate our momentum equation above before 
transforming, and then we can assume that the term
[exp(-ik)P ~]°° does indeed vanish. This then yields theIX -00
result

where m is defined as in (2.4.6) and we can use this 
relation to show, via continuity, that

d§ aP a— i ~ - — i , as Y -> oo,
a$ ax

which matches with our outer solution for V .i
If we consider the spanwise momentum equation we can 

use the same approach but this time it seems likely that 
the streamwise derivative need not be taken since we 
expect the P ~ form to be bounded at large |X| . This is 
considered in more detail in Chapter Three.

We now return to the outer layer where the next order 
is a little more involved as spanwise terms begin to 
appear in the continuity equation:
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The nonlinear pressure terms give a new forcing, and 
the 3X/2 and 5Z/4 terms arise due to the re-scaling of X 
and Z with time and so derive from the unsteadiness in the 
system. Solutions can be obtained by taking the derivative 
of (2.5.5) with respect to Y:

— 3
ax (Y-l).

3 p 3P i dS + — 3 ,
az2 ax00

V = -Y— 3 ,
3 ax

and these expressions are obtained by once again invoking 
the tangential-flow constraint which this time determines 
that

a2p ,c x 3x ap x 5z ap p  ̂ ~ ap n 1 dS + —  — i + —  — i - —i + P — i = 0,
az2 2 ax 4 az 2 ^x

(2.5.6)
from (2.5.5). A further differentiation with respect to X 
removes the integral to leave

a2P
az2

5Z a p f3X
+

axaz
+ p

a2p
ax2

ap

* axv  J

ap
ax

=  o.

(2.5.7)
We see that (2.5.6) agrees exactly with (2.4.13) and 

so we have an identical breakdown structure occurring, but 
now in the entire unsteady, nonlinear boundary-layer flow. 
This matches with the two-dimensional equation in BRS, and



further terms in the solution can be determined. The 
viscous effects are felt at the next order where the 
tangential-flow condition is replaced by matching with the 
normal velocity in the wall layer. This brings in the 
effect of viscosity via an expression in P which matches
with the outer zone to determine P .

2

The breakdown structure appears to be consistent, 
giving regular behaviour outside the collapse region, and 
again it is predominantly inviscid. BRS generalize their

3/2two-dimensional regime by modifying the |T| power law 
to allow for powers of 3/2, 5/4, 7/6, ••• ; however such 
an analysis for the three-dimensional set-up is more 
involved.

The 3/2 power law seems to be the most likely to occur 
naturally since it is initiated by smooth profiles, and it 
is also supported by the numerical work of Peridier, 
Srriihh and Walker (199l)j see Chapter Five for more
details of the computational results.

However a generalization of our analysis can be 
achieved by writing X + |T| = |T|nX, and Z = |T|(3n/2_1)Z 
with

V = | T | 1Vi + | T |n 2V2 + /

W = |T|3/2(n 1)Wi + |T|5/2(n“1)W2 + •••,

P = |T|n_1Pi + |T|2(n_1)P 2+ •••.

These expansions in fact omit certain terms, the pressure
expansion for example must also contain terms in |T|n/2,
|T| (an/2 / etc. but these become relegated up the order
as n takes on smaller values. The resulting pressure
equation becomes

2 ~  2 ~  2 ~  d p , a p a p
.21 + p r 1)2 + <nX+5i,3 2 i

r3P 2 3P
az  ̂ j axaz ax' ax

+ — l = o  
ax

The above can be continued as n approaches unity but
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clearly in the limit the ordering imposed becomes invalid 
and a completely new approach is called for. An 
alternative strategy for n = 1 produces the so-called 
severe breakdown proposal of Smith (1988), but we have not 
pursued this in three dimensions.
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2.6 Modif ic ati on s To The Mod e l Pr o b l e m

The relations (2.1.12a-c) and (2.1.13a-c) are common 
to the problem studied in sections 2.3 - 2.5 and to those 
described in sections 2.1 and 2.2. The amendments to the 
working therefore stem entirely from the slightly 
differing forms of the pressure-displacement relations
(2.1.14), (2.2.6) and (2.3.1). The approach throughout is
identical and the linear analysis is adapted by altering
(2.3.4) as follows:

a2 + 02 , (2.6.D
a + (32 I i K

a(l-Fr) )

where this deals with the liquid-layer flow; taking Fr = 0 
then provides the correct result for flow over humps. The 
same technique can be applied throughout to obtain the 
second flow case from the first and so we will just 
concern ourselves with the liquid-layer problem 
henceforth.

The new term on the -hand side of (2.6.1) then
affects (2.3.5) similarly and hence alters the dispersion 
relation for large frequencies, (2.3.6), by multiplying 
the 0 term by a factor of 2/ (1-Fr) . Hence the conclusions 
of section 2.3, which determine the expressions for the 
multiple-scales approach, are unchanged.

To examine the effect of (2.1.14) on the next section 
we can differentiate the relation twice to leave

1 a2PA- = p- + —  ---- — - . (2.6.2)
xx xx (1-Fr) az2

Expanding the displacement function by
- 1/2 -1  - 3/2A = Q A + Q A + Q A + ••*, akin to the0 1 2

expression for the pressure, with the scalings of section
2.4, we find on substitution into (2.1.14) that
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/.X
A = P ,0 0 A =

1
P + __ ±____l (1-Fr)

-X
a2p
az20

0 dS‘

Thus the leading-order relation is unaltered from the 
model problem. The solutions for U2 and V are affected by 
this second relation, resulting in the replacement of the 
first term on the right-hand side of (2.4.2) by

(Y-Fr)
(1-Fr)

0 a2P
az23 0

0 dS (2.6.3)

The same factor applies to the solution of au /ax , but2 0
the viscous layer is unaffected to our order of working,
since only P q is involved there. Hence the adjustment
factor (2.6.3) carries through to the relations (2.4.11)
and (2.4.13), but now we are considering a match for small
Y values and hence we are left with just the factor
Fr/(1-Fr) in the above.

The next consideration is the full-system breakdown
structure of section 2.5 where we can take a re-scaling of
the displacement function along the same lines as
immediately above. On this occasion we expand in |T| and
once the P term has been removed we have a relative error o ^

in the expansions of 0|T|"1/4. Because of this we find 
that the last term in (2.6.2) only comes in at third order 
and this is compatible with the multiple-scale result 
again and leads to an alteration of (2.5.6) identical to 
that described above for (2.4.11).

The results tie in exactly and we are left with the 
terminal equation

f 1 1 ^Fr a2p1 + r52f a2p1 + f3X ] 
—  + P 
2 1J

a2p1 + fapi
1-Fr\ J

a2z 4
V. J

3X3Z ax2 ax
V. J

3P
+ — I = 0, 

ax
(2.6.4)

now replacing (2.5.7). These are the main equations of 
interest which will form the basic motivation for the work 
in the next two chapters. We see that the model problem
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therefore provides a sensible basis for the real problems, 
subject only to a multiplication factor, and we note in 
addition that for the case of flow over a wall shape the 
first term in (2.6.4) vanishes.
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IroM

Figure 2.1: The extension of k into the complex plane

54



so
lu

tio
n 

of 
(1

-1
00

) 
tim

e 
st

ep
s 

so
lu

tio
n 

of
 

(2
01

 -
30

0)
 

tim
e 

st
ep

s

55

si
ng
ul
ar
 

pr
es
su
re
 

gr
ad

ie
nt
. 

Sh
en
g 

(1
99
0)



CHAPTER 3

THE PRESSURE SOLUTION FOR THE FAR-FIELD
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3.1 The Asymptotic Structure

We begin our study of the pressure equation (2.6.4) by 
attempting to find an asymptotic solution for large values 
of the streamwise and spanwise coordinates. As in the 
previous chapter we analyse the model problem (2.5.7) 
initially, and comment on the effect of the slightly 
changed equation (2.6.4) at the end of the chapter. We are 
seeking a smooth solution that can be incorporated into 
the numerical work presented subsequently in Chapter Four.

We can group some of the terms of equation (2.5.7) 
together by considering their magnitudes as

0( P/Z2), 0(P/X), 0(P/X), 0(p2/x2), 0 (P2/X2) , 0< P/X),

for each of the terms respectively, where we now write P 
to represent the P term of Chapter Two. In the following 
analysis we shall refer to these orderings by representing 
the first term of size 0(P/Z ) by tl, the terms of size 
0(P/X) as t2, and the nonlinear terms 0(P2/X2) as t3.

Initially we consider large, negative values of the 
streamwise coordinate X, with Z of 0(1), and here we
expect tl to dominate (2.5.7) . Hence we must equate tl to 
zero, which forces the solution to be at most linear in 
the spanwise coordinate. Assuming that the pressure is
small compared to |X| in this asymptotic zone, we expect 
t2 to control the development, giving the condition

- (5Z/4) ?—  - (3X / 2 ) ^ ~  - ^  = 0, 
ax az p ax2 axp p p

where we take Xp = -X and hence Xp is large and positive 
here. We find that

P = C X1/3 + C Z + C + C X_1/2Z + • • •,I P  2 3 4 P

satisfies the above constraints, where C , C , C , C , are1 2 3 4
constants, and we note that t3 will not enter the
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reckoning until we are considering terms of magnitude
0(X"4/3) .p

An extension of this asymptotic theory is now sought 
as Z becomes large itself and we seek a similarity
variable for which a new balance will be provoked in
(2.5.7). Clearly tl and t2 will be of equivalent
magnitudes when Z2 = 0(Xp) and this prompts us to examine
this stage first, by writing

P = xJ/3G(u) + •••, (3.1.1)

^  1/2to leading order, where t? = Z/Xp and we require
G(i?) ~ Ci as t) becomes small. Substitution of this into
our pressure relation gives a condition on G:

(1 + t)2/4)G" + (iq/12)G' = 0. (3.1.2)

We are able to integrate this once to obtain

2C si
G = 5/6

dS
(12 + 3S )

+ C2. 1/6 1 (3.1.3)

introducing another constant C . As tj becomes large the
suggested form therefore has r ~ r -r»2/3 5 ' implying a new
zone as Z continues to grow relative to X j

We now propose the pressure expansion
1 / 2

p = x^/3+2A/3H (£) + •••, 

where £ = Z/X1/2+̂  with A positive and unknown, and demand
—  2/3that H ~ C £ as £ becomes small, to match with (3.1.3) .5

It can be seen that tl is now small compared to t2 and t3 
and that a balance is struck between the latter two on 
taking A to be unity. The relation governing H is then

£2H' 3H
T - 1 3£H' - 3H 2 + H 2H

3 =  0 .

(3.1.4)
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The linear terms dominate (3.1.4) for small £ and 
yield the required behaviour mentioned, and we can solve
for large £; and H by working with just the nonlinear terms

2 . . and introducing the variable h = H . This procedure yields
—  4 / 3  § —the limiting behaviour h ~ C £ for large £, with C6 6

unknown, which suggests that this form will dominate as Z 
increases further. We therefore expect that tl will not 
play a leading part in determining the solution as Xp 
becomes 0(1), with Z large, and that no new effects will 
emerge in this range, and we have

which is clearly regular as Xp vanishes. However, before 
proceeding onto positive values of X, we observe that 
equation (3.1.4) has a coefficient of (3H/2 - 1) 
multiplying the double-derivative, so that a singularity 
may arise in the solution as H approaches the value of 
two-thirds, with £ finite.

To resolve this point we need to examine the behaviour
of H about where H(£q) = 2/3 and so we expand in s,
with s assumed small and equal to (£ - £q) . We find that 
the only solutions passing through this point are given by

H = 2/3 + (4s / 9C ) - (212 / 21S2) + •••,0 0

or H = 2/3 - (2s / 9€ ) + (s2 / 27^) + •••. (3.1.5)

Further terms are easy to calculate and both expansions 
are clearly regular as s tends to zero. Thus smooth 
solutions do exist at this point and we can analyse
equation (3.1.4) further by choosing J(H) = H and £ = eq,qwhich reduces the equation to first order in J:

3H + + |h (H - D  = 0. (3.1.6)

A solution does not seem obvious, but further light is
thrown on the problem by examining the phase portrait. A
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sketch of this is given in Figure (3.1), where the points 
(J,H) = (0,0), (0,1), (4/9,2/3), (-2/9,2/3) have been
analysed separately using local expansions to discover the 
nature of the solutions there.

The solution curves pass vertically through J = 0 
everywhere except at the two special points above, and we 
notice immediately that the lines J = 2H/3 and 
J = 2 (H-l) /3 play a significant role in determining the 
structure of the phase-plane. Another inspection of
(3.1.4) then shows these lines to be solutions of the 
equation, and an analysis about H = 2/3 confirms that 
these lines are given by the regular expansions (3.1.5). 
The relation J = 2H/3 is equivalent to H = K£2/3 for an 
unknown constant K, and we see that this solution passes 
through the origin, a region of vanishingly small £ and H, 
and hence can merge with the previous stage of our 
analysis.

It appears that the suggested large Z form is
~2/3 . . .therefore of the order of Z , and that it is possible to 

take the analysis on to include positive X in a similar 
way. However we note that this introduces a sign change 
into (3.1.2) in the coefficient of the G" term. This 
demands a smaller scale analysis about tj = 2 and although 
a removal of the singularity seems possible a more 
damaging complication arises in the work above.

If we consider matching with the regular flow outside
the breakdown region as X, Z become very large, we must
have an order one pressure there. However this analysis
suggests that the pressure expansion from Chapter Two has

—  1 / 2  ̂a leading behaviour of P ~ |T| P. The suggested forms
for X, Z large are P ~ C X1/3, C2/3Z2/3 respectively and
the scalings for X, Z in Chapter Two leave:

for order one X, Z in turn. The streamwise coordinate does 
indeed give an order one pressure but the spanwise

” 1/3behaviour forces an 0(|T| ) leading term which violates
the required structure in Chapter Two since T is small.
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. ~2/5A limiting form of magnitude 0(Z ) is necessary to
alleviate this incongruity and hence a new approach is 
required to force this behaviour, which is described in 
the next section.
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3.2 A Smooth Solution

There are many different possible ways to approach the 
asymptotic problem and we now consider the modification of 
delaying the tj dependence in (3.1.1) by suggesting that

P = C X1/3 + X 1/3~flG(7}) +
i p  p

We substitute this into the pressure relation again to 
obtain a similar equation to before:

(3v2 + 12) G" - vG' - 4G = (4/3)C2 , (3.2.1)

where n has been chosen to be two-thirds, as this brings 
in the new nonlinear term on the right-hand side of
(3.2.1), with the leading-order t2 terms immediately 
cancelling out at 0(X~2/3). When tj is large G behaves like 
i)2 and so we anticipate the development of a new zone for 
which 1 is 0(1), and defined by 1 = 7)/ X^. Matching for 
small 1 determines the nature of the expansion, which we 
write as

P = C x1/3 + X2V-1/3H(1) + ■••. (3.2.2)
i p  p ^

We aim to have the nonlinear terms influencing the 
leading order so that they strongly effect the pressure 
distribution. This is ensured by taking v = 2/3, but then 
we see that the H term dominates the left-hand side of
(3.2.2). Substituting into the pressure equation gives a
—  6/7 *£ behaviour for small £ which does not provide a match 
with the previous zone, and we see that our solution 
structure breaks down.

To resolve this problem the key lies in the 
realisation that the dominant terms in t2 always cancel in 
the above to give no contribution to the equation, due to 
the third power behaviour of the streamwise coordinate. 
Thus we can relax the condition that brings the nonlinear 
effects in at such a low order, and delay the appearance

62



of t3 until the next order, which is non-trivial in t2. 
This reduces the value of nu required to v = 1/3 and we
can see that the terms in (3.2.2) are then of equivalent
magnitude.

This outlines our next region which we investigate by 
suggesting that

P = X1/3H (£) + X'1/3H (£) + •••,P 1 ^ P 2

—  a / 5/6 ***with £ = Z / X . The linear terms in H dominate, butp 1 _ cancel immediately leaving the linear terms involving H ,
along with terms tl and t3 involving H to effect a
balance, as expected. We find that

[i + 25.5.aA | + H 7 25£2Hi'+ 5?^ - Il2= 5£H 7 ̂  — 2— 2 + H-2,
36\ J

l 36 12V. J 9 6 3
(3.2.3)

where H is determined by the form of H . This is a2 1 1
crucial result in formulating our approach to the 
asymptotic solution, since this tells us that is
arbitrary, subject only to matching with the small and 
large £ zones, being indeterminate for £ = 0(1) from the 
information we have on the system.

To continue our asymptotic results to a region of
— — — —2/5small X with Z large, we can now take a form H = K £ 

p ^ 1 1 ^
which we observe gives no contribution to the left-hand 
side of (3.2.3) via t2 and t3, leaving an influence of
--8/5 ,€ only.

—  —  — 2/5 —Initially we considered a solution H = K £ + KJ 1 1^ 2
which can be applied throughout the zone and hence must 
match for large and small £. However this forces a term in 
H2 to become large as £ becomes small and leads to a term 
in X*/5 appearing at second order in the G equation
(3.2.1). This is a possibility, but leads to the 
introduction of logarithmic terms into the expansions,
which does not give us the simple form for G that we are 
hoping for as Z becomes small.

A successful strategy seems to require separate
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expansions matching at each extreme of what we shall call 
the H-region described above, which assumes that the flow 
can smoothly adapt between them, guided by the upstream 
conditions of the flow. This is possible here since the £

b ̂ / c o / cparameter is such that gives us the Z behaviour
required for large Z, and a regular expansion for small
X .
p

We now return to Z = 0(1) and Xp large, to present the
final solution which is written as

P = x1/3c + X 1/3c + X xc + x 4/3P I  P 2 P 3 P

fc c )
-! + _i
6 18

Z2 + X‘5/3C +P 4

X 2C z2 + X 7/3C + X~8/3E1 + X"3E2 + X 10/3E3 + •••,P 3 P 5 P P P

where El, E2, and E3 are defined as follows:
(3.2.4

El =
(5C 5C C 5C4 1 3  2

18
Z2,

E2 =
rc c

•a i
fc c2]

O 1

y

+ J 1 + _L
6 6V. 6 18

j

Z4,

E3 = 14
3

C -5

c c c c 1
1 4  2 3 z2.

This expansion satisfies the pressure equation 
completely and further terms are easily evaluated. If we 
neglect the spanwise behaviour in (3.2.4) we are left with 
just P = C X1/3 + C X"1/3 + C X'1 + CX'5/3 + •••, which
J I P  2 P 3 P 4 P
includes all the arbitrary constants involved in the full 
solution, and can give us a match with the BRS result 
which we describe in more detail at the end of the 
chapter.

To move onto the next region we re-define the above in 
terms of to get simply

p = c x1/3 + x 1/3g (in) +i p  p
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where we have (3.2.1) again, now in terms of G, which is 
solved by taking the limiting form of the above solution 
as ti becomes order one. Hence we have
G = C + (C /6 + C 2/18)tj2 as a solution since both the

2 2  1

0(1) and 0(i7 ) terms in (3.2.1) cancel. This result is in 
fact just an amalgamation of results from the previous 
stage, where we had relations at orders X~4/3 and X_7/3p p
equating to zero, separately describing the same effects. 
This is to be expected since (3.2.4) is a full solution to 
the pressure equation and not a limiting case that 
excludes any terms of type tl, t2 or t3.

The H-region solution will clearly follow in similar 
fashion with certain terms moving down the order:

P = X1/3H (£) + X"1/3H (£) + X 1H (£) + X"5/3H (£) +P 1 ^ P 2 P 3 ^ P 4 ^

and the solutions for small £ are given by
(3.2.5)

fc c2] Q O fc c2]
H ~ C +1 1 -£ + -L + 3 _ 1 -i + -L 64+ 0(66),1 1 6 18 k J 6 6V. 6 18 V Jj

H

H ~

H ~

c2 + c3c2 + o<c4) ,
2n

c +3

C5 + CMC2) •

f5C 5C C 5C4 1 3  2

18
C2 + CMC4),

~2/5 ~We cannot obtain our Z result, when Z is large, from 
these expansions and so we look for a new structure for 
large £ involving the H, H2 ..., forms as in (3.2.3). 
Thus we have the pressure expansion from (3.2.5) giving
(3.2.3) and

(25£2/36) (H "H + 2H 7H 7+ H "H ) + (556/36) (H H '+ H H  j
^  2 1  1 2  1 2  ^  1 2  2 1

+ H2" = (56/3)H37+ 2H3 , (3.2.6)

with similar equations at higher orders. The right-hand
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sides of (3.2.3), (3.2.6) and further equations provide
solutions with arbitrary coefficients which combine with 
the terms forced by the left-hand sides. Hence solutions 
are given by

H = K 12/5,

H2 = K2|‘2/5 + (6^/25) i"8/5,

H3 = K3̂ "6/5 “ (7K2/25) |'12/5- (156/625) K ^ -1875,
(3.2.7)

where the K , K , K are the unknown constants mentioned
1 2 3

above. This process can be continued and again is a 
solution to the full pressure equation. The result can be 
used to determine the expansion for large Z, with
X = 0(1), where we have

P =K Z2/5+K Z~2/5+K Z”6/5+1 2  3

f6K X 1l p

25
r8/5+K z-2-4

f7K X
2 P

25
z“12/5

+K Z 14/5+5

f92K 22K ̂1 3

625 25
x z-16/5+p K -6

156K X2'l p

625
r18/5+

This is a regular expansion involving integer powers of Xp 
to give a well-behaved streamwise pressure gradient when 
Xp is small, as required.

Hence the solution is consistent and satisfies the 
matching conditions outside the breakdown region, and so 
we can now move on to consider the problem as X becomes 
positive. The same structure exists for the solution here 
and we encounter a modified H-region. This time we write

p = x ^ d )  + x ~1/3h2(£) +•••,

where £ = ZX"5/6. We find that equation (3.2.3) holds for 
Hi, H2, replacing H , H2, except that the right-hand 
side is now the negative of that given in (3.2.3), to 
accommodate X > 0. For the next order we obtain an 
identical equation to (3.2.6) in the new variables, and
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the higher-order equations continue this trend of 
agreement, every other order having the opposite sign on 
the right-hand side, when compared with the H-region.

We obtain a very similar pressure solution for X > 0 
to that for X < 0 then, with some sign changes in the 
coefficients. The whole process can be repeated through 
large £, small | and tj regions, now defined for X instead 
of Xp. The solution obtained for X large and Z = 0(1) is 
then

P = X1/3(-C ) + X"1/3(-C ) + X_1(-C ) + (3.2.8)1 2 3

X'4/3(C2/6 + C2/18) Z2 + X"5/3(-C4) + X'2C3Z2 + •••,

where this solution is to be compared with (3.2.4).
Because of the arbitrary nature of the region 

governing the behaviour when £, or £ are 0(1), for X < 0 
and X > 0 respectively, the constants in (3.2.8) need not 
be related to those in (3.2.4) in the way we have
presented them. However we can use this form to give some
sort of agreement with the two-dimensional result of BRS.
Their equation is

0 = - P - BP 3, (3.2.9)2D 2D

for the streamwise coordinate e and leading-order pressure 
term P2d, where B is a positive constant. We can expand
P2d for large positive values of 0 by proposing that

P = B e1/3 + B 0_1/3 + B 0-1 + •••,2D 1 2 3

and we find that we get B = -B"1/3, B = B~2/3/3, B = 0,
^ 1  2 ' 3 '

and further results are obtained likewise. If we equate 
these coefficients with (3.2.8) we see that

C /6 + C 2/18 = -B“2/3/18 + B"2/3/18 = 0,2 1 '

. ~ 2 *and hence the first Z term vanishes. Similarly C = 0
~  2matching with B3 and so the second Z term vanishes, and
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similar arguments apply for higher orders.
We can use the same ideas for negative values of 0, 

where the signs of the coefficients will change. This can 
be seen to be true by examining an explicit solution of 
(3.2.9), instead of the implicit one of BRS. This solution 
is arrived at by noting that

(sinh 30)/3 = sinh0 + (4sinh30)/3, (3.2.10)

and hence we can write P2d = Dsinh0, e = -(Dsinh30)/3 and 
then express sinh30 as (¥ - I/S') /2 where if = e3̂ . Solving 
for if leads us to the result

P = Dsinh2D —In /30 + /  27B02 +1 "  
D

(3.2.11)

where a positive root must be taken to give a real result, 
and where D = ±2/ /3B. We observe that whichever value is 
chosen for D this result yields the behaviour that when e 
is large and positive, P2q is large and negative, and when 
e is large and negative, P2d is large and positive. We see 
that B > 0 ensures that the signs in (3.2.9) fit with the 
expression involving sinh0 given in (3.2.10), whereas 
B < 0 requires a cosh expression which leads to 
non-uniqueness of the solution for P in terms of 0 .^  2D

This two-dimensional behaviour suggests a change in 
sign of the coefficients for the large 0 behaviour 
depending on whether 0 is positive or negative, and 
although a direct match with this result clearly removes 
any Z behaviour from (3.2.8), we can attempt a modified 
form of matching by keeping C , C , C , etc. arbitrary, 
but changing the signs for X positive and negative, as in
(3.2.8). From the two-dimensional result we would also 
expect that C > 0 for the leading-order behaviour.

Thus we have a smooth asymptotic solution for the 
pressure distribution which seems to suggest that a smooth 
solution for the whole pressure field might exist. A 
tie-in with the two-dimensional analogue is achieved and
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so we now want to seek a full solution, which is the focus
of the work in the next chapter.

We must finally consider the refinements necessary to
deal with the real pressure equation (2.6.4), instead of
the model one (2.5.7). We write F = Fr/(1-Fr) to indicate
the multiplying factor from Chapter Two, and consider the
expansion (3.2.4) once more. We see that for Z = 0(1) the
leading Z term will enter the equations via the P~~ termz z
first. This balance then determines the coefficient for 
the Z2 term to cancel out with the linear and nonlinear
forms that involve terms of higher order in the pressure
expansion. Thus we find that merely replacing the relevant
coefficients in (3.2.4) by l/F(C2/6 + C^/18) ,
1/F ( (5C4/2) - (5CiC3/9) - (5C22/18) ) , etc. solves the real 
problem (2.6.4) successfully.

As described previously in the section this solution 
will then continue up to the H-region, described by
(3.2.5). The coefficient change in the pressure 
distribution here leads to the first term in (3.2.3),
(3.2.6) and further equations being altered. This forces a 
change in the response of H2, H 3 respectively yielding 
this time

H = K £2/5,1

H = K l~2/5 + 6K F^"8/5,2 2 1 ^

H3 = K3̂ "6/5- (7/25)K2Fi"12/5- (156/625) K^F2̂ -1875,
(3.2.12)

replacing the earlier results given by (3.2.7). We can 
move onto X > 0 without difficulty and this completes the 
picture for the liquid-layer flow, but we see that taking 
F = 0 in the first expansion gives invalid results for 
flow over humps. Here we observe that tl now vanishes from 
the equation so that the (C2/6 + Ci2/18)Z2 term no longer 
appears to equate to the linear and nonlinear terms. Thus 
a balance must be struck between these latter terms which 
requires that C2 = -C^/3. A similar technique can be used
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for higher orders and we see that the solution for 
Z = 0(1) now matches the two-dimensional form of BRS. 
Hence the three-dimensionallity is excluded until the 
H-region where the arbitrary part of (3.2.12) remains to 
ensure a three-dimensional effect.
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Figure 3.1: The phase portrait of equation (3.1.6)
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CHAPTER 4

THE NUMERICAL SOLUTION OF THE 
THREE-DIMENSIONAL PRESSURE EQUATION
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4.0 Introduction

The pressure relation (2.5.7) that we consider here is 
a second-order, nonlinear, partial differential equation. 
We aim to solve it numerically, the main difficulty
arising from consideration of the coefficients of the

2second-order derivative terms. The expression b - 4ac, 
where a is the coefficient of the P~~ term, b multiplies
the P~~ term and c the P~~ term, determines the nature ofxz zz
the problem. We discover that

b2 - 4ac = (25Z2/16) - 4((3X/2) + P), (4.0.1)

where again we write P to represent P from Chapter Two.
There is no reason for this quantity to remain wholly 
greater or less than zero. Thus (2.5.7) is of mixed type 
and we have a hyperbolic problem whenever (4.0.1) is 
positive, and an elliptic problem when it is negative.

This type of structure seems to be quite unusual and 
previous relevant numerical approaches are scarce. Our 
initial attempt at the problem is aimed at removing this 
changing character.

The addition of a higher derivative term to (2.5.7) 
forces the equation to be of a single type, and so in our 
preliminary efforts we considered the inclusion of a term 
e P ~ ~ £ small. The equation is then elliptic 
throughout and can be solved for small e; however our 
methods could not deal with e small enough to remove the 
dominance of the higher derivative term, and gave us no 
real insight into the behaviour of the solution of
(2.5.7).

It seems that we must address the type dependent 
problem directly then, and we propose a differencing
approach which invokes central differencing in elliptic 
zones, and one-sided differencing in hyperbolic zones, in 
keeping with the typical structure of each region.

We take a regular mesh of points (i,k) where i varies 
between 0 and Mi, and k runs from 1 to Mk. The points are
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separated by constant intervals represented by AX and AZ 
in increasing i and k directions respectively. The 
coordinates X, Z are then related to i, k via the 
relations

X = AX(i - (Mi+1)/ 2), Z = AZ(k - (Mk+1)/ 2).

We can represent a double-derivative on this mesh by 
the centrally differenced formula

P™ = (l/AX2) [p(i+l,k) - 2P (i,k) + P (i-1, k)

0 (AX2) , (4.0.2)
where P(i,k) denotes the pressure value at the mesh point 
(i,k), and the size of the error is easily verified by 
considering the Taylor expansions about P(i,k). To give an 
unconditionally stable scheme we use backwards 
differencing in the hyperbolic zone and in this case the 
double-derivative formula is

P(i,k) - 2P(i-1, k) + P(i-2,k) J

- (AX)P~j + 0 (AX2) , (4.0.3)

where we have an O(AX) error now appearing, giving only 
first-order accuracy. This additional error term can by 
thought of as an artificial or numerical viscosity and in 
our case differencing the streamwise derivative in (2.5.7) 
in this way leads to the addition of the term

- ((3X/2) + P)AXP—  ,XXX

to the right-hand side, where the coefficient of P~~~ canxxx
be positive or negative. We cannot therefore ensure a 
damping of the solution, and hence this may destabilize 
our numerical procedure (Barber 197 9, and references 
therein). To remedy this we consider a transformation of 
the coordinates given by

P~~ = (l/AX2)XX
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X = X + 5Z2/16, Z = Z, (4.0.4)

leading to the new pressure equation

P + (5Z2/64 + 3X/2 + P)P + P2 + (3/8)P = 0, (4.0.5)
ZZ XX X X

for P(X,Z) . The type of the equation is now given by

' 2  < 0 =» hyperbolic,
~ (4.0.6)w  + ~ z  + p > 0 =» elliptic,

and we see that the term on the left of (4.0.6) is the
same as the coefficient of the P term in (4.0.5) .xx
Backwards differencing in (4.0.5) now adds a term

- (5Z2/64 + 3X/2 + P) (AX)P ,
XXX

to the right-hand side of the pressure equation in the 
hyperbolic zone, which according to (4.0.6) gives a 
positive coefficient in the above throughout. Thus we can 
successfully backwards difference in this transformed 
frame which is now correctly biased to the upstream 
direction. The characteristics in the hyperbolic zone are 
given by

dx = + f- (5z\  3x + p]dZ ± V |^4 + ^  + P)•

and so we can see that the two families of characteristic 
curves join at the crossover curve and each family retains 
a positive or negative gradient, throughout the hyperbolic 
zone. Hence, although the characteristic curves are 
unknown a priori because of the pressure term itself being 
involved in determining them, we see that information 
travelling along them will come from both spanwise 
directions and only one streamwise direction.

This structure supports the differencing techniques 
used and we can now go ahead and develop a scheme to solve
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our pressure equation numerically, determining which terms 
must be backwards differenced in order to give a stable 
scheme.
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4.1 Method 1

This method linearises equation (4.0.5) which 
determines the backwards differencing requirements, and 
then transforms back to the original variables of (2.5.7). 
Clearly on inverting the transformation of the term 
involving Pzz in (4.0.5), a contribution including a P~~ 
term will result, which should not be backwards 
differenced. The hyperbolic region then has the equation

C0P1~~ + P1P0~~ + (25Z2/64) Pl~~ + (5Z/4) Pl~~ + Pl~~XX XX XX xz zz

+ (5/8) Pl~ + 2P0-P1- + (3/8) Pl~ = terms in P0 only.X X X X  J

(4.1.1)
Here a superscript c represents central differencing and 
one of b indicates backwards differencing. This is 
described by the formulae

Pl~~ = — -—  [pi (i+1, k+1) - PI (i+1, k-1)
XZ 4AXAZ L

- PI (i-1,k+1) + PI (i-1,k-1)j,

Pl~~ = —  [pi (i, k+1) - 2P1 (i, k) + PI (i, k-1) ] ,
zz AZ2 L j

Pl~ = —  [pi(i + l,k) - PI (i-1, k) 1,
X 2 AX L -I

Pl~ = —  [pi (i, k) - Pl(i-l,k)l, 
x AX L -I

CO = (3X/2) + P0(i,k) - (25Z2/64) ,

and the other double derivative terms are written as in 
(4.0.2) and (4.0.3). The pressure here is written as 
P(i,k) = P0(i,k) + Pl(i,k), with P0(i,k) being known at 
each stage and specified by an initial guess, and Pl(i,k) 
to be found as the small pressure correction term. Any 
products of PI vanish due to the linearisation, and the
known terms in P0 only are taken over to the right-hand
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side of (4.1.1).
Although the first order derivatives are not expected

to play a significant part in determining the stability of
the scheme as a whole, we see that the Pl~ term introduces

xan O(AX) error into the system. However this again gives a 
positive contribution to the right-hand side of (4.1.1) 
and so has only a damping effect as described in the
introduction to the chapter.

The programme specifies an initial grid distribution 
for the pressure which includes the boundary conditions 
defined at i = 0, 1 and Mi for all k, and k = 1, Mk for
all i. The grid line i = 0 effectively determines the
pressure gradient at the upstream boundary giving two 
conditions for the hyperbolic region there.

These boundaries are left unchanged and we create a 
loop in the program which covers each interior grid point, 
i.e. points not determined by the boundary conditions as 
above, beginning with the location (i,k) = (2,2). We
evaluate the hyperbolic/elliptic crossover condition 
(4.0.1) and set a new array, MU(i,k), equal to unity for a 
hyperbolic point or zero for an elliptic one. We then call 
the hyperbolic or elliptic solving routine which evaluates 
the relevant equations for the unknown pressure Pl(i,k). 
The solution is found for each individual grid point and 
the loop fixes i at i = I say, and solves for all k values 
in increasing k. The value of i is then incremented until 
the whole interior grid has been converged. Solving for 
the value P1(I,K), any term in Pl(i,k) in equation (4.1.1) 
with i < I, or k < K with i = I, is therefore known, and 
any other PI terms except P1(I,K) itself have not yet been 
updated and therefore still have a zero value.

Using this structure we can solve for Pl(i,k), and 
once the whole grid has been evaluated we update P0(i,k) 
by adding the values in Pl(i,k) to it, and reset Pl(i,k) 
to zero throughout. We consider the process complete once 
the values of PI all become smaller than 10~4, and 
although relaxation was included originally it was found 
to give no improvement.

This programme was run using an initial grid
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determined completely by the two-dimensional solution 
(3.2.11) as a test. The initial distribution itself is 
shown in Figure 4.1 and the converged solution in Figure 
4.2. The agreement is very good, even though the mesh size 
for the run is 0.1 in both directions. The final 
hyperbolic/elliptic grid stored in MU(i,k) is included in 
Table 4.23 for comparison with further solutions. For 
these, and all the figures to follow, the captions give 
the precise grid size and other details, and are presented 
separately from the diagrams, immediately before Figure 
4.1.

Thus we seem to have a successful scheme, but when we 
introduce significant three-dimensionallity into the mesh 
the scheme does not converge. Smaller three-dimensional 
effects can be dealt with using sinusoidal spanwise 
variations, but an increasing number of iterations are 
required for convergence as the spanwise variation is 
magnified.

Clearly we need a scheme which is more robust in 
dealing with the three-dimensional aspects, and one which 
is quicker to converge to a solution. The alterations we 
make to achieve these improvements are presented in the 
next section.
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4.2 Method 2

Method One uses the transformation described in the 
introduction to the chapter to determine the relevant 
application of backwards differencing from the simplified 
pressure equation that we obtain there. However the 
difference expressions involve the original coordinates X, 
Z, which give a complicated structure involving both 
central and backwards differenced terms in the streamwise 
direction. Hence we cannot solve the hyperbolic region 
line by line, but must use iteration, and the numerical 
stability of this procedure can be difficult to control.

We aim to improve matters by working with the 
transformed variables throughout and we incorporate the 
array MU(i,k) into a switching mechanism, as described by 
Murman and Cole (1971). We write equation (4.0.5) in 
conservative form:

!^|(5Z2/64 + 3X/2 + P)Px - 9P/81 + 8) + § z ( Pz ) = 0 - <4 - 2 - 1 >

If we difference this centrally, taking the last term 
as an example, we have

d _

dZH az
P(i,k+1/2) - P(i,k-1/2)

AZ

P(i,k+1) - 2P(i,k) + P(i,k-1)
(AZ)

which agrees with the previous central differencing. 
However the first term in (4.2.1) is more complicated and 
we must approximate the first order derivative by taking

P(i+1/2,k) - P(i-1/2,k) P (i, k) - P(i-l,k)
AX AX

+ 0 (AX) .

We use this backwards differenced, first derivative 
form for both regions to give an O(AX) error across the 
whole grid, which does not effect the stability of our
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scheme as described in the previous section, but does 
decrease the effect of the changing structure introduced 
at the crossover location.

We want a programme that deals with just one pressure 
equation and not two different ones formulated separately 
for each region. Hence we consider adding the expression

to the differencing used in the elliptic region. The
definition of Pc is analogous to that given for P~~ inxx xx
(4.0.2), but in the transformed frame, and CO is the new 
coefficient array in the transformed equation

C0(i,k) = (5Z2/ 64 + 3X/2 + P(i,k)).

Then when MU(i,k) is equal to zero we have central 
differencing as required, and when it is equal to one the 
Pc terms will cancel and we obtain backwards differencing

v v

in the hyperbolic zone. Murman (1975) then went on to 
refine this technique by making the formula more 
in-keeping with a conservative system by adding the term

[m u (i-1, k) CO <i-l,k)P'x(i-l,k) - MU(i,k)C0 (i,k)P°x(i,k)l,

which can be thought of as adding approximately

We note that on a constant k line in the grid, the 
first elliptic point encountered, say at (I,K), will have 
MU (I, K) = 0 and MU(I-1,K) = 1, and so at crossover the 
differencing is summed to provide a smoother transition 
between the zones. We also observe that at this point the 
coefficient term C0(I,K) will be small anyway, and so it 
seems that this approach should give the desired behaviour 
in the pressure solution as its character alters.

To solve our pressure equation we freeze the value of

MU(i,k)C0(i,k) rp'x(i-l,k) - P°x(i,k)l, (4.2.2)

XX

MU (i, k) CO (i,k)Pxx(i,k)
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CO(i,k) and the single derivative terms, to give what is 
effectively a linear operator at each level of the 
solution process. If we take the nth solution level as 
indicated by a superfix n, then the problem to be solved 
becomes

Ln S0n+1 = 0,

where Ln is our operator determined by the solution at
level n. The pressure form at this stage is given by SOn,
and SOn+1 is to be found. Therefore we have

LnSOn = R, (4.2.3)

where R is some residual, and we can take a correction
array given by C = SOn+1 - SOn which satisfies

LnC = Ln(SOn+1- SOn) = LnSOn+1- LnSOn = - R. (4.2.4)

Therefore we can proceed by evaluating the residual 
from (4.2.3) and solving for C(i,k) in (4.2.4). Our method 
of solution evaluates the correction terms along a whole 
line defined by i = I simultaneously. We do this for i = 2 
at first, and then increment i so that any terms in C(I,K) 
with i < I, when solving for C(I,K), are known since they
have already been updated. Terms with i > I give zero
contribution.

We also introduce relaxation in the elliptic region by 
updating

SO (I, K) n+1 = (1-w) SO(I,K)n + oSO(I,K),

and we use SO(I,K) in the differencing formula keeping the 
relaxation parameter w less than two to maintain 
stability. We then solve the system using Gaussian 
elimination and back substitution which is simplified by 
the fact that the coefficients of C(I,K-1) and C(I,K+1) 
are always l/(AZ)2,when solving for C(I,K).

A modification which included altering the direction
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of sweep in i, to try to enhance the rate of convergence 
in the elliptic region, was found to give little
improvement.

This new approach does result in a faster and more
robust scheme and the next point to consider is how to
incorporate the results of Chapter Three into the boundary 
conditions imposed on our computational grid. Clearly we 
need a simplification of the results found there, and we

~l/3 ~2/5 .concentrate on including the X and Z behaviours, 
with a matching region provided by the variation of the 
parameter £ = Z/X5/6 which was found to be the significant 
similarity variable in Chapter Three.

Any sinusoidal forms in £ seem to present difficulties 
and the expression that we use to get a smooth initial 
distribution is

( (X2/(1+X5/3) ) x TC) + C2 ( (Z2/ (1 + Z8/5) ) x PC)
P  =  ------------------------------------------------------------------------

1 + f
(4.2.5)

This clearly gives the desired behaviour for the initial 
pressure distribution P at large and small values of
z INIT z ~£, and a well behaved function at X = Z = 0. The constants
TC and PC are used to change the signs and relative
importance of the two asymptotic effects, and we need to
take a large grid in order to make the use of asymptotic 
conditions realistic.

Figure 4.3 shows a converged solution on a fairly
small grid. The program runs quickly and satisfies the 
boundary conditions as required. Our initial guess 
specifies the boundary conditions completely giving the 
value and gradient of the upstream pressure solution. 
However if we consider the elliptic region as we sweep in 
increasing i, an upstream boundary is provided by the 
hyperbolic solution which, coupled with the edge 
conditions, fully specifies the elliptic zone, which then 
converges successfully. However at the switch region there 
is no mechanism for the elliptic region to "feel" the 
gradient coming in from the hyperbolic side, and hence
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there is no reason why the gradients must match at this 
point.

Such a mismatch can be exaggerated due to an 
inaccurate specification of the gradient at i = 0, where 
the asymptotic boundary conditions do not give an accurate 
estimate of the expected gradient at this finite upstream 
location. In the programme we can allow some flexibility 
in this initial gradient by dividing the difference 
between the P(0,k) and P(l,k) values by a factor DF. Thus 
DF < 1 increases the gradient and DF > 1 decreases it,
although we apply a constant value of DF for all the
points P(l,k), resulting in a fairly unsophisticated 
technique. In Figure 4.3 we have DF = 2.3 giving the
smoothest crossover profile, and a relaxation value of 
o = 1.7 was found to give the fastest convergence. The
initial grid is given by TC = 1.0, PC = -0.5 in (4.2.5) 
and the grid has a mesh of 25 x 25 points separated by 
constant intervals of AX = AZ = 0.1.

Figures 4.4 and 4.5 show the effect of grid refinement 
in the streamwise direction and are plotted in order to 
give a direct comparison with Figure 4.3. Figure 4.4 has 
twice as many streamwise points as Figure 4.3, and Figure 
4.5 has twice as many again. We see that the agreement is 
good, and well within the error margins expected. In 
Figure 4.5 we begin to see some roughness coming in at the 
crossover location which is due to the fact that the same 
value of DF was taken for all of the results compared 
above. Thus the upstream pressure gradient, which alters 
due to the differing grid sizes, is not suitably modified 
to give a smooth solution in this case.

Figure 4.6 then shows the result of grid refinement in 
the spanwise direction, where we take four times as many 
spanwise points as for Figure 4.3. Clearly the results are 
very similar, which is to be expected since we have second 
order accuracy in Z and no alteration in the differencing 
used in this direction.

The sign of TC determines the pressure behaviour at 
large X and small Z, and Chapter Three suggests that TC 
should be negative, in order to match with the
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two-dimensional form at least. Figure 4.7 shows a sample 
solution with TC = -1.0, clearly revealing the change in 
gradient at crossover. This result is obtained by setting 
DF = 1.0, and an idea of the local behaviour near the 
crossover is given in Figure 4.8, where every streamwise 
point is plotted. Adjusting DF to give a smooth profile 
leads to Figure 4.9 where DF is now equal to four, and a 
close-up akin to Figure 4.8 shows how smooth this solution 
is, in Figure 4.10. Generally we find that quicker 
convergence and smoother solutions are obtained by 
adopting a negative value for TC. Also the results appear 
to be less dependent upon the value of DF, so that these 
trends seem to support the ideas of Chapter Three.

Thus we seem to be able to generate smooth, mesh 
independent solutions and so now we consider larger grids, 
to render our boundary conditions more realistic. Figure 
4.11 gives a grid four times the size of those discussed 
above, and Figure 4.13 uses a grid twice as large again. 
The rise in the boundary conditions associated with the
'̂2/5 ( tZ behaviour either side of the Z = 0 line is moving

~l/3around the boundary towards the X hump for negative 
values of X, as expected from the nature of the 
transformation imposed on the original coordinates. These 
distributions have DF set to one again, and so the 
boundary conditions are correctly satisfied, and we note 
that the effect of DF is significantly decreased at these 
more distant boundary locations. To see that the solution 
is indeed smooth we again show a close-up of Figure 4.11 
in Figure 4.12, where all the local streamwise points are 
included.

The character of the solution does not alter 
significantly for larger grids and so it seems that 
imposing these asymptotic boundary conditions at finite 
mesh values is fairly consistent, as far as obtaining a 
pressure solution with the correct asymptotic behaviour is 
concerned.

Next we consider varying the coefficient of P~~ in our 
pressure equation (2.6.4), such that the Froude number 
effect is incorporated into the numerical solution. Taking
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F = Fr/ (1-Fr) as in Chapter Three we must alter the
A# ~  2streamwise coordinate transformation to X = X-5Z /16F,

leading to the transformed equation

(5Z2/F + 3X/2 + P)P + FP + P 2 + 3P /8 = 0.
XX ZZ X X

Alternatively we could transform Z to remove the
Froude number effect to yield (2.5.7) with a changed Z
form. This requires altering the boundary conditions used
and since these have now been fixed by (4.2.5) we pursue
the current course.

As F becomes small the effect of the
three-dimensionality imposed by the Pzz term will become
small, and the (5Z2/F)P becomes a dominant term. Thisxx
leads to the pressure being governed mainly by the
elliptic region.

The solution for F = 1/2 is shown in Figure 4.14 where
the relaxation is now up to « = 1.9 to give the fastest
convergence. Decreasing Fr again to give F = 0.1
determines the distribution shown in Figure 4.15, where we
see the boundary conditions for extremes of Z having a
decreased effect and the spanwise flow configuration
showing signs of being dominated by the Z /F term in the
coefficient of P .xx

A look at the hyperbolic/elliptic grid shows the 
hyperbolic region shrinking as the elliptic behaviour
starts to dominate, as seen in Figure 4.2.3. Decreasing 
the Froude number effect further to F = 0.01 leads to
Figure 4.16. The equation now has a small Z region

1/2described analytically by Z = 0(F ) , where the P termz z
is still included, and the Z pxx/F is 0(1) giving the 
usual solutions. Outside this zone we effectively have the 
solution for F vanishing.

We can see this structure in the numerical solution 
where we have taken DF = 0.7 in order to try to smooth the 
central region somewhat. However we see that the outer 
solution is smooth anyway, giving us some idea of the 
FR = 0 result, although, to tackle this case properly we 
cannot transform our equation to remove the mixed
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derivative term. If we are unable to do this we must
tackle the presence of the mixed derivative term P~~ inxz
our original pressure equation, and this will give a 
differencing in the Z direction to allow for the spanwise 
variation to be distributed in the solution. Figure 4.17 
shows the small Z region in close-up showing every line in 
i and k there.

The alternative variation of large F is considered in 
Figure 4.18 where we have F = 2. The relaxation must be 
altered to give under-relaxation by taking o> = 0.5 to 
ensure convergence and we need DF = 4.0 to get a smooth 
distribution. The rate of convergence is much slower now, 
and the crossover becomes increasingly controlled by the 
sign of X, with regions of negative X becoming dominated 
by hyperbolic flow, as shown in Figure 4.23.

Thus Method Two seems able to yield smooth pressure 
solutions in the various flow regimes, and fits in with 
the asymptotic analysis and two-dimensional behaviours. 
However the method of altering the gradient initially used 
to set off the pressure solution is rather arbitrary and 
inaccurate, and so we feel an alternative approach should 
be examined.
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4.3 Method 3

The problems inherent in the modification of the 
upstream gradient in the previous sections can be improved 
upon by reversing the direction of the solution sweep used 
in Method Two. If we solve for large i first, and then 
decrease i, we will obtain a converged solution in the 
elliptic region which can then be used to give the 
gradient required to determine the hyperbolic zone 
afterwards. Clearly this process hinges on taking a known 
boundary for the elliptic region within the grid, and the 
simplest way to do this is to define a line I = IC where 
the crossover condition is identically zero for each point 
k. This can be built into an initial grid by ensuring that 
the boundary values, P(IC,1) and P(IC,Mk), agree with the 
asymptotic conditions by choosing the most appropriate 
value IC to give a close match between the two, and then 
scaling the entire initial guess to give exact agreement.

This determines an elliptic region which is solved 
using the correction equation techniques from Method Two, 
with the elliptic and hyperbolic cases now separated again 
to give simple subroutines that fit in with the simple 
structure of the solution grid. Once this has converged we 
use extrapolation to obtain values for P(IC-l,k) in the 
hyperbolic region by continuing the gradient from the 
elliptic zone. This gives us two non-elliptic lines to 
initiate the one-sided differencing in the hyperbolic 
region, which is now in the opposite direction to Method 
Two, and is converged line by line to obtain a full 
solution.

Using the same parameter values as for Figure 4.11 we 
obtain the new solution shown in Figure 4.19, with a 
close-up of the crossover solution given in Figure 4.20, 
indicating that a very smooth solution is indeed obtained 
by this technique. Here we are no longer implementing the 
Murman and Cole switching ideas due to the extrapolation, 
which effectively replaces it.

The left-hand solution line i = 1 in Figure 4.19 has
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been retained although it is not updated, to show that the 
updating occurs purely from the right in this picture and 
clearly this boundary condition is no longer satisfied by 
the solution. This is a result of fixing an arbitrary line 
in the initial grid that is retained by the solution, and 
due to the - Z2 factor in the crossover condition (4.0.6) 
the solution is forced to become relatively large for 
small values of Z, exaggerating the increase in the 
pressure here, compared with the boundary conditions.

This method also introduces relaxation in the 
hyperbolic region via a parameter w2, although Figure 4.19 
is generated using the value of w2 = 1.0, with the 
over-relaxation in the elliptic region now reduced to 
o) = 1.5.

The approach described above is attractive in its 
simplicity, due to the straight line switching grid as 
shown in Figure 4.23, and also shows that a perfectly 
smooth solution can result from the differencing used. 
However the unnatural forcing of a straight switching 
region within the grid leads to poor agreement with the 
boundary conditions and so we need to look at improving 
this feature of the method.
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4.4 Method 4

We now introduce a curved switching line which must 
clearly be incorporated into a general pressure 
distribution, but this feature increases the intricacy of 
the solution process. We must once more fix a line in the 
solution initially that remains unchanged in the final 
result, and we determine this line by taking the smallest 
value of i on each separate k line that corresponds to an 
elliptic point. Thus it is important to try to obtain a 
sensible initial grid for all the points, and not just 
those on the boundaries.

We would like to maintain the simple structure of 
Method Three and so we choose a rectangular section of the 
mesh that incorporates all the elliptic points. We then 
update this rectangle making sure that the switch line, 
and any hyperbolic point included, is unaltered. This 
requires a slight alteration to the Gaussian elimination 
procedure whereby we must alter the tri-diagonal 
coefficient matrix which this technique uses. Any terms 
involved that relate to points which are not to be updated 
must play no part in the elimination or back substitution 
routines.

We can then proceed to converge the elliptic region, 
before defining a corresponding rectangle to above 
that endnses all the hyperbolic points, which is then 
converged line by line for decreasing values of i. This 
time we must extrapolate two points into the hyperbolic 
zone to avoid using any elliptic points in the hyperbolic 
differencing, which can lead to roughness being introduced 
about the crossover location. The solution for a large 
grid is shown in Figure 4.21. Although the roughness is 
seen to be less significant on examining the more detailed 
local picture presented in Figure 4.22, we can see that 
the extrapolation procedure implemented in a staggered 
fashion across the grid is bound to result in some 
roughness appearing in the solution. However we do see an 
improved agreement with the left-hand boundary condition,



and we expect that a grid refinement about the switching 
region would improve the behaviour there. The grid would 
need to be refined in both directions and we would hope 
that further improvement in the agreement with the 
boundary conditions would result, although comparing 
solutions for different mesh sizes is effectively 
addressing a moving boundary problem, the solutions of 
which are notoriously difficult to tackle computationally. 
The above improvements have not been attempted since the 
convergence for Figure 4.21 is fairly slow and 
under-relaxation is now needed in the hyperbolic zone. 
Figure 4.21 and 4.22 have o> = 1.8, o>2 = 0.6 and PC reduced 
to 0.3 to obtain a solution.

It seems that a curved switch line can be incorporated 
into the method though, but we still have a solution line 
forced from the initial grid which clearly predetermines 
the solution somewhat. It seems reasonable to propose that 
adjustment of this initial solution line will enable a 
close fit with the boundary conditions to be achieved, but 
this again appears to be a rather haphazard approach to 
the problem.

A combination of Methods Two and Four could possibly 
be developed using Method Two to define a sensible switch 
line and then taking this solution as an initial grid to 
run a refined version of Method Four to obtain an accurate 
gradient match.

Further work certainly seems desirable to incorporate 
all the aspects of this difficult flow problem, but all in 
all the methods described in this chapter do seem to 
suggest that a smooth pressure solution is consistent with 
the flow problem being tackled. The transformation used to 
define the direction of the one-sided differencing is 
central to the work and it must be borne in mind when 
examining Figures 4.3 - 4.24, for these results are
presented in the transformed frame.

In order to appreciate the difference between the 
transformed results and the solutions in the flow 
variables we present the hyperbolic/elliptic grids for 
Figure 4.2 in Figure 4.23, along with the grids for a
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variety of the transformed results. This illustrates the 
different cases considered, and to provide a direct 
numerical comparison for any further work, we present the 
actual numerical results obtained for Figure 4.11 in 
Figure 4.24, wherein every fourth value in each of the 
flow directions is listed.
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4.5 Captions for the Figures

Figure 4.1:

Figure 4.2:

Figure 4.3:

Figure 4.4:

Figure 4.5:

Figure 4.6:

Figure 4.7:

Figure 4.8:

The initial grid generated by (3.2.11) 
with B = 1. The grid size is 24 x 24 
points, with spacings of AX = AZ = 0.1.

The converged solution using Method 1 with 
the initial grid from Figure 4.1 and no 
relaxation.

Method 2 with a three-dimensional initial 
grid in transformed coordinates, defined 
by (4.0.4) . 25 x 25 mesh points are used 
with AX = AZ = 0.1. Over-relaxation is 
given by a> = 1.7, TC = 1.0, PC = -0.5, 
DF = 2.3.

As for Figure 4.3 but 49 x 25 points,
AX = 0.05. Every other point plotted in
the streamwise direction.

As for Figure 4.3 but 97 x 25 points,
AX = 0.025. Every fourth point plotted in 
the streamwise direction.

As for Figure 4.3 but 25 x 97 points,
AZ = 0.025. Every fourth point plotted in 
the spanwise direction.

The sign of TC is reversed to reverse the 
character of the pressure solution. Taking 
o> = 1.9, TC = -1.0, PC = 1.0, DF = 1.0. 
97 x 25 points, AX = 0.025, AZ = 0.1.

A close-up of the switching region in 
Figure 4.7 showing every point in the 
streamwise direction.
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Figure 4.9: As for Figure 4.7 but smoothed using 
DF = 4.0.

Figure 4.10

Figure 4.11

Figure 4.12

A close-up of Figure 4.9 showing every 
point in the streamwise direction.

As for Figure 4.7 but a larger grid size 
with 97 x 97 points, AX = AZ = 0.1. PC is 
reduced to 0.5. Every fourth point plotted 
in each direction and DF = 1.0 again.

A close-up of Figure 4.11 showing every 
point in both directions about the 
switching region.

Figure 4.13

Figure 4.14

Figure 4.15 

Figure 4.16 

Figure 4.17

Figure 4.18

Figure 4.19

As for Figure 4.11 but for a larger grid 
with 193 x 193 points, AX = AZ = 0.1.
Every eighth point plotted in each 
direction.

As for Figure 4.11 but varying the Froude 
number to give F = 0.5.

As for Figure 4.11 but with F = 0.1.

As for Figure 4.11 but with F = 0.01.

A close-up of Figure 4.16 showing every 
point in both directions.

As for Figure 4.11 but with F = 2.0.
Under-relaxed by u> = 0.5.

Converged solution using Method 3 on the 
same grid as Figure 4.11. TC = -1.0, 
PC = 0.5, a) = 1.5, u>2 = 1.0, a straight
switch line is imposed at IC = 36.
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Figure

Figure

Figure

Figure

Table,

1.20: Close-up of Figure 4.19 showing every
point in the streamwise direction about 
i = 36.

1.21: Solution using Method 4 on the same grid
as Figure 4.11. TC = -1.0, PC = 0.3, 
o) = 1.8, c*>2 = 0.5.

1.22: Close-up of Figure 4.21 showing the
switching region with every point plotted 
in the streamwise direction.

1.23: A comparison for various solutions of the
final hyperbolic/elliptic grids. A 
hyperbolic point is indicated by a value 
of one and an elliptic point by a zero. 
Every point is shown for Figure 4.2 with 
the other cases taking every fourth point 
in X and every other point in Z.

1.24: Actual numerical values obtained for the
solution represented in Figure 4.11. Every 
fourth point plotted in each direction, 
listed in increasing i beginning at k = Mk 
and running thorough the i values, and 
then decreasing k. Convergence was to an 
error 0 (10~4) .
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Comparison of Hyperbolic / Elliptic grids

111111111111111111100000
111111111111111110000000
111111111111111100000000
111111111111110000000000
111111111111100000000000
111111111111100000000000
111111111111000000000000
111111111111100000000000
111111111111110000000000
111111111111111000000000
111111111111111110000000 “

111111111111111111000000

Grid for Figure 4.2

111111111100000000000 00 00 
1111111111100000000000000 
1111111111100000000000000 
1111111111110000000000000 
1111111111110000000000000 
1111111111110000000000000 
1111111111110000000000000 
1111111111110000000000000 
1111111111110000000000000 
1111111111110000000 000000 
1111111111100000000000000 
1111111111100000000000000 
1111111111000000000000000

Grid for Figure 4.11

0000000000000000000000000 
0000000000000000000000000  
00000000000000000 00000000 
11100000000000000 00000000 
1111111100000000000000000 
1111111111000000000000000 
11111111111000000 00000000 
1111111111000000000000000 
1111111100000000000000000 
11100000000000000 00000000 
00000000000000000 00000000 
0000000000000000000000000 
0000000000000000000000000

Grid for Figure 4.15

1111111111111100000000000 
1111111111111100000000000 
1111111111111100000000000 
1111111111111100000000000 
1111111111111100000000000 
11111111111111000 00000000 
1111111111111100000000000 
11111111111111000 00000000 
11111111111111000 00000000 
11111111111111000 00000000 
1111111111111100000000000 
11111111111111000 000000 00 
11111111111111000 00000000

Grid for Figure 4.18

1111111111000000000000000
1111111111000000000000000
1111111111000000000000000
1111111111000000000000000
1111111111000000000000000
1111111111000000000000000
1111111111000000000000000
1111111111000000000000000
1111111111000000000000000
1111111111000000000000000
1111111111000000000000000
1111111111000000000000000
1111111111000000000000000

Grid for Figure 4.19

1111111111100000000000000 
111111111110000 0000000000 
11111111111000000 00000000 
1111111111110000000000000 
111111111111000 00 00000000 
111111111111000 0000000000 
111111111111000 0000000000 
111111111111000 0000000000 
1111111111110000000000000 
1111111111110000000000000 
1111111111100000000000000 
1111111111100000000000000 
1111111111100000000000000

Grid for Figure 4.21

FIGURE 4.23
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Values for the Pressure Distribution of Figure 4.11

0.5588 0.4653
-0.0413 -0.1412
-0.6019 -0.6850
-1.0561 -1.1221
-1. 4172 0.7250
0.2251 0.1099

-0.4100 -0.5064
-0 . 9214 -0.9938
-1.3151 -1.3722
0.5075 0 .3915

-0.1873 -0.3020
-0.7802 -0.8609
-1.2148 -1.2770
0.6965 0.6334
0.0595 -0.0614

-0.6295 -0 .7206
-1.1152 -1.1840
0.6696 0.6713
0.3379 0 .2049

-0 .4656 -0.5700
-1.0142 -1.0912
0.7213 0 . 6720
0.5727 0 . 4775

-0.2845 -0.4063
-0.9088 -0.9956
0.9197 0.8367
0.6088 0.6040

-0.0789 -0 .2262
-0.7962 -0.8937
-1.3278 1.0787
0.6699 0 .6195
0.1789 -0 .0240

-0.6740 -0.7825
-1.2755 -1.3651
0.8734 0 .7801
0.4149 0 .2278

-0.5418 -0 .6607
-1.2105 -1.3141
1.1149 1.0150
0.4698 0.3824

-0 . 4012 -0 .5292
-1.1267 -1.2424
1.3260 1.2358
0.6054 0.4603

-0.2550 -0.3908
-1.0232 -1.1471
1.4806 1.4037
0.8065 0 . 6417

-0.1056 -0.2484
-0. 9045 -1.0325
1.5718 1.5071
0.9805 0.8263
0.0470 -0.1037

0.3668 0 .2655
-0.2390 -0.3341
-0.7650 -0.8421
-1.1856 -1.2468
0.6494 0 .5570

-0.0020 -0.1090
-0.5976 -0.6843
-1.0633 -1.1300
0.7816 0 .7547
0.2701 0 .1488

-0.4110 -0 .5118
-0.9379 -1.0116
-1.3368 0 .7215
0.5416 0 .4300

-0.1934 -0 .3176
-0.8071 -0 .8895
-1.2498 -1.3128
0.6669 0.6337
0.0663 -0 .0869

-0.6682 -0 .7610
-1.1648 -1.2351
0. 6410 0.6305
0.3465 0.1914

-0.5186 -0.6238
-1.0786 -1.1581
0.7605 0 .6951
0.5646 0.4632

-0.3564 -0 .4760
-0.9874 -1.0776
0.9902 0 . 9020
0.5910 0.5729

-0.1799 -0 .3167
-0.8873 -0.9888
1.2347 1.1493
0.6917 0.6141
0.0141 -0 .1463

-0.7758 -0 .8880
-1.4159 1.3707
0.9079 0 .7947
0.2403 0.0354

-0.6532 -0 .7742
-1.3578 -1.4732
1.1340 1.0192
0.3312 0.2110

-0.5218 -0 . 6495
-1.2717 -1.3976
1.3143 1.2109
0.4687 0.3013

-0.3852 -0 .5180
-1.1614 -1.2918
1.4307 1.3412
0.6560 0 .4742

-0.2464 -0.3835

TctbLe 4.24

0. 1630 0 .0604
-0. 4264 -0 .5157
-0. 9162 -0. 9875
-1. 3057 -1. 3625
0. 4527 0 .3407

-0. 2109 -0 .3093
-0. 7669 -0 .8458
-1. 1941 -1. 2557
0. 6968 0 .6118
0. 0314 -0 .0799

-0 .6063 -0 .6956
-1. 0822 -1.,1499
0 .,7280 0 .,7263
0.,3079 0..1827

-0.,4296 -0..5329
-0.,9681 -1,.0433
0,.7091 0 ,.6805
0..5629 0 ,.4605

-0..2291 -0 ,.3530
-0,. 8494 -0 ,.9337
-1,.3022 0 .7848
0,. 6323 0 .6220
0,. 0140 -0 .1483

-0,. 7234 -0 .8183
-1,. 2341 -1 .3068
0 . 6455 0 .6167
0 .3038 0 .1048

-0 .5881 -0 .6945
-1 . 1644 -1 .2478
0 . 8167 0 .7378
0 . 5205 0 .3864

-0 . 4426 -0 .5610
-1 .0873 -1 .1828
1 .0600 0 .9675
0 .5542 0 .5050

-0 .2874 -0 .4180
-0 . 9976 -1 . 1050
1 .2924 1 .2073
0 . 6788 0 .5670

-0 .1244 -0 .2673
-0 .8930 -1 .0104
1 . 4771 1 .4059
0 . 8914 0 .7521
0,.0438 -0 . 1118

-0,. 7751 -0 .8995
-1,. 5255 1 . 5468
1,.0922 0 .9573
0.. 1650 0 ,.0463

-0.. 6481 -0 ,.7766
-1., 4245 -1,.5604
1.,2371 1,. 1173
0.,2934 0..1441

-0. 5168 -0.,6478
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-0 . 7773 -0.9064 -1.0359
-1.5718 1.5468 1.4806
1.0922 0.9573 0.8065
0.1650 0.0463 -0.1056

-0.6481 -0.7766 -0.9045
-1.4245 -1.5604 1.4771
1.1340 1.0192 0.8914
0.3312 0.2110 0.0438

-0.5218 -0.6495 -0.7751
-1.2717 -1.3976 -1.5255
1.1149 1.0150 0.9079
0.4698 0.3824 0.2403

-0.4012 -0.5292 -0.6532
-1.1267 -1.2424 -1.3578
1.0600 0.9675 0.8734
0.5542 0.5050 0.4149

-0.2874 -0.4180 -0.5418
-0.9976 -1.1050 -1.2105
0.9902 0.9020 0.8167
0.5910 0.5729 0.5205

-0.1799 -0.3167 -0.4426
-0.8873 -0.9888 -1.0873
0.9197 0.8367 0.7605
0.6088 0.6040 0.5646

-0.0789 -0.2262 -0.3564
-0.7962 -0.8937 -0.9874
-1.3278 0.7848 0.7213
0.6323 0.6220 0.5727
0.0140 -0.1483 -0.2845

-0.7234 -0.8183 -0.9088
-1.2341 -1.3068 0.7091
0.6669 0.6337 0.5629
0.0663 -0.0869 -0.2291

-0.6682 -0 .7610 -0.8494
-1.1648 -1.2351 -1.3022
0.6965 0.6334 0.5416
0.0595 -0.0614 -0.1934

-0.6295 -0.7206 -0 . 8071
-1.1152 -1.1840 -1.2498
0.6968 0.6118 0.5075
0.0314 -0.0799 -0.1873

-0.6063 -0.6956 -0.7802
-1.0822 -1.1499 -1.2148
0.6494 0.5570 0.4527

-0.0020 -0.1090 -0.2109
-0.5976 -0.6843 -0.7669
-1.0633 -1.1300 -1.1941
0.5588 0.4653 0.3668

-0.0413 -0.1412 -0.2390
-0.6019 -0.6850 -0.7650
-1.0561 -1.1221 -1.1856
-1.4172

-1.1664 -1.2988 -1 .4337
1.4037 1.3143 1.2109
0 . 6417 0.4687 0.3013

-0 .2484 -0.3852 -0.5180
-1.0325 -1.1614 -1.2918
1.4059 1.3260 1.2358
0 .7521 0.6054 0.4603

-0 .1118 -0.2550 -0 .3908
-0 .8995 -1.0232 -1.1471
1.3707 1.2924 1.2073
0 .7947 0.6788 0.5670
0 .0354 -0 .1244 -0 .2673

-0.7742 -0.8930 -1.0104
-1.4732 1.2347 1.1493
0 .7801 0.6917 0.6141
0 .2278 0.0141 -0.1463

-0 .6607 -0.7758 -0 .8880
-1.3141 -1.4159 1.0787
0 .7378 0.6699 0.6195
0.3864 0.1789 -0.0240

-0 .5610 -0.6740 -0 .7825
-1.1828 -1.2755 -1.3651
0 .6951 0 . 6455 0.6167
0 .4632 0.3038 0 .1048

-0.4760 -0.5881 -0.6945
-1.0776 -1.1644 -1.2478
0.6720 0. 6410 0.6305
0.4775 0.3465 0 .1914

-0.4063 -0.5186 -0.6238
-0 .9956 -1.0786 -1.1581
0 .6805 0.6696 0 .6713
0 .4605 0 . 3379 0.2049

-0 .3530 -0.4656 -0.5700
-0 .9337 -1. 0142 -1.0912
0 .7215 0.7280 0 .7263
0.4300 0.3079 0 .1827

-0.3176 -0.4296 -0.5329
-0 .8895 -0.9681 -1.0433
-1.3128 0.7816 0 .7547
0 .3915 0.2701 0.1488

-0 .3020 -0.4110 -0.5118
-0 .8609 -0 . 9379 -1.0116
-1.2770 -1.3368 0.7250
0.3407 0.2251 0.1099

-0.3093 -0.4100 -0.5064
-0 .8458 -0.9214 -0.9938
-1.2557 -1.3151 -1.3722
0 .2655 0.1630 0 .0604

-0.3341 -0.4264 -0 .5157
-0 .8421 -0.9162 -0 .9875
-1.2468 -1.3057 -1.3625
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CHAPTER 5

THE BREAKDOWN STRUCTURE FOR A MORE GENERAL CASE
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5.0 Introduction

Up to now our work has been centred upon the model or 
real pressure-displacement laws given by (2.3.1) and 
(2.1.14). We would like to encompass more flows by 
generalising our results for the three-dimensional cases 
above, as is achieved in two-dimensions via the work of 
Smith (1988) . He considers the triple-deck framework to 
apply the breakdown theory to a large group of unsteady, 
interactive boundary-layer flows as discussed in Chapter 
One.

Thus we now turn our attention to the 
three-dimensional triple-deck case as presented in 
(l.l.la-c), (1.1.2a-c) and (1.1.3). The boundary
conditions given include the effects of a wall shape via 
the f term in (1 .1 .2 b) where f is a smooth function of the 
streamwise and spanwise coordinates. Smith (1988) argues 
that the breakdown may apply, with only minor 
modifications, to pipe or wake flows amongst others.
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5.1 The Triple-Deck Solution

The problem we now examine is given by (l.l.la-c), and
(1.1.2a-c), with the three-dimensional Cauchy-Hilbert
integral describing the pressure-displacement relation,
(1.1.3). The triple-deck variables have all been scaled
with respect to the Reynolds number, and are denoted here
using the same notation as in Chapter One. We expand the
variables in time about the breakdown instant t , in lineo
with the work described in section 2.5 for the BRS case. 
Hence we write

p  = p 0 + |t|1/2Pl + |t|3/4p2 + |t|p3 + •••,
U = u0(y) + |t 11/2ul + |t|3/4u2 + |t|u3 + •••,

v = \i\'\ + |t|-3/4v2 + |tf1/2v3 +

w = |t|3/4w + |t|w + •■•, (5.1.1)

X - X Q = —c [1 1 + |t|3/2x,
it i 5 / 4 ~z - z0 = M  z'

with t = t - t and t tends to zero.o
These expansions are in line with those of section 2.5 

but we note that the displacement function, a, will now 
have to be expanded independently of the pressure. We then 
substitute (5.1.1) into the lower-deck equations to find 
that

(5.1.2a,b) 

(5.1.3a) 

(5.1.3b)

(5.1.4)
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2 Ei = ̂ £ 3  = 0 ,
dy dy

, u . 3x Su , 5z du du Suand r = - —1 + —  — 1 + —  — 1 + u — 1 + v — 1 .
2 2 dx 4 dz Xdx 1dy

These govern the first and third-order effects; the 
second-order equations have been omitted since they 
exactly mirror those of the first order.

We can integrate (5.1.3a) using (5.1.2a), but in order
to determine v we must consider the conditions on1
the solution for large and small values of y. This must 
involve a closer examination about the critical level 
y = yQ where uo (yQ) = c. We avoid any such problems 
initially by considering y > yQ, and assuming that u q is 
greater than its critical value in this range. This leads 
to the solution

v = - (u -c)1 0 Pi; (u (S) —c) 2dS + a ~ (x, z)0 lx , (5.1.5)

with a ~ being an unknown function of integration, and p ~lx lx
can be taken outside the integral due to the form of the 
leading normal momentum equations given above. For large y
(5.1.5) determines the normal velocity, yielding 
v ~ -u a - which then decides the streamwise velocity
ly Oy lx J

asymptote via (5.1.2a). However we have a condition on 
this limiting velocity form given by (1 .1 .2 b) which 
requires that u ~ a + f .X X X

This will lead to a condition on v for large y, but 
firstly we must consider the pressure-displacement 
relation in this case to examine the behaviour of a there. 
By considering the orders of magnitude in (5.1.1) in 
relation to (1.1.3) we see that the displacement function 
behaves like

a = a 0 + l€ |1/4ai + ••• + |t|5/4a5 + |t |3/2a6 (x, z) ,

where a , a • • • a are undetermined constants and a is
0 1 5  6the leading-order function dependent on x and z. On
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taking the streamwise derivative of this we find that ui~/ 
u ~, u ~ and u ~ must all vanish as y tends to infinity2x 3x 4x
thus leaving

a = a. = a~ = cc~ = Of1 2 3x 4x

as our condition far from the boundary, where a2, a and 
are the arbitrary functions introduced at higher 

orders. Here f does not affect the matching since it is a 
function of the slower variable x. Thus we effectively 
have a zero displacement condition to this order. Next we 
must consider how the solution behaves close to the wall.

To avoid critical-layer details again we can now 
consider y < yQ and express the solution as

v = (u -c)1 o pi; (uo(S)-c)'2dS (5.1.6)

This result assumes a tangential flow condition, as the 
boundary is approached, which can be justified by 
considering the viscous layer that is necessary to satisfy 
the no-slip condition on the flow at the boundary, as 
follows.

The pressure expands as above but the u q (y) term moves 
higher up the order since the viscous thickness is given 
by y 
that
by y = |t|3/4y, as in the Smith (1988) case. This suggests

u = 1111/2ui + |t|3/4u 2 + •••, (5.1.7)

v = ~ I-1/4A . .3/4A .1 1 vi + • • •, w = 1 1 1 wi +

where the normal velocity form is altered to maintain 
continuity, but the spanwise expansion is unchanged in 
order. Clearly to match this expansion for v with that in
(5.1.1) we must have v , v , and v3 vanishing as y -> 0, as 
is ensured for the first order by (5.1.6).

The viscous-layer equations involving the normal 
velocity are then
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A . A aU ~ + V  A = 0,lx ly
A AC U  ~ = p ~ - U AA.lx lx lyy

These equations are very similar to (2.5.3) and, as then, 
we may use a Fourier Transform approach to solve them. We 
must also take the streamwise derivative of the momentum
equation to ensure boundedness, as before. Thus we assume 
that pi is 0 (x1/3) 
adopt ensures that

. ~ i/3 ~that pi is 0 (x ) as x grows large and the method we

.00 -00
-ikx , ~ ., -ikxe p ~~ dx = lk ■lxx

p ~ dx1X

The working then proceeds along the same lines as in 
sections 2.4 and 2.5 with c this time remaining unknown to 
give

AA
Ou^yax)* = 1 /c (dpyax) * (l-emy) ,

where * denotes the Fourier Transform and now A = - v^ikc. 
This yields the large y behaviour via continuity:

dv^dy ~ - (1 /c) api/ax,

which clearly matches with the outer solution (5.1.6). If 
we consider the spanwise momentum equation we have

A AC W  ~ = p ~ ~ W  AA ,
lx lz lyy

and we can use the same approach, although this time the 
streamwise derivative need not be taken. This is due to 
the form of p ~ that we anticipate at large x, from the 
work in Chapter Three. This suggests that p ~ is of 
magnitude 0 (zx ) so that the large x behaviour is 
vanishingly small, giving the desired behaviour for & as 
well. This leaves us, so far, with the two expressions
(5.1.5) and (5.1.6) and clearly these need to be
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reconciled. Any full solution for v must include an
analysis of the critical layer produced, but for now we
assume that the apparent singularity is smoothed on a
smaller scale about y = y . This is in line with SmithJ J o
(1988) and will be explained in detail in the next 
section. The solution for v is then completed by taking

„C0
-2 (u (y) - c) dy = -- (u (y) - c) dy,-2

where the bar on the integral sign signifies taking the 
finite part, which we assume is borne out in the 
critical-layer analysis. The above then gives us the 
condition

-- (u q - c) 2dy = 0, (5.1.8)

on the local velocity profile and the speed, c, of the 
downstream moving disturbance.

The second-order problem reproduces the result (5.1.8) 
and so we move on to examine the new effects that come in 
when the spanwise velocity enters the continuity equation
for the first time. The solution for w from (5.1.4) isi
just

w = - (u -c)
1 0

-1 % L ( S , z )  dS, (5.1.9)
d z

where we have used the large |x| condition from earlier 
requiring that there are no internal sub-layers in the 
solution outside the breakdown region. Here again a 
critical-layer analysis is required to deal with the 
unbounded term as , y approaches yQ. However since no 
logarithmic terms appear in an expansion of w.̂ about 
y = yQ we expect that w will also pass smoothly through 
the layer resuming the form (5.1.9) at either side. This
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is described further in the next section and for now we go 
on to consider (5.1.3b). We can integrate this to get

-00

v, = - (u (y)-c)-- (u (y)-c) -2 (f pi=v - m dS + p3~ + r dy,

(5.1.10)
for y > y . This solution satisfies the zero-displacement 
condition, but to apply the tangential flow condition we 
must again match it with a solution for y < yQ. Due to the 
y behaviour in r we no longer expect a smooth solution 
through the critical layer but this time we anticipate a 
jump in the solution for v3 across it. Thus we extend v3 

by writing

v = - (u -c)3 0
-2
(£p.:;'+ < V C) II Pn;ds + p3; + r w  

00y
+ j

for y < y , and in view of (5.1.8) we then have

3 = -2- r(u -c) dy, (5.1.11)

in order to ensure that v.J _q = 0 , with j(x,z) being the 
jump expected in v a c r o s s  the critical layer.

This seems to complete the picture for the solutions
up to third order and now we must analyse the
critical-layer behaviour. In doing this we aim to confirm 
the assumptions made above, and hope to to get some idea
of the form of j in order to learn about the p
distribution from (5.1.11).
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5.2 The Critical Layer

An expansion about the critical level y = yQ is 
required to deal with the singular forms suggested in the 
previous section and we illustrate the structure envisaged 
in Figure 5.1. We expect that the equations will become 
increasingly nonlinear in this region, and that the 
introduction of new terms will smooth the behaviour 
through the layer. In order to match with the solutions of 
the previous section we expand the results found there for 
small s, where we take s = y - y . The base profile can 
then be written

u (y) ~ c + b s + b s2 + b s3 + b s4 + •••, (5.2.1)o J  1 2  3 4

with the constants b , b etc. unknown and b non-zero to1 2  1
ensure a monotonic distribution locally. Before we expand
the v solution in a similar manner we observe that ani
expression for the integral in v involving s is valid
only at the lower limit of integration in (5.1.5). Since 
the upper limit is distant from the y = yQ location, it
must make an 0 (1 ) contribution to the small s description 
of the integral. We note the lower limit gives us no 0(1) 
terms, and hence we define Ii as the finite part of the 
integral in (5.1.5), evaluated at y = yQ. We can then go 
on to write

v = - (b s+b s2+***)p ~
1 1 2  * lx

-------- ----------  dS - I
(b S+b S2+b S3 + - . . ) 2 11 2  3

(5.2.2)
formally.

This expansion yields the singular term (-2b2b~2) sins
in the above, but if we take b to be zero then the form

2

for v is regular through s = 0. This amounts to forcing 
u q to have an inflection point at the critical level, 
which we henceforth assume to be true.

We then represent the regular behaviour for v by
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2 3 ,v ~ - a ~ - a ~ s - a ~ s  - a ~s +
1 10x llx 12x 13x

and from substitution into (5.1.2a) and (5.1.3a), or using
(5.2.2), we obtain the results

a ~ = b_1p - , a - = b I p - ,
10x 1 r lx llx 1 l*lx

a - = 3b"2b p ~ , a - = 2b~2b p - + b I p ~.12x 1 3 lx 13x 1 4 lx 3 lr lx

These solutions provide the background to the result 
derived earlier in (5.1.8). The expansion (5.2.2) is 
unchanged for y < yQ except that in this case it would be 
based upon the velocity expression (5.1.6) and hence we 
would need to define I as the finite part of the integral 
in (5.1.6) evaluated at y = y . The solutions for a -

2  2 0 10x
etc. would then be identical to those for y > y with IJ 2 o 1
being replaced by I2*

The fact that aiQ~ is unchanged for y > yQ or y < yQ
indicates that the leading-order term in v passes 
unmodified through the critical layer. Thus the 
leading-order terms in (5.1.8) are dealt with, and so we 
are able to discount them from the analysis there by using 
a bar on the integral. This then ensures that only the 
0 (1 ) terms from the integral are balanced, which amounts 
to equating I and I in (5.1.8) to ensure that the
velocity expansions match exactly on passing through the 
critical level.

Now we can expand the third-order terms and we write

v ~ - c - - c -sins - c+ -s. (5.2.3)3 lOx lLx llx

This form comes from consideration of (5.1.10) and the
c* ~ indicates that we are approaching yQ from above, so 
that there are no jump terms incorporated in c* If we 
approach yQ from below we include the jump term described 
in (5.1.11) in the coefficient of s in (5.2.3), and we 
then write the coefficient as c" ~. This notationllx
determines that
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The limiting form of (5.1.9) is straightforward and 
affects the streamwise velocity, via continuity, to give

+ 1  u ~ ~ c  ~ + c+ ~ + c -Ins + t-—3x lLx llx lLx D S
* 82p i(S,z) 

3z2
dS + 0 (s) ,

as s tends to zero from above. Substitution of these 
third-order terms then fixes

C ~ = r- iox b
p ~ I p  3x1 p ~ 5zl p ~

^  , 3 x 1 * 1  l * l x  l*lzp ~~dS + ——  - ---- +   +-------
lzz b 2 2 4• i

6b p p ~ , . _ 2 3 1 lx+ b I p p ' - -------1 1 l l x  , 4

c ~ —lLx

3b p 9xb p - 15zb p ~ 12b p p -3 1 _  3 lx _  3 lz 4 1 1 x

b 3 b 3 2 b 3 b 4

with c ~ remaining arbitrary, as expected.llx
The logarithmic term in (5.2.3) is the problematic one 

and we need to scale the normal coordinate in a way that 
will bring new effects into the critical-layer balances. 
We aim to do this in a way that will give a regular 
expression for the normal velocity on a smaller scale 
about the critical level. We suggest that
y - y = t~ ,1/4; where this scale fits in readily with
(5.1.1), and the expansions within the critical layer then 
derive essentially from the limiting solutions described 
above. This structure is consistent with Smith (1988) and 
we write



I ~ 11/2~ . ,r,3/4~ .w = 1 1 1 W1 + 1 1 1 w2 + • • •,

with the streamwise and spanwise length scales unchanged, 
and the pressure expansion left as in (5.1.1). We then 
substitute into the governing equations (1 .1 .1 ) to find 
that

u u ~ + v u ~ = - p ~ ,
1 lx 1 ly ^lx

~ ~ ~ ~ 1~ 3x~ 5z~ v—U U ~ + U U  ~+ V  U ~+ V  U ~ =-p ~+ -jrU - — 75-U — S-U yrU
1 2 x 2 lx 2 ly 1 2 y * 2 x 4 1 2 lx 4 lz 4 ly

U U ~ + U U ~ + U U ~ +  V  U ~ + V  U ~ + V  U - = - p ~ + iu “1 3x 2 2x 3 lx 1 3y 2 2y 3 ly ^3x 2 2
3x~ 5z~ y~ - -rU ~ “ — s-U ~ -  4-U ~ “  W  U
~ Z  2x “ 4 2 z 4 U 2y l“ lz<

u u  ~ + v u ~ = 0 ,1 4Lx 1 4Ly

U U ~ +  U U ~ +  U  U  ~+ U  U  ~ +  V U - +  v u ~+ v u ~ +  v u ~  =1 4x 2 3x 3 2x 4 lx 1 4y 2 3y 3 2y 4 ly

~ ^7 ~ V~ ~ ~ ~ ~ -x- p ~+ -T-u - — 75-u - - — 7-u ~ - -̂u ~ - w u ~ - w u ~ - u ~~ ;4x 4 3 2 3x 4 3z 4 3y 1 2z 2 lz lyy

for the x momentum equations, and

u w ~  + v w ~  = - p ~ ,
1 lx 1 ly lz

~ ~ ~ ~ ~ ~ ~ 3x~ 5z~ v—u w ~ +  u w ~+ v w ~ +  v w ~ =-p ~+ ttW - —7T-w — t-w 4 -w
1 2 x 2 lx 1 2 y 2 ly * 2 z 2 1 2 lx 4 lz 4 ly

p ~ = P ~ =  p  ~ =  p  ~ = 0 ;
ly 2y 3y 4y

u ~ + V  ~ = u ~ +  V  ~ = u ~ + v ~
lx ly 2x 2y 4Lx 4Ly

u ~ + v ~ +  W  - =  U  ~ + v ~ + W  ~ =
3x 3y lz 4x 4y 2z

for the z momentum, y momentum and continuity equations 
respectively. The y momentum results have been anticipated 
by retaining the same notation for p , p 2 etc., since the 
pressure is independent of the normal coordinate to our 
order of working.

The limiting forms for these velocities, in terms of y 
becoming large, are easily obtained from the outer 
expansions in s. As is to be expected from the regular 
behaviour of the first and second order velocities on
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approach to the critical layer, the solutions within the 
layer to this order are given exactly by the limiting 
forms. Thus we have

u = b y, v = - b_1p ~ ,1 1 1 1  *lx

u = I b p  , v = - I b p ~y - b _1p ~ .
2 1 1*1 2 1 l*lxJ 1 2x

This process breaks down at third order however since 
the solution is then influenced by the w.̂ form, which must 
vary significantly across the layer in order to smooth the 
apparent singularity in w^ The w.̂ equation is now

(by) w ~ - (b^p ~)w~ = - p ~ . (5.2.5)1 lx 1 lx ly lz

This equation enables the velocity to pass smoothly 
through y = 0 and is most easily solved by transforming to 
a streamline coordinate given by

* = 7hi^2 + Px 2 ) .

This method follows that used by Smith and Bodonyi (1987), 
and Haynes and Cowley (1986), and enables us to recast the 
wi equation as

±̂l 2 (x ~ P ) w*a = ~ P A ,  (5.2.6)** * 1  lx 1 z

where the streamwise coordinate is 
transformed by x = x, and £ represents the 
pressure expressed in terms of the new variables, i.e. 
Pi(x,z). We similarly define w* to represent w i (x,x, z) and 
we can integrate (5.2.6) with respect to x, keeping x 
constant, thus taking the integration along a streamline. 
Since x is constant we can re-write (5.2.6), this time 
back in terms of x and y, as

1w = —  
1 -J 2

-00 . A ~ > , Ap  ~ ( X ,z) dx
 -̂-- + f (X, Z) .1 1/2 1 ^~ ( ^ 5 2+Pi (x^J-p^x,^!

(5.2.7)
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Here the positive root has been taken from (5.2.6) 
indicating that the solution holds only for y > 0 .

As y is positive, the denominator in the integrand is 
always positive since we are thinking of pi decreasing as 
x increases. This behaviour derives from assuming that a 
similar form holds for pi as was found for the pressure in 
the BRS study, although in this case it is possible that 
the reverse situation is equally valid, see (5.3.3). The 
(1 /2 ) b 2y2 + p.̂ term is then constant in the integration, 
and we can discount any z behaviour in the function of 
integration by demanding that there are no internal 
sub-layers in the solution outside the breakdown region. 
We note that matching this result with (5.1.9) essentially 
requires that

% (S'Z) dS, (5.2.8)
~ dz

g£i(s'z> ds =
dz

and we assume that this is the case for our pressure 
distribution.

The remaining problems posed by the solution (5.2.7) 
are its behaviour for large |x|, and for y large or small. 
The suggestion from Chapter Three for the large |x| 
behaviour is that p ~ is 0 (x~4/3) and so if we againlz
assume a similar form here, the contribution will be 
bounded at these x limits, and so we do not need to impose 
any finite-part restrictions on (5.2.7).

If we consider the small y behaviour, from (5.2.5), we 
:ct that w ~ ~ b p ~ (p ~ ) -1 asly l^lz *lx

the derivative of (5.2.7) leaves
expect that w^ ~ bipi~ (pi ~ ) _1 as y tends to zero. Taking

-00 , 2 ~ A

\-y ~ " 2T7
b  yp ~ ,a  l-̂ iz dx
d 3 / 2  ̂ A 'ax

with D defined as

D(x,x,z) = (1/2) b 2y2 + P1 (x, z) - pi(fi,z).
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For x far from x we get an 0(y) contribution from the 
integral, but near to x = x the y term re-enters the 
denominator significantly. Here we can expand by writing 
x = x + y2£ which leaves us with

w ~ ~ -iy
■_bf SEi
2-12 V ) az (ibi + €Pi;J

3/2
dX

where the lower limit is the only one appropriate to the 
expansion, and this clearly gives the correct limiting 
form provided that (b̂ y) df^/dX is small.

For large y the relation (5.2.5) has w~ ~ - p ~( b y ) -1
lx lz 1

as y becomes large, and from (5.2.7) this time we find
that

w ~ =
lx

1

1 ts> h-» N X
i 00

Pi;
2 . °1/2.X

24 2,

The majority of

„co A
P i z  dx ap df + — i— i

~ D3/2 ax ax
(5.2.9)

0(y~3)the integral gives an 
contribution which will not provide a leading-order match. 
Near to the upper limit however we again consider that
p^ ~ 0 (x 4/3) for large |x|, and that £ ~ 0 (x1/3) there.
The integral can then be correctly approximated by taking

~ - i ,AX = ~  6/ y < and is clearly small compared to 0 (y ) from this. 
Only the first term remains in (5.2.9), and limiting 
arguments readily discount the upper limit to leave

9w— i 
dx

-l ~  -

b y
ap , ap af— i + — i— i
dz ax a x

giving the correct form provided that a^/aX is small 
compared to y”1. Clearly both the conditions imposed upon 
f are readily satisfied by equating it to zero.

The solution seems satisfactory for y > 0 then and now 
we consider the negative case. We must ensure a match with
(5.2.7) at y = 0 and so we take
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w =
1

1
VZ 12 d£

~ D1/2
1

VZ D1/2 dx (5.2.10)

The opposite sign has been taken for the root here, 
but the first term in (5.2.10) ensures a match with
(5.2.7) since as y -» 0, x -» x. This is true since we

C
define x such that D is zero at & = x , and from this we

c c
note that as y becomes large and negative, x does also.

C
This solution gives the correct match in the large y case 
as well, since in (5.2.9) the unbounded limits give a 
higher-order contribution. Therefore the y < 0 equivalent 
of (5.2.9) will result in w ~ ~ p -/ (b (-y) ) , to matchlx * l x  1 J

successfully.
The only other possible problem with (5.2.10) is the

behaviour as x -» x but here we can expand p in the
c 1

integrals to give an 0 ((x-x )1/2) behaviour which clearly
C

presents no problems. Thus we have an acceptable solution 
for w and we can use this to try to determine u . We know1 J 3
that

u ~ b3 3

_x

y 3 + 2a y + b + — —  f f p ~~(S,z) dsldS,
1 2 1 1 b 5J I L  lzz J

1 - 0 0

where b is a coefficient in the second-order expansion, 
equivalent to a . Therefore we write

u = b y 3 + 2 a y  + b + u  ,
3 3 12 11 3

~ 2 .v = - a y - b ~ y - c ~ ,
3 12 llx lOx

in an attempt to simplify the equations, and on 
substitution we find that

(b y ) — 3 - (p -/b ) ^ 3  = - f p -- dS, 
1 a5 1 x 1  ay J-oo 122

from momentum, or from continuity we derive the relation
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u ~ = - w ~ .
3x lz

The limiting behaviours from either of the above 
expressions tie in as required, given that (5.2.8) holds 
again. Thus it seems that a solution to the third order 
follows through successfully. However we note that the 
form for u* appears to be unbounded for large |x| which 
leads to our having to consider finite-part forms for the 
integrals when determining the jump contribution, which 
requires further justification. Also we see that the 
fourth order involves an equation analogous to (5.2.5), 
but now more complicated. The solution to this will 
require making assumptions about the form of p 2 at large 
x, although a matching argument outside the breakdown 
region may be possible.

The main obstacle to further progress seems really to 
be the very involved nature of the momentum equations. The 
solution process will invoke the transformation of 
variables used above and, even if this can be carried 
through, it is unclear as yet whether any real progress 
will be made in understanding the implications for the 
form of p .

Therefore we will not pursue this three-dimensional 
case further here, save to comment on the nature of
(5.1.11) . From the definition of r we see that all the 
terms comparable to (2.5.7) seem likely to appear in the 
p equation, except for the absence of the double 
derivative in the spanwise direction. Whether such effects 
are encountered within the formula for j remains unclear, 
but if it is possible that j = 0 in certain cases, in line 
with the findings of Smith (1988) in the two-dimensional 
case, then it seems plausible that the main 
three-dimensional effect will be via the (5z/4)p ~ termlz
coming from r, which we note is in line with the governing 
equation found for flow over humps in section 2 .6 , but not 
for that of liquid layers.
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5.3 The Two-Dimensional Velocity Jump

This section continues the work of the previous one, 
but now we restrict ourselves to two dimensions to see how 
the pressure form is determined in this case. These 
details are included here since the working is only
briefly described in Smith (1988) , and they will be used 
again in the following chapter.

We must distinguish the two-dimensional variables that 
we are now concerned with, from those of the previous
section. This is done for the velocity terms by using
italics, and the expansion terms a , b , c etc. now' ^ 11 n  n
become a , b , c etc. Then we can use the formulae21 21 21
from the previous section by restricting the results to 
two-dimensions only.

The third-order velocity solutions in the critical
layer are now straightforward since the limiting forms can 
now be used, as the only complication before was the
spanwise velocity contribution. We also have a simple 
solution for the logarithmic-order terms, but at fourth 
order we must make a transformation guided by the limiting 
forms and so we have

u = b y 3 + 2 a y  + b ,  u = (l/4)c ,3 3 22 21 4L 2L

v = - a y2 - b  ~ y - c  ~, v = - (1/4) c ~y,
3 22 21x 20x 4L 2LxJ

u = b y4 + 3a y2 + 2b y + u* ,4 4 23 22 4

v = - a ~y3 - b ~y2 - d ~ + v , (5.3.1a-f)
4 23x 22x 20x 4

where d ~ is the unknown leading-order expansion term for20x
. We substitute these relations into the critical-layer 

equations and once more differentiate with respect to y to 
leave

p ~ 12b p p ~ 3b p 9xb p ~
b yT* - — ■r* = --- 4 1 lx + --—  -  —  , (5.3.2)

1 x b y b 3 b 2 b 2i i l l
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where t = u ~ and the right-hand side is equal to b e
4y ^  1 2Lx

The limiting behaviour is now given by 

u* ~ c + c+ + c Inly I.
4 2L 21 2L 1 '

Before we consider transforming and integrating
(5.3.2) we want to ensure that the terms on the right-hand 
side will be of a small enough order, when |x| is large, 
to give a bounded solution. We note from Chapter Three 
that the two-dimensional behaviour is given by (3.2.9) in 
the BRS case. We generalise this slightly now and consider 
that

x = - B p  - B p 3, (5.3.3)r  i 2 1

where B , B are positive constants. We need the 
coefficients in the above to be of the same sign in order 
to obtain a single-valued solution, although it seems that 
B , B2 could both be negative, but in that case the match 
with the BRS result is diminished.

Expanding (5.3.3) for large x then yields the 
asymptotic behaviour

p ~ - B'1/3x1/3 + (1/3) B B"2/3x"1/3 + 0 (x_5/3) ,t'l 2 / i 2

where we note that the x - 1 order is absent. We can 
substitute this form into (5.3.2) in order to determine 
the large x behaviour of the right-hand side of the 
equation. We find that

b c ~ ~1 2Lx

f4b B' 2/3 2b B B"2/314 2 3 1 2
, 3 , 2b b

1 1

x" 1/3 + 0 (x”5/3) ,

~l/3 .from which we can see that the x behaviour has canceled
~ -1/3out, but the dominant term in x is still too large to 

ensure boundedness, on integration of (5.3.2). We can 
resolve this problem by proposing a further substitution 
of the form

139



T*_ _ 2 x! _ 5ZE! + z.
3 b 2

1

When we consider the equation for t instead of t* we 
find that the equation becomes

fc>yx~ - (P~/b )t~ = b e  . - Db~3p p ~ , (5.3.4)1 x lx 1 y 1 2Lx 1 1 lx

• • ~_i/3and by choosing D appropriately we can remove the x
asymptotic behaviour from the right-hand side. We 
represent the 
and we define
represent the right-hand side of this equation by ~

D = 12b + 6 b b B ,4 1 3  1

3b p 9xb p - 6b B p p *, * 3 1  3 lx 3 r  r  lxb c ~ = ----- -   -   .1 2Lx ,2 ,2 ,2b b b1 1  i

This ensures that the large x behaviour of c* ~ is at3 2Lx
most 0 (x ), but we must incorporate this new
transformation into the large y behaviour where we now 
require that

? + D y ^  + C2L + (5. 3 .5)
3 b 2 y

We now integrate (5.3.4) by using the same
transformation technique as earlier yielding

~ 1 
T ~ TZ

„°o t_ A  * -A
b  c a  dx

1 2Lx + fjx), (5.3.6)1/2 2

where x is again the streamline variable from the previous 
section and c = c (x) . With (5.3.5) in mind we can2L 2 L  J

expand f (x) for large y by writing
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f (x) = f 2 * 2

and we require that

f2 <X) = 23/2D*3/2/ 3b3 ,

f v 2 ~ 2> 
b lY /

+  n  f b iy p\ »
J. 1 -F b lY

2V
* 1  2 2V. J

CM
A1 CN 2V. J (5.3.7)

to satisfy the leading term in (5.3.5). This then 
determines the remainder of (5.3.7) which decreases by a 
factor of y2 each term, and yields

Dy3 DypT ~
Dp 2 

1 + 1
2 b4y1J

#  + 0(y~3)

which agrees with (5.3.5) exactly given the definition of
*c .
2 L

This large y analysis assumes that the y term in the 
denominator of (5.3.6) is dominant, which is true for the 
majority of the integral, but not as £ approaches its 
upper limit. In order to estimate the behaviour here we 
write x = y6̂  in (5.3.6) and this shows that the behaviour 
in the limit is of magnitude 0 (x~5/6) , which is clearly 
bounded.

The y > 0 behaviour of t seems to be established, but 
now we would like to obtain an expression for u by 
integrating (5.3.6) with respect to y. In order to achieve 
the correct limiting result for large y we take

-00

U  =  -
. A* b C A
1 2Lx (i + f3 (A>) dx +

Dy 4

1 2

Dy2p.

2 b'
5pl ~+ — hn y  
2 b4

+ c + c2L 21 (5.3.8)

and I = J*-D (x,x) 1/2 dy,

where D is the two-dimensional analogue of D from the 
previous section. We have swapped the order of integration
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in the above as the functions are smooth, and f (x) is an 
arbitrary function that we include in this way to ensure 
that the contribution from the integral term in the above 
is just c^lny for large y.

Since p > pi throughout the range of integration we 
can substitute

^ y 2 = (P^P^ sinh2e, (5.3.9)

to integrate the relation, which results in the formula

u =
r“a*p  A

r
sinh” 1

' b i? + f,(X)U /\2Lx
X

42 (p -£ ) 1/2I ' * 1 t ' x  J

J
J

dx +

(5.3.10)
where the additional terms are unchanged from (5.3.8). An 
expression of the form sinh_1y expands as ln2 + lny for 
large y and so this determines f as

f3 (x) = - jln2  - lnfĉ  + ^ l n l p ^ J .

We observe that this choice of f also dispels any 
concerns about the behaviour of (5.3.10) as x approaches 
x. Here p - $ is very small and so we can again expand 
the inverse sinh term as above, and clearly the ln|p -£ | 
terms will then cancel out. Alternatively we can expand 
about x = x to show that the behaviour is acceptable 
there.

We note that strictly in (5.3.10) we cannot expand the 
inverse sinh term in this way for large x. However we have 
shown above that the large x behaviour of u is vanishingly 
small and will not effect the result, making the 
expression for f valid.

The next task is to integrate the t solution for y < 0 
which is chosen to match that for y > 0 in the same way as 
in (5.2.10). We just concern ourselves with the integral 
terms and obtain
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u = -i-tT0 b a I dx - -rif b a I dx + 42j~ 1 2Lx -J2J- 1 2Lx

We have also omitted any arbitrary functions from this 
result. The definition of x tells us that p (x ) > p (x)c *1 c -m .
and so in the first term above we have p > p for the

1 1whole range of I, but in the second we have a sign change
in the (x) -p (x) pressure combination. In order to find
suitable substitutions to enable us to integrate the u 
formula we need to rearrange the limits of integration to:

u = 2
V I

_00

b $ A l d x1 2Lx
1

VI
-i A b  c A1 2Lx I+f4 (x)Idx +

D? 4

1 2

6 y2p 6 p 2ln (y)
  + --------  + c + c2 ^ , 4  2L 21
2 b 2 b

Our main concern in deciding on the form of the 
arbitrary functions in this u description is to maintain a 
match with the y > 0 formula (5.3.8) . This explains the 
appearance of the c* term, although we are now dealing 
with y < 0 and so we expect to equate part of the solution 
above to c~ , which will then determine our velocity jump.

We can substitute the form of (5.3.9) into the second 
integral here, and replace the sinh term with a cosh in 
order to deal with the first integral. As y tends to zero 
we observe that the first integral gives a vanishing 
contribution since x -> x here, and the inverse sinh termc
gives zero in the second integral. Thus a match with
(5.3.10) simply requires equating the arbitrary function 
contributions to leave

r00 r
u = AC A sinh-12Lx*X  ̂ V 1/2 +jln2 +lnbi-jln IPj-^ | ,Adx

- 2 A2Lx cosh-l b x <-y)
, 0 , A ,1/2\2{Pi-Pi)

dx + (5.3.11)
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with the remaining terms as above.
The final step in the process is to consider y large 

and negative and compare the limit result with (5.3.10). 
If we consider the contributions from the integrations 
with respect to y that are independent of x we obtain

u ~ - 2  ĵc*L |̂ -ln2 +lnbi+ln (-y) j j + ĵc*L ̂ ln2 +2 1 nbi+ln (-y) J j

+ * * * #

• ~ ~ ~ ■ -2/3since x -» -oo as y -> As c is at most 0( x ) forc J 2L M l '
large |x| the upper limit contributions are small. The ln2 
and lnb terms cancel at x = x to leave just the In (-y) 
contribution. The ln|p -£ | terms also cancel at x = x in
(5.3.11) and so the final result for the streamwise 
velocity as y becomes large and negative is

u ~ c* In (-y) - f c* Ain Ip Idx + ^ ̂ ^  ^ ( y) p +J 00 2LX 11 1 1 1 2  2 b 2l
6 ln<-y>p I + c + c+ .

2 b 4 2L 211

A comparison with (5.3.10) shows us that 

00
c" = - f c* Ain Ip -p Idx + c+ ,21 J 2 Lx |rl *1 1 21- 00

giving a jump contribution from (5.2.4), where we write
the two-dimensional jump as j, and

l a
b axi - J ° 2 L£lnlpr£ildA (5.3.12)

where we note some discrepancies from the result quoted in 
Smith (1988), the principal one being the omission of the 
extra streamwise derivative from the above named paper 
(these errors were discovered jointly with Professor
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F .T .Smith).
Once again the expansions do not strictly hold for 

large x but give a valid result due to the form of c*l at 
these locations. The jump term is determined successfully 
from this method then, although there may well be other 
suitable approaches that can be adopted. Certainly (5.3.4) 
can be simplified by working with variables pi and y 
instead of using x, and this transformation could be 
continued on to tackle the integrations involved.

We can now address the equation that results for pi by 
examining (5.3.12) in conjunction with the two-dimensional 
equivalent of (5.1.11). We remove the y dependent terms 
from the j relation by defining

r00¥ (y) = (u -c)-[ (u -c)~2dy, u = a# /Sy.i w  o J o 1 10 1 Jy

We are left with a jump relation in the form

3 = - Ai (px - 3xpi~) + A2pipi- , (5.3.13)
where

r00A = - I u (u -c) ” dy,
1 I 10 0 1J 0

_00 ,
A = ■[ (t u - u 2) (u -c)”2dy/2 J 1 10 10 0 J

and the bar notation derives from section 5.1.
When we take (5.3.13) in conjunction with (5.3.12) we 

have a relation that determines the pressure distribution 
p , given by

- h  <Pi - 35pi;> + X2PiPi- = (5.3.14)

3b a

1

- J ( ^ -  3 ^ xa - 2Bi£ i£ iA)ln|pi-

and it is still difficult to obtain a clear picture of how 
the pressure behaves. Smith (1988) proposes that a
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solution of (5.3.14) can be found with j zero. If we 
assume that this is so, then from the left-hand side of 
(5.3.14) we can write p - 3xp ~ in terms of p p ~. If we1 lx 1 lx
then consider (5.3.3) simultaneously we can obtain a
formula for X in terms of X . This turns out to be

2 1

and if we substitute this relation into the right-hand 
side of (5.3.14) we find the final pressure equation

p - 3xp a - 2B p p a = 0. (5.3.15)1 lx 1 l l x

This relation can be solved explicitly by the method 
of (3.2.10) and (3.2.11) and so in the notation of (5.3.3) 
we find that

—In
B B 4B1 3

where B̂  = (3B2) , which requires that Bi and B2 are of
the same sign, as mentioned previously.

Therefore taking j = 0 in the above gives a pressure 
form that then forces c*l~ to be zero, and this is clearly 
a self-consistent relation in view of (5.3.12). The above 
result is to be expected since c*l~ was itself defined by
equating the leading orders of p p ~ and p - 3xp ~.

1 lx 1 lx
Thus we find that the solution allows for the large x 

behaviour assumed and so the theory is consistent 
throughout, providing a smooth solution for p i and no jump
in the velocities across the critical layer, working to
third order only. Further terms may involve velocity jumps 
but they do not alter the solution for the leading-order 
pressure, which is the focus of the working presented.

The expansions presented in this chapter are given
strong support by the computational work of Peridier, 
Sm'ith and Walker (1991 ) . These authors tackle the
unsteady, interactive boundary-layer equations arising due
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to a vortex above a plane wall. They use Lagrangian 
variables to trace accurately the irregular behaviour 
expected as the singular forms evolve. Some results from 
the above named paper are presented in Figures 5.2 - 5.4 
where the mainstream pressure gradient, displacement 
thickness and wall shear distributions are given at or 
about the breakdown time.

If we consider the wall-layer behaviour in our 
analysis, the leading-order streamwise velocity has 
u = 0 (1111/2) there, with y = |t|3/4y. Hence we would 
expect a wall shear of magnitude 0 (|t|”1/4), and the 
calculated results for the wall shear from Peridier, 
Walker and Smith (1991b) are shown in Figure 5.5. A 
regression analysis is used to determine the power law, 
and we see that the agreement with the theory is extremely 
good, particularly for the larger values of the Reynolds 
number.

The assumption that the base profile is inflectional 
at the critical layer is essential to finding the solution 
above. Dropping this would lead to more jump terms 
emerging at lower order and a more involved structure 
being set up outside the breakdown region. The solution 
above matches smoothly with the external region and so no 
further work is necessary there, although the correct 
matching properties must be attained before the occurrence 
of such a breakdown is possible.
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Figure 5.1: The three-dimensional triple-deck structure
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Figure 5.2: The pressure gradient solution at the 
breakdown time .
From Peridier_, Smith a n d  W a lk e r
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Figure 5.3: The displacement thickness about the breakdown 
time, written here as t 
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Figure 5.4: The temporal evolution of the 
wall shear, x
From Pen'dier, Smith and. Walker (iSSiJ
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Rc ts interval b

108 0.897 [0.819, ts) -0.252 ±  0.016
107 0.819 [0.805, 0.816] -0.253 ±  0.035
106 0.724 [0.680, ts) -0.263 ±  0.022
105 0.645 [0.634, ts) -0.234 ±  0.032

Table 5.5: A regression analysis to determine the 
power law for the wall shear, of the 
form |t-t |b. The value from the theory

1 S 1
is b = - 0.25
From ?ericLier / Smith and Walker ( i l 9 l )
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CHAPTER 6

THE NORMAL PRESSURE GRADIENT INFLUENCE
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6.1 The New Temporal Scaling

It appears from Chapter Five that the breakdown 
structure can advance consistently towards the breakdown 
time t , as the pressure gradient continues to grow. This 
conclusion is acceptable in the context of the previous 
chapter only as long as our time parameter t is not so 
small that it is comparable with some inverse power of the 
Reynolds number. As the time moves nearer to t a region 
will eventually be encountered where this criterion is 
broken, and here the triple-deck structure can no longer 
be applied.

It seems likely that normal pressure gradients need to 
be considered in the new structure that replaces the 
triple deck, since the pressure is so strongly modified as 
t becomes small in Chapter Five. To decide when this 
effect comes into consideration we re-examine the most 
recent expansions of our flow variables.

From (5.1.1) we see that the leading normal pressure
1/2 3/8gradient term is of size 0 < 111 Re ), and that the 

corresponding nonlinear momentum terms are of magnitude~ _5/n -1/80(t Re ) . If we were to equate these orderings the 
normal pressure gradient would be involved in the 
leading-order balance. However, since we have not 
considered any such effects thus far we need to 
incorporate them only at the third order initially, and 
hence we scale the expansions to provide this balance, 
which demands that

t = 0 (Re"1/7) .

We can then include this small time scaling within the 
expansions of Chapter Five, where we must now consider the 
actual flow velocities, and not the scaled triple-deck 
variables. Thus we return to the bar notation of Chapter 
One, where the triple-deck formulation was initially 
considered, and we have the new expansions
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X

t
u
V

p

y

=  X + Re~3/8x + Re-2 9/5 6S^ + Re"33/56&,
= t + Re~1/4t + Re u/28$,0 0

_ -7/56- ,A, , -11/56- . _  -15/56-= Re u (Y) + Re u + Re u + •••,0 1 2
„  -13/56- , -17/56-= Re v + Re v + • • •,1 2
^  -1/4- , A N , _ -18/56- , „  -22/56-= Re p (Y) +Re p +Re p + •••,

* 0  1 2

= Re~5/8$ . (6 .1 .1)

These expressions are based upon the breakdown
location x = x at t = t , and we note that since theo o
second-order terms are redundant in Chapter Five, and are 
also found to be redundant here, they are omitted from the 
expansions. This sets up the expansion structure above, 
with a relative error of Re~ 4/56 between successive terms. 
Additional terms could be included at a relative error of

—2 /5 6Re above the second order in (6.1.1), but the
resulting intermediate equations contain no nonlinear or 
unsteady forcings and hence do not influence the solutions 
found below.

We obtain a set of equations very similar to those in 
the previous chapter:

du , dv du , dv n 1 +  1 =  2 +  2 = 0 ,
a& a$ a& a$

(u -c) — 1 + v — i + = - — 1 ,
0 a£ xa* a&

(6 .1 .2 a,b) 

(6 .1 .3a,b)

,- -v au , - du dp du(u -c) 2 + V   0 = - — 2 -  1
0 a& 2a$ dk d%

- du
U  ---1
xa£

S£i = o,

( U  ~ C )  — 1 =  -  — 2 ,
0 a& a$

(6.1.4a)

(6.1.4b)

but the derivatives with respect to time now appear 
explicitly, at second order, and the normal pressure 
gradient must balance the new forcing on the left-hand
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side of (6.1.4b)
We see that (6.1.2a) and (6.1.3a) are identical to the 

previous stage and so

v -i < v c > P A- ^lX <uo(S)-c)'2dS

as in (5.1.5), where the zero-displacement condition is 
used again.

The wall-layer equations are also identical, giving 
tangential-flow conditions for v , v■ as £ approaches 
zero. Thus the relation (5.1.8) still holds, now in terms 
of our new flow variables, and we must examine the 
second-order equations to determine any novel features for 
the current regime.

The normal velocity solution is obtained from (6.1.2b) 
and (6.1.3b), yielding

v =  (uQ($)—c)-- P2a (&, *, S) +uxa (&, , S) +ux <&, *, S) uxa (£, *, S)

+ vi& , /£,s)uis & f$fs) (uQ(S)-c) 2 dS,

(6.1.5)
where the p 2a term must now remain inside the integral and 
the solution has no jump terms included for $ > where
£ indicates the location of the critical layer. All theo
terms inside the integral are dependent on £ and so may 
each give a contribution to the jump in the value of v2 

across the critical layer. Therefore we need to carry out 
an expansion procedure in s, where s is small and defined 
by s = t - $o, and uq, v are expressed in the same way as
(5.2.1) and (5.2.2).

The equation of more significance in this chapter is 
(6.1.4b), and if we expand this by writing

-2 -3p (&,$,s) = tt + it s + n_s“ + n_s“ +
20 21 22 23
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we find that this form is consistent with (6.1.4b) and 
that

IT = 0, II p  a a /2, U = IbfpAA/3.21 22 *1XX 23 1 riXX

These results tell us that p 2 passes regularly through 
the critical layer as expected, but more importantly, as 
n is zero, no logarithmic terms emanate from the p 2a 
term in (6.1.5). This indicates that the pressure term 
will not enter significantly into the analysis that 
determines the equation for the critical-layer jump. 
Instead its main contribution will be to the equation that 
balances the jump term outside the layer, and we will 
examine this effect now.

We define the jump, as in Chapter Five, to balance the 
change in v2 from the $ dependent terms in the integral by

-00

j = --- (u -c) ~ 2 (p a + U A  +  U U A  +  vua) d$.J 0 2X IT 1 IX 1 1Y
J 0

(6.1.6)
If we confine our attention to the p contribution we2

can consider an integration by parts to obtain

CO
(u -c) 2p A  d $0 2X

dS
A ( U  (S)- C ) 2Y 0

a P 2

3&
(6.1.7)

dS
A (U (S) -c) 2Y 0

d2p '2 d$,

where the bar on the square bracket in the second term 
indicates taking the finite part, as it does on the 
integrals. This notation can be used since the unbounded 
term that would otherwise appear in the above relation is 
given by ~^2Q/ (t>2 ) / which would be present on both
sides of (6.1.7) as becomes small. Hence the singular
forms match and are smoothed out by the critical-layer 
analysis and so need not be considered here. The 
square-bracketed term can be seen to be zero on invoking

157



(5.1.8) once more, and we can then use the known form of 
dp2/d§ to simplify the last term. From (6.1.4b) coupled
with our solution for v we obtain the relation

1

J =

r°or f •“ dS 2 « 3— x
9 PA(u ($) -c) 2 i

** 0
0 a (Dq(S)-c )2, d& 3 /

and we can define A as a cons-bcart3
this relation as

only by writing

A p  AAA +3 1X X X

To include the remaining terms in (6.1.6) we define A 
and A2 along the same lines as (5.3.13), but now in terms 
of our new variables. This leaves us with

j = A p  A + A p p  A + A p  AAA ,1 1 T 2 1 IX 3 1X X X (6 .1 .8)

where the new triple streamwise derivative clearly 
indicates a major departure from the previous chapter. If 
we consider large negative values of £ we can match with 
(5.3.13), but we also require & to become large in a way

We takethat makes £ of order one, where £ = &(-$)
- . A. 1/2-
P

-3/2

~ (-$)1/2f(£) and then we have

dp r3 £f' r 
2 2

dp
p ~ <-frl/2 <ff'),

and
d3p

dk
- ~ (-^)"4f,,/. (6.1.9)

Thus we see that the triple derivative does drop out 
in this limit and the explicit time derivative returns to 
the identity seen in Chapter Five in terms of x. The match 
is completed for the outer solution by insisting that as & 
becomes large with £ order one, then pi ~ & 1/3 to tie in 
with the previous stage, for values of & outside the range 
of that given in (6 .1 .1 ).
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6.2 The Critical Layer

The critical layer is addressed in a way very similar 
to that of Chapter Five, but we must take care to 
re-introduce the second order omitted from the outer 
solution, which is now required for matching. These terms 
are included in the velocity expansions, which are written

u = Re~7/56c + Re"9/56fr + Re’11/56fr + R e'13/56fr +1 2  3

Re-15/56lnRefr + Re-15/56fr + •••,4L 4

v = Re-13/56̂  + Re~15/56fr + Re’17/56̂  +1 2  3

Re"19/56lnRe ^  + Re’19'*** + ....4L 4

The critical-layer scaling here is $ = + Re2/56y*
and we must also consider the pressure expansion in the 
layer. We write

„  -1/4 A  . _  -18/56A . -22/56A . „  -26/56A .p = Re pQ+ Re p + Re p2+ Re P 3 + "'r

where we expect the p Q, $ and $2 terms to match with the 
outer solutions p , p and II20 respectively. The $ 
behaviour in p 2 appears higher up the critical-layer 
pressure expansion and matches with £ , where we expect 
p ~ TT + TT y*2 as y* becomes large. The IT term is3 30 22 ■* 3 30
just the dominant & dependent term in the expansion of p 3 

as the critical layer is approached.
The y* momentum equations in the critical layer then 

determine that £ , £ and $ 2 are all independent of y*, 
and so they can be equated to p , p and IT2o respectively. 
This leaves us with

db db dp
b — 1 + b — 1 = - — 3 , (6 .2 .1 )
xa£ 1dy* ay*

as the first normal pressure gradient balance.
The streamwise momentum equations can once again be 

satisfied exactly by the limiting velocity descriptions
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from the outer solutions, up to b , b . Therefore we' *  4L 4L
take

f r = b y \  f y = I b p ,1 i2 ' 2 1  r i
= b y*3+ 6b p  y*/b2 , b = -(2/56)c ,3 32 3^12 1 4L 3L

b = -b_1p  a  , = -I b p Ay*,1 i ix 2 i r ixJ
= - (3b p  Ay*2/b2) - c a  , = (2/56) c Ay*,3 3T IX2 1 30X 4L 3LXJ

with the new coefficients c , c being defined by30 3L 3 2

C A = IT Ab”1 + I P  A + I2b p p  A - 6b p  p  Ab~4,30X 20X 1 1 IT 1 1 1 IX 3 1 IX 1

c a  = - 6  b p  A b ”3 + 12b p  p  A / b " 4 ,3LX 3 IT 1 4rt  IX 1

where v ~ - c a  - c a  ($-$ ) ln|$-$ I - c+ a  ($-$ ) ,2 30X 3LX 0 1 0 1 31X 0

as $ -> $ from above. We note here that the b , formso ^ 1 1
also satisfy (6.2.1) with p = TT + TT y*2, and the other2 3 30 22
results are very similar to those presented just after
(5.2.4), just prior to (5.2.5) and in (5.3.1a-d). They 
match them exactly in the & large, £ large and negative 
limit. The Ii and u q expansion notation have been retained 
from Chapter Five.

We continue the analytical process by transforming as 
in (5.3.1e,f), to derive the critical-layer equation

(v) af
a&

(p a]-̂ lX dx

bi ay’
A p A „A 6 b p  A 12b P  P  A

3 IT +  ----- 4 _ J _ 1 X   ̂ (6.2.2)
b 2 b 3

1 1

where the right-hand side is equal to t)1c3L̂  anc* t is 
defined by

x = a/ay*|fr - b 4y* 4 - 3b3lipiy* 2 - (6 b 4Pxy*2/b2) j .

Next, in order to integrate (6.2.2), we invoke the 
boundedness argument from the previous chapter. We are
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concerned with the large & behaviour and can use the same 
reasoning since the large & form must match with the large 
x behaviour of Chapter Five. Thus we can make a 
transformation resulting in the same alteration to (6 .2 .2 ) 
as is presented in (5.3.4).

We define D in exactly the same way and envisage the 
large & behaviour for our pressure distribution now being 
given by

pi ~ - B^ 1/3£ 1/3 + (1/3) BB~22/3\$\k 1/3 +

for order one times,
The solution to (6.2.2) then follows through exactly 

as before to give the new jump relation from

f6 b 1 d

-l-l II 3

b 4 ̂ l aK
- px(S,$) | dS, (6.2.3)

£ = (Pia (S, ❖) + 2BiPl(S,^)pis(S,i) ) ,

clearly matching j in the relevant limit by the reasoning 
described in (6.1.9).

It seems clear from the arguments surrounding the 
transformation (5.3.4) that any terms of the form p^p^A in 
r give no jump contribution. This is the reasoning behind 
the vanishing of the full j term in the previous chapter, 
and we note that the p a  contribution must vanish in theIT
limit as |&| », $ - > - « ,  to match with (5.3.15) . In
general though, as t1 becomes order one, the normal 
pressure gradient affects the pressure distribution 
equation non-trivially, via the introduction of a triple 
streamwise derivative term, and a non-zero velocity jump. 
We have

6 b
X p A  + X p p A  + X p A A A1 IT 2 1 IX 3 IXXX

3“—p A +  --̂ lx
p ^ ( s , h

p id , h - p 1 (s,$>
dS,

(6.2.4)
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which is in fact an extended Korteweg-de-Vries equation. 
We have calculated the derivative from (6.2.3), but we 
note that since the integrand in (6.2.3) is smooth at 
S = then the term in (6.2.4) must also be. A limiting 
argument about S= & can then be used to show that the 
finite-part result in (6.2.4) is the correct form for the 
equation.
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6.3 The Pressure Distribution

Drazin (1983) describes how, in the left-hand side of
(6.2.4), the competing effects of dispersion and 
steepening are balanced, controlled by the relation 
between the triple-derivative and nonlinear terms 
respectively. Thus we might expect that a solution of
(6.2.4) will include solitary waves, with the right-hand 
side of the equation modifying the behaviour in an unknown 
way.

In order to gain a clearer understanding of the 
effects of (6.2.4) on the pressure distribution, a 
computational investigation was carried out: see also
Hoyle, Smith and Walker (1991). A time marching procedure, 
beginning with a known solution at large negative time, is 
adopted in which a large parameter, r, is defined to 
specify the initial time as f = - r. The equation is then 
re-scaled with respect to r to improve the numerical 
properties. This process results in the coefficients of 
the first two terms in (6.2.4) being scaled out, but the 
triple derivative coefficient is now small, and equal to
— — _i _7/2 ,X X  r . A  typical value for this is taken as 0.0053 1
and it was possible to get solutions for |ji| up to about 
0.3, where u = 6 b b ”4A _1, and is the coefficient of the

^  3 1 1
last term in (6.2.4).

Some results form these computations are presented in 
Figures 6.1 6.4. The first two show that the initially
smooth profile does develop some 'bumps', indicating a 
steepening process, as time increases towards the 
breakdown time, The solution in Figure 6.3 is for
H = 0, and hence this problem is an unmodified 
Korteweg-De-Vries equation and we see the beginnings of 
the solitary wave solutions that we expect to persist as 
time increases indefinitely. Some grid size results are 
also shown to indicate the accuracy of the numerical 
scheme.

The final illustration in Figure 6.4 shows a strong 
steepening effect for small, negative jli. As § moves
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towards $Q, the pressure profile approaches a
zero-gradient point, controlled by the concentrating 
effect of the triple-derivative term. As then approaches 
even closer to $ the jump term (6.2.4) comes in to modify 
the behaviour.The graph continues to steepen but we note 
that the computations must terminate, for any non-zero 
value of \l, before a point of zero gradient is reached. 
This is because the critical-layer analysis presented in 
Chapters Five and Six assumes a monotonic pressure profile 
to derive the jump term, and so the working becomes
invalid as the slope tends to zero.

It is apparent, therefore, that a new analytical
approach is necessary in a region close to the singular 
pressure gradient, that seems to be inevitably reached as 
time increases in the normal pressure gradient stage. The 
governing term at distant streamwise locations in this new 
zone is the triple derivative in the pressure, and we can 
model the expected behaviour by proposing that

p ~ - d (k-k ) 3 + d (k-k ) ($-$ ) . (6.3.1)* 1 2 0 3 0 0

This expression describes the behaviour of the
inflectional point, and we see that this proposed form at 
the breakdown location k = k has p a  <  0 for $ less than_  o IX
$ , and p a  >  0 once $ has passed through the critical
time. Thus we assume that d and d are both positive2 3 *

constants and the d2 term then gives the expected
monotonic behaviour away from k =

In view of (6.3.1) we expect that the new zone will
have ( k - k )  = 0 (£ - $ )1/2, and in order to examine theo o
balance with the jump term that enters the problem for 
order one k - kQ we expand the pressure as

p ~ d + d (fl-fl ) + (fl -£) 3/2g (T) + •••, (6.3.2)* 1  0 1 0  o

where T = (k-k ) (ft -%)~1/2 and is order one, and d is the0 0 0
local pressure constant.

If we substitute (6.3.2) into (6.2.4) we obtain a
leading-order relation described by
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6 b f°° dS3, (6.3.3)

The large T behaviour must then introduce the form of
(6.3.1) into (6.3.2) and so we require

as |T| -> co. In this distant streamwise case we can 
integrate (6.3.3) for the dominant behaviour, by partial 
fractions, to obtain the relation

6 d2A3/Ai = d̂  |l - -J 37r/ij .

Hence we can model the local pressure steepening and 
interaction, and for small n (6.3.4) describes the 
development of the zero gradient point. However, as time 
increases, the unsteady terms begin to dominate, and the 
analysis above describes only the initial development of 
this new stage. Novel dynamics will then come in, and we 
need to re-scale our streamwise length and time scales to 
examine the exact balances that arise. This is addressed 
in the next section.

g(T) (6.3.4)
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CHAPTER 7

VORTEX FORMATION IN THE CRITICAL LAYER
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7.1 The Effect of Increased Unsteadiness

In this chapter we consider the new scalings necessary 
within the critical layer, which stem from the increasing 
influence of the time-derivative terms in the governing 
equations, as the scaled time becomes small in the context 
of the previous section. In doing this we aim to 
investigate the development of the inflection point in the 
pressure profile, as a point of zero gradient is 
approached. The latter is described in the previous 
chapter, and if we consider a new small scaling parameter, 
e, then we can write

& - k = eX, $ = g2T,o o

p = d + e2d T + e3P,* 1 0  1

locally.
In order to maintain the majority of the structure of 

the critical-layer analysis in Chapter Six we must also 
scale b to become 0(e3/2) . Now we aim to bring the 
unsteady effects in to balance the inertial ones, which is 
achieved by setting the scaling parameter equal to

from an order-of-magnitude argument.
Once this has been fixed we can consider the full 

expressions for the critical-layer flow variables, which 
stem essentially from the forms in Chapter Six, tracing 
the relative behaviours as the e factors are introduced.

* 3/2We take y = e Y and propose the expansions



- R e 2®  ( P ^ )  -  Re 180 -  Re 280 ( 1 ^ )
>3_
age

sl “ aso 9 s 
280

V

p = Re-1/4P + Re0
-18/56d + Re0

-98/280d T + Rei
-102/280P +

Re -110/280.n + Re20
-130/280

When we substitute the above into the Navier-Stokes 
equations (2.1.1) we find that the leading six orders are 
all automatically satisfied. The next two orders yield:

The usual continuity equations relate the U , and the
U , V terms and, in view of this, we can take the

2 2

derivative of the above with respect to Y to yield the 
shear equations

^ 'T' ^

where t = dU /5Y and t = dU /5Y. These leading-order1 1  2 2 ^
relations are very alike, but the limiting behaviour for 
the variables at large Y differs significantly, and is 
described by

from matching with the outer flow.
The velocities U and U must match with outer1 2

expressions involving InY for extreme Y values and hence

(7.1.la,b)

x ~ 6b"2b d T + 0 (Y-1)1 1 3  1 t ~ 3b Y2 + 6b"2b P + 0 (Y 1)2 3 1 3
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are the source of the leading-order jumps across the 
critical layer. Our new scalings affect the limiting 
solutions outside the critical layer by promoting 
time-derivative terms and demoting Y-dependent ones. Hence 
if we make a comparison with the preceding chapter we see 
that a rearrangement has occurred. In Chapter Six we have 
fy ~ b y*3+ •••, and the c a term affects b . However, in3 3 J  3LX 4 '
the working associated with (7.1.1) we have a contribution 
to U of the form U ~ 6b~3b d X (1+lnY) which emanates1 1 1 3  1
from the c a term, and the b Y term is now a limit for3LX 3
U .

2

Clearly an overtake takes place at an intermediate
time, which is found to be given by $ - $ = 0(Re~2/245) .
At that stage, though, the time derivative is still absent 
from the governing critical-layer equation and hence the 
dynamics are essentially unchanged.

Before proceeding to analyse (7.1.1a,b) we need to 
discover the outer solutions that govern the pressure
terms to balance the jump velocities described above. The

* 1 6/ 280 ~outer region has Y = Re Y and we suggest that

u = R e~1/56U (Y) + Re"55/280C7 (Y) + Re"63/280C7 +10 11 12

Re-61/280& + Re"75/280& + Re-79/280& +1 2  3

V = Re-73/280v + Re-81/280v + Re'85/280v +
1 2  3

/

r

-1/4 „  , „  -85/280 , , ^  -98/280 , mp = R e P  + R e  d + R e  d T +■ ^ 0  0 1

R e -102/280?  +  -110/280?  + R e -114/280~
1 2  3

By substituting once more into the Navier-Stokes equations 
we derive the familiar streamwise momentum equation for 
U , V , P and U, V, P, of the form given in (6.1.3a).I l l  2 2 2
We note that C7i2 is independent of X and obtain the jump 
term from the next-order equation, which is

dU dU dP dU
(U -c)—  + V —  = - —  - —  . (7.1.2)

ax aY ax aT
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The Y-momentum equations show that and P a r e
independent of Y and so can be equated with P and TT2o, and 
the leading-order balance is

av dP
(&10_C)—  = ■ • (7.1.3)ax aY

The effect of P i n  (7.1.2) is easily determined by 
comparison with Chapter Six. Equations (7.1.2) and (7.1.3) 
have exactly the same form for P a s  (6.1.3b) and (6.1.4b) 
have for p . Thus the working presented in (6.1.7) follows 
through identically here and we are left with a 
contribution of ^3pxxx in the velocity-jump equation.

From the matching considerations on U' as the 
critical-layer is approached we suggest the solution

U = d U T,12 1 10

where U takes the same form as u in Chapter Five, but10 10 ^  °

U is defined in terms of Y. This expression matches
successfully with Chapter Six also, and then leads to the 
inclusion of the term A d  in the velocity-jump equation.

If we define the jump J in a way similar to that used
before we can see that the U term contains the dominant
effects and we have

J ■ '» ‘'Ix

Then, given the above, we can write

d A + A P = d uJ, (7.1.4)1 1  3 XXX 1

where the jump coefficient has been chosen to match
(6.3.3) .

The critical-layer relations are determined then, and 
the outer expansions tied in via (7.1.4), with the whole 
structure merging with the results of the previous
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chapter. Below we go on to consider (7.1.1a) in 
particular, where the inclusions of the extra 
time-derivative term makes the solution more difficult to 
extract. This complexity is partly simplified by 
concentrating on the case of small \i, described in section 
6.3.
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7.2 The Trajectories

Once we have taken the jump term out of the 
leading-order balance via the assumption that fi is small, 
we can concentrate on the proposal of Chapter Six that the 
local pressure behaviour is given by

P = - d X3 + d XT,2 3

where d and d are positive constants and d = 6d A A 1.2 3 1 2 3 1
The behaviour of the trajectories on which t is constant 
becomes more tractable, and from (7.1.1a) we find that 
they are given by

dX dY , x dP
^  ■  -  ( b ; ‘ )

/dT dT V- 'dX

and so we can combine these relations to give

d2X
  = 3d X2 - d T. (7.2.1)
dT2 2 3

The above unfortunately still requires a computational 
approach in general, which is described in Hoyle, Smith
and Walker (1991) . A Runge-Kutta approach is adopted to 
derive some important properties of the trajectories. We 
can consider a starting time Tq for a point on a
trajectory at large, positive X and large, negative Y. An 
expression for the characteristic behaviour about this 
point is obtained by expanding around T = Tq + s for
small, positive s in (7.2.1). We obtain

2 d T s2 d s3 
X ~ ---- + — -—  + — —  + A s4 + •••,

d s2 10 6 4
2

4 d T s d s2 4A s3
Y ~ - -----  + - + — —  + — —  + •••, (7.2.2)

b d s3 5b 2b b1 2  1 1 1
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where more terms are very simply calculated, but the 
coefficient A remains arbitrary.

4
A sketch of the trajectories in Figure 7.1 in the X-T 

plane, obtained from the numerical solutions, shows that 
either the paths move off to large, positive X and large, 
positive Y, or they oscillate about a curve that seems to 
act as an attractor as time increases.

We can attempt to model this terminal behaviour 
analytically, and by replacing Tq + s with Tq - s for 
small, positive s in the above analysis we obtain a 
structure describing trajectories at large, positive X and 
Y to cover one of the possibilities. To model the 
oscillatory behaviour we note that the X location moves
about a curve determined from the right-hand side of

1/2(7.2.1), and so we propose that X = 0(T ), and expand by

X ~ -
d 13

3d

1 /  2
T1/2 + A TMCOS (A TN + A )1 2 3 (7.2.3

If we substitute this into (7.2.1) we find that N = 5/4 
satisfies the second order, and choosing M = -1/8 ensures 
that any remaining terms are in negative powers of T. This 
leaves us with the form

X ~ -
r d3

1/2

3d
ll/2 + A T"1/8c o si

f25/2(3d d )1/412 3 t5/4+ A

with the Y-behaviour being obtained from the derivative of 
this relation with respect to T. The result matches the 
behaviour found in Figure 7.1, and Figure 7.2 shows some 
calculated plots of the trajectories in the X-Y plane. We 
do see an oscillation in X about a narrowing band, coupled 
with an increasing amplitude of oscillation in the normal 
direction, exactly in keeping with (7.2.3), where there 
are still trajectories not being wound up, as described 
earlier.

The capture of the trajectories turns out to be 
dependent only on the value of the constant Â  in (7.2.2),
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for a fixed initial time T . The numerical results thato
illustrate this are given in Figure 7.3, where the large 
input time asymptote shown is obtained from a further 
analysis of (7.2.1), as we shall see.

We consider T »  1 and can rescale X and T in (7.2.1)o
to get a simplified leading-order balance. Clearly we

1/2require X to be of magnitude 0(Tq ), and then to bring 
the derivative into the balance we can write

X ~ T1/2X, T = T + T 1/4t .0 0 0

Substitution of these forms into (7.2.1) then gives 

d2X
—  ~ 3d X2 - d , (7.2.4)
dT

where the term that is omitted is given by -d T”5/4T. The3 0
advantage of this result compared with (7.2.1) is that we 
can achieve an integration with respect to T by 
multiplying through by dX/dT to yield:

1'dXl2 n  3

dT
= d2X - d3X + E, (7.2.5)

where the value of E determines the minimum value of X for 
which a value of Y2 exists, where Y = dX/dT. The 
right-hand side cubic behaviour of (7.2.5) has a local 
minimum at X = (-d3/3d2)1/2 and so by decreasing E to 
(-2d2/3) (d3/3d2)1/2 we obtain a trajectory that has a 
local minimum in Y2 on the Y-axis.

The significance of this value becomes clear when we 
examine a plot of Y against X, taking the negative root 
from (7.2.5) to give trajectories that come in from large, 
negative Y. All the paths crossing the Y axis must do so 
in a perpendicular fashion, except at the singular points 
X = ± (d3/3d2)1/2. Figure 7.4 presents the trajectory plots 
and we can see that the particular value of E singles out 
the boundary trajectory, with the prescribed initial 
behaviour, that encloses the region of captured paths.
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We can now consider an expansion about T = 0, akin to 
that in (7.2.2), and we write T = where s must now 
strictly be thought of as smaller than any power of T . An 
expansion of X then takes the form

2 d s2 d T"5/4s 3 
X = - — —  - -i—  -   + B §4 + (7.2.6)

d §2 10 6 4
2

and we must consider the full equation, including the 
T~5/4T term from (7.2.4). However the integral of this T 
behaviour can now be approximated to leading order and 
hence we can determine a value for from our integration
in (7.2.5). This gives B4 = E/28, which, on comparison 
with our earlier expansion (7.2.2), indicates that

A = - —  
A 42

d  ' - '1/2d 13
3d2

m  3/2 
0 '

for the separating trajectory that bounds the vortex 
region.

This analytical prediction of the asymptotic value of 
A is shown in Figure 7.3 and agrees well with the
4

numerical results. Hence we have tied down the behaviour 
of the trajectories at large values of the input time, but
we do not know what values x or x̂  take on these paths.

From the large Y-behaviour of x we can see that the 
value of x on each trajectory will be defined by

6b d T3 1 0T = ------  ,
b 21

to leading order, and so Â  has no dominant effect on the 
value of x . Hence to leading order the captured vorticity 
does not vary spatially within the vortex region, and we 
see that the values of x at large Y will be unchanged for 
positive or negative Y, and hence give no velocity-jump 
contribution.

If we consider (7.1.1b) we can substitute the form
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t = t  - I d x  to get x staying constant on the2 2 1 0  1Y ^  2 2  3
streamlines, as did x . The trajectory analysis is then 
unchanged but now x2 has a limiting behaviour of

x ~ T3/2 2 o
6b P1 

3b Y2 + 3
3 b2i

+

at large |Y|, where P represents the large Tq form P(X,T).
Thus we cannot determine the value of x2 on the 

streamlines as easily as in the x case, due to the X and 
Y dependence of the limiting form. However, a similarity 
variable can be sought that governs the leading-order 
behaviour of x which does then depend upon A and hence

2 A

give a jump-term contribution. We note that this result 
does not affect the P distribution since (7.1.4) does not 
hold for this secondary-jump term and the contribution to
(7.1.4) must come from an analysis of the x behaviour on 
a different time scale. Such an examination of the
higher-order dependence of x would involve a complicated 
process of matching solutions from different regions, and 
this has not been pursued as yet.

It does appear that the complicated higher-order
behaviour of the critical layer is likely to invalidate
the small-/! assumption made earlier in this chapter, as 
the scaled time continues to increase. The non-monotonic 
nature of the pressure expansion still causes problems and 
a new scale seems to be required, which may actually
smooth the pressure distribution again and take us out of 
the vortex-formation stage. Work is in progress on this 
interesting aspect of the problem, which it seems may have 
some link with the intermittency commonly witnessed in 
boundary-layer transitional flows.
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Figure 7.1: A schematic of the numerical solutions for 
the trajectories of equation (7.1.1a)
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Figure 7.2: Trajectory plots with different initial 
conditions
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10 20

Figure 7.3: The critical values required for captured 
streamlines. The dotted line shows the 
analytical asymptote
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Figure 7.4 The trajectories for large input times, 
showing the vortex region
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CHAPTER EIGHT

CONCLUSION



8.1 Conclusions and Suggestions for Further Work

The work in this thesis throughout pursues a solution 
to the equations involved, and we do not suggest, or 
expect, that the solutions we have found are unique or the 
most general. The aim in Chapter Two is simply to show 
that it is possible to obtain a consistent breakdown 
expansion with a smooth pressure solution. We feel that 
this has been achieved by obtaining the relevant pressure 
equation, obtaining a smooth far-field solution for it, 
and indicating the likely existence of a smooth numerical 
solution overall. As such it appears to be the first 
three-dimensional, nonlinear, unsteady-breakdown form, 
although it seems only to apply directly to the 
liquid-layer flow case, but see the extension in Chapter 
Five. Clearly there are many interesting and (we feel) 
exciting possibilities for further work.

In Chapter Two the leading-order spanwise terms are 
taken to be smaller than those of the streamwise forms. 
This was done in order to make analytical progress by
maintaining the simple leading-order, two-dimensional 
velocity solutions. Nevertheless we see that the eventual 
equation that we derive does include leading-order
spanwise pressure modulation, to give a fully 
three-dimensional pressure solution. By considering an 
increase in the relative dominance of the spanwise
derivative terms, it seems that, from equation (2.6.4) the 
double spanwise derivative would be promoted above the 
remaining terms. Therefore it appears that, for 
liquid-layer flow at least, this would lead to a linear
spanwise pressure solution which would be at odds with the 
boundary conditions required. Hence this suggests that the 
spanwise terms are introduced at the lowest possible 
order, although on the other hand for the flow over humps 
the first term is absent and so no such argument follows.

Also, our assumption of a symmetric spanwise variation 
could be generalised to include a breakdown moving in the 
spanwise direction. Other solution forms seem possible and
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these need to be pursued to discover the effect upon the 
governing pressure equation. The asymptotic analysis does 
not cover all of the possibilities which could be 
entertained. In addition this thesis concentrates upon the 
case where the double spanwise derivative, denoted by tl 
in Chapter Three, is present. We show that for flow over 
humps this term vanishes, which really calls for a new 
analysis of the asymptotics, although our solution would 
still seem to hold in this situation as a very special 
case.

The computing described in Chapter Four also has the 
above emphasis, which was pursued mainly because of the 
properties of the model problem with which we were 
concerned initially. The main suggestion from Chapter Four 
is the importance of the curve which defines the crossover 
between hyperbolic and elliptic behaviour. It seems likely 
that this crossover region will be magnified as the 
breakdown is approached, giving a crescent-shaped ridge in 
the pressure solution (cf. the classical studies of Cowley 
and Van Dommelen) . Clearly, for flow over humps the 
governing equation becomes hyperbolic throughout and hence 
a new approach is required for its numerical solution, 
although the results for very small Froude numbers that we 
obtained do suggest that the solution will remain smooth.

The variety of methods described in Chapter Four 
perhaps does not treat the problem fully. The pressure 
equation of interest seems to be very rich in structure 
and provides a fascinating numerical challenge to try to 
incorporate the boundary conditions in a fully consistent 
way.

One very clear extension to the present theory is 
obvious from Chapter Five, where we have not managed to 
derive an expression for the velocity jump across the 
three-dimensional critical layer. As described in Chapter 
Five, the problem is a difficult one, but if it could be 
tackled to lead to further extensions of the 
three-dimensional theory we feel it could be a significant 
step in increasing understanding of the transition to 
turbulence of the three-dimensional flows in a general
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context. Work on the compressible case of the
three-dimensional problem is in progress (Blackaby, 1991).

The remaining work of the thesis concentrates on the 
two-dimensional problem by trying to understand how the 
flow can move form small-scale instabilities governed
initially by linear analyses, and then by nonlinearity, 
right through to vortex-shedding effects. The numerical 
work in Peridier, Smith and Walker (1991 ) provides strong 
support for the validity of the theory, and other studies, 
Walker (1990) etc., show how closely the problem being 
addressed ties in with what seem to be the fundamental 
processes of vortex regeneration, even in turbulent flows.

The theory progresses rationally through the normal 
pressure gradient stage where an extended 
Korteweg-de-Vries equation is encountered in Chapter Six. 
This then controls the beginnings of vortex wind-up as a 
point of zero pressure gradient develops. The theory
predicts that this point may be crucial to the onset of 
vortex wind-up; this is notably backed up by the numerical 
observations of Sandham and Kleiser (1991) . The vortex 
wind-up is connected with the break-up stage of Chapter 
Five and the work of Smith and Bodonyi (1987), Haynes and 
Cowley (1986), but it seems to be complicated and
difficult to solve in the general case. Work is in 
progress particularly on this aspect and how non-small 
jump coefficients may be included in the governing 
equations to give the dominant velocity jumps and a new 
flow structure for positive scaled times. As noted in 
Chapter Seven, one suggestion among others is that the 
wind up is a transient phase and that a modified form of 
the normal pressure gradient stage may still hold for 
large positive scaled times.

This continuing development of the local flow 
behaviour is possibly rich in structure, and if it could 
be carried through to trace the behaviour back to the 
original triple-deck scales that would seem to be a 
potentially major achievement in the understanding of the 
detailed development of vortex eruptions from small 
initial perturbations of the flow. This is felt to be a
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promising line of research, given that accurate 
experimental and computational simulations are very 
difficult to come by due to the complicated and small 
scales involved. It may even be hoped that in time this 
research will produce practical predictions of the early 
vortex-shedding behaviour.
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