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ABSTRACT

This thesis describes a theoretical and numerical study of the
static and dynamic behaviour of flexible pipes and risers. Although
the effects of conventional loadings due to self-weight, current,
waves and surface vessel excitation are included, this work is
specifically aimed at identifying the effects of internal and
external fluid pressures as well as both constant density and
alternating gas-fluid internal flows on the static and dynamic
behaviour of risers. Particular emphasis is placed on research and
development of advanced numerical analysis methods for solving the
non-linear riser equations in the frequency and time domains.
Theoretically calculated responses have been compared with results
of model tests carried out at Heriot-Watt University and University
College London and with theoretical predictions from alternative
formulations. Modified forms of the governing equations for
flexible risers have been derived from first principles to include
the effects of internal and external hydrostatic pressures and a
steady internal flow. It is rigorously shown that the conventional
derivation of effective tension using a buoyancy analogy is
equivalent to that obtained through exact integration of fluid
pressures over the curved surface of the riser pipe. It 1is also
demonstrated that the effect of a steady internal flow is analogous
to that of hydrostatic pressure and may be included in the

governing equations through the effective tension term.

The riser governing equations have been solved using a finite
element analysis program written specifically for flexible risers
and similar pipe geometries. The static analysis of the riser is
carried out wusing an iterative approach that can accommodate
general loading conditions using an incremental shifting procedure.
Modifications to the standard non-linear static analysis techniques
have been proposed and are shown to provide a more accurate
representation of the deformation dependence of loading whilst
retaining the mnon-linear influence of tensile forces on pipe
geometry. Dynamic analyses have been carried out using both
frequency and time domain techniques. The frequency domain approach
is a regular wave analysis based on a combined wave and current

linearisation whilst the time domain analysis wuses the Newmark-f
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method and can accommodate regular and irregular sea states as well
as geometric non-linearities. Results of this numerical work have
been verified by comparison with model tests and analysis results
from several sources. Model tests carried out at Heriot-Watt
University at 1:50th. scale have been used to verify global
predictions for riser responses and tensile forces. Specially
designed model tests at University College London have been used to
confirm the validity of predicted riser responses to internal flow.
Comparisons have also been made with the analysis results of
parallel research works. Case studies of typical North Sea flexible

risers are presented.

The analytical and numerical work demonstrates that it is essential
to include the effects of internal and external hydrostatic
pressures and internal flow for accurate prediction of the overall
response of a flexible riser. In particular, internal flow composed
of alternating gas-liquid phases (slug flow) is shown to induce
large oscillations in riser tensions at frequencies defined by the
flow parameters. These oscillations are comparable to those induced
by wave action and have a significant impact on the fatigue life of

flexible risers.
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Coefficient of drag

Equivalent linearised drag coefficient for steady current
Equivalent linearised drag coefficient for wave loading
Coefficient of added inertia

Water depth

Global force vector

Element force vector

Element drag force vector

- Effective force vector in time domain analysis
Element inertia force vector

Element internal-flow induced force vector
Acceleration due to gravity

Pressure head

Horizontal tension

Identity matrix

Unit vector along x axis

Element polar moment of inertia

Unit vector along y axis

Global stiffness matrix

Unit vector along z axis

Wave number

Element stiffness matrix

Element axial stiffness matrix

- Effective global stiffness matrix in time domain analysis
Element flexural stiffness matrix

Element geometric stiffness matrix

Element length

Global mass matrix

Element mass matrix

Global structural mass matrix

Element axial and flexural mass matrix

Element torsional mass matrix
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Unit normal to surface

Centre of curvature

Pressure

Volume flow rate

Pipe radius

Radius of curvature

Arclength

Spectral density of wave height

Tension

Transformation matrix

Time

Fluid velocity

Time variant fluid velocity along x axis
Current velocity

Magnitude of pipe relative velocity
Shear force

Time variant fluid velocity along y axis
Weight per unit length of pipe
Displacement vector

Null matrix or vector

GREEK SYMBOLS

o © <« = o ™ R R
ct

© o € B o

<

Parameter of Newmark-B method

Mass matrix multiplier in structural damping calculations
Stiffness matrix multiplier in structural damping calculations
Strain; Error tolerance

Angle of element from the x axis

Angle at the base of pipe

Angle at the top of pipe

Matrix of mode shapes

Angle around the circumference of pipe

Mode shape vector

Shape function

Density

Mean density of internal flow

Amplitude of density variations of internal flow

Weight density

Wave amplitude
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B - Structural damping coefficient
w - Excitation frequency
w, - Natural frequency in mode n
§ - Variational notation
§ - Parameter of Newmark-jg method
A - Transformation matrix from global to local co-ordinates
(Direction cosines of local member axes in global axes)
A - Denotes increment of quantity
- Partial derivative notation
Z - Summation notation
SUBSCRIPTS
i - Internal
n - Perpendicular to pipe
- External
s - Pipe material
s - slug flow induced
x - Along x-axis
y - Along y-axis
z - Along z-axis
SUPERSCRIPTS

First derivative with respect to time
Second derivative with respect to time
First derivative with respect to indicated geometric dimension
Second derivative with respect to indicated geometric dimension

value at iteration (1)
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CHAPTER 1 : INTRODUCTION
1.1 - MARINE RISERS

Marine Risers are conduits joining a surface vessel to a subsea
connection and are wused for fluid transportation, electrical
connection and hydraulic control. Structurally, there are three

distinct types of riser.

1 - Platform risers
2 - Rigid Risers
3 - Flexible Risers

Platform risers are vertical steel pipes which connect seabed
flowlines to the topside facility of an offshore jacket platform.
These are clamped rigidly to the bracing steelwork and are
sometimes used as carriers for bundles of other internal risers.
Structurally, they are simple to analyse using methods similar to

those used in analysis of the jacket platform itself.

Rigid risers are steel pipes of nearly vertical geometry which are
used in drilling and production from floating units. These risers
are suspended freely between the wellhead and surface vessel and,
in addition to a central pipe, carry other conduits around their
perimeter. In drilling technology, the central core carries the
drill pipe and the perimeter pipes are used as choke kill and mud
lines. Structurally, due to their large length to diameter ratios,
rigid risers constitute very slender structures. To confer
structural integrity to these pipes, they are tensioned at the
vessel connection. Structurally, this results in a straight slender

beam of variable tension along its length.

Flexible risers represent a relatively new variety of risers which
in their most basic form consist of a segment of flexible pipe
suspended freely between a subsea connection and the surface
vessel. Such risers derive their flexibility from their composite
construction. Several 1layers including helically wound steel
reinforcements, corrugated steel 1linings, polymer sealants and

elastomeric bondings are brought together to form a pipe of
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significant axial strength and bending flexibility. Structurally,
these pipes are tensioned to 1lower 1limits than rigid risers and
designed to accommodate much larger flexural deformations. Typical

geometries of flexible risers are illustrated in Figure (1.1).

Analysis of platform and rigid risers is an established engineering
practice. In contrast, flexible riser analysis remains a subject of
continuing research where many theoretical and practical issues
need to be studied in detail. This thesis reports on the work
carried out to identify and solve some current problems in the

analysis of flexible risers.
1.2 - HISTORICAL BACKGROUND ON FLEXTBLE RISERS

Flexible risers were first employed in the Campos Basin offshore
Brazil in the late 1970's. Most of these risers are of the simple
catenary configuration (see Figure (1.1)). One of the earliest
examples is the Enchova field production riser which uses a
flexible riser bundle with the Penrod-72 semisubmersible for
production support at 100 metres water depth. This field is
operated by Petrobras and came on stream in 1979. The field layout
is illustrated in Figure (1.2) (from Fee and 0’Dea(1986)). Despite
the different water depths at which they are located, most other
developments in the Campos Basin have also used the simple catenary
profile. In 1981, the Penrod-62 jack-up was used as support vessel
for the Badejo early production system. A total of four rigid and
2 flexible risers were used. The Badejo field development rests in
94 metres of water in the Campos Basin and is also operated by
Petrobras - see Figure (1.3). Other examples of jack-up based
flexible riser production systems include the Parati field in 94
metres of water offshore Brazil which started operation in 1982 and
the RJS-150 field in 18 metres in the Campos Basin Brazil - in

operation since 1984. Both these fields are operated by Petrobras.

Following the initial success of the Enchova field production
riser, the Enchova Leste II field was developed in the period
1979-83. This is a production facility also using a Penrod-72
semisubmersible. A total of 7 flexible pipes were used. These

comprised 2x4" production lines, 3x2.5" gas lift/kill lines, 1x8"
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export line and 1x8" production line. On the other side of the
Atlantic, the Casablanca field development offshore Spain in the
1979-81 period involved the use of 7 flexible lines at a water
depth of 120 metres. The support vessel during that period was the
Alfortunada semisubmersible. In 1980, the Sul del Pampo field,
located offshore Brazil, was developed by Petrobras. The Sedco
Staflo semisubmersible was wused to support 1 rigid and 4 flexible
risers. The 1982 development of the Bicudo field in Brazil also
utilised a semisubmersible based riser with 4 flexible riser

bundles.

The steep-S flexible pipe geometry was used in the Buchan field in
the North Sea, UK, in 1982. A flexible hose is used to provide the
connection from the subsea buoy to a CAIM buoy at the surface which
is designed to provide a loading terminal for a shuttle tanker. A
major field development and perhaps one of the most significant for
flexible riser technology was that of the Balmoral field which
started operation in 1986. This is 1located in the North Sea (UK
sector block 16/21A), 233 km north east of Scotland. The geometry
of this field is shown in Figure (1.4). As seen in the Figure, a
total of 4 steep-S flexible riser bundles are arranged in an array
about the support vessel which is a GVA-5000 class semisubmersible.
The flexible lines include 1x10" export line, 2x6" water injection
line, 2x8" flowlines and 3x4" service lines. The riser connections
to the support vessel are at the deck level on the downwind side of
the vessel. This field is operated by Sun 0il at a water depth of
145 metres.

An example of monohull based floating production systems is the
Cadlao field in offshore Philippines which lies in 97 metres of
water and is operated by Terminal Installations for Amoco. The
geometry of this field which has been in operation since 1981 is
illustrated in Figure (1.5) which shows its two steep-S riser
bundles connected to a buoy storage system linked with the support
tanker through a rigid yoke. An example of advanced monohull based
floating production test ship is the Norsk Hydro Petrojarl 1 which
has been in operation in the Norwegian Oseberg field since August
1986. The vessel, whose geometry is shown in Figure (1.6), is

turret moored and can therefore weather-vane. This is a novel
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concept involving a turret placed ahead of the ship centre of
gravity. The 8 point mooring lines are connected to the turret
which allows the ship to rotate about this such that it is always
heading into the predominant wave incidence angle, thereby reducing
its motions. The vessel is, additionally, equipped with a dynamic
positioning system. The 165 metres, 5" inner diameter, production
riser is of a steep wave geometry and 1is located in 105 metres

water depth.

The foregoing overview of the historical development of flexible
riser technology has placed a deliberate emphasis on floating
production systems where exposed 1lengths of riser pipes are
subjected to various types of loading. Many other applications of
flexible pipes exist where these are used for seabed transportation
of fluids or for hydraulic and electrical connections. However,
these applications involve static pipe geometries, and, as such,
pose few analysis difficulties. The analytical problems appear in
the analysis of flexible risers suspended freely in the sea whilst
subjected to a multitude of time wvariable loads; and it is these

areas that this work concentrates upon.

1.3 - CONSTRUCTION OF FLEXIBLE RISERS

In general there are two basic types of flexible pipe construction;
namely, unbonded and bonded. Unbonded pipes are constructed using
cable technology where thermoplastic layers are placed between
layers of helically wound steel wires. The thermoplastic layers are
used to prevent wear and provide fluid impermeability. Bonded pipes
are made up of layers of helically wound steel sections or wires,
embedded into layers of elastomeric compounds. The final bonding is
achieved through  vulcanisation where the whole pipe assembly is
subjected to heat and pressure. An example of a bonded pipe
construction is shown in Figure (1.7). The inner layer, depending
on application, is constructed of a stainless steel strip wound
helically to provide the required strength to resist external
loads. This is surrounded by an elastomeric adhesion 1liner which
provides the necessary impermeability. A layer of steel cords is
then wound helically at a 1low pitch to provide extra torsion and

burst resistance. This layer is also embedded into the elastomeric
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compound. Two layers of helically wound steel wires are then used
which are separated by elastomer layers. These layers are wound in
opposite directions and confer axial, bending and torsional
resistance to the pipe. The final 1layer is a cover which is

composed of fabric reinforced nylon or similar compounds.

The complexity of pipe construction complicates the design of its
end connector. An elaborate construction must be wused where
individual layers are connected to the end piece in a staggered
fashion. This is illustrated in Figure (1.8) which shows a typical
end connector. These are usually constructed from stainless steel
and their bonding to the pipe is one of the most sensitive and
expensive stages of flexible pipe construction. Each layer must be
welded or bonded to the appropriate section of the connector.
Inadequate connection of any of the layers can adversely affect the
pipe integrity. Consequently, strict quality assurance and testing

procedures are usually used by the manufacturers.

Currently, there are 4 major manufacturers of flexible pipes
worldwide; namely, Coflexip, Pag-O-Flex, Furukawa and Wellstream.
The leading manufacturer is Coflexip which supplied almost all
flexible risers wused in Brazilian fields, including all those
discussed above. The Balmoral field risers in the UK North Sea were
also manufactured by the same company. Despite nearly two decades
of experience with flexible pipes, failures still occur, albeit at
reduced frequency. The most susceptible areas are usually the end
fittings where a complicated load transfer between the pipe and the
end connector exists. Furthermore, questions remain in the
determination of the structural properties of flexible pipes and
.especially their fatigue and wear limitations. Although the study
of the mechanical properties of flexible pipes 1is beyond the
intended scope of this thesis, their influence on design

uncertainties can not be overemphasised.

1.4 - FLEXIBLE RISER CONFIGURATIONS

Flexible pipes offer a much greater choice of geometry to the
designer. The choice of flexible pipe configuration for a given

application is a critical part of the design of a floating
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production system. The five most common flexible riser

configurations are,

- Simple Catenary
- Steep-S

- Lazy-S

- Steep-Wave

- Lazy-Wave

These are illustrated in Figure (1.1). Each geometry offers
advantéges and suffers from drawbacks which are not necéssarily
shared by others. As a result, the choice between these
configurations is far from arbitrary. Simple catenary geometries
are often associated with relatively shallow waters where top
tensioning requirements are not so prohibitive. The steep-S,
lazy-S, steep-wave and lazy-wave geometries are mainly used for
moderate to deep water applications with the lazy-S and lazy-wave
geometries specially designed for larger vessel offsets. For all
geometries excepting the simple catenary, only the weight of the
upper compliant section 1is supported by the vessel and the subsea
buoyancy module acts as a secondary support, reducing the top
tensioning requirements. Further, as a shorter span of riser is
placed in the wave zone, a reduced dynamic response is achieved and
the lower section is protected from direct wave action. The generic

characteristics of these configurations are outlined below.

SIMPLE CATENARY RISERS

This geometry which is also used in pipelaying situations, is
employed extensively in flexible riser applications. The profile is
simple and consists of a section of pipe suspended freely between
the vessel and the seabed connection and includes a section of
slack pipe resting on the seabed. This profile is only suitable for
shallow water applications and moderate vessel offsets from the
well-head manifold. The depth limit arises because most of the
weight of the pipe from the vessel to the seabed is supported by
the vessel. In larger water depths, both the tensioning requirement
and the seabed curvature increase. The danger of bending failure at

the seabed or tensile failure at the vessel connection is therefore
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increased. Usually a segment of the pipe is allowed to lay on the
seabed to offer extended distances to the well head manifold and
accommodate pipeline 1lift-off and 1lay-down under vessel and
environment induced forces. Reduced wave action in sheltered waters

can increase the depth limit for this configuration.

STEEP-S RISERS

These geometries are suitable for moderate offsets and large water
depths and consist of a straight vertical portion which spans
between the seabed, a buoyancy module located at a specified depth
and a sagging part which connects the buoy to the vessel at the sea
surface. There are several variations to this geometry which differ
in the way the lower riser section is designed and attached to the
buoy and also in the way the buoyancy 1is provided. The lower

section is designed in one of three basic ways as follows:

i) The lower pipe section supports the buoy. The buoy is a
compartmentalised buoyancy chamber with a pipe support arch and is
held in position by means of a chain attached to a dead weight on
the seabed.

ii) The pipe is attached rigidly to the buoy unit and the buoy
forms a means of connecting the lower and upper parts of the riser
together. With this variety, the piping through the buoy section is
an integral part of the buoy. Usually bend restrictors are provided

as a means of controlling bending forces in these areas.

iii) The upper riser pipe 1is connected to the buoy which is itself

tethered to the seabed using rigid structural and transport pipes.

The buoy shape may take the form of a single sphere or one or two
cylindrical horizontal tanks comnected to the pipe support arch.
The provision of the buoy has structural and dynamic influences on
the geometry of the steep-S risers. Typically, the buoy is located
below the wave action zone, thereby avoiding unnecessary excitation
of the lower vertical riser section. Steep-S risers are used for
moderate vessel offsets; for larger offsets a Lazy-S or a lazy-wave

geometry 1is often employed. With increasing water depth, if the
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lower section 1is composed of the riser pipe alone, large tensile
forces will develop at the connection of the vertical part to the
buoy. In such cases it will be necessary to use additional support
by providing steel wires or tethers from the buoy to the seabed to
replace the pipe as a structural component. Steep-S risers have
excellent vessel motion tolerance in moderate to large water

depths.
LAZY-S RISERS

These risers form a natural development of the steep-S profile to
permit higher offsets between the vessel and the well-head. They
are composed of a sagging upper part and a subsea buoy similar to
the steep-S risers, but the 1lower section is made up of a simple
catenary. The buoy is tethered using a large weight and a chain
attachment as shown in Figure (1.1). Lazy-S risers are used for
large horizontal offsets in both shallow and deep water
applications. In deep water, they are also used to alleviate the
restrictive top tensioning requirements of simple catenary risers.
Furthermore, they help reduce the large buoy sizes associated with
the use of steep-S risers in deep water. The provision of the lower
catenary section helps balance the buoy in the horizontal direction
and hence reduces the mnecessary buoy size and its tether tension.
The lower simple catenary pipe increases the total vertical load on
the buoy and hence its upthrust requirement. However, this effect
is counteracted by the fact that, compared with steep-S risers, the
buoy does not need to provide a great deal of lateral support.
Attractive designs are possible by choosing the buoy location to

provide optimal static and dynamic performance.
STEEP-WAVE RISERS

Installation of the subsea buoy increases the cost and time scale
of the steep-S and the lazy-S configurations. An alternative
configuration may be designed by providing a distributed buoyancy
collar along the free length of the pipe to provide a positively
buoyant pipe arch. The resulting assembly is cheaper and faster to
install and requires minimum subsea effort. Compared with the

steep-S risers, these have much greater freedom to translate in
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space. This feature is likely to lead to increased force and moment
fluctuations, specially around the area of the arch where buoyancy
modules are attached and the weight of the lower part of the riser
is supported. Therefore, fatigue and wear criteria will require
special attention with these risers. Most of the weight of the
buoyancy modules is supported by the 1lower vertical pipe. This
creates large tensile forces near the lower end of the buoyancy
attachments. The buoyancy collar position governs the pipe
performance considerably. If this 1s positioned deeper in the
water, tensile forces on the lower limb are reduced but a larger
sag bend results which leads to higher dynamic excitation
Alternatively, if the buoyancy is taken too mnear the surface, it
will be influenced by wave action considerably. This configuration

is illustrated in Figure (1.1).
LAZY-WAVE RISERS

These risers have evolved from the lazy-S type through replacement
of the tethered buoy with a freely floating buoy or a collar of
buoyancy attachments as illustrated in Figure (1.1). The structure
is thus made more compliant to the sea state. With the lazy-S
risers, the buoy provides a support, which to some extent decouples
the dynamics of the lower simple catenary from those of the upper
section. With 1lazy-wave profiles, the entire riser pipe may be
influenced by the dynamics of the wave zone. Additional modes of
oscillation are thus introduced into its response. Furthermore,
since the buoyancy collar is free in vertical translation, it is
more susceptible to vessel motions. These are freely transmitted to
the lower catenary, causing a variable touchdown point and
additional forces. Despite their reduced installation costs and
capability to accommodate large horizontal offsets, these risers

suffer from some degree of adverse dynamic performance.
1.5 - PROBLEMS IN ANATYSIS OF FLEXIBLE RISERS

Analysis of flexible pipes presents a new challenge. Analytical
difficulties assisted by very limited field data have led to a lack
of understanding of the dynamic behaviour of these pipes where the

ultimate design objective is predicting the response of a
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non-linear three-dimensional structure undergoing large motions
under the influence of waves and current. Designs aim at preventing
five general classes of failure; namely, material over-stressing,
buckling, bending, wear and fatigue. The situation is further
complicated if very high internal pressures and temperatures
together with multi-phase internal flow are present. Hitherto,
model tests have provided the best insight into the behaviour of
flexible risers in service. Effects such as out-of-plane vibrations
and vortex shedding phenomena are, at present, only predicted using
suitable model tests. Subsea buoy instabilities typified by
torsional oscillations have been observed in model tests but are
yet to be adequately represented in analysis methods. These
analysis shortcomings are due to the complex nature of the force
mechanisms involved and reflect the lack of theoretical knowledge

in these areas.

Static and hydrodynamic analysis of flexible pipe geometries are
marked with many problems originating from the non-linear geometric
and stiffness properties of the pipe as well as the inadequacy of
conventional analysis techniques for handling the specific classes
of problems encountered. Analysis of flexible pipes is complicated

by several problems, a selection of which are listed below.

- Non-linearity of geometry prevents the use of simple hand
calculation methods and in the majority of cases, numerical
methods must be employed.

- The shape dependent tensile forces contribute to the pipe
stiffness and introduce non-linearities through coupling effects
between tensile forces and bending moments.

- For selected geometries where a length of pipe is allowed to rest
on the seabed, additional complicating criteria are introduced.

- The ratio of tensile to flexural rigidity of the pipe is very
large. This introduces strong 1ill-conditioning into the problem
which may only be avoided using elaborate numerical non-linear
analyses with special preventive measures to avoid instabilities.

- A highly non-linear and displacement dependent external loading
mechanism is present. This includes the effects of internal and
external pressure forces as well as the non-linear fluid drag

loading and internal flow considerations.
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- Internal flow of oil and gas based fluids through the pipe bore
results in additional loading which are one of the least studied

features of these pipes.

The present work is aimed at examining the static and hydrodynamic
behaviour of flexible pipe spans suspended in an offshore
environment and subjected to a multitude of internal and external
excitations. The main focus of the work is on the study of flexible
risers, although some work on rigid risers, pipe 1laying and

pipeline tows is also presented.
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Rigid and Flexible Riser Geometries
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Figure 1.1 - Rigid and Flexible Riser Geometries
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Figure 1.5 - Cadlao CALM Buoy System
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CHAPTER 2 : LITERATURE REVIEW

2.1 - STATIC ANALYSTIS METHODS

Static analysis of structures with linear material and geometric
characteristics poses little difficulty. However, increased
complexity 1is introduced if the structure or its constituent
material behaves non-linearly. Structural or geometric
non-linearities appear when displacements exceed the limits of
linear load-deflection characteristics of the structure or when the
structure is connected to a foundation of non-linear
characteristics. Material non-linearities can result from the
composite nature of constituent materials or simply their intrinsic
elastic-plastic behaviour. Non-linear  structural analysis
techniques are, broadly, classified into iterative and incremental
methods and these are discussed in detail in Chapter 5. This review
concentrates on the problems concerning the computation of static
profile of pipes suspended in water and surveys the methods which

have evolved for their solution.

The initial stage of analysis of suspended pipes is the computation
of its profile under a set of static forces. The classical catenary
equations often provide a good first approximation but in their
original form, only consider loads due to self-weight and assume a
pipe of zero bending stiffness. These equations have been presented
and discussed by DeZoysa(l978), Peyrot and Goulois(1978), Kirk and
Etok(1979), Meriam(1980), Orgill et al.(1985), Polderdijk(1985),
Ractliffe(1985) and Kitazawa(1986).

Cowan and Andris(1977) have used an incremental solution for static
analysis of pipeline-stinger-vessel systems. This involves starting
with a horizontal pipeline profile and incrementally lowering the
pipe until it came into contact with the seabed. The paper provides
no indication of the use of intermediate or final equilibrium
iterations. Since the pipelaying system undergoes large
deformations during loading, albeit incrementally, significant
errors are likely to accumulate. These are wusually rectified
through intermediate iterations for equilibrium. No mention of such

methods is, however, provided in the paper. The sensitive area near
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the seabed requires that a larger concentration of finite elements
be placed in this region. Such a facility could enhance this method
further since it is generally accepted that a good approximation to
the profile of a pipe during laying is provided by the catenary
equations. The expressions for pipe curvatures derived from these
equations are exponential | functions of geometric variables.
However, using the standard finite element method, which models the
displacements along the element using cubic polynomials, leads to
linear expressions for curvature. Hence a sufficiently large number
of finite elements is needed near the seabed to provide an accurate
model. Sparks(1979) conducted a series of parametric studies and
provided results for rigid risers which show the effects of bending
rigidity and confirms these to be significant but 1limited to
regions near the supports. Bratu and Narzul(1985) provided further
explanation of the exponential nature of curvature variations with
emphasis on its importance in the region near a support. This paper

is one of the earlier examples of the use of shifting techniques.

Peyrot and Goulois(1978) have provided a reliable computer program
for calculation of the profile of a catenary suspended between two
arbitrary points. The program incorporates the linear effects of
axial elongation and wuniform temperature change. The formulation
expresses all wvariables in terms of force components at the
supports. The algorithm is combined with a cable element
formulation to provide a program for analysis of general cable
systems in three dimensions. The method involves calculation of the
stiffness matrix for each cable segment using small purturbations
of the ends of the pipe and computing the resulting increases in
end forces using the catenary analysis sub-program. The stiffness
matrices of individual elements are then constructed and combined
to yield the global tangent stiffness matrix. This is then used to
compute the displacements for a given set of loads. The tangent
stiffness matrix is then updated for the new profile and multiplied
by the displacements in the previous stage to calculate the
imbalance vector. This is then fed back into the system as a
correction and the procedure 1is repeated until convergence is
established. Although Peyrot’s method may at first glance appear
simplistic and inaccurate but it 1is, nevertheless, reliable,

accurate and easy to implement. The formulation is limited to
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cables of zero bending rigidity and may not be modified to account
for bending effects. The only boundary condition permitted is a
pin-joint. The method is ideal for mooring line and electric cable
problems but is not adequate for modelling flexible pipe problems
where bending rigidity and boundary conditions play an important
role. The computer program 1is, however, useful in generating an

initial starting profile for flexible pipe problems.

Orgill et al.(1985) have provided algorithms for design of mooring
systems for guyed towers using lines composed of a lead cable, a
trailiﬁg cable and a connecting heavy segment. The method involves
an iterative solution of a series of non-linear catenary equations,
each representing one segment of the cable. The resulting equations
are re-written in terms of the base horizontal tension and solved
through iteration for global equilibrium of forces. Orgill’'s
approach 1is 1less complete than that of Peyrot in that the
formulation can not be modified to take account of forces other
than self-weight. This shortcoming is inherent in the formulation.
In contrast, Peyrot’s analysis includes external forces and
different cable segments but must be modified slightly to take
account of cable lengths resting on the seabed. Both methods assume
zero bending stiffness and neither can be modified to include
flexural effects, a factor which makes them unsuitable for analysis

of pipelines and risers.

A finite difference scheme for analysis of suspended catenary pipes
has been reported by Langer(1985). The method includes the effects
of flexural stiffness, a non-linear bending-curvature relationship
and allows the pipe properties to wvary along 1its length. A
comparison is then made between a stiffened catenary solution and
the proposed technique. The work shows that although the bending
moment distribution along the pipe is accurately predicted by both
methods, large differences exist at the extremities. In conclusion,
the finite difference technique is recommended for its generality,
ease of implementation and ability to model different boundary
conditions. Unfortunately, details or flow charts of the method and
its implementation are not provided. This method is one of only a
few employing the finite difference technique. The relative lack of

interest in these schemes amongst flexible pipe analysts seems to
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have been due to their relative difficulty of implementation, the
need to often store the complete system matrix in the computer, the
necessity of wusing iterative techniques such as Gauss-Seidel or
Jacobi iteration, possibility of non-convergence of solution and

the complexity of defining arbitrary boundary conditions.

Tikhonov et al.(1985) have employed a mathematical approach for
determining the behaviour of an ocean mining pipe carrying an
attached mass at its lower end whilst being towed through water at
constant velocity. The formulation is based on asymptotic theory of
differential equations using Tupchiev’s method for solution of
singularly purturbed boundary-value problems. It considers a rigid
pipe and 1includes hydrostatic forces arising during transport
without taking account of hydrodynamic loading due to waves and
vessel motions. The solution remains very specific to the problem

addressed.

Ractliffe(1985) has investigated the wvalidity of approximate
formulae in dynamic analysis of flexible pipes and cables through a
discussion of some available exact and approximate formulae. An
investigation of the effects of logitiudinal stress waves on
tension variations along the pipe 1is presented and some
cancellation features at high frequencies illustrated. Finally, the
dynamic variation of tensile forces due to vessel motions is
studied using a series of time domain simulations and it is shown
that the results are very close to quasi-static approximations.
Details of the time domain simulation technique are, however,

omitted.

Huang and Chucheepsakul(1985), and, Huang and Rivero(1986) have
proposed a Lagrangian formulation where the total energy of a riser
pipe with a sliding top connection has been derived and minimised
using a variational approach to yield the equilibrium relationships
and their associated boundary conditions. The finite element method
was then used to model the pipe and obtain the equilibrium
configuration iteratively using the Newton-Raphson method. The
formulation uses the exact expressions for pipe curvature and hence
obtains a higher order representation. However, extra complexity is

introduced by considering the large displacement relationships and
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the implementation of the boundary equations is made more
difficult. The method is considered quite accurate although the
implementation is likely to be 1lengthy and modifications
complicated. Comparisons with small deflection approaches are not
presented which makes it difficult to decide whether the increased

accuracy warrants the extra computational efforts.

Bernitsas et al.(1985) have discussed a three dimensional
incremental large deflection finite element method for static
analysis of risers. The formulation is exceptionally thorough as it
uses the general vectorial equilibrium equations in three
dimensions. As a result, non-linearities resulting from pipe
extensibility and coupling between translational and rotational
degrees of freedom are preserved. These non-linearities manifest
themselves through a set of seven stiffness matrices. These include
higher order versions of the conventional symmetric flexural and
geometric stiffness matrices, two anti-symmetric stiffness matrices
resulting from internal and external torsional couples, two full
anti-symmetric matrices and one additional symmetric matrix. The
resulting equations are solved using an incremental finite element
method employing a predictor-corrector scheme at each increment.
The above method is general and may be extended to more complicated
systems although inclusion of dynamic loading and boundary
conditions will cause some mathematical complexities. Difficulties
arise from the coupling of difference equations for displacements
and time. These effects can also be noted from Nordgren(1974,1982)
who used the same approach, ignoring axial extensibility and
torsional effects and employed a finite-difference time integration
procedure. The work of Nordgren(1974) preceded that of Bernitsas
historically and appears to be have paved the path for this
technique. The same includes an interesting illustration of the use
of the method where the free fall of a pipe from a stinger during

laying is simulated.

Bernitsas et al.(1985) have continued to 1include comparisons with
some analytical solutions which serve as validations of his
technique. Test cases are presented to illustrate the discrepancies
between linear, deformation independent and deformation dependent

forms of the formulation. For simple cases, little difference is
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noted whilst for typical riser applications discrepancies of the
order of 10% appear near the pipe extremities. The first general
conclusion is that ignoring deformation dependency of loading will,
typically, lead to overestimation of displacements and forces. The
linear techniques are therefore deemed conservative in this
respect. Secondly, tensile forces were noted to be underestimated-
although slightly- by linear methods and those assuming deformation
independent 1loads. It has been stipulated that the conventional
techniques overestimate bending distributions by a maximum of 25%,
whilst equivalent stresses are only affected by about 9%. The
reduced effect of non-linearities on equivalent stresses is
attributed to two factors. Firstly, it is noted that for flexible
pipes, tensile stresses are the major contributors to total stress.
Secondly, the magnitudes of tensile forces calculated using
Bernitsas’ method are shown to be 1in close agreement with those

given by conventional methods.

In considering the method for implementation, the advantages must
be weighted against the extended implementation and run effort
arising from the complexity of equations, the extended computer
storage requirements resulting from the non-symmetric nature of the
matrices involved, and the extended computer time required to
enforce the extensibility equations and iterate for intermediate
equilibrium. Moreover, as the method is purported to offer an
average 10% increase in accuracy, it may be argued that if the
variance of loading and material properties are greater than 10%,
the loading and material safety factors will encompass the
inaccuracies and the wuse of more accurate methods may not be
necessary. The above considerations, however, do not subtract from

the inarguable thoroughness of Bernitsas’ method.

Analytical solutions for pipes of significant flexural stiffness
are difficult to obtain and the limited number available tend not
to be general. One such method was presented by Owen and Qin(1986)
and used an asymptotic expansion to obtain an approximation to the
exact solution of a stiffened catenary. The method provides a
numerical approximation and the derived series solution is
considered convergent for risers of low flexural rigidity. However,

since bending effects are restricted to the extremities of the pipe
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and are small for risers of 1low flexural rigidity- see
Langer(1985)- little advantage 1is gained with this method and the
simple catenary equations provide a sufficiently accurate solution

for the same regions of the pipe.

Mathisen and Bergan(1986) have addressed the problem of computation
of the static profile of flexible risers of steep-wave geometry. An
incremental solution technique has been used to shift the riser
pipe from a given starting position to its final equilibrium. Three
starting profiles have been studied which include horizontal,
vertical and slanting geometries. In the first two cases aniinitial
prestressing of about one percent strain was applied to avoid
numerical problems. This stress is, however, relieved
incrementally. Further, element weight and buoyancy loads have been
applied in a number of steps which 1is, again, a measure against
numerical problems. It is shown that the final equilibrium profiles
computed from different starting conditions are identical.
Further,the slanting profile is found to use the least computation
time. It is hence concluded that the least expensive method is one
which starts with a shape which is the closest to the final
expected profile. As already mentioned, all profiles have been
obtained using a combination of prestressing and incremental
imposition of weight and buoyancy loads. The choice of prestressing
and number of steps for imposition of these loads are, however, not

discussed and a degree of trial and error has been implied.

McNamara and O'Brien(1986) have presented a method for static and
dynamic analysis of flexible pipes and risers wusing a hybrid
element formulation which avoids the problems of ill-conditioning
reported by other workers- see Vogel and Natvig(l986) for example.
The method is formulated wusing a Lagrangian constraint which
assumes the pipe to be axially inextensible. A new set of equations
are thus introduced which exactly negate the axial extensions of
the pipe. A convected co-ordinate system is then used to shift the
pipe from an initially straight or slightly sagging configuration
to its final equilibrium. The shifting of the pipe to its
equilibrium position is, however, done using the
Hilber-Hughes-Taylor implicit time integration operator. The use of

the method is recommended for its controllable time-step size. The
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authors are of the opinion that the use of a controllable-step time
integration method is essential in order to avoid problems with
start-up transient oscillations. The paper includes two examples
case studies and contains a detailed 1listing of input parameters

and output results which may be used for comparison.

O’Brien et al.(1987) have detailed the basis of their formulation
with special consideration to the detailed discussion of the
mathematical basis of their work. This paper contains a validation
of their method using a vertical cantilever example and the study
of an offshore 1loading tower in three dimensions. The practical
application of this formulation to flexible risers is found in
O’Brien and McNamara(l988) which entails studies of catenary and
steep-wave profiles. All papers provide detailed sets of input and
output data for comparison. The works of Mc-Namara and O’Brien
provide a structured approach to the computation of flexible riser
static profile. Their approach 1is attractive in enforcing the
condition of zero axial strain mathematically. However, the
computational method 1is quite 1laborious and time consuming and
except for cases where particularly difficult buoyancy arrangements
are used, a sufficiently accurate profile may be obtained by
dividing the riser into a series of catenaries where the buoyancy
modules are described as inverted catenaries and solving the
resulting set of simultaneous non-linear equations. Standard widely
available computer algorithms or the method of Peyrot and

Goulois(1978) could be employed for this purpose.

Owen and Qin(1987) have described the formulation of the governing
differential equations for a flexible riser and carried out a
series of model tests to provide a check against computer
simulations. A general purpose computer program was employed in
conjunction with complementary software developed by the
investigators. A lazy-wave riser has been studied whose static
profile was generated using two adjacent catenaries. The buoyancy
arch is, however, not modelled and a discontinuity exists at the
transition from the upper to lower catenary. Dynamic analyses were
also carried out and compared against model tests. Discrepancies
were noted in the results which were attributed to differences in

the levels of structural damping in the model and computer



-53-

simulation.

Engseth et al.(1988) have reported on the development and
verification of a computer program for analysis of general flexible
riser systems. The program first carries out a static analysis of
the pipe to determine the initial profile under self-weight and
buoyancy loads wusing one of two approaches. The first uses the
simple catenary equations to obtain the equilibrium profile and is
a fast way of obtaining the geometry. Other static loads are then
imposed incrementally or through a direct iteration scheme to
obtain the final static equlibrium. The second method wuses a
procedure where the pipe is shifted to 1its final equilibrium
starting from an initial unstressed state. Loads are imposed
incrementally during the shifting procedure. Dynamic analysis is
then carried out as a perturbation about the mean static profile.
The shifting procedure is based on the formulation of Mathisen and
Bergan(1986), and, Hansen and Bergan(1986), and compared in detail
with the results of the program employed by the above authors. The
case study of these authors is duplicated and the static and
dynamic results checked against each other which show good
agreement. Engseth has demonstrated that the use of a simple
catenary formulation for computation of the initial configuration
of the riser is quite accurate and compares very well with the more
elaborate shifting procedures. The run time for the former are also
found to be insignificant compared with the 1latter. The use of
incremental shifting techniques is only recommended for the more
unusual riser geometries where the simple solutions would not be

able to provide the required solution.

From the study of static analysis techniques wused in analysis of
flexible risers it is found that the early works started with the
study of catenary equations for pipe-laying and mooring
applications. Whilst the inextensilble catenary equations have by
far been the most widely wused, attempts have also been made at
considering the linear effects of axial elongation. With a rising
interest in flexible riser applications and the advent of new
geometries such as "S" and "Wave" configurations, the indeterminacy
of the shape prompted the investigators to consider shifting

procedures. Having discovered the computational cost of these



-54-

procedures, a reverse trend has now been initiated towards the use
of catenary solutions with shifting techniques reserved for the
more elaborate and general cases. The new catenary solutions are
simple in concept but are extremely fast and reliable. These are
essentially based on a discretisation of the pipe into conmecting
catenary segments and solving the resulting simultaneous non-linear
equations using a computer algorithm of one form or other. In this
way the buoyancy modules are modelled as inverted catenaries with
negative self-weight connecting the adjacent positive weight

catenary segments.

2.2 - DYNAMIC ANALYSIS METHODS (FREQUENCY DOMAIN)

Dynamic analysis in the frequency domain derives its popularity
from its ease of implementation, reduced computer storage
requirements and shorter run times. The basic method is constructed

on the assumptions that,

1) The loading on the structure may be decomposed into a series
of periodic components at different frequencies

2) The total response can be calculated from the summation of
responses over all frequencies, i.e. output at different
frequencies can be superimposed

3) The structural response to each excitation frequency is confined
to that frequency

4) Structural response is absolutely, tangentially or temporally

linear

Detailed discussions of the method are found in Thomson(1981),
Bathe(1982), Clough and Penzien(1982) and Warburton(1982).

Frequency domain analysis techniques do not yield the response in
random seas directly. However, various techniques are usually
employed which estimate the response to random excitation using a
frequency domain analysis. Such techniques are centred on the idea
that every random process, given its statistics, may be decomposed
into a series of harmonic processes. The validity of such a
decomposition depends on the statistics of the given process and

many other considerations. These issues are, however, not directly
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relevant to this work and their further examination will be
avoided. A starting point on the topic may, however, be found in

Ochi(1982) which provides a thorough treatment.

Kirk and Etok(1979) have presented a typical application of the
frequency domain method for analysis of a pipeline subjected to
random oscillations. Firstly, a mixed Lagrangian and Rayleigh-Ritz
method is used to evaluate the natural frequencies of the pipeline
and its complex frequency response function. This involves
minimisation of the total energy of the pipeline using an estimated
Fourier series expansion for pipeline displacements. Given the wave
height spectrum, the cross correlation of forces along the pipe are
calculated, the forcing spectrum derived and the response spectrum
computed using the frequency response function. Discussion in the
paper concentrates on the influence of boundary conditions and
derivation of extreme values of bending stresses from the r.m.s.
values obtained from the calculated spectra. The paper is a good
illustration of the use of modal analysis and its combination with

spectral techniques.

Krolikowski and Gay(1980) have given an overview of the techniques
available for linearisation of drag force. In the first technique
discussed, the conventional =zero-current method is derived which
relies on a Fourier expansion of the non-linear drag term where the
coefficients of the series are calculated and harmonics above the
fundamental ignored. This method assumes that the steady current
drag can be superimposed onto the dynamic component and that the
effect of the higher harmonics can be ignored as these would be
filtered out by the riser dynamics. The same method is then used
for the case of a regular wave with current. The results show that
conventional technique can give rise to large errors and highlight
the significant improvement achieved using the second combined
technique. Futher, it is shown that the second me;hod reduces to
the first for the case of zero current. It should be noted, in
passing, that omitting the higher order terms from the expansion of
the non-linear drag force is not necessarily valid; especially not
with structures whose velocities of motion are large compared with
those induced by waves. Eatock Taylor and Rajagopalan(1983) have

examined loading on rigid slender offshore structures subjected to
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the combined action of currents and waves. Theilr work provides
evidence that omitting higher order terms may yield
non-conservative drag 1loads. It also illustrates that terms up to
third order must be retained 1if a realistic simlulation is to be

achieved.

Krolikowski and Gay have followed on to propose a linearisation
procedure for frequency domain analysis in irregular seas with and
without current. This involves a decomposition of the wave spectrum
into a series of frequency bands and statistically minimising the
error involved in linearising the drag force. In outline, the

method implements the following steps,

1 - The wave spectrum is decomposed into N frequencies
- For each node, the standard deviation of relative velocities is
calculated
- The response is determined for each frequency
4 - The updated relative velocity at each node is calculated
- Standard deviation of the relative velocity is calculated from
the square root of the spectral power of the quantity for a
given frequency band
6 - Iteration is continued until convergence of the standard

deviations is established

For the purpose of comparison, studies have been carried out on the
use of quasi-static, improved regular wave analysis and an accurate
time domain technique for a maximum wave analysis. Results indicate
that the wuse of quasi-static approaches can 1lead to largely
over-conservative designs. This was thought to result from the
dynamic boundary conditions at the vessel connection point which
serve to reduce the relative velocities and hence the calculated
stresses. Results of the improved 1linearised frequency domain
method are shown to be in very good agreement with the time domain
solutions whilst the quasi-static approach is found to give quite
different results. The 1linearised techniques appears to be very
suitable for two dimensional analyses and indeed offer great time
savings over the very expensive time domain simulations.
Krolikowski and Gay's linearisation methods for regular waves have

been selected and studied in greater detail in this work.
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Simulation of random sea states using linearised spectral analysis
techniques are known to offer substantial computational advantages.
However, incorrect use of such methods can lead to erroneous
results which may differ significantly from the correct solution.
Parallel work has been carried out to assess the validity of such
linear spectral analysis techniques for their intended
applications. An example 1is the paper by Kao(1982) where an
investigation into the shortcomings of linear spectral analysis
methods has been carried out. The findings seem to indicate that
linearised techniques tend to overpredict the higher frequency
response whilst wunderpredicting the lower frequency components
which contain a greater proportion of the total wave energy and are
often of greater interest to the designer. The general conclusion
of the paper is that for stiff systems with natural periods of 5s
or less, conservative results are obtained using linear spectral
methods. The situation is reversed for compliant structures such as
flexible risers and guyed towers, where resonant response may be
underpredicted. It is inferred that for realistic computation of
response, averaging of the spectra over a number of simulations
with different starting phases should be attempted. Smoothing using
the average of 100 realisations was used and it was discovered that
the r.m.s. values stabilised after about 20 to 30 iterations. The
wave spectrum was divided into 100 bands and this was adhered to
throughout the work. This often provides an adequate resolution
although some workers have used a lower number of frequency bands.
An approximately inverse square-root relationship exists between
the number of frequency bands and the expected accuracy of
calculated forces. For a 15 band discretisation some 25% error may
be expected whilst the use of 100 bands could reduce this error to

around 10%.

The use of frequency domain techniques for analysis of flexible
pipes in irregular sea states avoids the cost of time domain
simulations. However, the non-linear nature of the drag force
requires a linearisation technique in order that this force may be
expressed in a form suitable for a frequency domain simulation. A
large number of methods have been proposed with different levels of

sophistication. Langley(1984) has proposed an attractive method for
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linearisation of the drag force in irregular wuni-directional or
multi-directional seas. The method relies on a statistical
linearisation of the drag fofce across the frequency spectrum. This
is achieved by minimising the expected r.m.s. error involved in
representing the non-linear drag force by a 1linear expression. A
major advantage of this technique is its frame invariance property.
Most conventional techniques are frame variant which implies that
the drag force calculated is a function of the orientation of the
co-ordinate system orthogonal to the pipe axis - see Hamilton(1980)
for example. Langley’s method requires an iterative procedure for
determining the 1linearised drag coefficients. Terms of the
linearised coefficient matrices are computed through fairly time
consuming numerical integrations in two dimensions. Reasonably
large "dynamic" computer storage is required to store the
calculated properties for each frequency band but the final output
is far less than that produced from typical time domain simulations
and run times would only be a fraction of that required by time
domain counterparts. The program implementation is, however, likely
to be of greater complexity compared with a time domain technique.
Although the paper does not include an application of the method to
structural analysis of pipes, a Monte-Carlo simulation is presented
which illustrates a large improvement over conventional techniques.
One possible source of inaccuracy in a computer implementation of
Langley’'s method is the two dimensional integration for calculation
of 1linearised coefficients. Trials showed that the runs times
increased significantly with increasing grid size and indeed the
largest proportion of computer effort was expended in carrying out
these integrations. Rodenbush et al.(1985), having identified the
difficulty of carrying out the double integrations involved in
Langley’s method, have developed a novel method for reducing these
to single integrals using a series of successive transformations.
The outline of the method and its results are provided but details
of its derivation have been left to a later publication. The method
offers time savings over numerical integration techniques in two
dimensions such as the trapezoidal or Simpson’s rule and its use in
conjunction with Langley's formulation is recommended. The
combination is believed to be the most accurate method for

irregular uni-directional and multi-directional seas in three
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dimensions including current. It should be noted that the
reductions of Rodenbush must be slightly modified for the special

case of zero current.

Kirk et al.(1985) have complemented Kirk(1979) by including the
effects of surface vessel motions. The paper cénsiders a vertical
riser connected at its top extremity to a tension-leg platform
which is undergoing motions in regular seas. The formulation is of
mixed Lagrangian and Rayleigh-Ritz type where displacements are
estimated using the combination of a linear function representing
the vessel induced motions and a Fourier series for othef dynamic
displacements. The assumed displacements are then used to compute
the eigen-values using a Rayleigh-Ritz approach- see Clough and
Penzien(1982). A modal analysis 1is then carried out using a
linearised form of the drag force to yield the approximate
response. It appears that only hydrodynamic damping has been
considered and structural damping effects have been 1ignored. The
paper also includes a linearised spectral approach where the drag
force linearisation due to Wu and McDermott(1976) is employed. This
method is based on the division of the wave spectrum into frequency
bands, calculating the responses at each frequecy and summing to
obtain the overall response. The wvalidity .3§—~iinear summation
procedures has in the past been the subject of discussion and it is
now widely understood that the true response may, in some cases, be
appreciably different from the linearised response. However, the
true non-linear response calculation requires the wuse of time
domain simulations and these are wusually avoided as much as

possible due to their large computer time and storage requirements.

A comparison of four linear and non-linear methods for dynamic
analysis of risers has been provided by Leira and Remseth(1985).
The paper discusses two time domain and two frequency domain
solutions. The frequency domain solutions employ the linearisation
discussed by Krolikowski and Gay(1980); a first derivation of which
was first provided by Gelb and Vander Velde(1968). This
linearisation is based on the assumptions that the relative
velocity is a Gaussian process and that the input-output cross
correlation function is proportional to the cross correlation of

the input relative velocity. The resulting linearised coefficients
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are thus functions of the standard deviation of the relative
velocity. Further, the method includes a convolution term from the
Fourier expansion of the drag term and shows that the resulting
bending moments calculated in this way compare very well with the
non-linear and linear time domain simulations and offer an
advantage over other linearisations. A transfer function approach

is adopted for solution of the equations of motion.

An interesting application of the frequency domain method has been
given by Bernitsas et al.(1985) where a non-linear inverse
perturbation technique 1is wused for re-design of risers 1in
situations where the computed natural frequencies of the riser are
found to be undesirable for the sea state under consideration. The
technique starts with calculation of the natural frequencies and
mode shapes of the riser and uses a modal normalisation to decouple
the equations of motion. The required set of natural frequencies
are then specified as perturbations about the existing values and
changes in system parameters such as inner and outer diameters,
apparent weight, top tension and so forth are represented as
multipliers. Stiffness and mass properties of the system are
allowed small perturbations and the corresponding multipliers
adjusted until a minimum least squares solution is obtained. The
method provides a reliable estimate of the modified system
properties as shown by comparison with results of a frequency
domain analysis wusing the calculated optimal parameters. The
versatility of the method stems from its ability to eliminate the
trial and error stage from design optimisation. This work is the
only attempt at riser design optimisation that the author has
encountered in the literature and possibilities exist for its
development for other applications. However, such studies fall

outside the scope of this thesis and will not be pursued further.

Bleik et al.(1986) have employed the central difference equations
for dynamic analysis of a mooring 1line with harmonic surge
excitation. A linearised dynamic analysis is used with a
X=X,+X, .exp(iwt) type representation for displacements, forces, and
angles. The drag force is linearised using its Fourier expansion
and retaining the first two terms. The differential equations of

motion are then re-expressed in finite difference mnotation and
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solved. The results have been compared against a series of model
tests using regular waves and show an error which increases with
increasing frequency of excitation. This was thought to be the
result of omitting the higher order terms from the drag force
expansion. It was also noted that the errors became quite
significant without current when compared with cases with current,
an effect which confirms the above inference. Further, large errors
were noted when the experimental wave height was reduced from 2 cm
to 1 cm. The results of the tests also showed a similar divergence
from predictions for higher wave frequencies. The cause of this

error appears to be experimental rather than theoretical.

As a result of its complexity, analysis of vortex shedding is
usually carried out in the time domain. However, a series of
frequency domain approximations have so far been suggested. For
example, Larsen and Bech(1986) have used an approach which is based
on the assumption that the mnatural frequencies of a riser in
in-1line vibration under a wuniform current are twice those in
transverse oscillations. This allowed the modal analysis techniques
to be used, simplifying calculations considerably. The wvalidity of
the assumption concerning the ratio of the natural frequencies is,

however, open to question.

Kim(1986) has investigated the use of a distributed parameter
frequency domain method for dynamic analysis of rigid risers with
different support conditions. The nature of the formulation is such
that the use of the method is confined to <vertical risers. The
paper concentrates on calculation of natural frequencies of
vertical risers and presents comparisons to illustrate the accuracy
of the results. The solution uses asymptotic series and shows that
in the limit these approach an exact solution. The adopted approach
illustrates the preliminary stage in the wuse of the frequency
domain technique -i.e. the eigen-value analysis- for a distributed

parameter system.

Leira(1987) has continued the work presented in his joint 1985
paper (Leira and Remseth), which was discussed earlier, to identify
and compare the merits of different methods of linearisation of the

non-linear drag force. The paper includes a re-formulation of
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Langley’s(1984) work. A thorough mathematical description of frame
variance property is described. It 1is stated that for the
calculated force to be frame invariant; to quote: "The force
magnitude as measured by the Euclidian norm must be invariant under
a rotation of the reference co-ordinate system. The same applies to
the force direction as measured relative to a fixed reference
direction. The linearised vector should ideally be colinear with
the velocity vector. The magnitude of the linearised vector should
be independent of the <velocity vector direction.". These provide
three fundamental conditions for frame invariance. It is shown that
a linearisation based on independent 1linearisation of the
orthogonal components of the relative velocity vector fails all
frame invariance tests whilst the minimum mean-square error
approach suggested by Langley 1lacks the second and third

properties.

A modified form of Langley's technique 1is then presented which
enforces the colinearity condition to obtain a diagonal (2x2)
linearisation matrix with equal terms of magnitude ./(8c(v)/m) where
o represents the standard deviation of the relative velocity. This
result should not come as a surprise since it 1is equivalent to
calculating the magnitude and direction of the resultant relative
velocity vector mnormal to the pipe and linearising in this
direction. The result is physically sound and intuitively very
simple and may be re-stated in the following way: "The two
dimensional drag force should be calculated by computing the
resultant relative velocity magnitude and direction normal to the
pipe, calculating the force in the direction of this resultant and
transforming to the required normal axes". The frame invariance is
implicit as there can only be one direction in which the resultant
can act at any one time. The calculated force is therefore unique.
Additionally, since the force is calculated in a given direction,
its projections onto any set of orthogonal axes normal to pipe axes
will maintain the same resultant. Further, the resultant relative
velocity direction may always be re-derived from the resultant
forces. Consequently, the method is essentially based on a

reduction to the one dimensional form suggested by Borgman(1969).

The survey of the frequency domain techniques suggests that these
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methods offer large reductions in computer effort and time
requirements in comparison with the time domain equivalents.
Nevertheless, there have always been questions as to the validity
of the linearisation methods employed and the extent of their
inaccuracy. Results of the works of Borgman(1969), Wu and
McDermott(1976), Krolikowski and Gay(1980), Kao(1982), Gumestad and
Connor(1983), McIver and Lunn(1983), Langley(1984), Leira and
Remseth(1985), and Leira(1987) have had a major contribution to the
development of linearised frequency domain techniques. In the past
most analyses were carried out in the frequency domain, often using
the maximum wave approach. To quantify the errors involvéd, some
time domain simulations would then be carried out. Linearised
spectral methods have either been based on a summation of
independently calculated responses at different frequencies or have
employed a more elaborate stochastic linearisation method to
minimise the error involved in linearisation over the entire
frequency range. Examples of both approaches may be found in

references already quoted in this section.

The next stage of evolution of dynamic analysis methods was started
with the use of time domain techniques. Although these techniques
had been in use in many branches of engineering and science, they
had a very slow start in hydrodynamics - this being primarily due
to the computer storage and costs associated with their use. Recent
developments in computer hardware technology have led to large
increases in computer dynamic memory and have, additionally, made
available 1large computer disk storage capacities with greatly
reduced access times. As a consequence, time domain simulations

have rapidly grown in popularity.

2.3 - DYNAMIC ANALYSIS METHODS (TIME DOMATN)

Time domain techniques are well suited to modelling non-linearities
in structural geometry, loading and material behaviour. Although
time domain solutions are invariably expensive in computer time and
effort, they provide greater accuracy than the frequency domain
equivalents. General treatments of time domain integration
techniques are found in Bathe(1982), Clough and Penzien(1982),
Warburton(1982) and Zienkiewicz(1983) with the first providing a
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detailed account of the derivation, application and limitations of
several commonly used techniques. Typical methods include the
finite-difference, Houbolt, Wilson-4 and Newmark-f methods. A large
majority of solutions used in offshore applications utilise the
Newmark-8 method for integration of the governing equations in
time. The popularity of this method arises from its wunconditional
stability, zero period elongation, 1low amplitude decay, good

accuracy and ease of implementation - see Bathe(1982).

Gardner and Kotch(1976) have used finite element analysis in
conjunction with the Newmark-S method to provide a time domain
technique for analysis of vertical risers and caissons in waves.
The choice of the Newmark-B8 scheme was made after experimental
trials with several methods. Details of the formulation are
presented and element matrices and theilr associated equivalent
force vectors provided for a selection of boundary conditions and
loadings. The treatment of a frictional ball joint capable of
developing a bending moment at this point is also explained.
Equations of dynamic equilibrium in time have been developed using
a stiffness proportional damping matrix. It has been stipulated
that the effect of structural damping in comparison with fluid
damping is small but its inclusion has the important effect of
stabilising the problem numerically. Example results are given for
a case study for deep water and it is concluded that the dynamic

range of stresses is narrowed with increasing top tension.

The Newmark-B8 method has also been used by Cowan and Andris(1977)
who employed this for a time domain analysis of a pipe laying
system. The vessel, the stinger and the pipe are considered and
detailed derivation of the equations of motion for each system is
described with additional notes on the computer implementation of
the equations. The first step in the analysis involves an
incremental finite element static analysis using a modified form of
Newton’'s method. There follows a time domain analysis which
considers the dynamic variations of system parameters as
perturbations about their mean static values. Flow charts are
provided but details of the time integration technique are not

disclosed.
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Natvig(1980) has chosen the Wilson-§ method for time integration., A
discussion on generation of elemental forces, simulation of random
seas and imposition of vessel motions 1is presented and followed
with a detailed description of the Wilson-f method and the
additional improvements incorporated into 1its formulation. The
selection of the method has been made on the basis of its ability
to introduce artificial damping of the higher modes of vibration.
Such damping was considered to have the effect of filtering out
these higher modes and allowing larger time steps to be used for
integration. Out of plane vibration modes were found to be excited
in three dimensional cases even with in-plane loading only. This
problem was resolved using a numerical filtering of the out of
plane modes of vibration. It appears that this problem of out of
plane stability is due to an internal program error as a consistent
formulation would make it impossible to develop out of plane force
resultants. In later joint work of Natvig and Vogel(1986) on
dynamics of flexible hoses, no mention of these out of plane
effects is made which seems to indicate that these problems were

due to programming error and have subsequently been resolved.

Patel and Sarohia(1983) have addressed the analysis of free hanging
risers subjected to vessel motions and wave loading wusing the
Newmark-8 time domain technique. An 1initial incremental static
analysis is performed with the stiffness matrix wupdated at each
stage. This 1is followed by an eigen-value analysis using a
diagonalised representation of the mass matrix. The results were
validated using a comparison with a two degree of freedom model and
compound pendulum. Agreement is shown in prediction of mode shapes
but natural frequency results show inaccuracies which are expected
from comparisons with 1idealised models. The paper includes an
examination of the natural periods of disconnected risers and shows
that the first two natural periods typically fall within the
dominant wave excitation frequency range of 5 to 15 seconds. A
series of test runs are then presented to 1illustrate the response
of risers excited in the first two modes of vibration and examine

the dynamic variation of bending stresses.

Hashemi-Safai(1983) has outlined a general three dimensional method

for analysis of rigid risers. The problem of non-linear dynamics of
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deep water risers is addressed using a finite element formulation.
A higher order stiffness matrix is used which incorporates the
non-linear effects of both tensile and shear forces. This is the
only method which has considered the difference in behaviour of the
geometric stiffness matrix in tension and compression and has
included the exact deflection shape functions into the equations.
The physical implications of this effect are discussed in the
context of static analysis later on in this work. Integrations in
time are carried out wusing the Wilson-# method which updates all
system matrices if the structural rotations become larger than 8
degrees. This involves a calculation of the imbalance vector at the
point of update and adding this to the subsequent step. The
material stiffness is assumed temporally constant at the instant of
loading. Further iterations are then carried out at each step to
equilibrate the equations of motion and include the stiffness
matrix non-linearities. The results of the work are compared
against results of other programs collected and published by the
American Petroleum Institute, API(1977). Results are shown to lie

within the envelopes described by these programs.

Patel et al.(1984) have presented frequency and time domain
analysis procedures for vertical risers. The frequency domain
solution employs a linearised drag force which is calculated by
equating the work done by the non-linear drag force within one wave
period to that done by the equivalent 1linearised form. The
non-diagonal terms of the equivalent drag-damping matrix are
ignored and a diagonalised mass matrix is wused. Furthermore,
Rayleigh structural damping is assumed with damping in the first
two modes of vibration. The resulting equations are then solved in
complex form using an iteration scheme for structural velocities.
The time domain solution employs the Newmark-B scheme and uses the
same formulation except that the non-linearity of the drag force is
modelled exactly. The results of both analyses were compared with
the standard American Petroleum Institute, API(1977) test cases and
with a standard computer bureau program. Results of the time domain
program show good agreement with those of the bureau program.
Comparison with the API test cases shows reasonably good agreement
with slight discrepancies in some cases. Good agreement with the

API data has also been shown by Kim(1985) using a non-linear method
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based on time integration of the governing equations of motion.

Bratu and Narzul(1985) have employed cable elements for analysis of
flexible risers. The formulation of cable geometry and stiffness
matrices closely follows the work of Peyrot and Goulois(1978).
Initially, a. static analysis is carried out wusing a modified
Newton’s method to solve the equations of static equilibrium. The
dynamic equations of motion are then integrated in the time domain
using Adam’s multistepping algorithm to yield time histories of
structural response. Bratu and Narzul  have attempted to
non-dimensionalise the equations of motion and in this resﬁect the
work is of particular interest. The results have been compared
against a series of full-scale tests carried out on a 14" OD pipe
of 2" WT in the Norwegian sector of the North Sea (Frigg Field) in
the 1982-83 period. The few examples presented show reasonable
agreement with field data. The choice of non-dimensional parameters
is of course not unique and other combinations may be attempted.
The paper does not present a parametric study of the relative

influences of these parameters.

Four different methods for dynamic analysis of flexible risers have
been compared by Leira and Remseth(1985). Of the four, two are
frequency domain techniques and two time domain solutions. The
frequency domain methods.were discussed in the previous section.
The time domain techniques are the linear and non-linear methods
which only differ in that the non-linear form includes regular
updating of the stiffness matrix. Dynamic analyses all follow an
incremental static analysis with intermediate Newton-Raphson
equilibrium iterations. Comparison of the results of the four
methods indicates that differences between constant and variable
stiffness time domain techniques are very small and do not warrant
the extra computational effort involved in re-calculating the
stiffness matrix at each stage. This conclusion appears to stem

from most works directed at examining this effect.

Malahy(1986) has reported a three dimensional method for analysis
of pipelines, risers and cables considering the linear effects of
axial elongation and torsion. Newton's method is used for time

integration, although its properties and advantages are not
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discussed. The combined dynamics of the stinger and the pipeline
subjected to a regular wave are then examined and the range of

dynamic stresses computed.

The problem of dynamic time domain analysis of flexible risers in
two dimensions has been examined by McNamara et al.(1986). A mixed
finite element formulation was used where the axial force 1is
interpolated independently and only combined with the axial
displacements via a Lagrangian constraint on the extensibility of
the pipe. The finite element matrices are then developed using an
extra set of equations for axial forces The resulting equations are
then solved wusing the Houbolt method. The criterion wused in
choosing this method is stated as its suitability for slow periods
of motion experienced by flexible risers. The Houbolt method is,
nevertheless, known to suffer from amplitude decay and period
elongation properties, more so than other methods such as the
Wilson-# and the Newmark-B methods - see Bathe(1982) for example.
Later joint works - see O’Brien et al.(1987), and, O0'Brien and
McNamara(1988) - have described the extension of the method to
three dimensions and a change of the time integration scheme to the
Hilber-Hughes-Taylor single-step implicit time integration

operator.

In O'Brien and McNamara(1988) it is suggested that a variable step
method such as the Hilber-Hughes-Taylor method has the ability to
adaptively control the progress of calculations through the initial
transients until an optimal step size 1is obtained. This was found
to stabilise once the initial transients had sufficiently decayed.
Reults are presented for single catenary and steep-wave riser
configurations. Additionally, a double steep-wave configuration has
been studied which comprises two steep-wave risers in parallel
planes. Detailed input and output data are provided allowing other
investgators to compare results. Unfortunately, details of the time
integration scheme have been fully omitted and comparisons with
other time integration approaches are not available to assess the
advantages gained. The static analysis preceding the dynamic
analysis is also carried out using the time domain technique. For
the steep-wave case, a maximum time step of 50 seconds for a total

of 2500-4500 seconds has been used for the static cases whilst the
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corresponding maximum time step for dynamic runs was 0.5 seconds.
Additionally, the analyses have included wave directionality
effects and the example results have been obtained using 30
frequency bands and 5 wave directions. These results have been

studied and compared later on in this work.

The development and verification of flexible riser analysis
software has been described by Engseth et al.(1986). The resulting
package provides a facility for analysis of a multitude of riser
geometries. Three static analysis methods and two time domain
techniques are presented. The static analysis techniques were
mentioned in Section 2.1. The time domain techniques offer linear
and non-linear analysis options. Experience gained through the use
of the software has led the authors to the conclusion that for most
flexible riser applications, use of the linear techniques suffices
and that non-linear methods are only required for selected cases of
material or geometric mnon-linearity. Application studies have been
carried out using the flexible riser case study considered by
Engseth et al.(1986). Excellent agreement of static results has
been shown. Dynamic results show close agreement in prediction of
tensile forces but give discrepancies in ©bending moment
predictions. The influence of non-linearities has been investigated
by considering the response of a free-hanging riser to excitation
due to vessel motions. Comparison of results shows a similar trend
to the flexible riser case but with much 1larger differences in
calculation of bending moments. These results have been used for

comparison and verification studies later on in this work.

A study of the time domain techniques discussed in the preceding
section illustrates their  historical development for riser
applications. It is clear that most authors have been reluctant to
become involved in detailed mathematics of the more advanced
methods even in cases where theses have been shown to lead to
savings in computer effort and storage. An example is the work of
Felippa and Park(1978) who developed a technique for reduction of
the equations of motion to first order with special emphasis on
structural dynamic problems. Despite its advantages, it is of much
greater complexity than the Newmark-g method which itself is the

favourite with the great majority of investigators.
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Some exceptions such as the joint works of McNamara and O’Brien
using the Hilber-Hughes-Taylor algorithm are worthy of special
consideration where the choice of the method has had a direct
purpose; namely, the adaptive control of the time step. However,
papers by these authors have not provided details on the computer
implementation, amplitude decay properties and period elongation
characteristics of the method. It is therefore difficult to compare
this integration method with other algorithms. Furthermore, it is
not clear whether the use of a Newmark-8 algorithm with a time step
equal to the stabilised time step, as obtained from the
Hilber-Hughes-Taylor algorithm, is 1likely to pgive incorrect
results, take 1longer to eliminate the transients or compare
closely. Although the choice of the method affects the ease of
programming, the accuracy of results for a given time step and the

run time may always be improved by reducing the time step.

2.4 - INFIUENCE OF BOUNDARY CONDITIONS

The underlying assumption in most dynamic analyses of suspended
flexible pipes is that the effects of pipe motions on the support
ﬁotions are negligible. This follows from consideration of the
physical bulk and inertia characteristics of the two systems
concerned. The lower pipe support is often a rigid connection at
the seabed whilst that at the surface is a monohull or
semisubmersible floating production facility. The total 1load
delivered to the vessel through the pipe commection is by far less
than that which the vessel absorbs from the environment directly.
Part of the energy absorbed by the vessel is delivered to the pipe
through  displacement, velocities and accelerations at the
connection point whilst the remainder of the energy is converted
into translational and rotational motions of the vessel. With
increasing water depth, the effect of pipe dynamics on vessel
motions will increase in some proportion to the total bulk of the
pipe and the motion characteristics of the vessel. However, in
larger water depths, the size of the vessel will need to be
increased to match the increased pipe weight and inertia. This
will, in turn, restore the conditions required for neglecting the

effects of pipe dynamics on the vessel motions. It may, therefore,
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be assumed that for all practical cases, vessel motions will not be

affected by pipe motions.

In contrast, it has been shown by Cowan and Andris(1977), Kirk and
Etok(1979), Natvig(1980), and, Narzul and Marion(1986) that the
effect of vessel motions on the dynamics of pipelines, risers and
mooring lines is very significant and can not be ignored. For rigid
risers, the vessel motions act to increase the general stress
levels in the system with small reflections on the overall geometry
but large effects on the stress state. Rigid risers are quite
intolerant to large motions of the supporting vessel. Flexible
risers and mooring lines, in contrast, are designed to accommodate
much larger vessel displacements and undergo substantial geometric
deformations. The dynamic changes in the top boundary conditions
serve to alter the geometry of the pipe, an effect which is
transmitted throughout the length of the pipe. This results in
large changes in the pipe tensile forces. The earlier works which
studied the influence of dynamic boundary conditions on the pipe
response have used analytical approaches based on polynomial or
geometric expressions to describe the pipe quasi-static mode shapes
caused by vessel motions. A good example of such work is that due
to Kirk and Etok(1979) who have adopted a frequency domain approach
in two dimensions including the effects of vessel dynamics. The
displacements of the riser are modelled by the sum of a Fourier
series composed of sine terms and a rigid body displacement term to
allow for vessel surge. The paper only concentrates on rigid risers
with small offsets and does not consider pitch and heave effects or
dynamic tensile force variations along the riser. The results are
therefore only accurate for the specific problem addressed. Kirk's
method illustrates one approach for imposing vessel motions on the
riser.The formulation is quite convenient for distributed parameter
systems but is not applicable to general numerical models such as

the finite element method.

A full dynamic analysis of a stinger-pipeline combination in three
dimensions has been described by Cowan and Andris(1977) who have
used a shifting procedure for determination of the equilibrium pipe
profile. Starting with a straight horizontal pipe where one end of

the pipe is on the top of the stinger and the other is cantilevered
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out horizontally, the free pipe end is incrementally lowered to the
seabed. Intermediate equilibrium iterations are applied to ensure
the equilibrium of the system. These iterations also serve to check
if any part of the pipe has come into contact with the stinger or
the seabed, in essence forming a check on the pipe kinematic
compatibility. The effects of the stinger dynamics are included
through a procedure of matrix partitioning where certain degrees of
freedom are substructured out and then re-combined to yield the
combined effect of pipeline and stinger dynamics. The process used
follows standard matrix methods but has been specifically tailored
to the problem considered. Its use for pipeline analysis where the
segment of pipe on the stinger and that on the seabed must be

additionally modelled is shown to be of advantage.

Response of anchor lines to top excitation has been discussed by
Polderdijk(1985) who has developed approximate solutions for riser
quasi-static response excluding drag and inertia and also for
its dynamic response excluding inertia effects. The results are
illustrative whilst not being general or accurate and the method
lacks the required versatility for numerical techniques. Van den
Boom(1985) has employed a more accurate finite element method with
lumped masses at the nodes to obtain the dynamic response of
mooring lines. The results from the theoretical method were then
compared with those from experiments and appear to be in good
agreement. Similar methods have been reported by Ansari and
Khan(1986) and Bliek et al.(1986). These methods are based on
matrix partitioning of the vessel degrees of freedom, calculating
the resulting quasi-static mode shapes of displacements and using
these as added displacements or as effective dynamic forces. These
methods are quite accurate and easy to implement within finite

element programs.

The theoretical studies carried out by the above and many other
investigators have consistently emphasised the mnecessity for
modelling the prescribed vessel motions and the importance of their
contribution to the pipe responses. These findings are fortified by
some experimental investigations such as those reported by Narzul
and Marion(1986) on flexible risers. These have shown that the

effects of vessel motions in surge have small effects on the top
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angle and leave top tensions almost unchanged whilst vessel motions
in heave have a very pronounced effect on top tensions and could be
responsible for more than 70% of dynamic variations in top
tensions. It 1is also shown that with increasing surge, a larger
proportion of the total effective weight of the riser shifts onto
its lower support, reducing the top tensions. Further, the same
effect increases the horizontal component of top tension, with the
result that the overall axial tension remains marginally affected.
Heave motions, reduce the horizontal top tension and shift more of
the weight of the pipe onto its top support, thereby increasing
this tension. These conclusions may be qualitatively supported by
an examination of the equilibrium of simple catenaries for the
geometries considered. The results of Narzul confirm the
theoretical indications that the influence of vessel motions on the
dynamics of suspended pipe systems is quite considerable. Although
extensive material exists on the influence of dynamic boundary
conditions, there exists a consistent unanimity between these works
on the importance of dynamic motions on pipe responses. Further,
numerical methods used for modelling the dynamic boundary
conditions show little variability between these works and follow
standard finite element procedures. Discussion of the 1literature
available on this topic is therefore curtailed in the interest of
brevity. Detailed treatment of the numerical implementation of
dynamic boundary conditions may be found in Bathe(1982), Clough and
Penzien(1982) and Zienkiewicz(1983). .

2.5 - INTERNAI, AND EXTERNAI PRESSURE EFFECTS

Remarkably little work has been done to identify and quantify the
effects of internal and external pressures on a continuous curved
cylinder. This requirement arises as a result of the continuity of
the pipe which prevents the wuse of traditional buoyancy
calculations. Archimedes principle 1is only applicable to bodies
fully immersed in a fluid which is not the case with continuous
pipes where the ends of a given section of the pipe are clearly not
subjected to fluid pressures. Traditionally, a buoyancy analogy has
been used which involves adding and subtracting the missing end
pressures discussed above. This is equivalent to dividing the pipe

into a fully enclosed section and one carrying the reverse of the
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end pressures. Using the Archimedian principle, the buoyancy on the
enclosed section 1is then calculated and the effects of the end
pressures obtained by subtraction. Using this method, the force
resultant due to inner and outer fluid pressures is determined
indirectly. The mathematical expressions for pressure forces which
are derived later in this work show that these contribute to an
axial tension term as well as providing an additional effect on the
weight of the riser. The axial term appears as an addition to pipe
wall tensions which itself forms a curvature multiplier in the
governing equations of equilibrium. The weight term combines with
the pipe material weight and reduces this to an apparent weight
which is identically equal to the buoyant weight of the pipe as
given by Archimedes principle. The resulting equations, ignoring
the flexural effects, may be shown to reduce to the standard
catenary equations with the tensile term replaced by the combined
tensile and pressure term and with the weight term replaced by the
buoyant weight. This feature of the governing equations has been
exploited to advantage in the past where the pressure effects have
only been modelled through the new tension term which is commonly
referred to as the effective tension. The pipe wall tensions are
then extracted by simple subtraction of the pressure induced terms

from the effective tensions.

Young and Fowler(1978), recognising that the pressure forces may be
computed directly, has carried out what 1is perhaps the earliest
work on analytical integration of pressure forces over the curved
surface of the pipe. The integration is carried out on a segment of
pipe curved into the arc of a circle. Assuming small change of
slope between the ends of the element, expressions are presented
for the total pressure resultant on the pipe. These assume the
fluid pressures to vary linearly between the base and the top of
the curved element under consideration. This assumption may lead to
inaccuracies for larger element sizes in areas of rapidly changing
curvatures but is nevertheless consistent with the small angle
assumption. The use of this method would require a reduction in
element sizes near the highly curved sections of the pipe such as
the sag-bend or the mid-water arch. This may be carried out by
proportioning the finite element mesh in accordance with curvature

variations. Young's derivation suffers from a mathematical error in
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the calculation of the vertical component of the pressure force.
Although the paper continues to discuss the apparent discrepancy
with other methods and presents modified equations for rigid
risers, these are invalidated by the error. Young and Fowler'’s work
has been investigated in detail in Chapter 3 where a correction to
the error has been presented and the equivalence of the effective
tension approach to that of Young and Fowler demonstrated
mathematically. The formulation 1is, nevertheless, not exact and

remains valid within the small angle assumption highlighted above.

Young'’s work was succeded by that of Sparks(1979) who has addressed
a variety of considerations pertaining to the design of marine
risers in a very comprehensive paper. At the time of publication of
Sparks’ work, primarily, rigid risers were wused in marine
applications and flexible riser technology was in its infancy.
Spark addresses a large spectrum of riser problems including the
effects of inner and - outer hydrostatic pressure forces, the
influence of riser flexural rigidity on bending stresses along its
length and at its connections, the role of boundary conditions and
stiffness of the connections at the ends of the riser pipe and
finally proposes methods for calculation of the natural frequencies
for a riser pipe. The pressure force calculation method provides a
physical and mathematical explanation of the buoyancy analogy to
justify the use of effective tension in the governing equations of
the riser. This paper remains a major source of reference in rigid
riser technology and encompasses the body of knowledge on rigid
risers at the time of its writing. McIver and Olson(1981) have also
described the concept of effective tension as well as providing a
thorough  treatment of the concept of buoyancy on straight,
arbitrarily inclined columns. Notes have also been included on
calculation of stresses and design implications of the work.
Although this work is not as comprehensive as that of Sparks, it
draws attention to many common sources of confusion and error in
interpretation of the concept of effective tension and provides a
complementary paper to that of Sparks. It is worth noting a
subsequent work of Sparks(1984) which also forms an explanatory
paper to the earlier work and discusses the pressure forces in much

greater detail.
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Chakrabarti and Frampton(1982) have published a review of riser
analysis techniques with the aim of tracing the historical
development of rigid and flexible riser analysis techniques. The
paper considers the governing equations used by many investigators
and concludes that although the dynamic analysis methods have
undergone major improvements, several controversial issues
involving drag linearisation, effective tension and non-linearities
resulting from large deformations have remained unresolved. The
paper includes a detailed derivation of pressure forces over a
circular segment of pipe. The method is exact for circular arcs and
is applicable to arbitrarily curved elements in two dimensions.
Unfortunately, the mathematics of the derivation are in error with
the result that the expressions provided for pressure forces are
incorrect. Since the same -equations are wused to derive the
governing equations of riser equilibrium, the original error has
propagated through and invalidated the results. The advantage of
this work over that of Young is that the expressions derived are
exact and are hence applicable to all element sizes and curvatures.
This feature may be exploited in numerical modelling of flexible
pipes where the element sizes involved may be increased, thereby
reducing computer storage requirements and improving calculation
speed at mno loss to accuracy. A correction to the work of
Chakrabarti has been presented in Chapter 3 of this work which has

developed it into a standard Cartesian model.

2.6 - INTERNAL FLOW EFFECTS

The mechanism of internal flow in pipes has long been the subject
of concern in the onshore as well as the offshore industry. The
complexity of multi-phase flows and the empirical nature of the
information available on their behaviour, has been a major
deterrent to their theoretical simulation. The complexity of the
problem is amplified by considerations regarding the transfer along
"the pipe of a mass composed of a mixture of liquids and gases whose
mixing and interactions are governed by a multitude of factors
ranging from their solubilities, pressures and temperatures to
their compressibilities and viscosities. The flow of a liquid
through a curved pipe will result in forces whose magnitude and

direction will depend on pipe curvature, inclination, roughness,
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and flow velocity. A steady flow has different effects on the pipe.
Firstly, it imparts a lateral force onto the pipe inner surface
which for a straight pipe is independent of the fluid pressure but
for curved pipes depends on the pressures at the ends of the pipe
element considered. For simpler cases, these may be evaluated using
pressure integration techniques. Secondly, the flow momentum steers
the flow around the curvature of the pipe. For simpler flows, the
resulting forces may be calculated from a momentum balance between
the inlet and outlet of the pipe. Thirdly, the flow transfers a
tangential force to the pipe through friction against the walls of
the pipe. The magnitude of these forces may be calculated
empirically for the given pipe surface roughness and flow Reynold's
number and may often be approximated by constant functions of pipe
length. The mode of interaction of these forces 1is of great

complexity and as such may not be computed exactly.

A large body of literature exists on modelling of two-phase flows
in straight pipes lying horizontally, vertically or inclined at an
angle. However, these are limited to modelling the flow itself and
do not endeavour to calculate the forces on the pipe arising from
the flow. For straight pipes, in any case, such calculations are
not of great importance except for determining the head losses
which can be computed via alternative means. An example of works on
modelling two-phase flows is that due to Tonda and Dorel(1985) who
have described a series of model tests on annular flow of slugs
through a vertical drill pipe. These experiments were carried out
on a test rig measuring 26m in height and 10cm in diameter.
Comparisons were made with a single bubble model and a more
accurate model referred to as the Kickcont model. The former
assuming zero slip conditions, immiscibility of fluid and gas and
invariant liquid to gas ratio whilst the latter includes a slippage
model. Although the theoretical basis of the models is not
discussed, experimental results are provided which show fluctuating
agreement between theoretical predictions and experimental
findings. It was concluded that neither method was capable of
predicting the arrival of slugs at the drill floor accurately. Two
basic flow patterns were identified; namely, bubble and slug flow.
Bubble flow refers to a turbulent mix of fluid with gas whilst slug

flow refers to a continuous section of fluid through the pipe. One
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inference of the work is that pressure gradients in bubble flow are
less than those in slug flow. This may physically be explained in
terms of the ease of dispersion of gas pockets in a bubble flow
when compared with slug flow. Throughout the tests the mean flow
velocity was measured using a rotary propeller whilst in-situ
velocity was calculated wultrasonically. The flow pattern was
determined using an ultrasonic analyser. It has been concluded that
pressure gradient measurements are difficult to obtain and are of
such complexity as to prevent a simple model from being developed.
The paper does not consider structural implications of slug flow.
The work of Tonda whilst not being directly related to the study~in
this thesis, suggests the use of two possible models which
basically reduce the flow to a series of solid and gas pockets or
one of a continuously varying density This idea was adopted in this
work and modified to the form of a fluid of harmonically varying
density. This presents a first order approximation to the bubble
flow and may be conveniently embodied into a frequency domain

model.

The development of a primary model for internal flow has been
discussed 1later in this work. This area of research on flexible
risers is new and there 1is consequently very little previous work
to draw upon. The work presented in this thesis has endeavoured to
construct a basic frequency domain model for calculation of forces
arising from internal flow. First a closed form solution for steady
flows of constant density has been postulated and later, in Chapter
6, 1its first order extension to a flow whose density follows a
sinusoidal variation with time has been presented in the frequency
domain. The steady flow component has been shown to contribute to
the effective tension term in the same way as internal and external
pressures but without a contribution to the weight term. A more
detailed approach for calculation of dynamic forces due to slug
flow in the time domain is then developed in Chapter 6. This is

shown to be applicable to flows of arbitrary density composition.
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CHAPTER 3 : GOVERNING EQUATIONS

3.1 - INTRODUCTION

In the absence of other external and internal forces, the
equilibrium of a pipe is determined by its self-weight. The profile
of a suspended pipe of negligible bending stiffness and uniform
self-weight 1is given by the classical catenary equations- see
Meriam(1980) - whose derivation is given later in this chapter. The
presence of internal and external static forces considerably
modifies the governing equations. The forces of concern are those
due to self-weight, internal and external pressure forces

(buoyancy), steady current drag and steady internal flow.

The effect of internal and external pressure forces on the geometry
of the pipe has, in the past, caused a great deal of confusion. The
load system due to these forces has two different influences on the
pipe. Firstly, it modifies the effect of pipe self-weight and,
secondly, controls the pipe curvatures 1in a way similar to the
tensile forces in the wall of the pipe. Conventionally, these
forces are calculated through a buoyancy analogy where the buoyancy
force given by Archimedes principle is modified to exclude the
effects of the end pressures, thereby allowing for pipe continuity.
This approach is discussed in detail by Sparks(1979), Sparks and
Cabillic(1984), McIver(1981l), and, McIver and Lunn(1985). This is
based on the assumption of small curvatures and, therefore, reduces
in accuracy with increasing pipe curvature and water depth. In such
cases, maintaining the accuracy of finite element models requires a
rapid reduction in element size. As a result, more accurate
expressions are needed to accommodate larger element sizes and help

reduce computer storage and time requirements.

The approach in this work has been to start with the simpler case
of a straight pipe in two dimensions and progress to the more
complex cases of curved pipes in two and three dimensions. The case
of a straight pipe of arbitrary orientation in a fluid provides an
exact derivation of the traditional buoyancy force. This serves as
a basis for comparison as well as providing a rigorous mathematical

re-statement of the Archimedes principle. Moving a step further,
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the case of a pipe of constant curvature in two dimensions is
considered. First a derivation based on the approach followed by
Young and Fowler(1978) is presented. This derivation is a
correction of their work which arrived at an 1incorrect expression
for the vertical component of the fluid pressure force. Young and
Fowler’s derivation is the first published derivation of the exact
pressure force. The second and the only other work is that of
Chakrabarti and Frampton(1982) who, following a totally different
approach, have obtained expressions for pressure forces.
Unfortunately, erroneous algebra has led to incorrect results for
the vertical component of the pressure force and the error has
perpetuated throughout the remaining derivations. A section has
thus been devoted to a corrected re-expression of Chakrabarti’s
equations. All derivations have been carried out in standard

Cartesian co-ordinates system for consistency.

The investigation of pressure forces 1is then continued with a
rigorous derivation for a pipe of constant curvature of arbitrary
orientation in three dimensional space. Present analysis procedures
for flexible pipes 1in three dimensions use an extension of the two
dimensional case which is 1naccurate for a three dimensional case.
The exact expressions in three dimensions present a means of
developing a more realistic model for these forces on a pipe

describing out of plane motions in three dimensions.

The influence of internal flow on the static and dynamic
equilibrium of suspended pipes has often been neglected in their
analysis; specially so for the case of flexible risers. Although a
substantial volume of 1literature 1is available on two-phase flow
simulation 1in straight vertical, horizontal and inclined pipes,
they are dedicated to predicting the nature of the flow and not the
forces imparted on the pipe. The complexity of these techniques,
their reliance on empirical data and their restriction to straight

pipes has been a deterrent to their use in flexible riser designs.

Derivations presented in this chapter include the effects of a
steady internal flow through the pipe. It is demonstrated that the
mode of interaction of internal flow with the pipe is analogous to

that of pressure forces; 1i.e. through the effective tension term.
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The majority of flexible pipe failures occurring after some years
in service are attributed to fatigue and wear of the pipe.
Calculation of long term damage on these pipes are traditionally
based on internal stress calculations of some form, ignoring the
effects of internal flow. Since this effect 1is shown to lead to
significant changes in pipe tensile forces, the influence of a
steady internal flow is included in the governing equations.
Extension of the governing equations to incorporate time variations
complicates the algebra beyond simple solution and was therefore
not attempted. These are alternatively analysed numerically wusing
the finite element technique which is discussed in detail in
Chapter 6.

Traditionally, governing equations for riser systems have been
expressed as systems of simultaneous ordinary differential
equations and solved as single-point or two point boundary-value
problem. Solutions were carried out using methods such as the
Runge-Kutta, Adam’s or Gear’s. Despite their relative simplicity,
these formulations suffer from unreliability and inflexibility.
Their lack of reliability results from their convergence
characteristics whilst their inflexibility derives from their
inability to represent geometric and loading discontinuities. The
increasing popularity of flexible risers has steered their design
towards the use of more ambitious geometries, different support
conditions, staggered buoyancy provisions and resulted in the
various geometries of flexible risers which are presently used. A
trend has thus been established in the use of finite element and
finite difference schemes. An historical review of riser analysis
techniques has been published by Chakrabarti and Frampton(1982)
which provides an in-depth examination of the development of riser
analysis techniques and shows the finite element methods to be the
most favoured techniques. The basic riser equations remain
invaluable in providing a mathematical framework for understanding

the behaviour of risers as well as the basis for numerical models.
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3.2 - PRESSURE FORCES_IN TWO DIMENSIONS

3.2.1 - Equations for a Straight Pipe

The force exerted by the fluid on a submerged body, which is
commonly referred to as buoyancy, is the resultant of hydrostatic
fluid pressures acting on its surfaces. For a continuous pipe, only
the surface area of revolution is subjected to fluid pressure
forces and the ends, being continuous, do not interact with the
fluid. As a result, the total force experienced by the pipe is not
equal to that predicted by the Archimedes principle. In this
section, the actual pressure force experienced by the pipe is
derived through an exact integration of fluid pressures over Iits

surface. .
Using Figure (3.1), with the following specific notation:

= Pressure at centre of element (centroid of half length)

= Pressure at the axis of pipe at given length

c

P, = Pressure at the surface of the element

] = Angle of normal to the centre of element from x-axis
] = Angle around the circumference of pipe

Length measured from centre of element

The area of the element on the surface of the pipe is given by:

dA =~ R dx d§ (3.2.1)

Pressure at the axis of pipe, distance x from pipe mid-point is,

P =P, — v x cosf
c (3.2.2)

For this position, pressure on an element of surface area is given

by,
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P=Py,— v xcosl — v R sing sinf
(3.2.3)

Considering external pressure first, the force on the element of

area dA is given by,

dF = P dA

= — ( Pp— v x cosf — v R sing sinf ) R dé dx
(3.2.4)

The components of this force in the co-ordinate directions are

given by,

de- — dF sin¢g cosé

(3.2.5)
dF = — dF sing sind
y (3.2.6)
sz- — dF cos¢
(3.2.7)

The total force in each direction is calculated by integration of

the above equations. We first have,

L/2 2x
Fx= — dF sin¢ cosé
x=—L/2 ¢=0
(3.2.8)
which after evaluation yields,
F=x R2Z v L sinf cosf
¥ (3.2.9)
Similarly,
L/2 2x
F = — dF sin¢ sind
Y Jx=—Ls2 J¢=0

(3.2.10)
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giving,

2
F= nR2 vy L sinf
y (3.2.11)

Finally,

L/2 2
F = — dF cos¢ =0
Z Jx=—L/2 J¢=0

(3.2.12)

The above equations are valid for external pressure. For internal
pressure, a reversal of signs occurs and vy, R and P, are replaced
by their internal equivalents. Using subscripts: (i) and (o) to
denote external and internal quantities respectively, the total

pressure force on the element is given by,

F = (y,A,—y A ) L sinf cosé
x L e (3.2.13)

F = (y,A,—y A ) L sin?4

y i1 e (3.2.14)
Note that the resulting expressions are independent of fluid
pressures and are hence depth 1invariant. Further, the expressions

are frame variant since the positive y-axis has been chosen as the

axis of pressure gradient.

The above derivations present a mathematically rigorous derivation
of the buoyancy force experienced by a straight pipe immersed in a
fluid. The effects of end pressures is ignored as the pipe is
assumed to be continuous in geometry. this approach is equivalent
to a methematical re-statement of Archimedes Principle for a

continuous pipe.
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3.2.2 - Approximate Equations for a Curved Pipe

Consider the element in Figure (3.2) which is subjected to

external hydrostatic pressure acting on its outer surface and
excluding the ends. The resultant force acting on the element may
be calculated through integration of pressures over the surface

area of the pipe.
Using the following specific notation:

ds = Length of element measured along the arc

¢ = Angle around the circumference of pipe
6 = Element angle measured from the x axis
P = Pressure at centroid of base

Pb = Pressure along the base circumference
Pt = Pressure along the top circumference

The arclength of the shaded area may be written as,

ds = (r +Rcos ¢ ) df (3.2.15)

Using P to denote the pressure at the centre of the base, the

pressure along the circumference of the base may be found using,

Pb =P — vy R cos 4§ sin ¢
(3.2.16)

The pressure at any point along the top edge of the element is

given by,

P =P — 4 sin § ds
t b (3.2.17)

using sin § = dy/ds.

Area of the shaded section of the element is given by,
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dA =R d¢ ds (3.2.18)

The force acting on dA is,

1
dF = = (P, + P.) dA
Z'b 't (3.2.19)

Substituting from (3.2.15) to (3.2.18) into (3.2.19) results in,

dF = % ( Pb + P, — 9 sin 8 ds ) R ds d¢

b (3.2.20)

dF = ( P+ v R cos § sin ¢ — % v sin 6 ds ) R ds d¢
(3.2.21)

Substituting for ds from (3.2.15) gives,

dF = [ PRr df - % v R r? sin 8 (d8)?] dé +
[ PR2d + v R?r cos § 49 — v R2r sin 4 (dF)2] sin ¢ d¢ +

[ vy R cos 6 d§ - % v R® sin 6 (d4)2 ] sin2¢ d¢
(3.2.22)
Resolving this force into components and integrating them between
the limits (0 — 2x) yields expressions for the resultant forces in

the x and y directions. The force component in the x direction is,

27
F = I — dF sin 8 sin ¢
X -0

¢ (3.2.23)
F = —aR2 [ P+ vy r (cos § — sin 6 df) ] sin 6 dé
X (3.2.24)
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and the resultant force in the y direction becomes,

r
I

2x
I dF cos § sing
$=0 (3.2.25)

o]
I

aR2 [ P+ vy r (cos § — sin 0 df) ] cos 6 dé
(3.2.26)

The above results consider external pressure only. If internal
pressure is also included, the final expressions for the resultant

pressure forces in the x and y directions become,

F = [ PA—PA+71r (y,A,— v A )(cos § — sin § dd)] sin 4 d4f
X ii oo ii oo (3.2.27)

Fy- - [PiAi— POA°+ r (71Ai- 1OA°)(cos § — sin 6 d9)] co?302d38)

where subscripts (i) and (o) are wused to denote 1internal and
external values of fluid pressure, density or radius respectively.
The above derivation follows the approach suggested by Young and
Fowler(1978) who through algebraic errors miscalculated the
equations for the vertical force component. The above results
provide corrected results and include a change of axes to the

standard Cartesian system.

The same results may be obtained wusing a global equilibrium
analysis of the fluid plug surrounding the pipe. Using the
equivalence of forces shown in Figure (3.3), the total buoyancy

force acting on the pipe should exactly equal the sum of forces due
to end pressures and those resulting from the integration of fluid
pressures over the surface of the pipe. In the absence of other
forces, the equilibrium of the fluid plug requires that the
resultant of the end pressures balances the resultant of pressures
acting normal to the surface of the pipe. The resultant force in

the x direction due to end pressures is given by,
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f = PA cosf dfd — (P — yr df sinfd) A cos(4+d4)
= PA cosf df — (P — yr df sinf) A (cosf — sinfd d6)

= A sinf df [ P + yr (cosd — sinfd df) ] (3.2.29)

and the resultant force in the y direction becomes,

f = PA sind d — (P — yr df sinf) A sin(4+df) — yAr db
= PA sinf d — (P — yr df sinf) A (sinfd + cosf df) — yAr 44

= — A cosf dfd [ P + yr (cosf — sind déd) ] (3.2.30)
It is noted that fx and fy are exactly equal to Fx and F_ but act
in the opposite direction which confirms the equilibrium of the
pipe. Furthermore, 1t may readily be shown that if the pipe plane
makes an angle £ to the vertical, an additional cosf multiplier is
introduced into Equations (3.2.16) and (3.2.17) which perpetuates
through the equations but 1leaves the final form of results
unchanged. If the final expressions for forces are then transformed
to local co-ordinates in plane of curvature, the same expressions
as (3.2.27) and (3.2.28) result. This confirms that the concept of

effective tension remains valid in three dimensions.
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3.2.3 - Exact Equations for a Curved Pipe

The method proposed in the previous section used a linear
interpolation function for calculation of fluid pressures along the
arclength of the pipe using the exact values at its ends. Although
this provides very accurate results for rigid and flexible riser
applications, 1its accuracy diminishes with increasing curvature of
the pipe. In the context of numerical simulation using finite
elements, a limit on the element size is hence introduced leading

to higher computer time and storage requirements.

In this section, the previous formulation is extended to provide an
exact integration of fluid pressures over the surface of the pipe.
The sole assumption here is that the centre-line of the pipe 1is a
circular arc. The following notation are specific to this

derivation:

= Pressure at centre of element (centroid of half arclength)
= Pressure at the axis of pipe at given arclength
P, = Pressure at the surface of the element
6 = Angle of centre of element from centre of curvature
= Angle around the circumference of pipe
= Angle of a position on the pipe surface from centre of

curvature

With reference to Figure (3.4) the area of the element on the
surface of the pipe subtending an angle a from the centre of

curvature is given by:

dA = R (r + R sing ) d¢ da (3.2.31)

Pressure at axis of the pipe at this position can be expressed in

terms of the pressure at the centroid of the element,

P =P, — 9r ( sina — sind )
c (3.2.32)

For the same position, pressure on an element of surface of the

pipe subtending an angle ¢ from the axis of the pipe is given by,
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P = P,— vyr(sina — sinf) — 9R sina sing
(3.2.33)

Considering external pressure first, the force on the element of

area dA is given by,

dF = P dA

= [ Po— yr(sinx — sinf) — 7R sinz sing ] (r + R sing) R df d¢
(3.2.34)

The components of this force 1in the co-ordinate directions are

given by,

de- — dF sin¢ cosa

(3.2.35)
dF = — dF sing¢ sina
y (3.2.36)
sz- — dF cosé¢
(3.2.37)

The total force in each direction 1is calculated by integration of

the above equations. We first have,

o+ &y o
F = a8 — dF sing cosa

2 Ja=(o- 5 $=0
(3.2.38)

which after lengthy manipulation gives,

+ yr sinfd (sin a8 _ sin dé@) ] cosf

F = — 27R? [ P, sin @ >
X
(3.2.39)

2

Similarly,
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o+ 34 2%
F = — dF sing sina

Y Ja=(o—- Ly )40
(3.2.40)

giving,

Fo= = 27R% [ [ Pysin 4

2 + yr sinf (sin Q% — sin df) ] sinf

+ 2 yr (sin a0 - dp) ]
(3.2.41)

Finally,

J(a+ L Jzn
F = — dF cos¢ =0
2 Jamo- ¥y Jg=0

(3.2.42)

The above derivation applies to external pressure. For internal
pressure, the negative sign changes to positive and vy, R and P, are
replaced by theilr respective counterparts. Using subscripts (i) and
(o) to denote external and internal quantities respectively, the

total pressure force on the element is given by,

: dé . dé
Fx- 2 [(PiAi—Pvo) + r(viAi—quo) sinf (1-2cos 2) ] sin — cosd

(§.2.43)

. dé . df .
Fy= 2 [ [(P,A~P A ) + r(v,A,—y A) sinf (1-2cos —5)] sin = sing

1
+ 5 r(yA,—y A ) (sin df — df) ]
2 i e (3.2.44)

It may readily be shown that the definition of angle # in Section
(3.2.2) corresponds to that in Section (3.2.23) according to the

relationship,

dé

s
=5 + 5 )

b3.2.2) b3.2.3) *

(3.2.45)

with subscripts referring to the respective sections. Making the
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above substitution and using the small angle assumptions for sines
and cosines of (#+d4/2), it is easily shown that Equations (3.2.43)
and (3.2.44) revert to (3.2.27) and (3.2.28) respectively.

The above results correct the work of Chakrabarti and
Frampton(1982) who used a similar approach but obtained erroneous

results for the force resultants.



-93-

3.3 - PRESSURE FORCES IN THREE DIMENSIONS

The formulation provided in this section provides an exact
analytical result for integration of fluid pressure over the
surface area of a pipe. The sole assumption is that the axis of the
pipe is described by a circular arc. The method is ideally suited
for numerical modelling using the finite element method. The

requirements of a numerical model are the following:

1) The elements are proportioned such that each element can be

approximated by a circular arc to sufficient accuracy.

2) The arc of each element is a smooth, continuously differentiable

curve.

Note that these conditions need only be satisfied for the

individual element and the collection of elements can be arbitrary.

The specific notation used in the derivation are:

; = Unit normal to the surface (vector)

P = Position vector of a point on the surface

By = Local co-ordinate directions

i,j,k = Unit direction vectors along the x,y and z axes

The equation of the normal to a given surface may be written as,

R
=i

X
7] v

o R
]

i
la g2

X
s v (3.3.1)

-+ -
where r“ and r, denote two arbitrary coplanar, mnon-concurrent

vectors on the surface.
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The area of an element of surface area is given by,

dA = du dv

-+ -+
r xru
# (3.3.2)

The cross product may be evaluated using the standard result,

1,2
lpxal= [ @@y - @nz]’
(3.3.3)
where p and q are two arbitrary vectors. We have,
- - 2 - - -
r xr = (r .r )( r, .t Y- (r . r, )2
# poo# # (3.3.4)
which using the substitutions,
- -+ - -+ -+ -
E=r r ; Fe=r.r ;7 G = ry ru
Bk pov (3.3.5)
gives,
12
A - [Ec-F2 ] du av
(3.3.6)
and the total surface area is represented by,
1,2
A = I j [ E.c — F2 ] /dp dv
i (3.3.7)

Now consider the torus shown in Figure (3.5) whose parametric

equation has the form,

A A A

;(p,u) = (r+R cosv) cosp i + (r+R cosv) sinpg j + R sinwv k(3 3.8)
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using (3.3.5) we have,

E=(+Recosv)2 ; F=0 ; G = R? (3.3.9)
The surface vectors may be calculated using,
d-’ A A
->
- EE = — (r +Rcosv) sing 1 + (r + R cosv) cos u j
#oocB (3.3.10)
and
N d; . A . /-\ A
=% - R cosy sinv i — R sing sinv j + R cosv k
(3.3.11)
and hence the wvector product (3.3.4) may be expressed as,
Ixr = i h| k
By
—(r+R cosv) sing (r+R cosv) cospu 0
— R cospy sinw —R sinpg sinv R cosv
(3.3.12)
= R (r+R cosv) [ cosuy cosv 1 + sinpg cosv j + simwv k
(3.3.13)
and
- -
rXTr =R (r + R cosv )
kv (3.3.14)
The equation of the normal to the surface becomes,
n = cosuy cosv i + sinug cosv j + sinv k (3.3.15)

whose direction is always outwards from the centre of the

centre of the circumscribing tube.
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The element of area can now be calculated from (3.3.7),

dA =R (r + R cosv ) du dv (3.3.16)
We now proceed to calculate the pressure at any given point on the
surface of the torus. The magnitude pressure at a given point in

space can be described as a function of position,

P =fCr,v) (3.3.17)
using the parametric representation for the local
co-ordinates. Pressure acts in all directions in space, but we
are only interested in the component normal to the torus which can
be isolated by multiplying the scalar value of pressure by the

unit normal to the surface to obtain a vector quantity.

A

P(p,v)=p (p,v).n

(3.3.18)
Pressure on an element of area is then given by,
- -
dP = p (pu, v ) . dA
=p(p,v)R(r+Rcosv)
[ cosp cosv i + sinpg cosv j + sinv k ] dp dv (3.3.19)

The total pressure on the surface 1is readily obtained by

integration of (3.3.19),

P = I I p(p,v)R(r+R cosv)(cospy cosv i +sinpg cosv j +sinv k) dp dv
plv (3.3.20)
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The cartesian co-ordinates are also available from,

x=(r + R cosv ) cosu

(3.3.21)
y = (r+Rcosv ) sinu (3.3.22)
z = R sinv (3.3.23)

Before proceeding with the integration, we must obtain an
analytical expression for p(u,v), the pressure over the surface of

the torus expressed in local torus co-ordinates p and v.

Consider Figure (3.6) where point p represents the centre of
curvature of the torus and q is an arbitrary point on the
surface. If axes (x,y,z) and (x',y',z') are used to denote the

local and global axes respectively, we can write,

I(r—-r)=r1'

1 P q (3.3.24)
where (’) refers to local axes and r represents a position vector.
T is the matrix of direction cosines of 1local axes in global

co-ordinates. To clarify, we may represent I as,

I= Xxl Yxl Z []
Xy. Yy. '
X, Y, Z,

(3.3.25)

where X,Y and Z denote the corresponding components of the unit
vectors congruent with the 1local axis denoted by the subscript

and expressed in the global axis system.



-98-

Since all pressures considered in this context are
hydrostatic, we are only concerned with the y components of these
axes (see Figure (3.6)). These are given in the second column of

T. Introducing the following notations for simplicity,

A=1I(1,2) =Y,

(3.3.26)

B =1I(2,2) =Y,
y (3.3.27)

C=1(3,2) =Y,
(3.3.28)

we can express the co-ordinates of point q on the surface of the

torus (Figure (3.6)) in global co-ordinates using,

q q P (3.3.29)

Then, the vertical co-ordinate of point q in the global system
of co-ordinates is given by the dot product,

y = (Ai+Bj+Ck).(x'i+y j+z'k)+y
d q 4 1 P (3.3.30)

where x’q, y'q and z'q are obtained from (3.3.21) to (3.3.23)
We may now represent the pressure in general form by an

expression of the form,

p(p,v) =y [H-(Ax' +By +Cz') ]
! ! 1 (3.3.31)

p(p,v)= v [ H ~ (A(r+Rcosv) cosuy + B(r+Rcosv) sing + CR sinw) ]
(3.3.32)

where H represents a general constant pressure head to be

determined later.

Substituting (3.3.32) in (3.3.20), the integral becomes,
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-

P =y J I [ H — (A(r+Rcosv)cosuy + B(r+Rcosv)sinu + CRsinv] ].
wv

A A A
R(r+R cosv).(cosy cosv i+ sinpg cosv j+ sinv k) du dv
(3.3.33)

Following lengthy manipulations and breaking up the integral in

the direction of the local x’,y’,z’ axes, these become,

P,=*xR?2 4y [ Hsindd — A r (40 + sindd cosdfd) — B r sin2dd ]

x! (3.3.34)
Py,- tnwR2+y [ H(lL-cos df) —A r sin2df -
Br (dl — sin df cos df ) ]
(3.3.35)
P,=%+nR2y[Crdf]
(3.3.36)

where (+) is taken for internal pressure and (-) for external

pressure acting on the tube.

Values for H are obtained from consideration of hydrostatic heads
of fluid above the centre of curvature of the torus. These result

in the following expressions,

P_.
air
H = d —-(A_+Y +
o A+ Y, )+ (—=)
(3.3.37)
P + P _.
H = Y -Y + [ well “air ]
i h 7
(3.3.38)
where :
d = Depth of water
Ax = Distance of origin of co-ordinates from seabed
Y = Head of point p from origin

:!"K:'U
U

Head of internal fluid above origin
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Pair = Atmospheric pressure

PWell = Well head pressure excluding hydrostatic

For a two dimensional beam in the x-y plane, C becomes zero and

A and B may be determined from,

Y
_ yt _ _m(2,2) _ B
can b= I TT(1,2) T -A
(3.3.39)
Hence, B = sin § and A = — cos ¢
Then, the element forces in the global axis system becomes,
P sin ¢ cos ¥4 P_,
X - X
Py —cos § sin § Py'
or,
Px - Px' sin § + P_,cos
y (3.3.40)
P =-— Px,cos 6 + P ,sin 0
y y (3.3.41)

Substituting from (3.3.34) and (3.3.35) and simplifying we get,

P =+x R2 4 [ H [cos 6§ — cos (#+dF)] + r sindd sin(264+d4)
(3.3.42)

P =+ nxR2 4 [ H [sin § — sin (+d4)] — r d¢ —

— r sin 46 cos (26+d8)
(3.3.43)

These ekpressions may be converted to the form in Section (3.2) by
substitution of YH = P — vy r cosfd and using the small angle

assumptions. The resulting expressions after some manipulation
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become,
P_=%tmR?[P+yr (cosf + —Egi%ﬂ- dé ) ] sind dé
s (3.3.44)
and
- 2 sin24
P =+axaR?2[P+vgr1r ( cosf — cosf déd ) ] cosf df
y ¢ (3.3.45)

On elimination of the higher order terms, these are seen to reduce

to the expressions of Section (3.2).
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3.4 - INTERNAL FIOW FORCES IN TWO DIMENSTONS

The flow of a slug within a curved pipe results in forces whose
magnitudes are primarily dependent on the mnature of the flow,
densities of constituent parts and the velocities with which they

travel through the tube.

The uncertainties associated with the flow prevent an
accurate modelling of the 1large spectrum of flow regimes that are
known to exist. It is, however, possible to approach the problem
through simplifying assumptions. The following model takes a step

towards approximating these forces.

Consider the curved element of the pipe illustrated in Figure
(3.7) where,

P1 - Pressure at lower end of pipe
P2 - Pressure at upper end of pipe
61 - Angle at lower end

02 - Angle at upper end

U1 - Input velocity at lower end
U2 - Output velocity at upper end

Using FX and Fy to denote horizontal and vertical forces
exerted on the fluid by the pipe, the horizontal force acting on

the fluid plug is given by,

P Ai c0501 - P2Ai c0502 + Fx

1 (3.4.1)
The total change in fluid momentum is,
p.A.U2 cosf, — p.A. U2 cosf
itiv2 2 ii'l 1 (3.4.2)

Equating the two expressions allows the calculation of Fx’
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- - 2 — U2
Fx Ai[ chos02 Plcosa1 + pi(U2 c0592 U1 cosal) ]
, (3.4.3)
The vertical force acting on the fluid plug becomes,
P,A_.sinf. — P,A.,sind, + F_— p.A.g s
171 1 271 2 y ii (3.4.4)
And the change in momentum in the y direction gives
p.A. (U2 sinf, — U2 sind,)
i"i t2 2 1 1 (3.4.5)

which results in the expression for Fy’

- Py - 2 . — 2 Py
Fy Ai [ P251n62 Plsina1 + pi(UZ s1m92 U1 51n01+ gs) ](3 5.6

The forces exerted by the fluid on the pipe are equal and

opposite to Fx and Fy and are given by,

- - 2 - 12
fx Ai [ P100501 P200592 + Pi(Ul c0501 U cosoz) ]

2 (3.4.7)
- s — 2 of — U2 -
fy Ai [ P1s1n01 stinﬂ2 + pi(U1 51n01 U2 sin92 gs)]
(3.4.8)

It is noted that the pressure terms are inaccurate in the
presence of external pressure when the net force must be
calculated through integration of inner and outer pressures over
the curved surface of the tube. The present derivation overlaps
with the pressure integration scheme described earlier. Care
must, therefore, be exercised in considering a combination of
slug flow and pressure calculation using pressure integration
where the preceding method 1is employed. Analogy with Equations
(3.2.29) and (3.2.30) shows that this overlap may be removed by
eliminating the pressure and weight terms from Equations (3.4.7)

and (3.4.8) to give,
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F* = p.A.( U2 cosfd.— U2 cosb,)
X ii 1 1 2 2

= 2 _ 2 2 of
piAi[ (U1 U2) cosol+ U2 51n01d0 ]

= 2 i - - - —
piAiUi sing dé for U1 U2 and 4 01 02 dé

(3.4.9)

using the small angle assumptions. Similarly,

F = p.A,( U? sind,— U2 sind,)
y = P (VT 1~ Y 2

~ 2 _ 2 ind ~ U2
piAi[ (U1 U2) s1n01 U2 cos01d0 ]

(3 .4.10)
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3.5 - INTERNAL FLOW FORCES IN THREE DIMENSIONS

Calculation of internal flow forces in three dimensions follows a
similar procedure to the two dimensional version but with some
added complexity. The use of matrix algebra considerably simplifies
the expressions involved and avoids complicated expressions
involving products of polynomials or geometric expressions. The net
force exerted by the steady flow of a fluid on the pipe is

expressed as,

Aj(P 1T, — Py £.T) + F - pAgs]

1= (3.5.1)
and the total change in fluid momentum is,
p:A, (U%2 i T, - UZ i.T.)
ii 2 2 1 1 (3.5.2)

Equating these two equations, the total force exerted on the fluid

plug becomes,

= - 2 —~ 2 3
F_ = A ((R, 1.T, = Py 1.T;) + p, (U3 1.T,~ U2 1.T)) + p;g s(% % ,

Hence the force exerted by the flow on the pipe becomes,

- . _ 2 =3 —_ 2 3 _ .
£ = A [Py 1.1y = Py 1.T5) + py (U] £.1)- U5 1.T5) — py8 s 1]
(3.5.4)
This expression is identical to equations (3.4.7) and (3.4.8). The

equivalence may be shown by substituting the transformation matrix

for a two dimensional element,i.e.

cosf, sind; O
—sinf, cosfd, O
0 0 1

cosf, sind, O
-sinf, coséd, O
0 0 1

T1(20)” YR

which will identically reduce the above expressions to the two

dimensional versions.
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3.6 - GOVERNING EQUATIONS

3.6.1 - Equations for Flexible Pipes

Consider the element of pipe shown in Figure (3.7). The pipe is
assumed to be of uniform cross section and weight distribution
along its 1length. The forces acting on the pipe, wusing the

notation on the Figure, are:

T - Tensile Force

S - Shear Force

M - Bending Moment

w - Weight per unit length of pipe element

in - Internal pressure force in the x direction

Fyi - Internal pressure force in the y direction

Fxo - External pressure force in the x direction

Fyo - External pressure force in the y direction

Fxs - Internal flow force in the x direction

Fys - Internal flow force in the y direction

Nx - Drag force component along x axis (per unit length)
Ny - Drag force component along y axis (per unit length)

Equilibrium of forces in the x direction yields,

(T+6T)cos(§+68) — Tcosf + (V+6V)sin(8+660) — V sind +

(F +F +F +Ngs)=0
xi X0 X (3.6.1)

Similarly equilibrium of forces in the y direction yields,

(T+6T)sin(f+68) — Tsind — (V+6V)cos(6+60) + V cosfd — w s +

(F .+F +F +N§s) =0
yr. yo ys ¥ (3.6.2)
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For small values of §4, the following approximations are valid,

cos(f+60) = cosf — 68 sinf (3.6.3)

sin(4+68) = sind + 68 cosd (3.6.4)
Replacing small changes in quantities by their equivalent
differential operators and making use of the above approximations,

we get,

—(T sind—V cosf) df + dT cosfd + dV sinfd + F .+ F + F + N s = 0
X X0 Xs X

i
(3.6.5)

(T cosf+V sinfd) d6 + dT sinfd —dV cosd + F I F+F+ N6s —w s =0
y Yo ys y 6
(3.6.6)

Multiplying (3.6.5) by (—sinf) and (3.6.6) by (cosf) and adding

together gives:

Td§ —dV +(F. + F+ F + N §s— w §s)cosd —(F I F+ F + N §s)sinfd = 0
Y1 "yo "ys 'y X1 X0 ~Xs (3.6.7)

Substituting from (3.3.27) and (3.3.28) for pressure forces and

(3.4.9) and (3.4.10) for steady internal flow forces gives

- - - —gi 2 _
T 44 dav [(PiAi Pvo) + r(yiAi—yvo)(cosﬁ sinfdd) ] cos?d df

— —_cd Iin2 _
[(PiAi POAO) + r(yiAi—vvo)(coso sinddf) ] sin?4 44

2 oin2 - 2 2 - : +(N — =0
piAiUi sin“g dé piAiUi cos?g dé Nx6s sind (Ny w) &s coséf

(3.6.8)

Re-arranging and dividing through by (ds) and noting that
(r d§ = ds) gives,

dé dv .
- - 2 v oV — —
(T +P0A0 PiAi piUi Ai) s s + (70A0—7iAi) (cos¥ sind dé)

N sinf + ( N—w ) cosf =0
X y (3.6.9)
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which forms the polar version of the governing equations.
Conversion to Cartesian co-ordinates may be carried out using the

following identities,

2 _3/2
-+ &y

ds (3.6.10)
. d d _1/2
sind = (D[ 1 + &)2)
dx dx (3.6.11)
cosf = [ 1 + (35)2]-1/2
(3.6.12)
v _ &V dx _dv . dv dyy2y-1/*
ds " ax ' ds " ax %80 T [ 1+ (5] (3.6.13)

which after substitution, ignoring the (—sinfd df) term and

re-arranging the (W = 1sAs) term, becomes,

- - 2 231 4y, . -3/2
(T + P A “P.A— pA U ) 5 [1+(50)?] +

dv dy dy -1/2
(v A—A,—~A — = +N —-N ) [1+(55)?] -0
oo 'L'i 's's dx y x dx dx (3.6.14)
Additionally, from Euler beam theory,
2 _3/2
M = EI %% - EI (%;%) [1+ (%ﬁ)2 17/
(3.6.15)
The shear force equation is given by:
3
(3.6.16)

and to a close approximation,
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‘
= B G
(3.6.17)
Finally, the equation is reduced to,
e £ — (T +p GASPiA— piA U2 ) [1+(—Z) -
x4 17 Pty ]
dy _
(7OAO—11A1—1SAS+ Ny) + Nx ax 0
(3.6.18)

which 1is the Cartesian version of the governing equations for

flexible pipes.

3.6.2 - Equations for Rigid Vertical Pipes

For a vertical pipe where 4 — x/2, the following approximations

are valid,

dx

cosf — cotfd — a; sinf , cosecd — 1
ds dy? ds dy dy+

Equation (3.6.9) can be converted to cartesian co-ordinates and

after ignoring small quantities we have,

d*x 2 dx
BT 3 —(T +P A ~P;A—p ;A U2 )(dy2) (AT AT A= N T — N =0

(3.6.19)

which is the Cartesian version of the governing equations for
vertical rigid ©pipes and is in exact agreement with the
conventional equation for rigid risers - see Chakrabarti and

Frampton(1982) or Sarpkaya and Isaacson(1981).

3.6.3 - Equations For Rigid Horizontal Pipes

For small # in Equations (3.6.15), the following approximations

apply,
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3y 2 v _, v diy

(&) —0 and as  ax  El axt
Eliminating small quantities, and introducing the above
approximations,

d'y _ —P.A.— 2y 42y dy ~N) -
EL dx4 (T +Pvo PiAi piAiUi) axz * Nx dx +(ﬁ’sAs-wi.Ai.wyvo Ny) 0

(3.6.20)

which is the final form of the equation of equilibrium for a rigid

horizontal pipe.
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Straight Pipe Element

Figure 3.1 - Straight pipe Element
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Curved Pipe Element for Approxiomate Analysis

Figure 3.2 - Curved Pipe Element for Approximate Analysis
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Buoyancy Model for Pressure Forces

T+dT
t
Ty i
Upthrust Inner Fluid Missing End
-y A ds Weight Pressures
°° YA ds
T;dT T+dT Tyt dT,
t t
g - &Vcds
T Ty
d T s
Dry Weight
YYSASng Te=T-PjAj+ PoA,

We = 7sAs+7iAi' )’OA o

Figure 3.3 - Buoyancy Model for Pressure Forces
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Curved Pipe Element for Exact Analysis

>V

Figure 34 - Curved Pipe Element for Exact Analysis
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Torus  Geometry

z

Figure 3.5 - Torus geometry
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Local Torus Co-ordinate System in Three Dimensions

Figure 3.6 - Local Torus Co-ordinate System in Three Dimensions
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Forces on a Curved Pipe Section

0 T+dT M+dM

>V

Figure 3.7 - Forces on a Curved Pipe Section



-118-

CHAPTER 4 : ANALYTICAL SOLUTIONS

4.1 - INTRODUCTION

Major pipeline and riser designs for offshore applications rely on
computer simulations of one form or other. However, data
preparation and computer time requirements of these methods often
impose constraints on the time and cost schedule of most projects.
Since the major objective of a preliminary study of a suspended
pipe system is one of determining the most suitable geometry for
the given application, an iterative procedure involving numerous
computer runs is often unavoidable. Structural parameters comprise
horizontal and vertical separations, total pipe length, position of
the mid-water  arch, expected vessel motions, bend radius
restrictions, internal flow, fatigue 1life and wear criteria. In
addition, the total number of lines, cost restrictions, fabrication
schedules, transportation and installation method form the
non-structural parameters. Simultaneous satisfaction of all these
constraints is currently impossible, leaving a step-wise procedure

the only alternative.

The shape of a suspended pipe 1is governed by the catenary
equations. These represent a class of equations which take
different forms depending on the geometric boundary conditions of
the system. Solution of these equations provides the pipe profile
and its tensile, shear and bending stress distributions under a
uniform self-weight. Hence, only vertical 1loads of wuniform
distribution along the arc-length may be  accommodated.
Nevertheless, in the absence of 1localised weight or buoyancy
attachments, self-weight is the main contributor to the pipe shape.
Several design variables may be investigated using simple catenary
analyses. These include separation, buoyancy requirements at the
mid-water arch and vessel motions (in a quasi-static sense). In
this chapter a number of common configurations are studied.
Solutions are presented in closed form- where possible- or in the
form of systems of simultaneous equations requiring simple
jterative solutions. The advantages of these techniques lie in
their simplicity and speed which allow a large number of

configurations to be studied in a time less than that required for
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a single computer simulation. For cases where the pipe is
sufficiently taut to be approximated by a straight 1line,
considerable simplifications result. In selected cases, good
estimates of the natural frequencies of the structure and its

dynamic response are shown to be possible.

This chapter starts with a derivation of the elastic catenary
equations including the effects of axial elongation. A series of
specialised applications are then studied. Initially, the simple
catenary profile is studied which 1is directly relevant to
pipelaying and mooring 1line calculations. The assumptioﬁ of zero
seabed angle and axial inextensibility of the pipe are then
introduced and it 1is shown that for such cases, closed form

solutions are possible.

Progressing further, the more elaborate cases of the steep-S and

.the lazy-S risers are studied; both of which include a tethered

buoy. The equations of equilibrium of the tethered buoy are used to
show that these are 1linearly dependent on the horizontal and
vertical forces resulting from the suspended weights of pipes to
its either side. For a given set of catenary forces, the net
residual force at the buoy is shown to be directly available.
Hence, wusing a general algorithm for solution of the standard
catenary equations, an iterative method is employed for solution of
the equations concerned. The simple catenary algorithm presented by

Peyrot and Goulois(1978) has been used in this work.

The steep-S profile calculation is started from a wvertical buoy
position. The buoy is then allowed to translate laterally under the
action of the force residual until equilibrium is achieved. The
displacements of the buoy depend on the tether stiffness in lateral
translation. Special features have been incorporated into the above
algorithm to enable accurate fitting of the catenary pipe to the
surface of the buoy. This feature is of special importance if the
resulting profiles are used in generating a finite element mesh as
it offer the required continuity of the pipe curve. The suggested
algorithm is used in Chapter 8 for a study of the sensitivity of
the configuration to vessel motions in surge and heave in a

quasi-static sense.
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The static equilibrium of the 1lazy-S profile is obtained by
assuming that in the absence of exciting forces other that
self-weight, the tether remains vertical. This is an intended
feature in all designs of these risers as a vertical tether
provides the greatest support and lateral stability. For a given
length of pipe on the vessel side, a unique solution for the lower
simple catenary exists which provides a horizontal tension at the
buoy interface identically equal to that due to the opposite
section of catenary. This may be determined from the pipelaying
equations in closed form. An additional length of pipe must be
allowed to rest on the seabed to accommodate pipe lift-off caused
by buoy excursion under environmental loads and vessel motions. It
then remains to iteratively fit the pipe angle to the buoy surface
at either end and check the reduction in tether tensile forces due
to the vertical pipe weights it is required to support. Having
established the equilibrium position, quasi-static analysis of the
riser geometry under vessel motions may be carried out wusing a
similar procedure to the steep-S case but with some extra
complexity. This arises from the ability of the 1lower pipe for
lifting off and 1laying down on the seabed. This constitutes a
non-linearity which is easily accommodated using the algorithm used

for pipelaying analysis.

The steep-wave geometry is a modification of the steep-S variety
where the tethered buoy is disposed of altogether and replaced by a
section of buoyancy collar. The governing equations for the
steep-wave risers are significantly different from those of steep-S
risers. Instead of the equations of force equilibrium, those of
horizontal and vertical geometric compatibility must now be
considered. These comprise a set of three simultaneous non-linear
eduations, one for each segment of pipe; namely, the 1lower
catenary, the intermediate buoyancy collar and the wupper sagging
portion. It 1is shown that it is possible to develop a set of
general equations for catenaries composed of multiple pipe
sections. These equations are further illustrated to remain
dependent on two variables, irrespective of the number of sections
involved. Similar equations are developed for lazy-wave risers with

the only difference being that the variable seabed length replaces
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the pipe angle at the seabed as a variable; the seabed touch-down
angle being invariably zero in all cases by definition. These
equations are, similarly, shown to be applicable to multiple

segmented risers.

The last heading in this chapter examines the very specialised and
limiting case of towed pipelines. These fall at the limit where the
catenary equations revert to the simpler parabolic cable equations.
This transformation arises as a result of the very small sag to
span ratios of these pipes which permits their weight per unit
length to be considered uniform aldng the horizontal axis instead
of the arclength. Towing methods are a relatively new means for
transportation of long lengths of pre-fabricated pipelines to an
offshore site. Their wuse was first considered as a cheap
alternative to traditional pipelaying procedures which are
sensitive to weather conditions which could halt the supply of pipe
sections to the laying vessel. In towing operations, the pipe is
fabricated onshore, all personnel costs are reduced, and relatively
inexpensive and unsophisticated tow vessels are used for
transportation to the offshore site. However, the major
disadvantage of towing methods lies in the high risks involved with
exposing a much larger and more expensive section of pipe to
operational hazards. The last heading in this chapter describes the
development of simplified static and dynamic analysis algorithms
for towed pipelines. The latter carried out in the frequency domain
using a distributed parameter modal analysis. The numerical
analysis of the dynamics of towed pipelines is usually very time
consuming. This is a result of their 1large dimensions compared to
typical wavelengths which necessitates the use of a very large
number of finite elements. The proposed methods are shown to
provide a very fast calculation method. It is shown that, using
these techniques, results of sufficient accuracy for preliminary

design may be obtained at greatly reduced time and effort.
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4.2 - ELASTIC CATENARY EQUATIONS

In the absence of fluid drag and pressure forces and after division

by (ds), Equation (3.6.9) becomes,

T %% - %% — wcosf =0
(4.2.1)

dé . .
where ds 1S the exact expression for curvature.

The equation for the shear force and bending moment along the

beam given by (3.6.13) and (3.6.15) are now used to give,

dé d3¢
T s EI 353 ¥ cosf = O

(4.2.2)

Equilibrium of horizontal forces between points O and A in Figure
(4.1) yields,

Hy = T cosfd + V sinf

(4.2.3)
Substituting for V and re-arranging, we have,
2
T = H, secd — EI %;% tand
(4.2.4)
Substituting this equation into (4.2.2) gives,
2 3
H, secé %% — EI %;% %% tanf — EI %E% —wcosd =0
(4.2.5)
or more concisely,
2
EI %— [ secd g&% ] — Hy sec?4 %% +w=0
s S (4.2.6)

which is the equation of equilibrium for a uniform beam under
self-weight and includes flexural effets. If the flexural rigidity

term (EI) in equation (4.2.6) is ignored, we have,
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dé w
2 SV N _
sec?y ds H,

(4.2.7)
which can be simplified to,

d w
i ( tand ) = ﬁ;

(4.2.8)
Integrating between limits ( 0 — s ) gives,

tand = == + tanf,

(4.2.9)
where 6, represents the angle at the base of the pipe. The equation

of equilibrium becomes,

dé

T Friai cosé
(4.2.10)
substituting for %% from (4.2.7) gives,
T (s) = H, secd
(4.2.11)
Using (4.2.9) and the identity (sec?p = 1 + tan2?y), we get,
1/2
T (s) =Hy [ 1+ ( %5 + tanf)? ) /
0
(4.2.12)

for small axial strains ¢, the stretched length is given by,

§sg = (1l+¢€)b6s=(1+ %K ) 6s

(4.2.13)
where subscript s, refers to the stretched 1length of the element.

for small s, , the projections of the element on the axes are,

6x = 6s, cosf
(4.2.14)

8y = 8s, sind
(4.2.15)

Substituting for §s from (4.2.13) and taking the limit as s — O,



-124-

- ws 2 1°'/% , Ho
[ 1+ ( H, + tand,) ] + EA

ds

(4.2.16)
H . .-l ws . 4 -1 sH

x(s) = ;ﬂ [ sinh ( ﬁ_o+ tanf,) — sinh ( tand,) ] + EKQ

(4.2.17)
Similarly,

dy _ . ¥s ws 27-'/%, Ha

ds ( H, + tanf,) [ [ 1+ ( H, + tanf,)?] + A ]
(4.2.18)

y(s) = %ﬂ [ [ 1+ ( §§o+ tan00)2]1/2 - (1+ tan200)1/2 ]

ws?2 sH
aor + o tanf,
2EA ~ EA (4.2.19)
Now, using (4.2.13) we have,
ds H ws 1,2
9Sq o ws 2
-1+ [1+¢ m, + tando) ]
(4.2.20)

which after integration gives,

H,2 . .-l ws . 4 -1
So(s) = s + §3EK [ sinh (ﬁ; + tanf,) — sinh (tand,) +

1,2 1/2
GE + tanfo)[ 1+ G + tandg)?] /= tando[ 1 + tan?,) /" ]
(4.2.21)

To obtain expressions for shear force and bending moment,
expressions for curvature and its first derivative are required.

These are given by,

dé i ws 2 1-1/?
i H, [1+ (Ho + tanfy)? |
(4.2.22)
420 _ _, (¥ y, (¥S ws 2 12
37~ 2 (Ho) (Ho + tanfy)[ 1 + (H0 + tanfy)? | .

At given arclength, the angle of the pipe from the x-axis is,
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21
6 (s) = tan ( %E + tanf,)
0
(4.2.24)
Comparison of Equation (4.2.10) with (3.6.9) shows that, in the

absence of current loading and neglecting flexural effects, these

are identical in form. Further, it is readily seen that using,

T =T+ PA —P.A
oo i

— 2
eff piU; A

i i

(4.2.25)

w =y A +y.A, L — vy A
eff s's ii oo (4.2.26)

to replace T and w, it 1is possible to wuse all the equations
derived in this section for calculation of the profile of a
flexible riser subjected to self-weight, internal and external
pressure forces and a steady internal flow. These considerations
significantly simplify the computation of the static profile of a

flexible riser and avoid lengthy numerical procedures. and

T
eff
V.gg are usually referred to as the "effective tension" and

"effective weight" of the pipe.

Once the pipe geometry has been defined, T, which represents the
physical tension in the wall of the pipe may be derived by
subtraction of other terms. An interesting observation 1is that
according to the formulation for effective tension, changes in
internal and external pressures and densities or internal fluid
velocity will not affect the pipe geometry but merely alter its
wall tension distribution. Further, it should be noted that the
pipe geometry or its stress state are independent of the internal

flow direction.
4.3 - PIPE-LAYING EQUATIONS

A pipe-laying profile refers to the simplest catenary configuration
where the top end of the pipe is fixed and the bottom end is at
rest against a horizontal boundary. Such situations arise during
laying of offshore pipes, mooring of vessels and guyed towers and
with some variety of flexible riser applications. Since the same
equations govern the behaviour of all these systems- and for

simplicity- these are considered under the common heading of



-126-

pipe-laying equations. These equations are obtained through
substitution of a fixed seabed angle into the elastic catenary
equations developed earlier. Two modifications are introduced at
this stage. Firstly, the effects of axial elongations are ignored-
this is permitted due to its small magnitude in all cases of
practical interest. Secondly, it will be assumed, hereafter, that
the seabed slope 1is =zero. This simplification is justified since
seabed plains have typical slopes of the order of 5 degree with
higher slopes restricted to hilly regions. For pipelaying
conditions, designers tend to avoid these areas as much as
possible; failing this, more detailed account of the topography is
taken and detailed analyses are carried out which allow for effects
such as axial and lateral friction which are of importance for such
conditions. In most cases, the use of catenary equations for such
situations is mnot  justified. Based on these arguments the
assumption of zero seabed slope may be defended as being one of

greatest practical interest.

For a zero seabed slope (§=0), Equation (4.2.17) simplifies to,

Ho -1 ows
x(s) = w sinh (Ho
(4.3.1)
which gives,
s(x) = o ginn (X
H,
4.3.2)

Substituting this into Equation (4.2.19) and simplifying yields,

H,

y(s) = -° [ cosh(X-’j) -1]

(4.3.3)

Squaring Equations (4.3.2) and (4.3.3) and subtracting the former

from the latter and reducing, we get,
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Hy _ s?—y?
w 2y

(4.3.4)
For completeness, it is noted that for a non-zero seabed slope, the

above expression becomes,

Hy _ s2—y?2
w 2(y secﬁb— s tan0b)

(4.3.5)

These expressions are of use in determining the top tension
requirements in terms of the water depth and suspended pipe length.
Equation (4.3.5) is equally applicable to flexible riser cases
where the base angle is known. In pipeline design, the horizontal
vessel pull is restricted by the vessel power and usually assigned
a maximum which is within a safe margin of the maximum vessel
capacity. Situations also arise where a damaged section of the pipe
needs to be retrieved and replaced or other cases arise where
adverse weather conditions force the operator to halt laying and
lower the pipe end onto the seabed. The above two cases are
normally referred to as pipeline pick-up and lay-down. Both these
operations requires the suspended 1length of the pipe to be
determined. Equation (4.3.4) provides this on re-arrangement. The
criterion during lay-down and pick-up is that the bending stress or
equivalently the curvature at the seabed is kept constant. Equation
(4.2.22) shows that this implies a constant H,. For example, in
the case of pipeline lay-down, having capped the pipe end on the
vessel, a cable 1is attached to this section which is paid out
keeping a constant horizontal tension. This corresponds to the
design tension for laying the pipe. The vessel movements should
clearly duplicate the reverse of those used in laying.
Additionally, the total length of cable is equal to the suspended
length of pipe given by Equation (4.2.19) which provides,

Hg _ y cos ﬂt

w 1 — cos Gt

(4.3.6)

This form of the equation is the most suitable for pipelaying as it

allows the determination of all variables in terms of quantities at
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the vessel attachment point. In a typical situation, the water
depth is known and the required vessel pull is a constant design
parameter which allows the required stinger angle to be determined
from Equation (4.3.6). This may equally be determined from
Equation (4.2.24).

Flexible risers of simple catenary configuration may be analysed
directly using the pipelaying equations presented so far in this
chapter. The main difference between the application of these
equations to pipelaying and flexible risers is in the choice of
variables involved. With pipelaying problems, the designer is
usually concerned with variables at the vessel end; namely, the
pipe slope and the horizontal tension (vessel thrust)- conditions
which are fully defined analytically. In contrast, flexible riser
problems involve the use of three geometric compatibility wvariables
which are the vertical and horizontal offsets and the total pipe
length. Whilst the nature of the problem remains the same, its
formulation and hence solution are altered significantly. The
problem is now one of determining the length of pipe resting on the

seabed. The seabed is assumed to be of constant slope 4 the pipe

of total length, s, which is the sum of the length resging on the
seabed, Sy and the free length, Sg- As 1illustrated earlier, for a
given seabed slope, the pipe shape is a function of water depth
only. This 1is because the imposition of a constant 0b removes one
of the variables required in solution. The horizontal top tension
is easily determined using Equation (4.3.5) and allows the
computation of the total horizontal offset generated. This may
then be compared to the required wvalue and Sp altered until the
total generated offset is within the required tolerance of the
given value. The mathematical statement of geometric compatibility
may then be written as the following system of simultaneous

equations,

Hq 1 wsf -1
s, cosf, + — { sinh ( 7— + tan&b) - sinh (tanﬂb) ]—-x=20

b b H,
(4.3.7)
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s - sb - sf = 0
(4.3.8)
2 _ _ : 2
Hﬂ _ sf (y sb51n0b)
w 2 ( y sech,— s .tand, )
b £ b (4.3.9)

Note that Equation (4.3.9) is an alternative representation of
vertical geometric compatibility. Although the above equations may
be reduced into one by substitution, the resulting expression does
not have a closed form solution and must be solved jiteratively. The
iteration is exceedingly simple and requires incremental increases
of Sp until Equation (4.3.7) changes 1in sign to indicated that
the solution has been overshot. Starting with the quantities from
the previous step, Sy is now incremented in smaller steps and the

procedure repeated until convergence.

4.4 - STEEP-S RISERS

A steep-S riser configuration denotes a riser geometry composed of
a lower vertical pipe section which at some depth climbs over a
subsea buoy and continues to the vessel describing a sagging upper
part. The basic geometry is shown in Figure (4.3); although other
variations are also possible. One such variety is produced where
the buoy is tethered for additional 1lateral stability. Where the
tether forms a structural part of the system, it helps reduce the
tensions in the lower vertical pipe. The governing equations remain
the same except for a change in the lower equilibrating force.
Another variety disposes with the buoy and tether arrangement
altogether and replaces the former with a collar of buoyancy
material. This configuration is referred to as the steep-wave
profile and is studied later in this chapter. The  static
equilibrium of the buoy in Figure (4.3) requires that the
resultant of vertical and horizontal forces on the buoy reduces to
zero. For the given geometry, the equilibrium of horizontal forces

yields,
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H - T, sinfd = 0
(4.4.1)

where T1 refers to the tensile force at the top of the tether. Note

that at the seabed, the tensile force becomes T, (=T,—wl) to allow

1
for the weight of the suspended pipe. Vertical force equilibrium

gives,

F. =V -—-T, cost¢ =0
(4.4.2)

The inclination of the tether to the vertical is,

(4.4.3)

For a given separation (x,y) between the buoy and the vessel and a
constant length s, calculation of H and V requires the solution of
the catenary equations using an iterative procedure. This solution
algorithm must be combined with the algorithm for the overall
equilibrium equations which must also be solved iteratively. The
flow-chart for the system equilibrium calculations is given in
Figure (4.4). A typical algorithm for solution of the catenary
equations is given by Peyrot(1978) and may be used here. The
flow-chart includes an adjustment of the slopes at the buoy
interface to avoid a discontinuity. The slope at the base of the
sagging part 1is a function of (x,vy,s). Consequently, with
increasing x separation, the riser will 1lift off the buoy unless
constrained against such movements. For all cases of engineering
interest, constraints at this location should be avoided as they
give rise to high localised bending moments and continual wear of
the pipe. One is, therefore, justified in assuming that the pipe is

free to adjust its slope to match that of the buoy surface.

It must be noted that solution of the overall equilibrium equations
for steep-S riser geometries may equally be attempted wusing
Equations 1like (4.2.17) and (4.2.19) directly in the overall

system equations. However, the use of such a method would require
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the use of a general purpose mathematical algorithm for solution of
systems of simultaneous non-linear equations. The suggested
alternative offers greater simplicity and relies on the use of a
standard algorithm for solution of the catenary equations, examples

of which are widely available.
4.5 - TAZY-S RISERS

Lazy-S risers are a modified form of the steep-S variety where the
lower section of the riser, instead of being wvertical, forms a
simple‘ catenary to the bed. Lazy-S risers are used Qhere the
horizontal offset between the vessel and the well-head is too large
to be accommodated by steep-S type risers. A 1lazy-S riser is
schematically illustrated in Figure (4.5). The equations of

horizontal equilibrium at the buoy may be written as,

H, — H, + T, sinf =0

1 (4.5.1)
where H, and H, are the horizontal components of riser tension at
the buoy and T1 is the tether tension at the top. Using the

equations for vertical equilibrium we have,

F — T, cos§ -V, -V, = 0
b 1 (4.5.2)

where V, and V, refer to the vertical component of tension due to

adjacent riser parts. The tether inclination may then be calculated

by combining the above equations to give,

s _1( H,— H, )
= tan
Fb— v,— v,

(4.5.3)

H, , H, , V; and V, must all be determined from the solution of
the catenary equations to either side of the buoy. The global
equilibrium is determined iteratively: First, starting values of
variables are determined for zero tether inclination. The
equilibrium of forces at the buoy 1is checked and the required

tether movement to balance this force calculated. For the new buoy
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position, the -equilibrium is checked again and the procedure
repeated until convergence is established. The flow-chart for this
procedure is illustrated in Figure (4.6) which includes a
provision for adjustment of the pipe angles at its interfaces with

the buoy surface.

4.6 - STEEP-WAVE RISERS

Steep-wave riser are composed of a taut lower pipe connected to a
positively buoyant section of catenary which itself joins the
sagging part of the riser which in turn ends at the vessel. This
geometry is shown in Figure (4.7) and 1is seen to be a more complex
version of the steep-S geometry where the buoy arch is replaced by
a free catenary. The equilibrium position for this geometry may be
calculated using the equations of geometry. The equation of
horizontal compatibility for a riser composed of (n) sections of

different effective weights may be written as,

T x, — X =0
i=1,n'
' (4.6.1)
and in the vertical direction,
T y. —-Y =0
i=1,n ©
' (4.6.2)
where,
Ho . 1 wisi . -1
X, = ;i [ sinh ( T tanﬂi) — sinh (tanoi) ]
(4.6.3)
w,.s
H, 1%1 2172 2y (/7
Yy =mu [ [+« H, + tand.) | [ 1+ tan?6.] " ]
' (4.6.4)
1 WS,
0i+l = tan ( H, + tanf, )
(4.6.5)

where (n=3) for the pipe shown in Figure (4.7). The focal
consideration is the constancy of H, which is merely a statement of
horizontal equilibrium. This arises from the lack of all external

horizontal force resultants. It is noted that these equations may
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be expressed in terms of the two variables H, and #,, all other
quantities being related. An iterative procedure is required for
solution of this class of equations. Many standard mathematical
algorithms are available for this purpose. For this work, the NAG

(Nottingham Algorithms Group) routine CO5NBF was utilised.

4.7 - TAZY-WAVE RISERS

Lazy-wave risers are typically comprised of four sections. A free
length is provided on the seabed which rises in a simple catenary
profile to the mid-water arch which forms a positively buoyant
catenary section and which, in turn, joins the sagging part of the
riser terminating at the surface vessel connection. This geometry
is 1illustrated in Figure (4.8). The equation of horizontal
geometric closure for a catenary composed of (n) consecutive

sections takes the form,

bed i
i=l,n 4.7.1)

and vertical geometric closure condition leads to the equation,

T vy, — Y =0
i=1 ni
i=1, (4.7.2)
where,
Ho _1 WiS;.L . _1
X, = - [ sinh ( H, + tanai) — sinh (tanoi) ]
i (4.7.3)
w.s
Eo i%i 2 1/2_ 2 1/2
v = [ L1+« Ho+tanﬁi)] [ 1+ tan?6,] * ]
1 (4.7.4)
1 w.Sg
0i+l = tan ( o, + tanﬂi )
(4.7.5)

subject to the boundary condition 01=0. Since all the loads acting
on the system are vertical, the horizontal force equilibrium
implies that H, remains constant throughout the length of the pipe

which allows the expression of all the above equations in terms of
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s; and H, only. Due to the non-linearity of these equations, a
standard methematical procedure must be employed. For the purpose
of this work, the NAG algorithm COSNBF which was also used in the

solution of the steep-S problem was utilised.
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4.8 - TOWED PIPELINES

Transportation of pre-fabricated pipelines or tethers by towing
offers a cheap and time saving installation method. Calculation of
the static and dynamic response of towed pipelines is
conventionally done using a finite element or equivalent numerical
analysis technique - see Redshaw and Stalker(1976) or Rooduyn and
Boonstra(1985). Similar work has been done on towed instrument
arrays used in offshore surveying - see Kato et al.(1985). The
typical geometry of a towed pipeline allows simplifications to be
introduced and solutions obtained using analytical rathér than

numerical techniques.

A typical towed pipeline may be from 0.5 to 4 km in length but only
1 to 2 metres in diameter. This justifies the assumption of
negligible bending stiffness for a preliminary static design. The
case of a pipeline with a small sag to span ratio and without
attachments is governed by the conventional catenary equations.
The addition of chains and buoyancy modules tends to distort the
natural catenary shape but provided the distribution of these is
relatively uniform along the pipe and they appear in a sufficiently
large number, the catenary shape will be closely approximated.
Furthermore, since these lines typically have very small sag to
span ratios, the assumption of uniform weight along the arclength
may be replaced by one of uniform weight along the horizontal axis.
This approach allows the parabolic cable equations to replace the
catenary equations; considerably simplifying the algebra. For the
geometry 1in Figure (4.9a), the parabolic cable equations - see

Meriam(1980)- define the pipe slope as,

(4.8.1)

where w is the net buoyant weight per wunit length of the pipe
bundle including the effect of mass or buoyancy attachments
distributed as equivalent uniform loads and H, is the horizontal
end tension. Integration of this equation yields the equation of

shape,
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wx?
Y= 2,
(4.8.2)

By evaluating this at x = L/2 and equating with the central sag, h,

we also obtain,

w__ 8h
H, ~ L2
(4.8.3)
4hx?
2
L (4.8.4)

Figure (4.10) illustrates the level of approximation involved in
using the parabolic cable equations in place of the catenary
equations for pipes of small sag to span ratio. It is noted that
with  reducing sag the catenary equations become almost

indistinguishable from the parabolic cable equations.

Considering the free body diagram of an element of pipe, the

vectorial summation of forces yields,

1/2
T= ( H3 + w? x2%)

(4.8.5)
and upon substitution for H,,
4 12
T= w (x*+ga5)/
(4.8.6)
The maximum tension occurs at x = L/2. Thus,
wlL L2 1/2
T = — (1 + 37535)
max 2 16h (4.8.7)

The length, s, of the pipe is found by integration,
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=

= 1/2
s=2 |? 1+ (%) ax
0 o (4.8.8)
which gives,
Ho inh™ . (YL L wh y, 71/2
s = ° [ sinh (2Ho)]+2[1+(2ﬁo)]
(4.8.9)

With the geometry of the pipe fully defined, it is possible to
examine the effect of 1loading due to in plane current whose
velocity 1is assumed constant with depth for simplicity. Consider
the vertical equilibrium of forces in Figure (4.9b) noting that

the co-ordinate axes have been shifted to the pipe end.

X
V(x) = - [ Vo(x) + J F_ dx ]
o Y

(4.8.10)
where,
L
Vo(x) = w (x=-73)
(4.8.11)
and for horizontal equilibrium,
1 L X
T(x) = Hy(x) + 3 f FX dx - I F_ dx
0 0 (4.8.12)
For moment equilibrium,
X X
M(x) = My— T(x).y — V(X).x — I F .x dx — I F_.y dx
o Y o ¥
(4.8.13)

with the notations of Figure (4.9b). Using the normal component of
fluid velocity, the drag force components per unit length on an

element of pipe immersed in a current flowing in the positive x
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direction is given by,

L
F = — p C, RU? sin34 dx for 0 < x < 7
x °d o 2 (4.8.14)
. L
F = + p C, RU2 sin%f dx for < x< 1L
X od o 2 (4.8.15)
and,
F = + pOCd ROU2 sin24 cos § dx for 0 < x < %
y (4.8.16)
L
F = — p C, RU? sin?f cos § dx for 7 < x <L
y od o 2 (4.8.17)

Note that the origin of co-ordinates has been shifted to (L/2,h).

The sine and cosine functions in Equations (4.8.14) to (4.8.17)
above can be conveniently represented as functions of pipe slope
using (3.6.11) and (3.6.12) and substituted in equations
(4.8.10), (4.8.12) and (4.8.13) to yield expressions for
horizontal tension, vertical shear and bending movement along the
pipe. A simple transformation of co-ordinates will then yield the

force resultants along the axis of the pipe.

DYNAMIC ANALYSIS

Dynamic response of the pipeline in regular waves can be calculated
using a modal decomposition method. The bundle is idealised as a
distributed parameter system with lumped masses and srings at its
ends - see Figure (|C.9a). Details of the method may be found in
Clough and Penzien(1982) or Thomson(1981). First, an eigen-valve
analysis 1is carried out to obtain the natural frequencies of the
pipe. A Rayleigh-Ritz formulation offers a particularly simple
and accurate method for such calculations. The potential energy of
the system is expressed as a summation of the strain energies in
flexure, translation and rotation of the end springs and the axial

elongation of the pipe. The kinetic energies are due to the inertia
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of the distributed pipe mass and the lumped masses at the ends of
the pipe. The total energy is the sum of the potential and kinetic

energies and is stated by,

(4.8.18)
1 (- 1
- n 2 = 2
I 2 Io EI y"(x)%dx + 5 ky y(xi,t) xi-O,L
1 1 -
= ' 2 = ' 2
+ 5 k. y'(x,,t) |x=0,L +2J‘ T(x) y'(x)2dx
i 0
L
1 . 2 1 . 2
+ 3 Jo m(x) y(x,t)?dx + 5 M y(xi,t) Ixi'o»L
(4.8.19)

where the (') and (.) denote differentation with respect to x and
t respectively, ky and kr are the vertical and rotational end
spring stiffnesses, m(x) 1is the combined mass and added mass per
unit length of the pipe and M is the lumped end mass.

Minimisation of the total energy of the pipe is represented by,

di = dU + dT =0 (4.8.20)
The Rayleigh-Ritz method requires an estimate of the deflected
shape which at least satisfies the geometric boundary conditions of
the system. The accuracy of the resulting eigen-valve analysis>
depends on how closely the estimated profile resembles the actual
deflected shape. Since a large number of modes are usually used in
dynamic analysis of towed pipelines, and to maximise accuracy, a
Fourier series is chosen to represent the deflected shape. The

series expansion takes the form,

. nrx nnx iwt
y(x,t)= g [ An sin ( I ) + Bn cos ( L ) ] e

for n =1,2,3,...
(4.8.21)
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The sine terms represent the anti-symmetric vibration modes whilst
the cosine terms represent the symmetric modes. An and Bn are
constants determined from boundary conditions. It is noted that the
cosine terms are included to account for the displacements in the
springs at the pipe ends. Substituting equation (4.8.21) into

(4.8.19), minimising the resulting expressions with respect to

modal constants An’ Bn and using modal orthogonality relations -
see Clough and Penzien(1982) - the eigen-value ©problem is
conveniently decomposed into two uncoupled symmetric and
anti-symmetric problems. From the solution of the minimised
equations, The eigen values for the anti-symmetric modes are given

by,

nm,, | EIL nm,, TL
G [ BE @D e + G
2 .
wn mL
N
(4.8.22)
and those for the symmetric modes by,
EIL nm,, nm,, IL
[ 5 ( L) + 2ky+ ( L) 2 ]
w2 =
n ( g& +2M )
(4.8.23)

Before progressing with the modal analysis, boundary conditions
are used to establish the required coupling between symmetric
and antisymmetric modes of vibration. Using the standard equation

for shear force,

V = EI y''’ (4.8.24)

the equilibrium of vertical forces for each mode at x = 0 can be

written as,

ELy' " |0 = g ¥

x=0 ~ 1Y |x—0

(4.8.25)
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Similarly equilibrium of rotations for each mode at x = 0 gives,

EI y'' -k .y

x=0 r x=0

(4.8.26)

Substituting for y from (4.8.21) into (4.8.25) and simplifying

gives,

— (B%y3

- S A
A k +M w;

y (4.8.27)

Similarly, for the anti-symmetric modes of vibration,

nm
EE _ - (f_) EI
A kr

(4.8.28)

Using equation (4.8.27) and (4.8.28), we can now write the mode

shapes as,

iwt . nnx n nnx
y(x,t)= qe % An[ sin (—f_) + K; cos (_f_)]
(4.8.29)
It is noted that with increasing stiffness of the vertical spring
in Equation (4.8.27), the ratio (Bn/An) tends to zero, thereby

eliminating the symmetric modes of vibration.

The equation of dynamic equilibrium takes the usual form,
my +by+Ely'''" = f(x,t) (4.8.30)

where f(x,t) represents the forcing function and b is the total

damping constant. The solution is of the form,
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yx,t) = I ¢ (x) q_(t)
non n (4.8.31)

where ¢n is the shape of mode n and 9, is a time dependent

constant. Using equation (4.8.29), we can write,

¢n(x) = sin (2%5) + KE_ cos (B%E)
n (4.8.32)

Substituting equation (4.8.32) into (4.8.30), premultiplying by .

¢S and integrating gives,

L .. L X
J m ¢ =(e qn) dx + IO c ¢ 2(é_q ) dx

0 s sn''n n
~|L L
+ 0 EI ¢s §(¢é qn) dx = o ¢s f(x,t)dx
(4.8.33)
Using the modal orthogonality relationships,
L
o ¢S m ¢n dx =0 , L =/= g
J (4.8.34)
L
o ¢s EI ¢n dx = 0 , N =/= g
J (4.8.35)
and,
L L
¢n EI ¢ﬁ"'dx = w; m [¢n]2 dx
0 0 (4.8.36)

we get,
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g tp 9, te

xS

L
9~ =5 [ ¢n(X) p(x,t) dx
0 (4.8.37)

where,

L
%, (617 dx
(4.8.38)

Since the forcing function is harmonic, the response will also be

harmonic and we may write,

q (t) = g e**
(4.8.39)

where 9, is the modal ©participation parameter in mode n.
Substituting (4.8.22) into (4.8.20) and simplifying we get,

L
(o 10 S +w2) = E%" J $(x) p(x,t)dx
n Jo (4.8.40)
and,
L
400 px,t) dx
- 0
q -
md [(w2 - w?2) + iw = ]
n n m
(4.8.41)

Since the eigen-values for the symmetric and anti-symmetric modes

are different, Wy is used to denote the anti-symmetric modes and

Wpo the symmetric modes. We have,
L . nnx L nwx
a 1 IO sin ( L ) p(x,t) dx . Bn jO cos (_E—) p(x,t) dx
n md 2 _ 2 iw S 2 2 i S
[(wAn w?) + iw o ] An [(an w?) + iw o ]

(4.8.42)
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Summing the responses over the required number of modes yields the
total deflection. This also permits the internal forces to be

determined.

The dynamic wave force per unit 1length of an element of pipe is
given by the Morison equation (6.2.5) where the fluid velocities

are obtained from the Linear (Airy) wave theory,

f(x,t) = pvoCmun - pvo(Cm—l) X + pOCdRo|un— X I(un— xn)

(4.8.43)

The vertical fluid velocity, using the notations in section (6.3),

is given by,

u --w sinh k(y+d) cos (kx—wt)

" sinh (kd) (4.8.44)
and vertical fluid acceleration by,
0 = - w2y SR KO ey
n sinh (kd) (4.8.45)

A possible simplification may be introduced by ignoring the effects
of structural displacements in the linearised drag coefficients and
using the absolute value of fluid velocities. Having combined the
added mass term with the physical mass term on the left hand side

of the equations of motion, the hydrodynamic loading becomes,

u
max

f(x,t) = pvoCmfl + 8 C.R

n 3r po do S(u X))

n n
(4.8.46)

The 1linearisation technique is that due to Krolikowski and
Gay(1980) and is described later in section (6.4) of this thesis.
The last term represents the equivalent drag damping and can be
similarly combined with the structural damping term on the left
hand side of the equations of motion. The pipe also offers
structural damping which can be quantified by assuming a

Rayleigh type mass and stiffness proportional damping - see
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Clough and Penzien(1982) - given by,

bs =am+ 8 EI
(4.8.47)

where constants a and 8 are estimated or determined wusing the
results of the eigen-value analysis. Finally, the drag force

induced damping is given in linearised form by,

8
bd T 3 pocd Ro umax

(4.8.48)

The simplifications introduced allow Equation (4.8.42) to be
integrated analytically. Although the computations are relatively
long, a consideration of the relative magnitudes of the modal
participation parameters, will normally permit a large number of
higher modes to be excluded from analysis, hence reducing the
number of calculations. It should be noted that although the
results of such dynamic analyses may not be of required accuracy in
design, the use of this simple method allows a suitable preliminary
indication of pipe geometry, tensile, shear and bending forces,
natural frequencies and dynamic response characteristics. Further,
as with this class of problem a large number of modes are expected
to contribute to the overall response, a large number of natural
frequencies must be determined. Although this requires little
effort with this method, it is nevertheless a large computational
exercise with numerical finite element methods where an eigen-value
analysis must be carried out whose cost increases rapidly with
increasing number of required eigen-values. Since the minimum
required number of modes may not be anticipated before the
analysis, usually a larger than necessary number of modes must be
used. The foregoing method allows a good estimate of the modal
participation parameters with great speed which may be used as a
guideline before finite element runs. Additionally, a prior
knowledge of these parameters helps proportion the element sizes, a
factor which is also of great importance in accurate finite element

modelling.
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Elastic Catenary Model

Figure 4.1 - Elastic Catenary Model
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Simple Catenary Riser Model
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Figure 4.2 - Simple Catenary Riser Model
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Steep-S Riser Geometry
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Figure 4.3 - Steep-S Riser Geometry
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Flow-chart for Calculation of the Steep-S Profile

Assuming an initially vertical tether, fit the
pipe slopes to those of the buoy surface

Top displacements dx=dy=0

Tether Angle =0

Calculate horizontal force imbalance at buoy

Check that buoy upthrust is sufficient
to support the pipe weight resultants

Calcluate tether angle required for equilibrium

NO Check for convergence of tether angle
YES
YES
Last set of top displacements? Stop
NO

Read required quasi-static top displacements (dx,dy)

Figure 4.4 - Flow-chart for Calculation of the Steep-S Profile
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Lazy-S Riser Geometry
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Figure 4.5 - Lazy-S Riser Geometry
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Flow-chart for Calculation of the Lazy-S Profile

Assuming a zero tether angle for the at-rest profile, calculate

the horizontal force resultant at the buoy due to the weight
of the sagging part of the riser. Proportion a lower catenary
which produces a force equal but opposite to the above

|
Tether Angle =0

Fit the pipe slopes on either side of the buoy to
match those of the buoy surface at contact point

Read required top displacements (dx,dy)

Calculate horizontal force imbalance at the buoy

Calculate tether angle from vertical required for equilibrium

NO Check for convergence of tether angle

YES

Stop

Figure 4.6 - Flow-chart for Calculation of the Lazy-S Profile
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Steep-Wave Riser Geometry
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Figure 4.7 - Steep-Wave Riser Geometry
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Lazy-Wave Riser Geometry
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Figure 4.8 - Lazy-Wave Riser Geometry
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Towed Pipeline Model
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Figure 49 - Towed Pipeline Model
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Figure 4.10 - Comparison of catenary
and parabolic profiles for different
pipe lengths
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CHAPTER 5 : FINITE ELEMENT STATIC ANALYSIS

5.1 - TINTRODUCTION

The historical development of static analysis methods for suspended
pipe spans which was discussed in Chapter 2, shows a gradual
transition from simple hand calculation models to more elaborate
nunerical equivalents. Analytical models provide rapid and accurate
results, but become unmanageable with 1increasing structural
complexity. Traditionally, the Eulerian beam equations have been
used for analysis of the simpler cases of rigid vertical risers-
see Sparks(1979)- including some iterative or geometric methods
such as those used in design of suspension bridges- see Timoshenko
and Young(l965). Such methods are restricted to simple loading
conditions and often can only take account of the self-weight. The
increasing complexity of present day risers and their associated
loadings, coupled with the rapid growth of computer based numerical
techniques, have initiated a trend towards the use of these methods

in general preference to the earlier techniques.

The popularity of finite element techniques in numerical analysis
is a result of their adaptability, ease of implementation, lower
computer storage requirements and shorter run times. Conventional
finite element techniques, 1in addition to providing the required
flexibility and generality, allow a reduction in computer storage.
The reduction also implies that a larger number of elements may be
accommodated within the computer allowing greater accuracy to be
achieved. Based on the foregoing considerations the finite element
method was chosen for this work. The non-linear nature of suspended
pipe systems must be accommodated using a non-linear analysis
technique. Two basic methods exist; namely, direct iteration and
incremental analysis techniques. Direct iterative methods are based
on the use of a series of improving approximations for arriving at
the exact solution. This represents a state of simultaneous
equilibrium between loads and deformations of the structure. On the
other hand, incremental methods involve 1loading the structure
gradually using small increments of the total load at each stage
and calculating its deformations and stresses cumulatively.

Although incremental methods are more reliable and do not suffer
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from convergence problems, it is sometimes necessary to ascertain
their accuracy by carrying out intermediate or final equilibrium
iterations. Methods involving a combination of both types are
called hybrid methods. This chapter first discusses the direct
method and then an example of the incremental method which uses a
deferred averaging procedure devised to improve its accuracy. The
latter is an improvement to the basic incremental method and has
been developed in this work. The algorithm for a hybrid method is
also outlined which relies on the simultaneous use of both these
methods. A comparison of their relative merits and example results

of each method are presented in Chapters 7 and 8.

The philosophy behind each method described here is different. The
direct iteration method 1is suitable for cases of moderate
non-linearity and deformation independent loading. It 1is started
from a known equilibrium position and the forcing is thus kept
constant throughout. All displacements are likewise calculated with
respect to the original configuration. As a result, deformation
dependent properties and loading may not be accommodated directly.
Convergence properties of this method depend on the individual
characteristics of the equations being solved. The method is quite
suitable for most flexible riser cases, provided that a starting
geometry is available. The direct method is also of particular use
in providing a means for intermediate equilibrium iterations within

incremental and hybrid methods.

Incremental methods are of great popularity for non-linear analyses
as they do not suffer from convergence problems and can radily
accommodate large geometric and loading non-linearities. For
non-linear 1loads, two approaches are possible depending on the
nature of loading. If the total 1load may be assumed deformation
independent, it can be calculated once and divided into the
required number of increments. However, if the loads are strongly
deformation dependent, often the physical phenomenon resulting in
the given loads must be incremented. For example, in calculation of
pressure forces, the load due to an increment of the total pressure
may be applied first and followed by further 1loads due to
subsequent increments. It must be emphasised strongly that whilst

for linear loadings the force increment is only dependent on the
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load increment itself, for non-linear cases, it is also a function
of the starting and end values of loading. For this reason, in
non-linear cases, the force increment at each stage is taken as the
difference between the forces at the current and the previous
stages. Fluid drag loading is an example of non-linear loading. To
guarantee accuracy, equilibrium iterations are sometimes carried
out at each step of incremental loading. Methods obtained from
combination of an incremental method and an inner iterative method
are called hybrid methods. The conversion from an incremental
algorithm to a hybrid form is easily programmed and is often

provided as an optional feature on many commercial programs.

A specialised development of the above method is required for
solution of some flexible riser problems where a starting
equilibrium geometry close to the final profile is not readily
available. Such cases are typified by steep-wave and lazy-wave
profiles. An arbitrary starting profile 1is then adopted whose
equilibrium may be ascertained easily. One of the pipe extremities
is then shifted to 1its intended position incrementally. Such
procedures involve careful wuse of hybrid methods with special
modifications for handling the complexities introduced by the

quasi-static force required to translate the pipe end in space.

The foregoing considerations pertain to structures whose governing
equations are well-behaved and do not suffer from instabilities or
ill-conditioning. Pipelines and mooring lines are examples of such
systems. In contrast, flexible riser equations are known to be
strongly ill-conditioned. This arises from the large differences in
the magnitudes of axial and flexural rigidities of these pipes.
Such characteristics influence the solution of steep-wave and
lazy-wave problems where rigid body translations result in large
rigid body rotations of the pipe. The low flexural rigidity of
flexible pipes and the coupling between axial and flexural
deformations result in relatively large local rotations translating
to unrealistic axial compression on the pipe. Several approaches
are found in the 1literature which attempt to prevent these

ill-conditioning in a variety of ways. These are:

(1) The use of an extra axial inextensibility equation to exactly
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negate all axial strains. This method has been used by McNamara et
al.(1986), O’Brien et al.(1987), and, O’'Brien and McNamara(1988)

and provides the axial forces directly.

(2) The wuse of an 1initial axial pre-stress which 1is removed

incrementally. This is the method used by Mathisen and Bergan(1986)

(3) Elimination of the axial component from all vectors of local
element forces and additionally, providing strain balancing forces
to zero any remaining strain residuals resulting from numerical
round-off and axial-flexural coupling effects. The axial férces are
then determined using the catenary equations to determine these at
the vessel connection point and working back wusing the axial
components of the local element force vectors. This method has been

used successfully by Vogel and Natvig(1986).

-(4) Elimination of the axial degrees of freedom altogether from the
equations of motion and calculation of tensile forces using
catenary approximations. This method is clearly inaccurate for

detailed design work.

(5) Modelling the static equilibrium equations using a set of three
catenary equations where two negatively buoyant sections are
connected with an intermediate positively buoyant section. This
process has been used by Engseth et al.(1988) and avoids the
problem of shifting the pipe to its equilibrium state. Aside from
its 1inability to deal with arbitrary geometries and complex end
conditions, this procedure is by far the simplest and the most

accurate.

As far as the solution of the general problem is concerned, and
with regard to simplicity, method (3) above appears the best.
However, shifting the bias to accuracy and mathematical rigour,
method (1) is the most systematic. Nevertheless, it requires the
use of non-standard element matrices and forcing vectors as well as
a specific eigen-value analysis all of which result in its
divergence from the standard finite element formulation. Method (2)
is known to require a starting prestress, a case specific loading

mechanism and a possible trial and error process to determine the
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best prestress and loading mechanism. All these factors render the
method unsuitable for general use. Based on these considerations,
methods (3) and (5) were selected for further investigation in this
work. Details of method (3) and its enhancements are discussed

later in this work and comparative results presented.
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5.2 - THE FINITE ELEMENT FORMULATION

5.2.1 - Matrix Equations of Equilibrium

The non-linear static equilibrium equations of a suspended pipe are

given by,

KX .X-F=0
(5.2.1)

where K = Stiffness matrix of structure
X = Vector of nodal displacements

F = Vector of equivalent nodal loads

The stiffness matrix for each element is comprised of the axial,
torsional, flexural and geometric stiffness matrices,. The
geometric stiffness matrix 1is included to account for the
stiffening effect of axial forces on the displacements of the

beam.

SHAPE FUNCTIONS

These are a set of cubic hermitian polynomial functions which
describe the displaced shape of the element and satisfy the
geometric boundary conditions. The  shape function for a given
degree of freedom represents the displaced shape of the beam when
that degree of freedom 1is subjected to a unit displacement and all
other freedoms are restrained. For a materially 1linear system
where  superposition of displacements is allowed, the total
displacement of the beam may be obtained through summation of
deflections of all degrees of freedom. The shape functions are
used in the derivation of the consistent stiffness matrix as
well as the calculation of equivalent nodal loads. The
resulting formulation is hence termed consistent as it uses a

consistent base for modelling of all properties of the system.

The shape functions for an encastree 3D beam element are given in
Figure (5.1). Shape functions for members pinned at node 1 or 2

are given in Figures (5.2) and (5.3).
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CONSISTENT STIFFNESS MATRIX

The element stiffness matrix is a combination of the axial,

torsional, flexural and geometric stiffness matrices.

The terms of the axial stiffness matrix are derived by assuming a
linear variation of axial strain along the element. The elements

of kbar are given by,

L
K (i,5) = EA j #0043 (x) dx , 1,j=1 and 7
0 (5.2.2)

where (') represents differentiation with respect to x. The terms

of the torsional stiffness matrix are given by,

L
Keorsiontlrd) = 67 L HORHMORE , i,j=4 and 10
(5.2.3)
The terms of the flexural stiffness matrix are given by,
L
Ketexure(1:3) = EI . $p0.$1(0) dx, 1,3-2,3,5,6,8,9,11,12
(5.2.4)

The combined resulting member stiffness matrix for an encastree
beam element is given in Figure (5.4). Figures (5.5) and
(5.6) give the terms of the member stiffness matrices for beam

elements pinned at node 1 or 2.

Structures subjected to large axial loads exhibit a different form
of stiffness property referred to as geometric stiffness. This
represents the contribution of the axial force towards resisting

the flexural deformations of the element.

The elements of the geometric stiffness matrix are obtained by

assuming a linear variation of the axial force of the form,
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T(x) = T + 6T (—%—)

(5.2.5)
where: T = Axial force at node 1 (Tensile positive)
6T = Change in axial force from node 1 to 2
These are given by,
. L :
k (1,§) = | #$:(x).$i(x) dx ,i,j=2,3,5,6,8,9,11,12
4 o 1 j
(5.2.6)

The elements of the geometric stiffness matrix for an encastree
beam element are given in Figure (5.7). Figures (5.8) and (5.9)

give the same matrix for a member pinned at node 1 or 2.

Although Equation (5.2.6) is mathematically consistent with the
Finite Element formulation presented, and has exclusively been used
in the past, it lacks physical compatibility with the problem. This
shortcoming may be illustrated by considering the governing
equation of a beam including axial effects (see Clough and
Penzien(1982)),

4 2
BT S+ T Y - £
(5.2.7)
with the symbols having their usual meanings. Depending on the sign
and magnitude of T, the general solution of the differential

equation has three possible forms,

For T< O : y(x) = A sinalL. + B cosal. + Cx + D

(5.2.8)
For T > 0 : y(x) = A sinhal + B coshaL + Cx + D (5.2.9)
For T =0 : y(x) = Ax3 + Bx2 + Cx + D (5.2.10)

where A, B, C and D are constants to be determined from the
boundary conditions and o=|T/EI|. Examination of the above

equations shows that the cubic shape functions are only wvalid for
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the case (T=0). If Equations (5.2.8) and (5.2.9) are
alternatively used, the geometric stiffness matrix will be coupled
to the flexural stiffness matrix. The terms of the combined matrix

for an encastree circular beam section are shown in Figure (5.10).

The use of Equations (5.2.8) to (5.2.10) provides a more accurate
accurate  representation of the geometric stiffness effect.
Although, the error may be small for 1lower values of a, for some
flexible riser applications where T is typically large and EI is

small in comparison, the error can be significant.
EQUIVALENT NODAL LOADS

For a consistent representation of the intermediate loadings
between the nodes these must be converted to a set of equivalent
nodal 1loads which will produce the same effect on the structure as

the original load distribution.

If the transverse load distribution 1is represented by a function
f(x) for the range (0—L), then the equivalent nodal loads are
given by,

L
£ (i) = f£(x).¥,(x) dx ,1,3=2,3,5,6,8,9,11,12
eq 0 i
(5.2.11)

The contribution of axial and torsional loads is similarly obtained
through integration using their respective 1linear shape functions.
If the magnitude of axial or torsional load along the element is
assumed constant, the integration will be equivalent to placing

half the total load on the member at each node of the elementT

Figures (5.11),(5.12) and (5.13) present equivalent nodal loads for
linear-uniform, linear-partial and point loads on an encastree beam
element. Figure (5.14) and (5.15) give the equivalent nodal loads
for a linear partial load on a beam pinned at node 1 or 2. Further

loading conditions are given in Weaver(1980).
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TRANSFORMATIONS

The element stiffness matrix and the nodal force vector have been
given for an element whose axis coincides with the x axis of the
global system of co-ordinates. Before the global structural
stiffness matrix is assembled, all properties of the system must be
transformed to a common co-ordinate system. This is carried out
using a transformation matrix A. For a three dimensional system of
co-ordinates, A is a (3x3) matrix whose consecutive rows denote the
direction cosines of the local element x, y and z axes is global

co-ordinates. A transformation from global to 1local axes is

represented by,
X1ocal = I - Xz1obal

(5.2.12)

where the element translational and rotational degrees of freedom

are arranged in the folllowing order,

T
X= U ¥y 290 Op10 Oy10 9510 %90 Yoo Zg0 Oyps 0yp0 6]
(5.2.13)
and,
I =T7a000
0 A0 O
0 0 A O
0 0 0 A
(5.2.14)
The stiffness matrix is transformed using the relationship,
T
Eglobal_ T Koear - I (5.2.15)

The detailed derivations of the above equations are omitted as they
follows standard techniques of Finite Element analysis. Further
details are given in Bathe(1982), Clough and Penzien(1982), Weaver
and Gere(1980) and Zienkiewicz(1983).
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5.2.2 - Boundary Conditions

For the purpose of static analysis, the ends of the pipe are
modelled by three translational and three rotational springs. The
arrangement of these springs is illustrated in Figure (5.16). These
springs provide control on the boundary conditions and help the
examination of the effects of end fixities on the performance of

the pipe. Either pipe end may also be modelled as a pinned joint.

5.2.3 - Prescribed Nodal Displacements

It is sometimes necessary to examine the effects of prescribed
displacements along the pipe on its stress state. Examples include
quasi-static analysis of a pipe subjected to vessel motions and

pipeline laydown and pick-up.

In the absence of external forces the static equation of

equilibrium (5.2.1) becomes,

(5.2.16)

For a prescribed displacement of a given degree of freedom, the
displacements of the pipe are first seperated into prescribed and

unknown values. This is schematically illustrated by,

X=X +
- -~a

(5.2.17)

where: Kb = Prescribed displacement
Xa = Displacements resulting from Kb
zb represents a vector containing the prescribed displacement at

the appropriate degree of freedom and whose other terms are zero.

Partitioning the stiffness matrix in the same way, we have,
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K .X + K,. =0
—aa’ —a —ab 5b (5.2.18)

This effectively represents partitioning of the prescribed degree

of freedom out of the stiffness matrix and displacement vector.

X =-K (K. X))
—a —aa ab Xb (5.2.19)

Having determined vector Xa, it may be combined with Xb to yield
the total pipe displacement vector resulting from the prescribed
displacement. Finally, the virtual force vector which would effect

displacements Kb can be calculated using,

F =K. (X+X)
b & % (5.2.20)

In practice, the partitioning of the stiffness matrix 1is not
necessary. Alternatively, the vector —xb is first constructed and
pre-multiplied by K. Then, the rows and columns of the stiffness
matrix corresponding to the prescribed degree of freedom are zeroed
and unity is inserted in the diagonal position. The corresponding
degree of freedom in the force vector is then =zeroed which
uncouples that degree from the equations. The solution of the
resulting equations yields the vector Ka with a zero entry for the
prescribed degree of freedom. This entry is then replaced by the

value of the prescribed displacement.
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5.3 - STATIC LOADS ON THE PIPE

The total static load on the riser is composed of the following:

a) Self-weight

b) Internal and external pressure forces
c) Fluid drag

d) Internal flow

The self-weight of the pipe produces lateral and axial components

which may be integrated using methods outlined in Section (5.5).

Forces arising from internal and external fluid pressures may be
calculated using a buoyancy analogy - see Sparks(1979), Sparks et
al. (1982), Sparks(1984), Mc.Iver and Olson(l98l) - or more
accurately using an exact integration of fluid pressures over the
inner and outer surface areas of the pipe - see Chakrabarti and
Frampton(1982) or Young and Fowler(1978). A series of results for
such integrations in two and three dimensions were presented in

Chapter 3.

The fluid drag force is a measure of the resistance of the pipe
to the flow of fluid in which it is immersed. The drag force on
a cylindrical element placed with its axis perpendicular to

the flow is given by,

Fy = P C4R,L lu | U 531
For a flow at oblique incidence to the pipe, the velocity vector is
resolved into components tangential and normal to the pipe axis.
The normal component 1is treated as a transverse load and is
calculated wusing the above formula. The tangential component is
often neglected or integrated wusing the above formula but with a

coefficient (Cd) much smaller than for normal drag.

Expressions for internal flow forces are given in Chapter 2. For
a static case, a uniform flow is assumed and the calculated forces

are distributed uniformly along the element.
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5.4 - SOLUTION OF NON-LINEAR EQUATIONS OF EQUILIBRIUM

5.4.1 - Direct Iteration Method

The Direct Iteration Method is used to obtain the exact equilibrium
solution of a non-linear system of equations. The method requires
an approximate starting solution vector and its convergence
characteristics are dependent on the nature of the problem
considered but more heavily on the accuracy of the starting vector.
For most problems involving suspended pipes, the catenary equations
provide an accurate approximation to the pipe profile and hence the

latter requirement is satisfied.

Consider a first solution of the equation of equilibrium (5.2.1),

= 50_1° F

X 13

1 (5.4.1)
where K, represents the tangent stiffness matrix. Using the new set
of displacements, 31' the stiffness matrix may be updated and used

to obtain a further approximation,

X -k L . F

= So-b o (5.4.2)
A measure of error is provided by,

E= X -X

- T S (5.4.3)

Two alternative convergence criteria may be used. Firstly the dot

product E.E may be employed, which is equivalent to,

X - X <el| X, |
0™ =(n-1) I I (n—1) (5.4.4)
where ¢ is a specified tolerance. Equation (5.4.4) presents a

mathematical convergence criterion. Alternatively, a physical
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criterion may be used involving the work done by the force En' This

is stated as,

F X

=n ° '=n” E(n—l)] <

(5.4.5)

The method is schematically illustrated in Figure (5.17) and a
flow-chart provided in Figure (5.18).

5.4.2 - Improved Direct Iteration Method

The shortcoming of the basic Direct Iteration method is in its
inability to allow for deformation dependence of loading. For some
flexible riser applications where the equilibrium geometry
undergoes substantial changes during 1loading, the resulting
solution may be 1inaccurate in a physical sense despite being in
mathematical equilibrium. It must be noted that the Direct method,
nevertheless, 1includes the non-linearities of the stiffness matrix
resulting from tensile force variations wunder load and that the
deformation dependence of 1loads 1is a  secondary source of
non-linearity. The experience in this work suggests that the Direct
method is a very efficient, easy to program and fast way of
solution of non-linear static problems of types encountered with
flexible riser applications. It would therefore be disadvantageous
to resort to incremental techniques which are by definition 1less
accurate except with a large number of steps and using equilibrium
iterations. To overcome this difficulty, a modified version of the

Direct method has been devised.

The new method, which is hereafter referred to as the Improved
Direct Iteration Method, is a logical extension of the direct
method where two nested iterations are performed. The inner
iteration follows the basic Direct approach and the outer loop is
used to ensure that the residual forces resulting from deformation
dependent loading are equilibrated. Starting from a known
equilibrium geometry, the full loading is applied and the displaced
shape calculated using the basic method. The geometry is then
updated and the full load vector for the new profile re-calculated.

The residual force is defined as the difference between this vector
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and that from the previous step and shows the amount of forcing
that has been applied in shortfall or in excess. The residual force
vector is then applied as an adjustment and the basic method is
again employed to iterate for equilibrium. It is important to note
the physical reasons behind the generation of the residual force
vector. The calculated force at the end of a given iteration step
is different to that at the start of the step by exactly the amount
that has become transformed into tensile forces in the pipe. In
order for the overall energy of the system at any step to remain
constant, the residual force needs to be subtracted from the
forcing at the following step. Experience with this procédure has
shown that after the first step which typically takes between two
to five basic direct iterations, subsequent steps use one or two
inner iterations each. The total number of outer iterations for
deformation dependence of forces rarely exceeds three steps. It
must be noted that the above comments solely apply to flexible pipe
applications discussed in this work and are not necessarily true of

other systems.

As seen from the schematic illustration of the method in Figure
(5.19), point A is first calculated using direct iterations. The
difference between the original force vector and that at the
displacement state X; is then calculated and applied to the system
which takes the system geometry to X, and point B. Note that the
stiffness matrix used at point A is different from the tangent
stiffness matrix at the end of the first inner iteration loop
represented by 1line OA and must be calculated for the wupdated
geometry at X,. If this re-calculation is omitted, the number of
subsequent iterations will increase and more computational effort
will be required. It must be emphasised that the kernel
consideration in the use of the Improved Direct Iteration method is
that at the end of each inner iteration for tensile forces, the
structure is in equilibrium with the forces applied thereonto. In a
physical sense, given that the 1loading is notably deformation
dependent, this condition is not satisfied until the end of the
analysis. However,in a mathematical sense, the structure remains on
its equilibrium plane throughout the analysis and hence after all
force adjustments have been applied, the resulting equilibrium

solution will represent the true equilibrium state.
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5,4,3 - Incremental Solution Technique (Deferred Averagin

Incremental solutions involve loading the structure in a series of
steps and re-calculating the stiffness matrix at each stage. The
method may also be combined with intermediate equilibrium
iterations to prevent excessive divergence from the exact solution.
A large selection of incremental methods exist which are
alternative combinations of intermediate and direct methods. In
this section one such method 1is proposed which is mnamed the

Incremental Method with Deferred Averaging.

Using Axn to represent the displacement vector resulting from the

load vector AEn at step n,

-1
AX =K . AF
n (n—1) n (5.4.6)
which allows the calculation of stiffness matrix for step n.

However, the exact stiffness matrix for step n may be expressed as,

K=[aK +8K ..l

n (n-1) (5.4.7)
where a + 8 = 1. In the absence of information on the nature of the
problem considered, a=0.5 and f=0.5 present one possible scheme. We

then have,

1
Knm 2 [ +K

]
(n—1) (5.4.8)

The actual force which would cause the latest set of displacements

may be expressed as,

n. -n° -n (5.4.9)

However, only AEn has been applied. The excess force applied may be

calculated from,
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1
P, - F,-80, -7 (K

e X

K" Rey! - X
n =D n (5.4.10)
E, should therefore be added back to the system at the next step of

loading. Equation (5.4.6) is therefore modified to the following

form,

-1

Agn E(n—-—l) - ( AEn+ F.) (5.4.00)
The method 1is schematically illustrated in Figure (5.21) and
should be compared with Figure '(5.22) which schematically shows
the deferred averaging procedure. The proposed method provides a
correction at each step and has two major advantages over the
iterative techniques. Firstly, it is much faster and more efficient
than the intermediate iteration techniques as it only involves one
matrix multiplication and one matrix addition. The second advantage
relates to the formulation of iterative techniques which usually
use the stiffness matrix at the start of the step for residual
force elimination at the end of the step. Consequently, if the
system stiffness is changing rapidly through a step, or especially
if its second derivative changes sign within a step, divergence of
the solution may result. In contrast, the proposed method uses what
is equivalent to an average stiffness for each step - hence the
title deferred averaging. This technique will tend to force the
solution to follow the equilibrium path. A  flow-chart for
incremental analysis with deferred averaging is given in Figure
(5.23). To confirm the suitability of the method in preference to
the conventional techniques, a simple non-linear single degree of
freedom system whose stiffness was a cubic function of the
displacements was wused for a series of numerical tests. The

following qualitative results were obtained:

- For large step sizes, the method gave a lower error than the
basic incremental method for all cases considered.

- For relatively large step sizes, the results of the method were
in error by about 5% whilst for the same step size, the

conventional method was 35% in error.
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- For a 20 step simulation which is typical for engineering
analyses, the results of the new method were 0.5% in error whilst
a 7% error was noted with the conventional method.

- For a target accuracy of 1%, the conventional method required 74
steps which on inclusion of intermediate iterations reduced to 17

steps and with the proposed method only required 7 steps.

Similar results were obtained for a quintic stiffness system which
confirmed the suitability of the method qualitatively. Later finite
element simulations provided further confirmation of these findings
and showed the method to be capable of accommodating quite strong
non-linearities. Further details and illustrative results are given

in Chapter 8.

5.4.4 - Hybrid Methods

Hybrid methods are the result of a combination of the direct and
incremental analysis procedures. The philosophy behind the use of
these methods is that of avoiding the inaccuracies of incremental
methods and evading the divergence problems associated with direct
methods. A typical hybrid method is 1illustrated schematically in
Figure (5.24) where at the end of each loading step, a series of

direct iterations are performed to prevent a gradual divergence
from the exact solution as seen in Figure (5.21). The presented

version of the method is one of many alternatives which are
available. The choice of the required combination of methods is
often a function of the particulars of the given problem. Strictly
speaking, the Improved Direct Iteration Method and the Incremental
Method with Deferred Averaging which have been formulated in this
work are also hybrid methods which have been purpose designed for
the specific problem. The method illustrated in Figure (5.24) is a

widely known technique and uses the stiffness matrix at the start
of each step for carrying out the equilibrium iterations at the end
of that step. This algorithm is commonly known as the Newton's
Method. Sometimes a modified version of this method is wutilised
where the stiffness matrix 1s updated continuously during
intermediate iterations. This would involve further computational
effort and more decompositions of the stiffness matrix at each

iteration. For some non-linear systems, this method may offer a
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higher rate of convergence. The incremental method developed in
this work includes an option for intermediate iterations using both
forms of Newton’s approach. A special version of the Hybrid method
is required in the solution of flexible riser problems involving
incremental shifting of one end of the pipe to its equilibrium

position. These are discussed in the following section.

5.4.5 - Incremental Shifting Procedure

A specialised combination of the direct and incremental methods is
used for analysis of flexible riser cases where due to .initial
indeterminacy of shape, it 1is not possible to obtain a direct
solution from the catenary equations. Such situations result from a
non-uniform buoyancy distributions or the existence of several
buoyancy and clumped weight sections. In such cases, the only means
of obtaining the equilibrium profile is by starting from a known
pipe geometry, usually a straight configuration and shifting one of
the pipe extremities to its required final position. Whilst simple
in outline, such  procedures are of great complexity in
implementation. The difficulties are caused by the ill-conditioned
nature of the governing equations for these pipes. As mentioned
earlier, these arise from the large differences in magnitudes of
axial and flexural rigidities of the pipe. A survey of several
alternative methods has been presented in Chapter 2 and a
discussion of the relative merits of these methods has already been
presented in the introduction to this Chapter. It was pointed out
in the 1latter that the selected approach is due to Vogel and
Natvig(1986). Although the fundamentals have been kept the same,
the solution procedure has been developed on the basis of the
direct and incremental methods discussed earlier and is different

from that used by Vogel.

The large pipe displacements involved in shifting the pipe to its

equilibrium geometry mean that in analysis,

a) The loading must be assumed deformation dependent.
b) Rigid body rotations must be distinguished from curvature
induced rotations.

c) The effect of second order rotations on pipe axial forces must be
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considered. Such rotations lead to apparent shortening of element
length which is mainly curvature induced and should not be
considered as an axial strain.

d) The tensile forces must be calculated independently

e) The condition of zero axial strains must be imposed

Hence, starting from a straight geometry, the pipe is loaded by its
apparent self-weight including the effects of buoyancy modules and
its equilibrium calculated. One of the pipe extremities, often its
top end, is then incremented in plane towards its final position.
This is done by calculating the virtual force required for the
translation and imposing this on the structure as an additional
real force. The point to note is that the ends of the pipe are
pin-jointed to prevent large moments from being developed. Although
it 1is possible to use encastree or spring boundary conditions at
pipe ends, this may lead to numerical problems in some cases and is
not recommended. Prescribed boundary angles may be enforced with
greater ease once the final equilibrium position is reached. At the
end of each step, the residual force vector is calculated and the
Improved Direct Iteration method is used for its elimination. The

residual force vector is composed of three components. These are,

a) The force due to change in pipe geometry which is a direct
result of the deformation dependence of the loading on the pipe.
This is equal to the difference between the new total force
vector and that from the previous step. Note that only the
change in this force needs be applied after the first step.

b) The force required to exactly negate the axial strains resulting

from the rigid body displacements.

c) The force required to adjust any misclosure of the ends after
the shift. Experience has shown this component to be very small

and negligible in the majority of cases.

It must be emphasised that once the virtual force due to end
displacements has been applied and equilibrium re-established, this
force 1is not used in calculation of the deformation induced force

increment which results from the pipe apparent weight. Further,
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this should not be carried through to the next step as its effect
ceases to continue after the equilibrium has been established. The
strain balancing force vector is used as a means of imposing the
zero strain condition. This force is simply computed by calculating
the apparent axial strains in member co-ordinates, calculating the
forcing required to neutralise these and maintain a constant member
length. This is then transformed to global co-ordinates and
combined with forcing from all members to form the system strain

balancing force vector.

Having established the basics of the procedure, there remains two
unresolved problems; namely, the calculation of tensile forces and
bending moments along the pipe. Amidst all methods available, the
simplest 1is wundoubtedly that due to Vogel(1986) who has used a
basic understanding of the behaviour of catenaries to advantage and
proposed that the tensile force distribution may be computed by
considering the catenary profile formed between the end of the
buoyancy modules on the vessel side and the top connection at the
vessel. The profile and characteristics adopted by this catenary
are almost identical to those of a simple catenary suspended
between these two points. Given the pipe length in this region and
their equilibrium separation, the tensile force at the top of the
pipe may be computed and the remaining tensile forces derived by
forming the element force vectors and systematically subtracting
the axial components from the calculated values of effective
tension until the lower pipe end 1is reached. This approach was
found elegantly simple and accurate for all present cases of

practical interest.

The bending moments may be calculated after subtraction of the
rigid body rotations from the member end rotations - see McNamara
and O'Brien(1986), O’Brien et al.(1987), or O’Brien and
McNamara(1988). However, this would involve a series of
computations and a moderate amount of computer work. Vogel and
Natvig(1986) have demonstrated that the simplest means of
calculating the bending moments is from the pipe curvatures through
multiplication by the flexural rigidity. The pipe curvatures may
themselves be derived by a variety of means. In this work these

were calculated by fitting a circular arc to sets of three
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consecutive nodes in space and taking the inverse of the radius of
the fitted circle. This method was found to provide a very fast
means of calculation of bending moments as the curvatures
themselves mneeded to be calculated at each step for transformation
of element matrices and element force vectors. The accuracy of the
fitted curve may be increased easily by including more points and
increasing the order of the fitted polynomial from two in the case
of a circular arc to three and higher. Nevertheless, unless large
element sizes and curvatures are present, such exercises are not

considered necessary.
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Y (x) P’ (x) P (x)
X 1
- - 0
L L
X X X x2 6 12x
1-3@?2+2 3| —6- +6- - —
L L L2 L3 L2 Ls
X X x x2 6 12x
1-3@=)2+2 )3 | -6- +6- -—— —
L L L2 Ls LZ ,L3
X 1
- - 0
L L
X 4x 3x? 4 6%
—x (1--)2 -1+ — - — -
L L L2 L 12
X 4% 3x? 4 6%
x (1—--)2 1 - — 4+ — R —
L L L2 L L2
X 1
(1--) - - 0
L L
X X X x2 6 12x
3 ()2%2-2 ()8 6 — —6— -—- —
L L L2 L3 L2 L3
X X X x2 6 12x
3 ()2 -2 ()8 6 — —6— - - —
L L L2 L3 L2 L3
X 1
(1--) -_— 0
L L
x2 X 2x 3x? 2 6x
(— (1 --) _— = — - - —
L L L 12 L L2
x2 x 2x 3x2 2 6x
- (=) (1--) -+ — - =+ —
L L L L2 L L2

Figure 5.1 — Shape Functions for an Encastree Element
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No ¥ (x) ¥’ (%) P" (x)
X 1
1 - - 0
L L
3x x3 3 3x?2 3x
2 1l —-—+ — - — + — —_
2L 213 2L 2L3 L3
3x x8 3 3x?2 3x
3 1-—+ — -— — —
2L 2L3 2L 2L% L3
X 1
4 - - 0
L L
5 0 0 0
6 0 0 0
X 1
7 (1--) - - 0
L L
3x x3 3 3x? 3x
8 - —_ = — -
2L 2L8 2L 2L3 L3
3x x3 3 3x2 3x
9 —_— —_ - — - —
2L 2L3 2L 213 L3
X 1
10 (1--) - - 0
L L
4 x3 1 3Ix? 3x
11 - - - - - —
2 212 2 212 L2
X x3 1 3x2 3x
12 —— 4+ - - — —
2 2L2 2 2L2 L2

Figure 5.2 — Shape Functions for an Element Pinned at Node (1)
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No ¥ (%) P’ (x) P"(x)
b4 1
1 - - 0
L L
3x2 x3 3x 3x?2 3 3x
2 1- —+ — - —+ — -+ —
2L2 213 L2 2L3 L2 13
3x2 x3 3x 3x2 3 3x
3 1- —+ — - — — - —
2L2 2L3 L2 2L8 L2 Ls
X 1
4 - - 0
L L
3x2 x3 3x 3Ix2? 3 3x
5 X+ — — — 14— - — -——
2L 212 L 2L2 L L2
3x? x3 3x 3x2 3 3x
6 X - — + — 1 - — ¢+ — - — + —
2L 2L2 L 2L2 L L2
X 1
7 (1--) - - 0
L L
3x2 x3 3x 3x2 3 3x
8 —_— e — J— —_— —_— PR R
212 218 L2 2L8 L2 13
3x? x3 3x 3x?2 3 3x
9 - - - —
212 213 L2 218 L2 L3
X 1
10 (1--) - - 0
L L
11 0 0 0
12 0 0 0

Figure 5.3 — Shape Functions for an Element Pinned at Node (2)
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EA —EA
K(1l, 1) = — K(1l, 7) = —
L L
12EI 6EI
K (2, 2) = z K (2, 6)=
L3 L2
—12EI 6EI
K (2, 8 = K (2,12) =
L3 L2
12EI —6EI
K (3, 3) =—2 K (3, 5 -—2
L3 L2
~12EI —6EI
K (3, 9)-—7 K ( 3,11) = —
L3 L2
GJ —J
K (4, 4) = — K ( 4,10) = —
L L
4EI 6EI
K (5, 5) =-—2 K (5,9 =-—2
L L2
2EI 4EI
K (5,11) = —X K (6, 6) = —=2
L L
. —6EI 2EI
K (6, 8) = 2 K ( 6,12) = —2
L2 L
EA 12EI
K(7,7) = — K (8, 8) =
L L3
—6EI 12EI
K ( 8,12) = K (9,9 -—2
L2 L3
6EI GJ
K (9,11) = —L K (10,10) = —
L2 L
4EI 4EI
K (11,11) = —X K (12,12) - —2
L L

Note : Only the non-zero upper diagonal terms are shown
Matrix is symmetrical about upper diagonal

Figure 5.4 — Stiffness Matrix for an Encastree Element



K ( 8,12)

K (9,11)

K (11,11)
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K ( 3,11)

K ( 4,10)

K (10,10)

K (12,12)

Note : Only the non-zero upper diagonal terms are shown
Matrix is symmetrical about upper diagonal

Figure 5.5 — Stiffness Matrix for an Element Pinned at Node (1)
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EA —EA
K (1, 1) = — K(1l, 7) = —
L L
3BT 3EI
K (2, 2) = - K (2, 6) = -
L L
~3EL_ 3EL
K (2, 8) = K (3, 3) =—2X
L3 L3
~3EI —-3EI
K (3, 5 =—2 K (3, 9) = —2
L2 L3
GJ -GJ
K (4, 4) = — K ( 4,10) = —
L L
3EI 3EI
K (5, 5) = —2 K (5, 9) = —2
L L2
3BT —3EI
K (6, 6) = K (6, 8) =
L L2
EA 3EI
K(7,7) =-=— K (8, 8) =
L L3
3EI GJ
K(9, 9) = —X K (10,10) = —
L3 L

Note : Only the non-zero upper diagonal terms are shown
Matrix is symmetrical about upper diagonal

Figure 5.6 — Stiffness Matrix for an Element Pinned at Node (2)



K (11,11)

6T + 36T
5L

-K (2, 2)
K (2, 2)

K (2, 8)
(4T+6T)L

30
(2T+6T)L

30

~

(3, 5)
K (2, 2)

K (3, 3)
(4T+36T)L

30
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K ( 6,12)

K ( 8,12)

K (9,11)

K (12,12)

T + 6T

- K (2, 86)

- K ( 2,12)

- K (3, 5)

K (5, 5)

K ( 5,11)

K ( 3,11)

- K ( 8,12)

K (11,11)

Note : Only the non-zero upper diagonal terms are shown
Matrix is symmetrical about upper diagonal

Figure 5.7 — Geometric Stiffness Matrix for an Encastree Element
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6T 36T
K(2, 2) = —+ — K (2, 8) ==K (2, 2
5L 8L
T
K (2,12) = - K(3,3)=K(2, 2
5
K (3, 9)=K (2, 8) K (3,11) = —-K ( 2,12)
K (8, 8 =K{(2, 2 K ( 8,12) = - K ( 2,12)
K(9, 9)=K (8, 8) K (9,11) = - K ( 8,12)
T 6T
K (11,11) = ( — + — )L K (12,12) - K (11,11)
5 8

Note : Only the non-zero upper diagonal terms are shown
Matrix is symmetrical about upper diagonal
Element is assumed axially symmetric

Figure 5.8 — Geometric Stiffness Matrix for an Element Pinned at

Node (1)
6T 336T T + 6T
K (2, 2) =—+ K (2, 6) -
5L  40L 5
K (2,8 =-K(2, 2) K (3, 3)=K{(2, 2)
K (3,5 =—-K (2, 6) K (3, 9 =K (2, 8)
L 36T
K(5 5)==-(T+—) K (5, 9)=—-K{(3,5)
5 8
K (6, 6)=K(5,5) K (6, 8 =-K(5,9)
K (8,8 =K(2, 2) K (9, 9 =K{(3, 3

Note : Only the non-zero upper diagonal terms are shown
Matrix is symmetrical about upper diagonal
Element is assumed axially symmetric

Figure 5.9 — Geometric Stiffness Matrix for an Element Pinned at
Node (2)
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EA —EA
K(1, 1) = — K(1l, 7) = —
L L
2k k
R (2,2) -— K (2, 6) ==
L2 L
——2k3 k3
K (2, 8) = K (2,12) = —
L2 L
2k -k
K (3,3 -— K (3, 5) = —3
L2 L
—2k3 —k3
K (3,9) = K (3,11) = —
L2 L
GJ —GJ
K (4, 4) = — K ( 4,10) = —
L L
kq
K (5, 5 = kl K(5, 9 -—
L
K (5,11) = k2 K (6, 6) = k1
K (6, 8 = — K (6,12) =k
2
L
EA 2k3
K(7,7) =-— K (8, 8) =—
L 12
—k3 2k3
K ( 8,12) = — K(9, 9) -—
L 12
k3 GJ
K ( 9,11) = — K (10,10) = —
L L
K (11,11) = k1 K (12,12) = k1
For a member in tension:
EI aL[—(1+B8)aL coshal + sinhal]
k, = —
1 L —(1+B8)acL sinhal + 2(coshal-l)
EI aL[ (1+8)al — sinhal]
k2 = — k3 = k1 + k2

L —(1+B8)alL sinhaL + 2(coshal~1l)

Figure 5.10 - Improved Geometric Stiffness matrix for an Encastree
Element (continued on next page)
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For a member with zero axial force:

4EI 143§ 2EI 1-6¢6

k) = — ky = —
L 1+126 L 1+125

For a member in compression:

EI aL[—(1+B)aL cosal + sinalL]
k, = —

1 L —(1+B)alL sinal + 2(l—cosal)
EI aL[ (1+B8)al — sinal]
k,__._
2 L —(1+p)oL sinaL + 2(l-cosaL)
where,
T |T| 1 EI
GA' EI(1+8) L2 GA'

k, =k, + k

G - Shear Modulus; A’ = Reduced Area for Shear; T = Axial Force

Note : Only the non-zero upper diagonal elements are shown
Matrix is symmetrical about upper diagonal

Element is assumed axisymmetric

Figure 5.10 - Improved Geometric Stiffness matrix for an Encastree
Element (continued from previous page)
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F(1) =0
F(2) = ( 7W1 + 3W2 YL/20
F( 3) = ( 7V1 + 3V2 YL/20
F(4) =0

F(5) =- ( 1.5V, + V2 YL2/30

1
F( 6) = ( 1.5W1 + W2 YL2/30
F(7)=0

F( 8) = ( 3W1 + 7W2 YL/20
F(9) = ( 3V1 + 7V2 YL/20
F(10) = O

F(11) = ( V1 + 1.5V2 YL2/30
F(12) = — ( Wl + l.SW2 )L2/30

Wl, W2 = Load intensity per wunit length in direction of local
element Y axis at nodes (1) and (2)

Vl’ V2 = Load intensity per wunit length in direction of local
element Z axis at nodes (1) and (2)

Figure 5.11 - Equivalent Nodal Loads for a Uniform Trapezoidal load
on an Encastree Element
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=0
B a a 38 28
= a(b—a)+ —(b?-a?)— —(b3-a3)+(—— — —)(b*-a4)+ —(b5-a¥’)
2 L? 2L3  4L2 5L3
¢ £ £ 3¢ 2¢
= £(b-a)+ —(b?-a?)— —(b%-a%)+(— — —) (b*-a*)+ —(b5-ab)
2 L2 2L 412 5L3
=0
¢
..[é(bz_az)_(gi - i)(ba—a3)+(—§— - i—)(b‘—a4)+ ——(b5-a5)]
2 3L 3 4L2 2L 5L2
a 20 B a B B
= =(b2-a?)—(— = =) (b%-a®)+(— — —) (b4-a*)+ —(b5-a’)
2 3L 3 4L2 2L 5L2
=0
a 38 a 28
- —(b%-ad)+(— - —) (b4-at)- —(bs-as)
L2 412 2183 5L3
£ 3¢ 4 2¢
- —(b3-ad)+(— — —) (b*-a%)— —(bs-ab)
L2 412 2L3 5L3
=0
§ ¢ £ ¢
= —[(—= = =) (b4-at)— —(b3-ad)+ —(bs-a®) |
4L%2 4L 3L 5L2
a B a B
= (— = =) (b*-a*)— —(b3-a%)+ —(bs-at)
4L2 4L 3L 5L2
W, ~W
b _a ) a=W - B.a
b-a a
v, =V
b
= ) £ = Va - ¢.a
b-a
b = Load intensity per unit length in direction of local
element Y axis at distances a and b from node (1)
b = Load intensity per unit 1length in direction of local

element Z axis at distances a and b from node (1)

start and end points of loading are assumed to be at a and b
loading in both the Y and Z directions

Figure 5.12 - Equivalent Nodal Loads for a partial Trapezoidal Load

on an Encastree Element
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0
a a
P [ 1-3(=)?%+2()%]
y L L
b b
P [ 1-3(—)?2%+2(-)% )
z L L
0
b
—sz(l—-I:)"’
a
_— - 2
Py a (1 y )
0
a a
P [ 3(=2 —-2(—)3% ]
y L L
b b

P, [ 3()% - 2()° ]
L L

0
b? b
P(—) (1--)
L L
a? a
P (—) (1--)
YL L
= Point Load magnitude in local element Y direction
Z Point load magnitude in local element Z direction
= Distance of P from node (1) of element
= Distance of PZ from node (1) of element
5.13 - Equivalent Nodal Loads for a Point Load on an

Encastree Element
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=0
3a a B -
= a(b—a)~ —(b2?-a?)+—(b*—a*)+(b2-a2)+ —(b3-ad3)+—(b5-a%)
4L 8L3 2 2L 10L3
3¢ £ ¢ =€
= £(b—a)— —(b%-a?)+—(b*—a*)+—(b%2-a2)+ —(b3-a%)+—(b5-2a%)
4L 8L3 2 2L 10L3
=0
=0
=0
=0
3a o
- —(b2-a?)— —(b4—at)+ —(b3-ad)— (b5—ab)
4L 8L3 2L 10L3
3¢ £ ¢ ¢
- —(b2-a?)— ——(b4—at)+ —(b%—ad)— (b5—a5)
4L 8L3 2L 10L3
=0
§ ¢
= —(b%2-a?)— ——(b%-a*)+ —(b%-ad)- (b%—ab)
4 8L2 6 10L2
a a B B
= — —(bZ-a2)+ —(b%—at)— —(b%—ad)+ (b5—a5)
4 8L2 6 10L2
W W
b _a ) a = Wa - B.a
b-a
v, -V
22, €=V, -¢.a
b-a

W. = Load intensity per wunit length in direction of local

element Y axis at distances a and b from node (1)

V. = Load intensity per unit 1length in direction of local

element Z axis at distances a and b from node (1)

The start and end points of loading are assumed to be at (a) and
(b) for loading in both the Y and Z directions

Figure 5.14 - Equivalent Nodal Loads for a Partial Trapezoidal

Load on an Element Pinned at Node (1)



-193-

F(1l) =0
— a B 38 B
F( 2) = a(b—a)+—(b3-a3)+—(b%t-a*)+-(b2-a2)— —(b%*—a%)+ —(b5-ab)
212 8L3 2 8L2 10L3
—£ € ¢ 3¢ ¢
F( 3) = é(b—a)+—(b3-a3)+—(b*-at)+—(b2-a2)— —(b%—at)+ —(b5-ab)
2L2 8L3 2 8L? 1oL3
F(4) =0
—£ 3 —£ ¢ 3¢ =<
F( 5) = —(b%2-a?)+—(b3%-a3)+—(b*~at)— —(b3-a3)+—(b*—at)+—(b5-ab)
2 2L 8L2 3 8L 10L2
a - a B 38
F( 6) = —(b%2-a%)+—(b%-a3)+—(b*-a*)+(b3—ad)— —(bt—a*)+—(b5-ab)
2 2L 8L2 3 8L 10L2
F(7) =0
a a 38
F( 8) = —(b3-a3)— —(b*-a*)+ —(b4—at) — (b5-a%)
2L2 8L3 8L2 10L3
£ £ 3¢
F( 9) = —(b3-ad3)~ —(b*-at)+ —(b*—-at) — (b5—a¥)
2L2 8L3 8L2 10L3
F(10) = 0
F(11) = 0
F(12) = O
W, —W
b
B=(—=—=) a=W_-p.a
b—a
V.-V
b
¢ = 29 §=V -¢.a
b—-a
Wa Wb = Load intensity per unit length in direction of local
element Y axis at distances a and b from node (1)
Va Vb = Load intensity per unit length in direction of local

element Z axis at distances a and b from node (1)

The start and end points of loading are assumed to be at a and b
for loading in both the Y and Z directions

Figure 5.15 - Equivalent Nodal Loads for a Partial Trapezoidal Load

on an Element Pinned at Node (2)
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Static Bounday Conditions

=
X

Kx, Ky, Kz - Translational Spring Stiffnesses
Kex, Koy, Koz - Rotational Spring Stifnesses

Figure 5.16 - Static Boundary Conditions
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Direct Iteration Method Schematic

Force

=

X4 X2 X5 X

I°><

Displacement

F - Total Force Vector

K- Tangent Stiffness Matrix at Iteration (i)
Xo- Starting Nodal Geometry Array

Xi- Displacement Array at Iteration (i)

Figure 5.17 - Direct Iteration Method Schematic
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Direct Iteration Method for Static Analysis

Calculate initial catenary equilibrium profile under
effective self-weight and calculate tensile forces

I
i=0
|

Assemble tangent stiffness matrix Ko and nodal
geometry arrayXo using catenary values and

calculate the total force vector F for this profile
I

i=i+1
]
-1

Calculate nodal displacements X(i) = K(i-1) .F

Calculate new tensile forces T(i)
and update by the initial catenary values

Re-calculate tangent stiffness matrixK(i) using T(i)

NO Check for convergence:

l[_li(i) - K(i-1) 1. X() |<Tolerance

YES

Calculate forces and moments
|

Update geometry Xo= Xo + X(i)

Figure 5.18 - Flow-chart for Static Analysis with Direct Iteration Method
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Improved Direct Iteration Method Schematic

Force
F
AX,
AXy
0
l(o _X_Z l(l _)_( 1
Displacement

F - Total Force Vector

Xo- Starting Nodal Geometry Array
Xj- Displacement Array at Iteration (i)
K - Stiffness Matrix

- Slopes of AB and BC are equal to the slope of K at A and B
- A, B, C are Direct Iteration equilibrium positions for constant F

Figure 5.19 - Improved Direct Iteration Method Schematic
with Deformation Dependent Loading
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Improved Direct Iteration Method for Static Analysis

Calculate the initial starting profile X , tangent stiffness K,
tensile forcesIoand total force vector F,
]

Copy initial force vector to residual force vector

i=i+1

Form the tangent stiffness matrix K ; for current geometry
and calculate the displacements and tensile forces using
the Direct iteration method with current residual forces

Update nodal geometry array to the new equilibrium position
X;=X,; + aX, and update tensile forces

Calculate total force vector for new geometry & compute

the residual force vector F, = F, - F;,

NO

Check for convergence of residual force

YES
Stop

Figure 520 - Flow-chart for Static Analysis with Improved
Direct Iteration Method
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Incremental Method Schematic

Force

X 0 _}_( 1 §2 Xi l(exact

Displacement

F - Total Force Vector

K- Tangent Stiffness Matrix at Step (i)
Xo- Starting Nodal Geometry Array
Xi- Displacement Array at Step (i)
AF - Force Increment

Xexact- Exact Displacement Vector Solution

Figure 5.21- Incremental Method Schematic
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Incremental Method Schematic with Deferred Averaging

Force
F
K
D —
7
OF - Ereg
A
T B 1 I:l’t’,S
C
ANF
1 (0]
_Xo l( 1 X2 X
Displacement

F - Total Force Vector

K - Stiffness Matrix

Xo- Starting Nodal Geometry Array
Xi- Displacement Array at Step (i)

AF - Force Increment
Freg- Residual Force

Figure 5.22- Incremental Method Schematic with Deferred Averaging
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Incremental Method for Static Analysis

Calculate initial catenary equilibrium profile under
effective self-weight and calculate tensile forces

]
i

0

|
Read total number of increments ( N) and zero X(i)

Assemble tangent stiffness matrix K(i) and nodal
geometry array using catenary values and
calculate the total force vector F(i) for this profile

Calculate the force increment AF= F/N

i=i+1

I
Calculate force increment for step (i)
F=AF + 05 x [KGD)- K@ .X 1)
|

Calculate Displacement Increment
Calculate element forces and moment and add to existing
Update nodal geometry array byX(i)

Assemble tangent stiffness matrix using
current geometry and tensile forces

Last Increment ( i=N) ?

NO

YES

Output Results

Figure 5.23 - Flow-chart for Static Analysis with Incremental Method
Using Deferred Averaging
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Hybrid Method Schematic

Force

L( 0 X 1 2(_2 l(exact

Displacement

F - Total Force Vector

Kj- Tangent Stiffness Matrix at Step (i)
Xo- Starting Nodal Geometry Array
Xi- Displacement Array at Step (i)
AF - Force Increment

Xexacr- EXact Displacement Vector Solution

Figure 524 - Hybrid Method Schematic
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CHAPTER 6 : FINITE ELEMENT DYNAMIC ANALYSIS

6.1 - INTRODUCTION

Dynamic analysis of suspended pipes requires an extension of the
finite element formulation outlined in Chapter 5 to include fluid
inertia, added-mass and drag effects. This chapter is devoted to
the development of the required components of the dynamic analysis
technique used in this work. Initially, the element mass and added
mass matrices are developed. Alternative representations of the
structural damping matrix are discussed using the conventional
representation of structural damping where this is assumed to be of
Rayleigh type. This type of damping assumes that the structural
damping matrix is a proportional combination of the structural
mass and stiffness matrices. The advantage of this assumption is
that the structural damping matrix may then be diagonalised in the
same way as the mass and stiffness matrices. One of the methods
discussed allows different damping coefficients to be prescribed to
each mode of vibration and thus provides better control on
representation of a damped system where, for instance, certain
modes require to be damped heavily. However, this method provides
zero damping for all remaining modes of vibration. For time domain
analyses, wunless a modal approach is used, usually, all modes of
vibration require some degree of damping to avoid uncontrolled
accumulation of spurious oscillation in these modes. For such
cases, the traditional form of Rayleigh damping is considered where
the structural damping matrix is simply composed of a proportional

summation of the stiffness and structural mass matrices.

The formulation of a frequency domain method 1is then described.
This is based on the modal analysis and is used for analysis of
response to regular wave excitations. The use of a frequency domain
approach implies linearity; at least temporally. For this reason,
the non-linear drag force needs to be linearised. A study of the
available linearisation  techniques showed several suitable
alternatives to be available. The selected method is due to
Krolikowski and Gay(1980) and provides good accuracy combined with
great ease of implementation. Figure (6.1) illustrates a series

of results which have been quoted from the above paper. These show
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comparative results for several cases of current and wave
combination. The Figure has been provided as an illustration of the
accuracy to be expected from the method for different ratios of
current velocity to realtive velocity as well as serving as a rough
guide on interpretation of the results to be presented later in
this work. Linearisation of the drag force separates this force
into its fluid and structural velocity dependent terms. This
results in a drag-damping term which multiplies the structural
velocities and can, therefore, be transferred to the left hand side
of the equations of motion and combined with the structural damping
term. Techniques used in linearisation of the drag force differ
widely. The resulting drag damping matrices are, therefore,
closely related to the linearisation method. This problem is
treated differently in time domain analyses where the drag force is
calculated in its full non-linear form on the right hand side of
the equations of motion instead of being treated as a combined load

and damping effect.

Despite their speed and versatility, the wvalidity of frequency
domain techniques 1is 1limited to exclation frequencies away from
structural resonant frequencies. Moreover, their extension to
analysis of irregular sea states involves restrictive assumptions
which, coupled with the necessity for 1linearisation of the
non-linear drag term, reduce their accuracy below acceptable
thresholds. In such cases, time integration of the governing
equations must be carried out. Time domain methods are invariably
more expensive in run time and storage requirements but are capable
of modelling the non-linear drag exactly as well as being capable
of analysis of structural response to multi-frequency excitations.
Several methods of time integration are available, a collection of
which is given in Bathe(1982). The most widely used and purportedly
one of the most accurate 1is the Newmark-g method which is based on
difference expressions for structural parameters between successive
time steps. The development of this method for flexible riser
analysis is provided in this Chapter. Additionally, to enable an
examination of the effects of structural and loading
non-linearities on the riser response, an intermediate equilibrium
iteration scheme has been derived. The algorithm uses an approach

very similar to the deferred averaging procedure described in the
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context of incremental analysis in Chapter 5.

The dynamic influences of internal flows of variable density are
studied next. Methods are proposed in this chapter for modelling
internal flow induced excitation of flexible risers in the
frequency and the time domains. The equations in the time domain
are shown to be more accurate and capable of modelling these forces
in conjunction with wave and <vessel induced 1loads. Since
investigation of such coupled loadings on flexible risers has not
been attempted in the past, the proposed model 1is of interest in
removing a major area of wuncertainty from the aﬁalysis.
Experimental investigation of internal flow induced oscillations
are reported in Chapter 7 whilst the implications of simultaneous
internal flow, wave loading and vessel induced excitation are

studied in Chapter 8.

Dynamic analysis of flexible risers requires the inclusion of the
pipe end dynamic displacements and rotations. These form a series
of dynamic boundary conditions and are illustrated schematically in
Figure (6.2). The most convenient method of incorporating these
boundary conditions is to calculate the virtual force system
resulting from these displacements. These forces can be imposed on
the system as real forces which will effect the required
displacements and rotations at ends. The development of this method

in both the frequency and the time domains is described in detail.

This chapter also discusses the methods used in description of the
sea state which are common to all dynamic analyses. Simulation of
sea states involves computation of the fluid properties such as
instantaneous wave height, particle velocities, particle
accelerations and dynamic pressure changes. The motion of a single
water wave is described by a wave theory, several of which have
been postulated in the past. Each theory has limits on its
applicability which are usually defined in terms of non-dimensional
ratios of water depth, wave-length, wave steepness and wave height.
The most commonly used wave theories are described by Sarpkaya and
Isaacson(1981) which includes details on their mathematical
development. The scope of this work excludes an examination of the

choice of wave theory on the structural response. The Linear (Airy)
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wave theory, being by far the most widely used in engineering, was
hence chosen. The formulation of the Linear wave theory is based on
a sinusoidal representation of the wave surface profile.
Attenuation of water particle velocities and accelerations are
represented by hyperbolic functions decaying with depth whilst
their space and time variations are assumed to be harmonic. The
choice of the Linear wave theory is particularly suitable for
frequency domain analysis where 1its simple periodic nature is
utilised in the solution of the resulting equations. Time domain
techniques, however, do not rely on such features and accommodate

different wave theories with greater ease.

Simulation of irregular seas has traditionally been carried out
through a decomposition of the wave height spectrum into a series
of frequency bands. A wave height is then associated with each band
in proportion to the square of the spectral height at the central
frequency of that band. The irregular sea is then assumed to be a
combination of all such waves whose phases are chosen at random
from a wuniform distribution. An alternative approach, first
suggested by Tucker and Challenor(1984), has additionally been
implemented. The wuse and characteristics of these methods are
addressed and the approach wused for simulation of an irregular

sea-state for time domain analysis is detailed.
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6.2 - DYNAMIC EQUATIONS OF EQUILIBRIUM

The dynamic equations of motion may be derived using a
variational formulation which involves minimisation of the
total potential energy of the system. The derivation may be found
in Clough and Penzien(1982), Bathe(1982) and Zienkiewicz(1983). The

dynamic equations of motion in matrix form are given by,

=
ke
+
|
1> -
+
| =
I
]
|

(6.2.1)

CONSISTENT MASS MATRIX

The physical mass matrix of the member in axial and flexural
degrees of freedom can be evaluated using the shape functions

discussed earlier. The individual terms are given by,

L
ms(i,j) - pSAS Jo ¢i(x).¢j(x) dx , i,j=-2,3,5,6,8,9,11,12
(6.2.2)

The physical mass matrix for the torsional degrees of freedom is

given by,

L
mt(i,j) = psIs Jo ¢i(x).¢3(x) dx s i,j=4 and 7
(6.2.3)

The combined physical mass matrix is given in Figure (6.3). The
contribution of the mass of internal pipe fluid may be included by
modifying (6.2.2) although the axial and torsional components of

the inner pipe fluid must be excluded from the resulting matrices.
CONSISTENT ADDED MASS MATRIX

To preserve the consistency of the formulation, the added mass
matrix is modelled using the same shape functions. This
effectively assumes that the added mass of the element can be

represented by the mass of a cylinder of fluid occupying the
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same position in space as the physical mass where the volume of
this hypothetical <cylinder 1is dictated by the coefficient of
added mass. Eliminating the contribution of the axial and

torsional mass, this gives,

L
ma(i’j) - pvo(Cm— 1) Jo ¢i(X).¢j(X) dx ’ isj-293’5,6!8’9111112

(6.2.4)

The full added mass matrix is given in Figure (6.4).

HYDRODYNAMIC LOADING

The hydrodynamic force per wunit length on the pipe element is
given by the modified Morison equation which can be written as,

£=pA(C—1)(a— %)+ pA U+ pC dRolu - xnl (u - %)
(6.2.5)

The first two terms represent the inertia force and the third
deals with the effect of hydrodynamic drag on the element. If
the added mass term is taken to the left hand side of the
equations of motion and combined with the physical mass term, the

remaining expression becomes,

f = pvoCm un+ poCdRo|u - xnl(un— xn)

(6.2.6)
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6.3 - DESCRIPTION OF THE SEA STATE

For the puropse of this work, the Linear (Airy) wave theory was
selected. Although certain environmental conditions may require the
use of other wave theories, such studies are beyond the intended
scope of this work and will therefore not be pursued further. The
Linear wave surface profile 1is illustrated in Figure (6.5) and is

expressed by the equation,

n = % sin(kx—wt)

(6.3.1)
The horizontal and vertical fluid velocities are given by,
w o= %ﬂ c:iﬁi&éﬁ;d)] sin(kx—wt) Shallow Water
gﬂ eky sin(kx-wt) Deep Water
) (6.3.2)
v = - gﬂ s:gﬁﬁ%ﬁg;d)] cos (kx—wt) Shallow Water
- %ﬁ eky cos (kx—wt) Deep Water
) (6.3.3)
and the corresponding accelerations, by differentiation,
" 2
u - w2H c:igﬁ%ﬁg;d)] cos (kx—wt) Shallow Water
2
- QEE eky cos (kx—wt) Deep Water
i (6.3.4)
o - B 2 .
v - w2H s:?ﬁﬁ?ﬁz;d)] sin(kx—wt) Shallow Water
2
- 955 eky sin(kx—wt) Deep Water
) (6.3.5)

The shallow water wave length is determined iteratively from,
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2
L= %%— tanh(g%g) % < 0.7 (approx.)
(6.3.6)
whilst the deep water wave length is given analytically by,
2
L = %I— % > 0.7 (approx.)
§ (6.3.7)

For the purpose of a frequency domain analysis, the complex form of
the fluid velocity and acceleration terms are used whereas time
domain simulations use the forms given above directly. In regular
wave analysis, the sea state is simulated using a single wave
whilst for irregular wave analysis, the conventional simulation is
based on a superposition of a series of regular waves of different
heights travelling with relative phases which are randomly chosen
in the interval (0-—2x) from a unifrom distribution. The height and
period of each wave is chosen from the wave height spectrum, an
example of which 1is given in Figure (6.6). The conventional

procedure for simulation of an irregular sea state may be

summarised in the following steps:

1- Divide the wave spectrum Snn(w) into a series of frequency bands.
This is usually carried out using regular frequency intervals of Aw
with the central frequency in each band and its associated spectral

amplitude represented by wy and Snn(wi).

2- Calculate the wave height for the central frequency of each band

from the relationship,

"7 2 Spgleg) b (6.3.8)

3- Generate a set of (i) phases in the range (0—2n) from a uniform

distribution.

4- Generate the combined wave properties using a summation over all

wave components using expressions of the form,
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N
n(x,t) = ifl qi§in(kix - wit + ¢i)
(6.3.9)
Tucker and Challenor(1984) have shown that mnot only the phases ¢i
but also the wave heights, n; are random variables. Two

alternative, but equivalent, methods have been postulated for

accurate simulation of irregular seas. The first uses the

expression,
N
n(x,t) = ifl ¢y 51n(kix - wit + ¢i)

(6.3.10)

where c; are random variables chosen from a Rayleigh distribution
of rms = /[ZSnn(wi)Awi]. Alternatively, the wave is generated using

the expression,

N
n(x,t) = T [ a

sin(k.,x — w,t) + b
1=1 ot

1 1 cos(kix - wit) ]

(6.3.11)

where a; and bi are independent random variables chosen from a
Gaussian distribution with common variance o¢2 = [Snn(wi)Awi].

Tucker has shown that these techniques are identical.

The most commonly used spectra are the JONSWAP (Joint North Sea
Wave Project) and the Pierson-Moskowitz spectra. The JONSWAP
spectrum is given in Hasselmann(1973), and, Brebbia and

Walker(1979) which define it by the equation,

(0 = )?
_ ag? _5 wii. expl- —S—5——
Snn(w) w5 exp| 4 (w;)] 8 20 wm

]

Hs .2
- - - 3 ———
g o, 0.07 ,for w < w o 4n (gTzz)
o = 0.09 ,for w > w
b m

(6.3.12)

where w, is the frequency at which the wave energy is a maximum and

v is typically taken as 3.30. An alternative empirical description
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of the JONSWAP spectrum for typical North Sea conditions has been
derived by Isherwood(1987) which allows its expression in terms of
the significant wave height, Hs and the mean wave period, Tz. These
results are based on a best fit approximation to large quantities

of data collected over several years.

The Pierson-Moskowitz spectrum (see Pierson and Moskowitz(1964))

may be described analytically by the equation,

2
S (@) = %%— exp[— - ( )]
(6.3.13)

where a is the same as for the JONSWAP spectrum. The spectrum in
terms of the significant wave height, Hs and the mean wave period

is expressed as,

(@) = —4—— [ 257 expl - 2 (8357
(6.3.14)
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6.4 - REGUIAR WAVE ANALYSTS IN THE FREQUENCY DOMAIN

MODAL ANALYSIS

The frequency domain analysis is carried out wusing a modal

analysis technique. The dynamic equations of motion are,

=
1>
+
I
> -
+
I=
1<
i
I

(6.4.1)

where (.) represents differentiation with respect to time. The
matrix of mode shapes, &, obtained from solution of the free
undamped equations of motion is used to transform the above

equation to generalised coordinates P, defined by,

X = ¢ F
(6.4.2)
which wupon substitution and premultiplication by QT yields,
* * * *
M P+ B PR+ KEPE=F
(6.4.3)
where,
* * * *
M-2'w e, s-e'Be , K-2'ke , F-gF
(6.4.4)

The mass and stiffness matrices are now diagonalised but the
damping matrix, in general, remains non-diagonal. The
structural damping matrix may be assumed proportional to the
mass and stiffness matrices so that the orthogonality conditions
apply (Rayleigh Damping). However, the drag-damping matrix in
general can not be diagonalised wusing the modal orthogonality
relations. In other applications, the non-diagonal terms can be
ignored to allow the equations to remain uncoupled. In either
case, equations reduce to a set of N independent 1linear

equations with the generalised response in mode i being given by,
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*

F

[ il

*
ii

*
ii )

=t

*
(w2 M,. + iwB,, + K
11

(6.4.5)

where w is the circular frequency of excitation and subscript
(ii) refers to the diagonal terms (all quantities being scalar).
The total response is then obtained by summing the modal responses
for all degrees of freedom. In practice, the contribution of the
higher modes of vibration to the total response is small and only
the first few modes are needed to determine the total response
to sufficient accuracy. A slightly 1larger number of modes is
normally wused for the calculation of dynamic forces. It must
be noted that this formulation is based on the assumption that the
structural response is at the same frequency as the excitation

frequency.

STRUCTURAL DAMPING MATRIX

The structural damping matrix is derived assuming a Rayleigh type
damping which assumes both stiffness and mass proportionality. It
can be shown that as a result of modal orthogonality conditions -
see Clough and Penzien(1982) and Warburton(1982)- the resulting
structural damping matrix, when normalised with respect to the mode
shapes, 1is diagonal. The diagonal terms of the normalised

structural damping matrix are given by,

Bs 2 M
Sjg = 2 &5 o Msyy

(6.4.6)

where Msii refers to the diagonal term of the normalised structural
mass matrix, wg is the natural frequency in mode i and §i is the
damping coefficient in mode i. All non-diagonal terms are zero. The
structural damping matrix may be obtained by reversing the

normalisation outlined earlier,
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- * -
B- 21 p5 ¢!

(6.4.7)

Since it is computationally expensive to invert the matrix &, use

is made of the following identity,

% - * * - -
I = Ms 1 Ms = Ms 1 @T Ms & = ¢ 1 o

(6.4.8)

which provides an expression for the inverse of &. Note especially
that since the eigen-vectors are obtained using the total mass
matrix which additionally 1includes added-mass effects, the
structural mass matrix is not orthonormal with respect to the
eigen-vectors. Substituting the above equation we obtain an

expression for the structural damping matrix,

*.1 %  %-1
Es = (Ms &) Ms Bs Ms

(2" Ms)

(6.4.9)

The normalised structural mass matrix is diagonal and the terms in
parantheses are transposes of each other. The expression can hence

be simplified to,

B,=(Ms @)L (Msd)

(6.4.10)
where T is a diagonal matrix whose elements are given by,
2 £iwi
r.. = —j—
ii *
Msii
(6.4.11)

The above method is ideal for frequency domain techniques where the
structural damping needs to be specified exactly for each mode of
vibration. Further, by definition, zero damping is provided for all
other modes of vibration. For many cases of practical application

the following conditions exist:

- Detailed knowledge of structural damping ratios is not available.
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- Structural response is restricted to the first few modes only.

- The structure is designed such that its natural frequencies are
well away from expected loading frequencies to avoid resonance.
This implies that the effect of structural damping on the

response is likely to be small.

In such cases, it is possible to wuse a common alternative to the
above formulation which reduces the calculation effort
significantly. The method is based on the assumption that the
structural damping matrix may be represented by a combination of

the structural mass and stiffness matrices. This may be written as,

B,=aM+fK
(6.4.12)
Constants a and B8 may be calculated to provide exact damping ratios
in two modes of vibration say ww; and w,. With this method, all
other modes also receive some degree of damping which may be
calculated if necessary. Figure (6.7) 1llustrates that modes

falling outside the range between these two frequencies are quite
heavily damped with the largest and smallest frequencies receiving
the greatest degree of damping. This feature of the method is
particularly useful in the time domain analyses where heavy damping
of the lower and higher modes of vibration is often essential for
numerical stability reasons. If the normalised version of Equation

(6.4.2) is equated to Equation (6.4.6), we have,

2 pw. =a+ B w?
rr r (6.4.13)

Re-writing this for the two modes of consideration and solving the

resulting system of two simultaneous equations gives,

2(pywa— Bawy)

( o, " oy )
(6.4.14)
and
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2(pawy— pywy)

B =

7 — .2
w32 @1

(6.4.15)

which, provided the required damping ratios in the two modes of
interest and the corresponding eigen-values are known, enables the
calculation of the  structural damping matrix. The damping
characteristics of the resulting matrix are illustrated in Figure
(6.7) which also shows the variation of the damping ratios for modes

other than specified.
LINEARISATION OF DRAG FORCE

The non-linear square law behaviour of the drag force requires that
this force be replaced by an equivalent linear expression for a
frequency domain analysis. This procedure is carried out by
following the approach described by Krolikowski and Gay(1980). This
involves expanding the non-linear drag force into a Fourier series
and neglecting the higher harmonics. Gelb and Vander Velde(1968)
have shown that for systems where the input to the non-linearity is
sinusoidal, the mean-squared approximation error is minimised by
using such a Fourier expansion of the non-linear output. The
linearised drag force in the presence of a steady current 1is

represented by,

f.= C ( u - % )+ C u

—d v ¢ ~en (6.4.16)
where,
C, = P.CqR, 2 u, for u, > uy
8um 1 uC u, 3uc 1 uc
__n _Cy2 — (=Sy2 —C & <
3"[[1*7(‘1)].[1 ()2 + 35 sin ()
m m m m
for u<u
L c m
(6.4.17)

and
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u?

with u = | u - x |
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u

u
ﬂ—“‘ [ [1+2(u—c)2]sin—1(;9) +

m m

which in the absence of current reduces to,

f - Lo
where,

f =C u + C u

—e -n c —cn

b x = C b4

- = W -n

The quantities ﬁi' f

principle. For a

foru > u
c=-="m

3uc u,
o 11T @)F
m m

for u < u
c m

.4.18)

(6.4.19)

(6.4.20)

(6.4.21)

(6.4.22)

(6.4.23)

(6.4.24)

and b are derived using the virtual work

single

element in 1local

co-ordinates, the

linearised drag force per unit length is given by,
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f.(x) =C (x) (ux) —yx) ) +C (x) u (x)
d v c ¢ (6.4.25)

where y(x) is used to define a structural velocity function. For a
given set of nodal displacements, as, the deflection profile of

the element is given by:

yi(x) = ¢i a; , i=2,3,5,6,8,9,11,12
(6.4.26)

where ¢i represents the shape functions discussed earlier.

Similarly the structural velocities are obtained from,

yi(x) - ¢i éi , i=2,3,5,6,8,9,11,12
(6.4.27)

Consider a virtual displacement §W. The resulting virtual work is,

L
V = gd(x) §W dx

0
(6.4.28)

6w can in general be represented by,

(6.4.29)

Substitution gives,

L

L L
V=23 [ J Cw(x)u(x)¢idx - [= J Cw(x)¢i¢jdx] éj + J Cc(x)uc(x)¢idx ]

0 0 0

(6.4.30)

Comparison with the general Lagrangian equations shows that the
terms inside the brackets represent the generalised force for

the i-th. degree of freedom. This gives,
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L L L
fd - EJon(x)u(x) ¢idx - EZJOCW(X)¢i¢jdx ] éj+ EJOCc(x)uc(x)¢idx
(6.4.31)

(£), = (£)., - (b, ) a,
da’i e’ 1,37 73 (6.4.32)

Assume a linear wvariation of all quantities in each of the

orthogonal planes xy and xz, of the form,

C,(x) = (1—-7)C +(T)C, (6.4.33)
C (x) = (1- % ) Cqt ( % ) Ceo (6.4.34)
u(x) =(1- % )y + ( % ) Uy (6.4.35)
u,(x) = (1- % ) uq i+ ( % ) Yoo (6.4.36)
u(x) = (1- % ) u +( % ) 4y (6.4.37)

where subscripts 1 and 2 refer to values at nodes 1 and 2. The
terms of the equivalent linearised drag force are found by
integrating Equation (6.4.31) and are given in Figure (6.8) where
C1 and 02 represent the equivalent drag coefficients at nodes 1
and 2. The integration also yields the drag damping matrix whose

terms are given in Figure (6.9).

Using the same approach it can be shown that the inertia force

vector is given by,

L
= 2 ¥ P
51 z [0 ™ Ro pOCm a(x) ¢i dx , i =2,3,4,6,8,9,11,12
(6.4.38)

The terms of this vector are given in Figure (6.10).
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DYNAMIC BOUNDARY CONDITIONS

The most convenient method of incorporating the boundary conditions
resulting from the prescribed vessel motions is to calculate the
virtual forces resulting from these displacements. These forces can
then be imposed on the system as real forces which will produce the
required displacements and rotations at the upper end of the riser.
This procedure can be implemented by dividing the pipe motions into
those due to pipe dynamics and those induced by the end motions. If
we denote the end displacements by X pipe displacements due

“total’ .
to end motions by Xe’ and pipe displacements due to wave

kinematics by X, we have,

Troral T e T (6.4.39)
Considering vessel induced motions and in the absence of wave
induced components, the pipe end displacements are substructured
out using a static condensation approach where the prescribed
degrees of freedom are moved to the last rows and columns of the
system stiffness, mass and damping matrices. The pipe displacements
vector due to vessel motions can be separated into the wunknown
displacements vector Xt and the prescribed displacements vector X .
This substructuring is obtained by simple subtraction where the

last degrees of freedom of Xe relating to end motions alone are

transferred to the null vector Xg and the remaining vector named
&t' The 1last rows of Zt corresponding to gg are then zeroed. The
rows of Xg corresponding to unknown displacements are similarly

zero. The equations of motion may now be written as,

M X+X + B X +).( + KX +X)=0
HE I PRt XY TR G Ty (6.4.40)

Since zg’ and its derivatives are known, we can take their related

terms to the right hand side of the equations giving,
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MX +BX +KX =~ (MX +BX +KX
Tt Tt T (g +2X + KX (6.4.41)

Sub-structuring of the degrees of freedom relating to known and
unknown displacements is implicit in the equation. We can
calculate the quasi-static displacements due to end motion by
ignoring the dynamic terms on the left hand side. A more accurate

method, however, would be to consider a,

(=2 M+iwB+K) X =-(MX +BX +KX)
g g & (6.4.42)

type formulation and solve for the complex displacements due to end
motions. It 1is, however, computationally advantageous to avoid
forming the complex dynamic stiffness matrix given in parantheses
on the left hand side of the above equation and it will be shown
later that these terms may otherwise be accounted for without any

loss of accuracy. We can write to a good approximation,

K X = — M X + B X + K X
=tt =s ( —tg —g ~—tg —g ~—tg “g) (6.4.43)

where XS denotes the quasi-static displacements and excludes the
prescribed degrees of freedom, K

-ttt
K whose degrees of freedom correspond to the unknown displacements.

refers to the top submatrix of

The substructuring used is as follows,

K= | Zee Feg x - | % x =12

—tt =s =g
K K 0 X
—gt 88 - &

The mass and damping matrices are substructured in the same way as
the stiffness matrix. Note that the use of submatrices 1is a

simplification permitted after substructuring and is a result of

the null subvectors in Ks and Xg' &s can now be calculated using,
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1 .. .
X =-K M X +B X +K_ X
T T 7 Fee [ Heg Bg T Reg Bg T Feg By (6.4.44)
X =—-k! [ w2 M _+iwB_ +K_ ].X
s te “te Tte Tttt B (6.4.45)
X, - r . X
g (6.4.46)
where,
r=-—K! [ w2 M + iw B_ + K_ ]
- Tt “tg Ttz Tts (6.4.47)

r, is the matrix of quasi-static mode shapes resulting from unit
end displacements and Ks are displacements along the pipe resulting
from the displacements of the end of the pipe. The complete pipe

displacements due to end motions are given by,

g g (6.4.48)

Since the mass and damping effects were ignored in calculation of
Xs’ te above displacements will not be identical to Xe' It is shown

next that this inaccuracy may be removed. Note that in matrix

terms, Xs and Kg do not have shared degrees of freedom, i.e. XS

represents pipe motions due to Kg' Substituting xs+g for zg in

Equation (6.4.41) gives,

MX+BX+KX=-[(MX+M X+B X+B X+K X+K X]
(6.4.49)

This equation is easily seen to be out of balance by the error

discussed. Equation (6.4.49) simplifies to,

=

X+BX+KX= (01 )X+ (B B K+ (K .x+K K]
(6.4.50)

but from Equations (6.4.44) to (6.4.46) we have,
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+B X + K

K _rX =-[M X X
Kee £ X, [ Mo Xy + Begks + Kegky! (6.4.51)
Substituting this into (6.4.50), reduces it to,
MX+BX+KX=-(M X +B_X)
—aT2av a4 —tg—g -—tg—g (6.4.52)

The right hand side represents the required out of balance force
in Equation (6.4.50). Therefore, the dynamic component of support

displacement may be represented as an effective force vector where,

F =— (M

Fets Moo 22, v Be 2%,

Tt TE (6.4.53)
This force accounts for the omitted terms in Equation (6.4.43)
and should be combined with the dynamic force vector. In physical
terms, Equation (6.4.53) takes account of the dynamic effect of
vessel motions. It should be pointed out that the above formulation
was followed with a second objective in mind which was the
uncoupling of the quasi-static and dynamic displacements. As
illustrated above, this 1is possible, provided that the coupling
force term (Equation (6.4.53)) is added to the dynamic forcing
component. This approach is later shown to offer significant
simplifications to implementation of wvessel induced motions in the

time domain.
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6.5 - REGUIAR SLUG FLOW ANALYSIS IN THE FREQUENCY DOMAIN

The discussion in Chapter 3 dealt with a fluid of constant density.
Slugs are, however, variant in their compositions and densities.
The following derivation considers the effect of the flow of a
slug with a variable density on the pipe. It must be noted that
the following derivation considers the simultaneous effect of a
steady and a time varying component since due to the conditions of

continuity these may not be separated.

For a first approximation, consider a slug whose density |is

allowed to vary harmonically and is represented by,

p(s) = py+ py sin(ks + ¢) elvt

(6.5.1)

where: = Amplitude of density variations

P

B
k = Slug wave number = 27 / slug wave length
w = Slug circular frequency = 2x / period

¢ = Phase angle

If the total curved length to ends 1 and 2 of the element are
denoted by s, and s, , then the total change in mass across the

element in Figure (6.7) is given by,

it |52
dM = pﬂAie sin (ks + ¢) ds
51 (6.5.2)
1 iwt
== p A.e [ cos (ks + ¢) — cos (ks,— ¢) ]
k Pg 1 2 (6.5.3)
- % pﬂAiei‘"t [(cos ksl— cos ksz) cos ¢ —
(sin ksl— sin ksz) sin ¢ ]
(6.5.4)

Now, wusing s to represent the total curved length to top of

top
the pipe, the dynamic pressure change at end 1 of the element
can be found from the total change in the mass of slug above end

1 of the element.
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S
ar) = g e1¢t I TP <in (ks + ¢) ds
S
1
i

1 wt
- X pﬂg e [ cos (ksl+ ¢) — cos (kstop

Similarly,

1 iwt
dB, = pge e [ cos (ksy+ §) —cos (ks

The +velocities U1 and U2 are obtained using

total mass flow rate, Q,

Q= pyUsAy

U - Q
A [ p.+ p.sin (ks + ¢) el
il Pyt rg

‘]

giving,

P -1
U -U [ 1+ ;é sin (ks + ¢) et ]
i

The change in velocity can be computed from

(6.5.5)
+¢) |

(6.5.6)
+¢) |

(6.5.7)

the equation for the

(6.5.8)

(6.5.9)

(6.5.10)

v = U - Uo - % [ 1' iwt -
i pi+ pﬁsin (ks+¢) e Py
hence,
— py sin (ks+4) olvt
av - Uo iwt
pi+ pﬂsin (ks+¢) e

|

(6.5.11)

(6.5.12)

Now, wusing the same approach as in the static case and using the
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same notations we have,

2 - 2 - -
pZAiUZ c0502 plAiU1 c0501 PlAicosa P Aicosa + Fx

12 2 (6.5.13)
2 o _ 2 «f - : - : -
pZAiUZ s1n02 p1A1U1 51n01 PlAis1n01 P2A151n02 Mg + Fy
(6.5.14)
where: P1 = Pl(static) + dP1
Py = Py(static) ¥ 9F2
M =M + dM

static

Therefore, the forces exerted on the pipe are now given by,

f =A,[ ( P.+ p,U2) cosf.+ ( P,+ p,U2) coséd,]

X i 1 171 1 2 272 2 (6.5.15)
- 2 1 2 -—

fy Ai( ( P1+ plUl) 51n01+ ( P2+ p2U2) sinoz] Mg 6.5.16)

Expressions for squares of velocities may be obtained from the

Taylor expansion of equation (6.5.10)
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6.6 - TIME DOMAIN ANALYSIS

The fundamental assumptions of a frequency domain analysis are that
the loading is harmonic and the structural response to this loading
is similarly harmonic and at the same frequency. The method is
often wused for analysis of multi-frequency input systems by
assuming linear independence of outputs at different frequencies
which permits superposition of responses at different frequencies.
The forcing on pipes suspended in water is conventionally evaluated
using Morison'’s equation. The non-linearity of the drag term in

this equatidn invalidates superposition of responses.

Exact representation of non-linearities is, however, possible using
time integration procedures. The development of numerical models in
the time domain is often hindered by the realisation of their
excessive computer time and storage requirements. With increasing
resource and speed of present day computers, typical run times have
been reduced to more realistic values. The accuracy provided by the
time domain methods in modelling system non-linearities and their
extreme ease of implementation now warrants their use as standard
design tools. These methods are basically integration procedures in
time and are based on finite-difference equations in time. Examples
of these methods are provided by Bathe(1982) which includes a
comparison of the relative merits of each method, as well as notes
on their implementation. For the purpose of this work, the
Newmark-f method was chosen. This was based on the information
provided by Bathe(1982) which indicates that the Newmark-g method
has zero period elongation and lowest amplitude decay rate amongst
all other methods. The method is founded on combined
finite-difference and Taylor's expansions for structural
displacements, velocities and accelerations. These are expressed

as,

g(t+At)- X+ [(A-§) X + 6 §(t+At)] ae (6.6.1)

and,
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g(t+At) - X + X At+ [(0.5 — @) gt + a —(t+At)]

-t (6.6.2)
where a and § are constants chosen for numerical stability and

accuracy. a and § are restricted to lie within the following bands,

. 2

§ >= 0.5 ;7 a>=0.25 (0.5+6) (6.6.3)
The combination (6§=0.5 , a=0.25) 1is the most popular and is
referred to as the constant-average-acceleration method which
results in an unconditionally stable scheme. Consider the dynamic

equations of equilibrium at time (t+At),

M Xy ¥ B §(t+At) + K g(t+At) = E(t+At)
(6.6.4)
Equations (6.6.1) and (6.6.2) may be solved to yield expressions
for accelerations at time (t+At) in terms of the displacements at
times (t) and (t+At). First, to simplify the representation of

equations involved, the following notations are introduced,

a,= 1. a;= 8 [ a,= 1 7 ag= 1 _ 1 ; a,= s _ 1
0 a At?2 ' 1 o At 2 a At 3 2a ! ¢
ag= 55 (22 agmat(1-5) ; amsac

(6.6.5)

The structural velocities at time (t+At) are then represented by,

+ag X + a4

X = X X
=(t+At) —t -t =(t+At) (6.6.6)
and structural accelerations as,
K ooney = 300 Kpopey~ X)) - a2 X, — ag X
(t+At) (t+AL) t t t (6.6.7)

These expressions are substituted into Equation (6.6.4) and terms
relating to time (t) are moved to the right hand side of the

equation and combined with the force vector to give,
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Fett(trar)™ E(eraryt ¥ (20X * 82 X+ a3 X)) + B (a,X+ a X + aX))

(6.6.8)

which is called the effective force vector. The equations of motion

may now be expressed as,

RKeer  Zesat) = Fesr(esar) (6.6.9)

with,

K - K + a, M + a, B
eff (6.6.10)
which is the effective stiffness matrix. Solution of Equations

(6.6.9) yields the displacements of the structure at time (t+At).
DYNAMIC BOUNDARY CONDITIONS

Motions of the support vessel generate a dynamic boundary condition
at the end of the riser which must be accommodated in the time
integration algorithm. Theoretically, the same approach as in the
frequency domain analysis may be used. However, the extended
computational effort involved with such calculations meant that a
compromise between accuracy and computational effort had to be

found.

An updated Lagrangian method where at each time step the geometry
of the structure 1is wupdated and equilibrium iterations are
performed was rejected for two reasons. Firstly, such an approach
requires equilibrium iterations at each step of integration
involving repeated assemblage and factorisation of the stiffness
matrix, an extremely time consuming approach. Secondly, for each
updated geometry, not only vessel motions had to be calculated
relative to the geometry, but more wastefully, the quasi-static
mode shapes for the vessel motions at the next time step had to be

re-evaluated. Although theoretically simple, the computational
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effort involved in this apporach makes 1its practical use
impossible. A  total Lagrangian approach based on the mean
equilibrium geometry was the alternative choice. This method
assumes that motions occur about a mean equilibrium geometry which
is a condition satisfied for all cases to be considered in this
work. As a result, the quasi-static vessel motion mode-shapes need
only be evaluated once with respect to the equilibrium geometry and
scaled up for the given vessel motions at each tiﬁe step. Vessel
induced accelerations and velocities may similarly be derived from

these mode shapes by suitable scaling discussed later.

The difficulty remaining with this method was that of carrying out
equilibrium iterations. The complication arises from the fact that
once the vessel has been purturbed from the static equilibrium
geometry, it oscillates about this and for a general case never
returns to the exact same location. This can be visualised by
considering an elliptical vessel motion envelope in surge and
heave, for example. The centre of the ellipse corresponds the
static equilibrium whilst its circumference represents the riser
top motion trajectory. To calculate equilibrium iterations, the
geometry needs to be wupdated, after which point, the remaining
motions must be calculated with respect to the new equilibrated
geometry. Although possible, this is a crude approach and will
introduce inaccuracies which will increase in proportion to
distance from the new equilibrium geometry. A technique was
developed based on separation of dynamic pipe displacements into
wave and vessel induced components. The latter are accurately known
in a quasi-static sense. Provided that fixed pipe dynamic
displacements may be calculated to 1include the effective forcing
due to vessel motions exactly, the total response may be obtained
by summation of these components without inconsistency. It should
be noted that the calculation of non-linear drag force must include

the combined total displacements.

Given the transfer functions of vessel motion and their phases
relative to the wave, for a wave spectrum composed of (n)
frequencies, the riser top displacements, velocities and
accelerations in a given degree of freedom (j) may be described by

the following equations,



-232-

H .
X, = i§1 X 7 Sln(wit+¢(i,j) ) , j=1,6 6.6.11)

where X represents the transfer function normalised against the
wave amplitude and.lﬂ is the transfer function phase at circular
frequency W, - The velocity and accelaration are calculated through

differentiation of these equations.

. n
H .
X, = izl wX 7 cos(wit+¢(i’j)) . j=1,6 (6.6:12)
.. n H
- —_— 2 -_ -
Xj i§1 w? X 7 Sin(wit+¢(i,j)) , j=1,6 (6.6.43)

Computation of these quantities is required at each time step.
Using the quasi-static mode shape vector, r, the complete vessel

induced displacement, velocity and accelaration vectors are given

X. = X, r, X, = X, r, X, = X .
=] J ] _j j =J -j j EJ (6.6.14)

However, coupling with dynamic pipe displacements must be provided
through the effective force vector which, as pointed out earlier,
removes the imbalance from the equations. The effective forcing

_vector is given by,

n

fegg = —iF (M X+ B Xp

=] =J (6.6.15)

This approach was found to be the most economical and stable. The
economy is achieved through the use of quasi-static mode shapes
which are calculated once only for a given geometry. The
instabilities relating to numerical problems associated with
imposing the full vessel inertia term on the pipe were avoided
using the proposed method. Inertia effects multiply structural
accelerations which are second derivatives of displacements. As a

result, small inaccuracies in displacements can give rise to much
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larger errors in accelerations. Full vessel forcing has the effect
of an impulse at each time step. This is a direct consequence of
the discrete nature of the 1loading which 1is implicit in the
analysis. Instabilities arise from error build up through summation
of the effects of all such impulses and the lack of damping to
enable adequate control of these errors without violating physical
constraints on damping. These instabilities are difficult to avoid
except by adopting a different formulation as carried out in this
work or deriving the accelerations by direct means using an
inversion of the mass matrix. The proposed method allows an exact
match of prescribed and integrated end motions, simplifies the

calculations considerably and avoids all instability problems.



-234-

6.7 - NON-LINEAR ANALYSTS IN THE TIME DOMAIN

Non-linearities encountered in the analysis of flexible riser
systems may be grouped into structural, loading and material
related categories. Non-linearities focused on in this work include
those arising from changes in structural geometry during loading
and the non-linear nature of the drag force. Equations of motion in
the time domain are derived on the basis of a total Lagrangian
formulation where all displacements are measured from the mean
static position but provide the response continuity through
equations relating parameters at a given time step to those at the
previous step(s). For structures undergoing large translations in
space, the use of a total Lagrangian formulation is clearly not
possible. An alternative updated Lagrangian formulation is wused in
such cases where after a give number of time steps, the structural
geometry is updated to equilibrium through a series of iteratioms.
For typical flexible risers where the structural response is
harmonic about a mean static configuration, the use of an Updated

Lagrangian formulation is unnecessary and extremely expensive.

Neglecting 1large rigid body translations, local structural
non-linearities such as the variable seabed boundary condition with
the lazy-S and lazy-wave risers may be accommodated with accuracy
through techniques based on intermediate equilibrium iterations.
These iterations aim to remove instantaneous imbalances from the
equations of motion. The imbalance is represented by,

M X pert B Eopaaryt KX

AE(t:+At) = (t+At) (t+At) (t+Aat) E(t+At)

(6.7.1)
The forcing on the pipe is a function of the instantaneous
displacements, velocities and accelerations of the pipe. 1In
addition, the stiffness, mass and damping matrices of the pipe are
modified by changes in its geometry. To accommodate such effects
exactly, intermediate non-linear iterations are required. These
involve calculation of a corrective displacement vector (AX) and
its associated velocity and acceleration terms to eliminate te
residual force vector. The direct iteration method used in the

static analysis may be extended to the dynamic analysis by
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incorporating the mass and damping effects. The equations for

non-linear iteration take the form,

. (k) o (K) ' (k) (k) _ plk-1)
X eraryt B 2(eraryt B Kiaaey? 2(erary™ E(eear)™ E(esar)
(6.7.2)
where
E;i&ic)— local pipe tangent stiffness matrix after deformations
and
F(k-l) = loading calculated on geometry at iteration (k-1)
—(t+At)
Ag(k) is given by the following expression,

}—(Elti)mt)“ 55:):3»./31:)"L ax 6.7.3)
The trapezoidal rule may be used for time integrations. This
corresponds to the Newmark-B8 method with a=0.25 and §=0.5. the
choice of these parameters is of lesser importance to mnon-linear
analysis than to the time integrations. These parameters provide a
system which is very closely related to the deferred averaging
procedure used in conjunction with the incremental method. The

expressions for velocities and accelerations thus become,

At o ;

Xerary” Ze ¥ 2 (E(eraryt 2O (6.7.4)
N .

Xerar)” 2ot 7 (Zpaanyt 2O (6.7.5)

Using the above three equations, expressions for wvelocity and

acceleration at step (k) may be obtained.

2 (o) (k) _ oy
K(t+At)- at ¢ g(t:+At:)+ aX X ) - (6.7.6)
: 4 (o) (k) _4h o
g(t+At)= acz ¢ §(t+At)+ X" X, ) ac % 2.8

(6.7.7)

Substitution in Equation (6.7.2) and rearranging gives,
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[z M+ p+r) x® - p - KO
_ 4 (o) _ 4 5 _
M At? ( g(t+At:) }—(t ) At Et =t ]
2 (o) _ 4 (k-1)
“ Bl & (Eieaary™ %) X E

(6.7.8)

It is noted that the mass and damping terms on the right hand side
of this equation are constant through the equilibrium iterations
and only the force and geometry dependent terms are variant.
Iteration for the force term is unnecessary, except for very 1érge
displacements. The stiffness dependent term, however, represents an
equivalent forcing required to enforce the seabed displacement
boundary condition. It is possible to wuse the extended deferred
averaging procedure to carry out these iterations. The method which
was described 1in Chapter 5, was found particularly efficient for
this. type of problem. In summary, the stiffness matrix is
calculated for the displaced pipe state at step (k) and multiplied
by the vector of displacement estimate to provide a new virtual
forcing function. The pipe-seabed interface is modelled using a
series of vertical springs uniformly distributed along the length
of each finite element in contact with the seabed. The equivalent
nodal spring stiffnesses 1in translation and rotation in the
vertical plane are derived using the equivalent mnodal 1load
calculation procedure. During the equilibrium iterations, these
spring stiffnesses are updated according to the last estimate of
the displacements vector. The iteration convergence is checked

using,

axO- pg(eD)

< €
(6.7.9)

where ¢ represents a specified displacement tolerance. The velocity
and acceleration correction vectors are finally computed from
Equations (6.7.6) and (6.7.7) and used to update the calculated
pipe parameters at time (t+At).
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6.8 - REGUILAR SLUG FLOW ANALYSTIS IN THE TIME DOMAIN

Derivations presented in Section (6.5) involve approximations in
calculation of fluid velocity variations, necessary for a frequency
domain simulation. Furthermore, the wuse of frequency domain

techniques has the following disadvantages:

- Due to the non-linear drag forcing and drag induced damping,
combinations of wave loading and internal flow cannot be studied
within the same frequency domain analysis. This excludes the
exceptional cases where the slug frequency is equal to the wave

frequency.

- The fluid velocity changes must be approximated by a Taylor

series expansion of the steady and temporal components of the flow.

- Non-periodic or discontinuous-periodic (rectangular) density
changes may not be accommodated. A Fourier series type simulation
of these flows may similarly not be attempted for reasons stated

above.

These considerations leave time domain techniques as the only means
of obtaining accurate results and discarding the above
restrictions. The development presented here relies on the

assumptions that:

- The fluids are Newtonian

- The rate of mass flux is constant

- The flow is of constant average velocity

- The velocity of the gas relative to the fluid is zero
- Friction head losses are negligible

- The pressure and velocity changes occur at constant temperature

In simulation of internal flow along pipes of considerable length,
such as those typically arising in offshore multi-phase fluid
transportation, some of the above assumptions are clearly mnot
permissible. For example, significant heat losses exist, large
friction head losses occur, the fluid composition may change with

temperature and flow Reynold’'s number and flow frequency or
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regularity may alter as a result of changing pipe geometry. These
considerations, whilst of importance for flow simulation, bear
little influence on a dynamic forcing simulation. In justification

of the above assumptions, it must also be noted that:

- The purpose of a dynamic analysis 1is to obtain an upper bound
estimate of response magnification due to internal flow. Such
effects are likely to be more pronounced for cases of regular slugs
at frequencies near the structural resonant frequencies or within

the wave excitation frequency envelope.

- Typical flexible risers are of relatively short lengths compared
with pipelines used in o0il transportation. Temperature and friction
induced head losses are thus likely to be 1less severe for these

risers.

- The most adverse flow conditions are intuitively those of largest
density variations. As stated previously, the geometric stiffness
and hence the pipe geometry are most susceptible to such changes. A
two phase bubble flow of uniform dispersion or a flow where the gas
travels in an annulus around a central fluid core are essentially
steady flows and merely influence the pipe wall tensions with

little bearing on its dynamic response.

The first step in the analysis is the mass continuity equation,
Qm = p(t) U(t) A, = p(t+At) U(t+At) A, = constant
i i (6.8.1)

Assuming the internal cross sectional area to remain constant and

using subscript (o) to refer to values at (t=0), we obtain,

v® =Y 5w (6.8.2)

which provides a means of calculating the velocity of flow at a
given time t. The second step is the determination of the velocity

and pressure changes with time. These variables are necessary for a



-239-

momentum  type formulation. Differentiating the equation of

continuity, we have,

3 (p AiU) = p 6(AiU) + AiU dp = p (AiaU +U aAi) + AiU 3p =0
(6.8.3)
which gives,
au oA . Bp _
g + A; + p 0
(6.8.4)
Given that 3Ai/Ai=0, we obtain,
U _ _op
v P (6.8.5)

providing a means for calculation of internal fluid velocities from
changes in the fluid density. The next step is the calculation of
pressure changes and relating these to the density variations. For
a perfect fluid, assuming that the ratio of the specific heat at

constant pressure to that at constant volume is unity, we have,

Pressure x Volume = Pressure x Mass / Density = constant (6.8.6)

For a constant mass flow rate, at any instant of time, the pressure

is seen to wvary in inverse proportion to the density.

Differentiating this equation and combining with Equation (6.8.5)

gives,
3 _8p _ _3U
P P U

(6.8.7)

To illustrate the equivalence of these equtions with (6.8.2), we
can integrate the pressure and velocity terms to give (Up=constant)
from which Equation (6.8.2) may be recovered. Alternatively,
integrating the pressure and density terms gives (P/p=constant)

which leads to,
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(o) - B 28

o

(6.8.8)
Forces arising from internal flow may be divided into pressure,
momentum, weight and inertia components. For a flow of a continuous
density function, these components may be calculated from the

following integral expression which is based on Equation (3.5.4).

~S2
3P aT
£~ A, Nsi[P(s) 1.I(s) = (P+57ds) i.(T+5.ds)]
+ A PS% ($)U(s)21.T(s)~ (p(s)+2Lds) (U(s)+20ds)21. (T(s)+tds)]
1), =2 PLS)Tgs as ) 22880 g ds
»s2
- Ai [ p(s) g i ] ds
vsl

(6.8.9)

Expansion of these integrals and elimination of terms of the order
of (ds)?2 will 1lead to differential expressions which may be
integrated analytically for a continuous density profile such as a
sinusoidal flow for example. Such integrations involve products of
powers of geometric functions and are extremely laborious and
non-general. A simpler and more general approach 1is the numerical
integration of these equations along each element. Such
integrations will require expressions for forces at discrete
intervals along the riser. For a given element subdivided into (n)
intervals of (6s) each, (n+l) points are required. For a

sub-element at arclength (s), force components are given by,

e

gs(s). §s = Ai [P(s—6s) i.T(s—6s) — P(s+bs) i.T(s+és)]

+ Ai [p(s—65)U(s—6s)2 1i.T(s—6s) — p(s+6s)U(s+6s)? i.T(s+6s)]

- A [ () g1] s
(6.8.10)

Transformation matrices at intermediate positions along the pipe
are computed by linear interpolation between the values at the ends
of the pipe. Forces at these sections are converted to equivalent

nodal forces using Equation (5.2.11),
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L
£(1) = I [ TF £(s)];.¥;(s).ds , i=2,3,5,6,8,9,11,12
S(eq.) J0 o
: (6.8.11)

where ¢i(s) are the finite element shape functions for the element.
It should be noted that the above integrations are carried out on
the force vector in the local element co-ordinates. This is implied
by the pre-multiplication by transposed T in the above equation.
Here, I represents the average of the transformation vectors at the

ends of the element.

Simpson’s rule was found suitable for performing the above
integrations. The general statement of Simpson’s rule for an
arbitrary function f(s) subdivided into an even number of intervals

of (h) each, may be expressed as,

n+ 4(f1+ f3+ .. + f

2 on-1) *

2(f2+ f4+ e, + f2n_2)]

s
2n h

J f(s)ds = 3 [fo+ f
So

(6.8.12)

The choice of the number of integration points depends upon the
ratio of slug length to element length. As a general rule, it was
ensured that the slug wave length was divided into 10 to 20
intervals. For cases where the slug length was large compared to
the element length, 10 divisions per element were used. This choice
was based on trials with a constant density element which gave

results to 1% accuracy for 10 divisions.

Dynamic equations of motion are in effect extensions of the static
equations to include mass and damping effects. In wave loading
analysis, often the mass and structural damping matrices are
assumed constant throughout the analysis. However, in internal flow
analysis, the structural mass changes in time. This implies that
pipe vibration frequencies and mode shapes are time variables.
Since the mass matrix formulated in finite element terminology is
based on a mean internal fluid density, it becomes necessary to
obtain the element mass matrix at each time step for the

instantaneous internal density profile along the element. The
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element mass translation to finite element notation 1is carried out
using the extension of Equation (6.22) for calculation of the mass

matrix for an element of variable density.

L
m, (1,3) = A, J p(s) $;(s) ¢j(8) dx , i,j=2,3,5,6,8,9,11,12
0
(6.8.13)

The transformation of the calculated slug force and mass matrix to
the global axes follows the conventional finite element

formulation.

The above calculations are carried out using the overall mass
pressure and density of the pipe to the inclusion of the mean
values. Since these are usually included in the static analysis,
the above expressions must be modified to represent, solely,
changes 1in the existing mean static parameters. It'was noted from
Equations (6.8.2) and (6.8.8) that the pressure and velocity

changes were dependent on the ratio <y (-p(t)/po). Changes 1in

pressure could hence be expressed as,

§P = P(t) -P = P (7v-1)
(6.8.14)
Since equations of internal flow induced forces are linear in P,
the wuse of §P in the above equations will convert the absolute
pressure effects to temporal values. The same holds true for

internal flow velocities, provided that these are treated in

squared form. Using Equation (6.8.2), we may write,

§(U2) = U2(t) - U2 = U2 (——1)
° o v* (6.8.15)

Hence, the above two expressions may be substituted into Equation
(6.8.10) to enable calculation of the time variant component of

internal flow exactly.
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Figure 6.1 - Linearisation results from Krolikowski (1980)
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Dynamic Bounday Conditions

Toy, (&S
Ty2 Tx, Tex2
Tz
Tez, ’ @

=
X

Tx, Ty, Tz - Translational Response Operators
in Surge, Heave, Sway

Tex,Tey,T 0z- Rotational Response Operators
in Roll, Yaw, Pitch

Figure 6.2 - Dynamic Boundary Conditions
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Matrix is symmetrical about upper diagonal
To obtain the mass matrix for the internal fluid plug modify
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degrees of freedom (1,4,7 and 10)

and eliminate the axial and torsional

Figure 6.3 - Element Mass Matrix
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Figure 6.4 - Element Added Mass Matrix
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Linear Wave Profile and Notations
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Figure 6.5 - Linear Wave Profile and Notations
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Rayleigh Proportional Damping
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Figure 6.7 - Rayleigh Proportional Damping
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CHAPTER 7 : VERIFICATION OF ANALYSIS

7.1 - INTRODUCTION

This chapter discusses the validation of the numerical analysis
software developed in this work. This was carried out to confirm
the adequacy of the numerical model for representing the physics
and to check the accuracy of its implementation. Large numerical
analysis  techniques are susceptible to errors, both in the
underlying theory and in the coding of the programs. Since many of
these errors are difficult to trace directly, alternative méans are
usually used for their detection. A series of independent
comparisons against theoretical and experimental techniques were

therefore conducted. These were divided into four categories.

1) Comparisons against model tests at Heriot-Watt University. These
included regular wave loading on steep-S risers with and without

vessel motions.

2) Comparisons against model tests at University College London.
Tests included internal pressure and internal flow conditions in

air and in water.

3) Comparisons against the works of other investigators. A diverse
range of geometries and static/dynamic loading conditions were

investigated.

4) Comparisons with theoretical data and results obtained via

alternative simplified formulations.

Comparisons in (1) and (2) aimed to prove that the proposed model
was accurate and represented the physics of the system correctly.
The numerical model of the pipe was deliberately kept at
model-scale to preserve any features that scaling to full-scale
might have lost. Comparisons in (3) were systematically carried out
to uncover discrepancies with the findings of other investigators.
These helped compare different models and analysis techniques.
Furthermore, an idea of the formulation sensitivity of results to

the numerical model was obtained. For example, the effect of a
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continuous versus discontinuous buoy connection and lumped mass
versus distributed mass could be quantified in this way. These
checks covered most geometries, loadings, and pipe parameters.
Comparisons in category (4) were carried out during the development
of the programs and involved simple geometries for which analytical
solutions were available. These checks showed good agreement and
have mostly been omitted for brevity and lack of relevance to
flexible pipe applications. However, a single case of a towed
pipeline has been presented at the end of this chapter which
illustrates the application and accuracy of the simplified analysis

technique developed for these pipes in Chapter 4.
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7.2 - DYNAMIC RESPONSE TESTS AT HERIOT WATT UNIVERSITY

This section presents comparisons between results of a series of
model tests carried out by Mr G.C. Hartnup in the wave basin at
the Department of Mechanical Engineering, Heriot Watt University
and predictions from the computer model developed in this work. The
model pipe consisted of an outer thin walled silicone rubber tube
to provide the hydrodynamic cross section. The axial stiffness of
the pipe and its correct mass scaling was obtained using a weighted
chain running through the bore of the tube. The subsea buoy was
moulded from ABS plastic and incorporated a V shaped arched guide
for the pipe. The geometry of the buoy is given in Figure (7.1).
The pipe was instrumented along its length and at its ends. Strain
gauged load cells (RS type 632-736) were placed at the top and
bottom attachment points to measure tensile force variations at
these points. These cells were waterproofed with RTIV non-corrosive
silicone rubber compound. Both cells were calibrated before and

after the tests using dead weights.

Displacements at the vessel were calculated using a resistive
displacement transducer whilst those along the pipe were measured
using a camera tracking system. This system comprised CCTV Spot
cameras in waterproofed housings which were mounted on a
subcarriage structure and kept track of the movements of the light
sources fitted to the pipe at strategic points along its length.
Each camera provided digital displacement data along two orthogonal
axes. A conventional resistive wave probe was wused for recording
instantaneous wave elevation. For the tests with vessel motions,
top displacements were simulated using a two axis trolley which was
controlled using a servo motor. The displacements were generated
using a microcomputer controller which used instantaneous wave
height readings with a knowledge of vessel response
characteristics, to give the required top displacements. The
imposed displacements were then measured with potentiometers fitted
to the drive shafts. Data logging was carried out wusing a
minicomputer system with both analogue and digital channels. A
sampling rate of 25 Hz was used which was the limit imposed by the
scanning rate of the video cameras. 513 samples were collected from

each channel which corresponded to about 20 seconds in real time.
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Analogue data were digitised into binary integers wusing a 12-bit
anologue to digital (A-D) converter. Digital signals were received

in bytes and formatted before storage (2 bytes/16 bit word).

The risers used in the tests were modelled using the program
REFLEX, which embodies the theory discussed in the preceding
chapters. The results were obtained on scaled models of typical
steep-S flexible riser configurations. Since the principal aim of
this exercise was that of evaluating the performance and accuracy
of the program, the numerical simulations were carried out at model
scale., Two different sets of tests were conducted. The first set
were carried out on a steep-S riser with a fixed top connection and
subjected to wave action alone. The second set used a slightly
modified geometry and pipe size and examined the response of the
riser under simultaneous wave and vessel excitation. The finite
element model used by the program comprised 30 elements in the
upper sag, 5 around the buoy and 10 along the 1lower tether. The
distribution of these elements was adjusted according to the
curvature of the pipe to improve accuracy. Following an initial
static analysis to determine the pipe at-rest profile, dynamic
responses were calculated using the frequencies and wave heights at
which the model tests were carried out. These runs provided the
natural frequencies of the model riser and its dynamic response.
Loading on the buoy was computed at the centroid of the spherical
buoy as this clearly absorbs the largest proportion of the total
dynamic loading on the buoy assembly. Drag and inertia loadings on
the buoy were equally distributed over the finite elements around
the buoy arch. Similarly, the mass and added-mass of the buoy were
proportioned between the diagonal elements of the riser mass matrix

for the buoy arch elements.
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7.2.1 - Tests with Fixed Top Connections

The first riser used in the model tests was a 1:50th. scale model
with fixed top and bottom connections which incorporated tension
cells designed to respond to small variations in tensile forces.
The riser, whose geometry is reproduced in Figure (7.2) curves over
a submerged buoy at 1its lower extremity and is attached vertically
to the base of the tank producing a typical steep-S configuration.
The geometry of the buoy is illustrated in Figure (7.1). The model
was subjected to a series of in-plane waves and time histories of
displaéements at selected points along the riser,as well a§ tensile
force variations in the bottom and top tension cells and the wave
amplitude variations, were recorded. A total of 10 wave period and
height combinations were studied which comprised 5 different
frequencies and 2 wave heights. Horizontal and vertical
displacements were recorded at four different points along the
riser using video cameras. These points are marked on Figure (7.2).
Information provided for this comparison included riser dimensions,
weight in air, flexural rigidity of the riser tube and the time
histories for the 10 combinations of wave height and frequency.
Table (7.2) contains the 1list of wave heights and periods
investigated. Table (7.1) lists the properties of the riser and the
buoy used for input to the analysis program. Parameters which were
not directly measured were approximated using available data and

have been marked on the tables.

Results of the static analysis are given in Figure (7.2) which
shows the static profile calculated from the program with
co-ordinates from the experimental profile superimposed.
Examination of the Figure indicates very good agreement throughout
the length with minor deviations at the buoy interface on the sag
side. These are due to the asymmetry of the buoy sphere about the
pipe arch - see Figure (7.1) - which produces a small overturning
moment tending to slightly rotate the buoyancy arch. The program,
on the other hand, assumes that the line of action of the buoy
upthrust is through the centre of the pipe arch. Figures (7.3) to
(7.12) show the dynamic response predictions of the program. Here
the orbits provided by the Heriot-Watt University have been

superimposed onto the program results. It must be noted that the
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minimum and maximum dynamic bounds shown are envelopes of
displacements and do not represent actual displaced states for the
riser. Examination of these results indicates good agreement in all
cases considered. A comparison of the variations in tensile forces
at the top and bottom cells has been given in Tables (7.3) and
(7.4). The agreement appears quite good for most cases but some
discrepancies exist. Time histories provided by the Heriot-Watt
University are shown in Figures (7.13) to (7.22). The top and
bottom traces in each graph refer to the tensile forces at the

upper and lower cells respectively.

The validity of the static analysis model used by the program is
confirmed from the results of the runs which showed consistent
agreement with model tests at the Heriot-Watt University. The
agreement between the tensile forces is somewhat less than that
for displacements. However, these are well within the expected
range and considering the 1level of experimental uncertainties
involved, are deemed acceptable. Inaccuracies may be attributed to
the selection of drag and added mass coefficients, susceptibility
of tension cells to bending and torsion at the pipe ends, and
inaccuracy of modelling the hydrodynamics of the buoy. In addition,
results were provided in the form of hand-drawn displacement
trajectories which had to be interpolated due to the 1lack of
numerical values. This has, inevitably, introduced some measure of
error. These results validate the proposed analysis technique for
both the static and dynamic analyses. Further, they confirm the
suitability and accuracy of the frequency domain technique for the
given class of problem. An important feature of these comparisons
was the consistency with which the predictions compared with
experimental results. This proved that the program could correctly
predict the dominant modal responses and was thus representative of

the physics of the system.

7.2.2 - Tests with Vessel Motions

The second set of riser tests at the Heriot-Watt University were
carried out on a slightly different 1:50th. scale model and
included an examination of the effects of <vessel motions on riser

response. Riser top motions in surge and heave were simulated using
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an apparatus consisting of one vertical and one horizontal trolley
which could be moved in accordance with a prescribed set of motions
relative to the wave amplitude. The model, whose properties are
given in Table (7.5) was subjected to the simultaneous action of
waves and vessel motions. A total of 8 wave height and period
combinations were used which are 1indicated in Table (7.6). Data
provided by Heriot-Watt University did not include the wvessel
response amplitude operators (RAO’s) used in the tests. Instead,
time histories of riser top motions in heave and surge have been
provided which made it possible to calculate the RAO’'s by
extrapolation. The calculated values are given in Table (7.6). As
with the tests without vessel motions, tensile force time histories
were recorded at the bottom and top tension cells. Unfortunately
due to the failure of the bottom tension cell, data from this cell
were lost. The remaining tensile force time histories have been
provided in Figures (7.32) to (7.39) which also include the time
traces of wave amplitude and vessel motions. Table (7.7) shows the
comparison between the riser top tenmsile forces recorded during the
experiments and those obtained from REFLEX. The agreement is very
close in most cases with only case V-6 showing a discrepancy. These
are thought to result from the inaccuracy in the supplied value of
the axial rigidity. In addition, examination of the time histories
showed that the prescribed top motions where somewhat different
from those implied by the vessel response transfer functions. The
agreement is encouraging as it is consistent for all cases
(excepting V-6). The consistent underprediction of the
displacements at the monitored position nearest to the top
connection could have resulted from a low mesh resolution in its
vicinity, from inaccuracies in the wvalue of Cd given the large
gradients in fluid velocities in this area, or from the use of a

linearised model.

The riser natural frequencies are given in Table (7.8) and are seen
to fall within the frequency range of wave excitation (at model
scale). The table presents a comparison with the results of Ghadimi
et al.(1987) who developed a three dimensional lumped mass model
for flexible risers and carried out a parallel comparison with the
results of these model tests. In examination of Table (7.8) it must

be noted that the results of Ghadimi are for a lumped mass model
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with a discontinuous buoy connection. The provided natural
frequencies compare quite closely with only 2.5% discrepancy for
the first natural frequency and 4.5% for the second. This
comparison also serves to give an indication of the 1likely

magnitudes of errors with lumped mass models.
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7.3 - MODEL TESTS AT UNIVERSITY COLLEGE LONDON

A series of preliminary model tests were carried out by Dr G.J.
Lyons and Mr A. Holland at University College London which were
directed at investigating the static behaviour of flexible pipes
suspended in air whilst under internal pressure. These have also
examined the dynamic effects arising from the flow of slugs within
the pipe. The apparatus for the air tests is schematically shown in
Figure (7.40a). The riser pipe was mounted on a frame which was
rigidly fixed at the base. The upper extremities of the frame were
prevented from translation by fixing these to a bracing as shown.
The pipe was suspended freely between clamps fixed to the frame. An
additional support was necessary to ensure that the ends of the
pipe followed a continuous slope for some distance past the
attachment points. This was necessary to provide a pipe model which
was consistent with that assumed by the analysis software. Two
adjoining water tanks were used to provide the necessary fluid
volume. These tanks measured 2 feet in diameter and about 3 feet in
height. A centrifugal pump was used to circulate the flow which was
directed through a flow sensor giving a digital read-out in litres
per hour on an adjoining LED display. The injection of air into the
flow was carried out using a foot pump. Although the use of an air
compressor was attempted, better regularity was achieved using the
foot pump. The regularity of the generated air-water flow could not
be controlled with great precision but adequate accuracy for

comparisons was achieved.

An identical arrangement was used for the water tests where the
pipe was suspended in the tether tank at the Department of
Mechanical Engineering, University College London. The geometry of
this tank is shown in Figure (7.40b). The tank measures 1.5m x 1.5m
in plan and is 4.5 metres in depth. It is placed on a concrete
floor specially fortified to support its weight whilst full of
water (12 tonnes). The tank was constructed from stiffened steel
panels with joints sealed using mastic sealing strip. The tank base
was fabricated from 6mm mild steel plate mounted on a framework of
steel channel sections resting directly on the concrete floor. A
viewing panel is provided which is covered by monolithic annealed

float glass of 25mm thickness with wet ground edges. The interior
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of the tank is coated with a two-layer epoxy coating of light
colour such that good 1lighting for the viewing cameras could be
maintained. The top arrangement consists of an aluminium trolley
connected to an actuator which is designed to provide a means of
imposing top motions on suspended risers and tethers. Access to the
tank is wvia a door mounted near its top. Recording of riser
displacements was carried out using video cameras positioned
outside the glass panel. This uses the contrast between the bright
riser pipe and the dark background to track the displacements of
the pipe. These cameras were calibrated before each test and
provided voltages which could be converted to displacement readings
and stored using a processing microcomputer. The work platform for
the tests is on the mezzanine floor which surrounds the tank top.

This floor is approximately 3 metres above the base of the tank.

7.3.1 - Tests Under Internal Pressure

The choice of suitable pipes for these tests was based on modelling
a typical flexible pipe designed for offshore applications. This
was the 8 inch DUNLOP Armalink pipe. Three different pipe sizes
were examined and one was found suitable. The dimensions and
properties of the pipe are given in Table (7.9). The tube used was
'Artron’ PTFE smooth bore hose with a single straight wire braid
coating which provided it with good flexibility and high axial
stiffness. The pipe had to be initially straightened to remove the
curvature resulting from coiling during production. The axial and
flexural rigidities of the pipe were then determined in simple
laboratory tests by carrying out a number of tests and calculating
the best fit to the collected data. Two catenary shapes were
investigated which included the simple catenary of zero base angle
and the sagging catenary shape. A set of low voltage light emitting
diodes (LED) were strategically positioned along the tube. Video
cameras were then mounted on a stand facing these diodes. These
cameras were linked to a video displacement measurement system
which was capable of tracking the displacements of the diodes and
converting these into electric voltages which were recorded at a
frequency of 10Hz. The total number of collected points was set to
500. Pressure tests were then carried out where the pressure was

applied using a foot pump and mesured using a pressure transducer
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providing readings in volts. The transducer was calibrated by
recording the voltage reading from several known heads of water and
fitting the resulting data points with a straight line of best
least-squares fit. The constant pressure was maintained by plugging
one end of the pipe. The rubber tubing used, was found to have a
low radial rigidity. Whilst the axial rigidity may be adjusted
using an axial chain running through the bore of the tube, the
radial weakness was irremediable. This lead to the expansion of the
tube during the pressure tests which somewhat modified the mean

diameter and the length of the tube.

Typical results of tests carried out at University College London
on the effects of internal pressure on flexible pipes are
presented in Figures (7.41) to (7.48). The displacements are seen
to occur in the directions predicted by the program. However, the
axial extension and radial expansion exhibited by the pipe during
the tests 1is known to have introduced some degree of error. Table
(7.10) shows the geometry and loading data for the pressure tests.
Figures (7.41) to (7.46) show the comparison between the program
predictions and experimental recordings for the air tests.
Agreement is noted for both the simple catenary tests 1 to 4 and
sagging catenary tests 4 and 5 which were all carried out in air.
The comparisons for pressure tests in the test tank in Figures
(7.47) and (7.48) show similar agreement between the results. The
most significant deviation appears mnear the top connection with

other points lying quite closely to the predicted profile.

7.3.2 - Tests with Internal Flow of Slugs

In the internal flow tests, a circuit was set up including two
constant head tanks, a centrifugal pump with variable speed and a
flow sensor. The flow sensor was connected to a flow metre with an
LED display giving readings in 1litres per hour. Slugs of air were
injected under pressure into the flow of water using a portable air
compressor and a foot pump. Several metres of tubing was inserted:
in the circuit between the compressor and the model pipe to
minimise the effect of any initial pressure surges. This segment of
tubing was transparent and enabled a visual examination of the

consistency of flow and slug formation. The composition of the
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air-water slugs was recorded using a photodiode cell which
registered changes in 1light flux resulting from variations in
density of the fluid. These changes were then converted to a
voltage reading and enabled a measure of the instantaneous density
of the pipe content. The cell arrangement was fitted along the
transparent hosing leading to the model. A spotlight was wused in
conjunction with the cell arrangement to exclude interferences
caused from movements of personnel in the vicinity of the cell. In
the riser tank tests, an additional cell was wused to record the
slug data on exit which served as an additional check to ensure
that the consistency of the slug was maintained along the tube. In
addition, a pressure transducer was inserted in the circuit to
check the constancy of the pressure throughout the tests. Data from
the pressure transducer and the two cells were also recorded by the
sampling program. Measurements were then taken of the displacements
of the pipe and compared with the program results. The difficulty
experienced with these tests was the generation of a regular slug.
It was found quite difficult to add the air bubbles to the flow at
very regular intervals. This was a requirement of the program which

modelled the slugs using a sinusoidal density model.

Figure (7.49) and (7.60) show typical effects arising from the
steady flow of a water-air slug through the tube. Due to the
problems associated with generation of a regular slug, sufficient
speed and regularity were not achieved in these tests to enable a
good comparison to be established. Displacements are noted to be
very small and only qualitative conclusions may be drawn from the
results. Data for these tests have been provided in Tables (7.11)
and (7.12). Figures (7.49) to (7.52) show the results of internal
flow tests under a steady flow of water. The shape of the riser
appears unaffected by the speed of the flow which is consistent
with the findings in Chapter 3 suggesting that a constant flow of
internal fluid will only interact with the pipe through the
effective tension term and leave the pipe geometry unaffected.
Figures (7.53) and (7.54) show the corresponding graphs for the
riser tank tests under a steady internal flow. A similar
discrepancy to the internal pressure tests is observed but it is
again noted that the geometry is unchanged for different internal

flow rates. In contrast with the pressure tests, where a constant
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head was difficult to maintain because of compressor limitations, a
constant rate of flow was much simpler to model. This explains the

greater variation in pressure tests compared to internal flow

tests,

In the next phase of the tests, dynamic variations in the density
of the air-water slugs were modelled numerically and the results
compared. These are illustrated in Figures (7.55) to (7.60).
Filtered displacement time histories are given in Figures (7.61) to
(7.66). Comparison of bounds of displacements predicted by REFLEX
indicates displacements of similar orders of magnitude-although
large discrepancies exist in selected cases. From an examination of
the time histories it may be seen that the displacements have not
achieved the required stability and periodicity which 1is an
indication of the lack of success of the investigators in achieving
a periodic slug density. This is indeed a difficult problem and

.requires further experimental work.

Further work appears necessary to identify the factors contributing
to the errors noted in the riser tank tests. Additionally, a means
of generating slugs of sufficient regularity must be devised. The
results of the steady pressure and internal flow tests appear to
confirm the independence of the riser profile from the internal and
external  pressures and internal flow magnitudes. However,
experimental errors as well as the small magnitudes of the recorded
displacements detract from the quantitative value of these results
and requires that these findings be interpreted only in a

qualitative sense.
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/.4 - COMPARISON WITH OTHER WORKS

As part of the validation exercise, the results of REFLEX, the
numerical analysis suite of programs developed in this work, were
compared against those of other investigators as well as analytical
solutions where these were available. A selection of papers which
included case studies and provided sufficient data for a numerical
modelling were selected. The case studies were repeated using
REFLEX and the output compared. In some cases, the lack of
numerical data meant that data had to be extrapolated from enlarged
copies of graphs. This has inevitably detracted from the resolution
of the resulting graphs but care has been taken to ensure that
trends in data are not distorted in any way. It was felt necessary
to mention this feature to explain any minor discrepancies with

original data that may exist.

The first two case studies examined appeared in McNamara, et al.
(1986). The first is that of a simple sagging catenary spanning
between a subsea tower and a surface vessel. The relevent data for
this case study have been given in Table (7.13). The results
provided in the paper include the static profile and tensile forces
along the pipe as well as pipe angles and reaction forces at its
extremities. Figure (7.67), (7.68) and (7.69) show comparisons
between the profiles, tensile forces and bending moments
respectively. Further, the results of program CATRIS developed by
Ghadimi, et al.(1987), who has repeated one of the case studies,
have been presented. Excellent agreement is seen in the calculated
pipe profiles. The distribution of tensile forces calculated by
REFLEX is seen to be marginally 1lower than those of other works.
This discrepancy has been caused by the inclusion of the axial
extensibility condition by REFLEX, an effect which is deliberately
ignored by other investigators to prevent ill-conditioning of the
equations. The given REFLEX results were obtained using the Direct
Iteration method which on enforcement of the axial inextensibility
condition reverted to those of other workers. These results are of
importance in illustrating the magnitude of axial extensibility
effects and in confirming these to be small. The axial
inextensibility condition is necessarily enforced in the case of

incremental shifting procedures and in this respect, the above
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finding offers an 1indication of the degree of inexactitude

introduced by that assumption.

The bending moments, shown in Figure (7.69), compare well except in
the area very close to the lower support. This discrepancy
originates from the differences in the models. McNamara has used a
shifting procedure for calculation of the pipe profile whilst
REFLEX has used direct iterations about an initial equilibrium
geometry. A natural catenary sagging between two arbitrary points
in space will have a curvature function given by Equation (4.2.22)
which will have a non-zero magnitude at pipe extremities.
McNamara’s method has enforced the condition of zero bending moment
at pipe end which 1is equivalent to rotating the lower end of a
simple catenary anti-clockwise so as to give a balancing moment and
hence reduce the curvature at this point to zero. This is confirmed
by the small hump in the graph seen between the arclengths 0 and 20
metres. A naturally sagging catenary pin-jointed at both ends will,
nevertheless, have a curvature at its connection to the pin. Table
(7.14) shows a comparison of the end reactions and angles between
all the methods which also shows good agreement between the
results. It is worth noting that the sum of vertical reactions
according to McNamara, et al. amounts to 127.3 kN which is 5% in
excess of the total weight of pipe at 121.1 kN whilst the REFLEX
results add to 119.8 kN which falls only 1% short of the total pipe
weight.

The second case study by McNamara is that of a Steep-S riser
geometry. Data for this case study have been provided in Table
(7.15). The dynamic runs were repeated for the case of wave loads
and vessel motions. Simulations were carried out using both the
frequency domain and time domain solution techniques and results
compared. Figure (7.70) shows the displaced riser envelopes using
the frequency and time domain solutions. McNamara's results have
been provided as an outline envelope extrapolated from Figure (14)
of the paper. Good agreement is noted between all analysis
techniques. The small discrepancies noted may be attributred to a
variety of sources amongst which is again the difference in the
modelling of the buoy region where REFLEX uses a continuous

geometry whereas McNamara employs a discrete buoy with pinned
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connections to the lower section and the sagging catenary. During
the analyses it was discovered that the motion envelope of the
riser is rather semsitive to the drag and inertia coefficients and
the hydrodynamic loads on the buoy. Differences in modelling these
forces on the buoy are thus 1likely to have a large effect on the
motion envelopes. However, the bending moment and tensile force
distributions are less sensitive to such changes as the flexibility
of the geometry permits large rigid body motions at the expense of
little internal work. This is indicated by the bending moment time
histories provided in Figure (7.71) which show good agreement.

Owen and Qin(1986) have presented data from a series of model tests
on a lazy-S flexible riser geometry and compared the results
against a three dimensional time domain program. The numerical
analysis is shown to overpredict the responses to hydrodynamic
loading, a factor which has been attributed to problems associated
with correct scaling of the flexural rigidity and the 1lack of
information on the magnitude of structural damping. It is
stipulated that the wvalues of structural damping associated with
the model were much higher than those wused by the simulation
program. Owen and Qin have provided the natrural frequencies of the
flexible riser for modes 1,2,3,5,7 and 8. Data for this case study
have been provided in Table (7.16) and a comparison with the
results of REFLEX presented in Figure (7.72) which shows a good
match for the first natural frequency but indicates 1large
discrepancies for others. It is interesting to note that provided
the order of the modes is ignored, REFLEX results closely match
some of Owen and Qin’s higher modes. It seems that REFLEX has
calculated one or sometimes two extra natural frequencies between
those of Owen and Qin. It may be stipulated that the eigen-value
analysis routine used by Owen may have employed too high a
tolerance for such a flexible system, with the result that
calculations have not been carried out to sufficient resolution and
some of the modes have been missed. The agreement obtained for the
first mode is nevertheless encouraging. It is worth adding that the
first mode is that associated with rigid body horizontal
translation of the buoy arch and disappears if the subsea buoy is

tethered.
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Owen and Qin’s paper includes different studies on the quasi-static
and dynamic behaviour of the flexible riser studied. Figure (7.73)
shows a comparison against Owen and Qin’s results for the combined
case of steady current and vessel excursion. The profiles shown are
very close although some slight differences exist near the buoy.
These are due to modelling differences in the buoy region where
Owen and Qin have used a discontinuous pipe geometry in contrast to
the continuous model wused by REFLEX. Figure (7.74) shows a
comparison involving wave 1loading only whilst Figure (7.75)
presents the results for the wave and vessel motion case. The
results of Owen and Qin are reproduced on top of each figﬁre. Note
that the time domain results from REFLEX seem to be in closer
agreement with model tests by Owen whilst underestimating his
numerical model results. The good comparison with these model test
data was initially found surprising in that agreement with Owen’s
numerical, but not model test results, was expected. However, a
.comment was noted in the paper to the effect that structural
damping may be ignored in relation to the hydrodynamic damping.
Although this is totally valid in most cases, experience with time
domain techniques has shown that some of these techniques are very
sensitive to structural damping, especially where fluid damping is
modelled as a force. The reasons for this are numerical rather than
physical. The 1lack of structural damping in the model means that
higher frequency vibrations remain unbounded and receive no
numerical damping with numerical round-off errors in these modes
accumulating and giving rise to computational problems. This
feature may have been a contributor to the discrepancies between
Owen and Qin’s time domain and model test results and contributed

to their numerical over-prediction of the riser response.

Some interesting results were obtained in a comparison with data in
O0’'Brien and McNamara(1988). The case study involved the study of
the in-plane and out of plane deformations of a flexible riser of
steep-S geometry. Relevant data for this case study are given in
Table (7.17). Initially a static analysis was conducted to
determine the pipe at-rest profile. A static incremental shifting
procedure was used for this purpose which compares with the updated
Lagrangian method used by the authors. The excellent comparison

between the pipe profiles 1is shown in Figure (7.76). Significant
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discrepancies were, however, noted in the calculated out of plane
properties. As shown in Figure (7.77), the maximum out of plane
displacements calculated by O’Brien and McNamara are of the order
of 20 metres which compare with 5 metres predicted by REFLEX. After
extensive tests, it was discovered that the cause of the
discrepancy related to the omission of tensile non-linearity by
0’Brien and McNamara. It is seen from the Figure that by ignoring
tensile non-linearities the results of the authors can be recovered
to good accuracy. Tensile non-linearity is an important physical
feature of the flexible riser system and is analogous to membrane
effects in shell type structures. If the lateral riser profile is
imagined as a simply supported beam, tensile non-linearity takes
account of the axial stretching of the pipe during bending
deformations. Since the stiffness of flexible risers - by
definition - is dictated by its tensile forces, the omission of
tensile non-linearity would constitute a major error in
formulation. As pointed out earlier, O'Brien and McNamara have used
a time domain technique based on an updated Lagrangian approach.
Inclusion of tensile non-linearity within such a scheme could only
be achieved through intermediate equilibrium iterations which will
result in unrealistic run times for simple static analyses. The
method used in this work, in contrast, 1is a static equivalent and
relies on iterations about the static mean which use relatively
little computational effort. It is seen in Figure (7.78) that the
tensile forces computed by the  authors show 1little change from
values without the cross current whilst the results of REFLEX show
an overall rise in the pipe tensions; as would physically be

expected.

Aside from the above feature, Figure (7.78) revealed a fundamental
error in the results of O0’Brien and McNamara. Consider the plot of
effective tensions from REFLEX. This distribution is one which may
be proven analytically wusing the catenary equations. indeed, a
different effective tension profile would have led to a totally
different pipe geometry. Having ascertained the validity of the
effective tensions, the pipe wall tensions are derived by
subtraction of the effects of its internal and external pressures.
This provides the solid line in the Figure showing the REFLEX (No

Current) results. However, O’'Brien and McNamara provide compressive
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forces which are in violation of physical equilibrium conditions.
It appears that the authors have analysed the buoyancy arch as an
inverted catenary with negative weight but have calculated 1its
tensile force distribution using a positive apparent weight
(compression arch). An examination of the in-plane bending moments
in Figure (7.79) showed very good agreement with and without the
cross current. The errors discussed above expectedly resulted in a
total discrepancy between the magnitudes of torsions and out of
plane bendings. The results of REFLEX for these parameters are
presented in Figures (7.80) and (7.81).

Mathisen and Bergan(1986), and, Engseth et al.(1988) have,
independently, presented results for the same case study on a
steep-S riser. Data for this riser which is composed of four
different sections 1is given in Table (7.18). Comparisons with the
results of REFLEX showed full agreement in all respects. Figure
(7.82) shows the comparison with a shifting solution and Figure
(7.83) gives the multiple catenary solution; the four different
sections of the riser are also indicated in the Figure. Tensile
force and bending moment results were obtained from the multiple
catenary equations to provide a comparison with the computationally
intensive shifting procedures. These are shown in Figures (7.84)

and (7.85) which also indicate excellent agreement.

As pointed out in the introduction, an extensive set of comparisons
against simple models such as cantilevers, simple beams and
tensioned strings were carried out during the development of the
analysis programs. The majority of these have been omitted for
brevity or lack'of significance. However, the subject of towed
pipeline dynamics which was addressed in Chapter 4 provided an
attractive example to demonstrate, firstly, the use of simplified
methods in dynamic analysis of suspended pipes and, secondly,
provide an independent verification on the frequency domain
formulation discussed in chapter 6. Data for this case study are
given in Table (7.19). 1Initially, an eigen-value analysis was
conducted and its results compared against those of the analytical
model presented in Chapter 4. Figure (7.86) illustrates the
excellent agreement in calculation of natural frequencies between

the simplified model and a 100 element simulation using REFLEX. It
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is worth noting that REFLEX results took 25 minutes of computation
whilst those of the simplified technique were obtained in 3 seconds
on the same computer. A dynamic analysis was then undertaken using
the simplified approach. Figures (7.87) and (7.88) show the
variations in displacements and bending moments calculated using
both methods. The analytical results are of the same magnitudes as
the finite element results, although the results of the simplified
technique are clearly inaccurate. An added source of error with the
simplified technique is the uniterated linearisation of the drag
force. The objective in the use of the simplified method was to
perform an analytical check on the magnitudes of the results and to
determine the suitability and accuracy of the simplified method. It
is shown in Figure (7.86) that the first 30 natural frequencies
have been calculated to excellent precision using the simplified
method with great time savings over the finite element method.
Results of the dynamic analysis are, in the present form,
inaccurate for design work but may be improved further by
introducing an iterative procedure for 1linearised drag
coefficients. This enhancement was not undertaken in this work as
it would merely have duplicated the theory embodied in REFLEX for a
distributed parameter system without its generality.

An interesting and unusual aspect of the dynamic analysis of towed
pipelines is the requirement to use a very large number of finite
elements for dynamic analysis. This is a result of the very large
horizontal span of these pipes compared with typical wave lengths
which gives them some wunique features. Typical lengths of ocean
waves range between 10 and 500 metres. For a pipeline of 4000
metres in  length, these waves encompass a large range of
frequencies which include many of the vibration modes of these
pipes. Consequently, excitation of many modes will be possible;
with the first few modes often contributing little to the overall
response. Both these features are in total contrast to typical
dynamic systems where modal analysis is used on the assumption that
the contribution of the higher modes may be ignored. Additionally,
in finite element formulations, a large number of elements will be
needed to model the eigen frequencies accurately (up to 30 modes of
vibration sometimes) and to provide a mesh of sufficient resolution

for hydrodynamic forcing calculations. Typically, the element
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length should be 1less than 1/10 th. of the length of smallest wave
to model the forces accurately. These considerations highlight the
advantage of the proposed method which provides, not only a very
accurate indication of the natural frequencies, but helps select
the optimal finite element mesh resolution and the number of modes
required in the finite element analysis and hence save a great deal
of computational effort. The modal participation parameters
obtained from the simplified analysis of the above towed pipeline
are shown in Figure (7.89). Note that more than thirty modes are
excited and that the contribution of the first modes are quite

small.
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Base X co-ordinate 0.000 m
Base Y co-ordinate 0.000 m
Top X co-ordinate 1.494 m
Top Y co-ordinate 2.591 m
Pipe length from buoy to top| * 3.100 m
Inner radius 0.002 m
Outer radius 0.003 m
Mass per unit length 0.0704 kg/m

Weight per unit length
( submerged with contents) * 0.5360 N/m

Density of contents 1025 kg/m3
Axial rigidity (EA) * 3010 N
Flexural rigidity (EI) 9.88E-3 Nm?2
Pipe Drag coefficient 0.7

Pipe inertia coefficient 1.5

Buoy diameter 0.099 m
Buoy mass * 0.1 kg
Buoy volume * 0.509E-3 m?
Frontal area * 7.710E-3 m?
Buoy Drag coefficient 0.7

Pipe inertia coefficient 1.5

* denotes calculated or estimated value

Table (7.1) - Data for the Heriot-Watt University model test riser
with a fixed top connection

RUN Wave Period Wave Height
(s) (m)
1 1.130 0.127
2 1.414 0.127
3 1.695 0.127
4 1.980 0.127
5 2.273 0.127
6 1.130 0.254
7 1.414 0.254
8 1.695 0.254
9 1.980 0.254
10 2.273 0.254

Table (7.2) - Combinations of wave heights and periods used with
Heriot-Watt University model tests on steep-S riser
with a fixed top connection
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Variations in top tension (1b)
RUN
Program Experiment
1 0.002 0.005
2 0.006 0.006
3 0.009 0.006
4 0.011 0.012
5 0.011 0.011
6 0.004 0.013
7 0.012 0.016
8 0.015 0.019
9 0.021 0.019
10 0.020 0.025

Table (7.3) - Comparison of variations in top tension from
Heriot-Watt fixed top tests and REFLEX

Variations in base tension (1b)
RUN
Program Experiment

1 0.022 0.027

2 0.013 0.025

3 0.061 0.071

4 0.080 0.107

5 0.090 0.093

6 0.106 0.086

7 0.062 0.057

8 0.130 0.129

9 0.176 0.131

10 0.220 0.179

Table (7.4) - Comparison of variations in base tension from
Heriot-Watt fixed top tests and REFLEX
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Pipe
Pipe
Buoy
Buoy
Buoy
Buoy
Buoy
Buoy

Base X co-ordinate
Base X co-ordinate
Top X co-ordinate
Top Y co-ordinate
Total pipe length
Inner radius

Outer radius

Weight in air filled with water
Axial rigidity (EA)
Flexural rigidity (EI)
drag coefficient

inertia coefficient

diameter

mass
volume

frontal area

drag coefficient

inertia coefficient

0.000
0.000
1.547
2.341
3.680
N/A
0.0035 m
0.853 N/m
3010 N
.61E-4 Nm?
.7

.5

.099 m

.1 kg
.509E-3 m3
.710E-3 m?
.7

.5

BEBBBE

HONOOOHRORH

Table (7.5) -

Data used in modelling the Heriot-Watt University

model test riser with vessel motions

Wave Wave Surge Surge | Heave | Heave
RUN Period | height RAO Phase RAO Phase

(s) (m) (m/m) (deg) (m/m) (deg)
V1 1.414 0.12 0.30 180 0.0 0
V2 1.695 0.12 0.67 90 0.19 90
V3 1.980 0.12 0.60 15 0.33 15
Va4 2.273 0.12 0.61 15 0.55 0
V5 1.414 0.24 0.22 180 0.0 0
V6 1.695 0.24 0.60 100 0.22 90
v7 1.980 0.24 0.50 15 0.39 0
V8 2.273 0.24 0.49 10 0.42 0

Table (7.6) - Combination of wave height, periods
transfer functions used at Heriot-Watt University

NOTE: The response amplitude operators
from the provided time histories of top end motions. Discrepancies
in these figures for the same wave period and different wave height

model tests with vessel motions

is introduced by experimental error.

(RAO’s) have been extracted

and vessel
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Variations in top tension (1b)
RUN
Program Experiment
V1 0.041 0.035
V2 0.051 0.079
v3 0.114 0.127
V4 0.108 0.120
V5 0.091 0.082
V6 0.168 0.153
v7 0.099 0.133
V8 0.168 0.180

Table (7.7) - Comparison of variations in top tension from '
Heriot-Watt model tests with vessel motion and REFLEX

Natural Natural Period (s)
Mode Frequency
(Hz) REFLEX Ghadimi
REFLEX (Lumped)
1 0.474 2.342 2.400
2 0.728 1.888 1.800
3 0.927 1.490 1.200
4 1.303 1.099 0.900
5 1.682 0.783 -

Table (7.8) - Calculated natural frequencies of model steep-$S
riser used in Heriot-Watt tests with vessel motions
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External diameter 9.2 mm
Internal diameter 6.0 mm
Mass in air 0.103 kg/m
EA 10.667 kN
EI 0.25899 N/m?

Table (7.9) - Properties and dimensions of tube used in UCL tests

Test X1 Y1l X2 Y2 Length | Pressure
(m) (m) (m) (m) (m) (N/mm?)
Air 1,2,3,4 0.0 0.228 2.290 1.982 3.057 0.2570
Air 5,6 0.0 1.004 1.866 1.980 3.055 0.2685
Tank 1,2 0.0 | 3.740 | 1.028 | 4.469 | 3.071 0.1980

Table (7.10) - Geometry used in UCL static pressure tests

Test X1 Yl X2 Y2 Length
(m) (m) (m) (m) (m)

Air 1,2,3,4 | 0.000 | 1.002 | 1.869 | 1.980 | 3.055
Tank 1,2 0.000 | 3.740 | 1.028 | 4.469 | 3.071

Table (7.11l) - Geometry used in UCL internal flow tests

Test Slug Wave Length Flow Rate
(m) cmd /s
Air 1 2.220 14.60
Air 2 2.022 11.10
Air 3 2.037 16.94
Air 4 2.363 18.06
Tank 1 3.901 16.97
Tank 2 2.469 12.81

Table (7.12) - Flow data for UCL internal flow tests
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Water depth

Height of subsea tower from seabed
Height of vessel connection from bed

Horizontal vessel offset

Pipe external diameter
Pipe internal diameter
Pipe length

Mass in air (empty)
Flexural rigidity (EI)
Axial rigidity (EA)

Pipe drag coefficient
Pipe inertia coefficient
Density of steel

Density of seawater
Young’'s modulus of elasticity

Number of elements
Maximum element length
Time step

Wave height

Surge motion amplitude
Surge phase angle
Current velocity

350 m
200 m
350 m
150 m
0.26 m

0.20 m

350 m

57.50 kg/m
20960 Nm?
15.38x108 N
1.0

2.0

7850 kg/m3
1025 kg/m3
2.07x101! N/m?

20
20 m
0.25 s

Om
2.01lm
14 s
0 m/s

Table (7.13) - Data for simple catenary flexible riser and

subsea tower case study by McNamara(1986)

(Same data used by Ghadimi(1987))

Case V1 V2 H1l H2 01 62
Study (kN) (kN) (kN) (kN) (deg) | (deg)
FLEXCOM 35.83 91.45 11.92 11.57 |-71.18 82.81
(FE, EA=w)
CABLE 35.77 91.51 12.02 12.02 |-71.43 82.52
(Ana, EA=w)
REFLEX 32.79 87.02 10.23 11.99 |-71.62 82.15
(FE exten)

Table (7.14) - Comparison of pipe end reactions and angles for

the subsea tower case study by McNamara(1986)
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Water depth 150 m
Length of lower vertical limb 100 m
Height of vessel connection from bed 150 m
Horizontal vessel offset from base 80 m
Total pipe length 230 m
Length of pipe from seabed to 100 m
Length of pipe from buoy to vessel 130 m
Pipe structural damping coefficient 0.032
(10% of critical at ls period)
Number of elements 26
Buoy external diameter 3.00 m
Buoy mass 6000 kg
Buoy upthrust 300,000 N
Buoy bending stiffness 1x10° N/m?
Cross-sectional area of buoy 10.0 m2
Wave height 20 m
Wave period 16 s
Vessel surge amplitude 6 m
Surge phase angle -90 deg
Vessel heave amplitude 4 m
Heave phase angle 0 deg
Remaining data as for the previous case

Table (7.15) - Data for steep-S flexible riser case study by
McNamara(1986)
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Water depth
Height of buoy from seabed
Horizontal vessel offset from buoy

Horizontal buoy offset from well-head

Pipe length from buoy to vessel
Total pipe length

Pipe external diameter
Pipe internal diameter
Mass in air

Flexural rigidity (EI)
Axial rigidity (EA)

Pipe drag coefficient
_Pipe inertia coefficient
Density of water

Buoy upthrust

Soil spring coefficient

No of elements in lower catenary
No of elements from buoy to vessel

Wave height

Wave period

Vessel surge amplitude
Surge phase angle
Vessel heave amplitude
Heave phase angle
Vessel pitch amplitude
Pitch phase angle

Time increment

150 m
50 m
100 m
55 m
200 m
281l m
0.4 m
0.3 m

160 kg/m
6.867x105 Nm?2
11.529x10° N
0.6

2.0 .
1020 kg/m3
400,000 N
5000 N/m

8
30

16 m

12 s

5.6 m
-270 deg
3.1 m
-45 deg
4.1 deg
-45 deg
0.25 s

Current velocity is constant at 0.5 m/s from seabed to
50 m depth below SWL and then increases linearly to

1.5 m/s at the surface

Table (7.16) - Data for case study by Owen(1986)
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Base X co-ordinate 0.0 m
Base Y co-ordinate 0.0 m
Top X co-ordinate 120.0 m
Top Y co-ordinate 310.0 m
Total pipe length 450.0 m
Inner radius 0.050 m
Outer radius 0.125 m
Dry mass per unit length 80 kg/m
Axial rigidity (EA) 495 MN
Flexural rigidity (EI) 30 kNm2
Torsional rigidity (GJ) 1100 kNm2
Polar inertia (Ip) 0.525 kgm
Pipe drag coefficient 0.8
Pipe inertia coefficient 2.0
Water depth 300 m
Water density 1025 kg/m3
Internal fluid density 880 kg/m3
Arclength from base to start of

buoyancy foam 80 m
Length of buoyancy foam 130 m
Density of buoyancy foam 512.412 kg/m3
External radius of buoyancy foam 0.260 m
Effective weight of riser pipe 359.014 N/m
Effective weight of buoyancy

section -462.055 N/m

Cross Current velocity varies linearly from O m/s
at seabed to 0.4 m/s at 160m and then linearly to
1.0 m/s at surface (300m). Cross current is along
the positive z axis

Table (7.17) - Data for case study by O0'Brien(1988)
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Base X co-ordinate 0.0m
Base Y co-ordinate -311.0 m
Top X co-ordinate 200.0 m
Top Y co-ordinate <220 m
Total pipe length 420.0 m
Inner radius 0.1004 m
Outer radius 0.13775 m
Hydrodynamic riser radius 0.13775 m
Hydrodynamic buoyancy radius 0.450 m
Axial rigidity (EA) 9.6 MN
Flexural rigidity (EI) 34170 Nm?
Pipe drag coefficient 1.0
Water depth 320 m
Water density 1025 kg/m3
Internal fluid density 1025 kg/m3
Riser mass per unit length

including internal fluid 112.4 kg/m
Additional mass of buoyancy I 222.4 kg/m
Additional mass of buoyancy II 129.3 kg/m
Buoyancy of riser pipe 599.4 N/m
Buoyancy of section I 4970.3 N/m
Buoyancy of section II 2889.7 N/m
Arclength from base to section I 30 m
Arclength from base to section II 90 m
Length of buoyancy I 60 m
Length of buoyancy II 30 m
Effective weight of riser pipe 503.244 N/m
Effective weight of section I -2285.312 N/m
Effective weight of section II -1118.023 N/m

Table (7.18) - Data for case study by Mathisen(1986) and
Engseth(1988)
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Total length of pipe
Separation between vessels
Inner radius of pipe

Outer radius of pipe

Wave height

Wave period

Wave length

Depth of water

Depth to sled

Mass of sleds at pipe ends
Effective weight per unit length
End tension (No current)

3004 m
3000 m
0.325 m
0.335 m
5 m
12 s
224 m
110 m
10 m
0 tonnes
20 N
327700 N

Table (7.19) - Data for towed pipeline analysis
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Buoy Geometry in Heriot-Watt Model Tests

<+——Model Buoy 3.9" O.D.

%@—

\ <+—— Flexible Pipe

— Model Saddle 5"
diameter at pipe CL

Distance between centres of buoy and saddle = 3.69"

Figure 7.1 - Buoy Geometry in Heriot-Watt Model Tests
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3.000
2.000
1.000 /
0.000
-1.000 0.000 1.000

Horizontal Projection (m)

- LEGEND -
4+  Heriot-Watt Model Tests

QO Heriot-Watt Monitored Points
——— REFLEX

Figure 7.2 - Comparison of static
profiles from Heriot-Watt model tests
and REFLEX (Fixed Top)
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3.000

Vertical Projection (m)

2.000
1.000
0.000
-1.000 0.000 1.000 2.000

Horizontal Projection (m)

- LEGEND -
—— Static Profile

---- Dynamic Minimum
---- Dynamic Maximum
H=0.127m, T = 1.130s

Figlure 7.3 - Comparison of dynamic
displacements from Heriot-Watt model
test 1 and REFLEX
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3.000

2.000

Vertical Projection (m)

0.000

-1.000 0.000 1.000 2.000
Horizontal Projection (m)

- LEGEND -
Static Profile

---- Dynamic Minimum

---- Dynamic Maximum
H=0.127m, T = 1.414s

Figure 7.4 - Comparison of dynamic
displacements from Heriot-Watt model
test 2 and REFLEX
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3.000

2.000

1.000

Vertical Projection (m)

N

-1.000 0.000 1.000 2.000
Horizontal Projection (m)

0.000

- LEGEND -
—— Static Profile

- --- Dynamic Minimum
-~--- Dynamic Maximum
H=0.127m, T = 1.695s

Fi%ure 7.5 - Comparison of dynamic
displacements from Heriot-Watt model
test 3 and REFLEX
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2.000

1.000

Vertical Projection (m)

0.000

-1.000 0.000 1.000 2.000
Horizontal Projection (m)

- LEGEND -
Static Profile

---- Dynamic Minimum
- --- Dynamic Maximum
H=0.127m, T = 1.980s

Figure 7.6 - Comparison of dynamic
displacements from Heriot-Watt model
test 4 and REFLEX
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3.000

=

1.000

Vertical Projection (m)

0.000

-1.000 0.000 1.000 2.000
Horizontal Projection (m)

- LEGEND -
—— Static Profile

---- Dynamic Minimum
- --- Dynamic Maximum
H=0.127m, T = 2.273s

Figlure 7.7 - Comparison of dynamic
displacements from Heriot-Watt model
test 5 and REFLEX
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3.000

2.000

Vertical Projection (m)

0.000

-1.000 0.000 1.000 2.000
Horizontal Projection (m)

- LEGEND -
—— Static Profile

- --- Dynamic Minimum
- --- Dynamic Maximum
H =0.254m, T = 1.130s

Figure 7.8 - Comparison of dynamic
displacements from Heriot-Watt model
test 6 and REFLEX
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-1.000 0.000 1.000 2.000
Horizontal Projection (m)

- LEGEND -
—— Static Profile

---- Dynamic Minimum
---- Dynamic Maximum
H=0.254m, T = 1.414s

Figlure 7.9 - Comparison of dynamic
displacements from Heriot-Watt model
test 7 and REFLEX
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Vertical Projection (m)
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-1.000 0.000 1.000 2.000
Horizontal Projection (m)
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- --- Dynamic Minimum
- --- Dynamic Maximum
H =0.254m, T = 1.695s

Figure 7.10 - Comparison of dynamic
displacements from Heriot-Waft model
test 8 and REFLEX





























































































































































































































































































































































































































































































