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Two Approaches to Sidorenko’s Conjecture
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Abstract
Sidorenko’s conjecture states that for every bipartite graph H on {1,--- , k}
|E(H)|
/ I, yy)dplV > (/ h(z,y) dﬂz)

(i.5)€E(H)

holds, where p is the Lebesgue measure on [0, 1] and h is a bounded, non-
negative, symmetric, measurable function on [0,1]2. An equivalent discrete
form of the conjecture is that the number of homomorphisms from a bipartite
graph H to a graph G is asymptotically at least the expected number of
homomorphisms from H to the Erdos-Rényi random graph with the same
expected edge density as G. In this paper, we present two approaches to
the conjecture. First, we introduce the notion of tree-arrangeability, where a
bipartite graph H with bipartition AU B is tree-arrangeable if neighborhoods
of vertices in A have a certain tree-like structure. We show that Sidorenko’s
conjecture holds for all tree-arrangeable bipartite graphs. In particular, this
implies that Sidorenko’s conjecture holds if there are two vertices aj, a2 in A
such that each vertex a € A satisfies N(a) C N(ay) or N(a) C N(ag), and
also implies a recent result of Conlon, Fox, and Sudakov [3]. Second, if T is
a tree and H is a bipartite graph satisfying Sidorenko’s conjecture, then it is
shown that the Cartesian product T'o0H of T and H also satisfies Sidorenko’s
conjecture. This result implies that, for all d > 2, the d-dimensional grid with
arbitrary side lengths satisfies Sidorenko’s conjecture.

1 Introduction

In this paper, we study a beautiful conjecture of Sidorenko [20] on a correlation
inequality related to bipartite graphs. The conjecture states that, for every bipartite
graph H on {1,2,---  k},

/ IT At yy)dp 0 > (/h(l‘,y) du2)|E(H) (1.1)
(1)

(i,9)€EE
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holds, where 1 is the Lebesgue measure on [0, 1] and & is a bounded, non-negative,
symmetric, measurable function on [0, 1]2. Throughout the paper, a graph means a
simple graph unless specified otherwise.

Sidorenko [20], 21] noted that the functional on the left-hand side of the corre-
lation inequality often appears in various fields of science: Feynman integrals
in quantum field theory [25], Mayer integrals in classical statistical mechanics, and
multicenter integrals in quantum chemistry [4].

The correlation inequality resembles the famous FKG inequality [7], which as-
serts that increasing functions are positively correlated when the underlying mea-
sure is log-supermodular over a finite distributive lattice. Despite the similarity,
it is unclear that the FKG inequality can be applied to show (L.I): There ex-
ist a function h and two edge disjoint subgraphs H; and H, of a bipartite graph
such that [[; »cpn) M@ y;) and [T, e g,y P(wi, y;) are not positively correlated
[T1]. Tt is unknown whether every bipartite graph H can be decomposed into two
edge disjoint non-empty subgraphs H; and Hs (possibly depeding on h) so that
H(M)eE(Hl) h(x;,y;) and H(i,j)EE(Hg) h(x;,y;) are positively correlated.

An equivalent discrete form expresses the conjecture in terms of graph homo-
morphisms. For two graphs H and G, a homomorphism from H to G is a mapping
g : V(H) — V(G) such that {g(v),g(w)} is an edge in G whenever {v,w} is an
edge in H. Let Hom(H,G) denote the set of all homomorphisms from H to G,
and let ty(G) be the probability that a uniform random mapping from H to G is a
homomorphism, i.e.,

|Hom(H, G)|
~ v(@)venr

The discrete form of Sidorenko’s conjecture states that for every bipartite graph H,

tu(G)

ty(G) > tg, (G)EW! for all graphs G. (1.2)

If G is the Erdés-Rényi random graph G(n,p), the mean of t(G(n,p)) is p/FUD)
plus an error term of smaller order of magnitude. Thus roughly asserts that
ty(G) is minimized when G is a random graph.

In fact, many problems in extremal graph theory can be expressed using homo-
morphisms. For instance, the chromatic number y (H) is the minimum integer 7 such
that there exists a homomorphism from H to the complete graph K, on r vertices.
The problem of finding a copy of H in GG can be stated as the problem of finding an
injective homomorphism from H to G. A classical theorem of Turdn [27] states that,

ﬁ) V@2 edges contains

for all integers r > 3, every graph GG with more than (1 — 5

K, as a subgraph. In terms of graph homomorphisms, it may be re-stated as follows:
For all integers r > 3, if tx,(G) > 1 — —L5, then there exists a homomorphism from
K, to G. Since the alternative definition of y(H) given above implies that there
exists a homomorphism from H to K, ), it then follows that for all graphs H, there
exists a homomorphism from H to G whenever tg,(G) > 1 — m, which also fol-
lows from Erdés-Stone Theorem [6]. Lovasz and Simonovits [12] conjectured a kind
of generalization of Turan’s theorem in 1983 stating that for an integer » > 3 and
ti,(G) = p, fixed, tg, (G) > F(r,p) + O(JV(G)|7?) for a certain function F(r,p,)

of r and p,. Razborov [16] proved the conjecture for r = 3 in 2008, and Nikiforov
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[14] proved it for r = 4 in 2011. Recently, Reiher [17] settled the conjecture for all
values of r. The equality holds for some complete (s 4 1)-partite graphs such that
the first s parts are of the same size and the last part is not larger than the others.

Erdds and Simonovits [5, 23] made a similar conjecture for bipartite graphs in
1984. They conjectured that if H is a bipartite graph, then there exists a positive
constant ¢, depending only on H such that

for all graphs G (their conjecture was originally stated in terms of injective ho-
momorphisms but is equivalent to this form). It turns out that this conjecture is
equivalent to Sidorenko’s conjecture, as Sidorenko himself showed in [20] using a
tensor power trick. Recall that, for a bipartite graph H, Sidorenko’s conjecture for-
malizes the idea that the minimum of ¢y (G) over all graphs G of the same tk, (G)
must be attained when G is the random graph with the same tx, (G). This is in con-
trast with the Lovasz-Simonovits’s conjecture above, which is now Reiher’s theorem,
where the extremal graphs have a deterministic structure. This may be regarded
as an example showing that there is a difference between fundamental structures of
bipartite graphs and complete graphs.

Sidorenko’s conjecture is known to be true only for a few bipartite graphs H. We
say that a bipartite graph H has Sidorenko’s property if holds for all graphs G.
That paths have Sidorenko’s property [2, [I3] was proved around 1960, earlier than
Sidorenko suggested the conjecture. Sidorenko himself [20] showed that trees, even
cycles, and complete bipartite graphs have Sidorenko’s property. He also proved
that, for a bipartite graph H with bipartition AU B, H has Sidorenko’s property if
|A| < 4. Recently, Hatami [10] proved that hypercubes have Sidorenko’s property
by developing a concept of norming graphs. He proved that every norming graph
has Sidorenko’s property, and that all hypercubes are norming graphs. Conlon, Fox,
and Sudakov [3] proved that if H is a bipartite graph with a bipartition AU B and
there is a vertex in A adjacent to all vertices in B, then H has Sidorenko’s property.
Sidorenko [20] and Li and Szegedy [26] introduced some recursive processes that
construct a new graph from a collection of graphs so that the new one has Sidorenko’s
property whenever all the graphs in the collection have the property. Li and Szegedy
[26] introduced some recursive processes that construct a new graph from a collection
of graphs so that the new one has Sidorenko’s property whenever all the graphs in
the collection have the property. On the other hand, the simplest graph not known
to have Sidorenko’s property is K55 \ Cho, a 3-regular graph on 10 vertices.

In this paper, we further study Sidorenko’s conjecture by taking two different
approaches. The first approach uses normalizations by certain conditional expec-
tations and Jensen’s inequality for logarithmic functions. This approach is partly
motivated by Li and Szegedy [26]. For a bipartite graph H with bipartition AU B,
H is tree-arrangeable if the family of neighborhoods of vertices in A has a cer-
tain tree-like structure. We show that all tree-arrangeable bipartite graphs have
Sidorenko’s property. For instance, if there is a vertex in A adjacent to all vertices
in B, then H is tree-arrangeable with a star as the corresponding tree. Hence our
result generalizes the result of Conlon, Fox, and Sudakov [3].



Second, we develop a recursive procedure that preserves Sidorenko’s property.
For two graphs H; and H,, let the Cartesian product HyoHy (also known as the
boz product) be the graph over the vertex set V/(H;) x V(Hs) such that two vertices
(u1,us) and (vy,vq) are adjacent if and only if (i) u; and vy are adjacent in H; and
Us = vy, or (i) up and vy are adjacent in Hy and u; = v;. We prove that if T is
a tree and H is a bipartite graph with Sidorenko’s property, then T'0 H also has
Sidorenko’s property.

To present the result that the first approach yields, let H be a bipartite graph
with bipartition AU B. For a vertex u of H, the neighborhood of v in H is denoted
by A.J] An independent set U of H is T-arrangeable for a tree T on U, if

A, NA, = ﬂ A, for every path P in T connecting u and v. (1.4)
weP

We say that U is tree-arrangeable if it is T-arrangeable for some tree T', and H is tree-
arrangeable if there exists a bipartition AU B of H such that A is tree-arrangeable.

For example, an independent set U with |U| < 2 is trivially tree-arrangeable.
Thus, if a bipartite graph H has a bipartition A U B with |A| < 2, then it is tree-
arrangeable. As another example, let H be a bipartite graph with bipartition AU B.
If H has a vertex a € A adjacent to all vertices in B, then A is T-arrangeable where
T is a star on A centered at a. For complete bipartite graphs H, any tree on A can
be used to show that A, and thus H, is tree-arrangeable. The last example exhibits
the fact that the choice of T' is not necessarily unique.

The concept of tree-arrangeability is closely related to tree decompositions [18],
and also to Markov Random Field Models used in statistical physics [§] and image
processing [24]. This will be discussed more in the concluding remarks.

We show that tree-arrangeable bipartite graphs have Sidorenko’s property.

Theorem 1.1. If a bipartite graph H is tree-arrangeable, then H has Sidorenko’s
property.

We have seen that a complete bipartite graph, a bipartite graph with bipartition
AU B and |A| < 2, and a bipartite graph having a vertex adjacent to all vertices
on the other side are tree-arrangeable. Therefore, our theorem implies that these
graphs have Sidorenko’s property. Another interesting example is a bipartite graph
H with bipartition AUB and two vertices a;, ay € A such that A, C A,, or A, C A,
for every a € A. In this case, we may take a tree T" on A such that there is an edge
connecting a; and aq, and each a # aj,as in A with A, C A,, is a leaf adjacent
to ay, and the other vertices are leaves adjacent to as. It is easy to see that H is
T-arrangeable, and thus H has Sidorenko’s property. This example does not seem
to follow from the recursive procedure introduced by Li and Szegedy [26].

The second theorem proves that Sidorenko’s property is preserved under taking
Cartesian products with trees, here the Cartesian product H,oH, of two graphs H;
and Hy is the graph on V(H;) x V(H3) such that two vertices (u1,us) and (vy, v)
are adjacent if and only if either (i) u; and v; are adjacent in H; and uy = vy, or
(ii) ug and vy are adjacent in Hy and u; = v;.

1 We intentionally avoid using standard notation N(a) in order to clarify that the underlying
graph is H, as two different graphs H and G are concerned.
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Theorem 1.2. IfT is a tree and H is a bipartite graph having Sidorenko’s property,
then ToH also has Sidorenko’s property.

Since paths of all lengths are known to have Sidorenko’s property, by repeatedly
applying Theorem with paths P, P, --- , P; of various lengths, we obtain that
the d-dimensional grid P,oP,o--- 0P, has Sidorenko’s property. This approach
especially yields a simple proof of the statement that the hypercube Koo Koo - - - 0Ky
satisfies Sidorenko’s property, which was first proven by Hatami [10].

The paper is organized as follows. The proof of Theorem will be given in
Section [2l The proof of Theorem and its applications will be given in Section
Bl In the last section, Section [4, we will further discuss tree-arrangeability in the
context of tree decompositions and Markov Random Field Models, and pose some
open problems.

2 'Tree-arrangeable Bipartite Graphs

In this section, we prove Theorem using normalizations by certain conditional
expectations and Jensen’s inequality for logarithmic functions. Recall that t5(G)
represents the probability that the uniform random mapping from V(H) to V(G)
is a graph homomorphism. Let x : V(H) — V(G) be a mapping chosen uniformly
at random among all |V (G)|VU#I mappings from V(H) to V(G). For the sake of
simplicity, we write

xy =2x(u) forueV(H) and xz(A):= the sequence (x,)uen for A C V(H).

As in the previous section, A, is the set of neighbors of u in H, for u € V(H). For
a bipartite graph H with bipartition A U B, we now have that

tn(G) =E |[] 1@ ~ 2(A0) in G)] |

acA

where 1(z, ~ z(A,) in G) is the indicator random variable of the event that x, is
adjacent to all vertices in z(A,) in G and 1(z, ~ 0 in G) = 1.

For a vertex v of G, it is convenient to consider the degree density pg(v) := dGT(”)
rather than the degree itself. The mean of pg(v) over all v € V(G) is denoted by
0, (G). Then,

(@ == 3 pat) = 22N _ @)

n?
veV(Q)

We will simply write 1(z, ~ z(A,)), p(v), and p, for 1(z, ~ z(A,) in G), pa(v),
and p, (G), respectively, if no confusion arises.

In these notations, H has Sidorenko’s property if

B > B

— Y

[ 1@z ~ z(A0))

acA




or equivalently,

nE | ] 1(za ~ 2(Ad))

acA

> [E(H)|In p,. (2.2)

The case of H being a star, say centered at a, is a simple example that may
illustrate how to show ({2.1)) or (2.2)) using Jensen’s inequality. Taking A = {a}, we
may have that

E [1(55& ~ x(*/\a))] = E[E [1(171 ~ x(Aa)”xaH =K [p<ma)ma|] > pO|Aa| = pO|E(H)|7
(2.3)
where the last inequality follows from Jensen’s inequality. For another way to
show the inequality, one may normalize the indicator function 1(z, ~ z(A,)) by

pop(a) =1 e,
1(xy ~ x(A,))

pop(wa)thal=t

provided G has no isolated vertex. (It will be shown that we can always assume so).
A similar argument to that used in (2.3) implies that f, is normalized:

fa =

E[1(z, ~ z(Ad))|zd]

Blfa] = BBl aleal] =B | == = Sia

= E[p(za)/p] = 1. (2.4)

Since
N E[1(z, ~ 2(As))] = InElfupp(za) ™ (2.5)

and the logarithmic function is concave, Jensen’s inequality on the new probability
measure P*[E] = E[f,1¢] yields

InE[1(z, ~ 2(Aa))] = Elfaln (gp(wa) ™ 71)] = Elfalnp] + (|Aal = DE[fa In p(za)].
As E[f,Inp] =E[f,)Inp, =Inp, and
Elf. In p(z0)] = E[ELfan p(aa)lea]] = E[Elfulza] In p(aa)] = o Elp(a) In ()],
the convexity of the function zInx gives
Elp(za) In p(za)] = E[p(zq)] InElp(zq)] = p, Inp,
and thus
I E[1(z, ~ 2(A)] = Inp, + (Al — 1)p Elp(ea) In pla)] > [E(H)| n g,

This scheme is motivated by Li and Szegedy [26]. Though it looks much more
complicated than (2.3, this approach turns out to be more powerful in proving that
certain bipartite graphs have Sidorenko’s property.

We first show that it is enough to consider G with no isolated vertex.

Lemma 2.1. Let H be a bipartite graph. If tg(G) > (tx,(G))PUD! for all graphs
G with no isolated vertex, then H has Sidorenko’s property.
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Proof. Let G be a graph on n vertices with k > 1 isolated vertices. Then, for the
induced subgraph H; (resp. Gp) of H on the set of all non-isolated vertices in H
(resp. ), it follows that

n— k’) |V (H1)l

n

11(C) = 1, (G) = 11 (1) (

and
2|E(H)|

N e e e

where (2=2)VUHl is the probability that all vertices in V(H;) are mapped to non-
isolated vertices of G and similarly ("T_k)2 is the probability that the two vertices
in V(K;) are mapped to non-isolated vertices of G. Since t5(G1) > (tg,(G1))EE)
by the hypothesis and |V (H;)| < 2|E(H;)| < 2|E(H)|, we have that ty(G) >
(tr, (G))EHE) as desired. O

We now assume that G has no isolated vertex. To bound

t(G) = B[ T] 10 ~ 2(80))]

acA

from below, we plan to normalize the indicator random variable 1(z, ~ x(A,))
twice, first by p,p(x,)!*«/7! as before, and then by a certain conditional expectation.
In both cases, it is important that we avoid dividing by zero. Since GG has no isolated
vertex, the first normalization causes no problem. The second normalization will be
possible if % is not zero, which is unfortunately not true in general. Hence,
we consider a slight variation of the function. Namely, for a vertex u of H,

(2 ~ 2(A)) + 2pla) ™
(T

f u f eu — )
where ¢ > 0 will go to 0. The term involving ¢ is purely technical to make the
second normalizing factor below non-zero. Though it is a slight abuse of notation,
we have written f, for f., for the sake of simplicity.

The second normalization requires some notations: Let H be a bipartite graph
and let T" be a tree on an independent set U of H. For vertices r,u € U, T,
denotes the tree T rooted at r, and ['(u;7,) = (4, x(Ay))vec, where C is the
component of 7"\ {u} containing the root . That is, I'(u;7,) is a vector-valued
random variable, the components of which are the pairs (z,, z(A,)),v € C. lf u =r,
then C' = 0, T'(r;T,.) = 0 and hence E[g |['(r;T,)] = E[g] for all g. In particular,
E[f-|T(r; T,)] = E[f,] = 1+ € by the same argument as in (2.4). The denominator
for the second normalization is E[f,|T"(u; T;.)] for each u € U. Note that, for u # r,

10 ~ 2(Upee(Ay N Av)))}
pop(l‘u)‘UUGC(AumAv)l—l

E[f|0( T3] = Elfule(Usec (A N )] = Es,

(2.6)
is a random variable depending only on x(Uyec(A,NA,)), where C'is the component
of T, \{u} containing r and the last expectation E,,, is taken over the uniform random
vertex z, of GG.



We now define, for a tree T' on an independent set of a bipartite graph H and
reV(T),
Ja

f, = ael;!T) E[f.|T(a; T,)]

For a bipartite graph H with bipartition A U B, since

e—0

H 1 (xa ~ x(Aa))

acA

[T (1 (20 ~ (M) + ep(aa) )

acA

by, e.g., the dominated convergence theorem, it suffices to show that

E > plEED]

H (1 (g ~x(Ny)) + 5p($a)|A“|)

acA

which is equivalent to

E|f I1 (pop(xa)'A“"lE[falf(a;Tr)]) > plPIl, (2.7)

acA

provided T is a tree on A and r € A.
Recall that an independent set U of a bipartite graph H is tree-arrangeable if
there is a tree T" on U such that

A,NA, = m A, for every path P in T connecting u and v, (2.8)
weP

and that a bipartite graph H is tree-arrangeable if there exists a bipartition AU B
of H such that A is tree-arrangeable.

The main lemma in this section is

Lemma 2.2. Suppose an independent set U of a bipartite graph H is T-arrangeable
for a tree T on U. Then, fr. is root-invariant, that is, fr. = fr, for all r,s € U.
Moreover, for w € U and a random variable g = g(z,,x(A,)) determined by x,, and

x(AU)7

Elgfu
E[ng'r] = %7

regardless of the choice of r € U. In particular, E[fr.] = 1.

Once this is established, one may prove Theorem using Jensen’s inequality for
logarithmic functions, as we have seen above.

We first prove the following lemma.

Lemma 2.3. Suppose U is an independent set of a bipartite graph H and is T'-
arrangeable for a tree T' on U. Then the following hold.

(1) If S is a subtree of T, then V(S) is S-arrangeable.
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(ii) For each u € U, each component C' of T'\ {u} and the vertez u* in C' adjacent
to u, we have that
JunA) =A, A, (2.9)

veC

(iii) For distinct vertices u,r € U, let u, be the parent of u in the rooted tree T,, or
equivalently, u, be the vertex adjacent to w in the path in T connecting u and
r. Then

E[f.|D(w: )] = Eful2(Ay O Ay,)] = E,, [“ij(; ﬁfﬁﬁﬂfﬁi))} :

where the expectation E,, is taken over the uniform random vertex x, of G.

Proof. Since a path in S is also a path in T, (2.8]) holds for every path P in S. Thus
(i) holds. For (ii), clearly Ay, N Ay C U, cc(AuNA,). On the other hand, for every
vertex v € (', the path P in T" connecting v and v must contain v* and hence

A,NA, = ﬂAngumAu*.

weP
Therefore,
U(Au NA,) C Ay N Ay
vel
The equalities in (iii) follows from (2.6 and (ii) as u* = w, in this case. O

Remark. It is not difficult to show that (2.9) is a necessary and sufficient condition
for the T-arrangeability.

Proof of Lemma[2.9. For the first part, it is enough to show that Jr, = Jp, for
all adjacent pairs r,s in T. Suppose r,s are adjacent in T. If u # r, s, then
E[fu|T(u; T,)] = E[fu|T'(u; Ts)] since s and r are in the same component of 7"\ {u}.
Thus, E[f,|T(r; T,.)] = E[f,|T'(s; Ts)] = 1 + € implies that

fe, _ E[fs|T(s;T})]

fr BT T

As s and r are adjacent in 7', (iii) of Lemma [2.3| gives

1(zs ~ z(Ag N AT))} _E, [1(% ~z(As N A,))

E[fs|r(5§ Tr)] = E:vs [ pop(xs)msm""‘_l pop(xT)\AsﬁAr\—l

Therefore,

b BT

fo,  ElfT(r Ty)]
For the second part, we first have that

Elgfr,] = Elgfr.]-

+e = E[f,|T(r; Ty)].



If |V(T)| = |U| =1, then E[gfr,] = ]E[gE{}‘u]] = ]El[gfg], as desired. Suppose |V (T)| =
|U| > 2. Then, for a leaf ¢ of T other than u and the tree S = T\ {¢}, the set
U\ {{} is S-arrangeable by (i) of Lemma and, for v € U\ {{} with v # u, it

follows from (iii) of Lemma [2.3| that

E[fo[T(v; Su)] = E[fole(Ay N Ay,)] = E[fo|T(v; T0)],

where v, is the parent of v in 9, as v, is also the parent of v in T,. Therefore,
E[fu|l(u; T,)] = E[fu|T(u; Su)], and

Fp = Is. [ .
AN
Hence
Blafr] = B[E [grlel e (r(e n)] ] = Blofs B gy TG 1) ] ~Elofs).

as both of g and fg, are determined by I'(¢; T;,). Keep deleting vertices of T, by the
same way, we eventually have

u E u
Blafr) = Elof] = Efogl=r] = 222
as desired. By taking ¢ = 1, we have that
_Elf] _
E[fT’]_l—i—e_l [

We are now ready to prove Theorem [I.1}

Theorem . (Restated) If a bipartite graph H is tree-arrangeable, then H has
Sidorenko’s property.

Proof. Let H be a bipartite graph with bipartition AUB and let A be T-arrangeable
for a tree T on A. As seen earlier in (2.7)), it suffices to show that, for a fixed vertex
re A,

|B()|

E | £, IT (apt@) ™ Elfulr(@ 1)) | = 4

acA

Since E[f7.] = 1, Jensen’s inequality gives

1nIE[f 11 <p0 YA IR £.1T(a; T)])] > E[f n (,00 ) TR f [T (a; T)])}

a€A acA

The right hand side is

AE{fr, 10 ] + 3 (1Al = DELr, nplea)] + 3O E[f, ME[IT(0; T)]]

a€A acA
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First, as E[fr,] = 1,
E[fTr In po] =In Po (2'1())

Second, since Inp(z,) is determined by z,, Lemma together with the same
argument used in (2.4]) gives

Bl fr, I plaa)] = 2] g, n ).

Jensen’s inequality further gives

Elfr, np(za)] = p, 'Elp(za) n p(za)] = g, Elp(za)| mElp(z)] = Inp,.  (2.11)
Third, as E[f,|T'(a;T},)] is determined by z(a) and x(A,), Lemma [2.2] yields

E|f, WE[f,|T(¢;T)]| = 1i€E:falnE[fa|F(a;Tr)ﬂ
.
= 3 +5E_E faInE[fo|T(a; T;)] F(G;Tr)H
.
= BBl T LI (@ 7))

Applying Jensen’s inequality for the convex function z In z, and using E [E[ fall(a; TT)]] =
E[f.] = 1 + ¢, we have that

B[, MELIN@ )] 2 BB 7)) W Bl )

= In(1+¢)>0. (2.12)
Combining (2.10)-(2.12)), we have that
WE|f, TT (ap(ea) ™ BT @ T])| = (A1 + D (Al 1) Ing, = |[E(H) I g,
acA acA
or equivalently,
B4, IT (ap(aa) ™ ElLlT (@ T)]) | = 20,
acA

as desired. O

3 Cartesian products

Recall that the Cartesian product HyoH, of two graphs H; and H, is defined as the
graph on V(H;) x V(Hs) such that two vertices (uy,us2) and (v, vy) are adjacent if
and only if either (i) u; and vy are adjacent in H; and uy = vy, or (ii) uy and v, are
adjacent in Hy and u; = v;. In this section we prove Theorem , which is restated
for reader’s convenience.

Theorem . (Restated) If T is a tree and H is a bipartite graph having Sidorenko’s
property, then ToH also has Sidorenko’s property.

11



Figure 1: ToKsyin ToH.

The following alternative description of the graph T'o H provides insight to the
proof of Theorem . Let Ty, -, Tjv(m) be vertex-disjoint copies of the graph T
For each edge {a,b} of H, place an edge between the copy of each v € V(T') in T,
and Ty so that T, and T, together form a copy of ToKs. It is not too difficult to
check that the resulting graph is To H.

We wish to count the number of homomorphisms from 7T'0H to a given graph
G, through counting the number of homomorphisms from H to an auxiliary graph
constructed from G. For each vertex v of H, there exists a copy T, of T in ToH
over the vertices V(T') x {v}. Moreover, as seen above, for each edge e = {v,w} of
H, the two copies of T,, and T,, form a copy of To K, in ToH (see Figure[l]). Thus,
a copy of T'o K, in G needs to be contracted into an edge in the desired auxiliary
graph of G. This motivates the following definition of the operation ¢r on G.

Definition. For given graphs 7" and G, let 1r(G) be the graph with vertex set
Hom(T', G) such that two vertices hy, he € Hom(7T,G) are adjacent if and only if
hi(v) and ho(v) are adjacent in G for all v € V(7).

The observation above essentially is equivalent to saying that a copy of To H in
G can be mapped to a copy of H in ¢7(G), and the following lemma formalizes this
intuition.

Lemma 3.1. For all graphs T', H and G, there exists a one-to-one correspondence
between Hom(ToH, G) and Hom(H, ¥ (G)). In particular,
[Hom(T'o H, G)| = [Hom(H, ¢ (G))|.

Proof. We will define ¢ : Hom(T 0 H, G) — Hom(H, ¢¥r(G)) and ¢ : Hom(H, ¢¥r(G)) —
Hom(T'oH, G) such that £ o ¢ = id.

For a given h € Hom(ToH,G), for each v € V(H), define h, : V(T) — V(G)
as h,(w) = h(w,v) for each w € V(T). Whenever w,w" € V(T') are adjacent, the

12



vertices h,(w) = h(w,v) and h,(w') = h(w’,v) are adjacent. Thus h, € Hom(T, G)
for all v € V/(H). Moreover, if v,v" are adjacent vertices of H, then h,(w) = h(w,v)
and h, (w) = h(w,v") are adjacent, and thus h, and h/ are adjacent in ¢»r(G). Hence
if we let £(h) : V(H) — Hom(T,G) be defined by &(h)(v) = h,, then £ is a map
from Hom (7o H, G) to Hom(H, ¢r(G)).

On the other hand, given a map g € Hom(H, ¥ (G)), define p(g) : V(T) x
V(H) = V(G) as ¢(g)(w,v) = g(v)(w) for each v € V(H) and w € V(T). We
first prove that ¢(g9) € Hom(ToH,G). For edges of the form {(w,v),(w',v)},
©(9)(w,v) = g(v)(w) and p(g)(w',v) = g(v)(w’) are adjacent since g(v) € V(v (G)) =
Hom(T, G). For edges of the form {(w,v), (w,v")}, we have ¢(g)(w,v) = g(v)(w)
and ¢(g)(w,v") = g(v')(w), and these two vertices are adjacent in G since g(v) and
g(w) are adjacent in ¥r(G). Hence we established that ¢(G) € Hom(ToH, G).

It suffices to prove the £ o ¢ = @d. This follows from the fact that for A €
Hom(ToH,G),v e V(H) and w € V(T),

((p o &)(h) (w,v) = hy(w) = h(w,v),
for the map h, defined as above. O

By Lemmal3.1] we can now estimate the size of Hom(7T'0 H, G) through estimat-
ing the size of Hom(H, ¢¥7(G)), where Sidorenko’s property of H provides a lower
bound on the size of Hom(H,yr(G)). We can use this idea to show the simplest
case of Theorem [[.2], i.e., when T' = K,. Here we give a full proof of this simple
case, as the result will be used in the proof of Theorem [1.2

Theorem 3.2. If H is a bipartite graph having Sidorenko’s property, then Koo H
has Sidorenko’s property.

Proof. Let G be a given graph and put ¢(G) = ¢, (G) for simplicity. By Lemma[3.1]
and the fact that H has Sidorenko’s property, we have

|[Hom (K0 H,G)| = |[Hom(H, ¢(G))|
\Hom(Kz,wG))r)'E(H)

[V (H)
R e
= V(@)Y Hom Ky, w(@)F. (3.1)

We have
[V (¥(G))] = [Hom(K,, G)| = [V(G)Pti,(G).

On the other hand, by Lemma |3.1| with H = K5, we have
|[Hom(Ks, ¥(G))| = [Hom (K0 Ky, G),
where since K,0K, is isomorphic to Cy, by Sidorenko’s property of Cy, we have
[Hom(K50 Ky, G)| = [V(G)[*te,(G) > [V(G)[*(tx, (G))*.
Therefore in , we get

[Hom(K>= H, G)| = (|V(6)t, (G)
= [V(G))PV DIt (G)IVUEDIH2AECED]

) (v©l©)

>4|E(H)
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Since |V(KyoH)| = 2|V(H)| and |E(KyoH)| = 2|E(H)| + |V (H)|, we deduce that
K50 H has Sidorenko’s property. O]

If one attempts to use the same idea as in the proof of Theorem to prove
Theorem for general graphs 7" other than K5, then the inequality corresponding
to (3.1)) will be

Hom(T o H,G)| > [V(0r(Q))|VEDI=2EED Hom (K, o (G))|EED!,

Thus we need estimates on |V (¢r(G))| = |Hom(7T,G)| and |Hom(K,, v (G))| =
|Hom(K>0T,G)|. If T has Sidorenko’s property, then K,07 also has Sidorenko’s
property by Theorem Hence in this case we have lower bound estimates on both
|V (¢¥r(G))| and |Hom (K5, ¢¥r(G))|. Unfortunately, these bounds do not transfer to
a lower bound on |[Hom(7'0 H, G)|, since such a lower bound requires an upper bound
on |V (6 (G))| it |V (H)| — 2/ E(H)| < 0,

We solve this problem when T is a tree, through the following lemma asserting
that it suffices to consider graphs GG with bounded maximum degree.

Lemma 3.3. A bipartite graph H has Sidorenko’s property if and only if for all

graphs G with maximum degree at most le“f((g))" ,

t(G) > tr,(G)FUL.

We also need the following lemma. We omit the proof, which is based on tensor
products of graphs. One may refer to Remark 2 of [20] (English version) for more
details.

Lemma 3.4. Let H be a bipartite graph. If there exists a constant ¢ depending only
on H such that
tr(G) > c(tw, (G)EID for all graphs G,

then H has Sidorenko’s property.

Proof of Lemma[3.3 We may assume that H has no isolated vertex, as adding an
isolated vertex to a graph does not affect the value of t5(G) and |E(H)|.

Suppose that H is a bipartite graph satisfying the given condition, and let G' be
an arbitrary graph (not necessarily satisfying the maximum degree condition).

Let A = 2E9) and let G be a graph obtained from G by the following process.

V(&)
Fix an ordering of the vertices of (G, and take vertices v one at a time according to
the ordering. Replace v with t = [degT(”)} vertices vy, - - - , v; and choose the neighbors

of these new vertices so that (i) N(v;) C N(v), (ii) N(v;) " N(v;) = 0 for all distinct
pairs 4, j, and (iii) deg(v;) < A for all <. Note that such a choice exists, as one
can greedily assign the neighbors of v to the vertices v; under the given constraints.
Further note that during this process, deg(v) remains the same until v is replaced,
and the number of edges always remains the same as |E(G)|.

Define a function 7 : V(G') — V(G) as w(v;) = v for all . Since 7 is a
homomorphism from G’ to G, we obtain a map ¢ : Hom(H,G") — Hom(H, G) such
that ¢(h) := m o h. Further note that for an adjacent pair of vertices v,w € V(G),
there exists a unique choice of v' € 77!(v) and w' € 7! (w) such that v" and w’ are
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adjacent in G'. Therefore if m o hy = 7 o hy for some hy, hy € Hom(H, G’), then for
each edge {z,y} of H, we must have hi(x) = ho(x) and hy(y) = ha(y). Since H has
no isolated vertex, we see that hy(z) = ho(x) for all z € V(H), i.e. hy = hy. This
implies that our map ¢ from Hom(H,G") to Hom(H, G) is an injection. Therefore,
|Hom(H, G)| > |[Hom(H, G")|.

The graph G’ has the same number of edges as the graph G, and the number of
vertices is at most

UEEY [dei@)w

veV(G)

deg(v) 2|E(G))]

A

IN

VE)l+ )

veV(Q)

= [V(G)| + = 2[V(G)I.

Combining this with the fact |[E(G")| = |E(G)], it follows that G’ has maximum de-

gree A = Q\IXJ/E((C%)\' < LTL/E((GG,/)T Hence G’ satisfies the given maximum degree condition,
SO
V(H
Hom(1.G)| > o (.6 = [V(©)|" ) (37550
E(H
> IV (I-21EGD] [y () V) <2|E_(G>|)| "t
V(G)[?

By Lemma [3.4] this concludes the proof. ]

We are now ready to prove Theorem [1.2] As mentioned above, the proof follows
the same line as of the proof of Theorem [3.2], and uses Theorem [3.2] as an ingredient.

Proof of Theorem[1.9. We may assume that H has no isolated vertex, as adding an
isolated vertex to a graph does not affect the value of ¢ty (G) and |E(H)].

Let T be a tree with 7 vertices, and let G be a given graph. By Lemma |3.3|
we may assume that G has maximum degree at most 4“5((5))" =2|V(G)|tk,(G). By
Lemma [3.1] and the fact that H has Sidorenko’s property, we have

|Hom (7o H, G)| = |Hom(H, 1 (G))]
\Hom(KQ,wT@))\)'E(H)

> V(@
V(r(G))[?
= |V (¢ (G))[VEDI2EE  Hom (K, e (@) FUL. (3.2)
Recall that V (¢7(G)) = Hom(T', G). We can construct an element in Hom(7, G) by
starting from an arbitrary vertex of 7', defining its image in V(G), and then extend-

ing the homomorphism one vertex at a time. By the condition on the maximum
degree of GG, we thus have

[V (r(G))] = [Hom(T, G)| < V(&) (21V(G) |t (G)
= 2 V() e (G) (3.3)
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On the other hand, by Lemma [3.1] with H = K, and Theorem [3.2] we have
[Hom(Ks, ¥r(G))| = [Hom(To Ky, G)| > [V(G) [Ptk (G)* 2. (3.4)

Since H has no isolated vertex, we have |V (H)| < 2|E(H)|, and thus in (3.2)), we
may use the bounds from (3.3) and (3.4) to obtain

|Hom(ToH,G)|

> (27 V(G e (G)) V(G e, (G)72)
— 2(r=D(VIDI=2ABED . |y () [V I () T=DIVEDI+TIEED)]

|V (H)|=2|E(H)| ( |E(H)|

Since |V(ToH)|=7|V(H)| and |[E(ToH)| = (r — 1)|V(H)| + 7|E(H)|, by Lemma
3.4 we deduce that T'o H has Sidorenko’s property. ]

Since an arbitrary d-dimensional grid can be obtained from the Cartesian product
of d paths, we obtain the following corollary.

Corollary 3.5. For all d > 1, all d-dimensional grids have Sidorenko’s property.

4 Concluding Remarks

In this section, we will say more about tree-arrangeability and possible extensions
of Theorem [1.2| First, we will provide a simple description of tree-arrangeability
in terms of the vertices with maximal neighbors. Second, we will explain how the
tree-arrangeability is related to tree decompositions and Markov Random Field. We
conclude by proposing a couple of open questions related to Cartesian products that
may illuminate a way to attack Sidorenko’s conjecture.

Tree-arrangeability and vertices with maximal neighborhood. To see whether
a bipartite graph H with bipartition AU B is tree-arrangeable, it suffices to consider
only the vertices in A whose neighborhoods are maximal with respect to inclusion.
A subset U of A is called neighbor covering if for each a € A, there exists u € U
such that A, € A,. If a neighbor covering set U is T-arrangeable for a tree 7" on
U, then the tree on A obtained by adding each a € A\ U to T as a leaf adjacent
tou € U with A, C A, (if more than one such u exists, then choose arbitrary one
among them) makes A tree-arrangeable. Hence H is tree-arrangeable if and only
if there exists a neighbor covering set U C A that is tree-arrangeable. The cases
when there exists a neighbor covering set of size one or two were discussed in the
introduction.

Tree-arrangeability and tree decompositions. Tree-arrangeability can be al-
ternatively defined using tree decompositions. A tree decomposition of a graph H,
introduced by Halin [9] and developed by Robertson and Seymour [I§], is a pair
(F,T) of a family F of vertex subsets and a tree 7" with vertex set F satisfying

L. UXe]—'X = V(H),

2. for each {v,w} € E(H), there exists a set X € F such that v,w € X, and
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3. for X, Y, Z € F, XNY C Z whenever Z lies on the path from X to Y in 7.

It is straightforward to check that a bipartite graph H with bipartition A U B is
tree-arrangeable if and only if there exists a tree decomposition of H with F =
{AyU{a}|a € A}

Markov Random Field. Tree-arrangeability and the functions f, defined in Sec-
tion [2 are also closely related to Markov Random Field theory.

A sequence of random variables (y,)vev(c) is said to be a Markov Random Field
with respect to a graph G if for each S C V(G) that makes G \ S disconnected,
whenever C and Cy are the vertex sets of distinct components of G\ S, the pair of
sequences of random variables (y,)vec, and (¥, )vec, is independent, conditioned on
(yo)ves P Lemmal[2.3| (iii) shows that if a bipartite graph H with bipartition AU B is
tree-arrangeable with a tree T'on A, then (f,),c for the random variables f, defined
in Section [ is a Markov Random Field with respect to T'. It would be interesting
to further investigate the connection between the theory of Markov Random Fields
and Sidorenko’s conjecture.

Extension of Cartesian product to non-bipartite graphs. For a given (not
necessarily bipartite) graph H, define a bipartite graph ¢(H) as follows: The bipar-
tition of ¢(H) consists of two disjoint copies of V(H). Two vertices in distinct parts

are adjacent in ¢(H) if they are copies of the same vertex in H, or two adjacent
vertices in H. In particular, ¢(H) has 2|E(H)| + |V (H)| edges.

u U, U,
H SN o (H)
v Uy U,

Figure 2: Blow-up via ¢.

It is not too difficult to see that for bipartite graphs H, we have ¢(H) = Ky0H.
Hence the operation ¢ is more restricted than Cartesian products when considering
bipartite graphs. However, the operation ¢ has the advantage of being applicable
to non-bipartite graphs. For example, since ¢(Ky) = Ky, we know that ¢(Kj)
has Sidorenko’s property for all k£ > 2. Thus ¢(H) may have Sidorenko’s property
even if H is a non-bipartite graph. Also note that ¢(Cjs) is K55 \ Cho which is the
minimal bipartite graph unknown to satisfy Sidorenko’s conjecture. The operation
¢ provides many interesting graphs for which Sidorenko’s conjecture is not known
to be true.

We conclude the paper with some open problems regarding the operator ¢. We
believe that the family {¢(Coxi1)}r>1 can be an interesting starting point in fur-

2There are a few non-equivalent definitions of a Markov Random Field. Here we state the most
general definition.
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ther studying Sidorenko’s conjecture. The only known graph to have Sidorenko’s
property in this family is Cj.

Question 4.1. Does there exist an integer k > 2 such that ¢(Car11) has Sidorenko’s
property?

Since ¢(H) = Ky0H for bipartite graphs, Theorem implies that ¢(H) has
Sidorenko’s property as long as H does. Hence ¢(H) is ‘more likely’ to have
Sidorenko’s property than H. For example, since ¢(K,) = K, for integers r > 1,
we know that ¢(K) has Sidorenko’s property, while K, is not even a bipartite
graph. (Recall that a graph H with odd cycles cannot satisfy Sidorenko’s property
as ty(G) = 0 for bipartite graphs ). Thus, the following question may be posed.

Question 4.2. For a (not necessarily bipartite) graph H, does there exist a non-
negative integer k =k, such that ¢*(H) has Sidorenko’s property?

If Sidorenko’s conjecture is true, then it certainly implies that the answers to the
questions above are both yes. Even if Sidorenko’s conjecture turns out to be false,
it is possible that the answers to the questions are positive.
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